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A THEORETICAL DERIVATION OF THE TRANSIENTS RELATED TO PARTIAL DISCHARGES
IN ELLIPSOIDAL VOIDS
G.C. Crichton, P.W. Karlsson and A. Pedersen
Physics Laboratory 11, Building 309B,
The Technical University of Denmark,
DK-2800 Lyngby, Denmark.

ABSTRACT. Transients associated with partial discharges in ellipsoidal and spheroidal voids are derived
in terms of the concept of induced charges on the electrode. The relationship between the induced charge
and the properties which are usually measured are discussed. The method is illustrated by applying it to a
spheroidal void in a simple disk-type GIS spacer.
INTRODUCTION
The transients which are manifest at the electrodes of a system with partial discharges are related
to the charges which, in view of Faraday's ice pail
experiment, are induced on the electrodes. The sources
of the induced charges are the charges which are distributed within the voids as a result of partial discharges.
The induced charge can be expressed as the difference between the charge on the electrode when discharges have occurred and the charge which would have
been on the electrode had the system been discharge
free
A more straightforward approach is possible
throu h an application of the principle of superposition 72,3 1 . This can he done in two different ways depending on whether emphasis is placed on the P-field
121 or on the D-field 131 in the dielectric. In practice the application of the latter is more convenient
and this approach will therefore be employed in the
present paper.
A discharge in a void results in a deployment of
charges on the surface S of the void. The surface charge density a will attain such values that the field
within the void is reduced until the discharge is
quenched. The induced charge related to the charge distribution on S is given by 131

111.
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TRANSIENTS RELATED TO INDUCED CHARGES
Although the observable transients are inherently
related to the induced charge the properties which
primarily are measured are transients in the applied
voltage and current pulses in the lead to the electrode. The connection between these properties and the
induced charge can he found in the following way. Just
prior to the first discharge in the void the potential
of the electrode is U and the charge is Q. We compare
this with the situation immediately after the discharge
is quenched when the potential has dropped to U - Ai/
and the charge has become Q + AQ, where AQ is the
charge transferred to the electrode from the external
circuit. Green's reciprocation theorem then yields

&(U - AU)

=

(Q + AQ)U

~-(a~/an)-

(3)

where h is differentiated in the direction normal to
the interface and + and - refer to the two sides of
the interface. Since Eq.(2) is Laplace's equation any
standard method for calculation of space charge free
electrostatic fields can be used to calculate A.
The charge pattern which is deposited on S can
normally be considered as an electric dipole since the
nett charge within the void remains zero. The dipole
moment if is given by

+

(6)

where V is the scalar potential at the surface element
dS for the discharge free situation. Since V = AU, in
consequence of equations (2) and ( 3 ) , and Q = CU, where
C is the capacitance of the system, we obtain
-jchds = CAU

+

AG

S
or

where E is the permittivity. The boundary conditions
are: A = 1 at the electrode on which q is distributed
and A = 0 at all other electrodes. In addition the fol
lowing condition must be fulfilled at all dielectric
interfaces
=

Since voids in epoxy spacers are usually close to
spherical in shape it is of interest to consider transients caused by discharges in an ellipsoidal or spheroidal void. Formulae for the dipole moment of relevant
charge distributions on ellipsoids are given. The
effects of size, shape and location of the void are
discussed with special reference to spheroidal voids.

(1)

in which h is a dimensionless scalar function which
depends on the position of dS only. The function A is
given by Laplace's equation

~+(ax/an)+

where
is a vector which locates the position of dS.
The induced charge from this dipole becomes 131

q

=

CAU

+

AQ

.

If the impedance of the circuit is large for the
current which is associated with the discharge then
CAU can be much larger than AQ. The induced charge is
then approximately

q

: CAU

.

(9)

It should he emphasized that the capacitance of
the system is not affected by partial discharges 12,31
and that, consequently, the transients cannot be related to a change in the capacitance. The proper concept
of capacitance 141 implies that the field between the
electrodes is Laplacian, and the field is not Laplacian if space charges are present. However, utilizing
the principle of superposition the actual field can be
considered to be the sum of a space charge Poisson
field and the original space charge free Laplacian
field. It is the latter which represents the proper
capacitance of the system.
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Since A is proportional to the scalar potential for the
space charge free field we have, with reference to
equations (12) and (14), that

VOIDS
_ELLIPSOIDAL
_
We consider an ellipsoidal void the dimensions of
which are so small that the internal field may be considered to be nearly uniform. Since any direction of
the field within the ellipsoid can be resolved into
three fields parallel to the three major axes, it is
sufficient to consider the case for which the field is
parallel to one of the axes.
A partial discharge can develop when the field
within the ellipsoid reaches the inception value E . .
A discharge will result in a deposition of chargeslon
the surface of the ellipsoid and the field is reduced.
The discharge is quenched when the field is reduced to
the limiting value E 2 , i.e. the field below which ionization growth is impossible. To simplify the analysis
we assume that the field within the ellipsoid remains
uniform, i.e. the entire volume of the ellipsoid is
involved in the discharge. Even if this assumption may
not be fulfilled in practice the general conclusions
which can be drawn from the analysis will remain valid.
The electrostatics of ellipsoids is discussed in
several textbooks, e.g. 15). From the field expressions
there given it can be proved that the dipole moment of
the charge distribution left on the surface of the
ellipsoid by the discharge may be written in the form

=

k6A

(18)

where X is the solution to Laplace's equation, i.e.
equation ( 2 ) , at the location of the ellipsoid for an
idealized system with no voids present. The induced
charge thus becomes

SPHEROIDAL VOIDS

When b

=

e, the ellipsoid becomes a spheroid, and

A and K are then expressible in terms of In, arctan

and simpler functions. The dimensionless parameter K
for spheroids is given as a function of the axis ratio
a / b in Fig.1.
The inception field depends on the pressure p of
the gas which is contained in the void and on the critical avalanche length. Since the field is parallel to
the a-axis the minimum value of E. will, for an electron attaching gas, be given by the Paschen-curve

(10)
where .V is the figure of merit for the gas 16 1. For
SF6 M = 0.040 bar mm and E / p = 8.86 kV/(mm bar).
2
Similarly we have for non-attaching gases

where a , b , c are the major semi-axes of the ellipsoid,
Eo is the ambient field when the internal field is
equal t o the inception field E.; i.e. E is the field
at the location of the ellipsoidal void'for
the idealized system with no voids present. Eo, E . and Ek are
all parallel to the a-axis. The parameter A is given by
the integral

where Y is a constant which is characteristic for the
and E L / p = 2.42
gas 1 7 1 . For air E! = 0.86
kV/(mm bar). From equations (20) and (21) it is seen
that

m

where s is a dummy variable. The relationship between
F and the inception field E. is given by

E is the permittivity of the ambient dielectric and E
is the permittivity of the gas within the ellipsoid;
normally E can be assumed to be the permittivity of
free space.
If we introduce dimensionless parameters

and
cbnA(c

(

--E),-]

we may rewrite the dipole moment as

where n equals the volume (4n/3)2be of the ellipsoid.
are related by
The parameters K and
;8

KE

0.1
where

the relative permittivity.
The induced charge is found by combining equations
(5) and (15):
E

= F / E ~is

k

Figure 1.

0.2
0.5
Oblate

1

2

5

10

1 -

The parameter K for spheroids. The applied
field is parallel t o the a-axis.
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with E = 4 . The radius o f the inner electrode is P =
1
70 mm, and the inner radius of the outer electrode is
r2 = 190 mm. In the spacer is a spheroidal void of volume 61 = 1 mm3. The center of the spheroid is located at
r = 100 mm from the axis of the coaxial system. In the
void is either SF or air both at a pressure of 1 bar.
6
For this simple geometry
+

for an electron attaching gas, and that

for a non-attaching gas. It should be noted that for an
attaching gas Ei - E a. is independent of the pressure,
since Ea. is proportional to the pressure.
For a fixed location of the void in the system
will be constant. Keeping also the volume o f the
spheroid constant we will study the variation o f the
induced charge with the ratio a l b between the axes. The
induced charge can then be written in the form

3,

-f

where e is a unit vector perpendicular to the axis of
the coaxial system and directed away from the inner
electrode.
Insertion of these data in equations (19), (22)( 2 7 ) gives the induced charge as a function of a / b . The
results are shown in Fig.3. The corresponding discharge
inception voltages can be calculated from data obtained
from equations ( 2 0 ) and ( 2 1 ) and they are shown in
Fig.4. It is seen that although the inception voltage
is larger for SF6 than for air, the induced charge is
much lower for the SF -filled void than for the void
6
filled with air. The reason is that E.-F
is much
1 . t
smaller for SF6 than for air when p = 1 bar.

where q 1 is the induced charge for a spherical void and
ks is a dimensionless shape factor which depends on
a / b . Insertion of an expression for the semiaxis a in
terms of il and a l b in equations (19), (22) and (23)
shows that
-213
ks =
(25)

[$

for an electron attaching gas, and
CONCLUSIONS

-1/3

ks

[f]

=

The classical philosophy concerning the transients
which are related to partial discharges is based on the
assumption that the capacitance of the system is

for a non-attaching gas. The spheroid shape factors
are thus independent of all the other properties of
the gases which may be confined within the spheroid.
The shape factors as a function of a / b are shown in
Fig.2.
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VOID IN A DISK-TYPE SPACER

10

Under consideration is a coaxial electrode system
with a simple disk-type spacer made of a dielectric
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The shape factor k for spheroidal voids
of constant volumes

Induced charge q for a spheroidal void in
a disk-type spacer. Location: P = 100 mm
from the system axis. Volume: 1 mm3.
Electrode dimensions: r l = 70 mm, r 2 =
190 mm. Relative permittivity of dielectric:
E
= 4. Pressure within the void: 1 bar.
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referred to in Fig.3.

affected by the space charges which are formed by a
partial discharge. This is, however, at variance with
the proper concept of capacitance. The key to the electrodynamics of partial discharges is the concept of induced charges. Based on this concept analytical expressions are derived for the induced charges related
to partial discharges in an ellipsoidal void.
The application of this concept to actual insulating systems is illustrated by considering a spheroidal
void in a simple disk-type spacer.
From the formulae obtained conclusions can be
drawn about the effects of the gas within the void as
well as the effects of size, shape and location of the
void.
For the specific case considered the non-attaching
gas generates an induced charge which is approximately
an order of magnitude larger than that generated by the
attaching gas. Lnception voltages, however, are higher
in the latter case by a factor of about 1.5 to 3.
The yariation in induced charge with location is
given by OX which depends on the location in the same
way as the field strength in the Laplacian field for
the idealized system where voids are absent. F o r a
simple disk-type spacer the induced charge is therefore proportional to the inverse of the distance from
the axis of the electrode system to the center of the
void.
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