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We derive from Maxwell’s equations full-vectorial
nonlinear propagation equations of four-wave mixing valid in straight semiconductor-on-insulator waveguides. Special attention is given to the resulting effective mode area, which takes a convenient form known
from studies in photonic crystal fibers but has not been
introduced in the context of integrated waveguides. We
show that the difference between our full-vectorial effective mode area and the scalar equivalent often referred to in the literature may lead to mistakes when
evaluating the nonlinear refractive index and optimizing designs of new waveguides. We verify the results
of our derivation by comparing to experimental measurements in a silicon-on-insulator waveguide taking
tolerances on fabrication parameters into account. ©
2017 Optical Society of America
OCIS codes: (130.3120) Integrated optics devices; (190.4380) Nonlinear
optics, four-wave mixing.
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Nonlinear optical effects in integrated waveguide structures
make possible a number of key features for optical signal processing such as lasing, amplification [1], and frequency conversion [2]. Being important building blocks for photonic integrated
circuits, these features have been demonstrated extensively in
a wide range of materials that allow high field confinement
and hence strong nonlinear interaction [3, 4]. Four-wave mixing (FWM) facilitates many desirable functionalities for optical
signal processing such as phase and amplitude modulation [5],
supercontinuum generation [6], photon-pair generation [7], simultaneous amplification and frequency conversion [8], and
noise-less frequency conversion based on the special configuration of Bragg scattering [9]. Hence, a solid theoretical understanding of these processes, which is easily compared to
experimental results, is important.
Comprehensive models of third-order nonlinear processes in
integrated, high index-contrast waveguides have been presented
earlier, yet some ambiguity of the evaluation of the waveguide
nonlinearity is evident in the literature. Examples include definitions of the effective mode area containing the longitudinal

component of the Poyntings vector [10], which hides information about the waveguide in the relation between the electric
and magnetic field; intensity-based definitions of the field amplitude that do not explicitly give an effective mode area [11],
which complicates comparison to experiments; factorizations
of the nonlinear coefficient that produce an effective mode area
with a fundamentally different physical interpretation than the
usual (degree of nonlinearity is inversely proportional to effective mode area) [12, 13]. In some works [14–16], it is assumed
that the effective mode area can be approximated by the scalar
version known from weakly guiding optical fibers [17], but this
approach may be inaccurate up to a factor of 2 [12]. The latter conclusion has been verified in a bismuth suspended core
fiber [18] but to the best of our knowledge not in an integrated
waveguide.
In this letter, we derive full-vectorial propagation equations
for pump-degenerate FWM directly from Maxwell’s equations,
valid in straight semiconductor-on-insulator waveguides using
the approach of [19]. These equations take the same simple form
as those known from highly nonlinear optical fibers [17] and
all dependencies on the waveguide parameters are limited to
the phase mismatch and the full-vectorial effective mode area,
thus following the usual convention of leaving the nonlinear
refractive index as a material parameter. We verify the result
of our derivation by comparing to a simple silicon-on-insulator
FWM experiment taking the tolerances on fabrication parameters into account; only the free carrier lifetime is left as a fitting
parameter. Our experiment confirms that the scalar effective
mode area underestimates the nonlinearity of the waveguide.
To derive propagation equations of FWM, we expand the
physical electric and magnetic fields in a set of continuous wave
frequency components
(
)
(
)
E(r, t)
An (z) F( x, y)
1
= ∑
exp(−iωn t + iβ n z) + c.c.,
2 n Nn
H(r, t)
U( x, y)
(1)
where n is the summation index, r = { x, y, z} is the position
coordinate, and An is the complex amplitude of both the electric and the magnetic fields that varies along the longitudinal
direction z. Fn and Un are the field distribution functions of the
electric and the magnetic fields, respectively, in the transverse
dimension S. β n is the propagation constant at frequency ωn ,

while c.c. is the complex conjugate. The normalization factor Nn ,
which is defined as
Nn2 =

1
4

Z
S

[Fn × U∗n + F∗n × Un ] · z ds,

(2)

makes sure that | An |2 equals the optical power Pn in watts,
where z is a unit vector pointing in the longitudinal direction in
the waveguide. Following the same approach from Maxwell’s
equations as in [19], the propagation equation of the field amplitude at frequency ωn becomes
∂z An (z) =

iωn
4Nn

Z
S

F∗n · PnNL (r)ds,

(3)

where ∂z denotes differentiation with respect to z and PnNL (r)
is the frequency expansion coefficient at frequency ωn of the
Kerr-induced nonlinear polarization
P NL (r, t) =

1
2

∑ PnNL (r) exp(−iωn t + iβ n z) + c.c.

(4)

n

The definition of the normalization factor Nn in Eq. (2) contains
both the electric and the magnetic field distribution functions,
which inconveniently hides information about the waveguide in
the relation between Fn and Un . A better understanding of the
nonlinear properties of the waveguide is gained by rewriting
Eq. (2) to [13, 20]
Nn2

c
=
2n g

Z
S

n2w ( x, y)|Fn |2 ds,

(5)

where n g is the group index of the guided mode, and nw ( x, y)
is the transverse refractive index distribution of the waveguide.
The latter cannot be extracted from the integration in strongguiding waveguides with large refractive index contrast.
In the simple configuration of degenerate FWM, two pump
(p) photons at frequency ωp annihilate, creating a pair of signal
(s) and idler (i) photons at frequencies ωs and ωi , respectively,
thus fulfilling the energy conservation, 2ωp = ωs + ωi . The Kerrinduced nonlinear polarization may, assuming an instantaneous
electronic response, be written as the tensor product
.
P NL = e0 χ(3) ..EEE.

(6)

where χ(3) is the third-order susceptibility tensor, which is thus
assumed independent of frequency in the bandwidth under consideration. Typically, the four wave components are coupled
into a waveguide in the same polarization state, and within the
narrow spectral range of phase matching all four waves may
be assumed to have the same electric field distribution function
F=F p =Fs =Fi , which implies that the normalization factor Nn is
equal for all n ∈ p, s, i. Hence, the nonlinear induced polarization at the pump frequency becomes
2
2
2
∗
P NL
p =[(| Ap | + 2| As | + 2| Ai | ) Ap + 2As Ai Ap exp(i∆βz )]
h
i
e
(3)
× 0 3 χ c 2|F|2 F + (F · F)F∗ ,
4N
(7)

where ∆β = β s + β i − 2β p is the linear phase mismatch and it
(3)

(3)

is assumed that only χc = χiiii for i = x or i = y is nonzero.
By inserting Eq. (7) (and the corresponding expressions for the

signal and the idler nonlinear induced polarizations) into Eq. (3),
we get the following propagation equations
∂z Ap =iγe [(| Ap |2 + 2| As |2 + 2| Ai |2 ) Ap + 2As Ai Ap∗ exp(i∆βz)],
(8)
∂z A j =iγe [(| A j |2 + 2| Ap |2 + 2| Ak |2 ) A j + A2p A∗k exp(−i∆βz)],
(9)
for j, k ∈ {s, i} and k 6= j, and the nonlinear coefficient is defined
as
R


ωe0 n2g S χ(c3) F∗ · 2|F|2 F + (F · F)F∗ ds
R
γe =
,
(10)
4c2
( S n2w |F|2 ds)2
where n g is the group index at the frequency ω that represents
all four wave components. Equations (8)–(10) describe singlemode degenerate FWM in a straight waveguide and have the
same form as the scalar versions widely known from highly
nonlinear optical fibers [17]. At this point, one may define an
effective mode area and an average nonlinearity, as done in
[12, 13], which has the property that the effective mode area is
independent on the nonlinearity of the waveguide at the cost
of the average nonlinearity being dependent on the waveguide
geometry. While such a factorization is as general as Eq. (10)
and requires no specification of the waveguide structure, it also
breaks with the usual convention of the (average) nonlinear
refractive index being a material parameter. Instead, we assume
(3)

that χc is negligible in the cladding, which is usually a very
good approximation. Under this assumption, the nonlinear
coefficient can be written as
γe =

ωn2
(f)
cAeff

+i

βT
(f)

,

(11)

2Aeff

where the nonlinear refractive index and the two-photon absorption coefficient are identified as
(3)

(3)

n2 =

3Re(χc )
,
4n2c e0 c

βT =

3ωIm(χc )
,
2n2c e0 c2

(12)

respectively, where nc is the refractive index of the core; the
full-vectorial effective mode area becomes
R 2 2 2
3
(f)
S nw |F| ds
Aeff = 2 2 R ∗
,
(13)
n g nc c F · [2|F|2 F + (F · F)F∗ ]ds
where the presence of n g explicitly shows the well-known slowlight enhancement of the waveguide nonlinearity. A similar
expression for the effective mode area is known from studies in
photonic crystal fibers [21], derived from a pertubative method,
but it has to the best of our knowledge not before been derived
directly from Maxwell’s equations. Note that the usual convention of n2 in Eq. (11) being a material parameter and the effective
mode area of Eq. (13) being a waveguide parameter is kept;
this implies that the effective mode area of Eq. (13) and the one
introduced in [12], i.e.
R
| (F × U) · z ds|2
( a)
Aeff = R S
(14)
2
S |(F × U) · z| ds
are not equal, as we discuss below. If the waveguide has a small
index contrast, i.e. n g ≈ nw ( x, y) ≈ nc , and the fields are linearly
polarized, Eq. (13) reduces to the usual scalar effective mode area
R
2 R
(s)
Aeff = S |F|2 ds / S |F|4 ds. In reaching the scalar effective

mode area, it is assumed that the electric field is continuous
over the core–cladding boundary of the waveguide, which is
not valid on standard integrated platforms due to the high index
contrast. Even so, the scalar effective mode area is used in the
context of FWM in the literature [14–16].
(f)

( a)

(s)

To highlight the differences between Aeff , Aeff , and Aeff and
to understand their impact when optimizing a waveguide design, we plot all three in Fig. 1 versus the waveguide core width
W; a silicon core of height H = 250 nm embedded in a silica
cladding is used as example, and the effective mode areas are
simulated at a wavelength of 1560 nm in the fundamental transverse electric TE01 -mode; the black circles denote the minimum
of each curve; the inset in Fig. 1 shows a cross section of the
simulated waveguide.

Effective Mode Area [µm2 ]
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To account for loss mechanisms in the silicon waveguide, it is
necessary to include two more terms in Eq. (8) and Eq. (9), which
are the linear loss αl , measured to be 2.0 ± 0.3 dB/cm through a
cut-back procedure, and the frequency-dependent free carrier
absorption (FCA) α f ,j given by
α f ,j = 1.45 · 10−21 ·



λj

2

λref

·

ζ e β T | A p |4 τ

(15)

( f )2

2h̄ω p Aeff

at wavelength λ j where λref = 1550 nm is the reference wavelength, ζ e is the polarization factor related to the intrinsic symmetry of silicon (1.25 for TE mode), and τ is the free carrier lifetime [22, 23]. We use n2 = 6 × 10−18 m2 /W and
β T = 4.5 × 10−12 m/W [11, 24] and keep τ as the only fitting
parameter.
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Fig. 2. Experimental set-up. EDFA: Erbium-doped fiber ampli-

fier, TBPF: Tunable band-pass filter, PC: Polarization controller,
OSA: Optical spectrum analyzer, PM: Power-meter.
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Fig. 1. Full-vectorial effective mode area Aeff (blue solid),

scalar effective mode area
(a)
Aeff

(s)
Aeff

(red dashed), and effective

mode area of [12]
(green dotted) at 1560 nm versus
waveguide width W. The inset is a cross section of the simulated waveguide.
(f)

(s)

(a)

Evidently Aeff is larger than both Aeff and Aeff when W is
smaller than 500 nm and 350 nm, respectively, and vice versa
(f)

when W is larger. The dramatically increasing Aeff at small W is
due to the smaller integration area in the denominator of Eq. (13)
thus reflecting the inverse relation to the nonlinearity of the
(f)

waveguide. Aeff is the smallest at large W due to the dependence
on the group index n g in Eq. (13), which also depends on W. The
difference between the three curves highlights the importance
(f)

(a)

of the definition of the effective mode area: Both Aeff and Aeff
are valid full-vectorial descriptions of the effective mode area of
the field, though due to their different definitions they represent
(s)

different physical properties of the waveguide; Aeff agrees only
(a)

with Aeff for unrealistically small dimensions but is otherwise
wrong both in terms of value and where to locate the minimal
effective mode area. Optimizing waveguide designs should thus
(f)

either be based on minimizing Aeff or maximizing the nonlinear
(a)

coefficient associated with Aeff in [12].
We verify the results of our derived model and confirm the
incorrectness of the scalar mode area by a frequency conversion
experiment in a silicon strip waveguide of dimensions H × W =
250 nm × (450 ± 10) nm. We compare the experimental results
(f)

(s)

to numerical simulations of Eqs. (8)–(9) using Aeff and Aeff ,
respectively, calculated to be 0.058 µm2 and 0.042 µm2 .

A schematic of the experimental set-up is shown in Fig. 2.
A continuous-wave (CW) pump laser at 1560 nm was amplified by an erbium-doped fiber amplifier (EDFA), and the amplified spontaneous emission (ASE) was suppressed by a tunable
band-pass filter (TBPF). A CW tunable laser was used as signal.
Polarization controllers (PCs) were employed to optimize the polarization, and thereby ensuring that the beam coupled into the
waveguide through the photonic-crystal based grating coupler
(PCGC) is in the TE01 mode and has a minimal coupling loss
(4.5 dB per PCGC in our case) [25]. Through a 90/10 coupler,
pump and signal were combined into a single mode fiber that
was 75◦ vertically aligned with the PCGCs, and a power-meter
(PM) was used to monitor the input power. We used an optical spectrum analyzer (OSA) to measure the output conversion
efficiency ηe,j = Pi ( L)/Ps ( L) versus signal wavelength λ j from
1528 nm to 1605 nm.
Firstly, we measured ηe,j in a 1.5 cm-sample as seen in Fig. 3.
By using a pump power of 18 ± 0.5 dBm, we obtain a maximum
conversion efficiency of −15 dB with a 3 dB bandwidth of 28 nm.
(f)

This is fitted with our full-vectorial effective mode area Aeff and
(s)

the scalar effective mode area Aeff in turn by varying τ from 1 ns
to 30 ns, and minimizing the root-mean-square error (RMSE)
given by
v
u
u1 N
RMSE = t ∑ (ηn,j − ηe,j )2 ,
(16)
N j =1
where ηn,j is the numerical prediction at wavelength λ j . As
shown in the inset in Fig. 3, the minimum RMSE is 0.86, using
the full-vectorial model, resulting in a free carrier lifetime of
τ = 10 ns and with the scalar model the minimum RMSE is 1.53
for τ = 16 ns. In Fig. 3, the scalar model predicts values lower
than the measured data near the pump wavelength, but higher
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