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Abstract. For certain scattering geometries collective Thomson scaéring (CTS)

measurements are sensitive to the composition of magnetittg con ned fusion plasmas.
CTS therefore holds the potential to become a new diagnostifor measurements of the
fuel ion ratio { i.e., the tritium to deuterium density ratio . Measurements of the fuel ion
ratio will be important for plasma control and machine protection in future experiments
with burning fusion plasmas. Here we examine the theoreticabasis for fuel ion ratio
measurements by CTS. We show that the sensitivity to plasma omposition is enhanced
by the signatures of ion cyclotron motion and ion Bernstein waves which appear for
scattering geometries with resolved wave vectors near pegndicular to the magnetic
eld. We investigate the origin and properties of these feaures in CTS spectra and
give estimates of their relative importance for fuel ion raio measurements.
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1. Introduction

In this paper we examine the theoretical basis for the use obltective Thomson
scattering (CTS) to diagnose the density ratio between theu€l ion species in a
magnetically con ned fusion plasma. This so-called fuel moratio is of general scienti ¢
interest for fusion plasma experiments. The fuel ion ratio M/further be a key parameter
for machine protection and basic plasma control on next-gtedevices such as ITER
where plasmas with signi cant fusion power are expected [1IHowever, it is not clear if
the fuel ion ratio can be determined in the plasma center € 0:3) with the diagnostic
set currently included in the ITER baseline design. Therefe additional approaches are
desired [1,2]. Microwave-based CTS diagnostics are welited for reactor environments
and provide access to the dynamics of conned ion populatienby measuring the
spectrum of probe radiation scattered by plasma uctuatios. The scattered radiation
is picked up by a receiving antenna and the measurement is &tized at the intersection
of the probe and receiver beams. CTS diagnostics were oralg developed to diagnose
bulk plasma parameters such as ion temperatures [3{6], angty have since been applied
to measurements of the velocity distributions of non-ther@al energetic ion populations
at JET, TEXTOR and ASDEX Upgrade [7{13]. For certain scatteringgeometries, CTS
spectra also contain features which are highly sensitive fdasma composition [14]. It
has been suggested [15, 16] that measurements of these festeould form the basis for
a new fuel ion ratio diagnostic.
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Figure 1. (a) Numerically calculated spectral power densities for di erent scattering
geometries and plasma compositions. b) Numerically calculated derivatives of the
spectral power density with respect to the density ratioRy = ny=(ny + np). Plasma
parameters and frequencies correspond to the plasma sceimarde ned in Appendix
A. is the frequency shift of the scattered radiation, and the fequency scale is
normalized by the hydrogen ion cyclotron frequency. For near 90 the spectra show
cyclotron structure which is highly sensitive to plasma conposition. When is not
close to 90 (i.e., more than a few degrees away from 90 the structure disappears
and the spectrum is less sensitive to plasma composition.



Principles of fuel ion ratio measurements by CTS 3

Figure 1 illustrates the basic idea. Figure 1a shows numeaity calculated spectral
power densities for frequencies and plasma parameters valg to CTS experiments at
TEXTOR. The model used to calculate these spectra will be digssed in detail in the
following sections. The shape of the curves changes consathy if either the fuel ion
ratio or the angle =\ (k ;B©) resolved by the measurement is varied, keeping all
other parameters constant. Her& is the plasma uctuation wave vector resolved by the
measurement, andB @ is the local magnetic eld. When is close to 90, the received
radiation results from scattering of incident radiation o plasma uctuations traveling
almost perpendicularly to the magnetic eld. For such sca#ring geometries peaks
appear in the spectrum at intervals corresponding roughlyotthe cyclotron frequencies
of the most common ions in the plasma { which were here taken tee hydrogen and
deuterium. Thus, we note two sets of peaks in the spectra: oset which appears near
hydrogen cyclotron harmonics and another set which appeansar deuterium cyclotron
harmonics for high deuterium density. When is more than a few degrees away from
90 the peaks disappear, and the spectrum is less sensitive tagrha composition.

In CTS the incident probe radiation scatters o plasma uctuations which are
driven mainly by the thermal motion of ions in the plasma (extrnally driven uctuations
will not be considered here). In the following sections we alh see that the driving
terms for these uctuations contain an underlying cyclotra structure with contributions
from each harmonic of the cyclotron motion of charged parfies in the plasma. For
uctuations with wave vectors nearly perpendicular to the nagnetic eld, 90,
the ion cyclotron motion dominates the driving terms which ee strongly enhanced at
frequencies coinciding with harmonics of the ion cyclotrofrequency (or frequencies,
in plasmas with multiple ion species). Plasma uctuations e@sult from the dielectric
response of the plasma to the e ects of the ion motion desced by the driving terms.
This response is particularly strong at frequencies and wawectors corresponding
to weakly damped plasma waves. In particular, weakly dampedn Bernstein waves
strongly a ect the spectrum of uctuations with wave vectors nearly perpendicular to
the magnetic eld. The ion Bernstein waves have frequenciaghich lie between and
often close to harmonics of the ion cyclotron frequenciesygthe waves cause peaks in
the uctuation spectrum at these frequencies. The combineglect of the enhanced drive
and plasma response at speci c { but di erent { frequenciesan be seen in the spectra
in gure 1 for which is close to 90. As noted above, these spectra contain peaks at
frequencies close to the ion cyclotron harmonics. We refer the peaks originating from
this combined e ect as ion cyclotron structure in the CTS sparum.

Figure 1b shows the numerically calculated derivative of thspectral power density
with respect to the density ratio Ry = ny=(ny + np). The large-scale shapes of the
spectra are determined mainly by the velocity distributionof the plasma ions. For
increasingRy the spectrum will broaden due to the higher thermal velocitypf hydrogen
ions relative to deuterium ions (assuming thermal equilium between the two ion
species). The derivative with respect tRy is therefore negative for small frequency
shift and positive for large frequency shift as gure 1 illusates. When is close to 90
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the ion cyclotron structure creates additional detailed stictures in the derivative. In

particular, the amplitude of the cyclotron structures { the peak amplitude accounting
for the general slope of the spectrum { is highly sensitive tplasma composition. The
widths and center frequencies of the peaks are also sengitte Ry, and in general the
presence of the cyclotron structure strongly enhances thersitivity of the spectrum to

plasma composition. In addition, the higher level of detaih the derivative with respect

to Ry has the e ect that degeneracies of the functional dependenof the spectrum on
plasma composition with the functional dependence on othgrasma parameters can
be resolved when is near 90. It is this strong and detailed sensitivity which allows
inference of the fuel ion ratio from a measured spectrum.

Indeed, previous feasibility studies [16] have found thatush a diagnostic could
ful Il the measurement requirements for ITER and that it coud be combined with
the CTS system foreseen to measure fast ion velocity distations on ITER [17{19].
In preparation for proof-of-principle experiments the CTSeceiver at TEXTOR was
recently modi ed for measurements with frequency resoluin better than 1 MHz [20] {
as would be required to demonstrate the ability to resolve ciotron structure in CTS
spectra. The rst measurements with the modi ed receiver daonstrating the ability
to resolve ion cyclotron structure in the CTS spectrum wereeported in [14]. The same
series of experiments further demonstrated the sensitiyibf the ion cyclotron structure
to plasma composition with measurements taken in plasmas dmated by hydrogen,
deuterium and3He, respectively.

In this paper we examine the origin of cyclotron structure inCTS spectra
theoretically. We illustrate our results with numerical examples, and to ensure the
relevance of our numerical work to experiments possible omregent machines, the
examples are based on plasma parameters relevant to the CTXperiments at TEXTOR.
For use in this paper we therefore de ne a standard plasma s@eio relevant to CTS
experiments at TEXTOR. The parameters for this scenario areiggn in Appendix A,
and we use these parameters in all numerical calculationscept where changes are
explicitly noted in the text or in gure captions. In this scenario we consider plasmas
consisting of fully ionized hydrogen and deuterium, and wewestigate the sensitivity
of the spectrum to the hydrogen to deuterium density ratidRy = ny=(np + ny). The
sensitivity of the spectrum toRy, is entirely analogous to the sensitivity to the fuel ion
ratio in a DT-plasma and we can usdky as a proxy for the fuel ion ratio with no loss
of generality.

Section 2 gives an outline of the model used in the numericahlculations. In
Sections. 3 and 4 we show that the ion cyclotron structure relés partly from the
direct in uence of ion cyclotron motion on the driving termsfor the plasma uctuations
and partly from the in uence of weakly damped ion Bernstein aes on the thermal
uctuation spectrum. In section 5 we examine the relative irportance of the two e ects
in the total spectrum for the purpose of fuel ion ratio diagnstics. Here we nd that
both e ects are generally present in CTS spectra with 90 and that for certain
parameter ranges both e ects are required for accurate deteination of the fuel ion
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ratio.

2. Kinetic model of collective Thomson Scattering

In CTS measurements an incident macroscopic probing wavetliwave vector and
angular frequency k';! ') interacts with microscopic thermal uctuations in the plasma
with wave vector and frequency K ;! ). The interaction sets up a current which
in turn drives a third wave, the scattered wave with wave vecr and frequency
(kS= k' + k ;!s=17"+1) When detected, the scattered wave allows inference of
plasma properties which a ect the thermal uctuations that caused the scattering. In
this paper the scattering process will be described usingetmodel developed in [21{24].
The scattering process is treated in a fully electromagnetiapproach assuming that
the plasma response can be considered cold at the frequemi@ad wave vectors of the
incident and scattered waves and that e ects of collisionsra negligible. The treatment
of the uctuations assumes a homogeneous plasma, but no foer assumptions are made
about the nature of the uctuations which are described in aully kinetic approach. The
model is therefore not limited to cold collective uctuatians, and it will include the e ects
of warm plasma uctuations such as ion Bernstein waves whi@nter the spectrum when
the resolved uctuation wave vector is near perpendiculara the main magnetic eld
in the plasma. In [23] it is demonstrated that for 90 scattering from uctuations
in quantities other than the electron density, as well as theelative phase of these
components, may play a signi cant role. For such geometries fully electromagnetic
approach is therefore generally required to describe theastering process.

Using the compact formulation given in [23] the received speal power density is
given byz

@ with a = electrons, ion species (1)
X (@)
@ = Y- with ; = E;B;j;n: (2)

Here @ isthe scattering function for plasma uctuations in the eld and uid variables
( , ) driven by the thermal motion of particle species. The indices and represent
the uctuating quantities which are relevant to the scatteing process, namely, the
electron density,n, and the electron current; , as well as the electric and magnetic elds.
For simplicity n andj do not carry a superscript indicating particle species whemsed
in this capacity. P' is the power in the incident probing beamQ, is the beam overlap,
I = 1 i=cis the vacuum wavelength of the probing radiation, ande = 2Z=4 M2 is
the classical electron radius. The beam overlap is de ned #se volume integral over
the product of the normalized probe and receiver beam intaties. The beam intensities

z Note that these expressions are dierent from those in [23]n two respects: The front factor in
equation (1) is not proportional to the unperturbed density (which is contained in @) and the
summation over particle species is made explicit.
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will usually be Gaussian, but some insight can be gained by tmy that for uniform
beam intensities and perfect intersection the beam overlapg given by the ratio of the
scattering volume to the product of the beam cross-sectionareas,O, ' V=AAS. Due
to refraction O, will have some minor frequency dependence which is ignoresrér. The
spectral variation of the received scattered power is coniteed in the scattering functions
which are given by
g _ (1192 1 aq) @ @i 4 0)

Ta LILSG h~ iG (3)
Here ! , is the electron plasma frequency, andl’ and LS are the normalized uxes
of the incident and scattered radiation, respectively. Sumation of repeated lower
indices is implied. An overhead tilde indicates thermal uatation levels, so for
instance B = BM B where BM is the magnetic eld of the microscopic plasma
state and B = hBMi is the macroscopic magnetic eld given by the ensemble avem
of microscopic states. The coordinate system is de ned sut¢hat B = B2 and
kK =Kkc2+k,R.

The dielectric coupling operators,Gi( ), describe interaction of the incident wave
with uctuations in the set of eld and uid variables fE;;Bi;ji; hg and the coupling to
the scattered wave. Explicit expressions for the normalideuxes and dielectric coupling
operators are derived in [21,22] and given in a compact noian in [23], and they will
not be reproduced here. While these factors are of great impemnce for the scattering
theory, they impart little spectral variation, and therefore little sensitivity to plasma
composition, to the received scattered power. Rather, outtantion shall be focused on
the Fourier transform of the correlation of uctuations in the eld and uid quantities,
h~ (a) “(a) , Which contains most of the sensitivity to plasma composin. We shall give
expressmns for these terms below, but for details of theiedvation we refer to [23,24].

In the dressed particle approaclhr-( ) “(a)l can be calculated as the product between
the correlation tensor for unscreened current uctuation@n particle speciesa, @979
and the corresponding uctuation operators,

0 0
h~ (a) ~(a)| — gl(k a)h-(ka )J-(a) g( a) . _ (4)
Here the uctuation operators,éik , quantify the plasma response , in the quantity
to unscreened current uctuations in particle species,
X @ i @ — ( 2)(a0) .

a
The uctuation operators may be derived from the plasma wavequation, and explicit
expressions for each operator will be given in section. 4. dhunscreened current
correlation tensor is given byZ

VMY = & Vivaht e (p)F# (p9i dpalp® (6)

where H¥30) ()9 (p9i is the spatial and temporal Fourier transform of the two
time correlation {9 (x;t)f¥9(x%t9%i and g, is the charge of species. Here
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@) = 140 + & whereft®) represents the evolution of the microscopic distribution
function 1 in the absence of particle interactions and? represents the dielectric
response of the plasma to the microscopic eldsE(B) set up by the unscreened
particle motion. Similarly, h~i(a) “J@i represents the plasma dielectric response to the
free streaming particle motion described by the unscreenedrrent correlation tensor
@279} To give an example/™ r™ i describes uctuations in the electron density
due to electron screening of hydrogen ions moving throughetplasma.

The unscreened current correlation tensotj@?@9i, can be expressed in terms of

the unperturbed macroscopic distribution function [23, 24

(a0)+(a0) ; 2 Malh £ X (a0)
R =(2 ) W dp> p> cic F19%(p 5 py) (7)
=1
where 8 | 9
2 Lad(k, o) 2 |
? o
> > K Ma
Vildi(K> a)

and J, are Bessel functions of the rst kind of orderl, primes indicate derivatives,
I ca = B ©@=m, is the cyclotron frequency and 5 = v» =! o, is the Larmor radius.

Below we shall see that for scattering geometries where thesplved uctuation wave
vector is nearly perpendicular to the unperturbed magnetield, =\ (B@:k) 90,
both @99} and the uctuation operators contain cyclotron structureswhich enhance
the sensitivity of the total spectrum to plasma compositio as well as to certain other
parameters such as the ion temperature. In the following gemns we examine the origin
and properties of the cyclotron structure in each term and tn evaluate their relative
importance for the total spectrum.

3. Signatures of ion cyclotron motion in the unscreened curr ent correlation
tensor

Assuming the unperturbed momentum distribution for partice speciesa to be an
isotropic Maxwellian { the only case to be considered here {ith temperature T, and
particle density n@%

(
. n@o P+ pf
0 (p,;po) = 2m T2 exp omaT. (9)

the unscreened current correlation tensor, equation (7).elsomes

(2 )2En®m, X

{(a0)(a0); k:1)= —a
R T I\ AT -

exp 2 MO (10)

Z

2
M® = dp, p>cic exp ZrE?T (11)
a'la
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Figure 2. The HY'O M (a) and H{P? 5P? i (b) elements of the unscreened
current correlation tensor for di erent values of =\ (B;k ). The frequency scale is
normalized by the hydrogen cyclotron frequency.lj{1® 19 i is even in  for isotropic
momentum distributions, so the elements are shown only for psitive . For close
to 90 peaks develop at each harmonic of the ion cyclotron frequencand for ! 90
these elements go to zero except at the cyclotron harmonics.
with ;
mg ! I'e Vi P ————
= = ——= = — V= 2Ta=my: 12
2-|-a kk Vta ta a a ( )

The momentum integrals inM () can be solved analytically, and the sums ovdrcan
be evaluated numerically by Clenshaw's method. Below, we ahexamine numerical
results for some elements ilf(@ 709, but the explicit forms will not be listed except for
the P]"SO) j‘f<i0)i element. We use the superscrigt to indicate any ion species, and below
we shall usel to indicate a sum over all ion species. We further note that wie the
diagonal elements ofj@2719j are real, the o -diagonal elements are in general complex
guantities. However, @ is Hermitian when considered as a matrix with indices (),

so the sums @ + @ are real. For simplicity we shall here restrict ourselves to
examining the diagonal elements which are usually the donaint terms. This approach
is useful to gain insight in the behavior of the unscreened rant correlation tensor, but
in calculations of the total scattering spectra we use the luexpressions with all terms
included.

Figure 2 shows examples of numerically calculated elemeras 9" and
KPP for dierent values of and for parameters corresponding to the standard
scenario de ned in Appendix A. When the resolved uctuation wae vector component
is nearly perpendicular to the magnetic eld (i.e., in the Imitwhere ! 90,k,! Oand
k. ! k), the argument of the exponential function in equation (10goes to negative
in nity except at (or near) frequencies coinciding with a cglotron harmonic where
I = Il (280 | =0. Here we are interested in the ion dynamics and plasma congton,
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so we focus our attention on the ion cyclotron range of frequeies and will not consider
what happens near electron cyclotron harmonics. At each iocyclotron harmonic,
I i, there will be one term for which the exponential function inthe sum overl in
equation (10) is unity. The elements oti™@ {9 in which the z-element ofc, is not
involved then diverge due to thek,j ' dependence in the front factor of equation (10).
At other frequencies all terms in the sum ovel will be suppressed by the exponential
function. Thus

i0) +(i0 (1 for! =n!g
!Iirglo Hf).klo)i: 0 fori 6 ni Z: N2z kiki=xy 13
This behavior is seen in gure 2 as the gradual emergence athaon cyclotron harmonic
of peaks with increasing amplitude and decreasing width for! 90 until nally these
elements offii9 9§ consists of a series of delta function-like spikes (thouglote that
such a spectrum is not obtained experimentally because theuence of collisions will
ensure that the peaks reduce to a Lorentzian form [25]). Thegeaks are the signatures
of ion cyclotron motion and will be referred to as ICM signattes. As seen in gure 2
the frequency separation between ICM signatures Hi®? 7% s half that of {H j{HO) |
corresponding to the ratio between the ion cyclotron frequeies for the two ion species.
In this limit the shape of {19719 therefore depends strongly on the cyclotron frequency
for the ion species in question. Figure 2 shows tlgg-elements otj@ 19 Qualitatively
similar behaviors are found for thexx-element, which will be examined in detail below,
and for the o -diagonal elements, which will not be examineth detail.

In the opposite case, at values of far from 90 , each term in the sum over cyclotron
harmonics contributes to the sum over a wide range of frequaas roughly centered
around the cyclotron harmonic. The structure created i@ by the individual
terms is then smeared out by contributions from other termsehving the total spectrum
with no noticeable signatures of ion cyclotron motion. Therape of HIO7©| then
depends mainly on the thermal velocity of the ion species.

The behavior of elements i§® 719 which involve the z-element ot is somewhat
di erent because the z-element of, is proportional to vy and vi = 0 at the ion cyclotron
harmonics (see equation (8)). In the limit ! 90 these elements therefore go to zero
even at the cyclotron harmonics. This behavior is illustrad in gure 3 which shows
HE9 795 for  close to 90 and the total 22 % i element in a narrow frequency range
around an ion cyclotron harmonic. When is very close to 90we nd a double peaked
structure in the vicinity of the ion cyclotron harmonic. This double peaked structure
can be understood as a single peak centered on each cyclothi@guency, but with a
hollow center due to the z-element o€,. At intermediate values of the structures
broaden and eventually merge to form a single peak betweerethyclotron harmonics.

For diagnostic purposes it is noteworthy that the ion cyclabn features infj{9 00
are highly sensitive to the strength and direction of the maggtic eld as well as the ion
thermal velocity. They also provide increased sensitivityo the plasma composition for
scattering geometries where the cyclotron features are it#able. Figure 4 illustrates
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Figure 3. The fﬁ”o) j‘§H°)i element (@) and the total rﬁ“’) ﬁ'o)i = H‘§H°) ]‘§H°)i +
H‘§D0) J‘§D°)i element (b) of the unscreened current correlation tensor for dierent

values of =\ (B;k ). The frequency scale is normalized by the hydrogen cyclotm
frequency, and ) is focused around a single hydrogen cyclotron harmonic. A duble
peaked structures is found for very close to 90. The structure broadens for angles
further from perpendicular and at = 92 the peaks have merged to form a single
peak between cyclotron harmonics.

this sensitivity with elements of {19719 calculated at di erent compositions and
geometries and with contributions tolf19 (19 from dierent ion species. We shall
discuss the origins and properties of this sensitivity as Weas some limitations to its
usefulness for diagnostics purposes.

Contributions to H'9 (9 are linearly proportional to the density of each ion species
through the front factor in equation (10), but their shapes d not depend directly on the
ion densities. For given wave vectors and magnetic eld stngth, the shape oftji9 {0
depends on the ion cyclotron frequency (i.e., the charge toass ratio) and the ion
thermal velocity (i.e., the mass and temperature of each iapecies). If two ion species
have the same density, thermal velocity and cyclotron fregucy (i.e., T;=m; = To=m,
and qg=m; = gp=my) their contributions to K199 will di er only by a constant factor
=c. In this case, variations in the density ratio result only inscaling of §{9 (19,
This is not useful for diagnostic purposes since such a sogliwill be degenerate with a
number of other experimental parameters (most notably thegwer in the probing beam
and the quality of the beam overlap). However, in the more conmon situation that the
ion thermal velocities are unequal this degeneracy is brakand the shape ofj{? (0]
will be sensitive to plasma composition. If the ions are in #rmal equilibrium the
shapes of contributions from ions with di erent masses wildli er because the thermal
velocities of heavier ions are lower resulting in more namwocontributions to K9 (9
and vice versa for lighter ions. This type of sensitivity to [asma composition does not
depend on the presence of ICM signatures, and it provides ti@&lr'S spectrum with a
weak sensitivity to the fuel ion ratio even for far from 90 .
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Figure 4. (a) Total tﬁ'o) 'y'o) i elements for the standard plasma scenario, but with
di erent density ratios for hydrogen and deuterium and at di erent values of . (b) The
H’SO) j‘SO) i elements for helium, hydrogen, deuterium and tritium. Plasma parameters
as in the standard scenario but withne =5 10 *m 3, nge = Ny = hp = nt =
1 10 ** m 3 and assuming thermal equilibrium.

The ICM signatures provide additional sensitivity to the pasma composition
through their amplitude and the frequencies at which they awr. For ion species with
equal cyclotron frequencies the center frequencies of teéM signatures coincide, and
it is not possible to distinguish ions by the frequencies athich they create cyclotron
features. However, the amplitudes and widths of the peaks asensitive to the ion
thermal velocity. In thermal equilibrium ions with di erent masses will therefore {
in addition to the dierent underlying widths of their contr ibutions to HQ§(9j {
create ICM signatures with di erent amplitudes. When the ims have di erent cyclotron
frequencies the ICM signatures increase the sensitivity pdasma composition even more.
The ions then create ICM signatures it '? 719 at their individual cyclotron harmonics,
and the relative height of these features provides informian on the relative densities.
For example, in a plasma consisting of hydrogen and deutemu(! .p = ! .4=2) there
will be two sets of ICM signatures: one set with contributioa from both hydrogen
and deuterium at the frequencies where their harmonics caide and one set resulting
only from deuterium contributions. Thus, in gure 4a, ICM signatures resulting from
deuterium alone can be seen between the features resultimgni both hydrogen and
deuterium { but only for low hydrogen ion density. At higher tydrogen densities
{9709} is dominated by the hydrogen contribution, and this decreas the sensitivity
to plasma composition.

Thus, gure 4 also shows an example of how ions which createstg currents and
strong cyclotron features will tend to dominate the totallf? 19| even at relatively
low densities. This aects the sensitivity to plasma compaon: ions which create
strong currents and cyclotron features can be detected evahlow concentrations, but
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conversely they may also dominate the spectrum at high comteations and render it
less sensitive to the plasma composition. Figure 4b showstdutions to i]"§<'°) j‘f<'°)i
from hydrogen, deuterium, tritium and helium. Hydrogen contibutions are larger and
have stronger cyclotron features than deuterium contribubns which are in turn larger
and have stronger cyclotron features than tritium contribtions. However, the three
hydrogen isotopes all give smaller contributions and weakeyclotron features than
helium. We can understand these properties from the explig@xpressions forj{i9 {0,
and since 1 [%” i has the simplest analytic expression we shall consider tretement
in some detail. Carrying out the momentum integral in equatin (11) and inserting in
equation (10) we nd

TOOi(ki1) =

Zp_qizn“‘)) Ly 2

Vijki ke

X (14)

Pexp( 7 k3 Dli(ks 7

=1
For the parameter ranges considered hetg 2 > 20 in the ion terms. In this case
we can, to good accuracy, approximate the modied Bessel fttiions by | (x) !
&= (2x); x 1, for the lower values ofl. At low frequency shifts the higher
harmonics contribute very little since the modi ed Besselunctions decay rapidly with

increasingl. For low frequency shifts and using? = v2=2! 2 we then get

o 2pi) o 3 R
I,f)((lO)j-)((lO) i (k, I ) zq n '

Cl

IZexp( )

Vikg kel
: (15)
_ #(BOyn©@ X, .

T mTkdker | oPC D
We can recognize some of the trends seen in gure 4 in the frdactor of equation (15).
Assuming thermal equilibrium, isotopes with larger mass wilgenerally give lower
contributions to {19719 and ions with higher charge will give larger contributions.
The precise relations depend on the ions involved. The frofactor for deuterium will
be four times smaller than that for hydrogen. On the other hash the front factor for
helium will be two times greater than that for hydrogen due tahe greater charge.

In the limit ! 90 the exponential function in the sum ovel will vary between
unity at the cyclotron harmonics and zero everywhere else §avas discussed previously.
The amplitude of the ICM signatures, which arise for 90, depends on how small
the exponential function can be between the cyclotron harmas (the maximum value,
attained at the cyclotron harmonics, is always unity regaress of plasma parameters).
The minima of H'SO)]“QO)i are found at frequencies roughly halfway between cyclotron
harmonics. At each of these minima the argument of the expami&@l function in the

two leading terms in the sum ovet will be approximately
oo mi o ©_ ¢B?

2T, 2k«  8mTik2’

(16)
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The greater ? is at the minima, the deeper the minima will be, and the greatethe
amplitude of the ICM signatures. So { as is also seen in gure #assuming thermal
equilibrium, isotopes with higher mass give cyclotron feates with lower amplitudes.
For constant charge to mass ratio the amplitude increasestWwiincreasing charge as is
seen in gure 4 when comparing helium and deuterium.

4. Signatures of ion Bernstein waves in the uctuation opera tors

The uctuation operators quantify the plasmas dielectric esponse to current
uctuations driven by unscreened test particles moving aloy characteristics, iia) =
&l 2129 To give an example 5E? gives the electric eld uctuation in the x-direction

resultlng from an electron current density uctuation in the z-direction. The uctuation

operators are derived in [23] and are given by

ey _ Ba) _ 1K
§F = s s 8ic” = R Ko
SR C N SR I YO a7)
S(kna) ki S(Ja)
where
2 X (a)
= g+ NPk gl = g i (18)

a

is the plasma wave tensor andi(ja) is the plasma susceptibility. The plasma susceptibility
can show behaviors which are in some respects analogous tasth studied fortji 00
in section. 3. We will not give explicit expressions for evgrelement in the plasma
susceptibility, but to give an example it is instructive to &kamine the expression for xy @
which, using results from [26], can be written

P2 h %
2" q2nk9)
@ = o 2 2 2 2 2
X KE VK] . 1°D( )i(k3 2)exp( k3
p Ky b , , ) Zi |
ki el ALk ?)

(19)

=1

where D (x) is the Dawson integral, which we note gives zero for = 0 and in the
limits x!' 1 . For 90 the sums appearing in equation (19) give the same type of
oscillatory behavior near ion cyclotron harmonics as wastind for @709 in section. 3

{ indeed, the sum in the imaginary part of @ s identical to the sum in equation (14)
for 29129 . However, the uctuation operators depend on all elements dfie plasma
susceptibility through the inverse wave tensor. For 90 we may therefore expect the
uctuation operators to show an oscillatory behavior analgous, but not identical, to
the behavior found forf® 9. This behavior can be identi ed with the in uence of
weakly damped ion Bernstein waves on the plasma dielectriesponse to the unscreened
current uctuations, and its in uence on the spectrum will be examined below.
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Figure 5. (a) Re(j j) in the standard plasma scenario, but for di erent values of .
For 90 weakly damped IBWs cause oscillations and eventually signniversions
in Re(j j) at frequenciesj j= 4 . 20. The fast magnetosonic wave causes a sign
inversion at higher frequencies (not shown in the left graph but the e ects are seen
on the right). (b) Sﬁ”e) for = 93 in the standard plasma scenario. The fast
magnetosonic wave and IBWs cause enhanced dielectric respee in their respective
frequency ranges. The IBW signatures are poorly resolved othe frequency scale used
here; they will be examined in greater detail below.

Plasma waves satisfy the dispersion relation j = 0 wherej | is the determinant
of the wave tensor. At frequencies and wave vectors in the ingy of such waves we
expect the plasma dielectric response to unscreened thetmactuations to be strongly
enhanced { with damped waves giving rise to weaker signatsrecovering broader
frequency ranges than undamped waves. Each element in thectuation operators,
equations (17), contains terms proportional to an elementfdhe inverse wave tensor
and therebyx to j j * which will be nearly singular in the vicinity of a weakly damed
wave. For scattering geometries wittk close to or equal to the real part of the wave
vector for a weakly damped wave, a peak will therefore occur the spectrum near the
wave frequency. This is illustrated in gure 5 which show&\{'® and the real part of the
determinant of the wave tensor for three di erent values of and with other parameters
as in the plasma standard scenario.

For far from 90, the real part of j j is smooth and uniformly positive as a
function of frequency. For approaching 90 it starts to oscillate at low frequencies,
and eventually changes sign (thus crossing zero) at frequess close to the hydrogen
cyclotron harmonics. For even closer to 90it crosses zero at the deuterium cyclotron
harmonics as well. The imaginary part behaves in a qualitagely similar manner and is
not shown { but we note that it does not cross zero at the sameedquencies as the real
part, which indicates that these are damped waves. For= 90 the real part ofj | has
a singular behavior as it changes sign, and for high frequenshifts the sign inversions

x From Cramer's rule for matrix inversion.
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take place very close to the cyclotron harmonics. Meanwhitee imaginary part goes to
zero for =90 and the waves are now undamped { except for collisional danmgj which
is not included in the model used here. These waves are the @uon Bernstein waves
while the damped waves for 90 are neutralized ion Bernstein waves { neutralized
because the electrons are able to stream along the magnetatd to neutralize the wave
space charge. For fuel ion ratio diagnostics the neutraldeon Bernstein waves are the
more relevant of the two, and they will be our main focus belawAs expected we see
in gure 5b that the waves strongly enhance the uctuation ogrator in the frequency
rangej j= ¢4 . 20. Outside this range we note that the fast magnetosonic waappears
at frequencies around j= .4 ' 53 (for the standard scenario used here; the precise
frequency depends on). The wave tensor determinant, Rg( j), then changes sign
again, and the wave causes a strong response in the uctuatioperators.

IBWs propagate at frequencies between harmonics of the aycbn frequencies of
each ion species in the plasma. Thus, in a pure hydrogen plasithe IBWs propagate
between the hydrogen cyclotron harmonics. In a plasma withydrogen and deuterium
the dispersion relation changes to produce waves betweerleaydrogen harmonic and
the neighboring deuterium harmonics. In plasmas with a lasg number of ion species
the picture becomes progressively more complicated, witlagh new species altering
the dispersion relation for existing waves and giving riseotnew waves if its cyclotron
frequency does not coincide with those of the other ions. Rire wave vectors considered
here the frequencies will in practice be close to the ion cgtilon harmonics. Therefore
each wave can, in a rough sense, be associated with a partcubn species, and the
strength of its signature in the spectrum will increase witlthe density of that ion.

It is not possible to examine every element of the uctuatioroperators in detail
here. For simplicity we focus on the real part o5, and gure 6 illustrates some
key properties of its dependence oRy = ny=(nhy + np). 8 \was chosen only for
ease in plotting as it is well behaved at = 0. The points discussed below apply to
the uctuation operators in general. Figure 6a show$E? for the standard plasma
scenario and for plasmas dominated by respectively hydragand deuterium with the
other parameters kept xed. As expected the IBWs cause enhaagut dielectric response
at certain frequencies and at these frequencies peaks { oMBsignatures { appear in
85  several properties of the IBW signatures are worth discusg. First, although
the peaks appear at frequency intervals corresponding rdug to the ion cyclotron
frequencies, they do not always appear at or even near the toon harmonics. The
IBW signatures originate from a dispersive wave, so in thiespect their behavior can
be very dierent from that of the ICM signatures which are alvays centered on the
ion cyclotron harmonics. We also note in gure 6 that signattes of IBWs related
to the presence of hydrogen tend to dominate. Clear signaes of IBWs related to
deuterium are seen only in plasmas dominated by deuteriumné even then they are
mainly seen near the lower cyclotron harmonics. This trendesults from cyclotron
damping of the IBWSs. IBWs are a ected by cyclotron damping wien their frequencies
fall in intervals roughly given by j!=!' ; nj . jk¢ jj wheren is any positive integer.
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Figure 6. (a) The uctuation operator 88 for the standard plasma scenario and
for plasmas dominated by respectively hydrogen and deuteam with other parameters
kept xed. IBW signatures related to hydrogen dominate the operator except at low
hydrogen density where signatures related to deuterium appar. (b) Derivatives of
88 and HY? 19§ with respect to Ry. Note that in the legend Sy.e = 8& .

To facilitate comparison of the two the gure shows the logaithmic derivative

din(y)=dRy = y 'd(y)=dRy. The very dierent functional dependence of the two
guantities on Ry helps break degeneracies with other parameters.

For conditions relevant to the CTS measurements at TEXTOR wedwek, 4 5cos .
Cyclotron damping is therefore signi cant unless the reseéd wave vector is nearly
perpendicular to the magnetic eld, and for practical purpses all the IBWs considered
here are subject to some degree of cyclotron damping. Coperding to the trend seen
in gure 6, cyclotron damping will a ect IBWs related to deuterium more strongly and
over wider frequency ranges than it will a ect IBWs related b hydrogen (assuming
thermal equilibrium).

Although the wave damping decreases the strength of IBW sighaes, we should
note that it has certain useful features as well. Whereas tHEM signatures depend on
ion charge and mass only in the combination§=m; through the thermal velocity and
g=m; through the cyclotron frequency, the cyclotron damping isundamentally a nite
Larmor radius e ect which depends on the ratio T;m;=q. Thus, degeneracies in the
functional dependence of the spectrum on the mass, chargeldaamperature of each ion
can be resolved through the in uence of wave damping.

The graph in gure 6b shows the derivatives off3 > [+”i and $&? with respect
to Ry. For easy comparison of these rather di erent quantities th gure shows the
derivative normalized by the quantity itself, din(y)=dRy = y d(y)=dRy. Here it is
worth noting the signs, relative size and di erent shapes dhe two derivatives.

In thermal equilibrium the velocity distribution for hydrogen is wider than that
for deuterium. The derivative of any component inj? 19 with respect to Ry will
therefore be negative at lowj j and positive at highj j. Similarly, increases in the
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ion temperature have the general e ect of increasing the anage thermal velocity, so
in the absence of ICM signatures the functional dependence®'?(?i on T; and Ry
can be very similar. However, all ICM signatures decrease imalitude for increasing
T, (see the discussion of equation (16)) while some ICM signads will increase and
some will decrease in amplitude wheRy changes. This ability to break degeneracies in
the functional dependence on di erent parameters signi aatly increases the diagnostic
potential of spectra with ICM and IBW signatures.

In comparison with H1O (9 we see that the derivative o8> stays negative at
all frequencies. There are also di erences with respect the in uence of ICM and IBW
signatures on the two derivatives. Peaks in the derivativedo not occur at the same
frequencies and they have di erent widths and amplitudes. fe details are di erent
for derivatives of other operators, but none of them closelseproduce derivatives of
K979, These di erences in the functional dependencies d®y further decrease the
possibility that the functional dependence of the total spetrum on Ry will be degenerate
with the dependence on other parameters. Therefore, whig'? 19 is in general more
sensitive than the uctuation operators toRy and the amplitude of ICM signatures are
in general greater than IBW signatures, it is not implied tha 199§ dominates the
diagnostic potential. Indeed, we shall see below that for tain parameter ranges both
e ects are required to diagnosdry.

(Ea)
XX

5. Relative importance of ICM and IBW signatures for fuel ion ratio
diagnostics

Since both the uctuation operators and the unscreened cunt correlation tensor
display peaks for 90, it is relevant to consider the origin of peaks in the nal
spectrum { i.e., whether peaks in the spectrum are ICM or IBWignatures. However,
with the exception of certain extreme cases it is not posséko give an unambiguous
answer to this question, and in general the origin of the peskwill be mixed with
contributions from both ICM and IBWSs. Figure 7 seeks to illugrate this issue. Figure 7a
shows the total scattering function and some of the more impiant elements in  ©®
and (@ . The total scattering function is dominated by (), which describes scattering
o density uctuations. Figure 7b compares ® to a few of the elements multiplied to
calculate %). Although the relative amplitudes of the ICM signatures i@ (i are
typically greater than the amplitudes of the IBW signaturedn the uctuation operators,
it would be misleading to suggest that the ion cyclotron feares dominate entirely. The
combined peaks have a di erent shape and are often not centeron an ion cyclotron
harmonic. Further, we should note from gure 7a that © contributes signi cantly
to the total scattering function. Sincelj®?j9i does not contain ICM signatures, any
peaksin © result purely from IBW signatures in the uctuation operators. For 90
the contribution of © to the total scattering function is typically comparable tothe
ion terms, and it may even dominate foiT, > T;. Therefore, even if the ICM signatures
were the dominant cause of peaks in), peaks in the total scattering function would
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Figure 7. (a) Total scattering function for the standard scenario compaed with @
and the diagonal elements of ). The scattering function is strongly dominated by

the ﬂ?] and %en) elements. p) The 51'21 compared with rj~§'°) 'y'o)i and SS“) {ie., to
some of the factors multiplied when calculating ﬂ% . For comparison the quantities are
scaled to t on the same graph. Both the ICM and IBW signatures have a signi cant
in uence, and except in special cases it is in general not paible to say that peaks
in the scattering function are dominated by a single e ect. Note that in the legend
Sij; = gﬁ ) and a: = (a).

contain contributions from both e ects.

To give an estimate of the relative importance of IBW and ICM ignatures for
fuel ion ratio measurements by CTS, we can perform a sensitwanalysis and thereby
give theoretical estimates of the uncertainties of such msa&ements under di erent
assumptions about ion magnetization. By calculating eithe§{? 719§ or the uctuation
operators with unmagnetized ions we nd the theoretical urertainty of the inferred
values of Ry when the e ects of the magnetic eld are suppressed in eithaf the two
terms. When the magnetic eld is omitted in 19719 the spectrum will contain no
ICM signatures. When ion magnetization is suppressed in thectuation operators the
spectrum contains no signatures of IBWs (or other waves depsdent on the magnetic
eld). By comparison of the resulting uncertainties we cantien estimate the relative
importance of each e ect for the diagnostic potential.

We estimate the uncertainty of the inferred value ofRy within the framework
of a Bayesian least squares method of inference [27] fredlyerused to interpret
CTS measurements [7{12]. As we have seen above, the CTS speutrdepends {
in a non-trivial way { on a number of parameters besides the &l ion ratio. The
functional dependence on these parameters is taken into aaat in the analysis, and
the Bayesian approach further allows prior knowledge frontleer diagnostics about all
model parameters to be taken into account. The resulting ptesior uncertainty on a
given parameter (i.e., the state of knowledge after the maagment) therefore includes
uncertainties in the prior information and further dependson the uncertainties in the
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CTS spectrum, and the Jacobian for the spectrum [28, 29]. Wiin this framework
and for given assumptions about the uncertainties in the por information and the
measured spectrum (i.e., the signal to noise ratio of the CTi®ceiver), the uncertainty
of the inferred fuel ion ratio can therefore be estimated tleetically for a given set of
plasma and system parameters.

Before discussing the results of these calculations we sgeagain that the outcome
of the Bayesian analysis is an uncertainty which takes intocaount the assumed level
of prior uncertainty for each parameter. Therefore the diagpstic potential of the
measurement is expressed by the ratio between the prior andgterior uncertainties
rather than by the posterior uncertainty alone. We shall assne a prior uncertainty
(one standard deviation) of 0.5 forRy, and any posterior uncertainty below this value
expresses a potential to increase knowledge abdry; through CTS measurements. We
also stress that the uncertainties found with the approachaken here are basically an
expression of the sensitivity of the spectrum t®,. They assume uncorrelated normally
distributed noise levels in the data, and they assume that s numerically possible to
nd the optimal t to any measured spectrum (optimal in the least squares sense).
Systematic errors resulting from inaccuracies in e.g. reeer calibration, background
subtraction or the numerical optimization method are therfore not included. However,
within these limits the analysis does provide some insightithe sensitivity of the
spectrum to plasma composition, and here we use it to illustte the e ects of the
di erent assumptions about ion magnetization.

Figure 8 shows results of such a sensitivity analysis for aascof and Ry. All
calculations were done for the standard plasma parametersichthe assumed prior
uncertainties given in table Al in Appendix A. The frequency redution and bandwidth
of the spectrum were taken to be those of the modied CTS reseir at TEXTOR.
Similarly, the uncertainties in the measured spectra are sismed to be 2% of the signal
strength as was found in initial experiments with the modi &l receiver and as is expected
from theory [20].

When including e ects of the magnetic eld in all terms { i.e, with no simplifying
assumptions { the posterior uncertainty is signi cantly reluced from the prior value
when is close to 90. As may be expected from the analysis in the preceding sectson
the uncertainty is lowest for lowRy, but the ability to diagnose plasma compositions is
by no means lost at highRy.

Comparing the result with unmagnetizedi{? 19 to results with unmagnetized
uctuation operators, we generally nd slightly greater urcertainties with unmagnetized
19719 (i.e., without ICM signatures). This shows that, at least inthis special case,
the ICM signatures are slightly more important for determimation of Ry than the IBW
signatures (and any other e ect of the magnetic eld in the uctuation operators).
However, to say that one of the two e ects clearly dominates & diagnostic potential
would be misleading. Especially at higfiRy we see that in fact both e ects are needed to
diagnose plasma composition. This could indicate a degeaey between the functional
dependence of the spectrum oRy and another parameter or set of parameters, which
























