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Abstract

Whereas type-1 and type-2 membership functions (MFs) are the core of any fuzzy
logic system, there are no performance criteria available to evaluate the goodness
or correctness of the fuzzy MFs. In this paper, we make extensive analysis in terms
of the capability of type-2 elliptic fuzzy MFs in modeling uncertainty. Having de-
coupled parameters for its support and width, elliptic MFs are unique amongst
existing type-2 fuzzy MFs. In this investigation, the uncertainty distribution along
the elliptic MF support is studied, and a detailed analysis is given to compare
and contrast its performance with existing type-2 fuzzy MFs. Furthermore, fuzzy
arithmetic operations are also investigated, and our finding is that the elliptic MF
has similar features to the Gaussian and triangular MFs in addition and multipli-
cation operations. Moreover, we have tested the prediction capability of elliptic
MFs using interval type-2 fuzzy logic systems on oil price prediction problem for
a data set from 2nd Jan 1985 till 25th April 2016. Throughout the simulation stud-
ies, an extreme learning machine is used to train the interval type-2 fuzzy logic
system. The prediction results show that, in addition to their various advantages
mentioned above, elliptic MFs have comparable prediction results when compared
to Gaussian and triangular MFs. Finally, in order to test the performance of fuzzy
logic controller with elliptic interval type-2 MFs, extensive real-time experiments
are conducted for the 3D trajectory tracking problem of a quadrotor. We believe
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that the results of this study will open the doors to elliptic MFs’ wider use of
real-world identification and control applications as the proposed MF is easy to
interpret in addition to its unique features.

Keywords: Elliptic membership function, type-2 fuzzy logic theory, uncertainty,
fuzzy sets, Gaussian, triangular, addition, multiplication, fuzzy arithmetics.

1. Introduction

Fuzzy logic has had a significant impact on identification and control prob-
lems since it was firstly proposed by Zadeh in 1965 [1]. Fuzzy logic owes its
exceptional scientific reputation to its unique ability to simultaneously deal with
uncertainties in the system and use the expert knowledge as an input to the fuzzy
system design. As an extension of type-1 fuzzy logic systems (T1FLSs), their
type-2 counterparts – type-2 fuzzy logic systems (T2FLSs) – have also made an
impact on dealing with uncertainties over the last two decades. The concept of
type-2 fuzzy sets first appeared in 1975 [2]. Unfortunately, researchers had to
wait for a while the theory to be developed more by Mendel and Karnik [3]. The
progress of T2FLSs was primarily impeded by algorithmic and hardware limi-
tations. Whereas the former refers to the procedure of starting from the type-2
fuzzy set and ending up with a crisp number which is called a sequence of two
operations: type reduction and defuzzification, the latter refers to the relatively low
computational power of processors. In particular, type reduction is challenging,
because no closed form formulation exists for type-reduction as the only option
is to use iterative algorithms such as Karnik-Mendel algorithm. These limitations
delayed the real-time implementations of T2FLSs until the 1990s. Luckily, these
limitations have diminished over the time due to several simplified algorithms
which make the type reduction operation easier and relatively simpler, especially
those who do not need iterative algorithms.

Since the working principle of fuzzy logic is similar to the human way of
thinking, the fuzzy logic theory has been extensively implemented in function ap-
proximation and control systems. In particular, in real-time control applications,
there is a significant amount of uncertainty inherent in the system due to, inter-
alia, convoluted nonlinear dynamics in the actuators, noise from both internal and
external sources, lack of modeling, changing working conditions as well as re-
quirements for guaranteed stability and satisfactory performance of the system
with a wide range of conditions. Intelligent, or model-free, control methodologies
can address such a broad scope of challenges simultaneously, and amongst such
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methods, fuzzy control is one of the most successful techniques.
The theoretical basis of the interval T2FLSs, simplified version of generalized

T2FLSs, was described in [4]. While the third dimension in the footprint of un-
certainty (FOU) of a generalized T2FLS may have an arbitrary number resulting
in a non-smooth 3D geometry, the third dimension is always equal to one in an
interval T2FLS. Generalized T2FLSs, in particular, the type reduction operation,
are indisputably more difficult when compared to their interval counterparts. A
detailed tutorial for generalized T2FLSs can be seen in [5].

As a further simplification to T2FLSs, many type reduction algorithms have
also been proposed including those does not need any type reduction phase. In
turn, such simplifications and algorithmic revolutions have opened the doors of
type-2 fuzzy logic controller real-time implementations within the spheres of mo-
bile robotics, mechatronics [6], aerospace [7, 8, 9, 10] and any other control the-
ory applications. The transition from T1FLS to T2FLS is still a research topic
as T2FLSs appear to be a promising approach for handling uncertainties in real-
world applications, which exhibit measurement noise and any other types of un-
certainties [11, 12, 13]. The use of the T2FLSs has the potential to provide better
performance when compared to a T1FLS [14]. This claim does not mean that
such a potential will result in a better performance every time. A high-level retro-
spective of T2FLSs and their type-1 counterparts can be seen in [15].

Interval T2FLSs have tremendous potential to be used in identification, con-
trol, classification, time series prediction, signal processing, image processing and
decision making systems, which have both internal and external uncertainties, by
virtue of their following discriminating factors including, inter-alia:

• More degrees of freedom: Similar to the fact that T1FLSs have more de-
grees of freedom than the crisp systems, T2FLSs have more degrees of free-
dom from their design point of view.

• Power of FOU: There is no need to place the membership functions (MFs)
precisely as there is an infinite number of type-1 MFs in the FOU of a
T2FLS.

• Handling uncertainty: The noise rejection capability of T2FLSs is better
than T1FLSs

• Representation of uncertainty: T2FLSs are more convenient for repre-
senting uncertainty when compared to T1FLSs
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In literature, the items above are sometimes misinterpreted in a way that a T2FLS
must give a more optimal response when compared to its type-1 counterpart. This
is a serious paralogism because a number of papers have claimed that T2FLSs give
a significant improvement when there exists a significant amount of uncertainty in
the system. This conclusion can be summarized and simplified as: T2FLSs must
be used when needed. A more generalized analysis can be found in [16].

MFs were introduced by Zadeh in his paper on fuzzy sets in 1965. The basic
definitions of fuzzy logic and MFs of Zadeh were as follows:

“A fuzzy set is a class of objects with a continuum of grades of membership.
Such a set is characterized by a membership (characteristic) function which as-
signs to each object a grade of membership ranging between zero and one.” [1].

L. A. Zadeh

In the type-2 fuzzy logic research community, we characterise type-2 fuzzy
MFs by the shape of the FOU. There exist a number of type-2 fuzzy MFs in lit-
erature, (i.e. triangular, trapezoidal, Gaussian, two-sided Gaussian, Bell-shaped,
sigmoid, pi-shaped). However, all the aforementioned MFs have an adverse com-
mon feature: the parameters responsible for the support and the width are cou-
pled. By the use of elliptic MF [17], the parameters responsible for the width of
uncertainty are de-coupled from the parameters responsible for the center and the
support of the MF. This feature allows us to analyze how the uncertainty in the
input distorts the inference of the T2FLS [16]. Another attempt in the literature
to describe a similar MF was disjunctive strictly-monotonic and conjunctive non-
strictly monotonous MFs in which the user has to determine four parameters [18].
However, the mathematical formulation defined in this attempt is too complicated
to be used in any engineering application.

Even if there are some fuzzy logic software packages which allow the user to
design custom shaped MFs, there is no systematic way to choose a fuzzy MF in
order to achieve a better control performance. Surprisingly, there is a relatively
small literature about choosing an appropriate MFs in a T2FLS. Several member-
ship generation methods are investigated in [19], and the overall finding is that
there is no single best method; the choice of the method depends on the particular
problem. However, this work has specialized only for pattern recognition applica-
tions. Another study has investigated the effect of type-2 fuzzy MFs on modeling
variation in human decision making, [20] and it has been shown that there is a
direct relationship between the variation in decision making and the uncertainty
introduced to the membership functions.
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This paper aims to fill this gap by elaborating on the similarities and contrasts
between the conventional type-2 fuzzy MFs and elliptic MFs. In a recent work
[21], authors have investigated a special version of elliptic MFs, which are semi-
elliptic MFs. In this paper, we further extend the analysis to general elliptic MFs.
In our analysis, we look at the uncertainty modeling capability of different type-2
MFs and make some comments about fuzzy arithmetic, by using the novel elliptic
MF.

Since elliptic MFs have firstly been introduced, their several simulation and
real-time implementations have already been published [22]. However, the shape
of the novel MF and its features have never been elaborated. The novelties of this
paper are:

• Since the points, at which the MF is zero and one, are certain, the conse-
quent part parameters can be set using the values at exactly the center of the
MFs for function approximation implementations.

• From the linguistic point of view, if we are certain about what belongs to a
set and what does not, we can use elliptic MFs.

• Uncertainty measures for the elliptic MF is done for the first time, and the
results are compared with that of the triangular MF.

• Arithmetic operations in elliptic MFs do not change its shape.

Paper Organization: The rest of the paper is organized as follows: In Section
2, we go over both the existing type-2 MFs and elliptic MF. In Section 3, we
give a brief critique of their capability of modeling uncertainty. In Section 4,
function approximation capability of the fuzzy system using elliptic type-2 MF
is investigated. Uncertainty modeling capability of the type-2 fuzzy system with
elliptic type-2 MF is investigated in Section 5. Function approximation capability
of the type-2 fuzzy system using elliptic type-2 MF is investigated in Section 6.
Section 7 presents fuzzy arithmetics by using different type-2 MFs. In Section 8,
the capability of elliptic interval type-2 MFs to predict the oil price is tested. In
Section 9, real-time experimental tests are conducted for the 3D trajectory tracking
problem of a quadrotor unmanned aerial vehicle, in order to validate the control
performances of elliptic type-2 MFs. Finally, some conclusions are drawn from
this study in Section 10.
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2. Type-2 Fuzzy Logic Systems

A type-2 fuzzy set is where the membership grade is not in [0, 1] but is itself a
(type-1) fuzzy set. Zadeh introduced the notion of type-n fuzzy sets.

Definition: Type-n fuzzy sets [2]. A fuzzy set is of type n, n = 2, 3, ..., if its
MF ranges over fuzzy sets of type n − l. The MF of a fuzzy set of type 1 ranges
over the interval [0, 1].

This elegant definition provides an excellent, concise description of type-n
fuzzy sets. It is worth noting here that, to date, researchers are working with
type-1 and type-2 fuzzy sets with limited research into type-n fuzzy sets [23].

Now we introduce a more modern definition:
Definition: A Type-2 Fuzzy Set [24] is a bivariate function on the cartesian

product X × [0, 1] into [0, 1]. In other words, µ on the universe of discourse X is
given by u : X × [0, 1]→ [0, 1].

This paper is concerned with interval type-2 fuzzy sets.
Definition: An interval type-2 fuzzy set is where the type-1 fuzzy set in the

secondary takes value unity everywhere. That is an Interval type-2 fuzzy set is
a function from X into D[0, 1] where D[0, 1] is the set of closed sub-intervals in
[0, 1] [24].

An interval type-2 fuzzy set is fully defined by it’s FOU.
Definition [24]: The FOU is the union of all the primary memberships and is

given by {(x, t) ∈ X× [0, 1]|µ(x, t) > 0}. As stated in [24] it is the support of µ.

3. Transition From Type-1 to Type-2 and Existing Type-2 MFs in the Litera-
ture

All the existing type-2 fuzzy MFs in the literature are nothing but the modified
versions of the conventional type-1 fuzzy MFs. In other words, the basis, the
original Gaussian type-1 fuzzy MF in Fig. 1, is blurred once the expert is not
sure about the membership values around a certain point over the support. The
transition from type-1 to type-2 is clearly seen in Fig. 1.

In Fig. 1, the expert is pretty sure about the membership values around the left
and right endpoints over the support. On the other hand, there is ambiguity for the
expert for the membership values around the center of the MF which is 3 on the
support.

Although there are a number of fuzzy MFs in the literature, two of them are
commonly preferred: Gaussian and triangular type-2 fuzzy MFs. While the for-
mer has an advantage of being differentiable along the support which is advanta-
geous especially when designing parameter update rules for adaptive neuro-fuzzy
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Figure 1: Transition from type-1 to type-2 fuzzy MF.

systems [25], the latter has linear regions which may make some analysis attempts
easier. What is more, Gaussian MFs are always continuous which is not always
the case for some other MFs.

Unlike Fig. 1 where the center of the Gaussian MF is blurred, another possi-
bility is that the standard deviation of the MF may also be blurred. In Figs. 2(a)
and 2(b), Gaussian type-2 fuzzy sets with uncertain standard deviation and uncer-
tain mean are shown, respectively. The mathematical expression for the Gaussian
MF is expressed as:

µ̃(x) = exp

(
− 1

2

(x− c)2

σ2

)
, (1)

where c and σ are the center and the width of the MF, x is the input vector.
In Figs. 2(c) and 2(d), triangular type-2 fuzzy sets with uncertain width and

uncertain center are shown. The mathematical expression for the MF is expressed
as:

µ̃(x) =

{
1− |x−c|

d
if c− d < x < c+ d

0 else
, (2)

where c and d are the center and the width of the MF, x is the input vector.
In almost all the applications of fuzzy logic theory, MFs are chosen based

on subjective perceptions of vague or imprecise categories rather than on data or
other objective entities involved in the given problem [26]. Moreover, there are
no performance criteria available to evaluate the goodness or correctness of the
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Figure 2: Type-2 fuzzy Gaussian and triangular MFs.

fuzzy MFs [26]. There are some attempts to which type-2 MFs are the best for
which application. For instance, in [27], a detailed analysis has been done on
Gaussian and trapezoidal MFs in interval type-2 fuzzy logic controllers. It has
been reported that interval type-2 fuzzy logic controllers by using Gaussian MFs
are simpler in design, always continuous and faster for small rule-bases, whereas
the controllers by using trapezoidal MFs are simpler in analysis [27]. Another path
in research is the auto-generation of fuzzy MFs [28], however, the interpretation
of these methods is still limited.

Since the main motivation of this investigation is to analyse the elliptic MFs
[16], we concentrate on them in this subsection. Elliptic MFs have certain values
on the left and right end of the support, and it deals with uncertainty on the rest of
the support. Inspired by the formulation of the triangular MFs, the lower and the
upper MFs are defined with the following formulas:

µ̄(x) =

{ (
1− |x−c

d
|a1
)1/a1 if c− d < x < c+ d

0 else
(3)
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µ(x) =

{ (
1− |x−c

d
|a2
)1/a2 if c− d < x < c+ d

0 else
, (4)

where c and d are the center and the width of the MF, x is the input vector. The
parameters a1 and a2 determine the width of the uncertainty of the proposed MF,
and these parameters should be selected in the following form:

a1 > 1 (5)
0 < a2 < 1.

Figures 3(a), 3(b), 3(c) and 3(d) show the shapes of the proposed MF for
a1 = a2 = 1, a1 = 1.2, a2 = 0.8, a1 = 1.4, a2 = 0.6 and a1 = 1.6, a2 = 0.4,
respectively. As can be seen from Fig. 3(a), the shape of the proposed type-
2 MF is changed to a type-1 triangular MF when its parameters are selected as
a1 = a2 = 1.

µ
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Figure 3: The shape of the proposed type-2 MF for different a1 and a2.
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The elliptic type-2 fuzzy MF has already been used for identification [29] and
control [22] purposes, and performed promising results.

The diamond-shaped type-2 fuzzy MFs, which have similar features to ellip-
tic MFs, were also proposed [30]. Their similarities to elliptic MFs are to have
certain values both on the left and right end-points of the support and to represent
uncertainty on the rest of the support. However, elliptic MFs are smoother than
the diamond-shaped type-2 fuzzy MFs and are differentiable in more points of its
support set than diamond-shaped type-2 MF. Moreover, the diamond-type type-2
MFs have more parameters to tune than elliptic type-2 MF which make it hard to
tune.

4. Function Approximation Using Different Fuzzy MFs

4.1. Function approximation using triangular type-1 MFs
The design procedure of a type-1 fuzzy function for the approximation of the

function g(x) is reviewed in this subsection [31].

• Define NI (i = 1, 2) fuzzy sets A1
i , A

2
i , ..., A

Ni
i in the support set of the

system defined by [αi, βi]. The MFs considered are triangular type-1 MFs
which are considered to be normal, consistent and complete as follows:

µAj
i
(xi) = µAj

i

(
xi, e

j−1
i , eji , e

j+1
i

)
, (6)

where:

αi = e1i < e2i < ... < eNi
i = βi. (7)

• Construct M = N1 ×N2 fuzzy IF − THEN rules in the following form:

If x1 is A
i1
1 and x2 is A

i2
2 Then y is Bi1i2 , (8)

where i1 = 1, ..., N1, i2 = 1, 2, ..., N2 and the center of the fuzzy sets are
Bi1i2 denoted by yi1i2 is chosen as:

yi1i2 = g(ei11 , e
i2). (9)

• Construct the fuzzy system f(x) using the product inference engine, single-
ton fuzzifier and center average defuzzifier as follows:

f(x) =

∑N1

i1=1

∑N2

i2=1 y
i1i2
(
µ
A

i1
1

(x1)µAi2
2

(x2)
)∑N1

i1=1

∑N2

i2=1

(
µ
A

i1
1

(x1)µAi2
2

(x2)
) . (10)
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Theorem. Let f(x) be the fuzzy system designed through the above three
steps. If the g(x) is twice continuously differentiable on U , then [31]:

‖g − f‖∞ =
1

8

[
‖∂

2g

∂x21
‖∞h21 + ‖∂

2g

∂x22
‖∞h22

]
, (11)

where hi = max1≤j≤Ni−1|e
j+1
i − eji |, i = 1, 2

4.2. Function approximation using elliptic type-2 MF
As can be seen from the algorithm considered in the previous subsection, it is

possible to use triangular type-1 MFs to approximate a nonlinear function. The
firing of triangular type-1 MF used are equal to onewhere the firing of the next MF
is equal to zero, this is the key feature to determine the value of the corresponding
values of the consequent part parameters.

Since the exact value of a function is known when the input to a fuzzy system
is exactly equal to the center value, it is required for a type-2 MF to be exactly
equal to one in the center and be exactly equal to zero at both ends of the support
set. The only type-2 MF which benefits from this feature is elliptic type-2 MF. In
other words, if for example a triangular type-2 MF which has uncertain values at
center and/or its values at its both ends are uncertain, it is too difficult to determine
the exact values of its consequent part parameters.

5. Uncertainty Modeling Capability

A gigantic amount of publications in fuzzy logic theory, no doubt almost all of
them report the superiority of fuzzy logic systems over the conventional methods,
may cause the readers get lost in this big ocean; and frankly speaking, only a few
of those concentrate on the meaning of uncertainty while their basic claim is to
be able to deal with it. In this section, we make an attempt to consider all these
sets to form the perspective of uncertainty modeling. This is, by its very nature,
somewhat subjective but we hope is interesting for the reader.

5.1. Uncertainty distribution along the support
The capability of modeling uncertainty plays a vital role not only in control

systems but also in decision support systems. In particular, fuzzy decision-making
systems are designed in a way that they will be able to model the uncertainty re-
sulting from a strong and accurate decision support system. Unfortunately, there
exist neither a systematic way to choose a fuzzy MF in order to achieve a better un-
certainty modeling capability nor an objective criterion to check its performance.
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We aim to make another subjective analysis in this section in which we will com-
pare and contrast the different ways of modeling uncertainty for different type-2
MFs in literature.

5.1.1. Gaussian and triangular MFs
In both Gaussian and triangular type-2 fuzzy MFs, the FOU is usually created

in two ways: either blurring the width (or standard deviation) of the MF around
a fixed center or blurring the center of the MF around fixed width (or standard
deviation). While the former refers to Figs. 2(a) and 2(c), the latter refers to
Figs. 2(b) and 2(d). According to our analysis, none of them results in a cogent
argument from the uncertainty modeling capability point of view.

First, let us consider Figs. 2(a) and 2(c). For both figures, let us imagine a
horizontal line over the MFs. When we place the horizontal line on µ(x) = 1
(it will result in a tangential line to the MF), then our comment would be that
the expert is pretty sure about the location of the MF around the center which
means uncertainty is less around the center of the MF. The reason is that for a
specific membership value, which is µ(x) = 1, there is only one input which is
the center. In other words, there is no uncertainty on this line. On the other hand,
when we move the line downwards, for a specific membership value, there will
be wider input regions which means that the expert is more uncertain when the
inputs become distant from the center. When we continue moving the horizontal
line more downwards, for a specific membership value, for instance when µ(x)
is very low, the input region will be the widest which means that the expert is
very uncertain. The former part may be reasonable as the expert is probably more
precise around the center of the MF, however, it is being more ambiguous along
the support as being far away from the center. The latter part is not realistic from
a human expert point of view because if an expert is precise around the center that
a specific input belongs to a fuzzy set, the same expert must be also precise that
after some distance along the support, the input will definitely not belong to this
specific set. In this case, it is not reasonable to increase the uncertainty constantly.
Therefore, this type of representation is not convincing. Second, let us consider
Figs. 2(b) and 2(d). For both figures, let us imagine a horizontal line over the
MFs. We can easily realize that for a specific membership value, the input range
is always the same even if we move the line downwards. In other words, the
uncertainty is always equal along the support. This type of uncertainty modeling
is also not reasonable as the expert cannot be equally uncertain along the support.
As he/she is the person who places the MF on a specific center value, we expect
him/her to be more or less uncertain on the specific places over the support.
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5.1.2. Elliptic MFs
In this subsection, we will show that when a similar analysis in the previous

subsection is carried out for the elliptic type-2 fuzzy MFs, different conclusions
are reached. Let us consider Figs. 3(b) and 3(c) where the expert is very precise
that a specific input around the center belongs to a specific fuzzy set. The reason
is that a horizontal line is drawn on µ(x) = 1 (it will result in a tangential line
to the MF), then our reasonable comment would be that the expert is pretty sure
about the location of the MF around the center which means uncertainty is less
around the center of the MF. This is something that we expect from an expert
that he/she is the person who chooses the centers of the MFs. What is more, as
we move the horizontal line downwards, in other words moving from the center
towards the left or right end-points of the support (c+d or c−d), the expert is not
certain anymore about his/her decision. It is subtle that after the halfway over its
support, the expert starts being more precise that a specific input does not belong
this fuzzy set. The reason for such a modeling is explained in the next paragraph
with the help of Fig. 4.

In order to be able to make our analysis in a more clear way, let’s consider a
case where we have more than one MF which is illustrated in Fig. 4. Whereas the
first elliptic type-2 fuzzy MF is centered at 0, the other is centered at 1. The expert
is quite precise that the first input, 0.1, belongs to the magenta fuzzy set. However,
the expert is again precise that the third input, 0.9, does not belong to the magenta
fuzzy set. On the other hand, the expert is again precise that the third input, 0.9,
belongs to the green fuzzy set whereas he/she is again precise that the first input,
0.1, does not belong to the green fuzzy set. The expert is most uncertain around
0.5. We believe that this way of uncertainty representation is closer to the human
way of thinking when compared to Gaussian or triangular MFs.

6. The Comparison Between the Uncertainty Measures of Elliptic Type-2 MF
with Triangular One

In this section, in order to compare the entropy of the elliptic type-2 MF with
the triangular one, some experiments are performed. These tests are based on
uncertainty measures for interval type-2 fuzzy sets which are studied by Wu and
Mendel [32].

A type-1 fuzzy set is said to be completely fuzzy if its degrees of membership
are always equal to 0.5 in all the points in its support set. For a general type-1
fuzzy, the degrees of fuzziness is defined based on their similarity with the type-1
fuzzy set with complete fuzziness. There exist different fuzziness measures for
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Figure 4: Having more than one elliptic MF.

type-1 fuzzy sets which are extended to interval type-2 fuzzy MFs. There are
different uncertainty measures in literature; while the results obtained by these
uncertainty measures can be whether crisp numbers or interval values. Two un-
certainty measures which result in a crisp number are as follows:

1. The uncertainty measure proposed by Szmidt and Kacprzyk [33]:

FSK(Ã) =
1

N

N∑
i=1

1−max
[
1− µÃ(xi), µÃ(xi)

]
1−min

[
1− µÃ(xi), µÃ(xi)

] . (12)

2. The uncertainty measure proposed by Zeng and Li [34]:

FZL(Ã) =
1

N

N∑
i=1

∣∣∣µÃ(xi) + µ
Ã

(xi)− 1
∣∣∣ . (13)

Two uncertainty measures which result in an interval set are as follows:

1. The uncertainty measure proposed by Cornelis and Kerre [35]:

FZL(Ã) =

[
2

N

N∑
i=1

min
(
µ
Ã

(xi), 1− µÃ(xi)
)
,

2

N
min

(
0.5, 1− µ

Ã
(xi), µÃ(xi)

)]
. (14)

14



2. The definition of fuzziness as an interval based on the Mendel-John Repre-
sentation Theorem [36].

FMJ(Ã) =
[
fl(Ã), fr(Ã)

]
. (15)

This interval can be calculated using the theorem given by Wu and Mendel
[32] as follows: Let Ae1 be defined as:

µAe1 =


µÃ(xi) µÃ(xi) is further away from

0.5 than µ
Ã

(xi)

µ
Ã

(xi) otherwise,
(16)

and Ae2 is defined as:

µAe2 =


µÃ(xi) if both µÃ(xi) and µÃ(xi) are below 0.5

µ
Ã

(xi) if both µÃ(xi) and µÃ(xi) are above 0.5

0.5 otherwise.

Then:

fl(Ã) = f(Ae1)

fr(Ã) = f(Ae2), (17)

where f(.) is any of type–1 fuzziness measures. In this study, as it is
also suggested by Wu and Mendel [37], the fuzziness measure proposed
by Yager is preferred as follows:

fY (A) = 1−
[∑N

i=1 |2µA(xi)− 1|r
]1/r

N1/r
. (18)

The equation used for a triangular type-2 MF is as follows:

µ =


0 x < t− 1
x+ 1− t t− 1 < x < 0
1− x− t 0 < x < 1− t
0 otherwise

(19)

µ =


0 x < −1
x+1
1−t −1 < x < −t
1 −t < x < t
x−1
t−1 t < x < 1

0 otherwise,

(20)
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where t is a positive value from the interval of [0, 1]. In order to have a fair
comparison between the fuzziness of triangular type-2 MF and elliptic one, the
area of the FOU of the two interval type-2 fuzzy sets are kept the same. The area
of the FOU for triangular type-2 MF is calculated as follows:

Area = (1 + t)− (1− t)2. (21)

In order to obtain the area of the FOU of a type-2 MF whose parameters are
selected as c = 0, d = 1 and a1 = a−12 = a, the following β function is used:

β(z, w) =

∫ 1

0

tz−1(1− t)w−1dt =
Γ(z)Γ(w)

Γ(z + w)
. (22)

The area of FOU for elliptic type-2 MF is obtained as follows:

I =

∫ 1

−1

(
1− |x|a

)1/a − (1− |x|a)1/a. (23)

This area can be calculated using the β function as follows:

I = 2
β(a−1 + 1, a−1)

a
− 2aβ(a+ 1, a). (24)

In order to make the area of FOU of both type-2 MFs the same, the parameter t of
triangular type-2 MF is incremented from 0 by 0.01 to 0.5. The area of triangular
type-2 MF is calculated and solving the following equation:

I = 2
β(a−1 + 1, a−1)

a
− 2aβ(a+ 1, a) = (1 + t)− (1− t)2; (25)

the appropriate value of a is found. It is then possible to achieve the fuzziness
measures using each of aforementioned formulas for calculating uncertainty mea-
sure.

The result of applying the uncertainty measure proposed by Szmidt and Kacpryzk
and the one proposed by Zeng and Li are depicted in Figs 5(a) and 5(b), respec-
tively. As can be seen from these figures, the uncertainty measure for the elliptic
type-2 MF is larger than that of triangular type-2 MF. Two interval valued uncer-
tainty measures based on Cornelis and Kerre uncertainty measure and Mendel-
John Representation theorem are also depicted in Figs 5(c) and 5(d). In these
figures, the interval representing the fuzziness of elliptic type-2 MF is colored
blue while that of triangular type-2 MF is yellow. There is a common interval be-
tween these two intervals which is shown by green which is the mixture of yellow
and blue. As can be seen from these figures, the lower value of the interval and its
upper value are both larger for elliptic type-2 MF are larger than that of triangular
type-2 MF.
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Figure 5: Uncertainty measures using different methods.

7. Arithmetic Using Different Type-2 Fuzzy MFs

In this Section, we consider how uncertainty is propagated through two arith-
metic operation: addition and multiplication.

7.1. Addition
It is well understood that addition can be performed on type-1 fuzzy sets by

applying addition to the parameters of the type-1 fuzzy sets. We now show that
this is also the case for triangular, Gaussian and elliptic interval type-2 fuzzy sets.

The addition of two type-1 fuzzy sets A and B is given in (26) where values
of x, y and z all belong to the same numeric domain. Since all operations on an
interval type-2 fuzzy can be defined by operations on the upper and lower MFs as

17



defined by (27) and (28):

µA+B(z) = argmax
∀z=x+y

(µA(x) ∧ µB(y)) (26)

µ ˜A+B(z) = argmax
∀z=x+y

(
µÃ(x) ∧ µB̃(y)

)
(27)

µ ˜A+B
(z) = argmax

∀z=x+y

(
µ
Ã

(x) ∧ µ
B̃

(y)
)
. (28)

We now perform addition on three pairs of broadly equivalent triangular, Gaus-
sian and elliptic interval type-2 fuzzy sets. Table 3 gives the parameters of the
these set and the expected parameters of the sets resulting from the addition of
these sets. These parameters are taken from the Authors previous work on addi-
tion of type-2 fuzzy sets [38, 39, 40].

Figures 6(a), 6(b) and 6(c) depict these addition operations of the respective
three forms of MF; triangular, Gaussian and elliptic. The relationship between the
parameters under addition is quite straightforward. To add a pair of triangular or
Gaussian interval fuzzy numbers we simply add their respective parameters. This
is a useful property which is well known for triangular and Gaussian fuzzy sets
and here we will now show an equivalent property for elliptic fuzzy sets.

The parameters of an elliptic fuzzy set C̃ can be calculated from the two el-
liptic fuzzy sets Ã and B̃ whose addition it results from. The following equations
given this relation ship where a1, a2, c and c are set parameters and the subscripts
denote which set the parameters belong to:

cC̃ = cÃ + cB̃ (29)

dC̃ = dÃ + dB̃ (30)

a1Ã = a1B̃ = a1C̃ (31)

a2Ã = a2B̃ = a2C̃ . (32)

Table 1: Parameters of Sets Undergoing Addition.
Type About 3 About 12 About 15

Triangular (s,m,e) 1.5 3 4.5 10.5 12 13.5 12 15 18
Triangular (s,m,e) 1 3 5 10 12 14 11 15 19

Gaussian (c,σ) 3 0.5 12 0.5 15 1.0
Gaussian (c,σ) 3 0.8 12 0.8 15 1.6
Elliptic (c,d,a1) 3 2 0.8 12 2 0.8 15 4 0.8
Elliptic (c,d,a2) 3 2 1.2 12 2 1.2 15 4 1.2
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(c) Two Elliptic interval fuzzy sets.

Figure 6: The addition of different interval fuzzy sets About 3 and About 12.

7.2. Multiplication
Multiplication of fuzzy numbers of any kind is a more complex operation than

addition. Typically, although not exclusively, multiplication is performed via α-
cuts as given by (33):

C = ∀α∈[0,1]Aα ×Bα. (33)

For continuous fuzzy sets, Aα and Bα are intervals and, therefore, interval
arithmetic may be used. For discrete fuzzy sets,Aα andBα are crisp sets, however,
only minimum and maximum values in these sets need be multiplied. As with
addition multiplication of type-2 interval fuzzy sets can be performed on the upper
and lower MFs independently as given in (34) and (35):

C = ∀α∈[0,1]Aα ×Bα (34)

C = ∀α∈[0,1]Aα ×Bα. (35)
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(b) Two Gaussian interval fuzzy sets.
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Figure 7: The multiplication of different interval fuzzy sets About 3 and About 12.

We now perform multiplication on three pairs of broadly equivalent triangular,
Gaussian and elliptic interval type-2 fuzzy sets. Table 2 gives the parameters of
the these sets. These parameters are taken from the Authors previous work on
addition of type-2 fuzzy sets [38, 39, 40].

Table 2: Parameters of Sets Undergoing Multiplication.
Type About 3 About 4 About 12

Triangular (s,m,e) 1.5 3 4.5 2.5 4 5.5 3.75 12 24.75
Triangular (s,m,e) 1 3 5 2 4 6 3 12 30

Gaussian (c,σ) 3 0.5 4 0.5 12 0.25
Gaussian (c,σ) 3 0.8 4 0.8 12 0.64
Elliptic (c,d,a1) 3 2 0.8 4 2 0.8 12 See (36) 0.8
Elliptic (c,d,a2) 3 2 1.2 4 2 1.2 12 See (36) 1.2
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Figures 7(a), 7(b) and 7(c) depict these multiplication operations of the re-
spective three forms of MF; triangular, Gaussian and elliptic using 10,000 α-cuts.
Unlike the addition, for multiplication of two fuzzy numbers does not yield a fuzzy
set which can be easily constructed from its parameters. However, the parameters
of the two sets being added can give a fuzzy set with a new set of parameters
which approximate the result of multiplication.

For triangular and elliptic type-2 interval MFs the relevant parameters can be
calculated. For triangular MFs all parameters are multiplied and this yields the set
depicted in Fig. 7(a). For elliptic MFs the centres (C) are multiplied together and
the widths are given by (36).

dC̃(x) =

{
cC̃ − (cÃ − dÃ)× (cB̃ − dB̃) if x ≤ cC̃
(cÃ − dÃ)× (cB̃ − dB̃)− cC̃ if x > cC̃

. (36)

From Figs. 7(a), 7(b) and 7(c) it is clear that it is possible to approximate the
multiplication operation quite easily with triangular and elliptic fuzzy set but not
with Gaussian.

8. Simulation Results

Time series prediction is a well-known area of machine learning [41]. In this
section, the prediction capability of IT2FLS with elliptic type-2 MFs for crude
oil price dataset is studied. The prediction of oil price is very crucial as energy
market has a great impact on other financial markets. The data set used belongs
to the period from 02-Jan-1986 to 25-Apr-2016. The total number of samples in
the experiment is equal to 7751 with 70% being used as the training samples and
30% is used as the test data. The data set is normalized to the interval of [0, 1]
and converted to the true values after prediction. It is desired to show that the
prediction performance of IT2FLSs with elliptic type-2 MFs is comparable and
even may be better when compared to other more commonly used type-2 MFs.

Extreme learning machine (ELM) is a non-repetitive training method for single-
hidden layer feedforward neural networks which does not include so many design
parameters. The fact that this method does not include many design parameters
makes it possible to get the best possible results all at once. This algorithm is
used to train IT2FLS with single-hidden layer feedforward neural network struc-
ture [42].
An IF-THEN rule in IT2FLS in SLFN structure can be expressed as follows:

21



Rn: IF x1 is X̃n
1 and x2 is X̃n

2 and · · · and xd is X̃n
d

THEN yn(x) = cn0 + cn1x1 + · · ·+ cndxd, n = 1, · · · , N ,
where xi’s stand for the inputs of the system, Rn represents the nth rule of this
structure, N is the total number of rules which is taken as equal to 40, the param-
eters cji ’s denote the consequent part parameters.

Since IT2FLSs with uncertain parameters in the consequent part are complex
to deal with, in this section, A2-C0 fuzzy structure is preferred [43]. This type of
MF benefits from interval type-2 MFs in the antecedent part and crisp values for
the consequent part and its output is calculated as follows.

YTSK/A2−C0 =

∫
w1∈[w1,w1]

...

∫
wM∈[wM ,wM ]

1/

∑M
j=1w

jFj∑M
j=1w

j
, (37)

where wj and wj are given by:

wj(x) = µ
F̃ j
1

(x1)...µF̃ j
n
(xn) (38)

wj(x) = µF̃ j
1
(x1)...µF̃ j

n
(xn),

with Fj being defined as Fj =
∑n

i=1 αijxi + βj and µ
F̃ j
k

(xk) are µF̃ j
k
(xk) are the

lower and the upper bounds of interval type-2 membership function corresponding
to jth rule for xk. The MacLaurin based first order approximate output of the fuzzy
system in closed form is obtained as follows:

y =
yr + yl

2
, (39)

where yl and yr are being the lower and upper bounds of the output of type-2 fuzzy
system which are calculated as follows [44]:

yr ≈

M∑
j=1

(wj + wj)F j +
M∑
j=1

(sign(mj)∆wjF j)

M∑
j=1

(wj + wj) +
M∑
j=1

(sign(mj)∆wj)

, (40)

where:

mj = F j −

M∑
j=1

wjF j

M∑
j=1

wj
(41)
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and ∆wj = wj − wj . Furthermore, yl is calculated as follows:

yl ≈

M∑
j=1

(wj + wj)F j −
M∑
j=1

(sign(mj)∆wjFj)

M∑
j=1

(wj + wj)−
M∑
j=1

(sign(mj)∆wj)

, (42)

where:

mj = F j −

M∑
j=1

wjF j

M∑
j=1

wj
. (43)

As Gaussian type-2 MFs with uncertain standard deviation parameter is one of the
most frequently used type-2 MFs, this MF is used for demonstrate the power of
elliptic type-2 MF in prediction. The parameters taken for this MF are defined as
to be equal to σ = σ + ∆ and σ = σ −∆.
The membership parameters taken for the elliptic type-2 MFs and Gaussian type-
2 MF with uncertain σ values are depicted in Table 3.

The results achieved are evaluated through the most commonly used error-
based measures, i.e., symmetric mean absolute percentage error (SMAPE), maxi-
mum error and root mean squared error (RMSE) [45]:

SMAPE% =
1

N

N∑
t=1

|At − Ft|
(|Ft|+ |At|)/2

× 100, (44)

RMSE =

√√√√ 1

N

N∑
t=1

(At − Ft)2, (45)

where N is the number of test samples, At and Ft are the actual and forecasted
load for time t.

The mean value of root mean squared error (RMSE), the maximum value of
error and SMAPE for IT2FLSs with both type-2 MFs namely Gaussian type-2
MF with uncertain σ parameter and elliptic type-2 MF over 30 times of run of the
programs are represented in Table 4. As can be seen from this table, the results
obtained by elliptic type-2 MF shows significant improvements when compared
to the results obtained by Gaussian type-2 MF with uncertain σ parameter. The
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Figure 8: Daily prediction results of crude oil price by using IT2FLS with elliptic type-2 MF.

prediction results for the train and test data are illustrated in Figs 8(a) and 8(c), re-
spectively. As can be seen from figures, even though the test data seems to be very
different from the train data, the prediction is obtained with a high performance.

Table 3: Parameters considered for type-2 MFs for the prediction of financial data set.
Elliptic type-2 MF Gaussian type-2 MF

Parameter Interval Parameter Interval
c [0, 1] c [0, 1]
d [0.95, 1.3] σ [0, 1]
a1 [1, 1.1] ∆ [0, 0.05]
a2 [0.9, 1]
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Table 4: Comparison results for the error obtained for test and train data sets.
Type-2 MF used Test Train

RMSE Max SMAPE RMSE Max SMAPE
Elliptic 4.25 23.51 4.07 2.33 9.68 10.73
Gaussian with 7.30 30.58 6.92 4.31 11.62 21.91
Uncertain σ

9. Experimental Results

The sector of unmanned aerial vehicles (UAVs) is the fastest growing sector of
the aerospace industry. In particular, vertical take-off and landing (VTOL) UAVs
have been the main interest of active research among the class of versatile flying
robotic platforms due to their exceptional movement agility, relatively small size,
and capability to hover and operate in cluttered environments. However, the de-
sign of the flight controller for multirotors is still a fundamental problem. Since
quadrotor is an underactuated system with highly nonlinear dynamics. Thus, the
controller design is not a straightforward task. Furthermore, in typical surveillance
operations, the designed controller should provide precise trajectory tracking ca-
pabilities to enhance UAVs flight safety and task survivability. Hence, a robust and
stable performance is required from designed controller regardless of unforeseen
internal and external uncertainties.

9.1. Mathematical model of the quadrotor UAV

Let ~FW = {~xW , ~yW ,~zW} be the world fixed frame and ~FB = {~xB, ~yB,~zB}
be the body frame. The origin of the body frame is located at the center of
mass (COM) of the quadrotor, as illustrated in Fig. 9. The absolute position
of the quadrotor p =

[
x y z

]T is described by the three Cartesian coordi-
nates of its COM in ~FW . The time derivative of the position is given by v =[
ẋ ẏ ż

]T
=
[
u v w

]T , where v is the absolute linear velocity of the quadro-
tor’s COM expressed in ~FW . The attitude of the quadrotor o =

[
φ θ ψ

]T is de-
scribed by the three Euler’s angles. The time derivative of the angles o is given by
ω =

[
φ̇ θ̇ ψ̇

]T
and the angular velocity expressed in ~FB is ωB =

[
p q r

]T .
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Figure 9: Quadrotor model with reference frames.

Using the definition of the velocity and the second Newton’s law, the transla-
tional dynamic equations are as follows:

ẋ = u u̇ = 1
m

(cosφ cosψ sin θ + sinφ sinψ)T

ẏ = v v̇ = 1
m

(cosφ sinψ sin θ − cosψ sinφ)T

ż = w ẇ = 1
m

(cosφ cos θ)T − g,
(46)

where g is the gravitational acceleration, m is the UAV’s mass and T is the total
thrust. Using two Euler equation, the rotational dynamic equations are as follows:

φ̇ = p+ q sinφ tan θ + r cosφ tan θ ṗ = Iy−Iz
Ix

qr + 1
Ix
τφ

θ̇ = q cosφ− r sinφ q̇ = Iz−Ix
Iy

pr + 1
Iy
τθ

ψ̇ = q sinφ
cos θ

+ r cosφ
cos θ

ṙ = Ix−Iy
Iz

pq + 1
Iz
τψ,

(47)

where (Ix, Iy, Iz) are moments of inertia and (τφ, τθ, τψ) are three control torques.
Finally, (46) and (47) provide the equations of the UAV’s motion [46].
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9.2. Control scheme

The overall architecture of the controller is illustrated in Fig. 10. It consists
of two interconnected control loops: outer loop – position controller, and inner
loop – velocity-attitude controller. The position controller is responsible for the
quadrotor position tracking. While the velocity-attitude controller is responsible
for the velocity tracking and the attitude stabilisation.

In this paper, three positional coordinates of the quadrotor are chosen as the
controlled variables. Therefore, the trajectory generator provides the desired po-
sition p∗ =

[
x∗ y∗ z∗

]T . The position controller consists of three independent
controllers to track the desired position of the UAV along x, y and z axes. It takes
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Figure 10: Block diagram of the control scheme for the quadrotor UAV.
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three position measurements and computes the position error:

e = p∗ − p. (48)

Then, it calculates the desired control inputs to the velocity-attitude controller
in order to reach the desired position p∗. The structure of the fuzzy position
controller is presented in [47]. The fuzzy logic controller operates in parallel with
conventional proportional-derivative (PD) controller. The PD controller is used to
guarantee the stability of the system. The sliding mode control adaptation laws in
[48] for the consequent parameters in fuzzy logic controllers are used. Another
possibility is to use gradient descent based training algorithms as in [49].

9.3. Experimental setup
The experimental flight tests for the trajectory tracking problem were con-

ducted in the indoor environment and evaluated in the Motion Capture Laboratory
at Nanyang Technological University (NTU), Singapore. The laboratory environ-
ment is designed to use a set of eight OptiTrack Prime 13 cameras, to provide
real-time pose (position and attitude) measurements of the UAV’s COM with an
update rate of 240Hz and accuracy around 0.1mm. The pose data are routed to the
controller trough the local network. The aircraft used for the experimental flight
tests is Parrot Bebop 2 UAV, which is an attitude controlled commercial quadrotor.
The Bebop Autonomy ROS package is used to communicate the output velocity
from the controller to the quadrotor via a Wi-Fi connection.

9.4. Trajectory Generation
In the experimental scenario, a circle with radius 2m is chosen for the tra-

jectory tracking problem. In order to test the stability and robustness of the
controllers, the reference speed is variable along the trajectory. The profile
of the desired velocity is designed in a way to have different velocity condi-
tions for each quarter of the circle, as shown in Fig. 11. In the first quarter
(t ∈ [0, π/2)), the speed gradually increases from 0m/s to 2m/s. In the sec-
ond quarter (t ∈ [π/2, π)), the speed is kept constant at 2m/s. In the third quarter
(t ∈ [π, 3π/2)), the speed is increased again to reach 4m/s. Finally, in the fourth
quarter (t ∈ [3π/2, 2π)), the speed is decreased to 0m/s. Then, the new circle
starts and the velocity profile is repeated.
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Figure 11: Velocity profile of the desired trajectory.

9.5. Experimental performance
The experimental results are evaluated through the most commonly used error-

based measures, i.e., root mean squared error (RMSE):

RMSE =

√√√√ 1

N

N∑
t=1

(p∗t − pt)2, (49)

maximum absolute error:

MAX = max
t∈N
|p∗t − pt|, (50)

and mean absolute error (MAE):

MAE =
1

N

N∑
t=1

|p∗t − pt|, (51)

where N is the number of test samples, p∗t and pt are the actual and desired posi-
tion at time t, respectively.

In Fig. 12, the trajectory tracking performance of interval type-2 fuzzy logic
controller with elliptic MFs is compared with the performances of conventional
PD controller, type-1 fuzzy logic controllers with Gaussian and elliptic MFs, and
Type-2 fuzzy logic controllers with Gaussian MFs. The projections of the trajec-
tory on x, y and z axes of five complete circles are shown in Fig. 13. As can be
seen, the steady state error is reduced because of learning capabilities of fuzzy
logic controllers. This can also be seen from the Euclidean error and the aver-
age RMSE values from ten experiments which are shown in Fig. 14 and Table 8.
In Fig. 15, the control signal generated by PD controller and type-2 fuzzy logic
controller with elliptic MFs are shown.
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Figure 12: 3D trajectory tracking of different controllers.
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(b) y-axis tracking.
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(c) z-axis tracking.

Figure 13: Trajectory tracking for x, y and z axes of different controllers.

10. Conclusion

10.1. Conclusion
There exist neither a systematic way to choose a fuzzy MF in order to achieve

a better uncertainty modeling capability nor an objective criterion to check its
performance. Another subjective analysis is made in this paper in which we have
compared and contrasted the different ways of modeling uncertainty for different
type-2 MFs in literature. Our findings say that having certain values on the center
and the left and right end-points of the support are more interpretable when inject-
ing the expert knowledge into the fuzzy system design. The time series prediction
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Table 5: Comparison results for the error from different controllers.
Controller RMSE Max Error MAE
PD 1.595 2.224 1.490
Type-1 FNN with Gaussian MFs 1.455 2.326 1.339
Type-1 FNN with elliptic MFs 1.418 2.296 1.277
Type-2 FNN with Gaussian MFs 1.445 2.432 1.309
Type-2 FNN with elliptic MFs 1.416 2.361 1.270

results show that elliptic MFs have comparable prediction results when compared
to Gaussian and triangular MFs. Moreover, fuzzy logic controller with elliptic
MFs gives similar results to fuzzy logic controller with Gaussian MFs. However,
it has better performances when compared to conventional PD controller. On the
other hand, they have a number of advantages when compared to the conventional
MFs. We believe that the presented results will encourage researchers to use ellip-
tic MFs in real-world identification and control applications as the proposed MF
is easy to interpret in addition to its unique features.

10.2. Future work
Further work will consider the role of type-2 fuzzy elliptic MFs in real ap-

plications modelling human decision making. Unlike time series prediction and
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Figure 15: Control signal for x, y and z axes of PD and Type-2 Elliptic controllers.

control problems, the selection of MFs play a vital role in decision-making prob-
lems. Therefore, a more interpretable type-2 MF for such applications will be
considered for modeling these systems.
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