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Numerical simulations of flux flow in stacked Josephson junctions
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We numerically investigate Josephson vortex flux flow states in stacked Josephson junctions, motivated by
recent experiments trying to observe the vortices in a square vortex lattice when a magnetic field is applied to
layered high-Tc superconductors of the Bi2Sr2CaCu2Ox type. By extensive numerical simulations, we are able
to clearly distinguish between triangular and square vortex lattices and to identify the parameters leading to an
in-phase vortex configuration.
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I. INTRODUCTION

The intrinsic Josephson effect in the layered high-Tc su-
perconductor Bi2Sr2CaCu2Ox �BSCCO� has been a subject of
intense research in the past decade.1,2 These atomically lay-
ered superconductors of the so-called BSCCO family behave
as stacks of Josephson junctions. The basic properties of a
stack of Josephson junctions may be described by the induc-
tive coupling model3 or the charge polarization model.4 The
system has, even in zero magnetic field, very complicated
dynamics as seen in the studies of coupled sine-Gordon
equations.3,5,6 When a magnetic field is applied along the
layer direction, it may generate Josephson vortices in the
junctions, resulting in a Josephson vortex lattice. Recently,
the dynamic properties of this lattice in BSCCO have been
the subject of extensive experimental research.7–9 Quite typi-
cally, magnetic field oscillations of the flux flow voltage or
the flux flow resistance with either a �0 or a �0 /2 periodic-
ity �in applied field times the layer area� has been observed.
A straightforward explanation of such periodicities can be
obtained by looking at the lattice structure. The vortex lattice
is driven along the layers by the Lorentz force from an ap-
plied bias current. Since this vortex flow gives rise to a volt-
age, a periodic oscillation �in magnetic field� of the flux flow
voltage can be expected. If fluxons in each layer leave simul-
taneously ��0 periodicity�, it is an indication of a square
vortex lattice �in-phase vortex configuration�. If, on the other
hand, a �0 /2 period is observed, it is an indication of a
triangular vortex lattice7 �antiphase vortex configuration�.
The crucial test for this explanation is of course a direct
measurement of the frequency and power of the electromag-
netic radiation emitted by the vortices leaving the sample.

Recently, attempts to fabricate a microwave oscillator
based on the in-phase motion �square lattice� of vortices in
single crystals of the Bi2Sr2CaCu2Ox type has been
reported.9 The frequency range is typically in the terahertz
range which makes the ideas potentially very interesting but,
at the same time, experimentally difficult to verify. So far, no
direct measurement of emitted THz radiation has been re-
ported. Various schemes to enhance the radiation, even with
a triangular vortex lattice, were reported in Refs. 10–12.

In a recent paper, Ref. 13, a numerical simulation was
done for a single, long Josephson junction. Both periodici-
ties, �0 and �0 /2, were observed, which is very similar to
experiments and numerical simulations on stacks. Since the

concepts of square and triangular vortex lattice have no
meaning in a single junction, it was concluded that there is
no direct connection between the periodicity and the vortex
lattice ordering. This was also confirmed by numerical simu-
lations on 5 and 10 layer stacks.11,12 In Ref. 13, the origin of
both the �0 and the �0 /2 oscillations was identified as being
due to Fiske modes,14 which are known to exist in BSCCO
stacks.15,16

In this paper, we present numerical calculations trying to
illuminate the conditions for the formation of a square vortex
lattice in Josephson junction stacks. By looking directly at
the phases of the individual junctions, we are able to unam-
biguously identify the lattice structure in the voltage vs ap-
plied magnetic field characteristics.

II. THE MODEL

The geometry of the system under consideration is shown
in Fig. 1. With identical parameters for the individual junc-
tions in the stack, the equations with N+1 superconducting
layers and N insulating layers may be written as3

J = S−1�xx, �1�

where the ith element of �, �i, is the gauge invariant phase
difference across insulating layer i. S is a N�N matrix, ex-
pressing the inductive coupling between the junctions, thus

FIG. 1. The geometry of the stacked junctions. Black layers are
insulators with thickness d and white layers are superconductors
with thickness t. The applied magnetic field Ba is in the y direction.
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S =�
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S 1 S

� � �

� , �2�

with S being the numerical value of the coupling, given by3

S = −
�

d sinh�t/�� + 2� cosh�t/��
, �3�

where � is the London penetration depth. The components of
J,

Ji = �tt
i + ��t

i + sin �i − � , �4�

are expressing the current, in the z direction, across insulat-
ing layer number i, where the � term is a dissipative term,
and � is the applied bias current. The model does not de-
scribe in-plane dissipation, which may be important for di-
rect comparison with experiments on BSCCO �see Refs. 17
and 18�.

Equations �1�–�4� have been written in normalized units.
Space x is normalized to the Josephson penetration depth,
�J=�� /2e	0Jcd�, and time t is normalized to the inverse
plasma frequency, 
0

−1=��C /2eJc, where the symbols have
their usual meaning. See Ref. 19 for details.

Boundary conditions for Eqs. �1�–�4� in an applied mag-
netic field may be written as3

�x
i �0,t� = �x

i �L,t� = �1 + 2S�Ba � � , �5�

where i=1, . . . ,N and Ba is the applied �dimensionless� mag-
netic field, assuming an ideal overlap geometry, neglecting
the magnetic field generated by the bias current. We have
assumed identical junctions, which might not always be the
case in artificial stacks. When, for example, N=2, the junc-
tions are usually having a very thin middle superconducting
layer but thick outer superconducting layers. This changes
the factor in front of Ba to �1+S�, since the inductive cou-
pling through the thick superconducting layers is zero. To
avoid this ambiguity, we use the variable � in our calcula-
tions.

III. TWO STACKED JUNCTIONS

The case of N=2 has previously been investigated ana-
lytically by Grønbech-Jensen et al. in Ref. 20. Using the
adiabatic perturbation technique and trial functions of the
forms

�1 = �0
1 + �x + 
t + ��1 �6�

and

�2 = �0
2 + �x + 
t + ��2, �7�

where ��i are small perturbations taken to be Fourier series
in space. They where then able to derive the equation

� = �
 + 2�
 �
n=−


�2 sin2���L − n��/2�

L2�� − n�/L�2�� + n�/L�2

� � sin2 v0

�
2 − c−
2n2�2/L2�2 + �2
2

+
cos2 v0

�
2 − c+
2n2�2/L2�2 + �2
2	 , �8�

approximating the current-voltage ��-
� characteristic of the
two coupled junctions. The voltage of each junction �
� is
assumed to be identical, v0=�0

2−�0
1 expresses the phase dif-

ference between the two junctions, and c±
2 =1/ �1±S� are the

characteristic velocities squared.
Following Ref. 13 for the case of a single junction, Eq. �8�

may be solved numerically to yield the 
-� characteristic at
constant bias current, which is often measured in experi-
ments. Unlike the case of a single junction, an undetermined
phase difference v0 enters the calculations in the case of two
coupled junctions. Since fluxons in different junctions repel
each other,21 the intuitively most stable configuration of a
fluxon lattice is when the fluxon-fluxon distance is largest,
i.e., the antiphase vortex configuration corresponding to
v0=� /2. Nevertheless, the in-phase vortex configuration,
corresponding to v0=0, has in zero magnetic field been
shown to be dynamically stable,22 and it is also the most
interesting configuration for applications. In Fig. 2, we have
plotted the 
��� curve for both cases, by solving Eq. �8�
iteratively. We start at �=50 and then solve Eq. �8� numeri-
cally to obtain 
, using 
=� /� as an initial value 
as

���→� /� for �→�. Then � is stepped down by a small
amount and the previously found value of 
 is used as an
initial value for the numerical solution of Eq. �8� with the
new and smaller value of �. This is repeated until we reach
�=0. In the plots, we have marked �=n� /L, n=0,1 , . . . by
vertical lines, corresponding to the different Fiske steps. For
large �, we see a periodic behavior with a period of 2� /L. At
low values of �, we see some complex behavior, especially
for v0=0. We do not see oscillations with period � /L in
these plots. We suspect this is because of the small length. It
is important to note, that we see the 2� /L oscillations for
both the in-phase solution and the antiphase solution.

The system of nonlinear Eqs. �1�–�5� has been solved nu-
merically using second order finite differences for the spatial
derivatives and a fifth order Runge-Kutta method for the
time evolution. Starting with �i=0 �i=1, . . . ,N� and �=0,
the equations have been solved numerically from t=0 to tm.
� is then increased by a small amount, keeping all other
parameters fixed. With the previous solution as initial condi-
tions, a new solution is generated, again from t=0 to tm. This
is repeated until a maximum value of � is reached. Taking
care that tm is large enough for the system to reach a possible
steady state at each value of �, the voltage vs applied mag-
netic field characteristic of the system is obtained. Since the
individual voltages,
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i = lim
t→

1

L�t − t0��t0

t �
0

L

�t
idxdt , �9�

cannot be assumed to be identical for all junctions, the aver-
age voltage,

V �
1

N
�
i=1

N


i, �10�

has been computed. To get a feeling of the total number of
fluxons in the system, the phase difference,

�� � �
i=1

N

��i�L� − �i�0�� , �11�

is also calculated. This expression is approximately 2� times
the number of fluxons in the system.

Figure 3 presents the results of the above method used on
two stacked junctions. To investigate in detail what happens

in the characteristics, we plot cos��i� for each junction at
selected values of �. Marked on these figures are the points
cos��i�=−1, which approximates the position of a fluxon.
Thus, the fluxon configuration can directly be seen at differ-
ent places in the V-� characteristic. For very low magnetic
field �a�, there are no fluxons in the junctions. At some small
field �b�, about �=2, fluxons starts to enter the junctions and
a large increase in the average voltage is observed. The flux-
ons are in an antiphase configuration. Increasing the field a
little more to point �c�, the voltage drops a little and the two
fluxons in the junctions have rearranged themselves from the
antiphase configuration to the in-phase configuration. In-
creasing the field to �d�, more fluxons enter the junctions,
until we observe another drop in the voltage at point �e�,
where the fluxons have jumped from the in-phase configura-
tion to the antiphase configuration. As the field is increased
to point �e�, the voltage remains essentially constant but
more and more fluxons enter the system in an antiphase con-
figuration. At point �g�, the voltage jumps up to about � /�
and from here on, the 2� /L oscillations appear and the
fluxon always seems to be in an antiphase configuration �h�.
Note that the 2� /L oscillations appear when the phases seem
approximately linear as a function of x. Judging from our
calculations, this happens when �� / �2�LN�1, i.e., when
the length per fluxon per junction is about unity.

The phase difference, ��, in Fig. 3 shows an almost lin-
ear dependence on �, though small jumps on the curve can
be observed. This fits well with Eqs. �6� and �7�, which give
��NL�, neglecting ��i. Since �� increases almost lin-
early, we conclude that the fluxon entry happens almost con-
tinuously.

In Fig. 4, we present the V-� characteristic for a system
with identical parameters as the one in Fig. 3, but with a
smaller bias current, �=0.2. For large magnetic field, we see
the 2� /L oscillations, which start at a value of � a little
smaller than it was for the case with �=0.5. Again we see the
in-phase configuration of the vortices, but for a different re-
gion of �, though still for � below the 2� /L-oscillation re-
gime.

In Fig. 5, the length of the system has been increased to
L=10. This gives room for more fluxons in each junction.
For large magnetic field, we see again the 2� /L-oscillations.
In contrast to the short systems in Figs. 3 and 4, we only
observe the in-phase mode for a high value of the bias cur-
rent, and even here the range of magnetic field where the
in-phase mode is observed is severely shortened as compared
to the L=2.5 system. The in-phase mode starts at �3 and
ends at �3.7. For slightly higher values of �, the in-phase
mode starts to become erratic. We do observe square lattice
for some � values in this range, but a slight increase in �
may change the structure of the lattice. This is also evident
from the dynamic resistance plot, where the region labeled
“Partial in-phase” shows large peaks signaling instability.

IV. MORE JUNCTIONS

In order to use stacked Josephson junctions for oscillators
in applications, the power of the emitted radiation must be
high. One way to obtain this is by increasing the number of

FIG. 2. Curves obtained by solving Eq. �8� numerically with
v0=0 and v0=� /2 to obtain the voltage, 
��� �top�, and the dy-
namic resistance, d
��� /d� �bottom�. Vertical lines at �=n� /L,
n=0,1 , . . .. Parameters used: L=2.5, �=0.1, �=0.5, S=−0.4.
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junctions in the stack and operated the stack in the in-phase
mode. As it was shown in Sec. III, we seem to get the square
lattice most easily for a short system and a high bias current.
Shown in Fig. 6 are calculations on systems with five, seven,

and ten junctions. The overall picture is the same as two
junctions, but some added complexity arising from the extra
degrees of freedom is found. Fluxons enter around �=2 and
at high values of � the 2� /L oscillations are found, with the

FIG. 3. Two junctions, high bias current. Average voltage, V��� �top left�, and dynamic resistance, dV��� /d� �top right�, obtained by a
numerical simulation of Eqs. �1�–�5�. Lower plots, �a�–�h�, show cos��i� at selected values of �. Vertical lines at �=n� /L, n=0,1 , . . ..
Parameters used: L=2.5, �=0.1, �=0.5, S=−0.4. The in-phase fluxon configuration is observed in the range of magnetic field between �c�
and �d�.

FIG. 4. Two junctions, small bias current. Average voltage, V��� �top�, and dynamic resistance, dV��� /d� �bottom�, obtained by a
numerical simulation of Eqs. �1�–�5�. Vertical lines at �=n� /L, n=0,1 , . . .. Parameters used: L=2.5, �=0.1, �=0.2, S=−0.4. In-phase
vortex configuration is observed, but at higher values of � than for the higher bias current case shown in Fig. 3.
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fluxons always arranged in a triangular lattice. Between these
two values, complicated behavior is observed. Here the vor-
tex lattice is not very rigid due to the low fluxon density and
it may be distorted considerably by the perturbations arising
from the edges. In this “intermediate” region, the lattice is
quite erratic, but usually arranged in a triangular fashion due
to the repulsiveness of the fluxons. But typically, a small
region of � values shows the interesting square lattice. Un-
fortunately, this region seems to become smaller when the
number of junctions increase, at least for the finite number of
calculations we have done. Also, looking at the plots in Fig.
6, we see that for the cases of seven and ten junctions, the
fluxon density in the range of the in-phase configuration is
seemingly below one fluxon per junction, while for the cases
of 2 �Fig. 3� and five junctions, it may be higher. The plots of
the individual phases do, however, show one fluxon in each
junction arranged in the in-phase configuration for seven
�bottom of Fig. 7� and ten �not shown� junctions. Unlike the
case of N=2, where the fluxons are exactly identical in the
in-phase configuration, the fluxons for N�2 in the in-phase
configuration show some dissimilarities and they may be

positioned very slightly out of phase, see bottom plot of
Fig. 7. Also, since the fluxon density per junction where the
in-phase configuration is observed decreases with an increase
in the number of junctions, we conclude that the system is
having trouble phase locking a large number of fluxons.

In the plots for N=7 and N=10 in Fig. 6, the in-phase
configuration is observed close to the first fluxon entry. Since
we start the numerical code with �i=0 for i=1, . . ,N, one
might suspect that the in-phase configuration is, in these
cases, only obtained due to the symmetry of our initial con-
ditions. Shown in Fig. 7 is cos��i� for �=1.6 and �=1.8
taken from the calculations with N=7 in Fig. 6. We observe,
that before the in-phase configuration is obtained at �=1.8,
there is a transition from zero fluxons to a state, at �=1.6,
where only some of the junctions contains fluxons, thus the
“in-phase symmetry” of the initial conditions has been bro-
ken.

Calculations on longer junctions and different values of
the bias current have been made but not shown. The larger
length allows for more “freedom” in the region of low fluxon
density, giving rise to even more complicated characteristics.
For high values of the magnetic field, the system always

FIG. 5. Two junctions, L=10. Average voltage, V��� �left�, and dynamic resistance, dV��� /d� �right�, obtained by a numerical simulation
of Eqs. �1�–�5�. Vertical lines at �=n� /L, n=0,1 , . . .. Parameters used: L=10, �=0.1, �=0.2 �top�, and 0.5 �bottom�, S=−0.4. Only for the
high value of the bias current is the in-phase configuration observed.
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seem to exhibit 2� /L oscillations with the fluxons always
arranged in a triangular lattice, and the longer junctions seem
to be less likely to exhibit in-phase configuration, like in the
case of two junctions considered in Sec. III.

V. CONCLUSION

We have numerically calculated the voltage and dynamic
resistance as a function of an applied magnetic field for Jo-
sephson junction stacks with different parameters. By look-
ing at the individual phases of the junctions, we were able to
clearly distinguish between in-phase �square lattice� and an-
tiphase �triangular lattice� vortex configurations. The system
was mostly found to have a triangular vortex lattice, or a
similar noncoherent vortex configuration. The square lattice
was observed in some systems. Small length, high bias cur-
rent, and a low number of junctions seemed to enhance the
conditions for a square lattice, which was observed only for
some values of the magnetic field. The structure of the vortex
lattice was not found to be connected to oscillations in the
voltage vs magnetic field curves.
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FIG. 6. N=5 �top�, N=7 �middle�, and N=10 �bottom�. Dy-
namic resistance, dV��� /d�, obtained by a numerical simulation of
Eqs. �1�–�5� is shown. Vertical lines at �=n� /L, n=0,1 , . . .. Param-
eters used: L=2.5, �=0.1, �=0.5, S=−0.4. The maximum number
of fluxons per junction per length in the in-phase configuration is
observed to decrease with an increase in the number of junctions.

FIG. 7. Seven junctions showing cos��i� for the two values of �
in Fig. 6: �=1.6 �top� and �=1.8 �bottom�. For �=1.6, there are
only fluxons in junctions two, four, and six. Although �� /N�2�
for �=1.8, there is a fluxon in each junction arranged in an in-phase
configuration. The fluxons in the outer junctions are displaced a
little away from the other fluxons, but still phase locked.
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