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Abstract—In this work we review the fundamental properties 

of several spherical and cylindrical, passive and active, coated 
nano-particles (CNPs) with emphasis on their potential for nano-
antenna and nano-amplifier synthesis. For the spherical 
geometries, the nano-particles are excited by an electric Hertzian 
dipole, which represents, e.g., a stimulated atom or molecule. The 
cylindrical nano-particles are excited by a magnetic line source. 
In the active cases, gain is added to the core region of the particle. 
For simplicity, it is modelled by a canonical, frequency 
independent gain model. We demonstrate that specific CNPs can 
be designed to be resonant and well-matched to their respective 
excitation sources. With active cores, these designs can lead to 
extremely large total radiated powers. For both configurations, 
insights into the effects of the nano-particle material composition, 
source location and orientation will be given on the basis of 
studying their near-field and power flow density distributions, 
their total radiated powers, and their directivity properties.  
 

Index Terms— Dipole source, gain, line source, nano-
amplifiers, nano-antennas, nano-particles, radiation, scattering  

I. INTRODUCTION 
RADITIONAL analyses of antennas originate from their 
radio frequency (RF) developments [1]. Transmitting 

antennas convert voltages and currents into electromagnetic 
waves, while receiving antennas convert electromagnetic 
waves into voltages and currents. Notable attention has 
recently been given to optical antennas, see [2-4] and the 
references therein. For instance, standard resonant antennas 
such as dipoles and bow-ties have been studied at visible 
wavelengths by many groups [5-9]. They are ones that are the 
most accessible to nano-fabrication processes; and, hence, 
their simulated properties have been experimentally verified. 
Dimers are another well-studied example of optical antennas 
specifically designed for enhancements of local fields [10-13]. 
More recent examples include Yagi-Uda antennas [14-16], 
arrays [17-20] and radiators combined with bandgap structures 
[21]. Even more traditional schemes, such as using an antenna 
to excite an RF waveguide, have been extended to optical 
frequencies [22]. Nonlinear loads have also been incorporated 
into optical nano-antennas to control their emission properties, 
as well as create harmonic generation [23-25]. 

S. Arslanagić is with the Department of Electrical Engineering, Technical 
University of Denmark, Bld. 348, Ørsteds Plads, 2800 Kgs. Lyngby, Denmark 
(e-mail: sar@@elektro.dtu.dk). 

R. W. Ziolkowski is with the Department of Electrical and Computer 
Engineering, University of Arizona, Tucson, AZ 85721,USA, and the 
University of Technology Sydney, Global Big Data Technologies Centre, 
Ultimo NSW 2007, Australia (e-mail: ziolkowski@ece.arizona.edu). 

Given the intrinsic nature of the excitation of the majority 
of optical antennas studied to date, most RF engineers would 
view them as nano-scatterers, which have been designed to 
create large local fields. Thus, in this respect, even a single 
properly designed nano-particle can be viewed as a nano-
antenna. Consequently, most optical antennas have taken on 
the purpose of converting propagating electromagnetic waves 
to localized fields and vice versa [2]. To this end, we note that 
a variety of nano-particles of very different shapes have been 
considered as candidates for nano-antennas and related 
applications [2, 3, 26]. Nevertheless, whether one views its 
excitation as an incident electromagnetic wave or potentially a 
current driven source, an optical antenna is viewed as a 
transducer that acts to generate/receive an electromagnetic 
field. As a consequence, there have been studies [4] to apply 
classical impedance matching techniques to optical antennas, 
i.e., these scatterers have been modified to maximize the 
power radiated/accepted by the optical antenna. 

In the past decade there has been considerable attention 
devoted to the field of metamaterials (MTMs), and significant 
advances have been accomplished encompassing applications 
from the microwave [27] to the optical [28] regimes. One area 
of emphasis has been the use of MTMs to engineer the 
performance characteristics of antennas [29]. One aspect of 
these studies has been to miniaturize antennas while 
maintaining their performance characteristics. In particular, 
MTM-inspired structures have been introduced to act as 
impedance transformers to realize matching of the overall 
antenna system to its source and to the wave impedance of the 
medium in which it is radiating. They offer some advantages 
over classical impedance matching methods for a variety of 
electrically small antenna systems. The idea to use a resonant 
MTM-inspired construct in the near field of an electrically 
small radiator to significantly enhance its performance 
characteristics was introduced in [30-32]. These theoretical 
models began with enclosing an infinitesimal radiating dipole 
(an electric Hertzian dipole) with a spherical double negative 
MTM shell [30]. It was then recognized [31, 32] that only a 
single negative (SNG) spherical MTM shell was required. For 
instance, the epsilon-negative (ENG) shell is an electrically 
small resonator, i.e., its core is an electrically small region 
excited by the electric field of the driven dipole and, hence, it 
acts as a capacitive element. Similarly, its shell is also excited 
by that electric field and has a capacitive response but is filled 
with a negative permittivity and, hence, acts as an inductive 
element. The combination of the lossy capacitive and 
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inductive elements yields a lossy (RLC) resonator. The driven 
element, the electrically small dipole antenna, has a large 
negative reactance, i.e., it too is a capacitive element. Because 
the lossy resonator is in the extreme near-field of the driven 
element, the fields involved and the subsequent responses are 
large. It was found that the reactance of this near-field 
resonant parasitic (NFRP) element, the ENG shell, can be 
conjugate matched to the dipole reactance by adjusting their 
sizes and material properties to achieve a resonance. By tuning 
the effective capacitances and inductances of both the driven 
and parasitic elements, the entire antenna can moreover be 
nearly completely matched to the source, i.e., the NFRP 
element also acts as an impedance transformer. By arranging 
the NFRP element so that the currents on it dominate the 
radiation process, a high radiation efficiency and, thus, a very 
high overall efficiency can be realized. Active MTM shells 
and active NFRP elements have been considered [33, 34] to 
overcome the physical limitations on the bandwidths of 
electrically small radiators [35, 36]. 

These concepts of tailoring electrically small, resonant, 
MTM-inspired constructs to enhance the performance of small 
driven antennas can be extended immediately to optical 
frequencies, i.e., to  very electrically small radiators such as 
excited atoms or molecules. In particular, because nature gives 
us ENG materials, i.e., metals, in the optical regime, the 
optical geometry represented by a passive, spherical, metal 
coated nano-particle (CNP) excited by an electric Hertzian 
dipole (EHD) is a straightforward extension of the radio 
frequency case of an ENG shell near to or surrounding an 
electrically small dipole antenna considered in [37]. It was 
shown that specific core-shell particles can be resonant and 
thus lead to large enhancements of the total power radiated by 
the EHD in contrast to it radiating in free space alone. These 
core-shell geometries are representative of one of the very 
successful outcomes of MTM research, i.e., the realization that 
the juxtaposition of two materials, one with positive material 
parameters and the other with negative ones, can be used to 
create electrically small resonators [27]. As to the optical 
nano-antennas and CNP geometries reviewed above, the 
physics underlying this outcome is also tied with one of the 
best known effects associated with optics at surfaces, i.e., the 
occurrence of plasmons [38]. Despite the many advantages of 
plasmonic-based nano-antennas, their performance is, 
however, inevitably limited by the large losses associated with 
metals at optical frequencies. In order to alleviate the issue of 
losses, use of gain in plasmonic-based configurations has been 
proposed. 

The introduction of gain into the negative-positive MTM-
inspired subwavelength cavity design paradigm has led to the 
investigation of highly subwavelength planar [39] and 
spherical nano-laser [40], nano-sensing [41] and nano-
amplifier [42] systems. This concept of juxtaposing metals and 
dielectrics in conjunction with gain media to form nano-laser 
resonators has led to truly impressive levels of miniaturization 
of lasers over the past few years (see, for example, the recent 
review [43]). These metallic/plasmonic nano-lasers have 
provided optical sources that are much smaller than a 

wavelength (see e.g., [44-50]). Gain has also been introduced 
to overcome the losses associated with metal-based optical 
MTMs [51-59] and with plasmonic systems [60-65]. 
Experimental verification of a version of the highly 
subwavelength nano-particle lasers has been reported with an 
optically pumped, dye-impregnated coating [66]. 
Experimental demonstration of complete compensation of 
losses in metallic-based optical MTMs was reported in [67] 
using a fishnet MTM having an optically pumped dye-
impregnated core. Moreover, based on the seminal work [68] 
that plasmon-based amplification is possible, even smaller 
plasmon-based systems have been investigated, including 
potential localized photonic sources, sensors and amplifiers 
(see, e.g., [69-71]). The first experimental observation of the 
lasing spaser [70] was achieved in [72] with using optically 
pumped PbS semiconductor quantum dots. 

We note that, apart from the loss compensation achieved in 
plasmonic-based systems impregnated with gain, recent years 
have witnessed the emergence of an alternative and very 
interesting route towards low-loss nano-photonic structures. 
To this end, a very successful exploitation of resonant high-
index dielectric (and even semiconductor) material building 
blocks has been demonstrated for a variety of nano-antennas, 
optical MTMs and metasurfaces, see e.g., [73]-[76] and the list 
of references therein.    

In this manuscript we review our work on active nano-
antennas and nano-amplifiers formed by specifically designed 
CNPs. In light of our introductory survey above, the examined 
CNPs in the presence of relevant excitation sources do indeed 
make a nano-antenna system. Therefore, we will use the 
designation CNP or nano-antenna interchangeably. As 
reported in [3, Ch. 3], [42, 77, 78], both enhanced and reduced 
radiation/scattering effects can be achieved in various CNP 
configurations. In particular, specific spherical CNPs, denoted 
here as S-CNPs, can be designed to be resonant and well-
matched to the radiating EHD, which leads to large 
enhancements in the total radiated power. Treating a 
stimulated atom or molecule as an idealized EHD, the 
enhanced total radiated power of such a nano-antenna, for 
instance, would have a significant impact on its application as 
a nano-sensor for fluorescence analyses [78]. On the other 
hand, other nano-antenna designs can significantly reduce 
emissions. It has been shown that CNP designs can effectively 
jam the fields radiated from a single or from multiple emitters 
[42, 77, 78]. Non-radiating or dark states associated with the 
passive configurations were recognized in [79]. These non-
radiating states can be connected directly to the transparency 
/cloaking effects introduced by Alù and Engheta (see, for 
instance, [80] and the references therein). Not only S-CNPs 
have been studied, but the radiation characteristics of passive 
[81] and active [3, Ch. 3], [82, 83] circular cylindrical CNPs, 
denoted here as CC-CNPs, have also been studied under plane 
wave and magnetic line source excitations. In contrast to the 
S-CNPs whose response is polarization independent, the CC-
CNPs’ performance characteristics are polarization dependent, 
as one would expect from any elongated geometry. Moreover, 
the impact of the composition and the sizes of the CNPs [3, 
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Ch. 3], [77] and directivity effects of both S-CNPs and CC-
CNPs [84] have also been investigated.  

In this work, we only address the resonant CNPs with 
enhanced total radiated power responses. Both S-CNP and 
CC-CNP configurations will be treated. Insights into the 
effects of the orientation of the exciting dipole on the field 
enhancement will be given; and, moreover, the influence of 
the locations of the respective excitation sources on the 
resonant properties of the S- and CC-CNPs will be addressed. 
Examples of the directivity effects and the local near-field and 
power flow distributions will be illustrated.  

The manuscript is organized in the following manner. 
Section II introduces the S- and CC-CNP configurations, and 
outlines briefly the details of the analytical solution. In Section 
III the material composition of the CNPs, as well as the gain 
model for the active cases, are discussed. Section IV 
summarizes the numerical results pertaining to both the S-
CNPs and the CC-CNPs. Finally, Section V summarizes and 
concludes the work. Throughout the manuscript, the time-
factor,exp(𝑗𝑗𝑗𝑗𝑗𝑗), with 𝑗𝑗 being the angular frequency, and 𝑗𝑗 
being the time, is assumed and suppressed. 

II. CONFIGURATIONS AND ANALYSIS METHODS 

A. Configurations 
The spherical coated nano-particle (S-CNP) and circularly 

cylindrical coated nano-particle (CC-CNP) configurations 
reviewed in here are shown in Figure 1. The abbreviation CNP 
will be used throughout when reference is made to the 
properties and results common to both geometries. Otherwise, 
the S-CNP and CC-CNP abbreviations will be used to 
specifically refer to the spherical and cylindrical geometries, 
respectively. 

 

(a) S-CNP 

                      
(b) CC-CNP 

Fig. 1.  The examined S-CNP and CC-CNP configurations. 

In both cases, the CNPs consist of a nano-core (region 1) of 
radius 𝑎𝑎 covered concentrically by a nano-shell (region 2) 
with an outer radius 𝑏𝑏. The CNP is immersed in free-space 
(region 3) characterized by the permittivity, 𝜀𝜀0, and the 
permeability, 𝜇𝜇0. Thus, in region 3 the intrinsic impedance, 
𝜂𝜂0 = �𝜇𝜇0/𝜀𝜀0, and the wave number, 𝑘𝑘0 = 𝑗𝑗�𝜀𝜀0𝜇𝜇0 = 2𝜋𝜋/𝜆𝜆0, 
where 𝜆𝜆0 denotes the free-space wavelength. Regions 1 and 2 
consist of simple (isotropic, linear, and homogeneous) and, in 
general, lossy materials with permittivities, permeabilities, and 
wave numbers given by 𝜀𝜀𝑖𝑖 = 𝜀𝜀𝑖𝑖′ − 𝑗𝑗𝜀𝜀𝑖𝑖′′, 𝜇𝜇𝑖𝑖 = 𝜇𝜇𝑖𝑖′ − 𝑗𝑗𝜇𝜇𝑖𝑖′′, and 
𝑘𝑘𝑖𝑖 = 𝑗𝑗�𝜀𝜀𝑖𝑖𝜇𝜇𝑖𝑖, respectively, with 𝑖𝑖 = 1 for region 1, and  𝑖𝑖 = 2 
for region 2. The specific choices of the materials employed in 
this review will be detailed in Section III. 

The S-CNP is illuminated by the incident field generated by 
an arbitrarily located and oriented electric Hertzian dipole 
(EHD) with the dipole moment 𝒑𝒑 = 𝒂𝒂𝑝𝑝𝑝𝑝; the unit vector 𝒂𝒂𝑝𝑝 is 
its orientation, while 𝑝𝑝 [Am] is its complex amplitude which 
typically is expressed as the product of the constant electric 
current 𝐼𝐼e [A] driving the EHD and its length 𝑙𝑙 [m], i.e., 
𝑝𝑝 = 𝐼𝐼e𝑙𝑙. A spherical coordinate system (𝑟𝑟,𝜃𝜃,𝜙𝜙), and the 
associated rectangular coordinate system (𝑥𝑥,𝑦𝑦, 𝑧𝑧), are 
introduced such that the origin of these coincides with the 
centre of the S-CNP. The coordinates of the observation point 
are (𝑟𝑟,𝜃𝜃,𝜙𝜙), while those of the EHD are (𝑟𝑟𝑠𝑠 ,𝜃𝜃𝑠𝑠,𝜙𝜙𝑠𝑠). 

The CC-CNP is illuminated by the incident field generated 
by an arbitrarily located infinitely long magnetic line source 
(MLS) which is driven by a constant magnetic current 𝐼𝐼m [V]. 
This corresponds to the transverse electric (TE) polarization. 
The MLS, as opposed to an electric line source, is required in 
here in order to excite resonances in the CC-CNPs of interest 
to this work [81, 82]. A circular cylindrical coordinate system 
(𝜌𝜌,𝜙𝜙, 𝑧𝑧), and the associated rectangular coordinate system 
(𝑥𝑥,𝑦𝑦, 𝑧𝑧), are introduced such that the origin of these coincides 
with the cross-sectional centre of the CC-CNP, and such that 
the entire configuration is infinite along the 𝑧𝑧-direction, with 
the MLS being parallel to the axis of the cylinders. The 
coordinates of the observation point are (𝜌𝜌,𝜙𝜙), while those of 
the MLS are (𝜌𝜌𝑠𝑠,𝜙𝜙𝑠𝑠). 

B. Analysis Methods  
Detailed analytical solutions of the canonical CNP 

configurations have been derived previously for spherical [37, 
42, 84] and circular cylindrical geometries [81, 82, 84]. Here 
we summarize the main steps of the solution procedure and 
include the most important results needed to characterize the 
performance of the examined configurations. 

The solution procedure for the S-CNP configuration 
problems is as follows. The field due to the EHD, which 
constitutes the known incident field, is represented as a 
multipole expansion of transverse magnetic (TM) and 
transverse electric (TE) spherical waves. The unknown 
scattered fields in the three regions are likewise expanded in 
terms of TM and TE spherical waves. Their unknown 
expansion coefficients depend on the EHD location, the 
orientation of the EHD, and the composition of the S-CNP. 
They are obtained by enforcing the boundary conditions on the 
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two spherical interfaces, 𝑟𝑟 = 𝑎𝑎 and 𝑟𝑟 = 𝑏𝑏. With the expansion 
coefficients known, the fields at all points inside and outside 
the S-CNP are known. Beside the near-field field distributions, 
we devote attention in our investigations to the so-called 
normalized radiation resistance (NRR), the directivity, and the 
distributions of the power flow density. The NRR is defined as 
the radiation resistance 𝑅𝑅S,𝑡𝑡 of the EHD radiating in the 
presence of the S-CNP, normalized with the radiation 
resistance 𝑅𝑅EHD of the EHD radiating alone. Thus,  

             NRR = 10 ∙ log10
𝑅𝑅S,𝑡𝑡

𝑅𝑅EHD
= 10 ∙ log10

𝑃𝑃S,𝑡𝑡

𝑃𝑃EHD
 ,               (1) 

where 𝑃𝑃S,𝑡𝑡 = 𝑅𝑅S,𝑡𝑡 |𝐼𝐼𝑒𝑒|2/2 is the total power radiated by the 
EHD in the presence of the S-CNP, and 𝑃𝑃EHD = 𝑅𝑅EHD |𝐼𝐼𝑒𝑒|2/2  
is the total power radiated by the EHD alone. The explicit 
expressions of the radiated powers can be found in [37]. The 
directive properties of the S-CNPs are examined through the 
directivity which expresses the radiation intensity in a given 
direction normalized with the average radiation intensity; see 
e.g., [84] for its analytical expression. The power flow density 
distribution is examined though the Poynting vector, 
𝑺𝑺(𝑟𝑟,𝜃𝜃,𝜙𝜙), (its magnitude 𝑆𝑆 and direction 𝒂𝒂𝑆𝑆) given by 
𝑺𝑺 = 𝒂𝒂𝑆𝑆𝑆𝑆 = 0.5 Re{𝑬𝑬 × 𝑯𝑯∗}, with 𝑬𝑬 and 𝑯𝑯 being the total 
electric and magnetic fields, respectively.  

The CC-CNP solution is obtained in a similar way. The 
MLS field, which is the known incident field, is expanded in 
terms of cylindrical wave functions. This is also the case with 
the unknown scattered fields in the three regions. The 
scattered field expressions contain the unknown expansion 
coefficients which depend on the location of the MLS and are 
obtained by enforcing the boundary conditions at the two 
cylindrical interfaces, 𝜌𝜌 = 𝑎𝑎 and 𝜌𝜌 = 𝑏𝑏. Once the expansion 
coefficients are known, the fields at all points interior and 
exterior to the CC-CNP are known, and several derived 
quantities can be introduced to characterize the performance 
of the CC-CNPs. Specifically, the NRR for the CC-CNP is 
defined as the radiation resistance 𝑅𝑅C,𝑡𝑡 of the MLS radiating in 
the presence of the CC-CNP, normalized with the radiation 
resistance 𝑅𝑅MLS of the isolated MLS in free space. Thus,  

              NRR = 10 ∙ log10
𝑅𝑅C,𝑡𝑡

𝑅𝑅MLS
= 10 ∙ log10

𝑃𝑃C,𝑡𝑡

𝑃𝑃MLS
 ,              (2) 

where 𝑃𝑃C,𝑡𝑡 = 𝑅𝑅C,𝑡𝑡 |𝐼𝐼𝑚𝑚|2/2  is the total power radiated by the 
MLS in the presence of the CC-CNP, while 𝑃𝑃MLS =
𝑅𝑅MLS |𝐼𝐼𝑚𝑚|2/2  is the total power radiated by the MLS alone; 
their explicit expressions can be found in [81]. The directivity 
of the CC-CNP configuration takes on the form given in [84], 
while the power flow density is accounted for through the 
Poynting vector 𝑺𝑺(𝜌𝜌,𝜙𝜙) defined in a similar manner as for the 
S-CNP.  
 From (1) and (2), we note that the NRR is equivalent to the 
radiated power ratio introduced in the initial MTM-based 
antenna studies [30, 31]. Moreover, the NRR is equivalent to 
the Purcell factor (effect) [85, 86] which is associated with the 
enhancement of a molecule’s spontaneous emission by its 
surroundings. 

III. GAIN AND MATERIAL MODELS 
 The geometric and material parameters, as well as the gain 

model used in our CNPs are summarized next. For all CNPs, 
their nano-core is made of the dielectric silica (SiO2), for 
which 𝜀𝜀1 = 2.05𝜀𝜀0, 𝜇𝜇1 = 𝜇𝜇0, and 𝑘𝑘1 = 𝑘𝑘0𝑛𝑛, with 𝑛𝑛 = √2.05 
being its refractive index at the wavelengths of interest. Their 
nano-shells are made of either the metal (plasmonic material at 
the frequencies of interest) silver (Ag), gold (Au) or copper 
(Cu); the corresponding CNPs will be referred to as the Ag-, 
Au-, and Cu-based CNPs. In all cases, and unless indicated 
otherwise, the radius of the nano-core is set to 𝑎𝑎 = 24 nm, 
while the radius of the CNP, the outer radius of the shell, is set 
to 𝑏𝑏 = 30 nm. Since the plasmonic nano-shell is only 6 nm 
thick, accurate modelling of its optical properties requires 
taking into account the size-dependent behaviour of its 
permittivity 𝜀𝜀2 (note that the employed plasmonic materials 
are all non-magnetic, i.e., 𝜇𝜇2 = 𝜇𝜇0). These plasmonic nano-
shells exhibit rather significant intrinsic size dependencies, 
which arise when the material size is comparable to and/or 
less than the bulk mean free path length of the conduction 
electrons in the material (see, e.g., [28, 40, 41] and the 
references therein). These size-dependencies are incorporated 
into the Drude model describing the metals in terms of a size 
dependent damping frequency term. As described in [40], 
empirically determined bulk values for the permittivity of the 
employed plasmonic materials are available in the wavelength 
range from 200 to 1800 nm; these were successfully used in 
[40]-[42]. The focus here is on the CNPs performance in the 
visible range from 450 to 700 nm. For the three plasmonic 
materials of present interest, Figure 2(a) shows the real part of 
the permittivity, 𝜀𝜀2′ , normalized with the free-space 
permittivity, 𝜀𝜀0, while Figure 2(b) shows the associated loss 
tangents, defined by LT = 𝜀𝜀2′′/|𝜀𝜀2′ |. It is found that the real 
part of the permittivity of the three plasmonic materials is 
negative in the shown wavelength range. Furthermore, they all 
exhibit notable losses with Ag being the least lossy case. We 
note that in contrast to the plasmonic nano-shells, there are no 
size-dependent effects inside the dielectric silica nano-core. 

 
                              (a)                                                        (b) 
Fig. 2.  (a) The real part, 𝜀𝜀2′ , of the permittivity of the 6 nm thick Au, Ag, and 
Cu nano-shells normalized to the free-space permittivity 𝜀𝜀0, and (b) the 
corresponding loss tangents LT = 𝜀𝜀2′′/|𝜀𝜀2′ |. 

 
The plasmonic losses shown in Figure 2 are expected to 

deteriorate the performance of the associated CNPs. To 
achieve enhanced characteristics, they must be overcome by, 
e.g., including a gain material inside the CNPs. In this work, 
we make use of a canonical, frequency independent gain 
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model which will be introduced into the silica nano-core. 
According to such a model, the permittivity of the silica nano-
core reads  𝜀𝜀1 = 𝜀𝜀0(𝑛𝑛2 − 𝜅𝜅2 − 2𝑗𝑗𝑛𝑛𝜅𝜅)  where 𝑛𝑛 is the refractive 
index which is maintained at the value for the lossless silica 
nano-core, i.e., 𝑛𝑛 = √2.05. Moreover, the parameter 𝜅𝜅 
determines the nature of the nano-core and thus of the CNP. 
For 𝜅𝜅 = 0 and 𝜅𝜅 > 0, one has a passive nano-core, and thus a 
passive CNP. On the other hand, 𝜅𝜅 < 0 models an active 
nano-core, and thus an active CNP. Thus, the parameter 𝜅𝜅 
represents the loss/gain constant [40].  

The choice to use a constant gain parameter simplifies 
tuning the model to achieve its maximum performance. It is, 
however, important to note that realistic gain materials are 
dispersive. Therefore, in practice, one would chose the gain 
material, e.g., a quantum dot medium [87], such that ideally 
the resonance frequency at which its gain is maximized 
overlaps with the resonance frequency of the CNPs being 
designed or as much of its gain bandwidth as possible does. 
This will, of course, impose several challenges to be overcome 
towards the final optimized design since the presence of 
realistic media inevitably affects the very sensitive locations 
and response amplitudes of the CNP resonances.    

IV. NUMERICAL RESULTS 
Both the near and far field behaviours of a variety of 

passive and active CNPs shown in Figure 1 have been studied 
in our previous works [3, Ch. 4], [37, 42, 77, 78, 81, 82, 84]. 
The results for the passive cases indicate where the geometry 
resonances occur, which can be tuned by the geometry 
shape/size and the material parameters. The active cases must 
be retuned slightly with the presence of the gain material. 
They illustrate how gain help overcome the losses to achieve 
significant enhancements of the total radiated power. Below 
we highlight the main results that have been obtained for both 
the spherical and cylindrical CNPs.  

We emphasize that all of our structures reviewed below 
have been designed to support a strong resonant dipole mode 
of operation. To this end, it is important to note that numerous 
related studies of the resonant dipole and higher order mode 
effects have been reported in passive plasmonic-based 
spherical [2, 3, 86, 88, 89, 90] and infinitely long cylindrical 
[91, 92] nano-particles. The attention was devoted to not only 
the standard canonical shapes, but also to particles of 
distinctively different shapes [26]. Moreover, a geometry 
similar to our S-CNP, consisting of metamaterials or passive 
plasmonic materials, was examined in [93] for higher order 
mode excitation and directive nano-antenna synthesis. Apart 
from the passive cases, active spherical nano-particles were 
considered as nano-lasers, spasers and super-scatterers 
supporting a resonant dipole mode [40, 66, 69, 71]. Drastically 
enhanced scattering properties, similar to the ones reviewed 
below, were also reported for active truncated cylindrical 
CNPs [3, Ch. 4], [83], as well as core-shell cubic box- [94] 
and rod-like [95] nano-particles. Furthermore, as a very 
flexible and low-loss route towards efficient resonant nano-
antennas, all-dielectric high-index nano-particles supporting a 

multitude of modes has received much attention in recent 
years, see e.g., [73] and the works referenced therein.     

A. Spherical CNPs 
The NRR behaviours reported below and the near-field 

characteristics of the S-CNPs excited with a single or with 
multiple EHDs were reported in [3, Ch. 4], [42, 77, 78]. Their 
directivity behaviours were studied thoroughly in [84]. In this 
work, only the results pertaining to a single EHD excitation, as 
illustrated in Figure 1(a), are reviewed for both 𝑥𝑥- and 𝑧𝑧-
oriented EHD excitations. Note that they correspond to EHD 
orientations which are normal and tangential to the spherical 
surfaces of the S-CNP. For both cases, its dipole moment is set 
to 5 A-nm, and unless otherwise stated, the EHD is located 
along the positive 𝑥𝑥-axis, at a distance of 𝑟𝑟𝑠𝑠 = 12 nm. 

A.1 NRR and near-field distributions 
In Figure 3 we show the NRR as a function of the 

wavelength, 𝜆𝜆0, for the Ag-based S-CNP. The results in Figure 
3(a) hold for a passive S-CNP for which 𝜅𝜅 = 0, while the 
results in Figure 3(b)  hold for the so-called super-resonant, 
active Ag-based S-CNP.  

 
(a) 

 
(b) 

Fig. 3.  The NRR as a function of the wavelength, 𝜆𝜆0, for a passive Ag-based 
S-CNP  (a) and a super-resonant, active Ag-based S-CNP (b). In all cases, the 
EHD is located in the silica nano-core at 𝑟𝑟𝑠𝑠 = 12 nm. The results for both the 
𝑥𝑥- and 𝑧𝑧-oriented EHD excitations of the S-CNP are given. 
 

The super-resonance behaviour is attained for 𝜅𝜅 = −0.245. 
In both cases, the results are shown for the two orthogonal 
EHD orientations when the EHD is located in region 1 at 
𝑟𝑟𝑠𝑠 = 12 nm. Figure 3 tells us that for a given value of 𝜅𝜅, 
identical values of the NRR are obtained in the depicted 
wavelength range for the two EHD orientations. This is an 
expected consequence of the spherical nature of the examined 
CNP. The value of 𝜅𝜅 = −0.245 was found to lead to the 
largest NRR value for both EHD orientations, around 72.5 dB 
at 502.1 nm in Figure 3(b). This corresponds to a super-
resonant state for which the NRR is significantly increased 
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and the intrinsic plasmonic losses in the nano-shell part of the 
S-CNP have been vastly overcome. This configuration is 
referred to as a super-resonant S-CNP. These super-resonant 
S-CNP results are significantly different in comparison to the 
corresponding passive Ag-based S-CNP values. In the latter, 
the largest NRR value is found to be several orders of 
magnitude lower than the corresponding super-resonant S-
CNP value, i.e., the peak NRR value in Figure 3(a) is 17 dB at 
502.7 nm, around 55.5 dB lower than its value in Figure 3(b). 
Therefore, as also found in the case of a plane wave excited S-
CNP [40] and other active nano-particles [94, 95], the 
inclusion of gain provides a means to overcome the losses 
present in the S-CNP, and leads to a major enhancement of the 
total radiated power.  

Although not reviewed here, similar super-resonance 
outcomes can be obtained with the Au- and Cu-based S-CNPs 
[3, Ch. 4]. The values of the NRR, the parameter 𝜅𝜅 and the 
wavelength 𝜆𝜆0 for the corresponding super-resonant Ag-, Au-, 
and Cu-based S-CNPs are summarized in Table 1. It is found, 
as expected, that the magnitude of 𝜅𝜅 needed to excite a super 
resonance response in the investigated S-CNPs is largest for 
the Cu-based S-CNP since this is the lossiest of the three 
cases, cf., Figure 2. The gain needed for the super-resonance 
in the Ag-based S-CNP is almost the same as for the super-
resonant active rod-like CNPs of identical material 
composition and comparable cross-sectional sizes [3, Ch. 3], 
[83]. Moreover, the gain value reported in Table 1 for the Au-
based S-CNP is higher than for the active gold-shell cubic 
box- [94] and the gold-core rod-like [95] particles of 
comparable cross-sectional sizes. 

 
Parameter Ag Au Cu 
NRR [dB] 72.5 74.0 68.5 
𝜅𝜅 -0.245 -0.532 -0.741 

𝜆𝜆0 [nm] 502.1 597.4 601.7 

Tab. 1.  Summary of various parameters for the super-resonant Ag-, Au-, and 
Cu-based S-CNPs when the EHD is inside the nano-core at 𝑟𝑟𝑠𝑠 = 12 nm. The 
results hold irrespective of the EHD orientation. 
 

In order to explain the super-resonances in Figure 3(b), and 
thus to shed further light on the properties of the Ag-based S-
CNPs, investigations into the behaviour of the near fields were 
conducted. To this end, the quantity 10 ∙ log10|𝐸𝐸𝜃𝜃|, where the 
𝜃𝜃-component of the total electric field, 𝐸𝐸𝜃𝜃 , is normalized by 1 
V/m, was selected to graphically investigate these fields. The 
plane of observation is taken to be the 𝑥𝑥𝑧𝑧-plane, and the 
distributions of this electric field quantity are depicted in a 
circular region with a radius of 90 nm. In Figures 4(a) and 4(b) 
we show the super-resonant Ag-based S-CNP results for both 
the 𝑧𝑧- and 𝑥𝑥-oriented EHDs, respectively, when 𝜅𝜅 = −0.245 
and 𝜆𝜆0 = 502.1nm. Recall that these parameter values 
produce the peaks in the NRR values reported in Figure 3(b). 
For comparison, Figures 4(c) and 4(d) show the electric field 
of the corresponding passive Ag-based S-CNP configurations 
for 𝜅𝜅 = 0 and 𝜆𝜆0 = 502.7nm. In all cases, the curves 
representing the spherical surfaces of the S-CNP are also 
shown. As expected, the modes excited in the Ag-based S-

CNP, as shown in Figures 4(a) and 4(b), are clearly dipolar.  
In Figure 4(a), the distribution corresponds to a 𝑧𝑧-oriented 

dipole, while to a 𝑥𝑥-oriented dipole in Figure 4(b), located at 
the origin. Moreover, these two orthogonal dipole modes are 
found to be very strongly excited and are of comparable 
magnitude. This rather strong excitation of the dipole mode 
inside the S-CNP is the cause of the observed super resonance 
effects illustrated in Figure 3(b). This result firmly 
demonstrates that the inclusion of gain helps overcome the 
intrinsic plasmonic losses in the S-CNP. In contrast, since the 
S-CNP is passive, the field distributions for the two EHD 
orientations in Figures 4(c) and 4(d) are only weakly dipolar. 
These relatively low field levels correspond to the much lower 
values of the NRR in Figure 3(a). Similarly, we note that the 
near-field results found for the Au- and Cu-based S-CNPs 
yield the same conclusions, and are therefore not included 
here.  

      
                         (a)                                                    (b) 

    
                        (c)                                                    (d) 

Fig. 4.  The magnitude of the 𝜃𝜃-component of the electric field of the super-
resonant Ag-based S-CNP for the (a) 𝑧𝑧-oriented EHD and the (b) 𝑥𝑥-oriented 
EHD. The results for the corresponding passive Ag-based S-CNPs are found 
in (c) and (d). In all cases, the EHD is located along the 𝑥𝑥-axis inside the 
nano-core at 𝑟𝑟𝑠𝑠 = 12nm. The spherical surfaces of the S-CNP are also shown. 

 
From the previous studies on related metamaterial-based 

spherical scatterers [37], [96], it is known that a resonance will 
occur for electrically small structures shown in Figure 1(a) 
when the approximate condition  

         
𝑎𝑎
𝑏𝑏
≈ �

[(𝑛𝑛 + 1)𝜀𝜀0 + 𝑛𝑛𝜀𝜀2′ ][(𝑛𝑛 + 1)𝜀𝜀2′ + 𝑛𝑛𝜀𝜀1′]
𝑛𝑛(𝑛𝑛 + 1)(𝜀𝜀2′ − 𝜀𝜀0)(𝜀𝜀2′ − 𝜀𝜀1′)

2𝑛𝑛+1
             (3) 

is satisfied. Specifically, the condition in (3) ensures very 
large amplitudes of the TM coefficient for the scattered field 
in the region outside of the S-CNP. This leads to the observed 
large NRR values. As discussed in [37, 96] for lossless and 
low-loss configurations, at least one of the parameters, 𝜀𝜀1′  or 
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𝜀𝜀2′ , must be negative in order for (3) to be satisfied. For the 
investigated Ag-based S-CNP we have that 𝜀𝜀1′ = 1.99 𝜀𝜀0, and 
𝜀𝜀2′ = −9.85 𝜀𝜀0 at the super-resonant wavelength, 502.1 nm. 
Inserting these values in (3), with 𝑎𝑎 = 24 nm and 𝑛𝑛 = 1 (since 
the super-resonance is due to the dipole mode), one obtains 
𝑏𝑏 ≈ 29.5 nm, which is close to the exact value of 30 nm. Of 
course, the condition (3) is also satisfied for the Au-, and Cu-
based S-CNPs. Thus, (3) is quite useful to provide an initial 
guess of the resonant structure parameters for extensive 
numerical optimizations to determine the more exact values. 
The resonant phenomenon in the field expansion coefficients 
for spherical particles has recently been described in a very 
detailed manner in [97]. 
 Although not shown here, we note that the super-resonant 
effects in the S-CNPs were examined as a function of their 
size. As expected, the optimal gain constant increases in value 
as the active CNP becomes smaller, i.e., more gain is needed 
to achieve the super-resonant state for electrically smaller 
configurations which maintain the ratio (3) because the losses 
increase for the correspondingly thinner metallic shells and 
less gain material is present due to their smaller cores. 

A.2 Effects of EHD locations 
The existence of the super-resonances in the active S-CNPs 

is not restricted to EHD locations inside their nano-cores. 
Figure 5 shows the NRR values as a function of the EHD 
distance 𝑟𝑟𝑠𝑠 from the centre of the super-resonant Ag-based S-
CNP to its exterior for the 𝑧𝑧-oriented EHD excitation, Figure 
5(a), and for the 𝑥𝑥-oriented EHD excitation, Figure 5(b). 
These results demonstrate that the large NRR enhancements 
also occur when the EHD is located anywhere in the nano-
cores and only begin to reduce in magnitude once it is located 
in the exterior to the S-CNP and is not as strongly coupled to 
it. The corresponding Au- and Cu-based S-CNPs clearly 
exhibit the same behaviour. 

 
(a) 

 
(b) 

Fig. 5.  The NRR as a function of the EHD location, 𝑟𝑟𝑠𝑠 ∈ [0,50] nm, for the 
super-resonant Ag-, Au-and Cu-based S-CNPs for the (a) 𝑧𝑧-oriented and (b) 
𝑥𝑥-oriented EHD excitation. 

While the NRR for the two EHD orientations both 
qualitatively and quantitatively resemble one another for EHD 
locations inside the nano-core, where an almost constant NRR 
is observed, this is not the case for locations outside of it. In 
particular, two notable differences are observed. First, the 
NRR of the 𝑥𝑥-oriented EHD drops significantly when the 
EHD enters the region of the nano-shells. Clear minima are 
found. In contrast, the NRR decreases moderately and slowly 
as the EHD moves through the nano-shells for the 𝑧𝑧-oriented 
EHD. At these locations, the excitation of the resonant dipole 
mode is obviously not nearly as pronounced for the 𝑥𝑥-oriented 
EHD as when the EHD is located inside the nano-core. Due to 
the x-orientation of the EHD, some of its field gets trapped 
inside the nano-shell (i.e., because the EHD is oriented 
orthogonal to its walls, the nano-shell acts as a waveguide 
excited by it), and thus does not get radiated. This results in 
the reported reduced NRR values.  

The second notable difference between the two EHD 
orientations occurs when the EHD is moved into the exterior 
of the CNPs. In this case, the NRR values for the 𝑧𝑧-oriented 
EHD are below those obtained when it is in the interior. This 
behaviour is due to the decreased coupling between the EHD 
and the S-CNP. In contrast one finds that the largest NRR 
values for the 𝑥𝑥-oriented EHD occur when it is moved just 
outside the S-CNP. For these initial outside locations, the 
NRR values surpass those of the 𝑧𝑧-oriented EHD, irrespective 
of the location of the latter. This is next confirmed by the 
power flow density (or, more precisely, by the quantity 
10 ∙ log10|𝑺𝑺|, with 𝑺𝑺 being the Poynting vector defined in 
Section II.B and normalized by 1.0 W/m2) shown for the S-
CNP in Figure 6(a), for the 𝑧𝑧-oriented EHD, and in Figure 
6(b), for the 𝑥𝑥-oriented EHD; in both cases, the EHD is 
located outside the CNP at 𝑟𝑟𝑠𝑠 = 32 nm along the positive 𝑥𝑥-
axis. The colours represent the magnitude of the Poynting 
vector, while the arrows show its directions.  

 

 
                        (a)                                                         (b) 

Fig. 6.  Magnitude (color) and direction (arrows) of the power flow for Ag-
based S-CNP for the (a) 𝑧𝑧-oriented EHD and (b) 𝑥𝑥-oriented EHD. In both 
cases, the EHDs are located outside the S-CNP, along the positive 𝑥𝑥-axis at 
𝑟𝑟𝑠𝑠 = 32 nm. The spherical surfaces of the S-CNP are also shown. 

Clearly, the response for the 𝑥𝑥-oriented EHD is 
characterized by a stronger amplitude of the dipolar power 
flow, this being in line with  the NRR results reported in 
Figure 5 for the two orientations of the EHD. We note that 𝑥𝑥-
oriented EHD not only excites the resonant mode of the 
electrically small core-shell cavity, it also directly drives 
surface plasmon polaritons (SPPs) on the outer shell. Because 
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the shell is thin, these surface waves extend into the core and 
in turn are amplified by the presence of the gain medium. 
Because of their decaying amplitude behaviour away from the 
interface, the amplification is not large because the resulting 
coupling to the core is weak. Thus, while the strongest 
excitation of the resonant dipole mode, and thus the largest 
attainable NRR, requires the 𝑧𝑧-oriented EHD to be inside the 
nano-core, the locations of the strongest excitations are those 
just outside of the S-CNP for an 𝑥𝑥-oriented EHD. 

The relative insensitivity of the very large NRR values to 
the EHD location in the interior and the immediate exterior of 
the active S-CNP suggests that it would be a very good 
candidate for a highly localized nano-sensor. Simply having it 
tuned to a dipole source near to it, such as a fluorescing 
molecule, the power reaching the far field is significantly 
amplified.  Moreover, the large field localization near to the S-
CNP indicates that its performance as a near-field resonant 
parasitic (NFRP) nano-antenna is also very good. 

A.3 Directivity 
The results in Figure 5 revealed interesting differences 

between the super-resonant Ag-based S-CNP for the 𝑧𝑧- and 𝑥𝑥-
oriented EHDs. Figure 7 shows the corresponding directivity 
of the Ag-based S-CNP for varying values of the parameter 𝜅𝜅 
for the 𝑧𝑧-oriented EHD case at the wavelength 𝜆𝜆0 = 502.1 
nm. The E-plane (𝑥𝑥𝑧𝑧-plane) results are shown in Figure 7(a) 
and the H-plane (𝑥𝑥𝑦𝑦-plane) results are shown in Figure 7(b).  

  
                       (a)                                                          (b) 

Fig. 7.  The directivity for the spherical Ag-based S-CNP for a 𝑧𝑧-oriented 
EHD located along the x-axis at 𝑟𝑟𝑠𝑠 = 12 nm for different values of the 
parameter 𝜅𝜅. The E-plane (𝑥𝑥𝑧𝑧-plane) pattern is shown in (a), and the H-plane 
(𝑥𝑥𝑦𝑦-plane) pattern is shown in (b).  

 
Despite the large NRR shown in Figure 3(b) and Figure 5, 

the directivity of the super-resonant state, which is clearly 
dipolar, is not enhanced relative to that of an isolated 𝑧𝑧-
oriented EHD, i.e., the directivity is independent of 𝜅𝜅. In fact, 
it is the same as that of the passive S-CNP (𝜅𝜅 = 0). Because of 
the electrically small size of the S-CNP, it simply radiates as 
an electrically small dipole (with an azimuthally symmetric 
pattern in the H-plane) with a maximum directivity around 
1.5. Although not shown, the same overall conclusions apply 
to the directivity for the 𝑥𝑥-oriented EHD case. Except for the 
rotation of the E-plane pattern by 90o relative to the 𝑧𝑧-oriented 
EHD case, the directivity is not enhanced by the presence of 
the super-resonant Ag-based S-CNP and its maximum value 

remains around 1.5. Thus, as obtained for the passive S-CNP, 
the dipole resonance excited by an EHD located inside or 
outside a super-resonant, active, electrically small spherical S-
CNP does not modify its directivity pattern. The varying NRR 
levels observed for the 𝑥𝑥-oriented EHD excitation of the Ag-
based S-CNP in Figure 5 cannot be revealed through the 
directivity pattern alone. It requires the study of the associated 
near-field distributions, cf., the results in Section IV A.1.  

B. Cylindrical  CNPs 
The results below represent a summary of our previous 

works [82] and [84]. The CC-CNP NRR values, directivity 
behaviours, and near- and far-field characteristics were studied 
thoroughly. In all of the cases discussed below, the MLS is 
driven by a constant current with 𝐼𝐼m = 1 V. As noted in 
Section II, the MLS, as opposed to the ELS, is required to 
excite resonances in the plasmonic-based CC-CNPs. Unless 
otherwise stated, the MLS is located along the positive 𝑥𝑥-axis 
at a distance of 𝜌𝜌𝑠𝑠 = 12 nm. 

B.1 NRR and near-field distributions 
In Figure 8 the NRR is shown as a function of the 

wavelength, 𝜆𝜆0, for (a) passive, (𝜅𝜅 = 0) and (b) super-resonant 
Ag-, Au-, and Cu-based CC-CNPs.  

 
(a) 

 
(b) 

Fig. 8. The NRR as a function of the excitation wavelength, 𝜆𝜆0, for (a) passive 
and (b) active Ag-, Au-, and Cu-based CC-CNPs. In all cases, the MLS is 
located in their silica nano-cores at 𝜌𝜌𝑠𝑠 = 12 nm, and 𝐼𝐼m = 1V. 

The super-resonances for the three CC-CNPs are achieved 
for 𝜅𝜅 = −0.175, 𝜅𝜅 = −0.262, and 𝜅𝜅 = −0.309, respectively. 
While the response of the passive CC-CNPs is found to be 
dominated by the large absorption losses, and thus low NRR 
values, the plasmonic material losses are vastly overcome 
when gain is included inside the silica nano-core. Thus, for the 
active CC-CNPs, significantly increased values of the NRR 
are obtained. The values of the NRR, the parameter 𝜅𝜅 and the 
wavelength 𝜆𝜆0 for the super-resonant Ag-, Au-, and Cu-based 
CC-CNPs are summarized in Table 2. As with the S-CNPs, 
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the Cu-based CC-CNP requires the largest magnitude of the 
parameter 𝜅𝜅 in order to excite its super-resonant dipole state. 
This outcome again arises because the losses are largest in the 
Cu-based CC-CNPs. It is interesting to contrast the results for 
the CC-CNPs summarized in Table 2 against those of the 
corresponding S-CNPs summarized in Table 1. For a given 
plasmonic material, the super resonances are attained at 
significantly larger wavelengths for the CC-CNPs than for the 
S-SNPs. Moreover, the super-resonant behaviour of the CC-
CNPs requires significantly lower magnitudes of the gain 
parameter 𝜅𝜅. Furthermore, while the absolute peak NRR 
values achieved for the CC-CNPs are lower than those of the 
S-CNPs, the relative increase of the NRR in active versus 
passive CNP cases is comparable (roughly around 50 dB) for 
both CNP geometries. 

 
Parameter Ag Au Cu 
NRR [dB] 51.06 56.39 51.75 
𝜅𝜅 -0.175 -0.262 -0.309 

𝜆𝜆0 [nm] 577.70 669.39 662.30 

Tab. 2.  Summary of various parameters for the super-resonant Ag-, Au-, and 
Cu-based CC-CNPs when the MLS is inside the nano-core at 𝜌𝜌𝑠𝑠 = 12nm. 
 
 We next consider the CC-CNPs near-field behaviour in 
order to explain the NRR results reported in Figure 8. To this 
end, Figure 9 summarizes the near-field distributions of the 
magnetic field (or, more precisely, the quantity 20 ∙ log10|𝑯𝑯|, 
where 𝑯𝑯 is the total magnetic field normalized by 1 A/m)  
obtained for the MLS-excited Ag-based CC-CNP.  

  
                       (a)                                                          (b) 

  
                       (c)                                                          (d) 

Fig. 9.  The magnitude of the magnetic field of the (a) passive (𝜅𝜅 = 0, 𝜆𝜆0 =
575.69 nm), and (c) super-resonant (𝜅𝜅 = −0.175, 𝜆𝜆0 = 577.70 nm) Ag-
based CC-CNP. The associated power flow densities (with the magnitude 
indicated by the colour and the direction indicated by the arrows) are shown in 
Figures 9(b) and 9(d), respectively. In all cases, the MLS is located along the 
𝑥𝑥-axis inside the nano-core at 𝜌𝜌𝑠𝑠 = 12nm. The cylindrical surfaces of the CC-
CNP are included in the figure. Note that the dynamic ranges in Figures 9(c) 
and 9(d) are larger than those in Figures 9(a) and 9(b). 
 

Figure 9(a) illustrates the passive Ag-based CNP (𝜅𝜅 =
0, 𝜆𝜆0 = 575.69 nm) results; Figure 9(c) illustrates the super-
resonant, active Ag-based CNP (𝜅𝜅 = −0.175, 𝜆𝜆0 = 577.70 
nm) results. The respective power flow densities (more 
precisely, the quantity 10 ∙ log10|𝑺𝑺|, where 𝑺𝑺 is the Poynting 
vector normalized by 1.0 W/m2) are shown in Figures 9(b) 
and 9(d). The colours of the power density plots represent the 
magnitude of the Poynting vector, while the arrows show the 
direction of the power flow. The near-field and power flow 
distributions for the passive Ag-based CC-CNP, Figures 9(a) 
and 9(b), show a weak response which is a mixture of the 
monopole and dipole modes. The responses for the super-
resonant case, Figures 9(c) and 9(d), are rather strong and of a 
clear dipolar shape. This confirms that the large values of the 
NRR reported in Figure 8(b) are indeed due to this excitation 
of a very strong and resonant dipole mode inside the CC-CNP. 
Although not shown here, the magnetic field and power flow 
distributions for the Au- and Cu-based CNPs in their super-
resonant states resemble those of the Ag-based CNP shown in 
Figure 9. 

As was the case with the S-CNPs, the super-resonances of 
the CC-CNPs are also in line with the (approximate) 
resonance condition [81, 98] 

                   
𝑎𝑎
𝑏𝑏
≈ �

(𝜀𝜀2′ + 𝜀𝜀1′)(𝜀𝜀2′ + 𝜀𝜀0)
(𝜀𝜀2′ − 𝜀𝜀1′)(𝜀𝜀2′ − 𝜀𝜀0)

2𝑛𝑛
 ,𝑛𝑛 ≥ 1                         (4) 

which holds for electrically small cases excited by the MLS 
(TE polarization) when the material losses are sufficiently 
small. When (4) is satisfied, the amplitude of the expansion 
coefficient of the scattered field in region 3 (exterior to the 
CNP) is maximized, thereby maximizing the radiated power 
and, hence, the NRR. As was the case for the S-CNPs, at least 
one of the parameters, 𝜀𝜀1′  or 𝜀𝜀2′ , must be negative. This 
requirement is fulfilled here due to the positive values of 𝜀𝜀1′  
inside the active silica nano-core and the negative values of 𝜀𝜀2′  
associated with the plasmonic materials in the shells. For the 
Ag-based CC-CNP, with 𝜅𝜅 = −0.175, the super-resonant 
wavelength is 577.70 nm. At that wavelength we have  
𝜀𝜀1′ = 2.02 𝜀𝜀0, and 𝜀𝜀2′ = −14.49 𝜀𝜀0. Inserting these values into 
(4), with 𝑎𝑎 = 24 nm and 𝑛𝑛 = 1 (since the super-resonance is 
due to the dipole mode), one obtains 𝑏𝑏 ≈ 29.6 nm. This is 
close to the exact value of 30 nm. The condition (4) is likewise 
satisfied for the Au-, and Cu-based CC-CNPs. The fulfilment 
of the approximate resonance condition (4) is further evidence 
that the plasmonic losses in the CC-CNPs have been vastly 
overcome upon inclusion the gain material inside their nano-
cores. We note that for an ELS excitation (TM polarization), 
the corresponding resonance condition involves the 
permeabilities, rather than permittivities, of the CC-CNP. 
Since these are all positive in the CC-CNPs examined here, no 
resonances occur for this polarization. 
 As with the S-CNPs, the resonant behaviour of the three 
types of CC-CNPs is not restricted to having the MLS located 
in the interior of the nano-core. It also exists when the MLS is 
located inside their nano-shells and in their exteriors. This is 
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illustrated in Figure 10 which shows the NRR as a function of 
the MLS location, 𝜌𝜌𝑠𝑠 ∈ [0,50] nm, for the super-resonant Ag-, 
Au-, and Cu-based CNPs. As one can see, no enhancements of 
the NRR occur when the MLS is at and very close to the 
origin. This behaviour is due to the fact that the response is 
dominated by the monopole (𝑛𝑛 = 0) mode, which is non-
resonant [81] for those locations. On the other hand, largest 
NRR values are obtained for MLS locations close to the inner 
surface of the plasmonic nano-shells. As expected from the S-
CNP results, the response is found to decrease in magnitude as 
the MLS recedes away from the CC-CNP due to the decreased 
coupling between the two. Moreover, a dip in the NRR occurs 
for all cases as the MLS traverses the nano-shell region of the 
CC-CNPs. At the location of this local minimum, the response 
is still dominated by a dipole mode. Unlike the S-CNPs, the 
magnitude of the NRR for MLS locations in the exterior of the 
CC-CNPs, but close to its outer surface, is always below the 
maximum obtained near the interior surface of the nano-shell. 

 
(b) 

Fig. 10.  The NRR as a function of the MLS location, 𝜌𝜌𝑠𝑠 ∈ [0,50] nm, for the 
super-resonant Ag-, Au-, and Cu-based CNPs.  
 

    

                         (a)                                                          (b) 

Fig. 11.  Directivities for the MLS-excited super-resonant Ag-based CC-CNP. 
The radius of the silica nano-core is 24 nm and the thickness of the silver 
nano-shell is 6 nm. In (a), the CC-CNP is super-resonant, and different MLS 
locations, 𝑥𝑥𝑠𝑠, inside the nano-core along the positive 𝑥𝑥-axis are considered. In 
(b), the MLS is located at 𝑥𝑥𝑠𝑠  = 23 nm, near the inner surface of the nano-shell, 
and different values of the parameter 𝜅𝜅 are considered. 
 

B.2 Directivity 
With the large variation of the NRR as a function of the 

MLS location (cf., Figure 10), the associated varying strength 
of the excitation of the resonant modes of the CC-CNP, and its 
two dimensional nature, the directivity was assessed with 
expectations that there would be differences from the S-CNP 

behaviour as the MLS location is changed. To this end, Figure 
11(a) shows the directivity for the super-resonant Ag-based 
CC-CNP (𝜅𝜅 = −0.175, 𝜆𝜆0 = 577.70 nm) for the indicated 
MLS locations along the positive 𝑥𝑥-axis within the nano-core.  

It is rather clear that large variations in the resulting patterns 
occur, particularly as the MLS is off-set from the origin at 
even a very small distance. For the super-resonant Ag-based 
CC-CNP, the directivity can be re-shaped from a perfectly 
monopolar pattern (attained at 𝜌𝜌𝑠𝑠 = 𝑥𝑥𝑠𝑠 = 0 nm) to a perfectly 
symmetric dipolar pattern (attained at 𝜌𝜌𝑠𝑠 = 𝑥𝑥𝑠𝑠 = 5 nm) simply 
by varying the MLS location. The former case agrees very 
well with the absence of any resonant phenomena observed in 
Figure 10 when the MLS is at or very near the center of the 
CC-CNP (NRR being around 0 dB). On the other hand, the 
latter case (NRR around 45 dB for 𝜌𝜌𝑠𝑠 = 𝑥𝑥𝑠𝑠 = 5  nm) indicates 
a strong excitation of the dipole mode, the latter being 
responsible for the large NRR values seen in Figure 10 as the 
MLS moves away from the centre of the CC-CNP. For the 
perfectly symmetric dipolar pattern in Figure 11(a), the 
maximum directivity of 2 is found along the 𝜙𝜙 = 0o and 
𝜙𝜙 = 180o directions. However, larger values can be obtained 
for specific MLS locations (closer to the CC-CNP centre) for 
which the dominant response is a mixture of the monopole and 
dipole modes, rather than the resonant dipole mode alone. For 
instance, the result obtained for 𝜌𝜌𝑠𝑠 = 𝑥𝑥𝑠𝑠 = 0.1 nm illustrates 
this point; it is given in Figure 11(a). 

We also note that the directivity of the active CC-CNPs can 
be re-shaped by slight adjustments of the parameter 𝜅𝜅 for a 
given MLS location. This is illustrated in Figure 11(b) where 
the directivities for the Ag-based CC-CNP are shown for 
𝜆𝜆0 = 577.70 nm and the MLS located at 𝜌𝜌𝑠𝑠 = 𝑥𝑥𝑠𝑠 = 23 nm, 
near the inner surface of the nano-shell. For the examined 
values of  𝜅𝜅 that are larger than the super-resonant value 
(𝜅𝜅 = −0.175), the main beam points in the 𝜙𝜙 = 180o 
direction and approaches a maximum directivity of 3. In 
contrast, it points along the 𝜙𝜙 = 0o direction for values of 𝜅𝜅 
that are smaller than the super-resonant value.  

Thus, the directivity of the spherical CNPs is unaffected by 
variations of its main design parameters, such as the EHD 
location and the value of the optical gain. On the other hand, 
the CC-CNP configurations exhibit directivity patterns which 
are highly influenced by even slight variations in the MLS 
location and the value of the optical gain constant. 

V. SUMMARY AND CONCLUSIONS 
The fundamental electromagnetic properties of several 

spherical and cylindrical, passive and active, coated nano-
particles (CNPs) were reviewed. In particular, their potential 
for operation as nano-antennas, nano-amplifiers, and to some 
extent nano-sensors was emphasized. For both geometries, the 
CNPs consisted of a silica nano-core, layered concentrically 
with a nano-shell of silver, gold, or copper. In order to 
simulate an active CNP, gain was added to its nano-core 
region. The gain model, for simplicity, was taken to be a 
canonical, frequency independent model. The spherical CNPs 
were excited by an electric Hertzian dipole, whose orientation 
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was taken to be both tangential, as well as normal, to the 
spherical surfaces of the CNP. The cylindrical CNPs were 
excited by a magnetic line source. For both geometries, 
insights into the numerous effects of, e.g., the CNP material 
composition and the source locations and orientations were 
given on the basis of thorough numerical investigations of 
their total radiated powers, near-field and power flow 
distributions, and directivity properties. 

It was shown that specific spherical, as well as cylindrical, 
active CNPs can be designed to be super-resonant and well-
matched to their respective sources of excitation. As such, 
they are found to lead to very large enhancements of the total 
power radiated by the excitation sources, as compared to the 
total radiated power of the corresponding passive CNP 
designs. This super-resonant phenomenon was shown to be 
due to the excitation of a strong and resonant dipole mode in 
the examined CNPs. The large near-field and power flow 
density localization inside and just outside the examined CNPs 
indicate their potential as candidates for nano-amplifier and 
nano-antenna synthesis with enhanced radiation 
characteristics. For a given CNP material composition, these 
super resonances occur at much larger wavelengths for the 
cylindrical designs than for the spherical ones. Moreover, 
because of their infinite nature, the magnitude of the optical 
gain needed for the super-resonant behaviour is found to be 
lower in the cylindrical cases. Likewise, the absolute peak 
values of the total radiated power (as illustrated through the 
investigation of their NRR values) achieved for the cylindrical 
CNPs are lower than those for the spherical CNPs. 
Nevertheless, the relative increase of the NRR values in the 
active versus passive CNP cases is comparable (roughly 
around 50-55 dB) for both CNP geometries.   

Some notable differences were elucidated for the two 
studied EHD orientations and the location of the EHD in the 
spherical CNP configurations. The strongest excitation of the 
resonant dipole mode and, thus, the largest attainable NRR 
values require the tangentially oriented EHD (with respect to 
the CNP surfaces) to be located inside the nano-core. The 
strongest responses for the normally oriented dipole occur if it 
is located just outside of the spherical CNPs. Because of the 
relative insensitivity of the super-resonance response to the 
EHD being located inside the CNP or in its exterior but 
immediately close to it, the spherical CNPs were identified as 
good candidates for a highly localized nano-sensor. In the 
cylindrical case, large NRR values were found for numerous 
line source locations, except for those when the source is at or 
very near the centre of the CNP. The response at those 
locations is dominated by the monopole mode, which cannot 
lead to any resonant phenomenon for the investigated CNPs. 

 The directivity of the EHD-excited CNPs was found to be 
unaffected by variations of its design parameters. This 
outcome included the dipole location and the value of the 
optical gain constant. Thus, a maximum directivity of 1.5 is 
obtained, basically the pattern of an isolated dipole. In 
contrast, the cylindrical CNP directivity patterns were found to 
be affected greatly by even a slight variation in the line source 
location or the amount of the optical gain. Directivity patterns 

ranging from perfect monopolar to perfect dipolar ones (with a 
maximum directivity of 2) to enhanced asymmetric patterns 
(with a maximum directivity of 3) can be achieved with small 
changes in the cylindrical CNP designs. 

We conclude by noting that it was shown that the super-
resonant, large NRR active CNP configurations are 
accompanied with extreme near-field and power flow density 
localizations, particularly when compared to their passive 
counterparts. The phenomena reviewed in this article 
demonstrate a large potential of using the proposed active 
CNPs as nano-antennas, nano-amplifiers, and/or nano-sensors. 
Although the present review focused on concentrically layered 
spherical and cylindrical designs, recent efforts have also 
considered the effects of layer eccentricity and non-canonical 
particle shapes [99-102] for the creation of directive near- and 
far-field beams. Future work will concentrate even more along 
the direction of studying various non-idealized passive and 
active CNP designs, in order to further highlight their 
profound benefits in a wide variety of optical applications.  
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