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Welcome Message

Welcome to the 2013 International Meeting on Fully Three-Dimensional Image 
Reconstruction in Radiology and Nuclear Medicine which is being held at the 
Granlibakken Conference Center & Lodge near Lake Tahoe in California.

This is the 12th in a series of meetings that have served as one of the major forums 
for presentation of new results in the field of 3D image reconstruction, primarily 
with applications in x-ray computer tomography, PET and SPECT. The proceedings 
of the 2013 and all past meetings are archived at http://www.fully3d.org.

Over the life-time of the meeting the focus has shifted to reflect recent 
developments in the field. Many of the major developments in fully 3D PET 
and SPECT imaging were first presented at Fully3D, as were the key results for 
analytic reconstruction methods in cone beam x-ray CT. While a broad range of 
topics are represented at the current meeting, method for low-dose x-ray CT 
are clearly a major focus of many of the papers at the current meeting. Recent 
meetings have included a separate one day workshop on High Performance 
Computing for Fully3D imaging. For 2013 we decided to integrate this topic as 
a regular component of the meeting, and you will find an oral session as well as 
many poster papers on this important topic. On Monday night after dinner we 
invite you to attend a panel discussion led by experts from the major imaging 
companies on the current status and future of 3D imaging.

Fully3D has always been an independent meeting and we have continued this 
tradition. We are therefore particularly grateful to our sponsors (listed on the 
next page) for their valuable financial support. We would also like to express our 
appreciation to the Scientific Committee for their prompt reviews of the large 
number of papers submitted to the meeting and to the members of the Organizing 
Committee for their invaluable help. Finally, our thanks to Gloria Halfacre and 
Seth Scafani (USC), Susie Helton (UC Davis), and the staff at the Granlibakken 
who have all been of great assistance in organizing this meeting.

Social events during the week include a reception on Sunday evening, a dinner 
cruise on Lake Tahoe on Tuesday and a barbeque on Wednesday evening. We hope 
you enjoy the technical program and the opportunity to socialize with friends and 
colleagues here in the beautiful Sierra Nevada mountains.   

Richard Leahy and Jinyi Qi
Conference Chairs



Sponsors



Conference Chairs 
Richard M. Leahy University of Southern California  
Jinyi Qi University of California Davis  

Organizing Committee 
Evren Asma GE Global Research, NY  
Bing Bai University of Southern California  
Ron Huesman Lawrence Berkeley Lab  
Quanzheng Li Massachusetts General Hospital  
Guobao Wang University of California Davis  
Jian Zhou University of California Davis  

Administrative and Support Staff
Gloria Halfacre University of Southern California  
Susie Helton University of California Davis  

Student Volunteers
Kuang Gong University of California Davis  
Yanguang Lin University of Southern California
Li Yang University of California Davis  
Mengxi Zhang University of California Davis  
Wentao Zhu University of Southern California

Conference Organization



Alexander Zamyatin Toshiba Medical Systems, USA
Andrew Reader Montreal Neurological Institute, Canada
Bing Bai University of Southern Calfornia, USA
Benjamin M. W. Tsui Johns Hopkins Hospital, USA
Bruno DeMan GE Global Research, USA
Carl R. Crawford Csuptwo, LLC, USA
Dan J. Kadrmas University of Utah, USA
David Kaeli  North Eastern University, USA
Evren Asma GE Global Research, USA
Franz Pfeiffer TU München, Germany
Frédéric Noo University of Utah, USA
Freek Beekman University Hospital Utrecht, Netherlands
Ge Wang Virginia Tech, USA
Grant T. Gullberg Lawrence Berkeley National Laboratory,USA
Guang-Hong Chen University of Wisconsin-Madison,USA
Guobao Wang UC Davis, USA
Günter Lauritsch Siemens Healthcare, Germany
Jean-Baptiste Thibault GE Healthcare Technologies, WI
Hiroyuki Kudo University of Tsukuba, Japan
Jason Corso University at Buffalo SUNY, USA
Jeffrey A. Fessler University of Michigan, USA
Jens Gregor The University of Tennessee, USA
Jiang Hsieh GE Healthcare, USA
Johan Nuyts Katholieke Universiteit Leuven, Belgium
Ken D. Sauer University of Notre Dame, USA
Katsuyuki Taguchi The Johns Hopkins Hospital, USA
Klaus Mueller Stony Brook University, USA
Larry Zeng University of Utah, USA
Laurent Desbat Université Joseph Fourier, France
Magdalena Rafecas University of Valencia, Spain
Marc Kachelrieß German Cancer Research Center (DKFZ), Germany
Michael King The University of Massachusetts, USA
Michael Silver Toshiba Medical Systems, USA
Michel Defrise Vrije Universiteit Brussels, Belgium
Nicole Maass Siemens Healthcare, Germany
Patrick La Riviere University of Chicago, USA
Paul E. Kinahan University of Washington, USA
Per-Erik Danielsson Linköping University, Sweden
Roland Proksa Philips Medical Systems, Germany
Ronald Huesman Lawrence Berkeley National Laboratory,USA
Sarah Patch University of Wisconsin-Milwaukee, USA
Stefaan Vandenberghe Ghent University, Belgium
Thomas Flohr Siemens Healthcare, Germany
Thomas Koehler Philips Research Europe, Germany
Xiangyang Tang Emory University, USA
Xiaochuan Pan University of Chicago,USA
Yuxiang Xing Tsinghua University, Beijing, China
Zhengrong Ying Zomographic, USA
Wenli Wang Toshiba Medical Systems, USA

Scientific Committee



Resort Map



07.00 - 08.00 Registration/Breakfast
Granhall

08.00 - 08.20 Opening Remarks
Mountain/Lake

08.20 - 10.00 MoO1 CT Reconstruction I
Session Chair: Xiaochuan Pan Mountain/Lake

10.00 - 10.30 Coffee
Pre-Function Area

10.30 - 11.50 MoO2 Motion Estimation
Session Chair: Grant T. Gullberg Mountain/Lake

12.00 - 13.30 Lunch
Garden Deck

13.30 - 15.30 MoP1 Posters
Session Chair: Johan Nuyts Mountain/Lake

15.30 - 16.00 Coffee
Pre-Function Area

16.00 - 17.40 MoO3 PET Reconstruction
Session Chair: Paul E. Kinahan Mountain/Lake

18.00 - 19.00 Cocktails
Garden Deck

19.00 - 20.00 Industry Panel Discussion
Mountain/Lake

20.00 - 22.00 Dinner
Garden Deck

In event of inclement weather, all Garden Deck activities will be relocated to Granhall

17.00 - 19.00 Registration
18.00 - 21.00 Welcome Reception

Garden Deck

Sunday, June 16

Monday, June 17



07.15 - 08.20 Breakfast
Granhall

08.20 - 10.00 TuO1 CT Reconstruction II
Session Chair: Yuxiang Xing Mountain/Lake

10.00 - 10.30 Coffee
Pre-Function Area

10.30 - 11.50 TuO2 Dynamic Methods
Session Chair: Charles A. Bouman Mountain/Lake

12.00 - 13.30 Lunch
Granhall

13.30 - 16.30 Afternoon Activities/Free Time
16.30 Bus to Dinner

Lobby

18.00 - 21.30 Lake Tahoe Dinner Cruise
Tahoe Queen

21.30 Bus to Granlibakken Resort
Pier

In event of inclement weather, all Garden Deck activities will be relocated to Granhall

Tuesday, June 18



07.15 - 08.20 Breakfast
Granhall

08.20 - 10.00 WeO1 High Performance Computing
Session Chair: Marc Kachelrieß Mountain/Lake

10.00 - 10.30 Coffee
Pre-Function Area

10.30 - 11.50 WeO2 Acquisition Geometries
Session Chair: Frédéric Noo Mountain/Lake

12.00 - 13.30 Lunch
Garden Deck

13.30 - 15.30 WeP2 Posters
Session Chair: Benjamin M. W. Tsui Mountain/Lake

15.30 - 16.00 Coffee
Pre-Function Area

16.00 - 17.40 WeO3 System Design and Calibration
Session Chair: Michael A. King Mountain/Lake

18.00 - 19.00 Cocktails
Garden Deck

19.00 - 21.00 BBQ
Garden Deck

In event of inclement weather, all Garden Deck activities will be relocated to Granhall

Wednesday, June 19



07.15 - 08.20 Breakfast
Granhall

08.20 - 10.00 ThO1 PET & SPECT
Session Chair: Michel Defrise Mountain/Lake

10.00 - 10.30 Coffee
Pre-Function Area

10.30 - 11.50 ThO2 Artifact Reduction and Postprocessing
Session Chair: Jiang Hsieh Mountain/Lake

12.00 - 13.30 Lunch
Garden Deck

13.30 - 15.30 ThP3 Posters
Session Chair: Wenli Wang Mountain/Lake

15.30 - 16.00 Coffee
Pre-Function Area

16.00 - 17.40 ThO3 Regularization Methods
Session Chair: Jeffrey A. Fessler Mountain/Lake

18.00 - 19.30 Cocktails
Garden Deck

19.30 - 21.00 Dinner
Garden Deck

In event of inclement weather, all Garden Deck activities will be relocated to Granhall

Thursday, June 20

07.30 - 09.00 Breakfast
Granhall

10.30 Granlibakken Resort Checkout
Lobby

Friday, June 21



Monday, June 17 

Oral Session: CT Reconstruction I                    ( 8:20 - 10:00 AM ) 
Session Chair: Xiaochuan Pan 

8:20 - 8:40 Donghwan Kim, Sathish Ramani, and Jeffrey A. Fessler: Accelerating X-ray CT 
ordered subsets image reconstruction with Nesterov’s first-order 
methods………………………….……………………...………………….………p22. 

8:40 - 9:00 Ludwig Ritschl, Michael Knaup and Marc Kachelrieß: Extending the Dynamic 
Range of Flat Detectors in CBCT using a Compressed - Sensing–Based Multi–
ExposureTechnique……….…………………….…………...……………………p26. 

9:00 - 9:20 Il Yong Chun and Thomas M. Talavage Efficient Compressed Sensing 
Statistical X-Ray/CT Reconstruction from Fewer Measurements………...….p30. 

9:20 - 9:40 Jingyan Xu and Benjamin M. W. Tsui C-Arm CT Image Reconstruction From 
Sparse Projections…………………………..…………..……………..……..…..p34. 

9:40 - 10:00 Helene Langet, Aymeric Reshef, Cyril Riddell, Yves Trousset, Arthur 
Tenenhaus, Elisabeth Lahalle, Gilles Fleury, and Nikos Paragios: Nonlinear 
diffusion constraints for reconstructing subsampled rotational angiography 
data……………………….…..…………….…..…………….…..…..…….…..….p38. 

Oral Session: Motion Estimation                     ( 10:30 - 11:50 AM ) 
Session Chair: Grant T. Gullberg 

10:30 -10:50 Marcus Brehm, Pascal Paysan, Markus Oehlhafen, and Marc Kachelrieß : 
Robust Motion Estimation for On–Board CBCT Imaging using an Angular 
Sampling Artifact Model…….………..…………..…………..……………..…..p42. 

10:50 - 11:10 Qiulin Tang, Jochen Cammin, and Katsuyuki Taguchi: Four-dimensional 
projection-based motion estimation and compensation for cardiac x-ray 
computed tomography……….………..…………..…………….………..….….p46. 

11:10 - 11:30 Chris Schwemmer, Christopher Rohkohl, Günter Lauritsch, Kerstin Müller, and 
Joachim Hornegger: Opening Windows- Increasing Window Size in Motion- 
Compensated ECG-gated Cardiac Vasculature Reconstruction …….…….p50. 

11:30 - 11:50 Wolfgang Wein and Alexander Ladikos: Towards General Motion Recovery in 
Cone-Beam Computed Tomography.………………………………………….p54. 
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Oral Session: PET Reconstruction                   ( 16:00 - 17:40 PM ) 
Session Chair: Paul E. Kinahan 

16:00 - 16:20 Vladimir Y. Panin, Michel Defrise and Michael E. Casey: TOF ML-ACF 
reconstruction using CT based attenuation as a priori information…..…...p58. 

16:20 - 16:40 Se Young Chun, Yuni K. Dewaraja, and Jeffrey A. Fessler: Alternating 
Direction Method of Multiplier for Emission Tomography with Non Local 
Regularizers………………………………………………………………….….p62. 

16:40 - 17:00 Michel Defrise, Ahmadreza Rezaei, Johan Nuyts: Simultaneous 
reconstruction of attenuation and activity in TOF-PET: analysis of the 
convergence of the MLACF algorithm……………………………..……..….p66. 

17:00 - 17:20 Guobao Wang and Jinyi Qi: Edge-Preserving PET image reconstruction 
using trust optimization transfer…………………………………………..…..p70. 

17:20 - 17:40 Thomas Kosters, Michael Fieseler, Tobias Block, Frank Wubbeling, David 
Faul, Fernando Boada, Klaus Schafers: Combined AW-OSEM 
Reconstruction and Mass-Preserving Motion Correction of PET Data.…..p74. 

Poster Session                                    ( 13:30 - 15:30 PM ) 
Session Chair: Johan Nuyts 

• Jang Hwan Cho and Jeffrey A. Fessler: Quadratic regularization design for 3D axial 
CT………………..……………………..……………………..……………………….….…....p78. 

• Steven Oeckl: CT Reconstruction of 3D Wavelet Coefficients and its Application to 
Nondestructive Testing……………..……………………..……………………….…….…...p82. 

• Junguo Bian, Kai Yang, Xiao Han, Emil Y. Sidky, John M. Boone, and Xiaochuan Pan: 
Constrained TV-minimization Reconstruction in Low-dose Breast CT ……………..…..p86. 

• Jian Zhou, Katherine L. Walker, Gregory S. Mitchell, Simon R. Cherry and Jinyi Qi: 
Maximum A Posteriori Image Reconstruction for A High Sensitivity Uncollimated 
Small-Animal SPECT System…………………………………………………………..…...p90. 

• Abhinav K. Jha, Harrison H. Barrett, Eric Clarkson, Luca Caucci, and Matthew A. 
Kupinski: Analytic methods for list-mode reconstruction ……………………...………….p94. 

• Kerstin Müller, Chris Schwemmer, Günter Lauritsch, Christopher Rohkohl, Andreas K. 
Maier, Hein Heidbüchel, Stijn De Buck, Dieter Nuyens, Yiannis Kyriakou, Christoph 
Köhler, Rebecca Fahrig, and Joachim Hornegger: Image Artifact Influence on Motion 
Compensated Tomographic Reconstruction in Cardiac C-arm CT ..…………………….p98. 

• Yunlong Zan, Rostyslav Boutchko, Qiu Huang, and Grant T. Gullberg: 4-D Reconstruction 
of SPECT 123I-MIBG Data Acquired with Slow-Rotation Cameras via Spatial-Temporal 
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Sparse Representations ……….………………………………………………….…….….p102. 

• Fabian Stopp, Adam J. Wieckowski, Marc Käseberg, Sebastian Engel, Felix Fehlhaber, 
Erwin Keeve: A Geometric Calibration Method for an Open Cone-Beam CT System .p106. 

• Yan Liu, Hongbing Lu, Hao Zhang, Ke Wang and Zhengrong Liang: Total-variation stokes 
strategy for sparse-view CT image reconstruction from clinical data……………….. ..p110. 

• Christian Schorr, Michael Maisl: Exploitation of geometric a priori knowledge for limited 
data reconstruction in non-destructive testing………………………………………..… .p114. 

• Yan Xia, Andreas K. Maier, Frank Dennerlein, and Joachim Hornegger: Truncation 
Correction using a 3D Filter for Cone-beam CT……...…………………………….… ....p118. 

• Taek-Soo Lee, Tao Feng, and Benjamin M. W. Tsui: Application of Image-Based 
Registration Method for Simultaneous Compensation of Cardiac and Respiratory Motions 
in Dual Gated Myocardial Perfusion SPECT………..……………………………….…...p122. 

• Marlies C. Goorden, Frans van der Have, and Freek J. Beekman: Optimizing image 
reconstruction for simultaneous sub-mm clustered pinhole PET-SPECT……….........p126. 

• Dirk Schäfer, Peter van de Haar, Michael Grass: Comparison of Gaussian and 
non-isotropic adaptive projection filtering for rotational 3D X-ray angiography….…...p130. 

• Maurice Debatin, Dzmitry Stepankou, Jürgen Hesser: CT reconstruction from few-views 
by higher order Adaptive Weighted Total Variation.…. …………………………….…...p134. 

• Yves Goussardy, Mahsa Golkar, Adrien Wagner and Matthieu Voorons: Cylindrical 
coordinate representation for statistical 3D CT reconstruction……...…………............p138. 

• Yining Zhu, Mengliu Zhao and Hongwei Li: Blood vessel structure reconstruction based 
on SART-TVM and vessel enhancement technique……..............……………….........p142. 

• Jia Hao, Li Zhang, Zhiqiang Chen and Kejun Kang: A Novel Dual-energy CT Scanning 
Strategy and Its Image Restoration Method…….........……………………………….....p146. 

• Ge Wang, Feng Liu, Fenglin Liu, Guohua Cao, Hao Gao, Michael W. Vannier: 
TopTop-Level Design of the First CT-MR scanner…..........………………………........p150. 

• Andrew M. Davis, Erik A. Pearson, Charles A. Pelizzari, and Xiaochuan Pan: Extended 
Axial Field of View in Radiotherapy Cone-Beam CT with Iterative Reconstruction.....p154. 

• Ti Bai, Xuanqin Mou, Qiong Xu and Yanbo Zhang: Noise Energy Estimation Based on the 
Sinogram and its Application to the Regularization Parameter Selection for Statistical 
Iterative Reconstruction.............................................................................................. p158.  

• Stephen M. Schmitt and Jeffrey A. Fessler: Fast Variance Prediction for Iterative 
Reconstruction of 3D Helical CT Images.....................................................................p162. 

• Daxin Shi: Unified Interpretations of Variants of Simultaneous Algebraic Reconstruction 
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Technique (SART) ........................................................................................................p166. 

• Jakob S. Jørgensen, Emil Y. Sidky and Xiaochuan Pan: Connecting image sparsity and 
sampling in iterative reconstruction for limited angle X-ray CT..................................…p169.   

• Kyle M.L. Champley and Harry E. Martz, Jr.: Statistical-Analytic Regularized 
Reconstruction for X-ray CT.......................................................................................…p173.   

• Yi Zhang, Wei-Hua Zhang, Yi-Fei Pu, Yin-Jie Lei, Hu Chen, Meng-long Yang and Ji-Liu 
Zhou: Few-Views Image Reconstruction with Fractional-Order Total Variation………..p177. 

• Huitao Zhang and Peng Zhang: Model-based X-ray spectrum estimation from scanning 
data of CT phantoms................................................................................................…..p181. 

• Wei Xu, Sungsoo Ha, Ziyi Zheng and Klaus Mueller: A Comparative Study of 
Neighborhood Filters for Artifact Reduction in Iterative Low-Dose CT………………….p185. 
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Tuesday, June 18 
Oral Session: CT Reconstruction II                    ( 8:20 - 10:00 AM ) 
Session Chair: Yuxiang Xing 
8:20 - 8:40 Emil Y. Sidky, Rick Chartrand, Jakob S. Jørgensen, and Xiaochuan Pan: 

Nonconvex optimization for improved exploitation of gradient sparsity in CT 
image reconstruction.................................................................................…p189. 

8:40 - 9:00 Barbara Flach, Jan Kuntz, Marcus Brehm, Rolf Kueres, Sonke Bartling, and 
Marc Kachelrieß: Up–To–Date Prior Knowledge via Motion Correction for Low 
Dose Tomographic Fluoroscopy………………………………………………...p193. 

9:00 - 9:20 Zhou Yu, Lin Fu, Debashish Pal, Jean-Baptiste Thibault, Charles A. Bouman 
and Ken D. Sauer: Nested Loop Algorithm for Parallel Model Based Iterative 
Reconstruction….....................................................................................…..p197. 

9:20 - 9:40 Adam S. Wang, J. Webster Stayman, Yoshito Otake, Gerhard Kleinszig, 
Sebastian Vogt, A. Jay Khanna, Ziya L. Gokaslan, Jeffrey H. Siewerdsen: 
Statistical Reconstruction for Soft Tissue Imaging with Low Dose C-arm 
Cone-Beam CT….........................................................................................p201. 

9:40 - 10:00 Lin Fu, Zhou Yu, Jean-Baptiste Thibault, Bruno De Man, Madison G. McGaffin, 
and Jeffrey A. Fessler: Space-Variant Channelized Preconditioner Design for 
3D Iterative CT Reconstruction.………………………………………………...p205. 

Oral Session: Dynamic Methods                     ( 10:30 - 11:50 AM ) 
Session Chair: Charles A. Bouman 
10:30 -10:50 Uttam Shrestha, Fares Alhassen, Rostyslav Boutchko, Robert G. Gould, 

Youngho Seo, Elias H. Botvinick, Grant T. Gullberg: Fully 6D image 
reconstruction for myocardial perfusion imaging of tracer dynamics, cardiac and 
respiratory motion………….….………….….………….….………….…..........p209. 

10:50 - 11:10 Wentao Zhu, Bing Bai, Peter S. Conti, Quanzheng Li, Richard M. Leahy: Data 
Correction Methods for Wholebody Patlak Imaging from List-mode PET Data.p213. 

11:10 - 11:30 Dimple Modgil, Adam M. Alessio, Michael D. Bindschadler, Kevin J. Little, David 
Rigie, Phillip A. Vargas and Patrick J. La Rivière: Multi-dimensional sinogram 
restoration for myocardial blood flow estimation from dose-reduced dynamic 
CT ................................................................................................................p217. 

11:30 - 11:50 Michael T. Manhart, Andreas Fieselmann, Yu Deuerling-Zheng, Andreas K. 
Maier and Markus Kowarschik Dynamic: Reconstruction with Statistical Ray 
Weighting for C-Arm CT Perfusion Imaging…..............................................p221. 
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Wednesday, June 19 
Oral Session: High Performance Computing            ( 8:20 - 10:00 AM ) 
Session Chair: Marc Kachelrieß  

8:20 - 8:40 Timo Zinsser, Benjamin Keck: Systematic Performance Optimization of 
Cone-Beam Back-Projection on the Kepler Architecture..............................p225. 

8:40 - 9:00 Awen Autret, Julien Bert, Olivier Strauss and Dimitris Visvikis: Fully 3D PET 
List-Mode reconstruction including an accurate detector modeling on GPU 
architecture...................................................................................................p229. 

9:00 - 9:20 Matthias Baer and Marc Kachelrieß: High Performance Parallel Beam and 
Perspective Cone-Beam Backprojection for CT Image Reconstruction on Pre–
Production Intel R Xeon Phi..........................................................................p233. 

9:20 - 9:40 Eric Papenhausen, Ziyi Zheng, and Klaus Mueller: Cloud X: A Platform as a 
Service for CT Reconstruction Research and Development........................p237. 

9:40 - 10:00 Jeffrey M. Rosen, Junjie Wu, Jeffrey A. Fessler, Thomas F. Wenisch: Iterative 
Helical CT Reconstruction in the Cloud for Ten Dollars in Five Minutes......p241. 

Oral Session: Acquisition Geometries                ( 10:30 - 11:50 AM ) 
Session Chair: Frédéric Noo 

10:30 -10:50 Zhicong Yu, Frédéric Noo, Günter Lauritsch, and Joachim Hornegger: Extended 
volume image reconstruction using the Ellipse-Line-Ellipse trajectory for a 
C-arm system……………………...................................................................p245. 

10:50 - 11:10 Brian E. Nett, Kai Zeng, and Jed D. Pack : Image Reconstruction from an Axial 
Short Scan using a Katsevich type algorithm................................................p249. 

11:10 - 11:30 Rolf Clackdoyle and Laurent Desbat: Full Cone-Beam Consistency Conditions 
for Sources on a Plane.................................................................................p253. 

11:30 - 11:50 J. Webster Stayman and Jeffrey H. Siewerdsen: Task-Based Trajectories in 
Iteratively Reconstructed Interventional Cone-Beam CT.............................p257. 

Oral Session: System Design and Calibration          ( 16:00 - 17:40 PM ) 
Session Chair: Michael A. King 

16:00-16:20 Paul E. Kinahan, Chengeng Zeng, Larry A. Pierce II, Kalpana M. Kanal, 
Lawrence R. MacDonald: Attenuation Correction Using a Single-View 
Mammogram for a 3D PET Scanner........................................................….p261. 

16:20-16:40 Christina Debbeler, Nicole Maass, Matthias Elter, Frank Dennerlein, and 
Thorsten M. Buzug: A New CT Rawdata Redundancy Measure applied to 
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Automated Misalignment Correction.........................................................…p264. 

16:40-17:00 Tobias Schon, Theobald Fuchs, Kilian Dremel, Christian Reuß: A 
Translation-based Data Acquisition Method for Industrial Computed 
Tomography: Experimental Results..............................................................p268. 

17:00-17:20 Abdelmoula Haboub, Alastair A. MacDowell, Stefano Marchesini, Diworth Y. 
Parkinson: Coded Aperture Imaging for Fluorescent X-rays-Biomedical 
Applications..............................................................................................….p272. 

17:20-17:40 Wojciech Zbijewski, J. Webster Stayman, Katsuyuki Taguchi, Erik Fredenberg, 
and Jeffrey H. Siewerdsen: Volumetric Imaging with Sparse Arrays of Photon 
Counting Silicon Strip Detectors………………………………………………...p276. 

Poster Session                                    ( 13:30 - 15:30 PM ) 
Session Chair: Benjamin M. W. Tsui 

• Hung Nien and Jeffrey A. Fessler: Combining Augmented Lagrangian Method with 
Ordered Subsets for X-Ray CT Reconstruction.......................................................….p280. 

• Madison G. McGaffin and Jeffrey A. Fessler: Sparse shift-varying FIR preconditioners for 
fast volume denoising..............................................................................................….p284. 

• Sajid Abbas, Taewon Lee, Hyekyun Chung, Jongduk Baek, and Seungryong Cho: Effects 
of sparse sampling schemes on image quality in low-dose CT…………………………p288. 

• Yanguang Lin, Bing Bai, Wentao Zhu, Ran Ren, Quanzheng Li, Richard M. Leahy: 
Optimized MAP Reconstruction of H2-weighted Fourier Rebinned TOF PET…...……p292. 

• Ahmadreza Rezaei, Johan Nuyts, Michel Defrise: The Effect of Motion on Joint Estimates 
of Activity and Attenuation from Time-of-Flight PET Data……………………………....p296. 

• Jed D. Pack, Zhye Yin, Kai Zeng, Brian E. Nett: Mitigating cone-beam artifacts in cardiac 
CT imaging for large cone-angle scans.......................................................................p300. 

• Stefan Sawall, Matthias Baer, Marcus Brehm, Michael Knaup, and Marc Kachelrieß: Fast 
Computation of Projections from Triangulated Surfaces………………………………..p304. 

• Alexandre Bousse, Kjell Erlandsson, Stefano Pedemonte, Sebastien Ourselin, Simon R. 
Arridge, Brian F. Hutton: Angular Rebinning for Geometry Independent SPECT 
Reconstruction.............................................................................................................p308. 

• Daniil Kazantsev, Sebastien Ourselin, Brian F. Hutton, Simon R. Arridge: A novel method 
of embedding additional information into tensor diffusion filtering as an application for 
multi-modal reconstruction in ET.................................................................................p312. 

• Hao Gao, X. Sharon Qi, and Daniel A. Low: Imaging Quality Improvement and Dose 
Reduction on TomoTherapy via Tensor Framelet: Phantom Study……………………p316. 

• Radin A. Nasirudin, Kai Mei, Petar Penchev, Ernst J. Rummeny, Martin Fiebich, Peter B. 
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Noël: Reduction of Artifacts Caused by High-Z Materials in Dental Spectral CBCT....p320. 

• Jonathan S. Maltz, Lucian Mihailescu, Donald L. Gunter, Tim Aucott, Grant T. Gullberg, 
and Kai Vetter: Grid-free backprojection-maximization algorithm for 3D imaging using a 
vehicle-mounted coded aperture gamma camera....…………………………………….p324. 

• Zakaria Bahi, Julien Bert and Dimitris Visvikis: Volume Splitting Based Multi-GPUs 
Implementation for 3D List-Mode PET Reconstruction................................................p329. 

• Jed D. Pack, Brian E. Nett, Kai Zeng, Guangzhi Cao, Adam Budde, Zhye Yin, Bruno De 
Man, Hye Sun Na, Jiahua Fan, Kyle M.L. Champley, Jiang Hsieh: Cone-beam Analytic 
Reconstruction for Axial Tomography..........................................................................p333. 

• Baodong Liu, Alexander Katsevich, and Hengyong Yu: Interior tomography in a curvelet 
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9:00 - 9:20 Paul Dasari, Arda Könik, P. Hendrik Pretorius, Mohammed S. Shazeeb, W. 
Paul Segars, Karen L. Johnson and Michael A. King: Evaluation of Bouc-Wen 
Model Corrected Respiratory Motion in Cardiac SPECT............................p396. 

9:20 - 9:40 Yong Long, Lishui Cheng, Xue Rui, Bruno De Man, Adam M. Alessio, Evren 
Asma and Paul E. Kinahan: Analysis of Ultra-Low Dose CT Acquisition 
Protocol and Reconstruction Algorithm Combinations for PET Attenuation 
Correction………………………………………………………………………..p400. 

9:40 - 10:00 Hao Li, Georges EI Fakhri, Quanzheng Li: Direct MAP Estimation of 
Attenuation Sinogram using TOF PET Data and Anatomical Image..........p404. 

 

Oral Session: Artifact Reduction and Postprocessing  ( 10:30 - 11:50 AM ) 
Session Chair: Jiang Hsieh 

10:30 -10:50 Ruoqiao Zhang, Jean-Baptiste Thibault, Charles A. Bouman, Ken D. Sauer: 
Soft Classification with Gaussian Mixture Model for Clinical Dual-Energy CT 
Reconstructions.....……………………………………………………………..p408. 

10:50 - 11:10 Yanbo Zhang, Xuanqin Mou: Metal artifact reduction based on the combined 
prior image..................................................................................................p412. 

11:10 - 11:30 Dieter Hahn, Pierre Thibault, Andreas Fehringer, Martin Bech, Peter B. Noël 
and Franz Pfeiffer: Bone artifact reduction in differential phase-contrast CT.p416. 

11:30 - 11:50 Johan Sunnegardh, Karl Stierstorfer: A new method for windmill artifact 
reduction.....................................................................................................p420. 

 
	  

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

18



Oral Session: Regularization Methods                ( 16:00 - 17:40 PM ) 
Session Chair: Jeffrey A. Fessler 

16:00-16:20 Hao Dang, Adam S. Wang, Zhe Zhao, Marc Sussman, Jeffrey H. Siewerdsen, 
J. Webster Stayman: Joint Estimation of Deformation and 
Penalized-Likelihood CT Reconstruction Using Previously Acquired Images.p424. 

16:20-16:40 Kevin M. Brown, Thomas Koehler, Frank Bergner, Rolf Bippus, Bernhard 
Brendel, Stanislav Zabic, W. Clem Karl, Sarabjeet Singh, Atul Padole, and 
Synho Do: Sparse Sampling for CT Dose Reduction.................................p428. 

16:40-17:00 Katharina Schmitt, Harold Schöndube, Karl Stierstorfer, Joachim Hornegger, 
Frédéric Noo: Challenges posed by statistical weights and data redundancies 
in iterative X-ray CT reconstruction............................................................p432. 

17:00-17:20 Tetsuya Kobayashi, Keishi Kitamura and Hiroyuki Kudo: Anatomically-guided 
MAP Reconstruction of Partial-ring TOF PET Data Using Spots-on-Smooth 
Image Representation Model. ...................................................................p436. 

17:20-17:40 Junfeng Wu, Xuanqin Mou, Hengyong Yu, Ge Wang: Statistical Interior 
Tomography via Dictionary Learning without Assuming an Object Support.p440. 

Poster Session                                    ( 13:30 - 15:30 PM ) 
Session Chair: Wenli Wang 

• Adrian A. Sanchez, Emil Y. Sidky, and Xiaochuan Pan: Investigation of Template 
Structure for a Cone-Beam CT Signal Detection Task......……………………………...p444. 

• Guangzhi Cao, Brian E. Nett, Scott Hsieh, Jed D. Pack, and Jiang Hsieh: Cone-beam 
Reconstruction and Evaluation for Helical Tomography………………………………...p448. 

• Hao Zhang, Hao Han, Yan Liu, Hongbing Lu, Jianhua Ma, Jing Wang, and Zhengrong 
Liang: Penalized weighted least-squares image reconstruction for low-dose CT using 
adaptive MRF coefficients predicted from normal-dose scan......................................p452. 

• Yannan Jin, Geng Fu, Vladimir Lobastov, Peter M. Edic, Bruno De Man: Dual-energy 
performance of x-ray CT with an energy-resolved photon-counting detector in comparison 
to x-ray CT with dual kVp.............................................................................................p456. 

• Steven Bartolac and David Jaffray: Practical Noise Correlation Modeling for Fluence Field 
Modulated Computed Tomography..............................................................................p461. 

• Synho Do, W. Clem Karl, Thomas Brady, Georges El Fahkri, and Rajiv Gupta: A 
Non-Uniform Super-Resolution Compressive Sampling Method For  Tomographic 
Imaging.........................................................................................................................p465. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

19



• Arda Könik, Meredith Kupinski, P. Hendrik Pretorius, Michael A. King, and Harrison H. 
Barrett: Comparison of the Scanning Linear Estimator and 3D ROI Operator for 
Quantitative 111In-Octreotide SPECT Imaging............................................................p469. 

• Jovan G. Brankov: OpenCL-Accelerated Computation of a 3D SPECT Projection 
Operator for Content Adaptive Mesh Model.................................................................p473. 

• Marc Käseberg, Steffen Melnik and Erwin Keeve: OpenCL Accelerated Multi-GPU 
Cone-Beam Reconstruction.........................................................................................p477. 

• Julia Wicklein, Günter Lauritsch, Kerstin Müller, Holger Kunze, Willi A. Kalender, and 
Yiannis Kyriakou: Aortic Root Motion Correction in C-Arm Flat-Detector CT...............p481. 

• Ulrich Heil, Sascha Fränkel, Katrin Wunder, Daniel Groß, Ralf Schulze, Ulrich 
Schwanecke, Christoph Düber, Elmar Schömer, and Oliver Weinheimer: Total Variation 
Regularization in Digital Breast Tomosynthesis: Regularization Parameter Determination 
based on Small Structures Segmentation Rates..........................................................p485. 

• Matthias Wieczorek, Jurgen Frikel, Jakob Vogel, Franz Pfeiffer, Laurent Demaret, Tobias 
Lasser: Curvelet sparse regularization for differential phase-contrast X-ray imaging...p489. 

• Andreas Malecki, Guillaume Potdevin, Thomas Biernath, Elena Eggl, Tobias Lasser, Jens 
Maisenbacher, Jens Gibmeier, Alexander Wanner, and Franz Pfeiffer: Directional X-Ray 
Scattering Tomography.............................………………………………………………..p493. 

• Qingli Wang, Liang Li, Li Zhang: Reducing Metal Artifacts Based on Three Approximately 
Orthogonal Projections: Preliminary Results in Dental CBCT with a Half-size Detector.p497. 

• Rostyslav Boutchko, Alexander I. Veress, and Grant T. Gullberg: Tomographic Image 
Reconstruction on Mixed Geometry Finite Element Meshes.......................................p501. 

• Chuang Miao, Ge Wang, and Hengyong Yu: Few-view CT reconstruction aided by 
low-resolution projections.............................................................................................p505. 

• Shaojie Tang and Xiangyang Tang: Cost-Effectiveness of Noise Reduction in Iterative 
Reconstruction Using Ordered Subset SIRT with Total Variation Regularization........p509. 

• Joyoni Dey, Yong Wu, Xundong Wu, Ming Xia, Zhongbo Yan, Enrico Stefani, and 
Ya-Hong Xie: Penalized Maximum Likelihood Iterative Reconstruction for Sub-wavelength 
Nano-scale Optical Computed Tomography (SNOCT) for Isolated Cell Imaging.........p513. 

• Zhou Yu, Charles A. Bouman, Jean-Baptiste Thibault and Ken D. Sauer: Image Grid 
Invariant Regularization for Iterative Reconstruction.....................................................p517. 

• Robert Cierniak and Michal Knas: Ultrafast Fully Analytical Iterative Model-based 
Statistical 3D Reconstruction Algorithm………………...................................................p521. 

• Pablo Aguiar, Francisco Pino, Domenec Dos, Javier Pavia and Ziad El Bitar: Analytical or 
Monte Carlo system response for pinhole SPECT reconstruction? ……......................p525. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

20



• Xuan Liu, Stephan Boons, Alexander Sasov: Strategies for GPU-based cone-beam CT 
reconstruction for very large data volumes…................................................................p529. 

• Qiao Yang, Nicole Maass, Mengqiu Tian, Matthias Elter, Ingo Schasiepen, Andreas K. 
Maier, and Joachim Hornegger: Multi-Material Beam Hardening Correction (MMBHC) in 
Computed Tomography………………………................................................................p533. 

• Liu Yang, Pascal Getreuer, and Linghong Zhou: Sparse-view cone-beam CT 
reconstruction via previous normal dose scan induced BM3D-frame regularization 
method……………………….…………………................................................................p537. 

l Victor P. Palamodov: An algorithm for full 3D reconstruction with an arbitrary trajectory.p541. 

• Jens Gregor, Charles Finney, Todd Toops: Tomographic Neutron Imaging using 
SIRT………………………….…………………................................................................p543. 

• Cécile Bopp, Marc Rousseau, David Brasse: Image Reconstruction for Proton CT Using 
Different Outputs…………….…………………...............................................................p547. 

 

	  
 

 

 

 

 

	  

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

21



Accelerating X-ray CT ordered subsets image
reconstruction with Nesterov’s first-order methods

Donghwan Kim, Sathish Ramani, and Jeffrey A. Fessler

Abstract—Low-dose X-ray CT can reduce the risk of cancer to
patients. However, it requires computationally expensive statis-
tical image reconstruction methods for improved image quality.
Iterative algorithms require long compute times, so we focus on
algorithms that “converge” in few iterations. This paper proposes
to apply ordered subsets (OS) methods to Nesterov’s fast first-
order methods for 3D X-ray CT problems. Nesterov’s algorithms
use previous iterates to provide momentum towards the optimum
and thus achieve a fast convergence rate of O(1/n2), where n
counts the number of iterations. We also propose to use separable
quadratic surrogates (SQS) (with a non-uniform (NU) approach)
in Nesterov’s algorithms. We use a real patient helical CT scan
to show that the proposed algorithms converge rapidly, and we
investigate the behavior of OS methods in Nesterov’s algorithms.

I. INTRODUCTION

Based on the statistics of X-ray CT, we reconstruct a (non-
negative) image x ∈ �

Np

+ from noisy measurements y ∈ �Nd

by minimizing a convex and continuously differentiable objec-
tive functionΨ(x). This paper focuses on a penalized weighted
least squares (PWLS) problem [1]:

x̂ = argmin
x�0

{
Ψ(x) �

1

2
||y −Ax||2W + βR(x)

}
, (1)

where A is a projection operator, and the diagonal matrix
W provides statistical weighting. R(x) is a (edge-preserving)
regularization function and β balances the data-fit term and
R(x). Due to the large scale of the problem (in 3D CT),
iterative algorithms for minimizing Ψ(x) require considerable
compute time. Thus, the goal of this paper is to develop
iterative algorithms that “converge” in fewer iterations.

This paper focuses on Nesterov’s fast first-order algorithms
[2], [3] that use previous iterates as momentum for additional
acceleration towards the optimum. The former [2] uses two
previous iterates as momentum, while the latter [3] uses all
accumulated previous iterates. Both provide a fast convergence
rate of O(1/n2) where n counts the number of iterations,
whereas usual gradient-based methods have O(1/n) conver-
gence rate [4].

In our recent work [5], we combined ordered subsets (OS)
methods [6], [7] with Nesterov’s early work [2] that has
been used to develop a fast iterative shrinkage-thresholding
algorithm (FISTA) [4]. We also used a separable quadratic

D. Kim, S. Ramani, and J. A. Fessler are with the Dept. of Elec-
trical Engineering and Computer Science, University of Michigan, Ann
Arbor, MI 48109 USA (e-mail:kimdongh@umich.edu, sramani@umich.edu,
fessler@umich.edu).

Supported in part by NIH grant R01-HL-098686 and equipment donations
from Intel. Helical CT data provided by GE Healthcare.

surrogates (SQS) method [7] (and a non-uniform approach [8])
in Nesterov’s algorithm (in [5]). These combinations provided
very promising results as they converged very rapidly even
with relatively small number of subsets. (Using fewer subsets
is preferable, as it decreases inexactness in OS methods and
also reduces the overhead of computing the regularizer.) In
addition, the overhead needed for proposed algorithms with
OS-SQS is minimal as Nesterov’s algorithms are simple. In
this paper, we apply OS and (NU-)SQS methods to the more
recent Nesterov’s algorithm (2005) [3] and observe that this
combination achieves as fast a convergence as the method
in [5] but with improved stability.

We propose to use OS methods here as they can initially
accelerate any gradient-based algorithms dramatically by ap-
proximating ∇Ψ(x) using only a subset of measurements. But,
OS methods usually approach a limit-cycle looping around the
optimum [6], [7]. (The more the subsets, the more the initial
acceleration but with increased inexactness in the iterates.)
However, the stability of OS methods in the proposed Nes-
terov’s algorithms is unknown. Therefore, we experimentally
investigated the behavior of OS in Nesterov’s algorithms with
respect to the number of subsets. We found that our newly
proposed Nesterov’s algorithm based on [3] with OS-SQS is
more stable than the previous combination in [5].

In this paper, we propose to combine OS-SQS methods
with Nesterov’s fast first-order algorithms for X-ray CT image
reconstruction. We first explain two of Nesterov’s algorithms
and illustrate their application to the X-ray CT problem
in (1) with OS-SQS algorithms. Then we show the results
for accelerated convergence of the two proposed algorithms
using a real patient CT scan. We also discuss the stability of
OS in Nesterov’s algorithms.

II. NESTEROV’S ALGORITHMS

Nesterov published a fast first-order method using two
previous iterates as a momentum for smooth functions1 in [2],
and it was extended later for non-smooth functions by Beck et
al. [4], which is one of the state-of-the-art methods in image
restoration. In [3], Nesterov also proposed new formulation of
a fast first-order method using all previous iterates.

Both algorithms [2], [3] have been used widely for various
optimization problems. They have also been used for X-ray
CT reconstruction showing a noticeable acceleration [9], [10].
However, Nesterov’s algorithms by themselves are not very

1A smooth function f(x) is continuously differentiable with Lipschitz
continuous gradient L satisfying ||∇f(x) − ∇f(z)|| ≤ L||x − z|| for all
x, z ∈ �Np .
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attractive in CT, as the cost function Ψ(x) in (1) has a large
Lipschitz constant that slows down the convergence [11]. Here,
we suggest new combinations of Nesterov’s algorithms and
OS-SQS methods that show very promising results.

We first review Nesterov’s algorithms briefly. Both [2]
and [3] begin by using an optimization transfer technique
[12]. Nesterov uses a convex cost function Ψ(x) that is
continuously differentiable with Lipschitz constant L, which
can be majorized at the nth iteration as:

Ψ(x) ≤ φ
(n)
L (x) (2)

� Ψ(x(n)) +∇Ψ(x(n))′(x − x(n)) +
L

2
||x− x(n)||2.

The optimization transfer step minimizes the surrogate φ(n)L (x)
at nth iteration:

x(n+1) = argmin
x�0

φ
(n)
L (x) =

[
x(n) −

1

L
∇Ψ(x(n))

]
+
, (3)

where [·]+ enforces a non-negativity constraint. Then the
algorithm (3) is accelerated using previous iterates as shown
in Figs. 1 and 2 [2], [3]. We use the choice of parameters
suggested in [13] for the algorithm in Fig. 2, which provides
faster convergence than the choice in [3].

Initialize x(0) = v(0), t0 = 1

for n = 0, 1, 2, · · ·

tn+1 =
(
1 +

√
1 + 4t2n

)
/2

x(n+1) =
[
z(n) −

1

L
∇Ψ(z(n))

]
+

z(n+1) = x(n+1) +
tn − 1

tn+1
(x(n+1) − x(n))

Fig. 1. Nesterov’s algorithm (1983) [2].

Initialize x(0) = v(0) = z(0), t0 = 1

for n = 0, 1, 2, · · ·

tn+1 =
(
1 +

√
1 + 4t2n

)
/2

x(n+1) =
[
z(n) −

1

L
∇Ψ(z(n))

]
+

v(n+1) =

[
z(0) −

1

L

n∑
k=0

tk∇Ψ(z
(k))

]
+

z(n+1) =

(
1−

1

tn+1

)
x(n+1) +

1

tn+1
v(n+1)

Fig. 2. Nesterov’s algorithm (2005) [3].

The sequences
{
x(n)

}
generated by both algorithms are

proven to have the following convergence rate [2], [3]:

Ψ(x(n))−Ψ(x̂) ≤ O

(
L

n2

)
. (4)

This is promising since ordinary optimization transfer in (3)
provides only O(1/n) rate [4]. However, the large Lipschitz
constant L in CT problem causes slow convergence even with
the O(1/n2) rate.

III. PROPOSED NESTEROV’S ALGORITHMS

WITH ORDERED SUBSETS

We suggest combining ordered subsets with Nesterov’s
fast first-order algorithms. Ordered subsets algorithms group
projection views into M subsets evenly, and assume

∇Ψ(x) ≈M∇Ψ0(x) ≈ · · · ≈M∇ΨM−1(x), (5)

where we define the subset gradient:

∇Ψm(x) � A′
mWm(Amx− ym) +

β

M
∇R(x) (6)

for m = 0, · · · ,M − 1. The matrices Am, ym and Wm are
sub-matrices of A, y, and W corresponding to mth subset.
We accelerate Nesterov’s algorithms by replacing ∇Ψ(·) in
Figs. 1 and 2 with M∇Ψm(·). We count each mth sub-
iteration as 1/M iteration, since M∇Ψm(·) requires roughly
1/M amount of computation of ∇Ψ(·). Then we expect to
have the following convergence rate in early iterations:

Ψ(x(n+
m
M

))−Ψ(x̂) � O

(
L

(nM +m)2

)
. (7)

This rate will not hold as the sequence
{
x(n+

m
M

)
}

nears the
optimum where the condition (5) fails.

Owing to the acceleration in proposed algorithms based
on the M2 effect of OS in (7), it is possible to use fewer
subsets for better accuracy in OS. However, it is unknown
how the inexactness in OS methods affect the behavior of the
Nesterov’s algorithms. (Ordinary OS methods are known to
reach a limit-cycle looping around the optimum.) Therefore,
we investigated OS algorithms with Nesterov’s algorithms in
Section IV, where we found that Nesterov’s algorithm (2005)
with OS methods is better stabilized than the earlier one.

For CT, it is computationally expensive to find the smallest
possible Lipschitz constant L, and the backtracking line search
scheme in [4] would be undesirably slow. Instead, we use
a separable quadratic surrogate (SQS) method [7] for the
optimization transfer step in (3), replacing φ(n)L in (2) by

φ
(n)
SQS(x) � Ψ(x(n))+∇Ψ(x(n))′(x−x(n))+

1

2
||x−x(n)||2D,

(8)
where D is a diagonal matrix. The advantage of using SQS
is that we can compute an exact surrogate φ

(n)
SQS(x) with

modest computation. We can further accelerate the SQS-type
algorithms by our recently proposed non-uniform approach
[8].

We summarize the proposed algorithms, namely OS-SQS-
Nes83 and OS-SQS-Nes05, in Figs. 3 and 4 that respectively
combine OS-SQS with the two methods of Nesterov in Figs. 1
and 2.

IV. RESULTS

We used a 3D helical X-ray CT data set of a human shoulder
to show the acceleration of proposed algorithms. We computed
the root mean square difference (RMSD) between the current
and converged2 image within the region-of-interest (ROI) in

2We generated an (almost) converged image by running 100 iterations of
(convergent) NH-ABCD-SQS [8] followed by 2000 iterations of (convergent)
SQS.
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Initialize x(0) = v(0), t0 = 1

for n = 0, 1, 2, · · ·

for m = 0, 1, · · · ,M − 1

tnM+m+1 =
(
1 +

√
1 + 4t2nM+m

)
/2

x(n+
m+1

M
) =

[
z(n+

m
M

) −D−1M∇Ψm(z
(n+ m

M
))
]
+

z(n+
m+1

M
) = x(n+

m+1

M
) +

tnM+m − 1

tnM+m+1

(x(n+
m+1

M
) − x(n+

m
M

))

Fig. 3. Proposed Nesterov’s algorithm (1983) with ordered subsets (OS-
Nes83).

Initialize x(0) = v(0) = z(0), t0 = 1

for n = 0, 1, 2, · · ·

for m = 0, 1, · · · ,M − 1

tnM+m+1 =
(
1 +

√
1 + 4t2nM+m

)
/2

x(n+
m+1

M
) =

[
z(n+

m
M

) −D−1M∇Ψm(z
(n+m

M
))
]
+

v(n+
m+1

M
) =

[
z(0) −D−1

nM+m∑
k=0

tkM∇Ψ(k)M (z
( k
M

))

]
+

z(n+
m+1

M
) =

(
1−

1

tnM+m+1

)
x(n+

m+1

M
) +

1

tnM+m+1

v(n+
m+1

M
)

Fig. 4. Proposed Nesterov’s algorithm (2005) with ordered subsets (OS-
Nes05). The notation (k)M stands for k modM .

Hounsfield Units (HU):

RMSD =
||x

(n)
ROI − x̂ROI||2√

Np,ROI

[HU] (9)

versus iteration, to evaluate the convergence rate. In Fig. 5(a),
we used different number of subsets such as 1, 24, and 48 sub-
sets and observed that the ordered subsets highly accelerated
both Nesterov’s algorithms.

However, OS-Nes83 algorithms diverged when we used
more than 40 subsets (as seen in the case of 48 subsets
in Fig. 5(a)), while OS-Nes05 algorithm remained stable with
more than 100 subsets. (Results not shown here.) Based on
our observations, we believe that OS-Nes05 is more stable
than OS-Nes83. We can intuitively understand this behavior,
since OS-Nes05 method uses accumulated momentum that
is less prone to local inexactness, while OS-Nes83 uses the
difference between two previous iterates as momentum which
may be very inaccurate in OS-type methods. However, we
need theoretical justification to better understand the behavior
of OS in Nesterov’s algorithms, and we leave it as a future
work.

We also combined a non-uniform (NU) approach [8] with
OS-SQS-Nes05 to investigate the net resulting acceleration.
In Fig. 5(b), we obtained some acceleration when including
NU, but the algorithm reached a larger limit-cycle than the
case without NU. OS-Nes05 with 24 subsets showed promis-
ing acceleration (with a slightly larger limit-cycle), but the
algorithm with 48 subsets reached a quite large limit-cycle
after initial acceleration. Further refinement of NU method is
needed to reach a relatively small limit-cycle while achieving
noticeable acceleration for large M .

Fig. 6 presents the initial filtered back projection (FBP)
image x(0), the converged image x̂, and reconstructed images
at 12th iteration from four different algorithms for comparison.
Both SQS-Nes05 and OS48-NUSQS at 12 iteration are still far
from the converged image. The proposed algorithms OS48-
SQS-Nes05 and OS24-NUSQS-Nes05 reach low RMSD level
after 10 iterations in Fig. 5(b), and their reconstructed images
at 12 iteration are very close to the converged image. The
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Fig. 5. Plots of RMSD in (9) versus iterations for various proposed Nesterov’s algorithms with OS-NUSQS. (There are no changes in RMSD during the
first iteration, since we count the precomputation of D as one iteration.)
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Fig. 6. Center slice of FBP image x(0), converged image x̂, and reconstructed images at 12th iteration.

results confirm that the proposed combinations of OS and
Nesterov’s algorithms reach a decent image (close to x̂) in
few iterations.

V. DISCUSSION

In this paper, we used a helical CT data set that corresponds
to 984 projection views per turn with pitch 1.0. From the
results, we were able to assess the behavior of OS-(NU)SQS-
Nes empirically for this specific geometry. However, the
number of subsets used for this geometry may not be optimal
for other geometries. So, it is important to investigate the
problem of selecting the appropriate number of subsets for
a given geometry that would ensure fast convergence without
encountering stability issues.

VI. CONCLUSION

We proposed two algorithms that combine Nesterov’s meth-
ods with OS. The proposed algorithms provide dramatic
acceleration in X-ray CT reconstruction with relatively small
number of subsets. We found that the Nesterov’s algorithm
(2005) [3] is more stable with ordered subsets than the other
choice [2] in our experiment. But, this should be examined
on various other data sets, and we leave the theoretical
justification as a future work.

Here, we investigated two specific methods [2], [3] for
combining “momentum” terms with ordered subsets. There
are many other possible ways to introduce momentum into
OS methods and our future work aims at finding ways that
are fast yet relatively stable for OS-type updates.
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Extending the Dynamic Range of Flat Detectors in
CBCT using a Compressed–Sensing–Based

Multi–Exposure Technique
Ludwig Ritschl, Michael Knaup and Marc Kachelrieß

Abstract— The limited dynamic range of flat detectors is one of the main
reasons for reduced soft tissue visibility in flat detector–based CBCT. Here
the main limiting size is the detector’s background electronic noise which
usually reduces the effective bitdepth of the detector to a range of about 7-9
bit. This limited dynamic results in a trade–off between pixel saturation
in air and weakly absorbing areas and an insufficient grayscale resolution
of strong absorbing areas. While the former should be avoided to enable
for quantitative reconstruction, the latter leads to a loss of low-contrast vis-
ibility inside the object. In this study we propose a multi–exposure tech-
nique which yields two datasets. The first dataset is acquired at a very low
dose level and using only a small number of projections and guarantees
that the detector is not saturated. The second dataset is fully sampled at
the standard dose level which is required for visualizing certain soft tissue
structures. The final volume will be reconstructed using both datasets si-
multaniosly using a statistically–weighted total variation–constrained iter-
ative reconstruction algorithm. To evaluate the method a simulation study
is performed.

I. INTRODUCTION

Flat detector–based cone–beam computed tomography
(CBCT) is a widely used imaging modality. Typical devices in
the medical field are C-arms, dental CT scanners and onboard
imaging systems for image guided radiation therapy. Compared
to clinical CT scanners there are several factors leading to re-
duced soft tissue visibility. Beside the lower photon absorption
efficiency of flat detectors and scattered radiation the limited dy-
namic range of flat detectors is one of the main sources. In typi-
cal thin film transistor (TFT) flat detectors, as they are widely
used, the background electronic noise of the detector can be
assumed to be the limiting size in terms of grayscale resolu-
tion [1, 2]. That means that for a certain x–ray intensity I at
the detector the electronic noise σe− is larger than the Poisson–
distributed quantum noise σq =

√
I. This intensity value will

be denoted with Ilim and is a characteristic size for a flat detec-
tor with fixed amplification settings. Now the electronic noise
limited dynamic of the detector can be calculated as

Dynamic Range= I0/Ilim.

This limitation automatically leads to the fact that the smallest
detectable intensity difference ΔI at intensity levels I < Ilim is
ΔI > σe− . Regarding the exponential attenuation of x–rays

I = I0 e−p,

with p being the attenuation value, one can see that for a fixed
entrance dose I0 the minimal detectable intensity difference ΔI
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is correlated to a minimal detectable difference of attenuation
values Δp.

In the following we define the gain factor g in such a way
that that for g = 1 and a given entrance intensity I0 the detec-
tor is not saturated and it’s full dynamic range is used. This
would be a standard setting to avoid detector saturation which
enables for correct CT image reconstruction. A value of g = 2
would mean that the detector is saturated at I = 0.5 I0 = I0/g.
To realize the gain g we assume an ideal analog amplification of
the entrance signal in the detector which does not increase the
electronic noise with the same factor. Now, the electronic noise
limited dose level can be calculated by regarding σe− ≥ g

√
I,

which automatically laeds to

Ig=0.5
lim = 0.25 Ig=1.0

lim

in the mentioned case. Using this fact one can define acqusi-
tion settings combing the entrance dose I0 and the corresponding
gain g to make sure that the desired minimal visible attenuation
difference Δp is limited by quantum noise. In most real world
applications this leads to values g > 1 which results in object
truncation, which makes a quantitatively correct reconstruction
impossible (Figure 1). In literature there are different ways pro-
posed to handle this problem. One way is using different gain
factors during detector read out and combining the acquired im-
ages [1]. This method leads to a reduced detector resolution or
reduced frame rate. [1]. Another approach is the use of so–called
bowtie filters, which assume a circular motion around an object
in the center of the field of view. Now, rays at the border of the
object are prefiltered and attenuated to levels below I0/g. This
approach limits the applications to strictly centered objects.

In this paper we propopse a new approach to handle this prob-
lem. The main idea is to acquire two datasets, one at the opti-
mum level of g, which is required for soft tissue visualization,
the other one at a reduced entrance dose I0/g, to make sure, that
the detector is not saturated. Both datasets can be acquired dur-
ing one scan using an AEC (automatic exposure control) where
the pulselength of single projections can be varied.

II. METHOD

A. Multiple exposure–based data acquisition

The acquisition of the datasets p1 with intensity I0 and p2

with intensity I0/g would increase the radiation dose by a fac-
tor of 1+1/g. To avoid a significant increase of radiation dose
we propose a very sparse sampling in angular direction of the
dataset p2. In this study we used an undersampling factor of
20 regarding the required full sampling number of projections.
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Fig. 1. The left image shows the simulated dataset using a detector dynamic range of 7 bit. The amplification is g = 1, so that there is no saturation in air. The
poor soft tissue contrast visibility due to the insufficient detector dynamic is clearly visible. The second image is simulated with the same dynamic range but an
amplification of g = 4, which leads to a better soft tissue visibility but also to truncation artifacts and an HU shift due to saturated pixel values on the detector.
The right image shows the simulation at 9 bit dynamics, which is enough dynamic range to avoid saturation and loss of soft tissue visibility. All images are
simulated at the same dose level. All images are windowed C/W = 0 HU / 1000 HU.

Both datasets are reconstructed using a total variation–based it-
erative reconstruction. Additionally a statistical weight is in-
troduced into the reconstruction framework to account for the
different photon statistics of both datasets.

B. TV–constrained reconstruction

To solve the reconstruction problem we aim to minimize the
following cost function:

min ||∇ f (r)||1 subject to

((R1 f (r)− p1)
TW (R1 f (r)− p1)

+ (R2 f (r)− p2)
TW (R2 f (r)− p2))< ε. (1)

Here R1 and R2 denote the x–ray transform mapping the image
f (r) on the acquired raw data p1 and p2. W is a diagonal ma-
trix with the entries Wi,i = σ−2

q . The first term in equation 1
enforces a solution with the minimal total variation as described
in references [3–5]. To find a solution of equation an approx-
imative method, which has been developed for total variation–
constrained image reconstruction, is used. For a more detailed
description we refer the reader to reference [5].

III. SIMULATION

To simulate the effects of limited detector dynamics we as-
sume a monochromatic 70 keV x–ray spectrum and perform the
simulations and reconstructions in 2D parallel geometry with
512 projection angles and 512 rays per projection. Each ray in
parallel geometry is parametrized by the two parameters ϑ and
ξ such that xcosϑ+ ysin ϑ = ξ is the line of integration in the
x–y–plane.

The dataset used in our simulation is a CBCT of high quality
which was used as reference. Raw data for the simulations were
generated by forward projecting this dataset.

The line integrals obtained from the simulations are denoted
as p(ϑ,ξ). The ideal rawdata p(ϑ,ξ) will be deteriorated by
adding noise and simulating overexposure and discretization of
AD converters, as explained in the following subsections.

A. Relative Intensities

The simulated line integrals p(ϑ,ξ) are converted into relative
intensities as

q0(ϑ,ξ) = e−p(ϑ,ξ) . (2)

Since these and all following manipulations are done detector
pixel–wise we will drop the dependency on ϑ and ξ in the fol-
lowing.

B. Quantum Noise

We now add quantum noise as follows:

q2 = q1+N
√

q1/I0. (3)

Here, N is a normal–distributed random number with mean 0
and standard deviation 1. I0 is the number of detected quanta
if no object was in the x–ray path and if the detector had no
saturation limit. For this study, we chose a fixed I0 = 1.0×106

for all simulations.

C. Gain Factor

The previously defined gain is simulated by multiplying the
the noisy intensity data q2 with the gain factor g.

q3 = gq2. (4)

D. Electronic Noise

This step adds electronic noise by performing

q4 = q3+U 2−be . (5)

Here, U is an uniformly distributed random number in the inter-
val [− 1

2 ,
1
2 ]. be is the effective number of significant detector bits

induced by electronic noise. Note that be will be a non–integral
number in general although we restrict to integral numbers here.

E. AD Conversion and Saturation

Up to now, we performed all calculations in double precision
which can be considered as an infinite precision compared to
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Fig. 2. The upper row shows a straight–forward way to extend the detectors dynamic range by combining the fully sampled datasets p1 and p2 in the raw data
domain followed by standard FDK reconstruction. The second row shows the proposed method, where the dataset p2 is sampled very sparse with only 25
projections. All images are windowed C/W = 0 HU / 1000 HU.

the actual detector resolution. In this step, we assume that the
AD converter has a limited precision of bd significant bits, i.e.
it can deliver only 2bd distinct values. Note that usual detectors
hold bd > be, i.e. the detector dynamic range is usually limited
by electornic noise, not by AD conversion. In this study, how-
ever, we set bd = be ≡ b for convenience. It figured out that for
8 ≤ be ≤ bd the actual value of bd (i.e. discretization) does not
significantly affect the image quality.

We simulate discretization and saturation by the following
formula:

q5 = ε∨

q4(2b − 1)+ 1

2�

2b − 1
∧1. (6)

The maximum function clips to the small positive ε = 1
2 (2

b −

1)−1 to avoid q5 becomes zero (which would make trouble when
taking the log in the next step). The minimum function clips
the digitized value to the maximum relative intensity 1 which
corresponds to a saturation at Imax = I0/g quanta.

IV. RESULTS

The simulation was performed combining different bit scales
and gain factors of the detector. Note that the bit size describes
the electronic noise limited dynamic of the detector. In Figure 2
two methods of detector dynamic extension are shown. The first
row shows a straight–forward method where the two fully sam-
pled datasets p1 and p2 are combined in the raw data domain
and reconstructed using filtered backprojection. This method
leads to an effective increase of the dynamic range from 7 bits
to 9 bits as demonstrated in reference [2]. The increase of radia-
tion dose in this case is 25%. The second row in Figure 2 shows
the reconstruction using the proposed method. Here the increase

of radiation dose is 1.25% which can be easily compenstaed by
reducing the exposure dose of dataset p1 for this amount. Com-
paring the result to the simulation at 9 bit dynamic range (Figure
1) one can see that the image quality is comparable to the qual-
ity of a dataset using a more sensitive detector. The full abstract
will also show experimental CBCT data including quantitative
evaluations of the results presented here.

V. DISCUSSION

Extending the detector dynamic range in flat detector–based
CBCT is one crucial step towards quantitative soft tissue visu-
alization on CBCT systems. The method proposed in this paper
shows an efficient way to do this. Compared to hardware–based
methods (bowtie, multi gain), the method is extremely flexible
and can be adapted to a wide range of object sizes and dose set-
tings.
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Abstract—High quality (high resolution, contrast, and SNR) 

reconstructed x-ray/CT images can be achieved by emitting many 
photons with relatively high energy. Practical factors require a 
limited number of beams to reduce radiation dose, and minimal 
scanning time is desired to reduce motion artifacts. Compressed 
sensing can be a practical solution that accomplishes both goals 
with high image quality. However, perfect image reconstruction is 
non-achievable for limited measurements by -norm convex 
minimization. An alternate solution is -quasi-norm 
non-convex minimization, an NP-hard problem. To solve this 
practically, a  penalty is introduced as an 
approximation, and an efficient reweighted  minimization 
algorithm is proposed incorporating majorization-minimization, 
split-Bregman, and noise statistics. Moreover, a combined 
diagonal-symmetric preconditioner is proposed to resolve slow 
convergence caused by non-uniform Poisson noise variance. 
Simulation results exhibit almost perfect image reconstruction 
from limited measurements with rapid convergence. 

I. INTRODUCTION 
OMPRESSED SENSING (CS) can be applied to reconstruct a 
target image from few linear measurements that comprise 

a sparse subset of the full measurement. Assuming a system 
matrix  with , a sparsifying transform

, and observations , the most sparse solution 
 of  is ideally reconstructed using the cardinality 

of the vector, , as 
, s.t. .  (1) 

Because it remains strongly NP-hard [22], (1) is typically 
solved using -norm minimization when  satisfies several 
conditions including the restricted isometry property (RIP) [1], 
mutual coherence (MC) [2], and the null space property [2]. In 
practice, however, these conditions are too strong. Therefore, 
weaker sufficient conditions in terms of MC [20] and RIP [3] 
were developed to exactly recover sparse vectors by 

-quasi-norm minimization. Specifically, [21] presents 
another version of the weaker sufficient condition in [3] and 
deals with the more realistic case of noisy : 

, s.t. .  (2) 

Non-convex minimization using an -quasi-norm 
has been shown to recover sparse signals from fewer linear 
measurements than are required for -norm convex 
minimization [3], [21], [23]. Although this remains a strongly 

 
School of Electrical and Computer Engineering, Purdue University, West 

Lafayette, IN, USA. Email: chuni@purdue.edu, tmt@purdue.edu. 

NP-hard problem [5], it has been demonstrated in [3]-[5] that a 
local minimum can be computed in tractable time. 

Using the discrete gradient transform as a sparsifying 
operator, CS theory has been successfully applied to x-ray/CT 
image reconstruction from limited numbers of measurements 
[6]-[8], but these solutions have not accounted for physical 
constraints imposed on the measurements by the actual device.  
Based on [9], the combination of x-ray quantum noise and 
detector electronic noise can be modeled as a compound 
additive Poisson-Gaussian random variable. Note however, that 
the Poisson noise variance is non-uniform, resulting in the 
expectation of slow convergence for iterative methods.  

In this work, we use a -penalty 
function to approximate  and propose an efficient 

- and - dependent reweighted  minimization algorithm 
based on the combination of majorization-minimization (MM) 
and the split-Bregman (SB) method, and incorporation of noise 
statistics. The reweighted  minimization is known to recover 
sparse signals with lower error than a reweighted -norm 
minimization algorithm (e.g., FOCUSS) [10], and the SB 
method is known to exhibit rapid and efficient convergence, 
especially when using an -norm [11]. In contrast with the 
approach of splitting the non-uniform noise variance [12], we 
attacked the shift-variant component directly based on SB with 
a proposed combined diagonal-symmetric preconditioner based 
on the discrete cosine transform—dDCT—to decrease the 
number of splitting variables requiring update and to maintain 
rapid minimization convergence. The dDCT preconditioner 
exhibits faster convergence than any of diagonal, circulant 
(FFT, fast fourier transform), or combined diagonal-circulant 
(dFFT) [13] preconditioners. 

II. EFFICIENT STATISTICAL COMPRESSED SENSING X-RAY/CT 
RECONSTRUCTION WITH NON-CONVEX PENALTY FUNCTION 

A. Problem Formulation with  
from Majorization-Minimization to Compound Additive 
Poisson-Gaussian Noise 
First, the non-convex minimization problem (2) is 

transformed into a reweighted  convex minimization problem. 
Noting , we can 
approximate the -quasi-norm as 

  (3) 
taking advantage of Lipschitz continuity. By (3), (2) becomes: 

, s.t. . (4) 
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Given that any concave function is majorized by the tangent 
line, the following inequality holds for the 

-quasi-norm by linearization around : 
   (5) 

where . Because  is separable, we can 
construct the following majorization function: 

  (6) 
where ,  
denotes a dot product, and  indicates the element-wise 
absolute value. Minimizing the majorization function with an 
iterative scheme improves the estimated solution of (4):  

   
(7) 

which can be restated as the following convex MM algorithm: 
, s.t. ,   (8) 

where , , 
, and  denotes conversion of a vector into a 

diagonal matrix. Based on the general theory described in [14], 
[15],  converges to a local minimum of . 

The object linear attenuation coefficient image  is 
reconstructed with the following transformed unconstrained 
problem derived from the constrained problem (8) (from 
optimization theory, (8) and (9) are equivalent from the 
perspective that the two share the same solution): 

,  (9) 

where  is now the sparse forward projection matrix, 
and  is the measurement where  with 
incident photon count  and photon count measurement . In 
practice, the  may vary with projection, but we assume that 

 is constant. Note that because the projection angles and 
beams are not randomly spaced, they result in the uniform 
distribution of energy over the image and a structure which will 
guarantee rapid convergence. 

Although this method works well with Gaussian noise, the 
quadratic term becomes problematic in the presence of Poisson 
noise, such as in x-ray/CT. Because the variance of the noise in 
a Poisson model is proportional to the signal intensity, 
over-fitting and over-smoothing problems can result in high- 
and low-intensity regions, correspondingly. A weighting matrix 

 is used to resolve this problem: 

.  (10) 

Modeling  as a sum of Poisson random variables with mean 
, and the electronic readout noise as , then the 

variance of  can be derived to be , and the 
diagonal elements of  are given by 

  (11) 

where , because  is unbiased estimation of  [9]. 

B. Reweighted -Norm Minimization by Split-Bregman 
The -regularized problem (10) may be reduced to a 

sequence of unconstrained problems with a Bregman update:  

 
(12) 

             . (13) 

To solve  efficiently, we apply the SB technique to 
decompose the   and   components into two sub-problems, 
and solve by iterative minimization with respect to x and d:  

 (14) 

 (15) 

Note that (15) can be solved efficiently by an element-wise 
soft-shrinkage operator:  

where  and 
.  

Therefore, the total reconstruction time depends on the 
computational cost to solve (14), analytically as follows:  

,  (17) 
where , , 
and  denotes a linear system solver to obtain  
from K . If we choose an orthogonal sparsifying 
transform for , then . 

C. A Combined Diagonal/DCT Preconditioning Methods 
Because  is large, it is prohibitive to store and direct 

inversion is impractical. One of the well-known iterative 
methods to practically solve (17) when  is symmetric positive 
definite, is conjugate gradient (CG). However, CG converges 
slowly and an accurate preconditioner should be chosen for 
acceleration. For rapid convergence, (17) can be solved using 
preconditioned CG (PCG). We can intuitively consider the 
FFT-based preconditoner, because  has approximately 
Toeplitz-block-Toeplitz (TBT) structure. However, due to the 
non-uniform elements of , this is sub-optimal, and a different 
approach is warranted. Given  is only an approximate TBT 
matrix and that the point spread function (PSF) of  
(where  means that a single pixel at the center of the 
image domain is projected and then back-projected) will not be 
perfectly symmetric, a DCT-based preconditioner with the 

 Input: Measurement y, , , and  
 Pre-compute: dDCT preconditioner  

                       for  
 Initialize:  by CG, , and  
 While  do 
              by PCG  
              
              
              
 end 
 Output: Reconstructed image x 
Fig. 1. Efficient reweighted -norm minimization algorithm 
using SB method for statistical CS X-ray/CT reconstruction. 

,  (16) 
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Neumann-boundary condition can be more appropriate 
[16]-[18]. For the same number of iterations, the DCT 
preconditioner accelerates convergence by obtaining a more 
accurate solution for the TBT-like matrix, even for a strongly 
non-symmetric PSF [17], [18]. 

From [13], we can approximate  as follows: 
, (18) 

where , , and 

. Applying (18) yields the following approximation of : 
.  (19) 

Based on the DCT, (19) becomes 
,  (20) 

where  is the orthogonal two-dimensional DCT matrix and 
. (21) 

Finally, the dDCT preconditioner becomes  
. (22) 

This is expected to be a closer approximation to  than the 
diagonal, FFT, or dFFT preconditioners [13]. The additional 
multiplications associated with  are negligible relative to 
the two-dimensional DCT. Further, while the cost and storage 
requirements of the DCT are comparable to the FFT, savings 
can be achieved by use of real arithmetic rather than complex. 

III. SIMULATION RESULTS AND DISCUSSIONS 
Reconstruction algorithms were tested on a two-dimensional 

 NCAT chest phantom image with isotropic voxel 
size of 1 mm. The sinogram was generated with a  
fan-beam scanner, using 60, 72 or 90 views. The  rays 
encompass the entire image at  and are uniformly spaced. 
The ring diameter is assumed to be 1.024 m and the rotation 
range is . For simulation of noise, a compound additive 
Poisson-Gaussian noise is modeled as 

, (23) 

where  (the number of incident photons, chosen 
relatively high), the electronic noise variance , and 

. We assume that 100 keV photons (chosen 
relatively high) are emitted from the x-ray tube and the linear 
attenuation coefficient of the bone  [19].  

For the initial guess the least-square (LS) solution was 
obtained as  by CG with 100 iterations. For 

minimization, , . For  minimization, 
, , , and . The 

parameters  and  were experimentally determined based on 
best reconstruction accuracy for -norm minimization. The 
number of iterations for PCG is 2 with warm starting. For , 
instead of a discrete gradient transform, a discrete Haar 
orthogonal wavelet transform with filter size of 4 was used, 
because it is known better for less-clear edges and less-uniform 
contrast. The stopping criterion can be practically calculated as 
and the algorithm stops when it meets the target tolerance : 
 

 (24) 

Performance was evaluated using . 

A.  Reconstruction with Fewer Measurements 
Images were reconstructed from (60 views) 16.57%, (72) 

19.89%, and (90) 24.86% of the number of target image pixels, 
based on - and -regularized statistical CS reconstruction. 
In reconstruction accuracy, the -reconstruction outperforms 
the  approach and accomplishes almost exact image 
reconstruction with only 19.89% of the measurements (Fig. 2 
and Table 1). Fig. 3(b) shows that a larger number of 
measurements results in faster convergence and smaller error. 
Note that one cannot expect always to find a global minimum 
from the  algorithm. Use of the  solution as a starting point 
may produce a more effective solution as shown in Fig. 3(c). 

B. Convergence Rate of Reconstruction 
Fig. 3(a) shows that the dDCT preconditioner exhibits faster 

convergence than the dFFT, FFT, and diagonal preconditioners, 

 

(a) (b) (c) (d) 

 

(e) (f) (g) (h) 

Fig. 2. Reconstructed  NCAT phantom images (in ) from a -view noisy sinogram (19.89%):  (a), (e) 
Original image,  (b), (f) LS reconstruction ( ),  (c), (g) -regularized reconstruction, and (d), (h) -regularized reconstruction.
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for both of the - and -regularized reconstructions.  
The stability and simplicity of the MM algorithm frequently 

comes at the price of slow convergence: Fig. 3(a)-(b) illustrates 
the “waterfall” convergence behavior of the -regularized 
reconstruction. This problem can be resolved by 1) initiation of 
reconstruction with -regularization and LS initial guess and a 
switch to -regularization with the initial guess being the  
solution at a reasonable tolerance (Fig. 3(c)); 2) properly 
decreasing the approximation parameter, ; or 3) use of an 
acceleration approach for expectation-maximization. 

 

Table 1 

RMSE COMPARISON WITH DIFFERENT ALGORITHMS 
Algorithm 

(dDCT) 
Amount of measurement 

16.57% 19.89% 24.86% 
LS Recon.    

 Recon.    
 Recon.    

IV. CONCLUSIONS 
A statistical CS x-ray/CT reconstruction approach has been 

presented using a non-convex penalty function 
, based on MM, SB, and a dDCT preconditioner. 

The method can achieve almost perfect image reconstruction 
from fewer measurements than with  minimization, with 
faster convergence than using other known preconditioners. 
Preliminary simulation results with phantom images support 
these arguments. Future work seeks to accelerate the 
convergence rate of the MM-motivated algorithm. 

REFERENCES 
[1] E. J. Candès, “The restricted isometry property and its implications for 

compressed sensing,” Comptes Rendus Mathematique, 346(9):589-592, 
2008. 

[2] D. L. Donoho and M. Elad, “Optimally sparse representation in general 
(nonorthogonal) dictionaries via ℓ1 minimization,” Proceedings of the 
National Academy of Sciences, 100(5):2197-2202, 2003. 

[3] R. Chartrand, and V. Staneva, “Restricted  isometry properties and 
nonconvex compressive sensing,” Inverse Problems, 24(3):035020, 
2008. 

[4] Y. Shen and S. Li, “Restricted p–isometry property and its application for 
nonconvex compressive sensing,” Advances in Computational 
Mathematics, 37(3):441-452, 2012. 

[5] D. Ge, X. Jiang, and Y. Ye, “A note on complexity of Lp minimization,” 
Mathematical Programming manuscript, 2010. 

[6] H. Yu, and G. Wang, “Compressed sensing based interior tomography,” 
Physics in medicine and biology, 54(9):2791, 2009. 

[7] G. H. Chen, J. Tang, and S. Leng, “Prior image constrained compressed 
sensing (PICCS): a method to accurately reconstruct dynamic CT images 
from highly undersampled projection data sets,” Medical 
physics, 35(2):660, 2008. 

[8] J. Choi, M. W. Kim, W. Seong, and J. C. Ye, “Compressed sensing metal 
artifact removal in dental CT,” in Biomedical Imaging: From Nano to 
Macro, 2009. ISBI'09. IEEE International Symposium on, IEEE, 334-337, 
June 2009. 

[9] J. B. Thibault, C. A. Bouman, K. D. Sauer, and J. Hsieh, “A recursive 
filter for noise reduction in statistical iterative tomographic imaging,” in 
Proceedings of SPIE , 6065:264-273, January 2006. 

[10] E. J. Candes, M. B. Wakin, and S. P. Boyd, “Enhancing sparsity by 
reweighted ℓ1 minimization,” Journal of Fourier Analysis and 
Applications, 14(5), 877-905, 2008. 

[11] T. Goldstein and S. Osher, “The split Bregman method for L1-regularized 
problems,” SIAM Journal on Imaging Sciences, 2(2):323-343, 2009. 

[12] S. Ramani, and J. A. Fessler, “A splitting-based iterative algorithm for 
accelerated statistical X-ray CT reconstruction,” Medical Imaging, IEEE 
Transactions on, 31(3):677-688, 2012. 

[13] S. D. Booth and J. A. Fessler, “Combined diagonal/Fourier 
preconditioning methods for image reconstruction in emission 
tomography,” in Image Processing, 1995. Proceedings., International 
Conference on, IEEE, 2:441-444, October 1995. 

[14] M. S. Lobo, M. Fazel, and S. Boyd, “Portfolio optimization with linear 
and fixed transaction costs,” Annals of Operations Research, 152(1): 
341-365, 2007. 

[15] M. Fazel, H. Hindi, and S. P. Boyd, “Log-det heuristic for matrix rank 
minimization with applications to Hankel and Euclidean distance 
matrices,” in American Control Conference, 2003. Proceedings of the 
2003, IEEE, 3:2156-2162, June 2003. 

[16] P. C. Hansen, J. G. Nagy, and D. P. O'leary, “Deblurring images: 
matrices, spectra, and filtering,” vol. 3, Siam, 2006. 

[17] M. K. Ng, R. H. Chan, T. F. Chan, and A. M. Yip, “Cosine transform 
preconditioners for high resolution image reconstruction,” Linear 
Algebra and its Applications, 316(1):89-104, 2000. 

[18] R. Chan, T. Chan, M. Ng, W. C. Tang, and C. K. Wong, “Preconditioned 
iterative methods for high-resolution image reconstruction with 
multisensors,” In Proceedings to the SPIE symposium on advanced signal 
processing: Algorithms, architectures, and implementations, 3461: 
348-357, July 1998. 

[19] J. H. Hubbell and S. M. Seltzer, Tables of X-ray mass attenuation 
coefficients and mass energy-absorption coefficients 1 keV to 20 MeV for 
elements Z= 1 to 92 and 48 additional substances of dosimetric 
interest (No. PB--95-220539/XAB; NISTIR--5632). National Inst. of 
Standards and Technology-PL, Gaithersburg, MD (United States). 
Ionizing Radiation Div, 1995. 

[20] R. Gribonval and M. Nielsen, "Highly sparse representations from 
dictionaries are unique and independent of the sparseness 
measure." Applied and Computational Harmonic Analysis, 22(3): 
335-355, 2007. 

[21] S. Foucart and M. Lai, "Sparsest solutions of underdetermined linear 
systems via ℓq-minimization for 0<q≤1." Applied and Computational 
Harmonic Analysis, 26(3): 395-407, 2009. 

[22] B. K. Natarajan, "Sparse approximate solutions to linear systems." SIAM 
journal on computing, 24(2): 227-234, 1995. 

[23] I.Y. Chun and T. Talavage, “Fast Non-Convex Statistical Compressed 
Sensing MRI Reconstruction Based on Approximated 
Lp(0<p<1)-Quasi-Norm with Fewer Measurements than Using 
L1-Norm,” 21st Annual Meeting of the International Society for Magnetic 
Resonance in Imaging, 2013 

 

(a) 

 

(b)  (c) 

Fig. 3. Convergence of - and -regularized statistical reconstructions for NCAT phantom: (a) Comparison of different 
preconditioning methods (from -view sinogram, 16.57%).  (b) Convergence (with dDCT preconditioning) as function of 
number of views. (c) Convergence of -regularized reconstruction (with dDCT) with .  
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A. Problem formulation

Φ(x) =
1
2
‖y −Hx‖2 + βU(x)

U(x) =
∑

i,j∈Ni

wij(x̃)ψ(xi − xj)

x ≥ 0

x H

y
Hx x̃

wij(x̃) i j

{ }

x
i j

wij(x̃) = exp
{
−‖x̃[i] − x̃[j]‖2

δ2

}
[i] [j]

i j ‖ · ‖
x̃

x
wij(x̃)

Ni i wij(x̃)
j j i

j i
ψ(r) = r2

β ≥ 0 δ > 0
δ

wij(x̃)
x̃ δ wij(x̃)
β

x̃

x̃ =
1
4

4∑
i

FDKi([yi]).

i [yi]
i

B. The reconstruction algorithms

xk+1 = xk + αdk,

xk k dk

k
α > 0
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1) SSF:

xj,k+1 = �xj,k − 1
c + 8β

∑
j∈Ni

wij(x̃)
∇Φ(xk)�+,

c cI −H T H � 0

c λmax(HT H)
HT H c

∇Φ(xk)
2) PCD1:

xk+1 = xk − αM−1∇Φ(xk),

M � 0

M = diag(HT H) + 8β diag(
∑
j∈Ni

wij(x̃)),

dk = −M−1∇Φ(xk)

dk

xk xk ∈ R+

k

dk ← max
{−M−1∇Φ(xk),−xk

}
xk+1 = xk + αdk, 0 ≤ α ≤ 1

max
dk

xk ∈ R+ xk + dk ∈ R+ xk +αdk ∈
R+ 0 ≤ α ≤ 1

α Hdk

Hxk+1 = Hxk +αHdk

∇Φ(xk+1)

3) PCD2:

M
dk

pk = xk − xk−1

xk+1 = xk + αdk + βpk.

pk

xk + pk ∈ R+

0 ≤ α ≤ 1, 0 ≤ β ≤ 1, α + β ≤ 1.

xk ∈ R+ xk+dk ∈ R+ xk+pk ∈ R+

xk + αdk + βpk ∈ R+ xk + pk /∈ R+

β = 0
β

Hpk = Hxk −
Hxk−1

diag(HT H)
diag(HT H)

2

◦
◦

3

3

β
δ

w ij(x̃)

Ni

w ij(x̃)

N i

i

∼
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Transaxial

Coronal

Prior Image (Averaged FDK reconstruction from 4 sweeps)

= 6e 6

FDK

FDK

= 2e 5

(a) (b)

(c)

= 2e 5= 6e 6

(d)

(e)

δ
β = 500

δ

diag(HT H)

{ }

diag(HT H)

g(λ, u, w) =
∫ ∞

0

dtf(�a(λ) + t�θ),

�θ =
ueu(λ) + wew + Dev(λ)√

u2 + w2 + D2

ev = [− cosλ,− sin λ, 0]
eu = [− sinλ, cos λ, 0], ew = [0, 0, 1]

�a(λ) = [R cosλ, R sin λ, 0]
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Nonlinear diffusion constraints for reconstructing
subsampled rotational angiography data

Hélène Langet1,2,3, Aymeric Reshef1, Cyril Riddell1, Yves Trousset1, Arthur Tenenhaus3, Elisabeth Lahalle3,

Gilles Fleury3, and Nikos Paragios2,4,5

Abstract—Interventional imaging with cone-beam C-arm CT
often lacks sufficient sampling. Compressed sensing based recon-
struction algorithms have shown promising results to improve im-
age quality in this context using sparsity constraints. Compressed
sensing theory by itself assumes random measurements and �1-
penalties. In practice, benefits are seen with uniform subsampling
patterns. Here, we investigate substituting �1 total variation with
a nonlinear diffusion constraint and show on a clinical data set
that image quality is also improved. This result adds flexibility
to the design of CS-based algorithms as C-arm CT images may
not be so well approximated by piecewise constant functions.

Index Terms—Rotational angiography, iterative reconstruction,
compressed sensing, total variation, nonlinear diffusion

I. INTRODUCTION

Tomographic reconstruction is computed analytically

through filtered backprojection (FBP) whose discretization

defines sampling requirements. For interventional imaging

with C-arm systems, because of the low framerate of the

detector, the sampling is not as favorable as what is achieved

for diagnostic imaging with CT scanners. Image quality im-

provement is however much needed to increase the use of

tomography in the interventional practice.

As an alternative to FBP, iterative approaches translate the

tomographic problem into a discrete problem (see Sec. II-A)

to estimate a density mapping that fits the projection data

by optimizing a cost function such as weighted least square

(WLS). Because the solution cannot be uniquely determined

by the data, WLS has to be constrained. The recent devel-

opments of the compressed sensing (CS) theory highlighted,

in particular, the importance of �1 penalties for handling

subsampled data [1]. These penalties can be combined to WLS

through proximal algorithms as shall be recalled in Sec. II-B.

A CS-based algorithm was proposed for reconstructing

‘sparse vessels over a non-sparse background’ [2]. It solves a

series of WLS problems penalized by the �1-norm of the image

combined with positivity, whith decreasing levels of penaliza-

tion. It was shown to segment the high-intensity vessels and

thus significantly mitigate the associated subsampling artifacts,

while the background was progressively reintroduced. Such an

approach belongs to ‘homotopy’ strategies whose principle is

described in Sec. II-C.

The authors are with 1/ GE Healthcare (Buc, France), 2/ École Centrale
Paris, Center for Visual Computing (Châtenay-Malabry, France), 3/ Supélec
(Gif-sur-Yvette, France), 4/ École des Ponts ParisTech, Center for Visual
Computing (Champs-sur-Marne, France), and 5/ INRIA Saclay, GALEN team
(Orsay, France). Corresponding author: cyril.riddell@ge.com. This work was
supported by the CIFRE grant n◦ 936/2009 from the French Association
Nationale de la Recherche et de la Technologie (ANRT).

Assuming an image is piecewise constant, many works have

exploited penalization by the total variation (TV) for which

there exists efficient minimization algorithms. However, C-arm

CT images may not be so well approximated by piecewise

constant functions. On the other hand, nonlinear anisotropic

diffusion (NLAD) presents edge preserving properties similar

to TV without relying on the piecewise constant assumption.

Section II-D introduces a unified framework through the alter-

nating direction method of multipliers (ADMM) to compute

the proximal operators of TV and NLAD. Results on clinical

data are presented in Sec. III.

II. METHOD

A. Discrete tomographic problem

Let us denote f ∈ R
K the vector that is associated with

the imaged object, where K is the number of voxels in the

3D space. Coefficient (f)k represents the linear attenuation at

voxel k. Let us denote p ∈ R
J×N the vector that refers to the

set of measurements, where N is the number of angular posi-

tions and J is the number of measurements at each incidence.

Let us then denote R ∈ R
J×N×R

K the projection matrix that

models the rotational cone beam acquisition of p of f , where

a column of R refers to a given voxel, while a row refers to a

given measurement. The tomographic reconstruction problem

is described by the system of linear equations

Rf = p. (1)

This work aims at solving the reconstruction problem in the

underdetermined case where the measurements are severely

subsampled (N small), so that J × N � K. Hence, there

exists an infinity of solutions that are compatible with Eq. 1.

B. Penalized weighted least square (PWLS)

The selection of clinically relevant solutions can be carried

out through PWLS that consists in minimizing a functional

that is the combination of:

• fidelity term QW (f) = 1
2 (Rf − p)

T
W (Rf − p), where

.T refers to the transpose of a matrix and W to a positive-

definite weighting matrix (e.g. a statistical data noise

model);

• and penalty χ(Af), where χ is a convex function (not

necessarily differentiable) and A is a linear operator (e.g.

the identity operator as in [2] or a wavelet transform or

the gradient).
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Let us consider the λ-indexed PWLS problem:

(fχ◦A)λ = argmin
f∈RK

{
QW (f) + λχ(Af)

}
, (2)

where hyperparameter λ denotes the weight assigned to the

penalization. To solve Eq. 2, we rely on proximal splitting as

proposed by Combettes et al. [3] and split the optimization

process into an explicit gradient step for minimizing QW and

an implicit step applying the constraint χ on domain A through

the proximal operator

proxλχ◦A (f0) ≡ argmin
f∈RK

{
λχ(Af) +

1

2
‖f − f0‖22

}
. (3)

The computation of iterate f (i+1) is then given by

f (i+1) = proxτλχ◦A︸ ︷︷ ︸
implicit step

( f (i) − τ∇QW (f (i))︸ ︷︷ ︸
explicit gradient step

). (4)

C. Homotopy
When using �1-norms, the regularization path is defined as

the family of solutions (fχ◦A)λ of Eq. 2 when varying hy-

perparameter λ over [0,+∞[. Efron et al. [4] have shown that

there exists a series of values (λs) with 0 = λ1 < · · · < λmax,

such that the regularization path is a piecewise linear function

of λ:

(fχ◦A)λ =
λ− λs

λs+1 − λs
(fχ◦A)λs+1

+
λs+1 − λ

λs+1 − λs
(fχ◦A)λs

,

where λs+1 ≥ λ ≥ λs.

Given that the higher the constraint, the faster the convergence,

homotopy strategies were developed to compute (fχ◦A)λS

by computing a sequence of S solutions ((fχ◦A)λs
), where

λs varies from large to small values such that λ1 ≥ λs >
λs+1 ≥ λS and (fχ◦A)λs

is used as initialization to computing

(fχ◦A)λs+1
. In practice, each intermediate solution is only

approximated. The number of stages S is not known and

is instead set as a parameter that shall reflect some a priori
knowledge on the image structure.

The homotopy approach is relevant to low angular sampling

because the minimization of an underdetermined LS criterion

strongly depends on the initialization. In particular, if initial-

ized by the true image, sampling artifacts are not reintroduced

by the data fidelity term. Thus, minimization at a given λ
identifies a sparse approximation of the solution that best

fits the data with a level of sparsity that is proportional to

λ. Any sparse structure that actually belongs to the solution

will be kept when applying successive lower λ-values so

that the final solution verifies the data fidelity term. On the

contrary, if the approximation does not fit the data, it will be

removed by the subsequent minimizations. This is why this

approach is not relevant to fully sampled noisy data because

then the minimization of the LS criterion does not depend on

initialization. In this case, knowledge of the solution does not

eliminate the noise of the LS minimum so that the goal of

regularization is indeed to reach a biased solution to avoid an

overfitting of the data fidelity term.
We shall thus not use matrix W to model the noise in the

data, as it would slow the convergence for little benefit, at

least for strong λ.

D. Computing the proximal operator with ADMM

The proximal formalism covers all standard image pro-

cessing operations that are solution of a LS-based variational

approach. When constraint χ is the �1-norm, and when A = I ,

the proximal operator can be expressed as a soft thresholding

shrinkage operator:

proxλ‖.‖1
(f) = shrinkλ‖.‖1

(f) (5)

where (
shrinkλ‖.‖1

(f)
)
k
=

fk
|fk|

max(|fk| − λ, 0).

If we denote g = (gx, gy, gz) the gradient of image f , its

�1-norm can be defined either as anisotropic with

‖g‖1 =
K∑

k=0

‖gk‖1 =
K∑

k=0

|gxk |+ |gyk |+ |gzk|

or isotropic with

‖g‖1,2 =

K∑
k=0

‖gk‖2 =

K∑
k=0

√
|gxk |2 + |gyk |2 + |gzk|2

In the case of the isotropic norm, we have

proxλ‖.‖1,2
(f) = shrinkλ‖.‖1,2

(f), (6)

using the generalized shrinkage formula(
shrinkλ‖.‖1,2

(g)
)
k
=

gk
‖gk‖2

max(‖gk‖2 − λ, 0).

When A is orthogonal and of unit norm (e.g. wavelet trans-

form), one easily proves that

proxλχ◦A (f) = A−1 proxλχ (Af).

To enforce the piecewise constant nature of an image (i.e.

to preserve the edges and smooth out other areas), a common

approach is to penalize the image gradient with χ = ‖.‖1
or χ = ‖.‖1,2 , using g = Af = ∇f . Goldstein and Osher

[5] suggested the Alternating Direction Method of Multipliers

(ADMM) to calculate proxλχ◦A (.) even though A is not

invertible, by iteratively solving a quadratic problem involving

A and replacing proxλχ◦A (.) by proxλχ (.), which in this case

are the above defined shrinkage operators.

ADMM consists in splitting the problem into a joint min-

imization over both the image itself f and variable v = Af ,

thus leading to an optimization problem of the form

proxλχ◦A (f0) = f∗ (7)

where f∗ is computed according to

(f∗, v∗) = argmin
(f,v)

{
λχ(v) +

μ

2
‖v −Af‖22

+
1

2
‖f − f0‖22

}
(8)

with μ > 0. A generalized inversion of A is accomplished

through term ‖v −Af‖22. ADMM alternatively minimizes (8)

along direction f with v fixed, then along direction v with

f fixed. This requires to add a variable b that will track the

inversion error v −Af .
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When v and b are fixed to v(j) and b(j) the solution

f (j+1) = argmin
f

{
μ

2
‖v(j) − (Af + b(j))‖22

+
1

2
‖f − f0‖22

}
(9)

is quadratic and its implementation is independent from both

the regularization term λ and the regularization penalty χ.

When f and b are fixed to f (j+1) and b(j), the computation

of v(j+1) is made via

v(j+1) = proxλ
μχ (Af (j+1) + b(j)). (10)

Vector b is then simply updated as:

b(j+1) = b(j) + (Af (j+1) − v(j+1)). (11)

In the following we implement three filters with ADMM:

the anisotropic TV, the isotropic TV and the anisotropic

diffusion.

1) Anisotropic Total Variation (TV-1): The anisotropic TV

filter was pioneered by Rudin et al. [6] and is the proximal

operator that minimizes the anisotropic �1-norm:

proxλTV1 (f0) = argmin
f

{
λ‖∇f‖1+

1

2
‖f − f0‖22

}
. (12)

ADMM is thus applied with χ = ‖.‖1, A = ∇ and v = g.

Eq. 10 leads to the shrinkage formula in the gradient domain

g(j+1) = shrinkλ
μ‖.‖1

(∇f (j+1) + b(j)), (13)

2) Isotropic Total Variation (TV-2): The isotropic TV filter

is the proximal operator that minimizes the isotropic �1-norm:

proxλTV2 (f0) = argmin
f

{
λ‖∇f‖1,2+

1

2
‖f − f0‖22

}
(14)

and ADMM is now applied with χ = ‖.‖1,2, A = ∇ and

v = g. Eq. 10 now leads to the generalized shrinkage formula

in the gradient domain

g(j+1) = shrinkλ
μ‖.‖1,2

(∇f (j+1) + b(j)). (15)

Note that with TV, parameter λ plays both the role of a

threshold parameter in the shrinkage operators and a penaliza-

tion weight in the minimization problem. Thus, it both defines

an image scale (only edges whose gradients are greater than λ
remain after the shrink) and an amount of filtering (the higher

λ, the flatter the image).

3) Nonlinear anisotropic diffusion (NLAD): TV-2 mini-

mization is equivalent to solving

argmin
f

{
λ

4
‖ϕ(‖∇f‖22)‖22 +

1

2
‖f − f0‖22

}
, (16)

where ϕ(δ) = 2 4
√
δ, and c(δ) = ϕ(δ)ϕ′(δ) = 1√

δ
can be seen

as some degenerated diffusivity map with an infinite diffusion

in regions where ‖∇f‖22 tends to zero.

In the case of NLAD, function ϕ and c are replaced by

ϕγ and cγ such that cγ satisfies conditions discussed in [7].

Scalar γ plays the role of a scale parameter [8]: all gradients

whose norms are greater than γ are considered as edges and

are preserved by the map, while λ tells the strength of the

diffusion between the edges. Hence, the amount of edges we

want to keep is decorrelated from the amount of filtering

between the edges.

NLAD is again a proximal operator defined by

prox(λ,γ)NLAD (f0) = argmin
f

{
λ

4
‖ϕγ(‖∇f‖22)‖22

+
1

2
‖f − f0‖22

}
. (17)

Interestingly, ADMM can again be used here with A = ∇,

v = g and χ = ‖ϕ(‖.‖22)‖
2
. The quadratic problem of Eq. 9

is unchanged, but Eq. 10 now leads to the optimality condition

on the image gradient update g(j+1):[
1 +

λ

μ
cγ(‖g(j+1)‖22)

]
g(j+1) = ∇f (j+1) + b(j). (18)

Eq. 18 is nonlinear and hard to solve in general. To simplify

the problem we adopt the point of view of Chan and Shen [9].

We keep cγ as a fixed map from a previous approximation of

the image gradient g∗(j
′):

c(j
′)

γ = cγ(‖g∗(j
′)‖22). (19)

Eq. 18 is now linear and leads to:

g(j
′)(j+1) =

1

1 + λ
μc

(j′)
γ

(∇f (j+1) + b(j)). (20)

Thus, instead of shrinking ∇f (j+1) + b(j) as in TV, NLAD

weights it by a nonuniform multiplicative factor varying from
1

1+λ/μ to 1, depending on map cγ . When the scheme reaches

convergence to some image gradient g∗(j
′+1), the map is

updated from the current solution and problem (17) is solved

again, but with diffusivity map c
(j′+1)
γ .

Given NLAD parametrization, a regularization path can

mimic TV homotopy by varying γ from γmax > 0 to 0, while

keeping λ fixed at a high value.

III. EXPERIMENTS AND RESULTS

In the following, we consider a clinical non-injected acqui-

sition of 600 projections of the head and provide tomographic

reconstructions with homotopy of a uniformly subsampled

subset of 35 projections, which is far below a clinically

relevant number of projections but exemplifies how efficient

the algorithms can be. We rely on a data fidelity term where

W = D is the ramp filter that is positive and diagonal in the

Fourier domain. We consider a series of S = 11 minimization

problems, each of them being only approximately solved with

a gradient step set to τ = 0.9 and a single iteration in the

proximal splitting. We use the same ADMM framework for

both TV and NLAD minimizations with μ = 1. The quadratic

subproblem of Eq. 9 is solved with 6 Gauss-Seidel iterations.

ADMM algorithm ends after 50 iterations or if the condition

‖f (j+1) − f (j)‖/‖f (j)‖ < 0.5% is met. Both methods are

compared to classical non constrained reconstruction with

Feldkamp (FDK) algorithm.

For TV penalties, parameter λs decreases linearly from 600

to 0 in steps of 60. For NLAD, we keep a constant diffusion

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

40



Fig. 1. FDK reconstructions. WW = 500 HU - WL = 500 HU. Left: from
600 projections. Right: from 35 projections.

strength λ equal to 1000 and we decrease diffusivity map

threshold γs from 100 HU to 0 HU in steps of 10 HU. We

use Weickert’s diffusivity function [8]

cγ(s) =

{
1 (s ≤ 0)

1− exp
(

−3.315
(s/γ2)4

)
(s > 0)

. (21)

We compute the first diffusivity map from a smooth version

of the input in order to avoid false edge detections. We found

that the map converged within 2 passes.

Both TV and NLAD starting parameters are chosen to

provide similar filtering strength while removing all streak

artifacts.

Figure 1 (left) shows the FDK reconstruction from 600

projections. Due to various limitations in the measurement

process, the fully sampled image is not made of pure flat

areas as a CT scanner image. Figure 1 (right) shows the

FDK reconstruction from 35 projections, while Fig. 2 (top

left) shows the LS reconstruction obtained by iterating FDK.

Interestingly, iterative FDK and FDK reconstructions differ,

meaning that FDK does not fully satisfy the data fidelity

term at this low number of projections, with the LS solution

being smoother. All nonlinear constraints found solutions

to the data fidelity term of much higher image quality. In

this example, TV-1 (top right) shows slightly more artifacts

than TV-2 (bottom left), while NLAD (bottom right) visually

outperformed both TV penalties.

IV. DISCUSSION AND CONCLUSION

Compressed sensing based algorithms have been shown to

provide clear improvements when reconstructing rotational

angiography data that are affected by subsampling. The

technical conditions of the theory (�1-minimization, random

measurements) limits its rigorous applicability. Fortunately,

streak reduction is obtainable with TV even with a uniform

angular subsampling. Here, we replicated a homotopy strategy

with proximal operators using an alternative nonlinear LS

constraint. For the proposed parametrization on a specific

example, the latter constraint outperformed TV, suggesting it

better captured the fully sampled solution that is not perfectly

piecewise constant. Because the selected constraint is a well-

known filter, the procedure is highly intuitive and should allow

for an easier design of constraints for subsampled reconstruc-

tion. Thanks to ADMM, we were able to change the type of

constraints by essentially switching from a gradient shrinkage

Fig. 2. Iterative reconstructions from 35 projections. WW = 1000 HU - WL
= 1000 HU. Top left: LS reconstruction obtained by iterating FDK. Top right:
TV-1 reconstruction. Bottom left: TV-2 reconstruction. Bottom right: NLAD
reconstruction.

operation for TV to a nonlinear gradient scaling operation for

NLAD. Note, however, that NLAD could have been computed

with the scheme proposed by Weickert [8]. This scheme is

potentially faster and above all does not require the large

amount of memory space necessary for storing ADMM joint

variables.
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Robust Motion Estimation for On–Board CBCT
Imaging using an Angular Sampling Artifact Model

Marcus Brehm, Pascal Paysan, Markus Oehlhafen, and Marc Kachelrieß

Abstract—An additional kV imaging system next to the linear
particle accelerator provides valuable information in image–
guided radiation therapy (IGRT). However, due to the limited
gantry rotation speed during treatment the typical acquisition
time is much longer than the patient’s breathing cycle resulting
in low image quality.

Motion–compensated image reconstruction is an interesting
option and capable of providing high quality respiratory–
correlated 4D volumes. The particular challenge is to determine
the required motion vector fields for motion compensation.

For reasons of inter–fractional variations and shortest possible
duration of treatments, we avoid using knowledge from prior
scans and we do not impose specific requirements on the data
acquisition. The consequences are that state–of–the–art methods
for motion estimation suffer from image artifacts and tend to
match artifacts rather than anatomy.

We propose a robust motion estimation method using an
angular sampling artifact model that addresses the image artifact
problem. The method is a combination of two approaches. One
part is a cyclic registration method with temporal constraints like
cyclic breathing motion patterns. The second part is a second 4D
image series which models the angular sampling artifacts of the
gated 4D CBCT but which is free of respiratory motion.

We verified our motion estimation method by motion–
compensated reconstructions using simulated rawdata. Further-
more, we successfully processed patient data and the results
will be presented at the meeting. A low sensitivity on image
artifacts is shown. By using an angular sampling artifact model
the robustness is strengthened of the cyclic registration method
with temporal constraints. In this way, the motion is accurately
estimated and a motion compensation corrects for it.

Index Terms—image–guided radiation therapy, cone–beam
computed tomography, motion estimation

I. INTRODUCTION

ON–board cone–beam CT (CBCT) imaging provides valu-
able information in radiation therapy, e.g. for an accurate

patient positioning, for recalculation and verification of deliv-
ered dose to the patient on the treatment day, and for on–line
generation of new treatment plans (c.f. figure 1). However,
the maximum gantry rotation speed of 6◦ per second results
in long acquisition times. In thoracic imaging this leads to
severe artifacts like motion blurring and streaks in 3D CBCT
due to lung and heart motion.

Therefore, gated 4D CBCT has been proposed which con-
sists of a retrospective respiratory binning step followed by

Marcus Brehm and Prof. Dr. Marc Kachelrieß: Medical Physics in Radiol-
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Figure 1. State-of-the-art treatment delivery system with on–board imager
for 2D and 3D kV image guidance during radiation therapy.

independent reconstructions. However, the respiratory corre-
lation results in a large angular spacing between projections
used for a single reconstruction. This leads to strong streak
artifacts in gated 4D CBCT images.

Several attempts have been made so far to improve image
quality of 4D CBCT from on–board scans. Dedicated acqui-
sition techniques with particularly slow, multiple or adaptive
gantry rotation seek to reduce the streak artifacts. McKinnon
and Bates take a different approach by creating a correction
image that shows the same artifacts as the gated 4D CBCT
image and a subsequent subtraction of the images significantly
reduces those artifacts [1]. Other approaches consider that not
all patient regions are moving during the acquisition [2].

Motion–compensated image reconstruction [3] is a promis-
ing solution to the streaking problem of respiratory–correlated
reconstructions. Here, respiratory motion is compensated via
motion vector fields (MVF) and all projection data are thus
applied for image reconstruction without a loss in temporal
resolution. But inter– and intra–fractional variations in tissue
and motion pattern call for up–to–date vector fields. Thus, the
necessary MVFs have to fit to the acquired on–board CBCT
data. With this in mind, one possible option is to estimate
the MFVs based on the gated 4D CBCT images. However,
a robust motion estimation is required because of the severe
angular sampling artifacts of gated 4D CBCTs.

Possible solutions of MVFs obtained from an image–based
motion estimation consist of two components due to the
angular sampling artifacts. One part represents the patient
motion and the other contains an artificial motion pattern
induced by the co–registration of artifacts. Constraints like
the cyclic breathing motion pattern have to be incorporated to
remove the artificial motion pattern from the MVFs.

Here, we propose a robust motion estimation method that
combines a cyclic registration approach with a model for
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image artifacts due to angular sampling. For this purpose the
artifacts are simulated within a second 4D image series free
of patient’s respiratory motion by using the 3D CBCT image.
A prior image is generated to suppress the information about
patient’s motion included in the 3D CBCT image. Information
from the second 4D image series is used to improve the
robustness of motion estimation by an enhanced separation
of patient’s respiratory motion from the artificial one.

II. MATERIALS AND METHODS

A. Simulations

Simulations were carried out for evaluation. The geometry
of the On–Board Imager’s R© and TrueBeam’sTM integrated kV
imaging unit (Varian Medical Systems, Palo Alto, CA) is basis
of the acquisition configuration. To simulate projection data
we used a clinical CT reconstruction of a patient thorax as a
phantom. We created realistic MVFs to simulate respiration.

The deformation intensity is direction–sensitive with a max-
imum of 2 mm in posterior–anterior and 20 mm in superior–
inferior direction. The deformation is directly coupled to the
RPM signal, which was set to be continuous with a rate of
15 respirations per minute. The field of measurement was
extended to 46.5 cm by a shifted detector. The rotation speed
was set to the maximum of 6◦ per second. Quantum noise was
added to the simulated projections to obtain an image noise
level of 60 HU in 3D CBCT images.

B. Phase–Correlated Feldkamp (PCF) Reconstruction

We use the well–known Feldkamp–Davis–Kress (FDK)
filtered backprojection as our standard reconstruction algo-
rithm [4] and shifted detector weighting is done according
to reference [5]. Continuity and periodicity of respiratory
motion allow to correlate each respiratory phase with the
corresponding projection data. In this work the projections
were associated by a retrospective phase gating. The cycle
itself is subdivided into several subsets (bins) of finite length
called phase windows.

To obtain gated 4D CBCT images a phase–correlated Feld-
kamp (PCF) reconstruction considers the relation between
projection data p and respiratory phase by just using the
projections associated to one phase (window) and discarding
all the other projections. For an arbitrary phase bin n the
corresponding operator is denoted as X

−1
PCF(n) such that the

respective PCF image fPCF(n) is given by fPCF(n) = X
−1
PCF(n) p.

C. Motion–Compensated (MoCo) Image Reconstruction

In contrast to the subdivision into bins for gated 4D
CBCT, all projection data are applied for motion–compensated
(MoCo) image reconstruction. To prevent the high dose usage
being at the expense of the temporal resolution, respiratory
motion is compensated via motion vector fields (MVFs).

The relation between two arbitrary respiratory states ri, rj
is described by fi = fj ◦T

i
j , where fi = fPCF(i), fj = fPCF(j)

are the respective phase volumes with f = f(x, y, z), and Ti
j

a transformation describing the MVF. Given a retrospective
phase gating with N phase bins and also given that the

transformations T i
j are known for each phase pair (i, j) ∈

N × N , the motion–compensated reconstruction fMoCo(i) for
an arbitrary respiratory phase bin i ∈ N is described by

fMoCo(i) =

N∑
j=1

(
X
−1
PCF(j) p

)
◦ T i

j .

I.e., to compensate for respiratory motion each single phase–
correlated backprojection is warped by applying the motion
vector fields T i

j corresponding to the respiratory motion.

D. Robust Motion Estimation Using an Artifact Model

1) Cyclic Registration with Temporal Constraints: A cyclic
registration method with temporal constraints [3] being based
on the demons algorithm [6] is part of our robust motion
estimation strategy. Due to a potential interference by image
artifacts as it is the case for gated 4D CBCT images, a cyclic
approach is used. There, motion is estimated between adjacent
phases only and MVFs of non–adjacent phases are given by
concatenation of MVFs from adjacent phases (c.f. figure 2).

Figure 2. Illustration of the cyclic registration: fj denotes the source images
for the phase bins j ∈ [1, N ]. The motion vector fields Tj+1

j
describe the

corresponding motion in–between two adjacent phase bins. The approach can
also be applied in reverse order.

In addition to the cyclic approach, the assumption of a
periodic breathing pattern is applied as temporal constraint
by the cost function

E :=
N∑

k=1

‖Ek‖
2 :=

N∑
k=1

∥∥∥∥∥∥
⎛
⎝N+k−1∏

j=k

Tj+1
j

⎞
⎠− Id

∥∥∥∥∥∥
2

,

where
∏

denotes the noncommutative concatenation of several
vector fields, i.e.

∏N

j=1 T
j+1
j = T2

1 ◦ T3
2 ◦ . . . ◦ T1

N . Note
that all indices are to be understood modulo N . Here, the
deviation of each vector field concatenation and the expected
identity mapping Id is penalized. The error or cost function
E is minimized by the iterative scheme over k

j = k : Tj+1
j ← Tj+1

j −
Ek

N

j �= k : Tj+1
j ← Tj+1

j −
Ek ◦

∏j−1
l=k T

l+1
l

N
,

that incorporates the additional information from the concate-
nation error vector fields Ek into the approximated motion
vector fields Tj+1

j (more details in reference [3]).
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2) Motion–Free Model for Angular Sampling Artifacts:
While non–cyclic parts of the artificial motion induced by an-
gular sampling artifacts are eliminated by a cyclic registration
approach, cyclic parts may remain. The goal is to separate
also the cyclic components of respiratory motion and artificial
motion. For this purpose we create a second series of 4D
images, called 4D artifact images, that contain similar angular
sampling artifacts while being free of patient motion.

By using the 3D CBCT image to generate this series,
it has to be considered that respiratory motion is included
in the 3D CBCT image. To suppress the information about
patient motion, we generate a prior image first, similar to that
prior image in [7]. For this purpose, air regions, soft tissue
regions, and bone regions have to be identified first. This is
done by applying a simple thresholding with automatically
chosen thresholds to segment the different types. Finally, the
segmented air and soft tissue regions are set to the mean value
of the particular region. Bone pixels keep their values, as they
vary too much to properly model them with just one value.

Figure 3. Prior image derived from 3D CBCT by simple thresholding to the
segments air, soft tissue, and bone. Due to the presence of contrast agent some
parts were classified as bone which were expected to be soft tissue.

The resulting prior image (c.f. figure 3) is forward projected
in the same geometry as the rawdata were acquired. These
simulated projection data are retrospectively binned by the
same respiratory signal as the rawdata have been binned for the
gated 4D CBCT. A phase–correlated Feldkamp reconstruction
yields the 4D artifact images.

3) Robust Motion Estimation Using an Angular Sampling
Artifact Model: Our proposed motion estimation method is
illustrated as a flowchart in figure 4. Two separate registrations
are performed using a cyclic registration approach, one for the
gated 4D CBCT images on the one hand and one for the 4D
artifact images on the other hand. The resulting vector fields
from the gated 4D CBCT contain cyclic parts of both, patient’s
respiratory motion and angular sampling artifacts. Possible
non–cyclic parts are eliminated by a cyclic registration as
already mentioned. The results from the 4D artifact images
contain only cyclic parts induced by the artifacts. The final
step is to subtract these error approximations from the MVFs
derived by gated 4D CBCT.

III. RESULTS

PCF reconstructions and MoCo reconstructions were con-
ducted for subsets with size Δr = 10% and with a step size
of 5%, i.e. for 20 overlapping subsets.

Figure 5 shows mid–exhale phase bin views for different
reconstruction techniques. Using the entire projection data
without regard to respiratory phase 3D CBCT results in
motion–induced blurring and streaking indicated by arrows.

Figure 4. Illustration of the robust motion estimation method using an
angular sampling artifact model: First a prior image is generated from the
3D CBCT by simple thresholding. A second 4D image series is derived
by forward projection and gated reconstruction. For both 4D image series,
gated 4D CBCT and 4D artifact images, MVFs are estimated using a cyclic
registration approach. Finally, the results are combined and can be used for
motion compensation.

Gated 4D CBCT comes with a high temporal resolution
and reduced motion blurring. But its image quality is highly
deteriorated by sparse–view artifacts like increased noise and
prominent streak artifacts. Finer details like the pulmonary
blood vessels cannot be identified.

To demonstrate, how important it is to consider the presence
of sparse–view artifacts, we also show results for sMoCo,
a standard motion compensation with conventional motion
estimation. Here, the MVFs are obtained directly from their
corresponding phase pair images applying a non–cyclic reg-
istration algorithm. Figure 5 shows sMoCo images that are
strongly deteriorated by streaks and partially suffer from a
low temporal resolution. In particular, lung details are blurred
and impaired by streaks.

The results of aMoCo, a motion compensation using MVFs
obtained from the artifact model–based motion estimation,
show a similarly high temporal resolution like gated 4D
CBCT. In contrast to gated 4D CBCT images the streaks are
almost completely suppressed. Pulmonary blood vessels can
be clearly seen in the aMoCo images.

To highlight also the importance of the artifact model,
we performed a motion compensation (cMoCo) using MVFs
obtained from cyclic registration directly. The results for both
motion compensations, with and without using the angular
sampling artifact model, are shown in figure 6. Cyclic parts
induced by the angular sampling artifacts remain such that
there are artifacts visible in cMoCo indicated by arrows, in
particular in regions not affected by respiratory motion like
the spinal region. These artifacts are suppressed by aMoCo
due to the improved separation of cyclic patient motion from
cyclic motion induced by angular sampling artifacts.

The so far qualitative results are supported by root mean
square error (RMSE) measurements. Because of the heavy
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Figure 5. Ground truth and reconstructions of the simulated patient using different reconstruction techniques: A transversal (top row), a coronal (middle row)
and a sagittal view (bottom row) of the mid–exhale phase bin is shown here. The ground truth (first column left), the standard Feldkamp reconstruction (second
column left), the phase–correlated Feldkamp reconstruction (middle column) as well as the results of motion compensation using MVFs from a standard
motion estimation (sMoCo, second column right) and from our proposed artifact model–based motion estimation (aMoCo, first column right) are shown for
the simulation. All images are displayed at a grayscale window of C = −200 HU, W = 1400 HU.

streak artifacts the PCF reconstruction results in the greatest
RMSE value of 473 HU. The visual impression of lowest
motion blurring and lowest artifact impact in aMoCo images
is confirmed by the lowest RMSE value of 122 HU compared
to 183 HU for FDK and 156 HU for cMoCo.

IV. SUMMARY AND DISCUSSION

We proposed a robust motion estimation method using an
angular sampling artifact model to compensate for motion in
case of on–board kV imaging units in radiation therapy. It
separates patient’s respiratory motion from cyclic and non–
cyclic artificial motion parts induced by the angular sampling
artifacts within the gated 4D CBCT images.

Figure 6. Increased robustness: A close–up of the spine region is shown
for the 3D CBCT, and the results of motion compensation using MVFs
from cyclic registration only (cMoCo) and from artifact model–based motion
estimation (aMoCo). Artifacts within results of cMoCo are eliminated by
aMoCo. All images are displayed at a grayscale window of C = 0 HU, W =
1000 HU.

This can be managed with the help of a cyclic registration
with temporal constraints and an artifact motion model based
on a series of second 4D image series, called 4D artifact
images, which models the angular sampling artifacts of the
gated 4D CBCT but free of patient’s respiratory motion.

Based upon the model-based motion estimation a motion
compensation aMoCo is possible which almost completely
suppresses streak artifacts compared to the 4D CBCT images,
while maintaining the high temporal resolution. The crucial
part and therefore the enabling technique for motion estimation
in the presence of image artifacts is the incorporation of the
knowledge of a cyclic motion patterns and the incorporation
of an artifact model. The temporal constraints are maintained
by the model–based correction. Even more, the introduction
of new artifacts is avoided by refining the motion vector fields
instead of corrections on the volumes. Thus, the robustness
of cyclic registration methods with temporal constraints is
strengthened.
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Abstract—Our goal is to develop a fully four-dimensional 
computed tomography (CT) reconstruction algorithms for time 
resolved, low dose cardiac CT imaging. Toward this goal, two 
steps are required. First, cardiac motion is obtained by 
projection-based motion estimation, Second, motion 
compensated image reconstruction of a time-dependent 
deforming object from cone-beam projections is performed by 
utilizing the obtained cardiac motion.  

Index Terms—Computed tomography, motion estimation, 
motion compensation.  
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Opening Windows – Increasing Window Size in
Motion-Compensated ECG-gated Cardiac

Vasculature Reconstruction

Chris Schwemmer, Christopher Rohkohl, Günter Lauritsch, Kerstin Müller, and Joachim Hornegger

Abstract—In interventional angiographic C-arm CT imaging
(rotational angiography), 3-D reconstruction of coronary vascu-
lature is a topic of ongoing research. Due to the slow gantry
rotation speed, motion artefacts corrupt image quality. Many
approaches use retrospective ECG-gating to limit data incon-
sistencies during reconstruction. This poses a trade-off between
gating window size and artefact level. A large gating window
reduces undersampling artefacts, but increases motion artefacts
and vice versa.

In this paper, we investigate how motion compensation can
be used to successively increase the gating window size in a
bootstrapping process. We use a deformable 2-D–2-D registration
between the acquired projection data and a forward projection of
the previous reconstruction to estimate motion inside the current
gating window. We evaluated the approach using the publicly
available CAVAREV platform and on six human clinical datasets.
We found that an increased gating window size leads to better
homogeneity and resolution of fine detailed structures and a
reduction of undersampling artefacts, while motion artefacts can
be controlled well up to a gating window size of 80%, depending
on speed and amplitude of the motion. In addition, the use of
more projection data allows for a sharper ramp filter kernel,
increasing the sharpness of the reconstructed structures. The
CAVAREV results showed a 10% improvement over the best result
published online at the time of this writing.

I. INTRODUCTION

During coronary interventions, three-dimensional informa-
tion can provide improved guidance and easier assessment,
especially for complex vessel topologies. For intra-procedural
imaging, an angiographic C-arm CT system is a readily
available modality. But the slow rotation speed of these devices
limits their temporal resolution. This leads to motion-related
artefacts like motion blur and streak artefacts. A retrospect-
ively ECG-gated reconstruction of the X-ray projection data
improves temporal resolution. Only images from a specific
heart phase contribute to the reconstruction. However, this
presents a trade-off regarding the gating window size. Pro-
jection images within a small gating window are expected
to display a similar motion state. But the small amount of
data in turn leads to undersampling artefacts that strongly
decrease 3-D image quality. On the other hand, a large gating
window avoids undersampling artefacts, but then residual
motion within the gated projection data again leads to motion
artefacts.

It has been shown in previous work that motion compensa-
tion can be used to correct for residual motion in ECG-gated
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Further Iterations
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Figure 1: Illustration of our algorithm.

reconstruction [1], [2]. These approaches have in common that
first, a reference image is reconstructed, that is then used for
the motion estimation. Since this image needs to show as little
motion-related artefacts as possible to allow for a stable motion
estimation, a smaller gating window is preferred. The resulting
undersampling artefacts can be reduced by using a smooth
ramp filter kernel, which unfortunately also reduces spatial
resolution. But still, motion estimation for projection images
far from the reference heart phase (large gating window) is
difficult. Therefore, in this paper, we investigate whether and
how motion estimation and compensation can be used to
“bootstrap” a reconstruction with a large gating window and
a sharper kernel in an iterative manner.

II. METHODS

A. Motion Estimation and Compensation Algorithm
An overview of the motion estimation and compensation

algorithm we used can be seen in Fig. 1. Most parts were
published in [2], where a detailed description can be found. In
the first step, an initial ECG-gated reconstruction is performed.
In the second step, non-vascular tissue is removed by a
thresholding operation. The vascular structure is forward pro-
jected using a maximum intensity forward projection. In step
three, the original projection images are pre-processed using
a morphological top-hat operation [1] and a thresholding, so
that non-vascular tissue is also removed as much as possible.
In the fourth step, the pre-processed original projections and
the forward projections are registered using deformable 2-D–
2-D registration in a multi-resolution scheme. In step five, a
motion compensated, ECG-gated reconstruction is performed
using the deformation field from the registration step. In the
sixth step, the procedure is repeated for further refinement
using the same or different gating parameters.

A set of parameters is available for our algorithm. All ECG-
gated reconstructions are defined by the reference heart phase
hr and the size and shape of the gating window centred around
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hr. hr ∈ [0, 1] is expressed as a fraction of the heart cycle. The
gating window is of cosa shape [3], where a ≥ 0 controls the
edge steepness. The total size ω ∈ [0, 1] is given as a fraction
of the heart cycle. For all gated reconstructions, streak reduc-
tion [4] was performed. Thresholding of the reconstructions
before forward projection was performed by retaining only
the tr percentile of the largest voxel values. Thresholding of
the original projections after top-hat filtering was performed
by retaining only the tp percentile of largest pixel values.

The current motion model is a combination of affine motion
and deformable motion, where the latter is modelled by
uniform cubic B-splines. We used only the affine part on the
lower resolution levels and both parts on the higher levels. The
B-spline model is parametrised by the number of control points
c in each dimension. The cost function for registration was
normalised cross-correlation and the optimisation was driven
by a gradient descent method.

B. Bootstrapping Method
Since the initial reconstruction must be performed without

any motion compensation, a small gating window (here:
ω = 0.4) is needed to avoid residual motion as much as
possible. Still, remaining motion inside that window degrades
image quality, which can be compensated by the algorithm
described in Section II-A. A direct increase of ω in the first
iteration is difficult for two reasons: Both residual motion
and undersampling artefacts from the small window size limit
the quality of the reference image, increasing the chance
of misregistration during motion estimation. In addition, the
amount of motion within the gating window increases with ω.
A motion model with a larger c would then be desirable, which
in turn decreases numerical stability. We therefore increase
ω in an iterative fashion. For a certain ω, residual motion
is compensated and the result used as a reference image for
a new iteration with increased ω. Since a large number of
parameter combinations is possible, we used CAVAREV to
evaluate different choices and selected the best candidates for
the final evaluation on clinical data.

C. Experimental Setup
1) CAVAREV: CAVAREV [5] is a publicly available plat-

form for the evaluation of cardiac vasculature reconstruction
algorithms. We used the cardiac motion-only dataset for our
evaluation, assuming a strict breath-hold protocol. This dataset
consists of 133 simulated projection images created from a
software phantom that shows a thorax and contrasted left and
right coronary arteries. Each projection image has a size of
960 × 960 pixels and an isotropic pixel size of 0.32 mm.
Source-isocentre-distance was ~80 cm and source-detector-
distance ~120 cm. The reconstructed 3-D volumes have an
isotropic voxel size of 0.5 mm and a size of 983 mm3. The
reference heart phase was selected as hr = 0.90.

We created motion compensated reconstructions with 0
(initial reconstruction), 1, 2 and 3 iterations of our algorithm.
Iterations 0 to 2 used ω = 0.4, while in iteration 3 reconstruc-
tions with ω = 0.8 and ω = 1.0 were tested. In addition, each
reconstruction was both done with a smooth and a normal
kernel. After all experiments with 2 iterations, we selected
the best scoring reconstruction for forward projection for the
remaining experiments with 3 iterations.

Table I: Clinical datasets used for the evaluation. The number
of projections correspond to 40%, 80% and 100% gating.

Dataset 3-D Img. Vol. [mm3] Heart Rate [bpm] #Projs. Used

LCA1 1402 × 101 77 ± 0.1 53 / 106 / 133
LCA2 1522 × 107 58 ± 0.4 53 / 105 / 133
LCA3 1522 × 114 52 ± 0.7 54 / 106 / 133
RCA1 1522 × 110 68 ± 1.5 53 / 105 / 133
RCA2 1312 × 109 71 ± 2.1 53 / 105 / 133
RCA3 1432 × 119 54 ± 1.9 54 / 107 / 133

Table II: Motion model configuration for the experiments.

Resolution Level
Low Med High

1. & 2. Iter. affine affine +B-spline, c = 6
3. Iter. affine +B-spline, c = 6 +B-spline, c = 12

2) Human Clinical Datasets: Six human clinical datasets
were used for the evaluation (cf. Table I): In LCA1, LCA2
and LCA3, a left coronary artery was imaged. The patient
in dataset LCA2 had a total occlusion in the proximal part
of the LAD, which means that no contrast agent reached
the LAD beyond this point. In RCA1, RCA2 and RCA3, a
right coronary artery was imaged. All datasets were acquired
using a five second rotational angiography with selective
contrast agent administration (1–2 ml/s) on an Artis zeego
C-arm device (Siemens AG, Healthcare Sector, Forchheim,
Germany). Source-isocentre-distance was ~80 cm and source-
detector-distance ~120 cm. Each dataset consists of 133 pro-
jection images with a size of 1240×960 pixels and an isotropic
pixel size of 0.308 mm. The reconstructed 3-D volumes have
an isotropic voxel size of 0.5 mm. The reference heart phase
was selected as hr = 0.75 for all human datasets.

Again, we created motion compensated reconstructions with
0, 1, 2 and 3 iterations. A smooth kernel was used for iterations
0 to 2 and both kernels were tested for iteration 3, due to the
results of the CAVAREV evaluation (cf. Section III-A). As in
the CAVAREV experiments, a 40% gating window was used
for iterations 0 to 2 and both 80% and 100% for iteration 3.

3) Common Parameters: Thresholding was performed at
tr = 0.005 and tp = 0.2. The size of the morphological
kernel for top-hat filtering was 3.85mm. We employed a
multi-resolution registration scheme with 3 levels. The motion
model configuration for the different experiments is listed
in Table II. The maximum number of optimisation steps
on each level was set to 200 for the affine and 250 for
the deformable registration. Optimisation was stopped if the
gradient magnitude of the NCC was below 3 · 10−4. For
ω = 0.4 and ω = 0.8, a cos4 window was used, i.e. a = 4.
For ungated reconstructions (ω = 1.0), a = 0 was used. Streak
reduction was used for ω = 0.4 and ω = 0.8.

D. Evaluation
Qualitative evaluation was carried out visually. The quantit-

ative evaluation of the CAVAREV experiments was done using
the metric Q3D ∈ [0, 1] provided by the platform [5], which
describes the morphological similarity of a reconstruction to
the ground truth data. Q3D = 1 would indicate the best
possible value.
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Table III: CAVAREV results. The percentage is the size of the
gating window ω.

Q3D

Initial, smooth kernel 0.744
Initial, normal kernel 0.739

1 Iter., 40%, smooth kernel 0.776
1 Iter., 40%, normal kernel 0.771

2 Iter., 40%, smooth kernel 0.776
2 Iter., 40%, normal kernel 0.773

3 Iter., 80%, smooth kernel 0.808
3 Iter., 80%, normal kernel 0.810

3 Iter, 100%, smooth kernel 0.805
3 Iter, 100%, normal kernel 0.821

For the quantitative evaluation of the human clinical data-
sets, we calculated the vessel sharpness [6] of continuous
vessel segments along each reconstructed tree. We selected the
same branch along the LAD and LCX of each left coronary
dataset, and the main branch of each right coronary artery
dataset. The average lengths of the selected branches were
198 mm (LAD for LCA1 and LCA3), 174 mm (LCX) and
183 mm (RCA). The LAD of dataset LCA2 could only be
segmented for the first 79 mm due to the occlusion. Along each
branch, sharpness measurements were taken with a spacing of
1 mm and the reported values are the average values of all
measurements for that branch.

III. RESULTS AND DISCUSSION

A. CAVAREV Experiments and Parameter Selection
Table III lists the Q3D values for the CAVAREV experiments

(Q3D = 0.744 is the best value published online at the time of
this writing). For this dataset, a second iteration with ω = 0.4
and a smooth kernel does not change the result measurably. In
addition, it can be seen that a smooth kernel leads to slightly
better Q3D values. From a theoretical viewpoint, ω = 0.4
results in a low number of projections used for reconstruction,
promoting undersampling artefacts. These are amplified by
a sharper kernel. Therefore, we suggest a more conservative
smooth kernel for both the initial and all motion compensated
reconstructions that use a 40% gating window size. If a
larger gating window is used, an improved reconstruction
of the vasculature can be obtained, as shown by the higher
Q3D scores. Additionally, a sharper kernel does improve the
achievable quality, since undersampling artefacts are not as
dominant anymore.

Volume renderings of the reconstructions of selected para-
meter combinations can be seen in Fig. 2. Comparing Fig. 2b
(ω = 0.4) and 2c (ω = 0.8), a clear decrease in artefact level
can be observed as indicated by the arrows. In addition, vessel
structures appear more homogeneous with a better visibility of
distal parts. While an ungated reconstruction further improves
vessel homogeneity, motion blur and an increase in artefact
level can be observed in Fig. 2d.

B. Human Clinical Datasets
Table IV shows the vessel sharpness values for all data-

sets and reconstructions. Over all datasets, vessel sharpness
decreased when going from a 40% to an 80% or 100%

(a) (b)

(c) (d)

Figure 2: Reconstruction results of the CAVAREV dataset.
(a) Initial reconstruction. (b) 2 iter., 40%, smooth kernel.
(c) 3 iter., 80%, normal kernel. (d) 3 iter., 100%, normal kernel.
The grey scale window was 1000 HU.

Table IV: Average vessel sharpness in 1/mm. The percentage
is the size of the gating window ω, s.k. denotes smooth and
n.k. normal kernel.

(a) Left coronary arteries.

LCA1 LCA2 LCA3
LAD LCX LAD LCX LAD LCX

Initial 0.410 0.368 0.324 0.354 0.453 0.423
1 Iter., 40%, s.k. 0.482 0.446 0.443 0.479 0.512 0.511
2 Iter., 40%, s.k. 0.486 0.464 0.451 0.484 0.524 0.516

3 Iter., 80%, s.k. 0.457 0.441 0.355 0.400 0.497 0.495
3 Iter., 80%, n.k. 0.550 0.523 0.498 0.543 0.633 0.589

3 Iter, 100%, s.k. 0.387 0.387 0.367 0.409 0.429 0.481
3 Iter, 100%, n.k. 0.451 0.456 0.467 0.528 0.537 0.555

(b) Right coronary arteries.

RCA1 RCA2 RCA3

Initial 0.358 0.375 0.447
1 Iter., 40%, s.k. 0.500 0.457 0.483
2 Iter., 40%, s.k. 0.515 0.460 0.484

3 Iter., 80%, s.k. 0.481 0.436 0.451
3 Iter., 80%, n.k. 0.546 0.509 0.535

3 Iter, 100%, s.k. 0.451 0.410 0.427
3 Iter, 100%, n.k. 0.513 0.475 0.491
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(a) (b)

(c) (d)

Figure 3: Reconstruction results of dataset LCA3 (left anterior
oblique view). (a) Initial reconstruction. (b) 2 iter., 40%,
smooth kernel. (c) 3 iter., 80%, normal kernel. (d) 3 iter.,
100%, normal kernel. The grey scale window was 1000 HU.

(a) (b)

(c) (d)

Figure 4: Reconstruction results of dataset RCA3 (left sagittal
view). (a) Initial reconstruction. (b) 2 iter., 40%, smooth
kernel. (c) 3 iter., 80%, normal kernel. (d) 3 iter., 100%, normal
kernel. The grey scale window was 1000 HU.

gating window and a smooth kernel. But this effect can
be compensated by switching to a sharper kernel: The best
sharpness results for all datasets were achieved with ω = 0.8
and a normal kernel.

In Fig. 3 and 4, reconstruction results for two datasets are
shown as volume renderings. Fig. 3 illustrates the benefits of
increasing the gating window size and being able to use a
sharper kernel: Vessel homogeneity is greatly increased (cf.
arrows), which in turn increases the visible length of small
distal vessels. In addition, the depiction of the artificial valve
is improved both in Fig. 3c and even more in Fig. 3d. While
the same observations about vessel homogeneity and visibility
hold for Fig. 4c, Fig. 4d shows that ω = 1.0 did not improve
but decrease vessel visibility for dataset RCA3 compared to
ω = 0.8. Again, we attribute this to not fully compensated
motion.

IV. CONCLUSION

Gating window size in ECG-gated cardiac reconstruction is
a trade-off between undersampling and motion-related arte-
facts. The latter can be reduced by residual motion compensa-
tion. But motion estimation and compensation becomes more
difficult with large window sizes. We investigated how this can
be overcome by an iterative process that successively increases
the window size (bootstrapping). We found that motion-related
artefacts can be controlled well up to a window size of 80%.
The larger window reduces undersampling artefacts and leads
to better homogeneity and resolution of fine detailed structures.
In addition, more usable projection data allows for a sharper
ramp-like filter kernel, which in turn increases sharpness and
resolution of the reconstructions.
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Towards General Motion Recovery in Cone-Beam
Computed Tomography

Wolfgang Wein and Alexander Ladikos

Abstract—Irreproducible motion of either the patient or the
device during a cone-beam X-Ray scan remains a major issue
limiting reconstruction quality in many practical applications.
Computational approaches are starting to emerge, which allow
to model general motion parameters during the reconstruction
itself. Besides, intelligent image processing on the projection data
may reveal clues about “what went wrong” during a scan. We
present a novel algorithm which uses a combined analysis in
projection and reconstruction space, to both detect and account
for unknown motion. This allows not only for the detection of
large-scale, non-periodic bulk motion, but also an automatic
recovery of it, required for a reconstruction void of artifacts.
Using the proposed method, we can restore the reconstruction
of clinical head scans with severe unknown motion. Moreover,
we evaluate our method on synthetic data with known motion
trajectories in a radiotherapy scenario.

Index Terms—cone-beam, computed tomography, motion.

I. INTRODUCTION

The cone-beam reconstruction algorithms used for most

X-Ray Computed Tomography (CT) imaging devices today,

strongly rely on the assumption that the geometry of the

X-Ray source-detector arrangement relative to the imaged

subject is correctly known and modeled at all times. However

this assumption is often violated in light of non-reproducible

device inaccuracies (which cannot be modeled during offline

geometric calibration), as well as patient motion. The latter is

more often an issue in slowly rotating C-arm systems as op-

posed to gantry-based CT scanners. Loss of resolution, severe

artifacts, and completely wrong structures in the reconstruction

appear, when the individual rays are considered with the wrong

geometry. Ultimately it does not even matter if the excess

motion stems from the device or the patient.

Prior work dealing with patient motion has generally focused

on particular clinical applications or anatomic regions. This

allows to constrain the problem in terms of motion charac-

teristics, such as periodicity and typical trajectories occurring

with cardiac or respiratory motion. If a surrogate signal for the

motion phase is available, a binned 4D-reconstruction (with

corresponding loss of signal to noise ratio proportional to the

number of volumes), followed by further refinement [1] is

possible. Other practical solutions require a reference scan not

affected by motion, e.g. using a breath-hold acquisition proto-

col [2]. A more holistic approach is to jointly reconstruct the

target volume and a motion model [3]. This however requires a

reasonably close initialization of the motion parameters, hence

unknown large-scale motion cannot be addressed. General

ImFusion GmbH, Agnes-Pockels-Bogen 1, 80992 München, Germany.
Corresponding author: Wolfgang Wein, E-mail: wein@imfusion.de.

mathematical formulations of such a joint reconstruction have

been described e.g. in [4] and [5], with only early results on

abstract geometric data though.

We had previously proposed a practical self-calibration ap-

proach for refining uncertain geometric and radiometric pa-

rameters within an algebraic reconstruction framework [6].

Other related methods also repeatedly reconstruct with altered

parameters, using a quality criterion such as the sharpness

of the reconstruction volume or a single slice thereof [7], in

analogy to a camera’s auto-focus. Such methods are able to

tune parameters, however again require close initialization (if

the initial reconstruction is deteriorated, a local optimization

would not converge).

To address unknown large-scale motion during a scan, we

have recently developed a method to analyze successive X-

Ray images in projection space using the epipolar geometry

[8]. It is able to detect and approximately recover the three-

dimensional motion between X-Ray images with a small

baseline (such as successive projections from a cone-beam

scan). However simply concatenating those incremental mo-

tion estimates would yield drift of the entire sequence.

In this work, we extend the motion detection method [8]

by appropriate normalization of the transformation estimates,

such that they actually can be used to improve the recon-

struction. We then combine the results with the self-calibration

approach [6], in order to fine-tune the motion estimates. This

yields a powerful hybrid technique which can fully recover

even large-scale bulk motion. The remainder of this manuscript

is organized as follows. First, we review the basics of self-

calibration and motion detection in projection space. Then

the new transformation normalization scheme allowing to

incorporate the results into the reconstruction is presented. The

combined method which yields the final refinement is then

explained. Results on both real clinical and synthetic data sets

are shown, followed by a brief discussion.

II. METHODS

A. Self-Calibration

Algebraic reconstruction techniques generally minimize the

re-projection error between a volume estimate and the mea-

sured X-Ray projection data:

E = argmin
x

‖Ax− p‖ (1)

where A is the system matrix, x the vector with all entries

of the volume estimate, and p the X-Ray attenuation data.

In a perfect scenario void of geometric errors, measurement

noise, and with all details of the X-Ray physics modeled
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in the forward- and back-projection steps, the residual re-

projection error E would converge towards zero after suffi-

cient iterations. It is therefore appropriate to minimize the

same error E with respect to further unknown parameters

(in addition to the individual attenuation values of the re-

construction volume). “Global” parameters which directly

affect the entire reconstruction result, are optimized by re-

computing a reconstruction, using equation 1 as cost function

value to minimize. “Local” parameters such as additional drift

or rotation of individual X-Ray projections, are sequentially

optimized, after which the reconstruction is re-computed. The

latter essentially comprises a 2D-3D registration algorithm of

X-Ray projections to the reconstruction volume. A state of

the art GPU implementation of an ordered subset simultaneous

iterative reconstruction technique (OS-SIRT) is used, such that

executing a non-linear optimization over the reconstruction as

cost function is not computationally prohibitive [6].

For the “global” self-calibration, the number of parameters

one can use is limited, both for increase in computation time

and numerical stability (in terms of ambiguities and local

optima). For the local sequential optimization of individual

projection parameters, a close starting estimate is required,

since otherwise the initial reconstruction would be deteriorated

to start with. Therefore, these computational tools are in

the current form rather suited for self-calibration of device

parameters than for recovering large-scale patient motion.

B. Motion Detection

Using geometric calculations from stereo computer vision,

it is possible to express the attenuation value I(x) of an X-

Ray image I at pixel location x as a linear combination of

pixels along the epipolar line in the next X-Ray image J for

a supposed geometric relationship between the images:

I(x) =
n∑

k=1

wkJ(xk) +wn+1 (2)

Here, xk are a number of discrete sample locations along

the epipolar line in image J , defined from preferred depth

locations where the image structures are most prevalent. The

unknown weights wk are estimated locally within each pixel’s

neighborhood in a least-squares fashion. It is then possible to

derive an image similarity measure for every image location

from that:

Sx(I, J) = 1− |ix − Jxwx|2
V ar(ix)

(3)

where ix is now a vector of pixel values within a neighborhood

of I , Jx is a matrix with the number of pixels considered

times the number of samples along the epipolar line, and wx

is the vector of weights computed around image location x.

Computed over entire pairs of successive X-Ray images, S
constitutes a similarity measure which is sensitive to the sup-

posed 3D-geometric relationship between the images. Varying

the transformation between the images and hence modifying

the epipolar line segments along which the image relationship

is assessed, allows to detect if additional motion is present.

In addition to the binary decision whether motion is present

for every pair of X-Ray images, the relative motion between

them can be approximately recovered by optimizing over the

motion similarity [8].

C. Transformation Normalization

We describe the projection matrix of a cone-beam X-Ray

frame i as

Pi =
[
K 0�]M′

iRiMi (4)

where the 4 × 4 matrix Ri describes the transformation

from iso-center into detector coordinates (i.e. containing the

rotation parameters of the cone-beam setup), and the 3 × 3
matrix K contains the intrinsic projection parameters. M′

i

and Mi contain additional motion in detector and iso-center

coordinates, respectively. Either of the latter ones can be

optimized. For modeling patient motion, one would work in

iso-center coordinates and describe the overall motion during

a frame i as concatenation of incremental contributions from

all previous frames:

Mi =

i∏
k=1

Ti−k+1 (5)

The relative transformations Ti computed by the motion

detection algorithm for each single frame should add up to

the identity matrix when closing the loop to the first frame

(for a full 360◦ scan). In practice this is not the case due to

drift and noise in the motion estimation. We therefore need

a method for loop closing which takes the structure of the

relative transformations into account but modifies them in such

a way that they result in the identity transformation when

concatenated.

More formally let us assume that we have n relative

transformation matrices T1,T2, . . . ,Tn and a final relative

transformation C. We then want to find Ĉi so that

T = C

n∏
i=1

Tn−i+1 =

(
n∏

i=1

Ĉ

)(
n∏

i=1

Tn−i+1

)

=
n∏

i=1

Ĉn−i+1Tn−i+1

(6)

Ĉ is the n-th matrix root of C. Assuming C is of the form

C =

[
A t
0 1

]
; Ĉ =

[
Â t̂
0 1

]
(7)

and A is diagonalizable, we can compute the eigenvalue

decomposition of A = VDV−1 and write Ĉ as above with

M̂ = VD
1
nV� (8)

t̂ =

⎛⎝⎛⎝n−1∑
i=1

⎛⎝ i∏
j=1

Â

⎞⎠⎞⎠+ I

⎞⎠−1

t (9)

Since D is a diagonal matrix D
1
n is obtained by simply taking

the n-th root of each entry on the diagonal.

Finally, we need to move the Ĉ matrices into the coordinate

frame of each transformation Ti. The Ĉi in T =
∏n

i=1 ĈiTi

resulting from this coordinate system change are given by

Ĉi = TiG
−1ĈG; G =

∏n−i+1
j=1 Tn−j+1 (10)
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For the transformation chain given in equation 5 the incre-

mental transform C we correct is C = M−1
i .

D. Hybrid Refinement

Our new overall algorithm operates as follows.

1) All projection images containing motion wrt. the previous

frame are detected (including motion from the first frame

to the last). This relative motion is successively found by

optimizing over rigid transformation parameters for the

detected frames. In the case of a full scan, the scheme

described in section II-C is used to normalize the optimized

transformations in order to avoid drift. A reconstruction

after this step generally exhibits significantly reduced motion

artifacts.

2) The main blocks of connected frames without motion

are selected. Rigid parameters for the transformation of all

blocks but the largest (which remains fixed) are fed into the

global self-calibration algorithm. Before every evaluation

of parameters, the transformations of all frames outside of

blocks are normalized according to the interpolation scheme

described in section II-C, in order to maintain the initial

estimate from the motion compensation. This step usually

yields the largest overall improvement, since the rough

motion estimation on projection images is optimized using

the residual error of the reconstruction, eliminating drift but

keeping the overall structure of inter-frame motion.

3) A local self-calibration step (i.e. 2D-3D registration) is

executed for all frames outside of blocks, hence refining

transformation parameters in M′
i wrt. detector coordinates. An

improved reconstruction is computed after the optimization of

all frames. This step may be repeated once or twice, until the

residual error does not improve over a selected ε threshold.

4) Optionally, a local self-calibration step on all frames is

conducted. This would also ensure a final compensation of

slight device inaccuracies.

Since both the motion similarity measure S and the self-

calibration residual error E yield smooth cost function val-

ues, an optimization algorithm which internally approximates

derivatives results in a significantly lower number of evalua-

tions than other direct search methods. We therefore use the

Bound Optimization by Quadratic Approximation (BOBYQA)

method [9].

III. RESULTS

A. Clinical Data

We have applied our algorithm on several orthodontic head

scans with strong patient motion, however without ground

truth information available. Figure 1 depicts axial and sagittal

cross-sections of a reconstruction before and after our motion

recovery method. In this example, the patient has moved his

head several times during the sequence, with steady phases

in between (which is addressed by the block optimization in

step 2 of our method). The reduction of artifacts is clearly

visible, in particular in the wrong “shadow” of the front teeth

in the original reconstruction. This data set is a full scan with

450 frames and excentric detector motion for enlarged field of

(a) original reconstruction

(b) after motion recovery

Fig. 1. Reconstruction result on a real patient before and after motion
recovery

view. Five blocks of consistent successive frames have been

found in this sequence, hence the block-based self-calibration

in step 2 takes (5 − 1) ∗ 6 = 24 parameters. The non-

linear optimization terminates after about 250 cost function

evaluations, a single evaluation takes about 0.5 seconds with

reconstruction volume dimension 256, on a NVIDIA GeForce

GTX 670 GPU. All steps combined, therefore including the

local self-calibration of all frames, yield a computation time

in the order of five minutes. The following table shows the

residual errors averaged over all frames after each step.

step error step error
original 0.00983316 step 3 0.00900554

step 1 0.00926058 step 3 repeated 0.00899732
step 2 0.00903790 step 4 0.00888388

Those values are expressed in average absolute differences

per pixel, with intensities normalized to [0 . . . 1].

B. Synthetic Data

We also evaluated our method on a thorax CT scan with

simulated patient motion, by generating 180 DRRs on a

360 degree trajectory around the patient. The artifical motion

included rigid bulk motion as well as affine non-uniform

scaling to resemble respiratory motion, with the resting states

after motion being different than before (see dotted lines in

figure 2). Running the projection-based motion optimization

we were able to approximately recover the motion parameters

(see figure 2a). Running the self-calibration step on these

parameters further reduced the error particularly in frames

between motion, as seen in figure 2b. Figure 3 shows an axial

and a sagittal slice through the reconstructed patient volume

(resolution 5123) at different stages of the motion optimization

together with the residual error of the reconstruction. The final

reconstruction quality is close to the ground truth, both in

terms of visual appearance and residual error. The average per-

frame spatial error for the center point of the reconstruction

volume and its direction were reduced from 6.53 ± 9.40mm

to 0.66 ± 0.59mm in translation, and from 1.29 ± 0.90◦ to

0.55± 0.34◦ in rotation.
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Fig. 2. Comparison of ground-truth and recovered patient motion

IV. DISCUSSION

We have developed a new hybrid approach operating in

both projection and reconstruction space to detect and recover

patient or device motion in cone-beam CT. Detection of large

motion is achieved using the projection based motion analysis,

and approximately estimated with it. Only in combination

with a self-calibration approach can the motion be precisely

recovered however. The link between the intermediate results

of relative motion between frames, and absolute motion pa-

rameters that are optimized using global block based self-

calibration, is achieved by a normalization of the chain of

transformation matrices.

We have shown that this method can restore severely com-

promised head scans, bootstrapping the motion information

without any prior assumptions. To the best of our knowledge,

this has not been achieved before. While these qualitative

clinical results were obtained using a rigid parametrization,

linear affine transformation matrices are supported as well (as

demonstrated in section III-B), and should allow to deal with

a majority of clinical scenarios involving respiratory motion.

In order to tackle complex motion with significant local

deformations (i.e. cardiac motion), adapted parametric motion

models can be integrated with our method. For a given pa-

rameter configuration, it can then be evaluated simultaneously

in projection and reconstruction space, how well it describes

the actual motion. While this first approach suggested here is

rather straightforward, we believe that such a joint analysis is a

powerful foundation for dealing with motion in general. More

complex motion models are the subject of future work, as well

as thorough experiments on clinical data with ground truth

(e.g. by tracking actual patient motion with auxiliary sensors).

Further work is also required for a more theoretical under-

standing of the connection between the epipolar geometry

in successive X-Ray images with intermediate results during

reconstruction.
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TOF ML-ACF reconstruction using CT based 
attenuation as a priori information

Vladimir Y. Panin, Michel Defrise and M.E. Casey 

Abstract– In modern PET-CT scanners attenuation 
information is acquired by CT machinery. This information may 
not be fully compatible for use in PET data correction. The 
source of PET and CT inconsistency is due to the sequential 
nature of scanning, a shorter CT FOV, and scans of differing 
durations. 

Recent theoretical investigations concluded that both activity 
and attenuation distributions can be obtained from PET emission 
TOF data alone up to knowledge of the sinogram scaling 
parameter. In TOF, attenuation is recovered in the form of 
attenuation factors. This allows for development of a fast iterative 
algorithm, referred to as ML-ACF. In this work we consider the 
combination of attenuation information obtained from a CT scan 
and from TOF PET data for PET data correction. We 
constrained ML-ACF attenuation factor estimations by biasing 
them toward CT information by means of a quadratic prior. 
Preliminary results showed that the activity image can gain noise 
improvement while being free of artifact, induced by mismatched 
CT attenuation. 

I. INTRODUCTION 

TOF PET scanners were commercially introduced in the 

past decade, exploiting advances in scanner hardware. The use 
of additional TOF information led to decreased noise and 
therefore potentially better detectability of small lesions [1] in 
studies of large patients (relative to the TOF resolution). It was 
observed that reconstructed images were less affected by the 
bias in the estimated correction factors, such as normalization 
[2], scatter estimation [2], and attenuation [3, 4]. In broader 
terms, the use of TOF information led to better definition of 
the consistent part of the data, regardless of the nature of 
inconsistencies, which may be due to high frequency statistical 
data noise or to lower frequency artifacts in scatter estimation. 

Most data correction factors are specific to the physics of 
PET and to the characteristics of the scanner. Therefore, these 
factors should ideally be estimated based on the PET data 
themselves and on the scanner type. The current practice, 
however, requires using an external device to estimate the 
attenuation correction. In modern PET-CT scanners, 
attenuation information is provided by the attenuation map 
(converted to 511 keV energy) obtained from a CT scan. In the 
past, numerous attempts were made to recover attenuation 
information from PET data alone. In the non-TOF case, only 
limited successes were achieved because it was difficult to 
avoid cross-talk between the activity and the attenuation 
images. Cross-talk artifacts contaminate the reconstructed 
activity image with features present in the attenuation map 
images and vice versa. 

Recent theoretical investigations [5] concluded that both 
activity and attenuation distributions can be determined from 
PET TOF data up to a global scaling of the activity image. 
One limitation of this approach is that the attenuation 
correction factors cannot be determined outside of the support 
of the emission sinogram. This limitation complicates the 
estimation of the scatter background, which requires 
knowledge of the full attenuation map. In addition, the stability 
of the simultaneous estimation of emission and attenuation will 
need more investigation, in particular to determine its 
dependence on the TOF resolution. 

Fortunately, in the current practice of PET imaging, the 
estimation of attenuation from PET data alone is not necessary 
due to the diagnostic value of PET-CT scanning. Nevertheless, 
the available CT-based attenuation information is not fully 
compatible with the PET data. The CT field-of-view is shorter 
and yields only truncated patient data. In addition, the PET 
data are acquired under different conditions. The most 
noticeable mismatch between the attenuation map and activity 
image is due to respiratory motion. In Fig. 1(a) CT image was 
taken while the patient was holding his breath. Therefore, the 
patient diaphragm was in the lowest position. During PET 
acquisition, the liver region was averaged over respiratory 
movement. This mismatch between PET and CT is clearly 
seen in the activity image in Fig. 1(b), which was 
reconstructed using the usual OS-EM algorithm. This image 
shows the liver split in two parts, only the lower of which was 
properly corrected for attenuation. 

The theory [5] was formulated in terms of an attenuation 
factors estimation based on analytical consistency conditions. 
This result suggests that a similar approach, based on 
estimating the attenuation factors rather than the attenuation 
image, should also be possible for a discrete model based on 
the maximum likelihood (ML) estimation. This led to the TOF 
ML-ACF algorithm [6-8], which has the same complexity as 
the commonly used ML-EM algorithm. The reconstruction in 
Fig. 1(c) was obtained by applying two iterations of ML-ACF, 
starting with the result of one iteration of the OS-EM 
reconstruction. After these two ML-ACF iterations, the liver 
and spleen activity images were significantly changed. 

The first attempts for simultaneous ML estimation of 
activity and attenuation [9-11] were performed by estimating 
the attenuation map rather than the attenuation factors. In this 
case, typical values of the attenuation coefficients can be used 
as prior information, solving the problem of the arbitrary scale 
factor. These approaches also provide additional constraints on 
the attenuation factors, which can lead to better and less noisy 
estimates of the activity. Scatter estimation can be performed 
based on the current estimate of the attenuation map. In 
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contrast, the ML-ACF algorithm has the advantage of fast 
reconstruction, but it lacks the above mentioned possibilities. 
In this paper, we propose to overcome this limitation by 
combining ML-ACF with the use of available, but potentially 
incomplete or inaccurate, CT information on a PET-CT 
scanner. The combination is based on a simple quadratic prior, 
which penalizes large differences between the estimated 
attenuation factors and those derived from the CT scan. 

II. METHODS

A. Objective Function 

TOF prompt data y={yit} with spatial projection (LOR) 
index i and TOF bin index t, can be modeled by combining the 
modeled projection p from the emission object f, corrected for 

scanner efficiency by a known normalization array N and for 
attenuation by an array of attenuation factors a. The 

background events have a known mean b , equal to the sum of 
the estimated, efficiency corrected, scatter, and of the 
estimated randoms. The Poisson Likelihood objective function 
has the following form: 
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The available CT based attenuation is accommodated in two 
ways. The attenuation of LORs, passing outside the support of 
the activity image, cannot be recovered from emission data. In 
the rest of the paper, prime spatial projection indices denote 
such LORs, for which attenuation values are provided by CT 
and are not estimated. These LORs can be defined by CT 
attenuation sinogram values, which are close to one. For the 
other LORs, the attenuation values are estimated from the 
emission data, but are biased towards the CT values by a 
quadratic prior. We now describe two algorithms. 

B. Nested loop algorithm 

This algorithm alternatively updates a and f. We use the 
following objective function: 
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where β>0 is a regularization parameter. 
This objective function is maximized with respect to a, 

assuming fixed p , using a surrogate based iteration, where the 

logarithmic term in (3) is replaced by the same separable 
surrogate as in the derivation of the ML-EM algorithm. The 
resulting update step is: 
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Instead of this iteration, it is possible to directly obtain a 
closed form solution if one uses data precorrected for 
background. In that case, b is zero in (4), the factor a(n) is
simplified, hence  

)(~
iiii bysmoothyC −≡=       (5), 

and (4) directly yields the maximizer a of (3) in terms of the 
current activity estimate f.  

After updating the attenuation, the objective function (3) is 
maximized with respect to f at fixed a, using the ML-EM 
algorithm. Typically-ordered subsets are used and a single 
iteration of OS-EM is done instead of a full maximization. 

C. Attenuation by-product algorithm 

In the absence of regularization (β=0), the update (4) using 
the pre-corrected data (5) becomes iii pya ~= . We will refer 

to this solution as the Gaussian approximation, since it 
maximizes the Gaussian approximation of the Poisson 
Likelihood, with data variance approximated by p . We 

proposed this method in our previous work [8], as a way to 
incorporate background events in ML-ACF without requiring 

Figure 1. Reconstruction of patient data. (a) Attenuation map, 
which is a smoothed version of the CT image; (b) activity 
image after the OS-EM 3 iterations, 24 subsets where CT 
based attenuation map was used for attenuation correction; (c) 
activity image after ML-ACF 2 iterations, 24 subsets, where 
1st iteration of OSEM was used as initial condition. The 
activity images were post-smoothed by 4 mm Gauss filter. 

(a)

(b)

(c)
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an alternative nested-loop update strategy because substituting 

iii pya ~= into (3) leads to a likelihood that can easily be 

maximized. In order to accommodate a similar approach we 
minimize a Gaussian approximation of (1) with a modified 
quadratic prior, 
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The prior is chosen to allow a closed form expression for the 
attenuation factors at fixed activity: 
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This expression has valid limits for zero β and large β. 
Substituting (7) into the un-regularized Poisson likelihood 

(1), the following objective function must be maximized: 
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where L' stands for the contribution of the primed indices (first 
line in (3)). A separable surrogate for L is derived as in [6, 8, 
12], with the difference that Jensen's convexity inequality is 
applied to the first log term in (8) by decomposing its 
argument as a sum of J+J2 terms, with the J2 terms for 

′′
′

jj
jjjijitiit ffccpp ,,~ . Maximizing the surrogate yields the 

update equation (including primed indices for LORs with fixed 
CT attenuation), which is: 

(9). 
In the limit of zero β, (9) tends to the ML-ACF used in [8]. 
However, the limit of algorithm (9) for large β does not 
coincide with ML-EM. 

III. RESULTS 

The investigations were conducted on the patient data from 
Fig. 1 (where Fig. 1(c) was the ML-ACF reconstruction with 
the attenuation by-product algorithm of section II.C). The 
patient was scanned for 5 mins per bed position after injection 
with 293 MBq FDG. Only one bed position out of a total of 
eight was reconstructed here. The patient diaphragm was in the 
middle of the scanner. We used the standard mCT sinogram 

size of 400(radial) x168(azimuthal) x621(axial) x13(TOF). 
The reconstructed images are 400x400x109 2x2x2 mm size. 
The TOF resolution of the mCT is 570 ps with 312ps TOF bin 
width. 

We were trying to find the regularization parameter range 
that is the turning point in the definition of liver structure 
between OS-EM and non-regularized ML-ACF 
reconstructions. Fig. 2 represents images obtained with the 
nested loop algorithm of section II.B. Increasing the 
regularization parameter resulted in a worse definition of the 
liver, while the estimated attenuation sinogram became 
noticeably smoother. We measured noise in one planar ROI of 
the liver region. This plane was not affected by the change in 
attenuation due to ML-ACF, since it was low enough to be 
within the liver during the CT scan. Noise decreased by 7.2% 
in Fig. 2(b) and by 13.8% in Fig. 2(c), compared with the 
activity image of Fig. 2(a). 

Fig. 3 presents similar observations for the attenuation by-
product algorithm. Here the noise effect was less understood. 
The attenuation by-product algorithm is less noisy compared 
to the same number of iterations of the OS-EM algorithm, see 
Fig. 1. This was inherited by the regularized by-product 
algorithm. Even in the case of significantly large β attenuation, 
the by-product algorithm was smoother when compared to the 
OSEM reconstruction. Nevertheless, Fig. 4 displays that the 
regularized attenuation by-product algorithm became similar to 
the OS-EM reconstruction on a voxel-to-voxel basis. The 
voxel values inside the patient (an attenuation map defined 
patient boundaries; axial planes, which contain OSEM liver 
artifacts, were excluded) were considered in a histogram of 
absolute difference in each voxel, normalized by the OSEM 
reconstruction voxel value. The histogram became 
progressively sharper around zero difference with a β increase. 
The attenuation by-product images were scaled to match the 
global scaling of the OSEM reconstruction. A significantly 

Fig. 2. Reconstruction by nested loop algorithm. The images 
on the left are estimated ACF sinograms (a-1). The images on 
the right are activity estimations after 2 iterations, 24 subsets, 
4 mm Gauss filter post-smoothing. (a) β=0; (b) β=100 and (c) 
β=500. The initial estimate was the OS-EM reconstruction 
with CT based attenuation, 1 iteration, 24 subsets.

(a) 

(b) 

(c) 
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regularized image, β=1000, was identical in scaling to the 
OSEM reconstruction, while non-regularized reconstruction 
was different by 10%. The resolution-noise tradeoff of the 
attenuation by-product algorithm needs to be investigated to 
understand if the attenuation byproduct algorithm is effectively 
noisier when compared to the gold standard, the OSEM 
reconstruction. 

IV. DISCUSSION AND CONCLUSIONS 

Two algorithms for incorporating CT information into TOF 
simultaneous activity and attenuation factors reconstruction 
were presented. The preliminary results suggest that the a 
priori CT information decreases noise in the reconstructed 
activity image, compared to the use of only emission data. At 
the same time, allowing the attenuation factors to deviate from 
the CT-based factors limits the effect of the mismatch between 
sequential data acquisitions. 
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Fig. 3. Reconstruction by attenuation by-product algorithm. 
The activity images are after 2 iterations, 24 subsets, 4 mm 
Gauss filter post-smoothing. (a) β=0; (b) β=1 and (c) β=1000. 
The initial estimate was the OS-EM reconstruction with CT 
based attenuation, 1 iteration, 24 subsets.
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Fig. 4. Histogram of normalized absolute differences between 
voxel value of Fig. 3 reconstructions and voxel value of OS-
EM reconstruction with CT based attenuation, 3 iterations, 24 
subsets. 
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Abstract—The ordered subset expectation maximization
(OSEM) algorithm provides a fast image reconstruction method
for emission and transmission tomography such as SPECT,
PET, and CT by approximating the gradient of a likelihood
function using a subset of projections instead of using all
projections. However, for computationally expensive regularizers
such as patch-based non-local (NL) regularizers, OSEM does not
help much to improve the speed of reconstruction because one
evaluates the regularizer gradient for every subset. We propose
to use variable splitting to separate the likelihood term and
the regularizer term for penalized emission tomographic image
reconstruction problem and to optimize it using the alternating
direction method of multiplier (ADMM). This new scheme allows
us to run more sub-iterations for the optimization related to the
likelihood term. We evaluated our ADMM for 3D SPECT image
reconstruction with the patch-based NL regularizer that uses
the Fair potential. Our proposed ADMM improved the speed of
convergence substantially compared to other existing methods
such as gradient descent, EM and OSEM using De Pierro’s
approach, and the Limited-memory Broyden-Fletcher-Goldfarb-
Shanno (L-BFGS-B) algorithm.

Index Terms—ordered-subset expectation-maximization, non-
local regularizer, emission tomography, alternating direction
method of multiplier

A. Statistical image reconstruction for emission tomography
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C. Alternating direction method of multipliers

f̂ � argmin
f≥0,u

L(y|f) + βR(u), sub. to u = f .

L(y|f) + βR(u) +
μ

2
‖f − u− d‖2

μ d
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u
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μ
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Simultaneous reconstruction of attenuation and
activity in TOF-PET: analysis of the convergence of

the MLACF algorithm.

Michel Defrise1, Ahmadreza Rezaei2, Johan Nuyts2

I. INTRODUCTION

Various algorithms have been recently proposed to estimate

both the attenuation and the activity from time-of-flight (TOF)

PET emission data [1-6], without requiring additional CT or

MR information. Initial tests with simulated, phantom, and

clinical data demonstrate that this simultaneous estimation

problem can be solved with a surprisingly good accuracy.

These results corroborate previous works demonstrating that

the TOF emission data contain significant information on

the attenuation [7,8], and they offer promising perspectives

for various applications including for instance studies with

partially known or mismatched CT data [5,6].

This work presents a mathematical and numerical analysis

of the convergence of MLACF [4], a maximum likelihood

algorithm that jointly estimates the activity distribution and

the attenuation factors. This algorithm does not reconstruct the

attenuation image, in contrast with the MLAA algorithm [3].

We consider the simplest case where there is no background

due to scatter or random events, and demonstrate that i/ the

MLACF algorithm is monotonic and asymptotically regular,

ii/ if the likelihood function has a unique global maximum

and if there are no local maxima, MLACF converges to the

global maximizer. Although the mathematical analysis of the

continuous version of the problem showed that noise free

emission data determine the attenuation correction factors up

to a scale factor [1,2,6], it is still unclear whether uniqueness

also applies to the Poisson likelihood, except if the TOF data

are consistent (uniqueness in that case was proven in [4]).

Therefore, we present a numerical analysis of convergence

on a simple 2D problem, the results of which suggests that

local maxima of the likelihood, if any, would only occur for

extremely low count data.

II. THE MLACF ALGORITHM

Let λj ≥ 0, j = 1, . . . , M be the unknown activity image

discretized on a grid of M voxels, and let yi,t ∈ IN+, i =
1, . . . , N, t = 1, . . . , T be the measured emission data for line

of response i and TOF bin t. We wish to find an activity

estimate λ∗ and an attenuation sinogram estimate a∗ which

1Dept. of Nuclear Medicine, Vrije Universiteit Brussel, B-1090, Brus-
sels, Belgium, mail: mdefrise@vub.ac.be, 2Dept. of Nuclear Medicine,
Katholieke Universiteit Leuven, B-3000, Leuven, Belgium, mail: ah-
madreza.rezaei@uzleuven.be, johan.nuyts@uzleuven.be.

maximize the log-likelihood

L(y, λ, a) =
N∑

i=1

T∑
t=1

{−ai pi,t + yi,t log(ai pi,t)} (1)

where ci,j,t ≥ 0 is the known system matrix, 0 < ai ≤ 1
are unknown attenuation factors, and pi,t =

∑
ci,j,tλj is the

expectation of the unattenuated data. Note the scale invariance

L(y, λ, a) = L(y, αλ, a/α) for any α > 0, and the fact that

L is concave in both λ and a, but not jointly concave in λ, a.

Owing to the scale invariance, the constraint ai ≤ 1 can be

ignored provided the unconstrained optimizer belongs to the

open set

H =

⎧⎨
⎩x ∈ IRM |xj ≥ 0, and pi =

∑
j

ci,jxj > 0 if yi > 0

⎫⎬
⎭ (2)

Thus ignoring the constraint, the likelihood is easily maxi-

mized w.r.t. a at fixed activity λ, yielding the ML estimate of

the attenuation factor,

a∗
i =

yi

pi
i = 1, . . . , N (3)

where yi =
∑

t yi,t and similarly pi =
∑

t pi,t. The same

convention is used everywhere: quantities indexed by i denote

quantities summed over the TOF bins. Substituting a∗ in L
reduces the problem to the maximization of the reduced log-
likelihood (see [4] for details),

L̃(y, λ) =
N∑

i=1

T∑
t=1

yi,t log
pi,t

pi
. (4)

The MLACF algorithm is based on optimization transfer [9], it

maximizes at iteration n the following concave and separable

surrogate of L̃:

L̃sur(y, λ, λn) =
N∑

i=1

(
− yi log pn

i −
yi (pi − pn

i )
pn

i

+
T∑

t=1

M∑
j=1

yi,t ci,j,tλ
n
j

pn
i,t

log(
λjp

n
i,t

λn
j

)
)

(5)

with pn
i,t =

∑
j ci,j,tλ

n
j and pn

i =
∑

t pn
i,t, yielding the

iteration [4]

λn+1
j = T (λn)j =

λn
j∑N

i=1
yi ci,j

pn
i

N∑
i=1

T∑
t=1

yi,tci,j,t

pn
i,t

. (6)
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Like ML-EM, this algorithm maintains strict positivity if

the initial activity estimate is strictly positive, this property

also guarantees the absence of singularity because pn
i,t > 0.

However, convergence to zero cannot be excluded, i.e. one

may have λn
j → 0 for some voxels. Since L̃ is scale invariant,

we also define the normalized MLACF iteration TN (λ) =
T (λ)/||T (λ)||, with ||x|| the euclidean norm in IRM . See [4,5]

for the extension of MLACF to the case with background,

which will not be considered here.

Some notations will be needed. We define the active set of

data bins for a given voxel as:

τj = {(i, t) | ci,j,t > 0 and yi,t > 0} j = 1, . . . , M (7)

and adopt an equivalent definition for the TOF-summed data,

ιj = {i | ci,j > 0 and yi > 0} j = 1, . . . , M. (8)

Note that if τj = ∅,
∂L̃(y, λ)

∂λj
=

∑
i∈ιj

{
−yici,j

pi

}
≤ 0 (9)

and therefore any maximizer of the reduced log-likelihood

satisfies λj = 0 (because of the non-negativity constraint).

If in addition ιj = ∅ the reduced log-likelihood does not

depend on the value of voxel j, the maximizer is undefined

and as a logical (but arbitrary) estimate we take λj = 0.

These voxels without active data can be set to zero and must

not be further considered when maximizing the reduced log-

likelihood. Therefore we assume below that τj �= ∅ and ιj �= ∅
for j = 1, . . . , M . We also assume that yi ≥ 1 and yi,t ≥ 1
for all non-zero data bins. Finally we define the constants

ξ = min
j

min
i∈ιj

ci,j > 0 , η = min
j

min
(i,t)∈τj

ci,j,t > 0

ω = max
i

∑
j

ci,j , σ = max
i,t

∑
j

ci,j,t > 0. (10)

III. PROPERTIES OF MLACF

Though previous tests with MLACF showed good conver-

gence and encouraging practical results, two questions remain

unanswered: i/ is the maximizer of the reduced likelihood

unique, are local maxima or saddle points possible?, and ii/

does MLACF converge? This section investigates the latter

question, while the former is adressed through numerical tests

in section IV. Here we summarize our main results, including

only brief comments on the proofs.

Lemma 1. The sequence of normalized iterates λn+1 =
TN (λn) with λ0

j > 0 is such that the sequence L̃(y, λn), n =
0, 1, 2, . . . is non-decreasing and converges.

• This is the standard monotonicity property of surrogate-

based algorithms, and convergence uses the upper bound

L̃(λ) ≤ 0, which follows from pi,t ≤ pi.

Lemma 2. Let λ̃ ∈ IRM be any positive vector with ||λ̃|| = 1.

L̃(y, T (λ̃))− L̃(y, λ̃) ≥ C
||T (λ̃)− λ̃||2

max(1, ||T (λ̃)||) (11)

with T the mapping (6) and C = (1/2) min(ξ/ω, η/σ) > 0.
• The proof follows the same line as in [10]. It is based on

a 2-term Taylor development of the surrogate L̃sur(y, x, λ̃)
around its unique maximizer T (λ̃), and on a lower bound on

the curvature of the surrogate (5).

Lemma 3. Asymptotic regularity. The sequence of normalized

iterates λn+1 = TN (λn) with λ0
j > 0 is such that

lim
n→∞ ||T (λn)− λn|| = lim

n→∞ ||TN (λn)− λn|| = 0

lim
n→∞ ||T (λn)|| = 1. (12)

• The proof follows easily from the previous Lemma.

Note that asymptotic regularity is not sufficient to prove

convergence of the algorithm.

Proposition 4. The sequence of normalized iterates λn+1 =
TN (λn) with λ0

j > 0 has an accumulation point λ∗. If λ∗ ∈ H

(see eq. (2)), then ∇jL̃(y, λ∗) = 0 for any voxel satisfying

λ∗
j > 0. All accumulation points of the sequence λn+1 =

TN (λn) have the same value of the reduced log-likelihood.

• It seems reasonable to assume that a limit point belongs

to the set H because otherwise there are lines of response

i for which events have been detected (yi > 0) but which

only receive contributions from voxels with zero activity (pi =
0). This theorem does not guarantee convergence, and even if

there is convergence, it may be to a local maximum or to a

saddle point. Further investigation on the existence of saddle

points and local maxima is therefore warranted. In favorable

cases, one has the

Corollary 5. If the only stationary point of the reduced

likelihood is a unique global maximum λ† ∈ H , then the

sequence of normalized iterates λn+1 = TN (λn) with λ0
j > 0

converges to λ†.

IV. NUMERICAL RESULTS

A. Simulation parameters

We digitized a 2D thorax phantom on a M = 64 × 64
image with pixel size 8.027 mm. Simulated TOF-PET data

were generated by forward projecting this phantom with radial

pixel size 8.027 mm, 64 angular samples on [0, π), and T = 8
TOF bins with sampling Δτ = 64.0 mm. The TOF profile

was a gaussian with FWHM 80 mm. The aim of this study

is to get insight into convergence and uniqueness, hence

this coarse discretization was chosen to allow performing a

very large number of iterations with various initial estimates

λ0. All calculations were done in double precision, using a

matched backprojector and without data subset. The emission

and attenuation phantoms are shown in Figure 1. The phantom

support is an ellipse with axes of 300 mm and 470 mm and the

minimum attenuation factor ai was 0.015. A vial with activity

0.5, diameter 40 mm, and water attenuation was added outside

the phantom and used to scale the reconstructed activity image

after reconstruction. Poisson noise was added to the data to

generate three noisy data sets S1, S2 and S3 with respectively

a total of 479705, 15990 and 3198 events, corresponding to
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respectively 300, 10, and 2 average events in the maximum

data bin yi,t. A large number of data bins are equal to

zero in data set S3 (see Figure 2), allowing to challenge the

algorithm’s behaviour at the edge of the admissible domain.

The MLACF iteration was run up to 105 iterations, starting

with a uniform image estimate λ0
j = 1 and with a set of 20

random initial images generated as λ0
j = 1+0.8R where R is

a pseudo-random number with uniform distribution in (0, 1).

Fig. 1. The simulated phantom. Emission (left): activity is 0.2 (background
tissues), 1.7 (”heart”), 0.05 (”lungs”), 0.40 and 0.45 (”tumors”), and 0.5 (vial).
Attenuation (right): 0.00966/mm ((background tissues and vial), 0.00266/mm
(”lungs”), 0.0187/mm (”spine”), and 0.01/mm (”bed”).

Fig. 2. One central TOF-bin sinogram of the high noise data set S3, showing
the large number of data bins for which no event have been detected.

B. Results

Figure 3 shows the convergence of the reduced log-

likelihood cost function, with the three data sets and three

of the random initial images. Note the irregular convergence,

especially with data set S2. This phenomenon is tentatively

attributed to the existence of regions where L̃ is almost flat

for this specific data set. This behaviour is not observed when

the same data sets are reconstructed with ML-EM assuming

exact knowledge of the attenuation factors (Figure 4). Figure

5 shows numerical evidence for the asymptotic regularity of

MLACF.

The three data sets have been reconstructed with MLACF,

using a uniform initial activity and 20 random images. The

relative difference between the maximum and minimum of

these 21 values of the reduced likelihood after 105 iterations

was 3.3 10−14, 1.5 10−9 and 1.77 10−4 for S1, S2 and S3

respectively. The maximum relative RMSE difference be-

tween all pairs of images among the 21 reconstructions was

1.73 10−8, 1.29 10−7 and 0.25 for S1, S2 and S3 respectively.

The difference between the two images corresponding to these

maximum RMSE is negligible visually for S1 and S2. Even

for the highest noise data set S3, the difference is small

(Figure 6) and unlikely to be relevant in practice, where

regularization would be applied. Nevertheless the plot of the

RMSE between all pairs of images (Figure 7) reveals clusters;

it is unclear at this point whether this observation reflects a

lack of convergence, the digitization of the Poisson data (the

number of events in the data bins of S3 take only 6 different

values, between 0 and 5), or the convergence to different local

maxima of the cost function. For the two other data sets, the

corresponding RMSE values (plot not shown) are not only

much smaller (see above) but do not show any structure or

clustering.

Finally the loss of image quality caused by the absence

of prior knowledge of the attenuation is illustrated for our

example in Figure 8, which compares the MLACF and ML-

EM reconstructions ”at convergence” (meaning here 105 iter-

ations).

Fig. 3. The reduced log-likelihood |L̃(y, λn)− L̃(y, λ100000)|/|L̃(y, λ0)|
for the data sets S1 (low noise, blue +), S2 (red circles), and S3 (high noise,
green triangles). The horizontal scale is the number of MLACF iterations n.

Fig. 4. The log-likelihood |L(y, λn, a) − L(y, λ100000, a)| for the data
sets S1 (low noise, blue +), S2 (red circles), and S3 (high noise, green
triangles) reconstructed using ML-EM with the exact attenuation factors ai.
The horizontal scale is the number of ML-EM iterations n.

V. CONCLUSION

In practice the MLACF algorithm would be stopped be-

fore convergence and/or would be regularized by adding a

smoothing penalty. Other modifications include an accelerated

ordered-subset implementation and the generalization to ac-

count for a scatter or random background [4,5]. Understanding

the convergence properties of the basic MLACF algorithm
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Fig. 5. The value of ||λn+1−λn||2/||λn||2 for the data sets S1 (low noise,
blue +), S2 (red circles), and S3 (high noise, green triangles). The horizontal
scale is the number of MLACF iterations n.

Fig. 6. The activity image reconstructed from data set S3 using the two
initial images that yielded the largest difference. Grey scale (0, 0.5).

(6) is nevertheless important. In this work we showed that

MLACF is a monotonic and asymptotically regular algorithm,

and that it converges to the maximum likelihood estimate

of the activity image if the only stationary point of the

reduced likelihood is a unique global maximizer, provided this

maximizer satisfies condition (2). The results of the numerical

study agree with these mathematical properties.

Uniqueness, up to the global scale factor, of the ML estimate

is an open problem. The discrete Poisson model (1) investi-

gated here does not include any specification on the range of

the system matrix ci,j,t : IRM → IRN×T . Clearly, uniqueness

cannot hold in such a general setting, and counter-examples

can easily be found, e.g. by building two disconnected voxel

subsets that are not connected by any ”active” (yi,t > 0) line

of response. In [2], the proof of uniqueness for the continuous

model uses the range (consistency) conditions for the TOF

Radon transform, and similar conditions will need to be added

to the discrete model to give any hope of proving uniqueness.

The numerical results seem to indicate that uniqueness does

hold for the simple 2D problem considered, except possibly

for very low statistics data such as S3.
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Edge-Preserving PET Image Reconstruction Using
Trust Optimization Transfer

Guobao Wang and Jinyi Qi

Abstract— Iterative image reconstruction for positron emission
tomography (PET) can improve image quality by using spatial
regularization. The most commonly used quadratic penalty often
over-smoothes edges and fine features in reconstructed images,
while non-quadratic penalties can preserve edges and achieve
higher contrast recovery. Existing optimization algorithms such
as the expectation maximization (EM) and preconditioned con-
jugate gradient (PCG) algorithms work well for the quadratic
penalty, but are less efficient for less-smooth or nonsmooth edge-
preserving regularizations. This paper proposes a new algorithm
to accelerate edge-preserving image reconstruction by using two
strategies: trust surrogate and optimization transfer descent.
Trust surrogate approximates the original penalty by a smoother
function at each iteration, but guarantees the algorithm to con-
verge monotonically; Optimization transfer descent accelerates a
conventional optimization transfer algorithm by using conjugate
gradient and line search. Results of computer simulations show
that the proposed algorithm converges much faster than the
conventional EM and PCG for smooth edge-preserving regular-
ization and can also be more efficient than the current state-of-art
algorithms for the nonsmooth �1 regularization.

I. INTRODUCTION

Iterative image reconstruction methods can accurately

model the system response and noise statistics in positron

emission tomography (PET). They have been increasingly

used to improve image quality [1]. Maximum likelihood (ML)

method reconstructs image from projections by maximizing

the log likelihood of PET data and can be elegantly solved by

the expectation maximization (EM) algorithm [2]. However, a

true maximum likelihood solution can be very noisy. Common

ways to stabilize the image estimation are either terminating

the iteration before convergence or using a penalty function

to encourage spatially smooth images. Both early termination

of the EM algorithm and using the quadratic penalty function

tend to over-smooth edges and small objects in reconstructed

images. Non-quadratic regularization can preserve edges and

can achieve higher contrast recovery for small targets.
Existing optimization transfer (OT) algorithms (EM-based

[2], [3] and others [4]) work well for quadratic regularization.

However, when applied to a less-smooth nonquadratic penalty

function, these algorithms can be very insufficient (as shown

in the Simulation Studies Section) and they are not applicable

to nonsmooth regularization because the penalty function is

not differentiable at zero. While the preconditioned conjugate

gradient (PCG) algorithm [5], [6] can be faster than OT

algorithms, it still suffers the same problem of slow conver-

gence because the widely used preconditioner was borrowed

from the EM algorithm and contains no information of the

regularization.

This work is supported by NIH grant R01EB00194.
G. Wang and J. Qi are with the Department of Biomedical Engineering,

University of California, Davis, CA, USA.

There has been growing interests recently in developing

algorithms for nonsmooth regularization due to the emerging

area of compressive sensing. The alternating direction method

of mulitpliers (ADMM) has been developed for Poissonian

image deconvolution under different names (PIDAL [8] and

PIDSplit [9]) and has been applied to PET image recon-

struction [10]. ADMM-type algorithms can be very fast, but

are not guaranteed to converge monotonically. The ADMM

for Poisson data involves three parameters that have to be

tuned for fast convergence, which is a nontrival task. SPIRAL

[11] is another new algorithm that utilizes the fast iterative

shrinkage and thresholding algorithm (FISTA). It is fast in its

nonmonotone implementation, but can be slow if monotonicty

is enforced.

In this paper, we develop a new algorithm that achieves

fast monotonic convergence for edge-preserving image recon-

struction. We first introduce the optimization transfer descent

(OTD) concept by exploring the descent nature of the original

optimization transfer for minimization problems. Conjugate

gradient and line search [12, p.120] are then incorporated in

the OTD for acceleration. The OTD can be viewed as a PCG

algorithm with an implicitly defined preconditioner which

contains information of both likelihood term and regularization

term. It is therefore expected to achieve faster convergence

than the conventional PCG algorithm. To extend the OTD

algorithm to nonsmooth penalties, we adopt the trust surrogate

concept that has been used in the Levenberg-Marquardt and

trust region methods [12, p.262] for nonlinear optimization.

We approximate the original objective function by a smooth

surrogate and solve the smoothed surrogate by the OTD algo-

rithm. The resulting trust optimization transfer algorithm can

solve edge-preserving image reconstruction very efficiently. It

is nearly free of parameter tuning and guarantees monotonic

convergence.

II. PENALIZED LIKELIHOOD PET RECONSTRUCTION

A. PET Image Reconstruction

PET data y = {yi} can be well modeled as a collection of

independent Poisson random variables with the log likelihood

function as

L
(
y|ȳ(x)

)
=

ni∑
i=1

yi log ȳi(x)− ȳi(x). (1)

The expected data ȳ(x) is related to the unknown image x
through an affine transform

ȳ(x) = Px+ r (2)

where P = {pij} ∈ IRni×nj is the system matrix with pij
denoting the probability of detecting an event originated at
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pixel j by detector pair i, r accounts for background events

such as randoms and scatters. ni is the total number of detector

pairs and nj is the total number of pixels in image.

Penalized likelihood (PL) reconstruction (or equivalently

maximum a posteriori, MAP) estimates the unknown image

by minimizing a penalized negative likelihood function

x̂ = argmin
x≥0

Φ(x), Φ(x) = −L
(
y|ȳ(x)

)
+ βU(x) (3)

where U(x) is an image roughness penalty. Conventionally the

image roughness is measured based on the intensity difference

between neighboring pixels, either in an anisotropic form

U(x) =

nj∑
j=1

∑
k∈Nj

wjkψδ(xj − xk) (4)

or in an isotropic form

U(x) =

nj∑
j=1

ψδ

(√∑
k∈Nj

wjk(xj − xk)2
)

(5)

where ψδ(t) is the penalty function and δ is a parameter that

controls the smoothness of the penalty function, wjk is the

weighting factor related to the distance between pixel j and

pixel k in the neighborhood Nj , and β controls the strength

of the regularization.

A penalty that can preserve edges is the nonsmooth �1
(absolute value function)

ψδ(t) = |t| (6)

which is not differentiable at zero. Smooth �1 functions that are

differentiable at zero have also been proposed. One example

is the Fair function

ψδ(t) = δ
( |t|
δ

− log(1 +
|t|
δ
)
)

(7)

which has a continuous second-order derivative. Other exam-

ples of smooth �1 functions include the hyperbola function√
t2 + δ2 and the Huber function. Smooth �1’s approximate

the quadratic function when |t| � δ and approach the �1 for

|t| � δ.

III. OPTIMIZATION TRANSFER DESCENT

The basic idea of optimization transfer (a.k.a. majorization-

minimization) is to construct a surrogate function Q(x;xn)
of the image x at the nth iteration which majorizes the

original objective function Φ(x) by satisfying the following

two conditions [7]:

Q(x;xn)−Q(xn;xn) ≥ Φ(x)− Φ(xn), (8)

∇Q(xn;xn) = ∇Φ(xn). (9)

where ∇ denotes the gradient with respect to x. Then the

minimization of Φ(x) is transferred into minimizing Q(x;xn)

xn+1
OT = argmin

x≥0
Q(x;xn). (10)

The surrogate function Q(x;xn) is usually easier to optimize

by design than the original objective function. The new update

xn+1
OT decreases the original objective function monotonically,

Φ(xn+1
OT ) ≤ Φ(xn). (11)

By setting xn+1 = xn+1
OT , the majorization-minimization

procedure guarantees monotonic convergence. The well-

known expectation maximization (EM) algorithm [2] is a

special case of the optimization transfer algorithms [7].

We observe from Eq. (11) that the OT direction

dn+1
OT = xn+1

OT − xn (12)

is a descent direction. This inspires the following more ag-

gressive update on x:

xn+1 = xn + αCdn+1
OT (13)

where C denotes the conjugacy operation that is used in

nonlinear conjugate gradient (CG) algorithm, α is a step size

determined by a line search:

α̂ = argmin
α

Φ(xn + αCdn+1
OT ). (14)

A second line search [5] is used to enforce nonnegativity

constraint on x.

To distinguish the new update from the original OT update,

we refer to it as the optimization transfer descent (OTD). The

OTD algorithm moves more aggressively than the OT does,

while still guaranteeing to converge monotonically.

IV. TRUST OPTIMIZATION TRANSFER

The OTD algorithm developed in the previous section is

not directly applicable to the nonsmooth �1 penalty function.

To extend the OTD algorithm to nonsmooth penalties, we

borrow the trust surrogate concept from the classic Levenberg-

Marquardt and trust region methods [12, p.262] for nonlinear

optimization.

At iteration n, the original objective function Φ(x) is

approximated by a surrogate function S:

Sσ(x;x
n) = SL(x;xn) + βSU

σ (x;xn) (15)

where SL(x;xn) is the surrogate of the likelihood term and

SU
σ (x;xn) is the smooth approximation of the penalty term,

with σ being the damping parameter. Note that Sσ(x;x
n) is

not an optimization transfer surrogate and does not have to

satisfy the two conditions in (8) and (9).

A new estimate is then obtained by minimizing the surrogate

μ̂(σ) = argmin
x≥0

Sσ(x;x
n), (16)

which can be solved by the OTD algorithm. If

Φ
(
μ̂(σ)

)
≤ Φ(xn), (17)

then the associated surrogate Sσ(x;x
n) is so called trust

surrogate. The image estimate is then updated by

xn+1 = μ̂(σ). (18)

If Eq. (17) is not satisfied, a new value of σ will be tested

until a trust surrogate is found.

To apply OTD, we use

SL(x;xn) = −L
(
y|ȳ(x)

)
(19)

SU
σ (x;xn) =

nj∑
j=1

∑
k∈Nj

wjkψσ(xj − xk) (20)
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where σ is greater than or equal to δ (δ = 0 for nonsmooth �1).

For efficient computation, we do not solve the minimization

in (16) completely. Instead, only one iteration of OTD is used

and we check the monotonicity in Φ(x).

A. Search Rule

In order to determine σ at each iteration, we define ρ as

the ratio between the changes by μ̂(σ) in the original cost

function Φ(x) and in the surrogate function Sσ(x;x
n):

ρ
(
μ̂(σ)

)
=

Φ
(
μ̂(σ)

)
− Φ(xn)

Sσ

(
μ̂(σ);xn

)
− Sσ

(
xn;xn

) . (21)

If ρ
(
μ̂(σ)

)
≥ 0, then Φ

(
μ̂(σ)

)
≤ Φ(xn).

When ρ
(
μ̂(σ)

)
is large, the value of σ is trusted and will

be used in next iteration. To prevent too many iterations being

spent on the same value of σ with only a tiny decrease in

Φ(x), we measure the relative change in Φ(x) by

ν =
Φ(xn+1)− Φ(xn)

Φ(xn+1)− Φ(xnstart(σ))
(22)

where nstart(σ) denotes the index of the first iteration at which

the current σ is used. The rule for determining σ is

σ =

⎧⎨⎩ max(δ, σ/τ1), ρ ≤ 0
σ, ρ > 0, ν ≥ τ3/ρ
max(δ, σ/τ2), ρ > 0, ν < τ3/ρ

(23)

where τ1 and τ2 are integers and τ3 is a small percentage

value. We use τ1 = τ2 = 3, τ3 = 0.01. If ρ ≤ 0, σ should

be decreased. If ρ > 0 and ν is greater than a threshold, the

current value of σ will be used again. The threshold τ3/ρ
allows more iterations to be taken for a σ value that results in

a large ρ. When ν is too small, the σ value shall be reduced

in the next step even if ρ > 0.

The initial value of σ is critical for the initial convergence

speed. A large σ results in fast convergence for the surrogate

optimization, while a σ closer to δ provides better approxi-

mation of the original objective function. We empirically find

that σ0 = 0.01max(x) or σ0 = 0.1mean(x) is a good initial

value if an estimate of x is known before reconstruction. An

alternative is to determine σ0 from the PET data by

σ0 = 0.1pT (y − r)/(pTp), p = P1. (24)

V. SIMULATION STUDIES

Computer simulation was conducted to compare proposed

algorithm with several existing algorithms. We simulated a

PET emission image using a 2D brain phantom (Fig. 1(a)). A

real CT image was used to generate the attenuation factor (Fig.

1(b)). The PET image was first forward projected to generate

a noise-free sinogram. A 20% uniform background was added

to simulate mean randoms and scatters. Independent Poisson

noise was then generated, resulting in a total of 200k events.

The noisy sinogram was reconstructed using two smooth

�1s via the Fair function with δ = 10−2 and δ = 10−6,

and the nonsmooth �1. The De Pierro’s EM (DEM) [3] and

PCG [5], [6] algorithms were used only for the smooth

�1 regularizations, because they are not applicable to the

(a) Emission image (b) Attenuation map

Fig. 1. (a) The simulated PET emission image and (b) the attenuation map
from a real CT image.

PCG, 8.10dB Proposed, 8.25dB

(a) δ = 10−2

PCG, 6.71dB Proposed, 8.26dB

(b) δ = 10−6

Fig. 2. PL reconstructions at 100 iteration using (a) the smooth �1 with
δ = 10−2 and (b) smooth �1 with δ = 10−6 by the PCG and the proposed
algorithms.

nonsmooth �1. The ADMM [8] with two different sets of three

tuning parameters (ADMM1 and ADMM2) were implemented

for both the smooth and nonsmooth penalties. ADMM1 was

empirically tuned to converge as fast as possible in a non-

monotonic fashion and ADMM2 was tuned to converge as

fast as possible in a nearly monotonic way. The reconstruction

step in the ADMM was solved by a PCG algorithm with 2

sub-iterations. The initial σ value in the proposed algorithm

was calculated by Eq. (24). The SPIRAL algorithm [11],

downloaded from the authors’ website, was also used with

its default parameter setting for the nonsmooth �1 penalty.

The regularization parameter β was set to β = 2−6 for the

nonsmooth �1 and β = 2−5 for the smooth �1’s to achieve

a good signal-to-noise ratio in the reconstructed images. All

reconstructions start from the same uniform initial image.

To compare the convergence rate of different algorithms, we

plotted the normalized objective function, which is defined as

En = (Φ(xn)− Φ∗)/(Φ(x0)−Φ∗) where Φ∗ denotes a refer-

ence value of objective function, and the image signal-to-noise

ratio (SNR), SNRn = −10 log10
(
||xn − xtrue||2/||xtrue||2

)
as functions of CPU time.

A. Comparison for Smooth �1 Regularization

Fig. 2 shows the images reconstructed by the PCG and

proposed algorithm using the smooth �1 penalty with two

different δ values. As δ in the smooth �1 function decreases
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(a) cost function (b) image SNR

Fig. 3. Convergence of (a) cost function and (b) SNR for the smooth �1
regularization with δ = 10−6 by different algorithms.

from 10−2 to 10−6, conventional PCG becomes less efficient,

resulting a substantial decrease in SNR. In comparison, the

proposed algorithm is stable as δ changes, with a slight

increase in image SNR for the smaller δ value.

Fig. 3 shows the cost function and image SNR as functions

of CPU time for PL reconstruction using different algorithms.

The smooth �1 penalty used δ = 10−6. Both the DEM and

PCG have a slow convergence rate and result in a low image

SNR. The two ADMM reconstructions converge very fast

but the faster one behaves nonmonotonically. The proposed

algorithm converges monotonically and is as fast as ADMM1.

B. Comparison for Nonsmooth �1

Different algorithms for PL reconstruction with nonsmooth

�1 are compared. The reconstructed images at iteration 100 are

shown in Fig. 4. The convergence plots of the cost function

and image SNR are shown in Fig. 5 as a function of CPU

time.

The SPIRAL converges fast and can achieve a very low

cost function value but each iteration, especially the later

iterations, takes much more CPU time than other algorithms.

Both ADMM1 and SPIRAL have a nonmotonic behavior in the

objective function value. While SPIRAL can be run in mono-

tonic mode, it is slower than its nonmonotone implementation

and may become extremely slow at later iterations.

The ADMM2 is slower than ADMM1 but converges almost

monotonically and has a slightly higher SNR (8.31dB versus

8.29dB) at 100 iteration. Fig. 5 indicate that the proposed algo-

rithm runs fastest among all algorithms in terms of minimizing

the cost function and is as fast as ADMM1 in terms of SNR

convergence.

VI. CONCLUSION

We have proposed a trust optimization transfer algorithm

for edge-preserving PET image reconstruction. The fast con-

vergence of the proposed algorithm is demonstrated using

simulated data. Compared with the emerging algorithms such

as the ADMM and SPIRAL algorithms for nonsmooth �1 reg-

ularization, the proposed algorithm is guaranteed to converge

monotonically and its convergence speed is at least comparable

to that of nonmonotoic ADMM and SPIRAL.
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Abstract—Intrinsic motion is one of the major problems
of quantitative PET. Several motion correction methods have
already been described. In this work the combined reconstruction
and motion correction approaches are analyzed. After studying
the orientation of the motion fields, a possible way to speed up the
algorithm is presented. Additionally, a mass-preserving scaling
algorithm is introduced to account for loss and artificial creation
of activity. Results on artifical data are presented.

I. INTRODUCTION

Recently there have been lots of publications dealing with

combined reconstruction and motion correction [1], [2], [3],

[4]. It has been shown that these methods are superior com-

pared to image based motion correction approaches. In this

work we deal with problems which arise in the implementation

of those algorithms. One topic is the correct choice of the

direction of the motion fields. We introduce a mass-preserving

scaling method which guarantees that no activity gets lost nor

artifical activity is created during the reconstruction. Finally

we show how to speed up already existing motion correction

algorithms.

II. METHODS

A. Attenuation Weighted OSEM

First we introduce our notation for attenuation weighted

OSEM (AW-OSEM). The image is defined as a vector b ∈ R
V

where V denotes the number of voxels. For L different lines

of response the measured data is given by g ∈ R
L. We divide

g into three components, i.e., g = gT + gS + gR, where gT

represents true coincidences, gS scatter and gR randoms or

estimates of random coincidences. The system matrix is given

by X ∈ R
L×V where X represents the straight line model

or the discretized X-ray transform, respectively. Hence we are

solving Xb = g for b and the OSEM algorithms reads

bκ+1
j =

bκj∑
i

xi,j
·
∑
i

⎡⎣ xi,j · gi∑
k

xi,kbκk + gRi + gSi

⎤⎦ ,
where κ may indicate the current iteration or subset and j the

corresponding voxel index. In order to correct for attenuation

the elements of the system matrix are combined with the

attenuation correction factors ai, i.e., xij is replaced by xij/ai,
leading to

bκ+1
j =

bκj∑
i

(xi,j/ai)
·
∑
i

⎡⎢⎢⎣ xi,j · gi(∑
k

xi,kbκk

)
+ ai ·

(
gRi + gSi

)
⎤⎥⎥⎦ .

The attenuation correction factors using a corresponding linear

attenuation map μ ∈ R
V are given by

ai = exp

⎛⎝∑
j

xi,jμj

⎞⎠ .

This notation is similar to the notation for AW-OSEM used in

[5]. For the sake of simplicity the normalization coefficients

ni are omitted. We mention that normalization may either be

performed on the data before reconstruction or analogous to

the just cited paper.

B. AW-OSEM with Motion Correction

As the next step we extend AW-OSEM for combined

reconstruction and motion correction. We assume to work

with n = 1, . . . , N gates which represent the different motion

states. One of these N gates is selected as the reference gate; all

other gates are called template gates. The aim of this approach

is to reconstruct a single image using the acquired data of all

gates to obtain a reconstruction of the reference gate with a

higher signal-to-noise ratio. For each gate we have a set of

sinograms of the same size as g. Hence g is extended from

R
L to R

N ·L. According to the larger dataset the system matrix

has to be extended as well. We replace X by P ∈ R
N ·L×V .

This new matrix can be divided into two components, i.e.,

P = XM. The structure of X is rather simple since it is

nothing else but a block matrix with X as defined above on

the main diagonal

X ∈ R
N·L×N·V =

⎛⎜⎝ X ∈ R
L×V 0 0

0
. . . 0

0 0 X ∈ R
L×V

⎞⎟⎠ .

Obviously, in case of N = 1 the matrix X is reduced to X .
The second matrix M includes the motion information and is
given by

M ∈ R
N·V ×V =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎝

m1,1 · · · m1,V

...
. . .

...
mV,1 · · · mV,V

⎞
⎟⎠

...

⎛
⎜⎝

m(N−1)·V,1 · · · m(N−1)·V,V

...
. . .

...
mN·V,1 · · · mN·V,V

⎞
⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Each column of each V ×V sub-matrix represents the contri-

butions of all voxels to a single voxel, i.e., column 1 includes

the information which voxels are (partly) mapped to voxel 1.

Each row represents the contribution of one single voxel to all
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other voxels. More details on the interpretation of M will be

discussed in the motion section II-C. Combining X and M ,

the elements of the new system matrix P can be written as

pi,j =

N ·V∑
l=1

xi,lml,j

=

N ·V∑
l=1

xi%L,l%V ml,j

by using the modulo operator %. Hence the components of the

new system matrix are nothing else but a linear combination

of the old matrix with weights according to the motion

information. Therefore the AW-OSEM algorithm including

motion correction reads

bκ+1
j =

bκj∑
i

(pi,j/ami )
·
∑
i

⎡⎢⎢⎣ pi,j · gi(∑
k

pi,kbκk

)
+ ami ·

(
gRi + gSi

)
⎤⎥⎥⎦

with a modified attenuation correction factor given by

ami = exp

⎛⎝∑
j

pi,jμj

⎞⎠ .

C. Motion Vectors

For this reconstruction approach it is necessary to know

the motion of each single voxel in relation to the reference

gate. Depending on the direction of the motion fields we know

either where a voxel was moved to or where it originates from.

We will see that both choices have their (dis-)advantages. Our

suggestion is a combination of both approaches.

Before we discuss the implementation issues of the different

methods we analyze the structure of M. In order to avoid

a loss of activity / an artificial creation of activity during

reconstruction, we postulate:∑
j

mi,j = 1, (1)

i.e., one voxel must contribute 100% to other voxels. Al-

though this restriction seems to be obvious it is not guaranteed

in all cases. The next three sections discuss different ways of

using the motion fields during reconstruction. The title of each

subsection indicates the “direction” of the vectors used and

may differ from the orientation of the given vector fields.

1) Template ⇒ Reference: As discussed in [3], this ap-

proach can be implemented straight-forward since it relies

on interpolation only. During reconstruction of template data,

each voxel is mapped to its ”initial“ position as illustrated in

Figure 1. The advantage of this method is that classical [6] as

well as more sophisticated algorithms [7] can be used to derive

the system matrix which is joined with the interpolation step

afterwards. In addition, equation 1 is satisfied per definition.

Unfortunately, this method does not guarantee that each voxel

of the reference gate will be hit when template data is

used, because the interpolation needs not be surjective. Hence

the interpolation may introduce errors leading to artifacts.

Keywords for this method: fast, error-prone.

Motion

Motion 
Correction

Reference Template

(Motion vectors 
known in this 

direction)

Fig. 1. For each voxel in the template image its ”initial“ position in the
reference image is known. Hence each voxel can easily be moved during
reconstruction. In this example linear interpolation is shown.

2) Reference ⇒ Template: In this case the exact movement

for each voxel of the reference image into the template image

is known. During reconstruction of template data the probabil-

ity of particle emission in the red voxel and their measurement

on the corresponding line of response has to be calculated. The

image update must be performed at the green voxel. Since

the red voxel is not on the grid of the reference image the

computation of the system matrix is very time demanding

[4]. Lamare calls this method exact, however condition (1)

usually will not be fulfilled. In the worst case all voxels of the

reference gate point to a single voxel in the template image.

Hence we propose to introduce an appropriate scaling of the

matrix elements mi,j which relates all vectors pointing on

the same voxels to satisfy condition (1). In contrast to the

method presented in section II-C1, this approach guarantees

surjectivity which prohibits errors in the reconstruction if used

in combination with the described scaling. Keywords for this

method: slow, exact.

Motion

Motion 
Correction

Reference Template

(Motion vectors 
known in this 

direction)

Fig. 2. For each voxel in the reference image the position after motion is
known. Again linear interpolation is shown.

3) Template ⇒ Reference (Inverted Motion Fields): This

third method combines the advantages of the other two meth-

ods to obtain an exact and fast algorithm. The first method

is fast because of the simple interpolation step combined with

the standard reconstruction framework. Hence our new method

should work in a similar fashion to be likewise fast. To join

this feature with the exact calculations of the second method

we introduce a preprocessing step. Instead of calculating each

mi,j during the reconstruction, the fraction of each reference

image voxel on each template image voxel is precalculated and

stored in a lookup table. As shown in Figure 3, the overlap of

the red voxel on each yellow voxel is calculated. During the

reconstruction we may now work with the yellow voxels and

hence use the interpolation strategy as in section II-C1. The

precalculation step can be interpreted as an inversion of the

motion field and results in a surjective interpolation scheme. In
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Motion

Motion 
Correction

Reference Template

(Motion vectors 
known in this 

direction)

Fig. 3. The same vectors as in section II-C2 are used. In order to reconstruct
using a similar approach as in section II-C1, the vectors are inverted.

order to satisfy the mass preserving condition (1), the values

in the lookup table are scaled accordingly. Keywords for this

method: fast, exact.
We mention that similar to the problem described in section

II-C1 voxels in the template gate may not be hit. However, we

did not experience any problems with this fact so far. Never-

theless, this problem should be analyzed for completeness.

D. Data

In order to evaluate the different motion correction ap-

proaches the XCAT phantom [8] was used. This enables us to

use ground-truth data as well as ground-truth motion vectors.

Hence the results do not depend on the estimation of the

motion fields.

In this study we focused on respiratory motion. Eight dif-

ferent respiratory motion states were simulated using forward-

projections and additional poisson noise. For comparison using

a similar signal-to-noise ratio, eight noise realizations of the

reference gate were simulated, summed up and averaged.

Before adding the noise, the negative attenuation coefficients

are used to include the effect of attenuation.

It is well-known [9] that the image based methods are

working well in case each single gate has a reasonable signal-

to-noise ratio. Therefore we are interested to compare the

motion correction approaches when the single gates do no

longer contain meaningful information.

The scanner geometry used for the numerical examples

refers to the Siemens Biograph Sensation 16. The recon-

structed volume has the size 175 × 175 × 47 and the cor-

responding michelogram 192× 192× 175. So far only linear

interpolation was used to apply the motion correction in image

space and data space.

E. Reconstruction

We compare the runtimes and results of several reconstruc-

tion and motion correction approaches, respectively. For all

reconstructions we choose four iterations and five subsets. All

times were measured on a shared-memory system with 48 GB

RAM and four Intel(R) Xeon(R) CPU E7430 each consisting

of four cores. The runtimes were measured using eight of the

sixteen possible cores. The different reconstruction methods

were implemented in the EMrecon reconstruction framework

[10] and will be described briefly in the next sections. The

method presented in section II-C2 is not investigated in this

work since the implementation can be arbitrarily slow.

1) Reconstruction without Motion Correction (One Gate):
This method represents the classical AW-OSEM reconstruction

of a single gate as presented in section II-A. In order to obtain

a motion contaminated dataset, the eight gates representing the

different motion states were summed up and scaled according

to the number of gates.

2) Reconstruction without Motion Correction (All Gates):
Since we want to compare our relative reconstruction times

to the results presented by Lamare [4] who used Listmode,

we performed this additional reconstruction. It is required

to reconstruct from the identical dataset (same amount of

LORs) as used in the motion corrected reconstruction for a

fair comparison. Regarding the system matrix P = XM, this

case refers to

m(n−1)·V+j,j = 1 n = 1, . . . , N, j = 1, . . . , V
mi,j = 0 otherwise.

The resulting image is identical compared to the result of

section II-E1.

3) Reconstruction with Motion Correction (Template ⇒
Reference): Here we are using the method presented in

section II-C1. Since only the ground-truth vectors pointing

in the opposite direction were available, the Matlab function

TriScatteredInterp was used to obtain vectors pointing from

the template gates to the reference. The resulting motion field

obviously is only an approximation of the ground-truth data.

Hence we only look at the runtime for comparison but not at

the reconstruction result itself. This is reasonable because it

already has been shown [4] that this method is inferior to the

other methods.

4) Reconstruction with Motion Correction (Template ⇒
Reference, Inverted Motion Fields): The given motion fields

are used as presented in section II-C3. Therefore the inversion

step is not performed during reconstruction but as a prepro-

cessing before reconstruction.

5) Reconstruction with Motion Correction (Template ⇒
Reference, Inverted Motion Fields, Mass-Preserving): Along

the lines of section II-E4 the motion fields are prepro-

cessed and used in the reconstruction. In addition, the mass-

preserving scaling is introduced to satisfy equation (1).

III. RESULTS AND DISCUSSION

The runtimes for the different reconstruction algorithms can

be found in table I. The runtime of algorithm (II-E3) is about

10% longer compared to the uncorrected reconstruction

Reconstruction Type Time in s Time in s Time
pro subset total relative

II-E1 1.44 28 0.19
II-E2 7.55 151 1
II-E3 8.32 166.33 1.1
II-E4 8.27 165.33 1.09
II-E5 8.3 166 1.1

TABLE I
RECONSTRUCTION TIMES FOR RESPIRATORY MOTION CORRECTION.

given by (II-E2). This is comparable to the 5% given by

Lamare [4]. The new proposed algorithms II-E4, II-E5 take

the same time as algorithm (II-E3). Compared to the 10 times
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longer described by Lamare, this is a huge speedup. One could

argue that the reconstruction may now be faster because the

preprocessing takes so long. Regarding table II we can see

that the preprocessing can easily be done and hardly takes

extra time. In addition, the filesize of the stored motion data

is rather small.

Reconstruction Type Time in s for Filesize
preprocessing in MB

II-E3 7.3 240
II-E4 8 238
II-E5 8 238

TABLE II
PREPROCESSING TIMES AND FILESIZE OF MOTION DATA FOR

RESPIRATORY MOTION CORRECTION.

The improvement introduced by the mass-preserved scaling

can be seen in Fig. 4. Although the reconstruction without

mass-preserving seems to deliver reasonable results (see Fig.

4(c)), the scaling enables a higher recovery of activity inside

the ventricle as can be seen in Fig. 4(d) and Fig. 4(e).

(a) Reconstruction of eight noise
realizations of the reference gate.

(b) Uncorrected reconstruction of
motion contaminated data. The cor-
responding sinograms of all motion
states are reconstructed as described
in section II-E2.

(c) Reconstruction using the data
based non mass-preserving motion
correction approach as presented in
section II-E4.

(d) Reconstruction using the data
based mass-preserving motion cor-
rection approach as discussed in
section II-E5.

(e) Difference of both data based
motion correction approaches, i.e.
Fig. 4(d) - Fig. 4(c). For better vi-
sual comparison the colormap has
been scaled to a different level.

Fig. 4. Results for motion correction in case of respiratory motion. The data
based approaches shown in 4(c),4(d) are able to produce reconstruction results
close to the reference reconstruction shown in 4(a). The newly introduced
mass-preservation scaling improves the recovery of update in the ventricle.

IV. CONCLUSION

We presented a possible way to speed up existing motion

correction reconstruction algorithms which lead to a remark-

able speedup. In case of datasets which include more motion

than presented in this work, the reconstruction time compared

to the uncorrected reconstructions may increase. Since this

affects all discussed algorithms, the speedup will not get lost.

Additionally, we added the mass-preserving condition to

guarantee an exact algorithm. We mention that our definition

of mass-preserving motion correction differs from existing

approaches in the literature. Gigengack et al. [11] and Dawood

et al. [12] derive mass-preserving vectors but this does not

replace the necessity of our mass-preserving approach.

In combination, the two presented modifications seem to be

a good package to tackle the problem of motion correction in

case of bad statistic data.

The next step will be the application of these algorithms

to real patient data. Here it must be possible to obtain the

motion vectors even in case of low PET signal. Therefore

these kind of algorithms should suit optimally to combined

MR/PET scanners like the Siemens Biography mMR. First

datasets are under investigation.
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Quadratic Regularization Design for 3D Axial CT
Jang Hwan Cho and Jeffrey A. Fessler

Abstract—While iterative reconstruction (IR) methods have
potential advantages over conventional FBP reconstruction such
as reduced patient dose and improved noise properties, their use
of statistical weighting and space variant scanning geometries
can lead to nonuniform and anisotropic spatial resolution. Due
to the large number of voxels in the image volume, regularization
design methods based on discrete Fourier transforms would
require prohivitive computational cost. In this paper, we propose
a quadratic regularization design method for 3D axial X-ray com-
puted tomography (CT) that aims to improve resolution isotropy
and uniformity. Simulations and a phantom experiment show
that the proposed method leads to more uniform and isotropic
spatial resolution in 3D axial CT with modest computational cost.

I. INTRODUCTION

Improved noise and spatial resolution properties are one

of the potential advantages of statistical image reconstruction

methods over conventional filtered back-projection (FBP) re-

construction [1]. Regularized image reconstruction methods,

such as penalized weighted least squares (PWLS) method

or a penalized-likelihood (PL) method, provide noise control

by integrating a roughness penalty into the cost function.

Although statistical weighting and system models are respon-

sible for improving image quality, their interaction with a

conventional quadratic roughness penalty results in images as

anisotropic and nonuniform spatial resolution. This holds even

for idealized shift-invariant imaging systems [2], and becomes

most severe near the end slices of 3D axial or helical CT.

Several previous regularization designs aim to match the

local impulse response of the estimator to a target impulse re-

sponse by matrix manipulations and discrete Fourer transforms

[2], [3]. The matrix and FFT methods need too much com-

putation when applied to an entire image volume. Expecially

for 3D axial or helical CT. A fast analytical regularization

design method for 2D fan-beam X-ray CT that uses continuous

space analogs to simplify the regularization design problem

was proposed in [4]. In [5], the authors addressed the problem

for 3D axial CT, but for a simplified 3D system that was

modeled as a stack of 2D fan-beam systems. In this paper, we

propose a regularization design for 3D axial X-ray computed

tomography (CT) accounting for cone angle. Simulations and

a phantom experiment show that the proposed method leads

to more uniform and isotropic spatial resolution in 3D axial

CT with modest computational cost.

This work was supported in part by NIH grant R01-HL-098686 and by
equipment donations from Intel. The authors are with the Department of Elec-
trical Engineering and Computer Science, University of Michigan, Ann Arbor,
MI 48109-2122, USA. Email: janghcho@umich.edu, fessler@umich.edu.

II. METHOD

A. Local Impulse Response

Consider a penalized weighted least squares (PWLS) objec-

tive function of the form

Ψ(x) = L- (x)+R(x), L- (x) =
1

2
‖y −Ax‖

2
W
, (1)

where y is the measurement vector, A is the system matrix,

x = (x1, · · · , xN ) is the discretized version of the object

being imaged, and W = diag{wi} is a statistical weighting

matrix. A conventional quadratic regularizer is expressed as

R(x) = β
∑
j

Nl∑
l=1

κl(j)κjr
l
j

1

2
((cl ∗ ∗ ∗ x) [n,m, z])

2
, (2)

where index j is a lexicographical ordering of [n,m, z], Nl

is the number of neighbors (13 in 3D), cl is a function

performs finite differences between neighboring voxels (see

(11) below), κ’s are the user-defined weights [2] for controlling

spatial resolution in the reconstructed image, and {rlj} are the

directional regularizer coefficients that we will design.

For a quadratic regularizer, the local impulse response (LIR)

at the jth voxel for the PWLS estimator is given as:

lj = [A′WA+R]−1A′WAδj , (3)

where R is the Hessian of the regularizer R(x) and δj denotes

an impulse function at jth voxel [2]. Our purpose is to design

R such that our local impulse response lj matches a target lo

that has more isotropic spatial resolution, at every pixel j. We

simplify this process by turning to the frequency domain.

Assuming A′WAδj and Rδj are approximately locally

circulant [6], we can approximate (3) as follows:

Lj =
F (A′WAδj)

F (A′WAδj) + βF (Rδj)
, (4)

where F (·) denotes the 3-D DFT.

Instead of directly using the discrete Fourier transform, we

use the continuous-space analog of Hj � F (A′WAδj) in

spherical coordinates ν � (ρ,Φ,Θ). We use a closed-form

approximation for Hj that was suggested in [7]:

Hj(ν) ≈ KJ(ν)
w̃j(Φ)

ρ cos(Θ)
(5)

K = ΠΔ3
xΔzD

2
sd/D

2
so

J(ν) = sinc(Δxρ cos(Θ) cosΦ)
2

×sinc(Δyρ cos(Θ) sinΦ)
2sinc(Δzρ sin(Θ))

2

w̃j(Φ) =
∑

β∈Bj(Φ)

w̄β,j

dβ,j
√
1− (ζj cos(θj))2 cos2(φj − Φ)

,

where Dso · (ζ
j , φj , θj) denotes the location of the jth voxel

in spherical coordinates, K is a constant depending on voxel
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sizes and scanner geometry, J(ν) is a factor depending only

on spatial frequencies, w̄β,j � wβ(�s
∗
j ) where �s∗j is the positon

on the detector that maximizes the footprint of voxel j at

source angle β, dβ,j is the distance from the source to the

xy-projection of voxel j, and Bj(Φ) is the set of the values of

β for which the ray passing through voxel j is perpendicular

to the frequency vector ν where the ray and frequency vector

are both projected onto the xy-plane [7]. Substituting (6) into

(4) yields the following expression for the continuous space

analog of Lj :

Lj ≈
KJ(ν)w̃j(Φ)/(ρ cos(Θ))

KJ(ν)w̃j(Φ)/(ρ cos(Θ)) + βRj(ν)
, (6)

where Rj(ν) is the local frequency response for the regularizer

near pixel j (see (15) below).

B. Target Impulse Response

The local frequency response associated with penalized

unweighted reconstruction is isotropic at the isocenter for a

full scan, so we use it as our target response. At isocenter, (6)

for uniform weights (wi = 1) is given as

Ho(ν) ≈ KJ(ν)
ũo(Φ)

ρ cos(Θ)
, (7)

ũo(Φ) = |Bj(Φ)| .

Now the target local frequency response is

Lo ≈
KJ(ν)ũo(Φ)/(ρ cos(Θ))

KJ(ν)ũo(Φ)/(ρ cos(Θ)) + βRo(ν)
, (8)

where Lo is the continuous-space analog of Lo.

Our purpose is to match the local impulse response at jth
voxel to the target impulse resonse, i.e., we want

Lj ≈
KJ(ν)w̃j(Φ)/(ρ cos(Θ))

KJ(ν)w̃j(Φ)/(ρ cos(Θ)) + βRj(ν)
(9)

≈
KJ(ν)ũo(Φ)/(ρ cos(Θ))

KJ(ν)ũo(Φ)/(ρ cos(Θ)) + βRo(ν)
≈ L0.

Cross multiplying and simplifying yields the goal

ũo(Φ)Rj(ν) ≈ w̃j(Φ)Ro(ν). (10)

C. Regularization Structure

We first define a first-order differencing function that penal-

izes lth neighbor as

cl =
1√

n2l +m2
l + z2l

(δ(n,m, z)−δ(n−nl,m−ml, z−zl)),

(11)

where nl,ml, zl denote the offset of the neighbor. Taking the

Fourier transform of (11) yields the following expression for

the local frequency response |Cl(ω1, ω2, ω3)|
2

=
1

n2l +m2
l + z2l

∣∣∣1− e−i(ω1nl+ω2ml+ω3zl)
∣∣∣2

=
1

n2l +m2
l + z2l

(2− 2 cos (ω1nl + ω2ml + ω3zl)) . (12)

Using the approximation 2−2 cos(x) ≈ x2 [4] (12) simplifies

|Cl(ω1, ω2, ω3)|
2
≈

1

n2l +m2
l + z2l

(ω1nl + ω2ml + ω3zl)
2
.

(13)

We convert (13) to spherical frequency coordinates. The

relationship between frequency and sampling yields ω1 =
2πΔxρ cos(Φ) cos(Θ), ω2 = 2πΔyρ sin(Φ) cos(Θ), and ω3 =
2πΔzρ sin(Θ). Substituting these into (13) yields the follow-

ing expression for |Cl(ω1, ω2, ω3)|
2

≈
1

n2l +m2
l + z2l

(2πρ)2(nlΔx cos(Φ) cos(Θ)

+mlΔy sin(Φ) cos(Θ)+zlΔz sin(Θ))
2 (14)

The local frequency response of the regularizer (2) is now

Rj(ρ,Φ,Θ) = (2πρ)2κ2j

Nl∑
l=1

rlj (e(Φ,Θ) · [e(Φl,Θl)⊗Δ])
2
,

(15)

where e(Φ,Θ) � (cos(Φ) cos(Θ), sin(Φ) cos(Θ), sin(Θ)),
Δ � (Δx,Δy,Δz), ⊗ is element-wise multiplication, and we

assumed that κj ≈ κl for l within the neighborhood of j.
For the target response, Ro becomes

Ro(ρ,Φ,Θ) = (2πρ)2κ2o

Nl∑
l=1

rlo (e(Φ,Θ) · [e(Φl,Θl)⊗Δ])
2
,

(16)

where κo is the user-defined weights for target spatial reso-

lution at the isocenter, and {rlo} is the pre-defined directional

weights, which determines the shape of the target response.

D. Regularization Design

Substituting (15) and (16) into (10) and simplifying yields

Qj(Φ,Θ) ≈
κ20w̃j(Φ)

κ2j ũo(Φ)
Qo(Φ,Θ), (17)

where

Qj(Φ,Θ) �
Nl∑
l=1

rlj (e(Φ,Θ) · [e(Φl,Θl)⊗Δ])
2
. (18)

We solve the following weighted minimization problem

to design the directional weighting coefficient vector rj =
(r1j , · · · , r

Nl

j ) at the jth voxel

rj � argmin
rj≥0

∫ 2π

0

∫ π
2

−π
2

Dw(Φ,Θ)|w̌j(Φ,Θ)

−

Nl∑
l=1

rjl (e(Φ,Θ) · [e(Φl,Θl)⊗Δ])2|2dΘdΦ, (19)

where the nonnegativity constraint ensures the regularizer’s

convexity and we define the modified weighting function

w̌j(Φ,Θ) �
κ20w̃j(Φ)

κ2j ũo(Φ)

Nl∑
l=1

rlo(e(Φ,Θ) · [e(Φl,Θl)⊗Δ])2.

(20)

We choose Dw = cos(Θ) to have more uniform distribution

of sampled points. We view (19) as a weighted projection of
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w̌j(Φ) onto the space spanned by {[e(Φl,Θl)⊗Δ]
2}. Inserting

the weight cos(Θ) into the data-fitting part and expanding this

term into 6 orthonormal basis functions, we can decompose∑Nl

l=1 r
l
j cos

2(Θ)(e(Φ,Θ) · [e(Φl,Θl)⊗Δ])2 as PTrj , where

P is an operator whose columns are the six orthonormal

vectors, and T is a 6 × Nl linear combination matrix whose

mth row is the following inner product

Tml =
1

2π2

∫ 2π

0

∫ π/2

−π/2

(e(Φ,Θ) · [e(Φl,Θl)⊗Δ])2pmdΘdΦ.

(21)

The orthonormal basis functions are given as follows

p1(Φ,Θ) =

√
8

3
cos2(Θ)

p2(Φ,Θ) =
16
√
5
sin(Φ) sin(Θ) cos3(Θ)

p3(Φ,Θ) =
16
√
5
cos(Φ) sin(Θ) cos3(Θ)

p4(Φ,Θ) =

√
96

5
cos2(Θ)(cos(2Θ)−

2

3
)

p5(Φ,Θ) =
8

√
35

cos(2Φ)(1 + cos(2Θ)) cos2(Θ)

p6(Φ,Θ) =
32
√
35

cos4(Θ) cos(Φ) sin(Φ),

and assuming Δx = Δy , the lth column of T is given by⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
3
2 (

1
4Δ

2
x cos

2(Θl)+
1
3Δ

2
z sin

2(Θl))
√
5
5 ΔxΔz sin(Φl) sin(Θl) cos(Θl)√
5
5 ΔxΔz cos(Φl) sin(Θl) cos(Θl)

− 1√
30
Δ2

z sin
2(Θl)

√
35
28 Δ

2
x cos

2(Θl)(cos
2(Φl)− sin2(Φl))√

35
14 Δ

2
x cos(Φl) sin(Φl) cos

2(Θl)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Since P has orthonormal columns, we can represent the min-

imization problem (19) as the following simplified expression

rj = argmin
r≥0

∥∥Tr − bj
∥∥2 , (22)

where P ∗ denotes the adjoint of P and bj � P ∗ẘj(·), i.e.,

bjk = 1/(2π2)
∫ ∫

pk(Φ,Θ)ẘj(Φ,Θ)dΦdΘ for k = 1, · · · , 6,

where ẘj(Φ,Θ) = w̌j(Φ,Θ) cos
2(Θ). The minimization

problem (22) is much smaller than (19). We solve (22) using

NNLS algorithm [8].

The minimization problem (22) is under-determined and

may have many different solutions rj that are all global

minima. Too many zeros in rj may degrade the image since

there will zeros in the Hessian [4]. To ensure that certain rj

values are greater than some small positive number ε
j
l , we

modity (22) as follows

rj = argmin
r≥0

∥∥Tr − (bj − Tεj)
∥∥2 (23)

= argmin
r≥0

∥∥Tr − b̄j
∥∥2 , (24)

where b̄j � bj − Tεj . After minimization, we use the

coefficients r̄j = rj + εj for our new regularizer (See [4]

for a possible way to select εj).

III. RESULTS

We simulated a 3rd-generation axial cone-beam CT system

using the separable footprint projector [9]. The simulated

system has Ns = 888 channels and Nt = 64 detector rows

spaced by Δs = 1.0239 mm and Δt = 1.09878 mm, and 984

evenly spaced view angles over a 360 degree scan. The source

to detector distance was 949 mm, and the source to rotation

center distance was 541 mm. We included a quarter detector

offset in the channel direction to reduce aliasing. The XCAT

phantom [10] was used, and the image was reconstructed to

a 512 × 512 × 122 grid with pixel size Δx = Δy = 0.9766
mm and Δz = 0.625 mm. Poisson noise was added to the

sinogram, and the statistical weighting was chosen as wi =

exp(−[Ax]i). The regularization parameter β was selected

such that the target PSF at the isocenter has a full-width at

half-maximum (FWHM) of approximately 1.4 mm in xy and

0.9 mm in z.

-

-

-

-

-

-

-

-

-

-

-

-

Fig. 1. Impulse responses of conventional regularization (middle column)
and proposed regularization (right column) at (-66,217,-17) (mm), which is a
fully sampled location. Target impulse response is given as a reference (left
column). Each row corresponds to xy, xz, and yz profiles, respectively. Each
contour was plotted based on its own peak value.

-

-

-

-

-

-

-

-

-

-

-

-

Fig. 2. Impulse responses of conventional regularization (middle column)
and proposed regularization (right column) at (-117,-67,17) (mm), which is a
insufficiently sampled location. Target impulse response is given as a reference
(left column). Each row corresponds to xy, xz, and yz profiles, respectively.
Each contour was plotted based on its own peak value.

Figs. 1 and 2 compare impulse responses of conventional

regularization and proposed regularization for two different

voxels with different sampling properties. There is a consid-

erable anisotropy at both locations, especially for voxels with

insufficient sampling. The main reasons for the anisotropy are

statistical weighting and scan geometry. The spatial resolution

of the voxel in Fig. 1 is primarily affected by the statisti-

cal weights, and our proposed method gives more isotropic
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impulse response. The location in Fig. 2 is greatly affected

by scan geometry, and our proposed method achieves limited

improvements.

Fig. 3 compares reconstructed images with various meth-

ods. Iteratively reconstructed images show better noise char-

acteristics compared to the FDK reconstruction, but they

may have more anisotropic spatial resolution especially at

the voxels with less samplings. The true image blurred by

the target impulse response was provided as a reference to

assess the improvements of our proposed method. In Fig. 4

closely compares the reconstructed images with conventional

regularization and the proposed regularization. Overall, the

reconstructed image with the proposed regularizer has better

resolution characteristics, but has slightly more noise. At

locations indicated by the arrows, the proposed regularization

shows noticeable improvements (better match to target).

- -

(a) (b)

(c) (d)

Fig. 3. Reconstructed images at end slice (a) FDK reconstruction (b) True
image blurred by the target impulse response (c) Iterative reconstruction with
conventional regularizer (d) Iterative reconstruction with designed regularizer

IV. DISCUSSION

We proposed a regularization design method for 3D axial

CT that aims to improve resolution uniformity and isotropy.

The proposed regularization showed improved spatial resolu-

tion characteristics compared to the conventional regulariza-

tion for the full scan geometry. However, the designed impulse

responses do not match the target response precisely and lo-

cations with insufficient sampling still suffer from anisotropic

resolution. Since 3D axial short scans can suffer from severe

anisotropy at the end slices due to their scan geometry, the pro-

posed method may have difficulties achieving desired isotropic

resolutions for short scans. We hope to compensate for this

with improved regularization design. Furthermore, since edge-

preserving regularization is mostly used in practice instead

of the quadratic regularization, we will investigate using the

designed directional weights in edge-preserving regularization.

Our future work will address these issues and focus on refining

Fig. 4. Reconstructed images with conventional regularization (middle row)
and proposed regularization (bottom row) at different locations on end slices.
True image blurred by the target impulse response is given as a reference (top
row).

the method to obtain better spatial uniformity for different scan

geometries and to further improve the computational efficiency

of the method.
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CT Reconstruction of 3D Wavelet Coefficients and
its Application to Nondestructive Testing

Steven Oeckl∗

Abstract—This paper presents a new approach for multiresolu-
tion reconstruction in cone-beam tomography. The approximative
inverse for feature reconstruction is used to derive filter kernels
for reconstructing the 3D wavelet approximation and wavelet
detail coefficients directly from the projection data. Beyond
the reconstruction kernels, applications of multiresolution re-
construction in the field of nondestructive testing are shown:
The algorithm supports progressive reconstruction and local
tomography for recovering only a region of interest inside the
investigated volume. The features of the reconstruction algorithm
are shown by means of simulation data as well as real data of
an aluminium casting from automobile industry

Index Terms—CT, reconstruction, approximate inverse,
wavelet, multiresolution, nondestructive testing, merging of image
processing and reconstruction, data compression

I. INTRODUCTION

Since wavelet analysis has become a powerful tool for

signal and image processing, the multiresolution approach

provides a solution for many practical applications. In X-ray

computerized tomography (CT) algorithms for multiresolution

two dimensional (2D) parallel beam, 2D fan-beam, and three

dimensional cone-beam (Feldkamp-type) reconstruction using

tensor or quincunx wavelets were introduced in [1]–[3]. These

reconstruction formulas are based on the strong relationship

between the continuous wavelet transform and the Radon

transform as mentioned in [4].

In this contribution we use a different approach to achieve

an algorithm for reconstructing an object at different resolu-

tions: The approximate inverse, introduced in [5], is a method

for solving first kind operator equations Af = g in a stable

way. Instead of determining the exact solution f , an inversion

operator for fe is calculated, where fe is associated to f
via the inner product 〈f, e〉 using a mollifier e. Applying the

approximate inverse to CT yields a reconstruction algorithm

of filtered backprojection type [6]. In [7] the concept of

approximate inverse was extended for calculating a feature

of f represented as an appropriate operator T directly from

the measured data g. In this case the inner product 〈Tf, e〉
is calculated. Choosing the operator T as the discrete wavelet

transform yields a filtered backprojection algorithm for recon-

structing the wavelet coefficients of f .

We start with a short introduction to the concept of approx-

imate inverse in section II. Necessary basics on nonseparable

multiresolution analysis are given in section III. Section IV

provides the definition of the X-ray transform and some rele-

vant results. The determination of filter kernels for calculating

∗ Process Integrated Inspection Systems, A Dept. of the Fraunhofer Institute
for Integrated Circuits, Fürth, Germany

Corresponding author: Steven.Oeckl@iis.fraunhofer.de

the 3D wavelet and approximation coefficients directly from

the measured projection data is presented in section V. We

show the results of our reconstruction method in section VI

and conlude this contribution with a summary and an outlook

in section VII.

II. APPROXIMATIVE INVERSE

For separable hilbert spaces U and V we denote the space

of linear continuous operators from U to V by L(U, V ). The

range of A ∈ L(U, V ) is defined by R(A) and we write A∗

for the adjoint of A.

Let A ∈ L(U, V ) and e ∈ R(A∗). An element κA(e) ∈ V
with

A∗ = e (1)

is called reconstruction kernel for A (concerning e).
Using the reconstruction kernel we can define the approxi-

mate inverse as follows: Let Ω,Ω′ ⊂ R
n be bounded domains,

U := L2(Ω′), V a separable hilbert space, A ∈ L(U, V ),
g ∈ V and e ∈ L2(Ω× Ω′) fulfilling e(x, ·) ∈ R(A∗) for all

x ∈ Ω. The operator

SA(e)g(x) := 〈g, κA(e(x, ·))〉V , x ∈ Ω , (2)

is called approximate inverse of A (concerning e).
Assume the first kind operator equation Af = g. The idea

of the approximate inverse is to calculate an approximation

〈f, e(x, ·)〉U of the solution instead of the exact solution f .

This idea can be seen using the above definitions

〈f, e(x, ·)〉U = 〈f,A∗κA(e(x, ·))〉U
= 〈Af, κA(e(x, ·))〉V
= 〈g, κA(e(x, ·))〉V
= SA(e)g(x) . (3)

Since we are interested in a certain features of f , i.e. the

wavelet coefficients, instead of the solution of Af = g itself,

we extend the above concept to this situation, see [7]. Let

Ω,Ω′,Ω′′ ⊂ R
n be bounded domains, U := L2(Ω′), V a

separable hilbert space, A ∈ L(U, V ), W := L2(Ω′′), T ∈
L(U,W ), g ∈ V and e ∈ L2(Ω × Ω′′) fulfilling T ∗e(x, ·) ∈
R(A∗) for all x ∈ Ω. The operator

SA(e, T )g(x) := 〈g, κA(T ∗e(x, ·))〉V , x ∈ Ω,

is called approximative inverse of A (concerning e) for (cal-
culating the property) T . This definition is again motivated by
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the following relation

〈T f, e(x, ·)〉W = 〈f, T ∗e(x, ·)〉U
= 〈f,A∗κA(T ∗e(x, ·))〉U
= 〈Af, κA(T ∗e(x, ·))〉V
= 〈g, κA(T ∗e(x, ·))〉V
= SA(e, T )g(x) .

Instead of calculating the exact feature T f we use the ex-

tended approximate inverse to determine an approximation

〈T f, e(x, ·)〉W using again an appropriate mollifier e.

In the context of CT the calculation of reconstruction

kernels using the classical approximate inverse is well known,

see [6]. The following result shows the relation between the

classical and the extended approximate inverse for properties.

This relation will lead us to efficient algorithms for calculating

reconstruction kernels for the extended approximate inverse.

Let U , V , X and Y be separable hilbert spaces, A ∈ L(U, V )
and B ∈ L(X,Y ). In addition let T 1 ∈ L(X,U) and

T 2 ∈ L(Y, V ) fulfilling

AT 1 = T 2B (4)

and let be e ∈ R(A∗). Then T 1∗e ∈ R(B∗) and

κB(T 1∗e) = T 2∗κA(e) . (5)

To proof this we can write

T 1∗e = T 1∗A∗κA(e) = B∗T 2∗κA(e) .

III. MULTIRESOLUTION ANALYSIS

For calculating the wavelet coefficients of f directly from

the projection data using the approximate inverse we introduce

first some results from multiresolution analysis, for details see

[8], [9]. Let D ∈ Z
nxn be a dilation matrix and define M :=

|detD|. Let {φ, φ̃} be a pair of dual scaling functions of a

n-dimensional multiresolution analysis, and let {ψi, ψ̃i}, i =
1, . . . ,M , be M−1 pairs of dual mother wavelets. For a fixed

J ∈ Z and f ∈ L2(Rn) we have the wavelet expansion

f =
∑
k∈Zn

〈f, φJ,k〉φ̃J,k +

M−1∑
i=1

∑
j<J

∑
k∈Zn

〈f, ψi
j,k〉ψ̃i

j,k ,

where φj,k := |detD|−(j/2)
φ(D−j ·−k). We call 〈f, ψi

j,k〉 and

〈f, φJ,k〉 wavelet and approximation coefficients respectively.

In [1] it was shown that the wavelet and approximation

coefficients are the result of appropriate convolution operators

and therefore can be calculated using the approximate inverse

for properties. Let Ωn
r := {x ∈ R

n : ‖x‖ < r} be the open

ball in R
n with radius r ∈ R. For r1, r2 ∈ R

+, f ∈ L2(Ωn
r1)

and ψ ∈ L2(Rn) we have (f ∗ ψ) :=
∫
Rn f(x)ψ(· − x) dx ∈

L2(Ωn
r2). The operator

Cψ : L2(Ωn
r1) → L2(Ωn

r2)

f �→ Cψf := (f ∗ ψ)

is called convolution with ψ. Let ψ̆ := ψ(−·), j ∈ Z and

D ∈ Mn(Z) a dilatation matrix. Then for all k ∈ Z
n with

(Dj)−1k ∈ Ωn
r2 holds

〈f, ψj,k〉L2(Rn) =

∫
Rn

f(t)ψ(Djt− k) dt

=

∫
Rn

f(t)ψ̆(k −Djt) dt

=

∫
Rn

f(t)ψ̆(Dj((Dj)−1k − t)) dt

=

∫
Rn

f(t)ψ̆j,0((D
j)−1k − t) dt

= Cψ̆j,0
f((Dj)−1k) .

The corresponding equation holds for the approximation co-

efficients. Therefore we can determine the coefficients for the

wavelet expansion directly from the measured data g of the

operator equation Af = g by using the approximate inverse

of A for Cψ̆j,0
.

IV. X-RAY TRANSFORM

The X-ray transform is the mathematical model of cone

beam CT. In this section we restrict our investigations to the

three dimensional (3D) case n = 3. We denote the unit sphere

in R
3 with S3. For f ∈ L1(R3), a ∈ R

3, θ ∈ S2 we define

Df(a, θ) := Daf :=

∫ ∞

0

f(a+ ρθ) dρ .

The operator D is called X-ray transform. Next we consider

the X-ray transform as a continuous linear operator concerning

an appropriate curve. Therefore let Λ ⊂ R be a closed interval,

φ : Λ → R
3 a curve and Γφ := R(φ) ⊂ R

3 the range of φ.

The set of all curves with a range outside of Ω3
r is denoted

by Φ3,r(Λ) := {φ : Λ → R
3 |R(φ) ⊂ R

3 \ Ω3
r}. We call

φ ∈ Φn,r(Λ) a Tuy curve, if φ is bounded, continuous, differ-

entiable almost everywhere and if for all (x, θ) ∈ Ωn
r × Sn−1

there exists a λ ∈ Λ such that

〈x, θ〉 = 〈φ(λ), θ〉 (6)

and

〈φ′(λ), θ〉 �= 0 . (7)

Let φ ∈ Φn,r(Λ) be a Tuy curve. Then the X-ray transform

D is a continuous linear mapping

D : L2(Ωn
r ) → L2(Γφ × S3) .

The adjoint operator D∗ : L2(Γφ×S3) → L2(Ω3
r) is given as

D∗g(x) :=
∫
Λ

‖x− φ(λ)‖−2g

(
x− φ(λ)

‖x− φ(λ)‖

)
dλ .

The inversion formula in [10] is based on the adjoint X-ray

transform and is therefore suitable for calculating reconstruc-

tion kernels. The formula reads

f =
1

8π2
D∗T MΓφ

T Df , (8)

where for λ ∈ Λ, ω ∈ S2 and s ∈ R

T g(φ(λ), ω) :=

∫
S2

g(φ(λ), θ)δ′(〈θ, ω〉) ,

MΓφ
h(φ(λ), ω) := |〈φ′(λ), ω〉|mφ(ω, 〈φ(λ), ω〉)h(φ(λ), ω)
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and mφ(ω, 〈φ(λ), ω〉) := nφ(ω, 〈φ(λ), ω〉)−1 the inverse of

the Crofton symbol

nφ(ω, s) := #{λ ∈ Λ : 〈φ(λ), ω〉 = s} .
For an efficient calculation of reconstruction kernels for

computing the wavelet coefficients directly from the measured

projection data the following relation between the X-ray

transform and the convolution operation is important. We have

Dφ(λ)Cgf(θ) =

∫ ∞

0

Cgf(φ(λ) + tθ) dt

=

∫ ∞

0

Cfg(φ(λ) + tθ) dt

=

∫ ∞

0

∫
Ωn

r

g(x)f(φ(λ) + tθ − x) dx dt

=

∫
Ωn

r

g(x)

∫ ∞

0

f(φ(λ)− x+ tθ) dt dx

=

∫
Ωn

r

g(x)Dφ(λ)−xf(θ) dx

= Cg(D(·)g(θ))(φ(λ)) . (9)

V. RECONSTRUCTION KERNELS

The approximate inverse for determine a smoothed solution

of Df = g reads

〈f, e(x, ·)〉U = SD(e)Df(x)

=

∫
Λ

∫
S2

Dφ(λ)f(θ)κD(e(x, ·))(φ(λ), θ) dθ dλ ,

(10)

where

κD(e(x, ·)) = T MΓφ
T De(x, ·) .

This follows immediately from the inversion formula (8)

D∗κD(e(x, ·)) = D∗T MΓφ
T De(x, ·) = e(x, ·) .

Due to relation (9) the assumption (4) is fulfilled. Therefore

we can apply (5) to determine the reconstruction kernel for

calculating the wavelet coefficients C∗
ψ̆j,0

f directly from the

measured data as follows

κD(C∗
ψ̆j,0

e(x, ·))(φ(λ), θ) = C∗
ψ̆j,0

(κD(e(x, ·))(·, θ))(φ(λ)) .
The extended approximate inverse for determine the wavelet

coefficients C∗
ψ̆j,0

f reads

〈T f, e(x, ·)〉W = SA(e, Cψ̆j,0
)Df(x)

=

∫
Λ

∫
S2

Dφ(λ)f(θ)κD(C∗
ψ̆j,0

e(x, ·))(φ(λ), θ) dθ dλ . (11)

In [6] it was shown that in case of a circle trajectory formula

(10) provides a stable reconstruction algorithm, although a

circle is not a Tuy curve. We use also a circle trajectory

because this curve is the most common curve in industrial

CT. If the mollifier e in this case is translation invariant, then

the inner integral concerning S2 in (10) acts approximately as

a convolution, see [6]. The same holds for the inner integral

concerning S2 in (11). Therefore we get an algorithm of

filtered backprojection type for reconstructing the wavelet and

approximation coefficients C∗
ψ̆j,0

f .

VI. RESULTS

This section is divided into two parts. First we present

some results using our algorithm on synthetic data. Second

we would like to show that the approach of calculating a

3D multiresolution analyis directly from the projection data

provides some benefits in practical applications.

In Figure 1 we show a single slice of a 3D wavelet and

approximation coefficient reconstruction using a coiflet and

the 3D extension of the quincunx dilatation matrix. The full

cone angle was two times 7, 78 degrees and 400 projections

consisting of 256x256 pixels were used to reconstruct a

volume data set with 256x256x256 voxels. We choose the

gaussian with standard deviation σ ≈
√
2 as mollifier.

Fig. 1. Reconstruction of 3D wavelet and approximation coefficients using a
coiflet and the 3D extension of the quincunx dilatation matrix. The full cone
angle was two times 7, 78 degrees and 400 projections consisting of 256x256
pixels were used to reconstruct a volume data set with 256x256x256 voxels.
We choose the gaussian with standard deviation σ ≈ √

2 as mollifier. Left:
Grey value range of [−0, 1, 0.25]. Right: Grey value range of [−0.1, 1.0].

Using the same setup as in the situation of figure 1 we show

in figure 2 a comparison between calculating the approxima-

tion coefficients (without downsampling) in two steps and a

reconstruction of the approximation coefficients directly from

the projection data. A two step calculation means performing

first a standard reconstruction followed be a 3D low pass

filtering of the volume data set to achieve the approximation

coefficients related to the coiflet.

Fig. 2. Comparison between calculating the approximation coefficients
(without downsampling) in two steps and a reconstruction of the approxi-
mation coefficients directly from the projection data using the same setup
as in figure 1. Left: Two step calculation, i.e. performing first a standard
reconstruction followed be a 3D low pass filtering of the volume data set;
grey value range [0.49, 0, 535]. Center: Reconstruction of the approximation
coefficients directly from the projection data using the extended approximate
inverse; grey value range [0.49, 0, 535]. Right: Absolute difference between
left and right image; grey value range [0.0, 0.005].

The possibility to perform a progressive reconstruction is the

main advantage of multiresolution tomographic reconstruction

for practical applications. Reconstructing the approximation
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coefficients at a high decomposition level yields a first im-

pression of the specimen. After selecting a region of interest

within the approximation only the detail coefficients of the

selected region plus a certain border must be reconstructed

to achieve high resolution inside the region of interest. In

non-destructive testing progressive reconstruction can be used

to incorporate previous knowledge about the specimen, the

scanning geometry, and the inspection task efficiently into the

reconstruction method.

In figure 3 we show the result of merging CT reconstruc-

tion and image processing for automatic defect detection in

aluminium castings. After reconstructing the approximation

coefficients the potential defect areas can be determined auto-

matically. Afterwards only these areas need to be reconstructed

at highest resolution the perform an exact defect characterisa-

tion. This approach reduces the amount of data to be processed

and therefore speeds up the casting inspection.

Fig. 3. Merging of reconstruction and image processing speeds up the
process for casting inspection. Only the defect areas need to be reconstructed
at highest resolution. Left: 3D representation of casting inspection result.
Right: 3D multiresolution reconstruction where only the relevant regions are
reconstructed at highest resolution.

A 3D multiresolution reconstruction enables data com-

pression during the reconstruction process. For example a

wavelet thresholding can be performed after every recon-

structed decomposition level. This speeds up the data transfer

and therefore the reconstruction time in case of huge volume

data sets processed using cluster computing. An example can

be seen in figure 4.

Fig. 4. Data compression during the reconstruction step. Left: 3D repre-
sentation of a huge data set with casting defects inside. Center: Standard
reconstruction using an industrial CT setup. Right: Result of compressed CT
reconstruction using 3D multiresolution analysis with an compression rate of
13.34 %. All relevant structures for automatic evaluation tasks including the
casting defect in the lower right quadrant of the image are still visible.

Also Region-Of-Interest (ROI) reconstruction using multi-

scan approaches is an application field of 3D multiresolution

reconstruction.

VII. CONCLUSION AND FUTURE WORK

In this contribution we show an approach for reconstructing

3D wavelet and approximation coefficients directly from the

projection data. We use the extended approximate inverse for

calculating properties to derive reconstruction kernels for a

filtered backprojection for a circle trajectory. Beyond results

on synthetic data we present also practical applications in

industrial CT.

Next steps will be the expansion of the kernel determination

to other trajectories, for example the helical trajectory, and

to other properties than wavelet coefficients. For metrology

applications the reconstruction of object edges instead of

absorption coefficients should provide some benefits.
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Abstract—In this work, we perform a preliminary study on
image reconstruction by using optimization-based algorithms from
low-dose data of patients collected with a dedicated breast CT scan-
ner. The reconstruction is formulated as a constrained minimiza-
tion program, and the adaptive steepest descend and projection
onto convex sets (ASD-POCS) is used to solve the program. Because
the data were collected with low-dose exposure comparable to that
in a typical two-view mammography examination, they have a
relatively low signal-to-noise ratio (SNR), and reconstruction from
them is challenging in terms of revealing detailed information of
clinical value. Based upon the reconstruction, we also conduct
characterization studies in terms of visualization and image-
power spectra. The results of our study suggest that, constrained
TV-minimization-based reconstruction may yield breast images
with improvement over those obtained with the standard FDK
algorithm.

∼

&

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

86



A. The breast-CT prototype and data acquisition

1024×768

π

B. Optimization-based image reconstruction

1) Imaging model:

g0 = Hf ,

H
g0 f

g0

f

g g0

f

2) Reconstruction program and algorithms:

�1

f∗ = argmin||f ||TV s.t. D(f) ≤ ε and fn ≥ 0,

D(f)

D(f) = |Hf − g|,

||f ||TV ε > 0

cα(f) = −1

cα(f) −0.5

D(f) ≤ ε

D(f) cα(f)
f = 0

C. Reconstruction characterization

S(k) = α/kβ

k α β

A. Visualization-based reconstruction characterization
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B. Image-power-spectra-based characterization
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Maximum A Posteriori Image Reconstruction for A

High Sensitivity Uncollimated Small-Animal

SPECT System
Jian Zhou, Katherine L. Walker, Gregory S. Mitchell, Simon R. Cherry, and Jinyi Qi

Abstract—A high sensitivity single-photon emission computed
tomography (SPECT) system has been constructed by positioning
two detectors in close proximity of the subject without using any
collimator. In this paper, we present a reconstruction method
for an uncollimated SPECT system recently reported in [1]
and [2]. We derived an analytic formula for accurate calculation
of the system matrix. It can model the solid angle effect, photon
penetration and crystal gaps. We also developed a maximum a

posteriori (MAP) reconstruction method to regularize the noise by
using an image smoothness prior. We verified our analytic model
using Monte Carlo simulations. Experimental results show the
efficacy of the proposed MAP method.

I. INTRODUCTION

High sensitivity preclinical single-photon emission com-

puted tomography (SPECT) system has many advantages such

as rapid imaging capability and low radiation dose. It has

various applications in molecular imaging where good spatial

resolution is not necessary. Mitchell and Cherry [1] have devel-

oped a prototype high-sensitivity SPECT imaging system with

no collimator in Fig. 1. It consists of two planer, parallel scin-

tillator detector heads. Such an uncollimated SPECT system

has extremely high sensitivity owning to its compact geometry

and wide coverage of solid angle. A 40% sensitivity has

been reported for 99mTc with 3-mm thick NaI(Tl) scintillation

detectors.

Tomographic image reconstruction for this uncollimated

SPECT system is very challenging. The measured data are

only two individual two-dimensional projection images while

the image being reconstructed is three dimensional. Thus the

reconstruction problem is severely underdetermined as com-

pared to conventional tomography systems. In addition, be-

cause of no collimators the typical system response generates

highly blurred measurement data that adds more degrees of

ill-posedness to reconstruction. Mitchell and Cherry [1] used

the maximum-likelihood expectation-maximization (ML-EM)

algorithm and singular-value decomposition (SVD). Barrett

and Holen [3] studied a similar uncollimated SPECT system

which they referred to as a proximity-based imaging system.

They described an analytic SVD reconstruction method based

upon a pure solid angle-based system model. This model

allowed them to derive an iterative Landweber algorithm that

Department of Biomedical Engineering, University of California, Davis, CA
95616, USA. Email: {jnzhou, klbyrne, gsmitchell, srcherry, qi}@ucdavis.edu

This work is supported by the Office of Science (BER), U.S. Department
of Energy under grand no DE-SC0005311.

Fig. 1. A conceptual design of high-sensitivity preclinical SPECT system
(left) and the first-generation prototype device (right). Pictures are taken
from [1].

approaches reconstruction without explicitly calculating the

system matrix.

In this paper, we propose a maximum a posteriori (MAP)

reconstruction method for a new uncollimated SPECT system.

MAP uses an image prior to regularize the image reconstruc-

tion and to avoid the ill-posedness of the inverse problem.

Rather than using the EM algorithm, we developed a precon-

ditioned conjugate gradient (PCG) algorithm to maximize the

log-posterior density function.

The remaining sections of this paper is organized as follows.

In Section II, we describe the imaging model of the uncolli-

mated SPECT system and MAP reconstruction. An analytic

formula will be derived to calculate the system matrix. In

Section III, we first validate our analytic system model by

comparing it with Monte Carlo simulations. Then we apply our

MAP method to experimental phantom data acquired from the

second-generation uncollimated SPECT system [2]. Finally,

we draw conclusions and discuss future work in Section IV.

II. METHODS

A. System model

To model the physics of the data acquisition process, we

start with a simple model ignoring scattering effects in the

object and detector crystals. Let μc be the linear attenuation

coefficient of the detector material for a given photon energy.

For an infinitesimal volume dV ≡ dudvdw inside this detec-

tor, the probability that a single photon emitted from a voxel
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Fig. 2. An illustration of single photon detection.

j being detected by this volume is proportional to

prob ∝

(
cos θdudv

r2j

)(
aoe

−μcL
)(

1− exp (−μc
dw

cos θ
)

)
(1)

where θ is the angle between the photon travel path and

the detector normal direction, rj is the distance between

voxel j and dV , L is the photon travel distance inside the

detector before reaching dV . ao represents the effect of object

attenuation along the photon travel path. See Fig. 2 for an

geometrical illustration.

The first term on the right side of (1) accounts for the

solid angle effect based on the particular system geometry;

the second term models the attenuation effect due to the

object and the scintillator material itself, which describes the

probability that a photon can reach dV ; the third term is the

probability that a photon can be absorbed inside dV . Using

the approximation: 1 − e−t ≈ t when t is small, (1) can be

simplified to

prob ∝
aoμce

−μcL

r2j
dV. (2)

Now considering a pixelated detector whose ith crystal is

with a volume Vi, the probability of a photon emitted from

voxel j being detected by crystal i can be calculated by

pij = εiμc

∫∫∫
Vi

aoe
−μcL

r2j
dV (3)

where we have included an additional factor εi that models

the ith crystal efficiency. In practice, we compute this quantity

using numerical integration. Note that ao, L and rj can vary

when sampling each individual crystal. Also in (3) we have as-

sumed that each image voxel behaves like a delta function. For

other advanced voxel functions, additional volume integration

in image space may be applied.

B. Image reconstruction

Let yi be the number of photons detected by crystal i. Define

y = [y1, . . . , yI ]
T (where T denotes the vector or matrix

transpose) as a collection of measurements by a total number

of I crystals. We assume that y is Poisson distributed whose

mean, denoted by ȳ, is

ȳ = Px+ s̄ (4)

where x = [x1, . . . , xJ ]
T is the unknown image with a total

number of J voxels, P is the system matrix whose element

pij is determined by (3), and s̄ = [s1, . . . , sI ]
T models the

mean of background scatters.

For a given y, a MAP reconstruction of x is found as

x̂ = argmax
x�0

Φ(x), Φ(x) = L(y|x)− βU(x) (5)

where L(y|x) is the Poisson log-likelihood function

L(y|x) =

I∑
i=1

{yi log(ȳi)− ȳi − log(yi!)} (6)

and U(x) is the prior energy function, and β is a parameter

adjusting the strength of the image prior. In this paper we use

a Gaussian prior whose energy function takes the form of

U(x) =
1

2

J∑
j=1

∑
k∈Nj

ωjk(xk − xj)
2 (7)

where Nj represents the neighborhood of voxel j and ωjk is

a weighting factor that is chosen to be the inverse distance

between voxels j and k.

Since the MAP reconstruction has no closed-form solution,

an iterative algorithm has to be used. The classic EM algorithm

has slow convergence, so here we adapt the PCG algorithm

proposed in [4] which converges faster. An advantage of using

an iterative method as compared to the SVD methods [1][3]

is that we can enforce the nonnegativity constraint.

III. RESULTS

A. Model verification

To verify the accuracy of our analytic system model, we

simulated the uncollimated SPECT system in GATE [5]. It

consists of two identical planar sodium iodide scintillation

detectors separated by 22 mm (face to face). Each detector

is 3-mm thick and contains a 50 (u) × 25 (v) crystal array

with crystal pitch of 2 mm (u) × 2 mm (v). A spherical

monoenergetic gamma-ray source of diameter 0.2 mm was

placed at location (u = 0 mm, v = 0 mm, w = 5 mm)

(see Fig. 3). We simulated three energies: 30 KeV, 140 KeV

and 511 KeV. For analytic calculation, we forward projected

each point source using a precomputed system matrix with no

object attenuation, and no crystal efficiency variability and no

background scatters.

Fig. 4–6 compares analytic calculated singles images and

those obtained from Monte Carlo simulations. We see that

Fig. 3. A simulated uncollimated SPECT system geometry for point source
acquisition.
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Fig. 6. A comparison for point source at 511 KeV. Profiles are taken across the center of image.

our calculation agrees very well with Monte Carlo results.

This validates the proposed analytic formula (3). We observed

slight mismatches in the profiles when the source energy is

higher. We believe that it is caused by inter-crystal scatter

effect which is not considered in our analytic model.

B. Experimental phantom study

We acquired real phantom data using the second-generation

uncollimated SPECT system. Each detector head contains one

scintillator crystal array read out by two Hamamatasu H8500

multichannel photomultiplier tubes (see Fig. 7). Details on

the system design can be found in [2]. The two detectors are

separated by 25 mm. In our experimental study, we used two

pixelated NaI(Tl) arrays with different pixel dimensions: 1.5

mm (u) × 1.5 mm (v) × 3 mm (w) for the upper detector and

2.0 mm (u) × 2.0 mm (v) × 3 mm (w) for the lower detector.

The gap between crystals is about 0.2 mm. The number of

pixels are 41 (u) × 21 (v) and 51 (u) × 24 (v) for the upper

and the lower detector, respectively. The total active areas of

the two detectors are roughly the same.
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Fig. 7. The second-generation uncollimated SPECT imaging system. Picture
is taken from [2].
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Fig. 8. A comparison of MAP reconstruction for a letter phantom. In (c)-(f),
each subimage is an image plane perpenticular to the w axis. The distance
between each plane to the origin is indicated in label (unit in mm).

A phantom consisting of three letters (‘UCD’) less than

1 mm deep was created and filled with 99mTc (energy 140

KeV) as shown in Fig. 8(a). The phantom was placed against

the upper scintillation detector window (about 3 mm below the

NaI(Tl) crystal). The total activity in the phantom was 100 nCi

and a 10-min acquisition was performed. Fig. 8(b) shows the

acquired singles image from the upper detector head. The total

number of recorded singles counts is about 4M. Only a very

loose energy cut was applied to the collected data, which had a

trigger threshold of roughly 30 KeV. We precomputed a system

matrix using an image dimension 51 (u) × 25 (v) × 20 (w)

with a voxel size 2 mm (u) × 2 mm (v) × 1 mm (w). Neither

object attenuation nor background scatters was considered. We

ran 300 PCG iterations for all MAP reconstructions.

Fig. 8(c)-(f) show reconstructed images using various β
values. Fig. 8(c) is equivalent to the ML reconstruction since

β is equal to zero. Obviously it is very noisy. The MAP

reconstructions shown in Fig. 8(d)-(f) are smoother, and one

can easily recognize those three letters. The image quality

varies with different β value. In this study, β = 10−6 appears

to be a good choice. Note that the spacing between letter ‘U’

and letter ‘C’ is 10 mm, so a spatial resolution less than 10 mm

(in u and v directions) is clearly achievable near the detector

head.

IV. CONCLUSIONS

We have studied image reconstruction for a uncollimated

preclinical SPECT imaging system. We have derived an an-

alytic model for system matrix calculation, which achieved

good accuracy for low energy photons. To overcome the

ill-posedness of image reconstruction, we have developed

an MAP reconstruction with a Gaussian image prior. Our

preliminary results showed that the proposed MAP method

works very well with real experimental data. Our ongoing

work includes a study on edge-preserved image priors. In

addition, more experimental studies using small animals and

plants will be performed in future.
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Analytic methods for list-mode reconstruction
Abhinav K. Jha, Harrison H. Barrett, Eric Clarkson, Luca Caucci, and Matthew A. Kupinski

Abstract—List-mode (LM) acquisition of imaging-system data
does not suffer from information loss due to data binning. To
take advantage of this acquisition mechanism, efficient methods
are required to perform object reconstruction using LM data.
Current methods to perform reconstruction using LM data
reconstruct discrete representation of the object, but since object
functions are essentially defined on continuous domains, this leads
to information loss. In this paper, we exploit the fact that LM data
are defined on a continuous domain, and design analytic methods
to reconstruct the object function from LM data. A general
procedure to design analytic LM reconstruction algorithms is
first formulated. We use this procedure to reconstruct the object
function for a linear shift-invariant imaging system with a Gaus-
sian point spread function. We then consider the problem of LM
reconstruction in single-photon emission computed tomography
(SPECT) imaging systems. We present an analytic method to
perform LM reconstruction for a hypothetical SPECT system
with an infinite object support and infinite angular sampling. We
extend this method to finite angular sampling, and realize that
due to the infinite support of the object, the reconstruction cannot
be performed using our scheme, but with a finite support, such a
reconstruction should be possible. The developed reconstruction
schemes can aid in accurate comparison of LM and binned-data
acquisition techniques from a task-based perspective.

I. INTRODUCTION

List-mode (LM) acquisition and processing of data is gain-

ing wide popularity for photon-counting imaging systems [1]–

[4]. A major advantage of LM acquisition is that they do

not suffer from information loss due to binning unlike the

more conventional sinogram-based storage and processing of

data. However, while LM data contain more information,

in the absence of efficient information-retrieval algorithms,

this extra information is not of much use. To retrieve this

extra information from LM data, often the first step is to

design methods to reconstruct the object from the LM data.

Algorithms have been developed to reconstruct the object

from LM data [1]–[3], but these methods reconstruct discrete

representations of the object. The objects in imaging are

functions defined on a continuous domain, and reconstructing

a discrete representation of the object leads to information

loss. A more appropriate methodology is to reconstruct the

object as a function defined on a continuous domain. Our

primary interest is in performing this object reconstruction

for single-photon emission computed tomography (SPECT)

imaging systems, but we will keep the problem general.

Interestingly, much literature on reconstruction in SPECT

is based on a continuous-continuous (CC) formulation of the

A. K. Jha, H. H. Barrett, E. Clarkson, and M. A. Kupinski are with the
College of Optical Sciences, University of Arizona, Tucson AZ, USA.
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EB010974, R37-EB000803 and P41-EB002035.

SPECT imaging system [5]. These analytic algorithms, such

as the well-known analytical filtered-backprojection (FBP)

algorithm, reconstruct the object function. However, most

SPECT imaging systems bin the data, and therefore, the re-

construction methods developed for CC systems are modified

to instead work with discrete image data, and reconstruct

discrete object representations [5]–[7]. In this context, LM

acquisition presents us with another advantage: It yields data

that is defined on a continuous domain, and thus fits the

CC formulation of the SPECT imaging system. The primary

objective of this work is to design analytic algorithms that can

exploit this advantage to reconstruct object functions from LM

data defined on a continuous domain.

There are many motivations to design analytic reconstruc-

tion algorithms. Analytic algorithms can leverage the true

potential of LM data by exploiting the CC nature of LM acqui-

sition, and avoid information loss that would otherwise occur

in algorithms that reconstruct discrete object representations.

Another advantage of analytic algorithms is that they offer

a method to compare information-retrieval techniques without

being affected by the limitations of simulation studies, such as

discretization requirement and floating-point issues. Analytical

algorithms also offer insights on the information content and

information-retrieval capacity from the data, which can help

improve the design of the imaging system and the algorithm.

There are also computational and economic advantages to

using analytic approaches [5]. For example, although nonlinear

iterative reconstruction algorithms can account for factors

such as noise, they require significantly higher computation

compared to the one-step analytic methods. Various assess-

ment schemes can compare analytic algorithms with other

reconstruction approaches, but these assessment schemes also

require development of the analytic method.

We begin with deriving a general framework to reconstruct

the object in any imaging system that acquires LM data, and

then apply this framework to specific imaging systems.

II. GENERAL RECONSTRUCTION APPROACH

We assume that the object being imaged is a scalar-valued

function of spatial position r, where r is a vector with s
components lying in R

s. We will denote the object by the

function f(r) and assume that the object function lies in

the Hilbert space L2(R
s). This object is viewed over a mea-

surement time τ by some photon-counting imaging system,

which detects the photons and then, for each detected photon,

estimates attributes such as direction, energy, and the position

of interaction of the photon with the detector. For the jth event,

these estimated attributes are grouped into a q-dimensional (q-

D) vector Âj . The LM data can be described using the point
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process u(Â) given by

u(Â) =

J∑
j=1

δ(Â− Âj), (1)

where δ(. . .) denotes the Dirac delta function. Taking the mean

of this point process gives [4]

ū(Â|f , τ) =
∫
Sf

dsr τpr(Â|r)s(r)f(r), (2)

where s(r) denotes the sensitivity of the detector to activity

occurring at location r and Sf denotes the support of the

functions in object space. Eq. (2) can be written in operator

form as

ū(Â|f , τ) = [Lf ](Â). (3)

where L denotes the linear LM imaging operator. The kernel

for the operator L is given by

l(Â, r) = τpr(Â|r)s(r). (4)

In LM acquisition, the function ū(Â|f , τ) lies in L2(R
q−t)×

E
t, where E

t denotes the t-D Eucledian space, and where

q > t. Thus, the operator L maps from the set of functions

f(r) that lie in L2(R
s) to the set of functions that lie in

L2(R
q−t)×E

t. If ū(Â|f , τ) lies in L2(R
q), i.e. if t = 0, and

if q ≥ s, then it is possible that the operator L has no null

space. This is unlike in binned-data acquisition, where we map

from the set of functions lying in L2(R
s) to vectors in the E

q ,

a mapping that definitely has null space. Even if ū(Â|f , τ)
lies in L2(R

q−t) × E
t where q > t, the operator L should

have a smaller null space compared to a system in which data

is binned. Since the operator L might have no null space or

a reduced null space, LM acquisition provides an avenue to

reconstruct the object with lesser information loss compared

to binned-data acquisition.
To derive the reconstruction technique, we determine the

expression for the pseudoinverse of the LM operator, which

requires performing a singular value decomposition (SVD)

of the L operator. Let us denote the singular values and the

singular vectors of L in object and data space by μi,wi, and

vi, respectively. The pseudoinverse of the L operator, which

we denote by L+, can be represented as

L+ =

R∑
i=1

1√
μi

wiv
†
i . (5)

Our reconstruction approach is to apply this pseudoinverse to

the acquired noisy image data:

f̂(r) = [L+u](r). (6)

The reconstruction in the noise-free case is given by

f̂nfree(r) = [L+ū](r). We can verify that Eq. (6) will lead to

this solution in a mean sense, i.e. 〈f̂(r)〉u|f = f̂nfree(r), where

〈· · · 〉 denotes the mean of the quantity inside the parenthesis.
To compute the SVD of L, we must determine the expres-

sion for L†L, where L† denotes the adjoint of L. We can

derive the kernel for the L†L operator, which we denote by

k(r, r′) to be

k(r′, r) = τ2
∫
Su

dqÂ s(r)s(r′)pr(Â|r)pr(Â|r′), (7)

where Su denotes the LM-data support. We now investigate

whether, for specific imaging systems, we can perform the

SVD of the L operator.

III. A SYSTEM WITH GAUSSIAN POINT SPREAD FUNCTION

Let us consider a simple imaging system that satisfies

similar assumptions as made in Caucci et al. [4]. The system

consists of a 2-D object f(r) imaged to a 2-D detector.

The LM attributes acquired are the x and y coodinates of

the detection. Thus Â is a 2-D vector, which we henceforth

denote by R̂. The optics of the imaging system and the

detector is assumed to be linear and shift invariant (LSIV),

and characterized by Gaussian point spread functions (PSFs).

With these assumptions, we can obtain that R̂ conditioned on

r is normally distributed:

pr(R̂|r) = 1

2πσ2
exp

[
− (R̂− r)2

2σ2

]
, (8)

where σ2 is the sum of the variances due to the optics of the

imaging system and the detector. We also assume that s(r) is

equal to unity for all r. Using Eqs. (4) and (8), we find that

l(R̂, r) =
τ

2πσ2
exp

[
− (R̂− r)2

2σ2

]
, (9)

and thus L resembles a convolution operator. Therefore, the

pseudoinverse of L can be derived to be represented as

L+ =
1

τ

∫
d2ρ exp(2π2σ2ρ2) exp{2πiρ · (r − R̂)}. (10)

where ρ = |ρ|. Thus, for this imaging system, the object

function can be reconstructed by taking the Fourier transform

of the acquired data, dividing it by the Fourier transform of

kernel of the LM operator at that frequency, and then taking

the inverse Fourier transform of the result. In theory, the L+

operator should be applied to ū(Â|f , τ), but in practice, it can

be used as in Eq. (6) to obtain f̂(r) from u(Â).

IV. TOMOGRAPHIC IMAGING SYSTEM

Consider a tomographic 2-D SPECT imaging system in the

x-y plane. The SPECT imaging system consists of a parallel-

hole collimator with bores on a regular grid, followed by a

1-D detector. The system rotates about the z axis to acquire

data at multiple angles θ, where θ denotes the angle that the

detector makes with the x-axis. Let us assume that the parallel-

hole collimator accepts photons only normal to the detector

surface. Also, let us ignore attenuation in this analysis. In

each LM event, the coordinate of the position of interaction

of the gamma ray photon with the scintillation crystal is

estimated and recorded. We denote the estimated position of

interaction by p̂, and its corresponding true value by p. The

angular orientation of the detector θ is also recorded. To derive

the expression for the L operator for this system, we have

to determine the expression for pr(p̂, θ|r). Using marginal

probabilities, pr(p̂, θ|r) can be written as

pr(p̂, θ|r) = pr(θ|r)
∫

dp pr(p̂|p, θ, r)pr(p|θ, r). (11)
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The probability of the position of interaction p given a

particular value of the detector angle θ and object location

r is simply the delta function δ(p− r · n̂θ), where n̂θ is the

normal to the detector face when the detector is aligned at an

angle θ. Thus

pr(p|θ, r) = δ(p− r · n̂θ). (12)

Let us assume that p̂ was estimated using a maximum-

likelihood (ML) scheme, where all the scintillation photons

were used to estimate the attribute. Then using the asymptotic

properties of ML estimates, it can be shown that pr(p̂|p, θ, r)
is normally distributed with the mean given by the true value

p and the variance σ2
p given by the Cramér-Rao lower bound

for the estimate on p [4]:

pr(p̂|p, θ, r) = 1√
2πσp

exp

[
− (p̂− r · n̂θ)

2

2σ2
p

]
. (13)

Under the assumption that s(r) is unity for all values of r,

using Eqs. (4), (11)-(13), we can obtain the kernel of the LM

operator L to be

l(p̂, θ, r) = τpr(θ|r) 1√
2πσp

exp

[
− (p̂− r · n̂θ)

2

2σ2
p

]
. (14)

Having derived the general form for the kernel of the LM

operator, we now analyze the possibility of the pseudoinverse

of the LM operator for some specific cases.

A. Infinite angular sampling and infinite object support

Consider a SPECT imaging system with infinite object

support and infinite angular sampling. Due to the isotropic

emission of photons, for this system

pr(θ|r) = 1

2π
. (15)

Inserting this expression into Eq. (14), the kernel of the LM

operator is given by

l(p̂, θ, r) =
τ

2π

1√
2πσp

exp

[
− (p̂− r · n̂θ)

2

2σ2
p

]
. (16)

Using Eq. (7), the kernel k(r′, r) for the L†L operator can be

derived to be

k(r′, r) =
[ τ

2π

]2 1

2
√
πσp

∫
dθ exp

[
−{(r − r′) · n̂θ}2

4σ2
p

]
.

(17)

We note that k(r′, r) is a function of r − r′ and therefore,

the eigenanalysis of the L†L operator can be performed via

Fourier analysis. The eigenvectors of L†L are the complex

exponentials given by

w(ρ0)(r) = exp(2πiρ0 · r). (18)

The corresponding eigenvalues for these eigenvectors are

determined by computing the Fourier transform of the con-

volution kernel (Eq. (17)). Denoting the Fourier transform of

this kernel at frequency ρ by K(ρ), we can derive that

K(ρ) =
1

ρ

[ τ

2π

]2
exp(−4π2σ2

pρ
2). (19)

Expressing the vectors r and ρ in terms of the basis vectors

n̂θ and n̂⊥,θ as r = r1(θ)n̂θ+r2(θ)n̂⊥,θ and ρ = ρ1(θ)n̂θ+
ρ2(θ)n̂⊥,θ, the singular vectors for the L operator in data

space can be derived to be

v(p̂, θ) =
√
ρ exp(−2πip̂ρ1(θ))δ(ρ2(θ)). (20)

Using Eqs. (5), (18)-(20) the pseudoinverse of the L operator

is represented as

L+ =
2π

τ

∫
dρ1(θ)ρ1 exp[2πiρ1(θ)(r1(θ) + p̂)] exp(2π2σ2

pρ
2
1).

(21)

Using Eq. (6), the reconstructed object f̂(r) is given by

f̂(r) =
2π

τ

∫
dθ

∫
dp̂

∫
dρ1(θ)ρ1(θ)×

exp[2πiρ1(θ)(r1(θ) + p̂)] exp(2π2σ2
pρ

2
1)u(p̂, θ). (22)

B. Finite angular sampling and infinite object support

We now consider a more conventional SPECT system that

acquires data at multiple angles θj , where the index j varies

from 1 to J . For this system, each LM event consists of the

position estimate p̂ and the detector angle index j. Thus this

system maps from a set of functions that lie in the space

L2(R
2) to a set of functions that lie in the space L2(R)× E,

and the LM operator for this system has the kernel given

by l(p̂, j, r). To determine the expression for this kernel,

we consider the general expression given by Eq. (14). The

expression for Pr(θ|r) in this case is equal to 1
J . Thus the

expression for the kernel of the LM operator is given by

l(p̂, j, r) =
τ√

2πσpJ
exp

[
− (p̂− r · n̂j)

2

2σ2
p

]
, (23)

where n̂j denotes the normal to the detector surface, when

the detector is aligned at angle θj . We can derive the kernel

of the L†L operator to be

k(r′, r) =
[ τ
J

]2 1

2
√
πσp

J∑
j=1

exp

[
−{(r − r′) · n̂j}2

4σ2
p

]
.

(24)

We again note that L†L resembles a convolution operator, so

its eigenvectors are the complex exponentials. The eigenvalues

corresponding to these eigenvectors are determined by taking

the Fourier transform of the convolution kernel in Eq. (24).

These eigenvalues are given by

K(ρ) =
[ τ
J

]2 J∑
j=1

exp(−4π2σ2
p(ρ · n̂j)

2)δ(ρ · n̂⊥,j), (25)

where we have expressed r and ρ in terms of the basis vectors

n̂j and n̂⊥,j as previously. Due to the delta function, the sum

over j exists only when ρ is parallel to n̂j . The delta function

complicates further analysis. For example, to find the singular

vectors in data space or to determine the expression for L†,

we must divide by the square root of the eigenvalues K(ρ),
which requires taking the square root of the delta function.

We can avoid this issue when determining the singular vectors
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in data space by obtaining the SVD representation of L and

then using that to compute the data space singular vectors.

However, the issue cannot be avoided when computing the

pseudoinverse. Thus, it seems unlikely that the pseudoinverse

of L can be determined for this case. A physical interpretation

of the absence of the pseudoinverse is the following: The finite

angular sampling leads to a set of null functions. Also, the

infinite support leads to an infinite number of solutions when

ρ is parallel to n̂j , and thus the absence of the pseudo-inverse.

Having a finite support for the object might cause this problem

to disappear. We consider this case now.

C. Finite support and finite angular sampling

Following a similar treatment that led to Eq. (23) but

constraining the object support Sf to be finite, we obtain the

transformation from the object to the image space as:

ū(p̂, j) =
τ

J

1√
2πσp

∫
Sf

d2r exp

[
− (p̂− r · n̂j)

2

2σ2
p

]
f(r).

(26)

Fourier analysis of the L†L operator is not useful in this case

due to the finite object support. However, if the detector and

the collimator are aligned at equally spaced angles, then this

system has a discrete rotational symmetry. This property can

be used to obtain the singular vectors, and thus determine

the pseudoinverse operator of this system. The basic idea

behind the approach is to evaluate the singular vectors of the

system for one particular detector orientation, and then use

this rotational symmetry to determine the singular vectors of

the complete system. For this system, rotating the detector

and collimator by θj is equivalent to rotating the object by

−θj . Let Tj be a functional transform corresponding to the

geometric rotation Rj . Then

Tjt(r) = t(R−1
j r), (27)

for an arbitrary function t(r). Let us now denote the LM

operator at detector orientation of θ = 0, by L0, and at θ = θj
by Lj . Also, let us denote the complete system matrix, which

includes the LM operators at all the angles, by L. Then, we

can show that [5]

Lj = L0T †
j . (28)

Therefore, the adjoint of the Lj operator is given by

L†
j = TjL†

0. (29)

The adjoint is a back-projection operation that smears the 1-

D projection data acquired by the detector back into the 2-D

space described by the object support. Therefore, performing

the backprojection operation for the data acquired at all the

angles amounts to summing up all the backprojections. This

leads to an easy representation for the backprojection operator:

L† =
∑
j

L†
j =
∑
j

TjL†
0. (30)

The expression for the L†L operator is then given by [5]

L†L =
∑
j

L†
jLj =

∑
j

TjL†
0L0T †

j . (31)

Therefore, we observe that the L†L operator can be expressed

in terms of the L0 operator. The L0 operator can also be

thought of as the planar imaging system operator. Currently,

we are investigating that given this relation, how the singular

vectors of L0 and L operator are related. We can show that

when p̂ = p, i.e. we estimate the true value of the position of

interaction, the singular vectors, and thus the pseudoinverse of

the L operator can be found by following a similar approach

as in Davison et al. [8]. However, we need to perform further

investigation to derive the reconstruction approach when we

account for estimation statistics.

V. CONCLUSIONS

In this paper, we have investigated the problem of re-

constructing object functions from LM data. We have first

suggested a general framework to perform this reconstruction,

and then applied this framework to an LSIV imaging system

with Gaussian PSF, and to SPECT imaging systems. We have

presented the reconstruction solution for a SPECT system with

infinite object support and infinite angular sampling. We have

also shown that for finite angular sampling but infinite support,

the reconstruction cannot be performed using the proposed

framework. Finally, we have considered a SPECT system with

finite support and finite angular sampling, and shown that for

this system, the tomographic LM operator is related to the

planar LM operator. We are currently investigating the use of

this property to perform the reconstruction for this system. As

one of the first investigations on analytic LM reconstruction,

we have begun with problems in 2-D tomography, but we

are also interested in developing these approaches for 3-D

tomography, where this work will be very useful. We are also

interested in using the developed reconstruction methods to

compare systems that acquire LM data to systems that instead

bin the data, by evaluating these systems based on objective

measures of image quality. These studies will highlight the

usefulness of the information that is not lost when data are

stored in LM format.
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Image Artifact Influence on Motion Compensated
Tomographic Reconstruction in Cardiac C-arm CT

Kerstin Müller, Chris Schwemmer, Günter Lauritsch, Christopher Rohkohl, Andreas Maier, Hein Heidbüchel,
Stijn De Buck, Dieter Nuyens, Yiannis Kyriakou, Christoph Köhler, Rebecca Fahrig, and Joachim Hornegger

Abstract—In C-arm CT, electrocardiogram (ECG)-gating of
data from a single C-arm rotation provides only a few projections
per heart phase for image reconstruction. This view starvation
leads to prominent streak artifacts and a poor signal to noise
ratio. Motion compensation techniques allow for the use of all
acquired data for image reconstruction. Cardiac motion can be
estimated by deformable 3-D/3-D registration processed on initial
3-D images of different heart phases. The initial 3-D images
are computed from the few, ECG-gated data. In this paper,
the sensitivity of the 3-D/3-D registration step to the image
quality of the initial images is studied. Different reconstruction
algorithms are evaluated for a recently proposed cardiac C-arm
CT acquisition protocol. An iterative few-view reconstruction,
and a filtered backprojection method (FDK) with and without
a bilateral filter are investigated with respect to the final
motion compensated reconstruction quality. The algorithms were
tested on a phantom and on a porcine model using qualitative
and quantitative measures. The phantom projection data and
geometry is publicly available and can be downloaded from
conrad.stanford.edu/data/heart. The results show minor differ-
ences between the three motion compensated reconstructions. For
two heart phases a relative root mean square error (rRMSE) of
≈ 0.09 and 0.06 and an universal image quality index (UQI)
of ≈ 0.98 and 0.99 was achieved. The motion compensated
reconstructions that use all of the projection images show a clear
improvement compared to the initial reconstructions. Given the
relatively small differences in final image quality, the algorithm
of choice is likely to be the one with smallest computational
complexity.

I. INTRODUCTION

A. Purpose of this Work
Today, an angiographic C-arm CT system is standard in

interventional cardiology laboratories. By acquiring a set of
2-D high-resolution X-ray images from various directions a
3-D image can be computed. Due to the long acquisition
times of several seconds, 3-D imaging of moving objects
such as the heart is still an open problem. Commonly, an
electrocardiogram (ECG) signal is recorded synchronous with
the acquisition and a relative heart phase can be assigned
to each projection. In order to improve temporal resolution,
the reconstruction can be performed with the subset of the
projections that lie inside a certain ECG window centered at
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the favored heart phase [1]. However, the available number of
projections is insufficient for imaging of the heart chambers.
Streak artifacts hamper the use of the reconstructed volumes.
One possible solution is the use of all acquired projection data
in combination with compensation for the cardiac motion in
the reconstruction step. The cardiac motion can be estimated
by registration of initial 3-D volumes of each heart phase
to one reference heart phase. The goal of this paper is to
find a suitable reconstruction algorithm for the initial 3-D
volumes that can provide image quality sufficient for 3-D/3-D
registration.

B. State-of-the-Art
Motion estimation is already investigated in the area of

CT imaging. Cardiac motion is calculated by using 3-D/3-D
registration of initial images. The deformation of the heart
between heart phases is computed by various optimization
algorithms. The individual algorithms differ in the objective
function, constraints and optimization techniques [2],[3]. In
C-arm CT the reconstruction of initial images at different heart
phases with projection data acquired during one single C-arm
sweep is still an unsolved problem. The reconstruction quality
of the initial images is highly dependent on the choice of the
acquisition protocol. In recent studies, an image acquisition of
multiple-sweeps of the C-arm is used [1], [4]. The number of
gated projection images increases and few-view artifacts are
avoided. Techniques of 3-D/3-D registration can be applied
to estimate the cardiac motion. However, the longer imaging
time results in a higher contrast burden and radiation dose for
the patient. Therefore, a new protocol for cardiac C-arm CT
was presented [5]. It is a single sweep protocol with 10 - 15
s scan time. The quality of the reconstructed images is still
critical, even when using compressed sensing algorithms [6].
In this paper, we investigate whether initial images might be
generated from this protocol that are of sufficient quality for
cardiac motion estimation.

II. METHODS AND MATERIALS

A. Initial 3-D Image Generation
1) ECG Selection: The ECG-gating is performed by insert-

ing a weighting function with respect to the relative heart phase
into the standard FDK approach. The weighting function is
centered at a specific heart phase and has the shape of a cosine
or rectangular window [7]. Here, we use a strict rectangular
gating function of minimal width, i.e. only one view per heart
cycle is considered. A certain number H of volumes fh(x),
with h = 1, . . . , H at specific heart phases are reconstructed.
Every heart phase h corresponds to a relative heart phase of
[0%, . . . , 100%] between two successive R-peaks[1].
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2) 3-D Image Reconstruction:
a) ECG-gated Filtered Backprojection Volume Recon-

struction (FDK-VR): For this approach, the volumes are
reconstructed with a FDK reconstruction algorithm. The ECG-
gated FDK images are highly corrupted by noise and have
severe streak artifacts.

b) Filtered ECG-gated Filtered Backprojection Volume
Reconstruction (FFDK-VR): The FDK-VR volumes in para-
graph II-A2a are filtered by a 3-D bilateral filter [8] to reduce
the streak artifacts and eliminate noise. The edge-preserving
bilateral filter can be applied due to the high contrast inside
the heart chambers compared to the streak artifacts.

c) Few-view Volume Reconstruction (F-VR): Images are
reconstructed with an iterative few-view reconstruction al-
gorithm that considers the sparse sampling condition. Here,
the prior image constrained compressed sensing (PICCS) and
the improved total variation (iTV) algorithm are used [9],
[10]. The optimization is performed iteratively with a gradient
descent scheme and with the same parameters as described in
[6]. The resulting volumes have fewer streak artifacts, but are
smoother than a standard non-gated FDK reconstruction.

B. Motion Field Estimation via 3-D/3-D Registration
For cardiac motion estimation, one heart phase needs to

be selected as reference phase. The corresponding volume is
called reference volume and all other volumes are registered
to the reference volume. In this paper, a toolbox for nonrigid
registration of medical images called elastix is used for
the 3-D/3-D motion estimation [11]. Here, the deformable
registration is based on a uniform cubic B-spline. A multi-
resolution scheme of 4 levels is used with a sampling factor of
2 on each pyramid level. A number of c = 16 control points
in each dimension are used at the highest image resolution.
The negative normalized cross correlation (NCC) is used as
the objective function and is minimized with an adaptive
stochastic gradient descent optimizer. Empirical experiments
showed that 500 iterations on each pyramid level are sufficient
to result in a minimal objective function value. In order to
restrict the motion vector field to a certain region of interest
(ROI) where the heart motion is expected, a motion mask
delimits the motion. In this first implementation the mask
volume is generated manually by the user.

C. Motion Compensated Reconstruction
For final image reconstruction, motion is compensated using

Schäfer’s method [12]. The resulting volumes are denoted
by the type of ECG-gated volume reconstruction with the
subscript r (FDK-VRr, FFDK-VRr, F-VRr,).

III. EXPERIMENTS

A. Phantom Model
The presented 3-D/3-D registration approach has been ap-

plied to a ventricle data set comparable to the XCAT phantom
[13], [14]. It is assumed that all materials have the same
absorption behavior as water. The bloodpool density of the left
ventricle was set to 2.5 g/cm3, the density of the myocardial

wall to 1.5 g/cm3 and the blood in the aorta to 2.0 g/cm
3

.
We simulated data using a clinical protocol with the same
parameters as for the porcine model presented in the following

Section III-B. Poisson distributed noise was added to the
simulated projections such that the noise characteristic of
the reconstructed image fits to that of the clinical data. The
phantom projection data and geometry is publicly available
and can be downloaded from conrad.stanford.edu/data/heart.

B. Porcine Model

The methods were also applied to an experimental data set
of a porcine model. Image acquisition was performed using an
Artis zee system (Siemens AG, Healthcare Sector, Forchheim,
Germany). The acquisition time was 14.5 s capturing 381 pro-
jection images with 30 f/s, and an angular increment of 0.52◦
during one C-arm sweep [5]. The isotropic pixel resolution
was 0.31 mm/pixel (0.19 mm in isocenter) and the detector
size 1240 × 960 pixel. The heart rate was synchronized with
the framerate of the imaging acquisition through external heart
pacing to 131 bpm. A total of 32 images per heart cycle
are acquired resulting in a number of reconstructed heart
phases H = 12. A volume of ∼ 150 ml contrast fluid was
administered intravenously at a speed of 10 ml/s beginning 5
s before the X-ray rotation was started. Image reconstruction
was performed on an image volume of (25.6 cm)3 distributed
on a 2563 voxel grid.

IV. RESULTS AND DISCUSSION

A. Complexity Analysis

The three approaches (Section II-A2) have different compu-
tational complexity. The most complex part for the FDK-VR
is the backprojection step with a complexity of O(N · n3),
with n the side length of the volume and N the number of
projections. The backprojection is performed on the GPU. The
FFDK-VR utilizes the FDK-VR and additionally performs a
filtering step. The used bilateral filter is implemented in a
straightforward manner on the GPU and has a complexity of
O(n3 ·r3), where r denotes the filter size (r = 5 in this paper).
Most parts of the PICCS+iTV algorithm are implemented on
the GPU, but the runtime of the iterative F-VR reconstruction
algorithm still exceeds the FDK-VR and FFDK-VR because it
consists of several forward/backprojection steps and a whole
optimization routine.

B. Quantitative Results: Phantom Data

For the dynamic phantom data the 3-D error and a quanti-
tative 3-D image metric can be evaluated. In order to measure
only the artifacts introduced by the heart motion, the non-gated
FDK reconstruction using all projections of the static heart
phantom of the same heart phase is used as gold standard. The
error as well as the image quality metric were evaluated inside
a mask around the ventricle. The relative root mean square
(rRMSE) was used to quantify the 3-D reconstruction error
[15]. As a 3-D image quality metric the universal image quality
index (UQI) was computed [15]. The UQI ranges from −1 to
1, with 1 as the best overlap between both reconstructions. The
results at two different relative heart phases (30%, 80%) are
given in Table I. All three motion compensated reconstructions
achieve comparable results, and the image quality improved
with respect to the initial images.
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Table I: The rRMSE and the UQI of the dynamic phantom
model for heart phases 30% and 80%. The best values are
marked in bold.

30% rRMSE UQI 80 % rRMSE UQI

FDK-VRr 0.09 0.98 FDK-VRr 0.06 0.99
FFDK-VRr 0.09 0.98 FFDK-VRr 0.06 0.99
F-VRr 0.08 0.98 F-VRr 0.06 0.99
FDK-VR 0.15 0.95 FDK-VR 0.12 0.96
FFDK-VR 0.12 0.97 FFDK-VR 0.08 0.98
F-VR 0.11 0.97 F-VR 0.08 0.98
Non-gated FDK 0.15 0.96 Non-gated FDK 0.08 0.97

C. Visual Inspection
The results of the phantom data are presented in Figure

1. The ground truth at a heart phase of 80% is illustrated
in Figure 1a. The non-gated FDK reconstruction has motion
blur around the left ventricle and the myocardial wall is
hardly visible (Fig. 1b). In Figure 1c, the FDK-VR depicts the
myocardial wall, but is severely degraded by noise and streak
artifacts. The FFDK-VR and F-VR have less streak artifacts
and a lower noise level, but have a smoother image impression
(Fig. 1e and 1g). All three motion compensated reconstructions
show comparable and good delineation of the left ventricle
(Fig. 1d, 1f and 1h). The results of the porcine data in Figure 2
illustrate that the non-gated FDK reconstruction averages over
all heart phases, as highlighted by the doubled catheter and
blurred endocardium edges (Fig.2a). The FDK-VR displays
the sharp contours of the endocardium, however prominent
streak artifacts are apparent (Fig.2c). A better result is pro-
vided by the FFDK-VR and F-VR reconstruction (Fig. 2e, 2g).
However, both exhibit blurred streak artifacts and are severely
smoothed. The motion compensated reconstructions yield the
best results (Fig. 2d, 2f and 2h).

D. Edge Response Profiles
The edge response functions of the different volumes are

illustrated in Figure 3. The edge response profile is computed
as mean edge profile of the lines indicated in Figure 2. It
can be seen that the non-gated FDK reconstruction blurs the
edge between the endocardium and the epicardium. The three
registration approaches achieve a reasonably good edge profile.

V. CONCLUSION

We have presented cardiac motion estimation from initial
3-D volume data sets with a deformable B-spline registration.
Using motion compensation, the reconstructed image quality
is improved compared to the initial image reconstructions.
Despite the noise and streak artifacts of the initial images,
estimation of a useful motion field is possible. For this image
acquisition, non of the presented approaches to enhance the
image quality is necessary. This enormously reduces the com-
putational complexity of the framework for dynamic cardiac
reconstructions with a C-arm CT system.

Disclaimer: The concepts and information presented in this paper are based
on research and are not commercially available.
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4-D Reconstruction of SPECT 123I-MIBG Data
Acquired with Slow-Rotation Cameras via

Reduction in Spatial and Temporal Dimensions
Yunlong Zan, Rostyslav Boutchko, Qiu Huang, and Grant T. Gullberg

Abstract—Dynamic 123I-MIBG SPECT imaging is capable of
assessing the severity of heart disease and prognosis in patients
with heart failure. However, it is not widely applied in clinics
for several reasons, for instance, the lack of reconstruction
algorithms with both high accuracy and high efficiency. The
goal of this work is to develop a fast algorithm to accurately
quantify the metabolism of 123I-MIBG in a clinical SPECT
system with slow-rotation cameras, where the greatest challenge
of the quantitative analysis involves the inconsistent
underdetermined projection data and the high computational
load. The novel algorithm presented in this work obtains the
blood input function and myocardium time activity curve
directly from projections by utilizing the spatial information
from the static reconstruction and the nonuniform temporal
B-spline basis functions to reduce the spatial and temporal
dimensions. Then the kinetic parameters are estimated through
a compartmental model with the extracted time activity curves.
Compared with the conventional dynamic SPECT
reconstruction method without spatial dimension reduction in
both phantom simulations and rat experiments, the proposed
method provides less-biased time activity curves and more
accurate kinetic parameters with less computation time, which
makes it practical for small animal studies using clinical
systems with slow camera rotation.

Index Terms—Dynamic SPECT, slow-rotation, dimension
reduction, B-spline, ML-EM.

I. INTRODUCTION

123I-MIBG is an analogue of the norepinephrine uptake in

the presynaptic portion of the sympathetic neurons that

innervate the heart [1]. Dynamic 123I-MIBG SPECT reflects

sympathetic nervous integrity and predicts clinical outcome

in patients with chronic heart failure [2]. Conventionally, the

dynamic study includes two steps. Firstly, the time-activity

curves (TACs) of the tracer in different tissues are extracted

from region of interests (ROIs) on a series of reconstructed

images. Secondly, the metabolic parameters are estimated

through the kinetic modeling with the TAC of radioactive

tracer in the arterial plasma as an input function. The input

function is acquired from the frequent blood samplings after

the injection of the radioactive tracer. This tedious invasive

procedure is not trivial, especially for small animal studies.

Alternatively, many researchers have derived the input

function from the time series of reconstructed images, which

is valid for PET and SPECT with stationary detectors.

Y. Zan and Q. Huang are with School of Biomedical Engineering, Shanghai
Jiao Tong University, Shanghai, China. e-mail:(huangjone@yahoo.com).

R. Boutchko and G. T. Gullberg are with Lawrence Berkeley National
Laboratory, Berkeley, CA, USA.

However, it is not effective in the SPECT system with slow

rotating cameras, due to the lower detection efficiency and

the slow rotation of the camera. Therefore the extraction of

TACs directly from the projection is proposed for a SPECT

system with slow rotating cameras [3–7]. Nontheless, large

number of parameters to be estimated in these methods not

only degrade the accuracy, but also require high computation

expenditure.

In this paper, we propose a new algorithm to estimate the

TACs using the prior spatial knowledge from the

segmentation of the static reconstructed image to reduce the

spatial dimension of the dynamic reconstructed image, as

well as using the quadratic B-spline to reduce the temporal

dimension of the dynamic reconstructed image. The spatial

and temporal dimensions reduction increases the constraints

on the process of TACs estimation, improves the accuracy of

the TACs and the kinetic parameters, and reduces the

computation time. This method is validated in a computer

simulation and processing data from rat studies of
123I-MIBG, where 123I-MIBG was used to evaluate the

change in neural activity in the heart of a Wistar-Kyoto

(WKY) normal rat and in a spontaneously hypertensive rat

(SHR) with the progression of left ventricular hypertrophy.

The difference between the uptake and washout of the tracer

in WKY and SHR reflects the severity of cardiac

hypertrophy. The proposed method in this paper combined

with the SPECT imaging of 123I-MIBG can be translated for

patient imaging for improved diagnosis and management of

therapy for patients with heart failure.

This paper is organized as follows. Section II demonstrates

the algorithm, including the 3-D static reconstruction, spatial

dimension reduction, temporal dimension reduction, dynamic

reconstruction and compartmental modeling. Section III shows

experimental results, where comparisons are made to illustrate

the effectiveness of the proposed method. Finally, Section IV

concludes the paper.

II. METHODS

A. Dual Head Pinhole SPECT system

The dataset for the simulation and the rat study were

simulated/acquired using a dual-head pinhole GE Millennium

VG3 Hawkeye SPECT/CT scanner with the detector heads

arranged in H-mode and equipped with pinhole collimators,

as it is shown in Fig 1. For both the simulation study and

the rat study, the projection data of 120×88 for each frame
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were acquired for 100 min in 1-sec time frames with an

angular step of 2 degrees per frame, which makes the

projection data set to be 120×88×180×66.

Fig. 1: Clinical dual-head SPECT/CT scanner with custom pinhole
collimators

B. 3-D Late Static Reconstruction

To locate the left ventricular blood pool and myocardium

tissue, the static image was reconstructed from the acquired

late data summed from 1.5 min to 100 min after injection using

maximum likelihood expectation maximization (ML-EM) [8]

algorithm. The static reconstructed image was then segmented

to construct the sparse basis matrix used for 4-D dynamic

reconstruction.

C. 4-D Dynamic Reconstruction

1) Spatial dimension reduction

By assuming the radioactivity in each functional region of

the image was distributed uniformly, the static SPECT image

was segmented to different uniform regions, which allowed

us to construct the sparse basis matrix in order to rewrite the

conventional SPECT system model P = FX as

P = FX = FΨS = ΘS, (1)

where Ψ is the N×M sparse basis matrix constructed from

the segmentation of the 3-D static reconstructed image. The

column vector in Ψ corresponds to the n-th functional

region, and the nonzero elements in this vector represent the

membership of these voxels belonging to this functional

region. S is the M × 1 column vector of the sparse

coefficients. Θ is an I×M transform coding matrix, which is

used in the 4-D reconstruction. Since M�N , the matrix Θ
reduces the number of unknown parameters from N to M ,

which reduces the problem of underdetermination and thus

results in improved reconstruction accuracy and decreases

computational complexity.

To reduce the error propagated to the 4-D reconstruction

from the inaccurate segmentation due to the poor spatial

resolution, we separated the sparse basis matrix into two

sub-matrices: Θ = [R,O]. The column vectors in R
represented those functional regions segmented with a high

confidence, while the column vectors in O represented those

ambiguous regions, such as the transitional areas between

different functional regions. We used the Fuzzy C-means

algorithm [9] combined with a manual modulation to

determine the membership value of each voxel to these

regions represented by the vectors in R. If the voxel had a

high membership value to a certain region in R, then the

corresponding element in R was set to be 1. Otherwise, the

voxel was considered to belong to a transitional area

between different functional regions, which determined a

nonzero element in O.

The Fuzzy C-means algorithm [9] is a soft classification

method based on the fuzzy theory. In standard classification

methods, the voxels are enforced to be inside or outside of a

certain functional region with a binary characteristic function,

ucj =

{
1, if xj ∈ Region(c)

0, otherwise,
(2)

while in the soft classification methods, the characteristic

function is generalized to be a ’membership function’, of

which the elements are between zero and one rather than a

binary value: 0 ≤ ucj ≤ 1. The sum of the membership

value ucj for each voxel belonging to all regions is 1,

C∑
c=1

ucj = 1, j = 1, 2, 3, . . . , N. (3)

The algorithm is an iterative process to find the optimal

cluster center and calculate the optimal membership of every

voxel that will minimize the objective function. The

objective function is,

J =
N∑
j=1

C∑
c=1

uq
cjd

2
cj , (4)

where d2cj = ||xj − vc||2 represents the standard Euclidean

distance; vc is the cluster center of the c-th fuzzy division; q
is a positive integer (for instance, 2 in this study) to control

the fuzzy degree of cluster results. In order to minimize the

objective function J , let{
∂J
∂ucj

= 0
∂J
∂vc

= 0.
(5)

Deducing from equation (7), the membership ucj and cluster

center vi are updated in the iterations by,

ucj = 1/

C∑
l=1

(
dcj
dlj

)
2

q−1 , (6)

vc =

N∑
j=1

uq
cjxj/

N∑
j=1

uq
cj . (7)

2) Temporal dimension reduction

The process of temporal dimension reduction uses the

B-splines to reduce the number of the unknown parameters

in the temporal dimension. The dynamic system model for

SPECT P (t) = Θ×S(t) is rewritten after the temporal

dimension reductions as

P (t) = Θ×S(t) = Θ
K∑

k=1

CkBk(t), (8)

where P (t) is the projection data at time t, S(t) is the

coefficients of the transform coding matrix at time t, B(t) is
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the B-spline basis function. The nonuniform sampling

intervals of the B-spline basis functions in this paper were

0-1s, 1s-3s, 3s-8s, 8s-13s, 13s-18s, 18s-23s, 23s-36s and

35-90s for the simulation studies, as well as 0-1s, 1s-6.5s,

6.5s-20.5s, 20.5s-32s, 32s-90s for the rat studies, as shown

in Fig. 2. Ck is the coefficient of the k-th B-spline basis

function. Thus, reconstruction of S(t) is replaced by

reconstructing Ck.

Since K�T and M�N , the spatial and temporal

dimensions reduction method reduces the number of the

unknown parameters from N×T to M×K, which improves

the accuracy of the reconstructed TACs and reduces the

computational complexity.

(a) (b)

Fig. 2: B-spline basis functions for the simulation study (a) and rat
studies (b)

3) 4-D reconstruction

The unknown parameters in the vector {C1, · · · , Ck}T
after the spatial and temporal dimensions reduction were

reconstructed through the modified ML-EM algorithm:

Ĉn+1
m,k =

Ĉn
m,k∑

i

ΘimBk(t)

∑
i

ΘimBk(t)
Pi(t)∑

m′
Θim′Bk(t)Ĉn

m′,k

.

(9)

The TACs of different functional regions were retrieved

through the vector {C1, · · · , Ck}T by

S(t) =
K∑

k=1

CkBk(t). (10)

D. Compartmental Modeling

The Levenberg-Marquardt method [10] was used to fit the

time-activity curves acquired from the dynamic

reconstruction to a one-tissue compartmental model (Fig. 3)

to obtain a quantitative estimate of the metabolic rate of the

tissue. The tissue uptake was modeled as

Ce(t) = (1−fv)K1·
∫ t

0

e−k2(t−τ)Cp(τ)d(τ)+fv ·Cp(t) (11)

where K1 is the uptake rate, k2 is the washout rate, and fv
is the fraction of vasculature in the tissue incorporating the

effect of spillover from the blood pool to the tissue.

III. EXPERIMENTS AND RESULTS

We compared the proposed method and the 4-D

reconstruction method with the same temporal processing

without the spatial dimension reduction in a simple phantom

Fig. 3: Two compartmental model

study and experimental rat studies in this section. The TACs

estimated by the method without spatial dimension reduction

were averaged over voxels in the ROI from the same

segmentation process constructing the sparse basis matrix in

the proposed method. The TACs were first reconstructed

with two methods, and then the kinetic parameters were

estimated using the same compartmental model.

A. Sphere Phantom

The performance of the proposed method and the method

without spatial dimension reduction were first compared

using a simple 64×64×64-voxel phantom with two spheres

(Fig. 4), denoted as A and B. The estimated TACs of region

Fig. 4: Sphere phantom

A and region B for the two methods are shown in Fig. 5.

The kinetic parameters obtained from the time-activity

curves with proposed method and the method without spatial

dimension reduction are shown in Table I. It is evident that

the proposed method offers more accurate time-activity

curves and kinetic parameters, which provides a more

reliable estimation of neuronal activity.

(a) (b)

Fig. 5: The true TACs and the estimated TACs of (a) region A and
(b) region B by the proposed method and the method without spatial
dimension reduction for the sphere phantom

B. Rat Study

The rat data were acquired on a dual-head GE Millennium

VG3 Hawkeye SPECT/CT scanner with the detector heads

arranged in H-mode and equipped with custom designed

pinhole collimators of tungsten with apertures of 1.5 × 2
mm. In each study, about 5 mCi of 123I-MIBG was
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TABLE I: Kinetic parameters of region B in the simulation study
estimated from time-activity curves obtained with different dynamic
reconstruction methods (1/sec)

Parameter Ground Truth Proposed method
Method without Spatial
Dimension Reduction

K1 0.0600 0.0600 0.1012
k2 0.0300 0.0294 0.0491

administrated into the rat with the simultaneous dynamic

data acquisition. Data were acquired for 100 min in 1-sec

time frames with an angular step of 2 degrees per frame.

The late data acquired 1.5-100 min after injection were

summed and reconstructed. The 3-D static reconstructed

images are shown in Fig. 6 for a WKY normal and an SHR.

(a) WKY normal (b) SHR

Fig. 6: The late 3-D static transverse images of rat heart

The estimated TACs of the blood pool and the

myocardium with the two methods are shown in Fig. 7.

Table II lists the kinetic parameters of the WKY normal and

the SHR estimated from the TACs of the two methods,

which indicates that the SHR has a slower washout than the

WKY normal; however, the rate of uptake is much slower

indicating poor chance of survival. As in this case the rate of

uptake can be a stronger indicator of survival than the

washout rate constant. These results clearly indicates

changes in neuronal activity during the development of heart

failure. Comparing the kinetic parameters obtained with the

two methods, the difference of kinetic parameters between

WKY normal and SHR from the proposed method is much

more obvious than that from the method without spatial

dimension reduction. As a result, this implies that the

proposed method can provide a more accurate and stable

indicator for heart failure.

(a) (b)

Fig. 7: The estimated TACs of WKY (a) and the SHR (b) by the
proposed method and the method without spatial dimension reduction
for the rat studies

TABLE II: Kinetic parameters of the myocardium in the rat study
estimated from time-activity curves obtained with different dynamic
reconstruction methods (1/sec)

Rat Parameter Proposed method
Method without Spatial
Dimension Reduction

WKY
K1 0.0262 0.0244

k2 0.0120 0.0111

SHR
K1 0.0026 0.0140

k2 0.0013 0.0095

IV. CONCLUSION

In this paper, we utilized the spatial and temporal

dimensions reduction method to improve the accuracy and

reduce the computational complexity of the dynamic

reconstruction. This method provides more accurate input

functions for compartmental modeling, through which the

uptake and washout of 123I-MIBG in the myocardium can be

quantified accurately, offering a reliable approach to assess

the severity of heart disease and prognosis in rats with heart

failure.
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Abstract—The image quality of cone-beam CT systems depends 

directly on the precise knowledge of position and orientation of 

the X-ray source and the detector. The current methods to 

determine this geometric information are mainly focused on 

conventional cone-beam CTs with planar or near-planar scanning 

trajectories. Due to the fixed alignment of X-ray source and 

detector, such systems have disadvantages in intraoperative use. 

Therefore, we develop a first prototype for cone-beam CT 

characterized by a free alignment of X-ray source and detector. 

This results in an open system allowing an intraoperative access 

to the patient and the implementation of non-planar scanning 

trajectories in the operating room.  

In this paper, we present a geometric calibration method to 

determine the position and orientation of X-ray source and 

detector for any arbitrary projection. Enhancing the theoretical 

method proposed in Mennessier et al. [1] by introducing an 

asymmetrical marker arrangement, we realized a calibration 

method suitable for practical use. We analyzed the resulting 

accuracy and applied our approach to the open cone-beam CT 

prototype. 

Index Terms—Computed tomography, cone-beam, geometric 

calibration, non-planar scanning trajectories. 

I. INTRODUCTION

n cone-beam computed tomography (CBCT) an object can 

be three-dimensionally (3D) reconstructed by acquiring X-

ray images of this object from different directions. 

Conventional CBCT systems are characterized by a rigid 

configuration of X-ray source and image detector, mostly fixed 

on a C-shaped arm or inside a closed gantry. For 3D image 

acquisition, source and detector are rotating on a planar 

trajectory around the patient. With such systems a high image 

quality is achievable, but the intraoperative use during surgery 

can be time consuming and complicated. Due to the fixed 

arrangement of X-ray source and image detector on opposite 

sides, the patient is surrounded by the system setup and the 

access for the surgeon is restricted. Therefore, we develop a 

first experimental open CBCT system for interventional 

surgery (ORBIT, fig. 1 and 2). The X-ray source is fixed on a 

This work is funded by the German Federal Mininstry of Education and 

Research (BMBF), research grant 13EZ1115A-C.  

F. Stopp and Prof. Dr. E. Keeve are with the Department of Maxillofacial 
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robot-arm and the digital flat-panel detector is mounted on a 

self-constructed motorized mechanism directly connected to 

the patient table. This system allows a free alignment of X-ray 

source and image detector towards the patient and offers new 

opportunities for non-planar scanning trajectories (e.g. fig. 2). 

The essential precondition for CBCT is the knowledge of 

the exact projection geometry of each acquired image. 

Therefore the position of the focal spot of the X-ray source 

and the position and orientation of the X-ray image detector is 

needed. This information, described by nine parameters, can 

be determined by a geometric calibration. Most of the 

available calibration methods use dedicated objects with a 

known geometric configuration of small balls of high 

attenuation. By acquiring X-ray images of these objects and 

identifying the ball projections, the needed parameters of each 

single image can be determined. But the majority of proposed 

methods were developed for conventional CBCT systems with 

planar or near-planar scanning trajectories (e.g. in [2]-[7]). 

Other approaches without constraints on the scanning 

trajectory or the alignment of source and detector use complex 

numerical optimization techniques, e.g. in [8]. In [1] a fully 

analytical calibration method for near-planar trajectories 

(using a six points calibration phantom) and for arbitrary 

scanning trajectories (using a 14 points calibration phantom) 

were introduced and first simulated results were shown. In 

further work the direct calibration method for near-planar 

trajectories was realized and applied to an isocentric c-arm X-

ray system using a 6 balls calibration object [9]. 

Based on the work presented in Mennessier et al. [1], we 

developed, applied and evaluated a direct geometric 

A Geometric Calibration Method for an 

Open Cone-Beam CT System  

Fabian Stopp, Adam J. Wieckowski, Marc Käseberg, Sebastian Engel, Felix Fehlhaber, Erwin Keeve 

I

Fig. 1.  Current prototype of the open cone-beam CT system (ORBIT)

consisting of a pulsed X-ray source (Ziehm Vision R 20 kW) on a robot arm

(Kuka KR 150 R2700 extra) and a currently fixed flat-panel detector (Varian

PaxScan 3030+). 
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calibration method with a subsequent optimization of the 

parameters for arbitrary scanning trajectories. In contrast to the 

simulations in [1], no additional features of the calibration 

markers are used for marker identification, like absorption 

coefficients or marker size. After first simulation results, we 

applied our calibration method to the open CBCT prototype. 

II. OUR GEOMETRIC CALIBRATION METHOD

To calibrate and determine the nine geometric parameters of 

an arbitrary image acquisition (X-ray source position, image 

position and image orientation), we defined the marker 

arrangement of the calibration object. 

A. Marker arrangement 

Similar to [1], we align four ball markers on each of the 

three orthogonal axes and two additional markers on the 

diagonal axis (x1..x4, y1..y4, z1..z4, s1, s2). For the marker 

assignment to be independent of additional marker features, 

like size or X-ray absorption coefficients, we defined five 

constants K1, K2, �x, �y, and �z and modified the arrangement 

of M = 14 ball markers (fig. 3). The arrangement of the four 

markers on the x-axis is:  

xx K ex 11 α−= xK ex 12 −=
 (1)

xK ex 23 = xx K ex 24 α=

The arrangement of the eight markers on the y- and z-axis 

(using �y and �z) is equivalent to (1). The three unit vectors ex, 

ey and ez represent the axes of the calibration object’s 

coordinate system. The two diagonal markers are aligned as 

follows: 

)(11 zyxK eees ++−= )(22 zyxK eees ++= (2)

Depending on the system characteristics of our open CBCT 

setup (image size of 298 x 298 mm² and a cone-beam opening 

angle of 16°), we used the following values:  K1 = 25 mm, K2 = 

35 mm and �x = 1.4, �y  = 1.7, and �z = 2. These constants 

fulfill our basic precondition for good calibration results: the 

14 marker must be fully contained and fill as much as possible 

of the X-ray image. 

B. Marker detection 

To detect the regions of the projected ball markers in the X-

ray images, we apply the following four steps: 

1.  Segmenting the regions of the ball marker projections 

by an adaptive threshold. 

2.  Classification of the segmented regions. 

3.  Analyzing the blob response of the region using the 

determinant of Hessian. 

4.  Analyzing the foreground to background intensity 

difference. 

A region is described by a set of N pixel positions rk and 

intensities Ik. Given the neighborhood of that region with a 

mean intensity of background b, the projection of the marker 

center is estimated as the center of mass with background 

suppression [10]: 

( ) ( )
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In the following section, we assume that all 14 marker 

projections are detected in the image. The degenerated cases 

(e.g. marker overlaps) are described in section II E. 

C. Marker assignment 

We divide the detected marker projections di (i = 1..M) into 

four groups, representing the three orthogonal axes and the 

both diagonal marker. From each found line of four markers, 

we can infer the respective axis of the calibration object. We 

identify the lines by retrieving an approximation of the 

constant � from the X-ray image. Assuming d1…d4 are the 

four detected marker projections, classified as a line (ordered 

along that line), and c is the projection of the calibration 

object’s origin o (symmedian point of the triangle bound by 

the three detected lines [1]), an approximation of �j (j∈ {x,y,z})

is given by:�
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Using the value �j obtained from (4), we can determine the 

corresponding axis of the marker projections. But we cannot 

infer the order of the markers in terms of direction nor can we 

assign both diagonal marker projections. Because each group 

is assigned in two ways (e.g. the projections of the markers on 

the x-axis: {(x1, d1), (x2, d2), (x3, d3), (x4, d4)} and {(x1, d4), 

(x2, d3), (x3, d2), (x4, d1)}), we are considering 16 possible 

marker assignments. 

Fig. 3.  The arrangement of the 14 ball markers of the calibration object. 

Four markers are placed on each orthogonal axis and two on the diagonal. 

The exact positions are defined by the constants K1, K2 and �x, �y, and �z. 

Fig. 2.  Open cone-beam CT system ORBIT with an X-ray source fixed on a 

ceiling-mounted robot arm and a robot-guided flat panel detector directly 

connected with the patient table. The red path and the blue path indicate an 

exemplary non-planar scanning trajectory of the X-ray source and detector. 
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D. Geometric parameter determination 

We directly determine the geometric parameters for each 

possible marker assignment by solving a linear equation 

system as described in [1]. Each set of geometric parameters is 

verified using a score based on the re-projection errors erepr,i

(fig. 4) of this configuration: mean �e, variance �e
2
 and 

maximum emax. Because of the unambiguity of the marker 

projections (imposed by the asymmetry constraint K1 � K2), the 

best score indicates the correct marker assignment and 

geometric parameter set.  

In the last step we refine the geometric parameters using a 

non-linear Levenberg-Marquardt optimization algorithm to 

minimize the sum of squared re-projection errors erepr. Because 

of the good initialization with the directly determined 

parameters, the optimization problem can be solved efficiently. 

E. The degenerated cases 

There are two basic problems that might occur when dealing 

with X-ray images of the marker arrangement described in 

section II A (for example fig. 5 right): 

-  Marker overlaps: two or more ball markers form an 

overlap in the image. 

-  Structural overlaps: two axes of markers form nearly 

the same line in the image. 

The detection of marker overlaps is not fully possible by 

using features like size or intensities of detected regions 

(especially with oblique X-ray projections and elliptical 

marker regions). We recognize marker overlaps, if less than 14 

regions were detected in the image. We then assume for each 

region that it is an overlap and divide all 14 markers 

accordingly into four groups (representing the three orthogonal 

and one diagonal axis). The respective marker centers di of an 

overlap are approximated by determining the center and the 

main axis of this region. All marker groups are verified by the 

following criteria: 

-  Each detected line must contain exactly the same 

number of marker projections on each side of c. 

-  We dissolve a structural overlap with eight marker 

projections, by verifying both identified lines using (4). 

-  There must be either none or two marker projections 

not assigned to any line (s1 and s2). 

-  In case a marker projection is detected near c, we 

assume that the X-ray projection is in direction of an 

orthogonal or diagonal axis and these marker 

projections are ignored. 

For each marker group in accordance with the criteria, we 

perform a marker assignment (section II C) and verify the 

resulting parameter set using the score function (section II D). 

The approximated marker centers di of an overlap are only 

used for marker assignment and not for the determination of 

the geometric parameters. 

III. CALIBRATION OBJECT

We constructed and manufactured a calibration object with 

14 drill-holes to perform a geometric calibration of single X-

ray projections images acquired with our open CBCT system. 

By the defined arrangement and depth of the drill-holes, 14 

steel balls with 3 mm diameter can be placed accordingly to 

the previously described marker arrangement in section II A 

(Fig. 5 left). To verify and compensate manufacturing 

inaccuracies, we scanned the calibration object with an 

industrial CT and measured the exact steel ball locations. By 

taking arbitrary X-ray projections of this calibration object, the 

geometric parameters of each image can be determined using 

our proposed method (fig. 5 right). 

IV. RESULTS

At the current project state, the image detector of our open 

CBCT prototype is fixed on the patient table (fig. 1). 

Therefore, we first applied our calibration method on a 

scanning trajectory similar to tomosynthesis: a circularly 

moving X-ray source above an object on a fixed image 

detector (fig. 6). 

A. Simulation results 

Using our simulation environment, we generated 360 

artificial projection images of our calibration object equally 

distributed along this scanning trajectory. The acquisition 

parameters were defined according to our open CBCT system 

setup: 298 x 298 mm² image size with 1024 x 1024 px and a 

distance from X-ray source to image center of approximately 

1050 mm. The artificial images are ideal projections of our 

marker arrangement without noise or motion artifacts. We 

calculated the nine geometric parameters of all images and 

compared the results with the defined parameters of the 

Fig. 5.  Calibration object with 14 steel balls (left) and exemplary X-ray 

image of the calibration object with our CBCT system ORBIT (right). 

  

Fig. 4.  The projection geometry: X-ray source position s, image position q

and a calibration object at o with a ball marker. The X-ray projection of o is 

called c. The real image position of the projected marker center is p, the 

detected position is d (the difference of both is the detection error edet). 

Position p’ is the re-projection of the marker using the calibrated parameters 

s’ and q’ (the difference of p’ and d’ is the re-projection error erepr). 
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simulation environment. Additionally, we calculated the 

accuracy of our marker center detection algorithm (edet) and 

the re-projection error of the calibrated configuration (erepr). 

The results are shown in table 1. 

B. Experimental results 

Furthermore, we applied the calibration method on the open 

CBCT prototype and acquired 360 images of our calibration 

object. We calculated the geometric parameters of each 

acquired image and repeated the scanning trajectory with 

vertebral bodies of the lumbar spine. Based on the calculated 

geometric parameters and the 360 projection images, we 

reconstructed the scanned volume with a simultaneous 

algebraic reconstruction technique. Fig. 6 shows the vertebral 

test bodies and an axial and coronal slice of the reconstructed 

volume. As a quantitative measurement of the experimental 

result, we calculated the re-projection errors erepr,i using the 

calibrated parameters and the found marker assignment of each 

image of the calibration object: μ = 0.058 mm, � = 0.047 mm, 

emax = 0.583 mm. 

V. CONCLUSION AND DISCUSSION

The errors in the simulation (shown in table I) result from 

the marker center detection of the projected ball markers and 

the parameter determination with our calibration method. 

Discrepancies between the real and calibrated geometric 

parameters mainly occur in direction of the projection 

(indicated with symbol || in table I), but these deviations have 

little impact on the accuracy of the x-ray projections. 

Regarding the image plane, the maximum error of the image 

center position is less than a pixel size of 0.29 mm. 

By applying our method on the open CBCT system, 

additional errors influence the resulting accuracy: the 

repeatability of the X-ray source positioning by the robot-arm 

and inaccuracies of the manufactured calibration body. Errors 

caused by the movement of the X-ray source during the image 

acquisition are excluded at the moment, as the image 

acquisition is currently done in defined fixed positions. In 

further project work we will develop a motorized mechanism 

to move the flat-panel detector independently of the X-ray 

source and execute freely definable scanning trajectories. To 

compensate occurring mechanical instabilities, we will 

perform an additional online calibration method during the 

image acquisition. 
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TABLE I 

SIMULATION RESULTS

�� � max 

Marker detection error edet  [mm] 0.009 0.005 0.036

Image center position error [mm] u 0.029 0.026 0.166

v 0.033 0.035 0.239 

n 0.046 0.037 0.237 

� 0.066 0.054 0.344

� 0.004 0.002 0.015 

X-ray source position error [mm] u 0.634 0.548 3.375 

v 0.672 0.722 3.988 

n 0.940 0.770 3.954 

� 1.375 1.110 5.680 

� 0.136 0.104 0.554 

Image orientation error [°] � 0.004 0.004 0.022 

	 0.005 0.005 0.027 


 0.006 0.004 0.040 

Re-projection error erepr [mm] 0.008 0.005 0.038 

The image center and source position errors are given in image 

coordinate system u-v-n. The symbols || and � indicate position deviations in 

direction (||) and perpendicular (�) to the central X-ray beam. The angles �, 

	, and 
 describe the image rotation errors in uv-, vn- and un-plane of the 

image coordinate system. 

Fig. 6.  a) Executed and calibrated scanning trajectory with a fixed flat-panel 

detector; b) Vertebral bodies of the lumbar spine; c) Axial slice of the 

reconstructed volume; d) Coronal slice of the reconstructed volume. 
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Total-variation stokes strategy for sparse-view CT image 
reconstruction from clinical data 

Yan Liu, Hongbing Lu, Hao Zhang, Ke Wang and Zhengrong Liang 
 
Abstract – Previous works have shown that computed 

tomography (CT) images can be reconstructed from sparse-view 
data by minimizing the constrained TV of the to-be-estimated 
image.  Considering the incompressible velocity field of the image 
voxels along the tangent directions of the isophote lines, this 
paper proposes a new total variation stokes (TVS) strategy for 
CT image reconstruction from sparse-view projection data.  In 
this newly-proposed algorithm, a tangent field is first 
consolidated for tangent vector estimation, and then a 
minimization problem based on estimated vector is addressed and 
resolved in computation.  The to-be-estimated image is iteratively 
solved by this two-step framework with constraints from the data 
fidelity.  By introducing this tangent vector estimation, the effects 
of staircase and patchy artifacts in the uniform region, which are 
often observed in TV minimization problem, can be efficiently 
suppressed without sacrificing edge information.  In this study, 
the TVS method was evaluated by patients’ thorax raw data 
acquired from a clinical multi-slice CT scanner.  From the results 
we observed that the proposed TVS strategy can accurately 
reconstruct the images and mitigate the patchy artifacts from 
sparse-views data, comparing to the TV-projection onto convex 
sets (TV-POCS) method and its general case: adaptive weighted 
TV-POCS (AwTV-POCS) method.  In addition, an improvement 
was also observed in universal quality index (UQI) measurement 
study by TVS method compared to AwTV/TV-POCS method.  
Further evaluations on the proposed TVS using more data are 
under progress. 

Index Terms – total variation, stokes, sparse-view, image 
reconstruction. 

I. INTRODUCTION 

otal variation (TV) model has been proved that it could be 
successfully applied to computed tomography (CT) image 

reconstruction for solving the sparse-view problems over the 
last several years [1] [2] [3].  However, the resulting images 
from the TV minimization are always reported to suffer the 
effects of undesired staircase or patchy artifacts [3] [4].  Those 
small patchy artifacts can mimic small lesions which are 
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potentially harmful for medical diagnosis.  A recently 
proposed adaptive weighted total variation-projection onto 
convex sets (AwTV-POCS) method is an attempt to solve the 
over-smoothing and patchy artifacts by introducing anisotropic 
weights to the conventional TV model [5].  The results from 
AwTV-POCS method show better noise suppression and edge 
preserving than using the conventional total variation-
projection onto convex sets (TV-POCS) method. However, 
small patchy artifacts are still observed under the extra sparse-
view cases.  Recently, a total variation-stokes (TVS) method 
was introduced for solving image denoising and inpainting 
problems in [6] [7].  The authors demonstrated that the TVS 
method can efficiently suppress noise and mitigate the patchy 
artifacts without sacrificing the fine structure of the images.  
However, due to the lack of prospective images, the TVS 
method can’t be directly utilized for CT image reconstruction. 
In this study, a modified TVS method is proposed to show its 
potentials for image reconstruction from sparse-view data.  To 
show our respect to original authors of the TVS method [6] 
[7], we use the same TVS name.  However, it should be 
noticed that the TVS method introduced in this study has been 
modified for solving specific reconstruction problem of CT 
imaging. 

In our TVS method, a two-step approach is introduced 
involving a smoothing along the tangential filed and a surface 
fitting with constraints in image domain.  The motivation of 
this method is the introduction of a tangential field 
corresponding to an incompressible velocity field.  In addition, 
in our study, we assume that the tangential field is divergence 
free, which indicates the possibility to recover missing and 
noise data along the tangential field.  Therefore, the effects of 
the staircase and patchy artifacts caused by the over-smoothing 
along the normal direction can be efficiently mitigated. 

This paper is organized as follows.  In section two, we 
present the methodology of our new TVS strategy for image 
reconstruction from sparse-view data.  In section three, 
preliminary results from the proposed TVS methods are shown 
and compared to the results from conventional AwTV/TV-
POCS methods.  Finally, a discussion and preliminary 
conclusion are given in section four. 

II. METHODS 
For a given 2D image ( )f , where is the desired 

attenuation coefficient in CT image, two orthogonal vectors in 
image domain: the normal vector n and the tangential vector 
τ  of the image are mathematically defined as: 

T 
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f f
fn and ( ) ,

T

y x

f f
fτ , (1) 

where denotes the differential operator, T represents the 
transpose operator, and  is the orthogonal differential 
operator.  The two vectors should satisfy the irrotationality and 
incompressibility conditions separately, which can be 
mathematically expressed as [6]: 

0n       and    0τ .                         (2) 
The left equation shows that the cross product of the 
differential operator and vector n is equal to zero, which 
indicates the curl of the normal vector is zero.  The right 
equation shows that a dot product of the differential operator 
and vector τ  is also equal to zero, which indicates the 
divergence of tangent vector is zero.  Unlike the TV-POCS 
algorithm introduced in [4], which assumes the image is 
piecewise constant and estimates the desired image along the 
normal field, the TVS strategy requires to restore the missing 
data along the tangential field.  Although the piece-wise 
assumption can help us to propagate information to the 
missing data along the normal field, it can’t guarantee the 
consistency along the tangent directions.  Thus, the results 
from AwTV/TV-POCS always show undesired patchy 
artifacts.  In our proposed TVS method, the image restoring is 
executed along tangent direction and the consistency along the 
tangent direction is well considered.  Therefore, the undesired 
patchy artifacts can be eliminated efficiently due to the 
consistency along both of the normal direction and tangent 
direction. In this study, we find that this strategy always show 
a pleasant image and preserve the edges quite well.  Inspired 
by previous study, we choose the two steps iterative 
framework as introduced in [6] to solve this problem.  

In the first step, the tangent vector is estimated by 
minimizing the TV norm of the tangential vector with 
incompressibility constraints, which indicates the tangent field 
is a passive vector field.  This step is called as tangent field 
smoothing (TFS) step in the following.  The minimization 
problem of this step can be written as: 

min d
τ

     subject to        0τ        (3) 

To solve such partial differential equations (PDE), the 
Augmented Lagrangian (AL) method is utilized [6].  The 
updating function of Eq. (3) is: 

1
1

1 2

,
nn

yn n n nx
x y xn n

D vD v
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x yt D v D u                                     (6) 
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,n n n
x yDiv D v D u                              (7) 
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where u and v are the gradient along y and x directions,  1t  
is a relaxing parameter which can control the updating step 
length in the TFS step, xD  and yD  are defined as 
forward/backward difference operators along x and y 
directions, 1

xC  and 1
yC in Eq. (8) and (9) are defined as the first 

order centered difference operators along x and y directions, 
xM and yM are the first order neighbors’ mean along x and y 

directions, which can be expressed as: 
( , ) ( 1, ) / 2   

and   ( , ) ( , 1) / 2,
x

y

M w w x y w x y

M w w x y w x y
         (10) 

In the second step, the desired image is reconstructed by 
fitting the normal vector of the desired image to the estimated 
normal vector n* with constraints from data fidelity.  This step 
is called as image reconstruction (IR) step in the following.  
Mathematically, the result can be obtained by solving the 
following minimization problem: 

min n
f f d

n
  subject to  P A  (11) 

where P is the acquired projection data and A represents the 
system transfer matrix, which depends on the projection 
geometry 

However, it is numerically difficult to solve such problem 
by using the AL method directly.  Thus, the second step is 
decomposed into two parts and solved separately. The first 
part of Eq. (11) is for normal vector fitting which can be 
solved by Euler-Lagrange (EL) method [6].  The updating 
function is: 

1
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                   (15) 

2t  is another relaxing parameter to control the updating step 
length in the IR step.  The constraints part in Eq. (11) can be 
solved by POCS strategy [1].  Therefore, the desired image 
can be obtained by solving the two minimization problem (i.e., 
TFS and IR) iteratively. 

III. RESULTS 

In this study, to analyze the proposed method, two thorax 
CT raw data sets (i.e., normal-mAs scan and low-mAs scan) 
were acquired from a clinical multi-slice CT scanner in non-
FFS model (Stony Brook Hospital, Stony brook, NY).  The 
number of channels in each detector row is 672, the fan angle 
increment for each channel is 0.0775862° and the bin size 
along the z axis is 0.75mm.  The tube angle increment is 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

111



 

   
   

   
   

58
-v

ie
w

 
    

  1
16

-v
ie

w
 

11
6-

vi
ew

 
   

   
58

-v
ie

w
 

0.3103448° (i.e., 1160 projection views per 360°).  The radius 
of the focal spot circle is 570mm, and distance between the 
source and the detector plane is 1040mm. The tube voltage 
was set to be 120kVp and tube current was set to be 100mAs 
for normal-mAs scan and 20mAs for low-mAs scan.  The field 
of view (FOV) is 51.2×51.2 cm2, with corresponding pixel size 
is 1×1 mm2.  For the spiral CT system, the raw data is often 
rebinned to fan beam projection data for research purpose by 
considering the effects of pitch (i.e., the movement of the 
patient along the z axis).  In our study, we use the rebinning 
method as introduced in [8] to rebin our spiral projection data 
to multi-slice fan beam sinogram data.  In this patient’s case, 
about 264 slices of sinogram data were obtained for normal-
mAs scan and 139 slices for low-mAs scan for clinical 
purpose.  In this study, we choose the 60th slice from normal-
mAs and 91st slice from low-mAs full-views projection data 
for analysis. The transverse images of the projection data by 
FBP method with Hanning window at Nyquist cut-off 
frequency are shown in Fig 1.   

  
(a)                                             (b) 

Figure 1:  Thorax image reconstructions from full-view projection data 
acquired at (a) 100mAs and (b) 20mAs by FBP method. The display 
window is [0, 0.03] mm-1.  :  The ROIs of the reconstructed images of the 
lung is displayed by the window [0.011, 0.023] mm-1. 
 

A. Normal-mAs case 
Visualization-based evaluation 

In this section, 116 and 58 projection views are extracted 
evenly from the rebinned 100-mAs sinogram data.  Thus, the 
associative dosage are reduced to about 1/10 and 1/20 of the 
normal dosage, respectively.  The reconstructed results are 
shown in Fig. 2.  Regions of interests (ROIs) as indicated in 
Fig. 1(a) were selected to examine the fine structure of the 
reconstructed images in a small display window.  The 
corresponding zoomed ROIs are shown in Fig. 3. 

 
            FBP                TVS            AwTV-POCS           TV-POCS 

  

  
Fig. 2:  The reconstructed images of the lung in 100mAs.  The display 
window is [0, 0.03] mm-1. 

          FBP                   TVS               AwTV-POCS        TV-POCS 

 

 
Fig. 3:  The ROIs of the reconstructed images of the lung in 100mAs.  
The display window is [0.011, 0.023] mm-1. 

From figure 2, we can observe that in 116-view case, all the 
three methods can produce satisfied results when displayed in 
a large display window.  However, in Fig. 3, the results from 
AwTV-POCS and TV-POCS show some small patch artifacts 
in the uniform area when examining in a small display window 
which are consistent with previous report [4].  In the contrary, 
the results from TVS method show smoothed images in the 
uniform area, which is consistent with the results in [6].  In 
addition, in the 58-view case, the image from TV-POCS shows 
undesired larger patch artifacts in the uniform area.  Although 
the AwTV-POCS method shows ability to mitigate such 
patchy artifacts, the TVS method is more efficiently as shown 
in Fig. 3.  

 
Universal quality index (UQI) measurement study 

The universal quality index (UQI) is one of the image 
quantitative merits to measure the similarity between the 
reconstructed image and the reference image.  Three factors: 
loss of correlation, luminance distortion and contrast distortion 
are considered in the UQI [3].  In this study, we selected a ROI 
as indicated in Fig 1(a) to exam the UQI value. It should be 
pointed out that the image 0f reconstructed from normal-dose 
full-view data by FBP method yields a desired baseline and is 
used as reference image due to the lack of true image.  
Although different reference images could lead to different 
evaluation results, the image obtained from high-dose full-
view data by FBP method has been generally accepted as a 
baseline for low-dose CT image reconstruction evaluation.  
We use 1f  to denote the testing images. 

For 'N  pixels ROIs, the means, variances and covariances 
are defined as [3]: 

'

1

1 ,
'

N

j jn
n

f f
N

                        (17) 

2'
2

1

1 ,
' 1

N

j jn j
n

f f
N

              (18) 

where j=0 and 1, and 
'

1 0 1 1 0 0
1

1{ , }
' 1

N

n n
n

Cov f f f f f f
N

,      (19) 

Then, the UQI is defined as: 
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Figure 4:  The UQI versus projection views curves from the lung image study. 
 

The curve of UQI values within the selected ROIs versus 
the projection views (i.e., 58, 116, 290 and 580-view) by 
different methods (i.e., TVS, AwTV/TV-POCS and FBP) are 
shown in Fig. 4.  From figure 4 we can observe that the results 
from TVS method have the highest UQI values and the results 
from AwTV-POCS method have the lowest UQI values.  It 
should be mentioned that due to the weights for edge 
preserving in the AwTV model, which didn’t considered in 
TV-POCS and TVS methods, the results of AwTV-POCS have 
a lower similarity to the results from normal-mAs full-view 
data by FBP, which only used spatially invariant filtering. 

B. Low-mAs case 
In this section, 116 and 58 projection views are extracted 

evenly from the low-mAs (i.e., 20mAs) projection data.  
Compared to the low-dose scan, the associative dosage are 
reduced to about 1/10 and 1/20 of the original dosage, 
respectively.  The reconstructed results are shown in Fig. 5.  A 
ROI as indicated in Fig. 1(b) was selected to examine details 
of the reconstructed image.  The corresponding ROIs results 
are shown in Fig. 6. 
 
            FBP                TVS            AwTV-POCS           TV-POCS 

  

  
Fig. 5:  The reconstructed images of the lung in 20mAs.  The display 
window is [0, 0.03] mm-1. 

          FBP                   TVS               AwTV-POCS        TV-POCS 

 

 
Fig. 6:  The ROIs of the reconstructed images of the lung in 20mAs.  The 
display window is [0.011, 0.023] mm-1. 

In figure 5 and 6, the images show more artifacts compared 
to the results from normal-dose case due to the inconsistent of 
the projection data.  In addition, more patchy artifacts are 
observed in the results of AwTV/TV-POCS methods as the 
number of projection decreases.  The results from TVS 
methods show fewer artifacts in the uniform area, which is 
consistent with our previous observation in normal-dose case.  

IV. CONCLUSION AND DISCUSSION 
In this work, we presented the TVS method for low-dose 

image reconstruction from sparse-view data.  This method is a 
new attempt to eliminate the effects of staircase and patchy 
artifacts caused by the piecewise constant assumption.  The 
preliminary results indicate that the TVS method has 
advantages over the AwTV/TV-POCS methods at the uniform 
region for image reconstruction from sparse-view data.  In 
addition, although it is numerically hard to prove the edge 
preserving property of the TVS, the results suggest that the 
TVS method can preserve edges quite well. 

In our preliminary study on the sparse-view cases, we 
observe some patchy artifacts in the uniform area from the 
results of AwTV/TV-POCS methods which follows a 
piecewise constant assumption.  However, through this TVS 
strategy, the undesired patchy artifacts are eliminated 
efficiently due to the consistency along both of the normal 
direction and tangent direction.  In our future work, we will 
focus on the evaluations of this new TVS method using more 
simulated and experimental data. 
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Abstract Computed tomography (CT) is a very powerful tool in 
medicine and non-destructive testing but is unsuitable for planar 
objects. A solution can be found in the use of computed 
laminography (CL), a technique where the object is irradiated by 
an oblique angle thereby circumventing the problems arising in 
CT. Due to the limited amount of angular coverage and the 
special geometric set-up, filtered backprojection methods [4] 
cannot be employed for the reconstruction in this case. More 
flexible iterative algorithms like SART (simultaneous 
reconstruction technique) [1,2] provide an answer to this 
challenge. One of their important advantages when compared to 
filtered backprojection methods is their ability to incorporate a 
priori information about the object into the reconstruction 
process [6]. Often the object's geometry is known from CAD files 
or other technical specifications. Especially in the case of limited-
angle data, where only a part of the object can be measured, and 
laminographic geometries, additional information is of great  
importance. This geometrical a priori knowledge can be exploited 
to restrict the reconstruction  volume to areas where material is 
definitely present, resulting in correct object contours even in the 
limited-angle case. This reduces artifacts and increases contrast 
thereby allowing for a better defect detectability and thus an 
easier and more reliable inspection of the object. 

Index Terms— A priori knowledge, computed laminography, 
computed tomography, iterative reconstruction, limited data 
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Truncation Correction using a 3D Filter for
Cone-beam CT

Yan Xia, Andreas Maier, Frank Dennerlein, and Joachim Hornegger

Abstract—Recently, a novel method for region of interest
(ROI) reconstruction from truncated projections with neither
the use of prior knowledge nor explicit extrapolation has been
published, named Approximated Truncation Robust Algorithm
for Computed Tomography (ATRACT). It was derived by analyt-
ically reformulating the standard Feldkamp-Davis-Kress (FDK)
algorithm into a reconstruction scheme that is by construction
less sensitive to lateral data truncation. In this paper, we present
and investigate a variation of the ATRACT that is to apply
ATRACT in 3D by decomposing the ramp filter into the 3D
Laplace filter and a 3D residual filter. ROI reconstruction can
be readily realized by performing these two successive filters
on projection data stack at once and followed by standard
backprojection. Real data evaluation shows that the new method
at least performs as well as the native ATRACT in terms of
truncation correction. However, for off-center reconstruction, the
linear gradient artifact arose in native ATRACT is essentially
reduced by the new method.

I. INTRODUCTION

It is well known that the X-ray radiation dose exposed to
the patient during a CT exam is proportional to the volume
that is irradiated during the scan. Several medical applications
require only a small volume to be imaged. For example,
in the neurointerventional radiology only micro devices, e.g.
implanted stents or coils, are required to be examined in
multiple times. Although only the small area is of diagnostic
interest, conventionally, a scan with a full field of view (FOV)
was performed, resulting in a considerable dose to the patient.
Hence, a restriction of the X-ray beam to only that area would
significantly reduce radiation dose. This is simply done by
deploying a collimator near the X-ray source. However, the
resulting lateral truncation in projections, poses a challenge to
the conventional tomographic reconstruction algorithms.

So far many algorithms specially concerning the ROI re-
construction have been proposed. Some are based on the
requirement of prior knowledge on the reconstructed object so
that the ROI problem can be exactly solved [1], [2], [3]. Other
approaches estimate the missing data using an extrapolation
procedure as a pre-processing step [4], [5], [6], [7].

A novel method (ATRACT) has been suggested for ROI
reconstruction with neither the use of prior knowledge nor
explicit extrapolation [8]. In this method, the standard ramp
filter is decomposed into the 2D Laplace filtering and a 2D
Radon-based filtering step or 2D convolution-based filtering.

Y. Xia, A. Maier and J. Hornegger are with the Pattern Recognition
Lab, Friedrich-Alexander-University Erlangen-Nuremberg, 91058 Erlangen,
Germany. Y. Xia and J. Hornegger are also with the Erlangen Graduate School
in Advanced Optical Technologies (SAOT), Friedrich-Alexander-University
Erlangen-Nuremberg, 91052 Erlangen, Germany. (e-mail: yan.xia@cs.fau.de;
andreas.maier@cs.fau.de; joachim.hornegger@cs.fau.de).
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In this paper, we present and investigate a variation of the
original ATRACT that is to apply ATRACT in 3D by decom-
posing the ramp filter into the 3D Laplace filter and a 3D
residual filter. We expect the 3D convolution-based filtering
will gain more stability than its 2D counterpart, especially in
the truncated edge.

This paper is organized as follows. Section II reviews the
ATRACT algorithm and presents new 3D ATRACT algorithm.
Experiment setups are specified in section III, and reconstruc-
tion results from these setups are presented in section IV. The
paper ends with conclusions, in section V.

II. TRUNCATION CORRECTION METHODS

A. 2D ATRACT

Intuitively, the idea behind ATRACT is to adapt the
Feldkamp-Davis-Kress (FDK) algorithm [9] by decomposing
the 1D ramp filter operation into two successive 2D filtering
steps — the 2D Laplace filtering and a 2D Radon-based
filtering step — one acting locally and one acting non-
locally on the projection data. We refer to this method as
2D ATRACT in the following. In presence of lateral data
truncation, 2D ATRACT allows us to exclude the artifacts
typically occurring during filtering, simply by removing the
singularities (spikes) at the edges of lateral data truncation
after the Laplace operation. With the FDK method, such a
removal is not straight-forward, due to the non-local character
of the ramp filter. In its later version, the Radon-based filter
was substituted by a 2D convolution-based filter for increasing
computational performance [10], [11]. This naturally inspires
the idea of an alternative decomposition of the 1D ramp filter
in 3D convolutions, to further improve the image quality.

B. 3D ATRACT

As discussed above, the 3D ATRACT algorithm is also
obtained by a modification of the standard ramp filter in FDK
algorithm. That is to decompose the ramp filter into the 3D
Laplace filter and a 3D residual filter.

Fig. 1 shows the associated notations in the cone-beam
short-scan imaging geometry. The mathematical expression of
3D projection data stack g (λ, u, v) can be written as follows:

g (λ, u, v) =

∞∫
0

f (a (λ) + tα (λ, u, v)) dt , (1)

where u, v are flat detector coordinates and λ indicates angular
coordinate.

Using the notations that are shown in Fig. 1, the 3D
ATRACT algorithm can be written as follows:
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Fig. 1. Cone-beam geometry and associated notation: The curve a (λ) =
(R cosλ,R sinλ, 0) describes the trajectory of the X-ray source, with the
scan radius R and the rotation angle λ. The planar detector is parallel to the
unit vectors eu (λ) and ev (λ) and at distance D from the source. ew (λ)
is the detector normal. We use the 3D function g (λ, u, v) to describe the
projection data stack at the point (u, v) acquired at angle λ.

Step 1: Cosine- and Parker-like weighting of projection data
to obtain pre-scaled projection data g1 (λ, u, v):

g1 (λ, u, v) =
Dm (λ, u)√
D2 + u2 + v2

g (λ, u, v) (2)

where m (λ, u) is Parker weight for short-scan data.
Step 2: 3D Laplace filtering to obtain projection data

g2 (λ, u, v):

g2 (λ, u, v) =

(
∂2

∂λ2
+

∂2

∂u2
+

∂2

∂v2

)
g1 (λ, u, v) (3)

Step 3: 3D convolution-based residual filtering to get filtered
projection data gF (λ, u, v):

gF (λ, u, v) =

u2∫
u1

v2∫
v1

λ2∫
λ1

g2 (λ− λ′, u− u′, v − v′)

h3D (λ′, u′, v′) dλ′du′dv′ (4)

Step 4: 3D cone-beam backprojection to get the estimated
object function f (ATRACT ) (x, y, z):

f (ATRACT ) (x, y, z) =

λ2∫
λ1

RD

[R− x · ew (λ)]
2 gF (λ, u, v)dλ

(5)
where x = (x, y, z).

As illustrated in Fig. 2, reconstructions from the truncated
data can be readily realized by performing two successive
3D filters on pre-scaled 3D projection data stack at once and
followed by standard backprojection. Similarly, 3D ATRACT
is able to exclude artificial high frequencies (removal of high
spikes) after the 3D Laplace filtering step. Unlike the 2D
ATRACT, additional removal of the spikes in λ direction
is required. That means either removal of the first and last
projections or constantly extrapolate them to avoid abrupt
changes. Subsequently, the 3D residual filtering is carried out
to obtain the desired filtered projections. In practice, the 3D
Laplace operation can be achieved using a 3 × 3 × 3 kernel
with a different angluar weighting in spatial domain. The 3D
residual filtering can be implemented by using 3D FFT-based
convolution, and the residual kernel in Fourier domain is given
by:

Fig. 2. Illustration of the 3D ATRACT algorithm. ROI reconstruction can be
readily realized by performing two successive filters on the data stack at once
and followed by the standard backprojection.

H3D (ω
λ
, ω

u
, ωv) = − |ωu

|
ω2

λ
+ ω2

u
+ ω2

v

(6)

Also note that discretization in u and v (i.e. du and dv) is
identical (square pixels assummed) while discretization in λ
differs a lot. Thus, in numerical implementation we choose a
different discretization in λ, i.e. μdλ, where μ = 0.025 is a
scaling factor.

III. EXPERIMENT SETUP

The proposed algorithm was evaluated by the following
datasets in terms of spatial resolution, low contrast resolution
as well as robustness of correction quality. All datasets are
acquired on a C-arm system (Siemens AG, Healthcare Sector,
Forchheim, Germany) and contain 496 projection images
(1240× 960) with effective pixel size of 0.308× 0.308 mm2

in 2× 2 binning mode.
To evaluate the spatial resolution and low contrast resolution

of the reconstructions from the new algorithm, we used a
Siemens cone-beam phantom that contains several low- and
high-contrast inserts useful for evaluation of image quality.
We also used two clinical datasets acquired from St. Lukes’
Episcopal Hospital (Houston, TX, USA), to quantify the
robustness of the truncation correction in practical application.

In the following evaluation, two scenarios were considered.
In the baseline scenario, no collimation was applied during the
scan, yielding non-truncated projections on the entire area of
the detector. In second scenario, we virtually cropped projec-
tion images so that only the small region of interest was kept.
The non-truncated projections were reconstructed by FDK,
which was used as the reference here. The virtually truncated
projections, in which only up to 30% of the FOV remained
compared to non-truncated projections, were reconstructed by
the new algorithm. We also investigated the performance of the
2D ATRACT method, and compared it to the new correction
method.

Analogous to the 2D ATRACT algorithm, the new algorithm
also suffers from a global volume scaling artifact. A correction
of scaling and bias was performed to align the range of values
between FDK and the new method.
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Fig. 3. Reconstruction results of the line-pair inserts phantom. Slice thickness
is 0.25mm. A) and C): Standard FDK reconstruction from non-truncated
projections, B) and D): 3D ATRACT reconstruction from virtually truncated
projections.

Fig. 4. Reconstruction results of the low contrast inserts in the gray
scale window [-200HU, 0HU]. Slice thickness is 0.3mm. A): Standard FDK
reconstruction from non-truncated projections, B) and C): 2D ATRACT and
3D ATRACT reconstruction from virtually truncated projections. Line profiles
along yellow-dashed line in all methods are also provided.

IV. RESULTS

A. Spatial Resolution and Low Contrast Resolution

Fig. 3 shows the reconstructions of the line-pair phantom.
The investigated line-pair inserts (shown in yellow dashed box)
in a clockwise direction have modulation of 1.4 lp / mm, 1.6
lp / mm and 1.8 lp / mm, respectively. The noise level of the
given slices, estimated by computing the standard deviation

Fig. 6. Transversal slices of the clinical dataset 2 by the three algorithms,
in the grayscale window [-1000HU, 1000HU]. Slice thickness is 0.4mm.
A): Standard FDK reconstruction from non-truncated projection, B): 2D
ATRACT-based ROI reconstruction, C): 3D ATRACT-based ROI reconstruc-
tion.

Fig. 7. Coronal slices of the clinical dataset 2 by the three algorithms, in the
grayscale window [-1000HU, 1000HU]. Slice thickness is 0.4mm. A): Stan-
dard FDK reconstruction from non-truncated projection, B): 2D ATRACT-
based ROI reconstruction, C): 3D ATRACT-based ROI reconstruction.

within the yellow cycles, is 81.55 HU for the standard FDK
reconstruction, and 82.93 HU for the 3D ATRACT-based ROI
reconstruction. The reconstruction results confirm that 3D
ATRACT reconstruction yields, for the investigated inserts,
identical spatial resolution to the full FOV reconstruction by
FDK.

Reconstructions of the low contrast inserts from FDK, 2D
ATRACT and 3D ATRACT are represented in Fig. 4. The
line profile along the yellow-dashed line in each slices is also
given in right bottom. No significant differences are observed
between ROI reconstructions and the reference reconstruction
in terms of low contrast resolution. We found the result from

Fig. 8. Profiles along the yellow-dashed line shown in the transversal slices
of clinical dataset 2.
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Fig. 5. Reconstruction results of the clinical dataset 1 by the three algorithms, in the grayscale window [-1000HU, 1000HU]. Slice thickness is 0.35mm. A)
and E): FDK reconstruction from non-truncated projection, B) and F): constantly extrapolated FDK-based ROI reconstruction, C) and G): 2D ATRACT-based
ROI reconstruction, D) and H): 3D ATRACT-based ROI reconstruction. The regions outside the field-of-view are masked in black.

2D ATRACT avoids the cupping artifact, but comes with a
small linear gradient due to off-center reconstruction. Note
that such artifacts were also observed in previous work [10].
A better result is obtained by 3D ATRACT that yields a
reconstruction close to the reference.

B. Correction Quality

Reconstruction results of the clinical dataset 1 are shown
in Fig. 5. It is clear that the straightforward FDK algorithm
with a constant extrapolation cannot completely avoid the
radial gradient-like truncation artifacts. As opposed to FDK-
based ROI reconstruction, satisfying results are obtained by
the proposed method and 2D ATRACT. No radial artifacts in
the FOV are observed, which implies that truncation artifacts
are essentially suppressed by the two methods.

In the clinical dataset 2, we deliberately applied an asym-
metric collimation and thus resulted in the off-center ROI
reconstruction. Transversal slices are represented in Fig. 6
and coronal slices are in Fig. 7. We observed that the overall
correction quality in the reconstruction by both methods is
maintained. However, it is noted that intensities tend to in-
crease near the outmost edges of the 2D ATRACT reconstruc-
tion (shown by the arrows in Fig. 6(B) and Fig. 7(B)) while
not observed in 3D ATRACT. The profiles along the yellow-
dashed line shown in Fig. 8 also demonstrate this observation.

V. CONCLUSION

In this paper, we presented a novel method that adapts the
previously suggested ATRACT method in three dimensional
by decomposing the standard ramp filter into the 3D Laplace
filter and a 3D convolution-based filter. As opposed to the
native ATRACT, the new method is able to handle the off-
center ROI reconstruction caused by an asymmetric collima-
tion. However, the 3D convolution is more computationally
demanding than its 2D counterpart, which would consequently
affect the reconstruction speed.
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Abstract—We developed a 4D SPECT image reconstruction 
method with simultaneous cardiac and respiratory (R&C) 
motion compensation based on the image-based registration 
method for improved 4D gated MP SPECT images and 
evaluated its performance using realistic simulated R&C dual 
gated myocardial perfusion (MP) SPECT projections. Using the 
4D XCAT (eXtended CArdiac Torso) phantoms, a cycle of 
respiratory motion (RM) was simulated as 24 equally-spaced 
time frames while a cycle of cardiac beating motion was divided 
into 48 equally-spaced time frames for each of the 24 respiratory 
phases to simulate simultaneous R&C dual gating scheme. 
Almost noise-free projection data were generated using the 
SimSET simulation techniques that include the effect of 
collimator detector response, photon attenuation and scatter to 
simulate a typical 99mTc Sestamibi MP SPECT projection 
dataset, and were scaled and combined to form 6 equal 
amplitude respiratory gates and 8 equal time cardiac gates for 
R&C motions, respectively. Poisson noise was then added to 
model clinically acquired data. The noisy projection dataset was 
reconstructed using the 3D OS-EM with attenuation correction. 
Using a group-wise B-spline non-rigid image-based registration 
method with the iterations of the gradient-descent line search, 
the deformation fields of the R&C motions were estimated and 
the estimated deformation fields of the respiratory motion (RM) 
were applied to each cardiac phase of the dual gated SPECT 
images for the RM correction. Then, the RM compensated gated 
MP SPECT images were transformed by using the estimated 
deformation fields of the cardiac motion. Total Error was 
calculated to evaluate how much the reconstructed image is 
deviated from its phantom. The results showed that while the 
RM compensation improved the dual gated SPECT image 
quality in terms of reducing the motion blurring compared with 
the 3D OS-EM with no compensation, additional cardiac motion 
compensation with the optimized multi-resolution spacing of the 
control points further reduced the noise level significantly. We 
conclude that the proposed 4D SPECT image reconstruction 
method with R&C motion estimation and compensation allowed 
significant reduction of image blurring and noise level due to the 
dual R&C motions in the dual gated SPECT images. The 
realistically simulated dual R&C gated MP SPECT projection 
data set provides a powerful tool for developing a 4D image 
reconstruction and correction methods and the evaluation of 
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their effects for clinical R&C gated MP SPECT/CT study. 
 
Index Terms— respiratory and cardiac motion, dual gating, 
compensation, 4D image reconstruction, SPECT 

I. INTRODUCTION 
It is well known that cardiovascular and respiratory 

motions are a major source of image artifacts in myocardial 
imaging. Thus, the importance of corrective 4D image 
reconstruction method with motion compensation has been 
emphasized in emission computed tomography. 

Recently, there have been clinical attempts for 
investigating the feasibility of dual cardiac-respiratory gating 
in emission computed tomography acquisition (ECT). 
However, such a task is extremely complex due to the many 
parameters that it entails.  

In this study, we develop a realistic 4D simulation dataset 
that can model various cardiac and respiratory (R&C) gating 
schemes to study the effects of the motions, and also develop 
a 4D SPECT image reconstruction method with R&C motion 
compensation and evaluate its performance using the R&C 
dual gated dataset for improved accuracy and precision in 4D 
gated myocardial perfusion SPECT images. 

II. METHODS 

A. The 4D Dual-Gating Dataset 
The four-dimensional (4D) eXtended CArdiac-Torso 

(XCAT) phantom was used to simulate simultaneous dual 
gated R&C motions (Fig. 1). The respiratory motion (RM) 
excluding the heart was modeled by a total of 24 equally-
spaced time frames of phantoms over a respiratory cycle 
(with a period of 5 seconds). The body phantom includes six 
separate organs; lung, liver, stomach, kidney, gall bladder, 
and background body.  

 

   
                       (a)                                                          (b)        
  Fig. 1.  XCAT phantom (a) anterior view of the XCAT torso, (b) heart 
phantoms with end-systolic (left) and end-diastolic (right) phases. 

Application of Image-Based Registration Method for  
Simultaneous Compensation of Cardiac and Respiratory Motions in  

Dual Gated Myocardial Perfusion SPECT 
 

Taek-Soo Lee, Tao Feng, and Benjamin M. W. Tsui 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

122



 

The beating heart which is consisted of myocardium and 
bloodpool was simulated separately with 48 equally-spaced 
time frames per cycle (with a period of 1 second) for each of 
24 respiratory phases so that we can generate any 
combination of cardiac-respiratory gating schemes. Table 1 
shows summary of the dataset. 

 
TABLE I.  THE 4D DUAL-GATING DATASET OF THE 4D XCAT PHANTOM 
 Cardiac Dataset Respiratory Dataset 

Phantom Heart only 
(myocardium, blood pool) 

Lung, liver, stomach, 
kidney, gall bladder, 

background body 
Frames/cycle 48/1 second 24/5 seconds 
Possible 
Gating 
Schemes 

8, 16, 24 equally space 
time gates/cycle 

3, 4, 6 equally space 
time gates/cycle 

 

B. Generation of Projection Data 
As shown in Fig. 2, an almost noise-free projection dataset 

modeling a typical Tc-99m Sestamibi SPECT study was 
generated for the entire 4D XCAT phantom which includes 
the heart, blood pool, lungs, liver, kidneys, stomach, gall 
bladder, and remaining body using a long Monte Carlo 
simulation that include the effect of collimator detector 
response, photon attenuation and scatter. The separate 
projection datasets for body organs and the heart were 
combined to represent the complete torso of the body.   

The entire projection dataset is able to effectively model 
the simultaneous dual R&C gated ECT/CT. As shown in Fig. 
3, each grid of the 24 x 48 matrix represents a frame of a 
specific phase of R&C cycle. Using the master dataset, 
various kinds of R&C gating schemes can be generated by 
different combinations of R&C phases, and some sample 
gating schemes are shown in Fig.3. In this study, 6 equal 
amplitude gating and 8 equal time gating were used for the 
respiratory and cardiac motions, respectively. 

 

C. The group-wise B-spline non-rigid image-based 
registration method 

The group-wise B-spline non-rigid image-based 
registration method was adopted for RM estimation based on 
respiratory-gated images. The assumption for the method is 
that there exists an underlying reference frame, which is the 
“middle point” of all the images to be registered. It is 
formulated as the following: 

 

1 1 2 1
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where ( )gT r(T ( ))  is a transform function modeling the respiratory 

motion from the reference frame to frame g, and ( )g gf r ) , 

1,2,...,g G  are the continuous representations for the 
respiratory-gated images of G frames, and , ,r x y zr x y z, ,  is the 

spatial coordinate for the reference frame defined by the 
following constraint: 

1

1 ( )
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1 (( )T ( . The spatial position of 

every point in the reference frame is the mean or average of 
its corresponding positions in all frames or images. If the 
spatial positions of a point in all frames distribute along a 
straight line, then its position in the reference frame is the 
middle point of the line. Here, we modeled ( )gT r(T ( ))  as the cubic 

B-spline non-rigid transform which has been widely used in 
the non-rigid image registration of medical images from the 
same or different modalities [6, 7]. 
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                            (a)                                                  (b) 

    
 (c)                                                  (d) 

Fig. 3. Various respiratory-cardiac gating schemes which can be generated 
from the dataset. Each different color block represents one frame. (a) 
ungated, (b) No respiratory gating with 8 frames cardiac gating, (c) 6 frames 
respiratory gating with no cardiac gating, (d) simultaneous 6 frames 
respiratory and 8 frames cardiac gatings.  

   
(a)                      (b)                         (c)                         (d) 

   
            (e)                          (f)                         (g)                          (h) 
Fig. 2. Anterior view of the projection data generated using Monte Carlo 
simulation for different organs (a) myocardium, (b) blood pool, (c) lung, (d) 
liver, (e) stomach, (f) kidney, (g) gall bladder, (h) background body. 
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where 
, , ,( , , )g g g

x i l y j m z k n
 are the displacements of the control 

points to be estimated in the x, y and z directions, 
respectively for frame g, and ( )lB u  is the lth basis function of 
the B-spline. Other notations in (2) are as the following: 

[ / ]-1, [ / ]-1, [ / ]-1x y zi x d j y d k z d              (3) 

/ -[ / ], / -[ / ], / -[ / ]x x y y z zu x d x d v y d y d w z d z d   (4) 

where [ ]x  is the largest integer less than the real number x 

and (dx,dy,dz) is the initial spacing of the control points. ( )lB u  
is the lth basis function of the B-spline. The B-spline basis 
functions of order 0 to 3 are defined as the following: 

3 3 2
0 1

3 2 3
2 3

( ) (1- ) / 6,   ( ) 3 -6 4 / 6
( ) -3 3 3 1 / 6,   ( ) / 6

B u u B u u u
B u u u u B u u

        (5) 

The gradient-descent line-search optimizer was employed 
to search for the optimal displacements of control points 
which minimized the cost function in (1) under its constraint. 
The gradient of the cost function was analytically computed 
and a line search was performed along the gradient direction 
to determine the step size. The iterative minimization process 
was terminated after a pre-set number of iterations. 

To reduce the computational cost, we employed a multi-
resolution scheme for the spacing of the B-spline control 
points. In the first stage of registration, we started with 4 x 4 
x 4 control points in the central regions of the extracted 
image from the entire SPECT images. Then we increased the 
number of control points to 6 x 6 x 6 for the second stage and 
further to 8 x 8 x 8 for the third stage. At each stage of the 
control-point spacing, we sampled the images also in a multi-
resolution scheme using ‘level’ for the cost function 
evaluation and gradient computation to further reduce the 
computation time. As we moved up to a higher level at a 
given stage, the number of B-spline control points was 
doubled. For example, starting from 4 x 4 x 4 level 1 and 2 
would increase B-spline control points to 8 x 8 x 8, and from 
8 x 8 x 8 and 16 x 16 x 16, respectively. 

The noisy projection dataset was reconstructed using the 
3D OS-EM with attenuation correction with an attenuation 
map averaged over the RM. The deformation fields of the 
R&C motions were estimated and the estimated deformation 
fields of the RM were applied to each cardiac phase of the 
dual R&C gated SPECT images for the RM correction. 
Finally, the RM compensated gated MP SPECT images were 
transformed by using the estimated deformation fields of the 
cardiac motion. 

The total error for the ith cardiac gated image was 
calculated for the region-of-interest (ROI), a cubic volume 
which encompassed the entire heart (ROIheart), in the 
reconstructed image compared to its corresponding phantom 
frames (true). During the calculation of the total error, the 

reconstructed and phantom images were normalized 
individually by dividing by its mean so that the differently 
scaled images could be compared. The total error for the ith 
gate is defined as following;  

2
1Total Error

heart

i i
j j

i
j jj ROI x

x

n
                (6) 

where i
jx  is jth pixel value of the ith cardiac gate of the 

reconstructed image, i

j
 is jth pixel value of the ith cardiac 

gate of the phantom slice, 
jx  is the mean of ROIheart of the ith 

cardiac gate of the reconstructed image, 
j

 is the mean of 

ROIheart of the ith cardiac gate of phantom slice, and n is the 
number of pixels in the ROIheart.   

III. RESULTS 

We first optimized the multi-resolution spacing of the 
control points in the group-wise B-spline non-rigid image 
registration method. Fig. 4 shows reconstructed images of the 
heart in the end-systolic phase with R&C motion 
compensated. It demonstrates that the resolution of the B-
spline control-points spacing in terms of the number of grid 
and level affect the accuracy of the motion estimation. 
 

 
            (a)                  (b)                   (c)                  (d)                  (e) 
Fig. 4. Reconstructed images of a cardiac frame in the end-systolic phase 
with R&C motion compensated. (a) Grid 4 with 2 levels, (b) Grid 6 with 1 
level, (c) Grid 6 with 2 levels, (d) Grid 8 with no level, and (e) Grid 8 with 1 
level. 

 
Based on the results, we employed 6 x 6 x 6 uniformly 

spaced B-spline control-points with 1 level and performed the 
gradient-descent line search for image-based RM estimation 
with the group-wise B-spline non-rigid image registration 
method. 

The RM compensation improved the dual gated SPECT 
image quality in terms of reducing the motion blurring 
compared with the 3D OS-EM with no compensation, as 
shown in Fig. 5 (a) and (b). Fig. 5 (c) demonstrates an 
additional cardiac motion (compensation further reduced the 
noise level drastically without compromising the motion blur.  
 

 
(a) 

 
(b) 
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                                                        (c) 

 
                                                        (d) 
Fig. 5. MP SPECT image frames. The left-most frame is in End-Diastolic 
phase and 4th frame from the left is in the End-Systolic phase. (a) No R&C 
motion compensation, (b) RM compensated only, (c) R & C motion 
compensated, and (d) corresponding image slices of the phantom. 
 

Fig. 6 shows the profiles of the MP SPECT image frames 
in the Fig. 5(c). It demonstrated the movement of 
myocardium across the cardiac frames. However, since the 
R&C motion compensation technique was applied, the 
position of the heart was not significantly shifted through the 
cardiac cycle. 
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Fig. 6. Profiles of the MP SPECT image frames shown in the Fig. 5 (c) R&C 
motion compensated images.   
 

Fig. 7 shows the significant reduction of the total error in 
the R&C motion compensated images as well as in 
respiratory motion only compensated images, compared to 
the no motion compensated images.  

 

 
Fig. 7. Total error in the 4D reconstructed images with no motion 
compensation applied, respiratory motion compensation only applied, and 
R&C motion compensation applied. 

IV. CONCLUSION 
The proposed 4D SPECT image reconstruction method 

with R&C motion estimation and compensation with 
optimized parameters allowed significant reduction of image 
blurring and noise level due to the dual motions and dual 
gating in the cardiac gated SPECT images.  

The realistically simulated simultaneous dual R&C gated 
MP SPECT projection data provides a powerful tool for 
developing image reconstruction and correction methods and 
the evaluation of their effects for clinical SPECT/CT dual 
gating study.  
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Abstract— A newly developed Versatile Emission Computed 

Tomography system (VECTor) enables simultaneous imaging 

of SPECT and PET tracer molecule distributions at sub-mm 

resolutions in mice. VECTor uses a dedicated collimator with 

clusters of small opening-angle pinholes that is mounted on a 

SPECT system with stationary NaI detectors. The novel 

pinhole geometry and the extended energy range of imaged 

gamma photons require a new evaluation of image 

reconstruction software instead of only slightly adapting 

standard SPECT methods. The preliminary results presented 

in this paper demonstrate that such a reconstruction 

optimization strongly improves VECTor’s performance. 

Projections from different pinholes slightly overlap on the 3 

gamma detectors of VECTor. Near the edges of the pinhole 

projections, a small amount of mismodeling -which is often 

unavoidable- leads to a large loss of information about the 

emission direction of the detected gamma photons. We tested 

if uniformity of SPECT images was improved by simply 

ignoring detector pixels located near the pinhole projection 

edges. Secondly, we investigated if accurately modeling the 

varying depth-of-interaction (DOI) in the NaI detector and 

including a larger portion of the point spread function (PSF) 

tails improved PET resolution phantom images. 

Reconstructed SPECT images of a syringe were most 

uniform when the detector pixels within a 1 to 2 pixel distance 

from the edges of the pinhole projections were ignored. 

Furthermore, we found a remarkable improvement in PET 

resolution phantom reconstructions when a large portion of 

the PSF tails was used in the reconstruction and when DOI 

was modeled. To conclude, we have shown that the 

performance of VECTor can be significantly improved by 

optimizing its image reconstruction software. 

 
Index Terms—SPECT, PET, pinholes, fully 3D iterative 

reconstruction 

 

I. INTRODUCTION 

PECT and PET imaging of small animals has recently 

been combined in a single Versatile Emission 

Computed Tomography system (VECTor) [1]. VECTor 

attains cutting edge image resolution (<0.5 mm) for SPECT 

while simultaneously imaging PET tracers at sub-mm 

resolutions. An example of quadruple PET-SPECT tracer 
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imaging in a mouse is displayed in Fig. 1. Since VECTor 

fully integrates PET and SPECT, the tracer distributions in 

such an image are perfectly aligned in space and time and 

can therefore be directly correlated. As a consequence, 

VECTor enables a whole new range of applications in 

biomedical research, notably applications in which the 

correlation of multiple biological processes is of 

importance. 

VECTor is based on a novel collimation technique that 

exploits clusters of pinholes [2, 3] with each cluster 

sampling the same field-of-view as a single traditional 

pinhole (Fig. 2(a)). Since each of the pinholes in the cluster 

has a relatively small opening angle, pinhole edge 

penetration –which would be a major problem when 

imaging 511 keV annihilation photons with a standard 

SPECT collimator- is reduced. The clustered pinhole 

collimator is placed into a SPECT system with stationary 

NaI gamma detectors (U-SPECT-II, MILabs BV, The 

Netherlands [4]). 

A key ingredient to obtaining high-resolution images 

with complex pinhole geometries is the use of iterative 

reconstruction algorithms that (partly) compensate for 

effects like spatially variant sensitivity and resolution. 

Ideally, these algorithms are based on an accurate 

knowledge of point spread functions (PSFs), the system’s 

response to a point source. For practical reasons, we require 

that VECTor is calibrated with a limited number of point 

source measurement of a single isotope (99m
Tc) but we 

model the energy dependent PSFs for each isotope 

individually.  

Being a new modality, optimizing VECTor’s image 

reconstruction software may have a significant impact on its 

performance. This is confirmed by the preliminary results 

that we present in this paper. We have focused on aspects in 

which VECTor differs from the standard U-SPECT-II 

collimators. First, in contrast to these standard collimators, 

the projections of the clustered pinholes onto the 3 gamma 

Optimizing image reconstruction for simultaneous 

sub-mm clustered pinhole PET-SPECT 

Marlies C. Goorden, Frans van der Have, and Freek J. Beekman 

S 

 
 
Fig. 1.  Simultaneous PET-SPECT quadruple isotope imaging with 

VECTor. Maximum Intensity Projection are shown of a 60 minute total 

body mouse scan with 100 MBq 99mTc-HDP (Gray), 35 MBq 18F-FDG 

(Green), 19 MBq 111In-Pentetreotide (Magenta), and 5 MBq 123I-NaI 
(Rainbow). 
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detectors of the system slightly overlap when an extended 

source is imaged (Fig. 2(c)). Note that across the edge of 

the ellipsoidal projection area belonging to a certain 

pinhole, a very abrupt change occurs in the probability that 

a detected gamma photon originated from that pinhole. This 

means that even a slight amount of mismodeling of the 

exact location of these edges, which can occur due to 

manufacturing uncertainties, leads to a considerable loss of 

information about the emission direction of gamma photons 

detected near these edges. Therefore, for some detector 

pixels in these edge regions, the sensitivity that is gained 

when their signal is used in the image forming process may 

be completely offset by the ambiguous information they 

carry. With this in mind, we investigated if it helped to 

simply ignore the signal of certain detector pixels in image 

reconstruction. Secondly, high-energy annihilation gammas 

have broad PSFs with longer tails than is common in 

SPECT as well as an increased variation of the depth-of-

interaction (DOI) in the gamma detector. We investigated 

whether including the tails and the varying DOI into the 

PSF model visually improved PET images. 

II. METHODS 

A. Pinhole Geometry and System description 

The clustered pinhole collimator (Fig. 2(a)) contains 48 

clusters of four pinholes placed in four rings.  It was 

integrated into the U-SPECT-II/CT system [4] which has 

three large-area NaI(Tl) gamma detectors placed in a 

triangular set-up (Fig. 2(b)). The projection of an extended 
99m

Tc source on the 3 gamma detectors is shown in Fig. 

2(c); projections of different pinholes slightly overlap. A 

detailed description of the collimator geometry can be 

found in [1]. 

B. Image reconstruction and calibration 

The scanning focus method [5] was used for data 

acquisition. A Pixel-based Ordered Subsets Expectation 

Maximization (POSEM) algorithm with 32 subsets was 

used for image reconstruction [6]. Scatter was corrected for 

by using a standard triple energy window correction [7]. 

A 
99m

Tc point source measurement [8] was done to 

correct for small geometrical misalignments that can occur 

due to slight rotations and translations of the collimator or 

the gamma detectors with respect to the expected 

(designed) position and orientation. The detector position 

model used in the fit was based on projecting a point source 

location through the pinhole centers on the detector plane 

[8]. Since an arbitrary translation + rotation can be 

described by 6 parameters, we fitted 24 system parameters 

to the point source experiment (3 detectors + 1 collimator). 

It was assumed that relative pinhole positions and 

orientations in the collimator were as designed.  

Based on this fit, PSFs were calculated with a ray tracing 

code that calculated the path length L of gamma photons 

through the collimator material. In our code, we could set a 

cut-off C which had the effect to only save those parts of 

the PSFs with attenuation exp(-μL)>C. Here μ is the 

collimator’s energy dependent attenuation coefficient. 

Furthermore, the varying DOI in the gamma detector was 

modeled by also using a ray tracing code for the NaI 

scintillator. In our code, DOI modeling could be turned on/ 

 
Fig. 2.  Integration of the clustered multi-pinhole collimator into an existing SPECT/CT platform. (a) A traditional pinhole with opening angle  and a 

cluster of four pinholes with approximately the same field-of-view and opening angle /2. The clustered multi-pinhole collimator optimized for imaging 

SPECT and PET tracers, into which a mouse is placed, contains 48 cluster of 4 pinholes each. (b) The collimator is mounted in a SPECT/CT system with 

three large-area gamma detectors. (c) Projection image of an extended 99mTc source onto the detector; pinhole projections slightly overlap. Subfigures (a)  

and (b) were reprinted from [1]. 
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off at will. When DOI modeling was used in the ray tracing 

code, a DOI correction was also used in the detector 

position model for the point source fit. Detector resolution 

was modeled by a Gaussian detector response with 3.5 mm 

FWHM. Finally, our code read in a detector mask in which 

some of the detector pixels could be set to zero and 

therefore not be incorporated in the system matrix. 

C. Reconstruction optimization  

 The pinhole projection areas for each pinhole were 

determined by means of fitting overlapping ellipses to the 

measured 
99m

Tc flood source projection (Fig. 2(c)), where 

the position of the center, length of major and minor axes 

and angle of each of the ellipses were fit parameters. We 

tested different detector masks (Fig. 3). The basis was 

formed by mask (a) which included all active detector 

pixels. We subsequently left out more and more pixels; first 

those that were not located in at least 1 of the ellipsoidal 

pinhole projections (b), subsequently pixels at the edges of 

the pinhole projections (c) and then all pixels within a 1, 2, 

3 or 4 pixel distance from the edges (d-g). Compared to Fig. 

3(a), masks (b-g) contained 97%, 92%, 82%, 73%, 67%, 

62% of the pixels, respectively. We tested how use of these 

masks influenced uniformity in reconstructions of a 12 ml 

syringe filled with 225 MBq 
99m

Tc and scanned for 9 hours. 

These tests were done for a cut-off C=20% and no DOI 

modeling.  

Secondly, we lowered C from 20% to 1% and 

subsequently incorporated DOI modeling. For this, we 

assumed an attenuation coefficient of 0.012 mm
-1

 in the NaI 

scintillator based on previous simulations and experiments 

[9]. We tested how changing these parameters influenced 

PET resolution phantom images. To this purpose, a 

Jaszczak resolution phantom with capillary diameters of 

0.7-1.5 mm was filled with 102 MBq 
18

F solution and 

 
(a)        (b)      (c)            (d)        (e)         (f)        (g) 

Fig. 3.  Different detector masks that were applied in system matrix generation; the black areas represent those pixels that were not used in image 

reconstruction. (a) The active area of the 3 gamma detectors was fully used. (b) Pixels not contained in any pinhole projection were ignored. (c) Pixels at the 

edges of the pinhole projections were also left out. In subsequent masks, pixels within a 1, 2, 3 and 4 pixel distance were also ignored (d-g).  

 

 
Uniformity: 17.5%      15.4%        13.7%           12.9%       13.0%        13.2%       13.5% 

(a)        (b)      (c)            (d)        (e)         (f)        (g) 

Fig. 4.  Two mutually perpendicular slices (slice thickness 2mm) through reconstructions of a 12 ml syringe filled with 99mTc. Reconstructions (a)-(g) 

correspond to detector masks of Fig. 3 with the same label. Uniformity in the cylindrical region-of-interest (red line) is provided below each 

reconstruction as a percentage of the mean activity in the same region. 
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scanned for 4 hours. The distance between capillary centers 

was equal to twice the capillary diameter.  

RESULTS 

In Fig. 4 we show slices through the 
99m

Tc uniform 

phantom reconstructions for all tested detector masks. 

Below each of the reconstructions, uniformity in a 

cylindrical region-of-interest (also shown) is provided as a 

percentage of the mean activity in the same region. Clearly, 

line-shaped artifacts are present in Fig. 4(a) which uses all 

detector pixels in the active detector area. As one does not 

use detector pixels in areas outside the pinhole projections 

(Fig. 4(b)) and leaves out more and more pixels near the 

edges (Fig. 4(c)-4(g)), these artifacts gradually disappear. 

Both visual inspection and calculated uniformity indicate 

that there is an optimum; it is best to leave out all pixels 

within a 1 or 2 pixel distance from the edges (Fig. 4(d) and 

4(e)).  

 PET images of the resolution phantom are shown in Fig. 

5. Lowering the cut-off from 20% (a) to 1% (b) resulted in 

images which appear less noisy. However, the rods in 5(a) 

and 5(b) are somewhat triangularly shaped. Including DOI 

modeling into the matrix generation obliterates this effect 

(c). In the latter figure there is no visual deformation of 

rods. 

III. DISCUSSION AND CONCLUSION 

In this paper, we have very convincingly demonstrated 

that optimizing image reconstruction software of VECTor 

can significantly improve image quality. We found that 

uniformity in SPECT images improves if one ignores the 

gamma photons detected in detector pixels near the edges 

of the pinhole projections. Images with the best uniformity 

only used 70 to 80% of the detector pixels. Apparently, the 

increased sensitivity that is obtained if these gamma 

photons would be taken into account does not outweigh the 

ambiguous information they carry. This is reminiscent of 

what other studies have found on the effect of overlapping 

pinhole projections on reconstructions [10, 11]. 

Furthermore, we found that for imaging high-energy 

annihilation photons resulting from PET tracers, it is 

important to model large portions of the PSF tails and to 

also model the variable DOI in the gamma detector. Such 

modeling has a significant impact on the appearance and 

visibility of small structures. 

Here we have presented preliminary results. In the near 

future we plan to extend our study to systematically 

investigate the influence and interplay of these parameters 

on SPECT, PET and combined SPECT-PET images of 

several phantom and animal scans.  
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    (a)        (b)          (c)       (d) 

Fig. 5.  PET images of a resolution phantom. (a) System matrix generated with a cut-off of 20% and no DOI modeling.  (b) System matrix generated with a 

lower cut-off of 1%, DOI modeling not included. (c). Cut-off kept at 1%, DOI modeling included. (d) Rod sizes in each segment. Slice thickness of the 

reconstructions was 2 mm.  
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Comparison of Gaussian and non-isotropic adaptive projection

filtering for rotational 3D X-ray angiography

Dirk Schäfer, Peter van de Haar, Michael Grass

Abstract— We present a noise-adaptive, edge-preserving pro-
jection filter with subsequent filtered back-projection (FBP)
reconstruction for 3D rotational angiography. Contrast agent
filled vessels are high contrast objects, which favor the application
of edge preserving filtering in the projection domain. We propose
a method based on minimization of the total variation (TV)
and compare the performance to isotropic Gaussian filtering at
equal background noise. For the phantom data the visibility of
small vessels is better preserved with the TV filter compared to
Gaussian filtering at equal background noise level. This behavior
is confirmed on a clinical liver angiography data set.

I. INTRODUCTION

Noise and noise streaks are a limiting factor of image quality

in tomographic X-ray imaging especially in large and obese

patients or for very low dose acquisitions. High noise levels in

the X-ray projections translate to 3D streak artifacts and high

3D noise levels. Adaptive projection or sinogram filtering has

been investigated already for a long time and is still of interest

due to increasing dose awareness.

Hsieh derived the link of noise characteristics of projection

data before and after logarithmic transform and developed

an adaptive mean filter to be applied before log-transform

[4] for noise reduction in CT imaging. Isotropic triangular

filter kernels have been used in all three sinogram directions

[5], or isotropic Gaussian kernels [11] have been applied

in 2D projection space. Manduca et. al. investigated edge

preserving bi-lateral filtering for CT dose reduction [6] and

recently Maier et al. applied anisotropic adaptive 3D sino-

gram filtering to cone beam CT data [7]. They used the

computationally complex and time-consuming estimation of

local orientations with the structure tensor to steer their filter.

Another computationally efficient method for denoising is the

minimization of the total variation (TV) of an image [8], which

has been used extensively in the last years for TV based

volume regularization in iterative reconstruction (e.g. [9]).

Projection or sinogram filtering with TV methods has been

received much less attention. Zanella et. al. applied a TV based

regularization method to dental radiographs [12]. Brown et. al.

used TV projection filtering to obtain a better start image for

iterative reconstruction for improved convergence [1]. They

also showed that reconstructing with a combined projection

and image TV approach is nearly equivalent to performing a

DS and MG are with Philips Research Europe - Hamburg, Röntgen-
straße 24–26, 22335 Hamburg, Germany. PvdH is with Philips Health-
care, Veenpluis 6, 5684 PC Best, The Netherlands. corresponding author:
dirk.schaefer@philips.com

full iterative reconstruction algorithm for a low dose simula-

tion.

In this article, we present an adaptive noise removal algorithm

based on edge preserving Huber regularized TV minimization

(hTV) in the projection domain as pre-filtering step with

subsequent FDK reconstruction [3] for rotational 3D X-ray

angiography. The goal is to remove noise while preserving

even small high contrast vessels. The hTV filter is compared

to isotropic Gaussian filtering at equal background noise. In

Sec. II the filtering methods are presented and evaluated in

Sec. III on phantom and clinical data.

II. METHODS

A. Isotropic adaptive filtering

The raw projection intensity data is denoted g(u, v), where

u is the coordinate corresponding to the number of columns

and v to the number of rows. The denoised data gag(u, v) is

adaptively filtered with Gaussian kernels [11] with variance s:

gag(u, v) = gag(u, v : t, s) = gag(t, s). (1)

Following the reasoning in [4] only intensities below the

threshold t are filtered. Because the after-log noise variance

σ2
after−log of the projection data is inversely proportional to the

measured Poisson signal g (neglecting electronic noise) [4]

σ2
after−log =

1

g
,

we choose the Gaussian parameter s inversely proportional to

the signal s ∝ 1/g.

B. TV based adaptive filtering

To find a denoised version z of the projection g, we minimize

the total variation of the signal, while keeping the quadratic

deviation to the original signal small:

argmin
z

[∫
Ψδ(∇z) dudv + λ

∫
(z − g)2 dudv

]
. (2)

The Huber-function Ψδ is chosen as an approximation of the

absolute value function to avoid discontinuities in the first

derivatives [10]:

Ψδ(ν) =

⎧⎪⎪⎨⎪⎪⎩
1

2
ν2 for |ν| ≤ δ

δ ×
(
|ν| − δ

2

)
otherwise

, (3)

where δ is a positive parameter. The corresponding Euler-

Lagrange partial differential equation is obtained by finding
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the zeros of the partial derivatives of the cost function with

respect to z:

0 = −∇ · ∂

∂z
Ψδ(∇z) + λ(z − g) with

∂z

∂n

∣∣∣∣
∂Ω

, (4)

where n denotes the (vanishing) outer normal along the

boundary ∂Ω. Using the derivative of Ψ(∇z)

∂

∂z
Ψδ(∇z) =

⎧⎨⎩
∇z for|z| ≤ δ

δ
∇z

|∇z| otherwise
, (5)

one gets:

0 = −∇ ·
[
δ

∇z

max(|∇z|, δ)

]
+ λ(z − g). (6)

The update formula can be derived following the discretization

steps in [2] for a pixel O and the corresponding neighborhood

Λo with the directions E,N,W, S:

z(n+1)
o =

δ
∑

p∈Λo
w

(n)
p z

(n)
p + λgo

δ
∑

q∈Λo
w

(n)
q + λ

, (7)

with the weights:

wp =
1

max(|∇zp|, δ)
p ∈ Λo = {E,N,W, S}. (8)

Following the rationale in [1], [2] we set the parameter λ in-

versely proportional to the after-log noise variance and filtering

is only applied to regions below a certain threshold t like the

adaptive Gaussian filtering. The hTV-filtered projection ghTV

is then obtained after a pre-defined number of iterations I:

ghTV(u, v : t, I, δ) = ghTV(t, I, δ) = z(I)o , (9)

with the update formula from eq. 7.

III. RESULTS

The adaptive filtering methods presented in Sec. II are evalu-

ated on a vessel phantom in a water bath and on abdominal

angiographic patient data using a flat-detector C-arm system

(Allura Xper FD20, Philips Healthcare, Best, The Nether-

lands). The filter settings have been adjusted in such a way that

equal noise levels in homogeneous regions of the reconstructed

volume are obtained. This allows to compare the visibility and

sharpness of the vessels at equal background noise.

Fig. 1. Transaxial slice through the vessel phantom, level/window =
100/1500 HU: non-filtered normal dose (a), non-filtered 10% dose (b), 10%
dose with Gaussian filtering (c), 10% dose with hTV filtering (d).

A. Vessel phantom

The vessel phantom consists of aluminium wires of different

diameters in an almost cylindrical water background. The

phantom has been scanned twice using 300 projections on

200 degree, once with standard clinical settings and once with

only 10% of the X-ray dose by lowering the tube output.

A transaxial slice through the non-filtered reconstruction ac-

quired at normal dose is shown for comparison in Fig. 1a. A

MIP view is shown in the left image of Fig. 2. The low dose

acquisition has been filtered with the isotropic Gaussian and

the TV based method. The filter threshold t has been set to

75% of the direct radiation for both filters. Reconstructions

from the acquisition at 10% dose are shown without filtering,

Fig. 2. Maximum intensity projection (MIP) in caudo-cranial direction of the vessel phantom: standard dose, L/W=900/2000 HU (left), Gaussian filtered
low dose (middle), hTV filtered low dose (right), both L/W=300/500 HU.
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Gaussian filtering and hTV filtering in Fig. 1b-d, respectively.

The noise standard deviation has been measured for the low

dose reconstructions in the green area indicated in Fig. 1a as

354 HU for the unprocessed data and 49 HU for both adaptive

filters. A greater loss in spatial resolution can be observed for

the Gaussian filtering compared to hTV filtering as indicated

by the red arrow. This effect is better visualized by comparing

the caudo-cranial MIPs of the filtered low dose reconstructions

with the MIP of the non-filtered standard dose reconstruction

(see Fig. 2). Especially the small vessels are better preserved

by TV based filtering as indicated by the green arrow.

B. Clinical data

A rotational XperCT angiography of the liver with 308 pro-

jections on 200 degree has been processed with the adaptive

filtering. The effect of Gaussian and hTV filtering on a single

projection compared to non-filtered processing is shown in

Fig. 3. The catheter and the proximal liver artery are slightly

blurred by the isotropic Gaussian filter (red arrows) and better

retained by the hTV filter (green arrows).

These projections from Fig. 3 have been used for the recon-

struction of the corresponding volumes presented in Figs. 4,5.

The noise standard deviation is measured in the homogeneous

area highlighted by the rectangle (see blue arrow in Fig. 4).

The noise is 44 HU for the non-filtered processing and 29 HU

for both filtering methods. The reduced noise in the hTV

filtered MIP allows better visualization of small vessels (see

green arrows in Fig. 4), while the Gaussian filter deteriorates

especially the visibility of vessels oriented in lateral direction

that corresponds to the direction of strongest attenuation (see

Fig. 3. Detail of a lateral projection of the liver angiography shown in Fig. 4: non-filtered (left), hTV filtering (middle), adaptive Gaussian filtering (right).

Fig. 4. Example of an angiographic liver scan, non-filtered (left column), hTV filtering (middle column), adaptive Gaussian filtering (right column), transaxial
slice with 5mm thickness, level/window 100/500 HU (top row), caudo-cranial MIP with level/window 1000/1500 HU (bottom row).
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Fig. 5. Example of an angiographic liver scan with profiles, non-filtered (left, red profile), hTV filtering (middle, green profile), adaptive Gaussian filtering
(right, blue profile), transaxial slice with 0.65mm thickness, level/window 300/900 HU.

red arrow in Fig. 4). This vessel is also shown in the transaxial

slice in Fig. 5 and marked there by a red arrow as well.

The profiles show the noise removal capabilities and a better

preservation of spatial resolution for hTV filtering compared

to Gaussian filtering.

IV. SUMMARY AND DISCUSSION

We presented a TV based projection filter for adaptive filtering

of rotational angiographic projections and compared the per-

formance to well-known isotropic adaptive Gaussian filtering.

For the phantom data the visibility of small vessels is better

preserved with the hTV filter compared to Gaussian filtering

at equal background noise level. This behavior is confirmed

on a clinical liver angiography data set.
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Abstract— Dose reduction in X-ray Computed Tomography 
(CT) is of high practical relevance. Compressed Sensing allows 
for efficient under-sampling while still achieving an acceptable 
image quality. Especially Total Variation (TV) regularization 
obtains accurate, robust and stable results. However, it often 
suffers from the loss of fine structures and  stair-casing artifacts. 

In order to overcome these limitations, we propose a
generalization of TV by higher order derivatives. We 
demonstrate in this paper that both stair-casing and the loss of 
small structures in TV-based iterative tomographic 
reconstructions can be overcome.  

Index Terms— CBCT, higher order derivatives, Anisotropic 
weighted Total Variation, low-dose 

A. The CT imaging model 

a posteriori

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

134



B. The reconstruction algorithm 
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Cylindrical coordinate representation for statistical 3D CT

reconstruction
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Abstract—Iterative statistical reconstruction methods appear as an
increasingly interesting alternative to conventional, analytical techniques.
However, performance improvement in terms of amount of computation
and memory footprint is a major requirement for wider adoption of
the approach. This communication deals with one element that has a
strong impact on the overall performance of 3D iterative reconstruction
techniques, i.e., representation of the object, and its impacts on the
structure of the projection matrix and on the implementation of the
projection and backprojection operations. More specifically, we focus on
representation of the object in a cylindrical coordinate system, which
presents the advantage of considerably reducing the memory footprint
of the projection matrix by taking advantage of a large number of
rotational invariances. We investigate the properties of the representation
with respect to implementation, computational efficiency, development
of penalized likelihood reconstruction techniques and elements that can
impact the convergence of such estimators.

I. INTRODUCTION AND PROBLEM STATEMENT

Iterative algebraic or statistical reconstruction methods (SRMs)

are now recognized as useful alternatives to analytical methods for

obtaining highly accurate computed tomography (CT) reconstruction

results. However, widespread use of SRMs is hindered by their

high computational load memory footprint, particularly in three-

dimensional (3D) X-ray CT, due to the large size of the object and

of the projection data. Whichever specific SRM is used, most of the

computational effort is spent during projection and backprojection

operations. Therefore, parsimonious representation of the projection

matrix and efficient implementation of the left and right matrix-vector

products involving it have a strong impact on the performance and

usability of SRMs.

In conventional approaches, the whole object to be reconstructed

is discretized on a regularly spaced Cartesian grid. Even if symmetry

properties and rotational invariance are taken advantage of, simple

and efficient manipulation and storage of the whole projection are

almost impossible to achieve. The solution generally consists of

computing a significant part of the entries of the projection matrix “on

the fly”, which clearly results in a loss of computational efficiency.

In order to circumvent these difficulties, alternative approaches have

been proposed. In targeted CT, it is assumed that high quality

reconstruction is required only in a small region of interest (ROI) of

the object. One may split the object into two separate regions: a coarse

background and the high resolution ROI, each of them discretized on

Cartesian grids with different stepsizes [1]; interesting results have

been obtained, but computations remain heavy, and implementation

and practical use present a significant level of difficulty. One may also

discretize the object on an adaptive irregular mesh, with a high vertex

density in the ROI and low vertex density in the background [2]. This

raises questions about mesh construction, practical computation of the

projection matrix and conditioning of the reconstruction problem.

In rotation-based approaches, the general idea is to use a partial
projection operator limited to a single or a small number of projection

angles and to rotate the object appropriately so as to perform

the complete projection and backprojection operations. This clearly

results in a dramatic reduction in the size of the projection matrix,

particularly when the number of projections is large, as in X-ray CT.

The object may be discretized on a regular Cartesian grid [3]; rotation

of the object then requires interpolation, which is time and memory

consuming and generates approximations. These approximations may

make the projection and backprojection operators not exact transpose

of each other, which generally hinders the convergence of SRMs. This

explains why the approach has received a relatively limited attention.

The object may also be discretized in a sector-invariant manner, each

sector corresponding to the angular scope of the partial projection

operator. Sector-wise rotation of the object corresponds to a simple

circular shift of the vector holding the discretized object samples,

and the complete projection set can thus be computed efficiently by

repeated application of the partial projection operator to the circular-

shifted object. In addition, the partial projection operator can be

easily precomputed and stored. This approach has been used mainly

in PET reconstruction, for which several sector tessellation schemes

have been proposed [4], [5]. Unfortunately, the complexity of the

tessellation schemes makes computation of the partial projection

operator far from trivial, and does limit the flexibility of the approach.

In 3D X-ray CT, a similar idea has been proposed, in which

the object is discretized on a regular cylindrical grid, the angular

stepsize being equal to the difference between consecutive projec-

tion angles [6]. The limited projection operator is very small in

size and easy to compute, due to the geometric simplicity of the

discretization scheme. The approach retains the same computational

advantages as the other sector-invariant approaches. However, using

such a representation raises several questions that could affect the

effectiveness of SRMs, among which (i) computational efficiency of

projection and backprojection, particularly regarding parallelization;

(ii) conditioning of the reconstruction problem, which could be

poor due the variable size of the object samples; (iii) derivation

of penalty functions consistent with the cylindrical discretization

scheme; (iv) actual quality of reconstructions results. This communi-

cation provides answer elements to these questions.

II. ASSUMPTIONS AND RECONSTRUCTION FRAMEWORK

We consider a 3D axial CT reconstruction problem in which the

data formation model can be written as:

y = Pμ+ b (1)

Here, y ∈ R
MN , μ ∈ R

KN and b ∈ R
MN respectively denote

the vectors containing the complete set of projection data, the object

samples and measurement noise. P represent the complete projection

operator. It is assumed that the object is discretized onto a regular

cylindrical grid with number of angular samples N equal to the

number of regularly spaced projections. Scalars K and M represent

the number of radial samples of the object and the number of data

samples per projection angle, respectively. It is assumed that the

samples in y and μ are regularly arranged by increasing angle values.

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

138



Model (1) is a useful approximation to a wide class of transmission

and emission tomography problems.

Assuming b � N (0,Σ−1) and an exponential prior distribution

of μ, MAP reconstruction corresponds to solving:

μ̂ = argminμ J(μ) (2)

J(μ) = 1
2
‖y −Pμ‖2Σ + λR(μ) (3)

Matrix Σ is a diagonal matrix that can be used to account for

the Poisson distribution of X-ray photon counts [7]. λR(μ) is a

regularization function that applies a L2 (quadratic) or L2L1 (edge-

preserving) penalty on μ itself and/or on its first differences on

first- or second-order neighborhoods. In the sequel, it is assumed

that optimization problem is solved using an iterative, descent algo-

rithm which requires at least one projection and one backprojection

operation per iteration. A large fraction of commonly used SRMs

do present such a characteristic, and evaluation of projections and

backprojections then dominate the computations.

III. PROJECTION AND BACKPROJECTION

Recall that, under our assumptions, the number N of angular sam-

ples of μ is equal to the number of equally spaced projections. Let yn

denote the projection data for projection angles θn ; 0 ≤ n ≤ N −1
and let P0 represent the partial projection matrix for a reference

projection angle that can be set to θ0 without loss of generality.

P0 can be evaluated easily using a ray-driven approach (see [6] for

details), and one can easily account for ray thickness several thin

rays per detector. The relatively small size and sparse structure of

P0 make it easy to pre-compute and store.

Computation of yn requires rotating μ by angle −θn prior to

applying operator P0; in the cylindrical coordinate used for discretiz-

ing μ, this rotation corresponds to the repeated application of S−1
μ

n times, where Sμ is a simple, K-sample circular shift operator

corresponding to the rotation of angle θ1. Therefore, the complete

projection operator P can be expressed as:

P =
[
Pt

0 | (P0S
−1
μ )t | · · · | (P0S

−N+1
μ )t

]t
(4)

Now, observe that computing P0(S
−n
μ μ), i.e., applying P0 to

the Kn-sample, up circular-shifted version of μ is equivalent to

computing (P0S
−n
μ )μ, i.e., applying the Kn-sample, right circular-

shifted version of P0 to μ. In other words, P exhibits a (N,N)
block-circulant structure with first block-row P0 given by:

P0 = [P0,0 | P0,1 | · · · | P0,N−1] (5)

where each P0,n ; 0 ≤ n ≤ N − 1 is a (M,K) block.

The block-circulant structure of P lends itself to efficient imple-

mentation of projection and backprojection operations. For comput-

ing projections, the block-row decomposition of (4) is appropriate,

since application of S−n
μ involves no arithmetic computation and

can be handled through index manipulations; furthermore, efficient

representation of and products by P0 can be achieved by using one of

several publicly available libraries. In addition, projections at different

angles {yn} can be computed independently from one another. This

computational structure lends itself to easy parallelization, as access

serialization must be imposed on constant vector μ only. This makes

general purpose parallelization libraries such as OpenMP R© trivial to

use.

For computing the backprojection of y onto a vector μ(b), it can

easily be seen from (4) that:

μ(b) =

N−1∑
n=0

Sn
μP

t
0yn (6)
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Fig. 1. Eigenvalue spectra of the normal matrix PtP+ λI in the Cartesian
and cylindrical representations. 2D framework, λ = 10−3.

where we have made use of the orthogonal structure of Sμ. The

computations in (6) are easy to implement, but their structure does not

lend itself to parallel implementation because the accumulation into

μ(b) must be serialized. However, the difficulty can be circumvented

by using the block-circulant structure of P; partitioning P in a block-

column manner yields:

P =
[
Q0 | S−1

y Q0 | · · · | S−N+1
y Q0

]
(7)

with

Q0 =
[
Pt

0,0 | Pt
0,N−1 | Pt

0,N−2 | · · · | Pt
0,1

]t
(8)

where Sy denotes the M -sample circular shift operator of appropriate

size. (7) and (8) show that Pt can be decomposed in the exact

same manner as P in (4). Therefore, efficient computation and

parallelization of backprojection operations can be achieved in the

same way as for projections. Therefore, the above elements clearly

indicate that the cylindrical representation does present interesting

characteristics with respect to memory footprint and efficiency of

projection and backprojection operations.

IV. CONDITIONING

Discretization of the object onto a regular cylindrical grid yields

a variable voxel size. One may conjecture this will result in a

deterioration of the conditioning of the reconstruction problem, and

therefore in a slower convergence of SRMs. This point is confirmed

experimentally by comparing the eigenvalue spectra of the normal

matrices of the reconstruction problem when the projection matrix is

expressed in Cartesian and cylindrical coordinates. A typical example

of such spectra is presented in Fig. 1. It can be observed that, when

the cylindrical representation is used, the eigenvalues are spread

over a range significantly wider than with the Cartesian represen-

tation. In order to alleviate the difficulty, one may attempt to use

preconditioning techniques. Compensation of the variable voxel size

resulting from the cylindrical representation suggests the derivation

of a diagonal preconditioner, either based on some heuristics related

to the voxel size or derived from the computation of the diagonal

elements of the normal matrix1. Fig. 1 also presents the spectrum

of the cylindrical normal matrix preconditioned by the inverse of its

diagonal elements. The spread of the eigenvalues is greatly reduced,

which strongly suggests that diagonal preconditioning can alleviate

the deterioration of the conditioning of the reconstruction problem

associated with the cylindrical representation.

1For the cylindrical representation, these diagonal elements can be com-
puted rather easily using (4).
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Fig. 2. Computation time of the projection and backprojection operations, as
a function of the number of threads.

V. PENALTY FUNCTION IN CYLINDRICAL COORDINATES

As indicated in Section II, regularization term R(μ) generally

applies a penalty on first differences of μ. The rationale for this

approach is to penalize some numerical approximation to the gradient

of μ. When μ is discretized onto a regular Cartesian grid, little

difficulties occur since the distance between neighboring voxels is

identical along each direction in which the differences are taken,

and does not vary widely across directions. However, when μ is

discretized onto a cylindrical grid, the distance between neighboring

voxels in some directions (i.e., tangential) varies significantly, thereby

giving a very strong weight to voxels located near the rotation

axis and potentially affecting the conditioning of the reconstruction

problem. For these reasons, it is unclear whether the first differences

should be weighted by the inverse of the distance between voxels,

which would be consistent with the physical meaning of the penalty

term, or whether the first differences should be weighted in a uniform

manner. This point will be investigated experimentally.

VI. EXPERIMENTAL RESULTS

A. Parallel implementation of projection and backprojection

The goal of these experiments was to assess the effectiveness of the

simple parallelization scheme for the projection and backprojection

operations outlined in Section III. The experiments were conducted in

a 2D framework on realistic-size simulated data: (512, 512) images,

512 equally spaced detectors, 1024 projections per rotation. The

size of the polar grid used to discretize μ was (256, 1024) and

covered a disk whose diameter was equal to the sidelength of the

square Cartesian image. Sparse projection operators P0 and Q0

were computed and stored using an incremental CRS scheme [8].

Encoding of the sparse matrices and sparse matrix-dense vector

products were programmed in C++ using Albert-Jan N. Yzelman’s

publicly available SparseLibrary2. Parallelization was performed in

an elementary manner using the OpenMP R© library.

Fig. 2 depicts the computation time of one projection and one

backprojection averaged over 30 runs, as a function of the number

of threads used, on an Intel multi-threaded 6-core processor running

Linux. One can observe the typical behavior of simple parallelization

schemes, which loose efficiency as the number of threads increases.

However, these results were obtained at a very little cost and

the reduction in computation time is significant with respect to a

sequential implementation, which is encouraging for the potential

effectiveness of more sophisticated parallelization schemes.

2Library and documentation available at http://people.cs.kuleuven.be/
∼albert-jan.yzelman/software.php.

B. Penalty function

As discussed in Section V, it is unclear whether the first differences

should be weighted uniformly or in proportion to the inverse of the

distance between neighboring voxels in the cylindrical coordinate

system. The question was addressed in an experimental manner,

through simulations performed in a 2D framework. Typical results are

presented in Fig. 3: a Shepp-Logan numeric phantom was used with

discretization and scanner geometric parameters identical to those

used in Section VI-A, and Poisson noise was added to the projection

data so as to obtain a global 30 dB signal-to-noise (SNR) ratio.

Regularization function R(μ) consisted of a L2 penalty applied to all

first differences of μ over second-order neighborhoods, with uniform

and non-uniform weighting. Minimization of the resulting criteria was

perform with a L-BFGS algorithm with a large number of iterations

(i.e., 500) in order to make sure that convergence was achieved. It

can be observed that the uniformly weighted penalty function yields

more accurate final reconstruction and faster convergence toward

the actual attenuation map than the non-uniformly weighted penalty

function. These kinds of results, which were observed in a variety

of experimental conditions, strongly suggest that uniformly weighted

penalty function should be preferred even when μ is discretized in a

cylindrical coordinate system.

C. Preconditioning and convergence

We now investigate the convergence of the proposed approach

with respect to standard discretization on a Cartesian grid, and we

also assess the efficiency of the diagonal preconditioning technique

proposed in Section IV. The experimental conditions were identical

to those used in Section VI-B. Uniform weighting was applied to the

first differences in the L2 penalty term; reconstructions were stopped

after 100 iterations in order make the differences between methods

appear more clearly. The results are presented in Fig. 4. As expected,

the cylindrical approach without preconditioning presents a slower

convergence than the standard Cartesian approach. However, a simple

diagonal preconditioning based on the pixel size corrects for this

deficiency, as no significant difference between the Cartesian and pre-

conditioned cylindrical approaches can be observed. As similar results

have been obtained with other types of penalty functions (e.g.,, edge-

preserving L2L1), one can conclude that diagonal preconditioning

compensates for the effect of variable-size voxels in the cylindrical

representation.

D. Real data reconstruction

We now illustrate the use of the proposed approach for recon-

struction of real 3D data. A section of the Catphan 600 phantom

was scanned using a Siemens SOMATOM Sensation 16 tomograph

in axial mode (SpineSeq L3-L4 protocol). The data were composed

of 1160 projections of (672 × 12) samples each. The reconstructed

volume was a (250× 9) mm. cylinder sampled on a 256× 1160× 6
polar grid. Multiple rays (9 per detector) were used to compute the

projection operator, edge preserving L2L1 penalization was used in

the regularization term and diagonal preconditioning was employed

during reconstruction. A central slice of the reconstructed object,

converted into Cartesian coordinates, is presented in Fig. 5. It does

not exhibit any significant difference with reconstructions performed

with standard SRMs, albeit being obtained with significantly lower

reconstruction time and memory footprint.

VII. CONCLUSION

Representing the object in a cylindrical coordinate system for 3D

CT reconstruction presents appealing characteristics: low memory
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Fig. 3. Comparison of uniform and non-uniform weighting of the first differences in the penalty function. (a) Relative L2 distance to the actual object;
(b) final reconstruction, uniform weighting; (c) final reconstruction, non-uniform weighting. Note the poor reconstruction in the center of (c).
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Fig. 4. Convergence of the proposed approach. (a) Relative L2 distance to the actual object; (b) final reconstruction, cylindrical representation without
preconditioning; (c) final reconstruction, cylindrical representation with diagonal preconditioning; (d) final reconstruction, standard approach.

Fig. 5. Slice 3 of the (512, 512) reconstructed volume converted to Cartesian
coordinates.

requirements, simple structure, easy computation of the projection

operator, straightforward parallelization of the projection and back-

projection operations. Furthermore, the regularization schemes used

in Cartesian coordinates seem to remain appropriate in cylindrical

coordinates, and simple diagonal preconditioning appears to guaran-

tee satisfactory convergence speed, even though this point should be

investigated further. Therefore, the cylindrical representation can be

viewed as an interesting alternative to standard, Cartesian represen-

tations.
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Blood vessel structure reconstruction based on

SART-TVM and vessel enhancement technique
Yining Zhu, Mengliu Zhao, Defeng Chen and Hongwei Li�

Abstract—Cardiovascular disease is one of the main threats
to the human beings’ health. To diagnosing the disease, a
conventional method in clinic is that imaging the blood vessel
with X-ray CT and then enhancing and segmenting with image
processing. However, these steps are independent between each
other, hence, low quality of the CT imaging results would make
the flowing enhancing or segmenting not to be satisfied. In this
paper, we propose a hybrid approach which involves iteration
reconstruction algorithm and blood vessel enhancement tech-
nique e.g. Frangi’s vesselness. This approach utilize the Frangi’s
vesselness to feedback the SART process in each iteration and
reconstruct the structure of the blood vessel from the projection
data directly in final. Experiments show that our approach has
a better performance than the conventional method especially in
sparse-view and low dose case.

Keywords—SART-TVM; Frangi’s vessel; blood vessel recon-
struction.

I. INTRODUCTION

Cardiovascular diseases were ranked as the top fatal

diseases (non-communicable) to middle-aged and older adults

worldwidely, and will probably cause 25 million of deaths in

the year 2030 [1]. To help diagnosing the disease in clinic,

varied non-invasive imaging methods are wildly applied, such

as Computer Tomography (CT), Magnetic Resonance Imaging

(MRI). Medical images constructed from these methods usu-

ally contain not only blood vessel but also other structures,

e.g. soft tissue,muscle and bones. Meanwhile, the density of

the vessel and the blood is lower than the surrounding tissue,

for which the vessel is hard to be distinguished in the images.

For this case, in X-ray CT, the conventional processing method

includes three steps: first, injecting contrast medium into the

patient’s vein; then, scanning the patient while the contrast
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Beijing, 100871, China ; email: yining.zhu@pku.edu.cn.

Mengliu Zhao is with the Medical Image Analysis Lab, School of Comput-
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Defeng Chen and Hongwei Li are with the CT Laboratory, School of

Mathematics, Capital Normal University, Beijing, 100048, China.

medium is transmitted to the target organ by the blood flow and

reconstructing the corresponding CT images; finally, process-

ing the CT images to enhance the blood vessel structure, for

instance, vessel enhancement or segmentation techniques. The

contrast medium could make the vessel and the blood have a

much higher CT value in the reconstructed images than usual,

for which would be helpful to the vessel enhancement. The

enhancement (or segmentation) results of the CT images could

be used to be analyzed by the doctor, or for further processing,

such as registration or measurement. However, it is noticed that

the reconstruction of the CT image and the enhancement of the

blood vessel are independent steps in usual. In this case, the

low quality reconstruction images will reduce the performance

of the enhancement of the vessel. Hence, in this paper,

we proposed a hybrid approach which involves SART-TVM

(Simultaneous Algebraic Reconstruction Technique - Total

Variation Minimum) reconstruction algorithm [2] and vessel

enhancement technique [3], [4]. By our approach,the structure

of the blood vessel could be reconstructed directly from the

projection data rather than two separate steps. Furthermore,

considering applications which have high temporal resolution

such as interventional therapy, we also study the blood vessel

structure reconstruction from sparse-view and low dose data.

Compares with the conventional method, our approach has a

better effect for reconstructing the vessel structure especially

in sparse-view and low dose case.

II. METHOD

A. Preliminaries

1) SART-TVM algorithm: The X-ray CT imaging process

usually can be written as a linear system in ideal condition,

P = RF , (1)

where P denotes the projection data vector, F is the image

factor and R is the projection matrix. The formula (1) means

that an object is expressed by expansion coefficients R and

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

142



generates a set of line-integration values P using the projection

matrix. Since R is a huge and sparse matrix, the linear

equations set is usually solved by iteration methods. SART

algorithm is one of the famous method to solve the formula

(1) by iteration as follows,

f
(k+1)
j = f

(k)
j +

1
N∑

n=1
rn,j

N∑
n=1

rn,j
Pn −RnFk

J∑
j=1

rn,j

, (2)

where indicates fj the j-th component (pixel) of the vector

(image) F , k is the iteration index, rn,j is the element of R

which means the intersection-length between the n-th X-ray

and the j-th pixel in F .

In recent years, TVM based on compressive sensing

theory is a very popular research filed in CT reconstruction

[5]. If F is a sparse (or piece-wise constant or piece-wise

polynomial) image, the CT reconstruction can be regarded as

a convex optimization problem by TVM,

min
F

{1
2
||RF − P||2 + ||∇F||} (3)

where

||∇F|| =
J∑

j=1

√
(
∂F
∂x

)2 + (
∂F
∂y

)2.

By solving the optimization problem above, it is a typical

SART-TVM algorithm by which we could obtain reconstructed

images with better quality especially in low dose or spares-

view condition.

2) Multiscale and Frangi’s enhancement: One of the

most effective vessel enhancing techniques is the Frangi’s

vesselness [6], which is based on characteristics of eigenvalues

of Hessian matrix under multiscales. Multiscale concept in

computer vision field was first introduced by Witkin [7]

and later developed by Koenderink [8] and Linderberg [9],

who built up the fundamental theories and developed the

normalization formulae. Vessels with different widths are

regarded as under different scales, which could be modeled

as being convoluted with Gaussian kernels using different

variances. Sato [10] analyzed the behaviors toward eigenvalues

of the Hessian matrix in multiscales. Suppose F(x, y, z) is

the volume image defined on 3D domain Ω, Gσ(x, y, z) is

Gaussian kernel with standard variance σ, then the Hessian

matrix under scale σ could be written as follow:

Hσ(x, y, z) =

⎛⎜⎜⎝
∂2

∂2xGσ
∂2

∂x∂yGσ
∂2

∂x∂zGσ

∂2

∂x∂yGσ
∂2

∂2yGσ
∂2

∂y∂zGσ

∂2

∂x∂zGσ
∂2a
∂y∂zGσ

∂2

∂2zGσ

⎞⎟⎟⎠∗F(x, y, z)

Suppose λ1, λ2, λ3 are eigenvalues of Hσ(x, y, z) and |λ| ≤
|λ2| ≤ |λ3|. Define:⎧⎪⎪⎪⎨⎪⎪⎪⎩

RA = |λ2

λ3
|

RB = |λ1|√
|λ2λ3|

RC = λ2
1 + λ2

2 + λ2
3

Then Frangi’s vesselness ν is as following:

ν(x) =

⎧⎨⎩ 0 if λ2 ≥ 0||λ3 ≥ 0

(1− e−
R2

A
2α2 )e

−R2
B

2β2 (1− e−
R2

C
2S2 ) otherwise

(4)

The vesselness ν is close to 0 in background areas and close

to 1 in center areas of vessels, which makes it very effective

for vessel enhancement.

B. SART-TVM-Frangi algorithm

As we mentioned above, if the reconstructed results of

blood vessel are not satisfied then the corresponding results

of segmentation are also not positive. Hence, in this paper, we

consider a hybrid approach which enhancing the blood vessel

in the iteration process of CT reconstruction. Our SART-TVM-

Frangi algorithm can be processed as follows:

1) Initialize the image as F (0) and the corresponding result

of Frangi operator υ(0);

2) Utilize SART algorithm and Frangi operator for itera-

tion:

f
(k+1)
j = f

(k)
j + λυ

(k)
j

1
N∑

n=1
rn,j

N∑
n=1

rn,j
Pn −RnFk

J∑
j=1

rn,j

,

(5)

where indicates υ
(k)
j the j-th pixel of the image calcu-

lated with the Frangi’s vesselness(formula 4) after the k-

th iteration, λ is relaxation factor. In order to accelerate

the iteration process, the value range of λ is [2, 10]

which is much bigger than the original SART algorithm.

3) Solve TVM (based on ROF model [11]) for the iteration

result in the previous step;

4) Downscale the value of the image because the iteration

result in step 2) is too big to match the projection

equation (formula (1)),

F (k+1)
ds = αF (k+1), (6)

where α is the scale factor calculated as follows

α =

∑J
j=1 Pj∑J

j=1(RF (k+1)
j )

.
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5) Judge the current image is satisfied or not and then

finish the iteration process or turn to step 2) for the

next iteration.

In order to solve TVM in step 3), Chambolle gave a fast

algorithm with dual-formulation in [12] as follows:

pn+1 =
pn + τ(∇(div(pn))− f/λ)

1 + τ |∇(div(pn))− f/λ| (7)

un+1 = (f − λdiv(pn+1)) (8)

where un+1 denotes the image calculated for TVM after the

(n+1)-th iteration, f the original image, div(·) the divergence

operator and τ the pseudo time step, which should be less than

1/4 for 2D images to guarantee convergence. Meanwhile, we

also demonstrate the flow chart of the above process in Fig.1.

In SART-TVM-Frangi algorithm, the pixel fj is calculated by

Fig. 1: The flow chart of the SART-TVM-Frangi algorithm.

Frangi operator for the possibility of whether in blood vessel in

each iteration and then allocated the residual error adaptively

to enhance the blood vessel and weaken the other tissues so as

to reconstruct the vessel structure directly. It is should pointed

out that the result reconstructed by our approach is not the

real CT value but the structure information of each pixel e.g.

the blood vessel or others. For practical application, in some

sense, the information which presents the blood structure is

more useful than the simple CT value.

III. EXPERIMENTS

We test our approach with two real medical CT images as

shown in Fig.2. The liver image came from the biotechnology

department of Shanghai Jiaotong University and the lung

image came from ISBI’s VESSEL12 challenge [13]. These

two CT images are reconstructed from the data scanned with

full-view and ordinary dose.

We first simulate the projection data in the low dose

condition (about 30% of the ordinary dose) with two CT

images and then select fewer views in the two projection data

sets so as to form spare-view cases.

(a)

(b) (c)

Fig. 2: The organs which contain blood vessel: (a) is the

liver; (b), (c) are the lung with the view inside and outside

respectively.

In the low dose case, as shown in Fig. 3 (a) and (c), the

conventional reconstruction method such as SART-TVM will

lead a low quality of the CT image caused by the noise and

the blood vessel is difficult to distinguished especially in the

lung. However, the blood vessel structures by our approach are

demonstrated well. As we mentioned above, Frangi operator

could enhance the vessel and weaken other structure as well

as noise in the reconstruction iterations.

As shown in Fig. 4, the blood vessel structures are

reconstructed with sparse-view projection data. The results by

the SART-TVM algorithm are blurred with the surrounding

tissue while the images reconstructed by our approach still

remain blood vessel structures.

IV. CONCLUSION

In this paper, we proposed a hybrid approach to re-

construct the structure of blood vessel from projection data

directly. This approach integrates vessel enhancement tech-

nique to the iteration of reconstruction process by using

Frangi operator and derives the structures of the blood vessel.

Experiments on real CT data show that our approach has a

better performance than conventional reconstruction algorithm

such as SART-TVM in the low dose and sparse-view case.
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(a) (b)

(c) (d)

Fig. 3: The reconstruction results of blood vessel in liver and

lung with low dose: (a), (c) are reconstructed by SART-TVM;

(b), (d) are reconstructed by our approach.
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Abstract— Dual-energy CT has better ability in material 
discrimination and quality assurance. In this paper, we propose a 
novel dual-energy CT scanning strategy using two X-ray tubes. 
The low-energy scans the object with normal dose, while the 
high-energy scans the object with much sparser view to reduce the 
radiation dose. In this condition, the high-energy attenuation map 
suffers from severe artifact and noise. As we know, the low-energy 
and high-energy images should have the same structure as they 
scan the same object and the images should be well aligned. Based 
on this knowledge, a structure similarity based restoration method 
is proposed for this scanning strategy. The structure information 
is obtained by a non-local pixel similarity measurement in the 
low-energy attenuation map, and then the high-energy attenuation 
map is restored by weighting average with the similarity 
relationship established. Using the method the artifact is 
effectively suppressed and the image quality is improved. With 
this novel dual-energy CT scanning strategy and reconstruction 
method, the total dose is reduced and the image quality is well 
preserved. Experiments have been conducted to demonstrate the 
effective of the proposed configuration and method. 

Index Terms— Dual-energy CT, sparse view, image restoration, 
artifact reduction. 

I. INTRODUCTION

Although dual-energy CT was first conceived in the 1970s, 
it was not widely used for CT indications since recent years 
[1]. In 2005, Siemens launched their CT SOMATOM 
Definition, which generates two spectra by installing two 
x-ray tubes into one CT [2]. Recently, the simultaneous 
acquisition of volumetric dual-energy data has been 
introduced using multidetector CT (MDCT) with two X-ray 
tubes and rapid kVp switching (gemstone spectral imaging). 
Two major advantages of DECT are material decomposition 
by acquiring two image series with different kVp and the 
elimination of misregistration artifacts [3].  

Dual-source CT is composed of two X-ray tubes and two 
detectors arranged at an angular off-set on the rotating gantry 
(see Fig.1). This configuration allows for the evaluation of 
the coronary arteries at a high temporal resolution or for the 
acquisition of dual-energy CT data. When both X-ray tubes 
are operating at different tube voltages, two different X-ray 
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spectra are simultaneously obtained, giving rise to 
dual-energy tissue characterization. Due to the angular 
off-set of the tube-detector combinations, image registration 
is needed and dual-energy processing has to be performed in 
the image space. Since the images are dependent on the 
attenuation of the x-ray beam, which depends on the voltage 
applied across the tube, each image acquired is energy 
dependent. Attenuation is also dependent on the density of 
the material through which the beam passes, and knowing 
the energy of the beam allows assumptions to be made about 
the attenuating material based on the spectral properties of 
the detected radiation. 

Fig.1 Dual-energy CT scanning geometry with two X-ray tubes. 

With the rapid development of CT scanning, radiation 
dose becomes a significant concern for both patients and 
doctors. Different dose reduction strategies have been 
proposed and researched. In this paper, we propose a novel 
scanning strategy for dual-source CT. Reducing the 
sampling number during CT scanning is a common and 
popular method. Here we follow the similar idea and design 
a novel scanning configuration. The low-energy X-ray tube 
scans the object with normal dose while the high-energy 
scans the object with lower dose by reducing the view 
number. After image registration the low-energy and 
high-energy attenuation map should have the same structure 
and edge as they represent the same object. Then we propose 
a non-local image restoration scheme for this kind scanning 
geometry, which effectively reduce the artifact and will 
preserve the image quality.  

Jia Hao, Li Zhang, Zhiqiang Chen and Kejun Kang 

A Novel Dual-energy CT Scanning Strategy and Its 
Image Restoration Method
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II. BACKGROUND AND METHODOLOGY

A. A Novel Dual-energy Scanning System  

The proposed dual-energy CT configuration uses two 
rotating tubes to acquire both high and low voltage images. 
One of the tubes scans the object with normal dose and 
another scans with sparse view, as presented in Fig.2. The 
two tubes rotate simultaneously, however they works on 
different voltage and pulse frequency in generating X-ray.  

In medical application, low-energy X-ray has better ability 
to discriminate low-contrast materials. Thus, the low-energy 
tube scans the object with normal dose. The high-energy 
tube scans with fewer angular views. Using this scanning 
geometry, the reconstructed high-energy attenuation map 
suffers from severe artifacts and the image quality is 
significantly degraded.    

                     (a)                                              (b) 
Fig.2 The proposed scanning configuration. (a) and (b) represent the 

low and high X-ray scanning, respectively. The low-energy X-ray tube 
rotate around the object and generates X-ray with full angular sampling 
while the low-energy X-ray tube scan the object with reduced 
sampling.

B. Non-local Image Restoration Algorithm 

Different methods have been proposed to reduce 
under-sampling artifacts. The most attractive and popular 
method is based on compressed sensing theory. In 2006, 
Sidky et al [4] proposed a constrained, total-variation 
minimization algorithm for sparse view scanning 
configuration. However the iterative reconstruction method 
needs quite long computational time. Consider that the low 
and high energy attenuation maps should have strict same 
structure and edge, as they scan the same object and are well 
registered. The low-energy attenuation map should have 
useful information for the high-energy image restoration. 
Thus, we establish a relationship between the two images by 
a non-local scheme. Structure information is first extracted 
from the normal dose image by pixel similarity computation. 
The reconstructed under-sampling image should follow the 
same structure similarity with the normal dose image. Thus 
we design a non-local image restoration method for 
under-sampling artifacts reduction. 

Specific to the proposed dual-energy CT configuration, 
low-energy attenuation map is artifact-free and has much 

better image quality. The structure and detail information are 
well preserved. To restore the high-energy attenuation image, 
the structure information of low-energy image is helpful. In 
this condition we can adopt the attenuation map as a 
reference image and restore the effective atomic number 
image. The proposed method is motivated by non-local 
means which achieve excellent results in image noise 
reduction [5]. The implementation of this algorithm is shown 
in Fig.3, and the low-dose image serves as the reference 
image in this method. 

                     (a)                                              (b) 
Fig.3 Searching scheme and weighting function establishing 

method. (a) is the reconstructed low-energy attenuation image with 
normal dose,  it serves as the reference image; (b) is the 
under-sampling high-energy attenuation map from the conventional 
CT reconstruction method. 

Then we briefly introduce our method.  Suppose the 
reference image is expressed as refI , and the degraded image 
to be restored is expressed as I . The two images are strict 
registered and have the same structure. For a selected pixel i ,
the value is ( )j . Compute the weighting coefficients 

( , )w i j  in refI  between pixel  i  and the other pixels in the 
reference image. It is measured by the distance between two 
n n  blocks iN  and jN  centered at pixel i  and j

respectively. The distance ( , )d i j  can be calculated by a 
Gaussian-weighted Euclidean distance between the two 
blocks:

2

2,
( , ) ( ) ( )

a
d i j N j N i     (1)

a  is the standard deviation of the Gaussian function. The 
weighting coefficient between pixel i  and j  can be 
formulated as: 

2

2,
2 2

( ) ( )( , )( , ) exp( ) exp( )a
N j N id i j

w i j
h h

  (2) 

where h  is a smooth parameter. For all the pixels in refI ,
compute the weighting between the selected pixel i  and the 
other pixels. In the image to be restored, weighted all the 
pixels use the weighting value in the corresponding pixel in 
the reference image, and the pixel value after restoration 

( ( ))R i  is obtained as: 
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( , ) ( )( ( ))
( , )

w i j j
R i

w i j
                         (3)

In this method, the weighting function ( , )w i j  is 
computed in the reference image however the weighting 
average step is implemented in the high-energy attenuation 
image.  

It is also worth mentioning that the statistic value accuracy 
is not impacted by this method, because of the normalized 
weighting average is only a numerical redistribution step. 
The image singularities and structure errors are smoothed by 
the weighting processing, however, the mean value in a 
selected region maintains the same. If the reference image is 
the same with the current image, it will fall back to the 
non-local means denoising method. 

III. EXPERIMENT

Experiments are implemented on an explosive detection 
dual-energy CT system. The low and high X-ray spectrum 
used here is presented in Fig.4.  In total of 360 projections 
are acquired during the low-energy X-ray scanning, while 
only 60, 30 and 15 projections are acquired using 
high-energy spectra. The dose from high-energy X-ray is 
reduced from 1/6 to 1/24. The original reconstructed images 
are shown in Fig.4. (a) is the low-energy attenuation map 
and (b) is the high-energy attenuation map. It can be found 
severe under-sampling artifacts, which degrade the image 
quality. 

Using the proposed image restoration method, the 
under-sampling artifacts are significantly reduced. The 
results are shown in Fig.6. In the first line, reconstructions 
without processing are displayed. They are reconstructed 
from 60, 30 and 15 projection views respectively. The 
second line are the restoration images, which can be found 

much better in image quality and SNR. Quantitative 
comparison is shown in Fig.7. In dual-energy CT, 
reconstructed value is always important in material 
discrimination. Here we use a full-view reconstruction 
image as the ground-truth. The results demonstrate that our 
method has excellent performance in accurate reconstruction 
for under-sampling dual-energy CT reconstruction. 

Fig.4 The high and low energy spectrum used in the experimental 
dual-energy CT system. 

                     (a)                                              (b) 
Fig.5 The reconstruction from the proposed dual-energy CT 

scanning configuration. (a) is the low-energy attenuation image from 
360 projection views and (b) is the high-energy attenuation image from 

60 projection views. 

.

Fig.6 The original and processed 
high-energy attenuation images 
from the proposed dual-energy 
CT scanning configuration. (a) is 
the original images without any 
processing. The total view 
number is 60, 30 and 15 
respectively. (b) is the 
restoration images using the 
proposed non-local method. The 
greyscale display window is [0, 
0.03]. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

148



Fig.7 Pixel value comparison along the profile of the reconstructed 
images.The red line can be recognized as the ground-truth 
reconstructed from 360 projection views. The green lines show the 
value from under-sampling projections without processing in Fig.5(a). 
The blue lines indicate the restoration image results in Fig.5(b).

   To demonstrate the effective of the proposed method, we use 
a more complicated object. A draw-bar box with a phantom was 
scanned in the dual-energy CT. The number of angular views of 
high-energy X-ray projections is 60, while the low-energy view 
number is 360. The reconstructed high-energy attenuation 
image is shown in Fig.8 (a), and the restoration is shown in 
Fig.8 (b). 

                     (a)                                             (b) 
Fig.8 The high-energy attenuation maps reconstructed from a 
under-sampling dual-energy CT configuration. (a) is the original 
image from 60 views and (b) is the restoration result using the 
proposed method. The display graeyscale is [0,0.05]. 

                              (a)                                 (b) 
Fig.9 The zoomed in image of the images in Fig.7. (a) is the original 
reconstruction from the under-sampling projections, and (b) is the 
restoration result using the proposed method.  The display graeyscale 
is [0,0.05]. 

IV. DISCUSSION

A. Why this algorithm works? 
The proposed method establishes a relationship between the 

low and high energy attenuation map. The structure information 
is obtained from the full-sampling projection image. Thus, this 
method preserves the structure and the value accuracy. 

It differs from previous compressed sensing based methods 
in that: this method is only an image restoration method. It is a 
post-processing method after reconstruction, and it is much 
faster than iterative method. The results are better than TV 
constrained iterative method as we have researched. Also, the 
strategy can be extended to the other applications: when there is 
a high-quality reference image, it can be used to process a noisy 
or artifact degraded image. The two images should have the 
same structure and be well aligned.  Dual-energy CT is only one 
of the applications of this method, as it can obtain high-energy 
and low-energy attenuation maps, and they have strict the same 
structures.

B. Algorithm optimization 
This method has been demonstrated effective in artifact and 

noise reduction. However, the searching scheme is quite slow. 
The high computational complexity is due to the cost of weights 
calculation for all pixels in the image. In practical application, 
the weighting calculation area is limited to a smaller window 
instead of the whole image for computational aspects. In this 
study, processing a 256 256 image takes about 30 seconds. 
Other methods can be used, such as lower the searching window, 
using pre-classification method and so on.  

V. CONCLUSION

We propose a novel dual-energy CT scanning configuration. 
One of the tubes generates X-ray with lower frequency, thus the 
projection sampling is reduced.  With the conventional CT 
reconstruction method, severe under-sampling artifacts degrade 
the image quality.  We introduce a non-local restoration 
algorithm for this scanning configuration, which uses the 
high-quality image as reference information and process the 
under-sampling reconstruction image. Experiments 
demonstrate the effective of this method. 

This is only a preliminary research and result. There are a lot 
of problems to be further studied. As we know, attenuation 
maps under low and high energy X-ray may differ significantly, 
especially near the K-edge of the scanned material. In this 
condition, the proposed algorithm should be carefully evaluated. 
And here the scanned object is a little simple. We will further 
our study with different phantoms and samples, in order to 
demonstrate the configuration and method.   
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 Abstract—Omni-tomography is conceptualized based on 
interior tomography developed over the past five years. By 
omni-tomography, we envision that the next stage of 
biomedical imaging will be the grand fusion of many 
tomographic modalities into a single gantry (“all in one”) 
for simultaneous data acquisition of many complementary 
features (“all at once”). This integration has great 
potential, because physiological processes are often 
dynamic and complicated, and must be observed 
comprehensively and promptly. As an inspiring simple 
example of omni-tomography, here we design the first 
CT-MRI scanner for vulnerable plaque characterization, 
and suggest exciting research opportunities. 

Index Terms—Compressive sensing, interior tomography, 
modality fusion, omni-tomography, CT-MRI, vulnerable plaque 
characterization 

I. INTRODUCTION

all in 
one

all at once

holy grail

Fellow, IEEE
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II. TOP-LEVEL DESIGN

A. Overall Description 

B. CT Sub-system 
Figure 1. Rendering of the proposed CT-MRI scanner which is a special case 
of omni-tomography.

Figure 2. Geometric parameters of the proposed CT sub-system utilizing 9 
x-ray tubes that can be rotated and physiologically gated if needed.
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C. MRI Sub-system 

III. INTERIOR IMAGE RECONSTRUCTION

a priori

Figure 3. Geometric parameters of the proposed MRI sub-system with a split 
magnetic core and a two-layer coil configuration.

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

152



IV. DISCUSSIONS AND CONCLUSION

all-in-one all-at-once
in vivo

one-stop-shop
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Extended Axial Field of View in Radiotherapy
Cone-Beam CT with Iterative Reconstruction

Andrew M. Davis1,2, Erik A. Pearson1,2, Charles A. Pelizzari1, and Xiaochuan Pan1,2

Abstract—The size of cone-beam CT (CBCT) detectors in
radiotherapy on-board imaging (OBI) systems limits the axial
field of view (FOV). By acquiring two circular scans at different
axial positions, this axial coverage can be increased. However,
with analytic reconstruction, this results in cone-angle artifacts
severely degrading the image in the region between the circular
scans. Using iterative reconstruction techniques, we can extend
the axial field of view while obtaining a better quality image in
the region between these two scans.

I. INTRODUCTION

Despite major advances in iterative reconstruction methods,

analytic algorithms are still the predominant means of recon-

struction in clinical CT scanners[1]. An analytic reconstruc-

tion algorithm is based on finding the analytic inverse to a

continuous-to-continuous (CC) imaging model. This method

of solving the inverse problem in CT reconstruction has been

very successful as attested to by the prevalence of filtered

backprojection (FBP) in the CT industry. FBP is implemented

for cone-beam geometry via the FDK analytic reconstruction

algorithm[2]. However, due to the inherent discrete nature

of imaging detectors and the numerical arrays used to store

images, the implementation of such a CC model is actually

a discrete approximation of this model. Thus, there are strict

requirements on data sampling which necessitate the use of

densely sampled detectors and angular views.

In contrast to CC analytic methods, iterative reconstruction

methods directly address the inherent discretization of the

imaging modality by modeling it as a discrete-to-discrete (DD)

imaging system. This is often expressed as a linear system of

the form

g̃ = M �f, (1)

where g̃ is the measured data, M is the system matrix, and
�f is the image we wish to recover. In general, this linear

system cannot be directly inverted to obtain the image. As

such, iterative optimization techniques are used to solve this

problem. Using a well understood implementation of this

optimization problem, we show an example of how the more

robust nature of iterative reconstructions methods allows for

more flexibility in CT imaging.

The use of cone-beam CT (CBCT) is becoming more preva-

lent in clinical settings. We are particularly interested in the

Department of Radiation and Cellular Oncology (1), and the Department of
Radiology (2), The University of Chicago, 5841 S. Maryland Avenue, Chicago
IL, 60637 Email: amdavis@uchicago.edu

use of CBCT for image-guided radiotherapy (IGRT) in linac-

mounted imaging systems. These typically consist of a flat-

panel detector opposite a kV x-ray source to acquire circular

scans which are then reconstructed with the analytic FDK

algorithm. Unfortunately, the use of such a CC imaging model

for reconstruction results in increasingly severe degradation of

the image quality in image slices away from the central plane

of the source with what are known as cone-angle artifacts.

In addition to this image degradation at the ends of the

axial field of view (FOV), the axial coverage is limited by

the detector size. For example, for a typical detector length

of 30 cm parallel to the axial direction and a magnification

factor of 1.5, the resulting axial coverage is 20 cm. Combining

image degradation at the ends of the FOV with an already

limited axial coverage can reduce the clinical utility of the

linac-mounted imaging system.

It would seem reasonable to assume that the axial FOV

could be extended by acquiring two circular scans at two

different axial locations and then combining them to create

an extended image. However, in the region between the two

scans, the degradation from the cone-angle artifacts is the

most pronounced. Thus the central region of the resultant

image, which is presumably that of the greatest interest, is

most afflicted by these cone-angle artifacts. With iterative

reconstruction methods, it is possible to define the system

matrix such that the data from both circular scans can be used

to reconstruct a single image with an extended axial FOV.

To determine the extent to which iterative reconstruction

methods would allow us to extend the axial FOV, we simulated

two circular CT scans with different axial spacing between the

two scans. Pearson et al. have previously shown that in such

an acquisition scheme, iterative reconstruction methods can

extend the axial FOV more effectively than FDK[3]. Here, we

wanted to investigate what how much FOV coverage can be

achieved with iterative reconstruction techniques.

II. METHODS AND MATERIALS

We used a typical CBCT linac-mounted imaging system

geometry for our simulation as this extended axial FOV

approach has the potential to be clinically useful in IGRT.

Although iterative algorithms allow for non-circular scanning

trajectories, the two circle scan used in this study allows for

direct comparison to analytic reconstruction with FDK. Also,

such an acquisition trajectory can easily be acquired with

current linac-mounted imaging systems.
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In our simulations, each circular scan projected 330 uni-

formly spaced views over 360◦ onto a 40 by 30 cm detector

with a 1.5 magnification factor. With this geometry, the

maximum spacing of the two circular scans is 20 cm offset.

At this maximum spacing, the 20 cm axial coverage that can

be achieved with one detector is doubled. There is only a

small amount of data redundancy between the data acquired

from each circular scan from a slight overlap of the 30 cm

detector along the central plane at each scan position. In these

simulations we simulated dual circular scans spaced 10 and

20 cm apart.

The first phantom we used was a Defrise-style geometric

disk phantom consisting of a 15.24 cm outer diameter tube in-

side of which are 5 mm thick alternating high and low density

disks[4]. We produced the forward projections analytically[5].

For the disk phantom, we also produced a voxelized truth

image in addition to projections at scan spacings of 12, 14,

16, and 18 cm for a comparison of the reconstructions to the

truth as a function of spacing.

The other phantom we used was the anthropomorphic

XCAT phantom from which forward projections were also

produced analytically[6]. In the case of the XCAT phantom,

the maximum 20 cm circular spacing extended the FOV into

the upper torso. To avoid truncation artifacts, we doubled

width and the number of bins of the detector in this proof-

of-concept study.

The forward projection used for both of these phantoms

attempts to model the physical projections created by the

incident beam. For both phantoms, we used a polychromatic

spectrum based on Monte Carlo simulations of our current

Varian On-Board Imager (OBI) systems. The simulated pro-

jections are noise free.

We chose the standard MLEM algorithm for the iterative

reconstruction as its use is well established. For the disk

phantom, we reconstructed onto a 256x256 image array in the

transverse plane using 1 mm isotropic voxels to determine the

axial length. For the XCAT phantom, we reconstructed onto

a 256x256 image array in the transverse plane using 2 mm

isotropic voxels.

As a comparison with FDK, we reconstructed each circular

scan separately using a standard Hann filter. To combine the

two separate reconstructed images, we used the central plane

between the two circular scan planes as a delimiter. Slices

superior to this plane were taken from the superior FDK

reconstructed image, while slice inferior to this plane were

taken from the inferior FDK reconstructed image. In the case

of the maximum 20 cm spacing, we combined the entire image

space from each reconstruction.

III. RESULTS

Figure 1 shows both the combined FDK and MLEM recon-

structions of the Defrise-style disk phantom from the circular

scans spaced 10 cm apart. The design of this phantom makes it

particularly susceptible to cone-angle artifacts in reconstructed

images. Figure 1a illustrates cone-angle artifacts in the middle

and at the axial ends of the image. Comparing this to the

MLEM reconstruction in Figure 1b, the uniform disks appear

much sharper, especially in the regions where the FDK image

suffers from cone-angle artifacts. The bottom row of Figure

1 demonstrates that the slice through the central high-density

uniform disk in the phantom appears to have values which

are more correct in the MLEM reconstruction than that of the

stacked FDK.

With a more extreme 20 cm offset between the two circular

scans, the difference between FDK and MLEM is even more

pronounced as shown in Figure 2. In the mid-sagittal slices

shown in the top row, the FDK reconstruction in Figure 2a

suffers from extreme cone-angle artifacts. Though some of the

disks in the center of the MLEM reconstruction in Figure 2b

are somewhat distorted, it does not exhibit the same degree of

degradation. In the mid-transverse slices shown on the bottom

row, the MLEM slice in Figure 2d shows some non-uniformity.

However, it is much better than the FDK reconstruction shown

in Figure 2c.

Using the voxelized version of the disk phantom, we com-

pared the MLEM and FDK reconstructions to the truth with

root-mean-square error (RMSE). Figure 3 shows a comparison

of the RMSE of MLEM and FDK reconstructions as a function

of spacing. This plot indicates that for all of the circular

scan spacings simulated in this study, MLEM consistently

outperforms the stacked FDK reconstruction. Furthermore, as

the spacing increases, the RMSE of FDK also increases. For

MLEM, the RMSE increases much more slowly than FDK

with increasing spacing.

For the XCAT phantom reconstruction, Figure 4 shows

slices of both the MLEM and the FDK stacked reconstructed

image volumes from the circular scans spaced 10 cm apart.

Comparing the two reconstruction methods, the overlap of

the image space seems sufficient to avoid corruption of the

central plane from cone-angle artifacts. It is worth noting

that in the MLEM reconstruction, the edges of structures

such as the skull are sharper. Also, the optic chiasm can be

distinguished in the mid-transverse MLEM image shown in

Figure 4d whereas it cannot be seen in the corresponding

stacked FDK reconstruction shown in Figure 4c.

Figure 5 shows reconstructions of the XCAT with the

circular scans spaced at the maximum 20 cm apart. Figures

5a and 5c show FDK is unable to accurately reconstruct

the central region between the two circular scans. At this

maximum spacing, the worst-case manifestation of cone-angle

artifacts severely degrade the quality of the image’s central

volume. MLEM however, does a very good job of handling

this central region as shown in Figures 5b and 5d. Though

there are some streaks that can be seen in the central portion

of the MLEM image, it is a clear improvement to the extensive

image degradation seen in the stacked FDK images.

IV. CONCLUSION

These results show that iterative reconstruction methods can

be very effective in extending the axial FOV. MLEM was

much more successful in avoiding the cone-angle artifacts that

plagued the analytic FDK reconstruction in the region between
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the two circular acquisition planes. It is also clinically relevant

that the extended axial FOV obtained with this dual circle

acquisition is 40 cm. For the IGRT machine we based our

OBI geometry on in this study, the maximum beam coverage

is also 40 cm.

(a) FDK (b) MLEM

(c) FDK (d) MLEM

Fig. 1. Defrise-disk phantom reconstructions. The display window is [0, 0.3].
Top: mid-sagittal slice using two independent FDK reconstructions (a) and 200
iterations of direct MLEM reconstruction (b). Bottom: mid-transverse slices
from the FDK (c) and MLEM (d) volumes.

(a) FDK (b) MLEM

(c) FDK (d) MLEM

Fig. 2. Defrise-disk phantom reconstructions. The display window is [0, 0.3].
Top: mid-sagittal slice using two independent FDK reconstructions (a) and 200
iterations of direct MLEM reconstruction (b). Bottom: mid-transverse slices
from the FDK (c) and MLEM (d) volumes.
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Fig. 3. RMSE comparison of MLEM and FDK disk reconstructions with a
voxelized version of the disk phantom
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(a) FDK (b) MLEM

(c) FDK (d) MLEM

Fig. 4. XCAT phantom reconstructions from two circular scans 10 cm apart.
The display window is [0.1, 0.4]. Top: mid-sagittal slice using two independent
FDK reconstructions (a) and 200 iterations of direct MLEM reconstruction
(b). Bottom: mid-transverse slices from the FDK (c) and MLEM (d) volumes.

(a) FDK (b) MLEM

(c) FDK (d) MLEM

Fig. 5. XCAT phantom reconstructions from two circular scans 20 cm apart.
The display window is [0.1, 0.4]. Top: mid-sagittal slice using two independent
FDK reconstructions (a) and 200 iterations of direct MLEM reconstruction
(b). Bottom: mid-transverse slices from the FDK (c) and MLEM (d) volumes.
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Noise Energy Estimation Based on the Sinogram
and its Application to the Regularization Parameter

Selection for Statistical Iterative Reconstruction
Ti Bai, Xuanqin Mou, Qiong Xu and Yanbo Zhang

Abstract—Regularized statistical CT reconstruction can yield
a high-quality image due to the incorporation of physical
constraints, accurate system model and stochastic property.
Nevertheless, regularization parameter that is related to noise
energy of measurements needs to be tuned properly so as to
acquire a good reconstruction. Unfortunately, little attention has
been paid to the estimation of noise . In this paper, we proposed
a novel method to estimate noise energy of measurements based
on the Fourier properties of sinogram. In addition, we applied
the noise energy estimated to adaptive selection of regularization
parameter. Numerical results indicated that our method can
estimate the noise energy precisely and robustly, by the way,
algorithm for adaptive selection of regularization parameter also
worked very well by making use of the noise energy estimated
by us.

Index Terms—Noise estimation, Fourier properties, sinogram,
regularization parameter, ASD-POCS

I. INTRODUCTION

BY formulating the statistical characteristics of projection

data, statistical iterative reconstruction (SIR) can ob-

tain better reconstruction quality compared with conventional

methods such as filtered back projection (FBP) and alge-

braic iterative technique (ART). However, the unregularized

problem is poorly conditioned or even underdetermined, so

regularization term is required to ensure a stable solution.

Numerous regularizers have been proposed, which include

smooth regularizers [1] and sparsity-promoting ones [2]–

[4]. Among them, sparsity regularization based on dictionary

learning shows promising results in terms of low dose CT re-

construction [3], [4]. In general, regularization parameter that

balances data fidelity term and regularization term needs to be

tuned carefully in order to obtain a high-quality reconstruction.

Various regularization parameter selection methods have

been proposed including the discrepancy principle (DP) [5],

generalized cross validation (GCV) [6], the L-curve method

[7] and Stein’s unbiased risk estimate (SURE) [8], [9]. The

use of DP and SURE require the knowledge of noise level

which is not necessary for the other two. Nevertheless, the L-

curve method can be computationally intensive and sensitive to

curvature estimation. As for GCV which is especially suitable
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The authors are with the Institute of Image processing and Pattern
recognition, Xi’an Jiaotong University, Xi’an, Shaanxi 710049, China. (Email:
baiti018@xjtu.edu.cn, xqmou@mail.xjtu.edu.cn, xjtuxqiong@gmail.com,
yanbozhang007@163.com)

for linear problem, it will become computationally involved

when applied to nonlinear problems. By the way, the ASD-

POCS algorithm proposed by Sidky E. Y. et al. [2] is a special

case of superiorization methodology which is proposed by

G.T. Heman et al. [10], both of them utilize the noise energy of

avaiable data. By and large, a good estimation of noise energy

in the data will benefit a lot for the choice of regularization

parameter as mentioned above. Unfortunately, to the best of

our knowledge, little attention has been paid to this subject

in the field of CT. The nonidentical distribution of noise in

raw projection which makes it troublesome to handle maybe

a major cause that leads to this phenomenon. A modeling

method to estimate the variance of projection data has been

proposed in the literature based on theoretical analysis and

experimental verification [11], [12]. It is very complicated for

that the modeling method works by polynomial fitting. T.Niu

et al. [13] proposed an appealing method by taking use of the

property of Poisson noise, however, it is difficult in practical

applications because it must to complete a consecutive flatfield

scans. Based on the work of Samuel R. Mazin et al. [14]

describing Fourier properties of the full fan-beam sinogram,

in this paper, we proposed a novel method to estimate the

noise energy in the sinogram by making use of the Fourier

properties of the fan-beam sinogram. It is worthy to mention

that we just need the sinogram which is not the case of [13],

besides, the computation is also very cheap, one Fast Fourier

Transform (FFT) is enough.
In the next section, we will derivate the method for noise

estimation in details and describe one of its applications for

adaptive parameter selection in the dictionary learning based

statistical iterative reconstruction (SIR). In the third section,

numerical results will be shown to validate our method.

Finally, we will discuss some issues in this study and conclude

this paper.
II. METHODS

A. Noise Estimation
In this paper, we supposed that after the effective data

correction algorithms, including scatter and beam hardening

corrections, Gaussian noise on the projections is dominant.

Assuming the following Gaussian statistical model for mea-

surements of line integral:

p = p0 + n, (1)

we denoted by p0(γ, β) the noise-free ray indexed by (γ, β),
and p(γ, β) is the corresponding noisy counterpart, n repre-

sents the noise that is signal-dependent. In the following, we
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will present the Fourier properties of both the free sinogram

and noise. Then, method to estimate the noise energy will be

derived by making use of this Fourier properties.

1) Fourier properties of the fan-beam sinogram: For the

amplitude of a two dimensional Fourier transform of full fan-

beam sinogram that is noise free, one of its noteworthy Fourier

properties of the sinogram is that there exists a region with the

shape of double-wedge whose energy is approximately zero.

For clarity, we present here the results derived in [14].

Considering an object f consists of a delta function locating

at distance rp from the origin and at angle φp with the x-axis,

γ is the cylindrical detector fan angle, β is the view angle,

L represents the distance from source to isocenter, then the

randon transform of f can be written as follows:

p0(γ, β) = δ(γ − γ0(β)),

where

γ0(β) = arctan[
rp
L cos(φp − β)

1− rp
L sin(φp − β)

].

Taking two dimensional Fourier transform for the randon

transform of f , we have

P (q, k) =
1

2π

∫ π

−π

∫ ∞

−∞
δ(γ − γ0(β))e

−j(qγ+kβ)dγdβ

≈ e−jk(φp+
π
2 )Jk((k − q)

rp
L
), (2)

where q, k are the frequency variables corresponding to γ and

β respectively, Jk((k − q)
rp
L ) is a Bessel function of the first

kind of order n with the argument (k−q)
rp
L . From the property

of Bessel function1, there exists a double wedge region where

the energy of the projections is equal to zero, which can be

segmented by checking if the frequencies (q, k) satisfy the

following condition:

‖ k

k − q
‖ >

rp
L
. (3)

2) Fourier properties of noise in the sinogram: Fourier

properties of noise will be derived in a discrete form. Denote

n(γ, β) the zero-mean real Gaussian random variable with

variance σ2(γ, β) that relates to the detector element (γ, β),
the discrete Fourier transform of noise can be written as:

N(q, k) =
∑
γ

∑
β

n(γ, β)e−j(qγ+kβ).

As N(q, k) is a zero-mean complex Gaussian random variable,

we have

var(N(q, k)) =
∑
γ

∑
β

σ2(γ, β)

= E(N(q, k)×N(q, k))

= E(‖N(q, k)‖22), (4)

where N(q, k) denotes the conjugate, var(N(q, k)) is the

variance of N(q, k). (4) reveals that expectation of square of

the module of any Fourier coefficient for noise is equal to the

summation of the variance of noise.

1The Bessel function drops dramatically and tends to zero when the
argument is less than its order.

3) Noise estimation based on the Fourier properties: On

the basis of the Law of Large Numbers and the definition of

noise energy and variance, we have

ε2 =
∑
γ

∑
β

(p(γ, β)− p0(γ, β))2 (5)

= E[
∑
γ

∑
β

(p(γ, β)− p0(γ, β))2]

=
∑
γ

∑
β

σ2(γ, β)

= E(‖N(q, k)‖22) (6)

Just as described above, there exists a approximately zero-

energy region in the two dimensional Fourier transform of

the free fan-beam sinogram while expectation of square of

the module in any point for the case of noise is equal and its

value is exactly noise energy ε2. As for the linearity of Fourier

transform and the Law of Large Number once again, we can

estimate the noise energy as follows:

1) take Fourier transform of the noisy sinogram,

2) extract the region where the signal energy is approxi-

mately zero while the noise energy is reserved,

3) sum up the square of module in the extracted region and

average it, the result is just the noise energy we estimate.

B. Adaptive Regularization Parameter Selection

In order to demonstrate the efficiency to select the reg-

ularization parameter when the noise energy is avaiable by

our method, we designed a special algorithm that considered

the dictionary learning based sparsity regularization as a prior
information. Following the spirit of [2], [10], we selected the

optimal value of regularization parameter that should yield a

solution which is more tolerance-compatible than the phantom.

Image reconstruction can be formulated as follows:

x̂ = arg min
x,α

{1
2
(Ax− y)TC−1(Ax− y) +

+ β(
∑
s

‖Esx−Dαs‖22 + λ
∑
s

‖αs‖0)}, (7)

where x ∈ RN is the attenuation map to be reconstruct-

ed, we denoted by y ∈ RM the M-length data vector.

A = {aij}, i ∈ {1, · · · ,M}, j ∈ {1, · · · , N} is the system

matrix, C = diag{σ2
i } is the M × M covariance matrix.2

The operator Es extracts the sth patch from the current

reconstruction, and D is the pretrained dictionary under which

the sparse representation of the sth patch is αs. β is the

regularization parameter that is to be adaptively selected in

this study to control the tradeoff between data fidelity term and

regularization term, and λ is the parameter for sparse coding

that is usually set to a constant.

Update of the attenuation map x are due to both data fidelity

term and regularization term. In order to reserve medically

relevant features, overfitting is desirable [10] for that the

parameter β which results in a tolerance-compatible solution

will oversmooth the reconstruction. In this paper, we define the

feasible set as S = {x | 0.9ε2 < ‖Ax− y‖22 < 0.92ε2}, in

2For simplicity, we used σ2
i = eyi in this paper.
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Fig. 1. Square of the module of Fourier cofficients. (a)-(c) corresponds to
noisy sinogram, noise-free sinogram and pure noise, respectively. It can be
clearly seen that there exists a zero-energy region (inside of the red cross)
for that of noise-free sinogram, while for the case of pure noise, it is quite
stationary.

other words, if the current image belonged to S, we regarded

the current β as a potential optimal one and remain unchanged;

otherwise, if the current image satisfied ‖Ax− y‖22 > 0.92ε2

and the ratio of update due to regularization term to that

due to data fidelity is greater than rmax, it indicated that the

current β was too large, and we should reduce it by a constant

fraction βc; on the contrary, we should increase it by 1
βc

, repeat

this process until the algorithm converges. In this paper, we

initialized β by 1, and set rmax, βc as 0.98, 0.95 respectively,

the target error λ for sparse coding is fixed with 1× 10−6.

III. NUMERICAL EXPERIMENTS

A. Results for Noise Estimation

To validate our algorithm, we presented numerical results

of noise estimation for two kinds of 672×580-view sinogram

which were numerically generated from two 2-D simulated hu-

man phantom with SIEMENS Somatom Sensation geometry.

Various Poisson noise of a range of number of incident photons

from 1 × 104 to 1 × 106 respectively were superimposed

into the raw noise-free projections to synthesize kinds of

dose data. Following the spirit of Section.II-A3, we took 2-

dimensional Fourier transform for the noisy sinogram, then

extracted the zero-energy region and averaged it to estimate

the noise energy.

Figure.1(a)-(c) illustrated results of Fourier tranform cor-

responding to noisy sinogram, noise-free sinogram and pure

noise, respectively. The zero-energy region of which we made

use to estimate the noise energy can be seen clearly in Fig.1(b).

By averaging this zero-energy region, we can estimate the

noise energy of some noisy sinogram. Fig.2 shows that the

estimations are quite robust for different kinds of noise level

regardless of different phantoms. The relative root mean square

error(RRMSE) for the abdomen phantom, see Fig.2(a), is

1.8%, while it is 0.64% for the human thorax phantom, see

Fig.2(b).

B. Results for Adaptive Regularization Parameter Selection

We used the 512 × 512 2-D abdomen phantom, illustrated

in Fig.2(a), to numerically generate two 672 × 580-view

sinograms with SIEMENS Somatom Sensation geometry cor-

responding to a monoenergetic source with 5×104 and 5×105

incident photons per ray, respectively. Then, we estimated the

noise energy of these two sinograms by our method. The

estimated values were 75.5886 and 7.5162 corresponding to

Fig. 2. Results of noise estimation for different noise level and different
phantoms. (a) and (b) are noise-free phantom corresponding to abdomen and
human thorax, (c) and (d) are results of noise estimation for phantom of
abdomen and human thorax, respectively. The blue circle represents the value
of real noise energy and its estimated counterpart. Analytic form of red line
is y = x. It indicated that the method for noise estimation was quite stable.
For (c), the RRMSE was 1.8%, while it was 0.64% for (d).

Fig. 3. Plot of SNR as a function of regularization parameter β selected
manually by trial and error. (a) and (b) are the case of 5× 104 and 5× 105

incident photons, respectively. The plots indicated that β selected adaptively
can always arrive at the approximately optimal value for different noise level
in the sense of SNR.

the case of 5×104 and 5×105 incident photons per ray while

their real value were 75.0190 and 7.4999, respectively.

With the estimated noise energy, we selected the regulariza-

tion parameter adaptively according to Section.II-B. Fig.3(a)-

(b) plotted results of adaptive regularization parameter selec-

tion corresponding to the case of 5×104 and 5×105 incident

photons, respectively, and indicated that we always can select

the approximately optimal β adaptively in terms of SNR. To

support our arguments further, we displayed reconstructions

for these two cases as shown in Fig.4. The images generated

using different β were illustrated in the 2th-4th column. The

first column were reconstructions of adaptive algorithm while

the third column were the highest-quality reconstructions by

trial and error. It can be seen that images reconstructed by

adaptive algorithm were very similar to those reconstructed by

trial and error in the sense of visualization. To obtain images

similar to those reconstructed adaptively, β needs to be tuned

carefully in a large range when the noise energy changed. For

instance, β needed to increase by a factor of 4.5 when the

dose reduced 10 times.
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Fig. 4. CT images reconstructed with different β for different noise level. The top row and the bottom row corresponds to the case of 5× 104 and 5× 105

incident photons. Images of the first column were reconstructed adaptively while the others were reconstructed using different β, among which, the third
column had the highest quality in the sense of visualization. It can be seen that images reconstructed by adaptive algorithm were very similar to the highest
quality reconstruction by trial and error in the sense of visualization.

IV. DISCUSSION AND CONCLUSION

As demonstrated above, the proposed method can estimate

noise energy accurately and stably. Besides, we also applied

the estimated value to the adaptive selection of regularization

parameter and obtained a reconstruction similar to the highest-

quality image reconstructed by trial and error in the sense

of visualization. Nevertheless, there still exist some problems

needed to be studied more deeply. Firstly, the filter used to

extract the zero-energy region needs to be designed carefully

due to the gradual transitions out of the zero-energy region in

the transformed sinogram. In practice, we always extract the

signal in the region which is smaller than that defined by (3).

Secondly, although we demonstrated that the proposed method

can estimate the noise energy accurately and stably when the

poisson noise in the raw data is dominant3 in this study, it

is still worthy to make it clear that whether the proposed

algorithm works well as usual when the data is not corrected.

Last but not least, the algorithm to select the regularization

parameter needs a deeper discussion. As mentioned above,

the reconstructions happening to be tolerance-compatible will

be oversmoothed, which will hamper the observation of fine

image details. Algorithms with better parameter selection

framework should be explored.

In summary, we proposed a novel method to estimate the

noise energy and numerical results indicated that this method

is quite accurate and stable. Moreover, with the help of the

estimation of noise energy, we selected the regularization pa-

rameter adaptively and produced promising results suggesting

that images reconstructed by adaptive algorithm are parallel

to those reconstructed by trial and error.
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Fast Variance Prediction for Iterative
Reconstruction of 3D Helical CT Images

Stephen M. Schmitt and Jeffrey A. Fessler

Abstract—Fast variance prediction for iteratively-reconstructed
helical CT images is useful for analysis of resulting images and
potentially for dynamic dose adjustment during a scan. Previous
methods require impractical computation times to approximate
the image variance; other methods are able to approximate
variance quickly but only for specific CT geometries, excluding
3D helical CT. In this paper we present an extension of these
previous fast methods to predict the variance of iteratively
reconstructed images for third-generation 3D helical CT scans.
We compare this method in computation time and error to the
empirical variance derived from multiple simulated reconstruc-
tion realizations.

I. INTRODUCTION

Iterative reconstruction (IR) methods for computed tomog-
raphy are receiving increased attention for their improved
resolution and noise properties compared to FBP [7]. How-
ever, the statistical properties of IR reconstructions are
difficult to compute compared to FBP. Closed-form but
computationally intractable expressions exist [1] for the
mean and covariance matrix of the reconstruction when
the weighting matrix W and covariance of the projections
are given, so faster prediction methods are desirable.

Prior work has exploited approximate local shift-invariance
to develop FFT-based approximations for the variance map
of the image, i.e., the diagonal of the covariance matrix, for
arbitrary system geometries [5]. Unlike empirical methods,
which can only be used to find the variance map of the
entire image simultaneously, these FFT-based methods can
approximate the variance of one specific voxel of interest
at a time. However, these FFT-based methods are compu-
tationally intensive; they are useful for theoretical analysis
but require projection and back-projection of each voxel of
interest and are unsuitable for producing a variance map for
a whole volume. There are methods for 2D fan-beam [9], 3D
step-and-shoot [10], and 3D axial CT [6] that make further
approximations to greatly reduce the computational load
of this method and make it suitable for predicting variance
maps for an entire volume. None of these methods, though,
apply directly to 3D helical CT.

In this paper, we adapt [6] to the problem of predicting
approximate variance maps for iterative reconstruction of
3D helical CT scans. Like this prior work, the computational
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Stephen M. Schmitt and Jeffrey A. Fessler are with the Department of
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cost of the variance approximation is reduced by several
orders of magnitude compared to empirical estimation or
the FFT-based method in [5] for CT.

II. METHODS

A reconstruction method using a weighted least squares
data-fit term using log-sinogram observations y, system
matrix A and a regularization term R is given by

x̂ = argminx
1

2
||y−Ax||2W + α

2
R(x). (1)

With a weighting matrix W = cov(y)−1 and assuming that
the minimization algorithm is iterated until convergence,
the covariance matrix of x̂ in (1) is approximately [1]:

cov(x̂) ≈ (H+α∇2R(x̂))−1H(H+α∇2R(x̂))−1. (2)

If R(x) = ∑
i ψ([Cx]i ) for a matrix C and a convex penalty

function ψ that is twice-differentiable in an open set con-
taining 0 with ψ(0) =ψ′(0) = 0, ψ′′(0) = 1, then

∇2R(x) = CTΨ̈(x)C, (3)

where Ψ̈(x) is a diagonal matrix with [Ψ̈(x)] j j =ψ′′([Cx] j ).
With a sufficiently large α, we would expect that, for most
voxels, [Cx] j is small and in the twice-differentiable region
of ψ and therefore, that Ψ̈(x̂) ≈ I is a valid approximation
except near edges between regions of different attenuation
coefficients in the image. Making this substitution trans-
forms (2) into

cov(x̂) ≈ (H+αCTC)−1H(H+αCTC)−1, (4)

where H � ATWA. However, direct computation of this
matrix is not computationally tractable.

A. Prior work

In [6], we define a continuous-frequency response operator
local to the j th voxel:

(
F 3

j ,cont {x}
)

(�ν) =
|�N |∑
�=1

x� exp
(−ı2π�ν · (�n�−�n j )

)
, (5)

where �n j is the position, in 3 integer coordinates, of the
voxel j . We show that the variance of this voxel j can be
estimated by:

var(x̂ j ) ≈
∫

[− 1
2 , 1

2 ]3

H j (�ν)

(H j (�ν)+αR(�ν))2 d�ν, (6)
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where H j � F 3
j ,cont{H∗ j }, representing the frequency re-

sponse of projection, weighting, and back-projection, and
R � F 3

j ,cont{[CTC]∗ j }, representing the frequency response
of the regularizer when [Cx] j ≈ 0.

We also show that H j (�ν) can be written as H j (�ν) ≈ K · J (�ν) ·
E j (Φ). Here, J depends only on the spatial frequency and
not the image or voxel location. E j is dependent on the
image and voxel location but only depends on the spatial
frequency via its angle Φ in cylindrical coordinates (ρ,Φ,ν3).
When H j is specified in this form, (6) can be rewritten in
a single-integral form:

var(x̂ j ) ≈α−1
∫2π

0
F (Φ,α−1K E j (Φ))dΦ, (7)

where

F (Φ,γ)�
∫ρmax(Φ)

0

∫ 1
2

− 1
2

γ · J (ρ,Φ,ν3) ·ρ
(γ · J (ρ,Φ,ν3)+R(�ν))2 dν3 dρ. (8)

There is no closed form for (8), but we can numerically
integrate and tabulate it for many values of Φ and γ,
independently of the image or weighting matrix, for a
given CT geometry and regularizer. In doing so, variance
estimation via (7) is simply a one-dimensional numerical
integration of values looked up in a pre-computed table of
F .

We can import much of the derivation in [6] to apply to
helical CT instead of axial CT. In particular, we can still
approximate H j (�ν) ≈ K · J (�ν) · E j (Φ), where for helical CT
one can show:

K = Δ3
xΔz D2

sd

/
D2

s0ΔsΔtΔβ (9)

J (ρ,Φ,ν3) = sinc(ρ cosΦ)2 sinc(ρ sinΦ)2 sinc(ν3)2

ρ
(10)

E j (Φ) = ∑
β∈B j (Φ)

D2
s0ẘβ, j

Dβ, j

√
Ds0 − r 2

j cos2(φ j −Φ)
. (11)

Here, Δx is the spacing between voxels in the x and y direc-
tions; Δz is the spacing between voxels in the z direction;
Δs , Δt are the spacings between pixels on the detector in
the s and t directions; Δβ is the spacing (in radians) of
detector angles between views; Dsd is the distance from
the x-ray source to the detector; Ds0 is the distance from
the source to the isocenter; Dβ, j is the distance from the
source to the voxel j when the source is at angle β; r j is
the distance from the isocenter to voxel j ; φ j is the angle
of voxel j when represented in cylindrical coordinates. All
distances given above ignore the z-coordinate; all points
are projected into the x y-plane before calculating distances.
The only term dependent on the object is ẘβ, j , which is
discussed further in the next section.

B. Modification for helical CT

The items changed by the transition to helical CT are B j (Φ),
which is the set of source angles β that solve

r j cos(φ j −Φ) = Ds0 cos(β−Φ), (12)

and ẘβ, j . The term ẘβ, j is the element of the statistical
weighting matrix W corresponding to the location on the
detector where a ray from the source at angle β passing
through the voxel j lands (or 0, if this ray does not land on
the detector).

Equation (12) is not changed by the transition to helical CT,
but the values of β that solve it are different. The solutions
are the set of source angles for which the ray passing
through voxel j is perpendicular to the frequency vector
�ν, where the ray and frequency vector are both projected
into the x y-plane.

For axial CT, the set B j is given by:

B j (Φ) = {β+,β−} =
{
Φ±arccos

(
r j

Ds0
cos(φ j −Φ)

)}
. (13)

This covers all of the solutions in one turn, which covers
a maximum range of 2π. For helical CT with an arbitrary
starting and ending angles βmin, βmax,

B j (Φ) =
{
Φ±arccos

(
r j

Ds0
cos(φ j −Φ)

)
+k2π

}
∩ [βmin,βmax]

(14)
for k ∈ Z. Axial CT is then a special case of (14). Since
a large part of the computational cost of our method is
finding (11), the change to helical CT increases the cost of
our algorithm linearly in the number of turns.

The other quantity, ẘβ, j , is unchanged except that the
lookup procedure is computed for helical CT instead of axial
CT.

III. RESULTS

To evaluate our prediction for the variance map, we
compared it to the variance map derived empirically by
simulating 93 reconstructions of a 512 × 512 × 500 XCAT
phantom (Fig. 1 displays axial, sagittal, and coronal slices)
with voxel size Δx ,Δy = 0.977mm,Δz = 0.625mm. The sys-
tem geometry, based on a third-generation GE helical CT
scanner, had Δs ×Δt = 1.0239×1.0964mm detector element
size, Dsd = 949.075mm source-to-detector distance, and
Ds0 = 408.075mm source-to-isocenter distance. In our sim-
ulations, the X-ray source went through 3 rotations of 984
views each, with a pitch of 1. Each reconstruction used an
ordered-subset method with 41 subsets for 100 iterations.

The regularization used a first-order differencing matrix C
that considered the 6 face-neighbors of each voxel. These
differences were penalized by a Huber cost function:

ψ(x) =
{

x2/2, |x| ≤ δ

δ|x|−δ2/2, |x| > δ
,
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which satisfies our criteria for cost functions. The value
of δ was 200HU. The regularization parameter α was
equal to 128. The weighting W was normalized so that
unattenuated rays had a weight of 1. The simulated X-ray
beam intensity was 105 photons per view. For simplicity, we
used a standard edge-preserving regularizer, rather than the
modified regularizer considered in [2].

XCAT phantom

Fig. 1. XCAT phantom (top left is transaxial slice through center of volume;
bottom left is center coronal slice; top right is center sagittal slice.)

Figure 2 shows axial, sagittal, and coronal slices of the image
of the empirical standard deviation from our simulated
reconstructions. Since the results were noisy and the ground
truth standard deviation is slowly varying, we blurred the
empirical image with a gaussian kernel with a FWHM of 4
voxels each in the x and y directions. Figure 3 shows the
corresponding image from our approximation. Since stan-
dard deviation varies slowly, we only compute it once per
4×4×4 block and use nearest-neighbor interpolation to fill
in the rest. More sophisticated interpolation could be used,
but the interpolation error is minimal compared to the
intrinsic error of our method. Figure 4 shows the magnitude
of the error of our approximated standard deviation. Figure
5 shows both the empirical and approximated standard
deviation along a one-dimensional profile through a z-axis
of the image. The spike in the empirical map near the
end of the axial FOV is due to a suboptimal OS algorithm
implementation that is somewhat unstable in regions where
the helical sampling is poor. The OS algorithm in [4] would
reduce this instability and reduce the empirical variance in
the end slices.

The computation time of our method for the entire volume
using 4×4×4 downsampling was 1040 CPU-seconds using
one core of an Intel Core i7-860 with 16 GB of memory.
The empirical reconstructions took a total of 300.8 CPU-
days each using one core of an Intel X5650 processor
also with 16GB of memory; the range for the individual
reconstructions was 2.58 to 3.89 CPU-days.

The axial modulations seen in the coronal and sagittal
noise maps were a new phenomena in helical CT variance
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maps that we had not observed in our previous 3D axial
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CT noise predictions [6]. To help explain this behaviour,
we computed a 3D map that shows for each voxel how
many rays intersect that voxel. Intuitively, voxels with more
intersecting rays are better sampled and thus may have
lower variance. Figure 6 shows slices through this ray
counting map, and indeed we observe that the sampling
pattern influences the predicted and empirical noise maps.

view count
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Fig. 6. Count of views that contribute to each voxel’s variance prediction

IV. DISCUSSION

The presented methods are able to predict the standard
deviation of most voxels in the reconstructed image within
an error of 20% in less time than the amount of time
empirical measurement takes by a factor of over 10000.
The more general (and accurate) approximation using a
forward- and back-projection takes 2400 CPU-seconds per
voxel (using the same Intel Core i7 above), a factor of over
4 ·106 times as long as our method for one voxel. Whether
the tradeoff for time at the expense of accuracy provided
by our method is acceptable depends on the application.
We also note that our methods would be applicable to axial
CT, including short scans, as a special case.

Outside the support of the object there is significant ap-
proximation error because our method ignores the non-

negativity constraint of the reconstruction. The empirical
variance outside the object approaches zero, and so the
relative error of our method (which does not go to zero)
becomes infinite. An extension to our method could use a
pilot reconstruction or masking method (e.g. [3]) to identify
external air regions and simply estimate the variance as
zero, or use a separate approximation that is more suitable
for these regions.

V. CONCLUSIONS

In this paper, we have presented a method that is able
to approximate the variance of each voxel of a 3D helical
CT image reconstructed using a penalized weighted least-
squares formulation. This method has a computational cost
that is smaller by several orders of magnitude compared to
existing variance prediction methods for helical CT, while
maintaining a reasonable error within regions of interest.

One direction of future work will be investigating the effect
of mismatch between the weighting matrix used for recon-
struction and the “optimal” weighting matrix, the inverse of
the sinogram covariance. Since the covariance matrix of the
sinogram is unknown, in practice we can only approximate
it. Knowing the effect of mismatch would also be useful for
cases where mismatch is intentional, e.g. [8], to mask out
observations known to cause artifacts.
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Abstract — In this work, we propose unified interpretations of 

two variants of the SART algorithms which accommodate 
weighting schemes. One of the variants is weighted SART and the 
other one is the weighted least square (WLS) approach. Following 
the interpretations of the conventional SART, we interpret both 
variants within the weighted least square solution framework and 
within the framework of preconditioned gradient descent 
minimization algorithm.  As a consequence of our interpretation, 
we proposed an alternative derivation of the WLS method without 
surrogate seeking. 
 

Index Terms—CT reconstruction, weighted SART, iterative 
reconstruction algorithm  
 

I. INTRODUCTION 
Algebraic reconstruction technique (ART) played an 

important role in the image reconstruction techniques when the 
first generation of commercial CT scanner entered the market 
[1-2]. Its history can be even dated back to Kaczmarz [3].  ART 
possesses a solid foundation of mathematical interpretation, 
namely, it is a procedure of projection on convex sets to solve a 
set of large scale linear system equations [4-5].  Unlike the 
conventional expectation maximization (EM) algorithm [6] 
which is popular in emission tomographic imaging regime, ART 
does not necessarily require the positivity constraint on the 
object function, which provides more flexibility for ART to be 
applied in other imaging regimes [7].   It has been demonstrated 
that ART together with particular regularization term, such as 
total variation, can yield very accurate results in some 
incomplete data imaging scenario [5]. A disadvantage of the 
ART is that it is hard to be parallelized due to its ray by ray 
updating scheme although some effort had been devoted to 
parallelizing it [8]. The desire of being easily paralleled is due to 
the fact that in general iterative reconstruction (IR) algorithms 
such as ART demands much more computational power than the 
analytic reconstruction methods such as the filtered 
backprojection (FBP) algorithm. Parallel computation is one 
way to speed up IR to make it commercially practical.  

Simultaneous algebraic reconstruction technique (SART) is 
an interesting implementation of ART [9]. SART takes many 
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interesting features of the ART, such as no requirement of 
positivity constraint of the object function. The most attractive 
feature of SART is that it can be very easily parallelized. Due to 
the evolution of hardware development, such as the availability 
of graphics processing units (GPU), the easy parallelizability of 
SART had become a more important feature. However, the 
mathematical interpretation of SART was not provided in its 
original work [9]. Wang and Jiang provided a heuristic 
derivation of SART [10] and a preconditioned gradient descent 
interpretation of SART in [11]. The convergence properties of 
SART had been studied in their subsequent papers [11-12]. 
Gregor and Benson revisited SART and provided an interesting 
mathematical interpretation of the algorithm under the 
framework of a solution to the weighted least square 
minimization problem [13].    

It is generally believed that statistical information should be 
built into IR which accounts for the real physical imaging 
condition to yield images of better quality [14]. In their original 
format, neither ART nor SART took the statistical information 
into account. Weighted version of these algorithms can be 
viewed as variants of the original ART and SART. To 
accommodate the statistical information, Kohler [15] et. al. 
modified the standard ART reconstruction formula with 
application to PET imaging, where a weight function estimated 
by means of Gaussian error propagation was introduced. To 
build the statistical information into the conventional SART, the 
weighted version of SART had been proposed in Ref. [16]. 
However, the mathematical interpretation of weighted SART 
was not provided. The motivation of the weighted SART is that 
when weights are constant, the algorithm should reduce to its 
original form of SART [16].  In this work, we will follow the 
ideas of Gregor and Benson [13] to provide a mathematical 
interpretation of the weighted SART. We will also provide 
another interpretation of weighted SART under the framework 
of gradient descent minimization strategy.  Another interesting 
iterative reconstruction scheme which accounted for statistical 
information was proposed by Elbakri and Fessler [17]. The 
interesting part in their algorithm is that they started out from 
Poisson statistical model in x-ray CT and ended up with a 
weighted least square minimization problem. With some 
surrogate seeking, the final reconstruction formula closely 
resembles the conventional SART algorithm with weighting 
scheme.  Due to this similarity, we are going to propose an 
alternative derivation without using surrogate and an alternative 
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interpretation of this approach.  

II. REVIEW: INTERPRETATIONS OF SART  

A. Interpretations of SART Algorithm 
In this section, we review the mathematical interpretation of 

the conventional SART proposed in [13]. Consider the 
following unconstrained minimization problem, 

pAxWpAxxfx FPJ
T

x 2
1)( minarg ,    (1) 

where we have modelled the x-ray CT projection as a linear 
system of equations 

                                pAx .                                            (2) 
The matrix A is referred to as the system matrix, the vector x is 
the image volume to be reconstructed and the vector p represents 
the measured projection data.  Let ai,j denote the (i, j) entry of the 
matrix A, xj be the jth element of the image volume and pi be the 
ith datum read from a detector bin. Once the forward projection 
model is selected, elements of the matrix A are also defined. One 
of the simplest ways to determine the matrix A is to employ 
Siddon’s forward projection model [18]. The matrix WFPJ is a 
diagonal matrix which serves as a weighting scheme. The 
diagonal elements of WFPJ is defined as 
                                 

j
ji

iiFPJ a
W

,
,

1 .                               (3) 

One can see the weighting matrix is related to the forward 
projection model and hence we call it forward projection model 
weighting (FPJ-weighting) matrix. The necessary optimality 
condition to Eqn. (1) is that the gradient of the objective function 
must vanish, resulting to solve the following equation, 
                             pWAAxWA FPJ

T
FPJ

T .                    (4) 
To solve Eqn. (4), a preconditioning diagonal matrix C is 
multiplied on both sides of Eqn. (4) 
                           pWCAAxWCA FPJ

T
FPJ

T ,                 (5) 
where the diagonal elements of C are defined as 

                                

i
ji

jj a
C

,
,

1
.                               (6) 

Eqn. (5) suggests an iterative reconstruction algorithm 
         pWCAxAWCAIx FPJ

Tk
FPJ

Tk )()1( )( ,             (7) 
where the matrix I is the identity matrix. We recognize that Eqn. 
(7) is exactly SART which takes the following component-wise 
form 

              
i

ji

i
j

ji

j

k
jjii

ji

a

a

xap
a

k
j

k
j xx

,

,

)(
,

,

)()1( .                  (8) 

    Another interesting interpretation of SART was proposed in 
[11-12] within the framework of gradient descent algorithm. The 
matrix C preconditioned gradient of the cost function in Eqn. (1) 

is  
           pWCAAxWCAxfC FPJ

T
FPJ

T)( .                 (9) 
The usual gradient descent algorithm takes the following form 
  )( )()()()1( pWCAAxWCAxx FPJ

Tk
FPJ

Tkkk , (10) 

where the quantity )(k is the step size of the kth iteration.  

B. A variant of the conventional SART 
One can have a variant of the conventional SART by 

redefining the weighting matrix WFPJ and the preconditioning 
matrix C.  Let the weighting matrix WFPJ be the identity matrix I 
and redefine the diagonal matrix C as follows 

                         

i k
kiji

jj aa
C

)(
1

,,
,

.                        (11) 

By these definitions, the component-wise formula of Eqn. (7) is 

                            
i k

kiji

i j

k
jjiiji

aa

xapa
k

j
k

j xx
)(

)()1(

,,

)(
,,

.       (12) 

A similar preconditioned gradient descent interpretation of Eqn. 
(12) can be readily proposed using the same arguments as above.  
     It turns out the discussion of convergence property by using 
the interpretation in Eqn. (7) is simpler [13]. The sufficient 
condition for convergence is that the spectral radius of the 
matrix AWCAI FPJ

T   should be less than 1. The same argument 
applies to the variant in Eqn. (12). It should be noted that Eqn. 
(12) was proposed in [17] when the regularization term and the 
counts weighting scheme are neglected.   

III. INTERPRETATION OF WEIGHTED VERSION OF SART 
 
 To accommodate statistical information, the weighted SART 
algorithm had been proposed as follows [16]         

          
i

iji

i
j

ji

j

k
jjii

iji

wa

a

xap
wa

kk
j

k
j xx

,

,

)(
,

,

)()()1( , (13) 

where wi is the weight for each measured projection datum. In 
this sense, the weighted SART is also a variant of SART which 
accounts for weighting scheme. If we follow the interpretation of 
the conventional SART, the weighted SART can be very easily 
interpreted as minimizing the following objective function 

     pAxWpAxxfx T

x 2
1)( minarg          (14) 

where the diagonal weighting matrix W is defined as 

                            

j
ji

i
ii a

w
W

,
,

.                                     (15) 

In other words, the weighting scheme is a product of the 
statistical information and FPJ-weighting. Correspondingly the 
preconditioning matrix C should be redefined as 
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By these definitions, the component-wise reconstruction 
formula in Eqn. (7), with the replacement of matrix WFPJ by 
matrix W, is  

          
i

iji

i
j
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k
jjii

iji

wa
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wa

k
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k
j xx

,

,

)(
,
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)()1( .                    (17) 

The preconditioned gradient descent interpretation of weighted 
SART takes the component-wise form in Eqn. (13). As in the 
discussion of the convergence property of the conventional 
SART, the sufficient condition for convergence of weighted 
SART is the requirement that the spectral radius of the matrix 

WACAI T be less than 1.  
     It has been demonstrated that the weighting scheme does not 
have to be limited to statistical weighting scheme. One can 
design the weighting scheme such as the smooth window 
weighting scheme in helical cone beam imaging case to mitigate 
artefacts or to improve image quality due to axial truncation in 
circular cone imaging case [19]. We call this smooth window 
type weighting scheme as analytical weighting scheme to 
distinguish it from the statistical information and the forward 
projection model related weighting scheme.  To simplify the 
notation, we incorporate this analytical weighting scheme into 
wi, while keeping in mind that wi can either be statistical 
weighting or analytical weighting or a multiplication of both. 
Because our definition of wi is extended to including designed 
weights, it can be easily seen that Eqn. (17) reduces to the 
conventional SART when weights are constant for all projection 
data. 
    If we adopt the following definitions of the diagonal 
weighting matrix W and the preconditioning matrix C,  
                                       iii wW ,                                   (18) 

and 
                          

i k
kiiji

jj awa
C

)(
1
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the component-wise reconstruction formula by Eqn. (7) is 
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One recognize that Eqn. (20) is the formula in [17] without the 
regularization term. It should be noted that in this alternative 
derivation, we do not have to seek any surrogate as was 
originally proposed in [17]. Another point we want to make is 
that Eqn. (20) in general cannot reduce to Eqn. (12) if we insist 
that the weighting scheme be the statistical information, because 
statistical information in general are not uniform.  The 
preconditioned gradient descent interpretation of Eqn. (20) can 
be easily obtained by simply adding a relaxation parameter in 
front of the image updating term. We emphasize that the 
weighting scheme wi in Eqn. (20) can also be designed to 

improve image quality in particular imaging problems.   

IV. SUMMARY 
In this paper, we interpreted two variants of the conventional 

SART, namely, weighted versions of the SART, following the 
interpretation of the conventional SART [11-13]. As a 
by-product, we proposed an alternative derivation of the WLS 
variant of SART without seeking any surrogate and provided a 
unified interpretation of it. The analysis in this paper provided 
some theoretic foundation to our proposed weighted SART in 
our previous work [16]. 
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Abstract—A possible quantitative relation between the image
sparsity and the number of CT projections views sufficient
for accurate reconstruction through 1-norm minimization is
investigated empirically. In the setting of full and limited angular
range fan-beam and circular cone-beam CT the average number
of sufficient views is determined as function of phantom image
sparsity over ensembles of randomly generated phantom images.
For two phantom classes with different degrees of structure we
find a quantitative relation as well as a sharp transition from
inaccurate to accurate solution.

I. INTRODUCTION

In the past few years, sparsity-exploiting image recon-

struction methods for low-dose computed tomography (CT)

have gained interest motivated by the field of compressed

sensing (CS) [1], [2]. Numerous studies have demonstrated the

potential for accurate reconstruction from a reduced number of

measurements both in simulation and on clinical data. As the

initial proof-of-concept has been carried out, the excitement

over potential large data reduction is developing into new

questions on what is missing before these techniques become

standard practice [3].

Many factors affect reconstruction quality of sparsity-

exploiting methods, including the amount and quality of data,

the choice of algorithm and underlying optimization problem

and the accuracy with which it is solved as well as the

complexity of the test phantom – the topic of the present study.

Typically, sparsity-exploiting methods involve many parame-

ters that must be set in just the right way to get a favorable

reconstruction, and the large size of realistic CT problems

make exhaustive parameter space exploration infeasible. As

a result, reconstruction quality of sparsity-exploiting methods

remains less understood than for analytical methods.

Recently, we have been studying the role of phantom image

complexity for reconstruction quality. Specifically, we have

been quantifying the amount of undersampling to expect of

a CS-based method in CT [4] and assessing the role of

the image sparsity [5], i.e., the number of nonzero pixel

values. Image sparsity is a key concept in CS but has to

our knowledge not been addressed systematically in CT. In

[5], we developed a so-called relative sampling-sparsity (RSS)

diagram for investigating a connection between the image

sparsity and the number of CT projection views required for

accurate reconstruction in the setting of few-view, full angular

range CT. The purpose of the present paper is two-fold: to

extend the approach to study limited angle problems and to

verify the connection between image sparsity and sufficient

sampling predicted by small-scale 2-D fan-beam simulations

on a 3-D circular cone-beam case.

II. MATERIALS AND METHODS

A. Sparsity-exploiting image reconstruction methods

Sparsity-exploiting methods are motivated by CS-results

demonstrating that an image can be reconstructed accurately

from a reduced number of measurements [2]. The assumption

is that the image is sparse, that is, has a representation with few

nonzero coefficients, for example pixel values. For certain dis-

cretized forward operators such as partial Fourier matrices and

matrices with elements drawn from a Gaussian distribution,

theoretical results state how many measurements are needed

for guaranteed accurate reconstruction of an image of a given

sparsity. For system matrices in CT, however, we are unaware

of such guarantees, but can investigate a possible connection

between sparsity and the number of measurements needed

for accurate reconstruction empirically. The establishment of

such a connection will provide insight into the amount of

undersampling to expect for images of given a given sparsity.

Based on the so-called phase diagram introduced by Donoho

and Tanner [6], we proposed in [5] specific for X-ray CT

the relative sparsity-sampling (RSS) diagram for studying this

connection empirically. Using the diagram we demonstrated

the existence of a sharp transition from inaccurate to accurate

reconstruction as function of the sparsity and number of

measurements for X-ray CT with a 2-D few-view full-angular

range scanner configuration. In the present work, we study a

limited-angle case using the RSS-diagram.

B. Scanner configuration

We consider a 2-D fan-beam scanner configuration with Nv

projections equi-distributed over 360◦ (full angular-range) or

90◦ (limited angular-range). The image is restricted to a disk-

shaped mask within a Nside×Nside square image, which makes

the number of pixels approximately N = π/4 · N2
side. The

source-to-center distance is set to 2Nside and the fan-angle to

28.07◦ for illuminating the disk-shaped image. The detector

consists of Nb = 2Nside bins, which makes the total number

of measurements M = 2NsideNv. The line-intersection method

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

169



is used for computing X-ray path lengths through the image

pixels, each ray yielding an equation of the form

bi =
N∑
j=1

Aijxj , i = 1, . . . ,M, (1)

where Aij is the path length of the ith ray through the jth

pixel and the system matrix A is of size M ×N .

We also consider a 3-D circular cone-beam scanner config-

uration with circular source trajectory over the same angular

ranges. The object is then restricted to a ball-shaped mask

within a Nside ×Nside ×Nside cube image and each projection

has size 2Nside × 2Nside detector bins.

C. Phantom classes

We use the class of phantoms introduced in [5] called the

p-power class. The class is originally described in [7] as a

background breast tissue model, here followed by threshold-

ing to create zero-valued pixels for obtaining sparse images

suited for the experimental design of the present study. The

parameter p governs the amount of structure. We can generate

random instances of a desired target sparsity from the p-power
phantom class and refer to a set of such instances as an

ensemble. In the present study we consider p = 0 and p = 2;

examples of phantom instances are seen in Fig. 1. The reason

for using different phantom classes is to see if sparsity alone

can explain the sampling needed for accurate reconstruction

or other factors, here structure, play a role as well.

Fig. 1. p-power phantom instances. Top, bottom: Structure parameter p =
0, 2. Left to right: relative sparsity κ = 0.2, 0.4, 0.6, 0.8. Gray scale: [0,1].

D. Reconstruction problems and algorithms

For reconstruction, we consider the optimization problem

L1 : xL1 = argmin ‖x‖1 (2)

s.t. Ax = b. (3)

We wish to solve the optimization problem very accurately

to avoid false conclusions based on inaccurate solutions.

For this purpose, we employ the general-purpose commercial

optimization software MOSEK [8], which uses a state-of-the-

art primal-dual interior-point method. L1 can be recast as a

linear program (LP), a standard optimization problem to which

MOSEK produces a certified primal-dual solution.

For faster solution of the large-scale 3-D problem, we solve

instead the problem

Lδ
1 : xLδ

1
= argmin ‖x‖1 (4)

s.t. ‖Ax− b‖22 ≤ δ2 (5)

where the scalar parameter δ acts as a regularization parameter

governing the size of the allowed data misfit. For small values

of δ and consistent data, the Lδ
1 solution closely approximates

the L1 solution. We use the Chambolle-Pock algorithm 1

described in [9] with δ = 10−5.

E. Simulation set-up

We create a phantom instance xorig with Nside = 64 from

one of the p-power classes and compute the ideal data b =
Axorig using different numbers of views, Nv = 2, 4, 6, . . . , 32.

We reconstruct by solving L1 to obtain xL1 . Reconstruction

error is measured as the relative 2-norm error to the original,

‖xL1−xorig‖2/‖xorig‖2. We accept xL1 as perfectly recovering

xorig if the error is below a threshold of ε = 10−4.

With the chosen scanner configuration, we find for both

360◦ and 90◦ data that at N suf
v = 26 or more views the

system matrix has full column rank, causing xorig to be the

unique solution to Ax = b. At fewer views, the linear system

is underdetermined, with infinitely many solutions and 1-

norm minimization is used for selecting a sparse solution.

Using N suf
v as a reference point of having sufficient—or full—

sampling, we call μ = Nv/N
suf
v the relative sampling.

III. RESULTS

A. 2-D fan-beam simulation results: Single phantom instances

First, we wish to demonstrate that L1 can perfectly recover

the original image from 90◦ data, very similar to what we

observed in [5] for 360◦ data. Fig. 2 shows reconstructions

for both 360◦ and 90◦ data for Nv = 6, 8, 10, 12 of a 0-
power phantom instance (no structure) and relative sparsity

κ = 0.2. Also shown are difference images with the original

to better visualize the transition to recovery. In both cases, we

see that at Nv = 12 the reconstruction is numerically exact,

as the difference images consist only of zeros. Interestingly,

L1 reconstruction of a 0-power instance does not appear to

be more difficult with the limited angular range of 90◦.

We repeat the same experiment with a 2-power phantom

instance of more structure and show results in Fig. 3. In

this case, Nv = 10 suffices for accurate reconstruction from

the 360◦ data, while Nv = 12 is needed for the 90◦ data.

Apparently, from 360◦ data the structured phantom is easier

to reconstruct than the unstructured, while from 90◦ data no

difference due to structure is seen.

We repeat the experiment for relative sparsity of the 0-
power phantom instance increased from κ = 0.2 to 0.4, 0.6
and 0.8. In Fig. 4, reconstruction errors from 360◦ data are

plotted against numbers of views for the four κ-values. The

jump to an accurate solution at Nv = 12 for κ = 0.2 from

Fig. 2 is recognized. Similar jumps at Nv = 16, 20, 24 occur

for κ = 0.4, 0.6, 0.8, and we conclude that the number of
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Fig. 2. Left to right: Reconstructions from Nv = 6, 8, 10, 12 views of
a 0-power phantom instance of relative sparsity κ = 0.2. 1st/3rd row:
360◦/90◦ data reconstructions. Gray scale: [0, 1]. 2nd/4th row: 360◦/90◦
data reconstructions minus original image. Gray scale: [−0.1, 0.1].

Fig. 3. Same as Fig. 2 for 2-power instance of relative sparsity κ = 0.2.

views needed for accurate L1-reconstruction appears to grow

in a simple way with the relative sparsity κ. Put in another

way, we see that images with fewer nonzero pixels admit a

larger undersampling relative to the full-sampling reference

point of N suf
v = 26, as marked by the vertical line in Fig. 4.

B. RSS-diagrams: Multiple phantom instances

A natural question at this point is whether these observations

are general or depend on the particular phantom instances

used in Figs. 2 and 3. To answer the question, we repeat

the experiment for 100 different phantom instances at each
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Fig. 4. Reconstruction errors ‖xL1
− xorig‖2/‖xorig‖2 as function of

numbers of views Nv for relative sparsity values κ = 0.2, 0.4, 0.6, 0.8. In
all cases, a steep jump from inaccurate to accurate solution is seen and the
Nv at which the jump occurs increases with relative sparsity. The vertical line
marks the lowest Nv at which the system matrix has full rank.

of the relative sparsity values κ = 0.2, 0.4, 0.6, 0.8. At each

Nv = 2, 4, 6, . . . , 32 we record the percentage of phantom

instances that are reconstructed to within a reconstruction error

of ε = 10−4. The resulting percentages for the 0-power
and 2-power phantom classes and 360◦ and 90◦ data are

shown in what we call RSS-diagrams in Fig. 5. Each rectangle

represents the percentage of phantoms recovered, ranging from

0% (black) to 100% (white) and shown as function of relative

sparsity κ and relative sampling μ. For example, the black

bottom left rectangle corresponds to κ = 0.2 and 2 views, i.e.,

μ = 2/26 ≈ 0.08. In all four cases we recognize the simple

connection between relative sparsity and relative sampling

sufficient for accurate reconstruction. For the 0-power class

we observe a very sharp transition from inaccurate to accurate

reconstruction in the sense that almost no difference in the

relative sampling needed for accurate reconstruction exists

among the 100 phantom instances. Furthermore, the RSS-

diagrams for 360◦ and 90◦ data are identical, which supports

our earlier conclusion that L1-reconstruction of the 0-power
phantom class is unaffected by the limited angular range.

For the 2-power class, the transition from inaccurate to

accurate reconstruction is slightly more gradual and for the

360◦ data occurs about one rectangle (2 views) lower than

for the 0-power class as well as for the 2-power class with

90◦ data. We conclude that for the more structured phantom

class 2-power, the limited angular range does make accurate

reconstruction with L1 more difficult.

C. 3-D circular cone-beam simulation results

A practical use of the observed connection between relative

sparsity and the relative sampling required for accurate recon-

struction is to predict how many views will be needed in other

and more difficult-to-simulate scenarios. In [5] we showed that

the RSS-diagrams are essentially independent of the image

size Nside, so that we can predict sufficient numbers of views

at larger pixel arrays based on RSS-diagrams from smaller

pixel arrays such as 64×64. Here, we consider predicting the

sufficient number of views on a different but related scanner
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Fig. 5. RSS diagrams: Percentage of accurately reconstructed phantom images as function of relative sparsity and relative sampling. Black=0%, white=100%.
Left to right: 0-power class with 360◦ data, 0-power class with 90◦ data, 2-power class with 360◦ data, 2-power class with 90◦ data.

configuration, namely 3-D circular cone-beam. We use a 3-D

phantom instance of the 2-power class and size Nside = 32
with relative sparsity κ = 0.2. Using the Nside-independence of

the RSS-diagram we expect at the fifth rectangle from below

in the κ = 0.2 column, which for Nside = 32 corresponds

to Nv = 5, to see a difference between 360◦ and 90◦ data.

Selected slices of the 3-D Lδ
1-reconstructions are shown in

Fig. 6 and show excellent agreement with the expectation, as

the 360◦ reconstruction is accurate while the 90◦ one is not.

Interestingly, the central slice, which corresponds precisely

to the previous 2-D CT configuration, appears to contradict

our expectation as accurate reconstruction is observed in both

cases. We explain this by the large degree of sparsity in this

plane of the particular phantom instance, because other planes

in the 90◦ reconstruction show prominent errors.

Fig. 6. Top row, left: Central slice (17 of 32 slices, parallel to the plane of the
source trajectory) of the 32×32×32 phantom instance from the 2-power class
of relative sparsity κ = 0.2. Middle: same slice of 3-D reconstruction from
360◦ data. Right: same slice of 3-D reconstruction from 90◦ data. Bottom
row: Same for off-central slice (8 of 32). Gray scale: [0, 1].

IV. DISCUSSION AND CONCLUSION

The results presented here demonstrate empirically a rela-

tion between sparsity of the image to be reconstructed and

the average number of fan-beam views required for accurate

reconstruction with L1, both on full angular range and 90◦

limited angular data. Structured phantoms were found to

be accurately reconstructed from slightly fewer views than

unstructured phantoms of same sparsity, indicating that im-

age sparsity can only explain some of the variation of the

required number of views. The relation found can be used

for understanding what undersampling levels to expect when

reconstructing sparse images. The RSS-diagram can serve as a

tool to investigate such a relation on other sparsity-exploiting

methods, e.g., total variation for image gradient sparsity.
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Abstract—Limitations in X-ray flux lead to noisy CT
images. One can sacrifice a small amount of contrast
and resolution for a large gain in the signal-to-noise
ratio of the CT image using nonlinear regularization
techniques. Nonlinear regularized reconstruction requires
computationally-expensive iterative techniques and thus
efficient algorithms are needed to process the data.

In this paper we use analytic X-ray CT image recon-
struction techniques (e.g. filtered backprojection) to de-
sign preconditioners that improve the rate of convergence
of the gradient descent algorithm. We show that our
algorithms converge faster than gradient descent with a
2D ramp filter preconditioner using simulated conebeam
helical X-ray CT data.

Φ(f) :=
1
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Φ′′(f) = P∗WP + S′′(f).

Φ′′(f) ≈ P∗P
A P PA

AA∗Φ′′(f) ≈ AA∗P∗P = A(PA)∗P
= APAP = I.

AA∗

A
(AA∗)P∗
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λ > 0

Φ(f)

Φ(f)

1
2πNconj

R ≈ AA∗

Φ(f)

λn

Φ(fn−λndn)
dn

λn Φ(fn+1) ≤ Φ(fn)

Φ(·)

(PTP)−1

AA∗

S(f) := β

∫
Rn

∫
Sn−1

hδ,p(DΘf(x)) dΘ dx

hδ,p(t) :=

{
|t|p +

(
p

2 − 1
)
δp, |t| > δ,

p

2δp−2t2, |t| ≤ δ,

DΘ Θ p ≥ 1
β ≥ 0
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p ≥ 1 S
p = 1

p = 2
λn

S′′(f)

Pf(α, β, v)

:=
∫

R

f

⎛
⎝
⎡
⎣R cosβ

R sin β

Δβ

⎤
⎦+

t
√

1 + v2

⎡
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− sin(α + β)

v

⎤
⎦
⎞
⎠ dt.

g(s, ϕ, v) := Pf(s, ϕ, v)

=
∫

R

f (y(s, ϕ) + tΘ(ϕ, v)) dt

θ(ϕ) := (cosϕ, sin ϕ, 0)T

θ⊥(ϕ) := (− sinϕ, cos ϕ, 0)T

p(s, ϕ) := Δ
(
ϕ− sin−1

( s

R

))
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√
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1
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s ∈ [s0, send] ϕ ∈ [ϕ0, ϕend] |v| ≤ vmax
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160
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±3
◦
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p
δ
ε
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1
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wRCg(x),

Cg(s, ϕ, v) :=
1

√
1 + v2

g(s, ϕ, v)

P∗
wg(x) :=

∫
M(x)
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×
1 + v2(x, ϕ)√

R2 − (x · θ⊥)2 − x · θ
dϕ

Pwf(s, ϕ, x) = P{f(x)w(x, ϕ)}(s, ϕ, v)

R s

v(x, ϕ) :=
x3 −Δ

(
ϕ + sin−1

(
x·θ⊥

R

))
√

R2 − (x · θ⊥)2 − x · θ

w(x, ϕ) :=

√
R2 − (x · θ⊥)2 − x · θ
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×
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(
v(ϕ,x)
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)
∑

k bε

(
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)
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⎪⎪⎩
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cos2
(

π
2
|t|−ε

1−ε

)
, ε < |t| ≤ 1,

0, |t| > 1,

M(x) := {ϕ ∈ [ϕ0, ϕend] : |v(ϕ, x)| ≤ vmax}.

C

1 + v2(x, ϕ)√
R2 − (x · θ⊥)2 − x · θ

P∗
w

A A∗

AA∗ =
1

(2π)2
P∗

wRCCRPw = −
1

(2π)2
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wD
2C2Pw,
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(P, P ∗)
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1

π
(

1
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) .
S(f)

W
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√
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Abstract—This work presents a novel Computed Tomography
(CT) reconstruction method for few-view problem based on
fractional calculus. To overcome the disadvantages of total
variation minimization method, we apply fractional-order total
variation in our method instead of traditional total variation and
the numerical scheme for our method is also given. We use the
root mean square error (RMSE) as a referee. The numerical
experiments demonstrate that our method achieves better per-
formance than existing reconstruction methods, including filtered
back projection (FBP), expectation maximization (EM) and total
variation with projection on convex sets (TV-POCS).

I. INTRODUCTION

At present, Computed Tomography (CT) is still widely

used in clinical diagnosis and industrial inspection. It is well

known that X-ray is harmful to human body and it may cause

genetic diseases [1]. Reducing the radiation dose is playing a

more and more important role in our medical imaging topics.

To overcome this problem, there are many different methods

which can be divided into two categories: the first one is to

lower the X-ray flux and the second one is to reduce the X-ray

numbers across the human body. The former will lead to noisy

projection data. The later will cause incomplete projection

data in the forms of few-view, limited-angle, interior CT, etc.

Although both categories of methods can reduce the radiation

dose effectively, in this paper, we only focus on few-view

problem to validate the proposed model and it is direct to

extend our method to other topics.
Conventional analytic methods such as filtered back pro-

jection (FBP) require a high sampling rate which can lead

to a satisfactory image quality. Incomplete projection data

will cause bad visual effects. Iterative algorithms are used

to deal with this problem. Over the past decades, much

effort was spent on this problem and lots of methods were

proposed such as algebraic reconstruction technique (ART)

[2], simultaneous algebraic reconstruction technique (SART)

[3], expectation maximization (EM) [4], etc. However, when

the projection data are highly undersampling, without extra

prior information, it is very hard to converge to the cor-

rect solution. Compressive sensing (CS) is one of the most

popular methods developed to handle an under-determined

problem [5]. Inspired by these works, Sidky introduced total

variation (TV) minimization to incomplete projection data

reconstruction and obtained very good result [6]. But TV is

based on a famous assumption that the signal is piecewise

smooth. This assumption makes TV algorithm suffer from

over-smoothing which means TV can not perfectly preserve

structure information like edges and shapes. To alleviate this

side-effect of TV, many methods were proposed. To fix the

over-smoothing and staircase effect, You and Kaveh used

Laplacian of image to replace the first-order gradient in TV

model [7]. Chan et al, added a nonlinear fourth-order diffusive

term to the Euler-Lagrange equations of the variational TV

model [8]. Lysaker et al, gave two high-order functionals to

measure oscillations in noisy images [9]. All these methods

can relieve the side effects of TV to certain extent, but results

in another problem, such as speckle noise.

Recently, as a new mathematical tool, fractional calculus has

been used in image processing. Zhang and Wei constructed

fractional bounded variation (fBV) space to recover more

texture information from noisy images [10]. Bai and Feng

generalized the anisotropic diffusion model into a fractional-

order version and when the order is 1.8 and 2.2, the peak

signal to noise ratio (PSNR) reached the maximum [11]. Two

fractional-order image inpainting models which respectively

correspond with image domain and wavelet domain were given

by Zhang et al [12]. Zhang et al, first brought fractional

calculus into medical imaging issues. They proposed two

different fractional-order models to suppress metal artifacts

in CT imaging [13][14]. In these results, fractional calculus

showed some special strengths, such as multi-scale, robustness

and nonlinearity. Especially in [10] and [13], fractional-order

total variation was shown that it can effectively mitigate the

over-smoothing effect without introducing other drawbacks

like high-order methods [7][8].

In this paper, we will introduce fractional calculus to solve

the few-view problem in the form of fractional-order total

variation which is calculated from fractional-order gradient

of images. Unlike conventional image processing techniques

which usually handle an image pixel by pixel, the proposed

method process the image patch by patch. These patches

are extracted with our proposed fractional-order masks [15].
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Fig. 1: Position illustration for ux,y

.

The theoretical details are described in section 2 and some

numerical experiments will be provided in section 3. Finally,

the conclusion will be given.

II. METHOD

A. The TV-based image reconstruction method

Our method is an extended version of TV-based image

reconstruction. In this section, we will first give a brief descrip-

tion of this method. Given a 2-dimensional image u = ux,y ,

whose size is M ×N , x ∈ [1,M ] and y ∈ [1, N ]. For any u,

the gradient operator is defined as

∇u = (Δxu,Δyu), (1)

where Δx and Δy are the first-order differential operators

along x-axis and y-axis respectively. Δx and Δy can be

represented as

Δxu = ux,y − ux−1,y,
Δyu = ux,y − ux,y−1.

(2)

An illustration is given as Fig.1.

In traditional CT imaging problem, the sampling procedure

can be seen as a discrete linear transform,

Au = f, (3)

where A is the system matrix which is comprised of I row

vectors and f = (f1, f2, . . . , fI)
T is the measurement vector .

The individual elements of the system matrix are Aij and j =
1, 2, ..., J . Without losing generality, the fan-beam projection

geometry can be demonstrated in Fig. 2.

To solve the linear system in (3), the TV-based image

reconstruction algorithm which was used to deal with the few-

view limitation is to optimize the following problem [6]:

min ‖u‖TV subject to u ≥ 0, Au = f, (4)

where ‖u‖TV can be considered as a L-1 norm of the first-

order gradient image ∇u. The TV-based algorithm combined

the steepest decent method and the projection on convex sets

(POCS) to achieve the solution of (4) iteratively [6]. The

Fig. 2: Fan-beam CT geometry configuration

.

steepest decent method is applied to optimize ‖u‖TV and the

POCS is applied for data consistency constraints.

B. The fractional-order TV-based image reconstruction
method

According to the first-order TV-based algorithm, it is

straightforward that if an image is sparse with first-order gra-

dient, and it will be also sparse with fractional-order gradient.

As mentioned in the first section, the order of the regularization

item is critical. Over-smoothing effect will appear when first-

order term is employed. High-order term will cause speckle-

like noise [9]. To achieve a good tradeoff between them, we

introduce fractional-order regularization item into TV-based

algorithm. The minimization problem can be written as

min ‖u‖FTV subject to u ≥ 0, Au = f, (5)

where ‖u‖FTV can be considered as a L-1 norm of the

fractional-order gradient image ∇αu. The other notations in

(5) is same as (4).

Fractional-order gradient can be viewed as a generalization

of the integer-order gradient composed of fractional-order

derivative of different direction. For computational simplicity,

we use the Grüwald-Letnikov fractional-order derivative which

is defined as

Dαs(x) = lim
h→0+

∑
k≥0 (−1)

k
Cα

k s(x− kh)

hα
, α > 0, (6)

where s(x) is a real function, Cα
k = Γ(α+1)/[Γ(k+1)Γ(α−

k+1)] denotes the generalized binomial coefficient and Γ(x)
is the Gamma function. When α = 1, for k ≥ 2, (6) will be

the first-order derivative. We choose grid length h = 1, so we

can obtain the finite fractional-order differential operator as

follow:

Δαs(x) =

K−1∑
k=0

(−1)
k
Cα

k s(x− k). (7)

Especially, when α = 1 and K = 2, (7) will be the first-order

backward difference.
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For any 2-dimensional images, the discrete fractional-order

gradient ∇αu is given by

∇αu = (Δα
xu,Δ

α
yu), (8)

with

Δα
xu =

K−1∑
k=0

(−1)
k
Cα

k ux−k,y,

Δα
yu =

K−1∑
k=0

(−1)
k
Cα

k ux,y−k,

x = 1, 2, . . . ,M, y = 1, 2, . . . , N.

(9)

Setting k = n ≤ K − 1, the previous n + 2 approximate

extensive backward difference of the fractional-order differen-

tials with respect to the negative x- and y-axis of ux,y can be

expressed as (10) and (11).

For simplicity, we only use four directions in the fractional-

order masks for the computation, corresponding to positive x-

and y-axis, negative x- and y-axis. Let Dα
x+, Dα

x−, Dα
y+ and

Dα
y− denote the results for the four directions, see Fig.3.

The coefficients of the masks in Fig.3 are:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cu−1 = α
4 + α2

8

Cu0
= 1− α2

2 − α3

8

Cu1
= − 5α

4 + 5α3

16 + α4

16
...

Cuk
= 1

Γ(−α)

[
Γ(k−α+1)

(k+1)! ·
(

α
4 + α2

8

)
+Γ(k−α)

k! ·
(
1− α2

4

)
+ Γ(k−α−1)

(k−1)! ·
(
−α

4 + α2

8

)]
...

Cun−2
= 1

Γ(−α)

[
Γ(n−α−1)

(n−1)! ·
(

α
4 + α2

8

)
+Γ(n−α−2)

(n−2)! ·
(
1− α2

4

)
+ Γ(n−α−3)

(n−3)! ·
(
−α

4 + α2

8

)]
Cun−1

= Γ(n−α−1)
(n−1)!Γ(−α) ·

(
1− α2

4

)
+ Γ(n−α−2)

(n−2)!Γ(−α) ·
(
−α

4 + α2

8

)
Cun

= Γ(n−α−1)
(n−1)!Γ(−α) ·

(
−α

4 + α2

8

)
(12)

III. EXPERIMENTS

To evaluate the performance of the proposed FTV method,

we used some numerical experiments to compare our method

with other methods, including FBP, EM and TV-POCS. The

(a) (b)

(c) (d)

Fig. 3: Fractional-order differentials masks of four directions.

(a)Dα
x+, (b)Dα

x−, (c)Dα
y+, (d)Dα

y−.

fan-beam geometry configuration of the experiments is all

set as [6]. Using the Abdomen phantom shown in Fig.4(a)

[16], we obtain the projection data with 20 views which

are uniformly distributed over all 360 degree range. The

parameters of other methods are set as recommended. In

addition, the root mean squared error (RMSE) is employed

to give a quantitative measurement. The reconstruction results

are provided in Fig.4.

Due to incompleteness of the projection data , the classical

FBP can not achieve a good visual effect and the artifacts are

severe (see Fig.4(b)). Also it can be seen that after processed

by other methods, the artifacts are suppressed by different

degrees. Especially, in Fig.4(d) and Fig.4(e), the artifacts are

Δxu ∼=
(

α
4 + α2

8

)
ux+1,y +

(
1− α2

2 − α3

8

)
ux,y

+ 1
Γ(−α) ×

n−2∑
k=1

[
Γ(k−α+1)

(k+1)! ·
(

α
4 + α2

8

)
+ Γ(k−α)

k! · (1− α2

4 ) + Γ(k−α−1)
(k−1)! ·

(
−α

4 + α2

8

)]
× ux−k,y

+
[

Γ(n−α−1)
(n−1)!Γ(−α) ·

(
1− α2

4

)
+ Γ(n−α−2)

(n−2)!Γ(−α) ·
(
−α

4 + α2

8

)]
× ux−n+1,y +

Γ(n−α−1)
(n−1)!Γ(−α) ·

(
−α

4 + α2

8

)
ux−n,y

(10)

Δyu ∼=
(

α
4 + α2

8

)
ux,y+1 +

(
1− α2

2 − α3

8

)
ux,y

+ 1
Γ(−α) ×

n−2∑
k=1

[
Γ(k−α+1)

(k+1)! ·
(

α
4 + α2

8

)
+ Γ(k−α)

k! · (1− α2

4 ) + Γ(k−α−1)
(k−1)! ·

(
−α

4 + α2

8

)]
× ux,y−k

+
[

Γ(n−α−1)
(n−1)!Γ(−α) ·

(
1− α2

4

)
+ Γ(n−α−2)

(n−2)!Γ(−α) ·
(
−α

4 + α2

8

)]
× ux,y−n+1 +

Γ(n−α−1)
(n−1)!Γ(−α) ·

(
−α

4 + α2

8

)
ux,y−n.

(11)
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(a)

(b) (c)

(d) (e)

Fig. 4: The reconstruction results of Abdomen phantom. (a)is

original image, (b)is reconstructed by FBP and RMSE =
0.1479, (c)is reconstructed by EM and RMSE = 0.0388,

(d)is reconstructed by TV and RMSE = 0.0132, (d)is

reconstructed by FTV (α = 1.4) and RMSE = 0.0099.

almost eliminated except for some small details and the RMSE

is much better than FBP and EM. Compared with first-order

TV, FTV has a better ability of structure preservation between

the high contrast and low contrast regions. The strength of

artifacts marked by white arrows in Fig.4(e) gets slightly

weaker compared with Fig.4(d). The other issue we should

mention here is about the order of our method. The order in

our experiments is set manually with experience. Generally

speaking, α should set between 1 and 2. If α = 1, our

method will be equal to first-order TV [6] and if α = 2, the

performance will be similar with fourth-order diffusion [7].

IV. CONCLUSION

In this paper, we proposed a fractional-order total variation

algorithm for the constrained minimization reconstruction for

few-view CT problems. The proposed method use fractional-

order total variation regularization term instead of first-order

total variation. Since first-order TV usually smoothes structure

information, we adjust the order of regularization term to fit

the data fidelity better. The numerical experiments demonstrate

that the proposed method is more efficient than other current

methods and as a result reconstruction image converges to a

better visual effect. Our future work will focus on the adaptive

selection of the order and exploring the relationship between

the order and the processing image.
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Model-based X-ray spectrum estimation
from scanning data of CT phantoms

Huitao Zhang and Peng Zhang

Abstract—X-ray spectrum plays an important role in dual
spectral X-ray CT imaging, CT beam hardening correction,
quantitative CT analysis and so on. The conventional methods
estimate the spectrum from a set of transmission data measured
directly for different thicknesses of step-wedge phantoms. In
this paper, we propose a novel estimation method of X-ray
spectrum. The proposed method has two features. First, we
restore the dependency of the transmission intensity with the
thickness of attenuation materials from the CT data of simple
phantoms. This not only simplifies the phantom production and
the measurement process, but also can restore a more accurate
dependency of the transmission intensity with the thickness of
materials. Second, we suggest an improved parameter spectrum
model for the spectrum estimation, in which the effect of the
anode material is considered. However the spectrum estimation
under such model comes down to a nonlinear estimation of
multiple parameters. Hence we develop an alternative iteration
algorithm to solve it. The results of numerical experiments with
several simulation data suggest that the proposed method is
capable to reconstruct X-ray spectra more accurate and robust
for both bremsstrahlung and characteristic photons, compared
to some transmission measurement methods.

Keywords—X-ray spectrum estimation; parameter spectrum
model; CT scanning data; alternative iteration algorithm

I. INTRODUCTION

X-ray spectrum plays an important role in dual spectral X-

ray CT imaging, CT beam hardening correction, quantitative

CT analysis and so on. Due to the high photon flux produced

by CT X-ray tubes, the spectrum is difficult to be directly

measured. Therefore, various methods have been developed to

estimate X-ray spectrum.

The conventional methods estimate the X-ray spectrum from

transmission data measured directly for a set of thicknesses of

step-wedge phantoms made by some materials, for instance,

water (or polycarbonate) and aluminum for medical CT while

iron and copper for industrial CT. After discretization, the

spectrum estimation problem was converted to a linear system,

and expectation maximization (EM) method was used to solve

it [1, 4]. As mentioned in [4], the EM method cannot recover

the details of the spectrum such as a characteristic peak if

the initial guess does not contain a peak at the same energy.

In order to recover X-ray spectrum with the details of both

bremsstrahlung and characteristic peak, a parameter model

of X-ray spectrum was suggested in [2] and the estimated

characteristic peak was improved, but the bremsstrahlung

photons did not match with original one well. Another method

The authors are with The CT Laboratory, School of Mathematics, Capital
Normal University, Beijing, 10048, China; email: zhanght@mail.cnu.edu.cn

is to employ scattering measurements to reconstruct the X-

ray spectrum [5]. However this method needs to use an extra

detector to measure the scattered beam.

In this paper, we propose a novel estimation method of X-

ray spectrum. The proposed method has two features. First, we

employ the CT scanning data of some phantoms with simple

structures made by water (or polycarbonate) and aluminum to

estimate X-ray spectrum. Second, we suggest a new parameter

model of X-ray spectrum, which provides a mechanism to ex-

actly estimate both bremsstrahlung and characteristic peak. As

mention above, in conventional spectrum estimation methods

from transmission measurements, the step-wedge phantoms

such as polycarbonate and aluminum were used to produce

different attenuation levels. In this way, just a few to a dozen

thicknesses of phantoms could be measured, which will cause

the related linear system to be ill-conditioned. On the other

hand, both the production of the step-wedge phantoms and

their geometric placements need to be accurate and correc-

t. However, we reconstruct a polynomial approximation of

the inverse function of the transmission intensity with the

thickness of attenuation materials, from the CT data of the

phantoms with simple structures.

In order to estimate both bremsstrahlung and characteris-

tic photons accurately, we suggest an improved parameter

spectrum model for the spectrum estimation, in which the

effect of the anode material is considered. Different from

the conventional methods in [1, 4], the spectrum estimation

problem with the parameter model comes down to a nonlinear

estimation problem. Hence we develop an alternative iteration

algorithm to solve this problem.

The results of numerical experiments with several simu-

lation data suggest that the proposed method is capable to

reconstruct X-ray spectra more accurate and robust for both

bremsstrahlung and characteristic photons, compared to some

transmission measurement methods.

II. MODELS AND METHODS

In this section, we introduce the two related models and

methods, and then propose our model and method. The trans-

mission measurements of polychromatic X-ray intensity can

be formularized as

I(L) =

∫
S(E)e−

∫
L
μ(x,E) dldE, (1)

where E is the a photon energy; μ(x, E) is linear attenuation

coefficient; L represent the path length of X-ray through the

object; S(E) is a normalized effective spectrum related to
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X-ray emission spectrum, the scintillator of detector, and the

material and thickness of filter, that is
∫
S(E)dE = 1.

When the detected object consists of single even material,

the transmission measurements of polychromatic X-ray inten-

sity can be written as

I(h) =

∫
S(E)e−hμ(E)dE, (2)

where h represents the length of X-ray through the object.

A. Linear Model and Method

For conventional spectrum estimation from transmission

measurements, I(h) is directly measured for a set of a given

thicknesses (h1, h2, · · · , hM ). Then, after discretizing S(E),
Eq. (2) is converted to a linear system

As = I + ε, (3)

where s = (S(E1), S(E2), · · · , S(EN )) is unknown spectrum

vector , ε is measuring error, I = (I(h1), I(h2), · · · , I(hM ))
is measurement vector, A is a known matrix with elements

defined as

Aij = e−hjμ(Ei)�Ei, (4)

i = 1, 2, · · · , N ; j = 1, 2, · · · ,M .

The expectation maximization (EM) method was used to

solve Eq. (3). But it cannot recover the details of the spectrum

such as a characteristic peak if the initial guess does not

contain a peak at the same energy [1, 4].

B. Parameter Model and Method

In order to recover X-ray spectrum with the details of

both bremsstrahlung and characteristic peak, [2] suggested a

parameter spectrum model

S(E, b, c, d1) = (Φ(E, b) + Ψ(E, c))e−d1E
−3

, (5)

where Φ(E, b) represents bremsstrahlung spectrum emitted

from X-ray tube,

Φ(E, b) = b0 + b1E + b2E
2 + b3E

3, (6)

b = (b0, b1, b2, b3); Ψ(E, c) represents characteristic spectrum

emitted from X-ray tube,

Ψ(E, c) =

m∑
i=1

(ciδ(E − Ei)), (7)

c = (c1, c2, · · · , cm), δ is Dirac function, and e−d1E
−3

represents attenuation rate when X-ray photons penetrate

through the intrinsic window of X-ray tube and filters. The

author estimated Tungsten Target X-ray spectrum from a few

transmission measurement data in [2]. This method could

improve the estimation of the characteristic peak, but could

not well restore the bremsstrahlung part.

C. Our Model and Method

Now we employ CT data of simple phantoms to estimate the

X-ray spectrum, instead of using transmission measurement

data of the step-wedge phantoms. Let μ(E) and f(x) represent

the linear attenuation coefficient and density distribution of a

CT phantom respectively, and Ru,βf represent the fan-beam

projection transformation of f(x), where u is a coordinate

of detector and β is the rotation angle of the CT turntable

counterclockwise. Then the polychromatic CT data of the

phantom is described as follows

I(u, β) =

∫
S(E)e−μ(E)Ru,βf(x)dE. (8)

In order to recover X-ray spectrum with the details of

both bremsstrahlung and characteristic peak more accurate, we

suggest an improved parameter spectrum model as follows

S(E, b, c,d) = (Φ(E, b) + Ψ(E, c))Θ(E,d), (9)

where

Θ(E,d) = e−d1E
−3−d2μw(E), (10)

d = (d1, d2), in which we add d2μw(E), the effect of anode

material. We will verify in the next section that the improved

parameter model will match with the actual X-ray spectrum

much better.

In the following, we explain how to employ the CT data

of the phantom and the parameter spectrum model Eq. (9)

to estimate spectrum. We convert this problem into two

subproblems:

(i) To reconstruct an approximated relation function h =
H(I), from the CT data I(u, β) and the known structure of

the phantoms;

(ii) To estimate the X-ray spectrum form the following

optimization problem

(b, c,d) = arg min{
∫
(I−
∫

S(E, b, c,d)e−μ(E)H(I)dE)2dI}.
(11)

First, we consider the subproblem (i).

Set h(p) = a0 + a1p + a2p
2 + a3p

3 + a4p
4, where p =

− ln(I(u, β)/I0). Similar to [3]., we can determine an(n =
0, 1, 2, 3, 4) by minimizing∫

w(x)((f(x)−
4∑

n=0

an(Fp
n)(x))2)dx, (12)

where w(x) is a weight image which can be used to accentuate

certain image areas, F is the filter back-projection operator.

Then we obtain h = H(I) defined as

H(I) =

4∑
n=0

an(− ln(I))n. (13)

Next, we consider the subproblem (ii).

After discretizing E and I , optimization problem of Eq.

(11) becomes

(b, c,d) = arg min‖As(b, c, d) − I‖2, (14)
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where s(b, c, d) = (S(E1, b, c,d), S(E2, b, c,d), · · · ,
S(EN , b, c,d)), I = (I1, I2, · · · , IM ), and the element of A
is defined as

Aij = e−H(Ij)μ(Ei)�Ei, (15)

while i = 1, 2, · · · , N ; j = 1, 2, · · · ,M . We develop an

alternative iteration algorithm to solve Eq. (14), i.e., by al-

ternatively using the iteration formula of solving

š = arg min‖Aš − I‖2 (16)

and

(b, c, d) = arg min‖s(b, c, d) − š‖2. (17)

We summary the steps of the algorithm as follows.

1 Selecting an initial spectrum vector s(0)

2 Suppose s(n) is known after nth interations, we

determine š(n) by the iteration formula of SART

method for solving the problem A′Aš(n) = A′I
(remark: š(n) is a solution of Eq. (16) if and only if

A′Aš(n) = A′I ).

3 Determining s(b, c, d)(n) by the iteration formula

of Levenberg-Marquardt method for solving the non-

linear optimization problem

min‖s(b, c, d)(n) − š(n)‖2 (18)

4 Calculating

s(n+1) = š(n)+α(s(b, c, d)(n)− š(n)), α ∈ (0, 1)
5 Returning step 2, until ‖As(n+1) − I‖ is less than

the given threshold or n reaches the liminal number.

III. EXPERIMENTS

To verify our method, we use simulation data to carry

out the experiments. The simulation X-ray spectrum used

in experiments is obtained from the open source software

Spectrum GUI [6]. The attenuation coefficient for each mate-

rial is obtained from the NIST(National Institute of Standard

Technology Web)[7].

A. Reconstruction of the relation h = H(I)

We use the simulation polychromatic CT data of the phan-

toms to verify our algorithm that reconstructs the relation

h = H(I). In experiments, we choose a pyramid-shaped

aluminum phantom. The cross section to be scanned is a

rectangule with a ratio of length to width 3. The choice of

the length depends on the voltage of X-ray tube. Under 140

kVp, we choose the length as 3 cm.

We first reconstruct each Fpn(x) from polychromatic CT

data of the phantom, and then define the weight function

w(x) to be 0 at the two-pixel neighbourhood of the rectangle

boundary, and to be 1 in the other part. By minimizing Eq.(12),

we obtain a0 = 0.104578, a1 = 22.004794, a2 = 0.801286,

a3 = −0.033721, a4 = 0.000609. According to defini-

tion Eq.(13), we get H(I) = a0(− ln(I)) + a1(− ln(I)) +
a2(− ln(I))2+a3(− ln(I))3+a4(− ln(I))4, as shown in Fig.1.

We can find I = H(I) well match with the relationship of the

polychromatic transmission measurement with the thickness

of the phantom.

Fig. 1. The star points in the figure are the measurements of (I(h), h) at the
sampled thicknesses of the step-wedge phantom. The curve is the plot of the
function h = H(I) reconstructed by the CT data of the CT phantom with
rectangle-shape.

B. Rationality of the parameter spectrum model

In this subsection, we demonstrate the rationality of our

parameter spectrum model. We use our parameter spectrum

model and the parameter spectrum model in [2] to fit some

typical spectra of GE Maxiray 125 and Dunlee PX1557 under

the voltages 80 and 140 kVp of X-ray tube with tungsten

target. Fig.2 show the fitting results, from which one can

see that the spectra fitted by our parameter spectrum model

match with original ones much well, while the spectra fitted

by the parameter spectrum model [2] deviate from original

ones, especially at the neighbourhood of the absorption edge

of the anode material.

C. Results of spectrum estimation

We use the spectra of the X-ray tube of Dunlee PX1557

at 140 kVp and 80 kVp to verify our spectrum estimation

method, and compare the estimated results with those of the

EM method and the method in [2]. The cross section of the CT

phantom we use here is the same as that in the subsection A.

The CT data are simulated with 1730 bins for each view and

720 views for full turn. The comparisons of original spectra

with the spectra estimated show in Fig.3. The black curves are

the original spectra. The voltage of X-ray tube for (a)(b)(c) is

140 kVp while for (d)(e)(f) is 80 kVp respectively. The spectra

(the red curves) in (a) and (d) are estimated by our method,

in (b) and (e) by the method of [2], and in (c) and (f) by

the EM method. All spectra estimated are the results after

500 iterations. One can find that the spectra estimated by our

method match the original ones better than those estimated by

other two methods. All data here are noise free. In fact, we

have made the experiments using the CT data with Poisson

noise. The results show that our spectrum estimation method

is robust to the CT data with Poisson noise.

IV. CONCLUSION

We have proposed a novel model and the related method to

estimate the X-ray spectra. Compared with transmission mea-

surement methods of the step-wedge phantoms, our method

has two benefits: (i) the CT phantoms are easy to be produced;

(ii) the CT phantom need not be placed on CT turntable exact-

ly. We have verified that our parameter spectrum model is more
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(a) (b) (c) (d)

Fig. 2. The comparisons of the spectra of the different X-ray tubes with the spectra fitted by two parameter spectrum models. The black curves in (a) and
(c) are the spectra of the X-ray tube of the Dunlee PX1557 at 80 kVp and 140 kVp respectively, and in (b) and (e) are the spectra of the X-ray tube of GE
Maxiray 125 at 80 kVp and 140 kVp respectively. The red curves are fitted by our parameter spectrum model, and blue curves are fitted by the parameter
spectrum model of [2].

(a) (b) (c)

(d) (e) (f)

Fig. 3. The comparisons of original spectra (the black curves) with the spectra estimated (the red curves) by our method in (a) and (d), by the method of [2]
in (b) and (e), and by the EM method in (c) and (f). The voltage of X-ray tube for (a)(b)(c) is 140 kVp while for (d)(e)(f) is 140 kVp.

rational to describe spectra for various X-ray tubes, which is a

key that our method is able to reconstruct X-ray spectra more

accurate for both bremsstrahlung and characteristic photons.

The results of the simulation experiments have verified that the

proposed method is efficient to estimate X-ray spectra under

different conditions. The further work is to check the method

in real CT systems. The optimization of phantoms in material,

structure and length also should be studied.
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Abstract— Iterative CT algorithms have become increasingly 
popular in recent years. They have been found useful when the 
projections are limited in number, irregularly spaced, or noisy, 
which are often encountered in low-dose CT imaging. One way to 
cope with the associated streak and noise artifacts is to interleave a 
regularization objective into the iterative reconstruction 
framework. In this paper we investigate a number of non-linear 
neighborhood filters within an iterative CT framework, OS-SIRT, 
and compare them with total variation minimization (TVM). We 
find that the Non-Local Means (NLM) filter provides the best 
performance, in particular its patch-based variant. Further, we 
also compare a scheme that exploits an artifact-free reference 
image for even better regularization performance. Finally, we also 
compare the studied filters in terms of their computational 
efficiency with acceleration on modern GPUs.        1 

I. INTRODUCTION 
Low dose CT imaging has been gaining considerable momentum 
in recent years. However, low-dose CT leads to noisy and sparse 
X-ray projections, which subsequently lead to significant noise 
and streak artifacts in the reconstructions. In these adverse 
conditions iterative reconstruction algorithms are more 
favorably applied, especially when combined with 
regularization. Here, the method of Total Variation 
Minimization (TVM), has become rather popular and has been 
used in many frameworks, such as ASD-POCS [5]. However, 
TVM is an iterative global optimization algorithm and can be 
costly in compute, lessen practicality in clinical practice.  
    We study if non-iterative filters that only operate in a local 
neighborhood can lead to improved results. An advantage here is 
that they also lend themselves very well to GPU acceleration. 
We specifically study and compare the bilateral filter (BLF) [6] 
and the non-local means filter (NLM) [1]. While the use of local 
neighborhood filters within an iterative CT reconstruction 
framework is not conceptually new, this paper’s contribution is 
(1) a comparison of these both in terms of quality and speed, and 
(2) their extension into an adaptive form [3] and one that uses a 
prior image of the patient [11] .  

II. OVERVIEW 
Our reconstruction framework is fully iterative using our 
OS-SIRT pipeline [7][9] for reconstruction, interleaving 
regularization within each iteration. The regularization enforces 
constraints in the object domain, such as local smoothness and 
coherent edges, while the reconstruction ensures fidelity with the 
acquired data. This type of pipeline has also been used by others, 
but with different reconstruction algorithms and regularization 
schemes. All operations are accelerated on the GPU.  

A. Regularization as a denoising task 
In the context of mitigating artifacts in CT reconstruction, 
regularization is similar to the process of denoising in image 
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processing. In fact, the notion of noise is quite general and can 
include for example streak artifacts. We may distinguish 
between two families of denoising strategies: (i) global 
optimization and (ii) local filtering. Both can be iterative, where 
the former seeks to improve some global objective function and 
the latter repeats the filtering, possibly guided by some error 
criterion and varying parameters along the way. In fact, the two 
families can be unified into a mathematical framework which 
gives them a common theoretical underpinning. Elad [2] shows 
that both derive from a solid theory of statistical estimators and 
regularization. More specifically, the bilateral filter emerges 
from the Bayesian approach as a single iteration of the Jacoby 
normalized diagonal steepest descent algorithm.  
    For the remainder, we shall adhere to the terminology of 
image processing where the goal is to reduce artifacts in images.  

B. Regularization by local neighborhood filtering 
Local neighborhood filters have become popular in image 
processing since they can achieve better computational 
performance and also afford local control. They are 
non-iterative (although they can be applied repeatedly) and are 
based on pixel-wise operations over a small neighborhood.  
    In contrast to global optimization such as TVM, for nonlinear 
neighborhood filters (NNF) the updated value at a pixel x is 
determined by a weighted sum of a functional mapping of its 
local neighborhood Wx. This typically non-linear function 

takes into account both spatial and value discrepancies with 
respect to x, as expressed in the following equation: 

( , , ( )) ( )
( , , , )

( , , ( ))
x

x

t W
x

t W

x t f x f x t
NNF x f W

x t f x
 (1) 

The normalization forces the sum of pixel weights to 1. The 
window area Wx defining the local neighborhood can vary in size 
for pixels at different positions. To compute the weights of the 
neighborhood, a distance metric measures the similarity between 
the pixel at x+t and the central pixel at x. Next, we use this 
general notation to express all filters we have studied.  
    The bilateral filter (BLF) [6]:  The filter only considers a 
fixed sized neighborhood around the target pixel x, and the 
weighting function BLF is the product of spatial distance weight 
cd and range distance weight sr: 

             ( , , ) ( ) ( ( ), ( ))BLF d rx t f c t s f x f x t  

(2) ( ) ( )
ddc t G t  

( ( ), ( )) ( ( ) ( ) ) 
rrs f x f x t G f x f x t  

where G (x) is the Gaussian kernel  
2

22

1( ) exp( )
22r

x
G x  (3) 

and d and r control the amount of smoothing. The function cd 
acts as a domain filter to ensure spatial closeness to x such that 
far away pixels have no effects. On the other hand, the function 
sr acts as a range filter to ensure value closeness to f(x) such that 
the values of pixels from different nearby materials cannot 
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diffuse into the material represented by x. Similar to anisotropic 
diffusion it ensures that sharp edges are well preserved. 

The non-local means filter (NLM) [1]: Based on the 
assumption that there is a high degree of redundancy in a given 
image, the NLM filer consults similar pixel neighborhoods 
(called patches) in disjoint image regions and average their 
contributions for a more stable outcome: 

( ) ( , , , )NLM NLMf x NNF x f W  (4) 
As such, the variable t parameterizes the offset within the search 
window as before. In order to gauge the similarity of a 
neighborhood patch at x+t with the neighborhood at x, the 
corresponding pixel-differences are weighted by a Gaussian 
kernel Ga with standard deviation σa, inside the patch area P: 

2

2

( ) ( ) ( )
( , , ) exp ap P

NLM

G t f x p f x t p
x t f

h
 (5) 

h acts as a filtering parameter which, when increased, allows for 
more dissimilar patches to contribute to the smoothing.  

The adaptive NLM filter (ANLM) [3]: In the NLM filter, 
the search window has typically a constant, pre-set size 
throughout the image. However, picking a good size of the NLM 
search window can be challenging, especially when noise levels 
and patterns are not spatially invariant, which is most often the 
case. Hence it is more appropriate to locally adapt the window 
size. Kervrann and Boulanger [3] describe an iterative approach 
(with usually less than 4 iterations) that adaptively grows the 
local search window to incorporate neighborhood statistics at an 
increasing level of scale. The expansion is terminated once the 
deviation bias of the weighted smoothing grows too large (i.e. 
the local estimates diverge at increasing scale). We call this 
approach adaptive NLM (ANLM) since it also determines the 
weight of a neighborhood pixel via its patch similarity (the patch 
size itself is fixed) – however, the similarity measure changes as 
the iterations proceed. At each iterative step i, the smoothed 
image fANML(i)(x) and the variance 2 ( )i x  at position x of a 
neighborhood are calculated using the adaptive weights wi as:  

,
( ) ( 1)( ) ( , , ) ( )

x i
ANLM i i ANLM it W

f x w x t f f x t  
(6) 

                       
,

2 2 2
0 1( ) ( , , )

x i
i i it W

x w x t

Here, Wx,i is the current neighborhood size and is the initial 
standard deviation, estimated from the input image (more detail 
is provided in [3]). The current fANML(i)(x) and 2 ( )i x  then serve 
as input to compute the weights for the next iteration:           (7)  

,

2
( 1) ( 1)

2
( 1) ( 1)

exp( ( ( ), ( )) / )
( , , )

exp( ( ( ), ( )) / )
x i

ANLM i ANLM i
i i

ANLM i ANLM it W

dist f x f x t h
w x t

dist f x f x t h
 

2 2
1 1

2 1 1
( 1) ( 1) 2 ( ) 2 ( )

( ( ) ( )) ( ))
i i

p P ANLM i ANLM i x p x t p
dist f x p f x t p

 
There are five parameters: the initial noise variance 2

0 ( )x , the 
patch size P, the parameter h (and a factor ), and the maximal 
number of iterations N. The 2

0 ( )x can be automatically 
generated through robust estimation in the image. For P, we 
found a size of 7×7 practical in most cases. The other parameters 
were relatively insensitive to change within a normal range.   

The reference-based NLM filter (RNLM) [11]: Often prior 
scans of the patient are available which could be used as an 

external site for patch-based neighborhood matching. This gives 
rise to the following equations: 

( ) ( , , , , , )RNLM RNLM r rn RNLMf x NNF x f f f W  

(8) 
x

x

Wt rn

Wt rrn
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txfxfftx
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))(,,,(

)())(,,,(
),,,,,(  

2

2|)()(|)(
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h

ptxfpxftG
fftx Pp rn
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Here, fr is the reference image containing similar features as the 
image f to be denoised, frn is the same reference image now 
augmented with similar artifact statistics, and t is some offset to x 
that locates areas with similar features. The value of t could be 
determined by a rough registration or an approximate feature 
matching using block-based histograms, etc. Our work in [11]  
used this filter to restore an image reconstructed with filtered 
backprojection. In the research presented here we use it as a 
regularization operator in an iterative reconstruction scheme. 

III. RESULTS 
We interfaced an NVIDIA GTX 480 GPU with an Intel 2 Quad 
CPU @ 2.66GHz host processor. For testing, we employed the 
NIH Visible Human’s torso (size 2563) which has a prominent 
spine structure with different bone sizes and small structures and 
a brain dataset (NIH Visible Human brain, size 2563) which also 
has some finer structures. We used a high-quality X-ray 
simulator to obtain various projection sets for torso and brain. 
    In our experiments, we explore the various regularization 
schemes within the interleaved reconstruction pipeline, for both 
the few-view and the noisy projection scenarios. We found the 
best parameters for each filter via experimentation.  

A. Qualitative and quantitative comparison: torso dataset 
We simulated 180 uniformly distributed projections over a 
half-circle trajectory. For the few-view case we selected every 
9th projection from the set, yielding a total of 20 projections. 
Then, for each of the 4 regularization schemes (BLF, TVM, 
NLM, and ANLM), we interleaved regularization with OS-SIRT 
(10 subsets) and ran this pipeline for a total of 200 iterations. For 
the second series of experiments, we added significant Gaussian 
noise (SNR=10) to all 180 projections and ran the same pipeline 
again, but this time for only 20 iterations since this yields about 
the same number of updates as the few-view case (this much 
noise typically also causes the reconstruction procedure to 
diverge when the noisy projections are not pre-filtered).  
    The results of these two experiments are shown in Figure 1 
along with the corresponding parameter settings and the best 
E-CC metric scores they could achieve. The E-CC is a 
perceptual quality metric and was introduced in [10] – it 
measures the cross-correlation (CC) of an edge-filtered image. 
We provide ROI zoomed results for two critical regions, spine 
and lung. The left-most full-body reconstructions were obtained 
without regularization. The first observation we make is that 
streaks seem to be easier to remove than heavy noise – the E-CC 
obtained with regularization is roughly 12-15% higher for the 
former for all regularization schemes. We also readily observe 
that all filters can reduce streaks and noise, recovering some 
structural parts which can be hardly seen in the non-filtered 
result. In the following we focus our detailed discussion on the 
spine – similar observations can also be made for the lung.   
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Figure 1. Torso dataset, reconstructed with the interleaved regularization pipeline both for the few-view (top, 20 projections) and noisy 
(bottom, 180 projections, SNR 10) scenarios. Zoomed results for two critical regions are shown, indicated by the orange (spine) and blue (lung) 
boxes in the left-most reconstructions obtained without regularization. The reconstructions appear ordered according to their E-CC scores. 

    The BLF and TVM perform quite similarly, but while the BLF 
keeps sharper edges and provides better streak removal than 
TVM, it also gives the image a more binary look signified by 
abrupt changes along adjacent varying-intensity areas. TVM, on 
the other hand, has smoother transitions here, and it also seems 
to perform better with noise. However, neither of the filters is 
able to recover more subtle features.  

The two NLM-based methods successfully master the 
problems encountered with BLF and TVM – both recover the 
gaps separating the individual vertebrae. The shape and 
structure of the vertebrae is also better described, delineating the 
bony shell around the vertebrae body well. However, for the 
noisy projections case, the ANLM filter is the only one to do so. 

B. Qualitative comparison: brain dataset 
We used the same conditions as for the torso dataset (20 
projections for the few-view case, 180 projections with SNR 10 
Gaussian noise added for the noisy case) and the same 
regularized construction strategy (200 iterations with 
interleaved OS-SIRT 10 for the few-view case, 20 iterations of 
OS-SIRT 10 for the noisy projection case).  

Figure 2a shows the results we obtained for the few-view case.  
We observe that in terms of sharpness and detail preservation 
ANLM and NLM have similar outcomes, but that the ANLM 
better preserves the small structures pointed by the arrow in the 
Original image. We further observe that the BLF produces 
slightly sharper and detailed images than TVM, but not quite as 
good as the NLM filter. The figure also examines the result 
obtained with the RNLM filter. Here we explored two different 
strategies (i) apply the reference image-based regularization 
only once (after the final iteration step), and (ii) apply it in an 
interleaved fashion. It can be clearly observed that the 
interleaved RNLM scheme preserves detail much better and 
restores some fine detail that the ANLM filter cannot, especially 
some of the interior detail of the bone structures. This fine detail 
is just not expressed at a strength that is sufficient enough for the 
(A) NLM filter to restore it from the patches found in the local 
image, making it necessary to use a clean source for these.    

Figure 2b shows the results for the noise case. Here the 

differences of NLM and ANLM are not as profound as for the 
streak case. However, similar qualitative differences can be 
observed for the BLF and TVM, as well as for the two RNLM 
strategies (see above). Interesting for the latter is the dark feature 
pointed to by the arrow in the Original image. This feature does 
not exist in either reference image and is instead restored using 
local NLM since the reference-image based matching did not 
return a sufficiently high sum of weights (while similar is also 
true for the streak case above but there the greater number of 
iterations also enabled a better OS-SIRT data-driven 
reconstruction). Nevertheless, this is a clear indicator that the 
RNLM scheme is very sensitive to the richness of the underlying 
prior and ongoing research seeks to improve on this.  

C. Time performance 
Table 1 lists the run times to filter images of 3 different sizes 
(2562, 5122, and 10242) on the GPU. We found that performing 
filtering in 3D did not yield any improvements so restricting our 
experiments to 2D is well justified. In the table we list both the 
timings for the non-optimized (NOPT) and the optimized (OPT) 
GPU implementation reported in [12]. This optimization 
achieve a speedup of about 1.2 for the BLF, about 4 for the NLM 
filter, and about 3.2 for the ANLM filter. Please note that these 
speedups are in addition to the two orders of magnitude speedup 
over a corresponding CPU implementation, as reported in [8].   
    To estimate the TVM performance on the GPU we used TVM 
GPU implementation of Pock et al. [4] as a reference. They used 
a NVIDIA 8800 GTX for their experiments and we report their 
timings in Table 2 as well. In order to make these timings 
comparable to ours we extrapolated them to the GTX 480 using 
commonly reported speedup numbers. We may add, however, 
that once the parameter λ grows larger, which is needed for the 
rather noisy data we have used here, the computation time tends 
to increase significantly over those listed here.  
    Overall there is about an order of magnitude difference in the 
run times for each of the filters: BLF, NLM, and ANLM, with 
BLF being the fastest. The TVM requires about the same time as 
NLM. The timing of the RNLM filter is comparable to that of the 
NLM filter since the matching process is similar.   
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Figure 2. Brain dataset, reconstructed with the interleaved regularization pipeline for the (a) few-view scenario (20 uniformly distributed 
projections, 200 iterations with OS-SIRT 10). (b) noisy data (SNR 10, 180 equi-angular projections, 10 iterations with OS-SIRT 10). 

(a) 

(b) 

Table 1. Wall clock time (in ms) of the GPU-accelerated BLF, NLM, and ANLM filters both optimized (OPT) and non-optimized (NOPT) for 
different image sizes. Ratio is the speedup NOPT/OPT. For TVM, the parameter λ grows larger for noisy data which further increases time. 

Test Size BLF NLM ANLM TVM (from [4]) 

NOPT OPT Ratio NOPT OPT Ratio NOPT OPT Ratio 8800 GTX GTX 480 
2562 0.65 0.53 1.23 51.09 12.70 4.02 142.32 43.57 3.27 17.50 6.74 
5122 2.15 1.76 1.22 182.49 42.06 4.34 374.8 117.24 3.20 59.60 22.95 

10242 8.08 6.54 1.24 699.23 161.25 4.34 2072.67 597.91 3.47 504.10 194.15 

IV. CONCLUSIONS 
We have explored the use of local nonlinear neighborhood 
filtering as a non-iterative alternative to the popular TVM 
method for regularized CT reconstruction. Our results indicate 
that these types of filters can be advantageous to TVM, meeting 
and exceeding its capabilities.  
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Nonconvex optimization for improved exploitation of gradient

sparsity in CT image reconstruction

Emil Y. Sidky1, Rick Chartrand2, Jakob S. Jørgensen3, and Xiaochuan Pan1

Abstract—A nonconvex optimization algorithm is developed,
which exploits gradient magnitude image (GMI) sparsity for re-
duction in the projection view angle sampling rate. The algorithm
shows greater potential for exploiting GMI sparsity than can be
obtained by convex total variation (TV) based optimization. The
nonconvex algorithm is demonstrated in simulation with ideal,
noiseless data for a 2D fan-beam computed tomography (CT)
configuration, and with noisy data for a 3D circular cone-beam
CT configuration.

I. INTRODUCTION

Much recent work in iterative image reconstruction in

computed tomography (CT) has focused on some form of total

variation (TV) minimization, and one of the motivations for

employing TV minimization is exploiting sparsity in the gradi-

ent magnitude image (GMI) to reduce sampling requirements

for the CT system. TV-minimization has been demonstrated,

in simulations and with real scanner data, to be effective

at allowing for projection view sampling reduction. There

is, however, potential to take the sparsity-exploiting principle

further, because TV-minimization is an �1-based convex relax-

ation of an ideal, nonconvex, sparsity-exploiting optimization

based on the �0-norm. To approach more closely the �0-based

minimization, we develop a GMI sparsity-exploiting algorithm

for CT based on an �p-norm where p ∈ (0, 1). Section II

summarizes the theory and algorithm, and Sec. III shows

results based on 2D and 3D CT simulations.

II. CONSTRAINED, NONCONVEX OPTIMIZATION BY

REWEIGHTING

We briefly state the rationale and methods for GMI exploit-

ing CT image reconstruction with nonconvex optimization. We

write the CT data model generically as a linear system

g = X f , (1)

where f is the image vector comprised of voxel coefficients,

X is the system matrix generated by some approximation to

projection of the voxels, and g is the data vector containing

the estimated projection samples. The model can be applied

equally to 2D and 3D geometries, and we note that there

are many specific forms to this linear system depending on

sampling, image expansion elements, and approximation of

continuous fan- or cone-beam projection.

1The University of Chicago, Department of Radiology MC-2026, 5841 S.
Maryland Avenue, Chicago, IL 60637. Corresponding author: Emil Y. Sidky,
E-mail: sidky@uchicago.edu. 2Theoretical Division, T-5, MS B284, Los
Alamos National Laboratory, Los Alamos, NM 87545. 3Technical University
of Denmark, Department of Applied Mathematics and Computer Science,
Matematiktorvet, bygning 303B, 2800 Kgs. Lyngby, Denmark.

For the present work, we focus on CT configurations with

sparse angular sampling, where the sampling rate is too low

for Eq. (1) to have a unique solution. In this situation, there

has been much interest in exploiting GMI sparsity of the

object to narrow the solution space of Eq. (1) and potentially

obtain an accurate reconstruction from under-sampled data.

The formulation of this idea results in a nonconvex constrained

optimization:

f◦ = arg min
f

∥∥∥∥√(∂xf)2 + (∂yf)2 + (∂zf)2
∥∥∥∥

0

such that gdata = X f , (2)

where the argument of the �0-norm is the voxel-wise magni-

tude of the image spatial gradient; the linear operators ∂x, ∂y ,

and ∂z are matrices representing finite differencing in their

respective labeled directions; the numerical gradient of the

image is formed by, ∇f = [∂xf , ∂yf , ∂zf ]T (2D is obtained by

deleting the third component); the �0-norm counts the number

of non-zero components in the argument vector; and gdata is the

available projection data. In words, this optimization seeks the

image f with the lowest GMI sparsity while agreeing exactly

with the data.

The optimization problem in Eq. (2) does not lead directly

to a practical image reconstruction algorithm, because, as of

yet, no large scale solver is available for this problem. Also,

the equality constraint, requiring perfect agreement between

the available and estimated data, makes no allowance for data

inconsistency. In working toward developing a practical image

reconstruction algorithm different relaxations of Eq. (2) have

been considered. One such relaxation is

f◦ = arg min
f

∥∥∥∥√(∂xf)2 + (∂yf)2 + (∂zf)2
∥∥∥∥p

p

such that ‖gdata −X f‖2 ≤ ε, (3)

where the �0-norm is replaced by the �p-norm,

‖v‖p
p ≡

∑
i

|vi|p,

and the data equality constraint is relaxed to an inequality

constraint with data-error tolerance parameter ε. An important

strategy, which has been studied extensively in Compressive

Sensing [1], is to set p = 1, which corresponds to TV-

minimization. This, on the one hand, maintains some of the

sparsity seeking features of Eq. (2) and, on the other hand,

leads to a convex problem, which has convenient features for

algorithm development. For example, a local minimizer is a

global minimizer in convex optimization.
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Another interesting option for GMI sparsity-exploiting im-

age reconstruction is to consider Eq. (3) for 0 < p < 1. Such

a choice for p leads to nonconvex optimization, which can

allow for greater sampling reduction than the p = 1 case while

maintaining highly accurate image reconstruction. These gains

intuitively stem from the fact p < 1 is closer to the ideal

sparsity-exploiting case of p = 0; the catch, however, is on

the algorithmic side where one has to deal with potential local

minima, which are not part of the global solution set. Despite

this potential difficulty, practical algorithms based on this

nonconvex principle are available [2,3], and gains in sampling

reduction for various imaging systems have been reported for

both simulated and real data cases. For X-ray tomography,

use of this nonconvex strategy has shown promising results

[4,5], but the algorithms proposed in those works for CT are

only motivated by the optimization problem in Eq. (3) and

are not accurate solvers of this problem. An accurate solver is

important for theoretical studies of CT image reconstruction

with under-sampled data and may also aid in developing

algorithms for limited-data tomographic devices.

For CT, one of the barriers to developing an efficient and

accurate solver for Eq. (3) in the nonconvex p < 1 case, is

that it is already challenging to develop such a solver for the

convex p = 1 case. In order to handle the latter convex, but

non-smooth case, we have been interested in an alternate line

of optimization problems, where the salient image metrics are

written as constraints instead of in an objective function. It

is a strategy similar to the set theoretic approach presented

in Ref. [6]; the algebraic reconstruction technique (ART)

is a specific realization of this strategy; and this type of

approach can be useful for nonconvex constraint sets [7]. For

the alternate, constraint-based optimization problem there are

efficient, large-scale solvers recently available [8,9].

Returning to GMI sparsity-exploiting image reconstruction,

we employ an approach developed in Ref. [9] and alter Eq.

(3) to the following

f◦ = arg min
f

1
2
‖f − fprior‖22 such that ‖gdata −X f‖2 ≤ ε

and

∥∥∥∥√(∂xf)2 + (∂yf)2 + (∂zf)2
∥∥∥∥p

p

≤ γ, (4)

which seeks the image f closest to a prior image fprior while

respecting constraints on the �p-norm of the GMI and data-

error tolerance. We do not consider, here, the availability of

a prior image and set fprior = 0, keeping this vector only for

generality. Consider, first, the case of p = 1; the constraint

on the GMI becomes a constraint directly on the image TV.

Constrained minimization of image TV is known to encourage

GMI sparsity. We do not directly minimize TV, rather we in-

dependently select parameters γ and ε. For sparsity-exploiting

image reconstruction, both of these parameters are chosen to

have small values: small ε forces tight agreement with the data,

and small γ encourages GMI sparsity. We note that ε = 0
corresponds to a data equality constraint, which may allow

no solutions when inconsistencies are present in the data. For

p = 1, the optimization problem in Eq. (4) is convex and the

algorithm presented in Ref. [9] can be used directly to obtain

the solution.

For this abstract, we are interested in developing an algo-

rithm for 0 < p < 1, where the GMI constraint becomes

nonconvex. The issue then becomes how to solve Eq. (4) for

p < 1, because the algorithm in Ref. [9] applies only to convex

problems. The approach taken involves approximating Eq. (4)

with a convex problem employing a weighted �1-norm:

f◦ = arg min
f

1
2
‖f − fprior‖22 such that ‖gdata −X f‖2 ≤ ε

and

∥∥∥∥w√
(∂xf)2 + (∂yf)2 + (∂zf)2

∥∥∥∥
1

≤ γ, (5)

where the GMI constraint involves only the �1-norm and a

non-negative weight vector w. For a given w this optimization

problem is convex and can be solved efficiently using the

algorithm in Ref. [9]. To attack the nonconvex problem, we

employ a reweighting technique, where there are two loops: an

inner loop where Eq. (5) is solved given parameters γ, ε, and

weight vector w, and an outer loop where the weight vector

is adjusted based on the solution of the inner loop:

w =
(√

η + (∂xf)2 + (∂yf)2 + (∂zf)2
)p−1

.

The parameter η is needed to prevent the singularity at voxels

with zero GMI when p < 1. For all simulations in this abstract

η = 10−6. With a reweighting approach, an important question

is how accurately does the intermediate weighted problem

need to be solved in the inner loop so that overall convergence

of the outer loop is attained. It turns out for the present

reweighting scheme it suffices to have only one inner iteration.

Thus, the complete algorithm is derived from the algorithm in

Ref. [9], and the weights are recomputed at every iteration

based on the current image estimate f .

III. RESULTS

To demonstrate the new image reconstruction algorithm, we

perform two sets of experiments. In the first, we employ the

algorithm on ideal, noiseless fan-beam CT data where it is

possible to recover the exact image. With this ideal simulation,

we demonstrate the potential for angular sampling reduction.

In the second simulation, we apply the algorithm to circular,

cone-beam CT projections with noise. The purpose of the latter

simulation is to demonstrate that the algorithm can indeed by

applied to 3D CT, and to illustrate the impact of the nonconvex

algorithm on data inconsistency.

A. Ideal fan-beam CT simulation

For the 2D simulation we employ the breast phantom shown

in Fig. 1. In the figure, the phantom GMI is also shown, which

is seen to have many more zeros than the original phantom.

It is this sparsity in the GMI, which we seek to exploit in

order to reduce angular sampling. The phantom is discretized

on a 128×128 pixel array, which is 20 cm on a side. Only the

pixels within the largest inscribed circle are allowed to vary,

and pixels outside this 20 cm diameter circle are fixed to zero.

The fan-beam CT simulation models an X-ray source 40 cm

from the isocenter, and a 80 cm source-to-detector distance.
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Fig. 1. Left: computerized breast phantom shown in a gray scale window
[0.95, 1.25]. Right: gradient magnitude image (GMI), which has greater
sparsity than the original phantom.

p = 0.8 p = 1.0 p = 2.0

Fig. 2. Reconstructed images for nonconvex p = 0.8, left column, compared
with convex p = 1.0, middle column, and p = 2.0, right column. The number
of views covering 360 degrees is 35, 30, and 25 for the top, middle, and bottom
rows, respectively. The gray scale window is [0.95, 1.25].

The detector consists of 256 bins in a linear configuration,

which is long enough to capture the projection of the 20 cm

diameter pixel array. We consider only 360 degree scans, but

allow the number of projections to vary.

To illustrate the potential of nonconvex optimization for

sparsity-exploiting image reconstruction, we compare solu-

tions of Eq. (4) for p = 0.8, p = 1.0, and p = 2.0. The

latter two values lead to a convex problem, which can be

solved with the algorithm in Ref. [9], and the first value leads

to a nonconvex problem solved by the proposed reweighting

algorithm using Eq. (5). For values p = 1.0 and p = 2.0, we

have a direct convergence check, but for the nonconvex case

we cannot claim to have found a global solution to Eq. (4).

Instead, we can verify that Eq. (5) is solved for the weights

w that are settled upon.

In applying the constraint-based optimization problem in

Eq. (4), we need to specify two parameters ε and γ. The

data used in this simulation are ideal, and accordingly we

employ a tight data-error constraint and use a value for ε
corresponding to an root-mean-square-error (RMSE) of 10−5.

For the image TV constraint we set γ to the value of the

Fig. 3. Images reconstructed from noisy projections of the FORBILD head
phantom. The rows show the results for p = 1.0, top, p = 0.8, middle, and
the phantom, bottom in a gray scale window of [1.0425, 1.0625]. The first
column shows the midplane, and the second column shows a transaxial plane
near the top of the bony structure at the ear. The dashed lines in the phantom
midplane slice indicate the locations of the profiles for Figs. 4 and 5.

�p-norm of the actual phantom GMI to the pth power. We

note that in actual application, access to this information

is unavailable and selection of γ would need to be based

on different image quality metrics. Here, however, we are

exploring the theoretical potential of the proposed algorithm.
Shown in Fig. 2, are image reconstruction results for 25,

30, and 35 simulated projections. The p = 1.0 case has

some potential to reduce angular sampling by exploiting GMI

sparsity. This is evident in the comparison with p = 2.0,

which does not exploit GMI sparsity; the p = 1.0 results show

visually accurate reconstruction for 35-view projection data

while the p = 2.0 results do not show accurate reconstruction

for any of the projection data sets. The nonconvex p = 0.8
results, however, extend the visually accurate reconstruction

range down to 25-view projection data.

B. Circular cone-beam CT simulation with noisy projections
For the 3D circular cone-beam CT simulation, we scale

up the problem approaching the scale of a realistic volume

CT system, and we include noise on the CT projections.

The phantom used for this simulation is the FORBILD head

phantom, which has many low contrast objects, with gray level

variations ranging from 0.25% to 1% of the phantom back-

ground, together with complex high-contrast bony structures.

This phantom is quite challenging, because even minor streaks

from the bony structures can interfere strongly with imaging

the low-contrast objects.
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Fig. 4. Profile comparison corresponding to the images in Fig. 3 along a
line in the midplane, through the eyes.

The middle section of the head phantom is voxelized in a

256×256×32 volume array, and the projection data simulate

100 projections onto a 512×80 bin flat-panel detector. Noise

on the projections is modeled by employing independent 1D

Gaussian distributions for each line-integration data value. The

mean of each Gaussian distribution is the value of the corre-

sponding line-integration over the phantom, and the standard

deviation is taken to be 1% of this mean. The parameters of

the simulation are such that it only makes sense to compare

algorithms that exploit GMI sparsity, and accordingly we show

results from Eq. (4) for p = 0.8 and p = 1.0. Larger p results

in images that are heavily polluted with streak artifacts. For

the constraint parameters, we employ an ε corresponding to

an RMSE of 0.01, and for γ we use the value derived from

the test phantom.

For the specified parameters, the image reconstruction re-

sults are shown in Fig. 3 together with corresponding slices

in the phantom. The gray scale display window is 1% of

the phantom complete dynamic range; and streak artifacts are

difficult to avoid due to the rapidly oscillating bone structures

near the ear at the bottom of the images. The results for

p = 1.0, in the top row of the figure, show such streaks,

even though this value for p does exploit GMI sparsity. The

middle row shows results for the nonconvex case of p = 0.8,

but the streak artifacts are nearly completely removed.

Inspection of the nonconvex results shows a rather interest-

ing behavior in that the image regularization is highly non-

uniform. The structures with the contrast of the eyes and

greater (≥ 1% of phantom background) appear to have sharp

edges, while the lower contrast structures are visible, yet,

are blurred relative to the same structures in the p = 1.0
images. This visual impression is borne out quantitatively

in vertical profile plots shown through the eyes, in Fig. 4,

and through the ventricle and subdural hematoma, in Fig. 5.

In the former profile, the nonconvex result has as sharp a

transition at the eye border as the convex p = 1.0 result

without the oscillations from the streaks. The latter lower

contrast structures show fewer oscillation for the nonconvex

result, but there is also a clear blurring as the transitions at the

ventricle and hematoma borders are more gradual for p = 0.8
than for p = 1.0. This feature of the proposed nonconvex

optimization can be understood from inspecting Eq. (5) where

we see that the image TV term has a spatially dependent

weighting. During the iteration of the nonconvex algorithm

the weighting w evolves in such a way that less weight, and

hence less smoothing, is applied to voxels with large gradient-

magnitude.

100 150 200

voxel number

1.045

1.050

1.055

1.060 p=1.0

p=0.8

Fig. 5. Profile comparison corresponding to the images in Fig. 3 along a
line in the midplane, through the ventricle and subdural hematoma.

IV. SUMMARY

We have demonstrated GMI sparsity-exploiting image re-

construction by a nonconvex optimization algorithm. Under

ideal conditions we have shown that the algorithm is capable of

obtaining accurate image recovery with fewer projections than

convex TV-based image reconstruction. The algorithm can also

be applied to 3D cone-beam CT systems, and preliminary

results indicate that the nonconvex algorithm can be effective

in controlling steak artifacts resulting from a combination of

projection view under-sampling and the presence of complex

high-contrast structures.
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Up–To–Date Prior Knowledge via Motion
Correction for Low Dose Tomographic Fluoroscopy
Barbara Flach, Jan Kuntz, Marcus Brehm, Rolf Kueres, Sönke Bartling, and Marc Kachelrieß, Member, IEEE

Abstract—To provide 4D (=3D+time) volume data for inter-
ventional image guidance tomographic data acquisition during
the whole intervention is necessary. But for the acceptance of
the method, which is also called tomographic fluoroscopy or CT
fluoroscopy, the patient dose level must be kept as low as in
2D+time fluoroscopic guidance, which is the standard imaging
technique for today’s intervention guidance.

To achieve this goal a high quality prior volume acquired
before intervention is necessary to guarantee time frames of high
image quality during the intervention, despite the fact that these
volumes are based on a very sparse angular sampling at very
low dose. Depending on the type and duration of an intervention
patient motion can become a problem. Consequently, the prior
volume needs to be continuously updated.

We propose a prior that adapts itself by the combination of
the two concepts registration and substitution. In the registration
step a combination of affine and deformable registration adapts
the prior to the current situation represented by a so–called target
image. In the subsequent substitution step a forward projection
of the deformed image yields virtual rawdata that are densely
sampled in the angular direction. The latest measured projections
are used to substitute the corresponding virtual projections. A
reconstruction of these substituted data yields the adapted prior,
the running prior.

Of course the success of the registration depends on the quality
of the target image. Therefore we analyze what image quality is
needed for the registration step to get acceptable results. For the
evaluation of the running prior technique we used the head scan
of a pig in vivo acquired by a prototype volume CT system.

We conclude that for preserving the image quality of the prior
it is necessary to use more projections for the target image
than used to reconstruct the temporal updates. However the
interventional material can be also identified in the time frames
if image quality is degraded by using only a reduced number of
projections for reconstructing the target image.

Index Terms—Computed tomography (CT), interventional ra-
diology, undersampled reconstructions, minimally–invasive inter-
ventions, C-arm

I. INTRODUCTION

INTERVENTIONAL radiology comprises for example
minimally–invasive procedures, stenting and aneurysm

coiling where interventional material like guide wires, stents
or coils are inserted into the patient’s vessels [1]. Today, these
procedures are guided via conventional (2D+time) fluoroscopy,
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which we will call projective fluoroscopy in the following.
However, projective fluoroscopy only displays a superposition
of the anatomy and therefore is not always well–suited to
visualize complex structures and their spatial relationship. In
these cases the interventionalist often applies trial–and–error
approaches, e.g. to navigate an instrument through the vessels.
This is time–consuming, increases patient dose and operation
time, and leads in some cases to injuries of the vessel system.

Fig. 1. Volume rendering of two time frames of a stenting intervention
reconstructed with PrIDICT. On the left side the stent is still closed and
on the right side the stent is expanded.

Obviously, a continuous display of 3D volumes would
be nice to have, a 3D+time modality which we will call
tomographic fluoroscopy in the following. To keep the x–
ray dose in tomographic fluoroscopy as low as that used
in projective fluoroscopy it is necessary to obtain low dose
tomographic data from a extremely low number of projections
per (half or full) rotation of the imaging system.

Our prior (but preliminary) work indicated, that about 10
to 20 projections should be sufficient to update the volume
like shown in figure 1 [2]–[4]. To achieve that, a dedicated
reconstruction algorithm had to be applied that makes heavy
use of the prior volume. Another option may be using the
PICCS reconstruction algorithm of reference [5]. Existing
reconstruction algorithms that do not make use of a prior scan,
like the ASD–POCS algorithm [6] or the iTV algorithm [7],
are not able to provide images of sufficient quality from this
extremely high undersampling.

By now, all known methods provide satisfying results only
in case of interventions without any patient motion. Our aim
is to provide a robust method that addresses this problem and
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Fig. 2. Illustration of the updating process of the prior to yield a running prior which can be used in the PrIDICT algorithm. The last NU projections are
used to compute the time frame (in our experiments NU = 15. The last NT projections are used to compute the target image (typically NT ≥ NU).

allows for patient motion after the prior has been acquired.
In particular it is required that the temporal resolution of the
prior is high, corresponding to a minimum of projections, but
with image quality being equivalent to a reconstruction from
projections of a densely sampled rotation. We achieve this by
continuously updating the prior in two steps. First via regis-
tration the prior is deformed to the current situation, which is
represented by a so–called target image, and subsequently the
new acquired projections are incorporated into the prior [8].
In praticular, the focus of this work lies on analyzing which
image quality is required for the target image to get good
image quality in the time frames.

II. MATERIALS AND METHODS

A. Reconstruction Using Prior Data

We realize low–dose tomographic fluoroscopy using con-
tinuous CT scans with very few projections per rotation.
Applying the prior image dynamic interventional computed
tomography (PrIDICT) algorithm highly undersampled data
of a half rotation is sufficient to update the volume [3], [4].
Due to the dose restrictions (that enforce sparse sampling)
only about 10 to 20 projections are available. In our study
we used NU = 15 projections for the calculation of each
time frame. To obtain high quality images the information
from a fully sampled (NP = 600 projections) prior scan
is used during image reconstruction. For reconstruction the
difference of the forward projection of the prior image and
the rawdata of the intervention scan (the update scan) is
computed and reconstructed. Ideally (in case of no motion)
there is only interventional material visible. Because of the
very sparse sampling the image quality is disturbed by streaks.
To reduce these artifacts the L0 norm is reduced by setting the

values of insignificant voxels (= voxels with a low attenuation
value) equal to zero. For display this image is added to
the prior image, possibly using color coding. In addition a
roadmap showing the vascular tree which is generated from
a contrast–enhanced scan can be added to the prior, too. The
resulting time frame shows the position and appearance of
the interventional material in relation to the high quality 3D
volume of the patient [3], [8].

B. Motion Correction

Up to here the algorithm works well in case of no or
negligible patient motion. To deal with patient motion we
introduce an additional step to adapt the high quality prior to
the changes in patient and organ position and shape. Since the
prior is adapted in each time step and this adapted prior serves
as new prior for the PrIDICT algorithm in the corresponding
time step, we call it running prior. For dose reasons only those
projections shall be used to update the prior that are acquired
anyway for the high temporal resolution intervention scan. The
update is realized by a registration of the current prior to the
target image, a Feldkamp-Davis-Kress (FDK) reconstruction
[9] that uses the projections of some latest projections NT.
Here we investigated the results for parametersNT = NU = 15
and NT = 120. The registration algorithm consists of an
affine registration [10] which is then refined by a deformable
registration algorithm [11]. As a final step the deformed
image is forward projected using a densely sampled geometry
(NP = 600 projections, same number of projections as for the
reconstruction of the prior image). From these newly obtained
virtual rawdata the projections corresponding to projection
angles of the latest NU measured projections are substituted
by the measured data. The resulting rawdata that consist of
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NP −NU forward projected and of NU measured projections
are reconstructed to yield the running prior. The adaptation
of the prior is shown in figure 2. Here the replacement step
is realized in a computationally more efficient but equivalent
procedure. That is in detail by forward projecting only the
NU projections that shall be substituted, subtracting these
projections from the NU real measured projections and adding
the reconstruction of this difference to the deformed image to
obtain the running prior for this time step.

III. EXPERIMENTS

We analyse the proposed method regarding the parameter
NT on the basis of a real dataset, the head scan of a pig in
vivo. Since there exists no dedicated 3D+time interventional
CT system so far we used a volume CT prototype, which
is a flat detector mounted on a clinical gantry for continuous
rotation which is necessary for the intervention scan (figure 3).

Fig. 3. Measurement setup with volume CT prototype and pig in vivo.

The scan for the prior image as well as the time frames
is performed at 80 kV tube voltage and 50 mA tube current,
but the scan for the time frames was pulsed resulting in a
mean tube current of 18 mA. For the prior image we acquired
600 projections per full rotation at a rotation time of 20
seconds. The data for the intervention scan are acquired by a
standard protocol with sampling rate of 30 frames per second,
a gantry rotation time of 4 seconds. The total scan time was
30 seconds in this example. From these data we only used
every fourth projection for our investigations, i.e. three out
of four projections were completely ignored. This results in
15 used projections per half rotation. The intervention itself
consisted of inserting a guide wire into the pig’s carotid.
Between prior and intervention scan a 30 mm shift of the
pig’s head and during the acquisition motion resulting from
breathing occurred.

IV. RESULTS

In figure 4 the target images, the running priors and the time
frames for NT = 15 and NT = 120 at the beginning of the
intervention (means one registration and replacement step) are
compared. When using only NT = 15 projections for the target

image artifacts affect the registration process such that image
parts are not correctly adapted like the two regions pointed
to by arrows in figure 4. In addition the result with NT = 15
shows a wobbly bodyoutline for example in the encircled area.
This is not the case for NT = 120.

Fig. 4. Comparison of target image, running prior and time frame based on
NT = 15 and NT = 120 at the beginning of the intervention. The images
are displayed at a gray scale window C/W = 0 HU/2000 HU.

At the end of the intervention the running prior with NT =
120 shows good image quality. In contrast the running prior
with NT = 15 looks quite smooth like shown in figure 5.
This is a consequence of more small errors in the vector field
(resulting from the quite poor image quality with NT = 15)
and the subsequent interpolation within the deformation.

The essential in interventional image guidance is that the
wire can be distinguished and this of course at the correct
position. This is possible in both cases like demonstrated in
figure 6.

V. DISCUSSION

The running prior technique guarantees significantly in-
creased robustness compared to using a static prior. But the
exactness of the results strongly depends on the result of the
registration. It is a trade–off between a good image quality of
the target image (high NT), such that the registration result
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Fig. 5. Comparison of target image, running prior and time frame based on
NT = 15 and NT = 120 at the end of the intervention. The images are
displayed at a gray scale window C/W = 0 HU/2000 HU.

is not affected by the artifacts included in the target image,
and on the other side the actuality of the target image (lower
NT). Due to our results we conclude that NT = NU = 15
projections provide satisfying results for interventional image
guidance. The interventional material can be displayed at the
correct position. But for keeping the image quality of the
running prior almost at the same level as that of the static
prior acquired before intervention, it is necessary to use some
more projections, although not necessarily NT = 120. By this
good image quality is possible at the expense of a temporally
slightly delayed running prior.
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Fig. 6. Comparison of the identification of interventional material based on
NT = 15 and NT = 120 projections for the target image. In the left column
a transversal slice of the time frame is shown. In the right column the slice
corresponging to the yellow line through all z-positions is shown. In the upper
row for NT = 15 and in the lower row for NT = 120. The images are
displayed at a gray scale window C/W = 0 HU/2000 HU.
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Nested Loop Algorithm for Parallel Model Based
Iterative Reconstruction

Zhou Yu, Lin Fu, Debashish Pal, Jean-Baptiste Thibault, Charles A. Bouman and Ken D. Sauer

Abstract— Model based iterative reconstruction (MBIR) algo-
rithms have been used in clinical studies to allow significant
dose reduction in CT scans while maintaining the diagnostic
image quality. Simultaneous-update algorithms, which can take
advantage of massively parallel computer architectures, are
promising to significantly improve the speed of MBIR. To achieve
this goal, we also need to improve the convergence speed of
these algorithms. In this paper, we propose a fast converging
simultaneous-update algorithm using a nested loop structure.
Preliminary experimental results show that the proposed algo-
rithm has faster convergence speed compared to algorithms such
as conjugate gradient and preconditioned conjugate gradient
methods.

Index Terms— Computed tomography, iterative reconstruction,
nested loop, preconditioner.

I. INTRODUCTION

Recent applications of model based iterative reconstruction

(MBIR) algorithms to medical CT have demonstrated signifi-

cant improvement in image quality by increasing resolution as

well as reducing noise and artifacts [1], [2]. Clinical studies

also show that MBIR algorithms can be used as a tool to

allow significant dose reduction in CT scans while maintaining

diagnostic image quality [3]. With ever advancing computing

technologies, massively parallel architectures have emerged,

such as the newest multi-core CPUs and GPUs. These new

hardware technologies bring promise to significantly speed up

the MBIR algorithms [4]. Taking advantage of these new tech-

nologies requires developing algorithms that are highly parallel

and yet have fast convergence properties. Simultaneous-update

algorithms, such as variations of expectation maximization

(EM) [5], conjugate gradients (CG) [6], and ordered subsets

(OS) [7], are attractive since they are easier to map on to

highly parallel computer architectures to reduce per iteration

computational cost. However, compared to sequential-update

algorithms such as iterative coordinate descent (ICD) [8], [9],

simultaneous-update algorithms tend to require many more

iterations to converge. Therefore, it is critical to speed up the

convergence of simultaneous-update algorithms.

In this paper, we propose a nested loop framework to

accelerate the convergence of simultaneous-update algorithms.

Our method is composed of inner and outer loop iterations. In

each outer loop iteration, we create a local approximation to
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the cost function. The approximate problem is then solved

by inner loop iterations with relatively low computational

cost. The inner loop solution is used to compute an update

direction for the outer loop. The outer loop then computes an

optimal step size so that it guarantees the cost function will

decrease monotonically. Similar nested loop algorithms have

been explored in PET reconstruction problems [10]–[12]. In

the CT reconstruction problem, we propose to construct the

inner loop problem using an image space approximation to the

Hessian matrix of the original cost function.

II. METHOD

A. Objective Function

MBIR algorithms typically work by first forming an

objective function which incorporates an accurate system

model [13], statistical noise model [1] and prior model [14].

The image is then reconstructed by computing an estimate

which minimizes the resulting objective function.

Let x denote the image and y denote the measurement data.

We consider both x and y as random vectors, and our goal is to

reconstruct the image by computing the maximum a posteriori
(MAP) estimate given by

x∗ = argmin f(x) (1)

f(x) = {
1

2
J(x, y) + Φ(x)} (2)

where J(x, y) is the log likelihood term that penalizes the
inconsistency between the image and the measurement, Φ(x)
is the negative log of the prior distribution that penalizes the

noises in the image. One example of J(x, y) is in quadratic
form

J(x, y) = ||Ax − y||2W (3)

where A is the system matrix, W is a diagonal weighting

matrix. The ith diagonal entry of the matrixW , denoted by wi,

is typically chosen to be approximately inversely proportional

to the estimate of the variance in the measurement yi [1], [9].

We will consider the data mismatch term in (3) to illustrate

the algorithm framework in this paper. However, the proposed

algorithm can also be applied to other forms of data mismatch

terms, such as the Poisson log likelihood function, as long as

f(x) remains strictly convex.

B. Nested Loop Algorithm

The idea in this paper is to create a sequence of sub-

problems that optimize simpler approximate cost functions,

while still guaranteeing that the solution of the sub-problems

will converge to the solution of the original cost function. To

achieve this, we propose a nested loop framework. Let n be
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the outer loop iteration index, and x(n) be the image estimate

after the nth iteration. In each outer loop iteration, we first

create a local approximate cost function, h(n)(x), which must
satisfy,

∇h(n)(x(n−1)) = ∇f (n)(x(n−1)) (4)

We then minimize h(n) using inner loop iterations. If we up-

date the image directly using the inner loop solution, this does

not necessarily guarantee convergence. Instead, we use the

solution of the sub-problem to compute an update direction,

and then solve a 1D optimization problem to determine the

update step size. Since the cost function is minimized along

the search direction, it is guaranteed to decrease monotonically

with every outer loop iteration.

In the following, we propose a method to apply the nested

loop framework to CT iterative reconstruction problem. First,

we need to derive the approximate cost function used in each

outer loop. We can rewrite the cost function in (2) and (3) as

f(x) = ||x−x(n−1)||2AtWA +xtΘ(n−1) +Φ(x)+c(n−1), (5)

where Θ(n−1) = AtW (Ax(n−1)−y) and c(n−1) is a constant.

In CT iterative reconstruction, the most expensive computation

components in each iteration are typically the forward projec-

tion and the back projection, i.e. A and At. Therefore, we

create the approximate cost function by replacing AtWA in

(5) with a simpler operator M , i.e.

h(n)(x) = ||x− x(n−1)||2M + xtΘ(n−1) + Φ(x) + c(n−1) (6)

Written in this form, it is easy to verify that the condition

in (4) holds for the proposed h(n)(x). Notice that, the regu-
larization term in h(n)(x) is also calculated exactly. The only
approximation in h(n)(x) is in the second derivative of the
cost function by replacing AtWA with M .

DesigningM appropriately requires balancing between two

objectives. First, M needs to be a close approximation of

AtWA. Second,M must be easy to pre-compute so the matrix

vector multiplication can be computed at low cost. In this

paper, we use the approximation to AtWA operator proposed

by Fessler and Booth in [15], that is,

AtWA ≈ DKD, (7)

where D is a diagonal matrix, with the jth diagonal element

to be di =

√∑
j

a2

ij
wj∑

j
a2

ij

, and K is a circulant matrix approxi-

mation to the AtA operator. Notice that the proposed operator

is a pure image space operator. It is very easy to compute

since it only requires image scaling and filtering, which can

be efficiently implemented with fast Fourier transforms (FFT).

Second, we solve the minimization problem of h(n) iter-

atively using inner loops. The inner loop problem described

in (6) is similar to an image space denoising problem. One can

solve this problem with a simple gradient based method, such

as gradient descent. Here, we can also accelerate the inner

loop convergence using an image space preconditioner, such

as Fourier based preconditioners proposed in [15] and [16].

Finally, we update the image based on the inner loop

solution. Let x̃(n) denote the solution of the inner loop. We

compute the update direction using u(n) = x̃(n) −x(n−1), and

then compute the step size β(n). The step size is computed to

minimize the cost along the update direction, that is,

β(n) = arg min
β

f
(
x(n−1) + βu(n)

)
(8)

This way, we can guarantee f(x(n)) < f(x(n−1)). We can
compute an approximate solution to (8) using a closed form

formula similar to the one used in [15]. Since the step size

formula is derived using a surrogate function, the monotonicity

of sequence {f(x(n))} is still guaranteed.
Fig. 1 shows the pseudo code of the proposed algorithm.

In each outer loop, we first formulate an approximate cost

function, h(n)(x), which is then optimized by the inner loop
iterations in line 5. By eliminating A and At operation in

h(n), each inner loop has very low computational cost. In line

6, the result of the inner loop is used to compute the update

direction, followed by the step size calculation in line 7.

The outer loop algorithm is similar to a gradient descent

algorithm except the search direction is computed from the

inner loop solution rather than the gradient direction. We can

easily generalize this algorithm by using other gradient based

method in the outer loop such as conjugate gradient, etc.

1: x ← FBP reconstruction
2: Θ ← A′W (Ax − y)
3: repeat
4: xprev ← x

5: x ← argmin
v

||v − xprev ||
2
M + vtΘ + Φ(v)

6: u ← x − xprev

7: β ← arg min
β

f (xprev + βu)

8: x ← xprev + βu

9: Θ ← Θ + βA′WAu

10: until x is converged

Fig. 1. Pseudo code of one example of nested loop algorithm. In each
outer loop, we first formulate an approximate cost function. Line 5 is solved
iteratively using the inner loop iterations. The result of the inner loop is used
to compute an update direction in line 6. Finally, the line search step in line
7 guarantees the monotonicity of the cost function.

III. EXPERIMENTAL RESULTS

In this section, we compare the convergence speed of Nested

Loop algorithm to CG and two variations of Preconditioned

CG algorithms. Here, the nested loop (NL) algorithm and PCG

algorithms use the same approximation to AtWA with image

space operator DKD, in which K is a shift invariant filter

with frequency response of the form K(f) = 1
|f |+c

, where

f ∈ [−0.5, 0.5]. The difference among the three methods lies
in the modeling of the regularization function. In the method

labeled as PCG-P1, the Hessian of the regularization term is

ignored. Therefore, its preconditioner is given by

P1 = D−1K−1D−1. (9)

In the method labeled as PCG-P2, we model the Hessian of

the regularization term as DRD, where R has the frequency

response

R(f) = 1 − cos(2πf). (10)
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In this case, the preconditioner is given by

P2 = D−1(K + αR)−1D−1. (11)

Finally, in the nested loop algorithm, we compute the regular-

ization term exactly in the inner loop problem. The inner loop

is solved using 10 iterations of PCG, where we use P1 as the

preconditioner.

Fig. 2 shows the Fourier transform of the preconditioner

kernel used in the experiment. Notice that, by modeling the

regularization term in the cost function, the high frequency

gain in the preconditioner P2 is suppressed.
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Fig. 2. This figure shows the Fourier transform of the preconditioner kernel
used in the experiment, K−1 and (K + αR)−1 , where α = 10

The data we use to test the algorithm is a low dose axial

scan of the GE performance phantom shown in Fig. 3. In this

phantom, wires and resolution bars are used to measure the

spatial resolution of the reconstruction, and a uniform region

provides the noise measurements.

Fig. 3. This figure shows GE performance phantom used in the experiment.
We use the wire in the phantom to measure in-plane resolution and the uniform
region to measure the noise standard deviation

In Fig. 4, the results of various algorithms are compared

against a reference image computed from a sufficiently con-

verged reference NH-ICD [9] algorithm. In (a), we compute

the root mean squared difference (RMSD) in the ROI volume

between the current image and the reference image. Fig. 4 (b)

and (c) characterize the convergence speed of high frequency

components for each algorithm. In (b), we use the wire in the

image to measure the 50 percent MTF after each iteration, and
then plot the MTF convergence curve. The horizontal dashed

line shows the MTF achieved by reference NH-ICD algorithm

sufficiently converged after 20 iterations. In (c), we measure

the noise standard deviation in a uniform ROI after each

iteration. The horizontal line shows the noise level in a the

reference NH-ICD reconstruction. Comparing the convergence

plots, we find a consistent trend: As expected, preconditioning

significantly accelerates the convergence speed of CG. By

including the regularization term in the preconditioner design

(P2), we can further speed up the convergence. Finally, the

NL method has the fastest convergence speed, which can be

attributed to its ability to compute the regularization function

exactly in the inner loops.

As shown in (c), in the uniform area, the PCG-P2 algorithm

has a similar convergence speed to the NL algorithm. However,

in (b), the NL method appears to be much faster than the PCG

P2 method. This is probably because, in the PCG-P2 method,

we choose the parameter α to match the regularization strength

in the uniform area. Since we use an edge-preserving regular-

ization function, the same parameter can be too strong in the

area around the wire causing slower resolution recovery. On

the other hand, since the NL algorithm computes regularization

term exactly, it shows consistently fast convergence speed in

both the uniform area and around the wire without the need

to choose parameters to optimize the convergence behavior.

Fig. 5 shows the reconstructed image from a body scan

data, in which (a) shows the denoised FBP image used as

initial condition for the iterative reconstruction, (b) and (c)

shows the image after 3 and 10 iterations of the nested loop

algorithm, and (d) shows the fully converged image generated

using 20 iterations of NH-ICD algorithm. The figure shows the

image resolution improves very quickly using the proposed

algorithm, and reaches the same solution as the NH-ICD

algorithm.

Finally, let us comment on the computational cost of each

algorithm. Typically, forward and back projection are the most

computationally expensive components of each iteration. The

cost of applying preconditioners (additional FFTs) is relatively

low. Therefore, the per iteration cost of the PCG algorithm and

the CG algorithm are very similar. The nested loop algorithm

has slightly higher computational cost mainly due to multiple

FFTs per inner loop iteration. However, in general, the inner

loop cost may still be low compared to the projector costs. In

practice, one can adjust the number of inner loop iterations to

balance convergence speed and per iteration computation cost.

IV. DISCUSSION AND FUTURE WORK

The idea of using an approximate cost function is also

used in the optimization transfer techniques. In these meth-

ods, one typically designs a surrogate function that satisfies

equation (4), and upper bounds f(x) for all x. However, to

satisfy the upper bound condition, h(n)(x) tends to have very
large curvature, and therefore, the update steps tend to be very

small. In our approach, we replace the upper bound condition

with a line search step, giving us more flexibility to explore

different choices of h(n)(x).
The idea to approximate AtWA has been well explored

in preconditioner methods. In these methods, the idea is to

design a matrix operator P directly to approximate the inverse

of the Hessian H−1(x). However, in our approach, we only
attempt to approximate the forward Hessian matrix. In general,

approximating H(x) instead of H−1(x) has two benefits.
First, we can compute part of the cost function, in our case,

the regularization term, exactly. In the typical preconditioner

methods, the Hessian matrix of the regularization function is

either completely ignored, or approximated. Using the same

approximation to AtWA, the proposed method outperforms
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Fig. 4. This figure shows convergence curves comparing the results of various
algorithms. In (a), we show the root mean squared difference (RMSD) between
the image and the fully converged reference image. In (b), we use the wire
in the image to measure the 50 percent MTF after each iteration, and then
plot the MTF convergence curve. The horizontal dashed line shows the MTF
achieved by ICD algorithm after 20 iterations. In (c), we measure the noise
standard deviation in a uniform ROI after each iteration. The horizontal line
shows the noise level in a fully converged ICD reconstruction. All convergence
curves show that the nested loop algorithm has the fastest convergence speed
of all methods considered here.

the preconditioner based methods mostly because it models

the regularization function exactly. Second, it provides us the

flexibility to use more sophisticated and more accurate models

of the Hessian. In this paper, we construct the inner-loop

algorithm using well-known approximations. In future work,

we will further explore the flexibility of the algorithm to design

a more sophisticated approximation of the AtWA operator.
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Abstract—C-arm cone-beam CT (CBCT) is entering a growing 
scope of applications in intraoperative imaging but typically 
exhibits limited soft-tissue imaging capability and is largely 
constrained to high-contrast imaging tasks. Statistical iterative 
reconstruction techniques offer major advances in image quality 
and considerable promise for low-dose soft-tissue imaging. This 
work adapts penalized likelihood (PL) reconstruction approaches 
facilitated by high-speed computing to C-arm CBCT and 
investigates performance in low-dose imaging of low-contrast 
(<100 HU) tasks pertinent to soft-tissue surgical guidance. Fair 
comparison of image quality performance in 3D filtered 
backprojection (FBP) and PL exercised careful matching of 3D 
spatial resolution (viz., matching the edge spread function across 
a low-contrast sphere) since each approach has parameters 
allowing distinct tradeoffs of noise and resolution.  

An anthropomorphic abdominal phantom with various tissue-
equivalent inserts was used to quantify contrast-to-noise / 
resolution tradeoffs in low-contrast structures when imaged 
using a mobile C-arm for CBCT. These comparisons of FBP and 
PL reconstructions across a range of low-dose protocols provided 
insight on low-dose limits, and sparse acquisitions were also 
considered as a method to reduce dose and data size. Statistical 
reconstruction increased soft-tissue image quality through 
reduction of noise and artifacts (e.g., 2-3 fold increase in CNR at 
equivalent spatial resolution), enabling a corresponding dose 
reduction wherein not only was the dose lower but also the image 
quality improved relative to FBP. The optimal reconstruction 
parameters were translated to imaging a cadaveric torso, where 
improved visualization of soft-tissue structures was confirmed.
The advances in low-dose soft-tissue image quality offered by 
statistical reconstruction demonstrate promise for intraoperative 
C-arm CBCT to overcome conventional tradeoffs in noise, 
resolution, and dose. 

Index Terms—Image Quality, Cone-Beam CT, Statistical Re-
construction, Imaging Task, Radiation Dose, Image Guidance 

A. Experimental Setup 
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B. Statistical Iterative Reconstruction 

y

L
Aμ

I

R μ
β ψ x

β ψ x

C. Image Quality Assessment 

A. PL variants at low dose  

X-ray 
Source

Detector

Phantom

Diagnostic CT

C-arm 
FOVEllipse 

Initialization

Low Contrast 
Target

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

202



B. Low dose limits 

C. Sparse projections 

D. Cadaver images 
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Abstract – Dynamic data acquisition and spatiotemporal 

reconstruction of the myocardial perfusion imaging (MPI) using 

single photon emission computed tomography (SPECT) have 

been   drawing a significant interest for a decade. However, time-

varying nature of the radiopharmaceuticals as well as 

unavoidable involuntary motion of the heart due to quasiperiodic 

beating and the effects of respiration and diaphragm motion 

usually mar the quality of the image in this modality.  In this 

work, we developed a technique to reconstruct an accurate 

spatiotemporal distribution of the radiopharmaceutical in the 

myocardium by using the tensor product of different sets of basis 

functions that approximately describe the internal motion of the 

heart. The temporal basis functions were chosen to reflect the 

optimal tracer dynamics while the motion of the heart were 

described by a discrete set of cardiac and respiratory states. The 

voxelized three-dimensional (3D) physical space, the temporal 

variation of the tracer, and the gated cardiac and respiratory 

motion make the calculation fully six-dimensional (6D). 

 

Index Terms - Myocardial perfusion, dynamic-SPECT, 

motion correction, fully 6D.
*
 

 

I. INTRODUCTION 

oninvasive myocardial perfusion imaging (MPI) has been 

a useful tool for both diagnostic and prognostic assessment 

of patients suffering from coronary syndromes including 

ischemia and myocardial dysfunction. There are a number of 

imaging modalities such as x-ray computer tomography (CT), 

positron emission tomography (PET), single photon emission 

computed tomography (SPECT), and magnetic resonance 

imaging (MRI) that have been used to assess the critical 

anatomical and functional impairments of the heart. In 

particular, emission tomography using dynamic PET and 

dynamic SPECT has been and continues to play a leading role 

in the clinical noninvasive diagnosis of myocardial ischemia 

[1]. However, despite widespread applications, images are 

often degraded by the involuntary motion of the heart leading 

to blurring, and sometimes to erroneous diagnosis.  Cardiac 

gating, which is generally considered a practical method to 
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assess the myocardial motion [2], lacks the simultaneous 

assessment of the temporal variation of the tracer. The main 

goal of this study is to simultaneously model the motion of the 

human heart (that includes both cardiac beating and motion 

due to respiration), and the distribution of the radiotracer for 

the dynamical MPI using SPECT. 

 
Fig. 1. Portrayal of cardiac states (top row), and a 

phantom torso [14] showing organs and corresponding 

simulated time-activity curves (bottom row).  

In this work, we formulate the reconstruction algorithm for 

the projection of dynamic cardiac SPECT data using the tensor 

product of the spatiotemporal basis functions and the basis 

functions of the subspaces of the cardiac and respiratory 

phases. Time-varying activity within a volume, in practice, 

can be modeled by selecting a set of temporal basis functions 

that are capable of representing approximate local time 

variations, and have desired smoothness properties. The 

functions such as splines, factor analysis of dynamic structures 

(FADS) [3], or other possible spectral decompositions [4] [5] 

are a few examples. Similarly, the spatially nonuniform 

activity concentration within a particular volume can be 

modeled by selecting an appropriate set of spatial basis 

functions defined within the volume. These could also be 

splines [6], point clouds of tetrahedral elements [7], blobs [8], 

various types of polynomial expansions or indicator functions 

corresponding to voxels. Furthermore, the basis function for 

the motion can be anything that optimally characterizes the 

movement of the heart. For instance, the quasiperiodic beating 

N
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of the heart can be characterized by some periodic functions 

that reflect the different cardiac phases, while the motion due 

to respiration can be some linear translations. The number of 

basis functions and their spatial and temporal extents can also 

be varied so that they can optimally model the spatial and 

temporal content of the data with the fewest number of basis 

functions.  

A smooth time-varying concentration of the tracer activity 

in a given volume and the deformation of the heart were 

simultaneously solved using the maximum likelihood 

expectation maximization (ML-EM) algorithm [9]. The ML-

EM algorithm was successfully implemented in the past for 

modeling four-dimensional (4D) SPECT acquisition [10] as 

well as for five-dimensional (5D) PET [11] and SPECT 

acquisitions [12]. Recently, we have reported on a fully 5D 

reconstruction method using a continuous rotating SPECT 

system for dynamic MPI [13]. In this study, we extended our 

previous work to incorporate the effect of respiratory motion. 

Attenuation correction, a major degrading factor, has been 

explicitly employed in the calculation through the system 

matrix while scattering was neglected. Our approach is novel 

in its own right, and may give a handle to study the internal 

motion of any organ in a multidimensional space.  

II. 6D MODEL 

In dynamic SPECT, a photon emitting radionuclide, e.g., 

technetium tagged to sestamibi or tetrofosmin, is infused into 

patient’s vein and the emitted photons are detected and 

recorded continuously by the detector camera as it rotates. The 

detected photons so called ‘projections’ provide the 

information of the kinetics and dynamics of the tracer as well 

as the motion of the heart.  

The activity distribution of a radionuclide in the image 

space is represented by a function ))(),(,,( tttxA ζτ , where 

 is the spatial coordinate,  is the time coordinate,  is 

the cardiac phase coordinate, and )(tζ  is the cardiac 

displacement due to respiratory motion. We model the activity 

distribution as a tensor product of the spatiotemporal basis 

functions and the basis functions of the cardiac and respiratory 

phases: 

 

A(x, t,τ (t),ζ (t)) = amnqrS
m

m,n,q,r

∑ (x)V n (t)Wq (τ (t))Rr (ζ (t)) , 

(1) 

where , , are spatial and , 

, are temporal basis functions, while 

, , and Rr (ζ (t)) , r =1,.......,L , 

are basis functions corresponding to the cardiac and 

respiratory phases, respectively. The expansion coefficients 

amnqr  give weights for each basis function. Although our 

formulation is more general, we provide a particular 

representation of the activity concentration in parametric space 

to include smooth temporal changes within the volumes when 

the volume itself is moving in time, and so to provide 6D 

representations of the dynamic reconstructions. 

The projections of the activity at any particular instant 

depend on the angular position of the detector.  The detector is 

also pixelized so that for an arbitrary ith  pixel, accumulation 

of the photons in a given small time  at a time point is 

given by, 

,      (2) 

where the spatiotemporal distribution of the activity is 

integrated out along the line in the image space . The 

weighting function F[x,di (t)]  maps the activity from a 

position  in the image space into the projection at the 

detector position di . Expanding the activity in terms of the 

basis functions, the projections can be modeled as 
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Generally the projection data can be recorded as individual 

events of radioactive emissions (list mode) or the 

accumulation of events in a detector bin  over the 

acquisition time interval divided by the interval so that the 

value at all time points are in terms of activity concentration in 

units of counts per unit time. The projection at time kt  in 

projection bin I is the activity acquired during the time 

interval 
ktΔ : 
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where 
gτ  is the time of the cardiac phase and  lζ , is the time 

of the respiratory phase in the interval [ ]kkk ttt ,Δ−  that the 

projection samples ),,( lgktp ζτ , Ii ,...,1=  are acquired.  

We assume there are a sufficient number of cardiac and 

respiratory cycles during each time interval 
ktΔ . Since the 

respiratory period is larger than the cardiac period, for each 

time interval, we will assume that L ≥G ≥1 , where L  is the 

number of respiratory gates Ll ,...,1=  and G  is the number 

of cardiac gates Gg ,...,1=  during the respective respiratory 

and cardiac cycles. The total number of time samples 

Kk ,...,1=  is K . 

 

The expression in (3) can be represented in matrix form as 

x t )(tτ

)(xS m Mm ,......,1= )(tV n

Nn ,......,1=

))(( tW q τ q =1,......,Q

ktΔ kt
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,                                       (4) 

 

where p  is an IKGL -element column vector of modeled 

dynamic projection data values, F is a matrix operator of 

dimension IKGL× (MNQR) containing the elements 

( ) ∫
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k

kk
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Here,  is anMNQR -element column vector of coefficients. 

The solution for the coefficients  in (4) can be estimated 

using maximum likelihood or Bayesian formulation. 

The matrix operator  is a linear transformation from the 

image space with elements  into the projection space with 

elements p , which, in principle, includes effects of all 

physical processes such as attenuation, scattering and 

geometric point response of the collimator. 

 

 
Fig. 2. Tree diagram representing temporal (T), 

respiratory (Rg), and cardiac gate (Cg) grouping for 

implementing the tensor product state (equation (1)) in the 

simulation. 

 

III. SIMULATION METHODS 

The mathematical cardiac torso (MCAT) phantom [14] was 

used to simulate the time-varying distribution of the 

radiopharmaceutical and motion of the heart due to respiration 

and cardiac beating. Time activity curves (TACs) for vital 

organs such as heart, lungs, liver, spleen, and several others 

were measured to simulate activity corresponding to a patient 

infused with the radiotracer 
99m

Tc-tetrofosmin (
99m

Tc, 140 

keV) in our ongoing dynamic cardiac SPECT studies. Using 

these activities as input parameters, the noise-free projection 

data sets were generated for the SPECT geometry of a 

commonly available single-head gamma camera. The beating 

of the heart along with the respiratory and diaphragm motion 

was incorporated in the simulation. The period of cardiac 

cycle was 1 sec, and each systolic phase was accompanied 

after 0.325 sec of the end-diastolic phase. The respiratory 

period was 5 sec and the maximum displacement of the heart 

due to diaphragm motion was 2 cm.  The camera rotation 

period was 15 sec such that there were 3 complete respiratory 

and 15 heart cycles for each rotation.  In the simulation, we 

considered 5 respiratory and 8 cardiac gates, and 120 frames 

per rotation.   

Although we simulated the activity over the whole torso, we 

particularly paid attention to the temporal evolution of the 

tracer diffusion in the myocardium. We considered the three-

dimensional (3D) image space voxelized into 128×128×128 

voxels of size 4.4 mm. A continuous spatial distribution using 

B-spline basis functions will delineate a smooth variation of 

the activity in space, and will be considered in future 

publications. Each detector was pixelized to a dimension of 

128×128 with a pixel size of 4.4 mm. Each projection image 

was attenuation corrected while scatter and geometric point 

responses were ignored in the simulation. 

We modeled the temporal dynamics of the tracer by 

modified B-spline basis functions that optimally capture the 

TACs for vital organs such as heart, lungs, and liver (see Ref. 

[19] for details). Although the beating of the heart is a 

continuous process, we assumed that the heart goes through a 

series of discrete cardiac states, as does the respiratory cycle. 

In order to obtain optimal temporal basis functions, we first 

fitted the TACs of the measured data. The basis functions for 

the cardiac and respiratory phases were chosen as Gaussians 

whose peaks corresponded to the discrete states in the cardiac 

coordinate. The widths of the functions were free parameters, 

and were tuned to maximally reflect the true motion of the 

heart.  

In Fig. 2, we show the tree diagram for the 6D image 

reconstruction. As discussed in the Section II, we assumed the 

order of the gating of the projection data followed a cardiac 

(Cg) - respiratory (Rg) -temporal (T) sequence.  

 

IV. RESULTS AND DISCUSSIONS 

Figure 3 shows sampled reconstructed images to 

demonstrate the temporal evolution of tracer for the initial 3 

minutes of infusion. There are particularly three different time 

scales: time for tracer uptake and wash out, the period of the 

respiratory cycle, and the period of the beating of the heart. In 

(A), we show the snapshots of the heart states for every 30 

second time span to demonstrate the tracer kinetics. In (B) and 

(C), we show the heart motion due to respiration and cardiac 

beating for 3 sec and 1 sec time period respectively. The 

image intensities are in arbitrary scale. Since the respiratory 

and cardiac motions are coupled, both the displacement and 

the beating of the heart are visible in (B) and (C). In particular, 

the reconstruction clearly demonstrated the thickening of the 

myocardium during systole and widening of the left ventricle 

during diastole. The displacement of the myocardium in the 

vertical direction may be accounted for the motion due to 

respiration.  

p = Fa

a
a

F
a
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Fig. 3. Reconstructed images of the cardiac phases of the heart using fully 6D model demonstrating (A) temporal, (B) 

respiratory, and (C) cardiac motion. (A) Snapshots of the image at every 30 sec of the tracer infusion. (B) Vertical 

displacement of the endocardium due to respiration shown by thin line. (C) Heart state in one complete beat cycle, end-

diastole (EndDias.) –Systole (Sys.)-Diastole (Dias.).

 

V. CONCLUSIONS 

We have simulated the temporal evolution of the 

radionuclides using dynamic SPECT in connection with 

myocardial perfusion imaging when the motion due to 

beating of the heart and respiration are explicitly 

incorporated. A six-dimensional (6D) multiresolution 

spatiotemporal parameterization of the gated cardiac and 

respiratory data delineated the changes in the deformation 

of the heart as well as changes in the intensity of the signal 

caused by uptake and washout of the radiopharmaceutical 

in the myocardium. We believe our approach permits direct 

6D quantitative visualization of the tracer distributions in 

moving organs and thus an accurate estimation of the 

parameter values that one can derive from the projection 

data set. Since the simulated parameters have been derived 

from a commonly available SPECT camera in the market, a 

future possibility of implementing the model in real patient 

data cannot be ruled out.  
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Abstract—We previously described a new approach using 
dual-time-point list-mode PET data to perform Patlak analysis. 
This approach can be used to compute wholebody Patlak 
parametric images from a two-pass PET scan.  Our method 
directly fits the Patlak slope and intercept at each voxel using the 
list mode arrival time for each event and a penalized maximum 
likelihood estimator. In order to make this method feasible for 
routine clinical studies, we need to address the following 
important issues in patient data processing: dynamic modeling of 
random and scattered events, estimation of the blood input 
function, and compensation for patient movement between 
frames. We describe how we handle each of these issues. We then 
illustrate the approach in application to wholebody FDG studies 
and compare our results to those obtained with standard static 
imaging and with fractional SUV methods.  

Index Terms—PET, Patlak, listmode, wholebody 

I. INTRODUCTION

TATIC positron emission tomography (PET) scan and 
semi-quantitative measurements such as the standardized 
uptake value (SUV) are widely used in cancer staging and 

in following response to therapy. SUV does not reflect the 
underlying dynamics of tracer uptake since it depends on 
uptake integrated over a single frame. Variations in protocols 
among clinical sites and the complex relationship between 
dose, uptake and body weight also limit its use as a 
quantitative biomarker. 
    To overcome these limitations others have investigated the 
use of dual-time-point PET scans. Studies have shown that 
this approach can improve diagnostic accuracy for certain 
cancers such as malignant lung nodules [1] and high-grade 
brain tumors [2] when comparing to the standard single frame 
SUV method. It is also useful in differentiating malignant 
lesions from benign ones [3]. However, dual-time-point SUV 
is still affected by some of the factors mentioned above and 
remains at best a semi-quantitative measure.  
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In contrast, pharmacokinetic models based on dynamic PET 
data offer the ability to fit quantitatively meaningful 
parameters that reflect underlying metabolic or other 
physiological processes. This in turn can lead to more accurate 
detection and staging of tumors as well as differentiation from 
other forms of enhanced uptake, such as regions of 
inflammation. Freedman et al. [4] found that discrepancies 
between SUV and Patlak values in patient therapy are 
primarily due to the unmetabolized FDG measured by 
SUV, which is important for the accurate determination of 
glucose metabolic rates. They concluded that the Patlak 
slope is more accurate in predicting response to treatment. 
Graham et al. [5] also concluded that Patlak slope is a better 
discriminator between normal tissue and tumors.

Clinical PET systems have limited axial extent that 
precludes wholebody dynamic scanning. Typically the patient 
is scanned for a few minutes at several contiguous bed 
positions and the reconstructed images are stitched together to 
form a wholebody image. If we want to perform dynamic 
analysis while still collecting wholebody data we can only 
sample part of the dynamic process and must then fit the 
dynamic model with only partial data. The Patlak model has 
only two parameters and does not directly use the earlier part 
of the time activity curve.  We can therefore compute these 
parameters from measurements collected over two time 
intervals or frames, provided sufficient time elapses between 
these frames.   
 Motivated by the goal of performing wholebody Patlak 
imaging we have developed a Patlak estimation method from 
dual-time-point list-mode data [6]. Simulation and Cramer-
Rao analysis in [6] suggest that this method can achieve 
superior differentiation of tumor from background in small 
tumors compared to using fractional changes in SUV 
computed from the same dual-time-point data. To apply this 
approach to clinical data we need to account for the time 
varying effect of random and scattered events and also for 
patient motion. In Section 2 we describe how we model these 
factors. We also describe how we estimate the input function 
necessary to perform Paltak analysis. Finally we apply our 
method to wholebody patient 18F-FDG data, and compare the 
Patlak image derived using our method with single and dual 
frame static PET images. 

II. METHOD

2.1 Patlak Estimation from two Frame List Mode Data:
    The Patlak graphical model applies to kinetic data beyond 
time  at which point changes are effectively due to 
irreversible trapping in a single compartment. Let  be the 

Data Correction Methods for Wholebody Patlak 
Imaging from List-mode PET Data 
Wentao Zhu, Bing Bai, Peter S. Conti, Quanzheng Li, and Richard. M. Leahy 
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tracer time activity curve (TAC) with input function . We 
can write the Patlak equation as: 

where  is the net influx rate, and  is the intercept of the 
Patlak model. We can therefore model the rate function at 
voxel j after steady state  as a linear combination of two 
basis functions  and :

Consequently the rate function in sinogram space at line of 
response (LOR) i can be written as: 

where  is the probability of an event at voxel j being 
detected at detector pair i, and nv the number of voxels; the 
exponential term accounts for radioactive decay. Time series 
ri(t) and si(t) are the random and single rates for LOR i at time 
t. Assuming we have list mode data over the interval [ ]
and , and that the arrival times follow the time-
inhomogeneous Poisson process , we estimate the Patlak 
parameters in a Bayesian framework. The log posterior 
function is: 

where  is the arrival time of the  event at LOR i, and 
is the 2nd  derivative matrix of a quadratic spatial penalty (or 
equivalently the 2nd derivative of a quadratic Gibbs energy 
function). We do not regularize in time since we only have 2 
basis functions. We maximize  to compute estimates of 
the Patlak parameters at each voxel. 

2.2 Randoms and scatters in dynamic list-mode data
Since we are using a list mode model, we need a 

continuous-time estimate of both randoms and scatters. As our 
protocol is composed of 2 listmode acquisition frames each 
with 5 bed positions, in preprocessing we obtained 10 pairs of 
static randoms and scatters estimates from 10 listmode files. 
We make the simplifying assumption that the temporal and 
spatial distribution of scatters and randoms are separable [7]. 
Let  denote the total number of delayed events for the ith

LOR integrated over the entire acquisition period of the bth

bed position. Let  be an estimate of the dynamic 
variation of randoms averaged over all LORs and normalized 
to integrate to unity over the acquisition time of the bth bed 
position. Then the estimated randoms rate function in the bth` 

bed position can be modeled as: 
          (8) 

Similarly, let  denote the total number of scattered events at 
the ith LOR in the bth bed position and  be a normalized 

estimate of the dynamic variation, then the scatter rate 
function in the bth` bed position can be modeled as: 

         (9) 
In the following, the integrated randoms  are computed 
from a sinogram of delayed events summed over the 
acquisition period of the bth` bed position. Integrated scatters 

 is computed from the sinograms generated by 
histogramming the list mode data of the bth bed position, in 
combination with a co-registered x-ray CT scan, using a 
deterministic scatter estimation method [8]. The temporal rate 
function of scatters for each bed position is assumed to be 
proportional to the rate function of prompts, and then 
normalized to unity over the frame, i.e. 

       (10) 

where  and  are the starting and end time of the bth bed. 
The rate function of all prompts for each bed is obtained by 
first dividing the 5 min time into ten 30 sec subsets and 
counting the number of prompts for each subset, and then 
performing interpolation between the 10 data points. A similar 
process is used for estimating the randoms rate function ,
but since these vary as the square of activity we use: 

       (11) 

2.3 Blood input function
Our goal in this work is to develop a practical method for 

wholebody clinical Patlak studies. Since routine measurement 
of the input function using arterial blood sampling is 
impractical, here we adopt a hybrid approach that combines a 
population based approach for  with a simplified 
exponential model for .

We pooled data from a set of N=7 60min FDG dynamic 
scans of patients with liver cancer. We identified ROIs in the 
abdominal aorta in each subject from coregistered contrast 
enhanced CT images. We extracted estimates of activity in the 
aorta from MAP reconstructions [9] of each frame to fit a 
continuous model. We then scaled each input function to have 
unit integral. 

The population average was then generated by averaging over 
all scaled input functions, i.e. 

We then adopt the following input function model:   

where is the scan start time, which is approximately 1 hour 
after injection.  

The constants  are chosen so that the input function is 
continuous at . To find these constants we choose the two 
frames corresponding to the bed position that contains the 
abdominal aorta. For each frame we compute a static MAP 
reconstruction. An ROI within the aorta is manually delineated 
and the average activity in the ROI computed for both frames. 
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The parameters  are then computed by fitting the model 
to these two values by integrating of their respective durations. 
Note that although there are three parameters,  and are
dependent because of the continuity constraint. This approach 
could be modified in a straightforward manner to include data 
from additional frames that also include large arterial vessels.  

2.4 Motion correction
Our motion correction technique performs pairwise 

nonrigid registration between each set of two frames that 
correspond to the same bed position. We first compute static 
MAP reconstructions for each frame at each bed position 
using a spatially variant smoothing function selected to 
achieve a constant count independent resolution [10].  We 
then use a non-rigid mutual information based registration tool 
[11] to find the deformation field that coregisters each pair of 
images. Patlak images are then computed using this 
deformation field.  Since we cannot warp the data for the 2nd

frame, the reconstruction method is modified so that the 
spatial mapping between the 1st and 2nd frame is propagated 
through the forward and backprojection operators when 
computing the gradient of the cost function with respect to the 
2nd frame.  

Fig. 1 (left) the input function from 7 liver scan patients. (right) the
average input function from time 0 to 60min, and (bottom) estimated 
the input function formed by extrapolation of the population average 
beyond 60mins using data from the abdominal aorta.  

III. RESULTS AND DISCUSSION

3.1 Blood input function estimation 
We used n=7 FDG liver scan data sets to train the input 

function. 60mins of data from the time of injection was 
collected and sorted into a total of 20 frames (6x30sec, 
7x1min, 4x5min, 3x10min). Each frame was reconstructed 
with matched resolution and the activity in a hand-drawn ROI 
computed for each frame. A continuous time function was 
fitted using spline interpolation and the curve normalized to 
integrate to unity from 0 to 60 min. The 7 normalized input 
functions are shown in Fig. 1 (left). Shown in Fig. 1 (right) is 

the average input function from 0 to 60 min. We then 
extrapolated these curves using the exponential model 
described above for each wholebody subject separately. Fig. 1 
(bottom) is the estimated input function using the exponential 
function approximation after 60 min for one of the whole body 
examples shown below. 

3.2 18F-FDG wholebody patient study 
We applied the dual-time-point list mode estimation method 

to wholebody patient data collected using a Siemens Biograph 
PET/CT scanner at the University of Southern California PET 
center. The 3D PET system’s diameter is 855.20mm. The 
detector size is 2.673mm  2.673mm  2.025mm. The 
number of rings is 55 and the maximum ring difference is 38. 
A span of 11 resulted in a total of 559 sinograms with 336 
angles of view by 336 radial LORs for each sinogram. List 
mode data was collected at 5mins per bed position starting at 
45mins and 105mins post injection respectively. Static 
reconstructions at matched resolutions were reconstructed 
from each frame and the Patlak image reconstructed from both 
frames using the motion correction and other calibration 
methods described above. The images were then stitched to 
form the wholebody images shown below.     

   

        
Fig. 2 Difference SUV images of frame 1 and frame 2 before (top 2 
images) and after registration (bottom 2 images)

Fig 2 shows the difference SUV images (SUV2-SUV1) for 
one patient before and after registration. In this example the 
patient left the table between the two scans presenting a more 
difficult registration challenge than in the typical case. From 
the top two images in Fig. 2 we can clearly see the bright and 
dark regions caused by misregistration in the heart, brain, liver 
and vertebrae. The post-registration result at the bottom of Fig. 
2 clearly shows significantly better alignment between the 2 
frames. The same deformation field was used to compute the 
Patlak images.  
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Fig. 3 shows Patlak slope images with and without random 
and scatter correction and motion compensation. Overall, 
these corrections produce noticeable improvements in contrast 
and noise suppression as well as improved boundary definition 
as a result of coregistration. This patient had a metal implant 
in the left leg which produces a clear artifact since the 
corrections we used do not account for its highly scattering 
and attenuating properties.  

For comparison we also computed a fractional SUV image 
as %DSUV = (SUV2-SUV1)/SUV1. Because the SUV 
normalization by weight and dose cancels in this ratio, we 
computed %DSUV directly from the MAP images. Since we 
computed these on a voxel wise basis, rather than over an ROI 
as would typically be done, the estimates are very noisy 
(column 4 in Fig. 4). While this would not be done in practice, 
the fact that the Patlak image quality is good indicates the 
potential of our approach to produce meaningful dynamic 
wholebody parameteric images in a manner that cannot be 
achieved using fractional SUVs.    

Comparing the Patlak image and static PET images (either 
frame) reveals only subtle differences visually, as shown in 
Fig. 4. However it is important to note that the Patlak result is 
a voxel-wise quantitative image so that the numerical values 
themselves should be more informative for staging and 
treatment planning.  

         
Fig. 3 Patlak slope images: (left) no scatter or random correction, no 
motion correction. (right) scatter, random correction, motion 
corrected.

IV. CONCLUSION

We addressed several practical issues in wholebody Patlak 
image estimation. We introduced a hybrid population-based 
method for estimating the blood input function. We also 
demonstrated the effectiveness of our random and scatter 
correction and of motion compensation. The wholebody 
patient data shows that we can produce Patlak images of 
equivalent quality to static PET scans. This is in contrast to 
dual-time point fractional SUV values which do not produce 
good quality images. Clearly further studies are required to 
determine whether this approach leads to improve diagnostic 
power relative to the alternatives. However, with the methods 
described about we are now in a position to perform these 
studies. 

     

                   

Fig. 4. First frame (column 1), second frame (column 2), Patlak 
(column 3) and %DSUV (column 4) wholebody reconstruction 
images. 
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Multi-dimensional sinogram restoration for
myocardial blood flow estimation from

dose-reduced dynamic CT
Dimple Modgil, Adam M. Alessio, Michael D. Bindschadler, Kevin J. Little, David Rigie, Philip A. Vargas and

Patrick J. La Rivière

Abstract—Quantification of myocardial blood flow provides
valuable diagnostic and prognostic information for the evaluation
of coronary heart disease. Dynamic CT offers the potential of
a quick and cost-effective method to quantify the myocardial
blood flow. However, a primary reason dynamic CT is not widely
employed is the large radiation dose imparted to the patient.
Radiation dose reduction is essential for clinical acceptance of
these studies. In order to achieve dose reduction, one needs
to be able to extract the same blood flow information from
much noisier data. We propose that it is possible to do so by
applying sinogram restoration techniques to dynamic CT data.
So far, these techniques have only been applied to static data.
We expand this technique to also impose regularization in the
temporal domain. In this paper, we present preliminary results
using a variety of temporal regularization techniques on noisy,
simulated dynamic CT data.

Index Terms—Dynamic CT, sinogram restoration, coronary
heart disease, myocardial blood flow, time attenuation curve

I. INTRODUCTION

Cardiac diagnostics would benefit greatly from an easy

and widely available technique for quantitative myocardial

blood flow estimation. Quantification of myocardial blood flow

(MBF) is clinically very important for evaluation of coronary

heart disease (CHD). The most common diagnostic test for

CHD using angiography is insufficient for clinical decision

making. Studies have shown that perfusion information leads

to better outcomes and reduced costs [1]. Unlike modali-

ties such as single photon emission computed tomography

(SPECT), which can only detect unbalanced ischemia, quan-

tification of MBF can assess triple vessel disease. While the

absence of ischemia is a good predictor of event-free survival,

the severity of ischemia, as measured with quantitative MBF,

is closely correlated to the occurrence of adverse events further

motivating quantification of MBF. Dynamic CT offers a quick

method to measure MBF in absolute units (ml/g/min), but

it has a big drawback, namely, the large radiation dose that

is received by the patient during this test. CT manufacturers

have primarily focused their research and development on the

mainstream applications of static imaging with high anatomic

detail. As such, CT hardware and software are optimized for

high-flux, high throughput imaging, with little optimization for

4D imaging of the time course of contrast agents.

Adam Alessio and Michael Bindschadler are in the Department of Ra-
diology at the University of Washington. The other authors are with the
Department of Radiology, The University of Chicago.

There are two potential methods to reduce dose from dy-

namic CT scans: reduced tube current or reduced time samples

or a combination of both. Both these strategies come at the

cost of increased noise while reducing dose. Several groups

have explored techniques to incorporate temporal variation in

cardiac imaging, for a low dose scan protocol. For example,

Sawall et al. [2], [3] used a variant of McKinnon-Bates

image reconstruction algorithm along with bilateral filtering in

multiple dimensions (three spatial, three temporal: cardiac, res-

piratory and perfusion) to achieve low-dose phase-correlated

imaging in small animals. Ritschl et al. [4] used a new method

for spatial and temporal regularization for temporal-correlated

CT image reconstruction. Their method utilized total variation

constraint in both spatial and temporal dimensions. Chen et
al. [5] used a prior image constrained compressed sensing

algorithm in the context of time-resolved cardiac C-arm cone-

beam CT.

In this work, we explore 4D sinogram restoration methods

to restore noisy CT data so as to minimize the radiation dose

from dynamic CT. Ultimately, we want to verify that accurate

and precise time attenuation curves and parametric estimates

can be recovered from CT acquisitions with substantially lower

dose to patients.

II. METHODS

Noise in CT data is generally controlled through the

apodization of the kernel used in the filtered backprojection

reconstruction. This simple approach does not model the

spatially variant noise properties inherent to the data and is

suboptimal. Iterative sinogram restoration has been proposed

to improve the signal-to-noise ratio of CT data [6], [7].

These restoration strategies generally model several of the

degrading physical effects of the CT acquisition and attempt to

remove these degradations from the data through an iterative

deconvolution based on a reasonable stochastic model for the

data and a simple roughness-penalty term. These methods

offer the benefits of both noise and artifact reduction. In this

paper, we propose tailoring these approaches for use with

dynamic CT data. We use the same general model that we

have used for static sinogram restoration [6], with a slightly

different interpretation of the terms. We assume the raw data

are modeled as:
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Yi =

∫
Poisson {I0(E) exp (−li)}EdE

+Normal{0, σ2
i } (1)

li ≡
∫
Li

μ(x,E)dl. (2)

This represents the sum of a compound Poisson distribu-

tion and a Gaussian electronic noise term. Here, Yi are the

measurements recorded by an energy-integrating detector at

various bins, views and time frames, Li is a line through

the object for the ith measurement and I0(E) is the incident

polyenergetic X-ray spectrum. The total number of measure-

ments now is the product of the number of projection angles,

the number of detector bins and the number of temporal

frames. This model takes into account the polychromatic X-ray

spectrum, compound Poisson noise and electronic Gaussian

noise. To yield a tractable likelihood function, we model the

first term as a scaled, over-dispersed Poisson likelihood and

add to it a constant derived from the electronic noise and

dark current. The distribution of the resulting shifted Poisson

variable matches the true distribution in the first and second

moments [6]. The goal is to estimate the set of line integrals, li
(which are a function of projection bin, azimuthal angle, and

temporal frame), as accurately as possible from noisy data.

We do so through a penalized likelihood strategy tailored for

the dynamic CT application. We add to the cost function a

penalty term that will penalize the temporal variations in the

sinogram due to iodine transport. The general form of the

objective function is:

l̂ = argmaxp≥0 [L(l; y)− βR(l)− γC(l)] (3)

where the first term is the usual Poisson log-likelihood

function, the second is a spatial roughness penalty, and the

third term is a temporal roughness penalty. We will try several

different penalty terms in the temporal domain:

1) γ = 0: smoothing only in the spatial domain.

2) β = γ: common strength for quadratic penalty over both

spatial and temporal domains.

3) β �= γ: different strength for quadratic penalty over

spatial and temporal domains.

4) γ = γ̂(t): strength of temporal penalty is a function of

time to allow for variation in bias to variance tradeoff at

different times in the acquisition. This may be beneficial

considering rising edge of iodine enhancement informs

the blood flow estimate more than tail and has more sig-

nal change than the tail. This work will be investigated

later.

5) Temporal shape-based penalty: This will encourage ad-

herence of the temporal variation of the iodine enhance-

ment to the priors term that contains a priori knowledge

of the temporal variations due to iodine transport. This

constraint will encourage, but not require, adherence of

the reconstructed time attenuation curves to the priors.

This work will be investigated later.

A. Smoothing only in the spatial domain

In the first case, we have no temporal smoothing term and

a quadratic smoothing penalty term in the spatial domain. The

objective function is given by [6]:

l̂ = argmaxl≥0 [L(l; y)− βR(l)] , (4)

R(l) =
K∑

k=1

ψk

⎛⎝ Np∑
j=1

tkj

⎞⎠ (5)

ψk(x) ≡
x2

2
(6)

The inner sum over j involves the difference between the

kth projection bin and its nearest neighbors. In this work, we

chose tkj it to create pairwise combinations among a given

projection bin and its four nearest neighbors in the spatial

domain. Following the separable parabolic surrogate method

(SPS) to maximize the likelihood, as derived by Ergodan et

al. [8], and the approach by La Rivière et al. [6], the update

equation is given by:

l
(n+1)
i = l

(n)
i +

ḣi(l
(n)
i )− β

∑K
k=1

∑N
j=1 tkitkj l

(n)
j

c
(n)
i + βνi

, (7)

li ≡ f(lmono
i ) (8)

ḣi(l) = Iie
−l

[
1− yi

Iie−l + ri

]
, (9)

vi ≡ ∑K
k=1 |tki|tk, with tk ≡ ∑NY

i=1 tki, and the c
(n)
i are

the curvatures of the paraboloidal surrogates [6].

B. Common strength for quadratic penalty in the spatial and
temporal domains

In this case the objective function is given as above except

for a difference in the pairwise combinations:

l̂ = argmaxl≥0 [L(l; y)− βR′(l)] , (10)

R′(l) =
K∑

k=1

ψk

⎛⎝ Np∑
j=1

t′kj

⎞⎠ (11)

ψk(x) ≡
x2

2
(12)

The inner sum over j involves the difference between the

kth projection bin and its nearest neighbors. In this work, we

choose t′kj it to create pairwise combinations among a given

projection bin and its four nearest neighbors in the spatial

domain and two nearest neighbors in the temporal domain.
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C. Different strength for quadratic penalty in the spatial and
temporal domains

In this case the objective function is given by:

l̂ = argmaxl≥0 [L(l; y)− βR(l)]− γC(l), (13)

C(l) =

K∑
k=1

ψk

⎛⎝ Np∑
j=1

t′′kj

⎞⎠ (14)

ψk(x) ≡
x2

2
(15)

The spatial penalty term is the same as in section 2.1.

In the temporal penalty term, the inner sum over j involves

the difference between the kth projection bin and its nearest

neighbors. In this work, we chose t′′kj to create pairwise

combinations among a given projection bin and its two nearest

neighbors in the temporal domain. For the spatial penalty term,

we choose tkj to create pairwise combinations among a given

projection bin and its four nearest neighbors in the spatial

domain.

D. Data Generation and Image Reconstruction

We generated dynamic material phantoms to mimic the

exchange of iodine in the myocardium. Using the XCAT

phantom as the base image volume, we simulated 4D image

volumes with unique kinetics in the right ventricular cavity,

left ventricular cavity, aorta, and myocardium. These kinetics

were derived from our detailed mathematical model of iodine

exchange. Starting from a ventricular or aortic input signal,

the model accounts for the time delay and signal dispersion in

large vessels between the input measurement and myocardium.

In the tissue region of interest, the model accounts for flow

heterogeneity and axial dispersion in the concentration of

iodine as it exchanges with the interstitial space. In addition,

the known differences between the systemic and microvascular

hematocrits are appropriately handled. This iodine exchange

model was informed by patient and porcine studies and

allows for generation of realistic iodine curves for a range

of physiologic states. These curves defined the changes in the

dynamic phantom, which consisted of concentration maps of

three materials (water, bone and iodine), as shown in figure 1,

for each time frame.

Figure 1. A slice from one frame of the dynamic CT phantom consisting of
iodine, bone and water

We constructed a polyenergetic simulator for CT projection

data that uses the system model described above by eq. 1. The

spectrum and the system parameters used by our simulator

matched a CT scanner at the University of Washington (GE

Lightspeed 16-slice, GE Healthcare, Waukesha, WI). Noisy

projection data was generated with a tube current of 25

mA for this phantom for 25, 1 sec time frames. The noisy

projection data was then processed through our proposed

sinogram restoration methods. Beam hardening correction

was computed for this spectrum assuming a uniform water

phantom at a monochromatic average energy of 62.33 keV.

This correction was applied to the restored sinogram data.

The images were reconstructed from the restored sinograms

using filtered backprojection (FBP) with a Hann filter with

a cutoff of 0.46. We also reconstructed the images from the

noisy, non-restored sinogram data with FBP.
In the images for each frame, a mean value of Iodine

concentration was computed in four different ROIs in the

left myocardium. From this data, a plot of variation in iodine

concentration versus time was obtained. This curve is referred

to as a time attenuation curve (TAC). The shape and magnitude

of these curves can be used to estimate MBF using models of

iodine transport in the myocardium [9], [10].

III. RESULTS

Figure 2 shows the heart region for images reconstructed

using both unrestored and restored sinogram data. Images

reconstructed using unrestored sinogram data are much more

noisy. The four ROIs chosen for computing the TACs were

placed in the wall region of the left ventricle.

Figure 2. Reconstructed image slice, showing the heart region, for time
frames at 6, 11, 16 and 21s: top- using unrestored sinogram data, bottom -
using restored sinogram data with β = 1000, γ = 500

The time attenuation curves are presented in figure 3. The

number of frames used for reconstruction were: 25, 12 and 8,

to represent three potential acquisition schemes acquiring an

image every second, every other second (1/2 dose), and every

3 seconds (1/3 dose). In this figure, the legend refers to the

following methods used for image restoration:

1) No restoration: FBP reconstruction with no sinogram

restoration

2) beta=1000, no temporal: sinogram restoration only in

spatial domain (β = 1000) followed by FBP

3) beta=gamma=1000: sinogram restoration with same

quadratic penalty in both spatial and temporal domains

followed by FBP

4) beta=1000, gamma=500: sinogram restoration with dif-

ferent quadratic penalty terms both spatial and temporal

domains followed by FBP
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Iodine enhancement in myocardium (25 frames)
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Iodine enhancement in myocardium (12 frames)

0 5 10 15 20 25
Time (s)

960

970

980

990

1000

1010

1020

C
T

 #
(H

U
)

True

beta=gamma=1000

beta=1000, gamma=500

beta=1000, no temporal

No restoration

Iodine enhancement in myocardium (8 frames)
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Figure 3. Time attenuation curves obtained using sinogram data from 25,
12 and 8 frames

The enhancement as measured in the reconstructed images

is less than the true value due to beam hardening. Currently,

our beam hardening correction only corrects for water. We will

add multi-material beam hardening correction in the future. We

observe from the figure that the simulated TAC curves mimic

very closely the true TAC curve when all the time frames (25)

are used. The simulated curves reconstructed using smoothed

sinogram data match much better than the unsmoothed one.

Looking at the undersampled data using 12 frames, we observe

that the smoothed data with temporal smoothing follows the

true curve much more closely. This difference is even more

obvious when we use 8 frames for reconstruction. We do

not see any perceptible difference between performing the

temporal smoothing separately from spatial smoothing versus

performing the smoothing in both domains together.

IV. CONCLUSIONS AND FURTHER WORK

We found that sinogram restoration in the spatial and

temporal domains reduces the variance in the time attenuation

curves, especially in undersampled temporal data. We found

that the slope of the curve, which is a predictor of flow, is

closer to the true slope when sinogram restoration is performed

with spatial and temporal regularization.

In the future, we will explore the use of shape-based or

frequency-informed temporal priors in the temporal smooth-

ing. There are a variety of ways of obtaining suitable temporal

priors. We will also explore the use of the Karhunen-Loeve

(KL) transform of a sample covariance matrix calculated for

the portion of the sinogram data that is the forward projection

of a region of interest tightly encircling the heart. Prior work

with dynamic PET reconstruction has shown that there are

usually only a few significant temporal components in the

expansion [11]. These will be used as the spatially-variant

priors in the above cost function. Unlike the work of Kao et al.,

which explicitly discards all other temporal components, the

cost-function based approach will only encourage adherence

to the priors while allowing the data to dictate other temporal

variations.
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Dynamic Reconstruction with Statistical Ray
Weighting for C-Arm CT Perfusion Imaging

Michael T. Manhart, Andreas Fieselmann, Yu Deuerling-Zheng, Andreas K. Maier and Markus Kowarschik

Abstract—Tissue perfusion measurement using C-arm angiog-
raphy systems is a novel technique with potential high benefit
for catheter-guided treatment of stroke in the interventional suite.
However, perfusion C-arm CT (PCCT) is challenging: the slow
C-arm rotation speed only allows measuring samples of contrast
time attenuation curves (TACs) every 5 – 6 s if reconstruction
algorithms for static data are used. Furthermore, the peaks of the
tissue TACs typically lie in a range of 5 – 30 HU, thus perfusion
imaging is very sensitive to noise. Recently we presented a
dynamic, iterative reconstruction (DIR) approach to reconstruct
TACs described by a weighted sum of linear spline functions
with a regularization based on joint bilateral filtering (JBF).
In this work we incorporate statistical ray weighting into the
algorithm and show how this helps to improve the reconstructed
cerebral blood flow (CBF) maps in a simulation study with a
realistic dynamic brain phantom. The Pearson correlation of the
CBF maps to ground truth maps increases from 0.85 (FDK), 0.87
(FDK with JBF), and 0.90 (DIR with JBF) to 0.92 (DIR with JBF
and ray weighting). The results suggest that the statistical ray
weighting approach improves the diagnostic accuracy of PCCT
based on DIR.

I. INTRODUCTION

Perfusion CT (PCT) is an important imaging modality for
diagnosis in case of an ischemic stroke event. Time attenuation
curves (TACs) in tissue and vessels are extracted from a
time series of brain volumes acquired after a contrast bolus
injection. Perfusion parameter maps calculated from TACs,
which represent quantities such as cerebral blood flow (CBF),
cerebral blood volume (CBV), and mean transit time (MTT),
provide information about the extent of the affected tissue.
They can be used to identify potentially salvageable ischemic
tissue that may be reperfused by catheter-guided stroke therapy
procedures such as intra-arterial thrombolysis. For this purpose
the patient is transported to an interventional suite equipped
with a C-arm angiography system, where perfusion mea-
surement is not yet available. Perfusion measurement using
C-arm systems would allow assessing the perfusion parameters
directly before, during and after the interventional procedure
and thus help to determine treatment success and endpoint
[1]. Current C-arm systems typically require about 4 – 5 s to
acquire the X-ray projection images needed to reconstruct one
volume and a pause of about 1 s between two successive
acquisitions, which limits the temporal sampling of the TACs
and makes perfusion C-arm CT (PCCT) challenging. Recently

M.T. Manhart, A. Fieselmann and A.K. Maier are with Pattern Recogni-
tion Lab, Department of Computer Science, Friedrich-Alexander-Universität
Erlangen-Nürnberg, Martensstr. 3, 91058 Erlangen, Germany. Y. Deuerling-
Zheng and M. Kowarschik are with Siemens AG, Healthcare Sector, Angiog-
raphy & Interventional X-Ray Systems, Forchheim, Germany.

Email: michael.manhart@cs.fau.de

Figure 1. Basis functions for linear interpolation (red, solid) and relative
angular C-arm position (blue, dashed).

we proposed a new dynamic, iterative reconstruction algorithm
with a joint bilateral filter (DIR-JBF) [2] to reconstruct TACs
from a PCCT acquisition with increased temporal resolution
and improved CNR in the brain tissue compared to standard
FDK reconstruction. In this work, we additionally introduce a
statistical ray weighting to further improve the reconstructed
perfusion maps. We investigate the noise statistics of sub-
tracted projections and introduce a penalized weighted least
squares (PWLS) formulation extending the DIR-JBF algorithm
to the DIR maximum a-posteriori (DIR-MAP) algorithm. The
new DIR-MAP algorithm is evaluated using a digital brain
phantom and compared to the DIR-JBF algorithm, classical
FDK reconstruction and FDK reconstruction followed by
denoising with JBF (FDK-JBF).

II. ALGORITHM

A. Acquisition Protocol

This section describes the C-arm perfusion acquisition
protocol used for the simulation study. The parameters are
taken from an acquisition protocol available in state-of-the-
art C-arm systems (Artis zee, Siemens Healthcare, Germany).
Since currently available C-arm systems are not capable of
continuous, uni-directional rotations, the C-arm is rotated in
a bi-directional manner in forward and backward direction
during a perfusion scan. At first one C-arm rotation in forward
and one in backward direction acquires mask projection data
pM (M: mask) with the static anatomical structures. In each
rotation 248 projections covering an angular range of 197.6°
are acquired. After contrast agent injection the C-arm is rotated
Nrot = 7 times in bi-directional manner as shown in Figure 1
and acquires the projections pB (B: bolus) following the con-
trast bolus flow. Each rotation takes Trot = 4.3 s with a pause
of Tstop = 1.2 s between any two of them. After logarithmic
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pre-processing the pure contrast-enhanced projection data p

is computed by subtracting the mask projections pM from the
bolus projections pB.

B. Dynamic Iterative Reconstruction Algorithm

The DIR-JBF algorithm [2] represents the basis method
used to reconstruct the contrast time attenuation curves (TACs)
inside the volume of interest (VOI) from the dynamic projec-
tion data denoted by vector p ∈ RN , which comprehends
all rays during the contrast-enhanced acquisition after mask
subtraction. Each TAC inside the VOI is described by a
weighted sum of asymmetric linear spline functions. The knots
of the splines are placed at 0.25 ·Trot and 0.75 ·Trot of each C-
arm rotation (Figure 1). Consider the 4D volume denoted by
vector x describing the TACs sampled at the acquisition time
point of each acquired contrast-enhanced C-arm projection.
We introduce the matrix B, which interpolates x from the
weights of all basis functions denoted by vector w such that
x = Bw. The system matrix A describes the dynamic forward
projection p ≈ Ax. The DIR-JBF algorithm reconstructs
the basis weights w from p by minimizing the least-squares
distance between the measured projection data p and the
forward projected estimated 4D volume:

w̃ = argmin
w

1

2
‖ABw− p‖

2
2 . (1)

This large scale problem can be solved as described in [3]
by using a gradient-based iterative procedure based on the
Landweber scheme:

wk+1 = wk + β ·BTAT
(
p−ABwk

)
. (2)

The parameter β controls the step size of the parameter
update in each iteration, AB describes a linear interpola-
tion followed by forward projection and BTAT represents
a weighted backprojection of the error image onto the basis
weights. As described in [2] the gradient update step is
using a vessel-masked backprojection, where rays intersecting
with high contrast vessel structures are only backprojected
onto voxels belonging to the vessel structures. The weight
vector w is initialized from FDK reconstructions of the C-
arm rotations. Furthermore JBF is used for regularization.
JBF is an adapted version of the bilateral filter, where the
range similarity image is computed using a guidance image.
In the DIR-JBF algorithm the temporal maximum intensity
projections of the reconstructed TACs are used as guidance
image. We modify the JBF regularization compared to [2]:
after FDK initialization NJBF = 3 JBF iterations are applied.
During the DIR, JBF is applied once after every three gradient
update steps. To show the benefits of the dynamic iterative re-
construction algorithm compared to pure FDK reconstruction
followed by JBF the result of the initialization is included in
the evaluation. Applying only the initialization step is denoted
as the FDK-JBF algorithm.

C. Statistical Ray Weighting

In this section we discuss how we model the noise in the
subtracted projection data p and include a statistical noise

Figure 2. First order Taylor approximation of logarithmic pre-processing
around a photon count of i = 1000 in the 3σP interval of the corresponding
Gaussian random process î (99.7 % of measurements of 1000 photons will
be inside the interval [1000 − 3 σP 1000 + 3 σP] ; σP =

√
1000).

model into the DIR-JBF algorithm to extend it to the DIR-
MAP algorithm. The number of photons measured at the C-
arm detector is considered as a Poisson random process to
simulate quantum noise. The number of photons reaching a de-
tector pixel is related to the line integral p by i = iS exp (−p),
where iS denotes the number of photons emitted at the source.
Incorporating quantum noise, the number of actually measured
photons is a Poisson random process: î ∼ P (μP = i) (P:
photons). Since we do tomographic brain imaging we assume
a large number of counts; i.e. i > 1000. For such large counts a
Gaussian process is an excellent approximation of the Poisson
process:

î ∼ N
(
μP = i;σP =

√
i
)
.

The measured line integrals are also random variables and
related to the photon counts by p̂

(
î
)
= − ln

(
î/iS

)
. As

discussed in [4] for large photon counts we can simplify the
logarithmic processing by a first order Taylor series develop-
ment of p̂

(
î
)

around μP = i:

p̂
(
î
)

≈ p̂ (i) + p̂′ (i)
(
î− i

)
= − ln

i

iS
+
i− î

i
. (3)

Figure 2 shows that the first order development is an appropri-
ate approximation inside the 3 σP interval of î. From Equation
3 we see that the logarithmic processing p̂

(
î
)

is mainly a scal-

ing with −1/i and shifting with − ln
(
i/iS

)
+1. Thus the line

integral random variable p̂ can also be described as a Gaussian
process with mean μL = μP/i − ln (i/iS) + 1 = − ln (i/iS)
and variance σL = σP/i (L: line integrals):

p̂ ∼ N
(
μL = − ln (i/iS) ;σL = 1/

√
i
)
. (4)

Modeling the noise in line integral domain by Gaussian
random processes allows to describe the subtraction of the
mask measurements from the contrast-enhanced measurements
as a subtraction of two independent Gaussian random pro-
cesses. Thus a mask-subtracted contrast measurement p̂S =(
p̂B − p̂M

)
(S: subtracted) is again a Gaussian process:

p̂S ∼ N
(
μS

L = pB − pM;σS
L =

√
1/iB + 1/iM

)
. (5)

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

222



Parameter FDK FDK-JBF DIR-JBF DIR-MAP

σK 1.25 0.25 0.25 0.25
σD 1.5 mm 1.5 mm 1.5 mm
σR0 0.001 0.001 0.001
σR 1.25 · 10−4 1.25 · 10−4 1.25 · 10−4

β 3 12
NJBF 3 3 3
NDIR 12 12
σK: smoothness of FDK filter kernel for initial reconstruction,

σD: spatial bandwidth of JBF, σR0: range bandwidth of initial JBF,
σR: range bandwidth of JBF, β: DIR update step size,

NJBF: number of initial JBF iterations,
NDIR: number of DIR-JBF/DIR-MAP iterations

Table I
PARAMETERS OF ALGORITHMS.

The maximum likelihood (ML) estimation of the weights w

from projection data with Gaussian noise is provided by the
corresponding log-likelihood function [5], which combines
Equation 1 with the diagonal weighting matrix D to the
squared Mahalanobis distance D (w):

D (w) =
1

2
(ABw − p)T D (ABw − p) , (6)

where D = diag
{
1/

(
σS

L,1

)2
, . . . , 1/

(
σS

L,N

)2}
, with N de-

fined in subsection II-B. Note that in the case of non-subtracted
projections the ML estimation would be the same as in well-
known statistical reconstruction algorithms [6]. However, our
derivation also allows to describe the noise in subtracted
projections.

Elad [7] showed that the bilateral filter is related to Bayesian
noise removal. Thus we can combine the ML estimate of
the weights with a JBF penalty function RJBF (w) resulting
in the maximum a-posteriori (MAP) estimate, which can be
formulated as a PWLS problem :

w̃ = argmin
w

D (w) + λRJBF (w) . (7)

The weights are then updated by the following gradient-based
iterative procedure:

wk+1 = wk + β ·BTATD
(
p−ABwk

)
. (8)

Analogous to the DIR-JBF algorithm, the weights are initial-
ized from FDK reconstructions and filtered NJBF = 3 times
after FDK initialization and once after every three gradient
update steps. Also vessel masking is applied in the backpro-
jection step. In this work we use the approximation D =
diag

{
exp

(
−pM

1

)
, . . . , exp

(
−pM

N

)}
. The contrast attenuation

is very small compared to the attenuation of the anatomic
structures and thus σS

L,i ≈
√
2/iMi =

√
2/ (iS exp (−pM

i )),
which results in the above weighting matrix after omitting the
constants.

III. MATERIALS & METHODS

We evaluate the different approaches using the realistic
digital brain perfusion phantom, which was originally de-
scribed in [8] and extended for C-arm perfusion imaging in
[9]. The phantom is based on segmentation of a human MR

Reference FDK-JBF DIR-MAP

Figure 3. Artifacts in CBF maps (units: ml/100 g/min) comparing DIR-MAP
and FDK-JBF reconstructions to the reference for two different slices. In the
second row, zoomed views of the CBF maps shown in Figure 4 are provided
as indicated by the rectangular regions in the lower left image.

FDK FDK-JBF DIR-JBF DIR-MAP

RMSE 8.4 4.6 6.2 3.7
PC (n =1815) 0.85 0.87 0.90 0.92

Table II
QUANTITATIVE RESULTS OF CBF MAPS FROM DIGITAL BRAIN PERFUSION

PHANTOM DATA RECONSTRUCTED WITH DIFFERENT APPROACHES

(RMSE: ROOT MEAN SQUARE ERROR IN [ML/100 ML/MIN], PC: PEARSON
CORRELATION TO REFERENCE MAPS WITH SAMPLE SIZE N).

brain scan and simulates TACs inside a stroke-affected brain.
The phantom is available online [10]. Different regions with
reduced blood flow and volume were annotated in the brain
likewise as in [9]. The dynamic C-arm projection data was
created by forward projecting the 4D phantom according to
the acquisition protocol. Poisson-distributed noise was added
to the projections assuming an unattenuated X-ray density of
2.1 · 105 photons per mm2 at the detector. The CBF maps
were calculated from the reconstructed TACs using a standard
deconvolution-based approach [11]. In this study we compared
simple FDK reconstruction with the FDK-JBF, DIR-JBF, and
DIR-MAP approaches with the parameters shown in Table I.
We computed the RMSE and Pearson correlation (PC) of the
resulting CBF maps to reference maps created from ground
truth data using an automated ROI analysis [1]. Each of the 18
slices with stroke annotation of the CBF volume was divided
into quadratic ROIs of size 8 × 8 mm2 and the mean of
each ROI was considered as a measurement for RMSE and
PC computation. ROIs including voxels outside the brain or
vessels were ignored. The slow C-arm rotation speed also leads
to artifacts around arteries with high contrast dynamics if FBP-
type reconstruction algorithms are used [12]. A qualitative
comparison of DIR to FDK reconstruction with respect to such
artifacts was performed.

IV. RESULTS

Figure 4 shows the resulting CBF maps reconstructed with
the different approaches. The quantitative results are shown
in Table II. Figure 3 shows the artifacts around high contrast
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Reference FDK FDK-JBF DIR-JBF DIR-MAP

Figure 4. CBF maps (units: ml/100 ml/min) from digital brain perfusion phantom data reconstructed with different approaches.

Figure 5. AIFs reconstructed with different approaches compared to ground
truth AIF.

vessels in detail for the evaluated algorithms. Figure 5 shows
the resulting arterial input functions (AIFs) of the discussed
approaches. The reconstructions were performed on a laptop
computer with an Intel i7 M 620 2 × 2.72 GHz CPU, 8 GB
RAM, and an Nvidia Quadro FX 880M graphics chip set. The
reconstruction of a typical 4D volume of size 256× 256× 86
voxels and 14 spline weights per voxel took about 25 min us-
ing the DIR-MAP approach and about 1.5 min using the FDK
approach, where the projection pre-processing and perfusion
parameter computation is not included.

V. DISCUSSION & CONCLUSIONS

The CBF maps in Figures 4 and 3 and the AIFs in Figure 5
show how the new DIR-MAP algorithm helps to improve the
reconstructed blood flow maps and AIFs in comparison to the
other evaluated techniques. The FDK maps have clearly the
poorest quality: they are very noisy and the vessels are blurred
into the soft tissue due to the very smooth reconstruction
kernel. This also leads to a severe underestimation of the AIF
and an overestimation of the perfusion values. Furthermore
the stroke-affected areas are not well separated from the
healthy tissue. The edge-preserving filter in the FDK-JBF
reconstruction provides a highly improved noise level in the
tissue without blurring the vessels. However, due to low C-arm
rotation speed artifacts around high contrast vessels are visible
and the AIF is still considerably underestimated. The DIR-JBF
algorithm keenly reduces the FBP artifacts around the vessels
by including the contrast dynamics into an iterative reconstruc-
tion approach and the temporal resolution of the reconstructed
AIF is perceptibly improved. However, the resulting perfusion
maps look more noisy. By including a statistical noise model,
the new DIR-MAP compensates for this drawback. The DIR-
MAP technique provides improved results with low noise
level, reduced artifacts, improved AIF reconstruction, and

physically correct perfusion values. This corresponds to the
quantitative results in Table II. The DIR-MAP algorithm yields
the best results of all algorithms. Comparing DIR-MAP to
standard FDK reconstruction, the RMSE is reduced from 8.4
ml/100 ml/min to 3.7 ml/100 ml/min and PC is increased from
0.85 for standard FDK reconstruction to 0.92 on a sample size
of n = 1815 ROIs.

In this work we extended our DIR-JBF algorithm [2] by in-
cluding a statistical ray weighting to the DIR-MAP algorithm.
We showed that the DIR-based algorithms help to increase the
temporal resolution of the reconstructed TACs and provide
an improved estimation of the AIF compared to FDK-type
approaches. Furthermore the artifacts around vessels with high
contrast are keenly reduced. However, we also found that the
recently presented DIR-JBF algorithm produces more noisy
perfusion maps than the FDK-JBF technique. By introducing a
statistical ray weighting, we can compensate for this drawback.
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Systematic Performance Optimization
of Cone-Beam Back-Projection

on the Kepler Architecture
Timo Zinßer and Benjamin Keck

Abstract—Filtered back-projection algorithms are widely used
for the reconstruction of volumetric data from cone-beam pro-
jections in interventional C-arm computed tomography. Fur-
thermore, general-purpose GPUs have become a popular tool
for accelerating the reconstruction during time-critical clinical
procedures. In this work, we focus on the systematic performance
optimization of cone-beam back-projection on the latest archi-
tecture of CUDA-enabled GPUs. Our optimization approach is
based on the identification of the major performance bottleneck
through the analysis of specifically modified kernels.

Our main contribution is a smart restructuring of the back-
projection algorithm that facilitates the simultaneous processing
of a large number of projections and improves the hit rate of the
texture cache at the same time. We use the well-known RabbitCT
benchmark to demonstrate the outstanding performance of our
implementation on a single Kepler-based GeForce GTX 680 GPU.
Our implementation performs the back-projection of 496 input
projections onto a cubic 5123 volume in less than one second,
which is three times as fast as the best competing implementation.
Our back-projection implementation is also able to reconstruct
a cubic 10243 volume in about six seconds, which is six times as
fast as the best competing implementation known to us.

Index Terms—computed tomography, CUDA, FDK, GPGPU

I. INTRODUCTION

There are cone-beam back-projection implementations for a

wide range of hardware platforms, including the Cell broad-

band engine [1], [2], multi-core CPUs [3], [4], and general-

purpose GPUs [5]–[7]. Performance comparisons of several

implementations have been provided in [1]–[3]. However, the

use of varying data sets and diverse reconstruction parameters

precludes a meaningful comparison of the existing implemen-

tations. This problem has been tackled with the creation of the

RabbitCT platform [8], which provides a standardized frame-

work for comparing both the accuracy and the performance of

cone-beam back-projection algorithms.
According to [9], filtered back-projection was the first non-

graphics compute application to be successfully accelerated

on a dedicated GPU. In the meantime, GPUs have evolved

into programmable many-core processors, and development

platforms like the CUDA framework [10] have simplified the

implementation of GPU-accelerated algorithms considerably.

Okitsu et al. present a comprehensive overview of techniques

for the efficient implementation of cone-beam back-projection

on CUDA-enabled GPUs in [6]. Their most important con-

tribution is the substantial reduction of memory accesses by

T. Zinßer and B. Keck are with Siemens AG, Healthcare Sector, Imaging
& IT Division, P.O. Box 1266, D-91294 Forchheim, Germany. Corresponding
author: Timo Zinßer, E-mail: timo.zinsser@siemens.com.

processing several projections at a time. Papenhausen et al.
describe a back-projection implementation that is optimized

for Fermi-based GPUs with CUDA support in [7].

As we use the RabbitCT benchmark to evaluate our work,

we shortly describe the corresponding data set in Section II.

We then discuss several important aspects of GPU computing

in Section III. Our approach for systematic performance op-

timization, as well as the resulting optimized implementation,

are presented in Sections IV and V. We analyze the perfor-

mance of our cone-beam back-projection implementation in

Section VI. Finally, Section VII concludes this work.

II. PROBLEM DESCRIPTION

The input data set of the RabbitCT benchmark consists of

N = 496 projections with a width of Su = 1248 pixels and a

height of Sv = 960 pixels. For every projection n, the data set

also contains a projection matrix P n ∈ R
3×4, which describes

the transformation from the world coordinate system to the

detector coordinate system. An illustration of the acquisition

geometry can be found in [4]. Basically, the detector rotates on

a circular short-scan trajectory around the z-axis of the world

coordinate system, which is also the z-axis of the reconstructed

volume. This axis is roughly perpendicular to the u-axis of all

projections, as well as roughly parallel to their v-axis.

The task of a back-projection algorithm in the RabbitCT

benchmark is the reconstruction of a cubic volume with a side

length of 256 mm. The benchmark defines three problem sizes,

which correspond to volumes with a side length of 256, 512,

or 1024 voxels, respectively. During the kernel optimization in

Section IV, we focus on the 5123 volume. As every projection

has to be back-projected onto every voxel, the reconstruction

of the 5123 volume requires approximately 66.6 × 109 voxel

updates. This value is important for computing a common

alternative performance measure, the giga-(voxel)-updates per

second (GUPS). Please take note that we strictly differentiate

between decimal prefixes (1 gigabyte = 1 GB = 109 bytes) and

binary prefixes (1 gibibyte = 1 GiB = 230 bytes) to prevent

unnecessary ambiguities in this work.

III. GPU COMPUTING

In our experience, the full performance potential of any

new hardware platform can only be realized by specifically

optimizing the implementation of the deployed algorithms.

The main hardware platform of this work is the Kepler-based

GeForce GTX 680 GPU, which is compared to its predecessors
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TABLE I
RECENT GENERATIONS OF HIGH-END GPUS WITH CUDA SUPPORT

GPU GTX 280 GTX 480 GTX 580 GTX 680

Architecture Tesla Fermi Fermi Kepler

Performance [GFLOPS] 622.1 1345.0 1581.1 3090.4

Texture fillrate [GT/s] 48.2 42.0 49.4 128.8

Bandwidth [GB/s] 141.7 177.4 192.4 192.3

in Table I. Evidently, the arithmetic throughput of these GPUs

has increased with every generation. It is important to note

that the specified peak performance is only achieved for fused

multiply-add operations. For other operations, the performance

is reduced at least by a factor of two. The texture fillrate has

remained almost constant for several generations, but it has

more than doubled for the GeForce GTX 680. In contrast to

this, the memory bandwidth has all but stagnated in the latest

generation. As a consequence, the ratio between the texture

fillrate and the memory bandwidth has also more than doubled.

In order to save memory bandwidth and fully utilize its texture

units, the GeForce GTX 680 buffers texture data in the read-

only caches of its streaming multiprocessors as well as in its

unified L2 cache. For convenience, we refer to the combination

of these caches as texture cache.

We use the CUDA framework for implementing GPU-based

algorithms. An overview of basic concepts of GPU computing

can be found in [9]. For advanced topics, we recommend

the documentation of the CUDA framework itself [10]. One

important aspect of optimization is the identification of the

current performance bottleneck. Typically, the performance of

an algorithm is either limited by the instruction throughput, the

memory bandwidth, or the texture fillrate. In contrast to this,

latencies are usually not a problem, as long as the algorithm

exposes enough thread-level or instruction-level parallelism.

Compared to a sequential CPU algorithm, the execution

order of a highly parallel GPU algorithm is more complicated

and less deterministic. The following overview identifies var-

ious levels of temporal cohesion on a Kepler-based GPU:

• The 32 threads of one warp run in lockstep. They can

communicate via very efficient shuffle instructions.

• One or more warps form a thread block. The threads in

one thread block can communicate via shared memory.

These threads can also be synchronized explicitly.

• One or more threads block are executed on a streaming

multiprocessor. These thread blocks share the L1 cache

and the read-only cache of the multiprocessor. The ratio

between the actual number of threads on a multiprocessor

and the theoretical maximum is called occupancy.

• In general, only a subset of all thread blocks fits onto the

available multiprocessors at the same time. This subset

is called a wave. The thread blocks of a wave share the

unified L2 cache of the GPU.

Iterative loops inside a kernel exhibit less temporal cohesion

than the threads of a warp, and may have less temporal

cohesion than the threads of a thread block, if these threads

are synchronized after every iteration. The execution order of

instructions in different thread blocks is not defined by the

CUDA programming model.

compute position of first voxel

for I input projections do
compute homogeneous detector coordinates q[i] of first voxel

end
for K consecutive voxels along the z-axis do

zero-initialize sum s of weighted back-projected values
for I input projections do

dehomogenize detector coordinates q[i]
compute back-projected value by texture fetching
update sum s of weighted back-projected values
update homogeneous detector coordinates q[i]

end
update volume at current voxel with computed sum s
(optionally) synchronize threads in thread block

end

Fig. 1. Pseudocode for cone-beam back-projection kernel A

IV. KERNEL OPTIMIZATION

The cone-beam back-projection kernel presented in Fig. 1

constitutes the starting point of our performance optimization.

The structure of this kernel is based on the structure of what is

referred to as the fully optimized configuration in [7]. In our

kernel, one thread updates K voxels with the weighted back-

projected values of I projections. Every thread block consists

of Bx × By threads. The voxels updated by a single thread

block constitute a rectangular tile in the respective consecutive

xy-slices of the volume. A volume with Sx×Sy×Sz voxels is

processed by a grid of (Sx/Bx)× (Sy/By)× (Sz/K) thread

blocks. We use layered textures to simplify the texture fetching

for several projections. We also store the projection matrices

in constant memory, which is backed by the read-only cache.

Finally, we specify the number of projections as a template

parameter, which allows the compiler to automatically unroll

the corresponding loops of kernel A.

In this section, we ignore all data transfers involving the

host and focus on the computation times of the kernels for the

5123 volume. In order to identify the performance bottleneck

of a configuration, we measure three additional computation

times. In the first step, we reduce the voxel size from 0.5 mm

to 10-6 mm. As a result, all computed detector coordinates are

virtually identical, and the hit rate of the texture cache rises

to almost one hundred percent. In the second step, we disable

the texture fetching completely. In the third step, we also turn

off the volume update, which removes the memory accesses

and leaves only the arithmetic and control flow instructions.

It is vital that these modifications do not allow the compiler

to eliminate more code than intended. As these modifications

also tend to reduce the register count, we allocate a suitable

amount of shared memory to retain the occupancy of the

original kernel. Using the letters I(nstruction), M(emory), and

T(exture), we label the corresponding additional computation

times as I |M|T, I |M| – , and I | – | – in Table II.

In our first test, kernel A processes one projection at a time.

Each thread updates one voxel in every xy-slice of the volume.

The specified tile width Bx = 32 ensures that the volume

updates are performed by fully coalesced memory transactions.

Nevertheless, the first row of Table II clearly shows that the

memory transfer takes much longer than the computation of

the arithmetic instructions. In addition to that, the computation

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

226



TABLE II
PERFORMANCE BOTTLENECK ANALYSIS FOR DIFFERENT KERNEL CONFIGURATIONS

Test Kernel Sync I K Bx By Occupancy I | – | – I |M| – I |M|T Time GUPS

1 A no 1 512 32 8 1.000 1091 ms 4710 ms 4707 ms 9141 ms 7.3

2 A no 4 512 32 8 0.750 575 ms 1199 ms 1196 ms 7802 ms 8.5

3 A yes 4 512 32 8 1.000 554 ms 1185 ms 1169 ms 2710 ms 24.6

4 A no 4 8 32 8 0.750 685 ms 980 ms 1085 ms 1990 ms 33.4

5 B — 4 8 32 8 0.875 542 ms 989 ms 1179 ms 1527 ms 43.6

6 B — 8 4 16 16 0.750 528 ms 725 ms 966 ms 1296 ms 51.4

7 B — 16 4 16 32 0.750 506 ms 550 ms 826 ms 1051 ms 63.4

8 B — 32 4 16 32 0.750 489 ms 494 ms 756 ms 969 ms 68.7

compute position of first voxel

for K consecutive voxels along the z-axis do
zero-initialize sum s[k] of weighted back-projected values

end
for I input projections do

compute homogeneous detector coordinates q of first voxel
for K consecutive voxels along the z-axis do

dehomogenize detector coordinates q
compute back-projected value by texture fetching
update sum s[k] of weighted back-projected values
update homogeneous detector coordinates q

end
end
for K consecutive voxels along the z-axis do

update volume at current voxel with computed sum s[k]
end

Fig. 2. Pseudocode for cone-beam back-projection kernel B

time of the kernel is almost doubled by the cache misses

of the texture fetching. When we process four projections in

one kernel, the memory transfer size is reduced considerably.

The compute-only kernel also runs much faster, because the

number of integer-based index computations is minimized as

well. However, the time penalty induced by the cache misses

of the texture fetching remains very high.

In the third test, we activate the optional synchronization

as indicated in Fig. 1. This change prevents the divergence of

the threads in one thread block with respect to the loop over

the voxels along the z-axis. As a result, the texture fetching is

accelerated considerably and the computation time is reduced

by about 65 percent. The configuration of test 3 results in a

total of 16 waves of thread blocks, which iterate through the

volume along the z-axis one after another. In test 4, we relocate

the large scale movement along the z-axis from the loop inside

the kernel to the third dimension of the grid of thread blocks.

On the whole, the 1024 generated waves move through the

volume along the z-axis only once, which improves the hit

rate of the texture cache even more.

In all tests with kernel A, the cache misses of the texture

fetching constitute the major performance bottleneck. As the

innermost loop of this kernel iterates over different projections

for I > 1, the corresponding textures continuously contend

for the limited amount of cache memory. Furthermore, the

memory transfers for the volume update take longer than the

computations. This problem could be solved by increasing the

number of projections I , but this approach only exacerbates the

first problem. We propose to solve both problems by reversing

the order of the two nested loops in kernel A. The result of this

restructuring is illustrated in Fig. 2. In kernel B, we specify

both I and K as template parameters. All iterations of the

innermost loop of this kernel access the same texture. While

kernel A uses 3I registers to store the homogeneous detector

coordinates, kernel B requires K registers for buffering the

computed volume updates. Consequently, our proposed kernel

is able to process a very large number of projections.

In test 5, we replace kernel A with kernel B, but keep all

other parameters identical. We clearly observe an improved

hit rate of the texture cache. In the following three tests,

we increase the number of projections I and tune the other

parameters to obtain minimal computation times. For I = 32
projections, the instruction throughput is not the bottleneck

and the impact of the memory transfer is negligible. The

computation time of the I |M|T modification indicates that

our proposed kernel reaches more than 68% of the theoretical

texture fillrate. The impact of the cache misses of the texture

fetching has also been reduced, resulting in a total computation

time of less than one second for the 5123 volume.

V. DATA TRANSFER OPTIMIZATION

For a useful comparison of our GPU-based implementation

with other hardware platforms, the data transfers between the

host and the GPU have to be taken into consideration. The

practically relevant data transfers consist of the upload of the

input projections and the download of the reconstructed vol-

ume. The reconstruction of the 5123 volume of the RabbitCT

benchmark results in the transfer of 2779 MiB of data, which

takes about half a second on our system. In order to hide the

additional time required for the described data transfers, we

use the ability of our GPU to overlap kernel execution and data

transfer. To this end, the CUDA API allows asynchronous ker-

nel launches and provides asynchronous memcopy functions.

However, there are no asynchronous API functions for binding

textures, which complicates both the memory management and

the texture handling in our implementation.

The timeline in Fig. 3 illustrates the data transfers and kernel

executions during the reconstruction of the 5123 volume. As

the first data transfer cannot be overlapped with any kernel

launch, we start with I = 8 projections to keep the size

of this data transfer small. We add eight more projections

in every subsequent data transfer until we reach the optimal

value of I = 32 projections. As a second optimization, we

divide the reconstructed volume into two parts, which consist
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Fig. 3. This figure displays the timeline of the reconstruction of the 5123 volume. The first line represents the data transfers, which comprise the upload of
the projections and the download of the volume. The other two lines illustrate the reconstruction of the first and the second part of the volume, respectively.
Please note that the total computation time in this timeline is larger than one second due to profiling overhead.

TABLE III
COMPARISON OF SELECTED CONE-BEAM BACK-PROJECTION

IMPLEMENTATIONS LISTED ON THE RABBITCT HOMEPAGE

Volume Implementation Type RMSE Time GUPS

fastrabbitEX [4] CPU — 7.45 s 8.94

5123 RapidRabbit [7] GPU — 2.98 s 22.3

Thumper [this work] GPU 0.021 HU 0.99 s 67.7

fastrabbitEX [4] CPU — 43.8 s 12.2

10243 CERA [-] GPU — 36.1 s 14.7

Thumper [this work] GPU 0.021 HU 6.04 s 88.2

of 384 and 128 xy-slices, respectively. In combination with

the buffering of a certain number of projections on the GPU,

this optimization makes it possible to overlap the download

of the first part of the volume with the reconstruction of the

second part of the volume.

Our implementation also works with the 10243 volume of

the RabbitCT benchmark. However, this volume has a size of

4096 MiB, which is twice as large as the device memory of

our GPU. As there are no data dependencies between different

voxels or between different projections, we are free to adapt

the high-level data flow of our implementation accordingly.

We have chosen to upload the first half of the projections

onto the GPU and stream the 10243 volume using two buffers

with a size of 256 MiB each. We repeat this process for the

second half of the projections. Performance measurements for

this volume size are provided in the next section.

VI. EXPERIMENTAL RESULTS

Our presented cone-beam back-projection implementation

was evaluated on a GeForce GTX 680 GPU with 2048 MiB

RAM using version 4.2 of the CUDA framework. In Table III,

we compare the obtained results to the best competing im-

plementations listed on the RabbitCT homepage [11]. Our

implementation, alias Thumper, has a total computation time

of less than one second for the 5123 volume. This is three times

as fast as the best competing implementation RapidRabbit. As

both implementations were tested on the same GPU model, the

performance difference can be fully attributed to our proposed

optimizations. Furthermore, our implementation has a total

computation time of about six seconds for the 10243 volume.

This is six times as fast as the best competing implementation,

which uses a slower Fermi-based Tesla C2070 GPU.

The fastest CPU-based implementation in the RabbitCT

benchmark is called fastrabbitEX. Although a workstation

with 40 CPU cores was used to evaluate fastrabbitEX, our

implementation is more than seven times as fast for both

volume sizes. Due to an error in the reference volume of

the benchmark, we are unable to specify the accuracy of the

competing implementations in Table III. When we use the

corrected reference volume in floating-point format to assess

the accuracy of our implementation, we observe a root mean

square error of only 0.021 HU for both volume sizes.

VII. CONCLUSION

Using a systematic performance optimization approach, we

identify the bottlenecks of a state-of-the-art cone-beam back-

projection kernel. Our main contribution is a restructuring of

the kernel that deals with the two most prominent performance

bottlenecks all at once. Our implementation is three times as

fast as the best competing implementation for the clinically

relevant 5123 volume of the RabbitCT benchmark. Although

we focus on the optimization of a cone-beam back-projection

kernel for GPUs of the Kepler architecture, our optimization

approach is applicable to a wide range of GPU-based algo-

rithms. Furthermore, cursory tests with other CUDA-enabled

GPUs have confirmed the portability of our optimizations.
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Fully 3D PET List-Mode reconstruction including
an accurate detector modeling on GPU architecture

Awen Autret, Julien Bert, Olivier Strauss and Dimitris Visvikis

Abstract—List-mode based image reconstruction is continu-
ously gaining ground in Positron Emission Tomography (PET)
imaging. Such reconstruction has many benefits, as the preser-
vation of the temporal sampling of the acquired data that
facilitates the study and correction of dynamic processes, as
well as maintaining the highest spatial sampling available for
a given detector geometry. The centerpiece of the reconstruction
process is the projector. This projector computes on-the-fly the
contribution of a line-of-response for each voxel of the field-of-
view considering detector effects. In this study, we propose a
new projector that incorporates detector modeling including ge-
ometric and detector scatter effects to improve the reconstructed
image accuracy. As the computation burden is a main obstacle to
obtain such reconstruction, we implemented the reconstruction
including detector corrections on graphic processing units (GPU).
Results showed that our projector provides reconstructed images
with a high accuracy (low noise, high contrast and resolution).

Index Terms—PET reconstruction, detector modeling, IRIS
projector, intrinsic detector response function (IDRF), GPU

I. INTRODUCTION

POSITRON Emission Tomography (PET) is a nuclear

medical imaging modality that estimates the 3D image of

functional processes in the body. List-mode (LM) based PET

reconstruction has several advantages [1] over conventional

approaches. Advantages include preservation of the high fre-

quency and high spatial resolution of the acquired data, which

in turn facilitate a better handling of dynamic processes as

well as allow a finer image spatial resolution.

In 3D PET reconstruction, the system response matrix

(SRM), which models the various effects from the imaging

system and the patient, plays a key role in both the qualitative

and quantitative performances of the reconstructed images.

Due to its high complexity and enormous size, this matrix may

be decomposed in multiple sub-matrices, each one accounting

for a different effect of the detection process [2].

Within the LM context, the sub-matrix modeling the proba-

bility density function (PDF) for each line-of-response (LOR)

to detect an annihilation from a specific position, can be com-

puted on-the-fly using a projector. The physical reality of this

PDF is a 3D volume commonly named volume-of-response

(VOR), which has a complex varying shape according to the

LOR, its position in the field-of-view (FOV) and the physical

effects such as detector scatter.

In classical PET image reconstruction using a projector, the

Siddon ray-tracer is used as projector [3]. This basic projector

does not handle any PET detector effects correction and

A. Autret, J. Bert and D. Visvikis are with the INSERM UMR1101, LaTIM,
CHRU Brest, France (e-mail: awen.autret@telecom-bretagne.eu).

O. Strauss is with the CNRS UMR5506, LIRMM, Université Montpellier 2,
France.

consider the VOR as a simple voxelized line. A recent work

proposes a projector based on Gaussian functions to model the

VOR shape [4]. However, a simple function does not allow an

accurate modeling, especially for crystal scatter effects. In this

work, we propose a new projector that incorporates detector

corrections, including geometric and detector scatter effects,

providing the true complex varying shape of the VOR.

Therefore, such LM PET reconstruction suffers from a very

high computational time cost incompatible with clinical appli-

cations. Recently, graphics processing units (GPU) are becom-

ing the most suitable solution to resolve computational time

cost problems, due to their highly parallel architecture. Within

this context, a few PET image reconstruction implementations

designed for the GPU architecture have been recently proposed

[5], [6], tending to reach a run-time compatible with the

clinical constraints.

II. MATERIALS AND METHODS

A. LM-OSEM reconstruction

List-mode ordered-subsets expectation maximization (LM-

OSEM) PET reconstruction algorithm [7] was introduced to

accelerate the reconstruction time of list-mode expectation

maximization algorithm (LM-EM) [8]. An image update takes

the form,

λm,l+1
j =

λm,l
j∑I

i=1 wiiPij

∑
k∈Sl

Pikj
1∑J

b=1 Pikbλ
m,l
j

(1)

where λm,l
j is the image estimation in the voxel j for the

mth iteration and lth list-mode subset, Pij (refers a SRM

element) is the probability of an emission from the voxel j
to be detected along the LOR i, wii is a sensitivity matrix

element and finally ik refers to the LOR index of the kth

list-mode event stored in the data subset Sl. The image is

updated after every subset processed defining a complete

iteration and iterations are repeated until convergence. During

the reconstruction process one of the major issue is to access

the Pij elements, because of the huge size of the SRM. Our

work is based on the use of a projector which computes on-

the-fly the Pij coefficients related to each VOR i.

B. Detector modeling

In this reconstruction context, the main obstacle is to

propose a projector that includes an accurate modeling of the

PDF of the LORs (i.e. VOR) according to the PET detector

effects.
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A LOR is detected by two crystal detectors and the first

interaction positions of detected photons within both detectors

are closely related to the LOR-PDF. These interaction posi-

tions within a crystal define a PDF called intrinsic detector

response function (IDRF). Authors in [9] proposed a way to

bind the LOR-PDF with the two involved IDRFs, i.e. those

provided by the detector pair that recorded the LOR. The

relationship between IDRF pair and the LOR-PDF is defined

by the following stochastic equation,

X =
1

2
(1− t)Y1 +

1

2
(1 + t)Y2 (2)

where X is the random variable (RV) of the LOR-PDF,

(Y1, Y2) are the RVs of both IDRFs linking the LOR, and t a

RV uniformly distributed between [−1, 1].

Assuming the IDRFs and the PDF of t are known, it is

possible to estimate the PDF of the RV X (i.e. the VOR).

One possibility, proposed by [10], consists in using a random

sampling approach that can be seen as a Monte Carlo estima-

tor. From random samples of Y1, Y2 and t, samples of X can

be calculated by applying the relationship (2). The resulting

samples are then used to estimate the PDF of X .

Starting from this idea we proposed a new iterative random

IDRF sampling (IRIS) projector which includes an accurate

model of the IDRF, considering the detector geometry and the

detector scattering effects. The rendering process of a VOR

lies in iteratively generating two random points, one from

each two IDRF models related to the LOR, and rendering the

thin voxelized line connecting these two points. This step is

repeated, accumulating the rendered thin lines, until the VOR

estimation is consistent. This multiple-lines approach allows

rendering a VOR varying naturally inside the field-of-view.

The IDRF model used by the IRIS projector is spatially

split in two parts. One inside the given crystal detector is

related to the geometric model of the crystal including its

rectangular shape, angle and position in the space and intra-

crystal penetration. A second one, in the neighbor crystals,

takes into account the inter-crystal scattering effects and the

inter-crystal penetration. The value Pin defines the probability

of the first scattering position to be in the first part of the

model and (1 − Pin) is the probability to be in the second

part. The first part is modeled with a 3D function within

the given crystal and composed of a 2D uniform distribution

for the front plan of the crystal and a decreasing exponential

distribution with a decreasing factor λin in the depth direction.

The second part is modeled using a 3D function with a

prohibited region inside the involved crystal. The model is

composed of a decreasing exponential function along the

crystal depth direction with λout as decreasing factor and, in

the orthogonal plan, a decreasing exponential function with a

decreasing factor λ⊥out and a circular symmetry with Osym

as varying center of symmetry. Values of these five parameters

depend on the LOR and, instead of storing every IDRF model

required for the reconstruction, we parameterized this model

as a function of the incidence angle α between the LOR and

the crystal detector. This parameterization allows computing

on-the-fly the IDRF model for any LOR. Due to the angular

Fig. 1. The two studied VOR sections, a centered one and a shifted one.
Images represent sections of each studied VOR recovered from Monte Carlo
simulation.

parameterization, values of the model are parameterized using

trigonometric functions as described below,

Pin = a1 cos(b1α)

λin =
1

a2 cos(α)

λout =
1

a3 cos(α)

λ⊥out = Constant

Osym = a4 sin(α)

(3)

where a1, b1, a2, a3, Constant and a4 are the global

parameters of the parameterization of the IDRF model. It has

the advantage of fully model the detector and varies depending

on the angle of incidence of the LOR in the crystal.

C. GPU Implementation

A GPU is a massively parallel processor that is composed of

thousands of threads, each one representing a data processing

unit. All threads will execute the same program code, called

kernel, in parallel on the different streaming processors, repre-

senting individual processing units. We choose a strategy that

consists of executing one thread per LOR. This implementa-

tion is based on NVIDIA GPUs, using its parallel computing

platform CUDA.

D. Evaluation Study

This study was based on a Philips GEMINI PET scanner

model [11] and performed with the Monte Carlo simulation

(MCS) GATE platform [12]. Measurements provided by MCS

are considered as gold standard. The IDRF model including

its parameterization and the Gaussian model were estimated

from measurements provided by MCS. Measured PSF FWHM

varied from 2.4mm in the center of the FOV to 8.4mm in the

edge.

We first validated the capability of the IRIS projector to

build realistic and accurate VORs. Due to the high compu-

tation cost to perform MCS, our study was based only on

sections of two vertical and parallel LORs. The first one

was centered on the FOV and the second one was radially

shifted by 216mm. One specific section per VOR was studied,

namely at the LOR center for the first LOR and at a tangential

position of 156mm from the LOR center for the second one, as

illustrated in Fig. 1. These two VORs were rendered with the
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(a)

(b)

Fig. 2. Profiles through the sections from the (a) central LOR and (b) radially
shifted LOR. Sections were estimated from the MCS and both Gaussian
and IRIS projectors. To the upper right, the vertical lines on VOR sections
recovered from MCS indicate the location of the profiles.

IRIS and Gaussian projectors for a resolution of 0.13mm3. For

the IRIS projector the rendering was performed using 50.106

random lines to minimize the noise. The VOR sections were

compared to the respective measurements provided by MCS.

Finally, we evaluated the IRIS projector against the Siddon

and Gaussian projector within a reconstruction context. The

first studied phantom was the NEMA IEC, which is composed

of a warm water cylinder containing four hot spheres of 10,

13, 17 and 22mm diameters and two cold spheres of 28 and

37mm diameters. The list-mode dataset was obtained from

MCS and 12 × 106 true unscattered coincidences were used.

The second phantom was a miniature Derenzo type composed

of a plastic cylinder of 45mm diameter and 16mm height with

six sections of hot activity rods of 1.2, 1.6, 2.4, 3.2, 4.0 and

4.8mm diameters. The dataset provided from the MCS was

composed of 2.4× 106 true unscattered coincidences.

Both phantoms were reconstructed using the LM-OSEM

algorithm including normalization and attenuation correction,

with 1 subset and 30 iterations for the NEMA IEC NU2-2001

phantom and 3 subsets and 30 iterations for the miniature

Derenzo type phantom. Reconstructions were provided using

the Gaussian and IRIS projectors on one CPU core and one

GPU with voxels of 13mm3 for the NEMA IEC phantom and

0.53mm3 for the miniature Derenzo type phantom. Each VOR

estimated with the IRIS projector were sampled using 100 thin

lines.

For the Siddon projector the VOR is considered as a simple

voxelized line with a size depending of the crystal detector.

The voxel size of the reconstructed images is then constraint

(a) (b) (c)

Fig. 3. Central slice through the reconstructed images of the NEMA phantom
using the (a) Siddon projector with voxels of 43mm3 (CPU), (b) Gaussian
projector with voxels of 13mm3 (GPU) and (c) IRIS projector with voxels
of 13mm3 (GPU).

to the crystal size. Based on the PET scanner model used

in this study, reconstructions using the Siddon projector were

with a voxel size of 43mm3. The Siddon projector was

implemented only on one CPU core. Reconstructions were

performed with one GPU of a bi-GPU NVIDIA GTX590 (512

cores - 1.23GHz) and an Intel Core i7 CPU (3.4GHz).

From the reconstruction of the NEMA IEC the contrast

recovery coefficient (CRC) was evaluated in the smallest

(10mm diameter) and the biggest (22mm diameter) hot spheres

from the equation above,

CRC =
rh − rb

rb
(4)

where, rh is the mean of the voxel values inside the

hot sphere, and rb is the mean of the voxel values in the

background warm cylinder. The signal-to-noise ratio (SNR)

was also evaluated on the homogeneous warm background

based on [13] using the equation above,

SNR =

√
2

S

S∑
i

ai
dsdi

(5)

where ai is the average of all pixels within the background

in slice i and S indicates the total number of slices. dsdi is

the standard deviation between the different data as described

above,

dsdi =

√√√√n
∑
j

dj
2 − (

∑
j

dj)2

n(n− 1)
(6)

where dj is the difference between the pixel j of two

reconstructed images from different datasets and n is the

number of pixels in the region-of-interest in the slice i.

III. RESULTS

Profiles comparison between VOR cross sections from the

MCS, the Gaussian and IRIS projectors are presented in Fig. 2.

Profiles between sections recovered by the Gaussian projector

and the MCS are close but not completely identical. Large

differences on profile tails indicate that the Gaussian projector

does not model properly scattering effects. On the other hand,

results between sections obtained by the IRIS projector and

the MCS show identical profiles. This suggests that the IRIS

projector is able to build accurate VOR including geometric

and scatter effects.
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(a) (b) (c)

Fig. 4. Central slice through the reconstructed images of the Derenzo
phantom using the (a) Siddon projector with voxels of 43mm3 (CPU), (b)
Gaussian projector with voxels of 0.53mm3 (GPU) and (c) IRIS projector
with voxels of 0.53mm3 (GPU).

Reconstructed images of the NEMA phantom using the

Siddon projector with one CPU core, the Gaussian and IRIS

projectors on one GPU are shown in Fig. 3. Each projector

implemented on both CPU and GPU has reconstructed iden-

tical images. Results on the evaluation study are presented on

the Table I. The CRCs in the biggest and smallest hot spheres

are respectively 3.1 and 1.8 using the Siddon projector, 3.4

and 2.4 using the Gaussian projector (GPU) and 3.6 and 2.4

using the IRIS projector (GPU). The SNRs are 2.9, 2.9 and

3.7 respectively for the Siddon, Gaussian and IRIS projectors.

These results show that the IRIS projector gave a better

or equivalent CRC with a lower noise on the reconstructed

images.

Reconstructed images from the Derenzo phantom using

Siddon projector on one CPU core, the Gaussian and IRIS

projectors on one GPU are shown in Fig. 4. A visual assess-

ment can be drawn between the methods. From the result given

by the Siddon projector, due to the large voxel size and basic

modeling, it is not possible to distinguish any rods, even the

largest ones of 4.8mm. When the Gaussian and IRIS projectors

are used, the rods are noticeable until 2.4mm. The detector

correction included in the IRIS projector largely surpasses the

Siddon projector in term of spatial resolution. Compared to the

Gaussian projector, the main difference with the IRIS projector

is the level of noise which seems smaller, improving the rods

structure recovering.

The reconstruction times in Table I show that the Gaussian

and IRIS projectors using one CPU core are completely

incompatible with the clinical time. Including the detector

correction raises the projector complexity and dramatically

drops the reconstruction time compared to a simple projector

like Siddon. However, in the case of the IRIS projector, our

GPU implementation improves this run-time and can reach a

speedup of 10 with one GPU. Considering both CPU and GPU

implementations, the IRIS projector is faster than the Gaussian

projector, respectively with a speedup factor of 9 and 1.9 for

the CPU and GPU versions.

IV. CONCLUSION

In this work, we proposed a new projector that provides

detector corrections including at the same time the scanner

geometry and the detector scattering effects, with a high

performance implementation of a 3D LM-OSEM PET recon-

struction using GPU acceleration methods. Results showed

TABLE I
MEASUREMENTS ON RECONSTRUCTED IMAGES

Siddon Gaussian Gaussian IRIS IRIS

CPU CPU GPU CPU GPU

CRC1 3.1 3.4 3.4 3.6 3.6

CRC2 1.8 2.4 2.4 2.4 2.4

SNR 2.9 2.9 2.9 3.7 3.7

Run time 3.1s 13633s 288s 1527s 151s

Times are given for 106 processed events per iteration.

that the proposed projector provides better or equivalent con-

trast, lower noise and high resolution compared to the other

projectors, with a fast reconstruction time. Our future work

will consist of optimizing this new projector for the GPU

architecture and validate it on clinical data.
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High Performance Parallel Beam and Perspective
Cone–Beam Backprojection for CT Image

Reconstruction on
Pre–Production Intel R© Xeon PhiTM

Matthias Baer and Marc Kachelrieß

Abstract—With the Xeon PhiTM coprocessor Intel R© recently
introduced a new many core hardware platform. In this work
we want to present some of the basic hardware properties
of Xeon PhiTM as well as performance results of optimized
implementations of a parallel beam and a perspective cone–
beam backprojection. Results are compared to those achieved
on the CPU and the GPU.

Keywords: High performance computing, optimization, vec-
torization, parallel computing, image reconstruction

I. INTRODUCTION

Whenever a new compute architecture is introduced, exist-
ing code must be redesigned and optimized to get the highest
performance out of the new hardware. Recently Intel R©

introduced a many core computation platform named Xeon
PhiTM. The fact that Xeon PhiTM is a freely programmable and
not a special purpose processor makes it very attractive to
high–end applications such as medical imaging. The aim of
this investigation is to discuss some of the hardware features
of Xeon PhiTM and to implement an optimized parallel beam
and a perspective cone–beam backprojection algorithm for
Xeon PhiTM. Performance results on Xeon PhiTM will be
compared to the performance of CPU– and GPU–optimized
versions of the algorithms executed on a state–of–the–art
CPU and GPU.

II. MATERIALS AND METHODS

A. Xeon PhiTM

1) Hardware Properties: The Xeon PhiTM performance
measurements presented in this paper were conducted on a
pre–production engineering hardware sample, stepping B0,
software version beta. Xeon PhiTM is a newly developed
coprocessor that is connected via the PCIe bus to a host PC,
similar as a GPU. However, the hardware layout of Xeon
PhiTM is not similar to that of a GPU at all. Xeon PhiTM

consists of many Pentium–like x86 cores — our Xeon PhiTM

has 61 cores each running at 1.2 Ghz — which are connected
via a ring bus for data transfer between the different cores.
Each of the cores has its own 32 kB L1 and a 512 kB L2

Dr. Matthias Baer, Prof. Dr. Marc Kachelrieß: German Cancer Research
Center (DKFZ), Im Neuenheimer Feld 280, 69120 Heidelberg, Germany.

Corresponding author: matthias.baer@dkfz.de

cache. All cores share their L2 cache via a ring network.
Additionally each of the cores features a 512 bit vector
unit which is accessed by a new instruction set. This means
that 16 32 bit floating point values (floats) or eight 64 bit
floating point values (doubles) can be processed with a single
instruction on Xeon PhiTM.

Besides the high level of parallelism Xeon PhiTM comes
with 8 GB of system RAM which is sufficient also for
algorithms that have higher demands in terms of memory
as for example iterative image reconstruction algorithms.

2) Programming Model and Vector Instruction Set: Since
Xeon PhiTM’s processor cores are based on the x86 Pentium
architecture there is no need for a special programming
language, like CUDA on NVIDIA GPUs, to implement
algorithms for Xeon PhiTM. Code for Xeon PhiTM can be
developed using either C/C++ or Fortran. Regions in the
program which should be offloaded and executed on Xeon
PhiTM are marked by a simple pragma directive. Within
the offload region C/C++ respectively Fortran can be used.
Parallelism can be added by using OpenMP. Due to this
simple programming model existing code can be easily
ported to Xeon PhiTM. Of course adding only the offload
pragma does not ensure that the code is running efficiently
and fast on Xeon PhiTM. A key factor to achieve a high
performance is vectorization. Thereby the instruction set that
operates on the 512 bit registers is more flexible and has
additional instructions as compared to the SSE and AVX
vector instruction sets on standard Intel R© CPUs. For the
implementation of the parallel beam and perspective cone–
beam backprojection especially the new fused multiply–add
and the scatter / gather functionality of the Xeon PhiTM

instruction set helped to ease or even to enable vectorization.
The fused multiply–add functionality for example can be
used to save instructions when implementing linear interpo-
lation. The gather instruction on the other hand allows to
load data from arbitrary memory locations into one register
and the scatter instruction can be used to store register
entries to arbitrary memory locations. This scatter / gather
functionality enables the vectorization of algorithms that are,
due to irregular data patterns, unvectorizable on standard
CPUs since their SSE or AVX instruction sets support only
load and store from contiguous and well aligned memory
locations.
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Fig. 1. Geometry of the parallel beam backprojection.

In addition Xeon PhiTM also supports a 16 bit floating
point (half) data format. Data that are represented by halfs
in memory can be converted to floats while loading data
into the register. As long as the reduction in accuracy does
not impair the results, using halfs instead of 32 or 64 bit
floating point (floats/doubles) values is an option to speed–
up bandwidth–limited algorithms [1].

B. Parallel Beam Backprojection

We consider 2D parallel beam backprojections (figure 1)
of the type

f(x, y) =

∫
p
(
ϑ, ξ(ϑ, x, y)

)
dϑ

Here, ϑ is the projection angle, p(ϑ, ξ) are preprocessed and
convolved projection values, and f(x, y) is the image. The
function ξ(ϑ, x, y) is the distance of the origin to the ray
through the point (x, y) for projection angle ϑ. It is given
by

ξ(ϑ, x, y) = x cosϑ+ y sinϑ .

During the backprojection a mapping from continuous de-
tector coordinates ξ to discrete detector indices must be
done. For the performance evaluation on Xeon PhiTM we
investigated two interpolation methods: Nearest neighbor
(NN) and linear interpolation (LI). The generalization of
the parallel beam backprojection from 2D to 3D is straight
forward:

f(x, y, z) =

∫
p
(
ϑ, ξ(ϑ, x, y), z

)
dϑ.

Since the function ξ(ϑ, x, y) does not depend on the z–
coordinate of the volume, reconstructing a 3D volume in
parallel beam geometry is equal to the reconstruction of
several independent image slices (figure 1). The fact that
there is not data dependency between different slices offers
the possibility to vectorize the parallel beam backprojection,
i.e. to backproject several slices simultaneously. If the loop
over the z–coordinate is chosen as the innermost loop 16

Fig. 2. Volume layout with loop tiling. The volume is tiled in sub volumes
in order to increase the data locality and to reduce cache misses

image slices can be backprojected simultaneously by using
the 512 bit vector instruction set of Xeon PhiTM.

Besides vectorization we applied a second optimization
technique. To enhance data locality the projection data and
the volume are divided into sub volumes and sub projections
(figure 2). Assume that the volume consists of III×JJJ×KKK
voxels and is divided into II×JJ×KK sub volumes each
having I×J×K voxels. The projections are divided into NN
sub projections each holding N projections whereby the
total number of projections is given by NNN=NN×N. The
internal loop order of the parallel beam backprojection with
loop tiling is now as follows: First a given sub volume
is reconstructed from the first N projections. Then the
next sub volume is reconstructed from these N projections.
This procedure is repeated until the first N projections are
backprojected into the full volume. Afterwards the process
is repeated for the next N projections. The backprojection is
finished if all NN sub projections are backprojected into the
full volume. Dividing the volume and the projection data
into smaller sub volumes and sub projections reduces the
number of cache misses since due to the enhanced data
locality, data is more likely already present in the cache
when it is actually needed for computation. The reduction of
cache misses is essentially to achieve a high performance in
case of the parallel beam backprojection since this algorithm
is typically bandwidth–limited. To reduce the pressure on
system bandwidth we also tested the impact of using a
data format with reduced memory needs. As described
above Xeon PhiTM supports a 16 bit floating point format
(half). Using halfs instead of floats reduces the pressure
on the memory bandwidth by 50% which may result in a
doubled performance when switching from floats to halfs
iff the algorithm is purely bandwidth–limited. In reference
[1] it was shown that using halfs instead of floats does not
decrease image quality of reconstructed images.

C. Perspective Cone–Beam Backprojection

A possible way to reconstruct 3D volumes f(x, y, z)
from projection data in perspective cone–beam geometry
is the Feldkamp algorithm [2]. In this paper we want to
focus on the backprojection step of a cone–beam image
reconstruction and therefore we assume that projection data
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Fig. 3. Geometry of the perspective cone–beam backprojection. The
projection of a z bar results in constant u coordinates on the detector.

p are already preprocessed and convolved with a convolution
kernel. Making this assumption the backprojection equation
reads

f(x, y, z) =

∫
w2 p

(
α, u, v

)
dα.

Here α is the projection angle, u and v are detector coordi-
nates and w2 is the distance weight. The detector coordinates
and the distance weight can be expressed in terms of the
coefficients cij that define the perspective transform from
the volume on the detector.

u(α, x, y, z) = (c00x+ c01y + c02z + c03)w(α, x, y, z)

v(α, x, y, z) = (c10x+ c11y + c12z + c13)w(α, x, y, z)

w(α, x, y, z) = (c20x+ c21y + c22z + c23)
−1

We here assume that the v–axis of the detector is aligned
parallel to the volume’s z–axis (figure 3). This yields c02 =
c22 = 0 [3] and now the projection coordinate u is the
same for all voxels in z–direction for given coordinates x
and y (figure 3). Additionally the weights w2 are also the
same for all voxels in z–direction with constant x and y.
This fact can be used to avoid divisions in the innermost
loop of the backprojection. If choosing this loop to run
over the z–coordinate of the volume the weights w2 can
be precalculated and since u remains the same for constant
x and y, the calculation of the projection coordinate v in the
innermost loop results in

v(α, x, y, z) = o+ sz.

The slope s and the offset o can be expressed by

s = w(α, x, y) · c12

o = w(α, x, y) · (c10x+ c11y + c13)

and remain constant for voxels with constant x and y.
As in the case of the parallel beam backprojection we

used vectorization and loop tiling optimization (figure 2).
Also for the perspective cone–beam backprojection the loop
over the z–coordinate was chosen as innermost loop. Since
the slope s and the offset o do not depend on z, detector

indices v for several succeeding voxels of one z bar can be
computed simultaneously. Using Xeon PhiTM’s 512 bit vector
unit, 16 detector indices v can be computed simultaneously.
Due to the relationship between z–coordinates and detector
coordinates v the data access to the projection data p for
voxels of a given z–bar is irregular. This fact hinders the
vectorization of the perspective cone–beam backprojection
on CPUs since their vector instruction sets, may it be SSE
or AVX, support only loads and stores from contiguously and
well aligned memory locations. Xeon PhiTM in contrast, has
gather / scatter support so even data from arbitrary spread
memory locations can be loaded into a single vector register.
Using this functionality now allows for vectorization by
processing the projection data according to 16 subsequent
voxels of a given z–bar simultaneously.

The loop tiling for the perspective cone–beam backpro-
jection was realized in the same way as in the case of
the parallel beam backprojection and also the usage of
halfs instead of floats to represent the volume and the
projection data was investigated as well as the two different
interpolation methods NN and LI.

D. CPU and GPU References

The reference CPU performance measurements were done
on the host PC of Xeon PhiTM. In our case the host PC
is equipped with 2 Intel R© Xeon E5–2670 processors. The
clock speed of the processors is 2.6 GHz and each processor
has 6 cores. This makes a total of 24 threads running
in parallel since hyperthreading was enabled. The CPU
implementation of the parallel beam and perspective cone–
beam backprojection were optimized to the same level as
the Xeon PhiTM implementations [4]. The vectorization of
the parallel beam backprojection was done using the AVX
instruction set. The perspective cone–beam backprojection
is unvectorizable on the CPU due to the missing gather /
scatter support.

The reference GPU performance measurements were done
on a NVIDIA Quadro 6000 GPU. Also in the GPU case the
implementation of the parallel beam and perspective cone–
beam backprojections were optimized to a high level, similar
to the optimization level of the Xeon PhiTM implementation
and the CPU implementation [5, 6].

E. Test Cases and Performance Metric

The test cases for the performance measurements were
chosen so that they meet typical problem sizes for CT
image reconstruction. For the parallel beam backprojection
we chose a volume having 5123 voxels, a detector size of
5122 and backprojected 512 projections. For the perspec-
tive cone–beam backprojection we chose a volume size of
5123, a detector having 10242 pixels and backprojected 720
projections.

As described above the volume and the projections were
divided into smaller sub volumes and sub projections (figure
2). The optimal size of these sub volumes and sub projec-
tions was determined empirically by choosing the setting
with the best performance.
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Xeon PhiTM Xeon PhiTM CPU GPU
(floats) (halfs) (floats) (floats)

NN 91 GUPS 165 GUPS 106 GUPS 25 GUPS
LI 58 GUPS 81 GUPS 51 GUPS 25 GUPS

TABLE I
PERFORMANCE OF THE PARALLEL BEAM BACKPROJECTION ON XEON
PHITM, CPU AND GPU FOR NEAREST NEIGHBOR (NN) AND LINEAR

INTERPOLATION (LI).

The performance metric we used to quantify our results is
Giga Updates Per Second (GUPS). Thereby a single update
consists of loading a projection value, reading a value from
the volume, adding — with or without interpolation — both
values and storing the result back to the volume. So in case
of the parallel beam backprojection 5123 × 512 = 64 Giga
Updates (GU) are needed to backproject all projection data
into the volume. For the test setup of the perspective case
the total number of Giga Updates is 85.

III. RESULTS

In table I the maximum performance values for the par-
allel beam backprojection on Xeon PhiTM are depicted. For
comparison table I also shows the results for the CPU and the
GPU. The performance of Xeon PhiTM is at least by a factor
of two higher as compared to the GPU for all tested cases.
Here it must be noted that the GPU values given in table II
are those of the perspective cone–beam backprojection. The
NVIDIA Quadro 6000 GPU was not available to us the time
we wrote this paper but previous investigations [5] showed
that the performance of parallel beam and perspective cone–
beam backprojection is the same on the GPU. As compared
to the CPU Xeon PhiTM shows about the same performance
when using floats for the volume and the projection data. A
big impact on performance can be observed when switching
from floats to halfs. Doing so yields a speed–up of about
80% for the NN case and 40% for the LI case. The lower
impact of the reduction in data size on performance in the
LI case can be explained by the fact that here the ratio of
memory operations to computations drops as compared to
NN and therefore the reduction of bandwidth needs has a
lower impact on the final overall performance.

The results for the perspective cone–beam backprojection
are given in table II. As compared to the CPU the perfor-
mance of Xeon PhiTM is at least by a factor of 3 higher.
As compared to the GPU, Xeon PhiTM is about a factor
of 2 faster in the NN case and reaches about the same
performance in the LI case. The impact of the data format on
the performance is not that high as in the parallel case. When
switching from float to half the performance increases is only
by about 10% for both interpolation methods. The reason
for this may be the fact that the perspective backprojection
has a lower ratio of memory operations to computations and
therefore the impact of reduced bandwidth needs is not as
strong as for the parallel case.

Xeon PhiTM Xeon PhiTM CPU GPU
(floats) (halfs) (floats) (floats)

NN 53 GUPS 59 GUPS 17 GUPS 25 GUPS
LI 27 GUPS 31 GUPS 7 GUPS 25 GUPS

TABLE II
PERFORMANCE OF THE PERSPECTIVE CONE–BEAM BACKPROJECTION
ON XEON PHITM, CPU AND GPU FOR NEAREST NEIGHBOR (NN) AND

LINEAR INTERPOLATION (LI).

IV. CONCLUSION

We here implemented a parallel beam and a perspective
cone–beam backprojection algorithm on the Xeon PhiTM

coprocessor and compared the performance values to the
results achieved with a state of the art CPU and GPU.

When looking at the results it shows up that both the CPU
and the GPU have their favorites in terms of backprojection
algorithms. The CPU is faster than the GPU in the parallel
case while the GPU is faster in the perspective case. Xeon
PhiTM on the other hand is at least competitive with both
architectures even for their best cases and outperforms them,
at least slightly, if using the half format for the volume
and the projection data. Comparing the performance results
of Xeon PhiTM with those of the GPU it shows up that
Xeon PhiTM is faster than the GPU in all cases except
when linear interpolation is used. The reason for this is that
linear interpolation is implemented in hardware on the GPU
and therefore comes for free without extra computations
as compared to nearest neighbor. Nevertheless although
having no hardware support for linear interpolation Xeon
PhiTM reaches the same performance as the GPU, or slightly
outperforms the GPU when using halfs, even when linear
interpolation is used. In conclusion we think that due to its
good performance and due to the fact that porting existing
C/C++ code to Xeon PhiTM can be achieved with only minor
modifications, Xeon PhiTM may be a good workhorse in the
fields of medical imaging.
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Cloud X: A Platform as a Service for CT 
Reconstruction Research and Development 

Eric Papenhausen, Ziyi Zheng, and Klaus Mueller

Abstract – Many CT reconstruction algorithms, especially in 
iterative CT, are constructed from a few common algorithms 
(e.g. backprojection and forward projection). These algorithms 
often dominate the computation cost during CT 
reconstruction. GPUs can provide an order of magnitude 
speed-up over conventional CPU implementations. However, 
without the proper hardware or willingness to develop the 
specialized software, these speedups will remain unexploited. 
In addition to implementing these common algorithms, sharing 
research can also be a burden. Assuming one is able to get the 
software to run someone else’s experiments, one can spend an 
entire work day tracking down the appropriate dependencies 
and modifying hard coded file paths to run it on a different 
machine. These obstacles hinder productivity and slow 
research. In this paper, we present a cloud computing 
framework that aims to make research in the medical imaging 
domain more efficient by providing a number of common GPU 
accelerated algorithms and allows for efficient sharing of 
research through a virtual workspace. It also has an interface 
that allows users to present and analyze their research. 

Index Terms—Cloud Computing, GPU, CT reconstruction 
1

I. INTRODUCTION 
With the introduction and rapid adoption of GPUs to the 
medical imaging domain [6][8][9][13], it is becoming 
increasingly important to leverage the processing power of 
GPUs to make the leap from research to clinical use. 
Developing software on GPUs, however, can seem like a 
daunting task. It not only requires the appropriate hardware 
and software tools, but a shift in the mindset of how a 
program operates. This can be especially difficult for 
theoretical researchers, who have to rely on someone else to 
accelerate their algorithms on graphics hardware. 

Furthermore, comparing different CT reconstruction 
methods can require a re-implementation of a previous 
technique. A popular iterative CT reconstruction algorithm 
is ASD-POCS [10]. When a new iterative CT algorithm is 
proposed, it is often compared to ASD-POCS and other 
techniques [1][2][3] to demonstrate the validity of the new 
algorithm. Researchers will often have to re-implement 
multiple reconstruction algorithms to compare to their new 
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method; then mention that they are unsure of their 
implementation of the old methods.  

Most research today is relatively one sided (i.e. the 
authors explain how an experiment was set up and then 
present results), but there is no easy way for the reader to 
validate and further explore a presented algorithm. There are 
a number of parameters that can affect the quality of a CT 
reconstruction algorithm (i.e. number of projections, dose 
per projection, anatomy and pathology, etc.), but only a 
subset of these parameters are typically presented. 

In this paper, we present a cloud computing framework 
that will be able to solve these problems by providing three 
main services. First, it will provide a virtual workspace 
which will facilitate the sharing of research and contain a 
number of pre-loaded GPU accelerated CT reconstruction 
algorithms. Second, it will allow remote execution of GPU 
accelerated algorithms, thus allowing users to take 
advantage of graphics cards without having to purchase the 
hardware or develop GPU accelerated applications. Finally, 
it will provide an interface that will allow authors to post 
their research and allow users to replicate experiments and 
explore the parameter space through their web browser.  

We begin in section II by presenting an interface that we 
have developed to allow users to explore the parameter 
space of an iterative CT reconstruction algorithm through 
their web browser. The rest of the paper will then be focused 
on how to build a scalable framework around this interface 
and the other services that this framework will provide. In 
section III, we will discuss the current technology that will 
allow us to build this cloud computing framework. Section 
IV will describe the architecture of our framework and 
introduce the concept of the virtual workspace. In section V, 
we revisit our web interface and describe how it will operate 
in the cloud. Section VI presents a library that will allow 
remote execution of GPU accelerated algorithms. Finally, 
section VII concludes the paper. 

II. WEB INTERFACE 

We have developed a prototype of a web interface that 
allows users to explore the parameter space of an iterative 
CT reconstruction algorithm. More specifically the 
algorithm is OS-SIRT [11] using a bilateral filter (BLF)[12] 
for regularization. The bilateral filter is defined in the 
following equations, where x is the location of smoothing, 
and t is an offset. The BLF is essentially a Gaussian that 
falls off as a function of both spatial and value deviation.   
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Where G is the Gaussian kernel: 

We allow the user to explore the filter’s parameter space 
interactively using a slider to determine the amount of 
smoothing. The slider changes the parameters of the BLF to 
control the smoothing such that the value chosen by the 
slider determines σr and σd (i.e. σr = σd).

We implemented this interface using HTML and 
JavaScript on the front end, PHP as the server side scripting 
language, and finally using C and CUDA to handle the CT 
reconstruction. The act of moving the slider triggers a
request to the web server. The web server then writes the 
parameter value, chosen by the slider, to a file. A simple C 
program waits for this file to be updated, and when it is, it 
calls the OS-SIRT function with the appropriate parameters, 
and waits for the volume to be reconstructed. The central 
slice of the reconstructed volume along with its E-CC score 
is then passed back to the webserver to be displayed to the 
user. Fig. 1 shows the web interface that the user sees. The 
graph on the left plots the quality metric curve evolved with 
each slider update and the right shows the current image. 

Currently, this setup is running on a single desktop 
machine with a NVIDIA GeForce GTX 480. It takes around 
11 seconds for each reconstruction (i.e. 5123 volume for OS-
SIRT 10 with 60 projections and a BLF for regularization). 
We have available to us, however, a GPU cluster that 
contains 8 NVIDIA Tesla M2050 GPUs. The framework 
that we present in the rest of this paper is designed to run on 
this GPU cluster. We expect the reconstruction time to drop 
to between 1.3 and 1.8 seconds. This, however, does not 
mean that the user will have to wait 1.3-1.8 seconds every 
time he moves the slider, since we will include a number of 
optimization strategies, presented throughout this paper.  

III. CLOUD COMPUTING 
With the popularization of cloud computing, a number of 
open source technologies have been developed to support 

the infrastructure and system level requirements that are 
required by cloud computing frameworks [4][7]. Openstack 
in particular is a popular cloud operating system. It contains 
a number of networking and storage solutions that are 
required by the typical cloud computing infrastructure. It 
also allows for the creation and management of multiple 
virtual machines (i.e. software that emulates the computer 
architecture of a real machine). This is particularly 
important for efficient sharing of computational resources. 
Unfortunately, openstack currently does not contain any 
resources for efficient GPU virtualization (i.e. sharing of 
GPU resources). 

Gvirtus is an open source GPU virtualization technology. 
It allows multiple virtual machines to share the 
computational resources provided by one or more GPUs. To 
a user operating on a virtual machine, however, it appears as 
if there is one dedicated GPU. This abstraction allows for 
efficient GPU sharing, while still providing the user an 
interface he is familiar with. 

Another important tool for cloud computing is the 
network file system[5] (NFS). This allows many users to 
connect to a single file system concurrently. To the user, 
however, the NFS looks like a regular file system. This 
allows for efficient sharing of information.  

IV. FRAMEWORK ARCHITECTURE 
The cloud computing framework we are currently 
developing and have initial results for utilizes all of the 
technology presented in section III (i.e. openstack, gvirtus, 
and NFS) as well as custom improvements to make the 
overall system more efficient. The virtual workspace is 
designed as a “platform as a service” (PaaS) and will allow 
users to work in the cloud through their web browser. Each 
user will have a separate virtual machine assigned to them 
and will contain a number of relevant GPU accelerated CT 
reconstruction algorithms pre-configured on their 
workspace. There will be one virtual machine assigned to 
handle the remote execution of GPU accelerated CT 
reconstruction algorithms. Finally, there will be one virtual 
machine to function as a web server, and will be configured 
to allow users to upload their implementations, allowing it 
to be executed through a web browser. Since every service 
is being handled through virtual machines, the 8 GPUs in 
our cluster can be efficiently shared using gvirtus. 

Gvirtus consists of two segments, a front end, located on 
the virtual machine, and a back end, located on the host 
operating system. The front end provides a library that acts 
as a wrapper to many CUDA functions. The front end 
redirects calls to these functions to the back end. The back 
end executes the CUDA operations and returns the results 
back to the front end on the virtual machine. 

The network file system will contain a number of 
commonly used dependencies (i.e. CUDA libraries, include 
files, etc.) as well as a number of datasets available for CT 
reconstruction. It will also include a public folder for each 
user. The public folder allows a user to share his research 
with the rest of the community. Other users can easily 
download software from a public folder into their 
workspace. Since the dependencies are in a shared file 
system, the software will run without requiring additional 
modifications.  

Figure 1. A view of the web interface that we have developed.

(1)

(2)
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The network file system will also contain a block of 
space to act as cache. A feature vector, containing all the 
parameters of a previously reconstructed volume (i.e. 
dataset, number of projections, etc.) and the volume itself, 
will be recorded. With this strategy, we can alleviate GPU 
resource contention by only executing CT reconstruction 
algorithms for which we do not already have the results. 
Figure 2 shows how this strategy interacts with the rest of 
the system. We will, however, provide a “no-cache” option 
for situations where obtaining accurate timings of an 
algorithm are important. 

V. WEB INTERFACE REVISITED 
A critical aspect of performing research is presenting the 
results. This is usually fulfilled by presenting an image of a 
slice of a reconstructed volume followed by a discussion of 
how it compares to a gold standard. The presented slice, 
however, is only one of many possible reconstructions. 
Results can vary greatly depending on the parameters that 
are chosen for the reconstruction. Moreover, the quality of 
the algorithm can differ depending on the anatomy of the 
dataset that is being reconstructed. By providing an interface 
that allows readers to access the research in question, 
experiments can be easily replicated and the algorithm can 
be thoroughly evaluated.  

In section II, we described the details of a prototype 
interface that addressed these problems. This, however, was 
specific to OS-SIRT and the BLF. To make this interface 
more useful, there needs to be a mechanism that allows 
researchers to attach their project to this interface. 

In order for researchers to utilize this interface, however, 
the process of uploading algorithms needs to be simple. The 
researcher will need to implement certain methods that will 
be called when a parameter is changed via a slider. These 
methods will provide the new parameter settings as an 
argument. The researcher will simply set the parameters of 
his algorithm based on the values provided by the web 
interface, and execute his algorithm. Figure 3 shows a 
pseudo-code example of the functions that will be needed by 
the web interface. 

Once the appropriate functions are implemented, their 
program will need to be compiled as a dynamic library. The 
compiled code will be placed in a directory that is accessible 
by the web server. By compiling the project as a dynamic 
library, the web server can call the functions it needs to, 
without having to restart the server itself. This is important 
because multiple users will be sharing the same web server. 
When the dynamic library is placed in the appropriate 
directory, users will be able to visit a web page specific to 
the project in question, and will be able to explore and 
execute the algorithm in real time. 

There are some performance issues since there will still 
be a noticeable delay from when the slider is changed, to 
when the reconstruction is complete. In section II, we 
anticipated that the reconstruction time would be between 
1.3-1.8 seconds using our cluster of 8 GPUs. With multiple 
users, this can take much longer since a user will have to 
wait for a GPU to be free before reconstruction can take 
place. Some extra optimization strategies are required to 
reduce GPU resource contention and ensure that web 
interface remains interactive. 

One strategy that we have already presented is the use of 
cache. Instead of immediately reconstructing the volume, 
we check to make sure that it has not already been 
reconstructed. If it has, we simply return the results without 
performing any extra computation. This is particularly 
useful with the slider, as users will often move the slider 
back and forth, reviewing parameter settings they have 
already seen. 

Another strategy is to only reconstruct a subset of the 
volume. Since only the central slice is displayed to the user, 
most of the three-dimensional volume is never seen. We 
estimate that we can reconstruct a 512x512x8 subset of the 
volume in 0.3-0.7 seconds using our 8 GPU cluster. This 
strategy combined with caching will greatly reduce the 
strain on the GPU server while still providing the user with 
a real-time interface in which he can explore the parameter 
space of a CT reconstruction algorithm. 

VI. REMOTE EXECUTION 

The virtual workspace provides a number of resources that 
are beneficial when starting a new project. This option may 
not be ideal, however, when maintaining an existing project. 
A researcher may still take advantage of the processing 
power of GPUs by using our remote execution library. This 
library aims to provide a simple method for executing a 
number of commonly required GPU accelerated algorithms 
(i.e. backprojection, forward projection, etc.) in the cloud. 

void sliderSetParam1(float val) { sigma = val; }

void sliderSetParam2(float val) { lambda = val; }

void execute() { . . .}

Figure 3. A pseudo-code example demonstrating the functions that 
will need to be defined for the web interface. The functions with the 
“slider” prefix will simply set the parameters of the algorithm. The 
execute function will actually perform the algorithm 

Figure 2. An illustration of the framework presented in this paper. When a function from the “GPU_CT_lib” is called, the system first checks the NFS to see 
if the result lies in cache. If so, the result is returned. On a cache miss, the appropriate reconstruction function is redirected to the back end (i.e. host machine) 
through Gvirtus; the result is reconstructed and returned. That result is then written to the cache on the NFS.
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The remote execution library will provide a number of 
wrapper methods to the GPU accelerated algorithms that are 
provided in the virtual workspaces. These methods operate 
by acting as a liaison between the user’s machine, and the 
virtual machine in the cloud responsible for processing 
remote execution requests.  

Figure 4 shows a pseudo-code example of how users can 
interact with the remote execution library. On the server 
side, a virtual machine will be tasked with listening and 
waiting for a connection request from a client. On the client 
side, a TCP connection is initiated with the server. This 
allows for effective communication between the client and 
the server. A call to execute a GPU accelerated algorithm by 
the client sends a signal to the server, indicating the 
parameters the user requested (i.e. algorithm, dataset, etc.). 
The server then executes the requested function in a similar 
manner illustrated in Figure 2. The client can then request 
the results to be transferred from the cloud to the user’s 
machine. 

We recognize that most CT reconstruction pipelines (e.g. 
iterative CT), however, can be highly integrated (i.e. the 
results of the “project” section are given as input in the 
“backproject” section). To reduce the number of memory 
copies between the client and server, we provide a 
mechanism to allow the user to allocate space on the cloud. 
With this functionality, the user can allocate an array to 
store the results of the “project” function, and pass it as 
input to the “backproject” function. This reduces costly data 
transfers between the client and server.  

If, however, one component of this pipeline is missing in 
our library then it becomes useless; since any performance 
gained by exploiting GPUs will be wiped out by the cost of 
transferring data to and from the server on every iteration. 
To avoid this situation, we let users extend the remote 
execution library by allowing them to upload custom 
implementations to the remote execution server. A simple 
addition to the wrapper library, is then required. In this 
fashion, users can easily expand the library to suit their 
needs. 

With the remote execution library, users can exploit the 
massive speed-ups GPUs provide without the burden of 
developing highly specialized software. This library will be 
primarily useful for those looking to quickly replace 
sequential CPU implemented CT algorithms with GPU 
accelerated implementations. 

VII. CONCLUSIONS 
In this paper, we presented an interface for dynamically 
exploring the parameter space of an iterative CT 
reconstruction algorithm through a web browser. We then 
explained how we can build a scalable framework to allow 
many users to interact with this interface in a cloud 
environment while handling practical issues related to 
resource contention. The technology developed for cloud 
based computing infrastructures are quite powerful and 
allow us to do so much more than simply host web interface 
for exploring iterative CT reconstruction parameters. 

This cloud framework can be used to provide resources 
that are not necessarily available (i.e. hardware and 
software) to many researchers. We address many practical 
issues in the medical imaging community relating to the 
sharing and presentation of research. The cloud computing 
framework presented in this paper will be a powerful force 
for good in the medical imaging community.  
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cloudTCPConnect();
cloudAllocMem(vol, size);
cloudAllocMem(volp1, size);
cloudAllocMem(proj, projection_size);
for each iteration

cloudProject_GPU(vol, proj);
cloudCorrect_GPU(proj, “dataset”);
cloudBackproject_GPU(volp1, proj);
cloudBLF_GPU(volp1);
cloudVoxelUpdate_GPU(vol, volp1, lambda);

end for
cloudTCPDestroy();

Figure 4. An iterative CT implementation using the remote execution 
library. Functions with the prefix cloud will be executed on the cloud.
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Iterative Helical CT Reconstruction in the Cloud
for Ten Dollars in Five Minutes
Jeffrey M. Rosen, Junjie Wu, Jeffrey A. Fessler, Thomas F. Wenisch

Department of EECS, University of Michigan

Abstract—Iterative statistical X-ray CT reconstruction algo-
rithms can improve image quality for low dose scans. Unfortu-
nately, their clinical utility has been hampered by their enormous
computational requirements; typical low-dose reconstructions
require about an hour on commercial systems. Most existing
parallel implementations use a shared memory programming
model, limiting available parallelism. We investigate using a
large compute cluster for a penalized weighted least-squares
algorithm using ordered subsets (PWLS-OS), scaled to hundreds
of cores to accelerate a single helical CT reconstruction problem.
Using Amazon’s Elastic Cloud Compute (EC2) service, our
experimental results show that a typical helical chest scan can
be reconstructed in under five minutes at a cost under $10.

I. INTRODUCTION

Model-based iterative reconstruction for X-ray CT can

improve image quality and promises to enable X-ray dose

reductions compared to conventional filtered back-projection

[1]. Such methods use statistical models and imaging system

models, improving image quality. The primary drawback of

statistical reconstruction methods is their massive computa-

tional requirement. Current commercial model-based recon-

struction methods can require about an hour to reconstruct a

typical helical chest scan. Improving reconstruction times is

essential to enable ubiquitous use of low-dose CT.

Researchers are developing reconstruction algorithms that

reduce computational requirements and/or converge more

quickly. For example, one recent ordered-subsets algorithm

reaches its limit cycle in about 20 iterations [2]. Nevertheless,

compute-times-per-iteration remain high (several minutes for

helical chest CT scans), so matching scanner and reconstruc-

tion throughput requires further improvements.

Parallelization can reduce time-per-iteration, leveraging the

multiple cores present in modern processors by partitioning

computation into multiple simultaneous sub-problems [3].

Most existing parallel implementations share image and sino-

gram data in a global main memory accessible to all processor

cores. Shared memory simplifies parallelization—each core

computes a subset of the image/sinogram, and can read from

any part of the image/sinogram space with only infrequent

synchronization at coarse steps of each iteration. However,

shared memory approaches are limited by the number of cores

that can be provisioned in a single system—at most a few tens

of cores in conventional commodity systems.

In this work, we investigate the alternative of leveraging the

scalability of massive compute clusters to apply distributed

JAF supported in part by NIH grant R01 HL 098686 and by equipment
donations from Intel.

The authors thank Donghwan Kim for assistance with the algorithms in
[2, 8].

computing power to image reconstruction. We demonstrate

distributed image reconstruction using leased resources from a

commercial cloud computing provider. Cloud services provide

low-cost, on-demand, commodity computing resources. They

are relatively cheap when compared to purchasing a cluster,

and can either be used on-demand for flexibility or reserved for

exclusive use and further discounted costs. They also provide a

low-overhead mechanism for expanding computational power.

To increase the number of nodes working on a problem, one

need only purchase more cloud compute time (only seconds

of setup time).

Although we use the cloud to demonstrate the perfor-

mance potential of distributed reconstruction, our methods

are applicable more generally to all distributed systems. For

example, researchers have accelerated reconstruction using the

parallelism in graphics processing unit (GPU) accelerators

[4]. However, ganging multiple GPUs for greater parallelism

presents a significant challenge because they do not share

a single global address space, hence data dependencies are

problematic. Our methods could be applied to such a system

to sub-divide processing across distributed GPUs. Similarly,

emerging devices such as the Xeon Phi coprocessor can be

ganged together to achieve greater performance and scalability

using our approach.

To use distributed computing resources, one must parallelize

reconstruction algorithms across compute nodes that do not

share a single global memory. We follow the paradigm of many

large-scale scientific applications by using explicit message
passing to exchange updates to sinogram and image data

between compute nodes at appropriate synchronization points

in the reconstruction algorithm. As we will show, we can

easily scale the number of nodes collaborating on a single

reconstruction problem until performance is limited by avail-

able communication bandwidth; further speedups will require

either faster (and more expensive) interconnection networks or

innovations to reduce data communication.

Prior efforts to parallelize filtered back-projection over a

cluster have used the MapReduce programming model [5, 6],

wherein the computation is translated into simple “map” and

“reduce” tasks and a runtime system orchestrates communi-

cation among these tasks. Though they ease programming,

publicly available MapReduce frameworks, such as Hadoop,

store intermediate results on disk when communicating, which

is extremely inefficient for iterative reconstruction algorithms.

To our knowledge, there have been no prior reports of iterative

reconstruction of clinical helical CT scans (with thousands of

projection views) using hundreds of cores on a commodity

cloud computing service. The closest related work is the
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investigation by Gregor of an unregularized SIRT algorithm

on four 8-core nodes for axial micro CT with 360 views [7].

This paper investigates a penalized weighted least-squares

with ordered subsets (PWLS-OS) reconstruction algorithm [8]

that distributes computation across several multi-core nodes

that communicate via explicit message passing. This approach

scales beyond the limits of a single node, so the number of

cores working in parallel is limited only by available hardware,

communication bandwidth, and cost. We use Amazon’s Elastic

Compute Cloud (EC2) service to demonstrate the potential of

cloud computing environments and show that a 20-iteration

reconstruction of a 320-slice helical chest CT scan using

50 nodes (800 cores) requires less than five minutes at a

total computing cost under $10. A “private” cloud computing

environment (e.g., operated under contract for a large hospital

network) might approach similar costs.

II. METHODS

A. Background

We compute a reconstructed image x̂ by minimizing a

PWLS cost function [1]:

x̂ = argmax
x

1

2
‖y−Ax‖2

W +R(x), (1)

where y denotes the observed X-ray CT sinogram data, W
denotes a diagonal statistical weighting matrix, A is the system

matrix [9], and R(x) is an edge-preserving regularizer that

balances noise and image resolution. We use an R(x) with

first-order finite differences between a voxel and its closest 26

neighbors and a Fair edge-preserving potential [10], but our

methods can be extended to other regularizers.

The PWLS-OS iterative algorithm [3] involves four steps:

forward projection, back projection, regularization, and image

update. Figure 1 depicts the algorithm graphically. The first

step involves forward projecting the estimate xn at the nth

iteration and calculating the weighted sinogram residual:

rn = W(Axn −y). (2)

The calculations for each residual are independent, so they

can be arbitrarily reordered or parallelized [9]. Iterating along

the scan axis in the innermost loop enables reuse of beam

geometry calculations. Only the projection views within a

given subset are projected in a given sub-iteration, so methods

that use fewer subsets, and hence more views per subset, e.g.,
[2], provide more opportunity for parallelism.

Back projection applies the transpose of the system matrix

bn = A′rn. (3)

Back projection must occur after forward projection because

of its dependency on rn. In principle, one can backproject

the residual into every voxel independently, allowing massive

parallelism over voxel space. In practice it is again more

efficient to have an inner loop along the axial direction for

each thread [9]. This strategy leads to parallelization across the

≈ 5122 voxels in a single transaxial slice, which still allows

for tens of thousands of threads.

The regularization step calculates the gradient ∇ of the

regularizer at the current image xn:

gn = ∇R(xn). (4)

Because it depends only on xn, one can perform regularization

in parallel with back projection and in any voxel order.

Finally, the image is updated as follows:

xn+1 = xn −D(bn +gn), (5)

where D denotes a diagonal matrix that is precomputed prior

to iterating using optimization transfer principles [8]. We also

enforce non-negativity in this step.

Parallelism is readily available in each of these steps; in

principle, one could launch individual execution threads to

calculate each element in xn, rn, bn, and gn. In practice, it

is more efficient to group calculations into threads that allow

common sub-expressions to be factored out of inner-most

loops. Most existing statistical reconstruction implementations

[4, 8] use programming interfaces such as POSIX threads,

which allow concurrent operation on a single copy of xn,

rn, bn, and gn stored in a shared main memory. As each

thread updates a disjoint subset of each matrix, the threads can

proceed without synchronization, except for a global barrier

between each step.

Though shared main memory provides a simple abstraction,

it limits performance scalability. Far greater performance can

be achieved by scaling a workload to execute on a large

cluster. Distributed computation in a cluster is particularly

cost-effective in cloud computing environments, where clusters

can be time-shared and compute time leased by the hour at

low cost.

B. Parallelizing over a cluster

A large cluster can bring far more compute cores to

bear on a problem, but data updates must be transmitted

explicitly between compute nodes. The central challenge of

implementing statistical reconstruction on such a cluster lies

in orchestrating this communication, requiring a fundamentally

different implementation approach than conventional parallel

statistical reconstruction.

Unfortunately, data structures are not easily partitioned and

distributed among nodes in statistical reconstruction algo-

rithms for X-ray CT. Both forward and back projection require

essentially all data in a particular transaxial slice. Data can

be somewhat partitioned along the scan axis, particularly for

small cone angles that limit the axial interaction distance

between image data and views. For a helical CT chest scan

with 320 slices, we partition the image volume into, say,

5 “slabs” of 64 slices each and reconstruct each of those

slabs by an independent set of compute nodes. Because of

the “long object problem” in helical CT, to reconstruct 64

slices of interest, we also reconstruct 32 padding slices on

each end of the slab. These padding slices are discarded after

reconstruction, and thus represent a somewhat undesirable

overhead of the slab-partition approach. This overhead means

that it is inefficient to partition the volume into many more

slabs with fewer slices per slab.
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Fig. 1: Visual representation of computation phases. Arrows represent global barriers between steps.

Fig. 2: Sample execution timeline illustrating phases of computation
and communication. The color of Line 1 indicates the current
algorithmic step. Dark red indicates forward projection, dark blue in-
dicates communication after forward projection, light green indicates
back projection, light red indicates regularization, purple indicates
update, neon green indicates communication after the update step, and
pink indicates barrier synchronization. The remaining lines indicate
forward progress of individual threads on each core.

After each algorithm step, image/sinogram updates are

broadcast and merged with results from all other nodes partic-

ipating in the slab computation. We use the Message Passing

Interface (MPI) for inter-node communication. MPI provides

a means of sending and receiving data both synchronously

(blocking) and asynchronously (non-blocking), as well as

creating global barriers that prevent any node from proceeding

past the point of the barrier until all nodes have reached it.

A straightforward communication approach places a signif-

icant burden on the interconnection network between servers.

At the end of any given step, updating each node’s copy

of x requires each node to broadcast a copy of its portion

of the data to N − 1 other nodes, where N is the number

of nodes participating in a given slab’s reconstruction. An

entire X-ray CT image volume for a helical scan can occupy

about a gigabyte of memory (in single float precision). With a

network bandwidth of 10 gigabits per second (as in Amazon’s

EC2 system), transferring several copies of the entire image

volume incurs considerable delay. Communication is needed

multiple times in each subset and iteration, so the total time

spent sending and receiving over the network ultimately limits

performance scalability. Hence, optimizing communication is

critical. Partitioning the problem into smaller-sized slabs is a

first step towards reducing communication. We also broadcast

only those arrays that must be synchronized, which are the

residual rn and the updated image xn+1.

Figure 1 illustrates the reconstruction steps for a single

subset. The arrows represent global barriers between each step,

and the clouds represent the two necessary broadcast steps.

Figure 2 illustrates the computation timeline over about four

(out of 12) subset updates, derived from measured results for

execution on 10 nodes of 16 cores each. Each colored segment
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Fig. 3: Speedup of a single iteration of one slab for varying node
configurations.

of the top bar represents an individual task, and the segment

length indicates the amount of time taken for that task (in

seconds). The 16 bottom bars show execution time for each

core in the first node to perform the task identified by the color

in the topmost bar. Synchronization and communication time

(dark blue, pink, and neon green in the top bar; large blank

regions in the remaining bars) occupy a significant fraction of

overall execution time.

III. EXPERIMENTAL RESULTS

We report on our distributed version of PWLS-OS imple-

mented in the C99 programming language using the openMPI

and POSIX thread libraries. Our implementation produces

identical output to that of a previously existing multithreaded

version, confirming our methods do not sacrifice image quality.

Our test environment consisted of Amazon EC2 HPC

cc2.8xlarge nodes, each having dual eight-core 2.6 GHz Xeon

processors, 60.5 GB of memory, and 10 gigabit ethernet. We

used Amazon’s group placement policy for all experiments to

ensure nodes were located physically close to each other.

We used simulated helical CT data where the image volume

for a single slab is 512 × 512 × 128 slices with a 70 cm

transaxial field of view (FOV) and 0.625 mm slice thickness.

Out of an entire 9-turn helical scan, with pitch = 63/64,

we used 3 turns (2952 views) for reconstructing each slab.

The views were each 64 rows by 888 channels. We use the

separable footprint projector [9]. Voxels within the 70 cm FOV

are reconstructed using [8]. We used 12 subsets because that

is suitable for our latest accelerated OS algorithm [2].

Figure 3 shows the computational speedup for a single

iteration plotted for a single core up to 224 cores (each node

contains 16 cores) for our implementation compared to ideal

(linear) speedup. Speedup [11] for a system with n cores is

Time taken for 1 core

Time taken for n cores
. (6)
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Figure 3 shows that the observed speedup growth slows as

nodes are added due to communication time and bandwidth

constraints. This behavior results in a knee in the speedup

curve as it approaches a maximum speedup of about 64.

Figure 4 depicts the time taken to complete a single iteration

for 1 core to 224 cores in 1-node increments. As expected, the

time curve decreases more and more slowly as the number of

nodes increases, asymptotically approaching a minimum of

about 12 seconds. Communication begins to dominate around

160 cores (10 nodes), at which point the benefit of using more

nodes becomes insignificant.

Figure 5 shows computation times of individual steps for the

observed 10-node, 1-node, and ideal linear scaling 10-node

cases. Linear scaling for n nodes is defined as achieving a

speedup of n, so a linearly scaled 10 node system would take

one tenth of the time of the 1 node case per iteration. The

actual time taken in each compute step (blue) is reasonably

close to the ideal linearly scaling case (red). Thus individual

steps scale well even though total iteration time exhibits much

less than linear speedup due to communication time. The

significance of communication time is evident; it accounts for

nearly half the time per iteration in the 10-node case.

Figure 6 plots the cost of running 20 PWLS-OS iterations to

reconstruct a single 128-slice slab versus the number of nodes

used. The cost increases monotonically because communica-

tion is such a significant factor in performance. The total cost,

however, is still inexpensive.

Based on diminishing returns when using more than 10

nodes, we focus on the 10-node case as a reasonable con-

figuration. Using 10 nodes (160 cores) per slab, the total

time for reconstructing a 5-slab scan (320 usable slices) is
15 sec

iteration × 20 iterations = 300 seconds. Likewise, the cost of

performing a reconstruction is 10 nodes
slab × 5 slabs× $0.00067

sec ×
15 sec

iteration × 20 iterations = $10. For a longer helical scan with

640 slices the cost would scale to $20 (by using more nodes

for the additional slabs) but the 5-minute reconstruction time

would remain unchanged.

IV. SUMMARY AND CONCLUSIONS

Use of statistical reconstruction methods is impeded by their

computation time. We have investigated using commercial

cloud computing to improve the speed of MBIR through

parallel computing. Our results, generated using Amazon’s

EC2 service, show that even with significant communication

overhead, attractive reconstruction times (5 minutes) can be

achieved at a low price ($10). If high resolution targeting of

a region of interest (ROI) is needed, then a two-stage recon-

struction will be needed [12] that would increase the time and

cost accordingly. As expected, node-to-node communication

is a limiting factor on performance, even for a relatively small

number of nodes. Future work includes reducing communica-

tion by using data compression techniques, and by devising

iterative algorithms that do not require full synchronization

after every update.
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Extended Volume Image Reconstruction Using the
Ellipse-Line-Ellipse Trajectory for a C-arm System

Zhicong Yu, Frédéric Noo, Günter Lauritsch, and Joachim Hornegger

Abstract—Recently, we proposed the Ellipse-Line-Ellipse tra-
jectory for extended volume imaging with a C-arm system.
Knowledge of the R-line coverage of this trajectory is well
understood, but how to use the R-lines remains unclear. In this
work, we establish a scheme for efficient and practical usage
of the R-lines of this trajectory. Using computer-simulated data,
we demonstrate this scheme by reconstruction results from the
differentiated backprojection method.

I. INTRODUCTION

We are interested in the development of extended volume
cone beam (CB) computed tomography (CT) using the C-arm
system in interventional radiology. For some intraoperative or
emergency cases where the entire aorta or the spine needs
to be examined, this tool could be crucial for patient health,
particularly because it would prevent transferring the patient
to the CT room, which is time consuming and increases risk
to the patient.

Currently, C-arm systems employ a circular trajectory,
which does not satisfy Tuy’s condition and can not address
extended volume imaging. A more sophisticated trajectory is
needed. The helical trajectory has been successful in traditional
CT systems, but it is not feasible on a C-arm system. Due to
the open design and lack of slip-ring technology, a C-arm
can not rotate infinitely in a single direction; in most cases,
it can only allow a short scan. To overcome this mechanical
limitation, the reverse helix [1] was proposed, which is like the
helix, but reverses its rotational direction after a certain angular
length. However, this trajectory does not have sufficient R-
line coverage (An R-line is any segment of line that connects
two source positions of the trajectory) in the middle of its
convex hull, and thus theoretically-exact and stable (TES)
reconstruction is challenging. Another possible solution would
be the Arc-Line-Arc trajectory [2]. Nevertheless, this trajectory
requires a full scan to achieve full R-line coverage in the
region-of-interest (ROI), regardless of the size of the ROI,
which is impractical for a C-arm system in most cases.

Recently, we have proposed a new geometry called the
Ellipse-Line-Ellipse (ELE) trajectory [3], [4]. This trajectory
possesses a reverse pattern in its rotational direction, and thus
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Healthcare Sector, Forchheim, Germany; Zhicong Yu and Joachim Hornegger
are with The Chair of Pattern Recognition, University of Erlangen-Nuremberg,
Erlangen, Germany. This work was partially supported by a grant of Siemens
AG, Healthcare Sector and by the U.S. National Institutes of Health (NIH)
under grant R21 EB009168 and R01 EB007236. The concepts presented
in this paper are based on research and are not commercially available. Its
contents are solely the responsibility of the authors and do not necessarily
represent the official views of the NIH.

is feasible on a C-arm system. More importantly, we have
proved that, through a simple configuration using a short
scan, this trajectory provides sufficient R-lines for a typical
cylindrical ROI that is centered on the patient table and inside
the convex hull of the ELE trajectory.

At this stage, the R-line coverage of the ELE trajectory is
well understood according to [3], [4], however, an efficient and
practical scheme to select R-lines for TES image reconstruc-
tion yet needs to be established. In this work, we provide such
a scheme for each point within the ROI such that the usage of
the projection data varies smoothly when the point of interest
in ROI moves continuously. We demonstrate this scheme
by computer simulations using the method of differentiated
backprojection followed by inverse Hilbert transform (DBP-
HT) [5]. Reconstruction results show good image quality
with smooth transition in transversal, coronal and sagittal
directions.

II. THE ELE TRAJECTORY

A. Geometry

The ELE trajectory lies on a cylindrical surface of radius
R that is centered on the z-axis. This trajectory consists of
two elliptical arcs connected by a segment of line as shown
in the left of Figure 1, and we call the three components as
the upper T-arc, T-line and the lower T-arc, respectively. In
the attached (x, y, z)-coordinate system, the upper and lower
T-arcs are mirror symmetric relative to the (x, y)-plane, and
they lie in planes that are perpendicular to the (x, z)-plane,
whereas the T-line is parallel to the z-axis; see the middle
and right of Figure 1. Note that the ELE trajectory can be
periodically repeated along the z-direction, and thus is suitable
for extended volume imaging.

Let λ be the polar angle, and let γm be the fan-angle. We
denote au(λ) and al(λ) as vertex points on the upper and
lower T-arcs, respectively, and refer to b(z) as a vertex point
on the T-line. By definition, we have

au(λ) = (R cosλ, R sin λ, H + ΔH cosλ),
b(z) = (R cos γm,−R sin γm, z),
al(λ) = (R cosλ, R sin λ,−H −ΔH cosλ),

where λ ∈ [−γm, π + γm] and z ∈ [−H −ΔH cos γm, H +
ΔH cos γm], with H and ΔH being configuration parameters
as depicted in the right of Figure 1.

B. R-line coverage and ROI design

The R-line coverage of the ELE trajectory is composed of
three parts, i.e., R-lines that are generated by connecting the
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Fig. 1. Left: 3D illustration of the ELE trajectory. Middle: orthogonal projection onto the (x, y)-plane. Right: orthogonal projection onto the (x, z)-plane.

upper T-arc and the T-line (AL), the T-line and the lower T-
arc (LA), as well as the upper and lower T-arcs (AA). Because
the ELE trajectory is mirror symmetric relative to the (x, y)-
plane, its R-line coverage is mirror symmetric as well. Here-
after, we will only focus on the R-line coverage for the space
that is above the (x, y)-plane and within the convex hull of
the ELE trajectory.

According to [4], for a given cylindrical ROI of radius r <

0.85R, full R-line coverage in the ROI can be guaranteed using
the following configuration:

γm = arcsin(r/R) and ΔH/H = r/R.

C. Selection of R-lines

We define the surface generated by connecting one point
on the T-line or the lower T-arc to all the points on the upper
T-arc as the R-line surface, as shown in the left of Figure 2.
When the convergent point of the R-line surface moves from
the top point to the bottom point along the T-line, we obtain
the blue R-line surfaces; whereas when the convergent point
continues to move along the lower T-arc, we get the green R-
line surfaces. We call the region covered by the R-line surfaces
from the AL trajectory as the blue region, and refer to the
region covered by the R-line surfaces from the AA trajectory
as the green region.

It can be shown that when the convergent point on the lower
T-arc reaches a certain polar position λc, every point in the
ROI above the (x, y)-plane is covered by R-lines. For a typical
ROI with radius r < 0.5 R, λc = 0. Therefore, besides the
upper T-arc and the T-line, only a small portion of the lower
T-arc is needed for TES reconstruction in the ROI that is above
the (x, y)-plane. In this work, for TES image reconstruction of
the ROI above the (x, y)-plane, the R-lines forming the blue
and green regions are selected.

The R-lines from the AL trajectory (blue) can cover a large
portion of the ROI. However, in the first and second quadrants,
some regions of the ROI are only covered by the R-lines from
the AA trajectory, as shown in the middle of Figure 2. Let Q

be a point in the green region, and refer to L(Q) as the line
parallel to the z-axis that goes through Q, as shown in the

right of Figure 2. As illustrated, the upper part (AB) of L(Q)
is covered by the R-lines from the AL trajectory and the lower
part (BC) is covered by the R-lines from the AA trajectory.
Note that, C is not necessary the lowest point of the R-line
coverage along L(Q) when the source position on the lower
T-arc moves from −γm to λc.

Some of the blue region is not only covered by R-lines
from the AL trajectory, but also by the R-lines from the AA
and LA trajectories. We disregard these contributions from the
AA and LA trajectories so as to create a continuous scan and
reconstruction flow. To the same reason, some of the green
region is covered by two R-lines from the AA trajectory, but
we only choose the one that has λ ∈ [−γm, λc].

III. RECONSTRUCTION METHOD

Using the concept of an R-line surface, we perform the TES
reconstruction using the DBP-HT method [5]. Let x be a 3D
point, and f(x) be the attenuation coefficient of the object at
x. We assume that f(x) is compactly supported.

To perform the DBP-HT method in an efficient way, we
now introduce a new coordinate system to describe the R-line
surfaces, as shown in Figure 3. Let b(h) be a point on the
T-line, and au(λ∗) be a point on the upper T-arc. We denote a
point on the R-line that connects b(h) and au(λ∗) as s(h, γ, t).
Let α be the vector pointing from b(h) to s(h, γ, t), and refer
to αxy as the orthogonal projection of α onto the (x, y)-plane.
Then γ and t are the polar angle and magnitude of αxy,
respectively. Because we are only interested in reconstructing
the ROI, we have γ ∈ [π − 2γm, π] and t ∈ [R− r, R + r].

The coordinate system for describing the R-lines from the
AA trajectory is similar to that from the AL trajectory, except
that we use ω to indicate a point on the lower T-arc, i.e., al(ω).
For r < 0.5R, ω ∈ [−γm, 0]. In this case, the range of γ is
dependent on ω, i.e., γ ∈ [π−γm +w, π+0.5γm+0.5ω]. The
lower bound of γ is set to make sure that the ROI is covered
by the R-line surfaces, whereas the upper bound of γ is set
to make sure that the R-line surfaces do not include R-lines
beyond the endpoint of the upper T-arc.

Based upon the above description, image reconstruction
from the ELE trajectory using the DBP-HT method can be
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Fig. 2. Selection of the R-lines of the ELE trajectory for TES image reconstruction. Left: the R-line surfaces associated to the AL (blue) and AA (green)
trajectories. Middle: the R-line coverage in the ROI in the (x, y)-plane. Right: R-line coverage along L(Q) that is from the AL (blue, composed of the upper
T-arc and the T-line) and AA (green) trajectories.

Fig. 3. The R-line surfaces of from the AL (left) and AA (right) trajectories
can be described by (h, γ, t)- and (ω, γ, t)-coordinate systems, respectively.

achieved by the following steps.

• perform the view-dependent differentiation for all the
projection data of the ELE trajectory;

• for each (h, γ, t) or (ω, γ, t), perform backprojection us-
ing the R-line segments that are selected in Section II-C;

• perform inverse Hilbert transform along t;
• rebin the reconstruction from the (h, γ, t)- or (ω, γ, t)-

coordinate system to the (x, y, z)-coordinate system.

Among the four reconstruction steps, the rebin process
deserves particular attention. For a given x, if there is an
R-line through this point from the AL trajectory, we should
perform the rebinning from the (h, γ, t)-coordinate system to
the (x, y, z)-coordinate system. Otherwise, we should perform
the rebinning from the (ω, γ, t)-coordinate system to the
(x, y, z)-coordinate system. The rebinning for the latter case
is not trivial, and a detailed solution can be found in [4].

IV. RESULTS

In this section, we present our numerical results using
computer-simulated data. A modified FORBILD head phan-
tom was adopted for data simulation. This phantom was
obtained by stretching most of the FORBILD head phantom
in the x-direction by a factor of 1.25, so that the horizontal
slices of this phantom is circular, as shown in Figure 4.
This modification was made for a better illustration of the
reconstruction results from the AA trajectory.

The largest slice of the modified phantom appears at z =
0 cm with radius 12 cm, which, therefore, was set as the radius

Fig. 4. The modified FORBILD head phantom. Left: sagittal slice at x =

0 cm with z ∈ [0, 7] cm. Middle: transversal view at z = 0 cm. Right: coronal
view at y = 6 cm with z ∈ [0, 7] cm. Display window: [0, 100] HU.

of the ROI. For data acquisition, a flat panel detector of
bin size 0.06 cm×0.06 cm was used. This detector was large
enough to avoid truncation. The scan radius was 30 cm, and
the source-to-detector distance was 45 cm.

Regarding the ELE trajectory, we chose H = 5 cm and
ΔH = 2 cm so that R-line coverage was sufficient in the ROI.
For each of the upper and lower T-arcs, 500 CB projections
were generated over the angular range [−24◦, 204◦], whereas
for the T-line, 51 CB projections were generated. Note that the
z-range of the T-line was automatically generated using H ,
ΔH and the angular range of the T-arcs. All CB projections
were acquired using quarter detector pixel shift.

Regarding the DBP-HT reconstruction algorithm, we im-
plemented the view-dependent differentiation according the
the scheme presented in [6]. The resolution control parameter
ε used in our experiment was 0.001. The inverse Hilbert
transform was implemented according to Equation 18 of [7],
and the constant Ct in this equation was calculated using
Equation 20 from the same paper.

Reconstructions on the R-line surfaces from the AL and
AA trajectories are shown in Figure 5. For the AL trajectory,
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we selected 200 R-line surfaces with their convergent points
evenly distributed along the T-line. For each AL R-line sur-
face, 900 points were sampled evenly for γ over the range
[132◦, 180◦], whereas 900 points were sampled for t over the
range [16.5 cm, 33.5 cm]. For the AA trajectory, we selected
225 R-line surfaces with their convergent points uniformly
distributed along the lower T-arc over the range [−24◦, 0◦].
For each w, we evenly sampled 900 points for γ over the
range [π − γm + w, π + γm + w], with γm = 24π/180. The
grid for t was the same as that of the R-line surfaces from the
AL trajectory.

Fig. 5. Left: the reconstruction on the R-line surface at h = 0.0343 cm.
Right: the reconstruction on the R-line surface at w = −22.4◦ . Display
window: [0, 100] HU.

We obtained the final image reconstruction through rebin-
ning using triple linear interpolation with isotropical voxels of
size 0.02 cm×0.02 cm×0.02 cm. Part of the final image was
rebinned from the AL trajectory, and the rest was rebinned
from the AA trajectory. The rebinned images at z = 0 cm
from the AL and AA trajectories are shown in Figure 6. The
final rebinned results by using both AA and AL trajectories
are shown in Figure 7. As illustrated, the final reconstruction
results have good image quality with smooth transition in
coronal, sagittal and transversal directions.

Fig. 6. Left: image rebinned from the R-line surfaces of the AL trajectory.
Right: image rebinned from the R-line surfaces of the AA trajectory. Image
position: z = 0 cm. Display window: [0, 100] HU.

Fig. 7. Final image reconstruction rebinned through triple linear interpolation
using isotropical voxels of size 0.02 cm×0.02 cm×0.02 cm. Top: sagittal
view at x = 0 cm. Middle: transversal view at z = 0. Bottom: coronal
view at y = 6 cm. Display window: [0, 100] HU.

V. CONCLUSION AND DISCUSSION

We have proposed an efficient and practical method to use
the R-lines of the ELE trajectory for TES image reconstruc-
tion. For reconstruction of the ROI above the (x, y)-plane,
besides the upper T-arc and the T-line, only a small continuous
portion of the lower T-arc that is connected to the T-line is
needed.

Although we only demonstrated how to address the R-lines
for the ROI above the (x, y)-plane, it is straight forward to
extend this method to the whole ELE trajectory as well as its
duplicates. Also note that, in this work, we have used the DBP-
HT method for image reconstruction, however, other TES
methods such as Katsevich-type algorithms are also applicable.
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Abstract—In computed tomography reconstruction there are
several scenarios where data is acquired with a large cone angle
(e.g. microCT, breast CT, radiation therapy, surgical guidance).
In many cases only a short-scan of data is available: on many C-
arm interventional or surgical systems the mechanical constraints
of the system limit the acquisition to a short-scan (π + full fan
angle). The method frequently employed for these acquisitions is
to use a standard FDK based reconstruction with an approximate
view based weighting based on the 2D (fan-beam) view weighting.
The aim of this work is to compare this standard reconstruction
method with an approximate reconstruction algorithm derived
using the Katsevich framework for exact image reconstruction.
The assessment in this work employs a realistic anatomical
phantom (the XCAT) and focuses on the possibility of performing
quantitative imaging from only a short scan acquisition. The
results demonstrate that the algorithm derived using the exact
framework provides more quantitative results and the central
view angle dependence of the acquisition is significantly reduced
compared with the standard reconstruction method.

I. INTRODUCTION

The goal of this work is to compare this standard recon-

struction method with an approximate reconstruction algo-

rithm derived using the Katsevich framework for exact image

reconstruction [1], [2]. The derivation of this algorithm was

previously published, Arc based Cone-beam reconstruction

algorithm using an Equal weighting scheme (ACE), along

with an initial evaluation using the Shepp-Logan phantom

and a Defrise type phantom. The assessment in the current

work employs a more realistic anatomical phantom and the

evaluation is aimed at demonstrating improved quantitative

imaging from only a short scan acquisition. In addition to

assessing the reconstruction accuracy for a single acquisi-

tion we assess the variability in the reconstruction values

as a function of the central view angle. For instance in C-

arm imaging the reconstruction values of an object would

change depending of the patient position, e.g. prone or supine.

Additionally, for perfusion measurements it is important that

images reconstructed at different time points do not vary in

reconstruction value purely due to the difference in the central

view angle.

In wide-cone axial computed tomography there are many

factors which make quantitative imaging difficult including

scatter, beam hardening, motion, data truncation and the effects

of image reconstruction. In this work we focus exclusively on

the effects of image reconstruction. In most evaluations of

quantitative accuracy simplistic (non-anthropomorphic) phan-

toms are used; and typically if data from a system is used

it is difficult to separate the contribution of the inaccuracy

related to the different components. We use simulation data

in this case to separate the effects of the image reconstruction

from the other physical non-idealities such as scatter and beam

hardening.

Since the axial trajectory is easy to achieve mechanically it

is very popular for a number of medical systems which collect

projection data for CT reconstruction. While many other

options have been proposed for trajectories which offer exact

reconstruction, the ubiquitous nature of the axial trajectory

makes it an important case for algorithms with improved

reconstruction accuracy, even if exact reconstruction is not

achievable.

II. METHODS

A. Simulations

The simulations were performed with the standard male

phantom of the XCAT NURBs based phantom, where the

forward projection values were generated using the CatSim

software package. A cylindrical detector was simulated with

a fan angle of 48◦, a cone angle of 14.6◦, 888 detector

channels.. In the simulations multiple sampling rays were used

for each measurement. To assess the angular dependence of the

reconstruction accuracy short scans were performed with 15◦

spacing covering 360◦. The simulations were monoenergetic

at 70 keV, and a beam current of 550 mA was used for all the

simulations shown in the figures and no quantum noise was

simulated for the data used in the plots of quantitative metrics.

B. Implementation

The derivation based on the Katsevich framework and initial

implementation of the ACE algorithm has been previously

published [3], therefore here we only provide a high level

summary and highlight new features in the algorithm imple-

mentation presented here.

• Input data is from an equi-angular detector in the 3rd
generation geometry.

• Differentiate (along row, column, view) and scalar weight

data as described in [4].
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• Perform the Hilbert Filtering for three groups, for the two

non-horizontal groups of filtering lines.

– Rebin from the cylindrical detector to a virtual flat
panel detector

– 2D Bicubic interpolation onto the filtering directions
on the virtual flat panel detector

– Hilbert Filter as described previously[3], using a
boosted kernel to match the spatial resolution of
the FDK reconstruction (emperically matched MTF
values by using the frequency boost MTFFDK

MTFACE
) and

upsample by a factor of 2 compared with FDK prior
to filter

– 2D Bicubic interpolation from the filtering directions
onto virtual flat panel detector

– Rebin from the virtual flat panel detector to the
cylindrical detector

• In the backprojection process, calculate the weight based

on the (x-y) position of the voxels, and perform a

weighted sum from the three filtering groups (weights

are saved as volume typically aligns with z).

The short scan FDK implementation used for comparison

here uses a Parker type weighting function [5] as in the

comparison in the early ACE paper [3], and the cone-parallel

geometry was used for the filtering and backprojection process.

C. Quantitative Evaluation

Images were reconstructed using a centered image volume

(in-plane) with a field of view of 320mm, with an image grid

on 512× 512, where the slices were reconstructed with equal

spacing covering a cone angle of 14.6◦. Given that only a

short scan of data is available there are some portions of a

cylindrical volume which have very little angular coverage

due to z-truncation. In this study a mask has been applied

such that only voxels which project onto the detector for

all views are included in the analysis and image display.

Since a numerical phantom has been used for this study it

is possible to compare the quantitative image values with the

ground truth phantom values. The reconstruction accuracy may

vary based on the phantom composition so three automated

Regions-of-Interest (ROIs) were defined on a slice by slice

basis to quantify the accuracy and reproducibility of each

reconstruction algorithm. In Figure 1 a single central slice

is shown with the myocardium, fat and lung masks which

are determined by the values in the phantom and then eroded

with a disk structuring element of radius 5 pixels to prevent

partial volume effect from influencing the results. The standard

deviation of the voxel values as a funtion of central view angle

is also computed as a metric for reconstruction reproducibility

under different scanning conditions.

III. RESULTS

Comparisons will be made between the Parker type

weighted FDK (P-FDK) reconstructions and the ACE recon-

struction via image comparisons and measures of quantitative

accuracy and reproducibility with respect to view angle. In

Figure 2 the central sagittal and coronal slices are compared

Fig. 1. Demonstration of the automated ROIs for a given slice. Upper left:
Central slice used for demonstration purposes. Upper right: myocardium ROI.
Lower left: fat ROI. Lower right: lung ROI.

Fig. 2. Top: XCAT Phantom. Middle: P-FDK Reconstruction. Lower: ACE
Reconstruction. Left: The central sagittal slice. Right: The central coronal
slice. [-200 200] HU

between the P-FDK and ACE images. While some artifacts

are still visibile due to the missing data the artifacts are

greatly reduced in the ACE reconstructions. Sample axial

slices are shown in Figure 3 where the reduction in artifacts

is significant. The quantitative accuracy of the reconstructions

for the three tissue types is shown in Figure 4, where both

algorithms perform better in the central slices and the ACE

values typically are closer to the true value.

The effect of changing the central view angle is demon-

strated in the images shown in Figure 5, where the strong an-

gular dependence of the P-FDK reconstruction is significantly

reduced. The improvement in consistency across different

central views is quantified by computing the standard deviation

with respect to the central view angle of each voxel. Sample

maps for the same slice are shown in Figure 6. Note that

no low signal correction has been applied so there are some

noise streaks which lead to some significant variance values
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Fig. 3. Left: XCAT Phantom. Middle: P-FDK Reconstruction. Right: ACE
Reconstruction. From the top to the bottom slices with cone angles of 6.27◦,
5.70◦, 5.13◦, 4.56◦, 4.0◦. [-200 200] HU

in the ACE reconstructions but overall the standard deviations

are much lower than the P-FDK results. The quantification of

these results are given in Figure 7. The metric used here is the

fraction of the automated ROI which has a standard deviation

with respect to view angle of less than 10 HU. For these voxels

one may reliably compare multiple acquisitions with different

central view angles. As expected both algorithms performed

well in the central slices and the z range of reproducible values

was significantly larger for ACE than P-FDK.

IV. CONCLUSION

In this work the prospect of repeated quantitative CT

image reconstruction was studied using a realistic anatomical

phantom (ie the XCAT phantom). Multiple images volumes

were reconstructed based on short scan data which have

central view angles separated by 15◦. The standard FDK

Fig. 4. Plots of the average CT number in the automated ROIs for cardiac,
fat and lung tissue as a function of the z slice location. The blue line is the
ground truth, the blue (x) are P-FDK and the green (o) are the ACE results.

based reconstruction with a 2D Parker type weighting func-

tion (P-FDK) was compared with the ACE method. The

ACE method was derived using the Katsevich framework for

Filtered Backprojection type algorithms. It introduces non-

horizontal filtering directions and a voxel specific backprojec-

tion operation in order to appropriately weight the acquired

data. However, there is still missing frequency data due to the

circular source trajectory. Even without employing additional

algorithmic approaches to estimate the missing frequency

data, significant improvements in the quantitative accuracy

and the reproducibility of CT number values for different

angular scan ranges has been achieved compared with the

standard FDK based reconstruction. We note that the temporal

artifact behavior and temporal resolution of the algorithm is

the subject of future study.
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Fig. 5. Reconstructed images of a slice with cone angle 5.13◦. Left: P-
FDK Reconstruction. Right: ACE Reconstruction. In each case the same range
of view angles was input to the algorithms. The four different realization
correspond to center view angles each separated by 90◦. [-200 200]HU
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Fig. 6. Maps of the standard deviation in each pixel with respect to central
view angle from the multiple acquisitions each separated by 15◦ (for slice with
cone angle 5.13◦). Left: P-FDK Reconstruction. Right: ACE Reconstruction.
[-50 50] HU

Fig. 7. For each of the automated ROIs from top to bottom: cardiac, fat and
lung, the plots are given here of the fraction of voxels within that ROI which
has a standard deviation with respect to view angle of less than 10 HU.
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Abstract-- Full (necessary and sufficient) consistency condi-
tions are presented for cone-beam projections with sources on a
plane. The object support is assumed to lie entirely on one side of
the source plane. We have also established full consistency condi-
tions for planograms and linograms, in both parallel and diver-
gent beam formats. We show that moments of the appropriately
weighted cone-beam projections form polynomials in the source
variables, similar to the Helgason-Ludwig conditions. The degree
of the polynomial matches the degree of the moment. All the con-
sistency conditions stated here appear to be new. A simulation
example is presented for the circular tomosynthesis geometry.   

I. INTRODUCTION
In image reconstruction from projections, consistency

conditions (also known as range conditions) are mathematical
expressions that describe the crosstalk of information between
measured projections. Consistency conditions have been
widely used in reconstruction algorithms for a range of medical
imaging applications, with dozens of publications over the past
20 years in SPECT (e.g. [Nat93a] [Gli94] [Men99] [Erl00]), in
PET (e.g. [Def95] [Wel03] [Lay05] [Def12]), and in X-ray CT
(e.g. [Bas00] [Pat02] [Hsi04] [Yu07] [Tan11]). A typical ap-
proach is to use consistency to identify the parameters of some
systematic effect in the imaging model such as rigid motion
parameters, a photon attenuation coefficient, a beam hardening
scaling factor, an elliptical body outline, amongst various pos-
sibilities. So for many applications, a collection of necessary
conditions on the projections are needed in some convenient
format for processing. 

Consistency conditions for parallel projections in two
dimensions are well known and take different forms such as
the Helgason-Ludwig (HL) conditions [Lud66] [Hel80] or the
frequency-distance relation on the Fourier transform of a sino-
gram [Edh86]. For applications in SPECT, conditions for the
exponential ray transform (also called the exponential X-ray
transform) are known [Agu95], and necessary conditions are
also known for the two-dimensional (2D) attenuated Radon
transform [Nat83]. 

For cone-beam or fanbeam projections, much less is
known. Of the various publications on range conditions for

divergent projections (e.g. [Fin83a] [Fin83b] [Pat02] [Che05]
[Yu06] [Lev10] [Cla13]) most (not all) of them are just the par-
allel conditions re-expressed using fanbeam or cone-beam
variables. This approach presents the disadvantage that a com-
plete set of projections must be available so that the underlying
parallel geometry is completely sampled. Some of the other
formulations, not related to the parallel case also require a
complete set of projections [Lou89] [Nat93b] [Maz10]. For
applications, it is useful to have a method of processing a small
finite set of projections, so the conditions should be amenable
to this preference. A discussion of this point can be found in
[Cla13].

In this work we are considering cone-beam projections,
and we restrict our attention to planar source trajectories with
the object support being entirely on one side of the trajectory
plane. Currently, consistency conditions for this geometry can
be obtained by applying John’s condition (see [Fin85] [Pat02])
which is a partial differential equation with the disadvantage
that it only treats local information in the projections; or by
considering restrictions of the cone-beam geometry to fanbeam
cases [Lev10]; or by using Grangeat’s result [Gra91] which
also only uses lines of data on the cone-beam projections. The
conditions described below treat full cone-beam projections
and have the added appeal of being in the familiar form of
moments of the projections, similar to the HL conditions for
parallel projections. We also indicate that the consistency con-
ditions can easily be converted to planogram coordinates
[Bra04] and we give full (necessary and sufficient) consistency
conditions for planogram projections in both cone-beam and
parallel formats. Similar results for linograms [Edh87] are
readily extracted from the existing literature and will be stated
below too. 

II. THEORY

A. Cone-beam consistency for a planar source trajectory
Let the source trajectory be  and without loss of gen-

erality, define the coordinate system so that the trajectory plane
is  and the object lies in the  half-space. The  and

 axes can be chosen freely in the  plane. The unit
vector  is selected using conventional  coordinates, so

 = ( , , ). The cone-beam projec-
tion  is given by

                          (1)

For cone-beam consistency conditions, we first define
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(2)
for each . The cone-beam projections  will
then satisfy 

                (3)
for all  in the plane, where for each ,  is a
homogeneous polynomial of degree . 

These conditions are easily established. Simply substitut-
ing equation 1 into the expression for  given by equation 2,
and changing from spherical to cartesian coordinates 
= , with , and recalling that

, we quickly obtain

=                           (4)
where  = , and 

        (5)

so  is a homogeneous polynomial of degree  as claimed.
These consistency conditions are full because the converse

is also true. Given some projection function , which satisfies
equation 3 for each non-negative integer  and each  in the
plane, and where  is a homogeneous polynomial of degree

, there exists some function  such that equation 1 is satis-
fied. Our proof of this fact appeals to several existing theorems
in image reconstruction theory and is too long to be presented
in this abstract. To the best of our knowledge, these conditions
are new. 

For a flat detector parallel to the trajectory plane, these
consistency conditions can be written in simpler form as will
be shown below.

B. Full consistency conditions for planograms
Planogram coordinates [Bra04] are a three-dimensional

(3D) version of linogram coordinates [Edh85]. As shown in
fig. 1, planogram coordinates are suitable for a (conceptual)
PET system consisting of two parallel infinite flat detectors.
An integration line is specified by absolute coordinates on one

detector and relative coordinates on the second detector. For
convenience it is assumed that the distance between the detec-
tors is one (which is not restrictive because simply scaling the
units will accomplish this). We will assume that the first detec-
tor is in the  plane and the second detector in the 
plane. With an object  of compact support situated between
the detectors we define the planogram by

              (6)

Equation 6 is written  for short. The reason for the
“hat” is to emphasize that the planograms are in cone-beam
format. See fig. 1(a). For each source location  on the
first detector, the cone-beam projection  is given by
equation 6. A parallel projection version is defined below.

Equations 1 and 6 are linked by associating  = ,
and . It is then straight-
forward to verify that 

                    (7)
and the cone-beam consistency conditions can be readily con-
verted to full planogram consistency conditions which have a
much simpler form:

P1: Let . Then
 for some  if and only if for all 

                 (8)
where  is a homogenous polynomial of degree . 

Turning now to planograms in parallel format, the vari-
ables  are the projection indices, indicating the direction
of the projection, and the individual ray variables are now

 (see fig. 1(b)). The idea is that a parallel projection
 with direction  is measured on the first

detector. We write  for the equation

          (9)
so . However, it is important to
recognize that these are fundamentally different when consid-
ered as functions of their projection indices (the first 2 vari-
ables). Now theorem 4.3 in [Nat86] provides full consistency
for parallel projections in three-dimensions, and a simple
change of variables provides the following result:

P2: Let . Then
 for some  if and only if for all 

              (10)
where  is a homogenous polynomial of degree .

The remarkable symmetry of the two results P1 and P2
belies their mathematical equivalence. We found that proving
one from the other is not direct, and required the machinery of
[Edh96]. Even for the same f, the polynomials  and  are
not the same in general. 

C. Full consistency conditions for linograms
We present the corresponding linogram results, which are
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Fig 1. Planograms. (a) Cone-beam planograms. The source point (x, y) specifies
the projection. The rays within a projection are specified by direction (u, v).
(b) Parallel projection planograms. The direction of the projection is (u, v). The
projection rays are specified by their intersection point with the detector (x, y).
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the 2D versions of P1 and P2 above. Conceptually the two
detector lines are vertical, separated by a distance of one, and
the object lies between them.

 For linograms in fanbeam format, we define  by

                  (11)
and an elementary substitution of variables applied to
theorem 1 in [Cla13] immediately gives us

L1: Let . Then  for some  if
and only if for each , the function  is a poly-
nomial of degree . (I.e. .)

For linograms in parallel format, we define  by

                 (12)
and we note the misleadingly simple . From
the well-known 2D HL conditions, full consistency for parallel
linograms are easily derived and are given by

L2: Let . then  for some  if
and only if for each , the function  is a poly-
nomial of degree . (I.e. .)

The symmetry in the definitions and the stated results
suggest a much more trivial mathematical equivalence than
actually exists between the fanbeam and parallel linograms. 

III SIMULATIONS

A. Circular tomosynthesis geometry
Because recent advances have made progress with

straight-line source trajectories in cone-beam tomography
[Lev10] [Cla13], we chose to simulate a circular trajectory.
This scanning configuration was probably first known as circu-
lar tomosynthesis. Figure 2 illustrates the geometry and an
example projection of a high-contrast version of the 3D Shepp-
Logan phantom. The projections were simulated using analytic
line-length computations on the component ellipsoids. The
detector was fixed (did not move with or conjugate to the
source), and had 1024 x 1024 pixels. Thirty six projections
were taken at 10o increments along the source trajectory; this
was enough projections to validate the theory and demonstrate
the concepts. The cone-angle was a substantial 20o (41o full-

angle) to ensure a strong cone-beam effect and avoid being
perceived as ‘nearly parallel.’

B. Full consistency for fixed detector systems
The cone-beam measurements are given by  as

specified in equation 1. We immediately scale and weight the
projections so that the detector distance is one, and 
=  with the variables linked as follows: 
=  and  = . The “hat” on the  is a
reminder both that the detector is fixed, and more importantly,
that the raw projection measurements have been multiplied by

, which is the cosine of the angle of incidence of the ray
(  is the angle between the detector normal and the incoming
ray). This  term often appears in reconstruction algo-
rithms for cone-beam tomography. To compress the notation
slightly, we now use  instead of . It is easily
shown that 

     (13)
which is similar to the definition of  from equation 9. 

Full consistency conditions for  can be written
in the same form as for the planograms case. Defining

 = , it can be
shown that  satisfies equation 13 for some  if and only if,
for all , the equality

           (14)
holds for all  for some homogeneous polynomial  of
degree . (This function  is unrelated to the planogram )

C. Moment conditions on the projection data
To use the consistency conditions in practice, we first

define the - th moment of the (cosine-scaled) projection by 

            (15)
and we note that for any measured projection, the number 
is easy to compute (for any pair ). Note also from the def-
inition of  that (dropping the )

                                          (16)

Also, the function  is of the form

         (17)
Now, setting  and equating coefficients of

 in equations 16 and 17 leads to specific consistency con-
ditions in terms of . 

First, for , we immediately have , so
                    ( )

The sum of the (cosine-weighted) cone-beam projections is the
same for all projections.

For , we obtain  and  =
 so

             = 

 =        ( )
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Fig 2. Circular tomosynthesis geometry. (a) the source  lies on a circle
of radius 2 on the  plane. The center of the 3D Shepp Logan phantom is
in the  plane, and the detector is in the  plane. Detector
coordinates are . (b) One of the 36 simulated cone-beam projections.
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For  a similar analysis yields

    = 

 =      ( )

    = 

In summary
•  is a polynomial of degree  in 
•  is a polynomial of degree  in  (resp.  in )
• the coefficients for each  can be found by fitting polyno-

mials of degree  in  to each  with .
• for each , the coefficients of the polynomials in  

intertwine

D. Simulation results
We illustrate in fig. 3 the polynomials fit from the 36 sim-

ulated projections for the cases , , , , .
As expected for noise-free data, the fits are virtually perfect
(accurate to under 0.1%), and verify the consistency theory.

V. DISCUSSION AND CONCLUSIONS
We have derived new cone-beam consistency conditions

for sources lying on a plane. For consistent data the moments
of the projections must be polynomials in the source variables,
of the appropriate degree. Our simulations with ideal data were
in agreement with the theory.

The presented consistency conditions are necessary and
sufficient so in principle, other conditions can be derived from
them. However we have not yet linked our work mathemati-
cally to the conditions of John or Grangeat. 
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Fig 3. Projection moments, with polynomial fits. The horizontal axis is the
source position. The 36 calculated values for each moment are plotted with stars
(*) and the least-squares fitted polynomial is drawn with a solid line. The results
match the theory. Note that M10 and M01 have the same slope, as predicted. 
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Abstract—We present an algorithm for attenuation correction 

using a single view mammogram for a 3D PET scanner. The need 

for an x-ray based attenuation correction (XAC) algorithm is 

motivated by the development of a small application-specific 

breast-imaging PET scanner (PET/X) that attaches to a full-field 

digital mammography system. The intended applications of the 

PET/X scanner require accurate quantitation, so attenuation 

correction is required. 

Methods: The XAC method is based on the assumption of 

constant attenuation at 511 keV, thus only an accurate estimate 

of the boundary of the breast under mild compression is needed. 

Most of the breast is bounded by the upper compression paddle 

and the lower support, which have a known separation, leaving 

only the edges with unknown thickness. By using the unprocessed 

mammogram, the attenuation length in these regions can be 

directly measured. This XAC method is tested with simulation 

studies to determine the errors in the estimated attenuation 

boundary as well as the impact on the accuracy of the 

reconstructed PET images. A simplistic breast shape composed of 

adipose tissue imaged at 30 keV was converted to 511 keV 

attenuation image. The corresponding PET emission data was 

corrected with perfect and estimated attenuation factors and 

lesion uptake was compared. 

Results: The XAC method did not completely estimate the true 

attenuation boundary. This led to emission errors of 

approximately ±6%.  

Conclusions: The XAC method is a potentially viable 

approach for attenuation correction with the PET/X scanner. 

Challenges may arise if non-biological materials are in the field of 

view. However additional information including un-attenuated 

PET images, dual-kVp or tomosynthesis data can potentially be 

used to reduce these errors. Further investigation is needed. 

 

I. INTRODUCTION 

Approximately 200,000 women in the U.S. are diagnosed with 

breast cancer annually [1]. Nearly all will receive some form 

of systemic therapy. As of 2007, there were 30 approved 

breast cancer therapies, the most of any cancer. Despite 

several biomarkers (e.g., tumor phenotype, receptor status) 

that are used to characterize the cancer and help determine 

treatment, efficacy is highly variable. More importantly, the 

success of therapy can only be determined after the patient has 

demonstrated significant changes in the size of their tumor, 

which usually does not occur until late in the course of 

treatment, i.e. after several months, and costs of tens of 

thousands of dollars. Early evaluation of response to therapy 

can be used to determine the efficacy of neoadjuvant therapy,  

 
 

 

i.e. therapy given in the week or two between initial diagnosis 

and removal of the primary tumor (Figure 1). 

 

Figure 1. Quantitative FLT-PET images in a responding patient. (a) 

Pre-treatment and (b) 1 week into chemotherapy treatment images of a 

patient with grade II lobular carcinoma that responded to treatment [2]. 

This early assessment can provide valuable early information 

on the efficacy of adjuvant therapy that is planned to be used 

after surgery, which is the case for most breast cancer patients. 

We are developing a compact positron emission tomography 

(PET) imaging module that can be used as an add-on with 

full-field X-ray mammography scanners (Figure 2) [3]. The 

PET/X scanner is designed for use with breast cancer patients 

to select and monitor the choice of the most effective therapy. 

Two essential components needed for using the PET/X 

scanner in accurate serial studies are anatomical localization 

(so the same location is imaged and/or biopsied) and 

attenuation correction (to accurately measure FDG uptake in 

the lesion). We present in the next section an algorithm for 

attenuation correction using a single-view mammogram.  

 

II. THE X-RAY BASED ATTENUATION CORRECTION (XAC)  

Tomographic reconstruction of an attenuation image from a 

single-view mammogram projection violates Orlov's condition 

Attenuation Correction Using a Single-View 

Mammogram for a 3D PET Scanner  
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[4] rather severely. In addition, mammogram images are 

acquired using a distribution of x-ray energies, typically 23 – 

35 kVp [5]. Thus even if a tomographic image were possible, 

conversion of the attenuation image to the true attenuation 

factors at 511 keV for PET would not have a unique solution. 

Fortunately, several constraints are available. First is that the 

two main components of breast tissue are adipose and 

fibroglandular tissue. While the attenuation coefficients are 

significantly different in the photon energy range for 

mammography, this difference is considerably reduced in the 

PET energy range and thus in a narrow range (Table 1).  

 

Table 1. Breast tissue properties [6].  

        Adipose  Fibroglandular Difference 

Density 

(g/cm3) 

 

 

         

        0.9500 

 

1.0600 

 

10% 

LAC @ 20keV 

(1/cm) 

 

        0.5393 0.8724 38% 

LAC @ 500keV         0.0921 0.1017 9% 

(1/cm)   

LAC is the linear attenuation coefficient. 

 

Thus estimation of the volumetric breast boundary and 

assignment of a constant attenuation coefficient that is the 

average of that for adipose and fibroglandular tissue at 511 

keV will provide a close estimate of the volumetric PET 

attenuation image. 

An additional constraint is that the geometry of the breast 

under mild compression is largely defined by the known 

separation of the compression paddle (Figure 3). In some 

cases the compression paddle may be slightly distorted and/or 

not parallel to the bottom support. However correction 

methods have been developed to account for these errors [e.g. 

7]. If the paddle separation (d in Figure 3) is known, then the 

remaining information needed for estimation of the volumetric 

PET attenuation image is the partial attenuation length (l in 

Figure 3). The partial attenuation length can be estimated from 

the unprocessed mammogram as we have presented previously 

[8]. Here we evaluate the impact of the XAC method of 

reconstructed PET images using simulations. 

III. METHODS 

We used the ASIM PET simulator [9] to generate noiseless 

emission and attenuation sinograms for a simplistic breast 

phantom consisting of adipose tissue that was contained in 16 

x 10 x 6 cm volume. The paddle separation (d in Figure 3) 

was 6 cm. The breast phantom also contained 3 spherical hot 

spots with diameters of 5, 10, and 20 mm and with a 6:1 

lesion:background ratio. Images were reconstruction 

analytically with STIR [10]. In addition, using a modified 

version of ASIM we simulated the cone-beam acquisition 

geometry of a mammogram using a 35 keV photon beam onto 

a 660 mm wide FOV with 1295 pixels (0.51 mm square 

pixels). The estimated volumetric attenuation image using the 

XAC method is compared with the true attenuation volume 

(Figure 4). 

  

Figure 3. Illustration of the x-ray based attenuation correction method. 

The attenuation length in the partial-cord regions (l) can be directly 

measured from unprocessed mammograms. The attenuation length (l) is 

then symmetrically distributed about the mid-plane to estimate these 

boundary regions 

 

  

Simulated mammogram 

 
  

 

Estimated attenuation volume 

Figure 4. Estimated volumetric attenuation image using the XAC method. 

 

IV. RESULTS/DISCUSSION/CONCLUSION 

Sections of the volumetric PET images containing the lesions 

are shown in Figure 5. There are small differences in the 

boundary locations of the volumetric attenuation images that 

are visible in Figure 4, but are better visualized with difference 

images (data not shown). These differences lead to emission 

errors of approximately ±6%. Reductions in these errors 

appear feasible by adding additional boundary information and 

dual-kVp and/or tomosynthesis mammogram data. The XAC 

method is a viable approach for attenuation correction with the 
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PET/X scanner. Potential challenges may arise with 

non-biological materials in the field of view. However 

additional information dual-kVp and/or tomosynthesis data 

can potentially be used to reduce these errors. Further 

investigations with more realistic data are underway. 

 

Volumetric PET emission image sections. 

 

 
Profiles (white dashed) through PET emission images. 

Figure 5. Reconstructed emission images using the true AC and the XAC 

methods. 
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A New CT Rawdata Redundancy Measure applied
to Automated Misalignment Correction

Christina Debbeler, Nicole Maass, Matthias Elter, Frank Dennerlein, and Thorsten M. Buzug

Abstract—In computed tomography, redundantly measured
rays (i.e. multiple measurements of a line integral through an
object) pose a computationally efficient possibility to quantify
the rawdata quality in a cost function and thus to reduce many
kinds of artifacts. A general downside of such a cost function
is that the portion of redundant rays is generally small and
depends on the specific data acquisition geometry. The authors
propose using information associated to plane integrals instead
of line integrals in order to tremendously increase the rawdata
utilization when formulating a cost function that quantifies the
rawdata quality. In the cone–beam data acquisition geometry,
which does not allow plane integrals to be measured directly,
plane–information is obtained using the 2D Radon transform
of the measured rawdata and a subsequent differentiation op-
eration. The new rawdata redundancy measure is successfully
applied for automatic misalignment correction.

I. INTRODUCTION

Computed tomography (CT) is used on a daily routine

in medical and industrial applications. There are powerful

algorithms for 3D volume reconstruction such as the Feld-

kamp, Davis and Kress (FDK) algorithm [1], [2] and the

Clack-Defrise algorithm [3]. Exact knowledge of the scanning

device’s geometrical configuration during the acquisition of

each projection is inevitable for any of these algorithms.

Otherwise severe misalignment artifacts like blurring and the

loss of spatial resolution degrade the image quality [4].

There is numerous prior art on computed tomography

misalignment correction. We focus on methods that do not

require an additional CT measurement of a calibration object

as it is described in reference [4]. We further do not want

to place additional markers in the field of measurement [5].

Under these constraints, there are basically two ways described

in the literature to do misalignment correction: Image–based

[6], [7] and rawdata–based [8]. Both ways have in common,

that a cost function is formulated and minimized.

In image–based methods, the cost function is formulated on

the reconstructed image data (e.g. a sharpness criterion). As

the image data depends on the system geometry, which is to

be optimized, the computational load of each cost function

evaluation includes an image reconstruction and is thus very

high. On the upside, image–based methods inherently use

those rawdata for misalignment correction that contribute to

the final image.

Rawdata–based misalignment methods formulate a cost

function that quantifies the inconsistency of rawdata redun-

C. Debbeler and Prof. Dr. T. M. Buzug are with the Institute of Medical
Engineering, University of Lübeck, Lübeck, Germany. Dr. N. Maass, Dr. M.
Elter and Dr. F. Dennerlein are with the Siemens AG, Healthcare Sector,
Erlangen, Germany. Corresponding author: nicole.maass@siemens.com

Fig. 1. Illustration of the circular 3D cone–beam acquisition geometry with
a flat panel detector.

dancies, typically on the basis of redundantly measured rays.

This does not include an image reconstruction and is therefore

several orders of magnitude faster, however, the use of these

methods depends on redundancies of a specific trajectory.

For example, a circular short scan configuration shows only

very few redundantly–measured rays, so that corresponding

misalignment methods are not able to optimize the system

geometry in combination with this trajectory. This is of special

interest for the geometry correction of C–arm CT systems,

which tend to exhibit mechanical instabilities resulting in

reduced spatial resolution [2]. Even for other popular source

trajectories, the portion of rays that are actually measured

redundantly is very low and therefore the practical use of the

computationally very efficient rawdata–domain misalignment

methods is very restricted.

In section II we propose a method that allows using al-

most all acquired rawdata in a rawdata–based misalignment

correction scheme, in section III we describe our experiments,

which aim to proof the method, and in section IV we show

our results.

II. MATERIAL & METHODS

A. Definitions

Without loss of generality, we use flat detector cone–

beam CT geometry throughout this work, as it is sketched

in Figure 1. Cone–beam projections

p(λ, u, v) =

∫ ∞

−∞
dt f(s(λ) + tt(λ, u, v)) (1)

of the object f(x, y, z) are measured from N source positions

λn, with n ∈ [1, N ]. The scalar lambda parameterises the

piecewise continuous trajectory s(λ), that contains all source

positions s(λn), with λ ∈ [λmin, λmax]. The coordinates u and

v parameterise the flat detector pixel’s columns and rows,

respectively, such that the triple (n, u, v) uniquely describes

one specific ray (line integral) through the object f(x, y, z).
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Fig. 2. Illustration of the notations used for the Radon transform and the
correlation between two corresponding lines θ(n, μ, l) and θ(n̂, μ̂, l̂). The
plane Ω(n, μ, l) connecting those two lines is indicated in grey.

The right–handed world coordinate system (xyz) is fixed

on the object, whereby the z–axis defines the rotation axis

(if there is any). The right–handed detector coordinate system

(uvw) is fixed on the detector, whereby u, v, and w define

the unit vectors of the detector coordinate system in world

coordinates. Additionally, the o vector defines the origin of

the detector coordinate system in world coordinates. As the de-

tector position and orientation may change in different views,

these vectors (u, v, w, o) are dependent on the projection

number n. The u (v) vector points from one detector column

(row) to the next one and the detector indices are given as

u ∈ [0, U − 1], v ∈ [0, V − 1], with U (V ) being the number

of detector columns (rows).

Using these definitions, we can specify a ray (n, u, v) as

starting at s(λn) and pointing in the direction

t(n, u, v) =
o(n) + uu(n) + vv(n)− s(n)
|o(n) + uu(n) + vv(n)− s(n)| . (2)

One can see from figure 1 that the position of the detector

pixel (n, u, v) in world coordinates is o(n) + uu(n) + vv(n).
For the opposite direction the calculation of a projection

matrix P(n) is necessary, which projects a world coordinate

point on the detector using the geometry of view n [9]

P(n) : (x, y, z) �→ (u, v).

B. Ray–based rawdata redundancy

As motivated before, we want to focus on misalignment

correction methods that neither require markers nor dedicated

calibration measurements and that also do not involve costly

reconstruction procedures. This leads to approaches involving

rawdata redundancies [8] that typically quantify and minimize

the difference between redundant measurements of the same

ray. Many popular source trajectories contain redundant rays

s(n̂) = s(n) + tt(n, u, v) ∧ t(n, u, v) · t(n̂, û, v̂) = 1, (3)

with n 
= n̂ and t ∈ R. This can either be identical rays

(t(n, u, v) = t(n̂, û, v̂)) or complementary rays (t(n, u, v) =
−t(n̂, û, v̂)). According to (1), both types of redundant rays

(RR) should lead to identical projection values p(λn, u, v) =
p(λn̂, û, v̂).

Consider, for instance, a full–scan circular source trajectory

scircle(λ) = (Rcos(λ), Rsin(λ), 0)
T
, with R being the circle

radius and λcircle ∈ [0, 2π], which contains no identical rays,

Fig. 3. Projection image of the fifty–spheres–phantom used for simulation
experiments.

but numerous complementary rays in the plane of the source

motion. A quantification of rawdata inconsistencies could thus

involve the following cost–function

cRR = ||p(λn, u, v)− p(λn̂, û, v̂)||2 ∀(n, u, v, n̂, û, v̂), (4)

which is to be minimized in order to correct for geometrical

misalignment. Note, however, that even in case of a full–scan

trajectory, only a small portion of the acquired rawdata is

considered for the computation of cRR. In case of short–scan or

tomosynthesis geometries, only very few or even no redundant

rays might be found, prohibiting the use of such a ray–based

redundancy criterion.

C. Plane–based rawdata redundancy criterion

In order to establish a robust cost–function that incorporates

significantly more rawdata than the approaches mentioned

earlier, we propose to use redundancies in the 3D Radon

domain of the object, i.e., information associated to planes.

Picture any plane Ω through the object that intersects the

source trajectory at least twice, at n and n̂ with n 
= n̂.

Let us furthermore denote the intersection between Ω and the

detector plane Θ(n) : x = o(n) + au(n) + bv(n), a, b ∈ R, as

the line θ(n, μ, l), which is parameterised using the detector–

based quantities μ ∈ [−π/2, π/2] (line orientation) and

l ∈ [−Lmax, Lmax] (signed distance between line and detector

center (u0, v0)) (cf. Figure 2).

In a cone–beam CT system without rawdata truncation

(i.e. imaging the whole object in each projection), it is then

possible to compute two redundant values associated to Ω, one

involving data acquired from s(λn) along the line θ(n, μ, l)
and another one the data from s(λn̂) along the line θ(n̂, μ̂, l̂).

To formulate the relationship between the line data, we

need to follow algorithmic steps similar to those that have

been discussed in reference [3] in the context of image

reconstruction. These steps operate partially in the 2D Radon

domain of the rawdata, and involve the following operations:

1) Inverse cosine weighting:

g1(λn, u, v) =
1

|w(n) · t(n, u, v)| p(λn, u, v) (5)

2) 2D Radon transform: Computation of the 2D Radon

transform of the weighted projection images g1, according to

g2(λn, μ, l) =

∫ ∞

−∞
dt g1(λn, l cosμ−t sinμ, l sinμ+t cosμ).

(6)
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Fig. 4. Relative deviation of the cost function cRP from its ideal value for dejusts of selected geometry parameters (i.e. the lateral (u0) and axial (v0)
detector offset and the detector tilt (a), slant (b), and skew (c) as defined in reference [8]). The x–axis of the plots shows a descretized number of dejust
steps, whereby 41 steps are used for each geometry parameter. The step size is individually chosen for each parameter to be the smallest precision that we
can reasonably achieve. This is Δu0 = 10% pixel width, Δv0 = 100% pixel height, Δa = 0.57◦, Δb = Δc = 0.11◦. Each curve is normalized separately
to fit within a value range of 0..1 by application of an according offset and factor.

The function g2 is thus a sinogram–like representation of the

2D projection images.

3) Differentiation: Differentiation of the sinogram–

representation with respect to l.

g3(λn, μ, l) =
∂

∂l
g2(λn, μ, l) (7)

This final function g3 then contains the announced redun-

dancies, which can now be utilized as follows:

We parameterise a plane Ω by the triple (λ, μ, l), i.e. using

a detector line and a source point s(λ) to specify Ω. In the vast

majority of cases, the same plane might be described using a

complementary triple (λ̂, μ̂, l̂), with parameters depending on

Ω, and therefore given in long form as

λ̂ = λ̂ (Ω(λ, μ, l)) ,

μ̂ = μ̂ (Ω(λ, μ, l)) , and

l̂ = l̂ (Ω(λ, μ, l)) .

As discussed in reference [3] we can expect g3(λn, μ, l) =
g3(λ̂, μ̂, l̂). However, while in reference [3], the authors nor-

malize the redundancy using a proper weighting function in

order to achieve accurate reconstruction results, we here intend

to utilize these redundancies for misalignment quantification.

We therefore introduce a cost function that quantifies data

inconsistency using redundant planes (RP):

cRP =

√√√√√N−1∑
n=0

π/2∑
μ=−π/2

Lmax∑
l=−Lmax

(g3(λn, μ, l)− g3(λ̂, μ̂, l̂))2.

(8)

Note finally that the summation involves the fact that λ, μ,

and l are discretised quantities and that all planes for which

no complementary triple exists are excluded.

III. EXPERIMENTS

For a general proof–of–concept we have simulated a flat

detector cone–beam CT scanner with a source–detector dis-

tance of D = 1000 mm and a source–object distance of

R = 500 mm. The detector has 256×256 pixel with a pitch of

2 mm and is ideally aligned such that a perpendicular through

the focal spot intersects the rotation axis. We have simulated

measurements using three different trajectories:

1) A full circular scan with 360 equianguarly distributed

projections,

2) a partial circle plus line (CPL) scan with 216 projections

on a circle segment of 216◦ and 114 projections on a

line which is perpendicular and symmetric to the plane

of rotation (line increment 8.7 mm), and

3) a helix scan with 960 projections using an angular

increment of 1◦ and an axial increment of 0.64 mm per

projection.

The simulated phantom consists of fifty spheres with a diame-

ter of 10 mm that are randomly distributed within a cylinder of

256 mm diameter and 180 mm height. A projection image of

the fifty–spheres–phantom is shown in figure 3. We evaluate

and plot the cost function value cRP as a function of dejusts

of different magnitude in each trajectory parameter.

After proofing the general concept in the simulation study,

the cost function has been applied to twenty datasets of

different industrial cone–beam CT scanners. The datasets

include a stopwatch, a hearing aid device, a metal chain, a

vertebra, a computer mouse, and several electronic sensors

and circuit boards. For each dataset we have started with the

individual geometry that came with the dataset and varied the

(from our experience) most important geometrical parameters

(i.e. the lateral detector offset u0 and the detector slant b).
The cost function has been evaluated using each geometrical

configuration and finally a reconstruction using the configura-

tion with the lowest cost function value has been performed.

For evaluation the reconstruction results have been visually

inspected. Thereby good image quality means that there are

no doubled structures, no obviously unsharp edges, and point–

like objects do not appear blurred or ring–like.

IV. RESULTS

A. Simulation study

Figure 4 shows the behavior of the cost function that we

obtained from our simulation experiments. For all trajectory
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(a) stopwatch inital (b) stopwatch optimized

(c) hearing aid device inital (d) hearing aid device optimized

(e) computer mouse inital (f) computer mouse optimized

Fig. 5. Selected industrial CT datasets before (left) and after (right) geometry
optimization. Top row: Stopwatch; center row: hearing aid device; bottom row:
computer mouse.

parameters we find a strictly monotonic decrease of the cost

function value towards the optimum. The only exception is

the CPL trajectory, where the cost function additionally shows

local minima when applying a detector tilt (a). Note that the

CPL and the helix trajectories naturally include axial trunction

of the projection data. In the raw form of the cost function

presented here we have not used any algorithmic steps to

account for projection data truncation.

B. Industrial CT scans

We have found good image quality in 16 of the recon-

structed industrial datasets while four datasets appear to suffer

from misalignment after the correction with the proposed

cost function. Having a closer look into the rawdata of the

four cases, where the proposed cost function was not able to

quantify the rawdata misalignment correctly, shows that

• in one case a very high rawdata truncation might be the

reason,

• in one case the a parameter is the actual reason for the

misalignment (we optimize merely u0 and b),
• in one case the rawdata show very high jitter of the u0

value, which needs to be optimized for each projection

separately instead of globally, and

• in one case the optimization runs into a close local

minimum.

Note that industrial datasets generally suffer from projection

truncation in axial direction which arises from the specimen

holder. In addition to the specimen holder, a significant axial

data truncation (caused by the object) appeared in twelve

datasets. Additionally, three of these twelve datasets have

shown significant lateral data trunction.

V. DISCUSSION AND CONCLUSION

We proposed a new rawdata redundancy criterion that

involves the 2D Radon domain of the acquired rawdata to

quantify CT rawdata inconsistencies and to finally correct for

geometrical misalignment.

Simulation experiments show that this cost function is able

to clearly identify the correct geometry of a CT dataset under

idealized simulation conditions. The simulations have also

shown that the method still converges to the correct geometry

if there are completely truncated projections part of the dataset.

Note that the helix trajectory was configured such that the first

and the last projections are completely empty.

Experiments with twenty industrial cone–beam CT datasets

have shown the general applicability of the cost function to

real–world problems, however, further work is necessary in

order to increase its reliability. Further work will consider a

method to deal with truncated projections and to optimize the

projection matrix of each projection separately.

Disclaimer: The concepts and information presented in

this paper are based on research and are not commercially

available.
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A Translation-based Data Acquisition Method
for Industrial Computed Tomography:

Experimental Results

Tobias Schön∗, Theobald Fuchs†, Kilian Dremel‡, Christian Reuß‡

Abstract—The translation-based data acquisition method is
taking advantage of the fact that variations of distance between
X-ray focal spot and detector will provide both different beam
angles and ray paths with respect to the object. Or, in other
words: the rotational movement is substituted by one or more
linear movements of the X-ray source towards the object under
inspection. We present the theoretical concept of this acquisition
scheme and show experimental results with real data.

Index Terms—keywords

I. INTRODUCTION

Most X-ray Computed Tomography (CT) systems which are

used in the field of industrial non-destructive testing (NDT) or

in medical diagnostics are based on a more or less complete

rotation of the object. Alternatively, this can be achieved

by rotating the detector and the X-ray source around the

object. Typically, the CT systems use a fan-beam or cone-beam

geometry and acquire projection data from several hundreds up

to thousands of rotational directions by employing multi-row

or flat-panel detectors.

However, there are numerous objects, mainly in NDT appli-

cations, which are desirable to be inspected by X-ray CT but

do not allow for a rotational movement. These are for example

very heavy or non portable objects which cannot be accessed

from all directions, for instance, a cable channel located tightly

inside the corner between the two walls of a building, see Fig.

1. Obviously, even if there is a chance to insert a flat panel

detector behind the cable channel, a rotation of either the tube

and detector or the object itself is impossible. In this case,

the only way to obtain projections from different view angles,

which is essential for the reconstruction of CT slice images,

is to move the tube forward or backward towards the section

of interest of the object.

Supposably, several test situations could be possible in

industrial inspection and safety control for the translational CT

technique. But although an application in medical diagnostics

seems to be possible. A rudimental approach of our method

is already proposed by Yamato and Nakahama [1] who show

an application in dental radiology.

At first, this article presents the theoretically concept of

translational data acquisition. Afterward, the concept is veri-

fied by real data which are acquired by an experimental setup

at an industrial CT system.

Fig. 1. A tube located close to a wall. Although it is feasible to insert a
sensor into the gap between the object and the wall, the object is inaccessible
to the conventional 180◦ view angle data acquisition by rotating an X-ray
source and a detector.

II. MATERIAL AND METHODS

The translational data acquisition scheme [2], [3] is based

on a linear, translational-only movement of the X-ray source.

Figure 2 describes the geometry for a 2-D CT. The x-y-

coordinate system is fixed with the object which is located

within a circular field of measurement (FoM) with radius rM .

The origin of the x-y-coordinate system is set in the center

of FoM. The positive direction of the x-axis is directed to the

right and positive direction of the y-axis to the top.

Given a certain distance from the source position xn to the

center of FoM, each detector position defines a different ray

angle θ with respect to the object. The t-coordinate describes

the shortest distance from the ray to the center of FoM.

The ray hitting the detector at exactly 90◦ is referred as

the central ray of the X-ray source. Thus, the central ray is

deliberately shifted to the edge of the FoM. dS is the maximum

distance from the source to the edge of rM . yD is the distance

from the central ray of the X-ray source to a fixed detector

position. The translational movement of the source is executed

parallel to the x-axis. The detector is aligned parallel to the

y-axis.

In a 2-D plane each single ray can be defined by the

two parameters t, θ and mathematically described by the two

equations:

θ = arctan

(
yD

xn + xD

)
, (1)

t = xn sin θ − rM cos θ, (2)
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Fig. 2. Scheme of the basic principle of the translational CT data acquisition
method: By changing the source position the angle θ of the ray measured at
a fixed detector position changes accordingly.

where xn (n = 0, · · · , N − 1) is the distance from a certain

source position to the center of the FoM and xD is the distance

from the detector to the center of the FoM. N is the number

of projections acquired by a translational movement of the

source.

By the two equations (1) and (2) the data range within

parallel beam t-θ-coordinate space which is covered by one

single translational movement can be determined (figure 3).

An equidistant sampling of source positions xn between

the source start point x0 and stop point xN−1 causes a very

irregular spacing of data points within t-θ-coordinate space

of the the sinogram, see also [3]. Therefore, we use an

heuristic approach for the sampling of the source position.

φ = arctan( θt ) is the angle of a projection data-set in the

t-θ-space. According to

φStart = arctan(x−1
N−1 π/2),

φEnd = arctan(x−1
0 π/2),

Δφ =
1

N − 1
(φEnd − φStart) ,

xn = π/2 cot(φEnd − n ∗Δφ), (3)

with n = 0, 1, . . . , N − 1, a regular distribution of the data

points in the t-θ-space acquired by a single translation is

achieved, see figure 3.

Only a a small part of the full 180◦ parallel beam angular

range can be filled by a single translational movement of the

source, see figure 3. Already, in case of an infinite detector

size and an infinite translational axis of the source only about

one quarter of the sinogram can be filled up. Therefore, we

expect that image quality is not adequate for applications in

industrial CT using only one single translational movement

because of the limited angular range. In order to improve

the image quality we combine several translational movements

(see figure 9-11, the source moves along the marked red line,

the linear detector array is marked with green):

a) Translational data acquisition scheme based on two or-

thogonal translations along lines tangential to the FoM,

which intersect behind the object (figure 9): 2T90.

b) Translational data acquisition scheme based on two

translations parallel to each other (figure 10): 2Tpar .

c) A combination of 2Tpar and 2T90 (figure 11):

2(2Tpar)90.

Fig. 3. The region within the parallel beam t-θ-coordinate space which
can be filled by a single translational movement of the source with the non-
equidistantly sampling (3). Each line depicts the data measured at one source
position. The red lines show the maximum possible information which can
be acquired by a detector of infinite size and no limit on the translational
axis. The thick black lines show the data achieved by geometry parameters in
figure 5. 10 source positions are sampled according to formula (3) along the
maximum translational movement distance of the source dS . The parameter
t in (2) is normalized to [−1, 1].

All measurements were acquired by the cone beam sub-

μ CT system (figure 4) located at the Fraunhofer EZRT in

Fürth, Germany. This system consists of an X-ray source, an

X-ray detector and a manipulator system for translational and

rotational movements of source, detector and object. The X-

ray source is a commercially tube (FXE 160, FeinFocus from

YXLON) with a transmission head. With a selected output

power less than 3 W , the size of focal spot is 1.9 μm. The

maximum bias voltage is 160 kV with a maximum target

output power of 15 W . The X-ray detector is a commercially

available flat panel sensor (C9312SK-06, Hamamatsu) with

2464× 2048 pixel elements and 50× 50 μm2 pixel size.

Fig. 4. The experimental setup of the cone beam sub-μ CT system: The
start position before the first projection (left) and the end position after the
last projection (right). The left image shows the test object for this article, the
right image shows another test object which is not used in this publication.

Figure 5 shows the geometry parameters for one transla-

tional movement of the source. The ratio detector size to

FoM is about 2.5, ratio translational distance to FoM is 6.

200 source positions per translation were acquired. In all

reconstruction images the non-equidistant sampling (3) was

used for the source positions xn, n = 0, 1, . . . , N − 1. The

reconstructed matrix was 1232 × 1232 with a voxel size of

50 μm, so the diameter of the reconstructed slice is 6.16 cm.
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Fig. 5. Geometry parameters for a translational movement of the source:
The detector size is 12.32 cm, the radius of the FoM rM is 2.5 cm and the
distance detector to the center of the FoM xD = 3.75 cm. The start and stop
position of the source is marked with a red circle. The source start position
x0 has a distance of 3.55 to the FoM and the maximum translational distance
of the source is dS = 30 cm.

The used bias voltage was 80 kV and the exposure time 500
ms for all projections. For the gain correction separated gain

images without object were collected for all source positions.

Fig. 6. The intensity image without gain correction (left) and the gain image
without object (right) which is collected for all source positions and is used
for the gain correction. From top to bottom: Focus detector distance is 7.3,
8.8, 10.9 and 37.3 cm.

In contrast to the classical CT acquisition geometries, such

as circular or helical ct, the distance source to detector vary

a lot during the data acquisition of the translational CT. In

order to achieve an almost uniform unweakened intensity

in all projections, the tube current was adapted during the

translational movement of the source by the inverse square

law. Otherwise, with the geometry parameters in figure 5 the

intensity would be decrease by a factor of about 25. For the

first source position the current was 3.3 μA.

Because of the completely different source to detector

distances between first and last projection you recieve an

unequal behavior of the measured intensity which typically

does not occur in classical CT acquisition geometries. Figure

Fig. 7. Line profiles of the intensity images without gain correction (top,
see left hand side of figure 6) and of the gain images without object (bottom,
see right hand side of figure 6)

6 shows the intensity images without gain correction (left

hand side) and gain images without object (right) for four

different source positions: 7.3, 8.8, 10.9 and 37.3 cm. The line

profiles of these images are depicted in figure 7. For the source

positions close to the detector (see e.g. black line in figure

7) you receive a strongly decrease between the intensities

measured by the central ray and the intensities measured by

the ray hitting the opposite side of the detector. In contrast to

this the intensities measured at the end position (see purple

line in figure 7 are clearly more homogeneous.

III. RESULTS

Out test object consists of 5 cylinders made of PVC, see

figure 8 (left hand side). The sinogram of the measured pro-

jections of the central detector row acquired by the geometry

2(2Tpar)90 is visualized in figure 8 (right hand side).

Fig. 8. Left: Cylindrical test phantom consisting of PVC(left) (diameter of
the outer cylinder is 5 cm, wall thickness is 2 mm and wall distance 3 mm).
Right: The measured sinogram of the central detector row acquired by the
geometry 2(2Tpar)90 (gain and offset corrected).

For all images the same standard SART reconstruction [4]

with five iterations was applied to all data-sets and no a-

prior information was utilized. All reconstruction images are

displayed with the grey scale [0.0; 1.1].
The simulation results in [3] illustrate that the image quality

obtained by a single translation is not appropriate for typical

applications in industrial CT. Therefore, we present reconstruc-

tions of real data for the three data acquisition schemes: 2T90
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Fig. 9. Translational data acquisition scheme based on two orthogonal
translations of the source (left) and the reconstruction of the central slice
(right, grey scale [0.0; 1.1]). This method is denoted as ”Two translations 90
degree” (2T90).

Fig. 10. Translational data acquisition scheme based on two translations
parallel to each other (left) and the reconstruction of the central slice (right,
grey scale [0.0; 1.1]. This method is called as 2Tpar.

(figure 9), 2Tpar (figure 10) and 2(2Tpar)-90 (figure 11). In

all images the central slice is reconstructed. Line profiles of

the central row and column with all three translational data

acquisition schemes are depicted in figure 12.

In agreement with the expectations, the reconstructed im-

ages by translational CT are distorted by artifacts in a very dif-

ferent and locally dependent way. The quality of the resulting

images depends on the position within the image and therefore

noise level as well as spatial resolution may vary strongly

within the same reconstructed slice, see the line profiles in

figure 12.

IV. CONCLUSION AND FUTURE WORK

We proposed results with real data of a new method for CT

data acquisition, which requires almost no rotational move-

ment of the system, respectively the object. The simulation

Fig. 11. A combination of 2T-par and 2T-90 (left) and the reconstruction
of the central slice (right, grey scale [0.0; 1.1]. This acquisition scheme is
denoted as 2Tpar 2(2Tpar)-90.

Fig. 12. Line profile of the central row (top) and central column (bottom)
of the reconstructed images in figure 9, 10 and 11.

results of the Translational X-ray Computed Tomography in

[3] could be verified by real data. We have shown that imaging

of sections with Translational CT is feasible.

Concluding, substituting the rotational movements by linear

movements of the source towards or away from the object

allows for reconstructing images with adequate quality. Nev-

ertheless, the image quality achieved by Translational CT is

worse compared to a complete 180◦ parallel beam data set.

Future efforts will be made in improving the quality of the

translational CT reconstructions by exploring several ways:

The imaging characteristics of the translational data acquisi-

tion schemes with cone-beam geometry will be evaluated.

Real data will be acquired with a specific test specimen

to analyze the image quality more thoroughly. This have to

be done locally since the images with translational CT are

distorted by artifacts in a very different and locally dependent

way.

Last but not least, we are looking for an industrial partner

to realize the concept of translational data acquisition on the

basis of a real testing situation or an inspection problem.
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Abstract—Photon counting detectors are expected to provide 
numerous advantages in x-ray imaging, including elimination of 
electronic noise, reduction of radiation dose, and spectral imaging 
capabilities. An example of such high-performance detectors is 
edge-on silicon-strip (Si-strip) detector array introduced in 
scanning slot mammography systems [1]. In this paper, we 
present one of the first realizations of volumetric CT imaging 
with this detector. While application of the technology in 
projection mammography is well underway, its application in CT 
is novel and challenging from the perspectives of both system 
design and reconstruction algorithm development. In particular, 
the detector consists of a sparse arrangement of line sensors with 
gaps between the sensors as large as 5 mm. Orbits combining 
rotational and translational motions are thus necessary to achieve 
coverage sufficient for CT imaging. Even with such orbits, the 
resulting sampling pattern is non-uniform in practical imaging 
scenarios that seek to minimize patient exposure and scan time, 
necessitating a reconstruction approach beyond conventional 
algorithms.  Iterative reconstruction approaches are known to 
optimally utilize all available projection data regardless of the 
sampling pattern and are usually more robust to under-sampling 
artifacts than conventional methods, pointing to such iterative 
methods as a natural choice for systems with sparse 
arrangements of radiation sensors. In light of these 
considerations, we have developed a bench-top photon counting 
CT system based on high-performance Si-strip detectors 
technology with capability for combined rotation-translation 
orbits and utilizing statistical iterative reconstruction to overcome 
sampling artifacts. This paper details the system design, 
optimization of source-detector scan orbits, performance of the 
reconstruction algorithm, and first image reconstructions of 
simple and anatomical phantoms, demonstrating the feasibility of 
photon-counting, volumetric CT with Si-strip edge-on detectors.   

 
Index Terms—Photon-counting Detectors, CT Reconstruction, 

Incomplete Sampling, Penalized-Likelihood Estimation, 
Extremities Imaging.  

I. INTRODUCTION 

The count rates achievable by currently available photon 
counting x-ray detectors (PCXDs) are approaching those 
required for x-ray CT imaging, spurring the development of 
prototype and bench-top photon counting CT systems [2-5]. 
Among the currently available photon counting detector 
technologies, Silicon strip sensors have entered clinical use in 
commercially available scanning-slot mammography systems. 
Adaptation of this relatively mature and high-performance 
PCXD technology to CT is compelling, but a number of 
challenging 3D image reconstruction and system engineering 
problems need to be addressed. Due to the detector geometry 
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and inability to fabricate silicon crystals of sufficiently large 
area coverage, the mammography detector consists of an array 
of line sensors separated by large gaps (up to 5 mm).  While 
this sampling pattern is perfectly appropriate in a scanned-slot 
mammography system by combining data acquired during 
motion of the scanning arm, achieving sufficient coverage and 
sampling for volumetric CT requires a dedicated optimization 
of the scanning orbit and reconstruction algorithm to the sparse 
sampling pattern of the detector. Model-based, iterative 
reconstruction algorithms are particularly well suited to such a 
complex detector layout, as such methods can account for 
arbitrary system geometry and scanning orbit and optimally 
use the available projection data through appropriate definition 
of the system matrix involved in the projection and 
backprojection. Iterative reconstruction is inherently more 
robust to sparse scanning patterns and exotic acquisition orbits, 
and its potential advantages for a sparse detector matrix has 
been indicated in earlier studies [6]. In the current work, we 
present a bench-top photon counting CT system based on a Si-
strip detector (Philips MicroDose, Solna, Sweden), investigate 
optimal acquisition orbits that minimize the effects of sparse 
detector sampling, and study the performance of iterative, 
statistical reconstruction in this imaging scenario.   

 
Fig. 1. (A) A photon counting Si-strip detector (developed for slot scan 
mammography) was used as a platform for photon-counting volumetric CT. 
The detector consists of an irregular, sparse array of Si-strip line sensors in 
edge-on configuration. The presence of significant detector gaps is challenging 
for conventional reconstruction algorithms and necessitates careful 
optimization of imaging orbits. (B) Experimental photon-counting CT bench 
with the Si-strip detector of (A) and a pulsed x-ray tube and motion stages 
allowing for combined rotation-translation scan orbits. (C) Top view of the 
PCXD bench with pertinent system dimensions. Note the half-fan imaging 
geometry.  
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II. METHODS 

A. Si-strip detector 
Figure 1 (A) illustrates the general design of the PCXD used 

in this work. The detector consists of an array of Si-strip line 
sensors with 50 m pixel pitch, arranged parallel to the long 
axis of the detector in edge-on configuration for increased 
capture efficiency [1, 7]. When used for CT imaging, the 
detector is mounted such that the line sensors are perpendicular 
to the axis of rotation [Figure 1 (B) and (C)], such that the long 
axis of the detector is identified as the “horizontal" axis, and 
the short axis is identified as the “vertical" axis. The line 
sensors are focused on the x-ray source along both detector 
axes and slightly angled to avoid interactions with dead areas 
on sensor edges. Due to the placement of readout electronics 
and the aforementioned tilt of the Si-strip sensors, the resulting 
coverage of the detector plane is sparse, with significant dead 
areas between the line sensors, as illustrated in Figure 2 for a 
small sub-region on the detector. There are a maximum of 21 
line segments along the short (vertical axis) of the detector 
with ~2.5 mm vertical separation between the segments. 
Horizontal distances between segments located in close 
vertical proximity are approximately 5 mm, noting that only a 
few line sensors present along a single horizontal slice. The 
total detector area is approximately 5x25 cm2 (vertical x 
horizontal) with ~100,000 active pixels  

 

B. Experimental bench and geometric calibration 
The CT imaging bench developed as a platform for the Si-

strip detector is shown in Figure 1 (B) and (C). A pulsed, fixed 
anode x-ray source (SourceRay, Ronkonkoma NY) and the 
photon counting detector are mounted on a rigid scanning arm 
to maintain geometric alignment and optimal detection 
efficiency with focused Si-strip detectors. The x-ray field of 
view of the detector in this geometry is a half-fan illustrated in 
Figure 1(C). The source-detector distance (SDD) is ~65 cm. 
The object is placed on a motorized rotating stage with the axis 
of rotation placed ~5 cm from the detector surface and laterally 
centered on the detector, resulting in ~10 cm axial Field-of-
View. Vertical translational motion of the object was obtained 
using a manual translation stage in initial studies. A 
combination of vertical advancement of the object (with x-rays 
off) and circular scan at each vertical step (x-rays on) was used 
to create the various rotation-translation orbits illustrated in 
Figure 2 and discussed below. The source was operated at 70 
kVp (+0.2 mm Cu, +2 mm Al) at 0.075 mAs per frame and 1 
fps (5 mA x 15 ms pulses). The bare beam detector exposure 
for these operating conditions was ~0.001 mGy/pulse, 
corresponding to bare beam signal of ~400 counts. All 
acquisitions were performed at 1o angular steps.  

Geometric calibration involved precise determination of the 
system SDD, horizontal coordinate of the projection of 
perpendicular ray on the detector, and location of the center of 
rotation with respect to the detector. The perpendicular ray is 
vertically centered at the detector through mechanical 
construction of the scan arm. Because of the sparse detector 
sampling pattern, typical geometric calibration phantoms with 
sets of   metal BBs are not well suited for this system. Instead, 
a phantom with two thin wires perpendicular to the axis of 
rotation was constructed. Sinograms of the two wires were 
extracted by vertically summing projection data for multiple 
line sensors to yield complete sampling of the wire motion. 

Geometric calibration parameters were found through a fit to 
the wire sinograms by means of a Nelder-Mead simplex 
algorithm. Ongoing work involves extending this approach to 
all geometric degrees of freedom of the system, including 
simultaneous determination of system geometry and exact 
position of each of the line sensors, which may be slightly 
misaligned compared to their design locations.    

C. Acquisition orbits 

 
Fig. 2. Top: Detector readout (sensitivity) pattern for a small sub-region of the 
detector with active detector elements marked in white. Below: object 
sampling patterns (back-projection of the detector sensitivity pattern) over a 
~80x80x15 mm3 volume centered on the axis of rotation are shown for four 
scan orbits considered in this study: a single 360o rotation, a set of six 
staggered 180o rotations with 0.5 mm vertical increment, a set of six staggered 
270o rotations with 0.5 mm vertical increment, and a set of six staggered 360o 

rotations with 0.5 mm vertical increment. 
 
The extremely sparse detector sampling pattern illustrated in 

Figures 1 and 2 does not yield sufficient sampling of the object 
to enable volumetric reconstruction by conventional means. A 
relatively straightforward approach for improving volumetric 
sampling is to combine vertical motion of the object with axial 
circular scanning. Due to the irregular arrangement of line 
sensors, it is difficult to theoretically predict the optimal 
imaging orbit. A number of orbits have therefore been studied 
in simulation and investigated experimentally on the imaging 
bench. These include a single axial circular acquisition 
(denoted 1x360o), and three rotation-translation orbits 
consisting of 6 staggered axial scans separated by a 0.5 mm 
vertical translation of the object. These orbits differed in the 
range of the axial scans, including a set of 180o scans (denoted 
6x180o), a set of 270o scans (denoted 6x270o), and a set of full 
circular scans (denoted 6x360o). While the system is ultimately 
likely to employ a spiral acquisition orbit, the examples 
considered here provide valuable insight into the complexities 
of object sampling and reconstruction performance for sparse 
detector arrays such as the Si-strip detector. 
 

D. Iterative statistical reconstruction for sparse detector 
configurations 
The complexities of the object sampling pattern of the Si-

strip PCXD are potentially challenging for analytical 
reconstruction and would likely require design of a specialized 
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analytical inversion formula. Iterative reconstruction 
inherently accounts for an arbitrary system geometry through 
the use of an appropriate system matrix in the forward- and 
back-projection process, and is thus more amenable to exotic 
scanning geometries and sampling patterns. In this work, an 
iterative, statistical reconstruction (SR) algorithm was used 
analogous to that of Erdogan and Fessler [8]. The algorithm’s 
objective function is based on Poisson likelihood for 
monoenergetic x-ray CT: 

  0 0( ; ) log i il l
i i i

i

L y y I e I e  (1)  

where  is the reconstructed attenuation and y is the vector of 
all measured projection values (thus the index i runs through 
all detector pixels at all orbital steps). The projection integral 
through volume  corresponding to measurement i is denoted 
as li, and I0i is the bare beam signal for measurement i. 
Reconstruction is obtained by maximizing the following 
objective: 

ˆ argmax ( ; ) ( )L y R     (2) 
where R( ) is a regularization (penalty) term. In our model, the 
regions of the detector corresponding to gaps in coverage are 
modelled as pixels with zero counts in the bare beam (I0i). 

Those areas are thus included in the system model, simplifying 
the computation of the projection matrix, but are assigned a 
low weight by the reconstruction algorithm. The algorithm 
thus relies more strongly on regularization in areas 
corresponding to measurements that fell into the gaps. 
Projection and back-projection operations needed to solve Eq. 
(2) were performed using an in-house GPU-implementation of 
the separable footprint projector of [9].  Reconstruction in each 
case was performed with a voxel size of 0.2x0.2x0.5 mm3, and 
the reconstruction volumes were centered on the axis of 
rotation of the object stage. A total of 50 iterations of SR was 
used with 30 subsets. 

 

III. RESULTS 
 Figure 2 illustrates the object sampling pattern for each of 
the orbits considered in the experiments. The sampling patterns 
were obtained by back-projecting a mask consisting of pixels 
of value 1 in the regions corresponding to line sensors and of 
value of 0 in the gaps. Object sampling in the case of a single 
circular scan is highly discontinuous, and many voxels are not 
traveresed by any rays. This indicates the need to  extened 
beyond a single circular scan toward a  rotation-translation 
acquisition. While the orbits consisting of such staggered axial 
scans indeed show improvement in overall object sampling, a 
strong dependece of the sampling on the angular range of the 
axial scans is observed.  The size of the undersampled regions 
of the volume diminishes with increased angular coverage, but 
even the 6x360o orbit exhibits  some areas of poor sampling 
and strong non-uniformity in the density of rays traversing the 
volume. The effects of sampling denisty on the quality  of 
images obtained with SR is illustrated in Fig. 3. A hexagonal-
cylindrical water phantom (~8 cm diameter) containing two 
tissue-mimicking inserts (bone and adipose, Gammex RMI, 

Madison WI) and a Cu wire was scanned. The reconstruction 
used a quadratic penalty with  =5, and the reconstructed 
volume was 80x80x15 mm3. The two axial slices shown in 
Fig. 3 for each of the acquisitions correspond to the two slices 
through the object sampling pattern exposed in Fig. 2. For the 
1x360o orbit, the slice at z=5 mm has both a region that is 
partly sampled, and a central area  that  is not sampled. The 
resulting reconstruction has a smooth region in the area 
corresponding to the lack of sampling, where regularization 
fills in the gap in coverage, and a noisier region where 
projection data was available. For the slice at 7.5 mm and the 
1x360o acquisition, no samples were avilable, and the smooth 

 
Fig. 3. Reconstructions of a water phantom with two tissue-mimicking inserts and an angled copper wire for the four orbits defined in Fig. 2. All images were 
obtained at 70 kVp and 0.075 mAs per frame. Two axial slices corresponding to the two slices through the object sampling pattern shown in Fig. 2 are 
displayed, along with a sagittal slice through the wire in the vertical strip inset on the right of each case. Regions of reduced sampling are largely filled by 
regularization from neighboring slices and voxels, yielding a blurry appearance in the reconstruction. Combined rotation-translation orbits involving 
staggered circular scans at broad angular range allow this sparse detector configuration to minimize image artifacts arising from sampling effects. 
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reconstruction appearance comes again from regularization 
filling in the gap with data from neighboring slices with better 
coverage.  The sampling greatly improves for staggered 
circular scans, as observed both in the axial and sagittal slices 
through the reconstruction. However, even the reconstruction 
for the 6x270o orbit exhibits significant areas indicative of 
heavy reliance on the regularizer, corresposponding to poor 
object sampling by the sparse detector array. There is a clear 
benefit from employing a  6x360o  orbit consisting of full 
circular scans at each vertical location. 

In Fig. 4, a 3D image reconstruction of a hand phantom 
(consisting of cadaveric wrist and hand bones embedded in 
tissue-equivalent plastic) is shown for a 6x360o acquisition. A 
total-variation (TV) penalty with =0.1 was employed. The 
field of view was 80x80x25 mm3. Variations in cortical 
thickness can be appreciated, and the trabecular structure is 
discernible, indicating the potential for adequate imaging 
performance in realistic scenarios for this early prototype 
system. Residual artifacts and loss of spatial resolution are 
attributed to - aside from the complexities of sampling patterns 
described above - further refinement required in geometric 
calibration to account for small spatial variations in detector 
tiling. 
 

Fig. 4. Reconstructions of an anthropomorphic hand phantom with a cadaveric 
human skeleton in tissue-equivalent plastic.  Images were reconstructed using 
statistical reconstruction with a total variation penalty from a set of six 
staggered circular scans (70 kVp, 0.075 mAs per frame). Axial and coronal 
slices are shown, illustrating image quality characteristics of the initial 
platform configuration for photon counting CT. 
 

IV. DISCUSSION 
 The results demonstrate the feasibility of volumetric CT 
imaging using a photon counting Si-strip detector with sparse, 
irregular detector sampling. The challenging sampling pattern 
of this detector configuration was addressed through 
implementation of rotation-translation acquisition orbits and 
the use of iterative reconstruction methods. The ability to 
readily incorporate arbitrary system geometries and correctly 
handle zero-count data (corresponding to detector gaps) in 
iterative reconstruction was crucial in enabling CT imaging on 
this platform. Artifacts associated with undersampled (or un-
sampled) regions of the detector were reduced or eliminated 
with the iterative reconstruction approach, but images 
exhibited blur associated with strong regularization the gap 
regions. Undersampled regions in the volume resulted in a sub-
optimal image appearance, mainly in the form of regions of 
heavy regularization. This indicates that careful design of 
imaging orbits to provide more complete sampling patterns is 
necessary, with iterative reconstruction providing the 
capability to readily handle even very complex scan 
trajectories. Ongoing work includes investigation of object 

sampling in spiral acquisition, orbit optimization with respect 
to dose and scan time, and refinement of system geometry. 
Detailed models of detector physics are being developed for 
inclusion in statistical reconstruction system models. The 
benchtop provides a valuable platform for investigating 
advanced reconstruction techniques for systems with 
irregularly sampled acquisition patterns as well as a test-bed 
for applications and performance evaluation in spectral CT. 
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Combining Augmented Lagrangian Method
with Ordered Subsets for X-Ray CT Reconstruction

Hung Nien and Jeffrey A. Fessler
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Abstract—The augmented Lagrangian (AL) method (and its
closely related cousin, the alternating direction method of mul-
tipliers, or in short, ADMM) is a powerful technique for solving
ill-posed inverse problems using variable splitting. In this paper,
inspired by the convergence analysis of a simplified CT prob-
lem with Tikhonov regularization, we focused on the diagonal
preconditioned AL method, where the step size of each entry
of the split variable is proportional to the statistical weighting
in the penalized weighted least squares (PWLS) formulation. To
solve the inner minimization problem efficiently, we used the
ordered-subsets (OS) algorithm due to its fast convergence rate in
early iterations. By combining AL method with OS, experimental
results show that the standard OS algorithm can be accelerated
remarkably.

I. INTRODUCTION

The augmented Lagrangian (AL) method [1] has drawn

more attention recently due to its scalability, simplicity, and

fast convergence property. In the field of total-variation (TV)

denoising and compressed sensing, the AL method is used to

split a nonsmooth term, such as the TV-norm and �1-norm,

in the variational formulation, yielding a subproblem that has

a closed-form solution or can be solved almost exactly [2].

In the field of statistical X-ray computed tomography (CT)

image reconstruction, the AL method is also used to separate

the statistical weighting matrix (which has huge dynamic

range) to make the inner least squares problem much easier

to precondition [3]. Aside from the standard AL method,

many extensions and variations have been proposed to further

accelerate convergence. A survey can be found in [4].

One variation of the AL method is to precondition the �2
penalty term in the augmented Lagrangian by some positive

definite matrix G. For example, when G is a diagonal matrix

with positive diagonal entries, we penalize each entry in the

split variable differently, which means we can have larger

steps for those entries that are still far from the solution by

increasing the penalty. However, such a diagonal matrix is

seldom used in practice because the diagonal preconditioning

matrix sometimes can ruin the opportunity to exploit fast

computation such as FFT and PCG for the inner problem in

the AL method.

In statistical X-ray CT image reconstruction, the image

reconstruction is usually formulated as a PWLS problem,

and the ordered-subsets (OS) algorithm [5] can be used to

accelerate its convergence in early iterations by a factor of M ,

the number of subsets. This M -time acceleration comes from

the “subset balance condition” by grouping the projections into

M ordered subsets and updating the image incrementally using

the M subset gradients. Although the standard OS algorithm

approaches some limit cycle eventually because of its incre-

mental gradient descent structure, the M -time acceleration of

solving a PWLS problem is still very promising for the AL

method with inexact updates. In this paper, we first study the

convergence of a simple quadratic PWLS problem using a

general AL method to get intuition about how to choose the

diagonal preconditioning matrix. Then, we relax the choice

of preconditioned matrix by a scaling factor, apply it to the

statistical X-ray CT image reconstruction problem, and solve

the inner constrained PWLS problem by using the standard

OS algorithm.

II. METHOD

To describe our proposed algorithm more clearly, we first

define the statistically weighted CT reconstruction problem as

follows:

x̂ ∈ argmin
x∈Ω

{
1

2
‖y −Ax‖2

W
+ R(x)

}
, (1)

where y is the noisy post-logarithm sinogram, A is the

system matrix of a CT scan, W is a diagonal weighting

matrix accounting for measurement variance, R is an edge-

preserving regularizer, and Ω is some convex set such as a

box constraint on the solution. Instead of solving it directly

using, for example, projected gradient descent method, we will

focus on solving an equivalent constrained problem. That is,

we are going to solve:

(x̂, û) ∈ argmin
x∈Ω,u

{
1

2
‖y − u‖2

W
+ R(x)

}
s.t. u = Ax , (2)

or equivalently, we must find a saddle point of the correspond-

ing augmented Lagrangian of (2):

LA(x,u,d) �
1

2
‖y − u‖2

W
+ R(x) + ιΩ(x) +

1

2
‖Ax− u− d‖2

G
, (3)

where ιΩ is the characteristic function of set Ω, d is the scaled

dual variable of u, and G is some positive definite matrix, e.g.,

G = ηI with η > 0. This problem can be solved by using the

alternating direction method. In other words, we will minimize

LA with respect to x and u alternatively followed by a gradient
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ascent of d, and the iterates will be:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x(j+1) ∈ argmin

x∈Ω

{
1
2

∥∥(u(j) + d(j)
)−Ax

∥∥2

G
+ R(x)

}
u(j+1) = (W +G)

−1
(
Wy +G

(
Ax(j+1) − d(j)

))
d(j+1) = d(j) −Ax(j+1) + u(j+1) .

(4)

A. Analysis of CT problem with Tikhonov regularization

To simplify the convergence rate analysis of the proposed

algorithm, we first assume that R(x) = α
2 ‖Cx‖22, and Ω is

the entire space, where C is the finite difference matrix. Then,

the iterates in (4) have closed-from expressions, and by doing

some simple calculations, we can show that u(j) converges

to A (A′WA+ αC′C)−1
A′Wy = Ax̂ unconditionally and

linearly with rate

ρ
(
(W +G)

−1
(GAF+W)

)
, (5)

where ρ(K) denotes the spectral radius of matrix K, and

F � (A′GA+ αC′C)−1
A′ (G−W) . (6)

Although there is no simple way to express the convergence

rate in (5) using G, one fairly good choice of G is G =W,

thus leading to spectral radius of 1/2, which is quite fast.

However, if we set G to be W, then the x subproblem is

the original weighted CT problem with a different sinogram.

In other words, the inner problem is as hard as the original

problem itself, and we would gain nothing from the AL

method.

B. Diagonal preconditioned AL method for CT problem

To gain something from the AL method, we must add

one more degree of freedom. In this paper, we consider the

preconditioning matrix G = ηW with η > 0, and the resulting

iterates become:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x(j+1) ∈ argmin

x∈Ω

{
1
2

∥∥(u(j) + d(j)
)−Ax

∥∥2

W
+ η−1

R(x)
}

u(j+1) = 1
1+η

(
y + η

(
Ax(j+1) − d(j)

))
d(j+1) = d(j) −Ax(j+1) + u(j+1) .

(7)

Intuitively, this approach penalizes the more important line

integrals more, thus leading to larger step sizes for those rays.

By solving the last two equations in (7), we can get the identity

ηd(j+1) = y − u(j+1) . (8)

Substituting (8) into (7), the final iterates are:⎧⎨
⎩
x(j+1) ∈ argmin

x∈Ω

{
1
2

∥∥z(j) −Ax
∥∥2

W
+ η−1

R(x)
}

u(j+1) = 1
1+η

(
u(j) + ηAx(j+1)

)
,

(9)

where z(j) � η−1y+
(
1− η−1

)
u(j). As can be seen from (9),

the x subproblem is a weighted CT problem with an updated
sinogram and a scaled regularizer.

To implement the proposed diagonal preconditioned AL

method, we need a method to solve the inner weighted CT

problem in (9). The OS algorithm is a good candidate here

because it is usually fast in early iterations, and it is very easy

to impose box constraints on the inner problem. Note that,

when η is equal to one, the x subproblem is exactly the same

as the original problem, and the iterates reduce to the standard

OS algorithm. Intuitively, if we use a noisy FBP reconstruction

as the initial guess and if we expect that the converged image

should be less noisy, then we would like to choose a small η
so the x iterate is more regularized. In general, we choose η
to be between 0.3 and 1 so that we will not regularize x too

much (η < 0.3) or too little (η > 1).

C. Practical implementation and discussion

Although (9) outlines the proposed algorithm, we usually do

not implement the algorithm exactly in that way. According to

the convergence theorem of ADMM methods [6, Theorem 8],

it suffices for the errors of the inner minimization problems

to be absolutely summable. Therefore, to try to improve the

convergence behavior of our AL method, we run multiple OS

iterations to refine x before updating the split variable u. The

practical algorithm should be as follows:⎧⎪⎪⎨
⎪⎪⎩
x(j+1) = OS1

M

(
x(j); 12

∥∥z(j) −Ax
∥∥2

W
+ η−1

R(x) ,Ω
)

u(j+1) =

{
u(j) , if mod(j+1, P ) �= 0
1

1+η

(
u(j) + ηAx(j+1)

)
, otherwise ,

(10)

where OSn
M (x0; Ψ, C) denotes n iterations (M sub-iterations

per iteration) of the OS algorithm with initial guess x0, cost

function Ψ, and constraint set C, and P is the period of the

split variable update. Furthermore, to minimize the error of

x subproblem (at least for early iterations), we have to take

advantage of the M -time acceleration of the OS algorithm,

so the number of subsets should be large enough. However,

using more subsets leads to a “larger” limit cycle, which will

accelerate the error accumulation.

One could also accelerate the standard OS algorithm by

starting from a larger regularization parameter (assuming the

initial guess is noisy) and decreasing it gradually to one as the

algorithm proceeds. The benefit of our proposed algorithm is

that, thanks to the AL method, we do not have to use such

continuation of the regularization parameter for convergence.

Note that since the OS algorithm itself does not converge,

instead of decreasing the regularization parameter (or η), we

would reduce the number of subsets and increase the period

of split variable update to achieve convergence in practice.

III. RESULT

In this section, we evaluate our proposed algorithm using

a patient helical CT scan. To investigate the effects of η (the

AL penalty parameter) and P (the update period), we consider

three different AL penalty parameters (0.3, 0.5, and 0.7) and

three different update periods (1, 5, and 10) in our experiment.

The number of subsets is set to be 41. The standard OS

algorithm is the baseline method. Note that each split variable

update requires one “extra” forward projection compared to

the standard OS algorithm. To have a fair comparison, we
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FBP OS−SQS−41 (50) AL−OS−41−0.5−1 (33) AL−OS−41−0.5−5 (45)

AL−OS−41−0.5−10 (47) AL−OS−41−0.7−5 (45) AL−OS−41−0.3−5 (45) Converged

800

900

1000

1100

1200

Fig. 1: Cropped images from the central slice of the reconstructed patient helical CT scan, where FBP denotes the FBP

reconstruction, OS-SQS-M denotes the standard OS algorithm with M subsets, and AL-OS-M -η-P denotes the proposed

algorithm with M subsets, the AL penalty parameter η, and the update period P . Numbers in parentheses show the number of

iterations of each algorithm so that the total number of forward/back-projections is approximately 100. The AL-OS-41-0.3-5
result after 45 iterations is very similar to the converged image, whereas the other images exhibit residual streak artifacts for

the same computation time.

plot the root mean square (RMS) difference between the

reconstructed image and the converged reconstruction as a

function of the number of iterations and the number of

forward/back-projections (assuming that Ax and A′y have the

same computational complexity). Lastly, since the test helical

scan contains gain fluctuations [7], we include blind gain

correction [8] in all of our reconstruction algorithms. With this

correction, the weighting matrix W and the preconditioning

matrix G are diagonal plus a rank-1 matrix rather than pure

diagonal, which is a simple extension of the proposed diagonal

preconditioned AL method.

Figure 1 shows the initial noisy FBP image, the recon-

structed images after about 100 forward/back-projections of

the standard OS algorithm and the proposed algorithm using

different values of η and P , and the converged image. As

can be seen in Figure 1, the shading artifacts due to gain

fluctuations are largely suppressed, and the proposed algorithm

with all configurations outperforms the standard OS algorithm

in image quality, especially for smaller η and larger P .

Figure 2 shows the convergence rate curves of the proposed

algorithm with different values of P for the case η = 0.5,

where OS-SQS-M denotes the standard OS algorithm with M
subsets, and AL-OS-M -η-P denotes the proposed algorithm

with M subsets, the AL penalty parameter η, and the update

period P . As can be seen in Figure 2, the proposed algorithm

with update period P = 10 converges much faster than the

standard OS algorithm. There are sharp drops in the RMS

difference when the split variable is updated, especially for

larger P and in earlier iterations. This kind of acceleration

diminishes as the algorithm proceeds because the speedup of

OS algorithm saturates. To have more acceleration, we would

need to either increase P or decrease M to solve the inner

minimization problem in (9) more accurately.

Figure 3 shows the convergence rate curves of the proposed

algorithm with different values of η for the case P = 5, where

the naming convention is the same as in Figure 2. Note that the

standard OS algorithm is just a special case of the proposed
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Fig. 2: RMS differences between the reconstructed image and

the converged reconstruction as a function of (a) the number

of iterations and (b) the number of forward/back-projections

with different values of the update period P .
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Fig. 3: RMS differences between the reconstructed image and

the converged reconstruction as a function of (a) the number

of iterations and (b) the number of forward/back-projections

with different values of the AL penalty parameter η.

algorithm when η = 1. In this case, the value of P does not

matter because z(j) in (10) is independent of u(j). As can

be seen in Figure 3, the convergence rate curve converges

to the curve of the standard OS algorithm as η approaches

to unity. Smaller η shows faster convergence rate because

the converged image is smooth and edge-preserved; however,

when η is too small, for example, when η = 0.3, we can

see the problem (sharp increase in RMS difference) of over-

regularization in early iterations since the inner minimization

problem is too different from the original problem. When the

inner minimization problem is solved properly, i.e., smaller

error due to larger P or M , this “misdirection” can be

corrected by split variable updates, for example, the purple

curves in Figure 3. Furthermore, although we consider only

the standard OS algorithm in this paper, any fast variation of

the OS algorithm, e.g., [9] and [10], can be applied to the

proposed diagonal preconditioned AL method.

IV. CONCLUSION

In this paper, we proposed to combine the AL method

with OS. Inspired by the convergence analysis of the AL

method for quadratic PWLS problems, we focused on a

diagonal preconditioning matrix G that is proportional to the

statistical weighting matrix W. Experimental results show that

the proposed algorithm accelerated the standard OS algorithm

remarkably and provides a degree of freedom to fine tune the

convergence rate. As possible future work, we will investigate

different splits in the proposed diagonal preconditioned AL

method. In addition, we are also interested in combining, for

example, the frequency analysis of the AL method with tuning

the AL penalty parameter η.
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Sparse shift-varying FIR preconditioners for fast
volume denoising

Madison G. McGaffin and Jeffrey A. Fessler

Abstract—Splitting-based CT reconstruction algorithms de-
compose the reconstruction problem into a iterated sequence of
“easier” subproblems. One relatively memory-efficient algorithm
decomposes the reconstruction problem into a several subprob-
lems, including a volume denoising problem. While easier to solve
in isolation than jointly, these subproblems have highly shift-
varying Hessians that are challenging to effectively precondition
with circulant operators. In this work, we present an algorithm to
design a positive-definite, Schatten p-norm optimal, finite impulse
response (FIR) approximation to a given circulant matrix. With
this algorithm, we generate efficient space-varying precondition-
ers for the volume denoising problem. We demonstrate that
PCG with an efficient space-varying preconditioner can converge
at least quickly as a split-Bregman-like algorithm while using
considerably less memory.

I. INTRODUCTION

Consider a statistical image reconstruction problem

x̂ = argmin
x

{
J(x) =

1

2
||Ax− y||2W + R(Cx)

}
, (1)

where A ∈ R
M×N is the system matrix, W is a diagonal

matrix of statistical weights, and R(Cx) is a convex, smooth

and edge-preserving regularizer:

R(Cx) =

Nd∑
d=1

βd

N∑
j=1

κd,jφ
(
[Cdx]j

)
. (2)

The {Cd}Nd

d=1 are circulant first-order difference matrices,

e.g., Nd = 13 for 26-neighbor differences in 3D CT, and

the object-dependent but constant {κd,j}Nd,N
d=1,j=1 control local

regularizer strength [4]. The potential function φ is convex,

smooth, nonnegative and even.

This minimization problem is challenging to solve directly

due to the large dimension of A, the nonlinearity of the

regularizer, and the high spatial variance of the data-fit and

regularizer Hessians, A′WA and ∇2R(Cx), respectively.

Variable splitting may be used to introduce auxiliary vari-

ables to separate the terms in (1). Enforcing equality con-

straints between the new variables and linear functions of x
then converts (1) into a new, equivalent, constrained minimiza-

tion problem. The alternating directions methods of multipliers

(ADMM) [2] may then be used to solve the new constrained

optimization problem via an iterated sequence of optimization

problems in each variable. This approach has the effect of

Department of Electrical Engineering and Computer Science, University
of Michigan, 1301 Beal Ave., Ann Arbor, MI 48109-2122, U.S.A. Email:
{mcgaffin, fessler}@umich.edu. Supported in part by NIH grant
R01 HL 098686 and CPU donations by Intel. CT sinograms provided by GE
Healthcare.

splitting jointly difficult terms from one another, e.g., the data-

fit and regularization terms in (1). This technique has proved

quite fruitful, and can handle both non-smooth regularizers

and additional constraints like nonnegativity [10].

A relatively memory-efficient splitting introduces two aux-

iliary variables u = Ax and v = x to separate the data-fit and

regularizer terms [8]. Applying ADMM to the resulting con-

strained optimization problem leads to an algorithm involving

the following nontrivial inner optimization problems:

x(j+1) = argmin
x

μu

2

∣∣∣∣∣∣Ax−
(
u(j) − ηu

(j)
)∣∣∣∣∣∣2

+
μv

2

∣∣∣∣∣∣x−
(
v(j) − ηv

(j)
)∣∣∣∣∣∣2, (3)

v(j+1) = argmin
v

μv

2

∣∣∣∣∣∣v −
(
x(j+1) + ηv

(j)
)∣∣∣∣∣∣2 + R(Cv),

(4)

with the scalar parameters μu and μv and the dual variables

ηu and ηv introduced by the ADMM algorithm.

The ADMM does not require these subproblems to be

solved exactly but only with summable absolute error taken

over all iterations [3]. In practice, the ADMM algorithm will

almost certainly not be run to convergence, and experience

indicates that more accurate solutions to the iterated sub-

problems improve convergence of the algorithm as a whole.

Consequently fast, even if not exact, solvers to problems (3)

and (4) are desirable.

Solving (3) and (4) in isolation is “easier” than solving them

jointly, but challenges in each problem remain. The tomog-

raphy problem Hessian, μvI + μuA
′A, while free of shift

variance induced by the statistical weights, is still far more

shift-varying in cone-beam CT than in 2D, and evaluating

the gradient of (3) remains very computationally expensive.

While regularizer gradient evaluations are less expensive, the

regularizer Hessian in (4) is highly shift-varying.

The preconditioned conjugate gradients (PCG) algorithm

is an attractive candidate for both the tomography and de-

noising subproblems.1 If an effective preconditioning oper-

ator P ≈
(
∇2J

)−1
can be found, PCG converges quickly,

has modest memory constraints, and updates all coordinates

of the iterate simultaneously (which is attractive for high-

dimensional problems and modern parallel hardware). How-

ever, designing such preconditioners can be challenging.

1Other rapidly converging algorithms exist for the denoising problem in
particular, e.g., split-Bregman-like algorithms [6]. However, these can require
a prohibitive amount of memory for large reconstruction problems, e.g., typical
3D helical CT problems.
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Previously, the authors have preconditioned both the de-

noising problem and the tomography problem with circulant

matrices [8]. Circulant preconditioners are attractive in part

because they allow the algorithm designer to derive a shift in-

variant approximation of the Hessian, and immediately receive

an efficient implementation of the approximation’s inverse

using FFTs. These features make them a good “default”

preconditioner choice, but leave room for improvement by

preconditioners which consider the spatial variance of the

Hessian.

Because PCG with an appropriate preconditioner converges

to an acceptably accurate solution using fewer gradient eval-

uations, we must measure the computational cost of a pre-

conditioner relative to the computational cost of a gradient

evaluation. If a preconditioner takes too much time to apply

relative to a gradient evaluation, it may be more efficient

to use a less computationally expensive preconditioner. For

the denoising problem (4), gradient evaluations are relatively

inexpensive, even compared to applying an FFT. A more

computationally efficient preconditioner is desirable; sparse

FIR filters may be sufficient to replace the FFT operations

used to implement the conventional preconditioner.

In this work, we propose shift-varying preconditioners to

tackle the denoising problem (4). In Section II we present

an algorithm to design positive-definite FIR approximations

to approximate a given circulant matrix. In Section III, we

use these FIR filters to generate new preconditioners for

the denoising problem. Results of the filter design algorithm

and comparisons with other preconditioners and denoising

algorithms are given in Section IV.

A. Notation

If F ∈ R
N×N is a circulant matrix, we use the lowercase

f ∈ R
N to indicate the first column or kernel of F. The DFT

of a vector f will be written using a hat, e.g., DFT{f} = f̂ .

The vectors and matrices of all ones and zeros are written

1 and 0 respectively, whose dimension should be clear from

context.

B. Schatten p-norms

If F is a matrix, the Schatten p-norm of F is the correspond-

ing vector p-norm applied to the singular values of F. The

Schatten p-norms are unitarily invariant, so if F is circulant,

||F||pp =
∣∣∣∣∣∣f̂ ∣∣∣∣∣∣p

p
.

II. PRECONDITIONER DESIGN

In this section, we describe an algorithm for designing a

sparse, positive-definite, computationally efficient FIR filter to

approximate a given circulant filter. In our experiments, the

designed filters were restricted to symmetric n×n×n blocks.

One could instead use the following algorithm as an inner step

of e.g., the successive thinning algorithm [1] to algorithmically

determine the filter footprint.

Let G ∈ R
N×N be a positive-definite circulant filter, and

let I ⊂ {1, 2, . . . , N} indicate the desired filter footprint.

Let Ω be the set of circulant filters with the desired footprint.

That is,

Ω = {X : X circulant and [x]i 
= 0 only if i ∈ I}. (5)

Our goal is to find the closest, in a Schatten p-norm sense,

positive-definite filter in Ω to the given circulant matrix G.

Satisfying both the positive-definiteness and the footprint

constraints simultaneously is challenging. In fact, the positive-

definiteness requirement (and the choice of any Schatten p-

norm instead of the Schatten ∞-norm) distinguishes this

problem from the one solved by the classical Parks-McClellan

algorithm [9]. The Schatten p-norms are convex, and the set of

positive-definite filters in Ω is convex, so we can use variable

splitting to separate the constraints and use ADMM to solve

the original problem.

Let H ∈ R
N×N be a circulant matrix and Γ ∈ R

N×N

be the augmented Lagrangian dual variable. With the equality

constraint H = F, we have the following saddle point problem

involving the augmented Lagrangian-like function L:

min
F∈Ω,H�0

max
Γ

L =
1

2
||H−G||pp +

μ

2
||H− (F+ Γ)||2F (6)

=
1

2

∣∣∣∣∣∣ĥ− ĝ
∣∣∣∣∣∣p
p
+

μN

2

∣∣∣∣∣∣ĥ−
(
f̂ + γ̂

)∣∣∣∣∣∣2
2
,

(7)

with both H and F restricted to be circulant matrices. Equation

(7) follows from the unitary invariance of the Schatten p-norms

and the fact that the argument of the Frobenius norm is always

a circulant matrix.2

Solving (7) with ADMM yields the following set of iterated

updates:

f (j+1) = projΩ

(
IDFT

{
ĥ(j) − γ̂(j)

})
, (8)

ĥ(j+1) = argmin
ĥ>0

1

2

∣∣∣∣∣∣ĥ− ĝ
∣∣∣∣∣∣p
p
+

μN

2

∣∣∣∣∣∣ĥ−
(
f̂ (j+1) + γ̂(j)

)∣∣∣∣∣∣2
2
,

(9)

γ̂(j+1) = γ̂(j) + f̂ (j+1) − ĥ(j+1). (10)

The f update requires only an FFT and zeroing of unneeded

coordinates, or an IFFT-like operation which efficiently com-

putes a small number of coefficients.

The h update requires that H(j+1) be a positive-definite

matrix, i.e., ĥ > 0 (in practice, ĥ ≥ ε). For all p ∈ [1,∞),
the update (9) is separable. In these cases, the problem can be

solved unconstrained, and, because each separable problem is

convex, the solution in each coordinate can then be clamped

to [ε,∞). If p = ∞, the h update is still convex but is

nonseparable. We suggest an inexact and relatively efficient

solution to the p = ∞ problem in Figure 1.

III. DENOISING PRECONDITIONER DESIGN

We could use the filter design algorithm in Section II to

replace the denoising problem’s conventional circulant pre-

conditioner with a more efficient FIR filter. In this section, we

2Both H and F are always restricted to be circulant matrices. The dual
variable update for Γ (10) with the standard initialization Γ(0) = 0 ensures
that Γ is also always circulant.
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1) Let d = max
{
ε, f̂ (j+1) + γ̂(j+1)

}
− ĝ, and

ĥ(η) = ĝ +min {|d|, η} · sign (d).
2) Compute ηmin and ηmax as the extrema of the

coordinates of |d|.
3) Perform a grid search over [ηmin, ηmax] using a

small number of points of

J(η) = 1
2η + μN

2

∣∣∣∣∣∣ĥ(η)− (f̂ (j+1) + γ̂(j+1)
)∣∣∣∣∣∣2

2
to find η∗.

4) Return ĥ(η∗).

Fig. 1: Approximate algorithm for the �2 − �∞ h update (9).

instead propose a collection of FIR filters to model the inverse

of the Hessian in different regions of the volume.

The Hessian of the denoising problem (4) can be written

∇2Jv(v) = μvI+

Nd∑
d=1

βdCd
′D(v)Cd, (11)

where D(v) is a diagonal matrix related to the {κd,j}Nd,N
d=1,j=1

and the second derivative of the potential function φ. At the

jth voxel, we locally approximate the Hessian with a circulant

filter parameterized by a voxel-dependent scalar. That is, for

voxels k near j,

ek
′[∇2Jv(v)

]
ej ≈ ek

′
(
μvI+ αj

Nd∑
d=1

βdCd
′Cd

)
ej . (12)

The scalars {αj}Nj=1, which are used to approximate the

variation in D(v), are computed for each voxel as

αj =
ej

′∇R(εej)

ej ′
(∑Nd

d=1 εβdCd
′Cd

)
ej

, (13)

with ε > 0 small enough (on the order of 10−2 for an image

in HU) that ej
′∇R(εej)/ε approximates the diagonal of the

regularizer Hessian.

For a purely circulant filter, a single α∗ is selected (e.g.,
from the center of the volume) to form the preconditioner(

μvI+ α∗
Nd∑
d=1

βdCd
′Cd

)−1

. (14)

In this paper, we instead now quantize the {αj}Nj=1 into P

classes, {bp}Pp=1, using e.g., the k-means algorithm. Empir-

ically, for reasonably small P , αj slowly varies over the

volume, yielding somewhat contiguous regions with similar

Hessian behavior. Motivated by this property, we propose the

following preconditioner,

Piir �
P∑

p=1

Mp

(
μvI+ bp

Nd∑
d=1

βdCd
′Cd

)−1

Mp, (15)

where the {Mp}Pp=1 are diagonal matrices with 0 or 1 entries

that partition the volume based on the voxel class assignments.

Figure 2 illustrates one such partition.

(a) Image (b) Class assignments

Fig. 2: Example class assignments from the center slice of a

volume with P = 6 classes. Note that the regions are some-

what contiguous and to a degree follow the anatomy in the

volume, due to the object-dependence of the {κd,j}Nd,N
d=1,j=1.

Each colored region will receive a different preconditioner.

As written, (15) requires a pair of FFTs for each region in

the image. This would be a significant cost for the volume de-

noising problem because gradient computations are relatively

inexpensive. We suggest replacing the circulant inverses in

(15) with a sparse FIR filter for each region designed using

the algorithm described above:

Pfir =

P∑
p=1

MpFpMp, (16)

with 0 ≺ Fp ≈
(
μvI+ bp

∑Nd

d=1 βdCd
′Cd

)−1

. This precon-

ditioner attempts to handle the spatial variance of ∇2R, but

requires no relatively expensive FFTs.

IV. EXPERIMENTAL RESULTS

The following experiments were performed on a helical

600 × 600 × 101-voxel dataset with 888 channels, 64 rows

and 2080 views provided by GE. The regularizer used 26

voxel neighbors (Nd = 13) and the Fair potential function

with δ = 10.0 Hounsfeld units:

φ(t) = δ2(|t/δ| − log (1 + |t/δ|)). (17)

All FFTs were computed using FFTW on a 2.8 GHz

Intel Core i7 CPU with 8 threads. All other operations were

performed on a NVIDIA GeForce GTX 480 with 1.5 GB of

global memory using OpenCL through PyOpenCL. All data

was kept on the GPU unless it was necessary to page a buffer

off the GPU to RAM.

We generated a 1D version of the regularizer and fit several

FIR filters to a circulant approximation of its Hessian using the

filter design algorithm in Section II. The results are given in

Figure 3, which illustrate the trade-offs, qualitatively speaking,

between different choices of Schatten p-norm and filter size.

We found that the choice of Schatten p-norm did not have a

significant effect on the convergence rate of PCG. Empirically,

the Schatten 2-norm filter design problem seemed converge

more quickly than the other choices, so we designed the filters

in our next experiment with p = 2.
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Fig. 3: Profiles of 1D filters generated by the algorithm

in Section II. The target spectrum, a preconditioner for the

denoising problem with β = 24μv , is in black. Green, blue and

red correspond to the Schatten 1, 2 and ∞ norms, respectively.

(These are the lower, middle and upper series on the LHS for

each number of taps). The solid lines are 5-tap filters; the

dashed lines are 11-tap filters.

We solved the denoising problem using PCG with several

preconditioners and with a split-Bregman (SB) like algorithm

[6]. Figure 4 shows the RMSD of each algorithm to the

converged solution as a function of time and iteration.

The shift-varying preconditioner significantly outperformed

the conventional circulant preconditioner, and replacing the

FFTs in (15) with FIR filters had nearly no effect on per-

iteration convergence rate. Remarkably, PCG with the shift-

varying preconditioner converged more quickly in time than

the split-Bregman algorithm. This is due in part to implement-

ing the split-Bregman algorithm’s FFTs on the CPU, which in-

curred GPU-CPU data transfer costs. However, to some degree

these costs are unavoidable for the split-Bregman algorithm,

due to the GPU’s limited memory and the split Bregman

algorithm’s significant memory requirement. Either way, the

space-varying preconditioner is a dramatic improvement over

the conventional circulant filter.

V. CONCLUSIONS AND FUTURE WORK

We presented an algorithm to design a positive-definite

sparse FIR filter that approximates a given circulant matrix.

In our experiments, we heuristically chose filters with dense

cubical support, but we have no guarantee that this choice

is optimal. The successive thinning algorithm [1] provides

a greedy way to select the footprint algorithmically. An-

other possible extension is to replace the Schatten p-norm-

minimization with a minimum condition number criterion, as

in [7].

Sparse FIR filters can be used as part of a space-varying

preconditioner to significantly accelerate the convergence of

PCG applied to the volume denoising problem. The resulting

algorithm is memory efficient and performs comparably to the

traditionally more rapidly converging split Bregman algorithm.
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Fig. 4: Root mean-square differences (RMSD) to the con-

verged solution of a denoising problem using (P)CG with

shift-invariant (SI) and shift-varying (SV) preconditioners im-

plemented with FFTs and 7 × 7 × 7 FIR filters, and a split-

Bregman (SB)-like algorithm. Six classes (P = 6 in (16))

were used for the shift-varying preconditioners.

However, efficient preconditioners for the 3D tomography

problem are still needed. Such preconditioners will likely need

to account for the spatial variance of A′A, and may benefit

from the locality which FIR filters provide. Early work in this

direction has already been done by Fu et. al. [5].
Finally, while the variable splitting framework used to

separate the data-fit and regularization terms has been helpful,

it may be useful to revisit frameworks which combine the two.

In this case, preconditioners that simultaneously account for

the spatial variance present in both the data-fit and regularizer

Hessians will certainly be beneficial.
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Abstract—Various scanning methods and image reconstruction 
algorithms are actively investigated for low-dose CT that can 
potentially reduce a health risk related to radiation dose. 
Particularly, compressive-sensing (CS) based algorithms have 
been successfully developed for reconstructing images from 
sparsely sampled data. Although these algorithms have shown 
promises in low-dose CT, it has not been studied how sparse 
sampling schemes affect image quality in CS-based image 
reconstruction. In this work, we present several sparse-sampling 
schemes for low-dose CT, quantitatively analyze the sampling 
density and data incoherency, and compare effects of the 
sampling schemes on the image quality. We find that both
sampling density and data incoherency affect the image quality, 
and suggest that a sampling scheme should be devised and 
optimized by use of these indicators.  

Index Terms—Computed tomography (CT), Compressive 
sensing (CS), Incoherency, Sampling density, Low-dose 
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Optimized MAP Reconstruction of H2-weighted
Fourier Rebinned TOF PET

Yanguang Lin1, Bing Bai2, Wentao Zhu1, Ran Ren1, Quanzheng Li3, Magnus Dahlbom4, Frank DiFilippo5,

Richard M. Leahy1

Abstract—Time-of-flight (TOF) information improves signal to
noise ratio in Positron Emission Tomography (PET) at higher
computation cost. We have previously developed approximate
Fourier methods that rebin TOF data into either 3D nonTOF
or 2D nonTOF formats. We refer to these methods respectively
as FORET-3D and FORET-2D. Here we describe maximum a
posteriori (MAP) estimator for use with FORET rebinned data.
We first derive approximate expressions for the variance of the
rebinned data. We then use these results to rescale the data so
that the variance and means are approximately equal allowing
us to use the Poisson likelihood model for MAP reconstruction.
Using these methods we compare performance of FORET-2D and
3D with TOF and nonTOF reconstructions using phantom and
clinical data. Our phantom results show a small loss in contrast
recovery at matched noise levels using FORET compared to
reconstruction from the original TOF data. Clinical examples
show FORET images that are qualitatively similar to those
obtained from the original TOF PET data but with a small
increase in variance at matched resolution.

I. INTRODUCTION

Over the last two decades, time-of-flight (TOF) information

[1] have been used to improve Positron Emission Tomography

(PET) image quality. In TOF PET, the difference between

the arrival time of the photons is used to better localize the

emisssion source along the line of response (LOR). It has been

shown that using TOF information, the signal-to-noise ratio

(SNR) of the image can be substantially improved [2].

Depending on the timing resolution, using TOF information

typically increases the size of the dataset by a factor of 10

to 20. The increased data size significantly increases the PET

reconstruction time and presents challenges in fully using TOF

data in clinical PET studies.

One way to reduce computational cost is to exploit the

redundancy in the data. Generalized from Fourier rebinning

methods [3] that rebin 3D nonTOF PET to 2D nonTOF PET

data, we have derived a pair of Fourier rebinning methods that

rebin TOF singrams to either 2D or 3D nonTOF sinograms [4],

which we call FORET-2D or FORET-3D respectively.

1Y. Lin, W. Zhu, R. Ran and R. Leahy are with the Signal and Image
Processing Institute, University of Southern California, Los Angeles, CA
90089, USA, email: leahy@sipi.usc.edu

2B. Bai is with the Molecular Imaging Center, University of Southern
California, Los Angeles, CA 90033, USA

3Q. Li is with the Department of Radiology, Harvard Medical School/MGH,
Boston, MA 02114, USA

4M. Dahlbom is with the Department of Molecular and Medical Pharma-
cology, University of California, Los Angeles, CA 90095, U.S.A

5F. DiFilippo is with the Department of Nuclear Medicine, Cleveland Clinic
Main Campus, Cleveland, OH 44195, U.S.A

The FORET rebinned sinogram has a complicated noise

structure as opposed to the Poisson noise model for TOF

PET data. The reconstruction algorithm needs to consider this

noise structure to optimally utilize the SNR gain from TOF

information. To achieve this goal, inspired by [5], we first

develop an approximate variance model for FORET rebinned

data. Using this variance model, which accounts for the

effects of random and scatter correction, rebinning and arc

correction, we then apply MAP [6] reconstruction methods to

the rebinned data. Similar approaches have been applied in

FORE reconstruction [7], [8].

Rebinned sinograms also suffer from propogated blurring

caused by the detector response as well as additional blurring

caused by interpolation, arc correction and other approxima-

tions. Resolution in the reconstructed images will be compro-

mised if this blurring effect is not taken into account when

reconstructing from rebinned data. Thome and Qi describe

a method for estimating the Fourier rebinning blur kernel

using point source data [9]. Here, we extend this approach

to rebinning of TOF data.

We evaluate the quality of FORET+MAP images using

phantom and patient scans. First resolution calibration curves

are calculated for each of the reconstruction methods. We

then compute MAP reconstructions at matched resolution from

FORET rebinned sinograms using the derived noise model and

estimated blur kernels. Finally we compare image quality in

terms of contrast recovery and variance in a phantom study

and conclude with a clinical example.

II. OPTIMIZED MAP RECONSTRUCTION FOR FORET

REBINNED TOF DATA

A. 3D TOF PET Data

FORET rebinning is based on a line integral model and the

discretized form assumes uniform sampling with respect to

the coordinates of the 3D TOF data. The measured TOF PET

data yTOF can be modeled as independent Poisson random

variables with mean and variance given by:

ȳTOF = var(yTOF ) = PTOFx+ r̄TOF + s̄TOF (1)

where x is the 3D tracer distribution or image, and ȳTOF ,

r̄TOF and s̄TOF are the means of the prompt, random and

scattered events in the 3D TOF data respectively; var(yTOF )
is a vector representing the variance for each LOR. PTOF is

the system matrix which can be written as:

PTOF = PTOF
normPTOF

blur PTOF
attn PTOF

geom (2)
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Fig. 1. Flow chart for MAP reconstruction using FORET rebinned data.

Fig. 2. Blur kernel used for FORET rebinned data, from left to right: larger
radial displacement to smaller radial displacement.

where PTOF
geom is the geometric projection matrix for TOF data,

which is based on solid angle calculations with sensitivities

for each voxel weighted by the TOF kernel [6], [10]. PTOF
norm

and PTOF
attn are the diagonal normalization and attenuation

matrices. PTOF
blur operates on the data in sinogram space to

model detector response as a local blurring.

B. Noise Properties of FORET Rebinned Data

To account for the discrepancies between the line integral

and accurate system models above, we need to perform a

sequence of operations on the data as illustrated in Figure

1, first to convert to a form suitable for FORET rebinning,

and then back to a form that can be combined with MAP

reconstruction of the 2D or 3D nonTOF data.
The FORET rebinned data after unarc correction in Figure 1

can be written as

yFORET
unarc (3)

=MunarcRMarcP
TOF
norm

−1
PTOF

attn

−1
(yTOF − r̄TOF − s̄TOF )

where yFORET
unarc represents the unarc corrected 2D or 3D

nonTOF data. Marc and Munarc are two matrices repre-

senting the arc and unarc corrections and R is the matrix

representing FORET rebinning; r̄TOF and s̄TOF are the

estimated mean random and scatter sinograms.

The mean of the rebinned data is

ȳFORET
unarc ≈ MunarcRMarcP

TOF
blur PTOF

geomx (4)

Although FORET is based on the line integral geometry

model, blurring associated with the detector response remains

in the data after rebinning. We therefore model the rebinned

data as:

ȳFORET
unarc ≈ PblurPgeomx (5)

where Pblur is the estimated FORET blurring kernel (Fig.

2) which contains the propogated detector response blurring

kernels and the additional blurring introduced by FORET

rebinning. It was estimated from simulated point source data

using an expectation maximization (EM) algorithm [9]. Pgeom

represents the 3D or 2D geometric projection matrix for

FORET-3D and FORET-2D respectively.

Comtat et al estimated the variance of FORE rebinned

nonTOF data [5]. Similarly we can derive expressions for

variance of the FORET rebinned TOF data as:

var(yFORET
unarc ) = GȳFORET

unarc + L(r̄3D + s̄3D) (6)

where r̄3D and s̄3D are respectively the 3D estimates of

randoms and scatters. G and L are respectively matrices

combining all terms that result from the effect of applying the

operator defined in (3) to the corrected data, which results in

the propagation of variance in the trues, scatters and randoms

into the final rebinned variance.

Note that in equation (6) the rebinned sinogram are no

longer Poisson distributed. In particular, the variance of the

sinogram is typically significantly smaller than its mean. A

direct MAP reconstruction from the rebinned sinogram will

yield a suboptimal solution because of the inaccurate noise

model. To compensate for the SNR improvement, we apply

an affine transform to the rebinned sinogram so that the

transformed data are approximately Poisson and then perform

MAP reconstruction on these transformed data.

The affine transformed data can be written as:

yLT = DyFORET
unarc + d (7)

where D is a diagonal matrix and d a vector. It is straightfor-

ward to show that the mean and variance of the transformed

data are equal when

D = G−1

d = G−2L(r̄3D + s̄3D) (8)

This affine transformation is applied to the rebinned data prior

to MAP reconstruction. The Poisson likelihood function used

in the MAP optimization is then based on the model for the

mean of the data:

ȳLT = DȳFORET
unarc + d = DPblurPgeomx+ d (9)

III. RESULTS

A. Variance Estimation for FORET Rebinned Data

In this section, we use a realistic Monte Carlo simulation to

verify the variance calculation of FORET rebinned sinograms

(6). We simulated the geometry of the Siemens mCT TOF PET

scanner [11]. We selected the image for one bed position ex-

tracted from a whole-body patient study and smoothed with a

5mm Gaussian filter. We then forward projected the smoothed

image using the full system model to create noiseless 3D TOF

sinograms [10]. The normalization, attenuation correction,

randoms and scatters calculated from the scanner software

were used in the simulation. We then generated 100 datasets

from this mean data set using a Poisson random number

generator and rebinned them using our FORET methods.

Figure 3 shows profiles of the sample variance from the

Monte Carlo simulation and theoretical computation from (6)

for FORET-3D and FORET-2D. While there is still residual

Monte Carlo variability in the variance estimates, it is clear

that for both 2D and 3D rebinning, the variance estimates

are approximately correct. To look at these relationships in a

more general perspective, Figure 4 shows the histograms of the

ratio between mean and variance of the data after the affine

transform using (7) at which point the mean and variances

should be equal. In both cases the ratios have their mode
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Fig. 3. Comparison of sample variance from Monte Carlo simulation and
estimated from (6), angle index=100, sinogram index=5. Left: FORET-3D,
Right: FORET-2D.

Fig. 4. Histogram of mean to variance ratios of FORET after the affine
transform in (7) at which point the mean and variance should be equal.
Left:FORET-3D, Right: FORET-2D.

close to unity. The variability about this mode is in part due

to systematic errors in the variance approximation but also

residual variance in the variance estimated using the Monte

Carlo simulation (as also seen in Figure 3).

B. Resolution vs. β Calibration

We simulated a line source in a uniform cylindrical phan-

tom with low background activity concentration(ratio 300:1)

and reconstructed with different values of β to compute the

resolution vs. β calibration curves [12]. Results are shown

in Figure 5. These curves clearly show that dependence on

β varies with processing method. Note that as we reduce

dimensionality from 3D TOF to 3D nonTOF (either through

FORET-3D or summing over TOF bins) to 2D nonTOF

(through FORET-2D), larger values of β are required to meet a

given resolution for the lower resolution portion of the curves.

At higher resolutions the 3D and 2D nonTOF curves cross.

At these higher resolutions it is possible that the different

approximations as a function of rebinning scheme have a larger

impact on resolution resulting in the cross over of the curves.

C. Phantom Measurements

Reconstructed image quality was evaluated using an an-

thropomorphic torso phantom with breast attachments (Data

Spectrum, Hillsborough, NC). The phantom was filled with
18F-FDG and scanned for 10 minutes on a Siemens mCT

scanner. The phantom has liver and myocardium compart-

ments and two lesions represented using hot spheres with

15.9 mm and 12.7 mm diameter inserted in the abdominal

region. The relative activity concentration in the torso back-

ground, liver, myocardium and lesions was 1:1.91:3.85:3.85.

Fig. 5. Resolution vs. β calibration table generated from simulated line source
phantom data for the Siemens mCT scanner for each of the four different data
representations used in subsequent studies. voxel size is 2mm.

Fig. 6. Sample reconstructed phantom images using different data formats.
Upper left: TOF, upper right: nonTOF, lower left: FORET-2D, lower right:
FORET-3D.

Sample transaxial images reconstructed from 3D TOF data, 3D

nonTOF, FORET-3D and FORET-2D data are shown in Fig-

ure 6. An 8mm diameter region of interest (ROI) was drawn in

the center of the hot sphere on the right and a 24mm diameter

spherical ROI drawn in the body (red circle). We measured

the contrast recovery coefficient (CRC) using the equation

CRC = (f̄hot − f̄bkg)/(a − 1), where f̄hot and f̄bkg are the

average values of the voxels in the hot ROI and background

ROI respectively; a is the true activity ratio (a = 3.85). The

CRC vs. noise result is shown in Figure 7. It can be seen that

the TOF images have the best quality, with lower noise at the

same contrast recovery level, while FORET-3D and FORET-

2D result in some loss of contrast at matched noise levels, but

still noticeably better than the nonTOF reconstructions. The

FORET-2D image also shows artifacts which may arise from

the less accurate approximation used in FORET-2D than in

FORET-3D. We also reconstructed the FORET data without

the affine transform for variance matching and without blur

kernels. This clearly shows worse performance than all other

methods and indicates the importance of response modeling

and variance scaling.
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Fig. 7. Noise vs. contrast recovery curves of images reconstructed from TOF,
nonTOF, FORET-3D and FORET-2D data.

Fig. 8. Comparison of whole-body patient images. All images have resolution
of 6mm.

D. Whole-body Patient Scan

To illustrate the relative performance of the rebinning

methods in clinical studies we applied all four reconstruction

methods to a clinical whole-body scan collected using the

Siemens mCT scanner. The patient was a 66-year-old female,

weighting 85.7kg. 451 MBq of 18F-FDG was injected and

the scan started 46 minutes after injection. The patient was

scanned with six bed positions and three minutes per bed. The

smoothing parameter β was selected such that the resolution of

the reconstructed image was 6mm. In all the reconstructions,

we ran 1 iteration of 3D OSEM, which was used as initial

image for MAP reconstruction. We then ran 20 iterations

of MAP to ensure effective convergence. Coronal sections

through these images are shown in Figure 8. The ordering

of image quality is consistent with the phantom results.

IV. CONCLUSION

We have optimized MAP reconstruction for Fourier re-

binned TOF PET data. We derived a noise model for the

FORET rebinned data, and used this as the basis for an affine

transform such that the transformed data are approximately

Poisson. Monte Carlo simulation results show that the vari-

ance calculations, although with several approximations, are

reasonably accurate. Phantom studies confirmed that using the

new noise model can improve image quality.

Our results show a clear progression in quality from TOF

through FORET-3D, FORET-2D and finally nonTOF. This is

clear in both the phantom and clinical examples. While the

ordering is unsurprising, we expected that the FORET results,

particularly for 3D, would be closer in quality to TOF than

they are. Our basis for this assumption is that our earlier

results in [13] indicated that there was little information loss

in FORET rebinning. The cause of the somewhat worse than

expected performance for FORET may be due to correlation

introduced into the rebinned data which we do not account

for in the scaling process described here. The incorporation

of correlation information in nonTOF rebinning has been pre-

viously studied [7]. We plan to explore similar approaches to

improve our noise model for FORET rebinned data in future.

Despite this issue, however, the FORET rebinned images still

retain much of the advantage of TOF data in comparison to

nonTOF data.
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The Effect of Motion on Joint Estimates of Activity
and Attenuation from Time-of-Flight PET Data

Ahmadreza Rezaei1, Johan Nuyts1, and Michel Defrise2

Abstract— Recent studies show that joint reconstruction of
activity and attenuation is possible with time-of-flight PET data.
However, when there is motion during the acquisition of the
emission data, the properties of the reconstructions are not
known. In this study, we classify three theoretical types of motion
and analyze joint reconstructions when the emission data has
been affected by each type separately. We use the existing TOF-
MLAA algorithm for this purpose and observed that motion
during the scan can make the data inconsistent, such that the
resulting reconstructions are not only affected by motion blur,
but also suffer from artifacts.

I. INTRODUCTION

It is known that motion in PET and PET/CT can result
in errors due to incorrect attenuation correction in addition to
motion blur in the estimated emission image [1]. In [2], it was
shown that a difference in emission and transmission resolu-
tion can also introduce artifacts due to attenuation correction
of the emission data. Different methods have been proposed
to correct the emission data affected by motion during the
scan when gated data are not available [3]–[5]. In gated PET
studies however, it is preferable to acquire a single CT scan,
register the attenuation images non-rigidly to the PET images
before attenuation correction and correct for attenuation in
the data using the deformed (registered) CT scans for each
phase in the cardiac/respiratory cycle [6]–[8]. Recent studies
have shown that when time-of-flight (TOF) data are avail-
able, joint reconstruction of the activity and attenuation is
possible up to a scale factor [9]–[11]. Hamill and Panin [5]
have shown that when motion occurs during the PET-scan,
MLAA produces a blurred mu-map, yielding better attenuation
correction than is obtained from a fast, motion-free CT scan.
However, the exact effect of motion during acquisition on the
joint reconstruction of activity and attenuation is not clearly
known. In order to further investigate the effects of motion, we
identify different types of motion that theoretically could occur
during the emission measurements, simulate each type and
analyze the final activity and attenuation reconstructions. We
use the existing algorithm for maximum likelihood estimation
of activity and attenuation (MLAA) [10] and compare the
reconstructed images to reference ML images. The reference
activity image is produced with MLEM (maximum likelihood
expectation maximization) assuming that the attenuation is
known, and the reference attenuation image is computed with
MLTR (maximum likelihood for transmission tomography)
assuming knowledge about the true tracer distribution. Our
main result is that TOF-MLAA produces consistent pairs of
activity and attenuation reconstructions that best describe the

1 Dept. of Nuclear Medicine, Katholieke Universiteit Leuven, B-3000,
Leuven, Belgium, 2Dept. of Nuclear Medicine, Vrije Universiteit Brussel,
B-1090 Brussels, Belgium. E-mails: ahmadreza.rezaei@uz.kuleuven.be, jo-
han.nuyts@uz.kuleuven.be, and mdefrise@vub.ac.be

3This research is supported by a research grant (GOA) from K.U.Leuven.

emission data when the motion either affects the activity or the
attenuation (first 2 motion types), but not both. Our simulations
indicate that in the case of simultaneous motion in activity
and attenuation (type 3 motion), the emission data are no
longer consistent, i.e. there exists no value for the estimated
parameters (here the activity and the attenuation) that would
produce the measured data, using the current acquisition model
(the model here assumes a motion free object). Thus, TOF-
MLAA can only reconstruct the consistent portion of the
emission data. Nevertheless, we see that the region which is
not affected by the motion can be quantitatively reconstructed.
In the case of inconsistencies in the emission sinogram, it
is not known whether the emission measurements could be
split into multiple consistent emission measurements or if it is
possible to retrieve information about the motion by analyzing
the emission measurements.

II. METHODS

In order to have a better understanding of the effect of
motion in the joint estimation problem, we analyze three types
of motion, i.e. 1- motion in the activity image, 2- motion in
the attenuation image and 3- simultaneous motion in both
the activity and attenuation images. Although the first two
types of motion may not be as common as the third type
(type 2 motion in particular seems rather unrealistic), the
analysis gives additional insight into the problem of motion
in joint image reconstruction. We will simulate the motion in
successive frames, make projections of each frame and sum
over all projections. We then attempt to reconstruct the motion
affected measurements and compare the results with the total
activity (summed over all frames) and average attenuation
(average over all frames).

We model the TOF-PET expected counts ȳit = aipit for
line of response (LOR) i and TOF-bin t as the multiplication
of the (unattenuated) TOF projections of the activity image
pit and the attenuation factors ai which are computed as

pit =
J∑

j=1

cijtλj , ai = e−
PJ

j=1 lijμj (1)

where λj and μj are the activity and attenuation coefficient at
voxel j, J is the total number of voxels, cijt is the sensitivity
of the measurement bin at (i, t) for activity in j in absence
of attenuation and lij is the intersection length of LOR i with
voxel j.

A. Activity Motion

The measurements due to this type of motion can be
expressed as,

ȳit =
F∑

f=1

ȳf
it = ai

F∑
f=1

pf
it (2)
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where the superscript f determines the time frame and F is
the total number of time frames.

In this type of motion, the attenuation image remains
stationary over all time frames Thus reconstructing the mea-
surements ȳit, we expect to obtain the stationary attenuation
image together with the total activity image.

B. Attenuation Motion

The measurements due to this type of motion can be
expressed as,

ȳit =
F∑

f=1

ȳf
it = Fpit

F∑
f=1

af
i

F
(3)

In this type of motion, the activity is stationary. Recon-
structing the measurements ȳit, we expect to obtain F times
the stationary activity image together with some “equivalent”
attenuation image. Some attenuation correction methods use
the average of CT scans extrapolated to the required photon
energy of 511 keV. However, it can be seen from eq (3) that
the time averaging happens over the attenuation factors, and
not over the attenuation images [6].

C. Activity and Attenuation Motion

In this type of motion, since neither the activity image nor
the attenuation images are stationary, the measurements ȳit

can not be expressed in any simpler form. We define the
”residual error” (TOF) sinogram as the difference between the
measured data yit and the expected data ȳit corresponding
to the forward projection of the activity and attenuation
reconstructions. These residuals were very different from zero,
indicating that the measurements yit affected by this motion
are no longer consistent under a motion-free reconstruction
model.

III. EXPERIMENTAL DESIGN AND RESULTS

Just to keep things simple, we simulated the activity and
attenuation images in three different time frames (F=3), figure
1. A disk-like object was moved within the object to simulate
the three types of motions discussed. The disk-like object
was set to the background value to simulate the stationary
attenuation and activity phantoms in the first two types of
motion.

Fig. 1. Activity (top) and attenuation (bottom) images at three different
frames (left, center and right) used in the study.

For the simulations below, 2D TOF emission data were
generated and organized in 200 radial bins, 168 azimuthal
angles, 13 TOF-bins of 312 ps width and with an effective
TOF resolution of 580 ps. An oversampling of 3 (i.e. 3 rays

per LOR, 9 sub-pixels per image pixel) was used during the
simulation, to avoid an exact match between the simulation
and the (back)projection during reconstruction. The activity
and attenuation images were then reconstructed in a 200×200
pixel grid with a pixel size of 4.1×4.1 mm2. Activity and
attenuation reconstructed using MLAA are then compared to
activity reconstructions of MLEM with known attenuation and
to attenuation reconstructions of MLTR with known activity,
respectively. The MLAA reconstructions are after 3 iterations
of 28 subsets, cycling over the attenuation image 5 times for
each update of the emission image [10]. The reconstructions
of MLEM are after 3 iterations of 28 subsets and the recon-
structions of MLTR are after 15 iterations of 28 subsets.

A. Activity Motion - Type I

Since the attenuation image is stationary in this type of
motion, the exact attenuation image was projected and used
for attenuation correction of the reference MLEM emission
reconstruction. We also used the sum of all the activity images
as a blank scan to reconstruct the reference attenuation image
using the MLTR algorithm. Figure 2 shows horizontal profiles
through the center of the reconstructed activity and attenuation
images from MLTR, MLEM and MLAA.

Fig. 2. Horizontal activity (top) and attenuation (bottom) profiles through
the MLTR, MLEM and MLAA reconstructions affected by the type I motion.
The ML activity and attenuation profiles are compared to the total activity
and the average attenuation image of the different time frames, respectively.

The profiles reveal a close agreement between the MLAA
reconstructions and the ML reference images. As expected, it
can be seen that motion of the activity during the scan results
in smoothness (motion blur) of the reconstructed activity
image.

B. Attenuation Motion - Type II

In the type II motion, the activity image is stationary.
Hence, we use its projections (multiplied by F ) as a blank
scan to reconstruct the reference attenuation image using
MLTR. To simulate the approach where the resolution of the
attenuation and activity are matched, we use the projections of
the average attenuation image as the corresponding attenuation
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that needs to be accounted for during MLEM reconstructions
of the activity. Figure 3 shows similar profiles through MLTR,
MLEM and MLAA reconstructions of attenuation and activity.

Fig. 3. Horizontal activity (top) and attenuation (bottom) profiles through the
MLEM, MLTR and MLAA reconstructions affected by the type II motion.

It can be seen that given the total activity images over
multiple frames, MLTR produces an attenuation that is dif-
ferent from the average attenuation. Interestingly, we see that
MLAA has been able to produce an attenuation profile similar
to the one of MLTR. We will refer to this as an “equivalent”
attenuation image, which corresponds to the attenuation image
best describing the attenuation correction factors averaged over
the time frames as in eq (3) (as opposed to an average over the
attenuation images). The difference seen between the average
attenuation image and the equivalent attenuation image is due
to the nonlinearity of the exponential law of Beer-Lambert.

Figure 3 also shows that the activity profile that was pro-
duced using MLEM and the average attenuation image suffers
from artifactual increase of the tracer activity in the region
which has been affected by this type of motion. In contrast,
MLAA was able to produce activity and attenuation images
that are better consistent with the emission measurements.

C. Activity and Attenuation Motion - Type III

In this type of motion, neither the activity nor the attenuation
images are stationary. However, we will still use the projec-
tions of the total activity (which we optimistically would like
to recover) to reconstruct an attenuation image with MLTR and
use the average attenuation image, as before, to reconstruct the
activity image with MLEM. Figure 4 shows the two horizontal
profiles of the reconstructed activity and attenuation images
from MLTR, MLEM and MLAA.

The activity profiles of figure 4 show that neither MLAA
nor MLEM with knowledge of the average attenuation image
accurately estimate the total tracer distribution image. Further-
more, MLAA and MLTR with knowledge of the total activity
produced different horizontal attenuation profiles. We have
also tried reconstructing the total activity using MLEM with
the “equivalent” attenuation image, however the result differed

Fig. 4. Horizontal activity (top) and attenuation (bottom) profiles through the
MLEM, MLTR and MLAA reconstructions affected by the type III motion.

significantly from the true total activity and was also slightly
different from the MLAA activity (profile not shown here).

D. Inconsistencies Due to Motion

The residual error sinograms were calculated for the three
motion cases, and we observed signs of inconsistencies in
the case of the type III motion. Figure 5 shows (non-TOF)
sinograms of the mean and variance, computed by averaging
the residual error sinograms over the 13 TOF-bins.

Fig. 5. Mean (left) and variance (right) over the TOF-bins of the residual
error sinogram for the type I (top), type II (middle) and type III (bottom)
motions. The grey scale is identical for all images.

Figure 5 shows that when there is motion in the activity and
attenuation images (type III motion), the mean TOF-bin error
does not show significant signs of inconsistencies. However,
the variance image shows that in some LORs, there are fairly
large positive and negative errors, indicating that for this type
of motion the emission data are no longer consistent. We
believe that this is why MLAA has not been able to accurately
estimate the total activity image in the type III motion.
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Fig 5 also shows that the residuals are much larger near the
boundary of the sinogram. This is because these LORs have
a short intersection with the object, and therefore have few
counts, and provide only very limited information. This issue
is better described in [9].

E. Locality of the Motion-Affected Region

In the case of the type III motion, we analyzed the image
region that is affected. The same phantom of figure 1 was
used with the addition of extra details to the phantom. MLAA
activity and attenuation reconstructions after 10 iterations and
28 subsets were compared to the total activity and average
attenuation, respectively.

Figure 6 shows the reference images, the MLAA recon-
structions and the absolute value of the differences between
both. The difference images were multiplied with 10 and
displayed with the same intensity window as the corresponding
reconstructions.

Fig. 6. Reference (top), reconstructed (middle) and ten times the error
(bottom) between the activity (left) and attenuation (right) images affected
by type III motion. The three images in each column are displayed with the
same intensity window.

Figure 6 shows that motion affected the reconstructions
locally, while the regions not affected by motion were recon-
structed with a good quantitative accuracy.

IV. DISCUSSION AND CONCLUSION

TOF-PET data determine the attenuation sinogram up to a
constant [9], and joint estimation of attenuation and activity
with a maximum likelihood algorithm was found to be suc-
cessful and surprisingly stable [10]. In clinical PET/CT imag-
ing, often attenuation correction artifacts are observed, which
are due to a geometric mismatch between CT and PET. This
mismatch can be caused by patient motion between the CT
and PET scans and by motion during the PET scan. The joint
estimation of attenuation and emission from the same scan data
obviously eliminates between-scan motion. Joint estimation
is also assumed to provide an ”optimal” reconstruction in
the case of in-scan motion, where ”optimal” means that the
solution maximizes the likelihood. However, it was not clear
to what extent this ”optimal” activity reconstruction would
correspond to the best image that one can hope to obtain from

a single ungated scan with motion, which is a motion blurred
version of the true activity image.

In this work, we classify motion in the measurements into
three types of motion, activity motion, attenuation motion
and simultaneous activity and attenuation motion. In the first
two types of motion, it was observed that MLAA was able
to reconstruct a pair of activity and attenuation images that
agreed (almost) exactly with the emission data. The MLAA
activity and attenuation images are quantitatively close to
MLEM reconstructions of activity with known attenuation and
MLTR reconstructions of attenuation with known activity. In
the case of type II motion, it was also shown that using the
projections of the average attenuation images can result in
motion errors in the reconstructed activity image.

In the case of type III motion, the MLAA activity and at-
tenuation profiles were significantly different from the activity
reconstruction of MLEM and the attenuation reconstruction of
MLTR in the motion affected regions of the reconstructions.
Apparently, in this case the emission data are no longer
consistent and MLAA has been able to reconstruct only the
consistent parts of the emission data. The inconsistency of
the data affected by the type III motion is suggested by large
values in the TOF residuals sinogram. In our simulations, it
appears that LORs which intersect the moving object the most,
happen to be the ones that see a high variance in the residual
error sinogram. Further investigation is required to check
whether or not is it possible to split an inconsistent sinogram
into multiple consistent ones or to retrieve information about
the motion by analyzing the inconsistencies in the residual
errors.
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Abstract—It is well established that when reconstructing an
image volume from a single circular CT scan (or a portion
thereof), cone-beam artifacts result. We describe three categories
of cone-beam artifacts. When less than a full scan of data is
available (as is typically the case in, e.g., cardiac CT or C-
arm volume imaging) and a traditional short-scan FBP-type
algorithm is employed, the artifacts from data mishandling
usually dominate over the bulk of the reconstructed volume.
We present an approach that is fairly straight-forward and
provides very good results even in the presence of object motion.
The presented approach (which we call the “Butterfly” method)
involves reconstructing two initial volumes, each of which applies
a higher view weight to the data at a different end of the short-
scan. Although the two reconstructions have severe streaking
artifacts, the direction of these artifacts is different between
the two. A simple Fourier transform based blending of these
two initial image volumes produces a final image volume with
substantially reduced artifacts. Results are shown for simulated
axial data (with a cone angle of 14.6 degrees) of the XCAT
phantom.

I. INTRODUCTION

Short-scan image reconstruction is an important problem

since it is often not possible—or not desirable—to acquire a

full 360 degrees of data in axial tomography. For example,

C-arm systems often cannot complete a full-scan rotation due

to mechanical limitations. Also, in some cases, it is useful

to limit the data acquisition time as much as possible to

reduce motion artifacts (e.g., for cardiac CT). Unfortunately,

traditional short-scan reconstruction algorithms can produce

images with an unacceptable level of cone-beam artifacts when

the cone-angle is large enough to cover an entire organ in

a single scan. The purpose of this paper is to describe an

algorithm that produces images from such an acquisition that

are dramatically better than those produced by a traditional

short-scan FBP-type algorithm. The algorithm achieves this

goal without significantly affecting noise or resolution and

without altering the influence of object motion on the images.

We begin by reviewing three challenges associated with

wide cone-angle axial reconstruction. First, even when ac-

quiring a full 360 degree scan, it is well-known that there is

missing frequency data due to fact that the axial trajectory does

not satisfy Tuy’s condition [1] for a 3D volume. Specifically,

there are planes that intersect our 3D volume that do not

intersect the source trajectory. This is true even when the

detector is large enough to cover the entire object from every

view. The result is that the reconstructed object ends up being

Fig. 1. Illustration of the three challenges in axial cone-beam reconstruction:
i) missing data, ii) z-truncation, iii) mishandled data.

similar to what one would get by applying a shift variant

filter to the original image. The filter has a cone of missing

frequencies in Fourier space, where the size/shape/orientation

of this cone changes depending on where you look in the

imaging volume [2]. Within the clinically relevant range of

cone/fan angles, the percentage of the frequency data that is

missing grows roughly in a quadratic manner with distance

from the scan plane, and does not reach 1 percent of the total

Fourier data for any points in the volume until the cone angle

exceeds 14 degrees. The method described herein does not

address this first problem.

A second problem (that of z-truncation) arises when one

attempts to reconstruct voxels that project outside the detector

for some views, or when one uses a reconstruction method that

requires filtering that extends to rays that are unmeasured due

to the limits of the detector size. In this paper, we will focus

primarily on the portion of the volume that always projects

on the detector, and we will use 1D filtering in the projection

domain that is oriented only along the rows of the detector. As

such, we do not need see a need to face this problem directly

in this work.

A third problem in axial cone-beam tomography is the

handling of redundantly measured data. Traditionally, this

is done through a view-weighting that is adopted from 2D

algorithms, which can lead to significant mishandling of the

data. For example, in an effort to reduce the time window

associated with the data that contributes to the reconstruction
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of each voxel, a binary (or nearly binary) view weighting

function can be used. This is done by selecting for each voxel

a segment of the axial scan that is centered on the motion

phase of interest and is just large enough to produce rays

through the voxel whose orientations span a full 180 degrees

in xy. For example, segments AC or BD each provide 180
degrees of data for a point in the center of figure 3. In this

case, there is a wedge of frequencies (containing as a subset

the missing cone spoken of above) that is either unaccounted

for or (equally problematic) over-weighted by a factor of

two in the reconstruction . The percentage of the frequency

data affected by this problem is larger than that affected by

problem 1, and grows roughly linearly with distance from the

scan plane (for clinically relevant distances). The percentage

reaches 1 percent for a coverage of about two degrees, and

reaches nearly 9 percent at the edge of a 14 degree cone

angle system. Often, reconstructions make use of more than

180 degrees of parallel data and use a smoother (less binary)

view weighting function to handle the redundancy. The view-

weighting function is subject to a normalization condition that

forces rays that are conjugate to one another in xy to have

weights that sum to one. As indicated in [4], such an approach

produces an image that is approximately a linear combination

of a series of reconstructions (each using a slightly shifted

180 degrees subset of parallel data for any given voxel). This

angular smoothing does not eliminate the artifacts associated

with the mishandled data, but does disperse (blur) them over

a larger area such that they are somewhat less problematic.

We now turn our attention to how this third problem (data

mishandling) has been addressed in the past. One approach is

to patch in the low frequencies from a full-scan by taking

a difference between the short- and full-scan images and

smoothing it before adding it back to the short-scan image

[3]. This helps some, but leaves high-frequency artifacts uncor-

rected and reduces the temporal resolution of low-frequencies.

An approach to handle all available data correctly is to use

three families of tilted filtering lines as described in [5]. This

approach is quite effective and even works fairly well in the

presence of data truncation in spite of the fact that the filtering

lines often extend off the edges of the detector in the z-

direction. Apart from the computational challenges, however,

this approach may also introduce streaky motion artifacts

due to the discontinuous behavior of the effective frequency

weighting. Another approach for dealing with this redundancy

that has a similar set of advantages and disadvantages is given

in [6]. Yet another approach [4] was designed to approximately

cancel out the mishandling errors described above without

affecting the noise or temporal behavior, but its effectiveness

degrades for frequencies that are close to the cone of missing

frequencies. Finally, there is an approach described in [7]

that introduces the concept of combining multiple suboptimal

reconstructions in a strategic way so as to leverage the good

properties of each.

II. METHOD

We consider now a new approach (which we call the

“Butterfly” method) that draws from several ideas introduced

in the approaches mentioned above. The main new idea is

to deal with data redundancy in the 2D Fourier space of the

reconstructed images rather than by attempting to solve the

redundancy through either view weighting, filtering in the pro-

jection domain, or object dependent image blending. We first

produce two image volumes that are complementary to each

other in the 2D Fourier space and then blend them together

with filters. The Butterfly algorithm operates as follows for a

cylindrical detector:

1) Data are rebinned to cone-parallel geometry and each

row is weighted by the cosine of the cone angle.

2) A first view-weighting function is applied to the data.

3) The data set is filtered with a ramp filter.

4) Backprojection is performed to produce a first volume.

5) Steps 2-4 are repeated with a second view weighting

function to produce a second volume.

6) For each slice of the volume, the final image (F )

is produced from the two initial images (I1 and I2)

by blending in 2D Fourier space as follows: F =
IFFT2d [WFFT2d(I1) + (1−W )FFT2d(I2)], where W
is a (smooth) weighting function.

Note that rebinning each detector row is done independently

of other rows. Also note that the view-weighting step and the

ramp filtering step are often seen in the opposite order as

what we show here. Doing the view-weighting first limits the

number of views that are needed for reconstruction. At the

same time, the validity of the algorithm is unaffected (in both

cases, the algorithm is “exact” in the central plane) since we

are in parallel beam geometry.1

The key motivation for this approach can be appreciated

by analyzing the frequency content of each of the two recon-

structions. We start by noting that the ramp filter is applied

in a direction that is tangent to the x-ray source path. This

means that we can simply count the number of intersections

between a Radon plane and the portion of the source path that

is used to reconstruct a particular voxel in order to determine

the effective weighting of the associated Fourier data. This is

in contrast to methods like [5] and [6] which use Hilbert filters

that operate in a different direction from the derivative in order

to give some frequency contributions a negative weight. We

can then make a map of this weight on a sphere in Frequency

space since the weight depends only on direction.

We can build the frequency weighting map by considering

a disk rotating in space. Each view contributes frequency

1The justification for this can be found by analyzing the influence of a
delta function in the image domain at one point (P1) in the scan plane on the
reconstructed density at another point in the scan plane (P2). This contribution
can be further broken down into the contribution from each angle, where
conjugate views are considered together. It can be shown that the sum of the
two conjugate contributions are identical even if the individual contributions
are not always identical. In one case, the weighting is based on the view
weighting that P1 sees, whereas in the other the weighting is based on the
view weighting that P2 sees and both view weighting functions meet the same
normalization condition.
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Fig. 2. Illustration of how Fourier space is swept out by a disk orthogonal
to the ray direction for a source arc of length 180 degrees. Proceeding left-
to-right, we have a perspective view of the coverage; the “corrupted” data
wedge; and a view from the +z frequency direction.

Fig. 3. The two initial reconstructions are reconstructed from source arcs AC
and BD (each of which provides 180 degrees of data from the perspective
of the voxel). Combining the best sections of frequency data in these two
reconstructions nearly eliminates the mishandled frequencies.

information on a disk that is orthogonal to the ray direction.

As described in [4], for a voxel of interest in the scan plane,

this disk contains the axis about which it rotates (like a coin

spinning very fast on a table). For a voxel of interest away

from the scan plane, the disk is tilted such that it no longer

contains the z-frequency axis. As it spins, it wobbles like a

coin that is spinning slowly on a table. When all views that

cover a 180 degree range from the perspective of the voxel

are considered, this disk rotates and covers most of a sphere

as shown in figure 2. There are some points within the sphere

that are hit by the disk twice (notice the region where there

is overlap between the disks), and some that are never hit

by the disk (in the figure you can see a black sphere inside

the red shell at these locations). Together, these points form a

(double) wedge in frequency space of “corrupted” data (this

wedge is shown in blue in the central panel of figure 2). We

call this data corrupted, since it is accounted for either 0 or

2 times, while the remainder of the frequencies are weighted

uniformly by 1. If all frequencies were weighted uniformly,

we could have an “exact” reconstruction.

The wedge of “corrupted” Fourier data produces streaky

cone beam artifacts that are oriented more or less along the

direction connecting the endpoints of the segment of the source

trajectory used in the reconstruction. As long as this direction

is significantly different for the two reconstructions, the two

wedges will have a small overlap in the frequency domain.

We can use the amount of overlap between any given vertical

plane in 3D Fourier space (which corresponds to a line in

2D Fourier space) and the wedge of mishandled frequencies

Fig. 4. XCAT phantom reconstructions (WW = 400 HU). top: two initial
images of slice at 75 percent of maximum cone angle, bottom left: traditional
Parker-FDK reconstruction , bottom right: Fourier combined (final) Butterfly
reconstruction .

Fig. 5. Example weighting functions (W ) that can be used in the 2D Fourier
domain (white is 1, black is 0).

for the two different reconstructions as a way to select which

reconstruction has less corruption for that particular frequency

plane. This allows us to select the good regions from each

reconstruction by means of a simple 2D filter.

An illustration of the effect of this process in the frequency

domain is given in figure 3. One can appreciate that the

corrupted wedge is mostly contained within quadrants 1 and

3 for the first initial reconstruction and is mostly contained

within quadrants 2 and 4 in the second initial reconstruction.

The result of the Fourier blending operation shows very little

corrupted data.

It turns out that in practice, it is best to use a weighting

function (W ) that changes more gradually in the angular

direction than the one used for illustrative purposes above. This

helps to mitigate streaks caused by object motion. In figure 5,

we show two sample weighting functions, one which changes

abruptly in the angular direction and one that exhibits angular

smoothing in order to mitigate artifacts from inconsistencies

between conjugate ray measurements arising due to motion,

scatter, etc.

We now discuss the view-weighting functions used for

the two initial reconstructions. Since these view-weighting

functions are 2D (independent of row), they can be created

by considering only rays in the central plane. Note that for a

partial scan, there are three types of such rays: i) those that

have conjugates within the scan at a later view, ii) those that

do not have conjugates, and iii) those that have conjugates
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Fig. 6. XCAT reconstructions (WW = 400 HU) top: slice at 44 percent
of max cone angle; mid: y = 18mm; bottom: x = 18mm; left: Traditional
short-scan FDK; right: Butterfly method.

within the scan at an earlier view. The three arcs (AB, BC,

and CD) in figure 3 have rays that correspond respectively

to these three types for a voxel located on the rotation axis

(assuming a clockwise source rotation). The goal in selecting

these view weighting functions is to make the orientation of

artifacts in the two image volumes as different as possible,

so as to minimize the amount of overlap between the two

“corrupted” data regions (see, e.g., the artifacts in the top

two panels of figure 4). If exactly a short-scan of views is

available, one of the two view weighting functions will have

values of one for rays of type (i) and (ii) and will have values

of zero for type (iii) rays. The other function will be one

for rays of types (ii) and (iii) and zero for type (i) rays.

This will ensure that the first reconstruction volume always

uses the data that is as early as possible in the scan, while

the other reconstruction always uses data that is as late in

the scan as possible. If, however, the acquired data is much

larger than the minimum scan range required for recon (e.g.,

we have nearly a full scan), this approach fails to provide

maximum separation between the orientation of the artifacts.

One solution is to limit the angular range for each voxel to

270 degrees of parallel data. In the case where the acquired

data range is at least 270 degrees plus the full fan angle,

this produces a very simple view weighting function in the

parallel sinogram domain that depends only on angle: of the

270 degrees of parallel data, the first 180 degrees produces

one reconstruction, while the last 180 degrees produces the

other reconstruction. To minimize backprojection effort, the

three 90 degree chunks can be backprojected separately and

then combined with the central volume being taken as is and

the other two filtered by W and 1−W .

III. SIMULATIONS/RESULTS

In figures 4 and 6, we show results that illustrate the artifact

reduction provided by the Butterfly method. Data for the

XCAT phantom [8] was simulated with CatSim [9] in the

cardiac region. The number of views and columns simulated

was 984 and 888 respectively. The detector had a cone angle

of 14.6 degrees. Oversampling of the detector, source, and

view were performed. Reconstructions were performed with

both a traditional FDK-type algorithm with Parker-like view

weighting and the method proposed here.

IV. DISCUSSION/CONCLUSIONS

It should be noted that the orientation of the “corrupted”

wedge of frequency data will be somewhat shift-variant in the

case where the view range of data is insufficient to produce

270 degrees of rebinned data. One could conceivably use shift-

variant image filtering in response, but we have found that

this complexity is usually not necessary in practice since the

amount of corrupted data in the final recon is not very sensitive

to small changes in the image filter direction.

We wish to point out that the Butterfly approach can also be

used in the native geometry. In the cone-parallel geometry, the

ramp filter is applied across the rebinned rows, so the direction

of the filter is effectively always parallel to the vertex path

tangent. Note that a slight approximation is made here which

arises from the fact that our filtering effectively takes place on

a curved surface rather than a plane, but this is not significant.

In the native geometry, this approximation is not necessary.

In this case, steps 1–4 are replaced by: 1) filtering, 2) view-

weighting (and cosine-cone-weighting), 3) backprojection with

a distance dependent weight.

The Butterfly method can produce high quality images from

wide cone partial scan data. This capability is critical to the

clinical success of a commercial wide-cone CT scanner. The

Butterfly method performs very well at correctly handling the

acquired frequencies. Although there are still some artifacts

due to missing data (as seen in the reformatted slices), the

images are far superior to those produced by a traditional

short-scan algorithm. Remaining artifacts can be addressed by

other means.
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Fast Computation of Projections
from Triangulated Surfaces

Stefan Sawall, Matthias Baer, Marcus Brehm, Michael Knaup, and Marc Kachelrieß

Abstract—The forward projection is an operation widely used
in computed tomgraphy, e.g. in iterative reconstruction methods
or the correction of prominent artifacts. In most cases voxels are
used as basis functions within these algorithms. The construction
of complex antropomorphic phantoms using voxels, however, is
very time consuming. In most cases simpler shapes like ellipsoids
are combined to construct complex objects. An alternative way to
represent objects has been used in computer graphics for the past
two decades: triangles. Especially computer aided design (CAD)
software provides objects with nearly arbitrary complexity that
might be used as phantoms or for artifact correction methods.
However, the forward projection of such a triangulated object
requires the calculation of all intersection points of a desired ray
with all triangles of the object. As several billion rays have to
be computed to obtain a complete CT dataset this method is
only feasible for small objects. The authors therefore propose a
fast method for the calculation of intersection lengths of highly
complex objects containing millions of triangles. This method
employs a spatial subdivision scheme to speed up the necessary
computations. The results indicate that CT projection images of
highly complex objects can be generated within seconds. This for
example allows for the incorporation of known, triangulated ob-
jects in novel CT reconstruction and artifact correction methods.

Index Terms—Computed Tomography, Forward Projection,
Artifact Correction

I. INTRODUCTION

THE forward projection is a common operation in com-
puted tomography (CT). Applications include reconstruc-

tion algorithms [1, 2, 3], artifact correction methods [4] or
calibration procedures [5]. Hence, several algorithms have
been proposed in the literature to address this topic, e.g.
Joseph’s method [6] or Blobs [7]. All of these algorithms
compute projection images based on objects represented by
certain basis functions like voxels and Kaiser–Bessel func-
tions, respectively. Altough computationally highly efficient,
the creation of complex, antropomorphic phantoms using these
object representations is a difficult and time consuming task
as these phantoms are often constructed using only basic
shapes, e.g. ellipsoids and cylinders, and constructive solid
geometry (CSG) operations [8]. An alternate way of defining
such phantoms is provided by computer aided design (CAD)
software that allows to model arbitrary objects represented by
spline surfaces. These surfaces can be sampled with almost
arbitrary precision resulting in a point cloud which can be
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triangulated using e.g. the marching cubes algorithm [9] or
Delauney triangulation [10]. Such an object represented by
triangles can be used to calculate projection images required
for image reconstruction or artifact correction. Prominent
applications of this approach other than phantom simulations
include the reconstruction of objects with known components
[11] or scatter correction methods in dimensional CT [12]
where CAD models of the objects are provided.

The authors herein propose a method for the fast forward
projection of triangulated surfaces to minimize the time re-
quired for the computation of CT projection images of highly
complex objects. This problem corresponds to the computation
of the intersection points of a ray originating at the x–ray
source heading towards a detector pixel with all triangles of
the object. To speed up this process we propose to use a spatial
subdivision structure to reduce the number of triangles that
have to be considered per ray. This allows for the computation
of projection images of highly complex objects containing
millions of triangles within only a few seconds.

II. MATERIALS AND METHODS

A. Overview

The computation of CT projection images from triangulated
surfaces can be divided into the following three steps:

• Generation of the triangulated surfaces
• Computation of intersection lengths for all rays with these

surfaces
• Weighting of intersection lengths with attenuation coef-

ficients to obtain projection images

We herein assume that the triangulated surfaces are provided
and will not further consider their generation. Additional
details can for example be found in reference [13]. We further
assume that the provided objects are watertight, i.e. that the
triangles associated to these objects provide closed surfaces
without any gaps.

The calculation of intersection lengths of a ray originating
at a source position heading towards a certain position on
the detector with an object requires the computation of the
intersection points between the ray and the triangles of this
object. Note that the source is not necessarily an x–ray tube.
Rays are also allowed to start within objects enabling the
simulation of positron emission tomography (PET) or single
photon emission computed tomography (SPECT) systems. The
fact that a densely sampled object may contain several million
triangles prohibits the calculation of the intersection points of
all triangles with every simulated ray. A typical CT dataset
requires the simulation of several billion rays and is therefore
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computationally highly demanding. To overcome this issue
we propose to use a spatial subdivision structure to speed up
these computations. In particular, we use an octree described in
section II-B to reduce the number of ray–triangle intersection
tests that have to be performed per ray. The result of the
remaining intersection tests is a sorted list of intersection
points with respect to the source position for a given ray with
an object. The used computations (see section II-C for details)
further allow to determine if the ray enters or leaves the object.
Thus, the intersection lengths can be computed by summing
the lengths between the intersection points corresponding to an
entrance into the object and the adjacent points corresponding
to an exit.

A subsequent step allows for a weighting of the obtained
intersection lengths with attenuation coefficients of the desired
materials to obtain monochromatic projection images or the
usage of the intersection lengths in a polychromatic model to
include, e.g., beam hardening effects [14].

B. Spatial Subdivision

As it is not computationally reasonable to calculate the inter-
section points of all triangles with all simulated rays, a spatial
subdivision structure is used to speed up these computations.
In particular an octree is used in the following. An octree in
three-dimensional space is a tree structure with each node in
general containing eight child nodes. If we consider the root
node to be the bounding box of our triangulated objects these
child nodes correspond to equally sized spatial subdivisions,
i.e. rectangular boxes, of this bounding box. These nodes
will be referred to as internal nodes in the following. This
subdivision process continues by subdividing each child node
in eight boxes again. If the space enclosed by such a subbox
does not contain any triangles, it will no further be used to
spawn new child nodes. I.e. its parent node rejects this child
node and thus the number of childs is reduced by one. As soon
as certain termination criteria are met the process stops. The
subdivision in our case stops as soon as no new subboxes can
be generated that contain at least 16 triangles. The triangles
contained in a subbox are stored in a so–called external child
node. Note that several highly performant algorithms for the
creation of this data structure exist [15].

Fig. 1. Left: The bounding boxes in subdivision level 1 (green) and
subdivision level 2 (black) to sort the red triangles into an octree. Right:
The created octree and the considered nodes (green) for the ray shown left.

If the intersections of a ray with an object shall be computed
the octree is traversed. I.e., it is ensured that the ray intersects
with the bounding box of the root node. If this is not the
case the procedure is terminated. If the ray intersects the root
node all internal child nodes are recursively checked for an
intersection. If any of these nodes contains an external child
node the intersection points with the triangles enclosed therein
are computed. Using this spatial subdivision scheme ensures
that the number of triangles that have to considered per ray is
highly reduced and thus performance is increased.

This approach is illustrated in figure 1 for a two–
dimensional problem. The left part of figure 1 schematically
shows the created subboxes corresponding to some triangles
marked in red. As we only consider a two–dimensional
problem for illustration purposes the first subdivision of the
bounding box creates four subboxes denoted with ABCD. The
next level of subdivisions partitions these boxes in Ai, Bi, Ci

and Di with 1 ≤ i ≤ 4. However, the branch of boxes Ai

is not included in the octree shown on the right hand side
of the figure, as box A does not contain any triangles. A ray
traversing this tree indicated in blue on the left thus only has
to consider the objects located in the boxes C2 and B2. This
is illustrated in green on the right hand side of the figure. All
other triangles are neglected as their corresponding nodes or
boxes, respectively, are never hit.

C. Ray–Triangle Intersection

The intersection of a ray with a triangle can be computed
using several methods, e.g. including Plücker and barycentric
coordinates [16]. We use a variant of the method proposed
in reference [17]. This method briefly works as follows. We
assume a triangle defined by its three vertices v0,v1,v2 ∈ R

3.
First of all a test is performed that ensures that a desired
ray r = s + λt with s ∈ R

3 being the source position
and heading in direction of t ∈ R

3 intersects with the plane
spanned by the vertices of the triangle. If this tests fails
the current intersection routine is aborted and the algorithm
proceeds with the next triangle. If the ray hits the plane several
tests are performed to ensure that the intersection point is
within the boundaries of the triangle. As a result the parameter
λ ∈ R is obtained as well as an information whether the ray
leaves or enters the object. The latter can easily be determined
using the normal vector of the triangle. These information
are sorted with respect to λ and are used in a subsequent
step to compute intersection lengths by summing the distances
between consecutive entry– and exit–points.

D. Test Configuration

To illustrate the capabilities of the proposed method two
test objects have been designed. Both objects are procedurally
generated and allow to dynamically increase the number of
triangles. Object one is a sphere with a diameter of 35 mm
located in the center of rotation. Each point on the surface of
the sphere was perturbed in radial direction using a uniform
distribution with a maximum deviation of 1 mm to simulate
surface roughness. Object two consists of a 3× 3× 3 grid of
equidistantly spaced spheres, each with a diameter of 15 mm,
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TABLE I: Total runtime of the algorithm in seconds using the test cases described in section II-D. Runtimes only include the
forward projection itself. Time to load the data and to create the octree is not included.

Test object 1 Test object 2

Cores
Triangles

2500 1 · 104 5 · 104 5 · 105 1 · 106 25 · 106 2500 1 · 104 5 · 104 5 · 105 1 · 106 25 · 106

1 246 s 309 s 355 s 529 s 610 s 3474 s 500 s 790 s 1040 s 1481 s 1610 s 3088 s
4 63 s 80 s 91 s 136 s 158 s 910 s 125 s 205 s 265 s 375 s 412 s 776 s
8 32 s 41 s 47 s 70 s 82 s 468 s 65 s 103 s 135 s 194 s 212 s 426 s
12 22 s 28 s 32 s 47 s 55 s 315 s 44 s 70 s 91 s 131 s 143 s 285 s

TABLE II: TCMR values in seconds for all test cases.

Test object 1 Test object 2

Cores
Triangles

2500 104 5 · 104 5 · 105 1 · 106 25 · 106 2500 104 5 · 104 5 · 105 1 · 106 25 · 106

1 0.34 s 0.43 s 0.49 s 0.73 s 0.85 s 4.83 s 0.69 s 1.10 s 1.44 s 2.06 s 2.24 s 4.29 s
4 0.35 s 0.44 s 0.51 s 0.76 s 0.88 s 5.06 s 0.69 s 1.14 s 1.47 s 2.08 s 2.29 s 4.31 s
8 0.36 s 0.46 s 0.52 s 0.78 s 0.91 s 5.20 s 0.72 s 1.14 s 1.50 s 2.16 s 2.36 s 4.73 s

12 0.37 s 0.47 s 0.53 s 0.78 s 0.92 s 5.25 s 0.73 s 1.17 s 1.52 s 2.18 s 2.38 s 4.75 s

to illustrate the performance in the presence of multiple
objects. The number of triangles per test object was varied
between 2500 and 25 · 106.

The simulated geometry provides a source–isocenter–
distance of 572 mm and a isocenter–detector–distance of
375 mm. A flat detector with a matrix dimension of 1000 ×
1000 pixels, each of size 388μm, is used. A dataset consists of
720 projections equidistantly spaced in angular direction over
360◦. Thus, a complete dataset requires the intersection of
720× 10002 rays with the test objects. I.e. in case of 25 · 106

triangles per test object this results in about 1.8 · 1015 ray–
triangle intersection tests for a simulated dataset.

To objectively quantify the performance of the method the
time required per 220 simulated rays and CPU cores (TCMR)
for a given number of triangles per object is evaluated as

TCMR =
t ·NC

MR
. (1)

Therein MR is the number of simulated rays divided by
220 to obtain megarays. This is a constant of 720 in all
tests due to the number of projections and their size used.
The number of used CPU cores is denoted as NC and the
time required to complete a certain test, i.e. to create 720
projection images each of size 1000× 1000, is denoted with
t measured in seconds. This measure allows to quantify the
dependency of the algorithm on the number of triangles per
object and possible memory bootlenecks in the case of a
parallel processing. I.e., if the algorithm is not limited by
memory bandwidth TCMR is independent of the number of
used CPU cores for a given number of triangles.

All tests are conducted using single precision floating–point
arithmetic in a CPU implementation of the proposed method.
The system running the tests provides two Intel R© Xeon
X5690 hexacore processor, i.e. 12 physical processor cores
with 3.46GHz each, and 96GB of RAM. Hyperthreading was
disabled during all tests.

III. RESULTS

Figure 2 shows intersection lengths created by the proposed
method for the two test cases. These data were used to

reconstruct images assuming monochromatic radiation and
objects made of water. An evaluation of the CT values inside
the spheres resulted in a mean CT–value of 0HU with a
standard deviation of about 0.3HU.

Table I shows the runtime in seconds of the proposed
method for both test cases, different triangle counts per test
case and different numbers of CPU cores used to parallelize
the computations. Note that the creation of the octree is not
included in these measurements. In the worst case of 25 · 106

triangles per test case a complete dataset can be obtained
in less than 3500 seconds in all cases. Note that typical
datasets only contain one to two million triangles, resulting
in a complete dataset within less than a minute. Altough both
test cases provide the same triangle counts the total runtime
differs significantly. E.g. using a single processor and 5 · 105

triangles results in a temporal demand of 529 s for test case 1
and 1481 s for test case 2. This is caused by the fact that
the octree contains many more nodes if multiple, spatially
disjunct objects are used and thus the time for tree traversal
is increased. In general the proposed, CPU–based method is
faster than other methods recently proposed in the literature.
Reference [18] for example reports the temporal demand for
the forward projection of 4.6 · 105 triangles onto a detector
of size 640× 480 using a GPU–based method as 173 ms per
projection. If we assume that this method scales linear with the
number of simulated rays and the number of triangles, the time
to compute a projection of size 10002 from 5 · 105 triangles
would roughly be 612 ms. This is more than three times slower
than the corresponding value of 188 ms per projection (136 s
for a complete dataset) reported in table I using only four
CPU–cores.

The TCMR values obtained from the benchmarks are shown
in table II. The fact that these values for a given test object
and a given number of triangles do not significantly vary with
the number of used CPU cores indicates that the proposed
methods is not bandwidth–limited and scales linear with the
number of processors used.

IV. CONCLUSION AND DISCUSSION

The authors proposed a method for the computation of
intersection lengths from triangulated surfaces. The algorithm
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Fig. 2. Intersection lengths computed for test case 1 (left) and test case 2
(right).

employs a spatial subdivision scheme to speed up the nec-
essary calculations. It was possible to demonstrate that inter-
section lengths of objects containing several million triangles
can be calculated in a few seconds using modern CPUs. The
proposed algorithm scales linear with the number of used pro-
cessor cores and thus provides highest performance on server
platforms, e.g. for the computation of projections from semi–
antropomorphic phantoms [19]. This enables the usage of
highly complex, triangulated objects for the simulation, image
reconstruction and artifact correction in computed tomography
and other imaging modalities.
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Angular Rebinning for Geometry Independent
SPECT Reconstruction

Alexandre Bousse, Kjell Erlandsson, Stefano Pedemonte, Sébastien Ourselin, Simon Arridge,
Brian F. Hutton

Abstract—This work proposes a novel approach to
model the collimator response in SPECT. The ap-
proach consists of projecting the activity volume on a
high number of virtual projection planes that are then
averaged with an angular point spread function. It was
motivated by the new possibilities offered by GPU for
3-D projection/backprojection. This approach also al-
lows to model a wide range of SPECT imaging systems.
Results show that reconstruction using our resolution
modelling method is consistent with standard blurring.
As an example, we show how to implement a convergent
collimator response.

Index Terms—SPECT reconstruction, resolution
modelling, Hermitian adjoint

I. Introduction

Single photon emission computed tomography (SPECT)
imaging is a routine clinical procedure in nuclear medicine.
Accurate image reconstruction requires a precise knowl-
edge of the system matrix i.e. the probabilities that a
photon emitted from a given position is detected at a
given bin. This knowledge depends on several factors,
such as the attenuation map [1], [2], the gamma camera
geometry and septal penetration [3]. When the system
matrix is known, the activity distribution image can be
reconstructed by maximising the log-likelihood [4], [5] or
penalised log-likelihood [6], [7]. In parallel hole SPECT,
it is possible to efficiently project (resp. backproject) the
activity distribution (resp. the sinogram) by convolving
the activity volume slice by slice by a distant-dependent
point spread function (PSF) [2]. This approach usually
requires the assumption that the attenuation map within
the cone of detection corresponds to the attenuation along
the central line.
For other imaging system geometries (convergent

SPECT, multi-pinhole, etc.), the above approach is not
always feasible and projecting/backprojecting requires the
computation of the system matrix. This can be achieved
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by measuring point source responses [8], [9] or Monte-
Carlo simulation [10]–[12]. Obviously, in addition to being
unable to incorporate the patient-dependent attenuation
map, these approaches are normally too time consuming
to be performed on-line.
In this work we propose a 2 step projector that can

model a wide range of SPECT imaging systems. The idea
was suggested in [13]. The first step consists of projecting
the activity distribution on a large number of “virtual” az-
imuthal and polar angles. This step is performed efficiently
using the GPU-accelerated Matlab toolbox NiftyRec [14].
The second step, presented in section II, is a data re-
binning operation that takes the form of an angular convo-
lution. Its adjoint operator can be computed so that exact
backprojection can be performed. The method does not
make use of the central line approximation with respect
to the attenuation. In section III two examples of angular
PSF are presented: parallel hole and fan-beam geometry.
Discussion and conclusion are given in section IV.

II. Theory

Let (o, −→x , −→y , −→z ) be an orthonormal coordinate system
in R

3 and Ω ⊂ R
3 be the field of view. Without loss

of generality we can assume Ω to be the unit ball. The
activity distribution can be seen as a function f(r) with
r ∈ Ω. The operator P that maps f into the set of its line
integrals is called the X-ray transform [15]. The choice of
its parametrisation varies across the literature. For this
work we define it as follows: let P(ϕ, ϑ) be the plane
tangent to the unit sphere ∂Ω at o(ϕ, ϑ), the point of
spherical coordinates (1, ϕ, ϑ) where ϕ ∈ [0, 2π[ is the
azimuthal angle and ϑ ∈ [−π/2, π/2[ is the polar angle.
Let (o(ϕ, ϑ), −→

i (ϕ, ϑ), −→
j (ϕ, ϑ)) be a coordinate system

on P(ϕ, ϑ) such that it coincides with (o, −→x , −→z ) when
ϕ = ϑ = 0. The X-ray transform of f on P(ϕ, ϑ) at
position (x, y) is given by the line integral

Pf(x, y, ϕ, ϑ) =
∫ +∞

−∞
f(pϕ,ϑ(x, y) + t

−→
d (ϕ, ϑ)) dt (1)

where −→
d (ϕ, ϑ) is the unitary vector normal to P(ϕ, ϑ)

(pointing to the exterior of Ω) and pϕ,ϑ(x, y) is
the point of coordinates (x, y) on P(ϕ, ϑ) in the
(o(ϕ, ϑ), −→

i (ϕ, ϑ), −→
j (ϕ, ϑ)) coordinates system. When de-

fined over a set of functions that are square-integrable,
P is a continuous operator (see [15], p. 17). In
SPECT imaging, the attenuation map μ(r) is incor-
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porated by multiplying f(pϕ,ϑ(x, y) + t
−→
d (ϕ, ϑ)) with

exp
(

− ∫ +∞
t

μ(pϕ,ϑ(x, y) + t′−→d (ϕ, ϑ)) dt′
)
in (1).

The idea developed here is to re-bin a complete line
integral dataset h(x, y, ϕ, ϑ) = Pf(x, y, ϕ, ϑ) to model
a wide range of imaging systems. Continuous re-binning
of h(x, y, ϕ, ϑ) takes the form of data re-blurring with
some weighting function. Assume we wish to model a
SPECT gamma camera that rotates around the −→z -axis
at a distance ρ to the origin and such that each projection
plane is contained in a [−1, 1]2 square: the re-binned
projection data are obtained by an operator A defined by

Ah(x, y, ϕ) =
∫ π/2

−π/2

∫ 2π

0
h(uϕ′(x), uϑ′(y), ϕ+ ϕ′, ϑ′)

× w(x, y, ϕ′, ϑ′)χ(x, y) dϕ′dϑ′ (2)
where uδ(t) = ρ sin δ + t cos δ, χ(x, y) is the characteristic
function of [−1, 1]2 and w is some weighting function. The
angular blurring A can be easily interpreted: at camera
position ϕ and detector bin location (x, y), A accounts
for photons travelling in a direction defined by (ϕ′, ϑ′)
with a contribution w(x, y, ϕ, ϑ). The two terms uϕ′(x)
and uϑ′(y) indicate where the corresponding photon tra-
jectories are located in the complete dataset h(x, y, ϕ, ϑ),
see figure 1. The geometry of the imaging system is
determined by the choice of w. For example, if w does not
depend on (x, y), A models a parallel hole collimator. The
theoretical observation operator with angular blurring-
based resolution modelling is H = AP.
In order to utilise A for iterative image reconstruction,

i.e. within an iterative algorithm [4]–[7], its Hermitian
adjoint (transpose) must be computed.
Proposition 1. Let A be as in (2) and denote T1 = [0, 2π]
and T2 = [0, 2π] × [−π/2, π/2]. Let X (resp. Y ) be the
subset of L2(R2 × T2) (resp. L2(R2 × T1)) composed of
functions compactly supported on [−1, 1]2 × T2 (resp. R2 ×
T1). Assume there exists a function K : Ω→ R

+ such that
for all (x, y) ∈ [−1, 1]2, w(x, y, ϕ, ϑ) ≤ K(ϕ, ϑ) and

sup
ϑ,ϕ

K2(ϕ, ϑ)
| cosϑ cosϕ| = C(w) < +∞.

Then A is a bounded operator with ‖A‖ ≤ π3/2√
2C(w)

and its adjoint operator A∗ : Y → X is given by

∀g ∈ Y, A∗g(x, y, ϕ, ϑ) =
∫ 2π

0
g(vϕ−ϕ′(x), vϑ(y), ϕ′)

× w(vϕ−ϕ′(x), vϑ(y), ϕ − ϕ′, ϑ)
| cos(ϕ − ϕ′) cosϑ| χ(x, y) dϕ′,

where vδ(t) = u−1
δ (t).

Proof. The adjoint is obtained by substituting (x, y)
for vϕ′(x) and vϑ′(y) when writing the adjoint equality∫ Ahg =

∫
hA∗g. The division by | cosϑ cosϕ| is a Jaco-

bian. The same trick is used to find an upper bound for
‖A‖. (Full proof available on demand).
The condition on w mean trajectories of the photons

should not be parallel to the gamma-camera, which is al-
ways true. In practice the X-ray transform P is discretised

Fig. 1. Illustration of the angular re-binding: uϕ′ (x) is the virtual
camera detection location of a photon hiting the true camera at
angular position ϕ at location x with an angle ϕ′.

to a N × m matrix P = DN,m(P) where D·,· is a discreti-
sation operator, and A is discretised to a n × N matrix
A = Dn,N (A). To perform the angular blurring (2) it is
required that N 	 n. The full SPECT finite-dimensional
projector is a n × m matrix H = AP and its transpose
used for iterative reconstruction is HT = P TAT. We
utilised Dm,N (P∗)DN,n(A∗) to approximate HT. In sec-
tion III we demonstrate that HT ≈ Dm,N (P∗)DN,n(A∗).
Resolution modelling utilisingH andHT shall be referred
to as angular blurring projection (ABP). Standard resolu-
tion modelling shall be referred to as standard blurring
projection (SBP) implemented as in [2].
Because N 	 n (i.e. high number of virtual projec-

tions), P and P T should be implemented efficiently. For
this work we utilised the GPU-accelerated Matlab toolbox
NiftyRec [14].

III. Results

A. Validation of the adjoint operator
In this section we experimentally verify that

Dm,M (A∗) ≈ AT. This is can be considered as an
experimental verification of proposition 1. For this
purpose we randomly generate two sequences {uk} and
{vk} where uk ∈ R

n and vk ∈ R
N , N 	 n. For each k,

we verify that

〈Auk, vk〉RN ≈ 〈uk, DN,n(A∗)vk〉Rn . (3)

Figure 2 shows that (3) is a good approximation.

B. Imaging system examples
In this section we show 2 examples of SPECT systems:

parallel hole and convergent cone-beam collimators. As
briefly explained in section II, parallel hole collimators
can be modelled with ABP using a position-independent
PSF. Here we used a two-dimensional Gaussian PSF with
diagonal covariance matrix i.e.

wpar(ϕ, ϑ) ∝ χR(ϕ, ϑ) exp(−ϕ2/2σ2
ϕ) exp(−ϑ2/2σ2

ϑ) (4)
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Fig. 2. Plot of 300 points whose coordinates are the left and right
hand side of (3).

(a) wpar (b) wconv

Fig. 3. Projection with resolution modelling following (2): (a) parallel
hole collimator i.e. using (4); (b) convergent fan-beam collimator i.e.
using (5)

where R is such that d(R, {−π/2, π/2}) > 0 and χR is the
corresponding characteristic function. The presence of χR

is necessary to ensure the hypothesis of proposition 1 is
true i.e. by excluding angles ±π/2. The convergent and
divergent geometry PSF’s are built upon wpar with the
introduction of a term that changes the angular centring
depending on the position (x, y) on the camera:

wconv(x, y, ϕ, ϑ) = wpar(ϕ+ xϕmax, ϑ+ yϑmax). (5)

We chose a linearly-dependent position centring but other
position dependencies can be used. Note that divergent
geometries can be implemented by replacing ϕmax and
ϑmax with −ϕmax and −ϑmax respectively. Figure 3 shows
the results of noiseless projection using parallel hole (fig-
ure 3(a)) and convergent geometry (figure 3(b)). The
projected phantom consists of 64 spheres distributed uni-
formly in a cube. The volume size is m = 643 and the
projection data size is n = 642 × 120. We used 360 virtual
azimuthal angles ϕ and 360 polar angles ϑ to compute A
(i.e. N = 642 × 3602). With parallel geometry only the
first layer is visible, whereas using convergent geometry
the 3 next layers are visible.

20 30 40 50 60 70 80 90 100
0

0.01

0.02

0.03

0.04

0.05

0.06

ABP

SBP

MC

Fig. 4. Projected point source section using ABP and SBP projector
and MC. The rectangle represents the border of the attenuation
medium.

C. Monte-Carlo simulations
1) Point source in attenuated medium: We projected

a simulated point-source located in a rectangular phan-
tom containing water with the Monte-Carlo (MC) code
SIMIND [16], as well as using SBP and ABP. The point-
source was purposely located at the border of the attenua-
tion medium in order to assess the effect of the central line
approximation. A section of the projected point-source is
shown in figure 4. It shows that the central line approxima-
tion results in an evenly distributed projected point-source
using SBP, whereas the projected point source using ABP
is similar to the MC projection.

2) Phantom evaluation: We evaluated our new
projector/back-projector using simulated data. MC
SPECT projection data were generated using SIMIND.
The activity distribution was a cylinder (28 cm diameter)
containing 4 cylindrical inserts of different sizes (diameters
from 35 to 56 mm). The true contrast in all spheres
compared to the background was 3. Simulations were
done corresponding to a rotating scintillation camera
equipped with a LEHS collimator with a radius of rotation
of ρ = 192mm. The number of projection angles over
360o was 120 (n = 120 × number of pixels/projection).
The effects of scatter were not simulated. The object
central slice was reconstructed in 2-D with ABP and
SBP. ABP was performed using 720 azimuthal polar
virtual angles (N = 720 × number of pixels/projection).
Activity images were reconstructed with a surrogate
based algorithm [7] with a quadratic smoothing prior
weighted by a parameter β. We used 3 different values of
the regularisation parameter β.
The reconstructed images were assessed by their mean

contrasts in each cylinder as well as coefficient of varia-
tion (COV) calculated across 10 MC realisations. Recon-
structed images using SBP and ABP are shown in fig-
ure 5(a) and 5(b) respectively. The 2 images appear similar
although a weak dark ring can be seen in the SBP recon-
structed image close to the edge of the phantom, probably
due to inaccurate attenuation modelling. Figure 6 shows
the COV vs contrast curves of the penalised maximum
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(a) SBP reconstruction (b) ABP reconstruction

Fig. 5. Reconstruction from MC data: (a) using SBP; (b) using ABP.
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Fig. 6. Penalised-ML reconstruction contrast vs COV for 3 different
values of β: (a) 400 iterations; (b) 600 iterations.

likelihood (ML) reconstructed images using SBP and ABP
for 3 values of β after 400 iterations (figure 6(a)) and 600
iterations (figure 6(b)). The contrast was calculated over
the bottom right disk. Although results are very similar
after 600 iterations, ABP reconstruction performs better
than SBP when only 400 iterations are performed.

IV. Discussion and conclusion

Here we have presented a new projection/back-
projection technique for SPECT reconstruction, which is
based on an angular blurring approach instead of the
traditional distance dependent blurring approach. Our

new method utilises the speed-up obtained with a GPU-
device for parallel-beam forward and back-projection, and
has a high degree of flexibility, allowing a wide range of
collimators to be modelled by simply changing a weighting
function. Here we have illustrated the flexibility of the
method and we have shown that it produces results similar
to the traditional approach. In further work we intend to
model a wider range of imaging systems and optimise their
performances.
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A novel method of embedding additional
information into tensor diffusion filtering as an

application for multi-modal reconstruction in ET

D. Kazantsev1, S. Ourselin2, B. F. Hutton3, W.R.B. Lionheart4 and S. R. Arridge2

Abstract—The fast development of hybrid imaging modalities
in tomography, such as SPECT (single photon emission com-
puted tomography)/CT (computed tomography), PET (positron
emission tomography)/MRI (magnetic resonance imaging) and
PET/CT, have increased an interest for reconstruction algorithms
which are able to utilize a functional and anatomical information
at the same time.

In this paper a new method proposed for iterative reconstruc-
tion with anatomical prior in emission tomography (ET). The
introduced regularization term is a modified anisotropic tensor
diffusion filter which has shape-adapted smoothing properties.
The filter accommodates available anatomical information which
results in enhanced position and image dependent spatial reso-
lution of emission images. Based on underlying orientations of
normal and tangential vector fields for emission and anatomical
images, the diffusion flux is rotated and scaled. Poisson likelihood
fidelity and penalty terms are optimized separately by means of
forward-backward splitting (FBS) technique. Presented approach
is validated quantitatively using co-registered SPECT/MR syn-
thetic data and compared with another anatomically penalized
reconstruction as well as with iterative statistical reconstruction
without regularization.

Index Terms—emission tomography, hybrid modalities,
anatomical prior, image denoising, tensor diffusion, anisotropy,
regularization, splitting methods

I. INTRODUCTION

For reconstruction of activity distribution in ET, iterative

statistical methods, such as, maximum-likelihood expectation

maximization (MLEM) algorithm [1] are commonly used.

Since the reconstruction problem in ET is ill-posed and ill-

conditioned it requires additional regularization to ensure well-

posedness. From a Bayesian perspective, imposing desirable

properties (e.g. smoothness) on the solution leads to a prior

probability characterization. A maximum a posteriori proba-

bility (MAP) estimate or penalized likelihood are successful

methods employing the prior information. In the tomographic

reconstruction, the sum of the likelihood penalized by the noise

suppressing term is optimized [2].

The use of variational regularization techniques for to-

mographic reconstruction is significantly supported by the
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successful development of image processing tools and cor-

responding mathematical framework [3]. Successfully dealing

with noise in images while leaving important features intact,

the penalties based on partial differential equations (PDE),

such as total variation (TV) [4] and anisotropic diffusion (AD)

[5],[6] are competitive means to regularize reconstruction in

emission tomography (ET).

The availability of side information from hybrid scanners

(SPECT/CT, PET/MRI and PET/CT) can improve resolution

of functional image by referring to prominent edges of anatom-

ical data [7]. In this paper we propose a new method to

smooth radiopharmaceutical distribution by means of available

anatomical information. Although the proposed method has

some similarities with previous work on modified diffusion

filters [8], [9] it is based on a very new idea of embedding

available data into the filtering process.

To reach a desired solution we utilize the FBS approach

[10] for cost function iterative optimization. Cost function

is decomposed into two sub-problems which are optimized

separately. Similarly to [11] we split Poisson data fidelity and

variational penalty terms. The resulting algorithm consists of

the classical MLEM step followed by the modified diffusion

step. The nature of the diffusion step is the main contribution

of this paper.

II. METHOD

A. Tensor based anisotropic diffusion filtering (TBADF)

Following the Weickert’s approach [5] for evaluation of

local orientations of the image gradient ∇u(x) the struc-
ture tensor has to be build. Here we consider the 2D case

(x = (x, y)), however the proposed method can be easily

generalized for the 3D. To avoid false edge detections due

to noise, u(x) is convolved with a Gaussian kernel kσ ,

where σ is a differentiation scale: uσ(x) = (kσ ∗ u)(x).
The local information is averaged by convolving component-

wise ∇uσ∇uT
σ with a Gaussian kernel kρ, where ρ is an

integration scale which controls the size of the neighbourhood

with gradients dominant orientations [3].

The structure tensor can be constructed as a symmetric,

positive semidefinite (PSD) matrix:

Jρ(∇uσ)(x) = kρ ∗ (∇uσ∇uT
σ ). (1)

Principal axis transformation of (1) gives the orthonormal

eigenvectors v1 ‖ ∇uσ,v2 ⊥ ∇uσ , such as

lim
ρ→0

v1 =
∇uσ

|∇uσ|
; lim

ρ→0
v2 =

∇u⊥
σ

|∇uσ|
(2)
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where |∇u| =
√
u2
x + u2

y and the corresponding eigenvalues

defined using the PSD matrix components as:

η1,2 =
1

2

(
j11 + j22 ±

√
(j11 − j22)2 + 4j212

)
, (3)

The eigenvalues η1,2 (averaged by the scale parameter ρ)

convey the level of intensity propagation along the given

directions v1,2. The eigenvalues characterize local geometrical

information, for isotropic areas η1 ∼= η2 ∼= 0 and η1 � η2 or

η1 � η2 for anisotropic (line structures).

Furthermore, based on η1,2 one can estimate the level of

anisotropy using the normalized measure of coherence [12]:

C(x) =

(
η1 − η2
η1 + η2

)2

; C(x) ∈ [0, 1], (4)

when C(x) = 1 the gradient is totally aligned, when C(x) =
0 it has no preferred direction. Note that the measure (4) is

undefined for the uniform regions.

The diffusion PDE in its general form can be written as:{
∂tu = ∇ · (D(Jρ(∇uσ))∇u),

u(x, 0) = u0.
(5)

For D = I, (5) performs a linear isotropic diffusion, for D =
ϕ(|∇u|)I it is equivalent to a nonlinear isotropic diffusion (ϕ
is an edge preserving function [5]), and for

D = [v1 v2] ·
[

γ1 0
0 γ2

]
·
[

v1
T

v2
T

]
=

[
D11 D12

D12 D22

]
, (6)

equation (5) stands for anisotropic nonlinear diffusion driven

by the diffusion tensor with elements:

Di,j =
∑

n=1,...,2

γnvnivnj , (7)

The diffusion tensor (6) has a new eigenvalues γ1,2 which

define the strength of smoothing in the preferred directions

v1,2. A few different definitions for γn related to the edge

enhancing diffusion (EED) and the coherence enhancing diffu-

sion (CED) were proposed by Weickert [13]. In this paper we

will be using the EED approach, where smoothing in normal

direction is reduced by:

γ1 = ϕ(|∇u|) = exp (−|∇u|2/ε2), (8)

while the eigenvalue related to the tangential vector is γ2 = 1.

The threshold parameter ε controls the strength of diffusion.

The diffusion tensor rotates and scales the flux in order to

adapt it for underlying geometrical configurations of image

u(x).

B. Embedding additional information into the TBADF

Here we present a novel idea how to embed an additional

information μ into the image λ by means of the tensor based

diffusion filtering.

Let us assume that the diffusion tensors Dμ and Dλ are

defined for images μ and λ respectively.

The combined diffusion tensor can be defined using follow-

ing arithmetic interpolation scheme between two given tensors

[14] as:

Dμ,λ = sDλ + (1− s)Dμ; s(x) ∈ [0, 1], (9)

Fig. 1: From left to right: Original image, noisy image λ
containing 10% of random noise and reference image μ
containing 1% of random noise.

Fig. 2: Example of the TBAD filtering with a help of additional
information. Top row from left to right: denoised image λ
without use of the referenced image μ; filtered λ using the
referenced image μ and the combined tensor (9). Bottom
picture is a plot of the horizontal middle section (the central
region) of the denoised images above and the original image.
In the marked areas edges are better preserved for the proposed
method.

where s(x) is a spatially variant parameter which should fulfil

the following properties:

Property (1): ∀x calculate θ(x) = acos(v1(μ) · v1(λ)); if

θ(x) ∈ [0◦, 0◦ + θa] or θ ∈ [180◦ − θa, 180
◦], then s(x) = 0.

Property (2): ∀s(x) 
= 0: s(x) = Cλ(x) (4).

Property (3): ∀x where Cλ(x) is undefined: s(x) = 0.
The ideas behind properties (1-3) are the following:

Property (1) is fulfilled when Cλ(x) ∼= Cμ(x) � 0, which

is the case of an expressed anisotropy for both images. By

checking angles between the two principal vector bases for

images λ and μ one can estimate how bases are agreed

with each other. An acceptance angle θa is introduced as a

threshold parameter to make a decision on overlapping degree

of two vectors. Empirically we found that θa = 10◦ gives

satisfying results. When property (1) is fulfilled for some x,

so s(x) = 0, it gives Dμ,λ = Dμ, then the diffusion (5) is

performed using diffusion tensor of image μ.

Property (2) ensures that all values of s(x) which are not

equal to zero should be equal to Cλ(x). Based on the level of

anisotropy of image λ the interpolation between two tensors

(9) takes place. For areas with higher anisotropy on λ there

is less influence of μ.

Property (3) considers the uniform regions of image λ
where Cλ is undefined (η1(λ)+η2(λ) = 0). If Cμ is undefined

as well, then D = I.
The proposed method was tested for the simple denoising
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Fig. 3: The example of local geometrical structure represented
by two diffusion tensors for anatomical μ and emission
images λ. The combined diffusion tensor is constructed by
interpolation (9).

procedure of image λ having additional image μ as a refer-

ence, see Fig. 1. In Fig. 2 the results of the filtered image

λ without use of referenced image μ and with it. Note that

for places where edges of exact image matched the reference

sharp features are preserved, see plot in Fig. 2. This is the case

when the property (1) is taken place. For areas where there is

no additional information from μ the property (2) performs.

The idea of the combined tensor filtering (9) can be used for

the hybrid imaging modalities having emission data registered

with anatomical one. The Fig. 3 explains how the combined

tensor can be used for the problem of reconstruction in ET

having data from MR scanner.

C. An anatomically driven tensor based anisotropic diffusion
filtering (ADTBADF) for ET reconstruction

Lets consider the discrete activity distribution as N-dim

vector λ with elements λi, i = 1, . . . ,N and g is a measured

projection data (sinogram) with elements gj , j = 1, . . . ,M. In

the ET, g follows Poisson distribution with mean g = Pλ,

where projection or system matrix P : RN → R
M depends

on system design and detector array geometry.

To reconstruct desired image λ from Poisson distributed

data g, the following constrained cost function needs to be

optimized:

min
λ

{
DKL(g,Pλ) + β

∫
Ω

h(|∇λ|)dΩ
}

S.T. λ ≥ 0, (10)

where DKL(g,Pλ) =
∫
[g − g log g] is a Kullback - Leibler

distance and second term is a convex energy functional con-

trolled by regularization parameter β [15].

The algorithms based on proximity operator properties [10]

can solve (10) by splitting regularization and data-fidelity

terms in a way that two (generally less complex) sub-problems

have to be solved.

Similarly to [11], [8] a nested two step iteration algorithm

can be derived in a form:

λm+ 1
2 = λm

P∗1P
∗ ( g

Pλm

)
, MLEM step

λm+1 = L
(
λm+ 1

2

)
Filtering step

(11)

Where L is a diffusion operator which performs transition from

λm+ 1
2 to λm+1 by minimizing the following function:

Ψ(λ) =
1

2

∫
Ω

P∗1
λm

(
λ− λm+ 1

2

)2
+ β

∫
Ω

h(|∇λ|)dΩ (12)

In this work we use a standard iterative gradient descent

algorithm to optimize (12):{
λl+1 = λl + τ(Ψ′(λ))

λ1 = λm+ 1
2 ,

(13)

Ψ′(λ) =
P∗1
λm

(
λ− λm+ 1

2

)
+ β(∇ · (Dμ,λ∇λ)). (14)

The right part of (14) includes the sum of weighted data

fidelity term and a nonlinear anisotropic diffusion term which

includes the proposed combined tensor (9).

III. NUMERICAL RESULTS

In this work we compare several reconstruction techniques,

namely: an anatomically driven tensor based anisotropic dif-

fusion filtering (ADTBADF) (11) with a filtering step (14),

an anatomically driven nonlinear isotropic diffusion filtering

(ADNIDF) with quadratic function (QADNIDF), with Huber

function (HADNIDF) and classical MLEM (step 1 in (11)).

The ADNIDF method is an iterative application of a Bowsher

prior (a local activity smoothing technique based on intensity

distribution in the neighbourhood of anatomical image, more

in [16]) in the second step of (11). More information about

this method can be found in [8].

For our experiments we used 2D synthetic Brainweb data

to perform quantitative analysis of methods. The proposed

algorithm can be generalized for 3D data, however the quan-

titative validation is much more time consuming in this case.

The synthetic activity phantom is projected to form noise-free

sinogram, then 30 Poisson noise realizations were generated

from the data. Due to lack of space we are not presenting

all necessary graphs for bias-variance analysis but we will

comment on them.

In Fig. 4 one can see that the MLEM image has poor

resolution and the highest variance for the hot lesion region

of interest (ROI). However, the level of intensity in lesion

ROI is high and the bias is very low. The use of quadratic

smoothing with QADNIDF gives a significant enhancement

of resolution of emission image (the smallest variance). The

bias of QADNIDF is the highest due to over-smoothing of

activity. The use of Huber function in HADNIDF can increase

bias but as well as the variance. The reconstructed image

with HADNIDF is less smooth (piecewise-constant appearance

due to penalty function), but lesion is better quantified than

with QADNIDF. The proposed approach (ADTBADF) allows

to reduce bias further for approximately the same level of
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Fig. 4: left to right, top row: the 2D modeled activity phantom
with hot lesion pointed by the arrow (the dotted circle was
taken as a background region to calculate contrast for the
lesion nearby and the background variance, MLEM recon-
struction (m = 170) co-registered MR image; bottom row:
reconstruction with QADNIDF, HADNIDF and ADTBADF.

variance. The value of variance is lowest for the gray matter

region but the bias is slightly higher than for ADNIDF (edges

are blurred due to convolution).

Fig. 5: 1D slices of the the true activity (horizontal line across
the phantom in the Fig. 4), HADNIDF and ADTBADF images.

In the Fig. 5 one can see 1D slices of reconstructed images

comparatively to original phantom. The proposed method

gives smoother reconstruction but preserves an important

features in data.

IV. DISCUSSION

The proposed algorithm has four additional parameters to

control reconstruction comparatively to ADNIDF method (two

Gaussian kernels σ, ρ in (1), the edge preserving threshold ε (8)

for image μ and the angle of acceptance θa. However it doesn’t

add any significant difficulties to choose these parameters, first

three can be estimated automatically based on the level of

noise in image μ. The optimal threshold parameter ε is usually

harder to determine in blurred images, a few suggestions

for selection exist in literature [5]. In this work we didn’t

concentrate on this issue and the choice was empirical.
Here we present a binary decision procedure for the property

(1) based on θa threshold. However due to noise and blur

the local estimation of angles can be erroneous. Considering

principal directions in a non-local region can improve property

(1).

In ET reconstructed images are generally blurred (premature

stop of the MLEM algorithm or smoothing penalty applied).

The smooth appearance of the reconstructed images with the

proposed method can be beneficial for clinicians who get used

to visual assessment of similar images. The strength of blur

for reconstructed images is controlled by width of Gaussian

kernels and can be optimized.

V. CONCLUSION

In this work we present a novel approach of incorporating

available additional information into diffusion filtering. The

process of embedding information is performed by scaling and

rotating the combined diffusion tensor of two images. Special

properties of the proposed tensor were tested on the simple

denoising example. The method shows the ability to detect

matching directions of tensor fields of two images, it helps to

retain edges and resolution in a filtered image.

The proposed method is tested for the modelled case of

the SPECT reconstruction with co-registered MR data as a

reference image. It produces better results in terms of bias,

contrast and variance for lesions. Reconstructed images look

more favourable due to smooth appearance and well preserved

important features such as lesions.
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Abstract—This work is to investigate the feasibility of the 

megavoltage imaging quality improvement and imaging dose 
reduction for TomoTherapy, based on tensor framelet. That is, we 
aim to develop an effective and rapid reconstruction technique for 
the CT imaging on TomoTherapy to improve the imaging quality 
from the filtered backprojection, with full projection views or 
undersampled projection views. The phantom studies suggest that 
the tensor framelet method is robust for the low-dose imaging on 
TomoTherapy with 75% reduction of the projection views. 
 

Index Terms—TomoTherapy, low-dose, CT, tensor framelet, 
GPU, reconstruction. 

I. INTRODUCTION 
NTENSITY Modulated Radiation Therapy (IMRT), capable 
of delivering highly conformal dose to the tumor while 

sparing the adjacent normal structures, is becoming the 
standard treatment for head-and-neck (H&N) and prostate 
cancer since the late 90s [1, 2]. However, rapid dose falloff of 
IMRT plans generally calls for more reproducible patient 
positioning and therefore accurate treatment delivery. 

TomoTherapy Hi-Art Helical Radiotherapy System 
(Accuray, Sunnyvale, CA) is an integrated unit dedicated to 
IMRT using megavoltage CT (MVCT) as image guidance 
[3-5]. The utility of on-board CT detector ensures the accuracy 
of patient’s anatomy and alignment using a relatively low-dose 
on daily basis, but also allows us to assess treatment delivery 
verification for each radiation treatment by collecting MVCT 
data immediate prior or after treatment delivery. Large 
difference between the delivered dose and the planned dose 
generally implies an adaptive therapy such as re-planning. 

However, concerns have been raised for additional doses to 
patients due to daily image scans, which might lead to 
unnecessary toxicity for sensitive structures [6-8]. It has been a 
great challenge to improve the MVCT image quality while 
maintain low-dose due to imaging [9].   

On the other hand, inspired by compressive sensing [10, 11], 
there have been many efforts on iterative reconstruction 
methods for the low-dose image reconstruction with 
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undersampled CT or dynamic CT data, using the L1-type image 
regularization [12-18]. In our recent work on 4D cone beam CT 
[19], we have proposed the tensor framelet (TF), which is ideal 
for high-dimensional large-scale image reconstruction due to 
its significantly reduced demand on the memory and 
computational cost. 

In this work, using TF, we aim to develop new reconstruction 
method to further improve the MVCT imaging quality on 
TomoTherapy. Moreover, we investigate the possibility of the 
low-dose imaging with fewer projection views, to produce the 
comparable imaging quality. 

II. METHODOLOGY 

A. Least-square Formulation 
With the traditional FBP, the 3D CT images on TomoTherapy 

could be reconstructed slice by slice along the longitudinal 
direction based on the fan-beam geometry with curved 
detectors. To utilize the prior that the CT image or its derivates 
can be smooth and sparse for both the in-plane directions and 
the longitudinal direction, we formulate the image 
reconstruction as the following iterative least-square 
minimization problem, in which all slices are reconstructed 
simultaneously so that the image smoothness and sparsity along 
the longitudinal direction can be enforced, 

)(||||
2
1minarg 2

2 XRYAXX
X

.      (1) 

In (1), the first term is the L2-norm data fidelity term with the 
imaging data Y and the 3D image X to be reconstructed, and the 
second term is the L1-norm image regularization term with the 
regularization parameter λ and the proper sparsifying 
transform, which will be discussed next.  

Here A is a linear operator on X that corresponds to the X-ray 
transform on X slice by slice. Considering the computational 
efficiency, we use our recently developed new parallel 
algorithm with O(1) per parallel thread [20, 21].  

In this paper, we consider two reconstruction settings with 
coarse and fine resolution respectively along the longitudinal 
direction. For the coarse-resolution reconstruction, every 
360-degree projection views are used to reconstruct one slice; 
for the fine-resolution reconstruction, every 360-degree 
projection views are used to reconstruct two slices, i.e., 
180-degree projection views for one slice. 
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B. Tensor Framelet 
We formulate TF [19, 22] at multilevel based on the 1D 

framelet operator w. Considering the 1D framelet transform up 
to L levels (larger number for coarser resolution), we start from 
the 1D refinement masks for w at Level 0≤l≤L 

1002001

2000002

1002001

4
1

1212

1212

1212

2

1

0

ll

ll

ll

l

l

l

l

h
h
h

h

. (2) 

Then 1D framelet transform w of x is 
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and its transpose wT is 
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with * for convolution, x0=x, 0≤m≤2, and 0≤l≤L. 
 
Based on (3) and (4), the TF with multilevel is 
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and the adjoint TF with multilevel is 

])()()([
3
1)(

,,, ji

ij
zz

T
z

ki

ik
yy

T
y

kj

jk
xx

T
x

T XwwXwwXwwWXW ,  (7) 

where Xx, Xy, Xz are the unfolded matrices of X along x, y, z 
dimension respectively, and the 1D framelet operator w and wT 
are with respect to the 1D unfolded dimension x, y, z 
respectively. For example, wxXx performs 1D framelet 
transform along each x-line for all combination of y- and z- 
variables. 

Finally, the isotropic TF norm at multilevel is defined as 
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Notice that the wavelet bases are orthonormal, while the TF 
bases are redundant. For example, the Haar wavelet includes 
the low-passed average and the first-order derivatives, while 
the piecewise-linear TF here also contains the second-order 
derivatives. In this sense, TF generalizes the wavelet with 
high-order derivatives for characterizing the smoothness and 
the sparsity. 

With TF, the formulation is a L1-norm-regularized 
least-square optimization. Here we choose the Split Bregman 
method [23] for solving this convex L1-type problem. The 
method was also used in our prior related work on CT 
[17,19,24]. 

III. MATERIALS 
We scanned a H&N anthropomorphic phantom, and a pelvis 

anthropomorphic phantom on our TomoTherapy HD unit using 
normal MVCT scan thickness. The detector data were exported 
out for each phantom immediately after each MVCT scan, an 
air scan was also acquired to normalize the raw detector output. 
Default image scanning parameters (TomoTherapy V4.2) were 
used in this study: jaws were set to a position of ±0.5 mm (J1), 
and the projected beam width at isocenter was approximately 
4mm, gantry period of 10 seconds with couch speed of 
8mm/rotation. The repetition rate for imaging mode was 80 Hz. 

As the geometric parameters for image reconstruction, the 
distance from source to the isocenter was 85 cm, the distance 
from the source to the detector was 144 cm. The detector array 
had 640 pixels and the central element was offset by 29.5 
pixels. There were 800 projection views per rotation and the 
couch speed was 8 mm per rotation. For the current system, the 
pixels from the 27th to the 554th were available for image 
reconstruction. Since the center of the actual curved detector 
array was different from the isocenter for TomoTherapy system 
to improve the efficiency of the outer channels, the virtual 
curved detector array centered at the isocenter was created with 
0.048 degrees as the angular pixel size. As a result, the 
reconstructed image per slice was 350 350 with 0.1 cm 0.1 
cm. The same imaging parameters were used for TF and FBP. 

The GPU-based reconstruction was implemented with a 
NVIDIA GeForce GTX 680 GPU card (1536 cores and 2.0 GB 
device memory). it took ~2 minutes for our GPU-based solver 
to reconstruct a 80-slice 350×350 3D image with 100 projection 
views per slice and 528 detections per view. 

To evaluate the imaging quality without undersampling, we 
first performed the coarse reconstruction (360-degree 
projection views per slice) with 800 projection per slice, and 
then the fine reconstruction (180-degree projection views per 
slice) with 400 projection per slice.  

To evaluate the imaging quality with undersampling, we first 
performed the coarse reconstruction (360-degree projection 
views per slice) with 200 projection per slice (25% data) and 
100 projection per slice (12.5% data) respectively, and then the 
fine reconstruction (180-degree projection views per slice) with 
100 projection per slice (25% data) and 50 projection per slice 
(12.5% data) respectively. 

IV. RESULTS 

A. H&N Phantom Study 
A coarse-resolution slice (360-degree projection views per 

slice), and the corresponding two fine-resolution slices 
(180-degree projection views per slice) are plotted in Fig. 1, 2, 
and 3 respectively. That is the total amount of 180-degree data 
for reconstructing two slices in Fig. 2 and 3 is the same as the 
amount of 360-degree data for reconstructing the single slice in 
Fig. 1. Here the coarse and the fine are with respect to the 
resolution along the longitudinal direction. 
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Fig. 6. Fine-resolution pelvis phantom results (180-degree projections per 
slice). (a), (b), and (c) are from FBP with 400 projections (100%), 100 
projections (25%), and 50 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 400 projections (100%), 100 projections (25%), and 
50 projections (12.5%) per slice respectively. Here the 180-degree projection 
views together with those for Fig. 5 are the same as the 360-degree projection 
views for Fig. 4. 

Fig. 5. Fine-resolution pelvis phantom results (180-degree projections per 
slice). (a), (b), and (c) are from FBP with 400 projections (100%), 100 
projections (25%), and 50 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 400 projections (100%), 100 projections (25%), and 
50 projections (12.5%) per slice respectively. Here the 180-degree projection 
views together with those for Fig. 6 are the same as the 360-degree projection 
views for Fig. 4. 

Fig. 4. Coarse-resolution pelvis phantom results (360-degree projections per 
slice). (a), (b), and (c) are from FBP with 800 projections (100%), 200 
projections (25%), and 100 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 800 projections (100%), 200 projections (25%), and 
100 projections (12.5%) per slice respectively. Here the 360-degree projection 
views are the same as the combined 180-degree projection views for Fig. 5 and
6. 

Fig. 3. Fine-resolution H&N phantom results (180-degree projections per 
slice). (a), (b), and (c) are from FBP with 400 projections (100%), 100 
projections (25%), and 50 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 400 projections (100%), 100 projections (25%), and 
50 projections (12.5%) per slice respectively. Here the 180-degree projection 
views together with those for Fig. 2 are the same as the 360-degree projection 
views for Fig. 1. 

Fig. 2. Fine-resolution H&N phantom results (180-degree projections per 
slice). (a), (b), and (c) are from FBP with 400 projections (100%), 100 
projections (25%), and 50 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 400 projections (100%), 100 projections (25%), and 
50 projections (12.5%) per slice respectively. Here the 180-degree projection 
views together with those for Fig. 3 are the same as the 360-degree projection 
views for Fig. 1. 

Fig. 1. Coarse-resolution H&N phantom results (360-degree projections per 
slice). (a), (b), and (c) are from FBP with 800 projections (100%), 200 
projections (25%), and 100 projections (12.5%) per slice respectively; (c), (d), 
and (f) are from TF with 800 projections (100%), 200 projections (25%), and 
100 projections (12.5%) per slice respectively. Here the 360-degree projection 
views are the same as the combined 180-degree projection views for Fig. 2 and 
3. 
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With 100% data, it is clear that TF (i.e., Fig. 1(d), 2(d), 3(d)) 
provides apparently better image quality than FBP (i.e., Fig. 
1(a), 2(a), 3(a)) with less artifacts. 

With 25% data, TF (i.e., Fig. 1(e), 2(e), 3(e)) still provides 
apparently better image quality than FBP (i.e., Fig. 1(b), 2(b), 
3(b)). Moreover, the image quality via TF with 25% data (i.e., 
Fig. 1(e), 2(e), 3(e)) is comparable to the image quality via TF 
with 100% data (i.e., Fig. 1(d), 2(d), 3(d)), and the image 
difference, i.e., ||X-X0||1/||X0||1, between X (from TF with 25% 
data) and X0 (from TF with 100% data) within the central ROI 
of the 256-pixel diameter is 2.8%, 3.2%, 3.4% for Fig. 1, 2, 3 
respectively. 

With 12.5% data, the reconstructed image via TF (i.e., Fig. 
1(f), 2(f), 3(f)) remains significantly better than that from FBP 
(i.e., Fig. 1(c), 2(c), 3(c)). And the image difference between X 
(from TF with 12.5% data) and X0 (from TF with 100% data) 
within the central ROI of the 256-pixel diameter is 4.7%, 5.5%, 
5.9% for Fig. 1, 2, 3 respectively. 

B. Pelvis Phantom Study 
A coarse-resolution slice (360-degree projection views per 

slice), and the corresponding two fine-resolution slices 
(180-degree projection views per slice) are plotted in Fig. 4, 5, 
and 6 respectively. That is the total amount of 180-degree data 
for reconstructing two slices in Fig. 5 and 6 is the same as the 
amount of 360-degree data for reconstructing the single slice in 
Fig. 4. Here the coarse and the fine are with respect to the 
resolution along the longitudinal direction.  

With 100% data, it is clear that TF (i.e., Fig. 4(d), 5(d), 6(d)) 
provides apparently better image quality than FBP (i.e., Fig. 
4(a), 5(a), 6(a)) with less artifacts. 

With 25% data, TF (i.e., Fig. 4(e), 5(e), 6(e)) still provides 
apparently better image quality than FBP (i.e., Fig. 4(b), 5(b), 
6(b)). Moreover, the image quality via TF with 25% data (i.e., 
Fig. 4(e), 5(e), 6(e)) is comparable to the image quality via TF 
with 100% data (i.e., Fig. 4(d), 5(d), 6(d)), and the image 
difference, i.e., ||X-X0||1/||X0||1, between X (from TF with 25% 
data) and X0 (from TF with 100% data) within the central ROI 
of the 300-pixel diameter is 1.8%, 2.3%, 2.2% for Fig. 4, 5, 6 
respectively.  

With 12.5% data, the reconstructed image via TF (i.e., Fig. 
4(f), 5(f), 6(f)) remains significantly better than that from FBP 
(i.e., Fig. 4(c), 5(c), 6(c)). And the image difference between X 
(from TF with 12.5% data) and X0 (from TF with 100% data) 
within the central ROI of the 300-pixel diameter is 3.2%, 3.8%, 
3.9% for Fig. 4, 5, 6 respectively. 

V. CONCLUSOINS 
We have proposed a novel TF-based image reconstruction 

technique that provides better image quality than FBP for the 
megavoltage CT imaging on TomoTherapy with full or 
undersampled projection views. In particular, the phantom 
studies suggest that the TF method is robust for the low-dose 
imaging on TomoTherapy with 75% reduction of the projection 
views. In addition, our GPU-based solver enables the rapid 
image reconstruction.  
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Abstract— The ability of photon-counting detectors to 

discriminate photons based on their energies has led to the 

development of new techniques in computed tomography (CT), in 

particular Spectral CT. The spectral measurements enable 

decomposition of the projection data into its basis components, 

thus providing additional information of the scanned object. This 

knowledge can possibly be used to improve the diagnostic quality 

in CT. In this work, we investigate the ability of additional 

spectral information to reduce metal artifacts caused by gold 

implants in dental cone-beam CT (CBCT). To reduce these types 

of artifacts we present a new algorithm, which we call Spectral 

driven Prior Information Reconstruction (SPIR). In step one of 

this algorithm a decomposition of the spectral data to determine 

the spatial location of the gold is performed, and in step two this 

information is incorporated as a prior into a penalized maximum 

log-likelihood reconstruction algorithm. To determine the 

diagnostic value of our reconstructions, subjective and objective 

image quality were assessed.  When incorporating spectral 

information, a significant improvement of image quality and a 

significant reduction of artifacts can be reported. 

 
Index Terms—Spectral CT, Artifacts reduction, Material 

decomposition, Statistical image reconstruction, dental CBCT. 

 

I. INTRODUCTION 

The advancement in detector technology has 

made it possible to discriminate photons based on 

their energy in a single scan [1]. In this particular 

technique, also known as Spectral CT Imaging, 

photon-counting detectors split the x-ray spectrum 

into several pre-defined energy bins, enabling the 

acquisition of separate CT data in each energy bin. 

The promising prospect of Spectral CT as the next-

generation of CT systems has prompted more 

investigation into the various aspects of this 

technique [2]-[4]. 
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Our investigation focuses on Spectral CT for 

metal artifact reduction, especially in dental cone-

beam CT (CBCT). The presence of metal objects 

(high Z-number materials), such as dental implants, 

causes the x-ray to be heavily attenuated, resulting 

to a reduced number of photons reaching the 

detector. This can led to severe streaking and dark 

and bright shading around the metal implant, thus 

degrading the diagnostic quality of the CT image. 

Many techniques [5]-[6] were developed to 

overcome this artifact, but a unique approach from 

Stayman et al. [7] has shown that reconstruction 

with prior knowledge of the material can produce 

superior image quality. 

In this work, we investigate the ability of 

additional spectral information to be integrated into 

the reconstruction process. To reduce metal artifacts 

we present a new algorithm, which in step one 

performs a decomposition of the spectral data to 

determine the spatial location of the gold, and in 

step two incorporates that information as a prior 

into a penalized maximum log-likelihood 

reconstruction algorithm. Finally, we show and 

discuss the initial results from our algorithm.  

II. METHODS 

Figure 1 illustrates an overview of our algorithm, 

which we call Spectral driven Prior Information 

Reconstruction (SPIR), where the Material 

Decomposition (A) and the Penalized Maximum 

Likelihood Iterative Reconstruction (B) are the 

main components. 

A. Material Decomposition 

As x-ray penetrates through an object, the 

transmitted x-ray spectrum is attenuated according 

to Beer’s Law,  

                               I= I0 ⋅ exp
− μ(

 
x ,E )∫ dx

 (1) 
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where I0  and I are the initial and the measured 

intensity of the x-ray respectively. In a photon-

counting detector, I can be described as the number 

of photons reaching the detector while I0 the initial 

number of photons. The term   μ(
 

x ,E)dx∫  is the 

line integral of the attenuation coefficient along the 

x-ray path.  

In the diagnostic x-ray energy range, 

photoelectric absorption and Compton scattering 

attenuate the x-rays dominantly. The photoelectric 

effect can be approximated by the E
-3

 energy 

dependence while the Compton cross section can be 

derived from the Klein-Nishina function [8]-[9]. In 

the presence of material with a high Z-number such 

as gold, the linear attenuation coefficient can be 

described [9] as 

 

 
μ(

 
x ,E)= A1(

 
x )
1

E 3 + A2(
 

x ) fKN (E) + A3 fAu(E)  (2) 

 

where A1,A2,A3 denotes the local density of the basis 

function, fKN the Klein-Nishina function and fAu the 

mass attenuation coefficient of gold.  

From (2), a minimum number of three x-ray 

intensity measurements are necessary to estimate 

the parameters A. For this work, we simulated a 

photon-counting detector with 6 energy bins (N = 

6). Combining (1) and (2), the expected number of 

photons λ in the energy bin Bn can be described [9] 

as 

 

λn (A1,A2,A3) = Sn (E)Φ(E)exp
−A1E

−3 −A2 fKN −A3 fAu D(E)dE
0

∞

∫

n =1,....,N  
(3) 

 

The index n refers to n
th

 energy window, while 

Φ(E) denotes photon fluence and Sn(E) the spectral 

response of the detector. 

As the number of energy bins exceeds the number 

of attenuation basis, the system is over-determined. 

We used the maximum likelihood parameter 

estimation method to estimate the line integrals of 

the individual components. As it is more convenient 

to minimize the negative log-likelihood [9], we can 

express the likelihood function in terms of the 

measurement results (m1…mN) with respect to the 

parameters A as: 

 

 L(m1...,mn | λ1(A),...,λn (A)) ≅ [λn (A) −mn lnλn (A)]
n=1

N

∑  (4) 

 

This maximum likelihood technique returns in 

our case sinograms of photoelectric effect, Compton 

scattering and the attenuation of gold. We 

reconstructed the sinograms using a conventional 

FBP. Next, we performed image-processing steps 

on the gold image to remove noise and better 

determine the position of the gold implant. The 

gained information (density and position of the 

implant) is passed as a prior into the next step. 

B. Penalized maximum likelihood iterative 

reconstruction 

For the iterative reconstruction, we used a 

modified version of the separable paraboloidal 

surrogate (SPS) technique [10] with Langes 

regularization. This Poison-statistics-based 

algorithm uses the raw measurements rather than 

the logarithms of the data, and thus is believed to 

solve nonlinearity of the logarithm and handle low 

radiation scans.  

The goal of the algorithm is to maximize a cost 

function Ψ, which consists of a likelihood term L 

 
Figure 1: The workflow of our algorithm. Box A shows the material 

decomposition flow; box B the penalized maximum-likelihood iterative 

reconstruction  
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and regulation term R. L indicates how the 

reconstructed result matches the input sinogram; R 

is the penalty function, which reduce noise in the 

reconstructed slice (control of look and feel).  

 

     ˆ μ = argmaxΨ(μ),     Ψ(μ) = L(μ) − βR(μ) (5) 

 

where μ indicates the attenuation value in one pixel. 

In order to maximize this function, we made use 

of the order-subsets version of this algorithm. Each 

update step is given by: 

 

μ j
n+1 = μ j

n +
BP[bi exp(−FP[μ j ] − yi)] − β w jk

˙ ψ (x j − xk )k
∑

BP[aiyi]+ β w jk
˙ ̇ ψ (x j − xk )k

∑

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

+

(6) 

 

FP[] and BP[] denote the forward- and backward 

projection respectively; w jkψ()  the regulation term. 

We used Langes function as a regulation term 

which is weighted by β. Langes function acts as a 

bilateral filter that eliminates noise within a 

threshold δ and while at the time preserving edges 

of the image.  

 

ψ(t) = δ 2[| t /δ | −log(1+ | t /d |)] (7) 

 

As prior information the location and density of 

the gold (as determined in the previous section) is 

incorporated into the algorithm to enforce the 

correct gold attenuation. A simplified version of the 

algorithm can be found as pseudo code in 

Algorithm 1. 

C. Monte Carlo Simulation 

We simulated a phantom based on the 

information provided by the Phantom-Group [11] 

(IMP, University Erlangen-Nürnberg, Erlangen, 

Germany). It consisted of 32 teeth; while one of the 

teeth has a dental implant made out of pure gold 

(density 19.3 g/cm3). The photon transport 

mechanism was simulated using a Monte-Carlo 

simulator based on EGSnrc C++ class library [12-

13]. The x-ray source was generated at tube voltage 

of 125 kV with mean spectrum energy of 55.457 

keV. Six threshold levels were set at 25, 33, 51, 80, 

91, and 110 keV.  

 

 

III. RESULTS 

Figure 2 illustrates the three basis component 

images; (A) photoelectric effect, (B) Compton 

scattering and (C) gold attenuation. One can clearly 

distinguish the gold implant from the other 

anatomic structures of the phantom such as teeth 

and spine. 

 

 
Figure 2: After material decomposition the basis sinograms are reconstructed. 

Image A shows photoelectric attenuation; B shows the Compton scattering 

and C the gold attenuation. It can be seen that, the gold implant can be 

distinguished from other parts of the phantom, especially the teeth. 

 

Figure 3 presents the results of the different 

reconstruction. In FBP (A), it can be seen that the 

dental implant in the phantom causes severe 

streaking artifacts in the image and additional dark 

shadows around the dental implant as seen in the 

zoom-in in (D). Iterative reconstruction on the plain 

absorption data without prior information reduces 

the artifacts, as shown in (B) and (E), but 

reconstruction with prior information from the 

spectral CT delivers a significantly improved result 
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as seen in (C) and (F). Streaking artifacts were 

reduced significantly, without compromising the 

detail of other parts of the image such as the teeth 

and spine. Further, the SPIR algorithm was able to 

significantly reduce the dark shading around the 

dental implant. 

 

 
Figure 3: The row above (A-C) are the reconstructions of the whole spectral 

data, while the row below (D-F) is the zoom in of the area near the dental 

implant of each reconstructed image. The images in the middle column (B and 

E) are iterative reconstruction of the data without prior knowledge, while 

images C and F are reconstructions with SPIR. Our algorithm has shown to 

significantly reduce streaking artifacts and dark shadows around the implant. 

  

In order to analyze the results quantitatively, we 

selected a ring-of-interest and collected pixel values 

along the circumference, as indicated in green in 

Figure 3. In Figure 4, one can see the pixel values 

(which are collected along the green ring in figure 

3) of different components (tissue and teeth) around 

the implant. The SPIR algorithm reflects the actual 

theoretical value better in comparison to the other 

algorithms. 

IV. CONCLUSIONS 

We have demonstrated that the combination of 

spectral information and statistical reconstruction 

can significantly improve image quality, especially 

in the presence of high Z-materials. . While the 

SPIR algorithm has proven to reduce streaking 

artifacts in dental cone-beam CT, our algorithm 

could be extended to other parts of body with metal 

prosthesis or implants such as the lower extremity 

or spine. While metal artifacts are one of the most 

common artifacts in CT, we believe that the 

information provided by Spectral CT can be useful 

in overcoming not only this image quality issues. 

One could foresee the integration of further 

information to improve the diagnostic image quality 

while possibly reducing the radiation dose to the 

general patient population.  

 

 
Figure 4: The graph above shows the pixel values around the circle drawn on 

the reconstructed images. (see Figure 3). The theoretical attenuation values for 

air, soft tissue and teeth is treated as the ground truth. It can be seen that our 

algorithm reflects the true value better in comparison to other reconstruction. 
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Grid-free backprojection-maximization algorithm for 3D
imaging using a vehicle-mounted coded aperture gamma

camera
Jonathan S. Maltz, Lucian Mihailescu, Donald L. Gunter, Tim Aucott, Grant T. Gullberg, and Kai Vetter

Abstract— Vehicle-based radioactive source detection systems play
an important role in contemporary strategies for detecting illicit
nuclear materials in civilian environments. Three-dimensional imaging
systems, such as coded aperture (CA) cameras, theoretically offer
improved sensitivity and localization performance over methods based
on 2D far-field imaging, or solely on source strength. However, the
imaging grid needed to represent all possible source locations to an
acceptable resolution makes fully 3D imaging difficult in practice. We
present a grid-free method of locating sources based on maximizing the
backprojection function using stochastic optimization. When multiple
sources are present, the algorithm sequentially locates the strongest
sources by penalizing the objective function near the positions of
previously detected sources. Test data are obtained using a truck-
mounted CA camera with a 10×10 array of 10×10×5 cm3 NaI
detectors to image a 1 mCi 137Cs source and a 2 mCi 131I source,
at respective distances of closest approach of 10 m and 25 m. To
enable receiver-operating characteristic analysis of the real data, we
obtained 53 minutes of background data while driving through an
urban environment. In a simulation study based on the real data, the
algorithm is able to locate the 1 mCi 137Cs source to within 27 cm of
its true position. When the algorithm is applied to real data, perfect
detection with no false alarms is achieved for both sources. Execution
speed 8 ms/event/core on a contemporary CPU, making the algorithm
practical for real-time deployment at realistic count rates and vehicle
velocities. The output of the algorithm can be used to design a variable
resolution grid for subsequent quantitative image reconstruction.

Index Terms— coded aperture imaging, image reconstruction, nu-
clear source detection

I. INTRODUCTION

Vehicle-mounted gamma imaging systems are an important part
of a strategy to detect the presence of illicit nuclear material. Most
existing implementations detecting sources by analyzing 2D far-
field images obtained using coded aperture and Compton camera
systems. These images are then used to estimate the 3D locations
of point sources.

Without fully 3D imaging, it is not possible to make optimal use
of the parallax gained along the trajectory of a moving vehicle. In
far-field imaging, all sources along each ray between the detector
and the source sphere contribute to each of the 2D bins, leading
to generally inferior signal-to-noise ratio when compared to the
case where the image support is partitioned into 3D voxels. System
detection performance should thus be improved in fully 3D imple-
mentations. However, quantitative 3D reconstruction is complicated
by the vast grid required for the image, and incomplete angular
tomographic sampling due to the irregular truck trajectory. Indeed,
full quantitation may often be impossible.

The algorithm presented here is a pragmatic semi-quantitative
approach towards solving the 3D source imaging problem in real
time. The output of the algorithm is a list of source locations based
on the maxima of the 3D backprojection function. This information

This work has been supported by the US Department of Homeland Security,
Domestic Nuclear Detection Office, under competitively awarded contract/IAA
HSHQDC-08-X-00832 and by the U.S. Department of Energy, Office of Science,
under Contract DE-AC02-05CH11231. This support does not constitute an express
or implied endorsement on the part of the Government.

All authors are with the Nuclear Science Division of Lawrence Berkeley National
Laboratory. TA, and KV are also with the Department of Nuclear Engineering,
University of California at Berkeley.

may then be used to construct either a mesh (e.g., octree), or point
cloud, so that the full reconstruction problem can be solved in an
efficient way.

We formulate the method and then demonstrate that it can
accurately locate sources in 3D under realistic urban background
conditions. We also show that on-line operation of the algorithm is
feasible using contemporary computer hardware.

II. METHODS

We begin by formulating the backprojection (BP) function, upon
which the optimization objective function is based.

A. The backprojection function
The algorithm makes use of two co-ordinate systems. The world

co-ordinates are given by rw = (x, y, z). A position in the camera
frame is rc = (u, v, w).

Our approach involves finding the maximum of the BP function
of events obtained while the camera is moving. To perform this
optimization, candidate source points are generated stochastically in
the world frame. For each potential source point, the BP function is
evaluated only at that position. Since the measurements are recorded
in the camera frame, we need to a method of converting world co-
ordinates to camera co-ordinates.

The camera-to-world transformation matrix is:

T =
[

R11 R12 R13 u
R21 R22 R23 v
R31 R32 R33 w
0 0 0 1

]
(1)

where the R∗∗ are derived from the vehicle roll, pitch and yaw
(bearing, road forward inclination, and road lateral inclination in the
case of a truck). Representing the r∗ in homogeneous co-ordinates
as r′∗ = [rT 1]T , we have r′c = T−1r′w, which is the desired world-
to-camera transformation.

The measured data provide qn
c , the location of the nth event

recorded in the detector. Let pc represent a candidate point at which
the BP value is to be calculated. For event n, the position of this
point in the camera frame is pn

c
′ = T−1

n p′
w.

The matrix Tn is the camera-to-world transformation that applies
at the time event n is measured. The event-normalized BP value is
given by:

b(pc) = w(E)
1

(N2 − N1)

N2∑
n=N1

∫
rc∈Γn

d rc e−μ(rc,E) rc , (2)

where Γn = {rc | rc = qn
c +λ(pn

c −qn
c ), λ ∈ [0, 1]}, and μ(rc, E)

is the volume containing the attenuation coefficients for the mask
and truck body at energy E. N1 and N2 are the bounds of the event
window, which are based on the event partition strategy used (see
Section II-C below).

In out implementation, we use the energy weighting factor w(E)
to effect background subtraction. Events in the photopeak window
of length ΔEp are given a weight of unity. For events in window
k of K background windows, having width ΔEk

b , the weight is
calculated as:

wk = − 1
K

ΔEp

ΔEk
b

. (3)
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This gives equal weight to each of the background windows chosen.

B. Maximizing the backprojection function
The objective of the optimization is to solve:

p̂w = arg max
p′

w

(t2 − t1) b(HT−1
n p′

w), n = N1, . . . , N2, (4)

where H = [I3×3 03×1] simply converts from homogeneous to
natural co-ordinates. t1 and t2 are the times at which events N1

and N2 are recorded, respectively. The objective function can be
viewed as assessing the amount of coherence in the backprojection,
normalized by the mean count rate in the event window.

Since the optimization problem (4) typically has multiple local
maxima, we use simulated annealing to find a solution [1].

C. Selection of events
In standard tomography, we would solve (4) using all available

measured events. In the case of a truck, the path of the camera
is generally irregular and so only a subset of recorded events
are relevant to the current field-of-view (FOV). A simple way of
addressing this issue is to assume the trajectory is piece-wise linear.
The FOV can then be calculated based on the initial and final
positions of the vehicle for each linear part of the trajectory.

The FOV of the stationary camera is defined to include only
those events that reach the detector after traveling through the mask
structure. The centers of the detector and the mask have (u, v, w) co-
ordinates (0, 0, 0) and (0, 0, ls), respectively. The u-axis is oriented
along the forward direction of truck travel, and the v-axis increases
away from the ground. The tangent of the bounding view angle is
given by tan(θw) = ls/(wm +wd), where wm and wd are the half-
widths of the mask. Let s1 represent the start of a linear segment,
h be a unit vector containing the current heading, and lmax denote
the maximum expected distance to a source. The limit of the event
trailing window includes events that occur only after the truck passes
the point: st = s1 − lmax cot(θw)h. For retrospective analysis, the
forward limit is similarly sf = s2 + lmax cot(θw)h, where s2 is the
end point of the current linear segment. For prospective on-line use,
all data acquired after driving past st are used.

The linear constraints on the solution associated with the FOV
bounds prevent the simulated annealing algorithm from accepting
parameter states corresponding to out-of-bound source positions.

In many source detection settings, 3D optical camera information
and geographic information systems (GISs) may be used to adap-
tively set lmax in a rational way. This can improve performance by
limiting the event trailing window to the most relevant events.

D. Integration with a GIS
The truck GPS co-ordinates, as well as the solution locations

and objective function maxima for each time window, are fed to
the Google Earth (Google Inc., Mountain View, CA) GIS using
a keyhole markup language (kml) file that encodes the vehicle
trajectory as a “tour”, which can be viewed live or reviewed at
any time.

III. EVALUATION

A. Simulated data
The algorithm is applied to Monte Carlo-generated data modeled

realistically on an actual acquisition involving driving by a 1 mCi
137Cs source with a distance-of-closest-approach of 10 m. The
data are acquired by the Mobile Imaging and Spectroscopic Threat
Identification (MISTI) platform described in [2]. An schematic
illustration of this truck appears in Figure III-A.

The source is moved in the camera reference frame in order to
simplify the simulation process. Background sources are modeled

Fig. 1. The MISTI truck contains a coded aperture camera with a 10×10 array of
10×10×5 cm3 NaI detectors. The detector plane is oriented parallel to the right side of the
vehicle. Image reproduced from [2] and adapted.

Fig. 2. These curves of cumulative counts versus vehicle position are derived from the
measurement data using counts from the photopeak and background energy windows. They are
used to produce a realistic Monte Carlo simulation of the image acquisition process.

as rays randomly intersecting the detector surface originating from
the random vertices of tesselated half-sphere centered at and in
front of the detector. The half-sphere has 512 vertices and a radius
of 5 m. Figure 2 shows the cumulative counts attributable to the
source and background, as well as the aggregate curve that matches
the measured cumulative-counts-vs-time curve.

A custom Monte Carlo code, named DOSxyznrc compt, is used
to perform the simulation. It is a version of the EGSnrc user code
DOSxyznrc [3] that we have modified to accommodate 3D phase
space input and particle tracking for Compton cameras. For use with
coded aperture imagers, the positions of first energy deposition in
the detectors are used as the event locations within the detector.

To define the event windows for optimization, we set lmax=50 m.
We run the algorithm in prospective mode to simulate its on-line
application. The optimization problem (4) is solved for 11 adjacent
event windows over the 500 m truck trajectory. Overlap between
successive windows is set at lmax/5.

Since the simulated source and background events are all within
the photopeak window, we set w(E) = 1 in (2).

B. Real data
We examine two test scenarios, A and B. In both cases, the MISTI

truck is driven along a straight road at 15 mph. In Scenario A, the
truck drives past a 1 mCi 137Cs source at a distance-of-closest-
approach (DoCA) of 10 m. In Scenario B, we drive past a 2 mCi
131I source at a DoCA of 25 m.

We recorded 10 and 12 source runs for Scenarios A and B,
respectively.

To enable us to determine the receiver-operating-characteristic
(ROC) for detection, we obtained background data driving around
an urban area for 53 minutes.

Background energy window subtraction is effected using the
windows listed in Table I.
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TABLE I

PHOTOPEAK AND BACKGROUND WINDOWS (IN keV) USED TO IMPLEMENT

BACKGROUND SUBTRACTION DURING LIST-MODE BACKPROJECTION.

Source Photopeak Background Background
isotope window window 1 window 2
137Cs 635.5–691.8 540.0–580.0 740.0–800.0
131I 349.4–380.4 296.9–323.2 406.7–439.9

Fig. 3. ROC curve for detecting the 1 mCi 137Cs source at a minimum range of
10 m. The marker “x” indicates a threshold value sample used to form the curve.
The area under this curve is unity, indicating perfect detection at zero false alarm
rate.

As in the simulation study, we set lmax=50 m, with 10 m of
overlap between adjacent windows.

IV. RESULTS

A. Simulated data
Figure 5 contains snapshots from a video recreation of the

view from the truck. The GPS co-ordinates recorded during the
measurement interval are fed to the GIS along with the markers
indicating the solutions to (4) obtained for each of the 11 event
windows. Figure 6 shows the maximum values of b for each of
the event windows. The true source is located in window 8, where
b = 0.753, which is 41% greater than the next highest value. It is
thus easy to set a threshold that will allow detection of the source
over background.

Figure 7 shows the BP function for event window 8 in the plane
containing the true source that is oriented parallel to the detector
face. The maximum of the objective function is very close to the
true solution (it is in fact 27 cm away).

The mean execution speed of the algorithm is 8 ms/event/core on
an Intel Xeon 5520 processor operating at 2.27 GHz. (Simulated
annealing is a highly parallel algorithm, so execution time scales as
the inverse of the number of cores.) The C-code is compiled using
gcc version 4.6.0 with the -O3 optimization setting.

B. Real data
The ROC curves for the 137Cs and 131I sources appear in Figures

3 and 4, respectively. ROC analysis shows that perfect detection
performance is possible at a zero false alarm rate.

V. CONCLUSION

The proposed algorithm performs very well when applied to
imaging the relatively strong sources examined here. We intend
to extend our analysis to data generated by considerably weaker
sources, such as 350 mCi 131I sources at 25 m minimum range.

In the simulation run, when the ground truth source position was
known exactly, the 1 mCi 137Cs at 10 m was located to within
27 cm of its true position.

Fig. 4. ROC curve for detecting the 2 mCi 131I source at a minimum range of
25 m. The marker “x” indicates a threshold value sample used to form the curve.
The area under this curve is unity, indicating perfect detection at zero false alarm
rate.

Fig. 6. Bar plot of maximized objective function values for each of the 11 event
windows. The solution found for window 8 is the true solution, and corresponds to
an objective function value that is 41% higher than the next highest value.

When applied to real data acquired using the MISTI truck, perfect
detection at zero false alarm rate was demonstrated for both sources.

Computational requirements are modest in the context of contem-
porary parallel computer hardware capabilities, making it suitable
for on-line use.

This algorithm should be considered only a first step in fully
3D source imaging. It is useful for initial detection of sources,
and as a basis for constructing multiresolution reconstruction grids.
Backprojection alone has limited resolving capabilities, and proper
solution of the inverse problem will produce more useful images,
particularly in cases where the vehicle trajectory produces higher
quality tomographic datasets. In practice, this may require driv-
ing around the putative source location (as identified using this
algorithm, or otherwise) in order to obtain more complete angular
sampling.
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Fig. 5. From top to bottom, the figures illustrate snapshots of a virtual rerun of the actual path taken by the truck. In the top and middle figures, solutions associated
with low values of the objective function (true negatives) are shown as black dots. In the lower figure, the actual source position (true positive) is indicated by the red dot.
The number labels indicate the index of the event time window used in the calculation
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Fig. 7. Backprojection function on plane through true source location, formed from
events within window 8. A strong local peak is visible in the immediate vicinity of
the true source.
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Volume Splitting Based Multi-GPUs Implementation
for 3D List-Mode PET Reconstruction

Zakaria Bahi, Julien Bert and Dimitris Visvikis

Abstract—In PET imaging, one main obstacle in obtaining
a fully quantitative list-mode reconstruction in a run time
compatible for clinical environment is the computation burden.
Among parallelization and optimization architectures, graphics
processing units (GPUs) represent today a powerful accelerators,
especially for medical image processing. However, a reconstruc-
tion on a single GPU is insufficient to handle all the corrections
needed (patient and scanner) with a compatible time for a clinical
use. Multi-GPUs are now becoming the best solution to go
further for higher performance computing. Only one method
has been proposed recently on Multi-GPUs context for list-
mode PET image reconstruction. This method is not optimized
for a high-resolution reconstruction context. In this work we
propose a new Multi-GPU acceleration method that optimizes
the communication cost between GPUs. The results have shown
that we obtained a linear performance computing scalability,
that increases on higher resolutions, with a speedup factor of
x4.4 between 1 and 4 GPUs.

Index Terms—PET reconstruction, Multi-GPUs, high perfor-
mance computing, volume splitting.

I. INTRODUCTION

IN Positron Emission Tomography (PET) reconstruction,

List-mode (LM) technique has several advantages [1] over

conventional approaches. Advantages include preservation of

the high frequency and high spatial resolution of the acquired

data, which in turn facilitates a better handling of dynamic

processes, as well as a finer image spatial resolution. Such

reconstruction, suffers of high computational time cost, espe-

cially for a fully quantitative reconstruction within clinically

relevant execution times. Recently, graphics processing units

(GPUs) are becoming the most suitable solution to resolve

computational time cost problems, thanks to its highly parallel

architecture. Within this context a few PET image reconstruc-

tion implementations have been recently proposed on GPU

[2]–[4]. However a PET list mode based image reconstruction

that handles all necessary corrections and be executed on

single GPUs, will still not be fast enough to reach a run time

compatible with clinical environment requirements.

A solution consists of going further by using multiple

GPUs that allows a higher performance computing. Until now,

just one work was proposed on multi-GPUs for PET list-

mode reconstruction using the LM-OSEM algorithm [5]. This

method is based on subset splitting into chunks, each one on

a GPU, meaning that every GPU processes just a small num-

ber of lines-of-response (LORs) leading to low performance

computing. This method also requires maintaining the whole

reconstruction volume in each graphical card memory, which

Z. Bahi, J. Bert and D. Visvikis are with the UMR 1101 INSERM, LaTIM,
CHRU Brest, France (e-mail: zakaria.bahi@telecom-bretagne.eu).

Fig. 1. List-mode OSEM algorithm diagram, where FP is forward projection
operation, C is the correction operation, BP is back projection operation, U
is the update operation, l is the subset number, and m is the iteration number.

is a limitation in terms of handling large images and thus

allowing a high resolution reconstruction.

Instead of splitting subsets, in this work we propose a new

method that splits the volume directly and loading each portion

on a GPU. This technique facilitates the highest occupancy of

the GPU by processing the full subset of LORs on each one.

In addition, as the reconstructed volume is scattered in pieces

on each GPU memory it is possible to handle larger images

than the previously proposed subset splitting method.

II. MATERIALS AND METHODS

A. LM-OSEM reconstruction

List-Mode Ordered Subsets Expectation Maximization

(LM-OSEM) PET reconstruction algorithm [6] was introduced

to accelerate the reconstruction time of Maximum Likelihood

Expectation Maximization algorithm (MLEM) without

degradation of image quality. This slight modification of

MLEM uses subsets of the entire data set for each image

update in the form:

λm,l+1
j =

λm,l
j∑I

i=1 wiiPij

∑
k∈Sl

Pikj
1∑J

b=1 Pikbλ
m,l
j

(1)

Where λm,l
j is the image estimation in voxel j (j=1,. . . , J)

at the mth iteration and the lth list-mode subset l (l=1,. . . ,
L) by dividing the data space into L subsets, and Pij is

the probability of an emission from voxel j being detected

along LOR i (often referred as the ’system matrix’), and wii

is the sensitivity matrix. ik refers to the LOR along which

the kth list-mode event is detected in the subsets number

L. Due to the system matrix high complexity and enormous

size, this matrix may be decomposed in multiple sub-matrices,

each accounting for different physical effects of the detection

process. Within the LM context, the sub-matrix modeling the

probability density function (PDF) for each line-of-response

(LOR) is computed on-the-fly using a projector.

As it is shown in Fig. 1, the LM-OSEM reconstruction

algorithm consists of four main sequential stages: forward

projection, correction, back projection and the update stage.

The forward projection computes the sums of voxels values
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Fig. 2. Subsets splitting method flow chart.

on each LOR in a single value Q, while the correction stage

computes the correction values C by reversing the Q values

i.e. C = 1/Q. This correction step will serve us in our

method structure and decomposition. The back projection step

traces the LORs using the correction values C of each LOR.

Therefore, the image is updated after each processed subset

defining a complete iteration, and repeat it until convergence.

B. Subsets parallelization

The subsets splitting method [5] is based on subset paral-

lelization. By splitting every subset into N chunks, where N is

the GPUs number, each GPU process a chunk in a parallel way.

As it is known, LM-OSEM reconstruction algorithm comprises

four stages: forward projection, correction computing, back

projection and finally the update stage. In this subsets splitting

method, as it is shown in Fig. 2, the processing order does not

change for any subset chunk, so for each subset the processing

algorithm is performed in the simple order independently and

synchronized over all the GPUs, until the update computing

step, where this stage could not be performed unless with all

LORs back projection results of the subset. Thus a merge

operation is required over all GPUs nodes of each subset,

which we call reduce. This merging consists of adding together

results from the different GPUs into one specific GPU, called

the main node. This GPU will be in charge of performing the

update stage and broadcasting its result to the other GPUs in

order to start a new iteration. This communication time cost

has a negative impact significantly on the global reconstruction

time, caused by the reduce process on the whole image volume

size over each subset.

C. Volume parallelization

In multi-GPUs PET reconstruction, there are two main

obstacles. The first issue is the cost of the communications

between GPUs occurring for each subset, and the second

one is associated to the bottleneck of the GPU architecture,

which is the high latency in accessing the global memory. We

propose resolving both issues by a method that parallelizes the

reconstructed volume instead of the subsets. This method is

based on splitting the image volume into N portions according

to the number of GPUs, i.e. each portion for one GPU. The

GPU reconstruction run time is led by the memory access

to read values from the volume. By splitting the volume

into different portions, each GPU will decrease its memory

Fig. 3. Volume splitting method flow chart.

bottleneck and run faster. As it is shown in Fig. 3, on each

subset computation, all GPUs are synchronized while they

are processing in an independent way the same subset. In

this method, the corrections were computed partially from a

volume chunk based on the same subset LORs. Therefore,

a reduce summation operation on all the LORs correction

values is required for all GPUs on each subset, followed

by broadcasting the resulting correction values to all GPUs.

Because of the small size of the correction vector (number

of LORs of a subset), the communication cost is very low

comparing to the subsets splitting method, which has to be

performed on the whole volume. After computing the back

projection step independently on each partial volume, the

update computation on this volume is done as well for each

GPU. The updating stage should be faster than a subset

splitting method because each partial volume is computed in a

parallel way. Finally, at the end of all iterations, a last reduce

is required to merge and recompose all GPUs partial volumes

to a final and a complete one.

D. Implementation

The algorithm implementation is based on Nvidia GPU

parallel computing platform CUDA. This programming model

enables powerful increases in computing performance by

harnessing the power of GPU. The Nvidia GPUs is composed

of thousand of threads, each one representing a data unit, in

other words a piece of data that one wish to process. All

threads will execute the same program code, called kernel,

in parallel on the different streaming processing, representing

individual processor units. We choose a strategy that consists

of executing a thread per LOR (i.e. LOR chunk of a GPU

data) in an independent way. For multi-GPUs, we need a

specific communication interface between GPUs, Message

Passing Interface (MPI) is a specification of message passing

libraries, used for distributed memory environment in parallel

programming models. All communications of reduce and

broadcast operations are handled with MPI, which is the

suitable communication interface for such distributed systems.

E. Evaluation study

1) Datasets: List-mode datasets were generated by a Monte

Carlo simulated PET scanner (Philips GEMINI) [7] using
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TABLE I
SUBSETS SPLITTING RECONSTRUCTION RUN TIME [S] FOR 2 GPUS

Resolution 43 mm3 23 mm3 13 mm3

Forward projection 5.2 24.24 201.7

Back projection 13.44 46.24 389

Comm. update 0.024 0.22 2.16

Update 3.5.10−5 5.10−5 5.4.10−5

Total comm. 0.072 0.67 6.48

Total run-time 57.43 212.1 1778.4

Comm/run-time 0.12% 0.31% 0.36%

Speedup / 1GPU ×1.99 ×1.88 ×1.87

TABLE II
VOLUME SPLITTING RECONSTRUCTION RUN TIME [S] FOR 2 GPUS

Resolution 43 mm3 23 mm3 13 mm3

Forward projection 5.44 21.04 200.08

Comm. correction 0.072 0.072 0.072

Back projection 14.24 44 370.4

Update 17.6.10−5 17.10−5 21.6.10−5

Comm. volume 0.001 0.01 0.08

Total comm. 0.2 0.2 0.2

Total run time 59 195.32 1713.8

Comm / run-time 0.33% 0.1% 0.01%

Speedup / 1GPU ×1.94 ×2.05 ×1.94

GATE [8]. A list-mode dataset of about 17.106 true unscat-

tered coincidences was simulated for NEMA-IEC phantom,

composed of a warm water cylinder containing four hot

spheres with diameters 10, 13, 17 and 22 mm and two cold

spheres with diameters 28 and 37 mm. From this phantom, the

corresponding attenuation map was built based on attenuation

coefficients provided by a tissue atlas at 511keV.

2) Reconstruction: The reconstruction went with 3 different

resolutions with voxel sizes of 4×4×4 mm3, 2×2×2 mm3

and 1 × 1 × 1 mm3 for reconstruction volume sizes of

141 × 141 × 45, 283 × 283 × 89 and 565 × 565 × 177
voxels respectively. We used a Gaussian projector [9], [10]

with a stationary point spread function set with a full width

at half maximum at 2.4 × 3.6 mm2. The 3D LM-OSEM

algorithm was used on a convergence point of 3 iterations and

8 equal subsets with about 2.106 LORs for each subset. The

reconstructions were repeated by using 1, 2 and 4 GPUs for

both splitting methods. We used two bi-GPU graphical cards

(total of 4 GPUs) of NVIDIA GTX 590 with 512 CUDA cores

and 1.5 GB of global memory on each GPU.

III. RESULTS

In this section we present the results of both subsets splitting

and the volume splitting methods reconstructions. Tables I,

II and III, IV show the reconstruction performances for both

methods on 2 and 4 GPUs respectively. By looking at the

reconstruction performances on 2 GPUs, we observe two

main difference points for the two methods, communication

cost and run time. For subsets splitting method in table I,

TABLE III
SUBSET SPLITTING RECONSTRUCTION RUN TIME [S] FOR 4 GPUS

Resolution 43 mm3 23 mm3 13 mm3

Forward projection 2.8 11.36 97.6

Back projection 6.72 23.12 194.64

Comm. update 0.072 0.58 5.04

Update 34.4.10−5 45.10−5 35.10−5

Total comm. 0.22 1.77 15.12

Total run-time 28.7 105.2 891.84

Comm/run-time 0.8% 1.68% 1.7%

Speedup / 1GPU ×3.88 ×3.8 ×3.73

TABLE IV
VOLUME SPLITTING RECONSTRUCTION RUN TIME [S] FOR 4 GPUS

Resolution 43 mm3 23 mm3 13 mm3

Forward projection 3.44 13.44 100.56

Comm. correction 0.16 0.16 0.16

Back projection 6.56 18.48 153.36

Update 1.8.10−5 2.3.10−5 2.3.10−5

Comm. volume 0.003 0.03 0.21

Total comm. 0.5 0.5 0.5

Total run time 30.48 96.24 762.4

Comm / run-time 1.64% 0.52% 0.06%

Speedup / 1GPU ×3.75 ×4.16 ×4.36

the communication cost is increased according to the recon-

struction image volume, that started at 0.072s for 43mm3

resolution, 0.67s for 23mm3 resolution and finally 6.48s for

13mm3 resolution, with an increasing factor of more than

×9. This communication cost increase impacts the run time

speedup with ×1.87 factor for 13mm3 resolution, instead of a

theoretical factor of ×2 . But in the other side, in table II for

the volume splitting method, we see that the communication

cost is constant on 0.2s for all the 3 different resolutions, which

leads to a linear speedup of a ×1.94 for 13mm3 resolution.

For 4 GPUs reconstruction performances, we focus always

on the same two points of communication cost and speedup.

We still get the same observations for subsets splitting method

on the communication cost that still increasing by resolution

improvement, of 0.22s, 1.77s and 15.12s for 43 mm3, 23 mm3

and 13 mm3 respectively. The high communication cost has

a worst impact on the speedup more than the reconstruction

on 2 GPUs, with a final speedup loss of ×3.73 for 13 mm3

resolution. Volume splitting method still has the same advan-

tage of keeping a constant communication cost of 0.5s for

all the 3 different resolutions, which allows reaching a better

speedup than the architecture parallelization of ×4 with factors

of ×4.16 for 23 mm3 and ×4.36 for 13 mm3 resolutions.

In images quality comparison, Fig. 4 shows 3 image slices

of different reconstructions on 1 GPU and 4 GPUs of both

methods, showing identical results over different GPUs im-

plementation. Their horizontal profiles located at the images

center in Fig. 5 confirm the same conclusions that reconstruc-

tions for both splitting methods are completely identical.
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(a) (b) (c)

Fig. 4. Image slices of 3 different reconstructed volumes, for (a) 1 GPU, (b)
the volume splitting method on 4 GPUs and (c) the subsets splitting method
on 4 GPUs.

IV. DISCUSSION

Regarding to the presented results, we could obviously

see the advantages of the volume splitting method over the

subsets splitting method on the main obstacles of a fully

quantitative PET reconstruction, of performance computing

and memory handling. The performance computing issue had

been resolved from two parts, minimizing the communication

cost and raising the GPU occupancy. In the volume splitting

method, the communication part was held on a vector of the

correction values that has a small size defined by the LORs

number in a subset. This vector size is totally independent of

the reconstruction resolution, which explains the very low and

constant communication cost. Splitting the volume on portions

improves the GPU occupancy by better exploiting the CUDA

processing (enough data for CUDA processors). In other part,

it resolves the memory handling limitation.

Those two factors of low communication cost and better

GPU occupancy enabled a linear scalability performance,

which has been actually surpassed with a ×4.4 speedup, where

in an ordinal parallelization it will be less than×4 factor with 4

GPUs use. For the subsets splitting method, the scalability was

obstructed with the communication burden, with the speedup

decrease on 4 GPUs from ×3.88 in 43 mm3 resolution to

×3.73 in 13 mm3 resolution, which leads to a saturation status

with more GPUs number or higher resolutions.

V. CONCLUSIONS

We proposed in this study a new Multi-GPU acceleration

method, based on volume parallelization for list-mode PET

image reconstruction. Its specificity is optimizing the 3D

LM-OSEM algorithm computing time in order to obtain a

best run time suitable for a clinical context. We have shown

experimental results for the proposed volume parallelization

approach with high speedup factors ×4.4 that exceeded the

hardware acceleration (4 GPUs) with a very low and stable

communication cost over all different resolutions, compared to

an acceleration of ×3.7 for the previously proposed solution

that was hampered by the high communication cost. The

proposed method allows a such acceleration because of the

combination of the two factors of the very low communication

cost and the improved GPU occupancy. At the same time

the memory bottleneck is eliminated by splitting the volume

into separate portions on GPUs. With those two points of

high performance computing time and memory handling, this

Fig. 5. Profiles through image slices for the 3 different reconstructed volumes
on 1 GPU and 4 GPUs for both splitting methods.

work will continue in order to reach such real time for clin-

ical environment with better exploiting our volume splitting

method that allows to get a highest Multi-GPUs scalability

by multiplying the GPUs number, which is very important for

incorporating the corrections needed for a fully quantitative

reconstruction.
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Abstract—A comprehensive approach to Cone-beam Analytic
Reconstruction for Axial Tomography is proposed where three
separate algorithms have been developed to address fundamental
reconstruction problems. Cone-beam artifacts are mitigated by
addressing each of the root causes separately. The new algorithm
is compared to full scan and short-scan FDK algorithms using
the anatomically realistic XCAT phantom in both a static and
dynamic mode. The new algorithm demonstrates comparable
temporal resolution in the cardiac case and for both cardiac and
standard imaging significant reduction in cone-beam artifacts is
observed.

I. INTRODUCTION

There has been an increase of wide cone-beam systems for:

radiation therapy guidance, interventional and surgical guid-

ance, dental CT, breast CT, and micro-CT. Developing accurate

and efficient methods for cone-beam image reconstruction

from an axial scanning trajectory involves solving three major

problems. The first problem is missing frequencies even when

acquiring a full 2π scan; it is well-known that there is missing

data due to fact that the axial trajectory does not satisfy Tuy’s

condition [1] for a 3D volume. A second problem (missing

frequencies due to z-truncation) arises when one attempts to

reconstruct voxels that project outside the detector for some

views, or when one uses oblique filtering directions which

extend beyond the range of the physical detector. A third

problem in axial cone-beam tomography is the handling of

redundantly measured data. Frequently, this is done via a view-

weighting based on 2D reconstruction algorithms, which can

lead to significant mishandling of the cone-beam redundant

data. Additional description and references for these issues is

given in another abstract for this conference [2].

II. METHODS

A. Algorithm Description

As described above there are three fundamental problems

to solve in developing an analytic reconstruction method for

wide-cone axial tomography. Each of these three problems

is addressed with a separate component of the CARAT

(Cone-beam Analytic Reconstruction for Axial Tomography)

algorithm: Frequency Weighting (FW), Missing Frequency

Estimation due to axial Truncation (MFET) and Missing

Frequency Estimation (MFE) which occurs throughout the

volume (excluding the central slice) due to the axial trajectory.

Throughout the manuscript these separate components will be

referred to with subscripts.

1) CARATFW : In cone-beam tomography, each measured

ray contributes 3D Fourier information in a disk orthogonal to

the ray. In order to get an exact reconstruction at a partic-

ular voxel, we need to accumulate filtered rays whose total

frequency contributions cover the frequency sphere uniformly.

With an axial scan, Fourier data is missing at locations outside

the scan plane, but we at least wish to have uniform weighting

of the data that is available. In the absence of z-truncation, the

data at each measured frequency is acquired at two different

views (these views correspond to the two views that intersect

a Radon plane that corresponds to the selected frequency for

the particular voxel). A standard fullscan FDK-type algorithm

can be used to average the contributions from these two

views together to produce uniform weighting of the measured

frequencies with good noise properties. However, there are at

least 3 cases for which uniform weighting of these two views

is not desirable: i) When temporal resolution is important,

we may wish to minimize the contribution of views that are

far from a particular selected view, which corresponds to a

particular motion phase; ii) In the presence of z truncation,

we wish to minimize the impact of a continuous subset of the

views at which a voxel of interest projects outside the physical

detector (where extrapolated data may be backprojected); iii)

When a continuous subset of the views are either missing (e.g.,

the acquired data is less than a full scan), corrupted, or noisy,

we may wish to minimize or eliminate the influence of these

views on the reconstructed image.

In all three cases, we desire to keep (or at least overweight)

the contribution of the view in each pair which is closer to a

particular view, while discarding (or underweighting) the other

view in the pair. We have developed an algorithm that allows

us to do just this. The process is as follows: First, input data

is rebinned from cone beam to cone-parallel geometry, ramp

filtered, and cone weighted. Contiguous subsets of axial scan

data are backprojected and (in one of two cases) filtered by

a Hilbert filter after which they are summed across subsets

creating two intermediate image volumes. The image volume

generated without the Hilbert filter gives equal weight to each

of the two contributions to each frequency component (as

does fullscan FDK), while the other contains the difference

between the two contributions. A second filter can be applied

to the second volume in order to control which of the two

contributions receives a positive weight and which receives

a negative weight. By summing these two volumes, one
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can achieve the desired result of selecting/overweighting the

influence of views that are nearer to the center view of the

good subset of view data. Cardiac phase selection is controlled

by the orientation of this second filter.

The net result is that cardiac reconstructions match or

slightly exceed the temporal resolution of short scan recon-

structions without the cone-beam artifacts caused by mis-

weighted frequencies. Alternatively, the second volume can

be discarded to produce a low noise image volume in the

portion of the volume for which 2π radians of data is available.

In both cases, the portions of the second image volume

where 2π radians of data are not available are filtered by

a spatially variant 1D or 2D filter to select and weight

only the frequencies that are known to be non-truncated.

This novel method creates cardiac reconstructions free from

frequency mishandling artifacts and creates both cardiac and

standard reconstructions that minimize truncation artifacts and

frequency misweighting artifacts.

2) CARATMFET : The CARATMFET algorithm de-

scribed here acts on the data in the corner regions where

less projection data is available. If we examine a given voxel

in the far corner, this voxel projects onto the detector for

less than π radians of parallel beam data. Thus, the image

reconstruction problem faced here is directly analogous to

the problem of limited view angle reconstruction or so-called

tomosynthesis. Since there is missing data in the corner region

due to data truncation there is a desire to estimate this data.

If a prior image volume is available such as a helical scan

the data could be estimated from that scan. In the case when

an additional scan is not available a non-linear filter may be

used to reduce the impact of the azmuthial directional streaks

that are expected. The aim of this filter is to only correct the

data which is problematic in an appropriate conjugate domain.

For instance, a 3D x-ray forward projection operator may be

used considering a larger virtual detector, or other forward

models may be used such as a shift variant Fourier domain

model. The fundamental concept is to perform the forward

model of both the input image volume fI and the streak

reduced image volume fSR, such that the forward projection

is done onto a larger detector in z and the data from the

projection of the streak reduced volume is used where real

data is not available. In this case the initial reconstruction

must be performed on a large enough z grid to support the

forward projection operator. A simplified shift variant Fourier

model may also be used as the forward and inverse operators.

The corrected volume fC is achieved by applying the inverse

operator after the data combination step. In this manner only

the ray-sums or frequency components which were corrupt

initially are modified during the correction.

3) CARATMFE: The CARATMFE algorithm was devel-

oped to solve the missing frequency problem in wide cone

axial reconstruction that exists in both short scan and full scan

reconstruction. As demonstrated in [3], the missing frequency

for a given voxel can be characterized as a cone in the

frequency space that contains low in-plane frequency and mid-

to-high z-frequency. It is important to note that the missing

Non-

linear

Filter

Initial

Recon.

(I)

Streak

Reduced

Vol (ISR)

Forward

Oper-

erator

Forward

Oper-

atator

Forward

Model

(FI )

Forward

Model

(FSR)

Combine

and

Inverse

Operator

Combined

Vol fC

Fig. 1. The schematic diagram of the flow to reduce artifacts from truncated
projection data (CARATMFET ).

frequency is shift-variant, i.e., the shape of the cone depends

on the voxel location.

The idea of the CARATMFE algorithm is to patch in the

missing frequencies from a different image volume that con-

tains these missing frequencies. One choice of such an image

volume can be helical scout images. If a helical scout is not

available, we can also use a similar two-pass approach as pro-

posed in [4] where a first-pass reconstruction is segmented and

then used for correction. Specifically, let f be the original wide

cone reconstruction that has the missing frequency problem,

and fc the image that contains the missing frequency. First,

a filter F is applied on fc to extract the missing frequencies

while removing the complementary frequencies. The filtered

result is denoted by f̃ . To avoid duplicating frequencies, the

complementary filter F̄ is applied to the original reconstruction

f . Then, we add f̃ back to the filtered original image so that

the frequency space is complete in the corrected image f̂ . The

idea is illustrated in Fig. 2(a). It can be seen that the algorithm

can be implemented more efficiently as in Fig. 2(b).

As mentioned above, the filter F needs to be shift-variant

due to the nature of the missing frequency. Therefore, the-

oretically for every voxel we need to perform a different

filtration. This leads to a significant computation cost. Due to

the low in-plane frequency nature of the missing frequencies,

both the reconstruction fc and the frequency patching can

be realized on the down-sampled resolution to accelerate the

computation. The correction image can then be upsampled

(e.g., via interpolation) to the original resolution after filtering.

B. Simulations/ Evaluation

The simulations were performed with the standard male

phantom of the XCAT NURBs based phantom, where the

forward projection values were generated using the CatSim

software package. A cylindrical detector was simulated with a

fan angle of 48◦, a cone angle of 14.6◦, 888 detector channels.

The simulations were monoenergetic at 70 keV. In the first

case a static phantom was simulated with a beam current of

550 mA and in the second case a dynamic acquisition with a

simulated heart rate of 65 bpm was simulated without quantum

noise. Comparison with fullscan and short scan FDK were

implemented in the cone-parallel geometry and in the fullscan
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(a)

(b)

Fig. 2. The algorithm flow of the CARATMFE method: (a) explicit
implementation; (b) improved implementation.

case 3D weighting was used [5]. Images were reconstructed

using a centered image volume (in-plane) with a field of view

of 320mm, with an image grid on 512×512, where the slices

were reconstructed covering a cone angle of 14.6◦.

III. RESULTS

The results will be multiple image comparisons demon-

strating the CARAT algorithm including the standard ver-

sion CARATSTD and the cardiac version CARATCardiac.

Additionally comparisons will be made with standard FDK
type reconstructions to demonstrate the improvement in im-

age quality. Due to space constraints detailed quantitative

measurements of spatial resolution, temporal resolution, and

noise will not be included in this abstract. In Figure 3

images are presented in all three standard reformat planes after

each step in the CARAT algorithm with cardiac tuning (i.e.

CARATCardiac). The most obvious improvements in image

quality occur in the corner regions after the CARATMFET

algorithm and in the reformat planes after the CARATMFE

algorithm.

After demonstrating the impact of each algorithm within

CARAT , we show the improvement of the CARATSTD

and CARATCardiac compared with FDKFS and FDKSS

(Figure 4). In comparing the artifacts in the standard recon-

structions CARAT has reduced streaks from the ribs in the

outer axial slices and improved uniformity in the reformat

slices. For cardiac reconstruction the CARATCardiac has a

significant reduction in cone-beam artifacts compared with

FDKSS , this is clearly visible in all planes.

After demonstrating the significant reduction in cone-beam

artifacts using the CARATCardiac compared with FDKSS

we show that in the case of simulated cardiac motion (at

65 bpm, gated in diastole) that the temporal artifacts are

comparable between these methods. In Figure 5, it is shown

that significant motion artifacts occur when a fullscan of data

is used and that the CARATCardiac has the desirable property

that it has the reduced temporal artifacts as FDKSS without

the increased cone-beam artifacts.

(a) (b)

Fig. 3. Static phantom demonstration of the impact of each step in
the CARAT algorithm, in this case with the cardiac tuning. For each
panel from top to bottom: Phantom, CARATFW , CARATFW−MFET ,
CARATFW−MFET−MFE . (a) Axial slice with cone angle of 7.13◦, (b-
upper) central coronal slice, (b-lower) central sagittal slice. [w/l 400,43] HU.
Note in the axial slices the reduction in the streaking from the ribs after
CARATFW−MFET and in the sagittal slices the significant reduction in
the streaks from the spine after CARATFW−MFET−MFE

IV. CONCLUSION

A comprehensive solution has been proposed for Cone-

beam Analytic Reconstruction for Axial Tomography

(CARAT ). The algorithm aims at solving the three

fundamental problems in widecone analytic image

reconstruction: correct frequency weighting, estimation

of missing frequency data due to axial truncation and

estimation of missing frequency data due to a trajectory

lying in a single plane. A multi part framework has been

proposed which includes two special cases: CARATSTD
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(a) (b)

Fig. 4. Static phantom comparison of CARAT with FDK type re-
construction. For each panel from top to bottom: FDKFS , FDKSS ,
CARATCardiac,CARATSTD . (a) Axial slice with cone angle of 7.13◦,
(b-upper) central coronal slice, (b-lower) central sagittal slice. [w/l 400,43]
HU. (for phantom images see Fig. 4)

and CARATCardiac. Simulations of an anatomically realistic

phantom has demonstrated improved image quality for

both CARATSTD and CARATCardiac compared with

the FDK fullscan and shortscan respectively. Initial gated

cardiac reconstructions demonstrate that CARATCardiac has

comparable temporal characteristics to FDK shortscan, but

without the significant conebeam artifacts which are present

in images reconstructed with shortscan FDK.
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Abstract—Local reconstruction in interior computed tomography 
(CT) problem is common in practical applications. Both prior 
knowledge- and compressive sensing-based methods have been 
developed in recent years to solve the interior problem. A 
two-dimensional (2D) image can be represented in a curvelet 
frame. A curvelet, which is localized in both radial and angular 
directions in the frequency domain, can be used to construct a 
curvelet frame in the Radon domain. Furthermore, the energy of 
a curvelet mainly concentrates in a local region. To use these 
properties, in this paper, we develop a local reconstruction 
approach for interior problem based on curvelet frames in both 
image and projection domains. The proposed approach allows a 
reduction of the size of the system of linear equations that is solved 
iteratively. Numerical simulation results demonstrate the 
feasibility of our approach. 

Index Terms— Local reconstruction, computed tomography 
(CT), Radon transform, curvelet transform, biorthogonal curvelet 
decomposition (BCD). 
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Fig.1. Illustrations of two curvelets at different scale. While the left curvelet 
has a coarse scale, the right one has a fine scale.  

Fig. 2. The Shepp-Logan phantom (left) with a display window [0, 1] and the 
truncated sinogram (right). 
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Fig. 3. The results of reconstructions from noise-free projections. The 1st row 
shows the reconstructed images with a display window [0, 1]. The white 
dashed circle indicates the ROI. The image on the left is reconstructed using 
the curvelets in step 3) (called ‘partial result’), the image on the right is the 
final result. The 2nd and 3rd rows show image profiles along the horizontal and 
vertical central lines, respectively. The ROI region is marked by two black 
vertical dashed lines. 
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Fig. 4. Same as Fig. 3 but 3% Gaussian noise is added to the curvelet 
coefficients in step 3). 
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TV or not TV? That is the Question

Christian Riess, Martin Berger, Haibo Wu, Michael Manhart, Rebecca Fahrig and Andreas Maier

Abstract—Iterative reconstruction methods with regularization
become more and more popular. In the literature, amazing results
are reported that are able to reconstruct images from very few
views and from trajectories that do not acquire complete data sets
such as would be required for analytical reconstruction methods.

A large disadvantage of iterative methods is their high
computational demand. Bruder et al. have shown that if the
reconstruction is accurate enough, the regularization can be
performed in the reconstructed image only which allows for much
faster application of the regularization term.

In this paper, we present a heuristic compensation weight
that corrects for the loss of mass in a filtered back-projection
type reconstruction given a limited angle problem. Although the
reconstruction contains artifacts, we show that the application
of a bilateral filter in the reconstruction domain is able to
recover almost the same signal as a TV-regularized iterative
reconstruction. The reconstruction error is reduced from 0.130
to 0.057 which is the same as for the iterative case.

I. INTRODUCTION

Iterative reconstruction methods that use some kind of

regularization are becoming more and more popular. Using

certain assumptions, such as that the object of interest is

piece-wise constant, allows violation of the Nyquist-Shannon

sampling theorem [1], [2]. Reconstruction time, however, is

often dramatically increased. Iterative regularized reconstruc-

tions are only feasible, if they are implemented on special

hardware such as graphics cards. Still, the reconstruction time

is an order of magnitude higher than the reconstruction time

in a traditional filtered back-projection algorithm.

Recently, novel approaches have been presented providing

typical benefits of iterative algorithms, but are based on a

filtered back-projection (FBP) type algorithm. Hence, they do

not have to project forward and backward repeatedly in their

iterations. Bruder et al. have shown that there exists an image-

based non-linear filter that is equivalent to a full iterative

reconstruction with regularization [3]. However, the method

can only be applied if the initial reconstruction is sufficiently

accurate. Zeng presented an FBP-type algorithm, which has

similar characteristics to those of an iterative MAP (maximum

a posteriori) algorithm [4].

In general, analytic reconstruction methods face a challenge

if they have to reconstruct data from an incomplete trajectory

[5], [6]. A fan beam trajectory is complete, if 180◦ + 2δmax

are acquired, where δmax is the half fan angle. This is often

Christian Riess and Rebecca Fahrig are with the Department of Radiology,
Stanford University, Stanford, CA, USA. Martin Berger, Haibo Wu, Michael
Manhart and Andreas Maier are with the Pattern Recognition Lab, Department
of Computer Science, Friedrich-Alexander-Universität Erlangen-Nürnberg.
The authors gratefully acknowledge funding of the Erlangen Graduate School
in Advanced Optical Technologies (SAOT) by the German Research Foun-
dation (DFG) in the framework of the German excellence initiative and the
Erlangen Graduate School Heterogeneous Imaging Systems.

referred to as a short scan in the literature. Redundant rays

can be weighted which provides a correct reconstruction [7].

Extensions to this weighting to incorporate larger areas of

redundancy [8] and to optimize the signal-to-noise-ratio [9]

exist. If less than a short scan is acquired, analytic reconstruc-

tion is still possible, but the field-of-view (FOV) that allows

correct reconstruction is reduced [10]. In contrast, iterative

methods using regularization based on total variation (TV)

minimization allow the correct reconstruction of the complete

FOV, if the object of interest is piece-wise constant [1].

In this paper, we investigate this mismatch. We further

propose to use a compensation weight that is a heuristic

extension of the commonly used redundancy weights to im-

prove the analytical reconstruction. In order to obtain the final

reconstruction, we then apply an image-based regularization

using a bilateral filter that enforces piece-wise constancy.

Results indicate that this analytical reconstruction delivers re-

constructions that are very close to the iterative reconstruction

method. Computation time, however, is an order of magnitude

lower compared to the iterative procedure.

II. METHODS

In the following section, we will shortly describe the

used reconstruction methods, beginning with the iterative TV-

regularized reconstruction. Next, the analytic reconstruction

methods and the different redundancy weights are detailed. At

the end of this section, we describe the error metrics that are

used in the results section.

A. Iterative Reconstruction

As a reference reconstruction system, we used an iterative

reconstruction with an augmented objective function

min
x

‖x‖TV subject to ‖Ax− b‖22
where x denotes the reconstruction volume, A the system

matrix that projects x on the detector where the line integrals

b are measured. Details on the implementation are given in

[11].

B. Analytic Reconstruction

In the following, we describe the analytical reconstruction

algorithm using a 2D formulation. Note that any of the pre-

sented concepts can easily be extended to a 3D reconstruction

using a Feldkamp-like approximation. The image f(x, y) is

reconstructed using a filtered back-projection

f(x, y) =

∫
1

U2

∫
D√

D2 + s2
w(s, λ)g(s, λ)hR(s

′ − s)dsdλ

where D is the distance from the source to the center of

rotation, U the depth of the reconstruction point (x, y) and
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2δmax + δx

π + δmax

π

π + δx
λ

δmax−δmax 0

π + δx

π − 2δmax + 2δx

2δmax + δx

2δmax − δx

π + 2δmax

λ

δmax−δmax 0

Fig. 1. Redundancy in the sinogram in a short scan (left) and a shorter scan:
While the short scan addresses only double rays in the light blue areas, the
shorter scan is also missing angles for the complete VOI in the dark red areas.

s′ its projection onto the detector g(s, λ) at gantry rotation

λ. s denotes the detector element and w(s, λ) a redundancy

weight that deals with inconsistent rays. For convenience, we

have virtually placed the detector into the center of rotation.

1) Redundancy Weights: To eliminate artifacts in the recon-

struction that are caused by rays which were acquired twice,

we use a redundancy weight as described in [8]. Let

η(λ, δ) = sin2
(
π
2
π + δx − λ
δx − 2δ

)
and (1)

ζ(λ, δ) = sin2
(
π
2

λ
δx + 2δ

)
(2)

denote the redundancy weights at the beginning and the end of

the scan, respectively. The weights wr(s, λ) are then computed

as

wr(s, λ) =

⎧⎨⎩ η(λ, δ) if π + 2δ ≤ λ ≤ π + δx
ζ(λ, δ) if 0 ≤ λ ≤ 2δ + δx
1 otherwise

In this formulation, δ denotes the angle associated with detec-

tor element s and δx is the scan range in which the redundancy

occurs. If δx = 2δmax Parker’s original formulation is obtained

[7]. Note that this formulation is also correct for δx < 2δmax.

The only problem that occurs is that some of the projections

(λ = 0 and λ = π+ δx) would get assigned a weight that is 1

for the non-redundant part and 0 for the redundant part. The

resulting step function would cause artifacts in the subsequent

reconstruction. In order to omit artifacts, we applied a low-

pass filter on the weights in these projections.

2) Compensation Weights: Figure 1 shows the difference

between a short scan and a scan configuration with δx < 2δmax.

While the short scan only has to solve the redundancy in the

triangles described by π + 2δ ≤ λ ≤ π + δx and 0 ≤ λ ≤
2δ + δx that are shown in light blue in the figure, the shorter

scan is missing information in the triangle π + δx ≤ λ ≤
π+2δ that is shown in dark red. The missing data will cause

artifacts in the resulting reconstruction. Most of the artifacts

are caused by the missing mass during the back-projection.

The signal reduction is proportional to the amount of missing

angles. The rays in the triangles π + 2δx − 2δ ≤ λ ≤ π + δx
and 0 ≤ λ ≤ −δx−2δ that are shown in light red pass through

Fig. 2. Surface plot of an instance of compensation weights.

the area where the mass in the reconstruction is missing. In

order to create a reconstruction with equal mass distribution,

we now increase the weight of these rays with the following

compensation weight wc(s, λ):

wc(s, λ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
η(λ, δ) if π + 2δ ≤ λ ≤ π + δx
2− η(λ, δ) if π + 2δx − 2δ ≤ λ ≤ π + δx
ζ(λ, δ) if 0 ≤ λ ≤ 2δ + δx
2− ζ(λ, δ) if 0 ≤ λ ≤ −δx − 2δ
1 otherwise

Note that for the projections at λ = 0 and λ = π + δx the

weight takes the form of a step function as in the case of

the redundancy weights. We alleviated the problem by the

same low-pass filter as in the case of the redundancy weights.

Figure 2 demonstrates the shape of the compensation weights.

3) Bilateral Filtering: The bilateral filter, originally pro-

posed by Tomasi and Manduchi [12], is a smoothing operator

that protects sharp edges. The idea is that the spatial support

for a Gaussian operator is weighted. More specifically, let

f(x, y) and f∗(x, y) denote an intensity in the image at

position (x, y) and its bilaterally filtered output, respectively.

Here, f∗(x, y) is computed by

f∗(x, y) =
∑

(x′,y′)∈N
g(‖(x′, y′)T − (x, y)T‖2, σg,1)

· g(|f(x, y)− f(x′, y′)|, σg,2)

(3)

where g(μ, σ) denotes the Gaussian function with mean μ and

standard deviation σ, and N denotes the set of all pixels within

a spatially close distance to (x, y).

C. Metrics
For quantitative comparison of the results, we compute three

distance metrics, namely the mean square error (MSE), the

relative root mean square error (rRMSE) and the structural

similarity index (SSID).
The mean square error denotes the pixelwise squared differ-

ence between the reconstructed volume and our ground truth,

the Shepp-Logan phantom. The relative root mean square error

(rRMSE) is similar to the MSE, but normalized with respect

to the variations in the image. Thus, it is defined as

εrRMSE =
‖x− x̃‖2

‖x̃‖ , (4)
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where x and x̃ denote the reconstructed intensities and the

ground truth phantom, respectively.

The structural similarity index is a widespread metric that

is based on the standard deviation of the reconstructed signal.

It is defined as

4 · cov(x, x̃) · μμ̃
(μ2 + μ̃2) · (σ2 + σ̃2)

, (5)

where σ and σ̃ denote the standard deviations of the re-

constructed image x and the ground truth x̃, respectively.

cov(x, x̃) denotes the covariance between the images. μ and

μ̃ are the mean values of x and x̃, respectively.

III. RESULTS

In our experiments, we demonstrate that we achieve a

similar image quality using compensation weights and bilateral

filtering compared to a state-of-the-art TV-regularized iterative

reconstruction [11].

A. Experimental Setup

We evaluated our approach on a simulated 3D Shepp-Logan

phantom [13]. For the projection, we used a detector with

640 detector elements of size 0.5 mm and we sampled the

phantom at 180 angles with an angular increment of 1. Source

to Detector distance was chosen to be 500 mm. The detector

was virtually placed into the center of rotation. The phantom

was scaled to fill the FOV without truncation As a result

of this configuration, the redundancy weighted reconstruction

(see next Section) suffers from an undersampled region in the

upper part of the image.

B. Qualitative Assessment

Figure 3 shows the qualitative results for the proposed

method. On the left, the Shepp-Logan phantom and the result

for total variation regularization are shown. In the middle

column, the reconstruction results for the classical redundancy

weights are shown, with and without bilateral filtering. The

right column shows the reconstruction result for the proposed

compensation weights.

As expected, Parker weights are not able to reconstruct the

area with missing angles correctly. This leads to the dark

area in the upper part of the phantom. The TV-regularized

reconstruction yields an excellent result. In particular, the

sparsity constraint of the algorithm almost perfectly restores

the phantom. The reconstruction using compensation weights

results in an image with a large number of high frequency

streak artifacts that result from the remaining missing infor-

mation. However, bilateral filtering almost completely removes

these artifacts, yielding a result that is comparable to the TV

reconstruction result. The same observations can be obtained

by looking at the line profiles shown in Figure 4.

C. Quantitive Assessment

For quantitative evaluation, we selected a region of interest

(ROI) in the upper part of the phantom, i. e. where the

undersampling occurs. Figure 3a shows the region where the

ROI was selected.

0 50 100 150 200 250
0

0.5

1

1.5

2

 

 

Phantom
TV
Redundancy
Redundancy + BF
Compensation
Compensation + BF

Fig. 4. Intensity profile along a vertical line through the phantom.

rRMSE MSE SSIM

Redundancy 0.1301 0.0286 0.9528

Redundancy BF 0.1271 0.0273 0.9594

Compensation 0.0673 0.0076 0.9594

Compensation BF 0.0569 0.0055 0.9673

TV 0.0566 0.0054 0.9777

TABLE I
QUANTITATIVE MEASUREMENTS.

Table I shows the results of the quantitative measurements.

The result of the qualitative assessment is confirmed by all

reported measures. The quality of the TV-regularized recon-

struction is the best. The reconstruction with compensation

weights is very close to this result.

IV. DISCUSSION

Our observations confirm the findings by Bruder et al.

[3]. We are able to enforce the regularization by applying a

bilateral filter in the reconstruction domain only. This enables

us to recover a reconstruction that is comparable to a TV-

regularized reconstruction. As commented by Bruder et al. the

reconstruction must yield an image quality that is sufficient to

enforce the regularization in the reconstruction domain. This

is usually not the case in limited angle reconstructions as the

missing data leads to a deterministic decrease of reconstruction

values in the area with missing angle. We compensate for this

using a heuristic weighting procedure that increases weights

according to the amount of missing data. Thus we are able to

create a reconstruction that is improved but still suffers from

streak artifacts. The magnitude of these artifacts, however, is

an order of magnitude lower than the artifact resulting from

the missing angle. Subsequent use of a bilateral filter is able

to recover the original signal.

In the present study, we used a simple phantom that

is very popular when exploring reconstructions using TV-

regularization. We expect similar results when using other

piece-wise constant phantoms [14]. Note that the results

presented here required the 8-fold application of the bilateral

filter. Still the processing time was an order of magnitude

lower than the processing time of the iterative reconstruction

with 1000 iterations.
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(a) Phantom (b) Redundancy weights (c) Compensation weights

(d) TV-regularized (e) Redundancy weights+BF (f) Compensation weights+BF

Fig. 3. Qualitative comparison of the reconstructed slices: The compensation weights in combination with a bilateral filter (BF) visually appears almost
identical to a TV-regularized reconstruction. The window for the visualization was chosen as [1.0, 1.4].

In real data, results may be quite different. However, we

still expect that our method is suited to initialize an iterative

reconstruction and will therewith decrease the number of

required iterations.

V. CONCLUSION

We have shown a compensation method that allows recon-

struction of images that are comparable to the reconstructions

created with a TV-regularized iterative reconstruction. The re-

sult of the proposed method can be computed within seconds,

while the iterative procedure has a computation time that is

an order of magnitude higher.
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1

Reduction of Periodic Artefacts for a
Switched-Source X-ray CT Machine by Optimising

the Source Firing Pattern

William M. Thompson1, William R. B. Lionheart1 and Dan Öberg2

Abstract—The RTT system is a fast cone beam CT scanner
which uses a fixed ring of multiple, discrete switchable sources. If
the sources are fired in order to approximate a series of helical
source trajectories, as in conventional helical cone beam CT,
periodic artefacts are observed in the reconstructed images; it is
shown that the cause of these artefacts is an insufficient range
of illumination angles for certain regions of the reconstruction
volume. By adopting an alternative continuum model and opti-
mising the pattern in which the sources are fired to fit this, the
range of illumination angles is shown to be much more even over
the whole reconstruction volume, leading to the elimination of
the periodic artefacts. Examples with simulated and real data
are given.

I. INTRODUCTION

The Real Time Tomography (RTT) system is a family of

fast cone beam CT scanners developed by Rapiscan Systems,

designed for applications where scan time is of critical im-

portance. The system achieves its high speed by using a fixed

ring of discrete, switchable x-ray sources, and several fixed

rings of detectors, offset in the longitudinal direction from the

plane of sources. The offset geometry and general concept of

the RTT system design are explained in [1].

Specifically, RTT80 is a production RTT system with 80cm

tunnel diameter, designed for use in airport baggage screening;

the system geometry is shown in figure 1. The system can be

operated in either a ‘fast’ or ‘slow’ mode, with feed rates of

respectively 500 or 250mms−1 in each case. In the slow mode

discussed in this paper, the complete set of sources is fired so

as to simulate a virtual source rotation speed of 15 revolutions

per second.

In practice the sources are not fired in strict rotational order,

instead being fired such as to approximate a source scanning

trajectory of 4 separate intertwined helices. When compared

to the longitudinal extent of the detector, the absolute value of

the pitch of these helices is large, and this is generally believed

to give rise to periodic artefacts in the reconstructed images.

There are two obvious ways to solve this problem; either

slow down the feed rate, or increase the longitudinal extension

of the detector by adding more detector rings. However, neither

of these approaches is desirable, since the feed rate must

be kept high enough to avoid creating a backlog of bags
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Fig. 1: The RTT80 geometry

on the conveyor feeding the scanner, and adding detector

rows would add to the financial cost of the system and also

necessitate increasing the detector offset, with negative impact

on reconstructed image quality.

The work presented in this paper builds on the authors’

previous work in [2], and demonstrates that through careful

choice of the order in which the discrete sources are fired, such

artefacts can be completely eliminated without using either of

the obvious approaches.

II. THE FIRING ORDER

A secondary advantage of the switched source system

design is the ability to switch the sources in almost any order

we desire; the order in which this is done is known as a firing
order, and is defined in general by the periodic extension of

the sequence

. . . , φ(1), . . . , φ(NS), . . . , (1)

determined by some function

φ : {1, . . . , NS} → {1, . . . , NS}, (2)

where NS is the total number of sources in the system. For

example, the standard firing order used in the RTT80 system,

where NS = 768, is given by the function

φ(i) =
[(
192(i− 1) +

⌊
(i− 1)/4

⌋)
mod 768

]
+ 1, (3)

where the operator �.� represents the integer part, and is

referred to as the RTT firing order.

Using conventional CT theory, the firing order is gener-

ally chosen to approximate the scanning trajectory that a

virtual rotating source or sources would follow. However,

it is technically possible to choose the firing order almost

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

345



completely arbitrarily; the only limitations are imposed by

thermal constraints to allow sources sufficient time to cool

after each firing event.

III. THE RTT CONTINUUM MODEL

The standard continuum model for 3D cone beam CT is

to consider divergent beam sources located at all points x
on some smooth curve L ⊂ R

3, usually a circle or helix;

uniqueness results and analytical inversion formulae for this

model are well-known. For conventional 3D cone beam CT,

the motivation for choosing this model is clear; physically

rotating an x-ray source around a moving object samples

source positions on exactly this type of curve.

For switched-source CT systems such as RTT, an alternative

continuum model has been proposed, in which divergent beam

sources are located at all points x on the surface of a cylinder

C ⊂ R
3. A uniqueness result for this is proved in [3]. The

motivation for choosing this model is that in the general case,

the firing order may be chosen completely arbitrarily; therefore

this can always be chosen so as to generate a regular sampling

lattice, and as the number of sources tends to infinity and the

time between firing events tends to zero, points on the lattice

become arbitrarily close.

IV. AN OPTIMISED FIRING ORDER

Adopting the proposed continuum model, it no longer makes

sense to think of the firing order as defining the trajectory that

a virtual source follows. Instead, we abandon the concept of

a source trajectory completely, and regard the firing order as

defining an arbitrary sampling pattern of source points on the

sampling cylinder C.

Therefore, we seek to choose the firing order so that this

sampling pattern is as even as possible. It is shown in [3] that

a firing order with this property is given by the function

φ(i) =
[
35(i− 1) mod 768

]
+ 1. (4)

This firing order is referred to as the k = 35 firing order, and

also has the important property of rotational invariance, in

that the sampling pattern created is rotationally symmetric.

V. RECONSTRUCTION ALGORITHMS

The standard RTT80 reconstruction algorithm as currently

used in production RTT machines is an analytical Feldkamp-

type approximate algorithm known as Advanced Cone-beam

Back Projection (ACBP) [1]. This is itself a development of

the EPBP algorithm [4], modified to cope with the offset de-

tector geometry of the RTT system. The authors are currently

working on a similar type of analytical algorithm designed to

work with more general firing orders such as k = 35.

For the purposes of comparison between the two firing

orders, the iterative CGLS algorithm is used [5]; the projection

matrix A is calculated using the 3D ray tracing algorithm of

Jacobs et al. [6]. In all cases, the reconstruction grid uses cubic

voxels of side length (25/24)mm.
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Fig. 2: Comparing the sampling pattern on a small section of

the sampling cylinder C

VI. ANALYSIS OF THE OPTIMISED FIRING ORDER

A. The Sampling Pattern

Figure 2 shows a small flattened-out section of the sampling

cylinder C, and compares the sampling patterns created by the

two firing orders under consideration. Note that the k = 35
firing order creates a triangular lattice sampling, with a much

more even coverage of the cylinder surface than that created

by the RTT firing order.

B. Distribution of Illumination Angles

It is possible to study the effect that the firing order is likely

to have on reconstructed images by looking at the distribution

of angles of illumination across the reconstruction region of

interest (ROI). By this, we mean the range of angles θ ∈
[−π/2, π/2] that the rays intersecting a particular region of

the ROI make in the x-y plane; for some region R, we refer

to this as the angular distribution of R.

In the discrete case, the angular distribution of the complete

ROI can be studied from the projection matrix A representing

all rays intersecting an x-y slice. By the rotational invariance

of the firing orders under consideration, the angular distri-

bution of all other slices will be the same up to rotational

symmetry.

The projection matrix is calculated on a square grid of

cubic voxels, covering the entire ROI. Angles of the rays

for all source-detector pairs are calculated, and then ray-voxel

intersection lengths are summed in angular bins of a defined

width, in this case 10◦. Thus for every voxel, this gives the

angular distribution across the defined bins.

Voxels where the angular distribution is incomplete, or

very uneven, will create problems for accurate reconstruction;

therefore, as a measure of the evenness of the angular dis-

tribution, the standard deviation across the bins is calculated

for each voxel. This may be viewed as an image, as in figure

3, which shows that the angular distribution created by the

k = 35 firing order is in general much more even than that

created by the RTT firing order.

In addition to this, the angular distribution for a particular

voxel may be plotted; figure 4 shows this for a voxel at the

isocentre. Note in particular the distribution for the RTT firing

order is incomplete; we therefore expect to see limited angle
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(a) RTT (b) k = 35

Fig. 3: Images of the standard deviation of the relative ray

density across the angular bins for each voxel; grey-scale

window in both cases is [0, 0.05]
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(b) k = 35

Fig. 4: Comparing the distribution of relative ray density

across the angular bins for a voxel at the isocentre

type artefacts in reconstructions of data obtained with this

firing order.

VII. RECONSTRUCTION RESULTS

A. Simulated Data

Simulated noise-free data were generated for the Defrise

type line-pair phantom shown in figure 5a, consisting of a

series of 20 rectangular plates of size 100 × 10mm, and

thickness 2mm, spaced 2mm apart. The phantom is centred

at the isocentre and rotated about the y-axis by 45◦.

Figures 5b–5d compare reconstructions by 12 iterations of

the iterative CGLS algorithm for both firing orders with recon-

struction by the analytical ACBP algorithm for the RTT firing

order. As expected, reconstructions from data obtained with

the RTT firing order show periodic artefacts, though the exact

form of these artefacts depends on the reconstruction algorithm

used. However, the reconstruction from data obtained with the

k = 35 firing order is completely free from these artefacts.

For the CGLS reconstructions, figure 6 shows the 2-norm

of the error from the true image at each iteration, defined as

ei = ‖xi − xtruth‖2, (5)

where xi is the image at the ith iteration, and xtruth represents

the known true image. Reconstruction from the k = 35 data

reaches a lower minimum value at 10 iterations, showing a

more accurate reconstruction.

(a) True image (b) RTT (ACBP)

(c) RTT (CGLS) (d) k = 35 (CGLS)

Fig. 5: Comparing reconstructions of the simulated Defrise

type phantom data; grey-scale window in each case is [0, 1]
in arbitrary units
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Fig. 6: 2-norm of the image error at each iteration for the

simulated data CGLS reconstructions

B. Real Data

Real data were obtained from scans of an ASTM test

phantom bag with both firing orders. Figure 7 compares ACBP

and CGLS reconstructions of the RTT firing order data with

a CGLS reconstruction of the data obtained with the k = 35
firing order. Note that the data used for the ACBP reconstruc-

tion has been fully pre-processed with corrections for scatter,

beam hardening and other artefacts; these corrections were

not available for the CGLS reconstructions. In both cases the

CGLS reconstructions show the result after 12 iterations.
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Reconstructions of the RTT firing order data show periodic

artefacts with both reconstruction algorithms, although to a

lesser extent in the case of the ACBP algorithm. The CGLS

reconstruction of the k = 35 data is completely free from

such artefacts; note in particular differences on the hinges of

the case, at the bottom of the images.

VIII. CONCLUSION

The work presented demonstrates that by adopting an alter-

native continuum model for the RTT reconstruction process,

and optimising the source firing order to fit this, a more

complete data set is obtained. Reconstructions of data collected

in this way show complete elimination of periodic artefacts

observed in reconstructions of original data sets, in both

simulated and real data test cases.
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Abstract—Image reconstruction from a straight-line trajectory 
may have interesting applications for industrial or security 
scanning. Theoretically, the straight-line trajectory violates Tuy’s
sufficiency condition and suffers from a limited-angle problem. In
this article, we propose a Fourier-based iterative approach, based 
on the recently developed “reconstruction from partial Fourier 
data”(RecPF) approach, together with a sparse resampling 
method, to recover the missing information for image recon-
struction from a linear scan tomography. The proposed method 
has some benefits. Firstly, it has computational efficiency as both 
the forward and back-projection are implemented by the fast 
Fourier transform(FFT). Secondly, it is efficient by using the 
classic penalty function approach as well as an alternating 
minimization technique. Thirdly, it provides improvement in the 
interpolation accuracy by the sparse resampling strategy. The 
numerical simulations show that the proposed method brings 
reasonable performance when applied to limited-angle imaging 
problem. 

Index Terms — straight-line trajectory imaging, limited-angle 
tomography, Fouried-based iterative reconstruction, sparse 
resampling. 

A. LCT Scan and Its Associated Sampling in Fourier Space 
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B. Overview of the Reconstruction Scheme 

C. Recover Image from Partial Fourier Sampling based on 
RecPF Method 
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D. Sparse Resampling for LCT Fourier Sampling 

Input: pP f

Algorithm:

u u

k
While Do

k k k
i i i

k k k
i i i

z u i

D u i

s

sw
ku

k k
End do

Output: ku
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Simulation of Blurring Artifacts Using a
Blur-and-add Model for the Scanning Beam Digital

X-ray (SBDX) Tomosynthesis System
Meng Wu, and Rebecca Fahrig

Abstract—Tomosynthesis systems with a small tomographic an-
gle have significant out-of-plane blurring artifacts. We propose a
tomosynthesis artifact suppression algorithm that utilizes a prior
CT volume to augment the run-time image processing. A blur-
and-add (BAA) analytical model, derived from the projection-to-
backprojection physical model, allows the generation of tomosyn-
thesis images that are a good approximation to the reconstructed
image. A computationally practical algorithm is used to simulate
images and out-of-plane artifacts from a patient specific prior CT
image using the BAA model. The accuracy of the BAA analytical
model and the subtraction results were evaluated using patient
CT data. Mean-squared-error measurements showed the BAA
was accurate when the displacement of volume centers between
the BAA and physical model is less than 10 mm. The nodule
visibility was improved by subtracting simulated artifacts from
the reconstructions, especially in the depth or slice direction.

Index Terms—Tomosynthesis, SBDX, Artifacts suppression

I. INTRODUCTION

Digital tomosynthesis is an imaging technique that has

radiation dose levels lower than standard CT, and at the

same time, provides depth information that is not available

in radiographic fluoroscopy [1]. Through-plane resolution is

achieved by providing a relative motion between the x-ray

source and the detector through a limited angle about a fulcrum

plane, and reconstruction then provides a sharp image of the

objects in the plane of interest on which are superimposed

blurred images of object details outside the plane of interest.

The most commonly used analytical reconstruction algo-

rithm for tomosynthesis is shift-and-add (SAA). In the case of

parallel-path geometry of motion of the tube and/or detector,

SAA involves shifting each of the projection images by a

given amount and then adding them together. By selecting

the shift-per-image amount correctly, objects in a given plane

can be brought into sharp focus. In addition to SAA, two

deblurring algorithms that have received the most attention in

recent years are matrix inversion tomosynthesis (MITS) and

filtered backprojection (FBP) [1].

A real-time tomosynthesis approach is available based on

the scanning beam digital x-ray (SBDX) hardware, originally

developed for cardiac applications by NovaRay, Inc. The

SBDX system is an inverse geometry fluoroscopic system with

high dose efficiency and the ability to perform continuous real-

time tomosynthesis at multiple planes [2], [3]. Due to the very

Meng Wu is with the Electrical Engineering Departments, Stanford Uni-
versity, Stanford, CA, 94305 USA e-mail: mengwu@stanford.edu.

Rebecca Fahrig is with the Radiology Department, School of Medicine,
Stanford University, Stanford, CA, 94305 USA e-mail: fahrig@stanford.edu.

small tomographic angle in the SBDX system, the acquired

information from the limited angle distribution is not sufficient

to suppress the inter-plane artifacts through reconstruction

algorithm only, because the theoretical in-plane and inter-

plane resolution ratio is proportional to the tangent of the half

tomographic angle [4] which is less than 20 degrees for this

system.

In lung nodule transbronchial needle biopsy, patient-specific

prior CT volumes are available for biopsy path planning

[5]. Those CT images can also be used in tomosynthesis

reconstruction or post-processing to suppress out-of-plane

blurring artifacts and improve the depth resolution. We want to

develop a tomosynthesis reconstruction algorithm that utilizes

a prior CT volume to augment the run-time reconstruction

from the SBDX system. Yoon et.al. proposed a fast image-

based analytical simulation model that produces equivalent

tomosynthesis reconstructions to those from a physics-based

model [6]. In the analytical blur-and-add (BAA) model, to-

mographic blurring for the SBDX geometry is modeled as a

cylindrical blur function, where the radius of the blur function

varies as the distance from the focal plane times the tangent of

the half-tomographic angle. Summation through the convolved

slices provides an approximation to an SAA tomosynthesis

reconstruction of the SBDX system. An important advantage

of the BAA model is that each simulated slice is a summation

of the blurred planes in the entire volume, so that the blurred

out-of-plane structures, tomosynthesis artifacts, can be easily

computed by adding specific blurred planes. Subtracting these

simulated artifacts can possibly be used to improve the depth

resolution.

II. METHODS

A. SBDX System

The SBDX system consists of a scanning beam X-ray source

with 44-mm-thick 23 cm × 23 cm collimator and a 10.8 cm

× 5.5 cm CdZnTe detector array, which are mounted on a C-

arm gantry [3] [2]. The collimator has an array of 100 × 100

holes positioned on a 2.3 mm focal spot pitch. We modified

the system with 100 cm source to detector distance (Dsd) and

60 cm source to central slice (Ds0), for which tomographic

angles of the region-of-interest (ROI) are 15∼20o and 5∼15o

in x and y directions, respectively. The conventional SBDX

image reconstruction algorithm directly applies shift-and-add

to the detector data followed by a pattern correction technique

[3]. To use logarithmic data, as in common CT reconstruction,
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2

Fig. 1. SBDX system coordinates definition. The space between the source
and detector is divided into two region by the critical distance (Dc).

the SBDX system needs to have more photon counts per pixel.

Therefore we proposed to use more repeated scan data as well

as binning the detector to 48×24 with 2.28×2.28 mm2 pixel

size.

The system geometry and coordinates are shown in Fig. 1

in two dimensions. The source lies on points on line s parallel

to the x axis. The flat detector pixels lie on the line u parallel

to the x axis. The planes of the reconstruction volume are

parallel to both source and detector planes. The center of the

source plane and the center of the detector plane define the

vertical z axis. The origin of z axis is defined at the source

plane. Since this system is separable in x and y directions, we

described our method in the x-z plane for simplicity.

B. Blur-and-add Model

Assuming the centers of the detector and source planes are

perfectly aligned, lines connect opposite boundaries of the

detector and source plane intersect at:

Dc =
lsrc

ldet + lsrc
Dsd, (1)

where ldet and lsrc are the widths of detector and source plane,

respectively. This critical distance (Dc) divides the space into

two regions. Most of the voxels above Dc (point A in Fig.

1) can ”see” the entire source plane but only part of detector.

The x-ray, passing through this region, is mainly truncated

by the finite size of source plane. In the same way, most of

the voxels below Dc (point B in Fig. 1) can ”see” the entire

detector plane but part of the source plane. The SAA back

projected image is:

fb(x, z) =

∫
s

∫
u

δ(x− uz

Dsd
− s(Dsd − z)

Dsd
)

∫
z′

∫
x′

f(x′, z′)δ(x′ − uz′

Dsd
− s(Dsd − z′)

Dsd
)dx′dz′duds

=f lower
b (x, z) + f upper

b (x, z).
(2)

where f(x, z) denotes the image voxel values at the 2D

spatial location (x, z), and f upper
b (x, z) and f lower

b (x, z) denote

the content of the SAA reconstructed image contributed by

the region above and below the critical distance. The delta

functions imply the point-to-point projection process in the

SBDX system. We temporarily ignored the ray weighting

factors in both forward and backward projections because they

can be canceled in projectors.

The x-ray, passing through the lower region, is mainly

truncated by the finite detector. For the lower region, the

backprojected image is

f lower
b (x, z)

≈
∫ Dc

0

∫
u

∫
x′
f(x′, z′)δ(x′ − x

Dsd − z′

Dsd − z
+ u

z − z′

Dsd − z
)

Dsd

Dsd − z
· rect(

x Dsd

Dsd−z − u z
Dsd−z

lsrc
)dx′dudz′

=

∫ Dc

0

∫ +ldet/2

−ldet/2

Dsd

Dsd − z
f(x

Dsd − z′

Dsd − z
− u

z − z′

Dsd − z
, z′)

rect(
x Dsd

Dsd−z − u z
Dsd−z

lsrc
)dudz′.

(3)

The term xDsd−z′
Dsd−z − u z−z′

Dsd−z describes the geometric defor-

mation of the SBDX system. The rectangular window function

denotes truncation by the finite size of the source plane. We

moved the truncation function into the blurring function by

approximating truncation at the central ray. Then the shift-

invariant BAA model for the lower region is

f lower
b (x, z) ≈

∫ Dc

0

a(Dsd − z)

(Dsd − z′)|z′ − z| rect(
xDsd−z′

|z′−z|
ldet

)

∗
[
f(x

Dsd − z′

Dsd − z
, z′)rect(

x Dsd

Dsd−z

lsrc + ldet
z

Dsd−z

)

]
dz′.

(4)

For the lower region, the truncation is dominated by the

detector, therefore we ignored the window function due to

the source plane. Within certain field-of-view we could the

ignore the rectangular window function caused by the source

plane. The blurring kernel is a function of plane-to-source

distance z and plane-to-plane distance z′ − z. Then we obtain

the convolution-based BAA model

f lower
b (x, z) ≈

∫ Dc

0

a(Dsd − z)

(Dsd − z′)|z′ − z|

f(x
Dsd − z′

Dsd − z
, z′) ∗ rect(

xDsd−z′
|z′−z|
ldet

)dz′.

(5)

In the same way, the BAA model for the upper region is given

by:

f upper
b (x, z) ≈

∫ Dsd

Dc

az

z′|z′ − z|f(x
z′

z
, z′) ∗ rect(

x z′
|z′−z|
lsrc

)dz′.

(6)

C. Blur-and-add Artifact Simulation

To simulate SBDX tomosynthesis reconstruction analyti-

cally from CT images using the BAA model, we directly
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Fig. 2. Schematic drawing of the proposed fast convolution-based BAA model
with rectangular blurring kernel for SBDX system . Voxels on each plane
are first geometrically distorted following the center lines determined by the
system geometry and the plane z location. Geometrically distorted planes are
then convolved with an appropriately normalized blurring kernel determined
by the system geometry and the source-detector pair trajectory. To simulate
a tomosynthetic reconstruction onto a specified focal plane, all the convolved
plane data are summed in the z direction.

applied blurring to the volume data on a plane-by-plane

basis and summed the blurred planar images into a single

tomosynthesis image plane as

fsim(x, z) ≈
Dsd∑
z′=0

a(z, z′) [f(x · d(z, z′), z′) ∗ h(x, z; z′)] ,

(7)

where h(x, z; z′) is the blurring kernel of the plane at z′

relative to the tomosynthesis plane at z. The blurring kernel is

combined rectangular functions in (5) and (6). a(z, z′) is the

amplitude function such that

a(z, z′) =

⎧⎪⎪⎨⎪⎪⎩
Δz(Dsd − z)

(Dsd − z′)
if z′ < Dc

Δzz

z′
if z′ > Dc;

(8)

and d(z, z′) is the geometric distortion function such that

d(z, z′) =

⎧⎪⎪⎨⎪⎪⎩
Dsd − z′

Dsd − z
if z′ < Dc

z′

z
if z′ > Dc.

(9)

We used the blurring kernel at the center of each plane

as an approximation to the blur over the entire plane. This

approximation is quite accurate when the voxel is close to

the z axis. We could then use discrete convolution or FFT to

compute the BAA simulated image. Putting all the components

together, the BAA model is illustrated in Fig.2.

The ultimate goal of this study is to use a prior CT

volume to suppress out-of-plane structures that dominate the

artifacts in the tomosynthesis images. Since the blur-and-

add model describes tomosynthesis images on a plane-to-

plane basis, it is also easy to compute the undesired out-of-

plane structures within each reconstructed plane. The BAA-

simulated tomosynthesis artifact is given by

fart(x, z; t) =
∑

|z′−z|>tΔz

a(z, z′) [f(x · d(z, z′), z′) ∗ h(x, z; z′)] ,

(10)

where Δz denotes the slice thickness of images and t denotes

the number of slices that will be preserved. The out-of-plane
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Fig. 3. Accuracy assessment of the BAA analytical model against shift of
volume in x, y and z direction.

structures from the neighboring planes within the preserved

thickness is not considered to be artifacts fart(x, z; t). More-

over, instead of using a sharp step-like function to define

the preserved slice thickness, we suggest using a continuous

function such as

fart(x, z; k) =

Dsd∑
z′=0

(1− exp(−|z − z′|
kΔz

))

× a(z, z′)[f(x · d(z, z′), z′) ∗ h(x, z; z′)],
(11)

where the value of the suppression parameter k controls how

aggressively we want to suppress the tomosynthesis artifacts.

Assuming that we have accurate 3D registration results be-

tween the SAA reconstructed image and the BAA simulated

image, the inter-plane artifact in the tomosynthesis image can

be suppressed by subtracting simulated artifacts from the SAA

reconstruction using

fsub(x, z; k) =
frecon(x, z)− μrecon

σrecon

− fart(x, z; k)− μsim

σsim

,

(12)

where fart(x, z; k) is the simulated artifact using the BAA

model. Both images are normalized before the subtraction if

they are at different magnitude levels. μ and σ denote the mean

and deviation of the images within the reconstructed volume.

III. SIMULATION AND RESULTS

We used the real lung cancer patient CT scan that includes a

pulmonary nodule of 12 mm in diameter. The CT image size

was 512×277×512 with spacing of 0.82×1.25×0.82 mm3.

The CT image was shifted to place the target nodules at

the center of the ROI. The reconstruction volume size was

128×128×32 with spacing of 0.5×0.5×3 mm3 in the x, y,

and z directions, respectively. The simulated image using the

BAA analytical model had a volume size of 256×256×52 with

the same spacing as the physical model.

To demonstrate the feasibility of the BAA analytical model,

we compared images using both the SAA physical model

and the BAA analytical model from the same CT scans. We

used ray-driven and pixel-driven methods for projection and

backprojection for (SAA) in the physical model. No additional

noise was added to the simulated projections or reconstructed

images. The BAA analytical model approximates the blurring

kernel of each plane by the kernel corresponding to that of

the voxel on the central axis. Therefore, the accuracy of the
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Fig. 4. Subtraction-based artifact suppression images. The columns from left to right are: (a) CT images, (b) SAA reconstructions, (c) ML reconstructions,
(d) subtraction images with k = 2, (e) subtraction images with k = 8. The last column shows the simulated projection images. The top row is the coronal
view, and the bottom row is the axial view. The images are scaled to full range of colormap by Matlab.

analytical model may decrease as the reconstruction center

moves away from the simulation center. To evaluate the errors

caused by volume displacements, we simulated reconstruction

images with shifts from -25 to +25 mm in x, y and z directions

separately. Mean-square-errors (MSE) were then calculated

between the normalized (mean zeros and unit variance in ROI)

reconstructed images and its corresponding volume in BAA

simulated image.

Fig. 3 shows the accuracy of the BAA analytical model at

different displacements of patient CT data sets. The accuracy

of the analytical model decreases as the center of the recon-

struction volume moves away from the central axis in the x
and y directions. The displacement in z has less influence on

the accuracy, because it has small effect on the tomographic

angles of voxels and on geometric distortions. According to

MSE measurements, there is a range of shifts from -10 mm

to +10 mm in x and y directions, for which displacement

does not greatly influence the accuracy of the analytical

model. Therefore, we set 10 mm as the range for which the

BAA analytical model is accurate. Displacements larger than

this require either moving the patient or re-simulating the

image. The range gives us a 20×20 mm2 tolerable motion

of reconstruction volume in the x and y directions.

Fig. 4 shows coronal and axial views of images using the

proposed artifact subtraction approach in (12). The second and

third column show reconstructed images using the SAA and

Maximum Likelihood (ML) algorithms. However, since the

SBDX system has a very small tomographic angle, neither

algorithm provided effective suppression of tomosynthesis

artifacts. In the coronal view, the nodule (in the middle) is

visible in both reconstructions, but the boundaries are not very

clear. The fourth and fifth columns are subtraction images with

k = 2 and k = 8. In the coronal view, the subtraction images

show the pulmonary nodules with clearer boundaries than ei-

ther of the reconstructed images. The subtraction with smaller

suppression parameter provides improved nodule visualization,

and other lung structure details also appear in the image.

IV. CONCLUSION

Here we described a method for tomosynthesis artifact

suppression using simulated images and artifacts using a BAA

analytical model. We proposed a computationally practical

algorithm to simulate images and out-of-plane artifacts from

a patient specific prior CT image. The accuracy of the ana-

lytical model, as an approximation of the SAA reconstructed

image, was good when the displacement was within the ± 10

mm region in the x and y directions. Nodule visibility was

significantly improved by subtracting simulated artifacts from

the reconstructions, especially in the z direction. The future

work of this project is finding fast 3D registration methods to

align the images before subtraction.
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Abstract—Linear-accelerator (LINAC) integrated, cone-beam com-
puted tomography (CBCT) systems are routinely used for image-guided
radiation therapy (IGRT). In recent years, remarkable development has
been achieved on optimization-based image-reconstruction algorithms,
which have demonstrated advantages over conventional, analytic-based
algorithms in a number of scenarios. However, CBCT image quality has
yet been explored for its full potential under conditions of practical IGRT
interest by use of optimization-based reconstruction. In this work, we in-
vestigate and exploit the image-quality potential of CBCT under current
IGRT imaging conditions via adapting an advanced, optimization-based
algorithm for image reconstruction from physical phantom and patient
data collected with imaging protocols of high clinical interest. We carry
out characterization studies for qualitatively and quantitatively assessing
the merit of the optimization-based algorithm under specific imaging
tasks. The results show that appropriately designed optimization-based
algorithms can yield CBCT images of improved quality than that of
conventional algorithms. The results have the implications of improving
the CBCT utility for current clinical IGRT applications, as well as
potentially enabling non-standard, novel IGRT applications.

I. INTRODUCTION

Linear-accelerator (LINAC) integrated, cone-beam computed to-

mography (CBCT) systems [1] are routinely used for image-guided

radiation therapy (IGRT), where the treatment beam is guided,

monitored, and verified with the aid of CBCT images, for treating

cancers in head and neck, thorax, pelvis, and so forth [2]. Although

current CBCT image quality can be adequate for some of the IGRT

applications, the full image-quality potential remains to be explored.

Despite the rapid development of CBCT systems and improved

performance of novel hardware components, most clinical CBCT

systems still employs the conventional, analytic-based algorithms

such as FDK and its variants, for image reconstruction. Recent

remarkable development on optimization-based image-reconstruction

algorithms has demonstrated potential in numerous imaging config-

urations, such as sparse-view or low-dose imaging [3, 4]. However,

CBCT image-quality has yet been fully explored for its potential

under conditions of practical IGRT interest by use of optimization-

based reconstruction.

In this work, we investigate and exploit the image-quality potential

of CBCT under current IGRT imaging conditions via adapting one

of the advanced, optimization-based algorithms for image reconstruc-

tion. Specifically, we acquire raw projection data of calibration and

anthropomorphic phantoms by using protocols available on a clinical

CBCT system. The data are then corrected, by use of software utilities

provided by the manufacturer, in the same way that clinical CBCT

data are corrected. Then, we apply the adaptive-steepest-descent-

projection-onto-convex-sets (ASD-POCS) algorithm, to reconstruct

images from the corrected data. Finally, we characterize the recon-

struction quality with qualitative and quantitative metrics under the

context of specific imaging tasks.

II. DATA ACQUISITION

A. Phantoms and CBCT system

We scanned a standard phantom, the Catphan phantom, at three

sections for characterizing different image-quality properties. We also

scanned a anthropomorphic phantom, the Rando head phantom, and

a prostate patient. The CBCT system for data acquisition was an on-

board imaging (OBI) system on a Trilogy linear accelerator (Varian

Medical Systems). The OBI system consists of an X-ray source and

a flat-panel detector, which is mounted on the accelerator gantry

orthogonal to the treatment beam. The flat-panel detector has an

effective 1024 × 768 square pixel array, with a pixel size of 388

μm. The distance between X-ray source and detector is 150.0 cm

and the X-ray source to isocenter distance is 100.0 cm. The detector,

supported by a robotic arm, can be aligned with the source-isocenter

axis axis to form a full-fan geometry, or it can be shifted laterally to

form a half-fan geometry for enlarging scanning field-of-view (FOV)

to accommodate larger body cross-sections such as the pelvis region.

We investigate in this work imaging protocols employing both full-

and half-fan geometries. Due to the limited space, we show only

phantom results of full-fan geometry, and will present additional

phantom and patient results of half-fan geometry at the conference.

B. Imaging protocols

We selected two imaging protocols available in the OBI application

software [5], which are high-quality head (HQH) and low-dose head

(LDH), for acquiring CBCT data. Both protocols employ full-fan

geometry, and projection data were collected with 100 kVp X-rays

at 360 views over a half-scan range of 200 degrees. The two protocols

differ by the tube current and exposure time, with HQH employing

80 mA and 25 ms, and LDH 10mA and 20 ms, resulting in a 10-fold

difference in total mAs. For each of the two clinical protocols, two

additional, customized protocols were also considered, including a

full-scan protocol by expanding the projection data set to include 640

views over 360 degrees, and a sparse-scan protocol of 180 views over

200-degree range by removing every other projection-view. We refer

to these additional protocols as HQH-f, HQH-s, LDH-f, and LDH-

s, where “f” denotes full-scan, and “s” sparse-scan. Thus, for each

phantom we obtained data from six protocols. We also investigated

additional imaging protocols, such as the low-dose thorax protocol,

and will present the results at the conference.
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C. Data preprocessing

We processed the acquired data sets by running them through the

processing chain corresponding to each clinical protocol available

in the iTools software utility provided by Varian Medical Systems,

which includes a sequence of operations for flood-image normaliza-

tion and corrections for physical factors such as scatter and beam-

hardening effect. In this way, the condition of data prepared can be

regarded identical to that used by clinical reconstruction, and image-

reconstruction algorithm is isolated as the only variable of the study.

III. IMAGE RECONSTRUCTION

A. Optimization-based reconstruction and parameters

Imaging model A discrete-to-discrete imaging model is used for

summarizing the CBCT imaging process:

g = Hf , (1)

where vectors g and f of sizes M and N denote the discrete data

and the discrete image, and the M -by-N matrix H models the cone-

beam X-ray transform. Complete specification of the imaging model

requires a number of parameters, such as the shape and size of

the image voxels, which we determine in this work according to

current clinical CBCT practice. The axial length of the voxels (i.e.,

slice thickness) is selected to be 2.5 mm, the default values for all

protocols under investigation. On the transverse plane the array is

represented by 512 × 512 voxels covering an FOV of 250 mm

diameters. Therefore, the resulting voxels are of cuboid shape with

dimension of 0.488 × 0.488 × 2.5 mm3.

Optimization-based reconstruction program To solve the imag-

ing model in Eq. (1), we formulate an optimization-based optimiza-

tion program,

D(f) ≤ ε, ||f ||TV ≤ t0, fj ≥ 0, and cα(f) ≤ γ, (2)

where D(f) = |Hf − g|/M denotes the average Euclidean data

divergence per detector pixel between measured data and imaging

model; ||f ||TV the image’s total variation (TV) (see, e.g., Eq. (9) of

Ref. [6]); parameter t0 constrains TV of the reconstructed image;

fj indicates the value at voxel j of image f , j = 1, 2, ..., N ; and

parameter γ constrains the metric cα(f) (defined in Eq. (21) of Sidky

and Pan (2008)). Parameter ε > 0 is designed to account for the

inconsistency between the measured data and the imaging model.

ASD-POCS algorithm We employ the ASD-POCS algorithm to

reach the solution set designed by the reconstruction program in

Eq. (2). The framework of the ASD-POCS algorithm, and numerical

techniques for monitoring algorithm convergence have been described

in detail elsewhere [6], and we focus in the current work on adapting

the algorithm to reconstructing CBCT images from data of clinically

relevant conditions.

B. FDK algorithm and parameters

We also reconstructed images from each of the prepared data

sets by using the FDK algorithm, because FDK is currently the

algorithm of choice in most clinical CBCT scanners. We use the FDK

Figure 1. Images of the Catphan phantom within the CTP404 section reconstructed
by use of the ASD-POCS (left) and FDK (right) algorithms from data acquired with
the HQH protocol.

reconstruction as the benchmark for the image quality typically seen

in clinical CBCT. For this purpose, we selected the Hann filter as the

reconstruction kernel for our FDK implementation. It is likely that the

image quality of FDK can improve for some of the studied tasks by

carefully adjusting reconstruction kernel parameters. However, such

an effort is beyond the scope of the work, and we chose the Hann

filter because it yields images of appearance close to that of typical

clinical reconstructions.

IV. RESULTS

A. Catphan CTP404 result

The section of CTP 404 contains both high- and low-contrast

structures, which resembles a realistic scenario in IGRT where both

boney structures and soft tissues (e.g., tumor) are present and used

for positioning adjustment and tumor localization.

We reconstructed images using the ASD-POCS algorithm from

data acquired with the three HQH-based and three LDH-based

protocols. We display in Fig. 1 the image reconstructed from data

acquired with the HQH protocol within the ROI including only the

central region of the phantom. As a reference we display the FDK

reconstruction with Hann kernel. It can be observed that the ASD-

POCS algorithm yields a reconstruction of moderately sharper ramps

and substantially improved contrast-noise-ratio (CNR)/detectability

than the FDK counterpart. Additional images and quantitative char-

acterization results will be presented at the conference.

B. Catphan CTP515 result

The section of CTP515 contains mainly low-contrast inserts, which

resembles a realistic scenario in IGRT where visibility of soft tissues

is the priority of imaging, whereas moderate compromise on spatial

resolution may be acceptable.

We reconstructed images using the ASD-POCS algorithm from

data acquired with the three HQH-based and three LDH-based

protocols. We display in Fig. 2 the image reconstructed from data

acquired with the HQH protocol within the ROI including only

the central region of the phantom. As a reference we display the

FDK reconstruction with Hann kernel. It can be observed that
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Figure 2. Images of the Catphan phantom within the CTP515 section reconstructed
by use of the ASD-POCS (left) and FDK (right) algorithms from data acquired with
the HQH protocol.

Figure 3. Images of the Catphan phantom within the CTP528 section reconstructed
by use of the ASD-POCS (left) and FDK (right) algorithms from data acquired with
the HQH protocol.

the ASD-POCS algorithm yields a reconstruction of substantially

improved CNR/detectability than the FDK counterpart. Additional

images and quantitative characterization results will be presented at

the conference.

C. Catphan CTP528 result

The section of CTP528 contains mainly high-contrast bar phan-

toms, which resembles a realistic IGRT scenario where accurate lo-

calization of high-contrast structures is the imaging priority, whereas

moderate compromise on noise property may be acceptable.

We reconstructed images using the ASD-POCS algorithm from

data acquired with the three HQH-based and three LDH-based

protocols. We display in Fig. 3 the image reconstructed from data

acquired with the HQH protocol within the ROI including only

the top right quarter of the phantom. As a reference we display

the FDK reconstruction with Hann kernel. It can be observed that

the ASD-POCS algorithm yields a reconstruction of substantially

improved spatial resolution than the FDK counterpart. Additional

images and quantitative characterization results will be presented at

the conference.

D. Additional phantom and patient results

We have reconstructed images from data acquired with Rando head

phantom and a prostate patient by using the ASD-POCS and FDK

algorithms. The head phantom and patient data help demonstrate

the algorithm performance for images of realistic human anatomy.

While the head phantom images contain mainly complex boney

structures, the prostate patient images contain moderately complex

boney structures and abundant soft tissues of low contrast. The

results show that ASD-POCS algorithms can yield images of reduced

artifacts and improved spatial- and contrast-resolution, which may

enhance CBCT’s utility for IGRT applications. Additional images

and characterization results will be presented at the conference.

V. DISCUSSION

We have investigated the potential room for improvement of CBCT

image quality by optimization-based reconstruction under conditions

of clinical IGRT interest. Based upon a discrete-to-discrete imaging

model, the appropriately designed optimization-based reconstruction

has shown the flexibility of incorporating effective data and image

constraints, which can help to yield reconstructions of improved

quality for imaging tasks under consideration. The ASD-POCS

algorithm considered in the work represents one of such optimization-

based algorithms, albeit it is likely that other algorithms, when

appropriately designed and implemented, can also yield images

of comparable or improved quality. Therefore, our purpose is not

promoting any particular algorithm. Rather, we have demonstrated the

existence of potential in CBCT image quality that can be exploited by

advanced optimization-based reconstruction algorithms. The results

have implications of improving the CBCT efficacy for current clinical

IGRT applications as well as potentially enabling non-standard, novel

IGRT applications.
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Abstract— We are developing an open-type PET “OpenPET” 

geometry. One possible geometry is a dual-ring OpenPET, which 
consists of two detector rings separated by a gap for entrance of a 
radiotherapy beam. In our previous simulations and experiments 
the OpenPET imaging geometry was shown to be feasible by 
applying iterative reconstruction methods. However, the gap 
violates Orlov’s completeness condition for accurate tomographic 
reconstruction. In this study, we propose a solution for the 
incompleteness problem by adding bridge detectors to fill in parts 
of the gaps of the OpenPET geometry; we call this bridged 
OpenPET. Although this geometry was considered previously, its 
analytical property was not discussed. Therefore, we applied the 
direct Fourier method as an analytical reconstruction method to 
the bridged OpenPET, dual-ring OpenPET and conventional 
cylindrical PET for comparison. Numerical simulations showed 
that the additional bridge detectors compensate for the 
incompleteness of the OpenPET by covering one direction 
perpendicular to the transaxial slices of the imaging subjects. 
 

Index Terms—Positron emission tomography, OpenPET, 
Whole-body PET, Image reconstruction 
 

I. INTRODUCTION 

E are developing an open-geometry PET scanner, 
OpenPET, which has axially separated detector rings and 

a physically opened field of view [1]-[7] (Fig. 1). The 
OpenPET geometry can reduce patient stress due to 
claustrophobia during PET brain imaging. The OpenPET 
scanner also enables various applications such as in-beam PET 
imaging for particle therapy [8]-[14] and entire body PET 
imaging using fewer detector rings [4]-[6]. The OpenPET 
geometry that consists of two detector rings separated by a gap 
is called the dual-ring OpenPET. 

The open space between the detector rings is imaged only 
from oblique lines of response (LORs), in which low frequency 
components are lost [15]. There is no LOR that forms direct 
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planes. Thus, the OpenPET image reconstruction is an 
incomplete inverse problem because Orlov’s condition is not 
satisfied [16]. However, our previous simulations and 
experiments showed that it is feasible to obtain the 
reconstruction images even for the in-gap region by using 
iterative image reconstruction methods such as the maximum 
likelihood expectation maximization (MLEM) which is the 
most commonly used iterative method for PET [1]-[5]. The 
effect to compensate for the incomplete data in the iterative 
methods was proven by applying the method of convex 
projections to analytically reconstructed OpenPET images [17]. 
In this study, we propose an alternative approach for the 
incomplete problem by adding bridge detectors to fill in parts of 
the gaps of the OpenPET geometry (Fig. 1). We call the 
OpenPET geometry with the bridge detectors connecting 
detector rings on both sides “bridged OpenPET”. To 
demonstrate the effectiveness of the bridged OpenPET, first we 
discussed theoretical aspects of the geometry in comparison 
with the dual-ring OpenPET and conventional cylinder PET. 
Next, we conducted numerical simulations by using the direct 
Fourier method [18] as an analytical method to evaluate the 
imaging performances of these geometries. 

II. THEORY 

Image reconstruction by the direct Fourier method requires 
2D projection data. Each 2D projection set is calculated for 
parallel LORs. If there are gaps in the 2D projection data, the 
reconstructed image will have artifacts. To simplify the 
problem, we used only projection angles without truncation as 
shown Fig. 2. Then, we focused on the imaging problem of the 
in-gap region for the OpenPET geometries, where the feasible 
imaging region is the rhombus region in Fig. 2. For the 
dual-ring OpenPET, only two projection angles are available. 
In addition to these angles, projection angles between 0 to  are 

Simulation Study of the OpenPET Scanner with 
Bridge Detectors to Compensate for Incomplete 

Data 

Hideaki Tashima, Taiga Yamaya, Member, IEEE, and Paul E. Kinahan, Fellow, IEEE 
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Fig. 1.  Schematic illustrations of the dual-ring OpenPET and bridged 
OpenPET enabling radiation therapy during PET scanning and extension of
the axial FOV. 
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available for only one radial angle in the case of the bridged 
OpenPET.  

Orlov’s condition is useful for determining the data 
completeness of tomographic applications. We let  be the set 
of endpoints of normal vectors of the non-truncated 2D parallel 
projections. Orlov’s condition states that the image can be 
reconstructed in a stable way from the set of non-truncated 
projections if and only if there is no great circle on the unit 
sphere that does not intersect the set . From the 
three-dimensional projection-slice (or central-section) theorem 
this can be interpreted as saying that every portion of the 
three-dimensional Fourier transform of the object is measured 
at least once [19]. Since an object and its Fourier transform are 
one-to-one linear transformations (for square-integrable 
functions), knowing the entire Fourier transform means the 
entire object is recoverable. Fig. 3 illustrates three unit spheres 
showing the set  for the center region in conventional 
cylindrical PET, dual-ring OpenPET, and bridged OpenPET. 
We note that the set  for the dual-ring OpenPET (Fig. 3(b)) is 
similar to that found in reconstruction problems for the 
off-center region in the cone-beam X-ray CT [20] and for 
ectomography [21]-[23]. From these illustrations, we found 
that the bridged OpenPET satisfies Orlov's completeness 
condition, while the dual-ring OpenPET requires compensation 
methods to image accurately in the gap region. 

III. SIMULATION METHOD 

To demonstrate the imaging performance of the bridged 
OpenPET compared with the dual-ring OpenPET and cylinder 
PET, we conducted numerical simulations using the geometries 
shown in Fig. 4. The detailed parameters are given in Table I. 
Common parameters were used for both geometries and the 
cylinder PET was assumed to just cover the object support; 
therefore, only the projection angle parallel to the transaxial 
plane was used in the direct Fourier image reconstruction 
method. The bridge detectors were designed to just fit the size 
of the object support in order to minimize additional cost; 
therefore, only one radial angle had projection angles between 
0 and . 

We simulated three test phantoms referred to as disk A, disk 
B, and spots. Each phantom had a cylindrical background 
region. The diameter of the cylinder was 150 mm and the axial 
length was 75 mm. The Disk A phantom included three disks 
with a thickness of 12.5 mm separated by12.5 mm. The Disk B 
phantom also included three disks but the thickness of each disk 
was 6.25 mm while the distance between them was 6.25 mm. 
The Disk A and B phantoms are similar to the Defrise phantom, 
which is used to evaluate cone-beam artifacts. The spots 
phantom included 15 spots symmetrically placed as shown in 
Fig 5. 

The projection data were generated by forward projection 
assuming detector rings and they were resampled into the plane 
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Fig. 2.  Available angles without truncation in 2D parallel projections for the
rhombus region. The bridged OpenPET can use projection angles between 0
and  for only one radial angle. For the other radial angle, the available angle is 
the same as that of the dual-ring OpenPET. 
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Fig. 3.  Illustrations to indicate Orlov’s sphere for the center region in each
geometry. Orlov’s sphere indicates the set of endpoints of normal vectors of
the non-truncated 2D parallel projections as . 

TABLE I 
PARAMETERS FOR SIMULATED OPENPET SCANNERS 

Parameter Value 

No. of rings 48 (24×2) 

Gap 100 mm 

Radial sampling 3.125 mm 

No. of radial samples 128 

No. of angular samples 128 

Ring spacing 6.25 mm 

Image matrix size 128×128×128 

Voxel size 3.125×3.125×3.125 mm3 
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Fig. 4.  Simulation geometries for the dual-ring OpenPET (a) and for the 
bridged OpenPET (b). The bridge detector size is assumed to just cover the
imaging object support. 
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perpendicular to the projection angle. Poisson noise was added 
to the projection data and the noise level was around 5 %. The 
projection data were reconstructed by the direct Fourier method. 
The values in the truncated region in the Fourier domain for the 
dual-ring OpenPET was set to zero. 

IV. RESULTS 

Fig. 5 shows the reconstructed images and Fig. 6 shows the 
sagittal slices of the Disk B phantom. Fig. 7 shows the center 
profiles of the reconstructed images of the Disk B and Spots 
phantoms. The reconstructed images for the dual-ring 
OpenPET suffered from severe image artifacts along the axial 
direction. The reconstructed disk phantom images for the 
bridged OpenPET could significantly reduce the occurrence of 
image artifacts to the same level as the cylinder PET. The spots 

phantom was clearly reconstructed in all geometries except for 
the edge of the background cylinder in the image reconstructed 
for the dual-ring OpenPET. 

V. DISCUSSION AND CONCLUSIONS 

The iterative MLEM has been shown to be an effective 
method for compensating for missing data. However, since 
MLEM is an non-linear method, its success for arbitrary objects 
cannot be determined a priori. As an alternative strategy to 
overcome the incomplete data problem in the OpenPET image 
reconstruction, we evaluated the bridged OpenPET geometry 
theoretically and numerically. The bridged OpenPET geometry 
increases the number of detector blocks, resulting in increased 
costs compared to the dual-ring OpenPET, but the number of 
blocks is still small compared with the conventional cylindrical 
PET with the same axial FOV. Furthermore, we showed that 
the bridged OpenPET geometry could satisfy Orlov’s condition. 
Therefore, we can in principle accurately reconstruct any object 
in the noise-free case. The numerical simulation showed that 

 
Fig. 5.  The phantom images (a) and images reconstructed by the direct Fourier 
method for the bridged OpenPET (b), the dual-ring OpenPET (c), and the
conventional cylindrical PET (d). For each pair, the top is the transaxial slice 
and the bottom is the sagittal slice. The axial direction is the horizontal
direction in the sagittal images. 

Fig. 6.  The sagittal slices of the Disk B phantom in inverse grey scale to show
differences and additional features between the geometries. 

 
Fig. 7.  The center profiles of the reconstructed images of the Disk B (top row)
and Spots (bottom row) phantoms. 
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the improvement was substantial for the disk phantoms. Fig. 8 
shows the images reconstructed by the MLEM from projection 
data generated from the same phantoms. The occurrence of the 
image artifact in the axial direction was suppressed but still 
existed when the thickness of the disk was thin. It might be 
possible to further suppress these artifacts if we apply a 
compressed sensing based approach [24], [25]; however, that is 
beyond the scope of this article. When we scan subjects 
containing such structures by the OpenPET, it is worth 
considering adding bridge detectors to construct the bridged 
OpenPET. In addition, analytical image reconstruction methods 
are still preferably used in some areas of study such as brain 
functional imaging because of their quantitative properties. The 
bridged OpenPET geometry can be used for such applications if 
analytical methods or iterative image reconstruction methods in 
that quantitative performance is ensured are used.  

In this study, we assumed that the bridge detector was large 
enough to cover entire object for avoiding interior problem. 
Even when the bridge detector is small compared to the object, 
we expect that the imaging performance will be improved 
because the data incompleteness is mitigated. Further, there is 
the possibility of accurate reconstruction for a region of interest 
(ROI) with a priori knowledge for a small region in the ROI 
[26], [27]. 

In conclusion, we proposed the bridged OpenPET as an 
alternative approach which does not have the incomplete data 
problem. Our theoretical analysis and initial numerical 
experiment showed that the proposed approach could 
effectively improve the imaging performance, although at the 
cost of increasing the number of detector blocks. 
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Memory access optimization for iterative
tomography on many-core architectures

Wim van Aarle, Pieter Ghysels, Jan Sijbers and Wim Vanroose

Abstract—Iterative tomographic reconstruction methods, de-
spite their virtues, are known to be slow compared to analytic
reconstruction methods, mainly because of the computationally
very intensive forward and backward projection operations. By
relying on many-core architectures with large vector registers,
modern high performance computing (HPC) systems can offer
relief. However, to optimally benefit from such systems, the peak
performance of the algorithms should not be bound by the
memory bandwidth. In this work, a strategy is proposed that
improves the performance of the tomographic forward projection
by optimizing its memory accesses. Data locality is exploited to
hide data access latency and knowledge of the cache architecture
is used to optimally distribute the projection operation over
many computing cores. Experiments performed on the recently
introduced Intel R© Xeon Phi

TM
architecture confirm a substantial

boost in projection performance.

Index Terms—Computed Tomography, High Performance
Computing, vectorization, many-core computing, Xeon Phi.

I. INTRODUCTION

ADVANCES in tomographic reconstruction techniques

continue to lead to significant improvements in re-

construction quality with an ever decreasing radiation dose.

Typically however, the price to pay for these improvements

is a vastly increased computation time. GPU computing has

already been widely applied to alleviate this downside [1],

but tomographic algorithms are also ideal algorithms for im-

plementation on general purpose high performance computing
(HPC) systems. The performance of high-end HPC systems

keeps on increasing exponentially; it is expected that by the

early 2020s the first machines capable of performing one

exaflop (=1018 floating point operations) per second will start

appearing. To reach that goal, architecture manufacturers can

no longer rely on ever increasing clock frequencies — power

consumption has become a limiting factor — but are quickly

introducing systems with an increasing number of computation

cores, each with vector instructions for increasing vector

lengths.
Unfortunately, memory performance is not keeping up

with processor performance. Furthermore, as more cores are

performing computations simultaneously, more data must be

transferred from, to, and between these cores. Consequently,

data intensive algorithms reach their optimal performance only

if they are well adapted to the underlying system architecture.
A good measure to quantify algorithms is their associated

arithmetic intensity. For each algorithm, this is typically a

fixed number and is defined as the number of floating point op-
erations (flops) executed per byte fetched from main memory.
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Fig. 1: Roofline model for the maximum attainable floating

point performance for numerical algorithms as function of the

arithmetic intensity [2]. The numerical values shown here are

only an indication. In practice, they depend on the architecture.

The roofline model, illustrated in Fig. 1, predicts the maximum

attainable performance of a computer algorithm, measured in

flops per second, as a function of its arithmetic intensity [2].

The performance of algorithms with a low arithmetic intensity

is memory bandwidth bound, while algorithms with a high

arithmetic intensity are bound by the performance of the core

processing unit.

Tomographic (back-)projection is typically memory band-

width bound as the resulting code does not perform enough

floating point operations per byte fetched from memory to hide

the data access latency due to the limited memory bandwidth.

The program is then often waiting for data to arrive from main

memory. Each data access from main memory can take many

processor cycles. With data prefetching, large chunks of data,

called cache lines, are simultaneously brought closer to the

computing processor before the data is even requested. By

carefully exploiting data locality in the algorithm, data access

latency can thus be hidden.

For algorithms with a sufficiently high arithmetic intensity,

the attainable performance is limited by the number of flops

each processing core can perform in a given time. As can be

seen in Fig. 1, for such cases the peak performance can be

substantially increased by vectorizing the program code, e.g.

with single instruction multiple data (simd) instructions. For

example, the recently introduced Intel R© Xeon Phi
TM

architec-

ture supports 512-bit vector registers, allowing one instruction

to simultaneously process 16 single precision floating points.

In this paper, high performance computing optimizations

are applied to the tomographic forward projection operation.

Section II suggests an approach that exploits data locality to

increase the benefit of code vectorization. In section III, an

approach is suggested to distribute the algorithm on many-core

systems in such a way that the bandwidth usage is minimal.

Ultimately, Section IV concludes this work.
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II. VECTORIZATION OF THE FORWARD PROJECTION

Let v = (vj) ∈ R
n denote a discretized square image of an

object, stored in row-major form, with n, the number of pixels.

In a 2D parallel beam geometry, projections of v are measured

along the lines x cos θ + y sin θ = t, where θ ∈ [−45◦, 135◦)
represents the angle between the line and the y-axis and t
represents the displacement, or detector offset, of the line.

Let m denote the total number of measured detector values

for all angles and let p = (pi) ∈ R
m denote the measured

projection data. The forward projection can then be modelled

as a linear operator W : Rn → R
m, that maps the volume

v to the projection data p, i.e. p := Wv. In this projection

equation, W is an m × n matrix where wij represents the

contribution of image pixel vj to detector value pi.
The projection weights, wij , can be modelled in various

ways. In [3], an overview is given of different methods. It

concludes that Joseph’s linear interpolation kernel [4] has a

sufficiently high accuracy and that it is well-suited for use in

high performance computing. It will therefore be used in the

remainder of this paper. In Joseph’s method, a distinction has

to be made between two types of ray. Define vertical rays as

those for which θ ∈ [−45◦, 45◦) and define horizontal rays as

those for which θ ∈ [45◦, 135◦).

A. Ray-driven projection

The ray-driven approach is a commonly used forward pro-

jection method in which each ray is cast through the volume,

thereby summing the contributions of each pixel as the ray

passes through. For a vertical ray i, at each row two pixels

are hit, i.e. have a non-zero contribution to the ray. Let j
denote the index of the left-most pixel. The weights wij and

wi,j+1 can then be computed and used to update pi with the

projection of pixels vj and vj+1. The order of the loops is

thus: (1) direction θ; (2) detector offset t; and (3) volume row

(for vertical rays) or column (for horizontal rays).

Listing 1: ray-driven projection

foreach ray i i n [ 0 ,m) :
i f d i r e c t i o n θ of ray i i s v e r t i c a l :

h i t rows ← l i s t o f the rows t h a t are h i t
foreach row i n h i t rows :

j ← index o f l e f t h i t p i x e l
wij ← weight according to Joseph ’ s model
pi ← pi + wijvj + (cos θ − wij)vj+1

else :
analogue

Note that, in Listing 1, only rows are considered that are hit

inside the volume window. That way, there are no conditional

statements in the inner loop, which would otherwise have

prevented its automatic vectorization by modern compilers.

In an optimized C++ implementation, for each byte of

data accessed, only about 2 flops are performed. For optimal

vectorization performance, it is therefore crucial that the

required data reaches the processor as soon as possible, which

can be achieved by making good use of data locality. This is

accomplished if subsequent data accesses are part of the same

cache line, i.e. if they are on the same row. That way, as large

chunks of data are prefetched into cache, it is often already

available upon request.

In Fig. 4a, the data accesses for a single ray are visualized.

It is clear that horizontal rays (e.g. θ = 70◦) much more often

require data on the same cache line than vertical rays (e.g.

θ = −20◦). It can therefore be expected that the performance

of the projection differs depending on the direction.

θ=-20°

θ=
70

°

(a) ray-driven

θ=-20°

θ=
70

°

(b) rayrow-driven

Fig. 4: Visualization of volume data accesses. (a) For a ray-

driven approach on row-major data, horizontal rays result in

a data access pattern (grey pixels) much more accommodated

to data prefetching than vertical rays (striped pixels). (b) For

a rayrow-driven approach, vertical rays result in an optimal

pattern, whereas horizontal rays result in a worst-case scenario.

B. Rayrow-driven projection

To improve the data access pattern for vertical rays, a

reordering of the loops is suggested. In the rayrow-driven
approach, the loop order becomes: (1) direction θ; (2) row

(for vertical direction) or column (for horizontal direction);

and (3) detector offset t. A row (vertical direction) or column

(horizontal direction) is thus entirely projected in the direction

θ before the next row or column is considered.

Listing 2: rayrow-driven projection

foreach v e r t i c a l d i r e c t i o n θ :
foreach row :

h i t r a y s ← l i s t o f the rays t h a t h i t the row
foreach ray i i n h i t r a y s :

j ← index o f h i t p i x e l
wij ← weight according to Joseph ’ s model
pi ← pi + wijvj

foreach h o r i z o n t a l d i r e c t i o n θ :
analogue

Listing 2 can be implemented such that, for each byte of

data accessed only 1 flop is performed.

In Fig. 4b, the data accesses for a single row/column are

visualized. For horizontal directions, the data accesses are

in fact always optimal and high performance can thus be

expected. Vertical directions, however, result in the worst-case

scenario in which there is no data locality whatsoever.

C. Hybrid approach

The ray-driven approach shines for horizontal rays, but is far

from optimal for vertical rays. For the rayrow-driven approach,

exactly the opposite is true. On their own, neither can fully

utilize vectorization capabilities of modern architectures.

Fortunately, these two methods are complementary and a

hybrid approach can easily be constructed by applying the

ray-driven approach for horizontal rays, and the rayrow-driven

approach for the vertical rays. By selecting the best of both

worlds, a great performance improvement can be expected.
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Fig. 2: The effect of vectorization for the ray- and rayrow-driven approaches, as a function of the projection angle. (a,b)

For volumes that fit into the L2 cache, data accesses are fast enough to benefit from vectorization. (c,d) For larger volumes,

vectorization is only useful if data locality can be exploited.
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Fig. 3: Experimental results of various projection implementations as a function of the volume size.

D. Experiments

To investigate the performance of the three previously

mentioned projection approaches, a series of experiments was

performed on a single core of an Intel R© Xeon Phi
TM

“Knight’s

Corner (KNC)” co-processor. A KNC supports 60 cores,

each of which can simultaneously run 4 threads. Combined

with 512-bit vector instructions, the peak double precision

performance is 1.2 TFlops/s. Each core has 512kb of L2 cache

and a stream benchmark measures a bandwidth of 150GB/s.

As KNC is an x86-architecture, C++ code can be easily

compiled for it. All experiments were performed 5 times of

which the median values are presented here.

In Fig. 2, the projection runtime for a single direction

is plotted as a function of the angle θ, with vectorization

enabled and disabled. Ray- and rayrow-driven approaches are

compared for a small volume (n = 2562), and a large volume

(n = 40962). As predicted, both methods are complementary,

with the ray-driven method performing well when the rayrow-

driven method is slow, and vice versa. For small volumes,

vectorization always results in a substantial speedup as the

entire volume then fits into the L2 cache and there is little data

latency. For larger volumes, a speedup can only be achieved

for directions with good data locality.

In Fig. 3a, the projection time of the different methods

is plotted as a function of the volume size n. In total, 240

projection directions were used. The hybrid approach clearly

offers a substantial performance increase. Fig. 3b shows the

projection time divided by the number of pixels in the volume

size. It shows that the advantage of the hybrid method is larger

for volumes larger than n = 2562, which roughly coincides

with the maximal volume size that fits in the L2 cache of a

single Xeon Phi computing core. Fig. 3c clearly shows that

the hybrid method benefits the most from vectorization.

III. FORWARD PROJECTION ON A MANY-CORE

ARCHITECTURE

As all rays can be handled independently, forward projection

lends itself perfectly to parallel computation on modern many-

core architectures. This section investigates the optimal way

to distribute the workload over the different cores.

A. Direction-based parallelism

A simple approach to improve performance on many-core

systems, is to distribute the outer loop of the algorithms

presented in Section II. Each core then computes projection

data for one projection direction.

It should be noted that in such an approach, each core needs

to access the entire volume data, leading to a vast increase of

required memory bandwidth. As such, the conclusions drawn

in section II can not be generalized to many-core systems and

the performance is not likely to scale well.

B. Patch-based parallelism

In Section II and Fig. 2, it was demonstrated that for

volumes that fit entirely into the L2 cache of a core, vec-

torization is always beneficial. Once the entire volume is

loaded into the cache, all data accesses are very fast and do

not contribute to the used memory bandwidth. With a patch-
based projection strategy, this observation is used to improve

projection performance, even for very large volumes.

With the patch-based strategy, the projection operation is

split into many smaller sub-projections. The projection data

is subdivided into a series of patches (Fig. 5a), which can

be easily distributed over multiple cores. Furthermore, also

the volume data is subdivided into patches, each with a size

small enough to fit into the L2 cache (Fig. 5b). That way, the
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projection of each small patch can be done very efficiently and

substantial performance increases can be expected for large

volumes. Also, as the use of memory bandwidth is limited,

performance is likely to scale well over multiple cores.

(a) projection data p (b) volume data v

Fig. 5: Projection and volume data split into patches. Only a

few volume patches contribute to a certain projection patch.

From Fig. 5, it is clear that only a few volume patches

actually contribute to a certain projection patch. Therefore,

only those patches should be handled, which requires some

extra logic at the start of each sub-projection. Also, to increase

performance, the data should be stored in patch-major form

instead of row- or column-major form.

C. Experiments

As in section II, a Xeon Phi co-processor is used to

demonstrate the patch-based approach. The patch size for the

projection data is chosen at 10× 256 and that for the volume

patches 256× 256. The hybrid projection approach is used to

project each patch.

Firstly, the hybrid approach is compared with the patch-

based projection approach on a single core. Fig. 6a shows the

runtime per pixel as a function of the volume size. It should

be noted that the hybrid approach has a clear performance

decrease as volumes become larger than n = 2562. Many

memory accesses are then required as the volume no longer

fits into the L2 cache. With a patch-based approach, these

memory accesses are limited in number and the runtime per

pixel remains constant as the volume size increases.

Secondly, the same experiment is repeated using all 60 cores

of the Xeon Phi. The workload is distributed over different

cores using the Intel Thread Building Blocks (TBB) library.

From Fig. 6b, the substantial performance increase of the

patch-based method over the direction-based method, is clear.

This can also be seen in Table I, where projection times are

listed comparing all projection approaches discussed in this

work.

projector type serial many-core speedup
ray-driven 714.21s 7.50s 95.2

direction-based rayrow-driven 753.12s 7.57s 99.4
hybrid 138.99s 2.83s 49.1
ray-driven 79.55s 1.41s 56.4

patch-based rayrow-driven 112.60s 2.11s 53.4
hybrid 32.58s 0.45s 72.4

TABLE I: Forward projection times of a 4096× 4096 volume

with the different approaches discussed in this work.
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Fig. 6: Experimental results of many-core adaptations of the

forward projection as a function of the volume size.

IV. CONCLUSIONS

In this article, initial efforts were presented that optimize the

memory accesses of iterative tomographic methods for use on

modern many-core systems.
To reach optimal performance on such systems, vector-

ization is crucial. It was shown that vectorization is only

beneficial for algorithms with a high arithmetic intensity or

for algorithms where the data access latency can be hidden

by exploiting data locality. For the tomographic projection

operation, this can be accomplished by combining a common

ray-driven approach, which has good data locality for some

directions but bad data locality for others, with a rayrow-driven

approach, where the data locality is perfectly complementary

to the one of the ray-driven approach.
It was also shown that even with data locality, vectorization

can not be achieved if the memory bandwidth is saturated.

Therefore, a strategy was proposed to distribute the workload

of a forward projection over multiple cores with a limited

amount of data transfer. This patch-based method subdivides

the projection problem into many sub-problems that are small

enough to be stored in the L2 cache of a core.
Experiments performed on an Intel Xeon Phi co-processor,

confirm that with the proposed strategies, the tomographic

projection operation much more utilizes the capabilities of the

architecture, resulting in a substantial performance increase.
Future work will focus on the back-projection, for which

the same principles hold, and on algebraic reconstruction

techniques.
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An Algorithm for Interior Tomography
Gangrong Qu

Abstract—A algorithm for interior tomography is pro-
posed by constructing a special smooth rectangular window
and it can be used to reconstruct interior tomography
availably. The complexity of the algorithm is the same as
the classical FBP algorithm. The error analysis and the
simulations are given.

I. INTRODUCTION

Interior tomography, also called local or region of in-

terest (ROI) image reconstruction, means reconstructing

a local region image from the original image projections

through the local region plus a fewer extra projections

[1]. Interior tomography can reduce the radiation for

body and the measurement requirements, also oversize

specimens that exceed the scanner field of view could

be at least partially imaged [2].

Wavelet-based interior tomographies have been stud-

ied [3]–[6], [9].

Recently, significant progresses have been made main-

ly by Y. Zou and X. Pan, F. Noo and etc., M. Defrise

[14], Kudo, G. Wang, H. Yu and Y. Ye et al. in accurate

interior tomographies, based on back-projection filter

(BPF) method of image reconstruction. Y. Zou and X.

Pan established the fan-beam and cone-beam BPF for-

mulae for image reconstruction, based on A.Katsevich’s

FBP formula of spiral CT [12]. These formulae are ac-

curate for particular local region for interior tomography.

Noo et al. also derived the same results independently,

using the finite Hilbert transform and FBP formula [13].

Ye, Yu et al. proved that if the image in a subregion of the

local region is known, these reconstruction methods have

uniqueness theoretically [16], Kudo also established the

results independently [15]. Yu et al. gave the simulations

[17]. The detail summary for these interior tomographies

is in [2].

The TV minimum methods for interior tomography

emerge recently [17], [18].

In this article, we propose a FBP algorithm for interior

tomography based on constructing a smooth rectangular

window, inspired by [8], [9]. The FBP algorithm is

simple and easy to implement and its complexity is the

same as the classic FBP algorithm.

The paper is organized as follows. In section II,

we discuss the FBP algorithm and its convergence. In

Gangrong Qu is with the School of Science, Beijing Jiaotong
University, Beijing 100044, China. E-mail: grqu@bjtu.edu.cn.

section II.1, The algorithm for interior tomography is

established and the simulations are showed. In section

V, we discuss some relative problems.

II. FBP ALGORITHM

Assume that f(x) ∈ L2(Rn) is compactly supported.

The Radon transform R maps a function f(x) into the

set of its integrals over the hyperplanes of Rn. Let Sn−1

be an unit sphere in Rn. Then for ω ∈ Sn−1 and p ∈ R1,

(Rf)(p, ω) =

∫
p=xω̇

f(x)dσ =

∫
ω⊥

f(pω + y)dy (1)

is the integral of f over the hyperplane perpendicular

to ω at a distance p from the origin. Rf is an even

function on the cylinder Sn−1 × R1 of Rn+1, i.e.,

(Rf)(−p,−ω) = (Rf)(p, ω) [1].

Theorem II.1. Assume that the function FA(v) satisfies
1) 0 ≤ FA(v) ≤ 1 and if v ≥ A

2 , FA(v) = 0;
2) FA(v) with respect to v is a monotone non-

increasing function;
3) limA→∞ FA(v) = 1.

Let qA(u) = 2
∫ A/2

0
vn−1FA(v) cos(2πvu)dv. Then at

any continuous point of f(x)

lim
A→∞

1

2

∫
Sn−1

dω

∫ ∞

−∞
Rf(t, ω)qA(x · ω − t)dt = f(x).

(2)

Theorem II.1 is proved by the delta sequence of

generalized function.

III. FBP ALGORITHM FOR INTERIOR TOMOGRAPHY

We construct a smooth rectangular window to imple-

ment the interior tomography. FA(a) is different from

the window functions of the classical FBP which is

discontinuous at the endpoints of the windows [20]. We

will see in the following that the smoothness of FA(a)
is one of the keys for interior tomography. Let

h(t) =

{
e

1

1−|t|2 , |t| < 1
0, |t| ≥ 1

,

and hα(t) = h( t
α ) with α > 0. Then hα(t) is of C∞ and

its support, supphα ⊂ [−α, α]. Assume that χα(t) is the

characteristic function of interval (−1/2+2α, 1/2−2α).

χα(t) =

{
1, |t| < 1/2− α
0, |t| ≥ 1/2− α

,
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and F (t) is the constant C multiplying the convolution

of χα(t) and hα(t), Cχα ∗ hα(t).

F (t) = Cχα ∗ hα(t) (3)

where C =
∫ α

−α
hα(t)dt. Then F (t) = 1 if |t| < 1/2−

2α, F (t) = 0 if |t| ≥ 1/2 and F (t) is of C∞. Let

FA(t) = F (
t

A
). (4)

Then FA(t) satisfies the three conditions of Theorem II.1

and (2) holds.

In two-dimensional case, ω = (cos θ, sin θ), and by

(Rf)(−p,−ω) = (Rf)(p, ω),∫
|ω|=1

dω

∫ +∞

−∞
Rf(t, ω)qA(x · ω − t)dt

= 2

∫ π

0

dθ

∫ +∞

−∞
Rf(t, ω)qA(x · ω − t)dt, (5)

qA(s) = 2

∫ A/2

0

aFA(a) cos(2πas)da. (6)

By Theorem II.1, at the continuous points of f(x),

lim
A−→∞

∫ π

0

dθ

∫ +∞

−∞
Rf(t, ω)qA(x · ω − t)dt = f(x).

(7)

IV. FBP ALGORITHM FOR INTERIOR TOMOGRAPHY

Now we discuss the problem of local reconstruction.

Suppose f(x) ∈ L∞(R2) has a compact support and

Suppf ⊂ {x||x| < E}. Then Rf(ω, s) ∈ L∞(Z). Let

B(x0, t) = {x | |x−x0| ≤ t}. We reconstruct the image

on B(x0, R) using the projection data Rf(t, ω) through

B(x0, R + τ), i.e, Rf(t, ω) with |t − x0 · ω| ≤ R + τ
and ω = (cos θ, sin θ). Let

fA(x) =

∫ π

0

dθ

∫ +∞

−∞
Rf(t, ω)qA(x · ω − t)dt. (8)

By (8), we can use fA(x) as the global reconstructed

image. In general, the reconstructed local image has a

constant bias besides the error [1]. A method to reduce

the bias is to extrapolate the missing projections as the

constants [5].

(Rf)ext(t, ω) = (Rf)(t, ω) (9)

if

|x0|ω · ω0 − (R+ τ) ≤ t ≤ |x0|ω · ω0 +R+ τ, (10)

(Rf)ext(t, ω) = (Rf)(R+ τ + x0 · ω, ω) (11)

if

|x0|ω · ω0 +R+ τ < t < E, (12)

(Rf)ext(t, ω) = (Rf)(−R− τ + x0 · ω, ω), (13)

if

E < t < |x0|ω · ω0 − (R+ τ). (14)

We use (Rf)ext(t, ω) as the projection data to recon-

struct the local image. Now for x ∈ B(x0, R), the local

reconstructed image

flocal(x) =

∫ π

0

dθ

∫ +∞

−∞
(Rf)ext(t, ω)qA(x · ω − t)dt

=

∫ π

0

dθ

∫ E

−E

(Rf)ext(t, ω)qA(x · ω − t)dt. (15)

In (15) the convolution integration is from −E to E
because supp (Rf)ext,ω(t) = (Rf)ext(t, ω) ⊂ [−E,E]
by the support theorem of the Radon transform [21].

For x ∈ B(x0, R), let r(x) = flocal(x) − fA(x) be the

truncated error function, and G(t, ω) = (Rf)ext(t, ω)−
Rf(t, ω). By (5),

r(x) =
1

2

∫ 2π

0

dθ

∫
|t−x0·ω|>R+τ,|t|<E

G(t, ω)

·qA(x · ω − t)dt,

r(x)− r(x0) =
1

2

∫ 2π

0

dθ

∫
|t−x0·ω|>R+τ,|t|<E

G(t, ω)

·(qA(x · ω − t)− qA(x0 · ω − t)dt

=
1

2

∫ 2π

0

dθ

∫
|t|>R+τ,|t+x0·ω|<E

G(t+ x0 · x, ω)

·(qA((x− x0) · ω − t)− qA(−t))dt.

Let q(s) = q1(s). For s �= 0, using integration by parts,

we get

q(s) = − 2

(2πs)2
+

Cm(s)

(2πs)m
(16)

where m is a positive integer and

Cm(s) = 2

∫ 1/2

0

[mF (m−1)(a) + aF (m)(a)]

· cos(2πas+ mπ

2
)da. (17)

From (6) and (16),

qA(s) = A2q(As) = − 2

(2πs)2
+

Cm(As)

Am−2(2πs)m
. (18)

So, by (18),

r(x)− r(x0) = − 1

4π2

∫ 2π

0

dω

∫
|t|>R+τ,|t+x0·ω|<E

·G(t+ x0 · ω, ω)( 1

(t− (x− x0) · ω)2 − 1

t2
)dt
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− 1

Am−2(2π)m

∫ 2π

0

dω

∫
|t|>R+τ,|t+x0·ω|<E

·G(t+x0 ·ω, ω)(Cm(A(t− (x− x0) · ω))
(t− (x− x0) · ω)m +

Cm(At)

tm
)dt

=: R1 +R2. (19)

By Shwartz’s inequality, |R1| ≤ C1(R+τ, R)‖G‖L2(Z),
where

C1(R+ τ, R) =
1

4π2
(

∫ 2π

0

∫
|t|>R+τ

(
1

(t−R cos θ)2

− 1

t2
)2dtdθ)1/2

is a small number [1]. From (17) and Riemann-Lebseque

Lemma,

lim
A→∞

Cm(As) = 0. (20)

If x ∈ B(x0, R), then −R ≤ (x − x0) · ω ≤ R, and

τ −R ≤ t− (x− x0) · ω ≤ t+R for R+ τ < |t| < E.

So, we assume that

|Cm(A(t− (x− x0) · ω)|, |Cm(At)| ≤ δA. (21)

Therefore,

|R2| ≤
δA‖G‖L∞(Z)

2Am−2(2π)m

∫ 2π

0

∫
|t|>R+τ,|t+x0·ω|<E

·( 1

(t− (x− x0) · ω)m +
1

tm
)dtdθ

≤ δAπ‖G‖L∞(Z)

Am−2(2π)m

∫
|t|≥τ

(
1

tm
+

1

(t+R)m
)dt

≤ 4δAπ‖G‖L∞(Z)

(m− 2)Am−1(2π)m
1

τm−1
.

If we use the extra margin of k pixels to reconstruct the

image in x ∈ B(x0, R), then τ = kd and A = 1
d [20].

So,

|R2| ≤ 4 inf
m>2

δA
(m− 2)km−1(2π)m−1d

· ‖G‖L∞(Z).

By the analysis above, if we know the value of one

point of the original local image, for example, f(x0),
we can eliminate the constant bias, using the following

reconstruction formula

f̄A(x) =

∫
|ω|=1

dω

∫ E

−E

(Rf)ext(t, θ)qA(x·ω−t)dt+r(x0)

(22)

with r(x0) = flocal(x0)− f(x0).
The followings are the stimulation results with

alpha = 0.1.

(a) (b) (c)

Fig. 1

In Fig. 1, (a) is the local original image of radius 50

pixels of 512×512 Shepp-Logan head phantom, (b) is

the reconstructed local image by (15) using local data

with 2 pixels extra margin and (c) is the reconstructed

local image by (22) using local data with 2 pixels extra

margin.
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(a) (b)

Fig. 2

In Fig. 2, (a) The reconstructed curve picture with

pixel x = 256 compare with the original picture by (15),

(b) The reconstructed curve picture with pixel x = 256
compare with the original picture by (22).

(a) (b) (c)

Fig. 3

In Fig. 3, (a) is the local original image of radius 25

pixels of 512×512 Shepp-Logan head phantom, (b) is

the reconstructed local image by (15) using local data

with 2 pixels extra margin, (c) is the reconstructed local

image by (22) using local data with 2 pixels extra margin.
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Fig. 4
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In Fig. 4, (a) The reconstructed curve picture with

pixel x = 256 compare with the original picture by (15).

(b) The reconstructed curve picture with pixel x = 256
compare with the original picture by (22)

V. DISCUSSION

The window function FA(a) in this paper is of C∞

which is different the window function of FBP in [20].

Therefore the FBP algorithm can be used to reconstruct

the interior tomography and its complexity is the same

as the classical FBP algorithm. It is easier to implement,

comparing with the BPF algorithms. The reconstruction

error R1 is in agreement with the theoretical results of

interior tomography [1]. Besides for the error R1, the

unknown constant bias can be reduced by the continua-

tion method in section III and if we know the value of

the image but need not know the value of a subregion

of the local region, the constant bias can be eliminated.
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Abstract—In tomographic imaging applications, one is interested
often in precise knowledge within a region of interest (ROI) and
in rough information outside the ROI. Current optimization-based
(i.e., iterative) reconstruction algorithms can yield image values
only on uniform grids. It is of practical value to develop iterative
algorithms for image reconstruction with variable resolution — a
high-resolution ROI image and a coarse image outside the ROI.
In this work, we investigate optimization-based algorithms for
image reconstruction with variable spatial resolution in C-arm
CBCT, and apply the algorithm to data collected with a C-arm
CBCT in a head study of patient in which the cerebral ventricle
is of interest. The results of our study show that optimization-
based algorithms developed can yield an ROI image containing
the cerebral ventricles of high spatial resolution, while producing
a coarse image outside the ROI. The proposed algorithm can be
exploited for lowering computational memory and load and, more
important, may reduce artifacts within the ROI resulted from data
truncation.
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Abstract— Optical tomography of mammalian cells has the 

potential to open new avenues into understanding subcellular 

organization and cell structure, function and behavior. We 

present an implementation of cell-level optical tomography called 

cell CT. The advantages of cell CT include isotropic spatial 

resolution, the combination of structural absorption imaging 

with functional fluorescence imaging and cost effectiveness.  The 

primary limitation on resolution and contrast in the projections 

acquired from the instrument is the extended point spread 

function. We propose a simultaneous iterative reconstruction 

technique (SIRT) to deconvolve each individual projection, using 

the forward projection to improve the quality of the blur 

estimate, and then updating the reconstruction volume with the 

improved true image. This technique allows the cell CT 

pseudoprojections to be treated as pencil beam projections and 

also could allow super-resolution optical tomography by the use 

of multi-frame image reconstruction. 

Index Terms— computed tomography, reconstruction 

algorithms, iterative methods, biomedical optical imaging, optical 

microscopy, medical diagnostic imaging, biological cells. 

I. INTRODUCTION 

E propose a robust method to produce tomographic

reconstructions of cells by the use of a modified

brightfield microscope. The images are improved using a blind 

deconvolution algorithm that is tolerant of the aberrations 

inherent to the image formation process in a brightfield 

microscope. We show that this method results in 

reconstructions with improved resolution and contrast for 

small absorbing features in the cellular environment. The 

technique may also improve the resolution limit of images of 

absorption-stained samples.   
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Because of its ability to provide fully 3D images, 

tomography has revolutionized the study of biology and the 

diagnosis of diseases[1]. Optical tomography provides an 

important addition to medical imaging[2].  Cellular optical 

projection tomography (Cell-CT™, VisionGate, Inc., Phoenix, 

Arizona) has been developed as a new imaging modality 

poised to facilitate significant advances in biological imaging 

and cytological diagnosis[3]. The Cell-CT augments the 

standard brightfield microscope with the power of the latest 

advances in microfluidics, electronic cameras and image 

reconstruction algorithms, provided in a comfortable and 

familiar environment for the clinical pathologist. 

At the same time, Cell-CT provides a unique set of 

challenges and advantages, some of which relate to the impact 

of the novel data collection mode on the choice and design of 

the reconstruction algorithm.  This paper explores several 

tomographic reconstruction algorithms to determine which 

method minimizes the artifacts unique to this novel 

tomographic modality and brings the technique firmly within 

the realm of pencil beam tomography.  We develop an 

effective method to deconvolve the aberrations from the 

projection formation process in optical projection tomography, 

to produce higher quality reconstructions.  We invoke a 

minimal amount of simulation, working within the setting of 

an actual reconstruction. 

II. PSEUDOPROJECTION ACQUISITION

The projection acquisition process is shown schematically in 

Figure 1 [3]. Cells are embedded in a thixotropic carrier gel 

that is optically matched to the surrounding capillary 

(horizontal sidewalls shown). The cells are then moved into 

the field of view of a high numerical aperture (NA) immersion 

objective lens for data acquisition. The focal plane is scanned 

through the volume of the cell, while the illumination is held 

constant. This process is similar to the method used for 

optically sectioning an object, except that the infinite number 

of collected planes is integrated onto the camera, and no 

focused planes are imaged. While these scanned optical 

projections are mathematically similar to those formed by 

parallel, straight-line x-ray pencil beams, the formation 

process and resulting artifacts and aberrations are distinct to 

this image formation mode. For these reasons, the projection 

data are referred to as “pseudoprojections”. A full 

electromagnetic analysis of the image formation has been 

performed by Coe and Seibel [4], forming a strong theoretical  
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basis for treating Cell-CT pseudoprojections as 

approximations of their pencil-beam x-ray counterparts.  In 

order to improve this approximation, we will start with the 

more intuitive geometric optics to highlight the image 

formation process and then invoke blind deconvolution to 

obtain a true pencil beam pseudoprojection. 

As shown in Figure 1B, when an optical section is formed, 

the signal detected at each projection image pixel arises from a 

cone of rays that pass through the corresponding voxel in 

object space.  The detected optical density with a single ray 

can be described as 

 (1) 

where d is the detected value at the camera pixel and µ  is the 

optical density. The expansion of Equation 1 to a cone that is 

translated through the object along the Z direction is 

impractical to integrate; it does show that, for 

pseudoprojections, almost all the optical density of the imaged 

object will be added with some weight into each detector 

pixel. 

While geometric optics provides an intuitive description of 

how the optical image is formed, the formation of an image in 

an optical absorption microscope is more commonly described 

as the object density convolved with the 3D point spread 

function (PSF) of the microscope to avoid the impractical 

integrals and deal more efficiently with aberrations. This 

formulation is good enough to produce very high quality 

images.  The image formation is described as 

� � �� ∗ �� � 	  (2) 

where V is the original optical density distribution, v is the 

measured volume, F is the 3D PSF and n is the noise from the 

imaging system (normally a mixture of Poisson and Gaussian 

noise). Assuming an infinite scan range and a finite object 

(partially false, due to the optical gel), the projection formed 

in the Cell-CT instrument by sweeping the focal plane through 

V with the camera shutter open can be described as the 2D 

projection of this convoluted volume H.  This process can be 

represented as: 

 (3) 

where pp denotes the 2D pseudoprojection of the convolved 

volume, ℤ indicates integration over z = -∞ to ∞, F is the 3D 

PSF of the microscope, and V is the true 3D optical density. 

To reach the pencil beam formulation, Equation 3 is expanded 

into its integral form: 

 (4) 

 

Since V and F are always positive, the integral can be put 

into a more mathematically convenient form: 

(5) 

As the second integral is performed over all possible ℤ, the 

offset z’ can be ignored, giving 

 (6) 

And finally 

 (7) 

where f is the 2D pencil beam projection of F, and PP is 

defined as the true pencil beam projection. 

III. BLIND DECONVOLUTION

Many methods have been created to use a known PSF to 

deconvolve an optically sectioned volume[5, 6]. However, as 

outlined in Holmes and O’Conner[7], the optical brightfield 

microscope is prone to a number of effects that make 

experimental estimation of the PSF problematic [5, 7].  These 

include phase behavior, scattering, uneven illumination, and 
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the lack of sub-resolution phantoms that absorb sufficiently to 

be detected.  A further argument for using blind deconvolution 

within the framework of cell CT can be understood by taking a 

closer look at pseudoprojection formation. The optical 

microscope suffers from a number of common aberrations 

including spherical, astigmatism and coma. As the cell 

precesses through its rotation, each pseudoprojection is 

affected by a unique combination of these aberrations.  

Blind deconvolution determines the PSF directly from the 

pseudoprojection, alleviating most of the problems that have 

been described above. Applying the methods  used by Hirsch 

et al.[8] to Equation 7, with alterations appropriate for 

brightfield illumination, it is possible to deconvolve the 

measured pseudoprojection, pp, to obtain the true pencil-beam 

projection, PP. Using the pseudoprojection pp and its mirror 

from 180 degrees, ppm, the true pencil beam pseudoprojection, 

PP, can be determined by using the probability function: 

 (8) 

where &�'� is the partition function, which is dependent on the 

measurement precision τ[8], and B is the brightfield 

background to help make the deconvolution convex. 

Estimates of PP and f are obtained by minimizing the log-

likelihood of the cost function

 (9) 

As both PP and f will always be positive, this equation can be 

solved as a nonnegative quadratic programming problem.  Sha 

et al.[9] provide an auxiliary function to solve for f and PP 

which leads to an update of the form 

 (10) 

for brightfield deconvolution, where �( is a block-Toeplitz 

structured matrix; and ʘ and the quotient indicate an 

elementwise multiplication and division. Equation 10 can 

reversed to find the PSF, f, by the commutativity of the 

convolution. �( never has to be calculated explicitly as it has 

the convenient property 

 (11) 

Without a regularization step, the PSF tends to collapse into 

a delta function or to spread to unity before reaching the 

correct solution.  Following Holmes [7], a limit was set to the 

physically allowable values for the PSF. When the PSF 

wanders from the allowed values, the offending values are 

reset to the limiting PSF. This allows the PSF to adapt to the 

irregularities of position and depth without taking on 

unphysical solutions.   

There are a number of effective super-resolution 

microscope devices for fluorescence imaging, but absorption 

imaging remains constrained by the diffraction limit. Cell CT 

might be an attractive platform for achieving enhanced 

resolution due to the availability of angular oversampling and 

the fact that many of the bugs of brightfield imaging (such as 

spherical aberration) become features with the formation of a 

pseudoprojection. Deconvolution of the pseudoprojections can 

be utilized to improve the final tomographic reconstruction by 

performing an image reconstruction while deconvolving. 

Hirsch devised a variant of this method using blind 

deconvolution and a resizing matrix to achieve super 

resolution in an astronomy image series [10].  In this case, the 

probability function, Equation 8, is altered to 

 (12) 

)*
+*  is a resizing matrix designed to keep the total power in the

image constant: 

     (13) 

where In is the n x n identity matrix, 1n is a column vector of 

length n and value 1, and ⊗ denotes the Kronecker product. 

IV. FILTERED BACKPROJECTION RECONSTRUCTION

We performed the parallel beam FBP experiments by first 

subtracting the background, then deconvolving the 

pseudoprojection with Equation 10.  Finally, we reconstructed 

the 3D volume using a Hann filter and bilinear interpolation. 

An example result is shown in Figure 3A and B.  Fine image 
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detail is improved by the process, and there is a slight 

alteration of the noise profile. 

We have not yet devised an effective phantom (~10 micron 

test object containing subresolution absorbers) to validate our 

results.  We instead used a simulated system by reducing the 

resolution of the input projections to half the original 

resolution by simple pixel binning. The reconstruction 

“recovered by deconvolution” was then compared to the 

original reconstruction to determine whether fine detail was 

salvaged or lost in the reconstruction from compromised 

projections. 

The multiple frames we used to improve the resolution of 

the images were the pseudoprojection at one angle and its 

opposing view. Capillary runout effectively wobbles the 

camera pixels in both the Z and azimuthal directions, a 

prerequisite for improving the resolution of the images. As can 

be seen in Figure 3F, there is the unanticipated result that the 

restored image seems to have even more fine detail than the 

original image, which may be a result of the denoising 

inherent in this method. 

V. SIRT RECONSTRUCTION 

Blind deconvolution of the projections offers a number of 

advantages for iterative reconstruction methods. Within the 

framework of SIRT, instead of first completely deconvolving 

all the pseudoprojections and then backprojecting, the forward 

and backprojection processes become part of each 

deconvolution iteration, allowing the determination of 

successively improved estimates, PP, by leveraging 

information available from the projection set as a whole.  The 

breakdown of the technique is as follows:  For each projection 

angle over 180 degrees, estimate initial PP and f by using the 

acquired projection (pp) and its mirror twin (180-degree pair). 

Perform SIRT to create a crude reconstruction using all 

acquired projections (current estimate of V). Forward project V 

to get PP and use this image to provide the current estimate 

for the deconvolution. Refine f and PP using Equation 10 for 

several iterations using the pp and its mirror twin.  The 

additional benefit of this operation is that pp alignment is 

refined on each iteration. Backproject the difference (error 

function) between the current forward projection and pp. 

Repeat until a stop condition is reached. 

 This method is more computationally expensive than 

standard SIRT methods, but much less intensive than a model 

reconstruction.  The cost must be balanced carefully by pre-

estimation of the reconstruction and PSF for each projection. 

As shown in Figure 3C and D, our SIRT technique produces a 

reconstruction with improved fine detail.  The standard SIRT 

method provides a higher quality reconstruction than the FBP 

method due to the high levels of noise rejection. The 

deconvolution does not reveal additional details, but does 

provide a better estimate of the chromatin texture, which is 

important for cancer cell classification. 

VI. CONCLUSION

Blind pseudoprojection deconvolution improves the contrast 

and resolution of the reconstructions produced by FBP and 

modified SIRT.  The technique is very computationally 

intensive; however, Figure 3 shows  the results to be superior 

to those obtainable by mere deconvolution of the 3D volume. 

The method does have a computational advantage over a full 

model reconstruction due to the total number of rays that must 

be traced through the volume to deal with the incoherent 

angular illumination. Care must be taken when interpreting 

these results as the scheme shows vulnerabilities (instabilities) 

to some types of artifact that can result from the acquisition 

process. However, when the acquisition is perfected to the 

extent possible, the increased conspicuity of fine detail like 

chromatin texture in the reconstructions is evident. 
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Abstract—The development of dual-energy and multi-energy 

computed tomography makes it possible to calculate the 
composition density of different basis materials, or the 
distributions of electron density and atomic number, which are 
useful in medical applications and industrial inspections. In this 
paper, we propose a slow-change kVp multi-energy CT scan 
scheme (SegMECT) that is convenient to be implemented on a 
conventional single-energy CT. In our SegMECT, a circular 
trajectory in a CT scan is angular-equally divided into several 
arcs for which a certain kVp is chosen. Thus, during the scan, we 
only need to make a few step changes to the X-ray energy to 
complete multi-energy data acquisition. In this situation, the 
image reconstruction problem belongs to the limited-angle 
problem, which is of practical significance and difficulty. Inspired 
by the prior image constrained compress sensing (PICCS), we 
present a prior image based reconstruction techniques to solve 
this problem. Both numerical simulation and practical 
experiment are carried out to validate the proposed method and 
system. The results demonstrate its potential for practical 
applications.  
 

Index Terms—Iterative reconstruction; Limited angle; 
Material Decomposition; Multi-Energy; Prior Image;  
 

I. INTRODUCTION 
UAL energy CT (DECT) has been widely utilized in 
clinical applications due to its ability of material 

separation. Physically, the linear x-ray attenuation coefficient 
of a material can be contributed to two major photon 
interactions: photoelectric effect and Compton scatter when 
x-ray photon energy range is below 200 keV. In  DECT 
reconstructions, generally two basis materials can be selected 
for decomposition, for example, water and iodine, bone and 
soft tissue. There are two kinds of dual energy material 
decomposition methods in the literature: pre-decomposition 
and post-decomposition. Pre-decomposition utilizes the 
spectral information of low and high energy thus is considered 
as accurate and exact while post-decomposition ignores the 
nonlinear property of polychromatic spectrums thus is 
approximate. If a constraint of volumetric fraction is applied, 
three-material decomposition with dual-energy or two-material 
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decomposition with single-energy becomes possible.  
There are three most common configurations for the 

dual-energy data acquisition: dual-source, sandwiched 
dual-layer/photon-counting detectors and fast kVp-switching. 
A dual-source DECT has two sets of X-ray tube and detector. 
Each of them with individual filtering operates on kVp energy. 
The drawback of this setup is scatter interference and high 
system cost. A dual-layer DECT has one X-ray tube and two 
overlapping detector layers. Its front layer primarily absorbs the 
lower energy photons while the under layer detects the rest 
higher energy photons behind a metal filter. The cost of this 
setup is still higher than a conventional single energy CT. For a 
fast kVp-switching DECT, its X-ray tube voltage alternates 
rapidly between low and high kVp and the detector acquires 
two projections at each view. In such a system, the X-ray tube 
voltage must be switched at least about 2 kHz to meet modern 
CT imaging requirement. Very recently, a dual-energy CT 
using slow kVp switching acquisition and a prior image 
constrained compressed sensing is proposed which reduces the 
voltage switch frequency to one eighth of the original rate and 
produces comparable image quality[1].  

In this work, we present a new dual-energy scheme suitable 
for conventional single energy CT systems with few hardware 
modifications. In the proposed scheme, a circular trajectory is 
separated into two semi-circles. For each semi-circle, the X-ray 
tube operates at low or high voltage respectively, i.e., [0, ] for 
low energy and [ , 2 ] for high energy. Therefore, both the low 
and high energy projection is of limited angular coverage. In 
general, this approach can be naturally extended to tri-energy or 
even more multi-energy. We refer this scheme as segmented 
trajectory multi-energy CT (SegMECT). Compared with a fast 
kVp-switching DECT, the voltage change frequency of 
SegMECT is reduced to Hz magnitude. A prior image based 
iterative reconstruction algorithm is proposed to solve this 
limited-angle MECT problem, which is described in detail in 
the following sections.  

II. METHOD 

A. Multi-Energy Material Decomposition 
The physical model of dual-energy CT is based on 

polychromatic X-ray imaging. The detector output signal I can 
be expressed as:  
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where S(E) denotes the low and high energy spectrum of the 
X-ray tube, D(E) the detector response, W(E) the energy 
weighting (always proportional to energy), and (E,r) the 
spatial distribution of linear attenuation coefficient. According 
to the material decomposition method, the linear attenuation 
coefficient can be expressed as linear combination of two basis 
material:  

 ( ) ( ) ( ) ( ) ( )
1 1 2 2,E b E b Eμ μ μ= +r r r  (2) 

If the attenuation images of dual-energy ( )
lowμ r  and ( )

highμ r  
are reconstructed, the basis coefficients distribution b1(r) and 
b2(r) can be calculated by solving the following linear 
equations:  
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The coefficient matrix is usually generated via a calibration 
scan of the two basis materials under the same dual-energy 
spectra. Compared with (2), the energy variable is neglected in 
(3), thus, the finally decomposition results may suffer from 
beam-hardening or metal artifacts. When it comes to 
multi-energy, suppose there are M different spectra and N basis 
materials (with the constraint M  N), the equations become:  
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B. Multi-Energy Iterative Reconstruction Algorithm   
We show in Fig.1 the multi-energy CT scan scheme with 

three energy spectrums with angular segments  of 2 /3. In 
general, suppose there are M  spectrums, and the scan range of 
jth spectrum would be [2 (j 1)/N, 2 /N ] (commonly N<6). 
Denote the collected limited-angle projection data (with 
logarithmic transform) as 

jEp , the 2 / Nπ  limited-angle 

projection matrix as 
jEH  and the corresponding attenuation 

image as 
jEf . The multi-energy reconstruction problem can be 

formulated as:  
    1, ,

j j jE E E j M= =H f p  (5) 

The above problem is likely to be rather ill-posed. In order to 
get better image quality, additional constraint is involved. Total 
variation minimization is a kind of widely used constraints. 
Among them, the anisotropic total variation (ATV) is a recent 
proposed constrained minimization reconstruction framework 
for a limited-angle CT problem[2]. Instead of 2D isotropic TV 
minimization, the ATV method solves a multi-1D TV 
minimization along a series of specific directions:  
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where tk  is the normalization weighting factor and 

( )cos ,sin
t t tα α α∇ = ∇  is the directional gradient operator. A 

practical discrete implementation can be expressed as:  
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Although the intensity of attenuation images at different 
energy differs from each other, there is strong structural 
similarity between them. Based on this similarity, a prior image 
can be generated to help to constrain the iteration progress. For 
the energy jE , first the complete projection data is generated 
with intensity equalization:  
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Then a standard FBP reconstruction is carried out and the prior 
image 

jEf  is obtained. In the PICCS algorithm [1] the target 

image is reconstructed by minimize the following objective 
function:  

 
( ) ( ) ( )1 21 1
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. .    

p

s t
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f
f f f
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The functions 1 and 2 are some sparse transforms, typically 
the gradient norm. This constrained minimization problem is 
usually solved by alternative minimizing between data fidelity 
and TV norm. In this work, we use ATV for 1. Moreover, 
rather than using the TV norm of the difference image f  fp, we 
apply TV norm of quotient image to be the second objective 
term[3]:  

 
Fig. 1.  Illustration of multi-energy (with 3 energy spectrums) data acquisition
scheme.  

 
Fig. 2.  Phantoms and  their ROI used in this work. Left: Digital dental 
phantom for numerical simulation. Right: Physical cylindrical phantom for the 
practical experiment. 
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The overall objective function is:  
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After all the attenuation images are reconstructed, the 
post-process material decomposition is carried out by a simple 
matrix inversion on (4) to obtain the basis coefficients.  

III. SIMULATION AND EXPERIMENTS 

A. Polychromatic Data Simulation  
A dental phantom (in Fig.2 left) based on B-spline curve was 

constructed with about 10 materials, such as bone, muscle, 
adipose, dentine, enamel, etc. The elements composition and 
concentration were collected in [4]. Linear attenuation 
coefficients were generated by the XCOM program[5].  

X-ray spectrums were calculated with the SpekCalc 
software[6]. The spectrums used for simulation are shown in 
Fig.3. The 90 and 120 kVp energies with 2.0 mm of Cu 
filtration were configured for dual-energy simulation. The 
energy-integrated spectral projection were calculated by (1). 
For dual-energy CT, the dental phantom was sized to 38 cm. A 
detector with 960 channels was placed 75 cm always from the 
X-ray source. A total of 360 view angles were acquired per 
rotation. The initial photon numbers for each detector bin are 
4.76e5 of 120 kVp and 7.27e5 of 90 kVp, which yield about 
equivalent noise level of the dual-energy projection data.  

B. Experimental Measurements with a Physical Phantom 
As shown in Fig. 2 right, we manufactured a PMMA cylinder 

of 5 cm diameter with five cylindrical inclusions of descending 
diameter filled with Teflon rod, polyimide rod, iodine solution 

and alcohol listed in Table. I. The projection data was acquired 
on a circular cone-beam CT with a flat panel detector. Three 
complete measurements were taken for 60, 90, 120 kVp 
energies respectively. The number of views per rotation is 360. 
One third of each data made up the limited-angle data for 
SegMECT of 3 segments.  

IV. RESULTS AND DISCUSSION 

A. Numerical study 
The minimization problem in (11) was numerically solved 

by the ASD-POCS algorithm[7]. Since the total variation of the 
quotient image previously defined in (10) may be impacted by 
the noise in the prior image, noise suppression was performed 
to get a clear prior image. When calculating the steepest descent 
direction of the total variation, pixels representing air in the 
prior image were ignored to avoid the division by zero. The 
threshold of air and object was set to be 0.035. We show final 
results in Fig. 4. Compared with the FBP results, the proposed 
algorithm gets rid of noise and streaking artifacts. Besides, the 
edges and structures are well preserved because of the prior 
information. The noise standard derivation of the proposed 

 
Fig. 4.  Reconstruction results of dual-energy CTs. First row: results from 
standard FBP algorithm with complete data. Second row: results from our 
proposed algorithm with the limited-angle data from a SegMECT of 2 
segments.  

 
Fig. 5.  Dual-energy decomposition coefficients of basis materials resulted
from the attenuation images in Fig. 4.  
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Fig. 3.  Synthetic spectra (120 and 90 kVp) for dual-energy CT simulation.  

TABLE I 
MATERIAL DEFINITION OF PHYSICAL PHANTOM 

Index Material 

1 PMMA 
2 absolute alcohol
3 20% iodine solutiona, 80% alcohol 
4 Teflon 

5 polyimide 
6 100% iodine solution 

aAnerdian, a commonly used medical disinfectant. Ingredients: 0.2% 
iodine, 70% alcohol. 
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algorithm is an order of magnitude less than that of FBP results. 
The decomposition images of bone and soft tissue are presented 
in Fig. 5. In the FBP results, the noise is amplified by the 
inversion coefficient matrix in (3) since its entries’ absolute 
values are much larger than 1. While in the proposed results, the 
absence of noise in dual-energy attenuation images maintains a 
lower noise level in the decomposed images. However, slight 
limited-angle artifacts appear in the bilateral boundaries of the 
phantom, which are more than likely to be suppressed by 
carefully tuned parameters.  

B. Experimental Results 
In order to make a fair comparison, we denoised the acquired 

projection data in the projection domain. Meanwhile, only air 
threshold of 0.03 was applied in the iteration. The attenuation 
images of three energies are shown in Fig. 6. Images in the first 
row are the standard reference images of FBP with complete 
data. Images in the second and third rows are the prior images 
and final reconstruction results of the proposed method. The 
results of our proposed method are free of limited-angle 
artifacts. The SNR and CNR of the proposed method are close 
to those of FBP algorithm. The region of interest (ROI) circled 
by dashed red line refer to 100% iodine solution. The 
expectation values of it are greater than, equal to and less than 
the background of PMMA for 60, 90, 120 kVp in the true 
images. However, the ROI areas in the prior images are always 
greater than the background for all three energies. Even so, this 
improper prior of density can be corrected during the iteration 
by the data fidelity term. The error images in the last row 
demonstrate the effectiveness of our method. The 
decomposition images of PMMA, absolute alcohol and iodine 
solution are presented in Fig. 7. The proposed results also have 
a better SNR than the FBP results. The emphasizing of iodine 
component in the decomposed images implies the ability of 
material separation in multi-energy CT when contrast agent 
gets involved in.  

C. Discussion 
According to the numerical and experimental studies we 

carried out, our proposed method proves to be capable of 

dealing with the limited-angle reconstruction problem derived 
by the slow-switch multi-energy CT scheme SegMECT. 
Because of the X-ray polychrome, the line-integral model (5) 
no longer establishes. Thus, the inconsistent error would spread 
along the direction of missing data. The prior image generated 
by the combination of multi-energy data can provide most of 
the structure and detail information. Noise suppression and 
other correction such as metal artifact reduction are essential to 
be carried out so that better image quality can be obtained.  

V. CONCLUSION 
In this work, we proposed a new SegMECT to enable 

multi-energy scan on a conventional CT system with little 
additional cost. A constrained objective function based on the 
TV norm of a quotient image and ATV was established. The 
post-decomposition of sbasis material was utilized to obtain the 
material specific images. Both numerical simulation and 
practical experiments demonstrated the effectiveness of the 
proposed algorithm.  

Although the angular coverage of each spectrum is equal 
here, there might be alternations, e.g., a short scan for low 
energy and the rest angular range for high energy. Thus, the 
prior image may be accurately reconstructed without any 
artifact, which could be more helpful in solving the 
limited-angle problem. This work can be easily extended to 
volumetric + spectral imaging. 
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Fig. 6.  Experimental results of attenuation of 60, 90, 120 kVp. All images are
displayed at [-0.05, 0.5] cm-1. First row: standard images of FBP for reference.
Second row: prior images of three energies. Third row: results of the proposed
algorithm. Bottom row: error images between the results and reference
images.  

 
Fig. 7.  Coefficients of three-energy basis material decomposition. 
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Abstract-- We report on early results of our combined respiratory 

and rigid-body motion compensation strategy in 17 gated cardiac 

perfusion single photon emission computed tomography (SPECT) 

patient studies, employing a visual tracking system (VTS). Patient 

volunteers with written consent were imaged employing list-mode 

acquisitions during gated stress Tc-99m sestamibi perfusion SPECT 

on a BrightView SPECT/CT (Philips, Cleveland, OH). Motion 

tracking was performed using 5 near infrared Vicon cameras in 

combination with 6 or 7 retro-reflective markers. Processing steps 

included, down sampling VTS positional data from 30 Hz to 10 Hz 

(100 ms), synchronizing down sampled VTS data with 100 ms 

SPECT frames, separating rigid-body and respiratory motion, 

estimating 6-DOF rigid-body motion using singular value 

decomposition (SVD), amplitude binning 100 ms non-gated SPECT 

frames into respiratory projection sets, amplitude binning 

individual 8 ECG gates with frame lengths varying between ~70 ms 

and 112 ms into 8 respiratory projection sets, reconstructing the 

non-gated SPECT respiratory projection sets with rigid-body 

motion compensation, estimating cardiac respiratory motion 

employing intensity based registration, combining rigid-body and 

respiratory motion estimates, and reconstructing non-gated and 

gated amplitude binned SPECT projections with combined 

compensation. We determined in the first 17 patient acquisitions 

that combined respiratory and rigid-body motion compensation is 

possible for gated perfusion SPECT without noise degradation 

compared to standard gated perfusion SPECT. Although 

respiratory estimates in the 16 patients were of small to moderate in 

extent (1-15.75 mm in the axial direction), improved cardiac motion 

clarity was observed due to the reduction in respiratory blurring. It 

is envisaged that respiratory compensation will be most beneficial 

for patients with small to moderate sized hearts with respiratory 

amplitudes larger than 10 mm. 

  
I. INTRODUCTION 

Since the early days of cardiac perfusion single photon 

emission computed tomography (SPECT) it has been known that 

respiratory motion reduced image quality [1]. More than a 

decade ago we demonstrated this degradation in a digital cardiac 

perfusion phantom study [2] and others have confirmed our 

findings [3-5]. Since that time we have implemented various 

rigid-body and respiratory motion compensation strategies [6-

13], either separately [8-10, 13] or in some combination [6, 7, 

11]. We are now able to correct for both these corrections with 

minimal initial user interaction employing a visual tracking 
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system (VTS) from Vicon Motion Systems, Inc. (Lake Forest, 

CA) for motion tracking.  

In this study we report on early results of our combined 

respiratory and rigid-body motion compensation strategy in 17 

gated cardiac perfusion single photon emission computed 

tomography (SPECT) patient studies, employing the visual 

tracking system (VTS). 

II. METHODS AND MATERIALS 

A. Patient Acquisitions 

Patient volunteers with written consent were asked to breathe 

normally during a list-mode gated stress Tc-99m sestamibi 

SPECT perfusion acquisition as part of a rest-stress perfusion 

exam. The acquisition was performed using the standard clinical 

protocol with 64 projections acquired through 180 degrees 

employing a two-headed BrightView SPECT/CT scintillation 

camera (Philips, Cleveland, OH), which rotated with 2.825-

degree steps during emission acquisition. The pixel size was 

0.4662 cm in a 128x128 acquisition matrix. Cone-beam CT 

acquisitions were acquired through 360 degrees in 0.83-degree 

steps. The patients were monitored by the VTS throughout the 

whole study with markers positioned as detailed below.  

B. Visual Tracking System Acquisitions 

Motion tracking was accomplished by employing 5 near-

infrared Vicon cameras in combination with the retro-reflective 

markers positioned on the patient volunteers. The placement of 

the retro-reflective markers is shown in fig 1, with 2 on the right 

side of the chest and 3 on the left. In the current study one retro-

reflective marker was placed on the abdomen to track abdominal 

respiration and an additional retro-reflective sphere was placed 

on the lower right edge of the ribcage in a subset of patients to 

add more stability to the singular value decomposition (SVD) 

estimation of motion (fig 1). 

Two different ways were used to accurately synchronize the 

VTS and SPECT system. In the first method a repeating digital 

pulse, with a period of 1s, generated by the VTS system was 

inserted into the list during list mode acquisition starting 240 sec 

after commencement of visual tracking. At the same time ECG 

gate signals were also inserted into the list by the standard 

Philips hardware. To accomplish this without disrupting the 

normal acquisition flow, the two signals are inserted via two 

different digital ports. Activation of the second port to acquire 

synchronization signals required intervention by Philips 

personnel and was disabled whenever the acquisition computer 

was rebooted. Second, we developed a method to insert a unique 

sequence of short pulses 25 sec after visual tracking starts, but 

before the start of the emission acquisition (during the CT 

acquisition). This sequence of pulses was multiplexed with the 

ECG signal. This enabled us to synchronize the VTS with the 

Combined Respiratory and Rigid-Body Motion 

Compensation in Gated Cardiac Perfusion 

SPECT using a Visual Tracking System 

P. Hendrik Pretorius, Michael A. King, Karen L. Johnson, and Michael O’Connor. 
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2 

SPECT system acquisition without the need to enable the second 

port.  

 

 
Fig 1: The placement of the retro-reflective markers on patient volunteers. 

C. Rigid-Body and Respiratory Motion Estimation 

Processing was fully automatic except for the placement of a 

predefined ellipsoidal region of interest (ROI) around the heart 

using an initial reconstruction. Processing steps were 1) 

reformatting list-mode data into 64 projections as well as 100 ms 

frames, 2) down sampling the 30 Hz VTS positional 

measurements to 10 Hz (100 ms) and temporal synchronization 

with 100 ms SPECT frames, 3) separating rigid-body and 

respiratory motion components of the motion tracking signals 

from the VTS and estimating 6 degrees-of freedom (DOF) rigid-

body motion as described in [11] using SVD, 4) amplitude 

binning the 100 ms frames into an odd number (N) of respiratory 

projection data sets for both non-gated and gated SPECT 

reconstruction, 5) scaling and reconstruction with rigid-body 

motion compensation N-1 projection sets, with the center or 

reference bin excluded [7], 6) scaling and reconstructing with 

rigid-body motion compensation N-1 unique reference projection 

sets such that each reference projection set has the same number 

of non-zero projections as the individual projection sets in 

previous step [7], 7) estimating respiratory motion employing the 

ellipsoidal ROI to isolate the heart on the reconstructed reference 

bin in combination with an intensity based estimation method, 

and 8) combing rigid body and respiratory motion estimates in a 

final single non-gated reconstruction as well as 8 gated 

reconstructions employing all the acquired data. 

D. Reconstructions 

An ordered subsets expectation maximization (OSEM) 

algorithm incorporating a 3-dimensional Gaussian rotator [6] was 

used for all reconstructions. During respiratory estimation 

reconstructions, 16 projections per subset were employed. The 

reason for the large number of projections per subset during 

respiratory motion estimation reconstruction was to minimize 

reconstruction artifacts when incomplete data were present 

(amplitude bins with little or no counts at some projection angles 

were discarded), but still obtain some measure of speed up 

compared to our first efforts in [9] where maximum likelihood 

expectation maximization (MLEM) were used. Only 3 iterations 

of OSEM were employed (~12 MLEM equivalent iterations as in 

ref. 9). The final combined compensation for rigid-body and 

respiratory motion were implemented by reconstructing each 

projection as N sub-projections (equal to the number of 

respiratory amplitude bins) sequentially before stepping to the 

next projection in the subset. Each of the sub-projections was 

weighted with its fractional contribution to the full projection. 

Rigid-body motion compensation reconstructions (without 

respiratory motion compensation) were also performed for

comparison. The gated reconstructions with and without 

respiratory motion compensation were reconstructed with 8 

projections per subset All reconstructions included attenuation, 

non-circular resolution, and triple-energy window scatter 

compensation. 

E. Image Analysis and Evaluation 

These final reconstructions were Gaussian post-reconstruction 

filtered, and reoriented to short axis, horizontal long axis, and 

vertical long axis slices. Visual inspection of the gated data and 

polar map quantification of the non-gated data were used for 

evaluation. It is planned to further analyze the gated data by 

determining the change in ejection fraction between standard and 

respiratory motion corrected data sets. 
 

III. RESULTS AND DISCUSSION 

We determined from the first 17 patient acquisitions that 

combined respiratory and rigid body motion compensation is 

possible for gated perfusion SPECT with little noise degradation 

compared to standard gated perfusion SPECT. As expected, little 

or no body motion was detected as the patients were asked not to 

move. Although respiratory estimates in the 17 patients were of 

moderate extent (<1-15.75 mm in the axial direction), improved 

cardiac motion clarity was observed. For larger respiratory 

motion, compensated gated SPECT shows an increase in inferior

and anterior uptake as well as improved base to apex motion for 

the respiratory compensated data. Such a patient example is 

given in fig’s 2-5. In our patient set, the patient with the smallest

heart (visually determined using size and number of slices) had 

an estimated 8.9 mm respiratory motion. Non-gated polar maps 

of this patient show a slight improvement in inferior and anterior 

uptake after respiratory compensation (fig. 6, left) compared to 

the standard reconstruction (fig. 6, center), while the difference 

image clearly demonstrate the improvement. A larger dynamic 

range in counts for respiratory motion compensated gated polar 

maps (bottom row, fig. 7) are notable compared to polar maps 

using the standard reconstruction (fig. 7, top row). A larger 

dynamic range in counts is indicative of improved function. 

Based on our studies thus far we hypothesize that respiratory 

compensation will be most beneficial for patients with small to 

moderate sized hearts with respiratory amplitudes larger than 10

mm. In this study 3 of the patients have respiratory estimates in 

excess of 10 mm. In a previous study of 32 patients, 11 of the 

patients had respiratory estimates larger than 10 mm [11]. 
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Figure 2: Short axis slices of a male volunteer with approximately 15.75 mm respiratory motion. Respiratory motion corrected data are given in column B while the 

standard gated reconstructions are displayed in column A. Eight gates (1-8) are given, each displayed to its own maximum. The effect of respiratory motion is clearly 

seen in both the slightly elongated shape of the cavity and the blurring of the heart wall. Note the inferior cooling that persist throughout in column A compare to 

column B. The liver counts in the background are helpful to judge the change in myocardial counts between gates. Note that the background counts appear to be less in 

column B, indicating higher count levels in the heart wall. 

 

 
Fig 3. Short-axis slices in absence of ECG GATING of the same male patient volunteer as in fig. 2. Notice the improved blood pool and wall visualization in bottom 

row with respiratory motion correction compared to the top row. The cooling in the inferior wall when respiratory compensation is absent is also visible (top row). 

 

 
Fig 4: Polar maps of the short axis slices displayed in fig. 3. On the left the polar map generated from the data with respiratory compensation, in the center data without 

respiratory motion compensation, and a difference polar map on the right. Note the differences in the inferior and anterior portions of the polar maps indicating the 

reduction in the artifactual cooling in these walls due to the superior / inferior motion of the heart with respiration. 

 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

386



 

 
Fig 5: Polar maps of the short axis slices displayed in fig. 2. The top row depicts the polar maps of the standard gated reconstructions while the bottom row are the polar 

maps generated using the respiratory compensated data. Both rows of data were normalized to the maximum count in the row (polar map with highest counts in the 

row). The variation in thickness during contraction and relaxation are therefore shown as an increase and decrease in counts (see color bar).  The top row again shows 

the artifactual cooling in the inferior and anterior portions of the polar map due to respiratory motion. 

 
Fig 6: Non-gated polar maps for the patient with the smallest heart. On the left the polar map with respiratory motion compensation, in the center the polar map without 

respiratory motion compensation, and a difference image on the right. Even with only 8.9 mm respiratory motion, the differences in uptake in the inferior and anterior 
portions of the polar maps are visible. 

 
Fig 7: Gated polar maps for the patient with the smallest heart. The top row depicts the polar maps of the standard gated reconstructions while the bottom row are the 

polar maps generated using the respiratory compensated data.  The dynamic range in counts, an indication of improved function is visible in the bottom row. 
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Super-Resolution PET Using Stepping of a
Deliberately Misaligned Bed
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Abstract—A typical PET scanner acquires data from a patient
for several bed positions, with some overlap between bed posi-
tions. When the bed is aligned with the scanners axial direction,
the sampling for portions of the body acquired over more than
one bed position does not change. When a small rotation is
introduced, combined with vertical stepping and near-continuous
axial translation, multiple data sets, each with a unique position
relative to the scanner’s lines of response, are acquired. These
super-resolution data sets can be combined in reconstruction to
potentially yield a higher resolution reconstruction with reduced
artifacts.

Index Terms—PET, sampling, super-sampling, wobbling.

I. INTRODUCTION

IT has been shown in clinical and preclinical systems that

super-sampling (e.g., controlled wobbling of the bed) leads

to improved reconstruction uniformity with a reduction in

aliasing artifacts [1]–[9]. In fact, early PET scanners used

wobbling techniques to improve reconstruction quality that

was degraded from undersampling. However, the introduction

of block detectors enabled the evolution to smaller crystal sizes

and improved angular and radial sampling [5], [7], [9]. Their

use made whole-body scanners commercially viable [5], [7],

[9] and reduced the impact of crystal size on overall resolution

compared to other effects, such as acolinearity and the block-

detector effect. This had the effect of improving sampling

compared to resolution, reducing the impact of wobbling

on reconstruction quality. Thus, when producing the first

whole-body PET scanners, manufacturers dropped wobbling

as mechanically cumbersome, unneeded for reconstruction,

and an extra expense.

Two important characteristics of scanners have changed,

making it important to reconsider super-sampling: (i) scanners

are now 3D, providing more counts, allowing accurate recon-

struction of finer structures [10]; and (ii) iterative algorithms

with resolution modeling have changed again the relationship

between reconstruction resolution and sampling, making it

important to boost the number of samples. Consequently, it

is possible that super-sampling in modern PET scanners will

allow resolution improvement with iterative algorithms using

resolution-recovery, beyond what those algorithms can achieve

without super-sampling.

Clinical acquisitions often use multiple bed positions, where

the patient is scanned for a few minutes and then shifted by a

S.D. Metzler, Y. Li, J.S. Karp, and S. Matej are with the Department of
Radiology, The University of Pennsylvania, Philadelphia, PA 19104 USA.
E-mail: metzler@upenn.edu.
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Fig. 1. Right-handed coordinate system describing the PET-scanner geometry.
The z axis is aligned with the scanner’s axial direction. The bed’s in/out
direction (z′) is in an x−z plane, with angle α between its direction and the
z axis; the primed axes (red) are rotated by α about the y (vertical) direction.
The value of α is exaggerated for clarity.

fraction of the axial field of view (FOV) along the scanner’s

axial direction. After the axial shift, the voxels remaining

in the FOV have the same position relative to the lines of

response (LORs), at least in the transverse directions (i.e., the

horizontal and vertical shifts are zero) and usually in the axial

direction; this wastes an opportunity to improve the sampling

at essentially no cost. We exploit this opportunity by introduc-

ing a small angle between the bed motion and the scanner’s

axial direction to super-sample in the horizontal direction. In

conjunction, we use vertical bed movement to super-sample in

the vertical direction. Axial super-sampling comes from axial

bed shifts by a non-integral number of crystal pitches. An

additional benefit of using nearly continuous axial motion is

axial uniformity of sensitivity (noise).

II. METHODS

A. Super-Sampling with Near-Continuous Bed Motion

Figure 1 shows the right-handed coordinate system used

in this paper. The z axis corresponds to the scanner’s axial

direction. The y axis is vertical, corresponding to the bed’s

up/down direction. The x axis is in the horizontal direction.

The z′ axis corresponds to the bed’s in/out direction. The x′

axis corresponds to the side-to-side direction, which typically

is not under motorized control. The x′ and z′ axes make an

angle α with the x and z axes, respectively.
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(a) (b) (c) (d) (e)

Fig. 2. (a) A high-resolution image (512x512; 0.125 mm pixels) of a hot-rod phantom (50 mm diameter; rod diameters: 1.2, 1.6, 2.4, 3.2, 4.0, and 4.8 mm) on
a warm background (hot:back=5:1). The image is blurred (2.0 mm FWHM Gaussian) and down-sampled to 64x64 (1 mm) pixels in (b)-(e), but with relative
shifts in the horizontal and vertical directions (in mm) of (0,0), (-2.5,0), (0,-2.5), and (-2.5,-2.5), respectively. This half-integer bin shifting (2.5 instead of 2)
results in averaging different high-res pixels in (a) into lower resolution pixels for (b)-(e).

In a typical PET system, α = 0. Consider a point (e.g., a

voxel) that does not move relative to the bed. When the bed

moves in/out, the voxel’s z and z′ coordinate values change

by the same amount, but the transverse coordinates relative

to the scanner (x, y) are unchanged. By introducing a small,

non-zero angle for α, we can change the voxel’s x position

relative to the scanner’s coordinate system when the scanner

moves in and out. Combining this change in x when z changes

during small in/out shifts (i.e., nearly continuous bed motion)

with coordinated, small up/down (y) shifts, we can obtain

many samples for a voxel at different shifts relative to the

scanner; this is exactly what is needed for super-sampling and

is equivalent to wobbling by known amounts.

B. Super-Sampling of PET Images

PET reconstructions are digital images, which inherently

average over a small area or volume to produce pixel/volume

values. Figure 2 shows several examples of the effect of that

averaging by shifting the edge of the first pixel between down-

samples ((b)-(d)), and adding additional blurring (2 mm).

These images can be thought of as being reconstructions

with slightly different positioning of the object. We apply a

maximum-likelihood estimation-maximization (MLEM)-type

algorithm to image-process these four samples – by including

the relative shift information – to reconstruct a single com-

posite image.

III. 3D SAMPLING UNIFORMITY

We evaluated the 3D quality of the sampling for different

possible configurations, including bed vertical stepping and

different values of α. There are numerous ways to calculate

this uniformity. Herein, we used as our metric the normalized

standard deviation of the weighted distances of super-sampling

points in a unit cell to all points in that cell:

Sampling Uniformity =

√
d2 − d

2

d
, (1)

where d(�r) is the weighted distance of super-sampling points

(e.g., there are 64 super-sampling points in 82 sampling) to

point �r:

d(�r) =
∑

s

e−(�r−�rs)2/(2σ2) (2)

with σ = 0.1mm; �rs is the position of sampling point s in the

unit cell and the sum is over all sampling points. We define

dn =
∫

dn(�r)dV∫
dV

(3)

as the volume-averaged value over the unit cell. This metric,

although somewhat arbitrary, is related to the number of

unique samples of a voxel.

A. Reconstructions of 2D Super-Sampled PET Acquisitions

We reconstructed simulated 2D acquisitions of a hot-rod

phantom on our whole-body research scanner, La-PET, which

has 4 mm × 4 mm LaBr3 crystals in a 93 cm ring. The simu-

lation assumed perfect detection (i.e., no degradation beyond

position uncertainty from the crystal size). The phantom was

moved through different sampling positions over a 2D unit

cell. We considered four sampling configurations: 12, 22, 42,

and 82, where the base indicates the number of steps over

a unit cell (i.e., a voxel) in each direction and the exponent

indicates the number of orthogonal directions sampled during

the scan. For example, 42 indicates 4 steps, each 1/4 of

voxel in both the horizontal and vertical directions, for a total

of 16 acquisition positions. The phantom had hot rods with

diameters: 1.2, 1.6, 2.4, 3.2, 4.0, and 4.8 mm on a warm

background (hot:back = 5:1).

The reconstruction used a standard MLEM algorithm and

incorporated the known object shifts. A total of 1000 iterations

were run for each sampling case and for each noise level (105,

106, 107, 108, and 109 total counts).

B. Quantitative Analysis of Reconstructions

Reconstructions were evaluated for quantitative accuracy

by employing normalized RMS error (NE) [11] over the

image, adding a scaling factor k. This metric is defined for

a reconstruction with value vi in voxel i in comparison to that

voxel’s true value, ri:

NE =

√
(kv − r)2√
(r − r)2

(4)

where the overline indicates average values over the voxels and

k scales the reconstruction to the reference for fair comparison
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Fig. 3. Super-resolution using post-reconstruction algorithm on images (b)-(e)
in Fig. 2.

Fig. 4. Sampling Uniformity Metric vs. α for different possible acquisition
parameters. These represent samples of the full parameter space, which needs
further exploration. Smaller values of this metric indicate better sampling
uniformity. This calculation is for one particular metric, described in the text,
further exploration of the choice of metric is also required. Note that the
curves have more than one minimum, often because of sampling periodicity.
A small value for leads to a negligible loss in field of view. For comparison,
the horizontal lines indicate the metric values for 23 and 43 uniform sampling.

between iterations, count level, and sampling techniques. The

value of k is that which minimizes NE:

k =
vr

v2
. (5)

IV. RESULTS

A. Super-Sampling of PET Images

Figure 3 shows the result of post-reconstruction super-

resolution using an MLEM algorithm to combine the four

samples in Fig. 2((b)-(e)), each on a 64x64 grid, back into

a 512x512 grid (as in the high-resolution image (Fig. 2(a)).

Please note that the original resolution is not fully restored

– due to Gaussian blur and information loss from down-

sampling – but the image’s improved resolution signifies

information recovery.

B. 3D Sampling Uniformity

Figure 4 shows the Sampling Uniformity Metric for several

shift sequences. The horizontal reference lines (e.g., 23 and 43

Sampling) are the theoretical values for grids that are spaced

exactly uniformly. The curves vs. α show how the 3D sampling

changes as the bed direction changes for different numbers of

samples. These curves include the constraint of using only the

two motors available on a PET bed. The results show that

3D sampling uniformity comparable to the theoretical limit is

achievable using only 2 degrees of freedom.

Fig. 5. Normalized RMS error for the reconstructions compared to the digital
phantom as a function of iteration number for different count levels. This
example is for 12 sampling but other samplings show a similar pattern. Note
that each count level shows a minimum for normalized error, but the minimum
can occur at different iterations.

Fig. 6. The minimum normalized RMS error as a function of count rate for
different sampling levels

C. Quantitative Analysis of Reconstructions

Figure 5 shows the Normalized Error, defined in (4), for

12 sampling for several different count levels, as a function of

iteration number. All the curves initially improve as a function

of iteration number but then find a minimum error due to

increasing noise; higher count levels require more iterations

to achieve this minimum error.

Figure 6 shows the value of the minimum error for different

sampling configurations and for different count levels.

D. 2D Reconstructions of Super-Sampled PET Acquisitions

Figure 7 shows non-TOF reconstructions of simulated 2D

acquisitions on LaPET of a hot-rod phantom in a uniform

background. The rows represent different count levels, where

the background level in a single 4-mm slice of a clinical scan

would often correspond to being between the top and middle

rows. The bottom row is a high-count limit, which would be

typical for longer scans of single organs (e.g., brain), or for

phantom studies.

Columns indicate the amount of super-sampling. The first

column has only 1 acquisition. Other columns boost the

number of sampling positions in each of the 2 dimensions

(e.g., 82 sampling is 64 samples on an 8x8 uniform grid).

Each reconstruction is shown at the iteration minimizing its

normalized RMS error (NE) [11].

V. DISCUSSION

We have taken two reconstruction aproaches. The first is

demonstrated in Fig. 3, where images equivalent to four

different reconstructions (Fig. 2) with small shifts of the object
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Fig. 7. 2D reconstructions of 50-mm hot-rod phantom (same as in Fig. 2(a)) simulated acquisitions on LaPET. The rows represent low-, medium- and
high-count acquisitions, respectively. The columns are for different 2D sampling configurations. 12 indicates 1 sample. 82 indicates 8 sampling positions in
both x and y (64 total). The rods seen in the smallest sector for the 12 sampling are artifactual, not occurring in the same position as the phantom. Higher
counts levels also allow recovery of finer structures, agreeing with [10].

in between were combined using an MLEM algoritm. The

resulting image has much higher resolution indicating that

there is greater information content in the set of images than

in any individual image.

Figure 3 shows that the method of introducing a small

angle (∼1.5◦) for the bed direction, combined with vertical

movements of the bed, yields sampling uniformity similar

to that obtained from exactly regular spacing, which would

require an extra degree of freedom in the bed’s motion.

Figure 5 shows that the metric we are using to evaluate

reconstruction accuracy has a minimum as a function of

iteration. Figure 6 compares different sampling densities and

count levels at that iteration. For all sampling cases, the error

decreases with increased counts, due to lower noise in the

data. As the count level increases, the difference in error

between 12 sampling and the other cases increases. This is

because the additional information from super-sampling aides

the reconstruction. The advantage seems to saturate quickly

with little difference between 22 and 42 sampling; 42 and 82

are nearly identical.

Figure 7 shows the reconstructions with different sampling

and numbers of counts. At low counts (106) there is little

difference between the reconstructions, but at higher count

levels, the differences become more apparent [10]. Although

the 12 sampling seems to show rods in the smallest sector,

these are located in the wrong place; they are artifactual

due to insufficient sampling. On the other hand, the rods

in the smallest sector are correctly located, and partially

resolved in the columns with higher sampling. There are

also advantages seen in the next-to-smallest sector (1.6 mm

rods). The difference between 22 and higher sampling is not

evident, suggesting that the limitation is the detector’s spatial

resolution. Moreover, sampling is a limitation for the 12 (i.e.,

typical scan) case.

VI. CONCLUSION

Sampling uniformity similar to complex 3D motion can

be achieved by combining a small-angle rotation with axial

and vertical bed shifts. The increased uniformity improves

reconstruction accuracy and reconstruction resolution.
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Abstract:  In this work we propose a new regularization 

algorithm to an optimization problem of generating input blood-

activity function from dynamic imaging in SPECT. The 

algorithm exploits masking with anatomical structures of the 

imaged subject from a reconstruction of consistent projection 

data of later tomographic acquisitions.  We develop a hybrid 

approach, where we use a b-spline method to obtain the initial 

estimates of the time-activity curves and then, those initial 

estimates are fed to the FADS (factor analysis of dynamic 

structures) approach for further refinement. Furthermore, we 

also include a new technique of auto-updating of regularization 

weighting-parameters within the iterations of the algorithm. 

Finally, the proposed method is tested and the results are shown 

for SPECT data from a NCAT simulation and a rat study. 
 

Index Terms: Dynamic SPECT, Image Reconstruction, 

Regularization, Optimization, Regularization parameter selection. 

I. INTRODUCTION 

ynamic SPECT imaging aims to determine the kinetic 

parameters of wash-in and wash-out of a tracer for 

different tissue types that are imaged [1]. This needs accurate 

estimation of blood input functions or time activity curves 

(TAC). Our work involves finding these functions from 

inconsistent projection data over the first rotation when the 

tracer is being injected. However, this is a severely under-

determined problem.  

For a given vector P of measured data (i.e. sinogram), a 

system matrix S, and the imaged volume/subject V, dynamic 

SPECT problem can be modeled by the following system of 

equations: 

 

 

where m is the projection or frame index, n is the pixel 

index over all frames, and k is the voxel index of the imaged 

volume. In our problem of dynamic SPECT-imaging, the 

projection number m also represents the time points of 

acquiring the data. Upper case of each index will indicate 

corresponding maximum number, as a matter of convention. 
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The goal is to estimate m volumes or all Vk,m from the 

measured data P (i.e. sinogram). Clearly, eq. (1) is an 

underdetermined problem (also, ill-posed) since it demands 

estimating each volume from a very limited number of 

projections (one projection, in case a single head is used to 

acquire each timeframe). In this context, we refer to the 

volumes Vk,m over m as Time Activity Curves (TACs).  

To reduce the dimensionality of the problem, time-

dependent voxel intensities can be expanded in terms of a 

small number J of time basis functions or factors, i.e. at any 

time point or frame/projection m. The intensity in the k
th

 voxel 

is assumed to be a linear combination of J time basis 

functions/factors fj: 

 

 

where C is the set of coefficients for the factors f. 

Plugging eq. (2) into eq. (1), we get the factored model for 

a dynamic sinogram: 

 

 

 

Typically, the following objective function is minimized to 

estimate the time basis functions/factors and their coefficients. 
 
 

 
 
 

where T denotes the transpose and w is the weighting 

diagonal matrix of the estimated noise variance. However, the 

exact w is unknown since the true projection is unknown in 

advance. In practice, w is simply set to P or estimated from the 

measured data [2]. Since the problem is underdetermined, 

regularization is typically added to the objective function (eq. 

4) and then solved by any minimization technique (e.g. 

gradient search). 

The rest of this paper is organized as follows. In section 

two, a summary of related work is given. Next, a description 

of our methods is given in section three. Results of the 

proposed methods are shown in section four. Finally, a 

conclusion is drawn in section five. 

 

II. RELATED WORKS 

 

Several methods have been proposed to tackle the problem 

in equation (1), including b-spline based methods [3][4], 

Factor Analysis of Dynamic Structures (FADS) methods 

[1][5], and a dSPECT algorithm [6][7].   
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In the first approach, the time basis functions are set to a 

chosen set of b-splines (typically, cubic splines) that have the 

capability of representing the temporal behavior of the 

radiotracer in relevant tissues. Hence, eq. (4) is minimized 

only for the coefficients of those b-splines and then, the voxel 

values and corresponding TACs can be obtained from eq. (2). 

Some results of b-spline techniques are shown in [3][4]. 

Usually, b-spline methods produce smooth TACs even in the 

presence of a high level of noise. This is because the algorithm 

is restricted for estimating the coefficients of the chosen b-

splines only. However, estimated TACs are highly dependent 

on the choice of b-splines and not always represent the true 

TACs precisely [1].  

  Factor Analysis of Dynamic Structures (FADS) method 

tries to estimate the time basis functions or factors and their 

coefficients at the same time by minimizing the objective 

function in eq. (4) for both unknowns. The main issue in this 

approach is that optimization for two unknowns will not 

guarantee a unique solution due to the fact that the problem is 

highly underdetermined [7].  

dSPECT method on the other hand,  tries to estimate the 

time activity curve without factoring the time-dependent 

volumes . The method imposes a temporal regularization 

constraint that enforces the estimated TACs for each voxel 

to obey certain rules. Namely, the activity in a voxel can 

only follow one of these patterns: it can increase and then 

decrease once, or only decrease, or only increase to only one 

peak. However, the method may have reconstructions with 

poor contrast between tissues due to the fact that the algorithm 

does not assume knowledge of spatial locations of the 

dynamic regions corresponding to those constrained curves 

[1][7].  
 

III. METHODS 
 

Since the problem is highly underdetermined, we first add an 

anisotropic total variance (ATV) regularization function to 

problem in eq. (4). Second, a hybrid method of b-splines 

followed by a FADS approach is introduced for estimation of 

TACs. Third, for automatically adjusting the regularization 

parameters, an auto-updating method is included. 

 

A. Regularization Functions Used 

Our problem of highly underdetermined and noisy data 

necessitates regularization with constraints in minimizing the 

objective function in eq. (4). We identified three main 

constraints. First, the coefficients within the region of the 

same tissue-type (e.g. myocardium) must not have high 

variation, but the coefficients of different tissues may vary. 

Second, only one of the coefficients for a voxel that contain 

only one tissue type (e.g. either contains blood, myocardium, 

or liver) must have non-zero value and the rest must be zero or 

close to zero. On the other hand, multi-tissue type voxels, 

which are the voxels located on the boundaries between 

tissues, possibly coming from partial volume effect, can be 

allowed with multiple non-zero values as their coefficients. 

Third, estimated time basis functions or factors should be as 

smooth as possible. In our work, non-negativity was enforced 

by zeroing the respective value. 

To enforce the above constraints, three regularization 

functions were added to the objective function (4) as follows: 

 

    (5) 
 

where: 

1. , , and  are regularization weighting-parameters; 

2.  is a penalty function that prevents coefficient mixing. 

Currently, we use a function similar to the regularization 

used in [5], which minimizes the dot-product between the 

coefficient-vectors. The main difference is that  in our 

method is applied only to the voxels that have undesired 

coefficient mixing (See the following section for more 

explanation on how those voxels are identified). If the 

function is applied to all voxels equally, some voxels will be 

undesirably forced to go to zero; 
 

3.  is an anisotropic  total variation (ATV) function. 

Again, the function is applied to the voxels that belong to 

the same tissue. This technique allows the algorithm to 

smooth the regions within the same tissue type. In this way, 

all boundaries/edges are preserved and not mixed with other 

regions;  
 

4.  is a smoothing function that minimizes the first 

derivative of each time basis function/factor.  

As mentioned above, regularization functions are only 

applied to the voxels that obey certain criteria. This is 

achieved by creating a non-binary mask that identifies each 

recognized tissue-type with a unique index on the mask and 

marks each unrecognized/uncertain region with a different 

label. In more details, the mask is built from two binary masks 

with the following steps (we refer to these masks as static and 

dynamic masks, respectively):   

1. Static Mask: since the later frames of the acquired 

sinogram are consistent  (tracer has settled by then), and 

the relevant tissue types appear clearly on them, a static 

reconstruction is obtained from those frames. Then, a 

binary mask  is created from the reconstructed static 

image.   
 

2. Dynamic Mask: At each iteration of the dynamic 

reconstruction algorithm (i.e. the minimization of eq. (5)), 

another binary mask is created from the currently 

estimated coefficients by thresholding. The size of this 

mask is equal to the size of the coefficients (i.e. ) 

since there are J factors and K voxels.  

Then the intersection of two masks  and  forms the 

final non-binary mask M as follows: 
 

 

 

                              

 

where u is a constant unique number that labels uncertain 

regions from the rest of the identified segments. 

B. TACs Estimation Method 
 

The b-spline method provides a good initial estimate of the 

TACs. We cluster these initial curves by the k-means 
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algorithm, each cluster representing a tissue type. Then a 

representative of each cluster is used as initialization to the 

FADS approach. The main rationale is that, the FADs 

approach cannot guarantee the uniqueness of the solution. 

Therefore, we used the b-spline method to get a good initial 

starting point that likely puts the result of the FADS algorithm 

close to the global minimum.  

Clustering the time activity curves also provided an 

automatic way to segment the tissues. The resulted segments 

were used to initialize the coefficients in the FADS approach. 

It was important that before clustering, the curves that had 

very low variation (flat) were considered as background or 

noise and were excluded from clustering. 
 

C. Regularization Parameter Selection 
 

We used the conjugate gradient (CG) algorithm for optimizing 

the error function (eq. 5). It was essential to find the optimal 

values for the regularization weighting (RW) parameters. Our 

experiments show that if these parameters were not selected 

carefully the estimated TACs would not be accurate. A typical 

approach is to use the L-curve technique. Unfortunately, the 

L-curve approach could be used for selecting only one 

regularization parameter and this method does not guarantee 

the optimal selection of parameter values [8]. Therefore, a 

Balancing Principal (BP) technique [9] was used to estimate 

the RW parameter values within each iteration of the CG 

algorithm. The BP technique tries to keep the balance between 

fitting the model to data and regularization functions. To show 

the RW parameter-updating method, we rewrite the objective 

function as the following: 
 

 

where: 

-     Weighted least squares function. 

-   Anisotropic  coefficients' mix function. 

 

-   Anisotropic  total variation function. 
 

-    Factors' smoothness function. 
 
 

There are three lambdas (RWs) in the minimized objective 

function and the updating formula is in the algorithm below 

(Fig. 1): 

1: 
2: 
3: 

4: 
5: 

6: 
7: 
8: 

9:

10: 

11: 

12: 

13: 

14: 

Fig.  1.   Regularization parameter updating method 

 

We refer to [9] for detailed description of the parameter 

updating method. 
 

IV EXPERIMENTS AND RESULTS 

A. Simulation 
  

First, the proposed technique was tested on a simulated 

dataset. The dynamic sinogram was created using 80x80x80 

NCAT SPECT-phantom (Fig. 3b) with three tissue-types: 

blood (blue), myocardium (red) and liver (green). TACs used 

to mimic the temporal behavior of the tracer in each tissue-

type are shown in Fig. 3a. A number of  180 (90 

frames/head) frames of size 128x128 bins were generated for 

90 seconds (acquisition time is 1 second/frame) using H-

shaped dual-head SPECT scanner with a pinhole collimator 

setting. Several simulation experiments were conducted. First, 

sets of different initial b-splines were selected to test the 

hybrid method on each set. The number and shape of each b-

spline varied from one set to another. This is to verify how 

many b-splines are good enough to estimate the initial TACs.  

Then, for each set/experiment the objective function (eq. 5) 

was minimized according to the steps mentioned in the 

previous subsection using the conjugate gradient algorithm.

Fig. 3 shows an example of the results from the algorithm. 

The first experiment (top row) was performed using a set of 

two b-splines. Then, the TACs were estimated using the b-

spline method (second column) by k=3 clustering. The TACs 

were then further refined using them as input factors to the 

FADS algorithm and results are shown in the third column. 

The algorithm recovers the original TACs used in the 

simulation (Fig. 2). 
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Fig. 2.  Simulation dataset. 
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B. Rat Results 
 

The same settings and protocols used to generate the 

simulated data were also used for imaging a number of SHR 

and WKY rats. Animals were anesthetized and first injected 

with 1 mCi of 
201

Tl and scanned for 12 rotations. Each rotation 

consisted of 180 angular frames (2 opposing projections 

acquired every 1 sec). Then, the animals were injected with 5 

mCi of 
123

I-MIBG and imaged for another 60 time frames. 

A ROI of blood and myocardium was selected by 

segmenting the static reconstruction and TACs were estimated 

from the first rotation using the proposed method. Fig. 3 

(bottom row) shows a sample result from a WKY rat. The 

three factors recovered are from right ventricle, left ventricle 

and the myocardium. First few seconds’ projections were 

excluded from the input to the FADs algorithm to ensure that 

noise from the bolus is reduced. Even then, clearly the 

myocardium still picks up signals from blood. We will need 

more constraints to be included in the eq. 5 that should model 

the compartmental kinetics and sparse spatial constraints [1].  
 

V. CONCLUSION 
 

A combination of regularization methods is proposed for 

estimating TACs or input functions in dynamic SPECT 

imaging. The regularization functions exploit the anatomical 

structures obtained from the static reconstruction of the later 

consistent frames, and masks dynamically created from the co-

efficients’ of factors within the iterations of the optimization 

algorithm.  This helps the algorithm to identify the regions that 

are in need of regularization. Furthermore, we incorporate a 

new regularization weighting-parameters selection process to 

this optimization problem. We are highly encouraged that we 

could recover tracer-temporal behaviors in blood and tissue 

regions from such a severely underdetermined problem. Our 

effort is now directed toward enhancing our set of constraints 

bringing in more physiological knowledge. 
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Abstract— Hysteresis is when the heart follows two different 

trajectories during inspiration and expiration. In cardiac SPECT 
imaging, conventional respiratory correction methods based on 
amplitude binning of a respiratory signal from the abdomen do 
not take hysteresis into account. This leaves the reconstructed 
cardiac SPECT images with residual blurring after correcting for 
respiratory motion. Therefore, prediction of heart motion solely 
from the abdomen can be suboptimal. We address this problem 
by implementing the Bouc-Wen (BW) Model of Hysteresis using 
the signals obtained from external markers placed on both the 
abdomen and chest. We study the efficacy of the proposed 
method through analytical simulations of the NURBS-based 
cardiac-torso (NCAT) phantoms and evaluate the performance of 
the hysteresis compensated respiratory binning method in 
comparison with conventional methods. We found that the 
motion estimates obtained from the BW model were closer to the 
true respiratory motion of the heart in comparison with the 
conventional methods for both hysteretic and non-hysteretic 
cases.  The results of our study indicated that our proposed 
method provides robust motion estimation and could be used for 
respiratory amplitude binning to reduce image degradation 
associated with respiratory hysteresis. 
 

I. INTRODUCTION 
 

ESPIRATORY motion causes image artifacts and affects 
clinical diagnosis in myocardial SPECT images. 

Conventional respiratory correction methods based on 

amplitude binning of a respiratory signal (e.g., tracking an 

external marker or a pneumatic bellow on the abdomen)[1, 2], 

assumes that the heart follows the same path for both 

inspiration and expiration. However, studies have 

demonstrated that certain patients exhibit a pattern in which 
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the heart moves in a different trajectory for the inspiration and 

expiration phases of the respiratory cycle [3]. Such complex 

internal behavior suggests that predicting the motion from a 

single parameter (such as the respiratory signal related to 

abdominal motion) may not fully describe the motion 

trajectories of the heart and would likely introduce errors 

thereby reducing the effectiveness of amplitude binning. 

Although the respiratory binning methods would help by 

reducing the blurring due to respiratory motion, the final 

cardiac SPECT images are left with some residual blurring 

due to hysteresis thereby degrading lesion detection. 

As reported in [4] we investigated the relationship between 

the anterior-posterior (AP) motions of the external markers on 

the chest and the abdomen from a Visual Tracking System 

(VTS). In synchrony with external tracking, the relationship 

between the superior-inferior (SI) motions of the heart and the 

diaphragm are obtained using the MR-Navigator technique as 

internal markers. We concluded from this study that if 

hysteresis is present internally between the heart and 

diaphragm similar behavior can be manifested externally in 

the chest and the abdomen respiratory signals. Such hysteretic 

behavior can be predicted using an appropriate model for 

hysteresis based on the acquired external respiratory 

information. The Bouc-Wen (BW) hysteresis model, desired 

in mechanical and structural engineering due its ease of 

numerical implementation, has the ability to represent a wide 

range of hysteretic loop shapes. Therefore, in this study the 

BW model of hysteresis is used to describe the hysteretic 

respiratory motion and hence predict the respiratory motion of 

the heart devoid of hysteresis.   

We used the realistic NCAT [5] human anthropomorphic 

phantom to evaluate the performance of the proposed 

hysteresis compensated respiratory binning method in 

comparison with conventional methods in correcting 

respiratory motion in cardiac SPECT studies. To model the 

respiratory motions (including hysteresis) of the heart and 

other internal organs, internal MRI navigator data from human 

volunteer studies were used. The known through simulation 

respiratory motion of the NCAT heart served as the basis of 

truth for evaluation of the binning methods considered in this 

study.  

 
II. METHODS 

 
The flow chart in Fig. 1 illustrates the steps involved in this 

study:  
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A. Phantoms 

We performed analytical simulations of cardiac perfusion 

SPECT imaging using the NCAT torso phantom. We 

simulated hysteretic and non-hysteretic respiratory motion 

patterns of the liver, heart and spleen in the SI direction. 

Respiratory motion of the heart is typically smaller in extent 

than that of the liver and spleen [3, 4, 6]. In addition, a phase 

difference is observed in the presence of hysteresis [3, 4]. In 

the default NCAT respiratory motion, organs are restricted to 

move linearly (i.e., in phase) and a hysteretic pattern is not an 

available option. In order to accommodate hysteretic pattern, 

the NCAT phantom was specifically modified to allow the 

independent motions of heart, liver and spleen. For each of the 

hysteretic and non-hysteretic respiratory motion patterns, three 

hundred NCAT phantoms (matrix size: 256×256×256 and 

voxel size: 0.2332 cm) were generated based on the 

volunteers’ MRI navigator data of the internal organ motions 

acquired over a period of five minutes. Hence, each NCAT 

phantom represents an instant of the respiration with realistic 

organ motions. In addition, average cardiac motion due to 

beating heart was included based on 16 time frames.  

 

B. Projection Data  

We used an analytical projector [7], modeling attenuation 

(without scatter effect) and distance-dependent collimator 

blurring (low energy high resolution - LEHR) to obtain 60 

projections (radius of rotation: 25 cm) covering 180
o
 around 

each NCAT phantom, from 45
o
 right anterior oblique to 45

o
 

left posterior oblique, representing a cardiac SPECT 

acquisition in the presence of respiration. Then, 256x256x60 

projection data were resized to 128x128x60 and scaled to ~ 7 

million total counts to match the Poisson noise level of a 
99m

Tc-Sestamibi cardiac SPECT study. With this set-up, unlike 

the variation seen in patient breathing, the 300 NCAT 

respiratory states were repeated for every projection angle due 

to the limited number of respiratory samples.  

 

C. Bouc-Wen Model of Hysteresis and Hysteresis 

Compensation 

The respiratory motion information from the chest and the 

abdomen regions is incorporated in the modified Bouc-Wen 

model, which is used to model hysteresis in predicting the 

heart motion. 

 The modified BW model is expressed as following [8]  

 

w = ρ  (x +δ  x |w |− σ | x |w−γ  w |w |)                                (1)  

 

where ρ, δ, σ and  γ are parameters that determine the shape 

and extent of hysteresis in modified Bouc-Wen model, x(t) 

and w(t)  are the anterior-posterior (AP) displacements of the 

abdomen and chest markers, respectively. 

As previously illustrated in [4], the variation of the 

respiratory motion between the chest and the abdomen is 

similar to that of the heart and the liver. We are interested in 

the variation of respiratory motion between the chest and the 

abdomen regions, rather than the respiratory rates. Hence, the 

term dw/dx, conveying the variation of respiratory motion 

between the chest and the abdomen region in (2) is derived by 

rearranging (1) and dividing it by the respiratory rate dx/dt: 

 

wpred =
dw

dx
=

ρ  (1−  σ   w sgn(x) )

 (1−  ρ  δ  x  sgn(w)+ ρ  γ  wsgn(w) )
                 (2)              

 

The differential term dw/dx represents the predicted data 

points in the hysteretic loop, which describes the heart motion 

relative to the abdomen. We then optimized the model 

parameters (using parametric optimization algorithm, 

MATLAB) for each respiratory cycle to minimize the error E 

in (3), the difference between the model-predicted heart 

motion (wpred) and the experimental value of the chest marker.   

                                       

E = (wpred (n)−w(n))2

n=1

N

∑                                                         (3)
 

 

Using the respiratory motion signal acquired from the 

external VTS we determined the respiratory motion of the 

heart based on the BW model fit. Two sets of volunteer 

respiratory data, one depicting a hysteretic and the other non-

hysteretic case, were used for the data fitting in this study.  

 

D. Amplitude Binning and Application of RM Correction 

Amplitude binning was performed for four different cases: 

1) ideal case which used the actual heart displacements of the 

NCAT phantom; 2) using the BW model obtained from the 

abdomen and the chest markers; 3) using just the chest 

markers; 4) using just the abdomen markers. For each binning 

case, the projection data was sorted into nine equal bins 

between the end-inspiration and end-expiration. The binned 

projection sets were then reconstructed using an OSEM 

algorithm with attenuation correction, resolution recovery and 

motion compensation. Attenuation correction was performed 

using the respiratory blurred attenuation map averaged over 

300 NCAT phantoms. For the estimation of motion, the 

intermediate respiratory state was considered as the reference 

state while the remaining respiratory states were considered as 

motion states. The motion estimates were obtained by 

registering the motion states to the reference state. Finally, 

using these estimates motion compensated reconstruction was 

obtained. 

The performance of the BW and conventional methods 

were evaluated using the motion estimates in comparison with 

the ideal case.  

 

III. RESULTS AND DISCUSSION 

 

In Fig. 2 (a), the correlation between the anterior-posterior 
(AP) motion of the external chest and abdomen markers shows 
hysteretic loops with different paths for inspiration and 
expiration. The BW model fit (in red) demonstrates that our 
proposed model has captured the relationship between 
inspiration and expiration accurately (top left).  In addition, 
the SI motion of the heart is correlated with the BW signal and 
the AP motion of the external chest and abdomen markers are 
depicted as scatter plots (blue). The BW signal shows a better 
agreement with the heart motion compared to the signal 
obtained from the abdomen marker. The chest marker also 
shows a better agreement with the heart motion. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

397



 

Fig. 2 (b) shows the plots of respiratory motion estimates 
(for 10 noise-realizations) from the BW signal, the external 
chest and abdomen markers compared to the actual 
displacement of the heart. The respiratory motion estimates for 
the BW signal appear to be closer to the actual heart 
respiratory motion estimates compared to that of the external 
chest and abdomen markers. Furthermore, the trend exhibited 
by the heart motion estimates from the BW signal shows a 
greater linear tendency compared to that of the chest and 
abdomen markers. This indicates that BW method better 
represents the heart motion compared to conventional methods 
using abdomen or chest markers only.   

Fig. 3 (a) shows the correlation between the AP motion of 
the external chest and abdomen markers for a non-hysteretic 
case. The BW model fit (in red) has captured the relationship 
between inspiration and expiration accurately. The SI motion 
of the heart is correlated with the BW signal and with the AP 
motion of the external chest and abdomen markers. Although 
the external chest and abdomen markers correlate well with 
the heart, the BW signal still shows a better agreement with 
the heart motion. However, in this particular non-hysteretic 
case between the abdomen and chest markers, the chest 
marker shows a poorer correlation with the heart motion, 
contrary to the observation made in the hysteretic case. This 
fact demonstrates that the BW signal is more reliable than the 
chest and abdomen markers in estimating the respiratory 
motion of the heart. 

Further, the respiratory motion estimates (for 10 noise-
realizations) from the BW model, the chest and abdomen 
markers are compared to the heart are shown in Fig. 3 (b). It is 
noticeable from the plot that the respiratory motion estimates 
for the BW signal and the external markers show a linear 
trend. However, on careful observation the estimates from the 
BW signal are closest to the true heart motion estimates in 
comparison to that of the external markers, suggesting a strong 
correlation between the motions of the heart and the BW 
signal. This demonstrates the potential of the BW model to 
predict the non-hysteretic cardiac respiratory motion patterns. 

The estimations obtained from the BW model are more 
reliable for both the hysteretic and non-hysteretic respiratory 
patterns compared to the conventional methods, which rely on 
just a respiratory signal from abdominal motion. Thus, the BW 
model provides a robust approach for the amplitude binning of 
the cardiac SPECT studies.   

IV. CONCLUSION 

We presented in this study a model to correct for hysteresis 
observed in respiratory motion of the heart by incorporating 
the Bouc-Wen model. The need for this correction was 
demonstrated with lifelike simulations using the specially 
modified NCAT phantom. Our preliminary results from these 
simulation studies have shown that hysteretic loops from the 
proposed BW model are in better agreement with the “true” 
respiratory motions of the heart for both the hysteretic and 
non-hysteretic scenarios. The successful modeling of 
hysteresis in the hysteretic and non-hysteretic cases 
demonstrates the capability of the BW model on describing 
various hysteretic phenomena. However, these results were 
based on only two sets of volunteer respiratory data. Future 

work includes the testing of this method with more respiratory 
datasets and its evaluation of the diagnostic performance on 
lesion detection by adding lesions of known sizes at known 
locations to the NCAT heart. Ultimately, the BW method can 
be extended to respiratory amplitude binning in clinical 
studies. 
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Fig. 3. (a) Scatter plots of the external marker breathing curves (black) and its corresponding BW model fit (red). Also shown are the true heart locations (blue) 

for a non-hysteretic case versus abdomen, chest, and BW model values. (b) Plot of respiratory motion estimates versus the amplitude bins for respiratory 

signals obtained from the Bouc-Wen signal (red), the abdomen marker (green) and the chest marker (blue) are compared against the respiratory motion estimates 

obtained from actual respiratory motion of the heart (black) which is considered as the ideal binning case.  

                                          
 

Fig. 2. (a) Scatter plots of the external marker breathing curves (black) and its corresponding BW model fit (red). Also shown are the true heart locations (blue) 

for a hysteretic case versus abdomen, chest, and BW model values. (b) Plot of respiratory motion estimates versus the amplitude bins for respiratory signals

obtained from the Bouc-Wen signal (red), the abdomen marker (green) and the chest marker (blue) are compared against the respiratory motion estimates 

obtained from the actual respiratory motion of the heart (black) which is considered as the ideal binning case.  

  

 
 

Fig. 1.  Flow chart illustrating the simulation of NCAT lifelike respiratory motion with its estimation and correction based on actual respiratory signals. The

internal respiratory motions of the organs are captured by the MRI navigator and are then used to create the corresponding organ motion in the NCAT. An 

analytical projector was used to obtain projections similar to that of the cardiac SPECT studies. Projections were binned based on the corresponding respiratory 
amplitudes to determine the motion estimates and obtain motion compensated reconstruction. 
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Abstract—We investigate the tradeoffs between number of
views and dose per view in ultra-low dose CT imaging with
analytical and statistical reconstruction algorithms for use in
PET attenuation correction. We simulated CT and PET imaging
scenarios using a 3D NCAT phantom with inserted lesions.
CT simulations modeled geometry, Poisson noise and electronic
noise while PET simulations modeled geometry, attenuation and
Poisson noise. Simulated CT acquisition protocols ranged from
984 views at 1 mA down to 24 views at 41 mA such that the total
dose was approximately constant. 20 CT noise realizations were
generated for each protocol and images were reconstructed using
3D FDK and OS-SPS using edge-preserving and approximate
total variation penalties. Resulting images were then used for PET
attenuation correction in OSEM reconstructions of the NCAT
phantom. Bias/variance analysis was performed on 10 and 15
mm, 3:1 contrast PET lesions in the lung and liver using 20
PET noise realizations. Simulation results show that the best
PET lesion bias/variance tradeoffs with FDK CT reconstructions
were achieved with acquisitions of 123 views at 8 mA and that
the fidelity of lesion values with FDK reconstruction were highly
dependent on CT acquisition technique. On the contrary, OS-
SPS CT reconstructions provided PET lesion values that were
consistent across acquisition techniques.

I. INTRODUCTION

Combined Positron Emission Tomography (PET)/ Com-
puted Tomography (CT) scanners are in common use for
oncology diagnosis and staging [1] where CT images provide
anatomical localization and patient attenuation information for
PET imaging. When CT images are not intended for diagnostic
use and are acquired primarily for PET attenuation correction,
the CT radiation dose can be reduced with minimal impact on
PET quantitation performance [2], [3]. Overall dose benefits
of reducing the CT radiation dose become more pronounced
in motion-corrected PET imaging where multiple CT datasets
corresponding to different motion gates need to be acquired
[4].

In our recent work [4], we investigated selected combina-
tions of dose reduced acquisition methods including spectrum
optimization, tube current levels and beam filtration as well as
noise reduction techniques such as sinogram smoothing. In this
paper we investigate different CT data acquisition and image
reconstruction approaches where the total dose delivered to
the patient is preserved. We simulated acquisitions ranging
from full 984 views at 1 mA down to 24 views at 41 mA.

Fig. 1. Central NCAT phantom slices showing the true linear attenuation
coefficients at 70 keV (left) and the true activity distribution. All five inserted
lesions are visible.

Full view acquisitions do not suffer from missing data but
have very noisy data at each view where electronic noise
also plays a significant role. Sparser view acquisitions, on
the other hand, have higher data quality at each view but
need to deal with missing views. Determination of the optimal
acquisition protocol provides valuable information on how
the dose should be delivered and also depends on the CT
reconstruction algorithm.

We used both analytic (FDK: Feldkamp, Davis, Kress)
and statistical reconstruction algorithms (OS-SPS: (Ordered
Subsets-Separable Paraboloidal Surrogates) for CT reconstruc-
tions and statistical reconstructions (OSEM: Ordered Subsets
Expectation Maximization) for PET reconstructions. We eval-
uated acquisition protocols in terms of PET lesion quantitation
performance. We accounted for the two random components
(attenuation correction factors and photon noise) in PET
imaging simulations by generating multiple noise realizations
in both CT and PET simulations and analyzing the results
statistically across all PET/CT image combinations.

II. MATERIALS AND METHODS

A. CT Simulations

1) Simulation Setup: We simulated a 512×512×72 NCAT
phantom with 1 mm isotropic voxels. The 72 mm section
of the phantom included lungs and portions of the liver. We
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(a) (b) (c) (d) (e)

Fig. 2. Representative central slices reconstructed with FDK for (a): 984 views at 1 mA, (b):328 views at 3 mA, (c):123 views at 8 mA, (d):41 views at 24
mA, (e):24 views at 41 mA. Streaks due to missing data are particularly visible for the 24 and 41 view cases and effects of data noise are dominant in the 1
and 3 mA cases. The linear attenuation coefficient range for all images is 0-0.06 1/mm.

(a) (b) (c) (d) (e)

Fig. 3. Representative central slices reconstructed with OS-SPS using the hyperbola penalty with β = 216 and δ = 0.2 for (a): 984 views at 1 mA, (b):328
views at 3 mA, (c):123 views at 8 mA, (d):41 views at 24 mA, (e):24 views at 41 mA. The linear attenuation coefficient range for all images is 0-0.06 1/mm.

used the Computer Assisted Tomography Simulator (CatSIM)
[5] to simulate the 3D geometry of the GE VCT scanner
with a 70 mm detector, using cone-beam data and a 140
kVp spectrum modeled as approximately monochromatic at 70
keV. The gantry rotation time was 0.35 seconds and we also
included electronic noise at 32 electrons per ray. Images were
reconstructed directly at the PET resolution of 128×128×11
volumes with 4×4×3.27 mm voxels. Figure 1 shows central
slices from the true attenuation and activity distributions used
in the simulations and Table I lists the settings that were
simulated. We note that at 0.35 mAs these simulations have
approximately two orders of magnitude less dose compared
to diagnostic CT scans [2], however they result in mean PET
quantitation within 10% of the results obtained with full dose
CT attenuation correction using 984 views at 500 mA (Figures
??-??).

TABLE I
SIMULATED EQUAL-DOSE CT DATA ACQUISITION SCHEMES

Number of views Tube current
Protocol 1 984 views 1 mA
Protocol 2 328 views 3 mA
Protocol 3 123 views 8 mA
Protocol 4 41 views 24 mA
Protocol 5 24 views 41 mA

2) Image Reconstruction: CT images were reconstructed
using both analytic and statistical reconstruction techniques.
While analytic methods do not model either the compound
Poisson or electronic noise encountered at ultra-low dose

levels and can not statistically handle sparse views, they never-
theless provide a baseline against which statistical techniques
can be measured.

Analytic reconstructions were performed using the FDK al-
gorithm [6] commonly used for small-angle cone-beam recon-
structions as in our simulations and statistical reconstructions
used the ordered-subsets separable paraboloidal surrogates
(OS-SPS) [7] algorithm with the penalized weighted least-
squares cost-function (resulting from a second order Taylor
Series expansion of the Poisson log-likelihood) and the fol-
lowing hyperbola penalty for which OS-SPS is monotonic:

ψ(t) = δ2
[√

1 + |t/δ|2 − 1
]

(1)

where t denotes the difference between neighboring voxels
and δ is a penalty parameter.

Note that for δ values much smaller than typical voxel dif-
ferences, this penalty approximates the total variation penalty
[8]. For larger δ values, it is an edge-preserving penalty that
becomes approximately linear at large differences. We used
δ = 0.2 and δ = 0.0001 in our reconstructions to evaluate
both penalty behaviors.

Neither analytic nor statistical reconstructions used sino-
gram smoothing techniques, including interpolation for miss-
ing data. An intermediate smoothing level (corresponding to
β = 216) was used for OS-SPS. All reconstructions were di-
rectly performed at the PET resolution of 128×128×11 image
volumes with 4×4×3.27 mm voxels, which provided signifi-
cant computational efficiencies for statistical reconstructions.
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(a) (b)

(c) (d)

Fig. 4. Representative central PET-image slices from approximately equal
dose CT attenuation correction (CTAC): (a) 984 views, 1 mA/view with FDK
reconstruction, (b) 24 views, 41 mA/view with FDK reconstruction, (c) 984
views, 1 mA/view with OS-SPS (β = 216, δ = 0.2) reconstruction, and (d)
24 views, 41 mA/view (β = 216, δ = 0.2)with OS-SPS reconstruction. All
images have identical colorscales.

Sample FDK and OS-SPS reconstructions for the protocols in
Table I are shown in Figures 2 and 3.

Reconstructed images were then converted into linear atten-
uation coefficient maps at 511 keV by classifying each voxel as
air, soft tissue or bone and using the corresponding 70 to 511
keV conversion factors. The resulting attenuation maps were
then used to obtain the attenuation correction factors (ACFs)
for PET image reconstruction.

B. PET Simulations

1) Simulation Setup: We simulated the fully 3D geometry
of the GE Discovery 600 scanner but used a single block
ring consisting of 6 axial detectors resulting in 31 direct and
oblique planes. Scanner geometry and attenuation effects were
modeled. Scatter, randoms, detector blurring and normalization
were not modeled as our simulations were focused on the
effects of attenuation correction inaccuracies on PET quanti-
tation. 10 and 15 mm diameter lesions were inserted into the
NCAT phantom with a contrast of 3:1 with respect to the liver.
5M counts were generated per dataset to simulate a count level
of approximately 5 mean counts per non-zero sinogram bin.

2) Image Reconstruction: Each of the 20 different PET
noise realizations were reconstructed with each of the 20
511 keV ACFs into 128× 128×11 images with 4×4×3.27
mm voxels using ordered-subsets expectation maximization
(OSEM) with 2 iterations, 16 subsets, 4 mm FWHM Gaussian

in-plane post-filtering and a 1-6-1 axial smoothing post-filter.
As a result, each setting in Table 1 resulted in 400 separate
PET images. Figure 4 shows representative PET images recon-
structed using attenuation correction factors from CT images
reconstructed using FDK and OS-SPS.

3) Quantitation Metrics: Our PET quantitation metrics
were the ensemble bias and variances of mean and max activity
values (SUV: standardized uptake values) at lesions across
PET noise realizations. Note that PET lesion quantitation is
affected by two random vectors: random PET data and ran-
dom ACFs due to randomness in CT data/images. Therefore
ensemble mean and variances are calculated via conditional
expectation and variance formulas:

E[SUVmean] = ExCT
[E(SUVmean|xCT )] (2)

var(SUVmean) = ExCT
[var(SUVmean|xCT )] (3)

+ varxCT
[E(SUVmean|xCT )]

where xCT denotes the CT image and the expectations and
variances in the equations are estimated from their respective
sample means and standard deviations. SUVmax statistics
were calculated similarly. These calculations were performed
for each of the five CT data acquisition protocols and each of
the five inserted lesions.

III. PET QUANTITATION RESULTS

Figures 5, 6 and 7 show the PET quantitation results for
mean activities across all five inserted lesions as a function
of CT data acquisition settings for FDK and OS-SPS re-
constructions. We see that while FDK reconstructions work
better with intermediate acquisition protocols (Protocols 2-
4), OS-SPS reconstructions result in approximately equal PET
quantitation for all protocols. We observed similar results for
max. lesion activity comparisons. It is interesting to note that
even though the CT images have visible differences between
the protocols, the differences fall within the errorbars. We also
note that while the approximate total variation penalty might
be able to better handle increasingly fewer views [9], for the
protocols under examination, it only provided increased edge
preservation which had almost no impact on PET quantitation.

IV. DISCUSSION

We investigated the effects of ultra-low dose CT data acqui-
sition protocols in combination with analytic and statistical CT
reconstruction techniques on PET attenuation correction and
therefore quantitation. The results of such an analysis depend
on a large number of parameters in both CT and PET data
acquisition and reconstruction, we fixed all parameters except
CT acquisition protocols and reconstruction algorithms to gain
insight into better ways of utilizing a fixed, very-low CT dose.

Our results showed that while analytical techniques suffer
from either very low dose per view or very few views,
statistical techniques are better able to cope with both cases
and are more robust to acquisition protocol variations. The
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Fig. 5. PET quantitation results for attenuation correction with FDK reconstructed CT images. Black bars correspond to PET quantitation with a full dose
CT acquisition with 984 views at 500 mA.

Fig. 6. PET quantitation results for attenuation correction with OSSPS-PWLS reconstructed CT images (δ = 0.2, β = 216). Black bars correspond to PET
quantitation with a full dose CT acquisition with 984 views at 500 mA.

Fig. 7. PET quantitation results for attenuation correction with OSSPS-PWLS reconstructed CT images (δ = 0.0001, β = 216). Black bars correspond to
PET quantitation with a full dose CT acquisition with 984 views at 500 mA. Quantitation results are very similar to the δ = 0.2 case indicating that the level
of edge-preservation in the CT reconstruction has a minimal effect on PET lesion quantitation.

level of edge-preservation in the CT statistical reconstructions
appeared to have very little impact on PET quantitation. We
plan to further investigate the effects of other imaging pa-
rameters such as TOF-PET reconstruction, smaller and lower
contrast lesions to determine if a preference among protocols
emerges for statistical reconstructions.
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Abstract—We propose a one-step Maximum a Posteriori (MAP) 
method to estimate attenuation sinogram from TOF PET emission 
data and co-registered anatomical image through TOF data 
consistency condition and joint entropy based prior. TOF data 
consistency condition provides the possibility of evaluating 
gradient of attenuation sinogram from TOF PET emission data. 
We combine gradient estimation and integration into one step to 
formulate a data fitting term, and use joint entropy between 
feature vectors extracted from the anatomical sinogram and 
attenuation sinogram as a prior term in a Bayersian framework.  
The feature vectors are defined by scale-space theory to 
emphasize prominent boundaries, which are likely to present in 
both sinograms. The resulting problem is solved by conjugate 
gradient with a backtracking-Armijo line search. Through 
simulations with PET and MRI images generated from a thorax 
phantom, we evaluate the performance of this method by 
comparing it to a two-step estimation method only using TOF 
data consistency condition. The results demonstrate our one-step 
MAP method can estimate attenuation sinogram with superior 
accuracy. 

Index Terms—Attenuation estimation, anatomical prior, 
mutual information, joint entropy, time of flight positron emission 
tomography, simultaneous PET/MRI. 

 

 

A. MAP Estimation Using Anatomical Prior 
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A. Phantom and simulated data 
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Soft Classification with Gaussian Mixture Model
for Clinical Dual-Energy CT Reconstructions

Ruoqiao Zhang, Student Member, IEEE, Jean-Baptiste Thibault, Member, IEEE,
Charles A. Bouman, Fellow, IEEE, and Ken D. Sauer, Member, IEEE

Abstract—We study the distribution of the clinical dual-energy
CT (DECT) reconstructions by applying a soft classification
method with Gaussian mixture model. With a pre-described
subclass number, this method estimates the parameters of each
subclass and performs classification based on the posterior proba-
bility. Our study on the clinical data shows that the classification
result relates closely to the actual material composition in the
human body, with each material represented by a particular
cluster. Also, the study shows that the edges in the DECT images
follow a Gaussian mixture distribution, where each subclass has a
distinguishable covariance or direction that represents a particu-
lar type of edges. Potential usage of this soft classification method
includes MRF prior design and accurate material separation.

Index Terms—Computed tomography (CT), dual energy, sta-
tistical method, Gaussian mixture, material separation, material
classification, Markov random field (MRF) design.

I. INTRODUCTION

DUAL-ENERGY CT (DECT) scanners, which collect X-

ray projections with two distinct spectra, are of great

interest in applications such as disease diagnosis [1] and

security inspection [2]. A DECT reconstruction typically pro-

duces cross-sections corresponding to the equivalent densities

of two basis materials, where the linear combination of the

two uniquely determines the energy dependent attenuation

[3]. Typical reconstruction approaches include filtered back-

projection (FBP) methods and statistical iterative methods. The

statistical approaches allow an accurate model for imaging

system and detector noise, which consequently reduce the

noise and improve the resolution of the images as compared

to FBP.

As for statistical iterative reconstruction approaches, it is

critical to build an accurate prior model to represent the image

characteristics. This requires knowledge of the distribution of

the reconstructed quantities. The Markov random field (MRF)

has been applied widely in iterative CT reconstruction as

a prior model during the recent past [4]–[6]. Conventional

MRF priors for single-energy CT only depend on local pixel

differences. However, the distribution of the pixel differences

in clinical DECT reconstructions remains unclear. Applying

the MRF prior to each basis material components separately,
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as stated in [7], ignores the correlation between different

components. Thus, it is necessary to learn the distribution of

the pixel differences in clinical DECT reconstructions. More-

over, since the DECT reconstructions may potentially subject

to contamination between different material components, it

is also beneficial to enforce material separation during the

reconstruction. One possible approach is to introduce material

density information in the MRF prior, which is neglected in

conventional MRF model. This also requires knowledge of the

distribution of clinical DECT reconstructions.

In this paper, we study the distribution of the clinical DECT

reconstructions by using a soft classification method with

Gaussian mixture model. By using this method, we model

the distribution of the reconstructions as a mixture of several

distinct subclasses, each of which follows a multivariate Gaus-

sian distribution. Given the total number of the subclasses,

we estimate the mean, covariance, and prior probability of

each subclass. Based on the estimated parameters, we then

classify each data point based on the posterior probability.

We use the expectation-maximization (EM) algorithm to solve

this problem. The classification result on the clinical data

reveals the distribution of neighboring pixel differences and

pixel densities of the DECT reconstructions.

This soft classification method can also be used to segment

the DECT images. DECT has the potential to determine

the materials in the scanned object. Previous classification

methods generally threshold the reconstructed values to dif-

ferentiate the materials [8], [9]. In particular, Zamyatin et al.
[9] applied a Gaussian-based approach after thresholding to

simply determine the boundary of the clusters produced by

thresholding. These methods substantially depend on prede-

fined thresholds and may not be robust when two distinct clus-

ters overlap extensively. In contrast, the classification method

we use in this paper is fundamentally different from what

Zamyatin used in [9], since in this soft classification method

the prior distribution of each Gaussian is not uniform and

the parameters remain unknown before the algorithm starts.

The clinical result of the soft classification method shows a

desirable segmentation on the DECT images, especially for

highly overlapping soft tissues.

II. METHODOLOGY

A. DECT reconstruction

We use the joint dual-energy model-based iterative re-

construction (JDE-MBIR) approach [7] to reconstruct basis

material densities. The JDE-MBIR method incorporates a
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quadratic approximation to the polychromatic log-likelihood

with an accurate noise model that fully accounts for the

statistical dependency in the decomposed sinograms. This

approach has been demonstrated to reduce noise and improve

spatial resolution as compared to the filtered back-projection

(FBP) and other decomposition-based statistical methods that

employ decoupled likelihood model [7].

B. Soft classification with Gaussian mixture model

Let Y = {Yn}Nn=1 be a sequence of N multivariate

random vectors of dimension M . Each Yn is modeled by the

same Gaussian mixture distribution with K subclasses. Each

subclass k is specified by the parameters θk = (πk, μk, Rk),
defined as the prior probability, mean, and covariance for

subclass k, respectively. Furthermore, let Xn be a random

variable that determines the subclass label for Yn. Then, the

conditional probability of Yn given Xn = k and parameter θ
is given by

p(yn|k, θ) = 1

(2π)
M
2

|Rk|− 1
2 exp

{
− (yn − μk)

tR−1
k (yn − μk)

2

}
.

(1)

Then the conditional probability of Yn given θ is,

p(yn|θ) =
K∑

k=1

p(yn|k, θ)πk. (2)

The log-likelihood of the entire sequence, Y , is then given by,

log p(y|K, θ) =

N∑
n=1

log

(
K∑

k=1

p(yn|k, θ)πk

)
. (3)

In this paper, we empirically fix the number of subclasses,

K. Then the unknown parameter, θ, can be computed as the

maximum-likelihood (ML) estimate given by

θ̂ = argmax
θ

log p(y|K, θ). (4)

Due to the unknown state of the labels, {Xn}Nn=1, we use

the EM algorithm to solve this problem. The EM algorithm

works by first estimating {Xn}Nn=1 by clustering the data,

{Yn}Nn=1, according to the current subclass parameters, θ.

Then it reestimates θ based on this clustering result. This leads

to an iterative procedure that alternates between classification

and parameter estimation. At the ith iteration, the probability

that yn belongs to subclass k can be computed by using Bayes

rule,

p(k|yn, θ(i)) = p(yn|k, θ(i))πk∑K
j=1 p(yn|j, θ(i))πj

. (5)

This gives the classification at the ith iteration. This is a ”soft”

classification since the membership of yn to each subclass is

represented by a probability. Then based on this classification

result, we can update the parameters by maximizing the

expectation function,

θ(i+1) = argmax
θ

E[log p(y,X|θ)|y, θ(i)]. (6)

A substitution function approach is used to simplify the

computation [10]. The updated parameters for each iteration

are given by

N̄k =
N∑

n=1

p(k|yn, θ(i)), (7)

π
(i+1)
k =

N̄k

N
, (8)

μ
(i+1)
k =

1

N̄k

N∑
n=1

ynp(k|yn, θ(i)), (9)

R
(i+1)
k =

1

N̄k

N∑
n=1

(
yn − μ

(i+1)
k

)(
yn − μ

(i+1)
k

)T

p(k|yn, θ(i)).
(10)

The final classification is computed by

X̂n = argmax
k∈K

p(k|yn, θ̂). (11)

The initial condition can be chosen in the same manner as

stated in [10],

π
(1)
k =

1

K
(12)

μ
(1)
k = yl, where l =

⌊
(k − 1)(N − 1)

(K − 1)

⌋
(13)

R
(1)
k =

1

N

N∑
n=1

yny
t
n (14)

where �·� takes the greatest smaller integer. Notice that the

initial condition does not require any knowledge of each

subclass.

C. Data Formulation

We proposed two different formulations of the reconstructed

values to study the distribution of a single pixel and its

neighbors.
1) Material distances within neighboring pixels: We first

study the distribution of the material distance that is measured

as the difference within the same material between neighboring

pixels. More precisely, let m1 and m2 be the reconstructed

water and iodine density images, respectively. Furthermore,

let s and r be the locations of two pixels in the image. Then

we formulate the 2D distance vector as

y{s,r} = (m1,s −m1,r,m2,s −m2,r).

We then formulate a sequence y as a collection of all such 2D

vectors over the entire 8-neighborhood system, C. The soft

classification is performed on y, with the subclass number,

K, empirically fixed to 7.
2) Material densities within neighboring pixels: We formu-

late a 4D vector that includes the material density information

of a neighboring pixel pair. More precisely, for a neighboring

pair {s, r}, the data vector is formulated as

y′{s,r} = (m1,s,m2,s,m1,r,m2,r).

The soft classification is performed on y′, which is the

sequence of all such 4D vectors over C, with K empirically

fixed to 10.
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Fig. 1. Classification of the 2D distance vector for FBP images. The scatter-plot shows the classification result, with each color specifying a particular cluster.
Then five out of seven subclasses are shown individually on the image, with each represent a particular type of edges. The other two subclasses basically
represent DC components and are generally not of great interest.
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Fig. 2. Classification of the 2D distance vector for JDE-MBIR images. The scatter-plot shows the classification result, with each color specifying a particular
cluster. Then five out of seven subclasses are shown individually on the image, with each represent a particular type of edges. The other two subclasses
basically represent DC components and are generally not of great interest.

III. RESULTS

We applied the soft classification method on DECT clinical

reconstructions. Raw data were acquired on a Discovery

CT750 HD scanner (GE Healthcare, WI, USA) in dual-

energy fast kVp switching acquisition mode, with tube voltage

alternating between 80 kVp and 140 kVp in 540 mAs. We use

two methods to reconstruct the water- and iodine-equivalent

densities, the FBP method with a standard reconstruction filter

kernel and the JDE-MBIR method. We then experimented with

the same slice reconstructed by different methods, where the

data y and y′ were formulated in the manner described in Sec.

II-C. We applied the soft classification on y and y′ separately.

Fig. 1 and 2 show the classification results on the 2D

distance vectors for FBP and JDE-MBIR, respectively. The

color-code remains the same for the scatter-plot and the images

and the same for FBP and JDE-MBIR cases as well. The

results show that the clusters correspond to different types of

edges in the images. The clusters have zero mean but different

covariances or directions from each other. This suggests an

MRF prior that models the distribution of each edge cluster

such that different edges can be treated in different ways based

on their covariances.

It is also shown in the scatter-plots in Fig. 1 and 2 that
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(a) reconstructed water density (b) reconstructed iodine density

(c) segmentation map
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(d) color-coded scatter-plot

Fig. 3. Classification of the 4D density vector for FBP images. Upper row
shows the material density images used in the classification. The classification
result is shown on the segmentation map on lower left, with each color
specifying a particular cluster. The classification is also shown in the scatter-
plot on lower right with the same color code.
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(d) color-coded scatter-plot

Fig. 4. Classification of the 4D density vector for JDE-MBIR images.
Upper row shows the material density images used in the classification. The
classification result is shown on the segmentation map on lower left, with
each color specifying a particular cluster. The classification is also shown in
the scatter-plot on lower right with the same color code.

JDE-MBIR changes the distribution of edges as compared to

FBP, where the edges between different material components

are positively correlated in JDE-MBIR images. The classifi-

cation result on the JDE-MBIR images captures and separates

different type of edges better than that on the FBP images. As

shown in Fig. 2, the high contrast edges (bone-tissue edges

(red) and air-tissue edges (green)), and the soft tissue edges

(magenta and blue), have been well classified. This is because

the JDE-MBIR method produces shaper edges and smoother

texture than the FBP method [7].

The classification results of the 4D density vectors are

shown in Fig. 3 and 4 for FBP and JDE-MBIR, respectively.

Both results show that the clusters relate closely to different

compositions of human body, such as fat, muscle, bone, blood,

and air. As shown in the images, the soft classification method

performs well in differentiating highly overlapping tissues.

Moreover, the 4D classification also produces clusters that

reflect the edges. For example, the cyan cluster in JDE-

MBIR result stands for air-tissue edges. These results indicate

the possibility of designing an MRF prior that models both

the density distribution and the edge distribution to improve

material separation and edge performance simultaneously.

IV. CONCLUSION

We have presented a study on the distribution of the clinical

DECT reconstructions by using a soft classification method

with Gaussian mixture model. The soft classification method

estimates the parameters of each subclass and performs clas-

sification based on the posterior probability. Clinical results

have shown that the classification results relate closely to

different types of edges in DECT images and different body

compositions. Future investigation includes accurate material

separation and correlation-based MRF prior design.
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Metal artifact reduction based on the combined
prior image

Yanbo Zhang, Xuanqin Mou

Abstract—Metallic implants introduce severe artifacts in CT
images, which degrades the image quality. It is an effective
method to reduce metal artifacts by replacing the metal affected
projection with the forward projection of a prior image. How
to find a good prior image is the key of this class methods,
and numerous algorithms have been proposed to address this
issue recently. In this work, by using image mutual correlation,
pixels in the original reconstructed image or linear interpolation
corrected image, which are less affected by artifacts, are selected
to build a combined image. Thereafter, a better prior image is
generated from the combined image by using tissue classification.
The results of three patients’ CT images show that the proposed
method can reduce metal artifacts remarkably.

Index Terms—Computed tomography, metal artifact reduction,
prior image, mutual correlation.

I. INTRODUCTION

METAL artifact reduction (MAR) is a major problem

in x-ray computed tomography. Metallic implants can

introduce bright and dark streaks and shadows in CT images,

which degrades the image quality severely and become a

major limiting factor in clinical diagnosis. During past three

decades, various metal artifact reduction approaches have been

proposed. However, there is still no robust solution to this issue

and it remains a challenging problem.

The projections passing through metals are distorted by

various errors such as severe beam hardening and noise

[1]. As a result, many MAR methods treat metal affected

projections as to be missing, and they are replaced by surrogate

projections. Some methods complete the projection by using

an interpolation scheme, e.g., linear interpolation [2] (denoted

as LI-MAR), which is simple and with low computation cost.

However, interpolation based MAR methods may introduce

secondary artifacts.

Recently, a class of MAR methods, which complete the

missing projection dataset by using forward projection of a

prior image, are widely investigated. The information of the

prior image is exploited to complete the projection, as a result,

the method can get an excellent result if the prior image

contains few artifacts and is close to the ground truth image.

Therefore, how to find a good prior image is crucial in these

forward projection based methods. Generally, a prior image

is generated from the original reconstructed image or pre-

corrected image. Seemeen Karimi et al. [3] obtained the prior

This work was partly supported by the NSFC through Grant No. 61172163
and the Research Fund for the Doctoral Program of Higher Education of
China through Grant No. 20110201110011.

Yanbo Zhang and Xuanqin Mou are with the Institute of Image Processing
and Pattern Recognition, Xi’an Jiaotong University, Xi’an, Shaanxi 710049,
China. (Email: yanbozhang007@163.com, xqmou@mail.xjtu.edu.cn).

image by segmenting regions of the original image. Metal arti-

facts regions were identified and then replaced with a constant

soft tissue value. Bal and Spies [4] employed the k-means

cluster technique to segment the adaptively filtered image into

five classes. Prell et al. [5] segmented three dimensional inter-

polation corrected image into air, soft tissue and bone. Philips

Healthcare recently developed a commercial orthopedic metal

artifact reduction function (O-MAR) which produced the prior

image from the original image [1]. Meyer et al. [6] produced

prior image from different images depending on the strength of

existing artifacts. The original image was chosen to generate

prior image in the case of existing minor artifacts, otherwise,

LI-MAR corrected image was selected instead. There are two

main drawbacks for these methods. In some cases, there exist

wrong tissue classification due to severe artifacts. Besides,

pixel values in bone remain unchanged because they vary over

a large range; as a result, the artifacts in bone remain. These

factors result in generating poor prior image and finally lead

to dissatisfactory correction performance.

All the above mentioned methods employ the information

in only one image, while we try to make the best of the

information in both the uncorrected original image and LI-

MAR corrected image. The distributions and intensities of

artifacts are different in the original image and LI-MAR

corrected image, so the pixels containing fewer artifacts in the

two images are selected to build a combined image, which is

used to generate a good prior image. Thereafter, the forward

projection of the prior image is used to complete the projection

dataset and the corrected image is reconstructed using FBP.

II. METHOD

The main idea of our approach is to generate the prior image

that is obtained from the combination of original image and LI-

MAR corrected image. The proposed method is composed of

three steps: Metal traces segmentation, prior image generation

and projection completion followed by image reconstruction.

A. Metal traces segmentation

In the original reconstructed image, metals are segmented

out based on thresholding [7]. Then the forward projection of

the obtained metal only image is performed to get the metal

traces, which specifies the projections affected by metals.

These affected projections are replaced in the final step.

B. Prior image generation

1) Linear interpolation: For a given original sinogram p,

whose the ith view jth bin pixel is denoted as pi,j . In each
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Fig. 1. Generation of the combined images of patient 1. (a) is the original
image, (b) is LI-MAR corrected image, (c) is the difference between (a) and
(b), where the metal pixels are excluded. (d) and (e) are the correlation maps
of (a) and (b), respectively. (f) is the combined image. The display windows
are (WL=0HU, WW=1500HU) for (a–c) and (f), and [-1, 1] for (d) and (e).

view of the sinogram, e.g. in the ith projection view, if the

projections pi,k and pi,k+Δ+1 are unaffected by metal, and the

Δ projection pixels between them, {pi,j |j ∈ [k + 1, k +Δ]},

are in metal trace, then the projections {pi,j |j ∈ [k+1, k+Δ]}
are replaced by the linear interpolation of pi,k and pk+Δ+1,

which is stated as follows.

pLI
i,j = pi,k +

pi,k+Δ+1 − pi,k
Δ+ 1

(j − k). (1)

Sometimes the unaffected projections are smoothed before

interpolation in order to decrease the impact of noise. The

unaffected projections remain unchanged in pLI . Then the LI-

MAR corrected image is reconstructed using FBP.

2) Artifacts splitting: The original image fO can be regard-

ed as the ground truth image plus a metal artifacts image, and

the LI-MAR corrected image fLI can be treated as the ground

truth image plus a LI-MAR artifacts image consisting of

uncorrected metal artifacts and secondary artifacts. Therefore,

the difference of these two reconstructed images, fO − fLI ,

represents the superposition of metal artifacts and the negative

LI-MAR artifacts, called as artifacts superposition image and

denoted as fA. Figure 1(c) gives the artifacts superposition

image of a patient (patient 1) containing a metallic clip. It

can be seen that all metal artifacts and LI-MAR artifacts are

presented and there is no information of patient’ tissues.

3) Correlation maps: Image mutual correlation [8] has

been widely used to assess the degree of similarity of two

images. The mutual correlation of two vectors x and y is

calculated as follows:

C(x, y) =
2〈x, y〉+ ε

‖x‖2 + ‖y‖2 + ε
. (2)

where symbol 〈·, ·〉 represents the inner product, and ε is a

small positive constant to make sure that the denominator is

not zero. The value range of C(·, ·) is (−1, 1].
Generally, the distributions and intensities of metal artifacts

and LI-MAR artifacts are different (e.g., Figs. 1(a) and 1(b)),

so it is possible to build a combined image with fewer

artifacts from the two images fO and fLI . Specifically, for an

arbitrary pixel position (i, j), the pixel value of the combined

image is selected as fO
i,j or fLI

i,j , depending on that whose

CT number is less affected by artifacts. For this purposes,

two reconstructed images fO and fLI as well as the artifacts

superposition image fA are divided into blocks (called image

patches), and denoted as bO
i,j , bLI

i,j and bA
i,j , respectively, where

the subscript (i, j) is position index of the central pixel of the

image patch. Each patch has 9×9 pixels. As known to us, CT

number of soft tissue is around 0 HU; thus, in cases of heavy

artifacts, the CT number is dominated by artifacts in soft tissue

region in the reconstructed images. Therefore, in soft tissue

region, correlation value between two corresponding patches

in the reconstructed image and in artifacts superposition image

describes the correlation degree of contained artifacts in this

patch in the reconstructed image, which is calculated by

Eq. 3.1 {
CO

i,j = C(bO
i,j , bA

i,j),

CLI
i,j = −C(bLI

i,j , bA
i,j).

(3)

These correlation values obtained form Eq. 3 compose cor-

relation maps CO and CLI . Since the artifacts is continuous

along the directions of streaks, correlation values in bone can

be estimated by using neighbourhood interpolation. Then two

correlation maps CO and CLI are obtained. Figures 1(d) and

1(e) are the two correlation maps of patient 1.

4) Generation of combined prior image: If the correspond-

ing correlation value of fO
i,j is smaller than that of fLI

i,j , then

fO
i,j is likely to contain fewer artifacts and is selected to

build the combined image; otherwise, fLI
i,j is chosen. Thus the

combined image fC is obtained according to Eq. 4. Figure 1(f)

shows the combined image of patient 1, which contains lighter

artifacts than Figs. 1(a) and 1(b).

fC
i,j =

{
fO
i,j , if CO

i,j < CLI
i,j

fLI
i,j , others.

(4)

The prior image is obtained via tissue classification of the

combined image [5]. The pixels with CT numbers larger than

200 HU are regarded as bone, which are unchanged; the pixels

whose CT numbers are smaller than -600 HU, are assumed as

air and set to -1000 HU; while the pixels with CT numbers

between -600 HU and 200 HU are treated as soft tissue, which

are uniformly set to 0 HU. Then the combined prior image is

obtained.

1The artifacts superposition image is defined by fA = fO − fLI , so the
negative sign is used in Eq. 3 to guarantee the positive correlation of LI-MAR
induced artifacts between two corresponding patches in fLI and fO − fLI .
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Fig. 2. Reconstructed images and prior images of patient 1 with a surgical
clip. (a) is the original image, the corrected images are obtained by using (b)
LI-MAR, (d) FP-MAR1, (f) FP-MAR2 and (h) the proposed method, respec-
tively. (c), (e) and (g) are the prior images of (d), (f) and (h), respectively.
The display windows are (WL=50HU,WW=400HU) for reconstructed images
and (WL=0HU,WW=1500HU) for prior images.

C. Projection completion and image reconstruction

If the metal trace pixels are directly replaced with the

corresponding projections obtained by the forward projecting

of the combined prior image, it may lead to discontinuity

at the boundary of the metal traces, which introduces new

streak artifacts. So it is necessary to prevent generating the

discontinuity in replacement. Similar to our previous work

[9], we apply linear interpolation again to generate a con-

tinuous transition pT between the forward projection pC

and the original sinogram p. The metal affected projections

are replaced with the sum of pC and pT . In this way, the

affected projections can be completed seamlessly. Thereafter,

the corrected image is reconstructed using FBP, and the metal

obtained in the first step is inserted into the corrected image.

III. EXPERIMENTAL RESULTS

A. Experimental setup

In this study, we compare the performance of the proposed

method with competing methods on the scanned datasets of

three patients. A patient with a surgical clip (patient 1) was

scanned on a Siemens SOMATOM Sensation 16 scanner CT

using helical scanning geometry. The measurement of patient

1 was acquired with 1160 projection views over a rotation

and 672 detector bins in a row. A patient with a dental filling

(patient 2) and a patient with a hip prosthesis (patient 3) were

scanned on a kV on-board imaging (OBI) system integrated

in a TrueBeamTM medical linear accelerator (Varian Medical

System, Palo Alto, CA). The projection datasets were acquired

with 364 projection views over 200◦ in full-fan mode for

patient 2, and 656 projection views over 360◦ in half-fan mode

for patient 3, respectively, and their effective detector bins

were 512. The matrix of reconstructed image is 512 × 512,

corresponding pixel sizes are 0.776mm×0.776mm for patient

1 and patient 2, and 1mm× 1mm for patient 3.

B. Results

In this paper, the forward projection based MAR methods

which use the prior images generated from the original image

and LI-MAR corrected image are denoted as FP-MAR1 and

FP-MAR2, respectively. FP-MAR1 is the same to Prell et al.

proposed method [5] except that the conventional LI-MAR

is used instead of 3D LI-MAR. LI-MAR, FP-MAR1 and FP-

MAR2 are implemented to compare with the proposed method.

Figure 2 shows the reconstructed images and the prior

images of patient 1. The original image contains heavy metal

artifacts in the vicinity of metallic clip as indicated by arrow

1 in Fig. 2(a). Thus the prior image obtained from the original

image is not good enough due to wrong tissue classification

as shown in Fig. 2(e), which results in severe artifacts in the

corresponding reconstructed image (Fig. 2(f)). Figure 2(b) is

the LI-MAR corrected image, which contains remarkable new

artifacts as indicated by arrows 3 and 4, and the structure of

bone is distorted highlighted by arrow 2. As a result, these

artifacts and wrong structures are remained in the prior image

(Fig. 2(c)) obtained from LI-MAR corrected image, leading

to the similar artifacts and wrong structures as indicated by

arrows in Fig. 2(d). By contrast, the combined prior image

is obtained from Fig. 1(f). Therefore, there is no previously

mentioned wrong tissue classification as indicated by arrows

in Fig. 2(g), and the corrected image has no obvious artifacts

(see Fig. 2(h)).

Figure 3 shows the reconstructed images of patient 2. There

are obvious streak artifacts in both the original image and LI-

MAR corrected image. FP-MAR1 can remove most of streaks

except the one pointed out by the arrow in Fig. 3(c). In com-

parison, FP-MAR2 can suppress the streaks indicated by arrow

better. Nevertheless, artifacts around the metal is remarkable in

FP-MAR2 corrected image. The proposed method can reduce

both streaks and artifacts around the metal greatly.

Figure 4 shows the reconstructed images of patient 3.

There are bright and dark shadows in the original image,

which can be reduced remarkably by LI-MAR. With the prior
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Fig. 3. Reconstructed images of patient 2 with a dental filling. (a) is the original image, the corrected images are obtained by using (b)LI-MAR, (c) FP-MAR1,
(d) FP-MAR2 and (e) the proposed method, respectively. The display window is (WL=0HU,WW=750HU).

Fig. 4. Reconstructed images of patient 3 with a hip prosthesis. (a) is the original image, the corrected images are obtained by using (b)LI-MAR, (c)
FP-MAR1, (d) FP-MAR2 and (e) the proposed method, respectively. The display window is (WL=0HU,WW=750HU).

image obtained from LI-MAR, FP-MAR1 can further alleviate

artifacts. On the contrary, FP-MAR2 can hardly reduce bright

artifacts around the hip prosthesis. The image corrected by the

proposed method is similar to that by FP-MAR1, because the

two prior images obtained from LI-MAR image and combined

image are both good enough.

IV. DISCUSSIONS AND CONCLUSIONS

The distributions of artifacts in the original image and

in LI-MAR corrected image are different, so the proposed

method sufficiently exploits information of the pixels with

fewer artifacts to compose a new image, which is used to

generate a good prior image. As illustrated in the results of

patient 1 and patient 2, images corrected by the proposed

method are superior to that corrected by FP-MAR1 and FP-

MAR2, because the combined prior image can avoid wrong

tissue classification that appeared in the prior images of FP-

MAR1 and FP-MAR2. For patient 3, since the prior image of

FP-MAR1 has no wrong tissue classification and is superior to

that of FP-MAR2, the prior image and corrected image of the

proposed method are almost the same to that of FP-MAR1.

Besides, for simplicity, LI-MAR method is adopted to generate

the combined image in this work, while other MAR methods

can also be used instead which will be our future work.

In conclusion, we introduce a new method to generate

better prior image for the forward projection based metal

artifact reduction method. By using image mutual correlation,

pixels in the original image or linear interpolation corrected

image, which are less affected by artifacts, are selected to

build the combined image. Based on this image, a more

accurate prior image can be obtained. The results demonstrate

that the proposed method can achieve better artifacts removal

performance than the competing methods. In the future, the

developed method will be evaluated by clinicians to validate

the clinical usefulness.
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Bone artifact reduction in differential
phase-contrast CT

Dieter Hahn, Pierre Thibault, Andreas Fehringer, Martin Bech, Peter B. Noël and Franz Pfeiffer

Abstract—In this work we present an image reconstruction
technique for grating-based phase-contrast computed tomogra-
phy. The main purpose is the reduction of artifacts, similar to
metal artifacts known from conventional absorption imaging,
caused by the presence of highly absorbing and scattering
objects, e.g. bones. The method is based on a statistical iterative
reconstruction algorithm utilizing maximum-a-posteriori (MAP)
principles and integrating the statistical properties of the raw
data as measured with a grating interferometer. As data pro-
cessing is needed to calculate the final absorption, darkfield and
differential phase-contrast signals from the raw projections, the
measurement errors are propagated through the processing steps
to obtain estimates of the statistical uncertainties to be used in
the reconstruction procedure. To a good approximation these
uncertainties follow a Gaussian probability distribution, leading
to the formulation of a penalized log-likelihood cost function with
a weighted least-squares data-fidelity term, complemented with
one or more regularization terms incorporating prior knowledge
of the reconstructed image. Information about the position of
dense materials is gained from the absorption signal and utilized
in the phase reconstruction. The technique is demonstrated
on experimental data from a synchrotron X-ray source as
well as from a laboratory setup. The results clearly show an
improvement in image quality and are another step in proving the
feasibility of phase-contrast techniques for clinical applications.

I. INTRODUCTION

In the past few years grating-based X-ray phase-contrast

imaging has increasingly attracted attention [1]–[3] because

of its high potential to be introduced into clinical settings. In

addition to the conventional attenuation information it provides

a differential phase-contrast signal with a high sensitivity to

small electron density variations, leading to an increased soft

tissue contrast. This makes it a promising tool, for example,

in early tumor detection. This high sensitivity, however, also

causes one of its main challenges. Performing phase-contrast

tomography of soft tissue regions in the presence of highly

absorbing or scattering objects, e.g. bones, these structures

will cause streaking artifacts in a conventional filtered back-

projection reconstruction, the current standard reconstruction

method [4]–[7]. These artifacts mainly arise due to high at-

tenuation, phase wrapping and scattering of the bone material.

Because in medical phase-contrast imaging these artifacts

mostly appear near bones, we term them ’bone artifacts’.

These bone artifacts drastically impair the diagnostic quality of

the reconstructed images and could prevent the introduction of

D. Hahn, P. Thibault, A. Fehringer, M. Bech and F. Pfeiffer are with
the Chair for Biomedical Physics and the Institute for Medical Engineering,
Technische Universität München, Munich, Germany

P.B. Noël is with the Department of Radiology, Technische Universität
München, Munich, Germany

Fig. 1. X-ray intensity curve recorded during phase-stepping in a single pixel
as a function of the position of the analyzer grating. Indicated are the Fourier
coefficients (a0, v and φ1) and the new fit parameters (A0, A1 and B1), as
well as their statistical uncertainties.

the technique into clinical routine. Luckily, with the increase in

computational power available today, iterative reconstruction

techniques have become a feasible alternative to the filtered

backprojection algorithm. Their main advantage is the ability

to use prior knowledge of the reconstructed image [8], i.e.

fully modelling the physical and statistical processes involved

in the imaging procedure.

In this work we propose a bone artifact reduction algo-

rithm based on statistical iterative reconstruction (SIR) using

maximum-a-posteriori principles. Further a simple alternative

to the conventional Fourier data processing used to calculate

the absorption and differential phase-contrast signals from the

raw data is presented.

A grating interferometer basically consists of two gratings.

The first so-called phase grating creates intensity modula-

tions on the length scale of the grating period downstream

of the beam. A phase-shifting object in the beam causes

slight deviations of this pattern proportional to the angles of

refraction caused by the object. A second absorbing grating

with a period matched to that of the intensity pattern acts as

an analyzer to resolve the fringes with a conventional X-ray

detector. The pattern is scanned by moving one of the gratings

perpendicular to the beam, thus recording an intensity curve

for each individual pixel. Fourier analysis is typically used to

retrieve attenuation, phase-contrast and darkfield signals from

these curves. As we want to use the statistical uncertainties of

the three signals to aid in the reconstruction, we use a weighted

least-squares approach to directly fit a periodic curve to the
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measurements.

S =
∑
j

1

σ2
j

(Ij −A0 −A1 cos(xj)−B1 sin(xj))
2
. (1)

A typical intensity curve and the relation between the

conventional Fourier coefficients and the fitting parameters are

shown in figure 1.

II. THE PROBLEM

With the statistical uncertainties of our projection data

at hand, we have the first ingredient for our bone artifact

reduction method. But before we go into the details of the

reconstruction procedure we want to briefly discuss the causes

that lead to the appearance of the bone artifacts.

1) The strong absorption of dense materials leads to photon

starvation and loss of information.

2) Small-angle scattering inside these porous materials

causes a loss of coherence and thus limits the ability

to reliably determine the phase gradient.

3) Measurement of the phase gradient is intrinsically re-

stricted to the interval [−π, π]. Gradients exceeding this

range are wrapped back into this interval, causing an

undefined value at this position, thus lowering its statis-

tical significance. This phase-wrapping usually occurs

at strong edges, where the differential phase shift is

especially high, e.g. at the boundary between soft tissue

and bones.

All of the above effects lead to a differential phase shift that

is no longer uniquely defined at certain positions and thus

does not represent reliable information for the tomographic

reconstruction.

III. METHODS AND MATERIALS

To reduce the influence of these unreliable measurements we

propose an algorithm that is based on statistical modeling of

the processes involved in differential phase-contrast imaging.

The probability distributions of the signals and their statistical

uncertainties obtained after the processing procedure follow

to a good approximation a Gaussian distribution. Gaussian

behavior of a statistical model means that the log-likelihood

in a Bayesian sense is written as a weighted sum of squared

differences plus regularization terms embedding prior knowl-

edge of the reconstructed image. The resulting cost function,

called the penalized log-likelihood is to be minimized with

respect to the reconstructed image ρ given the corresponding

measured sinogram s and uncertainties σ:

L(ρ) =
∑
x,θ

1

(σθ
x)

2

⎛⎝sθx −
∑
j

∂xA
θ
x,jρj

⎞⎠2

+
∑
k

λkRk(ρ).

(2)

Here x is the coordinate of the pixels along a detector line,

θ the projection angle and ∂xA
θ
x the differential forward

projection operator, projecting a tomogram into a differential

sinogram, to take into account the differential nature of the

phase-contrast projections. The Rk are the regularization terms

with each having a strength factor λk. We minimize this

cost function using a standard non-linear conjugate gradient

algorithm.

But how can we use this algorithm to solve the problems

stated above? Looking at the equation of the differential phase

uncertainty unveils that it is inversely proportional to the

darkfield signal (also shown theoretically in [9] and [10]),

which is a direct measure for the small angle scattering

in a sample. Another look at the phase uncertainty shows

that it is also directly proportional to the absorption. Thus,

using the phase uncertainty directly in the SIR should take

care of problems 1. and 2. Problem 3 on the other hand

requires more preparation. We know that phase-wrapping is

most likely to occur at the boundaries between low and

high absorbing regions and from an absorption reconstruction

we can get information on the exact location of strongly

absorbing objects. The absorption tomogram is thresholded

and forwardprojected into a new sinogram. This sinogram is

then differentiated along the detector coordinate direction to

get an estimate of where strong edges occur. The weighting

term 1/σ2 in the cost function is then modified using this

’mask’ to decrease the weighting of pixels, which have a high

probability of containing phase-wrapping.

In addition to the weighting, there is another part of the cost

function that can be used to improve the reconstruction result,

and this is the regularization.

In this work four regularization terms are utilized. Three of

those are globally applied to the reconstructed image, the last

one only works locally.

Quadratic regularization

The quadratic regularization term enforces a smooth recon-

struction by quadratically penalizing the difference between

a voxel and its surrounding neighbors. In three dimensions

Nj is the neighborhood of voxel j and wi,j is a weighting

factor taking into account the different distances of adjacent

and diagonal neighbors.

RQ(ρ) =
∑
j

∑
i∈Nj

wi,j (ρj − ρi)
2

(3)

Huber regularization

The Huber regularization term has an additional parameter

that can be tuned. Differences larger than this threshold γ
are penalized only linearly, while for differences smaller than

γ the usual quadratic penalty is applied. This term enforces

smoothness for already uniform regions, but preserves edges

found in the image.

RH =
∑
j

∑
i∈Nj

⎧⎨⎩
(ρj−ρi)

2

2γ2 for |ρj − ρi| < γ

|ρj−ρi|−γ/2
γ for |ρj − ρi| > γ

(4)

Mean regularization

This term penalizes large differences of voxel values to the

mean of their neighborhood. The size of the neighborhood can
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Fig. 2. Axial (top), sagittal (middle) and coronal (bottom) cuts through the
X-ray phase-contrast CT of an ex-vivo mouse using filtered backprojection.
The streaking artifacts caused by the spine are clearly visible in the axial view
and also show an influence on the perpendicular views as strong pixel value
variations. More details on the experiment can be found in [11]

be chosen freely. The purpose of this term is to enforce the

reduction of long range deviations.

RM =
∑
j

(
ρj − 〈ρ〉Nj

)2
(5)

Bone regularization

This term is only applied to pixels that contain dense

material using the mask b generated from an absorption

reconstruction. The value of affected voxels is forced to be

similar to absorption values scaled by a factor c. This factor

Fig. 3. Axial (top), sagittal (middle) and coronal (bottom) cuts through the X-
ray phase-contrast CT of an ex-vivo mouse measurement using the proposed
SIR algorithm. Compared to the filtered backprojection reconstruction in
figure 2, the streaking artifacts are clearly reduced in the axial view and the
stripes and structural artifacts in the perpendicular views are also suppressed.

is ideally chosen as δ/μ for the underlying material to enforce

’correct’ phase values.

RB(ρ) =
∑
j

bj (ρj − c · a)2 (6)

IV. RESULTS

The algorithm’s ability to reduce bone artifacts is demon-

strated on two experimental datasets. The first one is an ex-

vivo phase-contrast CT scan of a mouse measured at the

European Synchrotron Radiation Facility in Grenoble. Here
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Fig. 4. Reconstructions of a carotid artery measured at a laboratory setup. The artery contains calcified plaque causing streaking artifacts as seen in the FBP
reconstruction on the left. The middle plate shows a reconstruction using the proposed algorithm only utilizing statistical weighting and Huber regularization.
The streaking artifacts are suppressed but there are dark shadows left around the calcifications. These can be removed by further constraining the reconstruction
with the bone regularizer as seen in the image on the right.

we present the results of reconstructions performed using

the conventional filtered backprojection (figure 2) and the

proposed method (figure 3). Shown in the figures are an axial

slice (top) and sagittal (middle) and coronal (bottom) cuts

through the center of the volume. The FBP reconstruction

exhibits strong streaking artifacts that manifest as vertical lines

in the sagittal view and a noise-like structure in the coronal

view obstructing most of the fine detail. While there are still

artifacts left in the reconstruction with the presented method,

their intensity and extension is drastically reduced, making the

detection of small details a lot more feasible. This becomes

most apparent in the coronal view, where the influence of

the artifacts is no longer visible. In addition to the artifact

reduction, the iterative reconstruction results in sharper images

with more local contrast.

To demonstrate the general applicability of the method, it

was also used on a second dataset measured at a laboratory

setup with a conventional rotating anode X-ray source. The

sample is an excised carotid artery with calcified plaque. The

results are shown in figure 4 with the FBP reconstruction on

the left, an SIR reconstruction without the bone regularizer in

the middle and an SIR reconstruction with bone regularizer

on the right. It is apparent from the left image, that these

calcifications cause artifacts impairing the detectability of

details in the underlying tissue. Using only the information on

the statistical uncertainties in the iterative reconstruction, the

streaking artifacts are suppressed, leaving only dark shadows

around the calcification, as seen in the middle plate. These

can also be removed by further constraining the reconstruction

with the help of the bone regularizer, shown in the right

image, further increasing detail visibility in the vicinity of the

calcification.

V. CONCLUSIONS

We demonstrated a new method for reducing the influence

of strongly absorbing and scattering objects on the reconstruc-

tion of differential phase-contrast tomography data, decreasing

the negative impact the resulting artifacts have on medical

diagnosis. This work thus expands the potential use cases

of grating-based differential phase contrast for biomedical

imaging from currently mostly soft tissue applications to a

much wider range. With our method’s ability to decrease

the influence of bone artifacts X-ray phase-contrast imaging

becomes one step closer to being clinically feasible.
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A New Method for
Windmill Artifact Reduction

Johan Sunnegårdh, Karl Stierstorfer, Siemens Healthcare, Germany

Abstract—A common problem in helical cone-beam Computed
Tomography (CT) is windmill artifacts. We propose a new
method for reduction of such artifacts, based on estimation and
subsequent subtraction of the artifacts. Experiments on different
phantoms demonstrate the reduction of windmill artifacts, and
the surprising side effect of enhancement of high contrast edges.
In the final section, we discuss how certain low-pass filter
parameters affect the result, as well as possible improvements
of the method.

I. INTRODUCTION

W INDMILL artifacts typically occur in helical cone-beam
CT. In reconstructed axial images, the artifacts appear

as alternating dark and brigth areas emanating from objects
containing sharp edges in the z-direction. The cause of these
artifacts is aliasing of high frequencies in the z-direction [1].
To see this, we assume a point focus, and a detector that has
a sampling distance S projected to the iso-center in the z-
direction. Typically, a CT detector has an aperture that as
approximately as large as the samling distance. Thus, the
Modulation Transfer Function (MTF) of the detector aperture
is a sinc function with its first zero at 1/S, i.e., twice the
Nyquist frequency of the detector in the z-direction. Since this
function only falls to approximately 0.6 of its maximum at the
Nyquist frequency, its anti-aliasing properites are insufficient.

A hardware solution to the windmill artifact problem is
the z-Flying Focal Spot (z-FFS) [2]. By rapidly deflecting
the electron beam so that the focal spot jumps between two
different z-positions, an effective detector sampling distance
of S/2 is obtained. This corresponds to the increased Nyquist
freqency of 1/S, coinciding with the first zero of the detector
aperture MTF. Thus, the most severe aliasing distortion is
avoided. While very effectively suppressing the windmill arti-
facts already at the sampling stage, z-FFS has the disadvantage
that it increases the complexity and cost of the x-ray tube.

Since windmill artfacts are mainly caused by high frequen-
cies in the z-direction, a straightforward way to reduce the
artifacts is to apply a low-pass filter in the z-direction. The
artifact reduction would then come to the cost of reduced cross-
plane resolution.

Several software approaches for windmill artifact reduction
have been proposed. One approach is to adaptively mix sharp
and soft contributions, either in the projection domain [3], [4],
or in the image domain [5]. Another approach is to upsample
data using shifted linear interpolation prior to backprojection
[6]. Recently, Brown and Zabic [7] proposed the Windmill
Artifact Reduction Processing (WARP) algorithm, which em-
ploys Total Variation (TV) minimization in different directions,
to extract and subtract windmill artifacts. Although all of these

methods are better than simple low-pass filtering, they all
seem to contain steps that potentially might compromise z-
resolution.

In the following, we propose a three step algorithm for
reduction of windmill artifacts. First, an edge recovery operator
is applied to the image in order to recover the strucures that
cause windmill artifacts, i.e., high contrast edges orthogonal to
the z-axis. Second, windmill artifacts are estimated by forward
projecting and reconstructing the edge image. In the final
step, the estimated windmill artifacts are subtracted from the
original reconstruction.

II. MATERIALS AND METHODS

A. Windmill artifact reduction algorithm

We use a vector/matrix notation for representing images
and data, and linear operations. The vector p ∈ R

M denotes
projection data and the vector f ∈ R

N denotes images. The
matrix Q ∈ R

N×M denotes a reconstruction operator, and the
matrix P ∈ R

M×N denotes a forward projector. In our case,
Q is the Weighted Filtered Backprojection (WFBP) [8], and P
is the forward projection by Joseph [9]. However, most ideas
presented here should be valid for other linear reconstruction
methods and forward projectors.

The new method is based on the assumptions that windmill
artifacts mainly are caused by high-contrast edges orthogonal
to the z-axis, and that there is a nonlinear operator F : RN →
R

N that approximately can recover these edges from recon-
structed images. Of course, these assumptions are not correct
in all cases. There are high-frequency non-edge structures that
may cause windmill artifacts, and there are nonregular edges
that cannot accurately be approximated from reconstructed
images. However, in many situations this assumption seems
to be satisfied.

In the following, we consider forward projection followed
by reconstruction to be the sum of a low-pass filter L ∈ R

N×N

and a linear operator A ∈ RN×N that causes artifacts (streaks,
cone artifacts, and windmill artifacts):

QP = L+A. (1)

The operator L reflects low-pass filtering caused by interpola-
tions in the forward projection and backprojection. Although
these effects are normally spatially variant, we will approx-
imate L with a spatially invariant filter, implying that any
spatial deviations are considered to be artifacts, i.e. part of
A.

As a preparation, a reconstructed image f̃ = Qp containing
windmill artifacts and other artifacts is calculated. The correc-

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

420

The 12th International Meeting on Fully Three Dimensional Image Reconstruction in Radiology and Nuclear Medicine

guoning0225
Rectangle



FULLY THREE-DIMENSIONAL IMAGE RECONSTRUCTION IN RADIOLOGY AND NUCLEAR MEDICINE 2

tion step is now given by

f = f̃ − (QP −L)︸ ︷︷ ︸
artifact operator

F (f̃)︸ ︷︷ ︸
edges

. (2)

First, the edge recovery operator F is used for calculating
an approximate edge image F (f̃). Then, the artifact operator
A = QP − L is applied in order to obtain estimates of the
artifacts. In the final step, the estimated artifacts are subtracted
from the original image f̃ .

B. The edge recovery operator F : RN → R
N

The main goal of F is to undo the smoothing that occurs
during data acquisition and reconstruction, assuming that the
edges originally were as sharp as step functions. Preferably,
low contrast regions should become smoother, since this would
reduce any impact the method might have on low contrast
structures. There are probably many suitable approaches for
solving this problem. In this paper we have employed a simple
modified median filter approach.

For each output voxel fi, a set Ωi of neighborhood input
voxels is considered. Algorithm 1 below contains a detailed
pseudocode which is processed for each output pixel. The
operator is a median filter in low-contrast regions. In high-
contrast regions, i.e., where the difference between maximum
and minimum values in Ωi is larger than a threshold T , the
input voxel value is mapped to a value close to the minimum
or close to the maximum depending on which is closer.

Algorithm 1 The inner loop of the edge recovery algorithm

1: parameters: T ∈ (0,+∞), m ∈ [0, 1], and γ ∈ (0, 1]
2: fi,min ← min(Ωi)
3: fi,max ← max(Ωi)
4: fi,med ← median(Ωi)
5: fi,contr ← fi,max − fi,min

6: fi,marg ← m · fi,contr
7: if fi,contr < T then
8: return fi,med

9: else
10: L ← fi,min + fi,marg

11: H ← fi,max − fi,marg

12: if fi < L ∨ fi > H then
13: return fi,med

14: else
15: return gL,H,γ(fi)
16: end if
17: end if

The function gL,H,γ : R → R describes a transition between
L and H , and is defined by

gL,H,γ(x) =
sign(x′) |x′|γ (H − L)

2
+

L+H

2

x′ = 2
(x− L+H

2 )

H − L
. (3)

For γ = 1, the transition is linear, and for γ close to zero, the
transition resembles a step function.

C. Relation to Regularized Iterative Weighted Filtered Back-
projection (RIWFBP)

If F is the identity mapping, i.e. F = I , the correction
equation (2) is identical to Regularized Iterative Weighted
Filtered Backprojection (RIWFBP) [10] with a step length of
α = 1. To see this, let F = I and formulate equation (2) as
an iterative update step

fk+1 = f̃ − (QP −L)fk. (4)

This update step can be stabilized by constructing each new
iterate as a convex combination of the old iterate and the right
hand side of the above equation, i.e.,

fk+1 = α
(
f̃ − (QP −L)fk

)
+ (1− α)fk. (5)

By substituting L with the linear regularization operator
Rβ � I −L, we arrive at

fk+1 = fk − α(QPfk − f̃ +Rβfk), (6)

which is the image based version of RIWFBP. By linearity,
this update equation is equivalent to the projection domain
formulation

fk+1 = fk − α(Q(Pfk − p) +Rβfk). (7)

The new formulation of the iteration shows that if the
RIWFBP regularization operator Rβ is chosen as Rβ = I−L,
where L models the low-pass caused by the QP operator,
undesired modification of the MTF caused by the RIWFBP is
avoided. This is also valid for the converged result, since

f∞ = (QP +Rβ)
−1Qp = (I +A)−1Qp. (8)

D. Experiments
To examine the effectiveness of the proposed method, two

mathematical phantoms: the Turbell clock phantom [11] and
the Forbild head phantom [12], and two physical phantoms:
an anthropomorphic head phantom and the Catphan R© high
resolution module CTP 528 were used. The clock and head
phantoms were used to study reduction of artifacts, and pos-
sible side-effects, and the high resolution module was used
to study cross-plane resolution. Scanning and reconstruction
parameters are listed in Table I. Pitch factors for the different
data sets were 1.35 for the clock phantom, 0.36 for the Forbild
head phantom, 0.3 for the anthropomorphic head phantom, and
0.55 for the CTP528 module. The CTP528 module was rotated
so that the 7 line pair per centimeter pattern was oriented along
the z-axis.

In all cases, the operator L was a Gaussian filter with stan-
dard deviation coefficients (σx = 0.35, σy = 0.35, σz = 0.9)
(voxel units). These coefficients were empirically determined
by studying the difference (QP − L)F (f̃) for different
choices. In order to avoid loss of resolution due to spatial
variances in the MTF of QP , the standard deviations were
set to be slightly lower than necessary. This leads to a slight
enhancement of high contrast edges, but should not noticably
affect low contrast structures.
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FULLY THREE-DIMENSIONAL IMAGE RECONSTRUCTION IN RADIOLOGY AND NUCLEAR MEDICINE 3

TABLE I. SCANNING AND RECONSTRUCTION PARAMETERS.

Number of channels Nch 736
Number of detector rows Nrows 32 (Clock:64)
Number of projections/turn Nproj,2π 1152
Scanning Field of View (SFOV) RSFOV 500mm
Slice width S 1.2mm
Voxel volume in-plane sampling distance Δxy 0.5mm
Voxel volume cross-plane sampling distance Δz 0.3mm
Median filter dimensions kx, ky, kz 3,3,11
Contrast threshold T 300HU
Relative contrast margin m 0.05
Transition function shape factor γ 0.25
WFBP redundancy weight Q 0.8

To model the detector size, each detector element measure-
ment was calculated as a mean of 2×2 line integrals. Although
this does not reflect the actual physical data acquisition, it
preserves the linearity of the forward projection model.

In order to simulate the data acquisition accurately, forward
projection was done to the original (non-rebinned) cone-
beam scanner geometry instead of the semi-parallel (rebinned)
geometry suggested in [10].

For the initial reconstructions, i.e., f̃ = Qp, clinical
reconstruction kernels (rampfilters) were used: “B31” for the
clock and head phantoms and “B60” for the CTP528 module.
In the correction step, the Shepp-Logan kernel [13] was used.

III. RESULTS

Fig. 1 a) and b) show a normal WFBP reconstruction of the
clock phantom. Since the cone angle is relatively high (±3.7◦),
not only windmill artifacts, but also low-frequency cone-
artifacts due to the non-exactness of the WFBP reconstruction
appear.

Fig. 1 c) shows the result after one RIWFBP iteration, or
equivalently, after the correction step with F = I . In this result,
most low-frequency cone-artifacts have been suppressed, but
the windmill artifacts remain.

Fig. 1 d) shows the result of the proposed method. Here,
also the windmills are less pronounced, although some higher
frequencies still distort the image. The standard deviation in
the center of the phantom is 8.7HU for the initial WFBP
reconstruction, 5.0HU for the case where F = I , and 3.2HU
for the new method. Apart from the reduced windmill artifacts,
the new method also improves the reconstruction of the upper
12 o’clock sphere, which displays a cone-artifact in Fig. 1 b)
that has not been perfectly suppressed in Fig. 1 c).

Fig. 2 a) - c) show the corresponding results for the Forbild
head phantom. This phantom poses a greater challenge for the
edge recovery operator, since it contains densely packed edges
with high curvature in the inner ear region. As in the clock
phantom case, the WFBP reconstruction again shows a mixture
of cone artifacts and windmill artifacts. Correction without
the edge recovery operator slightly improves both types of
artifacts, but the improvement is more pronounced with the
new method. The difference image in Fig. 2 d) verifies that
while windmill artifacts are reduced, low-contrast structures
remain unchanged. The obvious side effect is an enhancement
of high-contrast edges.

a) WFBP (f̃ ) b) WFBP (f̃ ), Zoomed

c) RIWFBP f1, (F = I) d) New method

Fig. 1. Turbell clock phantom reconstructions. Greyscale window
(C:1000HU, W:80HU).

a) WFBP (f̃ ) b) RIWFBP f1, (F = I)

c) New method d) (c)-(a)

Fig. 2. Forbild head phantom reconstructions. Greyscale window
(C:1050HU, W:50HU).

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

422

The 12th International Meeting on Fully Three Dimensional Image Reconstruction in Radiology and Nuclear Medicine

guoning0225
Rectangle



FULLY THREE-DIMENSIONAL IMAGE RECONSTRUCTION IN RADIOLOGY AND NUCLEAR MEDICINE 4

a) WFBP (f̃ ) d) New method

Fig. 3. Anthropomorphic head phantom reconstructions. Greyscale window
(C:1080HU, W:150HU).

a) WFBP (f̃ ) b) New method

c) WFBP (f̃ ) d) New method

Fig. 4. Coronal slices of reconstruction of the Catphan R© CTP528 module.
The z-axis points in the vertical direction, and the 7 line pairs per centemeter
pattern is perfectly orthogonal to the z-axis. Greyscale window (C:2600HU,
W:500HU) for a) and b), and (C:1100HU, W:300HU) for c) and d).

Reconstructions of the anthropomorphic head phantom are
shown in Fig. 3. Here, the WFBP reconstruction show almost
no cone-artifacts, but relatively strong windmill artifacts, which
are much less pronunced in the corrected image. The difference
image (not shown) shows windmill artifacts and high contrast
edges similar to Fig. 2 d).

Fig. 4 shows coronal images of the CTP528 module. Here,
enhanced edges can be observed, but there are no signs of
reduced spatial resolution. Since the high frequency pattern
causing windmill artifacts cannot be recovered by the edge
recovery operator, no reduction of windmill artifacts can be
seen in Fig. 4 c) and d).

IV. DISCUSSION AND CONCLUSION

As shown in the previous section, the proposed method re-
duces windmill artifacts without losing resolution or changing
the noise texture in the images. Furthermore, the new method
removes high frequency cone artifacts that are not properly
suppressed by the RIWFBP.

One side effect is a change of edge responses: by construct-
ing L to be slightly sharper than QP , high contrast edges
are slightly enhanced, and by constructing L to be softer
than QP , a blurring of high contrast edges will be seen.
Another potential side effect introduction of new artifacts due
to erroneous recovery of edges, or a bad system model P .
However, this effect was not observed in the experiments.

Clearly, further investigations are needed to understand
why windmill artifacts remain in the corrected images. Many
possible explanations exist, for instance, inaccurate recov-
ery of edges, inaccurate system model (means calculated in
attenuation domain instead of intensity domain, focal spot
not modeled, reading integration not modeled), or mismatch
between the reconstruction kernel used for initialization and
the kernel used in the correction step.
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[10] J. Sunnegårdh and P.-E. Danielsson, “Regularized iterative weighted
filtered backprojection for helical cone-beam CT,” Medical Physics,
vol. 35, no. 9, pp. 4173–4185, 2008. [Online]. Available:
http://link.aip.org/link/?MPH/35/4173/1

[11] H. Turbell, “Cone-Beam reconstruction using filtered backprojection,”
PhD thesis 672, Department of Electrical Engineering, Linköping
University, Linköping, Sweden, February 2001.

[12] G. Lauritsch and H. Bruder, “Head phantom,” As available electroni-
cally in May 2009 at http://www.imp.uni-erlangen.de/phantoms.

[13] L. A. Shepp and B. F. Logan, “Reconstructing interior head tissue from
x-ray transmissions,” IEEE Transactions on Nuclear Science, vol. 21,
no. 1, pp. 228–236, 1974.

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

423

The 12th International Meeting on Fully Three Dimensional Image Reconstruction in Radiology and Nuclear Medicine

guoning0225
Rectangle



 

Abstract—Patients often undergo repeated x-ray CT 
acquisitions in both diagnostic imaging (e.g., lung nodule 
surveillance) and image-guided interventions (e.g., biopsy needle 
guidance). Radiation dose is a particular concern in such 
sequential CT studies. Traditional imaging paradigms treat each 
acquisition in isolation, neglecting a wealth of patient-specific 
anatomical information from previous studies and failing to seize 
an opportunity for dose reduction and/or image quality 
improvement. We propose a reconstruction framework that 
incorporates a previously unregistered patient-specific prior 
image as part of a penalized-likelihood (PL) reconstruction. The 
method jointly estimates patient motion between the original 
acquisition and the current data, and the image attenuation 
parameters that are part of traditional reconstruction. Central to 
this approach is a deformable registration scheme that can 
accommodate motion – in the case of thoracic imaging, arising 
primarily from respiration and variations in patient setup. To 
investigate the performance of this approach, we performed 
cadaver experiments on a cone-beam CT test-bench simulating a 
lung nodule surveillance scenario with highly downsampled 
acquisitions (a factor of 18 exposure reduction). The proposed 
approach yields reconstructions with a major increase in image 
quality compared to traditional approaches as well as model-
based approaches that neglect prior information or use an 
unregistered prior image, suggesting great potential for dose 
reduction while preserving image quality. 

Index Terms—Deformable Motion Estimation, Prior Image 
Reconstruction, Penalized-likelihood Reconstruction 

I. INTRODUCTION 
Sequential CT acquisitions are conducted in many clinical 

scenarios. In diagnostic imaging, for example, lung nodule 
surveillance scans are used to assess tumor growth rates 
through estimation of doubling times or to monitor patients 
following therapy. In image-guided interventions, a pre-
operative scan is typically used for surgical planning, and 
(perhaps multiple) intra-operative scans may be acquired for 
up-to-date visualization of tissue change or localization of 
surgical tools, e.g., guidance of a needle or other interventional 
device. Such imaging studies are traditionally formed through 
a series of complete acquisitions, making radiation dose a 
particular concern.  Simply reducing the exposure per 
projection will increase noise in reconstructions, while 
reducing the number of projections makes the reconstruction 
problem more ill-posed, often resulting in significant artifacts 
and thereby reducing image quality. Thus, reconstruction 
methods that seek to preserve image quality in low-dose 
imaging should better utilize noisy measurements and/or 
incorporate additional information to overcome limited data. 

*The authors are with Johns Hopkins University, Baltimore, MD 21212
USA (corresponding author is J. W. Stayman, phone: 410-955-1314; fax: 
410-955-1115; e-mail: web.stayman@jhu.edu).  

This work was supported in part by Varian Medical Systems, Inc. 

Model-based iterative reconstruction (e.g., penalized-
likelihood estimation) is one strategy that improves the 
utilization of noisy measurements. The general framework of 
the model-based approach permits incorporation of many 
aspects of the physical detection process (e.g., noise, arbitrary 
geometry, scatter, etc.). Moreover, the framework allows for 
various penalties for enforcing or encouraging desirable image 
properties to provide improved trade-offs between dose and 
image quality. However, such techniques rarely leverage the 
rich information found in sequential studies. 

Despite the wealth of information that is shared in repeated 
acquisitions, traditional imaging paradigms treat each 
acquisition in isolation, neglecting previously measured 
patient-specific anatomical information (e.g., prior images) 
from prior acquisitions and an opportunity for dose reduction. 
The idea of incorporating prior images directly into 
reconstruction has been established in methods such as Prior 
Image Constrained Compressed Sensing (PICCS) techniques 
[1-2] in which an objective encouraging similarity with the 
prior image is posed, but sparse differences are allowed 
through the use of l1 norms. Data consistency is typically 
enforced through a linearized equality constraint, which may 
place limits on the complexity of the forward model and 
disregard noise. More recent PICCS techniques additionally 
incorporate a noise model [3].  

We previously introduced a prior-image-based 
reconstruction approach [4] that combines both the likelihood-
based framework and penalty functions that integrate prior-
information. The approach allows for a great deal of flexibility 
in the sophistication of the forward model and noise model, 
since an explicit linearization of the model is not required.  

A critical aspect of efficient use of previous anatomical 
information in any prior-image-based approach is the 
compensation of patient motion between acquisitions. Without 
motion compensation, prior-image-based reconstruction 
approaches cannot differentiate between true anatomical 
change (e.g., tumor growth or tissue resection) and change due 
to motion. Ambiguity between these two types of change 
makes true anatomical change difficult to recognize and could 
easily lead to introduction of false anatomical changes. 

We choose to compensate patient motion by incorporating a 
proper 3D deformation model into a model-based iterative 
reconstruction method, and to use an optimization framework 
that jointly estimates deformation and the image 
reconstruction. The concept of joint estimation has been 
studied to recover periodic motion (e.g., cardiac and lung) 
from a single gated acquisition [5-7], but has had less attention 
within the context of prior-image-based reconstruction. In this 
work, we propose a framework that incorporates a patient-
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specific prior image with a cubic B-spine based deformation 
model into penalized-likelihood estimation. An alternating 
maximization optimization was applied to solve the joint 
estimation problem, and the approach was evaluated in 
cadaver experiments emulating lung nodule imaging scenarios.  

II. METHODS

A. Forward Model and Penalized-Likelihood Estimation 
In x-ray CT, a discretized object μ can be related to mean 

measurements y  via Beer’s Law, with a forward model written 
in matrix-vector form as 

{ }exp( ),y g l lD A                          (1) 
where D is an operator converting a vector of measurement-
dependent gains g to a diagonal matrix, l denotes the vector of 
line integrals, and A is the M × N system matrix (i.e., linear 
projection operator).  

While one can apply an arbitrary noise model for the 
measurements, we choose a Poisson model with independent 
measurements yi to yield the log-likelihood function in Eq. (2): 

1 1
log ( ; ) log exp exp

M M

i i ii i i
i i

L y h g gA A A

where hi denotes a marginal log-likelihood for each i.  
A general penalized-likelihood estimation (PLE) can then 

be formed as the maximizer of the log-likelihood above with a 
general image regularizer R(μ), written as: 

arg max log ; , R

R

p
R R p

L y R R      (3) 

A specific image roughness penalty has been chosen 
containing an image gradient operator ΨR, a p-norm, and a 
scalar control parameter βR. 

B. Deformable Prior Image Registration, Penalized-
Likelihood Estimation (dPIRPLE) 

We modify (3) with an additional prior penalty term that 
encourages similarity between the current estimate and the 
prior image μP after applying a deformation W(λ). We denote 
the proposed approach as dPIRPLE, and its objective function 
Φ can be written as Eq. (4): 

,

ˆˆ, arg max log ; P R

RP

p p
P P P R R pp

y L y Ψ W Ψ

where the additional prior penalty term contains its own image 
gradient operator ΨP, a p-norm, and a scalar βP. The p-norm 
value pP can be freely chosen to achieve different 
performance. For example, pP=2 tends to enforce smooth 
differences thereby blending features in the prior image and 
current measurements, while pP=1 tends to encourage sparse 
differences (as one finds in compressed sensing).

The deformation W(λ) permits any suitable model. In this 
work, we adopted a cubic B-spline deformation model [8]: 

i x

i
i

x N

x x
x xW  (5) 

where β(·) is the tensor product of cubic B-spline functions, xi 
are the control points, σ is the control point spacing, λi is the 
B-spline coefficient vectors (i.e., control point displacements), 
and Nx is the set of control points within the support of the 

B-spline at x. If W(λ) is removed in (4), the prior image μP 
will not be motion compensated, referred to simply as Prior 
Image, Penalized Likelihood Estimation (PIPLE). 

C. Optimization Algorithm for dPIRPLE 
A modified p-norm function has been implemented in which 

the original p-norm in a δ-neighborhood around the origin is 
replaced by a quadratic function so that the new function 
becomes differentiable at the origin. When p=1, the modified 
p-norm is equivalent to the sum of Huber loss functions 
evaluated at each element. 

Although (4) becomes differentiable with a modified p-norm, 
it is still generally a nonconvex function of (μ, λ) and therefore 
challenging to optimize. The optimization can be simplified by 
using an alternating maximization approach in which we 
maximize over μ with fixed λ and vice versa, i.e.: 

1

1 1 1

arg max ,

arg max , arg max
P

P

n n

pn n n
P P P p
Ψ W

 (6) 

Image update: With fixed λ, (4) becomes a standard PLE 
with two penalty terms. This allows for the use of well-known
optimization approaches for PLE. We choose the separable 
paraboloidal surrogates (SPS) approach [9], which makes the 
image update easily parallelizable for each voxel. Both penalty 
terms (for p≥1) meet the five criteria in [9] so that their 
surrogates can be found. 

Registration update: With fixed μ, (4) reduces to the prior 
image penalty term (dropping two constant terms) - i.e., the 
difference between the current estimate and the deformed prior 
image. This is essentially a standard image registration 
problem, with a modified p-norm as a similarity metric, which 
can be solved efficiently using existing registration software 
with minor modifications. For example, for pP=2, this is 
equivalent to deformable registration with a Sum of Squared 
Difference (SSD) similarity metric. We choose to use a 
Limited-memory variant of BFGS (L-BFGS) [10] to 
approximate the Hessian matrix in our implementation. The 
gradient of (4) in the registration update is: 

, ,
T

P i P P Pi
i

fΨ W Ψ WPPf Pfi Pi Pi Pi PPi

    (7)

A pseudo-code representation of the optimization algorithm 
for dPIRPLE is in Algorithm 1.  
Algorithm 1: dPIRPLE 
Input μ0, λ0, 0, Inverse Hessian H0, 0 
for n = 0 to max_iteration - 1 

if do registration at iteration n 
  for r = 1 to R     % Registration update  

Compute gradient using (7), update Hn,r from H0,0, do line 
search with Wolfe condition, update λn, r from λn, r-1

  end for 
  1,0 ,n n R   

end if 
for j = 1 to N     % Image update 

  Update 1n
j  from n

j

end for 
end for 
return   and  
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Fig. 1.  (a) Cadaver and CBCT bench. (inset: petroleum jelly injector) (b) Patient-specific prior image, PLE of a complete pre-injection (nodule-absent) 
acquisition (360 views over 360o). (c) Current anatomy, PLE of a complete post-injection (nodule-present) acquisition. The nodule is marked by an arrow. 
 

Fig. 2.  (a-c) Difference between current anatomy and prior image before registration (a), after 1st registration update (b), and after 20th registration update (c). 
(d) Final deformation field estimated by dPIRPLE. (e) ‘Optimal’ deformation field acquired by two fully sampled datasets. Each vector represents the in-plane 
displacement of one voxel with vector magnitude scaled by a factor of 2 for visualization.  

Whereas keeping the objective function strictly the same in 
two updates is preferred in solving a single objective function, 
in practice, one may choose different pP in the two updates. 
This can yield desirable convergence performance in both 
registration (where low p values can lead to poor convergence) 
and the image update (which requires low p values to 
encourage sparse differences). We implemented the dPIRPLE 
algorithm in Matlab, with computationally intensive functions 
(e.g., projection/backprojection) calculated using CUDA-
based libraries and the registration toolbox Elastix. [11] 

D. Cadaver Experimental Methods 
We conducted cadaver experiments on a flat-panel cone-

beam CT (CBCT) test-bench (Fig. 1(a)) to evaluate the 
dPIRPLE approach. The imaging task was to reconstruct a 
newly formed lung nodule (introduced between scans) in the 
presence of deformable patient motion between two 
acquisitions. The detector (PaxScan 4343CB, Varian Medical 
Systems, Palo Alto, CA) had 1536×1536 pixels at 
0.278×0.278 mm2 pixel pitch after 2×2 binning. The system 
geometry involved a 150 cm source-to-detector distance and 
120 cm source-to-axis distance. All data were reconstructed 
with 260×300×330 voxels and 1×1×1 mm3 voxel size. 

To simulate tumor growth between acquisitions, ~1 cm3 
Petroleum jelly (~0.013 mm-1 attenuation) was injected into the 
right lung of the cadaver by a thoracic surgeon. Two fully 
sampled datasets (360 views over 360o at 100 kVp and 450 
mAs) were acquired before and after the injection. PLE (pR=2, 
βR=106) was applied to both the nodule-absent and nodule-
present datasets to obtain the patient-specific prior image and 
current anatomy, respectively (Fig. 1(b-c)). Motion imparted 
between scans is evident in the difference image in Fig. 2(a). 
From the post-injection data, 20 projections equally spaced 
over 200o (25 mAs) were selected to simulate an undersampled 
low-dose follow-up lung surveillance image at 1/18 the 
exposure of a fully sampled acquisition.  

III. EXPERIMENTAL RESULTS

We reconstructed highly undersampled projections using 
FBP (filtered-backprojection), PLE (FBP initialization, pR=1, 
βR=10), PIPLE (PLE initialization, pP=1, βP=104, pR=1, 
βR=103.5), and the proposed dPIRPLE (same parameters as 
PIPLE but with pP=2 in registration update). In dPIRPLE, 
each registration update consisted of four levels of image 
pyramids (10×10×10 mm3 grid size at the finest level) 
followed by 50 image updates. We choose ΨP equal to 
identity, ΨR as the first-order spatial difference operator, and 
δ=10-4 mm-1 in the modified p-norm. The total run time for 50 
iterations was about 4 min for PLE, 7.5 min for PIPLE, and 
14.5 min for dPIRPLE on a high performance workstation. 

A. Convergence 
Fig. 2 (a-c) shows the evolution of the deformation estimate 

versus iteration number. Specifically, we show the difference 
between the deformed prior image and current anatomy at 
different stages. We observe that most motion was 
compensated after the 1st registration update, which 
substantially prevented incorrect structures from being injected 
into subsequent image updates. The remaining differences 
(arrows in Fig. 2(b-c)) continued to be reduced after 20 
updates, demonstrating the importance of joint estimation. The 
final deformation field estimated by dPIRPLE (Fig. 2(d)) 
closely matches an ‘optimal’ deformation field derived from 

Fig. 3.  (a) dPIRPLE objective function difference versus iteration. (b) Root 
Mean Square (RMS) difference from current anatomy versus iteration for 
PLE, PIPLE, and dPIRPLE. The asterisk indicates Iteration 0 outside the plot. 
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the fully sampled reconstructions (Fig. 2(e)). We computed 
root mean square (RMS) differences between the current 
anatomy and the deformed prior image in a Region of Interest 
(ROI, 100×100×100 voxels centered on the nodule): 76.5×10-4 
mm-1 (at iteration zero), 24.6×10-4 mm-1 (after 20 registration 
updates), and 22.6×10-4 mm-1 (with ‘optimal’ registration). 

Fig. 3(a) shows the objective function difference for 
dPIRPLE as a function of iteration. The objective function 
value at the solution, Φ*, is estimated using 1000 iterations of 
dPIRPLE. The objective increases monotonically within every 
50 image updates due to the monotonicity of SPS. The 1st 
registration yields a dramatic objective increase with smaller 
increases in subsequent registrations, consistent with Fig. 2. In 
plots of RMS difference from current anatomy versus iteration 
(Fig. 3(b)), PLE quickly reduced RMS difference, but 
plateaued. In contrast, dPIRPLE saw reduction throughout, 
and reduced 2× faster than PIPLE. 

B. Reconstruction 
Fig. 4 compares the reconstruction results from different 

approaches. We ran 1000 iterations of PLE, PIPLE, and 
dPIRPLE to generate (nearly) converged images. While FBP 
exhibits substantial artifacts that would defy confident nodule 
detection, PLE has reduced artifact but low spatial resolution 
owing to strong regularization and rendering makes the nodule 
difficult to detect. PIPLE exhibits higher contrast in the nodule 
area, but severe mismatches due to lack of proper registration 
distorts the nodule shape and introduces a considerable 
number of ambiguous structures which do not reflect true 
anatomy. Finally, dPIRPLE presents an accurate estimate of 
the true anatomy and renders the nodule clearly. The RMS 
difference from current anatomy within the ROI was 36.8×10-4 
mm-1, 31.1×10-4 mm-1, and 31.9×10-4 mm-1 for FBP, PLE, and 
PIPLE, respectively, and 16.3×10-4 mm-1for dPIRPLE. 

IV. CONCLUSION 
The proposed dPIRPLE approach demonstrates a major 

improvement in image quality under conditions of highly 
undersampled data compared to traditional approaches and 

model-based approaches that neglect prior information or use 
an unregistered prior image. This suggests that the dPIRPLE 
approach could be valuable in clinical scenarios offering a 
patient-specific prior and requiring dose reduction without loss 
in image quality. The dPIRPLE approach also shows that the 
joint maximization estimates patient motion more accurately 
than staged registration and yields an improved representation 
of true anatomy without false structures arising from 
misregistration. A limitation of the current work includes a 
residual registration error, which we plan to reduce using more 
sophisticated registration techniques, such as [12]. 
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Fig. 4.  Reconstruction results from 20 projections (equally spaced over 200o) acquired on a CBCT test-bench. Axial slices for FBP (a), PLE (b), PIPLE (c), 
dPIRPLE (d); coronal slices for FBP (e), PLE (f), PIPLE (g), dPIRPLE (h). 
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Sparse Sampling for CT Dose Reduction
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Abstract—Two approaches are compared for reducing dose
in CT imaging, both using a penalized-likelihood algorithm for
reconstruction: reducing dose by reducing the tube current, and
reducing dose by acquiring fewer projections (sparse sampling).
Results show that the sparse sampling approach has advantages
at dose levels yielding significant photon starvation, and the
advantages grow as the dose becomes smaller.

Index Terms—CT, reconstruction.

I. INTRODUCTION

The concept of tomographic reconstruction from sparsely

sampled data (also known as compressed sensing) has been

an area of much research in recent years. In such acquisi-

tions, projections are acquired in a non-continuous fashion,

often with large angular gaps between subsequent projections.

Sparse sampling schemes have been investigated in detail in

many tomographic imaging modalities, including breast CT

[1], small animal imaging [2], rotational x-ray [3], and radio-

therapy planning [4]. One advantage of a sparse sampling ap-

proach in these modalities is that often a significant reduction

in the time to acquire the scan can be achieved.

In medical CT however, up to this point there has been

somewhat less motivation for adopting sparse sampling strate-

gies. This is partly due to the fact that no rotation speed or

scan speed advantage is gained, since in most medical CT

scanners the rotation speed is limited mainly by the gantry

hardware, and not by the detector readout speed or tube power.

In other words, acquiring fewer projections does not allow

one to scan any faster. In addition, most currently used x-

ray tubes in medical CT scanners are designed for continuous

high-flux utiliztion, and do not support the rapid on and off

switching of the x-ray tube current required to support these

sparse sampling strategies. As a result, only very little work

(viz., [5]) has been published in the area of clinical application

of sparse sampling in CT so far.

However, the desire to significantly lower doses for routine

CT scans raises a motivation to investigate sparse sampling for

clinical CT. For very low tube currents or large patients, very

few photons will penetrate to the detector, and many detector

pixels will measure no photons during an integration period.

This means that such a projection will contribute very little

real information into the resulting reconstruction. In addition,

at severely low photon levels, effects from detector electronic

noise and non-linearities become more pronounced, and can

lead to undesireable image artifacts.

1 Philips Healthcare, Cleveland, OH. E-mail: kevin.m.brown@philips.com.
2 Philips Technologie GmbH, Innovative Technologies, Research Labora-

tories, Hamburg, Germany
3 Massachusetts General Hospital, Boston, MA

One strategy to overcome the photon starvation problem

is to acquire fewer projections, and increase the dose in

each projection. This can be done easily by extending the

integration period of each projection, and still acquiring in

a continuous fashion. However, this approach comes with a

corresponding loss of spatial resolution, due to the additional

angular blur in each projection. Acquiring fewer projections

in a sparse fashion might overcome the photon starvation

problem with less penalty in terms of resolution, thus enabling

scans at significantly lower doses than can be achieved today.

An interesting question then becomes: given a tube with the

ability to deliver dose either in a low-flux, continuous fashion,

or a high-flux, sparse fashion, which approach yields the best

image quality for a fixed dose? Jørgensen et. al. [1] made an

attempt to evaluate this trade-off in the domain of breast CT,

and conclude that higher sampling rates always yield the best

image quality. However, the problem of photon starvation was

not specifically addressed in this work, and the image quality

was judged only for simulated breast micro-calcifications.

Han et. al. [4] performed a similar study for CBCT, but

again dose levels which yield photon-starved projections were

not considered. In this paper we investigate sparse sampling

schemes for medical CT with the goal of achieving sub-mSv

dose levels for large BMI patients.

The inclusion of clinical data presents an additional prob-

lem: how to generate different datasets of the same patient

for various sparse and low-dose sampling schemes, without

performing additional patient scans. Fortunately, Philips has

been developing software which can accurately simulate low-

dose projections from original high-dose scans [6], including

accurate models of the electronic noise. Sparse scans can be

simulated simply by selecting subsets of projections from the

original scan, or from simulated lower mA datasets. Thus, a

complete set of sparse sampling schemes can be generated

from a single routine-dose patient dataset, eliminating prob-

lems such as patient motion or changing contrast levels, which

might arise when comparing multiple real scans.

The issue of reconstruction algorithms also comes into play,

since traditional FBP reconstruction suffers from aliasing and

streaking artifacts when applied to sparse data. The plethora

of papers on this topic in recent conferences (see for example

Jørgensen [1], Langet [3], and Han [4], as well as Sidky

[7] and Huang [8]) shows that the optimal reconstruction

algorithm for sparsely sampled data is by no means a resolved

problem. In this work we evaluate a penalized maximum-

likelihood algorithm on both continuous and sparsely-sampled

acquisitions, at a constant low dose.
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II. METHODS

A. Data Generation
We chose a clinical CT dataset (Philips iCT) with a rea-

sonably large patient (108 kg), such that an aggressive dose

reduction would likely lead to severe photon starvation. The

original patient scan was at 150 mAs (200 mA), resulting in

an effective dose of 7.4 mSv. Low-dose datasets where then

generated from this original data in one of two ways.
First, selecting a subset of the projections from the original

dataset, such as every 8th projection, yields a low-dose dataset

with a uniform sparse angular sampling pattern. We abbrevate

this method of dose reduction as a sparse sampling factor

(SSF).
The second method involves regenerating projections from

the original dataset to simulate projections acquired at a lower

tube current and dose. The low-dose simulation follows the

method given in [6], and accurately accounts for both quantum

and electronic noise, as well as taking into account the inherent

noise in the original dataset. In this way, problems occuring

from multiple scans (such as the movement of the patient) can

be eliminated while still allowing the use of clinical data for

the evaluation. We abbreviate this method of dose reduction

as a tube current reduction factor (TCF).
A total dose reduction can then be achieved either indepen-

dently by TCF or SSF, or by a combination of the two (the

product of TCF and SSF gives the total dose reduction factor).

For this study we compared 3 strategies of progressive dose

reduction which yield the same total dose:

1) SSF=1 (full sampling), with TCF (simulated tube cur-

rent) of 8, 10, 12, 15, 20 and 30.

2) TCF=1 (full tube current), and SSF (sparse sampling)

of 8, 10, 12, 15, 20 and 30. This is also denoted as

sampling strategy s1.

3) TCF=2 (half tube current), and SSF of 4, 5, 6, 7.5, 10

and 15 (sampling strategy s2).

To give one example, a dose reduction factor of 20 can be

achieved by SSF=1 and TCF=20, or SSF=20 and TCF=1, or

SSF=10 and TCF=2. Effective doses thus range from 0.9 mSv

down to 0.25 mSv for the cases listed above.
An important point is that only method (1) is achievable

on most clinical CT systems today, and there is often a limit

to the minimum tube current as well. Furthermore, Figure 1

shows how the projection quality in the ventral and lateral

directions is degraded at very low tube currents. White spots

indicate detectors which measured no photons during a given

integration period (or where electronic noise caused the signal

to go negative). At a TCF=30, these points represent about

20% of the detector pixels measuring line integrals through the

patient in the lateral projection. The primary motivation then

in this study is to investigate the sparse sampling approach as

a means for aggressively lowering dose while avoiding these

photon starvation effects.

B. Reconstruction Algorithm
For reconstruction we use a penalized maximum-likelihood

approach, with a cost function of the form

Ψ(u) = −L(Au|y) + βR(u) (1)

(a) TCF=1 (b) TCF=8

(c) TCF=15 (d) TCF=30

Fig. 1. Example log projections along the ventral (top) and lateral (bottom)
axes, for varying tube current factors (TCF). White spots indicate detectors
that measured no photons during the given projection, or where the signal
became negative due to electronic noise.

Fig. 2. Reference images ( δ = 2 HU, σ = 3 HU). W/L = 500/50 HU.

with system matrix (or forward projection operation) A, an

image u, measured data y, and roughness penalty R(u). As

an algorithm to solve for an image which optimizes this cost

function, we take the ordered-subsets version of the separable

paraboloidal surrogates (SPS) algorithm [9]. For the roughness

penalty R(u) we use the Huber function with the transition

from quadratic to linear at a value of δ. For the regularization

strength β the algorithm uses an automated regularization

controller as described in [10] to achieve a pre-selected target

noise level σ (pixel standard deviation) in the image.

We reconstructed images with the following pairs of param-

eters:

• δ = 2, 5, 10, and 20 HU

• σ = 5, 7, 7, and 10 HU

The likelihood function assumes Gaussian noise for the

higher tube currents (TCF=1 and 2), and Poisson noise for

TCF≥ 81. Note that other than the likelihood and the change

in the data size, there is no difference in the algorithm used

for the fully sampled (SSF=1) or sparsely sampled (SSF> 1)

datasets, and that our β-selection method ensures that we

compare images with the same noise for a given value of δ.

III. RESULTS

Figure 3 shows plots of the Mean Absolute Error (MAE)
2 of the dose-reduced images relative to reference images

1The Gaussian noise model was also investigated for the low tube currents,
and found to yield images with a larger bias than the Poisson model.

2We evaluated also the root mean square metric with qualitatively the same
results.
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(a) δ = 2 HU (b) δ = 5 HU

(c) δ = 10 HU (d) δ = 20 HU

Fig. 3. Mean Absolute Error (in HU) from the original full-dose images,
calculated over the whole volume. x-axis is the total dose reduction factor

reconstructed from the original full dose dataset (see Figure

2), for different values of δ. The mean is taken over the entire

3D image volume. While MAE is not a fool-proof method of

evaluating image quality, some general trends are clear from

the graphs. The first is that the MAE is always lower for

sampling s2 than for s1. This agrees with the result from [1]

that higher sampling rates are generally better, when the flux

is high enough to avoid photon starvation. Figure 4 shows

one comparison between the two sampling rates for a dose

reduction factor of 15; the angular aliasing artifacts can be

clearly seen with SSF=15.

The second important observation is that, while methods

full-sampling and s2 have about the same MAE at a dose

reduction factor of 8, as the dose is lowered further the error in

the fully-sampled images increases much faster than the error

in the sparsely-sampled images. This points to an advantage

of the sparse sampling at extremely low doses, where this

approach allows avoiding severely photon-starved projections.

A third point is that the MAE values are very similar for

different values of δ. This is somewhat surprising given the

preference of many researchers for the total variation (TV)

penalty in sparse sampling applications (which is most similar

to the δ = 2 case), but the graphs suggest that the Huber

penalty also offers a flexible way to adjust image quality by

allowing images with less ”flat” noise patterns than TV.

The remaining figures show some example images which

give a visual confirmation of the results discussed above.

Figure 5 shows axial images comparing TCF=2 and SSF=1

at equivalent doses, for the algorithm setting δ = 2 HU.

Note that three calcifications in the kidneys are visible at all

dose levels for the sparse sampling datasets (5-a), but one

calcification rapidly disappears in in the fully-sampled images

(5-b, red arrow). Also the ribs rapidly become blurry in the

Fig. 4. Axial images comparing SSF=15 (left) and SSF=7.5 (right) for an
equal dose reduction factor of 15.

fully-sampled images. Figure 6 shows the same comparison for

a coronal slice. There a change in the resolution of the objects

in the kidneys can be observed as well for full-sampling, but

more apparent is the degradation in the pelvis region (red oval)

for the fully-sampled images.

Figure 7 shows axial and coronal images for the setting

δ = 10 HU, for a total dose reduction factor of 20, with

sampling s2 and full sampling. A reasonable image quality

is maintained here as well using s2, with a less ”flat” noise

pattern which could be more acceptable to radiologists.

IV. CONCLUSION

We have demonstrated that sparse sampling can deliver

improved image quality over tube-current reduction for aggres-

sive low-dose scans. In particular, the value of sparse sampling

increases as the total dose is lowered, or more specifically,

as the photon-starvation problem increases. In other words,

the results show that image quality always decreases as the

total dose decreases, but it decreases at a slower rate if

sparse sampling is used. Future work may involve determining

minimum dose levels and optimal sampling patterns for a

range of clinical applications.
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(a) TCF=2, and various SSF (method s2). (b) SSF=1 and various TCF (full sampling).

Fig. 5. Axial example images for δ = 2 HU, σ = 5 HU. W / L = 500 / 50 HU. vpt = number of views per turn of the x-ray tube.

(a) TCF=2, and various SSF (method s2). (b) SSF=1 and various TCF (full sampling).

Fig. 6. Coronal example images for δ = 2, HU σ = 5 HU. W / L = 500 / 50 HU. vpt = number of views per turn of the x-ray tube.

(a) TCF=2, and SSF=10 (left) and TCF=20, SSF=1 (right). (b) TCF=2, and SSF=10 (left) and TCF=20, SSF=1 (right).

Fig. 7. Axial (a) and coronal (b) example images for δ = 10 HU, σ = 7 HU. W / L = 500 / 50 HU.
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Challenges posed by statistical weights and data
redundancies in iterative X-ray CT reconstruction

K. Schmitt, H. Schöndube, K. Stierstorfer, J. Hornegger, F. Noo

Abstract—Statistical iterative reconstruction methods are cur-
rently under extensive investigation for x-ray computed tomog-
raphy. Among many options, the maximum likelihood solution
is often preferred, particularly because it can be reduced to a
weighted least-square problem. This solution may be sought using
a moderate number of iterations of a specific algorithm such
as Landweber’s method (or an ordered-subset variant of this
algorithm), or may be sought with a penalty term and a number
of iterations large enough to reach convergence. In the first case,
the iteration number serves as a regularization means, whereas
in the second case the penalty term defines the regularization
procedure. It is well-known that the iteration number creates a
(shift-variant) trade-off between resolution and noise, and that
such a trade-off has been found useful in nuclear medicine. In
this work, we show that the noise-resolution trade-off introduced
by the iteration number is not always attractive for CT imaging,
particularly when statistical weights and data redundancies are
involved.

I. INTRODUCTION

Statistical iterative reconstruction methods are currently

under extensive investigation for x-ray computed tomography

(CT), as they may offer significant gains in terms of image

quality at equal dose, and thereby allow reduction in x-ray

dose. There are many ways to formulate a statistical recon-

struction method for x-ray CT. In particular, the maximum

likelihood solution without and with constraints on the image

appear both highly popular, particularly because finding this

solution in CT can be reduced to a weighted least-square

problem. In the first approach, the user formulates an iterative

algorithm that converges towards the maximum likelihood

solution and defines the reconstruction as the application of

a finite number of iteration steps. Using this approach, the

iteration number is essentially seen as a regularization means.

Recall that the CT reconstruction problem is mildly ill-posed,

so that regularization is essential to achieve satisfactory image

quality. In the second approach, the regularization is not

left to the iteration number; it is enforced directly by the

constraint and the user iterates as long as needed to reach to

minimum of the objective function. Popular constraints include

the generalized Gaussian prior and the Huber penalty.

In this paper, we investigate the usefulness of the first

approach for CT imaging, that is we study the effectiveness of

regularization based on a finite number of iterations. Our study

K. Schmitt, H. Schöndube and K. Stierstorfer are with Siemens AG, Health-
care Sector. J. Hornegger is with the Pattern Recognition Lab, University of
Erlangen-Nürnberg, Erlangen, Germany. F. Noo is with the Department of
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includes essential aspects of CT imaging, namely non-uniform

statistical weights and data redundancies.

II. EXPERIMENTAL SETTING

A. Data simulation

All simulations were performed in fan-beam geometry (3rd

generation CT curved detector) using the FORBILD head

phantom. Thus, each ray was parameterized by two angles,

λ and γ, where λ is the polar angle specifying the source

position and γ is the angle between the ray and the line that

connects the source to the rotation center.

Full scans and short scans were both considered with

parameters given in table 1. Also, note that a sub-sampling

of each detector was employed to model the blurring that

results from the finite size of the detector elements, and

thereby mitigate high-frequency errors in the reconstruction.

Specifically, each measurement was simulated as the average

of five line integrals equally spaced over the detector width

(non-linearities were neglected).

B. Image representation and forward projection model

We decided to represent the attenuation function by its val-

ues on a Cartesian grid of points. The coordinates associated

with this grid are called x and y. 350 by 350 locations were

considered with a uniform sampling distance of 0.075 cm in

both x and y.

The link between the attenuation function and the mea-

surements was described using the principles of the distance-

driven method [1]. That is, each line integral was evaluated

as a simple sum in x or y together with a linear interpolation

between grid points in y or x, respectively. As suggested by

this method, note that the direction of summation was fixed

for all lines within a fan-beam view, i.e., the position of the x-

ray source defined the summation direction for all rays within

the view. Also, the interpolation kernel accounted for both the

sampling distance in γ and the sampling distance in x (or y
depending on the interpolation direction).

C. Reconstruction technique

Let c be the vector of unknown image coefficients, let g be

the vector grouping the CT measurements, and let A be the

matrix that links c to the CT measurements, as defined by the

distance-driven method. Each reconstruction was performed

using a moderate number, m, of iterations given by the

following equation:

c(n+1) = c(n) + η ·ATC−1
(
g −Ac(n)

)
(1)
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where C is a constant diagonal matrix and η is a factor

controlling convergence speed. The value for η was chosen

as 0.90 times 2/σmax where σmax is the maximum singular

value of the matrix C−1/2A, estimated using three iterations

of the Power method [2]. The initial image vector, c(0) was

always chosen as the zero vector.
Conceptually, our iterative procedure can be interpreted as

the application of Landweber’s method to find the minimum-

norm minimizer of

J(c) = ||C−1/2(Ac− g)|| . (2)

However, this minimizer was never reached since reconstruc-

tion was based on a moderate number of iterations. Recall

that singular value decomposition analysis reveals that using a

finite number of Landweber’s iterations amounts to performing

minimization with regularization. Given that the CT recon-

struction problem is mildly ill-posed, regularization is actually

essential. That is, the minimum-norm minimizer of J(c) is not

attractive.
It is well-known that the iteration number generates a trade-

off between resolution and noise. In PET imaging, this trade-

off is often used to select the number of iterations. In this work,

we will show that the resolution-noise trade-off induced by the

number of iterations is unfortunately not often attractive for

CT imaging, because it does not account for reconstruction

errors other than resolution effects.

III. RECONSTRUCTION WITH STATISTICAL WEIGHTS

In this section, matrix C is interpreted as the covariance

matrix for the CT measurements. Because these measurements

are assumed to be statistically independed, C is a diagonal

matrix, with each element on the diagonal representing the

variance of one measurement. This variance is equal to the

inverse of the number of photons reaching the detector, which

itself is influenced by the incoming number of photons, the

shape of the bowtie filter and the attenuation property of the

interrogated object.

A. Bowtie filter model
On x-ray CT scanners, the bowtie filter is a shaped piece

of material (usually metal) which is placed between the x-ray

source and the patient. It is designed to equalize the intensities

of the rays hitting the detector for a given attenuating object.

The primary purpose of the bowtie filter is to decrease the

patient radiation dose near the edges of the scanning field-of-

view (FOV) [3].
The effect of the bowtie filter is to make the number of

photons going into the scanned object, Nin, vary with γ. In

presence of a bowtie filter, we model the number of photons

entering the interrogated object as

Nin(γ) = N0 · e−η(γ) , (3)

where N0 is the number of photons leaving the source and

η(γ) is a function which models the effect of the bowtie filter.
Let μBF be the linear attenuation coefficient for the bowtie

filter and let dBF be its thickness at γ = 0. Then η is defined

as

η(γ) = gob(0)− gob(γ) + dBF · μBF , (4)

Fanbeam scanning parameters:
Source trajectory radius R 57 cm
Source to detector distance (D) 104 cm
Number of detector elements 340
Angular detector width (Δγ) 0.1368 radians

full scan:
Number of projections per turn 2320

short scan:
Number of projections per turn 870
short-scan start angle λs 0 radians
short-scan stop angle λe 3π/4 radians
angular interval d 0, 5, 30

Bowtie filter:
Bowtie filter radius (rBF ) 8.0 cm
Bowtie filter attenuation (μBF ) 0.54 cm−1

Bowtie filter thickness parameter (dBF ) 0.50 cm

TABLE I

Fig. 1. Some expamples for the shape of a bowtie filter.

where gob is the line integral through the object along the line

L(λ, γ) for some fixed λ. Note that if the object is centered at

the origin, η(γ) is circularly symmetric, and any fixed value

of λ will suffice for the definition of gob.

B. Experiment details

A full scan acquisition with a bowtie filter is used. We

consider two phantoms: the FORBILD head phantom and a

simpler phantom that consists only of the outer two ellipses of

the FORBILD head phantom. Figure 1 show two bowtie filters.

Here, we used a bowtie filter shaped as bowtie filter 1 and 2,

respectively. The value of each statistical matrix element is

defined by C−1
ij = Nin · exp(−μW · gmij

), where Nin are the

remaining photons after the bowtie filter (Eqn. 3) to go through

the phantom, μW is the attenuation factor of water and gmij

is an element of the fan-beam data set. Bias was evaluated as

the mean reconstruction error over pixels located within the

dark ring in Fig. 5. The error for any given pixel was defined

as the absolute difference between the reconstructed value and

the true attenuation value of the hatched area, which is 50 HU.

C. Results

Figure 2 shows the reconstructed images for the two phan-

toms with bowtie filter 1 and bowtie filter 2, respectively. The

number of the photons after bowtie filter 1 and bowtie filter 2

is shown in figure 3. Figure 4 shows the bias as a function of

the iteration number for bowtie filter 1 and bowtie filter 2.

Using bowtie filter 1 in our reconstruction algorithm (Eqn. 2)

cause a ring artifact in the reconstructed images. This ring

artifact can be traced back to the fact that the function Nin(γ)
is not smooth since the radius of that ring has the same

radius as the one of bowtie filter, rBF . By iterating a very

long time the thickness of the ring decrease. Finally, the

ring disappears completely first after 1640 iterations. When

we use a more complex phantom, we see similar artifacts
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Fig. 2. Iterative reconstruction obtained from (first row) 250 iterations
and (second row) 1640 iterations of the Landweber algorithm using bowtie
filter 1, (third row) iterative reconstruction obtained from 250 iterations of the
Landweber algorithm using bowtie filter 2. Grayscale: [1 1.1].
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appearing due to lack of smoothness in the statistical weights,

but now replacement of the statistical weight with a smoother

expression becomes a challenging question.

IV. DATA REDUNDANCIES

It is often the case that a CT scan involves redundant data.

For example, each line integral is measured twice when a full

scan is performed. However, not all line integrals are always

measured the same number of times. In particular, when

performing a short scan, some line integrals are measured

twice whereas others are only measured once. In analytical

reconstruction, non-uniform redundancies such as those en-

countered with the short scan need to be carefully addressed

to avoid artifacts. A common approach is the utilization of a

Parker-like weight. In iterative reconstruction, there is a priori

no need to use such a weight, but, if desired this weight can

be introduced as part of the definition of C. In this section,

we assume that all measurements have the same variance, and

we study the impact of using a Parker-like weight for the

definition of C versus using the identity matrix.

A. Data redundancy handling

To handle redundancies in the fan-beam data for the case

of a short scan, we use a smooth weighting function

m(λ, γ) =
c(λ)

c(λ) + c(λ+ π − 2γ)
, (5)

where

c(λ) =

⎧⎪⎪⎨⎪⎪⎩
cos2

(
π(λ−λs−d)

2d

)
if λs ≤ λ < λs + d

1 if λs + d ≤ λ < λe − d

cos2
(

π(λ−λe+d)
2d

)
if λe − d ≤ λ < λe

(6)

with d being the angular interval over which c(λ) smoothly

drops from 1 to 0 [4]. If d is small, then the weighting function

is similar to that of [5]. On the other hand, if d is large, then

the weighting function is similar to Parker weighting [6].

B. Experiment details

In this second experiment, we investigate the influence of

handling data redundancy in the Landweber algorithm. For

this investigation, we created both full scan and short scan

fan-beam data sets of the FORBILD head phantom. The data

redundancy can be handled by setting the statistical matrix

elements, C−1
ij , equal to the result of Eqn. 5. We choose the

angular interval d = 0, 5, 30 in the function c(λ) in Eqn. 6,

where d = 0 means using no weights since m(λ, γ) = 1. For

that experiment, we created additionally 10 noisy realizations

of each fan-beam data set.

1) Image quality: Image quality was assessed in terms of

resolution, bias and noise properties. Our noise measurements

include the square root of the pixel variance, σ. All bias and

noise metrics were computed for the reconstructions obtained

every fifth iteration.

2) Resolution: The modulation transfer function (MTF)

was used to evaluate resolution. This function was obtained

using a phantom that consists only of the central low contrast

ellipse within the FORBILD head phantom (see Fig. 6, area 2).

For any reconstruction of this phantom, an edge profile that

gives the reconstructed value as a function of the distance

from the ellipse is computed. Then, the MTF is obtained as

the Fourier transform of the differentiated edge profile. Due

to our linear reconstruction method, this approach is suitable

to evaluate the resolution achieved within area 2 in Fig. 6.

Since the resolution varies from one image representation

to the other and also changes at a different pace for each

representation, we present all our figures of merit as a function

of the mean MTF value. To obtain the mean MTF value, we

computed the area under the MTF curve over the range defined

by the Nyquist frequency for the data. This was done for every

fifth iteration up to 1000 iterations.
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Fig. 5. The dark ring area was
used for the calculation of the bias
for the bowtie filter experiment.

Fig. 6. The hatched area 1 was
used for the calculation of the bias
since this area is not affected by
edge artifacts. Area 2 was used for
the MTF calculation.

3) Bias: Bias was evaluated as the mean reconstruction

error over pixels located within the hatched white area 1 in

Fig. 6 since this area is not affected by edge artifacts. The

error for any given pixel was defined as the absolute difference

between the reconstructed value and the true attenuation value

of the hatched area, which is 50 HU.

4) Noise metrics: The image noise was analyzed over a

region of interest (ROI) that corresponds to the hatched area 1

in Fig. 6. The noise magnitude, σ, was evaluated from pixel

variance computations. Using our 10 noise realizations, we

first subtract the bias image from the noisy image. Then, the

pixel variance was estimated for each pixel location in the

ROI. Afterwards, the results were averaged over all pixels in

the ROI. The square root of this mean was defined as σ.

C. Results

Figure 7 shows the reconstructed images for the short scan

case with an angular interval of d = 0, 5, 30 and for the full

scan case without and with noise. The bias metric and the

mean standard deviation as a function of the mean MTF value

is shown in Fig. 8 and in Fig. 9.

Taking data redandancy into account helps to reduce image

artifacts in reconstructed short scan images. However, this has

some strong side effects (Tab. II). On the one hand, the bias in

the image can be reduced by some HU so that less iterations

are required to obtain good looking images but on the other

hand, the noise level is negatively influenced by that.

iteration number
scan to reach the mean absolute error mean std value
modus MTF value 0.70 [HU] σ

full 240 1.07 50.63
short, d = 0 265 6.21 52.95
short, d = 5 385 3.37 61.18
short, d = 30 360 1.98 60.89

TABLE II

V. CONCLUSIONS

We have shown in this work that utilizing the iteration

number is rarely an effective means to regularize the re-

construction in x-ray CT imaging. As we have seen, both

statistical weights and redundancies in the data set can easily

introduce significant errors that differ from resolution errors

and only dissapear after a large number of iterations. Whereas

the resolution reached after say 250 iterations may be deemed

satisfactory, the user will generally observe that the image

Fig. 7. Iterative reconstruction obtained from 250 iterations of the Landweber
algorithm: (first row, left) in short scan geometry with d = 0, (first row, right)
with d = 5, (second row, left) with d = 30, (second row, right) in full scan
geometry. Grayscale: [1, 1.1].

Fig. 8. Bias as a function of the
mean MTF value obtained by vary-
ing the number of iterations by steps
of 5 beginning with 50 iterations.
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quality is not. Hence, it is needed to iterate far beyond the

desired resolution to first remove bias, and then post-smooth

the result to attain the desired resolution. Under such circum-

stances, the penalized maximum-likelihood solution might be

perceived as a more attractive reconstruction procedure. An

alternative approach might be to initialize the reconstruction

process with a filtered-backprojection procedure. However, in

this case, it is important to understand what component of this

first image remains when the reconstruction is completed.
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Investigation of Template Structure for a
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Abstract—Task-based metrics of image quality provide valu-
able insight into the utility of images in CT. However the
computation of these metrics can be intensive and rife with
complications which arise from the properties of the recon-
struction operation. Here, we investigate the computation of
regularized forms of the 3D Hotelling template and the impact
of regularization on SNR of the model observer as well as on
computational efficiency. Results are presented for detection of
an ellipsoidal signal with size on the order of a detector element,
meant to mimic microcalcifications in cone-beam breast CT. We
hypothesize that, through Tikhonov regularization in the solution
of the 3D Hotelling template, structurally simple templates can be
constructed whose performance mimics that of human observers,
while simultaneously easing the computational burden inherent
in solving for 3D Hotelling observer performance.

I. INTRODUCTION

The plethora of image quality metrics which exists can

lead to a difficult choice when seeking metrics to aid in

imaging system design, including the image reconstruction

algorithm. Task-based evaluation arguably provides the most

meaningful metrics [1], [2], but application of these metrics

to tomographic imaging comes with certain difficulties and

necessary considerations not encountered in other forms of

medical imaging [3]. For instance, the noise in a reconstructed

image can have a high degree of correlation and is often

sensitive to small implementation or design differences in

the reconstruction algorithm. Therefore, in order to make

full use of task-based metrics, a detailed investigation of the

impact of the reconstruction algorithm on the formulation of

these metrics is warranted. Researchers such as those in [4]

have performed some investigations of channelized Hotelling

observers (CHOs), but in the current work, we shall focus

on computing ideal observer performance, rather than attempt

to estimate human observer performance. This provides a

clear upper bound on the performance of any human or

mathematical observer.

In this work, we investigate the case of circular cone-beam

CT reconstruction when the reconstruction operation can be

represented as a linear discrete-to-discrete (matrix) operator.

We compute the 3D Hotelling observer SNR (SNRHot) for a

signal detection task. Further, we discuss the non-uniqueness

of the Hotelling template in this case and demonstrate the use

of Tikhonov regularization in solving for a unique template

which approximates the behavior of the 3D Hotelling template

while obtaining a structure which more closely resembles the

signal of interest. We hypothesize that templates which most

closely resemble the reconstructed signal could be predictive

of human observer performance.

II. BACKGROUND

A. Linear Reconstruction Algorithm

The particular image reconstruction algorithm used in this

study is the back-projection filtration (BPF) image reconstruc-

tion algorithm developed by our group [5]. In this algorithm,

the imaging volume is decomposed into individual chords

of the scanning trajectory, along which the reconstruction

takes place. Although this algorithm is developed based on

a continuous-to-continuous model, in practice the reconstruc-

tion is performed using discretized versions of the various

continuous inversion operations that comprise the algorithm.

In general terms, we consider a linear image reconstruction

algorithm A that takes a discrete set of data g and produces

a discrete representation of an image in the form of voxel

coefficients y:

y = Ag (1)

where bold denotes quantities which are statistically variable.

As the BPF algorithm consists of many linear processing

steps, it is useful to consider A as the product of matrices

representing each processing step:

A =
∏
i

Ai. (2)

The BPF algorithm can be said to consist of eight distinct

processing steps as follows:

(1) Derivative filtration of the projection data

(2) Back-projection onto the chords comprising the image

volume

(3) Computation of boundary terms for back-projection

(4) Weighting of chord profiles

(5) Inverse Hilbert transform of chord profiles

(6) Evaluation and addition of constant offset to chord profiles

(7) Inverse weighting of chord profiles

(8) Interpolation onto 3D Cartesian grid.

In our case, the final step is trivial, as we consider reconstruc-

tion onto a set of chords defined on a Cartesian grid, but it is

included here for completeness.

It should be emphasized that A can be treated as a matrix.

Therefore, if one considers the data covariance matrix Kg

whose (i, j)th entry is defined by

(Kg)i,j = Cov
(
gi, gj

)
(3)
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this representation of the reconstruction algorithm can be used

to construct the image voxel covariance matrix Ky as

Ky = AKgA
T (4)

where the superscript T denotes the matrix transpose.

B. Binary Detection

The task we consider is a signal detection task. This task

is a binary decision in which an observer is asked to view an

image and to make a decision between two hypotheses: signal

absent or signal present. In order to represent these hypotheses

mathematically, consider a continuous object function f(�r)
defined for �r ∈ R

3. We then denote the continuous-to-discrete

forward projection operation as the action of the operator P ,

which maps the continuous object function f(�r) to the discrete

data vector g:

g = Pf + n (5)

where n is an additive measurement noise term in the projec-

tion data domain. We consider the different elements ni of the

vector g to be independent and drawn from identical Gaussian

distributions.

We shall label the signal-absent and signal-present hypothe-

ses as H0 and H1, respectively. Since we consider detection

in the reconstructed image domain, we must apply the re-

construction operator A to the data vectors representing each

hypothesis. The resulting hypotheses may then be expressed

mathematically as

H0 : y = A (Pfb + n)

H1 : y = A (P (fb + fs) + n)
(6)

where fb and fs represent the background object and signal

object, respectively. The task we consider is a signal-known-

exactly, background-known-exactly (SKE/BKE) task, meaning

that the observer has full knowledge of the reconstructed signal

and the image noise statistics.

C. 3D Hotelling Observer

The Hotelling observer (HO) is the optimal linear mathe-

matical model observer; i.e. the HO uses an optimal method

of linearly combining the elements of y to make a decision

between signal-absent and signal-present [1]. The Hotelling

SNR is the figure of merit used in this work, and its compu-

tation is performed as follows: First, one must solve for w,

the 3D Hotelling template, which is the image with which

the HO masks a reconstructed image y in order to make the

decision between signal-absent and signal-present. w is found

by solving the linear equation

Kyw = Δȳ, (7)

where Ky is the image covariance matrix and Δȳ is the mean

difference between the hypotheses H0 and H1 of Eqn. 6. Since

the only source of statistical variability in Eqn. 6 is the additive

noise term, the quantity Δȳ can simply be computed as

Δȳ = (AP (fb + fs) +An̄)− (APfb +An̄) = APfs, (8)

where n̄ is a vector whose elements represent the mean detec-

tor element noise. Note that the quantities fb and fs are not

statistically variable in this case, as the task chosen is a signal-

known-exactly / background-known-exactly (SKE/BKE) task.

Eqn. 8, therefore, contains no statistically variable quantities.
Although the form of Eqn. 7 is compact, obtaining a direct

solution for w is computationally nontrivial, since the matrix

Ky can be too large to be stored in computer memory and

is non-diagonal. In fact, the computational burden of solving

Eqn. 7 is the basis for much active research. Here, we restrict

ourselves to a small system so that direct matrix inversion

is still feasible and the matrix Ky can be stored directly in

computer memory, however in general iterative methods must

be applied to Eqn. 7 in order to obtain the 3D Hotelling

template.
Finally, after obtaining a solution to Eqn. 7, the HO SNR for

a signal-detection task is computed by applying the Hotelling

template w to the mean difference between the image vectors

for the hypotheses H0 and H1, Δȳ:

SNR2
Hot = wTΔȳ. (9)

where Δȳ is again given by Eqn. 8. The calculated HO

performance can then provide an absolute upper bound on

measured human observer performance.
One complication which arises in the case of applying

the metric given in Eqn. 9 to computed tomography is that

the matrix A defined by the reconstruction algorithm has a

non-trivial nullspace. In order to illustrate this nullspace, the

singular value decomposition of the reconstruction algorithm

used in this work was computed, and the singular value

spectrum is shown in Figure 1. Double precision floats were

used, so that any singular value on the order of 10−15 or less is

essentially equal to zero. The reconstruction parameters used

to construct A in this case are discussed in section III-A1.
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Fig. 1. The singular value spectrum of the reconstruction operator A
corresponding to the BPF algorithm. Note that of the roughly 4100 singular
values, approximately 1600 are zero, to within numerical precision.

One crucial consequence of the nullspace of A is that

the matrix Ky becomes singular. This implies that the 3D

Hotelling template w is no longer unique.
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In order to enable us to investigate the effects of template

structure on non-ideal model observer detectability, we have

investigated the application of Tikhonov regularization to the

solution of Eqn. 7. Through iterative methods, we have solved

the related minimization problem defined by

w = argmin
x

{
||Kyx−Δȳ||2 + λ2 ||x||2

}
(10)

for various values of the damping parameter λ. The problem

defined in (10) is guaranteed to have a single, unique solution.

In addition to the appeal of a unique solution to (10), there is a

further motivation for using regularization, namely metric util-

ity. We hypothesize that humans cannot perform the complex

prewhitening of K−1
y , which has long range voxel correlations,

reflected in the complex structure of the weakly regularized

template in Fig 3. Therefore, templates with more compact

structure resembling the signal of interest could lead to more

informative metrics relevant to human observer performance.

III. METHOD

A. Generation of Images

1) The Reconstructed Signal: The signal of interest was

chosen to be an ellipsoid with axes of lengths 4 detector

bin widths and 2 detector bin widths, and its location was

fixed to the center of the field of view for reconstruction.

We investigate a small high-contrast signal, which can be

seen as a model of micro-calcification detection in breast

CT. The signal was defined in the continuous object domain

and discretized by a continuous-to-discrete forward projection

operator, previously denoted as P .

The reconstruction algorithm used was the BPF algorithm

discussed in section II-A. Projection data were acquired over

an angular range of 1.128π, corresponding to 180 degrees

of trajectory around each chord used for reconstruction. 32

evenly spaced views were used with a 16×8 array of detector

elements. The reconstruction was performed onto 128 chords

with 32 points along each chord. The chords were arranged

in three rows of 32 chords each, so that the reconstructed

image volume was rectangular with 32 × 32 × 4 voxels. The

ratio of the source-to-detector distance to the source’s radius

of rotation was 8 : 5. The reconstructed difference between

signal hypotheses Δȳ is shown in Fig. 2. Visible artifacts in

the reconstructed signal are a result of the discretization in the

sinogram and image domains and the small size of the signal.

In this study, we chose to use very coarse discretization so that

the matrix Ky would have dimensionality low enough that it

could be stored directly in computer memory and a direct

matrix inverse could be obtained. However, it should be noted

that this small system can be relevant to real CT applications,

since this level of discretization is what might be seen in an

actual microcalcification ROI.

2) Noise Model: After computing the discrete projection

data g = Pf , zero-mean, independent, identically distributed

Gaussian noise was added to the projection data. The standard

deviation of the additive noise was uniform across the detector

elements and equal to roughly ten times the maximum value

Fig. 2. The reconstructed noiseless signal Δȳ, i.e., the mean difference
between image hypotheses. The display window used is [-2,15].

of the signal in the projection data domain. This implies that

the data covariance vector Kg is diagonal such that

(Kg)i,j =

{
α : i = j

0 : i �= j
(11)

where α is a constant. We then have that the reconstructed

image covariance matrix will be given by

Ky = AKgA
T = αAAT (12)

where A is the reconstruction matrix described in Section II-A,

and Ky is again the reconstructed image covariance matrix.

Inspecting this expression for the image covariance matrix,

it becomes obvious why the inversion of this matrix can be

nontrivial. Ky has dimensionality M × M , where M is the

number of voxels in the reconstructed image. Further, various

components of the matrix A such as the matrix representing

the weighted back-projection step in the FBP algorithm make

Ky non-diagonal.

B. Model Observer Computation

HO SNR was computed as in Eqn. 9, where the image

covariance matrix Ky is given by Eqn. 12. The Hotelling SNR

was computed by obtaining the singular value decomposition

of Ky and constructing the Moore-Penrose pseudo-inverse to

solve Eqn. 7. Solutions to the minimization problem (10)

were obtained using the LSQR algorithm [6]. The damping

parameter in (10) was varied from 10−3 to 102 with power of

10 increments. The resulting SNR of each regularized template

was then compared to SNRHot via an efficiency metric defined

by

ε =
SNR2

SNR2
Hot

(13)

Further, the number of iterations of the LSQR algorithm was

stored in order to quantify the computational gains arising

from obtaining a regularized solution.
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IV. RESULTS

Figure 3 shows the results of solving the optimization

program (10) with varying degrees of regularization, as de-

scribed above. Note that with increasing values of the damping

parameter λ, the template recovers the structure of the signal,

shown in Fig. 2. In fact, the template obtained with λ = 100
is practically indistinguishable from the signal.

Fig. 3. Templates obtained through varying degrees of regularization of the
solution to the Hotelling template equation, Eqn. 7. Note that the most heavily
regularized template is practically indistinguishable from the mean signal Δȳ
shown in Fig 2.

Table I presents the results of obtaining each of the six

regularized templates shown in Fig. 3. Note that increasing

the amount of regularization in the solution of the template

greatly decreases the number of iterations needed to solve the

optimization program (10).

TABLE I
PROPERTIES OF REGULARIZED TEMPLATES

λ ε # of iterations

0.001 0.99999 8192

0.01 0.99994 8192

0.1 0.99694 1579

1 0.95423 197

10 0.61955 25

100 0.47123 5

V. CONCLUSION

We computed SNR values for 6 templates that were com-

puted as regularized versions of the 3D Hotelling template

and compared these values to the Hotelling SNR. Further, we

inspected the structures of the templates themselves (as the

construction of the minimization program from which they are

derived ensures their uniqueness), and noted the computational

burden of calculating each template.

The point of regularization at which the templates begin

to resemble the signal can be seen as the point at which

the corresponding observer trivializes the prewhitening task

in detecting the signal of interest. Given the intuitive view

that humans are likely to perform detection tasks by a simple

template matching paradigm, with a template that structurally

resembles the signal, we hypothesize that it is approximately

at this level of regularization that the model observer’s perfor-

mance becomes predictive of human observer performance. In

this case, this would correspond to an efficiency of ε ≈ 0.5.

If this hypothesis proves correct, there could be valuable

implications regarding computational efficiency of these model

observer metrics. Namely, it could be possible to obtain a

metric which is predictive of human performance with a

computational effort that is orders of magnitude lower than

full computation of 3D Hotelling observer performance. In

this case, a reduction of FLOPs by two orders of magnitude

was observed, as seen in the third column of Table I. Future

work could be performed to compare human observer perfor-

mance through 2AFC trials to these model observer results in

order to investigate a possible correlation between template

regularization and a point at which these templates become

predictive of human performance.
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Abstract—A variety of helical reconstruction approaches are
investigated and evaluated for cone-beam helical scans including:
the Feldkamp algorithm (FDK) without view weighting, a view
weighted FDK algorithm, a theoretically exact Katsevich algo-
rithm and an iterative reconstruction method. These approaches
address the root causes of the cone-beam artifacts in helical
reconstruction from different perspectives. Simulated wide cone-
beam helical data is used to assess the relative merits of the
different algorithms in terms of cone-beam artifacts, noise, and
motion sensitivity.

I. INTRODUCTION

As the detector size continues to increase in computed

tomography (CT) helical scans, it becomes more difficult

to reconstruct an image volume which is not corrupted by

cone-beam artifacts. The cone-beam artifacts in helical scans

are primarily due to truncation and mis-handled frequencies

in weighting of redundant data. The truncation artifacts are

caused by interrupted illumination where some of the voxels

in the volume project off the detector for some views. The

second problem which occurs is due to incorrect weighting

of redundant measurements in Radon space (which can also

be viewed as the local Fourier space of the image object).

These errors due to incorrect frequency weighting typically

manifest themselves as artifacts which have low in-plane

spatial frequencies. For a more detailed description of these

issues, please refer to another paper in this meeting [1].

Traditionally, the FDK-type algorithms [2] have been widely

used by many of the major CT manufacturers because of their

simplicity and the desirable and predictable image charac-

teristics they produce. Within the general FDK framework,

sophisticated view weighting methods are generally adopted to

suppress the cone beam artifacts, while maintaining the desired

noise statistics [3], [4]. Theoretically exact algorithms have

been proposed for helical reconstruction by A. Katsevich and

others [5]. By definition, these theoretically exact algorithms

generate reconstruction image volumes with little or no cone-

beam artifacts. However, they also lead to different noise

characteristics compared to the FDK-type algorithms. More

recently, iterative reconstruction (IR) algorithms have been

proposed for CT reconstruction and showed great promise in

reducing both noise and cone-beam artifacts [6], [7]. However,

IR algorithms are generally associated with a significant com-

putational penalty and therefore the reconstruction is slower

than other methods. In this work, different approaches are in-

vestigated and evaluated for cone-beam helical reconstruction.

II. METHODS

A. Notation

In a helical scan, the source trajectory can be expressed as

s(β) = (R sinβ,R cosβ,
H

2π
β), β ∈ [βs, βe] , (1)

where R is the radius of the helical source trajectory, βs and βe

correspond to the starting and ending view angles of the helical

source trajectory, respectively, and H is the distance traveled

by the source point per rotation along z-axis. The normalized

helical pitch, denoted as h, is defined as the ratio of H over

detector size at ISO. The cone-beam transform of a 3D object

f (equivalently f(x, y, z) or f(x) with x = (x, y, z)) can be

written as

p(s, θ) := D(f) =

∫ +∞

0

f(s(β) + tθ)dt , θ ∈ S , (2)

where S is the set of all possible unit vectors in space. Note

that the cone-beam projection is a function of both θ and s
parameterized by the angular position of the source point β.

The objective of reconstruction is to obtain an estimate of the

object f based on the measured projection data p.

It is common for reconstruction algorithms to implement the

reconstruction in the so-called cone-parallel geometry that can

be obtained through row-wise fan-to-parallel rebinning in the

native cone-beam geometry [3]. In the rebinned cone-parallel

geometry, any projection data p can be determined by the

cone angle α, view angle β and orthogonal distance t from

the ISO-ray. Therefore, we can re-parameterize the projection

data p(s, θ) as pr(α, β, t) in the cone-parallel geometry. Note

that after row-wise cone-parallel rebinning, the curvature of

the resultant virtual detector is inverted and the 1D ramp

filtering is applied along the tangential direction of the helical

source trajectory, which significantly improves reconstruction

accuracy.

Next, we discuss various reconstruction algorithms that can

be used for cone-beam helical scans.

B. FDK Algorithm Without View Weighting

In the cone-parallel geometry, one FDK-type algorithm to

reconstruct an object f(x) from data acquired with a helical

scan without any view weighting can be written as
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f̂(x) =
π

βmax − βmin

∫ βmax

βmin

p̃r(α, β, t) cosαdβ , (3)

p̃r(α, β, t) = pr(α, β, t)
⊗

g(t) , (4)

where g(t) denotes the 1D ramp filter kernel and
⊗

denotes

the 1D convolution operator. The interval [βmin, βmax] defines

the view range over which the projection data are used to

reconstruct the image intersecting the helical trajectory at view

angle β = (βmin + βmax)/2. The view range is generally a

multiple of π. The factor π/(βmax − βmin) normalizes the

reconstruction when different view ranges are used. This cone-

beam FDK-type algorithm is mathematically approximate in

nature as it does not address either truncation or mis-handled

frequencies. The FDK algorithm without view weighting can

lead to significant cone beam artifacts and therefore is not

commonly used for helical reconstruction in practice.

C. View Weighted FDK Algorithm

View weighting has been extensively employed as an im-

provement to the FDK algorithm [3], [4]. Here, we introduce

a view weighting scheme that is an extension of the 3D view

weighting approach proposed in [3] that has been demonstrat-

ed to work well when the detector size is less than or equal

to 40mm at ISO center. Mathematically, it can be written as

f̂(x) =

∫ βmax

βmin

w(α, β, t, r)p̃r(α, β, t) cosαdβ , (5)

where

w(α, β, t, r)

=
w2d(β, t) tan

k(h,r)(αc)

w2d(β, t) tan
k(h,r)(αc) + w2d(βc, tc) tan

k(h,r)(α)
,

(6)

where r :=
√
x2 + y2 and the subscript c represents the

corresponding parameters of the conjugate ray. Here w2d can

be any 2D view weighting function that is used traditionally

in 2D reconstruction or in the case of a small cone angle. This

2D view weighting must meet the constraint

w2d(β, t) + w2d(βc, tc) = 1.0 . (7)

The simplest case is a full scan where one may use w2d(β, t) =
0.5. Note that the FDK algorithm without view weighting can

also be viewed as constant view weighted FDK algorithm, i.e.

w(α, β, t, r) = π/(βmax − βmin).
In addition to its dependence on α, β and t as in its original

form in [3], the new view weighting is also a function of

the distance between the voxel to be reconstructed and the

ISO, r. The additional dependence on r allows the view

weighting function to apply different weighting strength on

different voxels depending on their location. This is to take

into account of the fact that the amount of measured projection

data varies with respect to the location of a voxel. The view

weighting function can be extended to various pitches through

the dependence of k on the pitch h. Note that the specific value

of k(h, r) needs to be experimentally tuned in order to achieve

optimal image quality (IQ) for different pitches.

By introducing the view weighting, the reconstruction can

suppress most of the truncation artifacts by reducing the

weights on the projection data that is not physically measured

by the detector while using all the measured data to maintain

a low noise level. However, the mis-handled frequency that

is intrinsic to the cone-beam is not be well addressed by the

view weighting.

D. Katsevich Algorithm

The Katsevich algorithm was proposed by A. Katseivch [5]

and is theoretically exact for helical scans if the detector is

large enough to capture a region slightly larger than the Tam-

Danielsson window [8]It was developed based on the concept

of π-line that connects the voxel to be reconstructed and two

source points on the helical scan trajectory. Mathematically,

the reconstruction in native cone-beam geometry can be writ-

ten as follows

f̂(x) =

− 1

2π2

∫
Iπ(x)

1

|x− s(β)|

∫ 2π

0

∂

∂q
p(s(q),Θ(β, x, γ))|q=β

dγ

sin γ
dβ ,

(8)

where Iπ(x) defines the π-line passing through

x, Θ(β, x, γ) := cos γθ(β, x) + sin γe(β, x) and

e(β, x) := θ(β, x) × u(β, x). For details, please see

[5]. Note that the Katsevich algorithm is realized in a

traditional filtered back projection framework and employs

a shift-invariant filter, which makes the algorithm practical.

The difference from traditional FDK algorithms is that the

filtering is generally done along tilted lines instead of the

detector row direction. In this way the measured frequencies

for a given voxel can be handled correctly and therefore

the reconstruction is exact if the projection data is not

contaminated by noise. Our implementation of the Katsevich

algorithm is based on native cone-beam geometry.

Although the Katsevich algorithm is mathematically accu-

rate and elegant, it has thus far not been adopted by the vendors

of diagnostic CT scanners. One major reason is that while

the algorithm is exact, it is not optimal from the perspective

of dose utilization due to its difficulty in handling redundant

data. Another reason is the discontinuous nature of the view

weighting in the Katsevich algorithm. These generally lead to

non-uniform noise texture and motion artifacts as we will see

in next section.

E. Iterative Reconstruction

Iterative reconstruction has been intensively studied as an

alternative to analytical reconstruction algorithms in CT re-

cently. There are two categories of iterative methods in CT

reconstruction: one is statistical iterative reconstruction that

generally performs a global minimization or maximization of

a certain probability measure, such as maximum likelihood

or maximum a posteriori probability [6]; another is more
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straightforward effort of matching the measured data, which

can be based on an algebraic solution [9] or iterations of FDK-

type reconstruction [7]. Here we use the second class as an

example that can be expressed as

f0 ← D−1(p)

For k = 1, 2 . . .K

fk ← fk−1 + λ1D−1(p−D(fk−1)) + λ2R(fk−1)

(9)

Here the inverse operator D−1(p) represents the reconstruction

from the projection data p which, for example, can be an FDK

algorithm; the forward re-projection operator D(fk) simulates

the line integral process of the helical scan based on the current

reconstruction fk, which can either be in native cone-beam

geometry or rebinned cone-parallel geometry; and R(fk) is a

regularization term that is used to impose a priori knowledge,

e.g. smoothness, on the reconstructed image. The iterative

reconstruction handles the cone-beam artifacts (both trunca-

tion and mis-handled frequency) implicitly through enforcing

fidelity with the measured data.

In this study, the view weighted FDK algorithm in cone-

parallel geometry in Section II.C is used for the inverse oper-

ator and the distance driven re-projection in native cone-beam

geometry is used for the forward operator [10]. Therefore, a

rebinning operator is required after the re-projection although

it is not explicilty shown in (9). No regularization term is

used here. The iterative reconstruction is run for K = 1
iteration as most of the low frequency cone-beam artifacts are

already effectively mitigated for the test cases considered here.

Therefore, it is simply one more iteration of the view weighted

FDK algorithm. With more iterations and more sophisticated

design of the system and regularization models, it is possible

to achieve higher resolution and lower noise variance; but this

is not within the scope of this work.

III. EVALUATION

In this section the reconstruction algorithms discussed above

are evaluated using simulated cone-beam helical data from

different IQ perspectives: cone-beam artifact, noise and motion

sensitivity. The simulations were performed using the CatSim

software. A cylindrical detector was simulated with a cone

angle of 7.32 degree and a fan angle of 47.6 degree. The helical

data are simulated with the following scan protocol: 70keV,

1.0 sec/rotation and a normalized pitch of 0.99. The helical

body phantom (HBP) that was specially designed to challenge

helical reconstruction algorithms and a more clinically relevant

nCAT phantom are used in the simulations. Images were

reconstructed using a 2π view range of data with a field of

view of 500mm on an image grid of 512 × 512 and a slice

spacing of 0.625mm.

A. Cone Beam Artifacts and Noise

To evaluate the cone-beam artifacts and the noise texture, a

helical scan of the HBP phantom was simulated with a beam

current of 300 mA. Reconstruction results of the different

algorithms are shown in Fig. 1. It can be seen that the

FDK reconstruction without view weighting is dominated by

cone-beam artifacts (mostly truncation artifacts). The view

weighted FDK reconstruction effectively mitigates most of the

truncation artifacts. There is still some frequency mis-handling

in the image which can be seen as dark shading near the

air hole. The Katsevich reconstruction does not contain any

low frequency cone-beam artifacts as expected. Compared to

the view weighted FDK, the extra iteration enables the IR

reconstruction to remove the residual cone-beam artifacts and

improve the resolution which results in some aliasing due to

the large pixel size used in this case.

Ignoring the cone-beam artifacts, the FDK without view

weighting, view weighted FDK, and IR reconstructions show

typical FBP noise texture while the Katsevich reconstruction

shows high and non-uniform noise. The standard deviation

measured in the rectangle ROI show are 29.7, 33.8, 73.9 and

37.3 HU in Fig. 1(a)-(d), respectively.

B. Motion Sensitivity

Motion exists in clinical helical scans that can be caused by

undesired patient respiratory and cardiac motion. Therefore,

it is important for reconstruction algorithms to be robust to

motion of at least a certain level. To evaluate this, a helical

scan of a dynamic HBP phantom was simulated with a beam

current of 300 mA, where the HBP was moving from left to

right with a speed of 1 mm/sec. Reconstruction results of the

different algorithms are shown in Fig. 2. From the results it

can be seen that the FDK-type algorithms are more robust

to this level of motion while motion artifacts in the form of

streaks and object shifts are clearly visible in the Katsevich

and IR reconstructions, respectively.

C. Overall Image Quality

To evaluate overall IQ in a more clinically relevant setting,

a helical scan of the nCAT phantom was simulated with a

beam current of 500 mA. The axial images and the reformatted

images of different reconstructions are shown in Fig. 3. In

general the results agree well with what was observed in the

HBP simulations, i.e., the FDK reconstruction without view

weighting has overwhelming cone-beam artifacts mostly due

to truncation; the view weighted FDK reconstruction contains

slight cone-beam artifacts due to mis-handled frequency (more

visible in the reformatted image); the Katsevich reconstruction

has high and non-uniform noise but with little cone-beam

artifacts; and the IR reconstruction reduces the residual cone-

beam artifacts while having higher resolution and noise as

compared to the view weighted FDK reconstruction.

IV. CONCLUSION

A comprehensive investigation and evaluation of reconstruc-

tion approaches for wide cone-beam helical scans has been

provided. While the cone angle of the beam is too large to

be ignored, the cone-beam artifacts can be effectively mitigat-

ed through view weighting, exact reconstruction or iterative

reconstruction. However, different algorithms demonstrated

different image properties. An appropriate reconstruction ap-

proach should be chosen in practice depending on what is
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Fig. 1. Cone-beam artifacts and noise comparison of different reconstruction algorithms for simulated HBP cone-beam helical scan: (a) FDK without view
weighting; (b) View weighted FDK; (c) Katsevich algorithm; (d) IR. The arrows in (a) and (b) point to cone-beam artifacts. The arrows in (c) point to
non-uniform noise. The standard deviations in the rectangle ROIs are 29.7, 33.8, 73.9 and 37.3 in (a), (b), (c) and (d), respectively. (W/L = 200/0)

Fig. 2. Motion sensitivity comparison of different reconstruction algorithms for simulated dynamic HBP cone-beam helical scan: (a) FDK without view
weighting; (b) View weighted FDK; (c) Katsevich algorithm; (d) IR. The arrows point to motion artifacts. (W/L = 200/0)

Fig. 3. Overall image quality comparison of different reconstruction algorithms for simulated nCAT cone-beam helical scan: (a)(e) FDK without view
weighting; (b)(f) View weighted FDK; (c)(g) Katsevich algorithm; (d)(h) IR. The arrow points to cone-beam artifacts caused by mis-handled frequency. (W/L
= 200/0)

the most relevant factor as well as other practical constraints

(e.g. temporal resolution) for a given application.
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Penalized weighted least-squares image reconstruction for 

low-dose CT using adaptive MRF coefficients predicted 

from normal-dose scan 
Hao Zhang, Hao Han, Yan Liu, Hongbing Lu, Jianhua Ma, Jing Wang, and Zhengrong Liang 

 

Abstract–Low-dose computed tomography (LDCT) is 

desirable due to the growing concerns about excessive radiation 

exposure in clinic.  One common strategy to achieve low-dose is 

to lower the mAs setting in currently available CT scanners, but 

the image reconstructed by conventional filtered backprojection 

(FBP) is severely degraded due to excessive quantum noise.  

Statistical reconstruction (SR) algorithms have shown the 

potential to significantly improve the reconstructed image quality 

from the noisy projection.  In this work, we present a penalized 

weighted least-squares (PWLS) iterative reconstruction scheme 

to improve low-mAs CT reconstruction by incorporating a 

quadratic-form Gaussian Markov random field (MRF) 

regularization with coefficients adaptively predicted from the 

corresponding normal-dose scan.  More specifically, given the 

FBP reconstruction result of the normal-dose scan, we compute 

its object scale map (which describes the uniformity of local 

structures) and exploit the map to determine the MRF window 

size in a pixel-by-pixel fashion.  The rationale behind this is that 

the more uniform the local structure is, the smaller region the 

frequency spectrum will spread, so a smaller MRF window 

should be adopted, and vice versa.  For each pixel, we adopt a 

reasonable larger sample window to predict the MRF coefficients 

via least-squares regression.  The MRF coefficients, adaptively 

predicted from the normal-dose scan, are then used to help the 

following up low-dose scans reconstruction.  Experimental results 

with both physical phantom and patient data demonstrated that 

the presented regularization is superior to conventional 

quadratic-form Gaussian MRF regularization using a fixed 

window and equal coefficients for neighbors of equal distance.  

Further quantitative evaluations of the proposed method are still 

under progress. 

 

Index Terms – low-dose CT, penalized weighted least-squares, 

Markov random field, predicted coefficients, normal-dose scan 

I. INTRODUCTION 

ow-dose CT has attracted increasing attentions due to 

growing concerns about radiation exposure and the 

potential side effects in clinical practice.  One simple and cost-

effective way to reduce the radiation dose is to lower the X-
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ray tube mAs setting in currently available CT scanners when 

acquiring projection data.  However, the quality of 

reconstructed CT images by FBP from the low-mAs 

acquisition will be degraded dramatically due to the excessive 

noise. 

Many methods [1-11] have been proposed to improve the 

reconstruction of low-dose CT from noisy projections.  

Although the filter based algorithms [1-3] are computationally 

efficient and can suppress the noise to some extent, they often 

sacrifice structural details which could be critical in clinic, due 

to a lack of noise modeling.  Statistical reconstruction (SR) 

algorithms [4-11], which take into account of statistical noise 

properties with accurate modeling, are superior to FBP in 

suppressing quantum noise and artifacts.  SR algorithms 

reconstruct the CT images by maximizing or minimizing a 

cost function for an optimal solution in a statistical sense, 

where the cost function usually consists two terms.  The data-

fidelity term models the statistics of measured data, and the 

regularization term reflects a prior information.  One 

commonly used regularization term is the quadratic-form 

Gaussian Markov random field (MRF) [5][7], which uses 

equal coefficients for neighbors of equal distance without 

considering discontinuities in images, thus may lead to over 

smoothing of edges or fine structures.  Some non-quadratic 

penalties can preserve edges, but they often introduce piece-

wise constant blocky artifacts and the results are also sensitive 

to the hyper-parameter that controls the shape of the penalty 

function [12].  In addition, they make the cost function non-

quadratic and may complicate the computation. 

Recently, Wang et al. [13] explored the potential of larger 

neighborhoods in MRF to include higher frequencies for the 

prior model.  They utilized a large MRF window and 

estimated the MRF coefficients from a high-quality bone-

region sample image, and incorporated this single set of MRF 

coefficients into the iterative CT reconstruction framework.  

Their preliminary results demonstrated the inner bone 

emphasis similar to that of conventional FBP with commercial 

bone kernel.  Inspired by their work, we investigate to design 

a quadratic-form Gaussian MRF regularization term which 

exploits space-variant MRF window size and adaptive 

coefficients predicted from local sample window of a normal-

dose scan, to help the following up low-dose scans CT 

reconstruction.  In this way, both the MRF window size and 

corresponding coefficients are adaptive and could better 

reflect the prior information in space and frequency domain.  

Thus, it is expected that with the proposed regularization term 

predicted from a normal-dose CT scan, the following up low-

dose scans reconstruction could be substantially improved. 

L
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II. METHODS 

A. Statistical model 

    With the assumption of monochromatic x-ray generation, 

the acquired CT transmission data I can be described by: 
2

, ,Poisson ( ) Normal( , )i i e i e iI m     (1) 

where i is the mean number of x-ray photons collected by the 

detector bin i in repeated measurements, me,i and 2
e,i are the 

mean and variance of the electronic noise associated with the 

measurement Ii, respectively.  For practice applications, me,i is 

often calibrated to be zero.  Based on this noise model, a 

formula of relationship between the mean and variance of the 

log-transformed projection data was proposed in [14]: 
2

,

0

2

0

1.251
exp( ) 1 exp( )

i

e i
i iip ip p

I I
             (2) 

where pi is the log-transformed projection datum (which is 

also called the line integral) in detector bin i and ip  is the 

mean value of it in repeated measurements, 0

iI  is the mean 

number of incident photons along the projection path i. 

B. PWLS iterative image reconstruction 

    Based on the noise properties of CT projection data, the 

PWLS cost function in the image domain can be written as 

[7]: 
1( ) ( ) ( ) ( )Tp A p A R         (3) 

The first term in (3) is a weighted least-squares (WLS) 

measure, where p is the vector of the log-transformed 

projection data, μ is the vector of attenuation coefficients to be 

reconstructed, A is the system matrix with its element Aij the 

intersection length of projection ray i with pixel j,  is a 

diagonal matrix with its ith element the variance of line 

integral at the detector bin i estimated from (2).  The symbol T 

and -1 herein is transpose and inverse operator respectively. 

The second term in (3) is a roughness penalty or a 

regularization constraint, where the smoothing parameter  

controls the strength of regularization. 

C. Regularization terms 

    Under the Gaussian MRF model, a quadratic-form penalty 

is widely used for iterative image reconstruction: 
2( ) ( )

j

jm j m
j m N

R b                  (4) 

where index j runs over all the pixels in the image domain, Nj 

denotes the small fixed neighborhood (typically 8 neighbors in 

the 2D case while 26 in the 3D case) of the jth image pixel, 

and bjm are the directional weighting coefficients.  The 

coefficients were usually set 1 for first-order neighbors and 

1/ 2  for second-order neighbors.  The major drawback of 

this regularization is that it only considers distance 

information but fails to take the discontinuities in images into 

account, thus may lead to oversmoothing of edges or fine 

structures. 

Inspired by the work of Wang et al [13], we investigate to 

design a quadratic-form Gaussian MRF regularization term 

which exploits space-variant MRF window size and adaptive 

coefficients predicted from local sample window of a normal-

dose scan, to help the following up low-dose scans CT 

reconstruction. 

_ 2( ) ( )
j

ND predict
jm j m

j m N

R b              (5) 

however, Nj is no longer a fixed neighborhood, but varies 

based on the object scale.  Also, the coefficients are no longer 

constant but adaptively predicted from the normal-dose scan. 

1) Computation of object scale 

   The scale at every pixel j, K(j), is defined as the radius of 

the largest hyperball centered at the pixel j such that all 

pixels within the ball satisfied a predefined image intensity 

homogeneity criterion [15].  It is computed as follows: K(j) is 

initialized as one.  Then we iteratively increase the ball 

radius r by one and check the value of FOr(j) ("fraction of 

object").  When the first time this fraction falls below ts 
(usually set to be 85%), we consider that the ball contains an 

object region different from that to which j belongs and set 

the scale value of K(j) as  r – 1 [16]. 

 
Fig. 1: (a) One transverse slice reconstructed by FBP with hanning filter from 

the sinogram data acquired with 100mAs (b) corresponding object scale map. 

2) Determination of MRF/sample window size 

     For each pixel in the FBP reconstructed image from the 

normal-dose scan, we have an specific MRF window for it 

with the size determined by the object scale, which is a 

quantitative measure of local uniformity described above.  The 

rationale is that the more uniform(larger object scale) a local 

region is, the smaller area the frequency spectrum will spread, 

so a lower-order MRF penalizing only differences among 

immediately neighboring pixels is enough.  On the contrary, 

the more non-uniform a local region is, the larger area the 

frequency spectrum will spread, so a higher-order MRF 

should be adopted.  Then for each pixel's MRF coefficients, 

they were predicted adaptively from a local sample window. 

Statistically, to ensure the power of a least-squares linear 

regression with a certain number of predictors, the required 

sample size need to be determined.  For our situation, to 

achieve a prediction power of at least 90% at the medium 

effect size (Cohen’s f2 = 0.15) given a significance level of 

less than 5%, the sample window size can be calculated by 

using the G*Power software [17], and the results are 

summarized in the following table. 

Table1: MRF and sample window setting based on object scale 

Object 

scale 

MRF 

window 

size 

Num.of 

predicted 

coefficients 

Sample 

needed  

Sample 

window 

size  

>7 3×3 8 136 13×13 

6-7  5×5 24 206 15×15 

4-5 7×7 48 278 17×17 
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2-3 9×9 80 355 19×19 

0-1 11×11 120 435 21×21 

Then, for each pixel in the image, we have an adaptive 

MRF window size and corresponding sample window.  Figure 

2 shows us an example of that for a pixel in the image. Similar 

MRF/sample window choosing is performed for pixels in the 

image one by one. 

 
Fig. 2: Illustration of MRF and sample window choosing for one pixel. 

 

3) Prediction of MRF coefficients 
 

     After we have the MRF and sample window size for each 

pixel in the FBP reconstructed image of the normal-dose CT 

scan, we can predict the corresponding MRF coefficients for 

each pixel via least-squares regression, because every pixel 

could be predicted from a linear combination of its clique-

mates.  The clique-mates of current pixel here are the 

neighbors within the MRF window. According to [13], the set 

of coefficients for the clique-mates can be formulated as: 
1

2_ ( ) ( ( ) ) ( )argmin
k k k k

j j j j

ND predict ND T ND ND ND T ND ND
j k j N N N N k

k S k S k Sb

b b (6) 

where bj is the vector of MRF coefficients for the neighbors of 

pixel j within the MRF window, Sj is the  sample window of 

pixel j, Nk represents the set of neighbors for pixel k within 

the MRF window and 
kN

is the vector of corresponding 

attenuation value for them.  The symbol ND is short for 

normal-dose. 

D. Summary of presented PWLS reconstruction method 

     With the weighted least-squares (WLS) criterion and the 

new designed quadratic-form Gaussian MRF regularization 

presented above, our PWLS iterative reconstruction scheme 

for low-dose CT reconstruction can be summarized as 

follows: 
 

 
 

Fig. 3: Flow chart of proposed PWLS reconstruction method for low-dose CT. 

 

* 1 _ 2

0

( ) ( ) ( ) }arg min{
j

T ND predict
jm j m

j m N

p A p A b  (7) 

The cost function is of quadratic form and the iterative 

successive over-relaxation (SOR) algorithm could be used to 

calculate the solution.  Details about the implementation are 

described in the appendix of [10]. 
 

III. RESULTS 

A. Anthropomorphic head phantom study 

    An anthropomorphic head phantom was used to evaluate 

the performance of the presented algorithm.  The projection 

data were acquired by ExactArms of a Trilogy(tm) treatment 

system.  The tube current was set at 80mA(normal dose) and 

10mA (low dose) respectively, with X-ray pulse duration at 

each projection view 10 ms.  One slice of the reconstructed 

images are shown in Fig. 4.  The noise level (red square 

labeled 40×40 uniform region, std=7.5×10-4 mm-1) of the 

reconstructed images in (c) and (d) match that of the 80mA 

image shown in (a). 

    
                       (a)                                                    (b) 

    
                       (c)                                                     (d) 

Fig.4: Reconstructed transverse slice of the head phantom:(a) FBP 

reconstruction from 80mA sinogram. (b) FBP reconstruction from the 10mA 

sinogram. (c) PWLS-isotropic reconstruction from the 10mA sinogram.  (d) 

Proposed reconstruction from the 10mA sinogram. The display window is [0 

0.03] mm-1. 

B. Patient data study 

   The projection data of a lung patient was acquired using a 

Siemens SOMATOM Sensation16 CT scanner. The tube 

current was set to 200mA and rotation speed is 0.5 seconds 

per rotation, that was 100mAs.  We regarded this acquisition 

as the normal-dose scan, and instead of scanning the patient 

twice, we simulated the corresponding low-dose projection by 

adding noise to the normal-dose projection data based on 

equation (1) with I0=5e4 and 2
e,i =10.  Each rotation included 

1160 projection views evenly spanned on a circular orbit, and 

each view included 672 detector bins.  One slice of the 

reconstructed images are shown in Fig. 5.  The noise level 

(red square labeled 40×40 uniform region, std=1×10-3 mm-1) 

FBP reconstruction 

step: 

FBP reconstruction of 

normal- and low-dose 

CT scans. The former is 

used to estimate local 

MRF coefficients in step 

2, while the latter is used 

as initial of iterative 

PWLS reconstruction in 

step 3 

MRF coefficients 

estimation step: 

Exploit the FBP 

reconstruction result of 

normal-dose scan to 

estimate local MRF 

coefficients pixel by 

pixel with the multiple 

least-squares regression 

method.  

Iterative PWLS 

reconstruction step: 

Utilize above predicted 

adaptive MRF 

coefficients to formulize 

the penalty term of PWLS 

cost function, and then  

use the successive over-

relaxation  algorithm to 

calculate  the  solution. 

current pixel j 
corresponding MRF window(5×5) 

corresponding sample window(15×15) 
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of the reconstructed images in (c) and (d) match that of the 

normal-dose scan image shown in (a). 

        
                       (a)                                                    (b) 

        
                       (c)                                                     (d) 

Fig.5: Reconstructed transverse slice of the patient: (a) FBP reconstruction 

from the normal-dose sinogram. (b) FBP reconstruction from the simulated 

low-dose sinogram. (c) PWLS-isotropic reconstruction from the simulated 

low-dose sinogram.  (d) Proposed reconstruction from the simulated low-dose 

sinogram. The display window is [0 0.04] mm-1. 
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Fig. 6: Horizontal profiles located at the pixel position y=172 labeled in Fig 

5(a). The corresponding methods are illustrated in figure legend. 

IV. CONCLUSION AND DISCUSSION 

    In this work, we presented a penalized weighted least-

squares (PWLS) iterative reconstruction method for low-mAs 

CT reconstruction by incorporating a quadratic-form Gaussian 

MRF regularization with adaptive MRF window size and 

adaptive coefficients predicted from the adaptive local sample 

window in the FBP reconstructed image of the corresponding 

normal-dose scan.  Preliminary reconstruction results showed 

advantages over that with conventional quadratic-form 

Gaussian MRF penalty. However, in this proof-of-concept 

study, the image registration between the low-dose scan and 

corresponding normal-dose scan was not fully considered 

temporarily. This issue will be detailedly discussed in our 

future work. Also, further quantitative evaluations of the 

proposed method using more data are needed to demonstrate 

the advantages of proposed method. 
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Abstract—The dual-energy performance of two x-ray CT 
configurations was investigated: CT with fast kVp switching and 
with an energy-discriminating photon-counting detector. The 
pile-up effect in a photon-counting detector was simulated with a 
pulse pile-up model. Both the signal-to-noise ratio (SNR) of a
monochromatic image and the decomposition error were used as 
the evaluation criteria. A range of performance was considered 
for the photon-counting detector capability. The impact of the 
pile-up effect was dependent on the detector’s maximum periodic 
counting rate (N0). When N0 was 1 Mcps/mm2, the pile-up effect 
corrupted almost all simulation cases. For N0 equaling 10
Mcps/mm2, about half of the simulation cases were adversely 
affected. When N0>100 Mcps/mm2, the pile-up effect did not have 
significant impact on performance metrics except for small 
phantoms with high mA. Fast kVp switching methods perform 
favorably when compared to the current state of the art systems 
utilizing photon-counting detectors. For an ideal photon-counting 
CT system (without pile-up effect), the entitlement is about 5%-
15% higher than that of fast kVp switching in terms of SNR in 
monochromatic images. The count rate performance and clinical 
scan conditions are essential in evaluating the potential of a 
photon-counting system for routine clinical imaging. 

Index Terms—dual-energy, fast kVp switching, photon-
counting detector, pulse pile-up
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Practical Noise Correlation Modeling for Fluence Field 
Modulated Computed Tomography 

 

Steven Bartolac and David Jaffray 

 
Abstract ---- Fluence field modulated CT (FFMCT) proposes a 
novel approach for effective management of the tradeoff 
between radiation dose and image quality in CT by allowing the 
pattern of X-ray fluence incident on the patient to change as the 
source rotates about the detector. The specific modulation 
pattern can be optimized for the imaging task given some a 
priori information about the patient.  The purpose of this work 
is to empirically model the noise response of the detector to 
allow for more accurate noise prediction when optimizing 
modulation patterns for prescribed image quality criteria.  
Local measurements of variance in an FFMCT reconstruction 
(generated using modulated projections synthesized from 
experimentally acquired projection sets) were compared to the 
predicted outcome and found to agree within 3%.  This work 
highlights the importance of detector specific noise modeling for 
accurate noise prediction and image reconstruction in FFMCT.  
Significant dose reductions observed also support the advent of 
FFMCT in practice.   

I.  INTRODUCTION  
 
A recent increase in concern over radiation due to CT 
procedures has largely emerged due to several publications 
over the last decade that have indicated both that the number 
of CT scans is rising substantially each year (on the order of 
10% per annum[1]), and that the radiation dose to patients 
may have non-negligible lifetime attributable risk (LAR) of 
cancer[2, 3], especially when patients receive multiple CT 
scans.  Appropriate selection of imaging parameters in CT 
inherently involves carefully balancing the tradeoff between 
the desired image quality (e.g. image noise) and the radiation 
delivered to the patient.   
 
Limited modulation of the incident X-ray beam is already 
implemented in current CT units for decreasing dose to the 
patient while maintaining or bettering image quality 
compared to unmodulated approaches. The onset of 
automatic exposure control [4]  combined with bow-tie filters 
[5-7],  have made great strides towards more efficient 
management of the X-ray fluence.  However, the ideal 
allocation of X-ray fluence would take into account both 
patient-specific anatomy as well as the imaging task, which 
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of Toronto, 610 University Ave., Toronto, Ontario M5G 2M9 CANADA.  
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suggests a filter that can be changed dynamically with respect 
to the X-ray tube source.  Previous work [8, 9]  has shown 
that optimizing the incident X-ray fluence, allowing its 
pattern to change spatially across the X-ray beam, and 
independently for each projection, may improve or maintain 
image quality where it is required, and allow for poorer 
image quality elsewhere in order to significantly decrease 
radiation dose to the patient.  
 
An illustration of the proposed technique is shown in Figure 
1.  The methodology shares parallels with fluence planning 
and delivery used in intensity modulated radiation therapy 
(IMRT), and so was previously referred to as intensity 
modulated CT (IMCT). However, to avoid confusion with 
other tube current modulation techniques and to emphasize 
that changes can occur over the entire incident fluence field, 
the approach is now referred to as fluence field modulated CT 
(FFMCT). 
 
In previous simulation studies, a parallel ray model and 
simplistic noise model were used to study the benefits of 
FFMCT to first order.  The purpose of this work is to 
empirically model detector noise correlations for prediction 
of the noise in the reconstructed images, using real 
experimental data.   This work is an extension of and builds 
in part on work presented at the Second CT Meeting [10].    
 

  
 

FIGURE 1 : Schematic of FFMCT illustrating that the incident pattern of 
fluence can change both across the field of view and between projections.    
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II.  METHODS 

The proposed method for FFMCT requires first specifying 
target image quality objectives and/or dose constraints for the 
patient.  The incident fluence pattern is then optimized as a 
function of angle and detector position using the preferred 
optimization algorithm.  Implicit to this method is that some 
a priori information of the object is available; this 
information could be provided from a previous scan or could 
be inferred from a patient population model. Details 
regarding the methodology used for generating modulation 
profiles to meet prescribed image quality characteristics are 
found elsewhere [10, 11].   

The present experiments were performed using an 
experimental cone-beam CT unit, consisting of an amorphous 
silicon flat panel detector (Paxscan 4030A, Varian, Palo Alto) 
with 194 μm pixel pitch, and a 600 kHU x-ray tube (Rad-94, 
Varian, Palo Alto).  In this arrangement, the X-ray tube and 
detector are fixed in position, with the phantom mounted on a 
precision rotation stage, as shown in Figure 2.   

The phantom imaged was a small cylindrical water phantom 
containing high contrast polytetrafluoroethylene rods and low 
contrast acrylic spheres of varying sizes (Figure 2).  In order 
to generate a projection with a modulated fluence pattern, 
multiple scans of the object were taken of the phantom at 
different mAs settings (from 0.4 – 4 mAs per projection).  A 
set of synthesized modulated projections were then created 
from the available projection sets, according to the 
modulation profile prescribed by the optimization method. 
The input model of the object was taken from a 
reconstruction of the object using a 1.25 mAs/projection 
setting.   

    The electronic noise in the detector is assumed to be 
fluence independent (i.e. the magnitude of electronic noise is 
the same irrespective of the mean photon counts at the 
detector).  Electronic noise is measured by acquiring 100 
dark field images (i.e. images with zero incident fluence) and 
measuring the variance in the pixels after subtracting the 
mean.   

The variance in flat panel detectors is inherently less than 
what would be predicted purely from Poisson statistics.  
Siewerdsen et al.[12] describe in detail the various stages of 
detector readout and the associated gain and blurring that 
cause this effect.  Though accurate modeling of the different 
factors involved is quite complex, a simplified empirical 
model describing the variance in a detector reading, based on 
the results of Siewerdsen et al.[12], was used instead: 

var( ) 2N aN d 2aN d     (1.1) 

where the factor a  is an empirically determined parameter 
meant to account for the reduced variance of the pixels due to 
blurring effects in the detector, and d is the measured standard 
deviation of the noise in the dark fields (i.e. “electronic 
noise”).   
 
A variance map based on the approach by Zhu et al. [13] was 
used in order to predict the noise distribution within the 
reconstructed image.  This approach was derived for the fan-
beam case with a flat panel detector, which corresponds with 
the present experiment.  Further, it explicitly includes the 
transfer function for the noise which describes the nature of 
the noise correlation between pixels.  From Zhu et al.’s 
algorithm, the variance in the image reconstruction data is 
approximated by  
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where B represents the filtered backprojection operator, l and 
w are weighting terms applied in fan-beam filtered 
backprojection, Δu is the pixel width at the detector, is 
the angular increment between projections, v  is the variance 
in the projection data, and g is the transfer function 
governing the noise correlations between detector pixels.  
Dependencies on angular and detector position have been 
dropped to simplify the equation.  Eq. (1.2) was derived 
assuming a white noise field, with variance v , that is 
subsequently convolved with the transfer function g.  
Therefore, v  for the Poisson component would not be 
described by aN as defined in Eq. (1.1), since this value 
would represent the variance after convolution with g.  Eq. 
(1.1) is therefore not convenient since we cannot directly 
measure v .  However, once the function g is determined, the 
relationship between the variance of a hypothetical white 
noise field, and the variance of the same field after 
convolution with g can be found empirically in order to 
derive a proportionality constant.  Therefore, for the Poisson 
component of noise 
 
v abNabN        (1.3) 
 
where b represents the empirically determined proportionality 
constant between noise fields before and after convolution 

 

 

FIGURE 2: (a) Photo of experimental cone-beam CT unit.  In this 
arrangement the x-ray tube and the detector are stationary, and the 
phantom rotates about a central axis on a rotation stage. (b) The phantom 
design used in this experiment consists of a 5 cm acrylic tube filled with 
acrylic spheres of varying sizes, polytetrafluoroethylene rods, and water.   
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with g.  Since the electronic noise is independent of the 
Poisson noise, it can be considered separately.  The 
proportionality constant and a separate transfer function can 
also be determined for the electronic noise component. 
 
We note that in their paper, Zhu et al. use the transfer 
function g synonymously with the modulation transfer 
function (MTF).  However, the transfer function for noise 
modeled here is proportional to the root of the magnitude of 
the noise power spectrum (NPS).  The MTF and NPS are 
related functions but need not share the same profile or shape; 
therefore in the present study g is not assumed to be the MTF 
as executed in the paper by Zhu et. al.  Further, as noted 
above, the electronic noise and the Poisson noise may not 
exhibit the same correlations between pixels, and so g should 
be evaluated separately for each.        

Analysis of the electronic noise was performed by acquiring 
100 dark acquisitions without any fluence incident on the 
panel.  Analysis of correlations is performed by calculating 
the discrete linear Fourier transform of each dark field using 
the Matlab fast Fourier transform (FFT) function, and 
observing the average magnitude of the Fourier components.  
As shown in the results section, the electronic noise was 
found to behave as a white noise field, so no further steps in 
analysis were required in terms of calculating the transfer 
function for electronic noise.   

These steps were repeated for flood fields (no object in the 
field of view), with tube current settings ranging from 0.4 – 1 
mAs.  The flood fields contain both Poisson and electronic 
noise.  Variances of independent noise sources are added in 
quadrature, so the electronic noise component can be 
separated from the Poisson noise component by first squaring 
the mean absolute FFT of the flood fields and then 
subtracting the square of the FFT of the electronic noise.  
Taking the square root of the result provides a measure of the 
FFT of the noise due to Poisson statistics alone.  Finally, the 
transfer function was modeled in the Fourier domain by 
fitting a Gaussian curve to the FFT.  In order to calculate the 
proportionality constant in Eq. (1.3) white noise fields were 
generated and then convolved with g.  The variance was 
calculated before and after the convolution and the results 
compared to derive b.  Calculation of g in the real domain 
would require an inverse FFT of the fitted function in the 
Fourier domain.  However, practically, the convolution in Eq. 
(1.2) of g and h is done directly in the Fourier domain and 
therefore this last step is not required.   

A variance map for a high resolution FFMCT image was 
generated using Eq. (1.2).  Variance measurements in the 
FFMCT reconstructed data were then compared to the 
predicted variance map for evaluation of the accuracy of the 
fan-beam prediction model in conjunction with the noise 
modeling of the detector specific to the imaging system used.   
 

III.  RESULTS AND DISCUSSION 

   
Figure 3 shows the average magnitude of the FFT for a 
measured flood field (1 mAs) fitted with a Gaussian curve.  
As shown, the fit agrees well with the measured data and is 
used to model the magnitude of the FFT of the transfer 
function g required in Eq. (1.2).  Figure 3 also shows the 
amplitude of the FFT of a simulated white noise field before 
and after convolution with g.  Agreement of the simulated 
and real noise distributions gives confidence that the modeled 
transfer function accurately characterizes the correlations in 
the noise.  The form of the normalized transfer function was 
also found to be consistent for different flood fields 
suggesting that the relative shape of g is not dependent on the 
magnitude of the incident fluence.  Comparison of the 
variance of the white noise field prior to and after 

  

 

FIGURE 3: Average magnitudes of FFTs for simulated and real data.  The 
simulated white noise signal shows as a flat spectrum in the FFT; after 
filtration, the simulated noise shows the same spectral characteristics as 
the real experimental data.  The Gaussian fit shows good agreement with 
the shape of the FFT curve, and suggests a good choice for modeling the 
noise transfer function.  A characteristic white spectrum is seen in the 
FFT of the dark fields (electronic noise).  Note also that the magnitude of 
the electronic noise is also much less than the Poisson component. 

  

 

FIGURE 4: (a) Reconstruction of data acquired using a 1.25 mAs tube 
current setting.  (b) Reconstruction of data using synthesized modulated 
projections, where the tube current setting ranged from 0.4 – 4 mAs. The 
bottom right corner in the modulated projection data set illustrates the 
predicted SNR distribution.  Colour washed regions in (a) correspond to 
regions of high and intermediate image quality predicted in the FFMCT 
case for visual comparison. 
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convolution with g yielded a value of 2.12 for the 
proportionality constant b.  The same result for b was found 
regardless of the magnitude of the white noise distribution.  
Also shown in Figure 3 is the average magnitude of the FFT 
of electronic noise (from acquired dark field data).  Note that 
the FFT for the electronic noise is approximately flat across 
frequency bins.  The transfer function was therefore assumed 
to be unity for the electronic noise, and the proportionality 
constant is also assumed to be 1 in that case. 

 
Figure 4 shows a comparison of the reconstructions of the 
cylinder using synthesized FFMCT projections versus a 
reconstruction using an unmodulated beam and using a 1.25 
mAs tube current setting.  The FFMCT reconstruction shows 
better image quality within the prioritized region of interest 
for the FFMCT case, with reduced quality elsewhere, 
following closely with the predicted image quality map.  
Dose reduction in the FFMCT case was also found to be on 
the order of 40%.  
 
A variance map for the high resolution data is shown in 
Figure 5 (a), with the corresponding water signal-to-noise 
ratio (SNR) distribution also shown in Figure 5 (b).  
Measurements of the variance within the regions indicated in 
Figure 5 (a) were made using the reconstructed data shown in 
Figure 4 (b).  Results indicated agreement within 3% between 
the predicted and experimental results. 

 
IV.  CONCLUSION 

 
The outcomes of this study further support that FFMCT could 
potentially be applied with success in real clinical CT 
systems, provided that a suitable method for modulation be 
found.  Results show very good agreement between predicted 
and measured noise outcomes, as well as significant 
reductions in dose.  
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(a) 

  

 

FIGURE 5: (a) Variance distribution predicted using the Eq. derived by 
Zhu et. al.  The mean variance in regions A, B and C were compared to 
the actual measured variance in the experimental data and found to agree 
well within 5%. (b) Predicted ratio of water signal to noise. 
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ABSTRACT 

 
We present a new non-uniform sampling method for 
tomographic sensing systems that allows super-resolution 
image reconstruction. In conventional tomographic systems, 
the resolution is determined by the detector size and the 
angular sampling interval. In this work, we propose a non-
uniform sampling scheme based on an Archimedean spiral 
sampling pattern that allows for an enhanced reconstruction 
resolution much greater than the detector size to be achieved. 
We present an associated model-based iterative image 
reconstruction approach that achieves this enhanced 
resolution. Initial simulation results demonstrated a many-
fold resolution improvement in parallel beam geometry. In 
addition, we show that the proposed method can be 
implemented in helical cone-beam Multi-row Detector CT 
(MDCT) configurations by modifying the flying focal spot 
motion instead of the detector motion, allowing its application 
to current commercial systems. 
 

Index Terms— Radon space, Sinogram, Super-
resolution, Computed tomography, Iterative reconstruction, 
MDCT 

 
 

1. INTRODUCTION 
 
There have been many advances in the physics of medical 
tomographic imaging systems, especially in the advent of 
multi-detector row helical systems [1] [2] [3]. The resolution 
of the conventional tomographic systems is driven by the 
detector size and angular sampling. Historically these 
quantities have been constrained to a regular grid. Quarter 
detector off-set [4] and the use of a Flying Focal Spot (FFS) 
[5] [6] can improve the sampling density, and thus the 
resolution of CT systems.  
 
Non-uniform sampling schemes based on general k-space 
trajectory studies [7] [8] [9] and encoding methods [10] [11] 
have been proposed in the domain of Magnetic Resonance 

Imaging (MRI) to improve speed [12] [13] and sampling 
density [14] [15]. These methods aim to reduce data sampling, 
and mitigate under-sampling artifacts and motion artifacts by 
combining the non-uniform sampling with advanced 
reconstruction methods.  
 
In this paper, we propose a novel spiral sampling pattern for 
tomographic imaging problems based on fractional shifts of 
the system detectors on an Archimedean spiral on Radon 
Space (ASRS). We couple this non-uniform sampling pattern 
with a model-based reconstruction approach using an accurate 
system model [16] demonstrating the super-resolution 
properties of the resulting system. In addition, we show that 
the proposed method can be implemented in helical cone-
beam Multi-row Detector CT (MDCT) configurations by 
modifying the flying focal spot motion instead of the detector 
motion, allowing its application to current commercial 
systems.. 
 
 

2. METHOD 
 
The Archimedean or arithmetic spiral (AS) is the locus of 
points corresponding to the locations over time of a point 
moving away from a fixed origin with a constant speed along 
a line, which rotates with constant angular velocity [17]. The 
radial distance, r , follows the following function: 

 kbar
1

 (1) 

where  is the polar angle and a  and b  are constants. When 
k changes from -2 to 2, the spiral wraps tightly. Figure 1 
shows the trajectory of ( , r ) in a Cartesian grid with 0a , 

1b , and 5400 . 
 
We propose applying this trajectory as a sampling pattern for 
tomographic systems by shifting the detector system 1/n of 
the detector size for each of n angular sampling positions to 
create an Archimedean spiral (k = 1) sampling pattern on 
Radon space. The schematic diagram of such a fractional shift 
is illustrated in Figure 2-(a). At each angular sample, the 
detector system performs a fractional shift. This shift can be 
defined by the polar angle .  
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The resulting sampling trajectory can be interpreted in the 
Sinogram domain. In Figure 2-(b), the detector sampling 
trajectories without shift are shown as straight solid lines 
while the sampling trajectories with shift are shown as broken 
lines. The broken lines are slanted in the Sinogram space 
which makes it possible to acquire sub-detector pixel 
information at each view. These tilted lines on the Sinogram 
are equivalent to ASs on Radon space. 
 
This proposed method to produce an irregular sampling 
pattern on Radon space for each detector element is exactly 
described by the modified AS: 

 knbar
1

)2(  (2) 

where a  is the initial detector location, 'b  is the normalized 
detector span pitch, and n is rotation/180 degree. We used k=1 
for our simulation. The modified AS can easily model 
multiple spirals from multiple detector elements. 

 
Figure 2. A diagram of fractional shift of detector systems. (a) 
Detector system shifts 1/n of detector size for n angular 
sampling position (b) In the Sinogram domain, we can 
compare sampling trajectories with detector shifts (broken 
line) and without shifts (solid line). 
 
We define a geometric system model corresponding to the 
sampling pattern defined c.f. Eq. (2). By collecting variables 
in a vector-matrix equation we can write the set of 
observations as: 

 Tfy  (3) 

where y is the set of projection observations, f is the set of 
unknown pixel values, and T is the matrix that relates the two 
to each other.  
 
We produce an image as the solution of the following 
optimization problem: 

 p
DfTfyf

2minargˆ  (4) 
where D is a gradient operator and p=1. The details of  
implementation can be found in [18]. 
 

 
3. RESULTS AND DISCUSSION 

 
To illustrate the proposed method, we initially simulate 
tomography for a 12x12 pixel field.  The corresponding 
sinogram is created using only 2 detector elements covering 
the field of view and 100 angular sampling positions as shown 
in Figure 3-(a). This sinogram is generated by the proposed 
detector shifting scheme as shown in Figure 2.  

 
The system matrix of this projection scheme (including 
detector shifting) is configured as a sparse matrix as shown in 
Figure 3-(b). The size of system matrix is 144 (12 x 12) by 
200 (2 x 100). The system matrix is used for iterative image 
reconstruction with L-1 norm [18]. Figure 4 compares 
reconstructed images: (a) Ideal image (12 by 12), (b) 
Reconstructed image by conventional method, (c) Error in 
conventional image (true-conventional). (d) reconstructed 
image with the proposed method, and (e) error of new method 
(true-new). Note that the scale of difference map is very small 
in Figure 4-(e). 
 

 
Figure 1. A generalized Archimedean spiral with k = [-2,-
1,1,2]: Cartesian grid drawing of Archimedean spiral with 
a=0, b=1, 5400  

 
(a) 

 
(b) 

Figure 3, Sinogram and system matrix generated by 
proposed method: (a), Sinogram generated by 2 detector 
elements with detector shifts. (b) System matrix includes 
geometry of scanner and detector motion 
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Our shifting scheme produces a 6-fold resolution 
improvement over the native detector resolution. The 
sampling patterns on Radon space (i.e., a polar view of Radon 
space compared to Sinogram) are compared in Figure 5. The  
conventional sampling patterns with 12 and 64 detector 
elements are shown in Figure 5-(a) and (d). The reduced 
detector sampling patterns with a conventional method show 
coarse sampling trajectories in Figure 5-(b) and (e). In 
contrast, the proposed method can generated sparse, irregular 
patterns on Radon space as shown in Figure 5-(c) and (f). 
Both sparseness and irregularity are important components in 
compressed sensing theory [19, 20]. 
 
We also implemented the proposed ASRS method in helical 
cone beam clinical scanner geometry (Brilliance 64-MDCT, 
Philips Healthcare) with patient data. Instead of detector 
system motion, we simulated slowly changing the Flying 
Focal Spot location (small-step FFS). While the total distance 
traveled by the focal spot in small-step FFS is the same as it 
does in conventional FFS, it travels the distance in many 
smaller steps, rather than simply moving from end to end as it 
does in conventional FFS. However, the degree of total 
deviation is very close to the real FFS. This is a source motion 
encoding method compared to the detector motion encoding 
approach we described in the previous simulation. Both 
approaches generate similar spiral sampling patterns on 
Radon space even though it's more difficult to visualize spiral 
patterns in a 3D helical case. 
 

4. CONCLUSION 
 

In this paper, we present a novel Archimedean spiral sampling 
method on Radon space for a super-resolution image 
reconstruction. We implemented the exact form of modified 
Archimedean spiral equation in 2D and 3D cases. We 
proposed two approaches to generate Archimedean spiral 
patterns on Radon space: 1) fractional shifts of the detector 
and/or 2) X-ray focal spot motion encoding. In the noiseless 

case, we could easily achieve many-fold resolution 
improvement. In summary, the resolution of tomographic 
system is not limited by the detector size but by the sparseness 
of sampling on Radon space. 
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Figure 4, Image comparison: (a) Ideal image (12 by 12), (b) 
Reconstructed image by convention method, (c) Difference 
map between (a) and (b). (d) Reconstructed image with the 
proposed method, and (e) Difference map between (a) and 
(d). 
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Figure 5, Sampling pattern comparison: (a) conventional sampling pattern with 12 detector elements and 12 angular 
positions, (b) conventional sampling pattern with 4 detector elements and 12 angular positions, (c) the proposed method 
with 4 detector elements and 12 angular positions. (d) convention sampling pattern with 64 detector elements and 64 angular 
position (e) conventional sampling pattern with 4 detector and 64 angular positions, and (f) the proposed method with 4 
detector elements and 64 angular positions. 
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(e) 

Figure 6, Reconstructed image comparison (Coronal Views): (a) Original image (dx=dy=0.75, dz=0.625) displayed in 
contrast window [-500 500] HU. The image is reconstructed by 672-column and  64-row detector system with 18444 
angular views (b) images reconstructed by the proposed method with three times bigger detector elements covering the same 
field of view so that we used 226-column and 64-row detector system with 18444 angular views, (c) The images are 
reconstructed with three times bigger detector elements with 50% of angular views so that we used 226-column and 64-row 
detector system with 9222 angular views, (d) shows the difference map between (a) and (b), and (e) shows the difference 
map between (b) and (c) 
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Abstract— In quantitative PET and SPECT imaging signal 

activity is typically estimated from calculations in a 3D region of 

interest (ROI) of the reconstructed slices. However, 

unpredictable bias arising from the null functions of the imaging 

system affects ROI estimates. It has been shown that the scanning 

linear estimator (SLE), which operates on the raw projection 

data, is an unbiased estimator of activity when the size and 

location of the signal are known. In this work, we compared the 

ROI and SLE methods through analytic simulations of a realistic 

NCAT human phantom. The task was to estimate the signal 

activity of a lesion in an 
111In-Octreotide SPECT study when the 

size and location of the signal are known. Quantification in terms 

of the total count ratio (TCR) was determined for signals of 

varying sizes and contrast levels. The performance of SLE and 

ROI were compared for 3 conditions: 1) noiseless measurements 

and a constant background, 2) noisy measurements and a 

constant background, and 3) noisy measurements and a variable 

lumpy background. In summary, we showed that the SLE 

outperformed the ROI method by always achieving a lower bias 

with a lower variance except for the smallest lesion.   

 
Index Terms— Quantitative SPECT, ROI, SLE 

I. INTRODUCTION 

N quantitative emission tomography, the activity in a lesion 

is typically estimated based on the counts in a 3D region of 

interest (ROI) of the reconstruction. However, ROI methods 

are subject to unpredictable bias arising from the null 

functions of the imaging system and the object. It has been 

shown that scanning linear estimation (SLE), which is 

calculated from the raw projection data, provides unbiased 

results (i.e., the average estimate equals the true value) for 

 
Manuscript received April 15, 2013. This work was supported by NIH 

grants P41 EB002035-13, Center for Gamma-Ray Imaging, and R01 

EB000803-21, SPECT Imaging and Parallel Computing. The contents are 

solely the responsibility of the authors and do not represent the official views 

of the NIH. 

Arda Könik is with the Radiology Dept, UMass Medical School, 

Worcester, MA 01655, (e-mail: arda.konik@umassmed.edu). 

Meredith Kupinski is with the College of Optical Sciences and Center for 

Gamma-Ray Imaging, Dept. of Medical Imaging, University of Arizona, 

Tucson, AZ 85724, (e-mail: meredith@optics.arizona.edu). 

P. Hendrik Pretorius is with the Radiology Dept, UMass Medical School, 

Worcester, MA 01655, (e-mail: hendrik.pretorius@umassmed.edu). 

Michael A. King is with the Radiology Dept, UMass Medical School, 

Worcester, MA 01655, (e-mail: michael.king@umassmed.edu). 

Harrison H. Barrett is with the College of Optical Sciences and Center for 

Gamma-Ray Imaging, Dept. of Medical Imaging, University of Arizona, 

Tucson, AZ 85724, (e-mail: barrett@radiology.arizona.edu). 

activity estimation when the signal size and location are 

known [1, 2]. 

 To demonstrate a clinical application of SLE we have 

considered 111In-Octreotide SPECT studies. We compared the 

performance of the ROI and SLE methods through an 

analytical imaging simulation of a realistic NCAT phantom 

[3]. The task was to estimate the activity of a spherical lesion 

of known diameter and location that has been added to the 

non-targeted activity in the liver. Estimation performance was 

compared for varying signal sizes and contrast levels. Lesion 

sizes reported in the literature varied from ~1-6 cm (mostly 1-

2.5 cm range) [4] with uptake ratio (tumor / liver background) 

of ~ 1-7 [5]. In this work, 4 signal diameters from 1-3 cm were 

simulated and for each size the contrast ratio varied from 1-10. 

II. METHODS 

We compared the performance of ROI and SLE for a range 

of signal sizes and activity levels in three different conditions: 

1) noiseless measurements and a constant background, 2) 

noisy measurements and a constant background, and 3) noisy 

measurements and a variable background. For case 2 and 3, 

statistics are reported from 100 independent sample images. 

In the following sections, preparation of the phantom, the 

imaging simulation, and SLE and ROI estimation methods are 

described.  

A. Phantom and Projection Data 

 We generated NCAT activity and attenuation phantoms 

(matrix size: 256x256x256 and pixel size: 0.2332 cm) with 

slices outside the liver region set to zero. The coefficients of 

the attenuation phantom were based on the 171 keV emission 

photons of 111In radionuclide (245 keV emission was not 

considered). In the activity phantom simulated signals were 

added to the liver. Varying the signal diameter from: 1, 1.5, 2 

and 3 cm and the contrast ratios from 1-10, we created an 

ensemble of signals, where the contrast ratio (CR) is defined 

as CR = (Signal – Background) / Background. 

 Using an analytical projector with photon attenuation 

(without scatter effect) and distant-dependent collimator 

blurring (medium energy collimator), projections were 

obtained over 120 angles covering 360 degrees around the 

phantom. Then, 256x256x120 projection data were resized to 

128x128x120 and scaled to ~ 5 million total counts, which 

represented the average count level of an 111In-Octreotide 

SPECT study.  

Comparison of the Scanning Linear Estimator 

and 3D ROI Operator for Quantitative         
111

In-Octreotide SPECT Imaging 

Arda Könik, Meredith Kupinski, P. Hendrik Pretorius, Michael A. King, and Harrison H. Barrett 
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B. Scanning Linear Estimator (SLE) Method 

 The SLE of activity was calculated from the raw projection 

data using the following estimation rule, which was derived in 

[1, 2]. 

 

 

This activity estimate was compared to the truth using the total 

count ratio, TCRSLE % = 100 x SLE / TRUE.  

 The average value of the SLE is equal to the true value of 

activity  

 

 

C. Region of Interest (ROI) Method 

 For the ROI studies, the projection data were reconstructed 

using an iterative reconstruction algorithm (OSEM:                  

5 iterations and 30 subsets) with attenuation correction, 

resolution compensation and without post-filtering. With the 

known signal size and location, the total count ratio (TCR) [6] 

of the reconstructed and true object was obtained within the 

3D ROI (signal support). 

III. RESULTS 

 Fig. 1 shows sample images for the constant (size: 1-3 cm) 

and lumpy background (size: 2 cm) studies at CR=5. At this 

contrast level, 1 and 1.5 cm signals are difficult to identify 

visually even in the noiseless projections. While TCRSLE was 

100% for all noiseless cases, TCRROI ranged from 48-59% for 

1 cm and 65-85% for 1.5 cm diameter signals; respectively. At 

2 and 3 cm, ROI estimations were closer to the true values and 

with less variation, especially among higher contrast levels. 

The results for the noiseless ROI measurements are 

summarized in Fig. 2. 

 SLE and ROI mean and standard deviation (SD) of TCR, 

based on 100 independent samples, are presented in Fig. 3 and 

Fig. 4; respectively. SLE was unbiased (i.e., mean TCR 

~100%) in all cases except for the lowest contrast ratio for the 

diameter of 1 and 1.5 cm. This is due to the greater variance in 

SLE estimates of small and weak signals. The ROI estimation 

bias depended strongly upon the signal size and activity level. 

Mean TCRROI values ranged from 50-100% over the ensemble 

of signals. As the signal size increased, the performance of 

both estimation methods improved. When the signal size was 

3 cm, the average value of TCRROI was near the 100% level.  

IV. DISCUSSION  

 The results showed that the SLE performed better than the 

ROI method by having a much lower bias and a somewhat 

lower variance across all sampled lesion parameters except for 

the smallest signal size of 1 cm diameter which is not typical 

for liver lesions [4, 5]. The bias of ROI estimation is highly 

dependent upon both signal contrast and size, which has 

indications for its utility in monitoring response to treatment. 

V. CONCLUSION 

 We showed with a series of 111In-Octreotide SPECT 

simulations SLE outperformed the ROI method with unbiased 

estimations and lower variability in the results. In future work, 

we will be investigating the performance of the SLE method 

in various liver textures, more realistic simulations, and usage 

of patient data to estimate the image covariance matrix.  
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where  α  is  the   true  signal   activity  and  g  =α s + b    is the 

projection    data    averaged    over   noise    and  background

realizations.  When  the  uptake  in  the  liver  is  random,  the

covariance   matrix   becomes    non - diagonal   and   poses  a 

challenging computational task to SLE implementation.

           TCRROI % = 100 ⋅

(Grecon − B recon )
sphere

∑

(Gtrue − Btrue )
sphere

∑
                        (3)

Grecon :  Noisy reconstruction of the background and signal

B recon :  Noise - free reconstruction of the background 

Gtrue   :  True object with signal

Btrue   :  True background object (without signal)

where  Grecon → G recon  for the noiseless case.
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Fig. 1. Rows 1-4: Sample images from noiseless and noisy studies for 4 different signal sizes at a contrast ratio of 5. At this contrast ratio, 1 – 2 cm signals are 

difficult to identify even in the noiseless projections (anterior view is shown). Last row shows the images for the lumpy background for signal size of 2 cm and 

contrast ratio of 5. 

 

 

Fig.2. % Total count ratios (TCR) for four signal sizes and ten contrast ratios obtained within the ROI. TCR= 100 x total (estimated) / total (true). The bias of 

ROI estimation is highly dependent upon both signal contrast and size, which has indications for its utility in monitoring response to treatment. At 2 cm size and 

relatively high contrast ratio, the bias is small indicated by a TCR close to 100. At 3 cm size, the TCR is close to 100 for all contrast ratios. 
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Fig. 3. % Mean total count ratios (TCR) of the SLE (red markers) and ROI (black markers) methods based on 100 noise realizations for each contrast ratio and 

calculated from TCR= estimated / true total counts. SLE showed unbiased measurements with the mean ratio of ~100 % in all cases except for the lowest contrast 

ratio for the signals 1 and 1.5 cm diameters. The ROI measurements were biased depending on the signal size and contrast ratio. With increasing signal size and 

contrast ratio the ROI bias decreased. However, only when the signal size was 3 cm did the mean TCR-ROI value approach 100 % level. Preliminary results for 

the ROI-lumpy background studies are shown for a signal size of 2 cm (blue markers).  

 

 

Fig. 4. % Standard deviation of total count ratios (TCR) of the SLE (red markers) and ROI (black markers) calculated from 100 sample images. The SD values 

decreased with sphere size and contrast ratio for both SLE and ROI methods. SLE showed lower SD for the 1.5, 2, and 3 cm signal diameters for all sphere 

activity levels except the lowest contrast ratio in 1.5 cm diameter sphere. The variance of the SLE increases for smaller and weaker signals. Preliminary results 

for the ROI-lumpy background studies for a signal size of 2 cm (blue markers) showed a slight increase in SD compared to the case with constant background.  
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OpenCL-Accelerated  

Computation of a 3D SPECT Projection Operator 

 for the Content Adaptive Mesh Model 

Francesc Massanes, Jovan G. Brankov 

Medical Imaging Research Center, Illinois Institute of Technology, Chicago, IL 60616,

Abstract – In this manuscript, we present a preliminary 

evaluation of a fully 3D projection operator calculation  

aimed at emission tomography on a non-circular orbit. 

The proposed methodology uses the content-adaptive mesh 

model (CAMM) for volumetric data representation. The 

CAMM is an efficient data representation based on 

adaptive non-uniform sampling and linear interpolation.  

The presented projection operator model incorporates 

the major data degradation models, namely object 

attenuation and detector-collimator spatial response, 

referred to as distance dependent blur. The projection 

operator is calculated using a ray-casting algorithm and 

can be adjusted to any scanning geometry and collimator 

design (e.g. parallel, focusing and pinhole).  

Open CL implementation allows shortening of 

computation time in comparison to standard single CPU 

implementation. 

In this work we successfully tested implementation of the 

CAMM projection operator by reconstructing images 

obtained from a realistic data simulation with SIMIND on 

a non-circular camera orbit. In the future, we will add 

other collimator designs.  

Index Terms – GPGPU, CUDA, OpenCL, Backprojection, 

Mesh Introduction 

I. INTRODUCTION 

In tomography it is customary to represent volumetric data 

using uniform sampling and voxel (pixel) bases functions. In 

[1] and [2] we proposed a content-adaptive mesh model 

(CAMM) reconstruction framework in which the image to be 

reconstructed is represented by non-uniform sampling (see 

Figure 1) and mesh model basis functions (see Figure 1). In 

[3] and [4], Sitek et al., proposed a similar adaptive approach 

under a point cloud name. Both models involve sampling the 

image domain on a non-uniform grid (mesh nodes), followed 

by partitioning into a collection of non-overlapping patches 

(mesh elements). 

 

   

Figure 1. Emission image (left), attenuation image (center) of NCAT 

[7] and the mesh structure (right) generated to represent both images. 

 

We reported the initial implementation using graphic 

processing units (GPUs) acceleration in [5]; however, the 

evaluation was limited to a circular orbit. In this paper we test 

an implementation of the projection operator by reconstructing 

images obtained from a realistic data simulation with SIMIND 

on a non-circular camera orbit. In the future we will evaluate 

alternative collimator designs as well. 

II. METHODOLOGY 

A. Mesh representation of volumetric images 

Let 
 
f  denote a volumetric image function defined over a 3 

dimensional (3D) domain  D⊆ R3
 and let us assume that 

this domain D has already been meshed, so it is divided into a 

set of M non-overlapping tetrahedrons 
 
D

m
. Thus, the 

 
f  

function is represented over each 
 
D

m
 as follows: 

f x( ) = f xn
m( )ϕϕn,m x( )

n=1

4

∑ iff x∈Dm  

where 
   
ϕ

n,m
(x)  is the interpolation basis function associated 

with the n-th node 
  
x

n
 of 

 
D

m
. Note that, in the 3D cases, this 

interpolation basis function is also known as the barycentric 

coordinates of  x  within 
 
D

m
. This equation can be re-written 

into vectorial form, leading to the next equation: 

f (x) =ϕm
T (x)fm iff x∈Dm  

where fm  and ϕϕm (x)  
are: 

 and 

   
ϕϕ

m
(x) = ϕ

1,m
(x),ϕ

2,m
(x),ϕ

3,m
(x),ϕ

4,m
(x)⎡⎣ ⎤⎦

T

. 

B. Projection operator calculation by Ray-Casting 

algorithm 

In [2], we showed that the mesh tomographic model can be 

expressed as follows: 

E g[ ] = H f + r  

where  f  denotes a vector formed from the nodal values of 

the mesh structure representing the emission image (the image 

which we seek to reconstruct), 
  
E[.]  is the expectation 

operator,  r  represent random detections, and 
 
g  denotes the 

fm = f x1
m( ), f x2m( ), f x3m( ), f x4m( )⎡

⎣
⎤
⎦
T
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collection of the projection bins. Note that the projection 

matrix, H , depends on the attenuation image and the detector-

collimator spatial response as well as the geometry of the 

tomographic imaging system.  

The proposed CAMM projection operator,  H , was 

calculated using a ray-casting algorithm. The ray-casting 

algorithm projects a ray from each bin into the mesh model. 

The first step is to find the entry point from the ray into the 

mesh (lower red point on Figure 2). The algorithm is finished 

once the ray exits the model (top red point on Figure 2). 

 
Figure 2. Ray tracing scheme (2D example is shown for clarity). 

 

A parallel implementation on a GPU is straightforward- it 

requires generating a thread for each ray. Each thread will then 

have to process a given element , compute how much each 

vertex contributes to sum along the ray, and compute the exit 

point of the ray so that it can find the next mesh element to 

process. 

In [5] we also showed a 140 speed up of a GPU based 

implementation over a convectional central processing unit 

(CPU) implementation. 

Phenomena like attenuation or scattering have been added to 

the algorithm. Attenuation is computed per each ray, and thus 

each ray will attenuate its total sum depending on the values of 

the attenuation map at its path. Scattering is modeled by 

having more than one ray per bin with slightly different 

directions and different weighting factor (see [5] for details).

C. CAMM generation 

Due to the space constraints of this abstract, we refer the 

reader to [1] for the specific details on how the CAMM is 

generated. In short, the CAMM uses a pre-reconstruction as an 

image to choose the optimal placement of the nodes in the 

CAMM. This means that some prior knowledge on the 

reconstructed volume is required in order to properly generate 

the CAMM. For the pre-reconstructed image, a filtered back 

projection (FBP) image is typically used. 

III. EXPERIMENTS 

A. Simulated data  

We used the Monte Carlo simulation system SIMIND [9] to 

simulate a Pricker Prism3000 SPECT system with a low-

energy high-resolution (LEHR) collimator and a Tc
99m

 labeled 

sestamibi as the imaging agent. The emission and attenuation 

images used have been generated using the 4D NURBS-based 

cardiac-torso (NCAT) 2.0 phantom [7]. However, since our 

CAMM model is non-temporal (imaging is not synchronized 

with cardiac motion) we reduced the 4D phantom to 3D by 

temporally summing along the time domain. 

In order to further demonstrate the ability of our 

implementation, we chose a non-circular orbit as shown in Fig 

3. in which the long radius is 28.5 cm and the short radius is 

26.6 cm. We simulated 64 projections. 

 

 
Figure 3. The orbit used in this experiment. 

 

To test reconstruction performance we chose two different 

levels of detected photons, the first one having 500,000 counts 

detected from the heart region and the second simulation, 

more clinically realistic, has 50,000 detected counts from the 

heart region.  

As we indicated previously, the CAMM requires some prior 

knowledge to generate the mesh model. To check the 

correctness of the projection operator first, we used the true 

attenuation and activity maps (from the phantom) to generate 

the CAMM which will be used to reconstruct imaging with a 

high number of counts. However, to fully test the capabilities 

of CAMM on the 50,000 counts simulation, we used no prior 

knowledge from the true activity map. Thus, in order to 

generate the CAMM, we generate pre-reconstruction image by 

using a filtered back projection (FBP), which assumes circular 

orbit, with a Butterworth [8] filter of order 4 and cutoff 

frequency of 0.22 pixels/cycle post reconstruction filtering 

(see Fig. 4). 

 

 
Slice 21      Slice 36 

Figure 4. FBP images after post reconstruction filtering used for 

CAMM generation. 

 

B. Hardware and Software 

The projection operator was calculated using OpenCL 1.1 in 

a Tesla C2070 and a sixteen core Intel(R) Xeon(R) CPU 

E5520 at 2.27Ghz with 94GB of RAM. Since OpenCL can be 

run equally in both platforms, we split the computation 

between both of them.  

After the projection operator is calculated, we used 

maximum likelihood expectation maximization (ML-EM) 

iterative reconstruction [10] using MATLAB in an Intel i7 at 

2.4Ghz with 8GB of RAM. 
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IV. RESULTS 

A. High-count results 

The first set of simulated images have a 500,000 detected 

photons from the heart region, the projections are quite 

noiseless and we have used the true attenuation and activity 

map to actually generate the CAMM. This can be seen as the 

best case scenario for the proposed method. 

We executed the ML-EM algorithm for 50 iterations and the 

results are shown in Fig. 5. For comparison purposes we also 

include the circulate orbit pixel ML-EM and FBP images. 

Note that pixel ML-EM does not account for the different 

radius of the camera so, as one can expect, it contains model 

mismatch artifacts more than the FBP images since FBP is not 

an iterative method. 

 

Figure 5. The high count reconstruction results. 

 

B. Low-count results 

More practical results are shown next. Here we used noisier 

data and the CAMM was generated from a pre-reconstructed 

(using an FBP) image.  

These results are shown in Fig. 6 along with a circulate orbit 

pixel ML-EM. One can observe that the CAMM ML-EM 

produces the expected results, whereas the pixel ML-EM fails 

due to the model mismatch.  

 

Figure 6. The low count reconstruction results. 

 

Next we evaluated PSNR for the CAMM ML-EM method 

versus the number of iterations. We also marked PSNR for the 

FBP images. One can observe that the images presented in 

Fig. 5 and 6 represent the best-case scenario for CAMM 

reconstruction. 

 

Figure 7. Comparison of the methodologies, the pixel ML-EM 

will not be shown on this figure. 

Finally, in Table 1, we report needed execution time. These 

results show that proposed CAMM iterative reconstruction has 

shorter computation time, over pixel based reconstruction,  

even with overhead of 112 seconds needed to compute 

projection matrix. 

V. CONCLUSIONS 

In this preliminary work we successfully tested

implementation of the projection operator by reconstructing 

images obtained from a realistic data simulation with SIMIND 

on a non-circular camera orbit. By the time of the conference 

we hope to expand evaluation section by evaluation heart 

defect detectability. 

 

Table 1. Computation time  

Comp. time pixel ML-EM CAMM ML-EM 

 50 iter. 29 iter. 50 iter. 29 iter. 

Seconds 335 186 112+24 112+13 
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Aortic Root Motion Correction in C-Arm
Flat-Detector CT

Julia Wicklein, Günter Lauritsch, Kerstin Müller, Holger Kunze, Willi A. Kalender, and Yiannis Kyriakou

Abstract—Treatment of cardiac diseases via minimally invasive
procedures is of major interest in the clinics. An angiographic
C-arm CT system is state-of-the-art in an interventional cardiac
laboratory. It opens up the possibility of 3D reconstruction during
the procedure. Due to the long acquisition time of several seconds
of the C-arm, imaging of dynamic structures is a challenging
problem. Therefore, motion correction for cardiac applications
is an issue for this imaging device. New minimally invasive
procedures like the recently introduced TAVI (transcatheter
aortic valve implantation) suffer from cardiac motion. The 3D
image of the aorta is acquired during rapid pacing of the patient
to minimize the cardiac motion and to reduce the blood flow. We
present a new algorithmic approach for motion compensation of
the aortic root for TAVI procedures under sinus rythm to make
rapid pacing unnecessary. Our optimization routine was tested
on three clinical datasets of the aortic root, wherein all three
show promising results.

Index Terms—Flat-Detector CT, Cardiac imaging, Aortic root,
Motion correction.

I. INTRODUCTION

Transcatheter aortic valve implantation (TAVI) is a

minimally invasive procedure that spares high risk or elderly

patients open-heart surgeries to treat severe aortic valve

stenosis (see Ref. [1]). By default preoperative surgical

planning is performed using 3D computed tomography (CT)

images. For example the diameter of the annulus of the aortic

outflow tract is measured to make the right choice for the

prosthetic valve size. Modern hybrid operating rooms are

equipped with fixed C-arm systems, providing the physicians

with real time 2D fluoroscopic images for guidance during

the surgery. Recently, the authors of Ref. [2] introduced an

automatic aorta segmentation approach for TAVI.

Ref. [3] introduces a TAVI imaging procedure which

makes use of the C-arm CT for both, the 3D volume and

the 2D fluoroscopic images. This allows for an accurate

and straightforward 2D/3D overlay during the intervention.

The short interval between the 3D aquisition and the valve

deployment leeds to a better reflection of the patient’s

anatomy during the intervention. The 3D image is aquired

during a 5 seconds scan taking 248 projections over 200°.

Selective contrasting was proposed. A pigtail catheter is

Julia Wicklein and Willi A. Kalender are with the Institute of Medical
Physics (IMP), University of Erlangen–Nürnberg, Henkestraße 91, 91052
Erlangen. Günter Lauritsch, Holger Kunze and Yiannis Kyriakou are with
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the Erlangen Graduate School in Advanced Optical Technologies (SAOT),
University of Erlangen–Nürnberg, Erlangen, Germany. Corresponding author:
Julia Wicklein, E-mail: julia.wicklein@imp.uni-erlangen.de.

placed in one of the cusps (typically the non-coronary cusp).

Thus, only the aortic root is contrasted. Unfortunately we do

not see the aortic outflow tract since this object is beyond

the aortic valves. In order to minimize artifacts caused by

cardiac motion, rapid ventricular pacing is applied of 180 -

220 bpm and patient breathing is supended. Figure 1 shows

an aortic root segmentation illustrating the basic anatomy of

a normal aortic valve with three cusps and the ostium of the

two coronary arteries.

Fig. 1. 3D C-arm CT reconstruction of the aortic root with the TAVI product
software from Siemens AG showing typical anatomic landmarks.

Rapid pacing might cause instabilities to the circuit of

the patient. There is a clinical desire avoiding rapid pacing

and performing imaging in the Sinus rhythm of the patient.

Cardiac motion can be treated algorithmically by estimation

of the motion from the imaging data and compensating the

motion in the reconstruction step. Ref. [4] performs motion

estimation on segmented projection images. The accuracy

of segmentation is sensitive to the quality and the contrast

to noise ratio of the images. Ref. [5] estimates the motion

by 3D-3D registration of ECG-gated volume images. A

long acquisition time of many heart cycles is needed in Flat

Detector CT (FD-CT) for generating ECG-gated volume

images (see Ref. [6]). In this paper, we present a novel

algorithmic approach to reduce motion artifacts of the aortic

root without the need for rapid pacing. It makes use of an

entropy based motion and misalignment correction method

introduced in Ref. [7].
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The method was originally developed to reduce misalignment

and motion artifacts for neuroradiology applications. We

adopt the main part of the original approach that is responsible

for motion correction tasks. In a two step procedure, aortic

root motion is estimated by counteracting variations of the

system geometry parameters, which are illustrated in Figure 2.

Fig. 2. FD-CT geometry according to Ref. [8]. O defines the detector origin
point, S the source position, D the source-detector distance, u, v the detector
coordinates and S′ the projection of S onto the detector-plane. The rotation
axis is parallel to the zW -coordinate.

The efficiency of our approach was evaluated on three

clinical datasets. The data was acquired with the TAVI protocol

without rapid pacing. We present the results and illustrate the

amenities of our motion correction method for interventional

aortic root imaging in the interventional suite.

II. METHOD

A. Motion Artifacts Metric

In Ref. [8] several image features were investigated with

respect to their sensitivity for misalignment artifacts. An

entropy criterion based on the gray-level histogram of the

reconstructed images was identified to be the most promis-

ing one for medical FD-CT applications. Fig. 2 shows the

defined FD-CT geometry. Therefore, we chose this feature as

motion artifacts metric (MAM) for our motion compensation

approach. The histogram (H) of the intensity values q provides

a global description of an image. Entropy E using the gray

level histogram H is calculated according to:

E = −
Q∑

q=0

(h(q)· log h(q)),

with

h(q) =
H(q)

N
,

where Q is the maximum intensity value, h is the normal-

ized histogram or probability distribution of the image and N
is the number of image pixels.

B. Optimization Routine

We assume that the motion of the aorta is rigid without

major deformations. Therefore, an adaption of the algorithm

introduced in Ref. [7] is used to correct for cardiac motion (i.e.

orgen- or respiratory motion) without a-priori information.

Figure 3 illustrates the estimated parameters which are

explained in the following paragraph.

Fig. 3. Example for an object motion: The object point F moves to
F2 (translation in detector-u direction). This causes a translation of the
projection of F onto the detector-plane from F ′ to F ′

2 (a). Compensation
with simultanious detector and source translation (from O to O2 and from S
to S2) (b).

The movement of the object is compensated by an

appropriate variation of the underlying system geometry.

A number of four system parameters need to be estimated

for motion correction. Parameters like detector- or source-

translation or a detector rotation are used to compensate

patient motion. Figure 3(a) shows an object translation in

detector-u direction. Figure 3(b) shows the compensation

by translating detector and source in the same direction.

Furthermore a translation in detector v-direction and a

detector rotation is optimized to correct object motion in

3D-space.

During the optimization routine, the MAM criterion is

used to estimate the mentioned parameters. This is done by

minimizing the entropy of the reconstructed images within a

gradient descent algorithm with adaptive step size, based on

Newton’s method:

xk+1 := xk + αkdk,
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with

dk = f ′′(xk)−1(−f ′(xk)),

for updating the function value xk from iteration k to k +
1, where dk defines the Newton-direction with a constant α.

The secant method is used to approximate the two derivatives

f ′(xk) and f ′′(xk) of the optimization function f , representing

the MAM criterion:

f ′(xk) ≈ f(xk + 1)− f(xk − 1)

(xk + 1)− (xk − 1)
,

f ′′(xk) ≈ f(xk + 1) + f(xk − 1)− 2f(xk)

( (x
k+1)−(xk−1)

2 )2
.

Entropy minimization is performed during a blockwise and

a projectionwise parameter optimization. We reconstructed

three transverse slices (z = 0, z = 20 pixels, z = -20 pixels)

for the optimization algorithm with a size of 256 pixels ×
256 pixels and a pixel size of 0.5 mm × 0.5 mm.

1) Blockwise Optimization: The first step iteratively adjusts

blocks of projections covering a certain range of the scan. This

range enables the correction for cardiac without conflicts of

different heart phases. These are adjusted through a number

of iterations.
2) Projectionwise Optimization: The second step performs

projectionswise adjustments of the whole scan within a few

iterations. This procedure removes streak artifacts caused by

deviations of single projections.

III. MEASUREMENTS

We evaluated three datasets scanned with 248 projections

over 200° using the Siemens Artis zeego system (Siemens

AG, Healthcare Sector, Forchheim, Germany) with a detector

of size 616 pixels × 480 pixels and a pixel size of 0.616 mm
× 0.616 mm, a source-isocenter distance of 785 mm and

a source-detector distance of 1200 mm. The aortic root was

contrasted with a pigtail catheter placed close to the aortic

valve.

IV. RESULTS

The proposed algorithm for motion compensation of the

aortic root was evaluated on three clinical datasets. Figures 4,

5 and 6 show the preliminary results. The original standard

FDK reconstruction according to Ref. [9] is displayed in (a).

It is visible that the image quality of the FDK reconstruction is

degraded by motion artifacts. The three leaflets are highly cor-

rupted by motion blur. The motion corrected reconstructions

in Figure 5(b), 6(b) and 7(b) show the improvements in the

area of the aortic root. Each Subfigure shows the multi-planar

reconstruction images (long axis view top left and right, short

axis view bottom left) and volume rendering (bottom right).

The results presented in Figure 4, 5 and 6 demonstrate the

effect of the optimization approach. The aortic roots after

optimization appear less artifact afflicted. The cusps of the

aortic valve and even the commissures of the leaflets are

specifiable after applying the correction routine. We tested the

approach on three different datasets, wherein all three show

comparable good results.

V. CONCLUSIONS

The first results with the new motion correction algorithm

on three clinical datasets show very promising results. The

motion correction approach works without a-priori knowledge

and gives the possibility to do interventional aortic root

imaging without the need for rapid pacing or with less contrast

agent insertion.

Fig. 4. Aortic root reconstruction of dataset 1: Original (a). Optimization
result (b). Each including the saggital cut (x = 0, upper left), the coronal cut
(y = 0, upper right), the transverse cut (z = 0, lower left) and the volume
image (lower right).
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Fig. 5. Aortic root reconstruction of dataset 2: Original (a). Optimization
result (b). Each including the saggital cut (x = 0, upper left), the coronal cut
(y = 0, upper right), the transverse cut (z = 0, lower left) and the volume
image (lower right).
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Abstract—Regularization approaches for the limited-angle re-
construction problem in digital breast tomosynthesis are widely-
used. Though, their benefits depend largely upon a suitable
regularization parameter estimation. We aim to evaluate the
reconstruction quality of precise small contrast features objec-
tively with the help of an automated process. These features were
represented by so-called Landolt ring (LR) structures of descend-
ing sizes contained in an especially designed mammography test
object (Quart Mam/Digi Phantom).

A GPU-based iterative Barzilai-Borwein (BB) algorithm is
applied to solve the inverse reconstruction problem using total
variation (TV) regularization. Exemplarily, we analyzed limited-
angle breast projection images from a commercially available
digital breast tomosynthesis (DBT) system (Siemens Mammomat
Inspiration). We show that the TV regularization parameter and
number of iterations can be chosen in such a way that the
detection rate for the LR features is considerably higher than
that obtained from the manufacturer’s reconstruction (modified
filtered backprojection).

Index Terms—X-ray tomography, computed tomography, re-
construction algorithms, iterative algorithms, mammography,
digital breast tomosynthesis, cone-beam geometry.

I. INTRODUCTION

Breast cancer remains a significant threat to woman’s health

and the earlier the detection, the higher the chances for good

healing prognoses. As tumor size at diagnosis is one of the

main predictive factors for survival, all efforts are made to

improve detection of small lesions. The 2D mammography

is still the standard diagnostic method for screening and

the diagnostic setting, although many studies showed limited

sensitivity in dense breast tissue [1]. Now, that fast detectors

and computers are available, standard tomography has been

revitalized in breast diagnostics. In this technique, a 3D

volume, respectively a stack of 2D slices, is computed by

the use of a few projected X-ray images. The generated

3D information in digital breast tomosynthesis (DBT) should

improve lesion detection through reduction of superimposition.

For reconstruction of the volume there are different algorithms

like filtered back-projection (FBP), shift-and-add (SAA) or

algebraic reconstruction techniques (ART). The results in [2]

indicate that there may also be a substantial advantage in using

TV regularization for microcalcification imaging. In [3] the

influence of TV regularization on digital breast tomosynthesis

data taken from a Hologic Selenia Dimensions system was

analyzed.
In this paper, we investigate iterative image-reconstruction

in DBT based on ART and TV with respect to detection of

small clearly defined contrast features e.g. Landolt rings (LR)

(see Fig. 1,2).

Fig. 1. 2D projection of the Quart Mam/Digi phantom. Step 11 and 12 are
not displayed.

ART formulates the projection of a volume to images as the

system of linear equations

Ax = y, (1)

where x ∈ Rn is an unknown 3D volume composed of n
voxels written as a vector, y ∈ Rpm is the set of p 2D images,
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Fig. 2. A reconstructed Landolt ring sequence at one step of the Quart
Mam/Digi phantom: six LRs at step 10, 200 mAs, 30 kVp, BB reconstruction,
TV λ = 0.2, iterations 1 up to 20. On the right-hand side the corresponding
Siemens Mammomat Inspiration reconstruction at step 10 with 200 mAs is
shown.

each consisting of m pixels. The matrix A ∈ Rpm×n is the

discretization of a line integral operator defined by the X-

ray geometry. Solving (1) means reconstructing the volume.

Since this inverse problem is ill-posed, it is also important

to consider additional information. Other groups have shown,

that TV-regularization leads to a better signal to noise ratio

and to a reduction of streaking artifacts [4], [5], but one

may ask, whether small structures are better recognizable.

With TV-regularization the linear equation becomes a convex

optimization problem of the form

min
x

f(x) := ‖Ax− y‖22 + λTV (x) . (2)

For feasibility reasons, we use a differentiable approximation

of the total variation TV (x) which is defined as

TV (x) :=
∑
ijk

√
d(xi,j,k) + β2 (3)

with a small β > 0 and

d(xi,j,k) := (xi−1,j,k − xi,j,k)
2 + (4)

(xi,j−1,k − xi,j,k)
2 + (5)

(xi,j,k−1 − xi,j,k)
2 (6)

where the indices i, j and k denote the position in the 3D

volume. In [6] the iterative Barzilai-Borwein (BB) solver was

successfully used for reconstruction of low-dose cone-beam

computed tomography (CBCT) images, delivering good results

after just a few (12-30) iterations.

II. MATERIALS AND METHODS

A. Tomosynthesis System

The system that we used for our reconstructions is a

Siemens Mammomat Inspiration. Its X-ray source moves with

an angular range of maximal 50 ◦ and under our operating

conditions between −24.82 ◦ and +21.14 ◦. During this pro-

cess the system exposes 25 projection images with a size of

about 2400×3600 pixels and a pixel spacing of 0.085×0.085
[mm]. The rotation center is at 4.7 cm above the detector and

the distance between the x-tube and the detector is about 66 cm

[7]. We evaluate one series with 30 peak kilovoltage (kVp) and

an overall exposure of 200 mAs (8 mAs per projection), which

is higher than the system’s automatic mode with an exposure

value defined at 105 mAs for 30 kVp for the mammography

phantom.

B. Reconstruction Method

The volume, that we reconstruct, is a box with about

2400× 3600× 47 voxels and a voxel size of 0.085× 0.085×
1mm3. It is located close upon the detector and contains the

whole phantom. To avoid artifacts and minimize the memory

required, our volume is defined exclusively by voxels that are

projected into regions of the phantom. Exterior voxels are set

to 0.

We applied the algorithm by Barzilai and Borwein, which

is based on a Quasi-Newton-Method [8]. Thereby an iteration

step has the form xn+1 = xn−H−1
n ∇f(xn) where Hn is an

approximation to the Hessian of f(x). Barzilai and Borwein

set H−1
n = αnI where αn is given by

αn =
(xn − xn−1)

T (∇f(xn)−∇f(xn−1))

(xn − xn−1)T (xn − xn−1)
(7)

minimizing ‖(xk − xk−1)− αn(∇f(xn)−∇f(xn−1))‖.

Since the total variation is not differentiable as a function of

x, we use the differentiable approximation TV (x) as defined

in (3). Then, the iteration step becomes

xn+1 = xn − αn ( 2A
T (Ax− y) + λ∇(TV (x)) ) . (8)

The influence of TV on the reconstruction process can

be managed by the regularization constant λ in (2) and (8)

respectively. To speed up the reconstruction process forward

and back projection (A and AT , respectively) are written as

shaders running on the graphics processing unit (GPU), see

[9].

C. Quart Phantom

To evaluate the quality of our reconstructions we used a new

mammography phantom, the Quart Mam/Digi phantom [10].

The most interesting features for our reconstruction are the

so-called Landolt rings (see Fig. 1,2). These are special rings

with a gap in one of the four directions: right, left, bottom or

top. The phantom has 12 steps with increasing densities and

each step contains a group of six LRs with diameters from

800μm down to 260μm.

Fig. 1 shows a projection image of the Quart Mam/Digi

phantom. A detailed reconstruction of a group of Landolt

rings is depicted in Fig. 2. Furthermore, in the latter the

identical region from the Siemens Mammomat Inspiration

reconstruction is given. The more LRs are detected correctly

in a reconstruction, the better the image quality is. For a fast

and objective evaluation we implemented a fully automatic

LR detection algorithm based on standardized 12-bit DICOM

input datasets.

D. Automatic Landolt Ring Detection

Fig. 3(a) shows a schematic representation of a LR. To

measure the detection quality of a LR, three features are

calculated (see also Fig. 3(b)):
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(a) (b) (c) (d) (e)

Fig. 3. (a) LR with gap on the right side. (b) Marked features: center of ring (dot), path inside the ring (line), path in the gap (dotted line) and circle-path
outside (line). (c) LRs on Step 7, Exposure 99 mAs, Barzilai Borwein reconstruction, TV λ = 0.5 . (d) Visual output of the automatic LR detection for the
first Ring in (c): center, ring and gap are marked correctly. (e) Values on the circle-path through the ring and the gap: the highest peak belongs to the gap.

1) Contrast c, based on the gray value v1 at the center, the

mean value v2 of the intensities along a circular path

on the ring and the mean value v3 on the circle-path

outside: c = ((v1 − v2) + (v3 − v2))/2,

2) Standard deviation sd of the ring values,

3) Difference d between mean gap value and mean ring

value.

The calculations are performed with sub-pixel accuracy using

bilinear interpolation. The positions of the 12 groups of LRs in

the phantom are fix. In order to ensure a more flexible usability

of the detection method, offset jumps from an automatically

detected landmark to the LR groups are used. Caused by small

inaccuracies in the landmark detection, a small search window

of 0.5×0.5×1.0mm3 for searching the center of the first LR

of a group is used - this ensures that the first ring of a group

can be determined correctly. A ring is marked at the position

where the sum

D = ω1c+ ω2sd+ ω3d, withω = (ω1, ω2, ω3) = (3,−1, 1)
(9)

is maximized, varying the center of the LR and the position

of the gap. ω was heuristically defined. A ring is counted as

detected if the detection sum D is greater than a threshold κ
and the attitude of the gap is correctly detected. Suitable values

for the detection threshold κ can be chosen taking the density

range of the reconstructed DICOM datasets into account. The

correct gap positions are known a priori for all LRs of the

phantom.

III. RESULTS

We assign 0.0, 0.1, 0.2, 0.3, 1.0 and 10.0 to the TV

regularization constant λ and compare the reconstructions

using up to 22 iteration steps. The Landolt ring detection

threshold κ is varied to control its influence on the detection

rates.

Fig. 4 shows some volume statistics for assigned λ values

(0, 10−1, 100, 101). On the left side (a) the residual norm ||y−
Ax||2 is plotted versus the iteration number, whereas on the

right side the total variation ||x||TV of the volume is shown. As

one expects, the figure shows decreasing residual norms in (a)

and simultaneously increasing total variations of the volumes

in (b) with respect to the regularization parameter. Already

after 20 iteration steps the desired regularization characteristics

are achieved. The differences within the volume statistics for

λ ∈ [0.1, 0.3] are marginal. Thus they are omitted in Fig. 4.

Fig. 5 shows the LR detection results for assigned λ values

(λ = 0.0, 0.1, 0.2, 0.3 ). Two different LR detection thresholds

κ were used to define a correct ring count D > κ (see

(9)): in Fig. 5 (a) κ = 50 and in (b) κ = 75. For a higher

detection threshold κ less rings were detected e.g. 33 instead

of 38 for the Siemens reconstruction. Our results seem to

be nonsensitive to threshold variations, because of the higher

contrast of our volumes. Both shapes of our data profiles look

nearly identical.
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Fig. 5. LR counts for TV reconstructions with different λ values. In
comparison to the Siemens reconstruction λ = 0.1, 0.2, 0.3 values mostly
deliver higher LR counts after 4 iterations.

The computer used for reconstruction had an Intel Core

i7 CPU with 2.97 GHz clock speed and 12 GB RAM. We

used a 64-bit Windows 7 OS; the GPU is a NVIDIA GeForce
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Fig. 4. Iterative reconstruction characteristics for different TV regularization values λ = 0, 10−1, 100, 101: (a) residual norm ||y−Ax||2 and (b) TV norm
||x||TV .

GTX 280. The reconstruction program is compiled as an 32-

bit application. Intermediate reconstruction volumes needed

during the reconstruction process had to be stored on the

hard disk, because of the large size of the Quart Mam/Digi

phantom. The runtime for one iteration was approx. one up to

two minutes.

IV. DISCUSSION

We showed in this paper that the Landolt ring component

of the specific phantom is an adequate tool for the evaluation

of DBT algorithms with respect to the representation of small

dense structures. TV regularization yielded better perceptibil-

ity of the LRs contained in the Quart Mam/Digi phantom,

when the parameter λ is adjusted carefully. With the correct

iteration number we find more rings, than the reconstruction

provided by the manufacturer. A possible explanation for this

is a lower standard deviation sd of the values on the ring and

thus less noise for comparable contrast values, when using the

non-linear TV-regularization.

The following additional steps are planed as future research.

We will systematically evaluate our reconstructions for more

than 20 iterations over the whole exposure range and time.

Investigation and possibly modification of other regularization

methods e.g. the L1 norm are planed. With ongoing im-

provement of the algorithm the required radiation dose could

possibly be further reduced.

We will compare the results of the automatic LR detection

with the reading of radiologists to evaluate reconstruction

quality in a clinical context. Furthermore, we hope that our

method can be applied in the context of limited angle breast

tomography in order to improve the detection of clinical

pathologies (e.g. microcalcifications).

V. CONCLUSION

We conclude that our iterative TV-regularized reconstruction

method can be almost optimally adapted to improve the

depiction of small clearly defined contrast features in limited-

angle cone-beam reconstruction problems.
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Abstract—Differential phase contrast imaging (DPCI) enables
the visualization of soft tissue contrast using X-rays. In this
work we introduce a reconstruction framework based on curvelet
expansion and sparse regularization for DPCI. We will show
that curvelets provide a suitable data representation for DPCI
reconstruction that allows preservation of edges as well as an
exact analytic representation of the system matrix. As a first
evaluation, we show results using simulated phantom data.

I. INTRODUCTION

One of the main shortcomings of conventional x-ray com-

puted tomography (CT) is the low contrast within the soft

tissue regions. Differential phase-contrast imaging (DPCI)

is an emerging imaging modality which was developed to

address this issue. It was shown in [1], that this technique

improves the visualization of soft tissues upon conventional

X-ray computed tomography (CT).

The basic idea of DPCI consists in performing phase-

sensitive x-ray measurements (rather than imaging the ab-

sorption coefficient) and the reconstruction of the refraction

coefficient f : R2 → R. The mathematical model describes

the relationship between the phase change and the refraction

coefficient f in the following way, cf. [1], [2], [3],

Pf(θ, s) =
∂

∂s

∫
L(θ,s)

f(x) dx, (1)

where L(θ, s) = {x ∈ R
2 : x1 cos θ + x2 sin θ = s} denotes

a line with the normal direction (cos θ, sin θ)T and the signed

distance from the origin s ∈ R. Given the measurements

y = Pf , the reconstruction problem amounts to finding the

refraction coefficient f from the phase shift data Pf . In this

work, we consider the following noisy reconstruction problem

yδ = Pf + η, (2)

where η is the noise component with a noise level δ > 0, i.e.,

‖η‖2 ≤ δ. To this end, we first note that the DPCI model (1) is

essentially given by the first derivative of the classical Radon

transform

Rf(θ, s) =

∫
L(θ,s)

f(x) dx, (3)

such that Pf(θ, s) = ∂
∂sRf(θ, s). Therefore, techniques

which were originally developed for conventional CT can

be transferred to DPCI. For example, in [4], the well-known

filtered backprojection (FBP) algorithms has been adapted for

reconstruction from DPCI data. However, in order to achieve

an adequate reconstruction quality, FBP needs a large number

of projections. In addition to that, it is well-known that FBP

performs poorly in the presence of noise.

To address these issues, we propose a reconstruction method

that is based on a series expansion framework (often called

algebraic or iterative reconstruction). In this framework, the

unknown function f is expanded with respect to a given

dictionary (ψn)
N
n=1 via f =

∑N
n=1 cnψn. Then, the expansion

coefficients (cn)
N
n=1 are determined from the measurements

ym = Pf(θm, sm) =
N∑

n=1

cnPψn(θm, sm). (4)

by solving the linear system of equations

y = Pc, (5)

where y = (y1, . . . , yM )ᵀ and P = (Pm,n) is the M × N
system matrix with entries Pm,n = Pψn(θm, sm).

Several choices of dictionaries have been proposed for

reconstruction in DPCI. For example, in [5], Köhler et al. con-

sidered a series expansions based on Kaiser-Bessel functions

(also known as isotropic blob functions). Another example

is the B-Spline series expansion which was investigated by

Nilchian et al. in [6].

In this work, we propose an approach that is based on the

expansion of f with respect to the curvelet frame, [7]. An

advantage of using curvelets over other dictionaries lies in

the fact that curvelet expansions allow for an edge-preserving

reconstruction. In addition to that, curvelets admit an analytic

representation of the system matrix.

The paper is organized as follows: in Section II we recall the

definition of curvelets and recall some of their basic properties.

In Section III we describe our curvelet-based discretization

used for the explicit computation of the system matrix P as

well as the resulting reconstruction method. Finally, in Section
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IV, we illustrate our method by reconstructions of simulated

phantom data.

II. CURVELETS

The curvelet dictionary is a family of functions ψj,l,k :
R

2 → C which has a multi-scale structure and whose main

advantage is the high directionality of its fine scale atoms [7].

The construction of curvelets is done in the Fourier domain.

We will make use of the following definition of the Fourier

transform

f̂(ξ) =
1

2π

∫
R2

f(x)e−ixξ dx.

We first define the generating curvelets ψj,0,0 at scale 2−j ,

j ∈ N0, by using polar coordinates ξ = reiθ in the Fourier

domain:

ψ̂j,0,0(re
iθ) = 2−3j/4 ·W (2−j · r) · V

(
2 �j/2�+1

π
· θ
)
, (6)

where W is a radial window and V is an angular win-

dow, respectively. We require the windows W , V to be real

and smooth (W,V ∈ C∞) such that suppW ⊂ (1/2, 2),
suppV ⊂ (−1, 1). Moreover, V and W have to satisfy

proper admissibility conditions, cf. [7]. The family of curvelets

{ψj,l,k}j,l,k is constructed by translation and rotation of the

generating curvelets ψj,0,0. That is, at scale 2−j , the curvelet

ψj,l,k is defined via

ψj,l,k(x) = ψj,0,0(Rθj,l(x− bj,lk )), for x ∈ R
2. (7)

Here Rθj,l denotes the rotation matrix

Rθj,l =

(
cos θj,l − sin θj,l
sin θj,l cos θj,l

)
with respect to the scale-dependent rotation angles θj,l and the

scale-dependent locations bj,lk which are defined by

θj,l = l · π · 2−�j/2�−1, −2 �j/2�+1 ≤ l < 2 �j/2�+1, (8)

bj,lk = R−1
θj,l

(
k1
2j

,
k2
2j/2

)
, k = (k1, k2) ∈ Z

2. (9)

Clearly, each curvelet is supported on a polar wedge in the

Fourier domain which has a positive distance to the origin.

We complete the curvelet system with the generating low-pass

function ψ−1,0,0, defined in the Fourier domain by

ψ̂−1,0,0(re
iθ) = W0(r), W 2

0 (r) := 1−
∞∑
j=0

W 2(2−jr),

with all of its translates {ψ−1,0,k}k∈Z2 . The index set of the

completed curvelet dictionary is now given by

I =
{
(−1, 0, k) : k ∈ Z

2
}
∪{

(j, l, k) : j ∈ N0, k ∈ Z
2, −2 �j/2�+1 ≤ l < 2 �j/2�+1

}
One of the fundamental properties of the curvelet dictionary

is that it constitutes a normalized tight frame for L2(R2), cf.

[7]. In particular, each f ∈ L2(R2) can be expanded in terms

of curvelets via

f =
∑

(j,l,k)∈I
〈ψj,l,k, f〉ψj,l,k. (10)

Note that the representation (10) is directional. Indeed, in

addition to the scale-parameter j and the location parameter

k = (k1, k2), the orientation parameter l corresponds to

directional features of f .

III. CURVELET SERIES EXPANSION FOR DPCI

We now use curvelets in order to discretize the DPCI

operator P which is defined in (1). To this end, we model

f as a finite linear combination of curvelets via

f =

N∑
n=1

cnψn, (11)

where n = n(j, l, k) is an enumeration of the curvelet index set

I and N = |I|. In the following, we also assume that a finite

number of measurements is available, ym = Pf(θm, sm),
1 ≤ m ≤ M ∈ N. Using (11), each measurement ym can

be expressed as

ym = Pf(θm, sm) =

N∑
n=1

cnPψn(θm, sm). (12)

The discrete (noise free) reconstruction problem then reads

y = Pc, (13)

where P is the system matrix which is defined by

Pm,n = Pψn(θm, sm), 1 ≤ m ≤ M, n ∈ I. (14)

An advantage of using curvelets for the discretization lies in

the fact that the Radon transform of curvelet elements can be

computed analytically. In analogy to [8], we have the following

result.

Theorem III.1. Let ψj,l,k be a curvelet (cf. (7)) and denote
e(θ) = (cos θ, sin θ)ᵀ. Then,

Pψj,l,k(θ, s) = 25j/4V ∗
(
2 �j/2�+1

π
(θ − θj,l)

)√
2π

îW ∗
(
2j
(〈

bj,lk , e(θ − θj,l)
〉
− s

))
where bj,lk and θj,l are defined in (8) and (9). Further,
W ∗(r) = rW (r) with the radial window function W as given
above and V ∗(α) = V (α)+V (α−sgn(α)π) with V denoting
the angular window function.

We now consider the discrete noisy reconstruction problem

yδ = Pc+ η, (15)

where η ∈ R
N denotes the noise component. In order to

minimize the influence of noise to the reconstruction, we use

variational regularization which amounts to the minimization

of an energy functional of the form

‖Pc− y‖22 + αΛ(c), (16)
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where the first term controls the data error and the second

term Λ : RN → [0,∞) is a penalty function which encodes

the a-priori information about the unknown object f .

Our goal is to design an edge-preserving reconstruction

method based on curvelet coefficients. For this purpose, we

take advantage of the ability of curvelets to provide optimally

sparse representation of functions with sharp edges, cf. [9].

In order to obtain a sparse vector of curvelet coefficients

through minimization of (16), we use the paradigm of sparse

regularization, cf.[10]. In this context, it is well-known that

the �1-norm favors sparse solutions. Therefore, we solve the

problem (15) by minimizing the �1-penalized functional

ĉ = arg min
c∈CN

{
1

2

∥∥Pc− yδ
∥∥2
2
+ ‖c‖1,w

}
, (17)

where ‖c‖1,w =
∑

k wk |ck| denotes the weighted 1-norm

with a weight sequence w satisfying wk ≥ w0 > 0. Having

computed ĉ, a solution for the original problem (2) is then

given by applying the synthesis operator to the regularized

curvelet coefficients ĉ, i.e.,

f∗ =

N∑
n=1

ĉnψn. (18)

The computation of a reconstruction by (17), (18) is stable

and edge-preserving.

IV. RESULTS

A. Implementation

Our implementation of the curvelet transform is written in

C++ and is based on polar coordinates in the Fourier domain.

Note that the CurveLab toolbox [11] uses a slightly differ-

ent approach with coronization based on concentric squares

instead of concentric circles.

For sparse regularization, one of the most effective methods

is the iterative soft-thresholding algorithm (ISTA) as suggested

in [10]. We implemented the fast iterative soft-thresholding

algorithm (FISTA) variant as proposed in [12]. In both algo-

rithms every minimizer c∗ of the �1-penalized reconstruction

problem is a fixed point of the following iteration:

c∗k+1 = Sλw

(
c∗k − λP∗(Pc∗k − yδ)

)
.

Here, Sτ denotes the soft-thresholding operator of x with

threshold τ :

Sτ (x) =

{
x− sgn(x)τ |x| ≥ τ

0 else.

The step-size λ > 0 is chosen according to the Barzilai-

Borwein method (cf. [13]). For our first reconstructions, we

use a constant parameter w = 0.01. We will refer to our �1-

regularized reconstruction as Curvelet Sparse Regularization

(CSR), cf. (17) and (18). Additionally, we implemented the

Conjugate Gradient (CG) method. We have used the CG to

solve the un-regularized tomographic problem (15). In the

following, we will compare the results of reconstructions ob-

tained via FBP to those of the CG based reconstruction as well

as our CSR based reconstructions. In both implementations,

CSR as well as CG, we have used the closed form formula

given in Theorem III.1 in order to compute the elements of

the system matrix.

B. Setup and datasets

To evaluate our method, we applied the forward model to the

Shepp-Logan phantom. We compare FBP (with the adjusted

filter for DPCI [4]) to both of our curvelet based iterative

methods - CG and CSR. Both reconstructions, CG and CSR,

were produced using 200 iterations. We start our evaluation by

taking 360 projections within the angular range of 0◦ -180◦ .

The results are shown in Fig. 1.

(a) (b) (c)
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(d)

Fig. 1. (a) FBP (SNR: 12.7 dB), (b) CG (SNR: 15.7 dB), (c) CSR (SNR:
15.9 dB), (d) Line profile (y = 100)

The curvelet based methods provide visually promising

results. Additionally, we present a line profile (see. Fig. 1 (d))

which clearly shows our curvelet based methods to be much

closer to the ground truth than the FBP method. The signal to

noise ratio (SNR) shows an increase from 12.7dB for FBP up

to 15.9dB for CSR.

However, having a closer look we observe two additional

phenomena: First, our current implementation of the curvelet

based methods exhibits Gibbs-like effects. Second, we find the

CG results to show high frequent noise in contrast to the FBP

results. Thus, we suppose this noise is linked to the oscillating

behaviour of the curvelet elements. This noise gets clearly

reduced by the CSR method, while sharpness of the edges is

preserved. The given line profile additionally shows, this noise

reduction when using CSR in contrast to the CG method.
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We continue our evaluation by reducing the number of

projections taken to 60 by increasing the angular spacing from

0.5◦ to 3◦ . The corresponding results are shown in Fig. 2.

The line profile in Fig. 2 (d) as well as the SNR increase

from 11.1dB (FBP) to 14.3dB (CSR) emphasizes our previous

results. However, in this case, we also observe Gibbs artefacts

and a noise reduction when using the CSR method.

(a) (b) (c)

0 50 100 150 200

0

0.02

0.04

0.06 FBP
CG
CSR
Ground Truth

(d)

Fig. 2. (a) FBP (SNR: 11.1 dB), (b) CG (SNR: 13 dB), (c) CSR (SNR: 14.3
dB), (d) Line profile (y = 100)

V. CONCLUSION

In this work we have introduced a curvelet based framework

for differential phase-contrast imaging. In particular, we have

presented an analytically exact discretization of the DPCI oper-

ator. Moreover, we applied the curvelet sparse regularization to

the reconstruction problem of DPCI. Our first reconstruction

results show that the method is promising, but still requires

further work to achieve better results.

We believe that the curvelet representation provides a solid

basis for extending reconstruction methods towards reducing

the radiation exposure by exploiting the sparsity and edge-

preserving properties of curvelets.
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Directional X-Ray Scattering Tomography
Andreas Malecki, Guillaume Potdevin, Thomas Biernath, Elena Eggl, Tobias Lasser, Jens Maisenbacher, Jens

Gibmeier, Alexander Wanner, and Franz Pfeiffer

Abstract—Since the introduction of dark-field imaging as a
novel x-ray contrast method, a broad range of additional sample
features have become accessible with laboratory-based tomogra-
phy for the first time. Here contrast is caused by scattering inside
the specimen and thus strongly depends on structures on a scale
below the detector resolution. Simple x-ray dark-field tomogra-
phy is in principle compatible to existing techniques with respect
to the dose but only gives good reconstruction results when all
structures inside the sample are isotropic meaning the scattering
in each volume element does not change when recording the
projections. Additionally a radiographic method exists that takes
the changes in the scattering strength into account when rotating
the sample: Directional dark-field radiography. But this method
suffers from being applicable only to thin specimens. Here we
present a novel method, directional x-ray scattering tomography,
which combines directional dark-field imaging with a direction-
aware reconstruction approach, and demonstrate its validity with
experimental data from a well-defined specimen. With this novel
method medical diagnosis based on non-resolvable structures for
example in the case of bone strength could drastically improve.

Index Terms—X-ray dark-field imaging, grating interferome-
try, scattering tensor tomography

I. INTRODUCTION

X-ray grating interferometry provides two novel contrast

channels in addition to conventional absorption-based imag-

ing: differential phase and dark-field contrast. In x-ray dark-

field imaging [1] the signal represents the amount of coherent

scattering of the penetrating x-ray wavefront at small structures

inside the sample [2], [3]. Thus dark-field radiography and

tomography allow to draw conclusions about the morphology

of a sample’s micro-structures [4], [5], [6], [7], [8], [9],

[10], [11]. At the same time no high resolution detectors are

required, which makes dark-field based methods especially

interesting for medical applications because of almost equal

dose requirements.

Whenever oriented sub-pixel size structures are present in

the sample, the amount of scattering strongly depends on the

current orientation of the specimen. Therefore the intensity of

the dark-field signal oscillates when rotating of the specimen

around the x-ray beam. Directional dark-field imaging [12],

[13] evaluates these oscillations and allows to deduce the

micro-structural orientation and anisotropy of thin specimens.
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Fig. 1. Sketch of the x-ray grating interferometry setup used to obtain
the directional dark-field projections. The setup consisted of an x-ray tube
(X), a cubic specimen (S), a three-grating interferometer (G0, G1, and G2)
and a detector (D). The sample was rotated around a fixed point. It was
mounted on an Eulerian cradle such that certain spatial angular positions had
to be excluded for which the goniometer would shadow the cube partially or
completely. The lab and sample coordinate systems are indicated as well.

Here it is crucial to examine only rather thin specimens where

the x-ray beam then only penetrates one structure at maximum.

Otherwise, whenever several structures overlap along the ray

path and scatter in different directions, which is rather likely

in thick specimens, further knowledge about the sample is

required to distinguish between several contributing structures

or a single one [14], [15]. The main limitation in this case

is that it is unknown where along the beam path which

contribution to the measured dark-field signal originates.

Directional dark-field imaging is a radiographic method.

Computed tomography, however, allows to reconstruct

position-dependent sample properties. As long as the scattering

inside the sample is isotropic, tomographic reconstructions

on the basis of the dark-field signal are feasible simply by

replacing the measured transmission by the dark-field data

[6]. But if the scattering inside the sample is anisotropic,

neglecting the direction dependence of the scattering in dark-

field tomography leads to incorrect reconstructions. When the

sample is rotated around the tomographic axis, the amount

of scattering strongly and non-linearly changes between sub-

sequent projections. Consequently, coupling directional dark-

field imaging to a direction-aware computed tomography

method could overcome the limitations of both simple dark-

field tomography and directional dark-field imaging.

Here we show how to combine the directional dark-field

signal with computed tomography and reconstruct the lo-

cal direction-dependent scattering of the sample. Based on

experimental data obtained from a well-defined specimen

we qualitatively account for the correct reconstruction of its
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scattering parameters.
For this study we used a typical laboratory-based exper-

imental setup (see fig. 1). It consists of an x-ray tube as

source (X), a Talbot-Lau grating interferometer with three

gratings (G0, G1, and G2), and a detector (D). In such a setup,

the first grating (source grating, G0) ensures a sufficiently

coherent illumination of the actual interferometer formed by

the phase and analyzer gratings (G1 and G2). The sample (S)

was mounted on an Eulerian cradle placed between source and

phase grating. Consequently, its orientation could be chosen

almost arbitrarily within a wide spatial angular range only

limited by the goniometer’s metal ring.
It has been shown before (cf. [14], [15]) that the physical

model behind x-ray directional dark-field imaging is in a sense

similar to the Beer-Lambert law known from absorption of x-

rays and can be described by

D(x, y) = exp

[
−
∫
〈ε(x, y, z), t〉2 dz

]
. (1)

Here D denotes the measured dark-field signal, and 〈·, ·〉 the

Euclidian scalar product, ε(x, y, z) ∈ R
3 is the location-

dependent scattering introduced by the sample, and t ∈ R
3

the sensitivity vector of the grating interferometer. t describes

the absolute sensitivity and its direction at the same time. It

always points in a direction parallel to the grating surface

but perpendicular to the grating lines. The magnitude of the

sensitivity vector depends on the setup parameters of the

interferometer, the sample location, and the x-ray energy. The

scattering as well is energy-dependent and characterized by

its direction and magnitude represented by ε. For this work

we ignored all deviations that may have been caused by the

polychromatic energy spectrum and reconstructed effective

values.
To combine x-ray directional dark-field imaging with com-

puted tomography, we generalized the existing model in eq. (1)

by allowing a finite number of different scattering directions

εi in every sample point. When performing tomography, the

sample is rotated relative to the penetrating beam. As a

consequence, the scattering at each location also depends on

the direction of the incoming beam s relative to the sample

orientation. These considerations lead to

D(x, y) = exp

[
−
∫ ∑

i

〈εi(s, x, y, z), t〉2 dz
]
. (2)

As already shown in [14], [15], it is impossible to dis-

tinguish between an isotropic scatterer and two completely

anisotropic layers put close to each other but with a relative

orientation of 90◦. Thus we can ignore constant scattering con-

tributions by absorbing them in two perpendicular anisotropic

contributions. We only have to ensure that enough different

scattering directions are available.
To be able to perform a reconstruction, we still need to

specify how εi(s, x, y, z) changes when rotating the sample,

which is equivalent to changing the direction of the incoming

beam s. Here we assume that the scattering direction is always

fixed with respect to the sample coordinate system but the

amount changes with the relative orientation of εi and s like

εi(s, x, y, z) = |ŝ× εi(x, y, z)| ε̂i. (3)

Here ŝ and ε̂i are equal to s and εi normalized to Euclidian

unit length.

Using (3) we can substantiate (2):

D(x, y) = exp

[
−
∫ ∑

i (|εi(x, y, z)| |t|)2

(|ŝ× ε̂i| 〈ε̂i, t̂〉)2 dz
]

(4)

All values of the weight factor (|ŝ× ε̂i| 〈ε̂i, t̂〉)2 can be

precalculated from the corresponding sample orientation when

the setup geometry is known. For parallel geometry they are

constant for all rays contributing to a single projection. The

results presented below show the reconstruction of the product

of the absolute values of εi(x, y, z) and t. This is equivalent

to the assumption that all sample volume elements (voxels)

contain an identical distribution of scatterers with respect to

their size and material. If one can furthermore assume that the

sensitivity is more or less constant and known, this directly

allows to reconstruct the scattering caused in each sample

voxel. In general this is not applicable, as the sensitivity

strongly depends on the x-ray energy and structure dimensions.

How to separate the two contributions from scattering and

sensitivity and correctly model the energy dependence will be

part of future examinations.

For the reconstruction we used the simultaneous algebraic

reconstruction technique (SART) [16]. The underlying model

was modified to fit to the experimental data by reconstructing

several volumes in parallel, one for each scattering component

(see Methods & Materials for details).

II. RESULTS & DISCUSSION

For this study we used a 1.03 cm×1.03 cm×1.02 cm large

cube sample made of carbon fiber enforced carbon (CFC).

The sample contained eight layers of oriented fibers with the

fibers in each layer mainly pointing in one identical direction

parallel to the layer. The layers were separated by thinner

felt layers with an arbitrary fiber orientation. Groups of two

equally oriented layers were oriented perpendicular towards

each adjacent group and parallel to the upper/lower surface of

the cube. From the top to the bottom all layers were connected

by additional strings of fibers.

As the contribution of each scattering component depends

on the relative orientation with respect to the beam direction,

it was necessary to rotate the sample not only around a single

rotation axis but freely around the center of rotation of the

Eulerian cradle. Otherwise, there would have been scattering

coefficients with a constant weight factor equal to 0. The

orientation of the specimen in this case are defined by the three

Eulerian angles θ, ψ, φ and in total 2416 different projections

were recorded (see Methods & Materials for details).

Fig. 2 shows two representative slices of the raw results

gained from reconstructing the scattering coefficients for the

following seven different scattering orientations, along the

three Cartesian coordinate axes and the four space diagonals

(coordinates given with respect to the sample coordinate
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Fig. 2. Reconstructed slices and direction-dependent scattering strength. (a)-(g) show the scattering strength with respect to the scattering direction of
the same central slice parallel to the sample’s y-z plane. (h)-(n) show the same scattering components but now in a plane parallel to the x and z axes. The
broken lines mark the position of the images shown. From top to bottom the strongest scattering direction inside the sample alternates between the x direction
and the z direction. The scattering along the y axis is almost constant throughout the whole specimen. At the locations of the intermediate felt layers the the
scattering power is equally distributed of over all scattering components.

system):

ε̂1 =
(
1 0 0

)T
, ε̂2 =

(
0 1 0

)T
, ε̂3 =

(
0 0 1

)T
,

ε̂4 =
1√
3

(
1 1 1

)T
, ε̂5 =

1√
3

(
1 −1 1

)T
,

ε̂6 =
1√
3

(
1 1 −1

)T
, ε̂7 =

1√
3

(
1 −1 −1

)T
.

We limited the number of scattering directions to seven to

save memory and computation time. In the figure it becomes

evident that the scattering happening inside the sample is

mainly along the Cartesian coordinate axes and alternating

between the x and the z direction, when moving along the y
axis, while it is almost constant in the y direction throughout

the whole specimen. Mainly only at the locations of the

intermediate felt layers the diagonal scattering components

show a significant contribution. For a fixed height y the

scattering in all components is rather homogeneous.

In general scattering only occurs perpendicular to the

structures in the sample. This leads to a strong dark-field

signal pointing in these directions. From the reconstructed

scattering components one can deduce that because of the

maximum scattering strength alternating between the x and

z direction, the main orientation of the structures between

the corresponding layers must be alternating as well. Strictly

speaking, the scattering structures in the uppermost layer and

the second lowest have to point in the z direction and the

features in the remaining two layers have to point in the x
direction. As all fiber layers are stacked on top of each other

in y direction, no change in the vertical scattering component

can be observed. All these findings agree with the morphology

of the sample resulting from its production process.

III. CONCLUSION & OUTLOOK

In summary we have shown that the directional dark-

field signal obtained with x-ray grating interferometry allows

to tomographically reconstruct the local direction-dependent

scattering properties of a specimen. For that purpose we

extended the well-known physical model behind directional

dark-field imaging to allow different scattering directions in

every sample voxel.

In the future, this method can be extended to represent the

scattering properties of the sample by a tensor in every sample

voxel. If one takes the energy dependence of the scattering

into account and energy-resolving pixelated detectors become

available, it should also be possible to reconstruct the size

distribution of the sub-pixel features causing the scattering.

This technique in principle could also have a large impact

in the medical field, for example in the diagnosis of bone

pathologies like osteoporosis.

IV. METHODS & MATERIALS

The dark-field projections were obtained at a laboratory

setup at the Technische Universität München (cf. sketch in

fig. 1). We used a high power x-ray tube (MXR-160HP/11

by COMET AG, Switzerland) at 90 kV and 8mA and an

additional 3.0mm aluminium filter. The x-ray detector was

a Varian PaxScan 2520D with a CsI scintillator and a pixel

pitch of 127μm (Varian medical systems, USA).

The interferometer consisted of two transmission gratings

(G0 and G2) with a silicon substrate height of 500μm and

150μm and 160 − 170μm high gold lines and spaces filled

with SU-8. Our phase-shifting grating (G1) induced a phase

shift of π/2 at the targeted design energy of 56.9 keV and was

made of 10μm high nickel lines on a 200μm thick silicon

substrate. We used a symmetric setup with an inter-grating

distance of L = d = 1.15m. The period of the gratings

was 10μm for the absorption gratings and 5μm for the phase

grating and all duty cycles were 0.5.

The sample was mounted on an Eulerian cradle manu-

factured by Huber Diffraktionstechnik GmbH & Co. KG,
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Germany, and located 89 cm from the source grating. With

a resulting magnification of 2.6 and a sample size of 1 cm
this allowed to use parallel beam geometry as a very good

approximation for this reconstruction problem.

Projections were taken for the following Eulerian angle

values given as (θ, ψ, φ) with coarse steps in θ and φ and fine

steps in ψ. With x, y, z being the Cartesian sample coordinate

axes and x′, y′, z′ the Cartesian lab coordinate system, θ was

the angle between the y′ and y axis, ψ the rotation angle

around y′ and φ the rotation angle around y. During the

experiment ψ was used as fastest and φ as slowest axis. This

resulted in a total number of 2416 projections. For each sample

orientation the phase grating was scanned in 8 steps over one

grating period (phase stepping, cf. [17]). Reference images

were taken each time between a full scan along the fast axis.

We calculated the dark-field contrast signal from the Fourier

transform of the resulting intensity variation (cf. [17], [1]).

The carbon cube specimen was created from several layers

of carbon fibers, which were then infiltrated with the carbon

matrix by chemical vapor infiltration (CVI). This was done at

the Institute for Chemical Technology and Polymer Chemistry

at the Karlsruhe Institute of Technology (KIT).

Blocks of 15 × 50 × 55mm3 size were streamed under

isothermal and isobaric conditions with methane. The spe-

cific correlations between infiltration parameters and resulting

carbon-carbon structures can be found in [18]. The specimen

researched in this work has been infiltrated at 1095 ◦C and

25 kPa for 90 h with a dwell time of 0.1 s. The carbon fiber

laminate is commercially available (“Surface Transforms”,

Ellesmare Port, UK) and consists of HT-fibres (Panox R©,

SGL Carbon) with a Young’s modulus of 190GPa and a

density of 1.72 g/cm3. From one of the large carbon blocks

a cube of size 1.03 cm × 1.03 cm × 1.02 cm was cut, which

served as specimen in our study. It contained 4 groups of 2

adjacent layers with alternating orientation between the groups

as described above.

As already mentioned above we used the SART algorithm

for reconstruction. We stopped after 4 iterations, after which

no further significant changes were introduced to the result.

For forward and backward projection we used trilinear inter-

polation. The reconstructed volume contained 358×358×358
volume elements with an edge length of 49μm each.
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Abstract—Metallic implants will cause serious artifacts in CT 
images. The artifacts may increase the difficulty of diagnosis,
especially in dental CBCT where metallic implants appear in 
more than 50% clinical cases. A novel metal artifact reducing 
method based on three approximately orthogonal projections has 
been presented and proved to be effective by experimental data. 
Here in this article, we improve this method to adapt to the dental 
CBCT with a half-size detector. Scanning data from clinical case 
was used to illustrate the effect of the method.

Index Terms—Dental CBCT, half-size detector, metal artifact. 
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B. Metal Artifact Reducing Method Based on Three 
Approximately Orthogonal Projections 
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Abstract—We present an approach that combines the 

application of ECG-gated single photon emission tomographic 

imaging of the heart with finite-element mesh modeling of the 

heart. ECG-gated image datasets of the heart have been used to 

create a hexahedron-based FE model of the left ventricle. This 

mesh has been previously used to model the work of the heart 

muscle. We propose to combine the validated moving hexahedral 

mesh occupying the space of the heart muscle with a deformable  

tetrahedral mesh occupying the field of view of the scanner 

detector. The resulting mesh is used as an image representation 

for the radiotracer concentration distribution function. The 

tomographic problem for the constant intensities inside each 

polyhedron of the mesh is solved using ML-EM algorithm. Since 

the underlying hexahedral mesh is designed to model the  cardiac 

motion, the new image representation allows us to reconstruct a 

single intensity value per volume element using projection data 

from all cardiac gates, thus improving the reconstructed image 

quality. After the motion-corrected 3D image is computed, it is 

used to re-assess the input data and improve both the mesh 

geometry and the cardiac motion modeling. Repeating this 

process iteratively, we aim to determine the best mesh-based 

representation and the most accurate motion model from the 

initially acquired projection dataset. This approach is directed 

toward enabling automatic generation of the initial FE model of 

the heart. The main challenges encountered in the work are 

achieving a successful combination of a hexahedral and a 

tetrahedral mesh and in preserving the topological integrity of 

the mesh during motion. 

Index Terms—SPECT, cardiac imaging, finite element 

modeling, non-uniform meshes, multiresolution, image 

reconstruction, motion corrected image reconstruction.  

I. INTRODUCTION 

ARDIAC single photon emission computed tomography 

(SPECT) is a method of determining three-dimensional 

distributions of injected radiotracers with selected biochemical 

properties inside the patient’s heart. Wide access to SPECT 

scanners and availability of a variety of radiotracers makes 

SPECT one of the most popular cardiac diagnostic modalities. 

The main challenge of cardiac SPECT (as well as another 

nuclear emission imaging modality, PET) is the low quality of 

the reconstructed images manifested in terms of image 

artifacts. The major sources of imaging artifacts are high noise 

content in the acquired data and patient motion. Reducing 

image artifacts caused by these factors is one of the primary 

goals of modern nuclear emission technology research. 

The noise content in the data acquired in emission 

tomography is determined by the dose of the injected 

radiotracer, camera sensitivity, and the imaging time, thus the 

noisiness of the reconstructed images has to be reduced by 

data processing tools. A promising approach to reducing noise 

content in the target images is using image representation 
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methods that permit spatially varying resolution, e.g. larger 

voxel sizes in those part of the image where the spatial 

resolution can be partially compromised. Triangular (in 2D) 

and tetrahedral (in 3D) meshes of non-uniform density have 

been used as multiresolution image representation in the past 

[1-6]. These meshes offer both a multiresolution data 

representations and a convenient tool for incorporating motion 

into the image reconstruction process. One of the main 

challenges in the practical implementation of tomographic 

reconstruction on a polyhedral mesh is generating the mesh 

geometry that is optimal for the particular imaging problem. In 

this work, we propose to generate the reconstruction mesh 

using both the projection data and the results of the finite 

element (FE) mechanical modeling study described below.  

The most straightforward and common technique for cardiac 

motion compensation is motion gating. Usually, electrocardio-

graphy (ECG) is used to divide the acquired tomographic data 

into several temporal bins corresponding to different phase 

values of the quasi-periodic ECG signal. (Respiratory motion 

compensation is conceptually similar, although amplitude-

based rather than phase-based binning and different motion 

tracing methods are used.) After the acquisition, each gate is 

reconstructed separately, providing a movie-like sequence of 

stationary volumes. Unfortunately, straight-forward gating, 

while reducing in motion artifacts, also reduces the SNR of 

each reconstructed image. The SNR degradation can be 

mitigated by temporal processing of the images during 

reconstruction, in other words, by switching from independent 

reconstruction of each time frame to a model that incorporates 

the frame-to-frame motion [7]. A number of different models 

have been proposed in the field, including describing motion 

using a deformable tetrahedral mesh [8]. In order to imple-

ment any of such reconstruction techniques, it is crucial to 

establish and validate the parameters of the modeled motion. 

When identified and modeled correctly, cardiac motion as 

detected during a SPECT or a PET scan can provide important 

diagnostic information, such as an estimate of stress or strain 

in the heart tissue. One of the proposed techniques aimed at 

extracting this type of information from tomographic datasets 

is finite element (FE) modeling. FE computational models of 

the heart have been developed to gain a greater understanding 

of the regional stresses and strains in both the normal and 

pathological heart [9,10]. These models incorporate patient-

specific geometry as well as the fiber-sheet microstructure of 

the myocardium to predict regional distributions of myocardial 

deformation over the heart cycle. These models can function 

as valuable simulation tools and have been used to study 

alterations in myocardial contraction resulting from cardiac 

disease processes [11] as well as provide estimates of wall 

stress which is believed to be the driving force behind 

remodeling of the myocardium.  
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This manuscript is organized in the following manner. 

Section II explains the concept of a polyhedral mesh and how 

it is used for tomographic image reconstruction, for motion 

modeling and for the mechanical modeling. Section III 

explains our experiment and data processing algorithm. 

Section IV shows the initial results. Section V discusses 

further direction of our research, and Section VI formulates 

the preliminary conclusions. 

II. FINITE ELEMENT MESHES AND IMAGING 

A finite element mesh is a combination of a number of point 

nodes and linear chords connecting these nodes. Thus, in order 

to define a mesh in 3D, it is sufficient to provide an indexed  

set of node coordinates rn and a set of pairs of node indices 

(n1, n2) specifying the  chords. A polyhedral mesh is a more 

structured type of FE mesh, in which nodes and chords form 

polyhedra of various types. In addition to nodes and chords, a 

polyhedral mesh has two other types of elements: individual 

polyhedra and faces. Depending on the specific FE modeling 

problem, all or some of the mesh elements may be assigned 

different parameters such as intensities, mechanical properties, 

heat conducting properties, etc. In this manuscript, we use a 

combined geometry with hexahedral elements within the heart 

muscle and tetrahedral elements elsewhere in the volume of 

reconstruction. 

A. Tetrahedral Meshes and Tomographic Reconstruction 

The simplest polyhedral mesh in 3D is a mesh formed by 

non-overlapping tetrahedra or tetrahedral mesh. A tetrahedron 

(Figure 1(a)) is a simplex, the simplest non-degenerate 

polyhedron that can be constructed in three dimensions. In our 

previous work [6], we defined the mesh as:  

          K nodes Rk with assigned intensities Ik, 

     M tetrahedra Tm with vertices {mi, m2, m3, m4},           (1) 

                          where 1 ≤ mj ≤ K. 

Within each tetrahedron, the intensity varied linearly 

between the vertices, thus the image intensity distribution 

function was represented by a region-wise-continuous linear 

function. We used an analytic expression for the parallel 

projection of a linear distribution within a tetrahedron onto a 

plane to generate the system matrix and an ML-EM algorithm 

to reconstruct the vertex intensities Ik from projections. The 

optimal mesh geometry was achieved by iterative adaptive 

coarsening of the initially dense mesh with manually specified 

optimization parameters. More conservative optimization 

parameters for the portion of the image near the heart (the 

main region of interest) were selected.  

A slightly different form of the image representation is used 

in this work for reasons to be explained in subsection 3.C. 

Instead of region-wise continuous approximation, we choose 

regionwise-constant approximation, with a constant intensity 

Im assigned to each tetrahedron. This approach increases the 

number of unknown intensities to be reconstructed (since the 

number of nodes in a typical mesh is 2-3 times smaller than 

the number of tetrahedra), but simplifies the system matrix 

generation and allows defining sharper boundaries. 

B. Hexahedral Meshes: FE Modeling of the Heart Mechanics 

A hexahedron is a 3D figure with six quadrangular faces, 

eight vertices, and  twelve chords (Fig. 1(b)). Unlike a 

tetrahedron, it requires that both the coordinates and the 

correct order of the vertices be specified. A significant 

complication presented by a hexahedral model is the fact that 

a deformation of a hexahedron can lead to one or more faces 

losing their planar configuration as shown in Fig. 1(c). The 

hexahedral mesh of the left ventricle is obtained by semi-

automatic boundary segmentation of the epi- and endocardium 

in diastolic and systolic images and by the application of  

True-Grid software (www.truegrid.com). Within the mesh, the 

myocardium is represented as a transversely isotropic 

hyperelastic material [12] with fiber definitions published in 

the literature [13].  Subsequent mechanical analysis is 

performed using NIKE3D [14], a large deformation, non-

linear finite element modeling software package. 

C. Combined-Type Polyhedral Mesh  

Our primary goal is creating a mesh that combines the 

hexahedral mesh H used in the mechanical model and is only 

defined for the myocardial tissue with the tetrahedral mesh T 

that occupies the rest of the region of reconstruction. Each 

hexahedron in H is divided into five tetrahedra as shown in 

Fig. 2(a). This subdivision uniquely determines the geometry 

of each face and, therefore, uniquely determines the subdivi-

sion of all of the interconnected elements of mesh H. Because 

of the complex topology of H, a consistent subdivision is not 

guaranteed, and we may encounter cases shown in Fig. 2(b). 

For the case of linear intensity approximation, this 

inconsistency would be irresolvable or would require further 

subdivision of some hexahedra causing unnecessary 

complexity. In the case of constant intensity approximation, 

we only encounter such problems if the compromised face is 

deformed: in that case, a small overlap between several 

neighboring tetrahedra may occur. Since the number of such 

image representation defects and the volume of each overlap is 

small, we ignore them in our tomographic problem.  

An important component of the image representation is 

limiting the number of intensities to reconstruct from 

projections. We reduce the number of intensities to  be 

reconstructed by bunching several mesh elements together:  

• Intensities of all tetrahedra inside a single hexahedron are 

assumed to be identical, i.e., although tetrahedral 

geometry is used for constructing the system matrix, the 

 
Fig. 1. (a) A tetrahedron: the 3D simplex. A non-degenerate tetrahedron is 

always convex, independently of the ordering of vertices, however, 

preservation of the vertex order is an important parameter for ensuring the 

mesh integrity.  (b) A hexahedron. Ordering of the vertices is essential in 

order to define a hexahedron. A concave hexahedron is possible, however, 

only convex hexahedra are considered in this work. (c) Deforming a face of a 

hexahedron can make this face non-planar: the example shows how the vertex 
in the top right corner is below the plane formed by the other three vertices. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

502



   

system matrix entries correspond to hexahedra. 

• If the relative difference between the intensities of two 

elements i and j sharing the same face is below a pre-set 

threshold  

                            |Ii – Ij| / min(Ii , Ij) <ε         (2) 

for more than half of the motion frames, then the 

intensities of these two elements are reconstructed as one, 

effectively performing local image segmentation. More 

than two elements may be bunched in this manner, but 

only elements of the same type can form one segment. 

Mesh deformation in H is computed during the mechanical 

modeling stage. We extend the deformation to T by 

subdividing it into three sub-regions as in Figure 3. Region A 
is the same as mesh H, where the motion is defined. Region B 

is the portion of the tetrahedral mesh within 5-7 cm of region 

B. Region C is the rest of the image. No node motion in region 

C is permitted. Nodes can move in region B, driven by the 

motion of its boundaries, the displacement of the nodes Rk, 

k∈B, is determined by solving the optimization problem: 

                       Σk∈B |ΔRk,| is minimized;  

  motion of AB is accommodated, BC is stationary;       (3) 

   mesh integrity is preserved (no overlaps). 
 

III. IMAGING EXPERIMENT AND DATA PREPROCESSING 

A. Data Acquisition 

A dual head GE Millennium VG Hawkeye SPECT/CT 

system with high resolution parallel-hole collimators was used 

to image the distribution of 
99m

Tc-sestamibi in the 

myocardium of patients.  Acquisition was performed 1.5 hours 

after the injection of 20 mCi of 
99m

Tc-sestamibi. Two 

detectors in L-mode rotated 90° obtaining a total of 30 

projections per detector.  Each 128×88 projection was binned 

into 8 bins of the same length, depending on the ECG phase, 

thus, eight projection sinograms of length N=128×88×60 were 

created. An X-ray CT transmission study was performed 

immediately prior to the SPECT scan. An average of 6 ×10
5
 

counts was acquired by each detector head for each angular 

view per one cardiac gate. 

B. Initial Image Reconstruction 

The acquired projection data were reconstructed using 20 

iterations of the ML-EM algorithm with attenuation and point 

response corrections. The system matrix was constructed 

using a standard ray-tracing algorithm. The diverging ray 

geometry was realized by tracing multiple rays with the 

intensity dependence on the divergence direction established 

empirically (as a point-spread function) for the given 

scanner/collimator combination. Scanner-acquired CT images 

were used to compute the attenuation correction for each ray.  

The initial images were reconstructed on a 128×128×88 

grid with 0.442 cm voxel size. Each of the eight time frames 

was reconstructed separately.  

C. Combined Mesh Generation 

The initial hexahedral FE model was developed to study the 

effects of the infarct on contractile function for a 60 year old 

male patient with a lateral wall infarct. The node coordinates, 

element definitions and node order for this mesh were defined 

based on the SPECT images to be consistent with 

requirements of NIKE3D, which was used for subsequent 

mechanical modeling. Normal pressure loads for the cardiac 

cycle were used for the model analysis with [15,16]. As the 

result of the modeling, complete information about the node 

coordinates, mesh topology, and node displacements for 

different motion frames was generated and validated. 

A tetrahedral mesh was generated in the region outside of 

the myocardium and connected to the hexahedral mesh 

described above. The nodes of the tetrahedral mesh were 

generated at a random location within each voxel, whereas the 

probability p of creating a node inside voxel n changed from 

0.1 outside of the torso to 0.9 in the regions near the heart. The 

TetGen software package was used to generate the nodes in 

constrained geometry with defined faces. After the bunching 

process described in equation (2), a total of M intensities was 

reconstructed.  

D. Motion-Compensated Image Reconstruction 

Using the deformation model, a system matrix that related 

the mesh element intensities to the projection bins was 

generated. The system matrix entries inside the deformable 

elements were modified by the relative changes in the element 

volume in order to take into account the conservation of mass. 

(This operation was not applied to the tetrahedra inside the LV 

cavity since variable volume is expected there.) Ultimately, 

the M×(8N) system matrix was created, relating all of the 

projection data to M unknown intensities. ML-EM algorithm 

was used to reconstruct the intensity values. 

IV. PRELIMINARY RESULTS 

Figure 3 shows some of the preliminary results that are 
available at this time. In Fig. 3(a), we show the voxel-based 

 
Fig. 2. (a) Splitting a hexahedron into five tetrahedra. (b)  Subdividing 

neighboring hexahedra (black lines) into tetrahedra (colored lines, in reality 

should coincide with the corresponding black lines. The arrow points at the  

internal face divided differently from he two sides: the red and the blue 

tetrahedra share only the gray portion of the face, while the red-shaded and 

the blue-shaded corners of the respective tetrahedra do not interface. If the 

hexahedral face were non-planar, then the blue and the red tetrahedrons 
would intersect. 

 
Fig. 3. Mesh deformation, triangles and quadrangles used to illustrate 

tetrahedra and hexahedra. Region A is a portion of H, with the motion 

model defined during mechanical modeling. Region C is the stationary 

portion of the tetrahedral mesh. Region B deforms driven by its boundaries 

(stationary boundary BC and moving boundary AB).  
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reconstruction of the diastolic motion frame and the schematic 
illustration of the hexahedral mesh generation. The actual FE 
mesh generated for this experiment is shown in Fig. 3(b). The 
results of the mechanical modeling study are analogous to the 
previous study described in [16].  

V. DISCUSSION AND FUTURE WORK 

Our future work on this project includes generating images 
reconstructed with and without the deformation model, and 
demonstrating incremental improvements  to the mesh 
geometry and reconstructed intensities that can be achieved by 
iterative application of motion-compensation reconstruction 
and re-meshing, and local segmentation of the image. 

Generation of the reliable non-rigid motion model is one of 

the most difficult steps of any motion-compensation 

methodology, therefore, the first and the most obvious result 

of the presented method is in recycling the motion information 

obtained and validated during the mechanical modeling stage.  

Another important result of our work is further development 

of the methodology of FE generation and application in 

tomography, specifically, combining meshes of different 

topologies in one problem, using mesh elements with constant 

intensity, and reduction of the number of reconstructed 

intensities by applying local segmentation (mesh element 

bunching). We feel that FE meshes are underutilized as data 

representation and post-processing tools in tomographic 

imaging and that further research in this field is needed. At 

this stage, the crucial step of the presented work (generating 

the LV mechanical model) is performed semi-manually. In the 

future, we aim to research the application of tetrahedral mesh 

for modeling tissue properties. A tetrahedral mesh can be 

generated and segmented using our currently available tools, 

which means that the mechanical modeling and analysis can 

become fully automated.  

VI. CONCLUSION 

We developed a method of incorporating the motion 

information and finite element mesh geometry developed 

during mechanical modeling of the heart motion based on the 

gated SPECT images to allow a cardiac motion-compensated 

image reconstruction method. The images are represented as 

intensities inside the elements of a combined hexahedral-tetra-

hedral deformable mesh. The mesh deformation model was 

derived from the gated images and validated by modeling the 

local stress and strain in the myocardial tissue. Local 

segmentation  was used to decrease the number of unknown 

intensities and thus reduce the image noise. The modeling and 

motion-compensation reconstruction may be repeated 

iteratively improving the intensity images and optimizing the 

FE mesh. Further development of this method may lead to 

automatic mesh generation directly from projections. 

ACKNOWLEDGMENT 

The work presented in this article has been funded in part 

by National Institutes of Health grants R01-HL50663, R01-

EB07219, and R01-EB00121 and by the Director, Office of 

Science, Office of Biological and Environmental Research of 

the U.S. Department of Energy under Contract No. DE-AC02-

05CH11231.  

REFERENCES 

[1] Brankov JG, Yang Y, and Wernick MN 2004 “Tomographic image 

reconstruction based on content-adaptive mesh model", IEEE T Med 

Imaging 23(2) 202-212. 

[2] Brankov JG, Yang Y, and Wernick MN 2005 "Spatio-temporal 

processing of gated SPECT images using deformable mesh modeling" 

Med Phys 32(9) 2839-2849. 

[3] Gonzalo R and Brankov JG 2008 "Mesh model 2D reconstruction 

operator for SPECT", Proc. SPIE, 6913 69132L. 

[4] Sitek A, Huesman RH, and Gullberg GT 2006 "Tomographic 

reconstruction using an adaptive tetrahedral mesh defined by a point 

cloud" IEEE T Med Imaging 25 1172- 1179. 

[5] Pereira NF and Sitek A 2010 "Evaluation Of A 3D Point Cloud 

Tetrahedral Reconstruction Method", Phys. Med. Biol. 55 5341-5361. 

[6] Boutchko R, Sitek A. and Gullberg G., "Practical implementation of 

tetrahedral mesh reconstruction in emission tomography", Physics in 

Medicine and Biology (2nd revision). 

[7] Niu X, Yang Y, Jin M, Wernick MN, King MA, "Effects of motion, 

attenuation, and scatter corrections on gated cardiac SPECT 

reconstruction", Med Phys. 2011 Dec;38(12):6571-84. 

[8]  Marin, Thibault, and Jovan G. Brankov. "Deformable left-ventricle 

mesh model for motion-compensated filtering in cardiac gated SPECT." 

Medical physics 37.10 (2010): 5471. 

[9] McCulloch, A.D., Cardiac Biomechanics, in Biomedical Engineering 

Handbook. 1995, IEEE Press: Boca Raton. p. 418-439. 

[10] Hunter, P., et al., A mathematical model of cardiac anatomy, in 

Computational Biology of the Heart. 1997, Wiley. p. 171-215. 

[11] McCulloch, A.D. and R. Mazhari, Regional myocardial mechanics: 

integrative computational models of flow- function relations. Journal of 

Nuclear Cardiology, 2001. 8(4): p. 506-19. 

[12] Weiss, J.A., B.N. Maker, and S. Govindjee, Finite element 

implementation of incompressible, transversely isotropic hyperelasticity. 

Computer Methods in Applied Mechanics and Engineering, 1996. 135: 

p. 107-128. 

[13] Vaplon, S., J. Omens, and A. McCulloch. Ventricular tissue adaptation 

associated with collagen deficiency in the osteogenesis imperfecta 

murine. in Presented at 1999 Bioengineering Conference, Big Sky, 

Montana. June 16-20, 1999. 

[14] Maker, B.N., R.M. Ferencz, and J.O. Hallquist, NIKE3D: A nonlinear, 

implicit, three-dimensional finite element code for   solid and structural 

mechanics. Lawrence Livermore National Laboratory Technical Report, 

1990. UCRL-MA, #105268. 

[15] Veress, A.I., et al., Incorporation of a left ventricle finite element model 

defining infarction into the XCAT imaging phantom. IEEE Trans Med 

Imaging, 2011. 30(4): p. 915-27. 

[16] Veress, A.I., et al., Normal and pathological NCAT image and phantom 

data based on physiologically realistic left ventricle finite-element 

models. IEEE Trans Med Imaging, 2006. 25(12): p. 1604-16. 

 
Fig. 3. (a) Processing SPECT_reconstructed images to create the 

hexahedral mesh. (b) The mesh used in mechanical modeling of LV motion 
using NIKE3D software. 
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Abstract—Traditionally, there are two strategies to reduce x-ray 
radiation dose: one is to reduce the x-ray flux towards each 
detector element, and the other is to decrease the number of 
measurements across a whole object to be reconstructed. 
Inspired by compressive sensing theory, the total variation (TV) 
minimization based algorithms were developed to reconstruct 
high-quality CT images from few-view data. However, some 
detailed structures may be removed by the TV-based 
regularization. In this paper, we propose to improve the image 
quality from few high resolution views aided by ultra-low-dose 
(low-resolution) projections. That is, projections are a 
combination of few-view high resolution and regular low-
resolution projections. To analyze the performance of the 
proposed reconstruction scheme, a clinical experiment is 
performed. The results show the merits of the proposed 
methodology. 

Index Terms—Computed tomography (CT), low-dose CT, 
compressive sensing (CS), few-view data, low-dose/low-resolution 
data.  

I. INTRODUCTION 
-RAY computed tomography (CT) has been extensively 
used in clinics as a primary diagnostic imaging modality 
since its invention. However, the x-ray radiation is 

harmful which may induce genetic, cancerous, and other 
diseases [1-3]. Because of the concerns the x-ray radiation to 
the patients, minimizing the radiation dose has been one of the 
major endeavors in the current computed tomography (CT) 
examinations [3, 4]. As a result, the well-known ALARA (as 
low as reasonably achievable) principle is well accepted to 
avoid excessive radiation dose in the medical community. 
Therefore, it is highly desirable to reduce the radiation dose 
while maintaining the clinically acceptable image quality. 

There are two strategies to reduce radiation dose: one is to 
reduce the x-ray flux towards each detector element, and the 
other is to decrease the number of x-ray projections across a 
whole object to be reconstructed. The former is usually 
implemented by reducing the x-ray dose to lower mAs levels 
or tube current modulation. Nonetheless, this approach will 
result in an insufficient number of x-ray photons detected at 
the detector and hence elevate the quantum noise level on the 
projections. As a consequence, the quality of the CT images 
reconstructed from a conventional filtered backprojection 

 
This work was supported in part by NIH Grant EB011785, NSF Grant 

CBET-1149679 and NSF Grant DMS-1210967. 
C. Miao and H.Y. Yu are with the Biomedical Imaging Division, VT-WFU 

School of Biomedical Engineering and Sciences, Wake Forest University 
Health Sciences, Winston-Salem, NC 27157 USA. (e-mail: 
cmiao@wakehealth.edu, hengyong-yu@ieee.org).  
    G. Wang is with the Biomedical Imaging Center, Department of 
Biomedical Engineering, Rensselaer Polytechnic Institute, Troy, New York 
12180, USA. (e-mail: ge-wang@ieee.org). 

(FBP) algorithm [5] will be degraded by the noisy projection 
data. The latter necessarily produces insufficient data 
measurement suffering from serious streaking artifacts in the 
reconstructed CT images, since the FBP algorithm requires 
that the sampling rate of projections should satisfy the 
Shannon sampling theorem [6]. 

Recently, the compressive sensing (CS) theory shows that a 
compressible signal can be accurately reconstructed from 
samples far less than what is required by the Shannon/Nyquist 
sampling theorem [7, 8]. The key is to enforce some additional 
constraints to select the “best” candidate. It has been shown 
that finding the candidate with the minimum  norm, which is 
closely related to the total variation (TV) minimization in a 
number of imaging cases assuming a piecewise constant 
image model [9], is the most reasonable choice [7, 8]. In such 
an approach, the regularization term of a TV form is 
minimized under the data fidelity constraints posed by the x-
ray projections. This approach has also been widely applied in 
many other imaging modalities [10-13] and its efficacy has 
been improved by incorporating prior information [14, 15]. 

In this paper, we improve the TV-minimization based image 
quality for few high-resolution (HR) views CT reconstruction 
by incorporating ultra-low-dose low-resolution (LR) 
projections. Extensive clinical experiments will be performed 
to quantitatively and qualitatively evaluate the proposed data 
acquisition protocol and reconstruction algorithm. The rest of 
this paper is organized as follows. In Section II, we will 
describe the reconstruction approach and its implementation. 
In Section III, we will report representative results from 
clinically acquired datasets, and quantify the performance of 
our proposed methodology. Finally, in Section IV we will 
conclude the paper. 

II. ALGORITHM DEVELOPMENT 

A. CT Imaging System Model 
Many imaging systems, such as CT scanners, can be modeled 
by the following linear equations [16]: 

,                                            (1) 
where  represents projection data,  represents an 
unknown image, and the non-zero matrix  is a 
projection operator. Although equation (1) is not new, it 
should be pointed out the projection data  includes 
measurements from both high-resolution few-view projections 
and low-resolution regular projections, which make it different 
from the existing few-view reconstruction methods in the CT 
field.   
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B. Minimization Algorithm 
A CT reconstruction problem is formulated as to reconstruct 
the unknown vector based on the system matrix  and the 
observation vector . When it comes to an undersampled 
problem where the row size is smaller than the column size of 

, the equation (1) becomes underdetermined and there exist 
infinitely solutions. However, if the gradient of the image  is 
sparse, it can be solved by minimizing the cost function with a 
TV regularization term: 

          (2) 
Where  denotes the  norm. 

 The solution of equation (2) can be determined iteratively 
by an alternative minimization method with two major steps. 
In equation (2), the first term is known as a data fidelity term. 
The ordered-subset simultaneous algebraic reconstruction 
technique (OS-SART), and some other algorithms can be used 
to fulfill this step to get a rough solution. For example, we can 
use the OS-SART method [20] to update the reconstructed 
intermediate image: 

, 

                            (3) 
where  indicates the number of iteration,  is relaxation 
parameter (in our implementations, we set  to be 1 for 
simplicity),  represents the set of ray indexes in the  
subset ( ,  is the total 
number of subsets), and 

, which can be viewed as the normalized length of 
the  ray path through the object. When all equations in (1) 
are used in one iteration step, it becomes SART [20].  

 The second term in equation (2) is a regularization term, 
which is chosen to be a TV norm. Specifically, the TV 
regularization term of image  can be 
defined as [21, 22] 

 .     (4) 
A scalar  is used to adjust the relative weights between the 
data fidelity term and the regularization term, which was 
chosen empirically to yield a good reconstruction in this work. 
In order to implement the TV minimization, we use the 
steepest descent search algorithm (TVM-SD) [21]. 

 The weighted method in the fast iterative shrinkage-
thresholding algorithm [23] was employed to accelerate the 
convergence of the OS-SART. The pseudo-code of the 
algorithm in this paper is summarized in Table I. In each of 
the main loop, the OS-SART is used to enforce data 
consistency, the TVM-SD is used to minimize the image TV 
and the weighting is to speed up the convergence. The three 
steps are applied iteratively until the stopping criteria are 
satisfied, which are a maximum number of iterations and an 
error threshold in the projection domain. The stopping criteria 
for iterative reconstruction were theoretically and 
experimentally studied before.  The optimal rules for the 
proposed algorithm are open to be investigated, and preferably 
in a task-specific fashion.  Given the pilot nature of this 
technical contribution, we will perform neither mathematical 

analysis nor systematic simulation but we will follow up along 
this direction in a future study. 

III. EXPERIMENT RESULTS 

A. Clinical Study 
1) Data Acquisition:  
The proposed few-view reconstruction method was evaluated 
by a group of existing raw projections collected in a cardiac 
perfusion CT study for other purposes. The patient was 
scanned by a state-of-the-art GE discovery CT750 HD scanner 
to examine the coronary artery. After appropriate pre-
processing, a fan-beam sinogram was used in the study. The 
radius of the scanning trajectory was 53.852 cm. Over a 360 
scanning range, 2200 projections were uniformly acquired. 
For each projection, 888 detector elements were equi-
angularly distributed over an FOV of 24.92 cm in radius. We 
combined two, four and eight detector elements into one to 
simulate three sets of low-resolution projections with 444, 222 
and 111 detector elements, respectively.  

 Then we reconstructed images from few-view high-
resolution projections aided by low-resolution datasets. For 
different projection datasets, the same parameters, such as the 
relaxation parameter and the number of views in each subset, 
were used in the OS-SART algorithm. The initial images were 
set as zero and the size of all the subsets of OS-SART was set 
to 11. The reconstructed images included  pixels.    
Each pixel covered an area of μ , which is 
comparable to resolution of the original projection data with 
888 detector elements.  

2) High Resolution Few-view Test 
Reducing the number of projections is important to reduce 
radiation dose. The HR projections were down-sampled from 
2200 views to 583, 396 and 209, respectively. Each down-
sampled subset of projections were interpolated uniformly 
around 360 degrees. Images were reconstructed from the 
down-sampled dataset using the OS-SART with TV 
regularization. The reconstruction from 2200 HR projections 
using OS-SART was selected as the reference image for 
analysis. 

Qualitative Indexes Evaluation: the image quality of the 
reconstructed images was visually evaluated. As shown in Fig. 

TABLE I 
PSEUDO-CODE OF THE ALGORITHM 

 
Choose parameter . 

Initialize iteration number  and  

Step 0. Take , . 

Step . Compute 

      OS-SART: OS-SART  

      TVM-SD:  TVM-SD  

       Fast Weighted:  

                                  

Repeat step  until the stopping criteria is satisfied. 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

506



  

1, the first image in was reconstructed from all the HR 
projections (2200 views).. The second to fourth images were 
reconstructed from down-sampled high-resolution projections 
(583, 396 and 209 views, respectively). It can be seen that the 
very good image was reconstructed from 583 views. The 
image reconstructed from 396 views was blurred in some finer 

details such as the region indicated by an arrow ‘A’. The 
image reconstructed from 209 views was more blurred and 
even missing some finer details such as the details around the 
region indicated by the arrow ‘A’. This image was also blocky 
in the region indicated by the arrow ‘B’.  

    
Fig. 1. Magnified cardiac regions of the reconstructed images from high-resolution projections. The left image was reconstructed OS-SART method from all 
the projections(2200 views), and the 2nd to 4th images were reconstructed by the OS-SART & TV regularization method from down-sampled 583, 396 and 
209 projections, respectively. The display window was [-100 1000] HU.  

    

    

    

    
Fig. 2. Magnified cardiac regions of the reconstructed images from 583 projections. In the first column, from left to right, the images were reconstructed from 
projections with 888(HR), 444, 222 and 111 detector elements, respectively. The images in the second to fourth columns, from left to right the first row 
images were reconstructed only from 11, 22 and 33 HR projections, respectively.  The images in the second to fourth columns, from the second to fourth 
rows, were reconstructed from LR projections corresponding images in the first column by combining 11, 22 and 33 HR projections, respectively.  The 
display window is [-100 1000] HU. 

 

Quantitative Indexes Evaluation: The reconstructed images 
were quantitatively evaluated using the image quality 
assessment index for structural similarity (SSIM). SSIM was 

designed to improve the traditional methods such as the peak 
signal-to-noise ratio (PSNR) and mean squared error (MSE), 
which have been shown to be inconsistent with human visual 

A 

B 

A 

B 
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perception [14]. The SSIM index is a well-established metric 
to measure the image quality relative to the reference image. If 
the measured image is exactly same with the reference image, 
the SSIM index will be equal to 1. With the OS-SART 
reconstruction from all the HR projections as the reference, we 
evaluated the reconstructed images in terms of SSIM as listed 
in Table II. We can see that the SSIM values of the 
reconstructed images from 396 views to 583 views don’t 
change too much.  

From the above analysis, it seems that 583 views are 
sufficient to obtain good enough image quality. We will select 
583 views as an example to analyze the proposed approach in 
the mixed resolution (MR) reconstruction experiment. 

3) Mixed-resolution (MR) Experiment  
In order to evaluate the proposed reconstruction technique, we 
performed the MR experiments. We selected the same 583 
projection views in each LR projection data (projection data 
with 444, 222 and 111 detector elements). Then we replace 
some of the LR projection data with the same number of HR 
projection data in the same acquisition angle. Here the HR 
projection number was set as 11, 22 and 33. Then the images 
were reconstructed by the OS-SART and TV regularization 
method. To demonstrate the merits of the proposed approach, 
images were also reconstructed images only from the few-
view HR projections (11, 22 and 33 views). The results were 
shown in Fig. 2.   

Quantitative Indexes Evaluation: The SSIM values were 
computed. The reference image was selected as the 
reconstructed image from 583 HR projections.  As indicated in 
Table III, the image quality of few-view reconstruction from 
HR projections (second row) was significantly improved by 
incorporating low-resolution projections. For the reconstructed 
images from the projection data with same number of LR 
detector elements (third to fifth rows in the table), the image 
quality increase as the number of HR projection views 
increase. 

IV. DISCUSSION AND CONCLUSION  
In conclusion, we have proposed and evaluated a few-view 
reconstruction strategy for high-resolution images aided by 
low-resolution projections. Our results confirm that the 

proposed method can significantly increase the image quality. 
In the near future, we will further investigate the proposed 
technique in in biomedical applications, experimentally 
establish the relationship between the reconstructed image 
quality, the high-resolution and low-resolution view numbers, 
as well as radiation dose, which will result in practical ultra-
low-dose CT protocols. 

V. REFERENCES 
1. Brenner, D.J., et al., Estimated risks of radiation-induced fatal cancer 

from pediatric CT. A. J. of Roentgenology, 2001. 176(2): p. 289-296. 
2. Berrington de Gonzalez, A. and S. Darby, Risk of cancer from diagnostic 

X-rays: estimates for the UK and 14 other countries. Lancet, 2004. 
363(9406): p. 345-51. 

3. Brenner, D.J. and E.J. Hall, Computed tomography--an increasing source 
of radiation exposure. N Engl J Med, 2007. 357(22): p. 2277-84. 

4. Einstein, A.J., M.J. Henzlova, and S. Rajagopalan, Estimating risk of 
cancer associated with radiation exposure from 64-slice computed 
tomography coronary angiography. Jama-Journal of the American 
Medical Association, 2007. 298(3): p. 317-323. 

5. Deans, S.R., The Radon Transform and Some of its Applications. New 
York: Wiley), 1983. 

6. Jerri, A.J., The Shannon sampling theorem—Its various extensions and 
applications: A tutorial review. Proceedings of the IEEE 1977. 65(11): p. 
1565-1596. 

7. Donoho, D.L., Compressed sensing. IEEE Transactions on  Information 
Theory, 2006. 52(4): p. 1289-1306. 

8. Candes, E.J.R., J. Tao, T., Robust uncertainty principles: exact signal 
reconstruction from highly incomplete frequency information. IEEE 
Transactions on Information Theory, 2006. 52(2): p. 489- 509. 

9. Rudin, L.I., et al., Nonlinear total variation based noise removal 
algorithms. Physica D: Nonlinear Phenomena, 1992. 60(1–4): p. 259-268. 

10. Ma S.Q. Yin W. Zhang Y. Chakraborty, A., An efficient algorithm for 
compressed MR imaging using total variation and wavelets. IEEE 
Conference on Computer Vision and Pattern Recognition 2008: p. 1-8. 

11. Persson, M., D. Bone, and H. Elmqvist, Total variation norm for three-
dimensional iterative reconstruction in limited view angle tomography. 
Phys Med Biol, 2001. 46(3): p. 853-66. 

12. Sidky, E.Y., et al., Enhanced imaging of microcalcifications in digital 
breast tomosynthesis through improved image-reconstruction algorithms. 
Medical Physics, 2009. 36(11): p. 4920-4932. 

13. Song, J., et al., Sparseness prior based iterative image reconstruction for 
retrospectively gated cardiac micro-CT. Medical Physics, 2007. 34(11): 
p. 4476-4483. 

14. Chen, G.H., et al., PICCS: A method to accurately reconstruct dynamic 
CT images from highly undersampled projection data sets. Medical 
Physics, 2008. 35(2): p. 660-663. 

15. S. Cho, E.P., E.Y. Sidky et al., Prior-image-based few-view cone beam 
CT for applications to daily scan in image-guided radiation therapy: 
preliminary study. Proc SPIE – Int Soc Opt Eng, 2009. 

16. Kak, A.C. and M. Slaney, Principles of Computerized Tomographic 
Imaging (New York: IEEE Press). 1999. 

17. De Man, B. and S. Basu, Distance-driven projection and backprojection. 
IEEE Nuclear Science Symp. Medical Imaging Conf. (Norfolk), 2002. 

18. De Man, B. and S. Basu, 3D distance-driven projection and 
backprojection. Proc. 7th Int. Conf. on Fully 3D Reconstruction in 
Radiology and Nuclear Medicine (Saint Malo), 2003. 

19. Yu, H. and G. Wang, Finite detector based projection model for high 
spatial resolution. J. of x-ray Sci. and Tech., 2012. 20(2): p. 229-38. 

20. Wang, G. and M. Jiang, Ordered-subset simultaneous algebraic 
reconstruction techniques (OS-SART). J. of x-ray Sci. and Tech., 2004. 
12(3): p. 169-177. 

21. Yu, H. and G. Wang, Compressed sensing based interior tomography. 
Physics in Medicine and Biology, 2009. 54(9): p. 2791-2805. 

22. Sidky, E.Y., C.M. Kao, and X.H. Pan, Accurate image reconstruction 
from few-views and limited-angle data in divergent-beam CT. Journal of 
X-Ray Science and Technology, 2006. 14(2): p. 119-139. 

23. Beck, A. and M. Teboulle, A Fast Iterative Shrinkage-Thresholding 
Algorithm for Linear Inverse Problems. SIAM Journal on Imaging 
Sciences, 2009. 2(1): p. 183-202. 

TABLE II 
SSIM comparison of the reconstructed images from down-sampled high-

resolution projections 
Views 583 396 209 
SSIM 0.8270 0.7964 0.6918 

 

TABLE III 
SSIM values of the reconstructed images with the result from 583 HR 
projections as the reference. The numbers in first column represent the 
number of detector elements in the projections. The numbers in the first row 
represent the number of HR projections used in reconstruction. The second 
row values are the SSIM values of the images reconstructed only from few-
view HR projections without LR projection constraints.  
 

 0 HR 11 HR 22 HR 33 HR 
No LR  0.1328 0.1820 0.2116 
LR(111) 0.5510 0.5591 0.5677 0.5760 
LR(222) 0.7167 0.7222 0.7290 0.7357 
LR(444) 0.8800 0.8824 0.8841 0.8859 
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Abstract—It is well-known that the radiation dose and spatial 
resolution in CT with filtered backprojection algorithm for image 
reconstruction observes the 4th-power law. To break down this 
dose-demanding law, iterative image reconstruction with various 
regularization schemes has recently become a subject of active 
research. We propose and implement an ordered-subset 
Simultaneous Iterative Reconstruction Technique (OS-SIRT) 
with Total Variation (TV) regularization for advanced clinical 
applications that require low radiation dose and high spatial 
resolution simultaneously. In this work, using a performance 
phantom, we conduct a quantitative study to investigate the 
cost-effectiveness (reduction of noise vs. degradation of spatial 
resolution) in iterative image reconstruction using the OS-SIRT  
combined with TV regularization. In addition, we explore the 
strategy of recovering the degradation in spatial resolution caused 
by the TV regularization in the OS-SIRT algorithm. It is believed 
that the preliminary results presented in this paper can provide 
information adding to an insightful understanding of the 
cost-effectiveness of OS-SIRT algorithm with TV regularization 
in noise reduction and spatial resolution maintenance. 

Index Terms—Filtered backprojection, Ordered-subset, 
Simultaneous iterative reconstruction technique, Total variation, 
Spatial resolution, Noise 

I. INTRODUCTION 

In vast majority of clinical CT scanners, images are 

reconstructed by the filtered backprojection (FBP) algorithm 

[1], in which the required radiation dose is proportional to the 

4th-power of spatial resolution [2]. With an increasing 

awareness of the radiation dose associated with x-ray CT and 

its potential biological consequences [3], a break-down of this 

4th-power law through algorithmic solutions has become a 

subject of active research [4]. In the image reconstruction using 

FBP algorithms, linear low-pass filtering or smoothing is an 

effective way to reduce radiation dose, but always at the cost of 

spatial resolution degradation in observation of the 4th-power 

law [2]. Another approach is the image reconstruction using 

iterative algorithms combined with various regularization 

schemes [4], in which the noise is substantially reduced while 
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the spatial resolution is maintained significantly better than that 

in its FBP counterpart [1]. Numerous iterative image 

reconstruction algorithms differing in the regularization 

schemes have been proposed and most of them have shown 

great results. However, we believe that the cost-effectiveness of 

iterative image reconstruction combined with various 

regularization schemes in reducing noise and maintaining 

spatial resolution deserves a further and in-depth scrutiny.  

Using a performance phantom and the ordered-subset 

Simultaneous Iterative Reconstruction Technique (OS-SIRT) 

[5,6] combined with Total Variation (TV) regularization 

scheme [7], we carry out a quantitative investigation in this 

work. The primary purpose is to answer the following 

questions: (i) how the trade-off between noise and spatial 

resolution in the reconstruction using the OS-SIRT algorithm 

without regularization scheme is different from that using the 

FBP algorithm; (ii) how the regularization scheme, e.g., total 

variation, can be a game changer in the trade-off between noise 

and spatial resolution in image reconstruction using the SIRT 

algorithms; and (iii) if a boosting of high frequency 

components in the projection domain prior to the iterative 

reconstruction can recover the degradation in spatial resolution 

caused by the regularization.  

II.THEOREM BACKGROUND 

A.  Geometry of Data Acquisition and Image Reconstruction 

The equi-angular fan-beam geometry is shown in Fig.1, 

where O-xy represents the Cartesian coordinate system, and S  

is the focal spot of x-ray source. P(x, y) denotes a point within 

the object to be imaged. The ray emanating from focal spot S 

and passing through P(x, y) is determined by its view angle  

and fan angle . Then, the circular source trajectory is 

expressed as, 

sin , cos , 0,2 .ST R R             (1) 

B. Image Reconstruction by FBP 

The FBP reconstruction algorithm in the equi-angular fan- 

beam geometry can be expressed as [1], 
2

0

1
, , ,

2
hf x y g d

  

                      (2) 

where  
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, , ,hg g h

               

(3) 

, , ,g fD                   (4) 

h( ) is the ramp filter kernel expressed in the equi-angular 

fan-beam geometry, and D

 

represents the projection operator. 

In practice, the spatial resolution of the image reconstructed by 

the FBP algorithm can be tuned by the rolling-off and 

cutting-off parameters of a window function, which is 

equivalent to a linear low-pass filtering or smoothing, applied 

on the ramp filter kernel h( ) in the frequency domain. 

 

Fig.1. A diagram showing the equi-angular fan-beam geometry of data 

acquisition and image reconstruction. 

C. Image Reconstruction by SIRT 

The SIRT algorithm in the equi-angular fan-beam geometry 

can be expressed as [5], 

( 1) ( ), ,k kf x y f x y

 

( )

( , )

,

,

,

, ; , , , ; , ,

, ; ,

,
, ; ,

k

x y

x y

a x y g a x y f x y

a x y

a x y

  (5) 

where  denotes the relaxation parameter ranging in (0, 2), and 

a(x, y; , )

 

is the normalized intersection area of the strip 

determined by the detector cell at ( , ) and the image pixel at (x, 

y) [8]. The SIRT algorithm given in eq. (5) is essentially the 

gradient descent scheme to minimize the objective function [9], 

2
, ,SIRT W

Wf g wf g wf g wf      (6) 

where the weighting matrix W is diagonal with its element W[i, 

i] = W[( , ), ( , )] = 1/ (x,y)a(x, y; , ), and •,• denotes an 

inner product in the projection domain. 

 D. Image Reconstruction by SIRT with TV regularization 

In order to investigate the tradeoff between noise and spatial 

resolution in the SIRT iterative algorithm [5], the TV 

regularization is employed [7], in which an unconstrained 

minimization strategy is adopted [10]. The objective function is 

designed by linearly combining the weighted L-2 norm 

corresponding to the SIRT reconstruction  [9] and the L-1 norm 

of image gradient corresponding to the TV regularization [7], 

SIRT TV SIRT TVf f f

 2
,

W TV
g wf f

         

 (7)

 
1
,

TV
f f                          (8) 

where • 1 and denote the L-1 norm and gradient 

operations, respectively, and parameter  is used to adjust the 

contribution to the reconstruction from the TV regularization.  

Unfortunately, the objective function defined above is not 

quadratic even though it is convex. Similar to the strategy 

exercised in [11], the TV part of the objective function is 

substituted by a sequence of quadratic ones, 

2 ( )

1 2
2 .k

f f f

                

(9) 

Consequently, the original objective function given in eqs. (7) 

and (8) becomes, 

2 2( ) ( )

2
2 .k k

SIRT TV W
f g wf f f

     

(10) 

In such a way, the following relationships hold, 

( ) ,k

SIRT TV SIRT TVf f

            

(11)

 ( ) ( ) ( ) .k k k

SIRT TV SIRT TVf f

          

(12)

 
With the mathematical treatment detailed above, the SIRT 

algorithm with TV regularization can be expressed as  

( 1) ( ), ,k kf x y f x y
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x y
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( ), , ,kf x y f x y

       

      (13) 

In order to speed up the convergence of the SIRT 

reconstruction with TV regularization, ordered-set technique is 

employed in a way similar to that in [6]. In this work, the 

number of ordered sets is empirically determined as 40.

 
E.  SIRT with Boosting of High Frequency in Projection Data 

To recover the spatial resolution degraded by the TV 

regularization in the SIRT reconstruction, a boosting of high 

frequency components is carried out in the projection domain  

, , 1 1 2 , , 1 ,g g g g

 

(14)

 
where parameter  is used to adjust the intensity of boosting, 

and is empirically set as 0.05 in this work. 

III. NUMERICAL EVALUATION 

A performance phantom with its target deployment detailed 

in Fig. 2 is utilized to conduct the simulation study, in which the 

detector array for projection data acquisition is cylindrical. The 

distance from the x-ray focal spot to the axis of rotation (R) is 

541.0 mm. The full fan-angle of x-ray beam is 54.89 , spanned 

by 888 detector cells. A total of 1,160 projection views are 
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uniformly acquired over angular range [0, 2 ), i.e., a full scan. 

The matrix dimension of reconstructed transaxial images is 

1,024  1,024, and the reconstruction field of view (FOV) is 

240 mm, leading to image voxel size 0.2344  0.2344 mm2. In 

the data acquisition, the x-ray techniques are 120 kVp and 600 

mAs. Both quantum and electronic noise are modeled to 

observe the Poisson and Gaussian distributions, respectively, in 

a way similar to that in [12]. 

 
 

 

 

A. Images Reconstructed by FBP Algorithm 

  A number of rolling-off and cutting-off parameters in 

frequency domain are used to investigate the trade-off between 

noise and spatial resolution in FBP reconstruction. Due to 

space limitation, only the two cases corresponding to the 

standard case and an extremely boosted case in the spatial 

resolution are shown in Fig. 2. As expected, the noise increases 

dramatically with increasing spatial resolution, as evidenced by 

the sharper wire in Fig. 3 (a) and (b) and the modulated 

transferring function (MTF) presented in Fig. 3 (a') and (b'). 

B. Images Reconstructed by OS-SIRT with TV 

Regularization 

  The transverse images reconstructed by the OS-SIRT 

algorithm without (  = 0.0) and with TV regularization (  = 

10-6, 5.5 10-6 and 10-5 ) are presented in Fig. 4, in which all 

images are acquired at the 50th iteration. A visual inspection of 

Fig. 4 (a – d) shows that, the TV regularization in the OS-SIRT 

algorithm reduces noise substantially, and degrades the spatial 

resolution too, but to an extent that is significantly less than the 

linear low-pass filtering or smoothing in an FBP 

reconstruction.   

C. Evaluation of Cost-Effectiveness over Algorithms  

    Inclusively, the behavior of noise (gauged by the standard 

deviation (SD) in a water area surrounding the tungsten wire) 

and spatial resolution (MTF at 5%) in the image 

reconstructions by the OS-SIRT, OS-SIRT with TV 

regularization and its combination with the projection domain 

boosting are plotted in Fig. 5, while the quantitative 

measurement results are itemized in Table I. Served as a 

baseline, the profile in green color corresponding to the FBP 

reconstruction is also presented. Noted that, the metric of 

vertical axis of Fig. 5 is noise, and thus the profile 

corresponding to FBP reconstruction observes the 2nd-power 

law [13].  

 

 

 

IV. DISCUSSIONS AND CONCLUSIONS 

  Using a performance phantom, we carry out a quantitative 

study to investigate the cost-effectiveness (reduction of noise 

vs. degradation of spatial resolution) of the OS-SIRT with TV 

regularization scheme in this work. In addition, we explore the 

strategy of recovering the degradation in spatial resolution 

caused by the regularization scheme in the OS-SIRT algorithm. 

Referring to Fig. 5, a summary of observations is given below.  

  As anticipated, if each detector cell is a two-dimensional 

square, the noise (dose) and spatial resolution in the image 

reconstructed by the FBP algorithm observes the 2nd-power 

(4th-power) law. The accountable for this poor 

cost-effectiveness is the ramp filter kernel [2,13]. In the images 

reconstructed by the OS-SIRT without TV regularization, both 

noise and spatial resolution increase with the number of 

iteration increases. Initially, the noise increase in a manner that 

is less aggressive than the FBP algorithm. However, if the 

number of iteration exceeds a threshold, the noise increases 

with spatial resolution in a manner that is even more aggressive 

than the FBP algorithm, i.e., there exist an inflection point in 

the cost-effectiveness of noise reduction in the image 

reconstructed by the OS-SIRT algorithm without regularization. 

Moreover, as illustrated by the corresponding profile, the 

OS-SIRT with TV regularization at  = 10-6 cannot suppress 
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Figure 2. A transverse image of the performance phantom used to investigate 

the trade-off between noise and spatial resolution, in which a 50 m tungsten 

wire and its surrounding area filled with water are used for MTF and noise 

measurement, respectively. 

Figure 3. The transverse images of the performance phantom reconstructed by 

FBP algorithm with the standard (a) and extremely boosted (b) spatial 

resolution and their corresponding MTFs (a  & b ). 
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the noise very well with increasing spatial resolution, but 

avoids entering the over-aggressive region while the number of 

iteration is over the threshold. However, at  = 10-5, the spatial 

resolution in the image reconstructed by the OS-SIRT 

algorithm increases with the number of iteration, but the noise 

does not. This demonstrates that an adequate TV regularization 

can keep the noise stable while the spatial resolution increase 

with the number of iteration and is exactly what is desired. 

   
Fig.4. The zoom-in images of the performance phantom reconstructed by the 

SIRT algorithm with TV regularization at  equal to 0, 10-6, 5.5×10-6 and 10-5. 

 TABLE I. THE SPATIAL RESOLUTION (5%MTF) AND NOISE (SD) OF THE FBP 

ANALYTIC AND THE SIRT-TV ITERATIVE RECONSTRUTIONS. 

Reconstruction algorithm 
Spatial resolution 

(5%MTF [lp/cm]) 

Noise 

(SD [10-4/mm]) 

FBP standard 10.2882 2.2699 

FBP boosted 14.4209 4.6403 

no boost 16.8224 6.1274 SIRT-TV 

=0 boosted 16.8194 7.0967 

no boost 14.8351 2.5482 SIRT-TV 

=10-6 boosted 15.2228 3.2377 

no boost 14.2521 0.4683 SIRT-TV 

=5.5×10-6 boosted 14.5470 0.5142 

no boost 13.5325 0.3070 SIRT-TV 

=10-5 boosted 14.0657 0.3275 

It should be pointed out that, since the OS-SIRT with TV 

regularization is basically a nonlinear algorithm, the denotation 

of its spatial resolution by the 5% MTF is quite heuristic, and 

the ultimate assessment of image quality should be carried out 

via human or model observer study. In addition, it should be 

noted that, even though in a much tamer manner than the 

low-pass filtering or smoothing in the FBP reconstruction, the 

TV regularization in the OS-SIRT degrades spatial resolution 

compared to the OS-SIRT without regularization. However, as 

demonstrated by the thin tip at the right end of the profiles 

corresponding to  = 10-5, the spatial resolution degradation 

caused by TV regularization can be recovered by boosting the 

high frequency of projection data before iterative 

reconstruction. A quantitative study is being conducted to 

investigate how much of the degraded spatial resolution can be 

recovered by such a projection domain boosting strategy, and 

the results will be promptly published in the near future.  
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Fig.5. Variation of noise over spatial resolution denoted by 5%MTF in image 

reconstructions using FBP and OS-SIRT with TV regularization and projection 

domain boosting of high frequency (boosted), wherein the solid green curve is 

fitted by a 2nd-power function [11]. 

 

REFERENCES 

[1] A. C. Kak and M. Slaney, Principles of Computerized Tomographic 

Imaging, Chapter 3: Algorithms for reconstruction with nondiffracting 

sources, IEEE Press, pp.49, 1988. 

[2] H. H. Barrett and W. Swindell, Radiological Imaging: The Theory of 

Image Formation, Detection, and Processing, Academic Press, 1981. 

[3]  D. J. Brenner and E. J. Hall, “Computed tomography – an increasing 

source of radiation exposure,” N. Engl. J. Med., vol.357, pp.2277, 2007. 

[4] C. Hofmann, M. Knaup and M. Kachelrieß, “Effects of Ray-Modeling: 

Simulation Study,” The International Conference on Image Formation in 

X-ray Computed Tomography, pp.17, 2012. 

[5] A. C. Kak and M. Slaney, Principles of Computerized Tomographic 

Imaging, Chapter 7: Algebraic reconstruction algorithms, IEEE Press, 

pp.275, 1988. 
[6] G. Wang and M. Jiang, “Ordered-subset simultaneous algebraic 

reconstruction techniques (OS-SART),” J. X-Ray Sci. Technol., vol.12, 

pp.169, 2004. 

[7] M. Lustig, D. L. Donoho and J. M. Pauly, “Sparse MRI: The Application 

of Compressed Sensing for Rapid MR Imaging,” Magn. Reson. Med., 

vol.58, pp.1182, 2007. 

[8] H. Yu and G. Wang,  “Finite detector based projection model for high 

spatial resolution,” J. X-Ray Sci. Technol., vol.20, pp.229, 2012. 

[9] M. Jiang and G. Wang, “Convergence of the simultaneous algebraic 

reconstruction technique (SART),” IEEE Transactions on Imaging 

Processing, vol.12, pp.957, 2003. 

[10] S. Ramani and J. A. Fessler, “An accelerated iterative reweighted least 

squares algorithm for compressed sensing MRI,” IEEE ISBI, pp.257, 

2010. 

[11] S. Ramani, P. Thevenaz and M. Unser, “Regularized Interpolation for 

Noisy Data,” Proc. ISBI, pp.612, 2007. 

[12] B. De Man, S. Basu, C. Naveen, B. Dunham, P. Edic, M. Maria, S. 

McOlash, P. Sainath, C. Shaughnessy, B. Tower and E. Williams, 

“CATSIM: A new Computer Assisted Tomography SIMulation 

environment,” Proc. SPIE, v.6510, doi:10.1117/12.710713, 2007. 

[13] K. M. Hanson, “Detectability in computed tomographic images,” Medical 

Physics, vol.6, pp.441, 1979. 

(a) (b) 

(c) (d) 

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

512



Abstract—Optical Computed (or Projection) Tomography is 
an exciting emerging field. Sharpe et al (Science, 2002), Fauver & 
Siebel et al (Optical Express, 2005), Miao et al, (J. of Biomedical 
Optics, 2009) used optical lenses to obtain approximately parallel 
projections (extended depths of fields) of a cellular object and 
used the Filtered Back Projection (FBP) algorithm for 
reconstructing 3D images of cells. They reported in their systems 
a resolution of 10-0.35 μm. Sun et al, (J. of Applied Physics, 2010) 
fabricated atomically sharp nano-tip tungsten field-emission 
arrays. Based on this prior work, as well as optical response 
studies of graphene (Wang et al, ACS Nano, 2012), Ya-Hong Xie 
at UCLA conceived of a sub-wavelength, nano-scale optical 
computed tomographic system (SNOCT) where thousands of 
light emitters (built with phosphor layers in between field-emitter 
(cathode) and graphene rod anodes), emitting green light at 
~540nm wavelength. The object is placed close to the light source 
and light is detected by a CMOS photo-detector array. The aim is 
to reconstruct the total attenuation profile in isolated cells. The 
system has no high precision moving parts or optical lenses and is 
expected to yield sub-micron resolution. In this work we show 
one potential (cone-beam) geometry of the system with 49 source 
positions spaced m apart with ~100 degree coverage.  We built 
a cone-beam forward simulator and a penalized maximum 
likelihood algorithm to reconstruct example objects. The ROI is

mmm . A uniform object and an object with an 
off-axis spherical attenuator yielded reconstruction results with 
overall 2.2% absolute error or less (from original object). The 
current system resolution is 0.5 microns isotropic (reconstruction 
speed being the primary limitation). Ongoing and future work 
involves a full forward simulator of the propagation through 
tissue using the P3 approximation of the radiation transport 
equation; speeding up the reconstruction to enable sub-micron-
scale resolution reconstruction.  

Member IEEE

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

513



A. System Geometry 

mmmA
mmm mH

HA
mx

nmmv

mW mmX

m

m

B. Forward Model and Reconstruction 

j

k

n
k

n
jjkj

k

n
k

n
jjkj

n
j

n
j

wwd

wL

x
xw

jd

A. Projection (Forward Model) 

 per-micron

m

B. Reconstruction 

nmm

nm

bu u b

b

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

514



u

Science

 Optical Express

J. of Biomedical Optics

J. Appl. Phys

ACS 
Nano,

Phys. Med. Biol
Handbook of Medical Imaging, Volume 2. Medical Image 

Processing and Analysis, 

                                                                                                               

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

515



                                                                                                           

.

The 12th International Meeting on Fully Three-Dimensional Image Reconstruction in Radiology and Nuclear Medicine

516



Image Grid Invariant Regularization for Iterative
Reconstruction

Zhou Yu, Charles A. Bouman, Jean-Baptiste Thibault, and Ken D. Sauer

Abstract— Regularization methods have been successfully ap-
plied to various reconstruction and denoising problems. In these
problems, one needs to choose regularization parameters that
properly balance resolution and noise. These parameters need
to be adjusted when the image grid pattern changes. In this
paper, we present a theory on regularization design derived
from a continuous image model so that the regularization
method is invariant to image grid pattern. We can use this
theory to compute regularization parameters for various image
grid patterns. To illustrate the idea, we applied this theory to
regularization design on a rectangular image grid.

Index Terms— Iterative reconstruction, regularization method,
image model, multi-grid

I. INTRODUCTION

Iterative reconstruction (IR) methods have been widely

applied to solve various reconstruction and denoising problems

in medical imaging, security CT, electron-microscopy, etc [1]–

[3]. IR methods typically solve the reconstruction problem by

formulating mathematical models of the physics and statistics

of the imaging process and the image itself.

One important aspect of the modeling is to find a dis-

crete model of the image and physical processes which are

generally speaking continuous in nature. In a p-dimensional

reconstruction problem, we typically model the image object

as a continuous function f(r) : �p �→ �, where r is the vector

representing spatial location. The input to a reconstruction

problem is a set of discrete measurements denoted by a vector

y. The output of the reconstruction is a discrete image array

denoted by vector x. To define a discrete representation of the

image, one can define x to be the samples of f ,

xi = f(ri) (1)

where i is the pixel index and ri are typically chosen to fall

on a periodic grid.

The imaging process can be modeled as a mapping from

f to y, that is, y = F (f). For example, in 2D parallel beam
CT reconstruction, F is the Radon transform. Once we define

a discrete representation of f , we can also derive a discrete

forward model, y ≈ F̃ (x), mapping from x to y. In the CT

reconstruction problem, for instances, various discrete forward

models have been proposed [4]–[7]. Once the models are built,

one can formulate a cost function to find the solution that

best fits the model. In general, the image is reconstructed by

Zhou Yu and Jean-Baptiste Thibault are with GE Healthcare, 3000 N
Grandview Bvd, W-1180, Waukesha, WI 53188.
Charles Bouman is with the School of Electrical Engineering, Purdue

University, West Lafayette, IN 47907-0501.
Ken Sauer is with the Department of Electrical Engineering, 275 Fitz-

patrick, University of Notre Dame, Notre Dame, IN 46556-5637.

Fig. 1. This figure shows an example neighborhood on a non-rectangular
periodic 2D image grid.

minimizing a cost function such as,

x̂ = arg min
{

G(F̃ (x), y) + U(x)
}

, (2)

in which G(F̃ (x), y) is the data mismatch term that penalizes
the differences between the image x and the measurement y

according to the forward model F̃ and a statistical model,

and U(x) is the regularization function that penalizes the
roughness in the image [8]–[10]. U(x) is typically derived
from a prior model of the image, such as the Markov random

field (MRF) model [11]. The regularization term U(x) plays
a very important role in defining the image quality [12].

In many imaging problems, the image grid might vary

from case to case. For example, when reconstructing images

on rectangular grids, the sampling rate along each direction

might vary depending on the desired resolution. In other

cases, the images might not necessarily fall on rectangular

grids. Therefore we would like to design a cost function that

is invariant to the image grid. In equation (2), the discrete

forward model F̃ naturally takes the pixel size and location

into consideration. In equation (28) of [13], Oh et.al proposed

a scale invariant design of U(x), assuming the sampling
pattern (in this case, the pixel’s aspect ratio) remains the same.

In this paper, we propose a general theory to design U(x) to
be image grid invariant. To do this, we first approximate U(x)
to be an integral of f . In order to be image grid invariant, this

integral must not depend on the pixel location or the choice of

the neighborhood. Based on this condition, we can derive a set

of sufficient conditions to guide the design of U(x). We found
that these conditions can be satisfied in the case of quadratic

regularization or when U(x) has a special form. To provide an
example of the theory, we describe a design for a commonly

used 3D rectangular grid in section III. Finally, we apply the

design to the 3D CT reconstruction problem as an example.

II. THEORY

Let us first introduce notation to describe a periodic image

grid. We use i = (i1, i2, . . . , ip) and j = (j1, j2, . . . , jp) to
denote p-dimensional discrete indexes; and s to denote the

coordinates of a pixel. Let S be a lattice of pixels at locations
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si ∈ �p taking on the values f(si). Furthermore, let P ⊂ S2

be a neighborhood system on S, where P consists of all voxel
pairs {i, j} where i is a neighbor of j. We assume that the

lattice S has a periodic structure, so the neighbors of i ∈ S are

j = i+k where k ∈ W , andW is a set of neighboring pixels’

index displacements. We also assume that W is symmetric,

so that if k ∈ W then −k ∈ W . We define J as a p by

p transform matrix that computes the displacement of two

neighboring pixels from k,

sj − si = Jk. (3)

In this notation, the neighborhood is defined by the set W

describing the selection of the neighboring pixels and the ma-

trix J describing the displacement between each neighboring

pixel pair. Fig. 1 shows an exemplary neighborhood on a non-

rectangular periodic 2D image grid, in which each pixel has

6 neighbors.
Let us also assume the prior distribution of x as a Markov

random field (MRF), and we will discuss a general form later.

In the MRF case, U(x) is of the form,

U(x) =
1

α

∑
{i,j}∈P

bj−iρ(xj − xi) (4)

where ρ(·) is the potential function. Our objective is to design
α and bj−i so that U(x) is invariant to the image grid.
We first derive U(x) as a discrete approximation to an

integral of f . To do this, we use the finite difference in the

image to approximate the local directional gradient of f , that

is,

xj − xi ≈ ∇f(si)
tJ(j − i). (5)

Using this approximation, we can rewrite U(x) as,

U(x) =
1

α

∑
{i,j}∈P

bj−iρ(xj − xi)

=
1

2α

∑
i∈S

∑
k∈W

bkρ(xi+k − xi)

≈
1

2α

∑
i∈S

∑
k∈W

bkρ(∇f(si)
tJk)

=
1

2α|J |

∑
k∈W

bk

∑
i∈S

ρ(∇f(si)
tJk)|J |

≈
1

2α|J |

∑
k∈W

bk

∫

�p

ρ(∇f(s)tJk)ds, (6)

where |J | is the determinant of matrix J .

Notice that, in equation (6), the right hand side is a

summation of integrals, in which each integral is based on the

gradient along the direction of a specific neighbor, k. Since the

right hand side approximation still depends on the choice of J

and W , it is not image grid invariant in general. However, in

some special cases, it is possible to use bk to compensate for

the directional change in the neighborhood. In the following,

we derive a sufficient condition that bk needs to satisfy to yield

an image grid invariant regularization in two cases. In the first

case, ρ must be a quadratic function. In the second case, ρ can

be of a general form, however we need to introduce a minor

modification to the form of U(x).

A. Quadratic Regularization

Assume ρ(Δ) = Δ2, then

U(x) ≈
1

2α|J |

∫

�p

∑
k∈W

bk∇f(s)tJkktJ t∇f(s)ds

=

∫

�p

||∇f(s)||2Hds (7)

where,

H =
1

2α|J |

∑
k∈W

bkJ(kkt)J t (8)

To use equation (8) to design U(x), we first need to choose a
desired H matrix, such as an identity matrix. We then choose

the image grid and neighborhood, i.e. J and W . Finally, we

find bk so that the equation (8) holds. Therefore, equation (8)

gives a sufficient condition for image grid invariant regular-

ization design.

B. General Potential Function

In many imaging applications, ρ(x) is designed to suppress
noise while preserving spatial resolution. To apply the theory

to general potential functions, we would like to propose a

different form of U(x), where

U(x) =
1

α

∑
{i,j}∈P

ρ(b2
i−j(xj − xi)

2) (9)

In this form, we sum over the squared difference between each

neighboring voxel pairs first, then apply the penalty function

ρ(·). Similar to the derivation of equation (6) and (7) , U(x)
can be shown to approximate the following integral,

U(x) ≈
1

2α|J |

∫

�p

ρ(||∇f(s)||2H)ds, (10)

where H is given by equation (8)

III. APPLICATION TO 3D RECTANGULAR GRID

In this section, we would like to provide an example design

for a 3D rectangular image grid, with voxels spacing Δx =
Δy , and Δz , where Δx and Δy are voxel sizes along x, y and

z axis respectively.

We assume W to be a 3 by 3 by 3 cubic neighborhood,

therefore, W = {−1, 0, 1}3. In this case,

J =

⎡
⎣

Δx 0 0
0 Δy 0
0 0 Δz

⎤
⎦

The geometry of the voxel neighborhood is illustrated in

Fig. 2, in which θ is the angle between k = (1, 0, 1)t and the x

axis as shown in (a), and γ is the angle between k = (1, 1, 1)
and the x − y plane as shown in (b). Thus, cos θ = 1√

1+β2

and cos γ =
√

2√
2+β2

, where β = Δz

Δx
is the aspect ratio of the

voxel in this particular case where Δx = Δy . When the aspect

ratio changes, the direction between two neighbor voxels,

Jk, also changes. Without proper compensation using bk, the

regularization might be stronger in one direction relative to
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the other. Let us assume we would like the regularization to

be isotropic. Therefore, we choose H = I . In the following

we will derive a solution for bk so that equation (8) holds in

this case.
Let Rk = (Jk)tJk

||Jk||2 , so that we can rewrite equation (7) as

1

2α|J |

∑
k∈W

bk||Jk||2Rk = H (11)

A sufficient condition for equation (11) to hold is α = 1
2|J| ,

bk = wk

||Jk||2
, where wk satisfy,

∑
k∈W

wkRk = H (12)

Notice that, ||Jk|| is the distance between the two-voxel pair
(i, i + k). Therefore, in this case, bk is inversely proportional
to the squared distance, and wk is computed to compensate
for the different effective regularization strength along the
direction of the neighbors defined by the image grid. We can
derive the Rk matrices for each direction as follows:

R±1,0,0 =

[
1 0 0
0 0 0
0 0 0

]
, R0,±1,0 =

[
0 0 0
0 1 0
0 0 0

]
;

R0,0,±1 =

[
0 0 0
0 0 0
0 0 1

]
; R±1,±1,0 =

[
1

2
±

1

2
0

±
1

2

1

2
0

0 0 0

]
;

R±1,0,±1 =

[
cos2 θ 0 ± sin θ cos θ

0 0 0
± sin θ cos θ 0 sin2 θ

]
;

R0,±1,±1 =

[
0 0 0
0 cos2 θ ± sin θ cos θ

0 ± sin θ cos θ sin2 θ

]
;

R±1,±1,±1 =

⎡
⎣

1

2
cos2 γ ±

1

2
cos2 γ ±

1
√

2
cos γ sinγ

±
1

2
cos2 γ 1

2
cos2 γ ±

1
√

2
cos γ sinγ

±
1

√

2
cos γ sinγ ±

1
√

2
sin γ cos γ sin2 γ

⎤
⎦

(13)

In general the solution to equation (12) might not be unique.

In the following we will derive a solution for wk when H = I .

Instead of solving for 26 unknown wk coefficients, we propose

to apply a constraint on the solution such that neighbor voxel

pairs of symmetric directions will have the same wk values.

This allows us to reduce the problem to 7 unknown variables.

We assign the weight wx to the direction k = (±1, 0, 0) and
wy to k = (0,±1, 0). Next, we assign wxy to the set of

directions k = (±1,±1, 0), so that

∑
k1=±1,k2=±1,k3=0

wxyRk1,k2,k3
= 4wxy

⎡
⎣

1
2 0 0
0 1

2 0
0 0 0

⎤
⎦

Notice that the matrices sum up to be a diagonal matrix.

Similarly, we assign wz to directions k = (0, 0,±1), wxz to

directions k = (±1, 0,±1), wyz to directions k = (0,±1,±1),
and wxyz to the directions k = (±1,±1,±1)
Substituting (13) into (12), we can verify that by setting the
coefficients in the symmetric way, the non-diagonal entries
will all cancel out. Therefore, we only need to consider the
constraints of the three diagonal entries, which give us the
following equations{

2wx + 4 ×
1

2
wxy + 4wxz cos2 θ + 8 ×

1

2
wxyz cos2 γ = 1

2wy + 4 ×
1

2
wxy + 4wyz cos2 θ + 8 ×

1

2
wxyz cos2 γ = 1

2wz + 4wxz sin2 θ + 4wyz sin2 θ + 8wxyz sin2 γ = 1

(14)

The above equations still do not have a unique solution.

Here we propose to formulate a cost function that minimizes

the total energy of the wk coefficients subject to (14) and a

non-negativity constraint.

w∗ = arg min
wk≥0

∑
k∈W

w2
k

= arg min
wk≥0

{2w2
x + 2w2

y + 2w2
z

4w2
xy + 4w2

xz + 4w2
yz + 8w2

xyz} (15)

The above constrained optimization problem yields the fol-

lowing analytical solution

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

wx

wy

wxy

wz

wxz

wyz

wxyz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1/12 17 β4+4+24 β6+9 β8

14 β4+4+8 β2+10 β6+3 β8

1/12 17 β4+4+24 β6+9 β8

14 β4+4+8 β2+10 β6+3 β8

1/12 17 β4+4+24 β6+9 β8

14 β4+4+8 β2+10 β6+3 β8

1/6 12 β2+2 β4+12+β8

14 β4+4+8 β2+10 β6+3 β8

1/12
(1+β2)(5 β4+4+16 β2+2 β6)
14 β4+4+8 β2+10 β6+3 β8

1/6
(2+β2)(5 β4+1+2 β2+β6)
14 β4+4+8 β2+10 β6+3 β8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (16)

where β = Δz

Δx
. Fig. 3 shows wk as a function of β.

IV. EXPERIMENTAL RESULTS

In this section, we apply the proposed regularization model

to 3D CT reconstruction problems. In computed tomography,

the resolution and noise properties are mainly determined by

system geometry and scan techniques. Therefore, this paper

does not focus on achieving specific image quality properties

such as uniform or isotropic resolution in the general case for

any scanning geometry. Instead, we would like to demonstrate

that with the proposed model, image quality is less sensitive

to voxel size changes compared to the baseline methods.

The methods in comparison are the proposed regularization

model, and two baseline methods. In the first baseline method,

we choose α = 1
2|J| and bk = 1

||Jk||2 , that is, we set wk

to be a constant in all directions. In the second baseline

method, we choose bk = 1
||Jk||2 and α to be a constant for all

voxel sizes. In both baseline methods, we adjust the over-

all regularization strength to match the proposed model at

dx = dy = dz = 0.625mm. At this point, all three models

yield identical regularization parameters.

To measure image quality, we simulated a 3D digital

phantom containing an array of high contrast point sources as

shown in Fig. 4. We test the proposed and baseline algorithms

with various voxel sizes dx = dy at fixed dz = 0.625mm. In
Fig. 5, we measure the 50% MTF (lp/cm) in x− y plane, full

width half maxium (FWHM) in mm along the z axis and noise

standard deviation (HU) in the uniform portion of the phantom.

Considering the variations of these image quality metrics when

the voxel size changes, we notice that the proposed method is

less sensitive to the voxel size change compared to the baseline

methods. Furthermore, the baseline 1 is also less sensitive

compared to the baseline 2, since it is closer to the proposed

model.
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Fig. 2. This figure illustrates the geometry of the voxel neighborhood on a
rectangular grid. In (a), we show the voxels in the x − z plane. The angle
between the diagonal voxel and the x axis is denoted as θ. In (b), we show
the voxels in the first octant, in which γ is the angle between the corner voxel
shown in red and the x − y plane.
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Fig. 3. This figure shows wk as a function of voxel aspect ratio parameter
β

Fig. 4. The figure shows the digital phantom used in the experiment.

Fig. 5. The figure shows the IQ metrics when dx = dy changes at fixed
dz. The proposed method appears less sensitive to such changes compared to
the baseline methods.

V. DISCUSSION

The theory proposed in this paper can be useful in many

reconstruction as well as denoising problems. In our example,

we change the pixel size independently of slice thickness,

which yields a non-isotropic voxel. Without modeling non-

isotropic sampling in U(x), one could end up with over-
regularized results along certain directions while other di-

rections are under-regularized. In 4D reconstructions (3D +

temporal), the voxel size and temporal sampling rate can also

be adjusted independently. The proposed theory can be used

to yield a consistent design balancing spatial and temporal

resolution. Although our derivation assumes a periodic lattice,

the theory can also be extended to non-periodic lattices where

bk needs to be computed for each location.

REFERENCES

[1] S. Geman and D. McClure, “Statistical methods for tomographic image
reconstruction,” Bull. Int. Stat. Inst., vol. LII-4, pp. 5–21, 1987.
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Ultrafast Fully Analytical Iterative Model-based
Statistical 3D Reconstruction Algorithm

Robert Cierniak and Michal Knas

Abstract—The orginally formulated by us a 3D reconstruction
algorithm for spiral cone-beam x-ray tomography is presented.
This appraoch to the 3D reconstruction problem is based on
the fully analytical formulation of the reconstruction problem.
Additinally, statistical considerations involved with the form of
noise present in x-ray measurement system at the formulation of
this problem are taken into account. This conception significantly
improves quality of the obtained after reconstruction images
and decreases the complexity of the reconstruction problem in
comparison with other approaches. The carried out computer
simulations shown that presented here reconstruction algorithm
outperforms conventional analytical methods in obtained image
quality. The GPU realization of our algorithm shows that this
algorithm can be fully applicable for commercial use in the sense
of the obtained image quality and the time of reconstruction
process.

Index Terms—Computed tomography, 3D reconstruction algo-
rithm, image reconstruction from projections problem.

I. INTRODUCTION

Nowadays, statistical reconstruction methods are being ac-

tively developed because they allow us to improve the reso-

lution of reconstructed images and/or decrease x-ray intensity

while maintaining the quality of the CT images obtained. This

is because the signals are adapted to the specific statistics of

a given technique and consequently the algorithms can yield

a reduction in radiation dose during human body examination

[1]. It is worth to note that there are several commercially

developed and introduced statistical iterative reconstruction

algorithms and iterative image based denoising algorithms, e.g.

Adaptive Statistical Iterative Reconstruction (ASIR), Iterative

Reconstruction in Image Space (ARIS), Adaptive Iterative

Dose Reduction (AIDR) or iDose algorithms.

Generally, one can say that all most significant existing

reconstruction algorithms belong to two basic approaches,

taking into account the methodology of the used in them signal

processing concepts: these called the analytical methods, and

those assigned to strategy called the algebraic reconstruction

technique. We can suppose that the implementation of the ART

in the historical first CT apparatus was caused for lack of

alternative at that time. Next generation of CT systems used

only reconstruction algorithms based on analytical method-

ology. The main reason of this situation was the huge sizes

of matrices appeared in the algebraic reconstruction problem,

and caused by this the calculation complexity of reconstruction

method based on this methodology. The analytical methodol-

ogy simplifies drastically the number of neccessary calculation

Corresponding author: Robert Cierniak, Institute of Computational Intel-
ligence, Czestochowa University of Technology, Armii Krajowej 36, 42-200
Czestochowa, Poland, e-mail: cierniak@kik.pcz.czest.pl

and in this way is more appealing. The algebraic approach was

taken firstly into consideration (see e.g. [2], [3]) for design of

the statistical reconstruction algorithms because it allows for

accurate modelling of the statistics of projection data and it

helps to avoid most of distortion caused by them. Presented

in above publications reconstruction idea is based on the

maximum a posteriori probability (MAP) estimation approach.

That application of the algebraic reconstruction technique has

some significant technical difficulties at practical realization,

namely: in the case of algorithms for 3D spiral cone-beam

scanners, it is complicated to establish the coefficients of

forward model for ART at this geometry of scanner [3], [5],

[4]; this methodology forces simultaneously calculations for

all voxels in range of reconstructed 3D image what makes the

reconstruction problem extremely complex.

We could avoid the mentioned above difficulties connected

with using of ART methodology using an analytical strategy

of the reconstructed image processing. In previous papers we

showed how to formulate the analytical reconstruction problem

consistent with the ML methodology for parallel geometry of

scanner [6]–[8], for fan-beams [9], and finally we proposed

the scheme of reconstruction method for the spiral cone-

beam scanner [10]. Our statistical 3D reconstruction algo-

rithm has some serious adventages compared with algebraic

methodology. Firstly, we establish certain coefficients in our

method, but it is performed in much more easer way than in

comparative method. Secendly, we can perform reconstruction

process only in one plane in 2D space, what simplify the

problem. The reconstruction process can be performed for

every cross-section image separately. After this, it is possi-

ble to reconstruct whole 3D volume image from set of the

reconstructed before 2D images. Additionally, we use during

reconstruction process the FFT what significantly decreases

the time of the reconstruction process. Moreover, we propose

such modification of the imposed loss function in the applied

ML estimation that it is unnecessary to use any additional

regularization term (a priori term). Thanks to this modification

we prevent any unstabilities in reconstruction process and we

simplify the loss function adapted to statistics of projection

data involved in the x-ray computed tomography.

II. 3D RECONSTRUCTION ALGORITHM FOR SPIRAL

CONE-BEAM SCANNER

We have formulated orginally the 2D analytical approximate

reconstruction problem for parallel geometry of scanner (see

e.g. [7], [8]). Presented there idea can be incorporated into the

Feldkamp-type reconstruction methodology for design of 3D

reconstruction algorithm for the spiral cone-beam geometry
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Fig. 1. An image reconstruction algorithm for the cone-beam geometry
scanner

of the scanners. We will show in the following subsections

how can adapt our orginal idea to the 3D reconstruction

problem. Additionally, we will describe the statistical nature

of our method, what lead to the design of the 3D iterative

model-based reconstruction algorithm. The general scheme of

proposed by us reconstruction procedure is depicted in Fig. 1.

Presented here iterative statistical reconstruction algorithm

uses projections obtained in an spiral cone-beam scanner. After

selecting a position zp on the z-axis of the reconstructed cross-

section of a body, the reconstruction of image at this position

is performed.

In a real spiral cone-beam projection system, the recon-

struction algorithm can only make use of projections obtained

at certain angles and measured only at particular points on

the partial cylindrical-shaped screen. In our case, the beam of

x-rays reaches the individual detector rows k = 1, 2, . . . ,K,

where K is a number of rows placed on the screen. In every

row, selected rays strike the detectors, each of which is indexed

by the variable η = − (H− 1) /2, . . . , 0, . . . , (H− 1) /2,

where H is an odd number of detectors in each channel

of the array. Detectors are placed on the screen separated

by a distance Δk in each row, and by an angular distance

Δη in each channel. Additionally, only a limited number of

projections are performed, each of which is indexed by the

variable θ = 0, . . . ,Θ − 1, where Θ − 1 is the total number

of projections made during the examination. Every projection

is carried out after rotation by Δθ. We can sum up these

practical conditions by saying that the reconstruction algorithm

has available to it the projection values ph
(
βη, αh

θ , żk

)
, in

the ranges: η = − (H− 1) /2, . . . , 0, . . . , (H− 1) /2; θ =
0, . . . ,Θ− 1; k = 1, 2, . . . ,K.

Several following after the acquisition of projections process

operations are the same as in the case of the reconstruction

algorithm designed for parallel-beam scanner. The only def-

ference between 2D and 3D approaches lies in performance of

the back-projejection operation, and this operation is presented

as the next one.

A. Back-projection Operation

It is at this stage of the process that the three-dimensional

back-projection is performed. Every point in the coordinate

space is given a value equal to the sum of all the projection

values from all the rays passing through the point. For the

projections ṗh (βij , θ, żij) made at angle θ; θ = 0, . . . ,Θ− 1,

the operation can be written:

μ̃ (i, j, zp) ∼= Δh
α ·

∑
θ

ṗh (βij , θ, żij) , (1)

Often there is no ray that actually passes exactly through a

particular discrete point in space, or voxel, (i, j, zp) and so

there is no projection value available to the reconstruction

algorithm. This means that the missing projection value has

to be interpolated based on measurements ph (η, θ, k), using

for example the technique of bilinear interpolation:

ṗh (βij , θ, żij) =
4∑

n=1

cn,θ,ijp
h
n,θ,ij (2)

where the coefficients of interpolation cn,θ,ij can be estab-

lished in the following way:

cn,θ,ij =
(

1− |Δβ|
Δη

)
·
(

1− |Δż|
Δżk

)
, (3)

where the quantities βij and żij represent the coordinates of

the discrete point (i, j, zp) expressed as parameters of the
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projection carried out at the angle θ. It can easily be shown

that żij is calculated as follows:

żij (θ) =
Rf · (zp − z0 (θ))

Rf − uij
(4)

where Rf is the radius of the circle described by the focus of

the tube, and

z0 (θ) = λ · θΔh
α

2π
(5)

and

uij = iΔxy · sin
(
θΔh

α

)− jΔxy · cos
(
θΔh

α

)
, (6)

where: Δxy is the interval between individual points on the

reconstructed image.

The value of βij is easily determined from the following

formula:

βij (θ) = arcsin

⎛
⎝ sij√

R2
f + żij − uij

⎞
⎠ , (7)

where

sij = iΔxy · cos
(
θΔh

α

)
+ jΔxy · sin

(
θΔh

α

)
, (8)

and uij has already been determined in equation (6).

It is easy now to explain how are chosen these four

projections ph
n,θ,ij used in bilinear interpolation (2): they

are determined as the nearest neighbours of the projection

ṗh (βij , θ, żij), taking into account the parameters βij (θ) and

żij (θ) (equations (7) and (4), respectively).

B. Iterative Reconstruction Procedure

The main goal of the presented here iterative statistical

procedure is to reconstruct image according to the maximum

likelihood (ML) methodology of estimation of expected value

of image for certain pixels, holding the analytical scheme of

image processing in given reconstruction algorithm. After deep

statistical analysis, we propose the following form of objective

to be optimized during this iterative reconstruction procedure:

μ∗
min = arg min

μ∗

⎛
⎝1

2

I∑
i=1

J∑
j=1

1
σ2

Σ (i, j)
f (e (i, j))

⎞
⎠ , (9)

where:

e (i, j) =
∑

ī

∑
j̄

μ∗ (̄i, j̄) · hΔi,Δj − μ̃ (i, j) , (10)

and (what can be shown)

hΔi,Δj = hi,j =

Δα ·
Ψ−1∑
ψ=0

¯int (i cos ψΔα + j sinψΔα) , (11)

where ¯int is an interpolation function used in the back-

projection operation; Δi = |i − ī|, Δj = |j − j̄|, Δα = 2Π
Ψ ,

and

σ2
Σ (i, j) ∼= 1

n0

Ψ−1∑
ψ=0

∑
n

c2
n,θ,ije

ph
n,θ,ij , (12)

where n0 is the initial number of x-ray photons. Thus, it will be

possible to find the optimal image μ∗ in the sense of estimation

of the expected values of the reconstructed image μ. Note, that

in Eq. (10) μ̃ means an image obtained after back-projection

operation, hΔi,Δj are constant coefficients of the convolution,

f (•) is a penalty function. We propose the following form of

the function f (•):

f (e (i, j)) = λ · ln cosh
(

e (i, j)
λ

)
. (13)

where: λ is a slope coefficient. It is worth emphasizing

strongly that the introduction of this function instead of

the quadratic amplification of the error in each pixel is not

inconsistent with the main idea of the statistical reconstruction

approach – that of matching an appropriate divergence func-

tion with the probabilistic distribution present in the measured

signals. The form of function (13) overlaps with the quadratic

form in the wider neighbourhood of their minimums.

Formula (9) can be the basis for the formulation of many

solutions to the image reconstruction from projections prob-

lem, consistent with ML methodology. Although, there are

several methods of searching for the optimal solution, we

propose the gradient descent method. In this case, the pixels

in reconstructed image will be adjusted in the following way:

μ∗(t+1) (i, j) = μ∗(t) (i, j)−

c ·
I∑

ī=1

J∑
j̄=1

1
σ2

Σ (̄i, j̄)
f ′

(
e(t) (̄i, j̄)

)
hΔi,Δj , (14)

where f ′ is a deriviation of the function (13).

III. EXPERIMENTAL RESULTS

In our experiments, we have adapted the well-known Shepp-

Logan phantom of the head (see e.g. [11]) for 3D spiral cone-

beam projections. Parematers: λ was set to be 2.5, and Rf

to be 1200. During the simulations, we fixed H = 1025
measurement points (detectors) on the screen at virtual parallel

projections, and K = 121. The number of projections was cho-

sen as Θ = 3220 rotation angles, and the size of the processed

image was fixed at I×J = 1024×1024 pixels. The coefficients

hΔi,Δj were precomputed before we started the reconstruction

process and these coefficients were fixed for the subsequent

processing. We started the actual reconstruction procedure and

perform the back-projection operation to get a blurred image

of the x-ray attenuation distribution in a given cross-section of

the investigated object. The image obtained in this way was

then subjected to a process of reconstruction (optimization)

using an iterative statistically-tailored procedure. It is worth

noting that we can choose the starting point of this procedure

to be a result of using any standard reconstruction method,

for example a reconstruction Feldcamp-type FBP algorithm.

Because the set of possible states of matrix μ∗ is convex
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and the function from relation (3) is convex, the optimization

process starting from any point of the convex set μ∗ yields a

unique solution. The convolutions in iterative procedure were

calculated in frequency domain to accelerate reconstruction

procedure. The whole iterative process was implemented for

GPUs with the NVIDIA CUDA framework and executed on

the GeForce GTX 680 graphics card. In this case, the iterative

reconstruction process (3000 iterations) has taken 53s.

Views of the reconstructed images of the mathematical

phantom in the cross-section after 3000 iterations are presented

(Table I.c for stochastic signals. For comparison, the original

phantom image (Table I.a) and the image reconstructed by

a standard Feldkamp-type FBP reconstruction method (Table

I.b) are also presented.

IV. CONCLUSION

We have shown in this paper fully feasible 3D statistical

reconstruction algorithm. The use of analytical scheme of

signal processing allows us to avoid very serious difficulties

associated with the algebraic reconstruction technique, which

are particularly noticeable in reconstruction algorithms for

spiral scanners. Globally, our reconstruction problem is very

easy and compact. There is not used any additional geometrical

correction of the projection lines in this approach. Elements

of the matrix hΔi,Δj (see Eq. 11) can be calculated before

we start the reconstruction procedure and they are the same

for all pixels in the reconstructed image. Simulations have

been performed, which prove that our reconstruction method

is extremely fast (the whole iterative reconstruction process

with 3000 iterations takes 53s) and stable without introducing

any additional regularization term, in contrast to the max-

imum a posteriori probability (MAP) estimation. We have

achieved this thanks to the introduction of a new form of

penalty function in the form of a loss function which prevents

the occurrence of possible instabilities in the reconstruction

process. The image of the cross-section of the mathematical

phantom was reconstructed with high accuracy compared with

the standard method (in our experiments the Feldkamp-type

algorithm), as measured both in the subjective way and using

the objective quality measure.
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Abstract—In recent years, many papers on the different meth-
ods of obtaining the system response for SPECT reconstruction
have been published related. The present work compares the
system response obtained by means of analytical and Monte Carlo
calculations. To this end, the projections of point sources placed at
different distances from a pin-hole collimator obtained by using
the analytical and Monte Carlo projectors were compared with
experimental data. Our findings show a good agreement between
the results obtained with the Monte Carlo method and those using
the analytical method including an experimental characterization
of the system response. A good agreement was also obtained
between the PSF calculated by means of the two projectors and
that determined experimentally.

Index Terms—System response matrix, pinhole SPECT recon-
struction, Monte Carlo, Raytracing.

S
on-the-fly

A. Pinhole SPECT scanner

50 × 50 × 4mm3

1 mm

B. Analytical system response and experimental PSF
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1) Geometrical component:

2) Intrinsic spatial resolution:

3) Finite aperture and septal penetration:

C. Monte Carlo system response

1) GEANT4 simulations:

2) Variance reduction:

D. Mechanical misalignments

90 deg
2 cm

E. Calibration

F. Experimental and simulated images of point sources

26.4 mm
27.2 mm 29.1 mm 16.6 mm 17.9 mm

18.1 mm

A. Calibration parameters

22.5 mm
33.1 mm

1.47
3.1 mm 0.75◦

0.69◦ −4.5 mm
2.3mm
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Parameter Value
22.5 mm
33.1 mm
3.1 mm
0.75 deg
0.69 deg
−4.5 mm
2.3 mm

> 22mm 4◦ 13◦

20◦

B. Comparison between system response models

4◦

13◦

< 1◦

< 22 mm 4◦ 13◦

20◦

> 22 mm 4◦ 13◦

20◦

< 22 mm 4◦ 13◦

20◦

27.2mm 29.1 mm 26.4 mm

17.9 mm 16.6 mm 18.1 mm
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Abstract—The rapid developments in technologies of microCT 
and nanoCT bring forth large amounts of data. Reconstruction 
often forms a bottleneck in data processing. Hardware 
acceleration has become a hot topic, especially the usage of 
Graphics Processing Unit (GPU). Using the C-like language
CUDA provided by NVIDIA, we have developed a GPU-based 
reconstruction package, which can run with multiple GPU’s on 
one or more PC’s. This paper describes and discusses the 
strategies we use to deal with reconstruction of very large data 
volumes on GPU’s with limited on-board memory. The 
reconstruction algorithm is the commonly used FDK algorithm 
for circular orbit cone-beam CT. We attempt to achieve the best 
overall performance. Therefore, not only the back projection 
kernel on GPU’s needs to be optimized, but also the task division
and the data flow, between hard drive and CPU memory and 
between CPU memory and GPU memory, need great attention. 
Evaluation of this software package on up-to-date CUDA-
enabled GPU’s is performed for datasets up to, but not limited to, 
675 Giga voxels (15Kx15Kx3K).  

Index Terms—Cone-beam CT, image reconstruction, multi-
GPU, distributed, CUDA, FDK algorithm 

A. The FDK algorithm  
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B. Distributed multi-GPU architecture  

C. Optimization on GPU 
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// Scheme Multi-projections and single-slice (MPSS)
    For each projection-subset  (N subsets)
         Upload the M projections in the subset to GPU 
         Apply filtering   
  For each slice  (S slices) 
              Zero slice-buffer 
   For each voxel (X x Y voxels)
    Back-project from the M projections in the subset  
   End for each voxel  
          Transfer slice back to CPU for summation   
      End for each slice  
      End for each projection-subset   

// Scheme Few-projections and Multi-slices (FPMS)
    Zero S-slice buffer  
    For each projection-subset  (n subsets)
         Upload m projections in the subset to GPU 
         Apply filtering     
  For each slice  (S slices) 
   For each voxel   (X x Y voxels)
    Back-project m projections in the subset  
   End for each voxel  
      End for each slice  
      End for each projection-subset  
      Download all S slices back to CPU   

D. Data flow and task division between CPU and GPU’s
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A. Single GPU’s

CPU b) 3m58s 58m 15h13m 59h12m

B. Multi- GPU’s

C. Distributed multi-GPU’s

Fully 3D meeting
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Multi-Material Beam Hardening
Correction(MMBHC) in Computed Tomography

Qiao Yang, Nicole Maass, Mengqiu Tian, Matthias Elter, Ingo Schasiepen, Andreas Maier, and Joachim Hornegger

Abstract—In computed tomography (CT), the nonlinear at-
tenuation characteristics of polychromatic X-rays cause beam
hardening artifacts in the reconstructed images. State-of-the-
art methods to correct the beam hardening effect are mostly
single material precorrections (e.g. water-precorrection), which
are far less efficient when more than one material is present in
the field of measurement. The use of those techniques is limited
by specific restrictions to the objects, computational loads, and
inaccurate segmentations. In this paper, we present a practical
multi-material beam hardening correction(MMBHC) approach
that employs material decomposition technique maintaining CT
values from dual-energy CT. This separates single energy CT
images into spatial density images and images containing material
information. The segmentation maintains the original X-ray
attenuation coefficients, such that the original CT attenuation
image can be exactly recovered. Therefore, segmentation errors,
which result in invalid material properties to the voxel, only
have minor effects on the beam hardening correction and do
not cause an atypical image impression or introduce additional
artifacts. A multi-material beam hardening correction procedure
is formulated to iteratively correct the artifacts but shows
satisfactory image quality after the first iteration. Based on
experiments with simulated CT data, it is shown that the
proposed method can efficiently reduce beam hardening artifacts.
In addition to the performance benefits, our approach can be
flexibly applied to imaging geometries and achieve efficient, fully
3D reconstructions.

Index Terms—CT reconstruction, beam hardening, artifact
reduction, segmentation, spatial resolution, image quality

I. INTRODUCTION

In computed tomography (CT), standard reconstruction
techniques are generally based on the assumption that the X-
ray beams are monochromatic and the measured projection
images contain line integrals through the objects. However,
in practice, the X-rays are polychromatic and lower energy
photons are more easily absorbed than the higher energy
photons, resulting in nonlinear characteristics of the X-rays,
the so-called beam hardening phenomenon. The polychro-
matic characteristic of X-rays leads to the attenuation of a
homogeneous object not being proportional to the thickness of
the object along the ray. Consequently, severe artifacts such
as cupping and streak artifacts appear in the reconstruction,
which compromise the reconstruction quality and diagnostic
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Fig. 1: Flowchart of our proposed algorithm

accuracy. Therefore, an effective beam hardening correction
approach is important in both medical and industrial CT
applications to improve image quality.

To mitigate beam hardening, common methods are
hardware-based approaches to reduce the polychromaticity of
the incident X-rays. State-of-the-art beam hardening correction
(BHC) algorithms used in clinical CT are mainly based on
single material (e.g. water) calibration and can efficiently
correct objects consisting of materials that are spectrally alike
[1]. In dual energy CT, the aim is oftentimes to reconstruct
images of material densities and as a side-effect, the beam
hardening artifacts can be exactly corrected [2]–[5].

In this work, we focus on the single energy CT of objects
that consist of multiple materials (with different spectral prop-
erties). Prior research on this topic requires a segmentation of
the attenuation image from a single energy CT scan into differ-
ent materials [6]–[14]. A major limitation of these techniques
is the computational complexity. Moreover, require previous
knowledge, the objects’ characteristics such as number of
materials, material’s inhomogeneity and the shape of different
materials also render those techniques unsuitable for practical
usage. The high computational load of these methods is often
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caused by missegmentation of materials in early iterations,
which slows down convergence and may result in atypical
image impression and additional artifacts.

We present an application of the dual-energy reconstruction
technique presented in reference [5] with a sophisticated
segmentation method which makes it applicable to single
energy CT. Both methods calculate polychromatic raw data
from material density images of base materials. While the
calculation of base material density images is the aim of
dual energy CT, we use maintained CT attenuation values for
segmentation in single energy CT to generate material density
images. Thereby, the CT attenuation value conservation leads
to a situation where the consequences of missegmentation in
the beam hardening correction are minor. We do not make any
assumptions on the scanned object, but we assume to know
the major materials’ spectral properties, of which the object
is composed. This knowledge may be obtained from a single
calibration scan [4].

Section II outlines the theoretical aspects of the proposed
algorithm. The method has been evaluated for simulated X-ray
CT data, which is presented in section IV. Finally, we discuss
relevant issues to conclude the paper in section V.

II. METHODS

Assume a dataset consists of M materials with attenuation
coefficients μm(E), m = 1, ...,M , which depend on the X-
ray photon energy E. Specifying a reference density of each
material, ρm, the mass attenuation coefficient for material m is
κm(E) = μm(E)/ρm. Denote �r as spatial location on recon-
struction grid. Knowing the spatial density distributions ρm(�r)
and effective energy E0, the monochromatic CT attenuation
image can be calculated:

f(�r) =

M∑
m=1

ρm(�r)κm(E0). (1)

pm(L) =
∫
L
dlρ(�r) is the line integral over projection ray L

through a material density image ρ(�r). When a monochromatic
X-ray beam traverses a homogeneous object, according to
Lambert-Beer’s law, the total attenuation coefficient is linearly
related to the thickness of the object along the ray. The
monochromatic intensity for a given E0 can be expressed as

Imono(L) = I0(E0) · e
−

M∑

m=1
pm(L)κm(E0)

. (2)

However, in real CT, the emitted X-ray photons have varying
energies E ∈ [0, Emax]. Therefore, the measured intensity
of a polychromatic beam can be written as the sum of the
monochromatic contributions for each energy E:

Ipoly(L) =

∫
dEI0(E)e

−
M∑

m=1
pm(L)κm(E)

, (3)

where I0(E) is referred as normalized source-detector energy
spectrum (

∫
dEI0(E) = 1). The measured initial polychro-

matic attenuation qinitial(L) along a ray path L is defined by

qinitial(L) = − ln Ipoly(L). (4)

A. Single-material precorrection
Generally, when datasets consist of only one material, a

precorrection can be carried out to reduce cupping artifacts
caused by beam hardening. In clinical CT, water precorrection
is widely used to reduce cupping artifacts. In industrial CT
we usually precorrect for the most dominant material (i.e. the
material which covers the most volume). The single material
precorrection linearizes the projections at the first place in
order to deliver improved and quantitative reconstruction for
a better initial segmentation. In any case, the single material
precorrection is a nonlinear preprocessing step of the initial
rawdata:

qprecorr
initial (L) = qprecorr

initial (qinitial(L)). (5)

B. Multi-material correction approach
A flowchart of the proposed algorithm is illustrated in Fig. 1.

From the precorrected rawdata, we perform a preliminary
filtered backprojection

ginitial(�r) = R−1{qprecorr
initial (L)}, (6)

where R−1 denotes a filtered backprojection (FBP) recon-
struction. The initial reconstruction is then segmented into
M materials. We thereby require to know the number M of
significant materials and the mass attenuation coefficient of
these materials. The spectral properties can either be calibrated
[4] or obtained as tabulated data from reference [15]. As
quantitative CT values in the image are unreliable due to beam
hardening, we use automatic centroids selection for k-means
clustering [16], [17]. After segmenting ginitial(�r) into M masks
wm(�r), we maintain the original CT value by storing density
volumes

ρ̂m(�r) =
wm(�r) · ginitial(�r)

κm(E0)
, (7)

rather than the mask volumes wm(�r). From the selected
centroids at k-means clustering, effective energy E0 can be
obtained by choosing corresponding monochromatic energy at
the centroid attenuation coefficients for each material. From
the segmentation result, the CT attenuation image ginitial(�r)
could be calculated according to Eq. (1). For each material,
line integrals

p̂m(L) = R{ρ̂m(�r)} =

∫
L

dlρ̂m(�r) (8)

are calculated, where R denotes the calculation of line inte-
grals through the volume along the originally measured lines
L (forward projection). The line integrals are combined to a
polychromatic rawdata set

q̂(L) = − ln

∫
dEI0(E)e

−
M∑

m=1
p̂m(L)κm(E)

, (9)

which incorporates the spectral properties of each material
κm(E), as mentioned above. The polychromatic rawdata are
then reconstructed again (including the single material precor-
rection) to obtain a recalculated image

gcalc(�r) = R−1{q̂precorr(L)}. (10)

During segmentation and forward projection steps, errors
which arise from beam hardening are additionally introduced.
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The difference between the initially reconstructed volume and
the recalculated volume can be used to estimate the beam
hardening error:

gBH(�r) = gcalc(�r)− ginitial(�r). (11)

It has to be noted that spatial resolution mismatch occurs
between ginitial(�r) and gcalc(�r). Therefore, a spatial resolution
matching technique should be applied before the subtraction to
maintain the spatial resolution of the final image. In general,
resolution can be modulated by using boosting or smoothing
kernels. In this paper, an optimized Gaussian smoothing kernel
is applied to ginitial(�r) before the subtraction, such that

ĝBH(�r) = gcalc(�r)− Gauss(0, σ) ∗ ginitial(�r), (12)

with argminσ ||ĝBH(�r)||2. We finally use the spatially
resolution-matched beam hardening image ĝBH(�r) to subtract
the beam hardening from the initial reconstruction.

gcorrected(�r) = ginitial(�r)− ĝBH(�r). (13)

As the corrected image could be used to obtain a better
segmentation in the first place, the method can be repeated
iteratively. Using the superset i ≥ 0 to denote the iteration
number and initializing with g0corrected(�r) = ginitial(�r), we can
formulate a fixed-point equation

gi+1
corrected(�r) = ginitial(�r)− ĝBH(g

i
corrected(�r)). (14)

III. EXPERIMENTS

To evaluate the proposed algorithm, polychromatic cone-
beam CT simulations were carried out using a FORBILD
hip prosthesis phantom [18]. The dataset consists of soft
tissue, bone, and the prosthesis (Ti). The projection data were
obtained by using CT simulation software DRASIM (Siemens
AG, Forcheim, Germany), and circular 3D raw data were
reconstructed using a standard FDK reconstruction algorithm
[19]. At a tube voltage of 100 kV we simulated 450 angular
samples on a full circle, with a detector of 512× 512 pixels,
0.5mm in pixel size. All projection images are reconstructed
on a 512× 512× 512 grid with a voxel size of 0.4mm.

For further examination of the algorithm, a real multi-
material dataset containing four cylinders of different materials
was evaluated. A 120 kV tube voltage was applied. Detector
pixels are 1024 × 1024 with size of 0.4mm. All projection
images are reconstructed on a 400 × 400 × 600 grid with a
voxel size of 0.5mm.

IV. RESULTS AND DISCUSSION

A. Beam hardening reduction

Fig. 2 and Fig. 4 illustrate the results from reconstructions
and horizontal line profiles for simulated and real datasets,
respectively. In comparison with original reconstructions (left),
the recalculated polychromatic (middle) images show en-
hanced beam hardening artifacts. This illustrates our assump-
tion in Eq. (12). The right figures show the final result, where
beam hardening artifacts are hardly noticeable and the spatial
resolution is maintained.

Fig. 2: Reconstruction results from hip prosthesis phantom
with corresponding horizontal line profiles (yellow line). From
left to right: original reconstruction, recalculated reconstruc-
tion, result after first iteration. The line profiles and images
show attenuation coefficients (Level 0.10; window 0.22.)

Fig. 3: The beam hardening image ĝBH(�r) according to Eq. 12.

B. Spatial resolution matching

In Fig. 3 the beam hardening image ĝBH(�r) according to
equation 12 is presented. The enhancement of object borders
is visible from this image remains after spatial resolution
matching and is caused by beam hardening.

Running a forward projection with subsequent reconstruc-
tion reduces the spatial resolution of an image. Calculating
the difference between original and recalculated images would
correspond to a high-pass filtering of the original image. As the
initial image is linearly combined with the difference image,
we need measurements to maintain the spatial resolution,
especially when more than one iteration is applied.

Fig. 4: Reconstruction results from 4-cylinder real dataset with
corresponding horizontal line profiles (yellow line). From left
to right: original reconstruction, recalculated reconstruction,
result after first iteration. The line profiles and images show
attenuation coefficients.
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Fig. 5: Horizontal line profile plots from corrected reconstruc-
tions with (a) and without (b) spatial resolution matching.

(a) Original reconstruction (b) Polychromatic Recalculation

(c) Correction without spatial
resolution matching

(d) Correction with spatial
resolution matching

Fig. 6: Examination of spatial resolution matching using a
zoom-in on the hip prosthesis phantom (Grayscale: level 0.04;
window 0.06).

Fig. 5 presents the line profiles from reconstructions with
(Fig. 5a) and without (Fig. 5b) the spatial resolution match-
ing. It can be seen that calculation without consideration of
resolution matching yields errors at object edges (red circle)
and increases the level of aliasing.

A closer evaluation of spatial resolution influences on
reconstructions of the hip prosthesis phantom are illustrated
in Fig. 6. The polychromatic recalculation (Fig. 6b) has a
lower resolution than the original reconstruction (Fig. 6a).
Additionally, the enhanced cupping and streak artifacts can
be noticed. Running the proposed method without spatial
resolution matching, the object edges appear over-enhanced
and the aliasing is increased as shown in Fig. 6c. However, if
spatial resolution matching kernels are applied, beam harden-
ing reduced reconstructions with maintained image impression
can be achieved (Fig. 6d).

V. CONCLUSION

In this paper, an image-based beam hardening reduction
algorithm that combines material density distribution with
a polychromatic model of X-ray propagation is introduced.
The algorithm has been implemented for a 3D cone beam
geometry and was shown to yield excellent results in reducing
cupping and streak artifacts. During iterations, segmentations
with density information is retained to achieve more accurate
results for reproducing a polychromatic model in forward
projecting. In contrast to other iterative BHC approaches,
our method distinctly preserves better original reconstruction
information, which facilitates faster convergence. A spatial
resolution matching technique is applied in order to improve
image quality and overall performance.

Disclaimer: The concepts and information presented in
this paper are based on research and are not commercially
available.
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Abstract—Cone-beam computed tomography (CBCT) images 

are obtained repeatedly in the course of radiation therapy. 

Scanning strategies such as the prior image constrained 

compressed sensing (PICCS) method of Chen et al. have been 

developed to take advantage of the redundancy between scans to 

enable reconstruction from fewer projections or lower dosage, 

thereby reducing the patient’s radiation exposure. In this work, 

we use a prior full projection scan and the recent block matching 

3D (BM3D) frame regularization of Danielyan et al. to guide the 

reconstruction from sparse-view data. The prior scan is first 

registered with an initial reconstruction estimate, and the BM3D 

frame is created. The prior image induced frame is then used to 

regularize the final reconstruction. Experiments show that this 

prior-BM3D-frame reconstruction strongly suppresses noise for 

sparse-view reconstruction compared with other methods. A fast 

algorithm is developed for solving the reconstruction problem 

using the split Bregman algorithm. This work may have great 

significance for image-guided radiation therapy when CBCT is 

used repeatedly. 

 
Index Terms— CBCT, Image Reconstruction, BM3D-frame, 

prior image constrains, split-Bregman 

 

I. INTRODUCTION 

Cone-beam computed tomography (CBCT) technologies [1, 

2] are widely adopted as an effective imaging tool in 

radiotherapy to help patient position setup and as an assistance 

in image guided radiation therapy (IGRT) [3, 4]. CBCT images 

are taken repeatedly during 2~4 weeks in one course of 

radiation therapy treatment. Reducing patients’ accumulated 

radiation exposure is of top priority, as daily use of CBCT 

imaging produces a considerable amount of excessive radiation 

dose to radiotherapy patients [5, 6, 7]. However, conventional 

linear reconstruction algorithms such as 

Feldkamp–Davis–Kress (FDK) are significantly affected by 

geometric distortion and high noise ratios in low-dose scan 

protocols (such as fewer projections, lowering the tube current 

or voltage), leading to images of poor quality. Thus there is a 
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demand for more robust reconstruction algorithms suitable for 

low dose scans. 

Full projections are taken on the first day of radiation therapy 

treatment, and then in subsequent scans, the prior full 

projections are used as a reference, enabling reconstruction 

from only a sparse set of projections. Alternatively or in 

combination, subsequent scans can be made with lower dose in 

exchange for higher noise level. This prior image constrained 

scanning protocol shows a factor of 10–40 dose reduction 

compared to using full projections for all scans. We apply this 

scanning protocol in this work. 

In this article, we propose a prior image induced 3D block 

matching frame regularization method (prior-BM3D-frame) for 

the sparse-projection reconstruction under the prior image 

constrained scanning protocol. The prior-BM3D-frame is 

motivated by the recent work on the frame interpretation of 

BM3D introduced by Danielyan, Katkovnik, and Egiazarian [8] 

and the prior image constrained compressed sensing (PICCS) 

method of Chen et al [9].  

The innovation of our proposed method lies in that unlike [8], 

which generate the BM3D-frame transformation matrices 

according to the initial estimated image, we construct the 

BM3D-frame transformation matrices from a registered image 

between the prior image and roughly reconstructed sparse-view 

image using conventional linear reconstruction algorithms. The 

method is illustrated in Section II and the effectiveness of our 

proposed prior-BM3D-frame approach is shown numerically in 

Section III. 

 

II. METHODOLOGY 

A. Model 
The CBCT image reconstruction problem can be treated as a 

discrete linear inverse problem: 

Au b ,                           (1) 

where u is a N -dimensional vector of attenuate coefficients 

for reconstruction and b is a M -dimensional vector of 

log-transformed data for each projection, A is a M N  

system matrix that includes weighting values for each pixel, and 

could be generated by Siddon’s ray-tracing algorithm [10] after 

the projection geometries for each patient case is given.  

As conventional linear reconstruction algorithms (i.e. FBP 

for 2-dimensional case and FDK for 3D case) for solving the 

Sparse-view cone-beam CT reconstruction via 

previous normal dose scan induced 

BM3D-frame regularization method 
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under-determined equation may not be feasible due to the 

limited number of views and the noise in the projection data, 

more decent and effective methods are called for. The 

emergence of Compressed Sensing (CS) theory [11] provides a 

new prospective for solving these kind of problems by 

minimizing the following objective function iteratively: 

2

2 1min || || | |
2u

Au b u                    (2) 

The first term is for data-fidelity where 
2

2|| ||  denotes the 

Euclidean norm, the second term plays as a penalized 

regularization term where 1| |  denotes the 
1

 norm, 

0 and 0 are weighting parameters that decides the 

proportion of data-fidelity and regularization in equation 

respectively. is defined as sparse representation 

transformation.  

Danielyan et al. [8] showed that the BM3D filtering 

technique can be formulated in terms of an overcomplete sparse 

frame representation to extend the scope of BM3D filtering to 

deblurring and other inverse problems. We present here the 

analysis based prior image induced BM3D-frame for 

sparse-view CBCT image reconstruction. The analysis frame 

interpretation of BM3D is to reconstruct the image u  by 

solving the convex minimization problem (2), and is 

block-matching 3D frame transformation matrix which acts as 

the Patch matching and Analysis substeps of BM3D filtering 

method [12, 13].  

We exploit the prior image priu generated from full-scan as a 

patch-matching reference, we use the registered image regu  

acquired from the demons registration [14] 

2 2

( )

| | ( )

pri est est
reg

est pri est

u u u
u

u u u
                     (3) 

where estu  is the roughly reconstructed image generated by 

sparse-view scan using FBP as the static image. The iteration 

times of demons algorithm is set to 5 according to the pre-tests 

within the clinical position setup error [15].  

The patch matching substep is defined as followes in detail: 

Let y denote the noisy image and let my denote the 

square patch of y whose top-left corner is pixel m of the 

image. Let mP denote the patch extraction operator such that 

m mP y y                                          (4) 

For each my , the image is searched over a square 

neighborhood with side sN for similar patches,  

2( ) { : }m nN m n y y                     (5) 

where is a threshold. 3D groups are formed by stacking 

similar patches. The m th 3D group is:  

 
( )

stack nn N m
y                                      (6) 

where stack denotes stacking of patches to create a 3D 

array of size | ( ) |N m . Since ( )N m  is a set, its order 

is arbitrary, we put the set in a declination order according to 

the value of 2m ny y .  

 For the m th 3D group, define m as: 

3
( )

: stackm reg D n regn N m
u P u                        (7) 

where regu denotes a N N  square matrix of attenuate 

coefficients acquired from the Demons registration, nP  denotes 

the patch extracts operators defined in (4). The 3D transform 

3D  is constructed as a separable combination of a 2D 

transform 
2D  applied on each patch and a 1D transform 

1D applied along the third dimension of the 3D group. This 

structure allows 2D to be applied to each patch before 

stacking,  

1 2
( )

stackD D nn N m
y                                (8) 

Reasonable choices for the 1D and 2D transforms include 

wavelet transforms, discrete cosine and sine transforms, and the 

Walsh–Hadamard transform. We use a 1D Walsh–Hadamard 

transform for 1D  and the “bior1.5” biorthogonal spline 

wavelet transform with 1 analysis and 5 synthesis vanishing 

moments for 2D as suggested by [13]. 

 

B. Algorithm 

The formation of  in (2) can be concluded as: m  

extracts patches, stacks them into a 3D group of size 

| ( ) |N m , and applies the transform 3D . In 

matrix-vector notation,  
Nu R  where N  is the number of 

pixels in the image and m  is a | ( ) |N m  by N  

matrix. m  are vertically concatenated to create matrix  of 

size | ( ) |N m  by N ,  

1

... .

M

u u                                  (9) 

For the solution of (7), it will be useful to compute the 

transpose of 
T

. It can be represented functionally as  

3
( )

( )T T T
n D m n

m n N m
P             (10) 

where m  is the | ( ) |N m array of coefficients 

corresponding to the m th 3D group of  and 3( )T
D m n  

denotes the nth patch in the 3D group.  

 With all the parameters required (system matrix A , 

projection data b , registered image regu , sparse 

transformation matrix ,  and initial estimated image estu  

reconstructed by FBP using sparse view projection data) being 

calculated or detected, we use the split Bregman method 

proposed by Goldstein and Osher [16] for solving equation (2), 
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which has been proved efficiently in many related applications 

[17, 18]. The whole algorithm can be concluded as:  

 

Input: projection data b , system matrix A , initial estimated 

image estu  using FBP, prior full-scan image priu , 

1: Demons registration: Demons ( ; )reg pri estu u u , 

2: calculate BM3D frame matrices using equation (9) and (10):  

, T  

3: Initial estimate: 0 estu u  ; 0d  = 0; 0f  = 0; 

4: while 1 4| | 1 10k ku u do 

5: (a) CGLS (solve for 
1ku ): 

1 1( )T k T T k k kA Au A b d u f  

6: (b) Shrinkage: 
1 1shrink( ,1/ )k k kd u f  

where 1
shrink( ) sign( ) max{| | ,0},x x x x R  

7: (c) Update f  : 

 1 1 1k k k kf f u d  

8: 1k k  

9: end while 

Output: reconstructed final image u . 

 

The parameters and  are empirically chosen and the 

optimized and are case-to-case different. However, 

according to the pretests, our method performs better with 

parameter 100 ~1? 00  while 0.1~?  times that of  with 

different number of views for our experiment cases. The 

stopping criteria 1| |k ku u  is set to 41 10 for a balance 

between better image quality and algorithm speed.  

 

III. RESULTS 

In this proof-of-concept study, we implement our proposed 

prior-BM3D-frame algorithm in 2D phantom, rather than 3D, in 

a 512 by 512 spatial grid. Projection data were acquired by 

Siddon's algorithm in the 2D fan beam scanning geometry. The 

distance from the source to the isocenter is 100cm and the 

distance from source to the detector center is 150cm., being  

similar to a typical  middle slice of a cone-beam CT. We 

implement the sparse-view protocol with different number of 

projections: 10,20,40.N  

 

A. Phantom and Geometry Setup 
The Simulated digital NURBS-based cardiac-torso (NCAT) 

phantom Figure 1(a), which maintains a high level of detailed 

anatomical realism Figure 1(b), is generated at one thorax 

region slice of size 512 512  pixels, and the X-ray detector is 

modeled as a 512-element vector . In the modeled sparse-view 

protocol, the projections are generated on equally spaced views 

covering an entire 360  rotation with Siddon’s ray-tracing 

algorithm [10], performed on the NCAT phantom (Figure 1(a)). 

The prior image we use here is the NCAT phantom with slight 

rotation (2o) and translation (10 pixels) that is set to simulate the 

clinical position setup error [15]. The NCAT phantom (Figure 

1(a)) serves as the ground truth, the rotated and translated 

NCAT phantom shows the prior image.  

 

B. Prior-BM3D-frame implementation 
We execute our algorithm with parameters selected as in 

Section II, with 0.2 while 1000  for 20,40N and 

100  for 10.N  We also compare our proposed algorithm 

with conventional FBP method with Hamming filter, TV 

minimization and the BM3D-frame regularization without 

using a  prior image.  By omitting the substeps 1 and 2 in the left 

column and calculating  , T using estu  instead of regu , we 

can easily get BM3D-frame regularization without prior image. 

The TV minimization formula is as follows: 

2

2 1min || || | |
2u

Au b u                      (11) 

Both TV minimization and BM3D-frame without prior image 

are solved iteratively by the split-Bregman method. For 

comparison, the parameters are set the same as in 

prior-BM3D-frame. With the priors, the streaking artifacts on 

the images are strongly suppressed compared to the FBP 

reconstructions, and the image is detailed in structure and small 

bronchioles are visually discernible as shown in Figure 2, 3, 4. 

It is easy to observe that 20 projections are enough for 

prior-BM3D-frame to reconstruct image with clear details, 

while FBP, TV and BM3D-frame cannot . 

C. Quantify  the results 
We quantify the results by computing the relative error (Err) 

defined as   

0 2

0 2

|| ||

|| ||

u u
Err

u
                       (12)   

where 0u  is the ground truth and u  is the reconstructed 

image. See Table I for the quantitative summarization. Figure 5 

shows the faster convergence of  prior-BM3D-frame.  

 

 

 
Fig.1. The NCAT phantom generated in a 512 by 512 spatial grid. (a) the 

Ground Truth, and (b) the prior image (the NCAT phantom with slight rotation 

(2o) and translation (10 pixels) 
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Fig. 5. The decline curve of relative error using 10 and 20 projections of 

NCAT phantom. (a) TV, BM3D-frame, a priori-BM3D-frame convergence 

curve using 10 projections. (b) TV, BM3D-frame, a priori-BM3D-frame 

convergence curve using 20 projections. 

TABLE I 

RELATIVE ERROR BETWEEN THE RECONSTRUCTED IMAGES USING FBP, TV, 

BM3D-FRAME, PRIOR-BM3D-FRAME AND GROUND TRUTH. 

 

# of 

projectio

n 

FBP TV BM3D-Frame  

prior- 

BM3D-

Frame 

 

10 0.7606 0.3086 0.2851  0.2714  

20 0.5322 0.1253 0.1037  0.0627  

40 0.3143 0.0568 0.0427  0.0098  

 

Fig. 4. Comparison of the images reconstructed by FBP, TV, BM3D-frame, a 

priori-BM3D-frame with 40 projections generated by NCAT phantom. The

window length for each image is adjusted to [0 MAX], where MAX represents

the largest. 

Fig. 3. Comparison of the images reconstructed by FBP, TV, BM3D-frame, a 

priori-BM3D-frame with 20 projections generated by NCAT phantom. The 

window length for each image is adjusted to [0 MAX], where MAX represents

the largest. 

Fig. 2. Comparison of the images reconstructed by FBP, TV, BM3D-frame, a 

priori-BM3D-frame with 10 projections generated by NCAT phantom. The 

window length for each image is adjusted to [0 MAX], where MAX represents

the largest. 
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An algorithm for full 3D reconstruction with
an arbitrary trajectory

Fellow, AMS

Abstract-A method of full 3D reconstruction from X-ray
data is presented for a source orbit of general form. The
algorithm is of O

(
N4

)
operations long

f E

F (f) (ξ) =

∫
E

f exp (−2πi 〈ξ, x〉) dV

g (x, ν) =

∫ ∞

0

f (x+ tv) dt

x v
Σ R ⊂ E3 complete U ⊂ E3

p ∈ U H p
R ∈ Σ p ∈ R ⊂ H.

Theorem. Let Γ be a piecewise C1-continuous curve in E3

such that the family Σ(Γ) of rays with sources in Γ is complete
in a compact set K ⊂ E. For any function f with support in
K the Fourier transform F (f) can be reconstructed as follows

F (f) (τω) =
1

iτ

∫
R

exp (−i2πτp) dp

·
∑

ε (s, ω)

∫
v∈Cω

〈ω,∇v〉 g (x (s) , v) dv

Here ω is an arbitrary unit vector and τ ∈ R,
x = x (s) , s ∈ [0, 1] is a parametrization of Γ and
p = 〈x (s) , ω〉 , dp = 〈x′ (s) , ω〉 ds
Cω is the unit circle in a plane orthogonal to ω and dv is the
angular measure on the circle,
ε is an arbitrary bounded function in [0, 1] satisfying a
normalizing condition

∑
x(s)∈H(ω)

ε (s, ω) = 1

for any plane H (ω) orthogonal to ω
f.

ε

ε.
ε

diamK =
1 N

h ≈
√
3N

Ω ⊂ E O
(
N2

)
dist (θ,Ω) ≤ h

θ.
ω ∈ Ω Gω Rω
h s = s1, ..., sM ∈ [0, 1]

ε (si, ω) 
= 0 p = 〈x (si) , ω〉
M ≤ 2N

ω ∈ Ω i = 1, ...,M
dk, k = 1, ..., O (N)

H (p, ω) x (si) ω.
h (ω, v) = 〈ω,∇v〉 g (x (si) , v)

v = vik =
dk − x (si)

|dk − x (si)|
, k = 1, ..., O (N)

H (ω) .

S (p, ω)
.
=

∑
i,〈x(si),ω〉=p

ε (si, ω)
∑
k

h (ω, vik)ϕik

p ∈ Gω ϕik vik
vik−1. p

K Rω S

O
(
N2

)
ω ∈ Ω

O
(
N4

)

[1] ,
Ŝ (τ, ω) = Fp�→τS (p, ω) τ = 1, ..., T.

O (N logN) ω O
(
N3 logN

)
ω.

FS (f) (τω) = (iτ)
−1
Ŝ (τ, ω)

{ζ = τω, 0 < τ ≤ T, ω ∈ Ω}
FC (f) C =

{k ∈ Zn, |kj | ≤ N, j = 1, ..., n} FCf (0) = 0
[1]
fC =

F−1 (FC (f)) . O
(
N3 logN

)

fC f + c0
c0 FCf (0)

f = 0
K.

O
(
N4

)
[2, 3, 4] O

(
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Abstract— Neutron imaging is complementary to x-ray imaging
in that materials such as water and plastic are highly attenuating
while material such as metal is nearly transparent. We showcase
tomographic imaging of a diesel particulate filter. Reconstruction
is done using a modified version of SIRT called PSIRT. We expand
on previous work and introduce Tikhonov regularization. We show
that near-optimal relaxation can still be achieved. The algorithmic
ideas apply to cone beam x-ray CT and other inverse problems.

I. INTRODUCTION AND BACKGROUND

Neutrons can be used for tomographic imaging in a manner

similar to x-rays since both are subject to absorption and

scattering when penetrating matter which leads to contrast. The

main difference between the two is that neutron attenuation

depends on a material property called the neutron cross-section

but not on the atomic number which influences the probability

of x-ray attenuation. Neutrons are thus attenuated more so by

hydrogenous materials such as water and plastic than by dense

material such as metal. In contrast, x-rays are attenuated less so

by the former than by the latter. As illustrated in Fig. 1, neutron

and x-ray images therefore convey complementary information.

A main goal of neutron imaging is to determine the material

level macroscopic cross-section Σ = Nσ where N denotes

atomic density and σ denotes the atomic level microscopic

cross-section which models the energy dependent likelihood

that a neutron will interact with a target nucleus. From this, it

can be seen that knowledge of Σ provides indirect information

about other material properties since σ= ρNA/M where ρ is

material density, NA is Avagadro’s number, and M is molar

mass. Macroscopic cross-section has dimension of 1/cm which

makes it analogous to the linear attenuation coefficient of x-

rays. Indeed, from a mathematical point of view, obtaining

one is no different from obtaining the other since Beer’s Law

describes the behavior of both [1]. For neutrons:

I1 = I0 e −
∫
L
dl Σ (1)

where I0 and I1 denote the intensity of the incident and

transmitted neutron beam, and L denotes the beam path through

the object.

Neutron beams are typically generated by a reactor but could

also be produced by a spallation source. The experimental work

presented here is based on the former and showcases data from

the High Flux Isotope Reactor (HFIR) located at Oak Ridge

National Laboratory in Oak Ridge, Tennessee. Used for a wide

variety of applications ranging from food science and plant

systems biology to energy storage and material science, the

CG-1D beamline was recently used to image diesel particulate

Fig. 1. Projection image of camera casing obtained using neutrons (left) and
x-rays (right). [Images from http://www.psi.ch/niag/what-is-neutron-imaging]

filters which serve to prevent soot and other biologically

and environmentally harmful particulates from being emitted

into the air. We discuss the CG-1D beamline and the diesel

particulate filter application in more detail below.

Log-normalization and discretization of (1) yields a linear

system of equations which we solve using the SIRT (Simultane-

ous Iterative Reconstruction Technique) algorithm [2]. Having

been applied to a wide range of inverse problems in medicine

and biology as well as other fields, SIRT is an example of

a Richardson Iteration which is a classical numerical method

for solving a linear system of equations. We have previously

shown that near-optimal relaxation can be achieved by means

of eigenvalue analysis and introduced a scalar-preconditioned

version called PSIRT [3]. We improve on this work by intro-

ducing first a simple way to compute an upper bound on the

smallest eigenvalue and then adding Tikhonov regularization

in the form of a minimum norm constraint within the relaxed

PSIRT framework. The algorithmic ideas are generic and apply

to cone beam x-ray CT and other inverse problems.

II. SIRT: ALGORITHMIC DEVELOPMENT

Let x and b denote image and log-normalized projection data,

A the system matrix that connects the two, and R and C two

diagonal matrices of inverse row and column sums of A. Then

SIRT solves the weighted least-squares problem:

x∗ = argmin ‖Ax− b‖2R (2)

The solution is computed using the relaxed iteration:

x(k+1) = x(k) + α CATR(b−Ax(k)). (3)

In practice, updating takes place using an ordered subsets

approach. See [3], [4] for details.
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A. Near-Optimal Relaxation

SIRT is a Richardson Iteration. Convergence is guaranteed if

0 < α < 2/λmax with the fastest rate of convergence obtained

for α∗ = 2/(λmax + λmin). Here λmax and λmin refer to the

largest and smallest eigenvalues of matrix CATRA. Assuming

A has full column rank, both eigenvalues are strictly positive.

Stemming from the fact that non-negative matrices CAT and

RA are both stochastic, it follows that λmax=1. This implies

1≤α∗=2/(1 + λmin)< 2. Empirical comparisons of residual

norms have consistently found α= 1.99 to converge twice as

fast as α= 1.00 in terms of requiring half as many iterations

to achieve the same result. This indicates λmin � 1. Until

now this finding has not been quantified, but we here detail a

straightforward pathway.

The trace of an N×N matrix is equal to the sum of the

eigenvalues of that matrix [5]. Clearly, the smallest eigenvalue

must be less than or equal to the average of all eigenvalues.

For SIRT, we can establish an even tighter bound, namely:

λmin ≤ tr(CATRA)− 1

N− 1
(4)

where we have subtracted off the value of the largest eigenvalue

and computed the average of the remaining eigenvalues. We

will use λ∗
min to refer to this bound below.

B. Scalar Preconditioning

Matrix C merely serves to precondition the normal equations

associated with (2). We have introduced an alternative scalar

preconditioning scheme [3]. The resulting PSIRT algorithm is

given by:

x(k+1) = x(k) + α p ATR(b−Ax(k)) (5a)

p = 1/‖A‖1 (5b)

where ‖A‖1=maxj
∑

iaij denotes the maximum column sum

of the system matrix. The advantage of PSIRT over SIRT is best

seen when ordered subsets are used and the code is executed

in a distributed environment. SIRT requires matrix C to be

recomputed each iteration on a per subset basis which is costly

as it calls for a global reduction of equally many image-sized

data structures. In contrast, PSIRT need do so only the first time

as the set of scalars replacing the matrices can conveniently be

stored for future use.

C. Tikhonov Regularization

The condition number of matrix A is the ratio of its largest

and smallest singular values [5]. A small condition number

indicates that the linear system Ax = b can be solved with

great precision. Conversely, a large condition number indicates

that no algorithm can guarantee to find a solution with any

provable accuracy.

Tikhonov regularization is a widely used technique for im-

proving the numerical stability of an algorithm for solving a

poorly conditioned linear system [6]. In our case, it leads to

the weighted least-squares problem:

x∗ = argmin ‖Ax− b‖2R + β ‖Qx‖2 (6)

where matrix Q is chosen to emphasize structural characteris-

tics of x that are undesirable. We obtain a SIRT-like update

scheme by preconditioning the normal equations associated

with (6) by matrix C followed by matrix splitting:

x(k+1) = (I− β CQ)x(k) + α CATR(b−Ax(k)). (7)

We consider the special case where Q = I for which preference

is given to a minimum norm solution. Combined with the

scalar preconditioning used by PSIRT, we obtain the following

simplified update scheme:

x(k+1) = (1− β p)x(k) + α p ATR(b−Ax(k)). (8)

Near-optimal relaxation is achieved for α∗ = 2/(1 + λ∗
min +

2β p). Assuming λ∗
min is negligible, a value of β p < 0.025

leads to α > 1.90 which is within 5 percent of the 1.99 value

achieved without regularization.

The condition number for the underlying linear system is

given by:

κ =

√
σ2
max + β p

σ2
min + β p

(9)

where σmax and σmin denote the largest and smallest singular

values of matrix pATRA. Regularization is needed when σmin

is close to zero. In this case, which follows when λ∗
min is close

to zero since σmin ≤ λmin, the approximation κ = σmax/
√
β p

implies even a relatively small value of β p has the potential

to greatly improve the conditioning and thus the numerical

stability of a PSIRT based reconstruction. We have found

β = 0.01/p to strike a good balance between relaxation based

on α = 1.95 and thus a less than two percent decrease in

the maximum rate of convergence rate increase possible, and

achieving regularization approximately equal to κ = 10σmax

which is a substantial improvement relative to the unregularized

case.

III. SIRT: IMPLEMENTATION OVERVIEW

At Fully3D 2011, we presented an implementation of PSIRT

for execution on a small cluster of multi-core PCs [4]. We

briefly summarize that work as it forms the foundation for the

regularized version of PSIRT we present in the experimental

work section.

POSIX threads are used to allow the cores on each PC to

compute concurrently while accessing shared-memory. Use of

costly mutex-locks is kept to a minimum by processing the

projection data in blocks that guarantee the threads perform

voxel updates for non-overlapping image subvolumes. The only

mutex-locks needed are for synchronizing the threads as they

move from one set of projection blocks to the next. There are

four such sets per projection.

OpenMPI based global reductions synchronize the computa-

tion across the PCs and tie together the distributed-memory

defined thereby. The projection data blocks are distributed

across the nodes in a round-robin fashion. Meanwhile, each

node maintains a full copy of the image and other auxiliary
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data structures. An image-sized global reduction is performed

at the end of each iteration to complete image update vector:

u(k) = ATR(b−Ax(k)). (10)

During the first iteration, a second image-sized global reduction

establishes preconditioning scalar p = 1/‖A‖1. Following these

global reductions, each local image copy is updated:

x(k+1) = (1− β p) x(k) + α p MPI(Σ u(k)). (11)

Ordered subsets are handled by means of an outer loop that

controls the extent of the forward and backprojections.

The system matrix is based on trilinear interpolation in the

image space. The immense size of it necessitates that we

compute it on-the-fly on a ray-by-ray basis. Repeatedly having

to do so is costly. This part of the code is therefore vectorized

to take advantage of Intel’s multi-variable SSE instructions.

The Siddon-like code for advancing along the projection ray is

vectorized to simultaneously do so in the x, y, and z directions.

The code for computing the trilinear interpolation coefficients

at each step is vectorized in a more traditional sense, namely,

by making four otherwise sequential arithmetic computations

take place in parallel.

IV. HFIR CG-1D COLD GUIDE BEAMLINE

HFIR produces high energy neutrons. After having been

moderated, the neutrons travel down a long, slightly curved

guide before they exit through a collimator which has an

aperture of diameter D. The neutrons then travel a distance L
as a focused beam till they reach the object which is placed on

a rotating stage. Transmitted neutrons continue a short distance

d before they hit an LiF/ZnS scintilator. The visible light

produced thereby is bounced off a mirror and then recorded by

a CCD camera. We use the term detector as a collective noun

for the combined scintilator, mirror and CCD camera subsystem

when the individual components need not be identified.

The effective resolution of the system depends on several

factors. For example, a large L/D ratio leads to higher res-

olution as does a small value of d. See [1] for details. All

three parameters have practical limits associated with them. The

experimental work reported below was done using the settings

L = 5800mm, D = 8mm, and d = 100mm. The values for

distances L and d are hard to change due to physical constraints

imposed by the building and the rotation stage, respectively.

Aperture diameter D was chosen as a compromise between

focusing the beam tightly and ensuring enough flux be available

for the exposure time allocated to each projection. The latter

was set by dividing the total beamtime available by the number

of projections needed.

Data is typically acquired for several minutes for each view

of the object. The longer the exposure time, the greater the

likelihood that the neutron data is corrupted by gamma-ray

strikes generated by the reactor core or by interactions between

neutrons and elements in the CG-1D beamline itself. These

random events are suppressed using an adaptive median filter

which only replaces extreme values within its window. Other

corrections needed include dark current subtraction, scaling of

the data to compensate for variations of the beam intensity, and

geometric alignment with the optical axis of the system.

V. DIESEL PARTICULATE FILTER IMAGING

Emissions regulations in the United States require that every

on-road diesel vehicle be equipped with a filter that captures

soot and other particulate. The filter can be described as a

cylindrical object equipped with numerous parallel channels

half of which are plugged in one end and the other half

plugged at the other end. Made from porous material such as

cordierite or silicon carbide, exhaust gases can flow through the

filter walls and thus continue through the exhaust system but

particulate matter gets trapped. Every so often, the filter must

be run at a high temperature to regenerate (oxidize) the soot

deposits. The logistical process of trapping and regenerating the

soot is well-understood but there is no general understanding of

how the deposits are distributed in the filter nor is it known how

much fuel is required to adequately regenerate a filter. Adding

to the complexity of the problem, a number of un-regenerable

particulates accumulate thereby reducing both fuel efficiency

and the effective volume of the filter. The interaction between

soot and this “ash” is not well-understood either.

Destructive testing of a filter prevents longitudinal studies.

Additionally, it is likely that the mechanical action of the

cutting process will disturb the position and density of the

particulate layers. Non-destructive testing is therefore desirable.

One possibility is to use x-ray imaging. However, since both

the filter and the particulate matter is hygroscopic (able to hold

water), we have chosen to instead investigate use of neutron

imaging. As an added benefit, this allows the filter to remain in

its metal casing. A collection of filters have been loaded with

varying amounts of soot and other particulate. Tomographic

images are generated and analyzed over the course of several

regeneration cycles. The analysis consists of segmentation and

quantification of deposited matter.

VI. EXPERIMENTAL RESULTS

We acquired 366 projections of an assembly holding two

diesel particulate filters. Each projection was exposed to the

neutron beam for 220 seconds. The angular increment between

projections was 0.5 degrees for a total angular span of 180

degrees plus fan angle which satisfies the basic requirements

for shortscan imaging. See Fig. 2 for an example of a projection

after corrections and log-normalization. With transaxial detail

being more important, all projections were axially downsam-

pled a factor x16 to a size of 2048×128 resulting in 38×608 μm

detector pixels.

PSIRT was executed for 36 iterations using 20 ordered

subsets. We used x(0) = 0. Reconstruction was restricted to

a cylinder with a radius of 0.85 of the support cone as it

contained all the data. This effectively reduced the projections

to a size of 1740×128 and resulted in an image of size

1642×1642×98 with 40×40×800 μm voxels. Trace analysis

of the corresponding system matrix revealed a value of λ∗
min=

0.0005 emphasizing the need for regularization. The largest

column sum was 25.00 for the system matrix as a whole and
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Fig. 2. Diesel particulate filter projection (top) and reconstruction (bottom).

1.25 for any one ordered subset. Accordingly, we used α=1.95
for relaxation and β=0.0125 for regularization.

Figure 2 illustrates the quality of a reconstructed image

which was cropped and contrast enhanced for illustrational

purposes. We make the following observations. The internal

filter structure is clearly visible. All channels appear square in

the left filter but many are rounded to point of being almost

circular in the right filter. This is not a reconstruction artifact

but rather a reflection of the true geometry of the filters. The

outer layer of the left filter is substantially brighter than for the

one to the right. This is also not a reconstruction artifact but a

result of material differences of the filters. The bright spot in

the middle of the right filter is a form of particulate but it is

not soot. The neutron cross-section for soot is very similar to

that of the ceramic filter walls it attaches to making build-up

difficult to discern visually. However, the reader may notice that

some of the channels in the left image appear smaller than the

channels adjacent to them. This subtle difference indicates the

presence of particulate on those walls. We quantify build-up by

TABLE I

TIMING RESULTS FOR NEUTRON DPF APPLICATION

Iteration Matrix FBProj MPI Update Total

k=0 78.7 s 353.8 s 85.8 s 4.4 s 522.7 s

k=1 78.7 s 256.6 s 43.0 s 4.4 s 382.7 s

segmenting the images and comparing the results over time as

the filters go through the process of regeneration.

To provide context for the image resolution and quality

achieved, we point out that the linear system being solved is

heavily under-determined with 81.5 million equations available

to determine 198.8 million unknowns. Ideally, the situation

should be the exact opposite, but that would have required

taking more projections than possible within the beamtime

allotted.

Table I summarizes timing results for the first (k=0) and

second iteration (k=1) with the latter being representative of

all subsequent iterations. The computer platform consisted of

four Dell PCs equipped with dual quad-core Xeon processors

running at 2.26 GHz. The network was 10G InfiniBand. We

note that the elements of the system matrix (“Matrix”) are

computed in about a third of the time it takes to perform the

forward and backprojections (“FBProj”). A single MPI based

global reduction (“MPI”) costs half as much again and does

consequently not contribute much to the overall cost. The image

update which includes relaxation and regularization takes negli-

gible time (“Update”). The difference in cost between the first

and all subsequent iterations is due to preconditioning scalar

p being computed once, then stored and reused later. A total

of 1.039 trillion interpolation coefficients are computed and

used each full iteration. For the second iteration and onward,

that translates into a computational cost of 23 clock cycles per

coefficient which is very low. Moreover, it indicates that the

code is cache and pipeline friendly and that further speedup

most likely will have to come from an algorithmic reduction in

the amount of data considered and/or use of more/faster PCs

rather than from implementation improvements.
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Abstract—Proton CT (pCT) nowadays aims at improving
hadron therapy treatment planning by mapping the electron
density of materials. The main information used is the energy
of the protons. However, during a pCT acquisition, the spatial
and angular deviation of each particle is recorded and the
information about its transmission or not is implicitly available.
The pCT scan of a realistic head phantom with tumours of
different chemical compositions but the same electron density was
simulated and images were reconstructed using these observables.
The first reconstructions do not allow to conclude on the potential
determination of chemical composition using these observables
yet. Nevertheless, preliminary results indicate these observables
could bring information of interest.

I. INTRODUCTION

In the last two decades, a great interest has been shown

for hadrontherapy, as many centres for proton or 12-C therapy

have opened. These particles offer the advantage of allowing a

more localized dose deposition than conventional radiotherapy,

delivering a higher dose to the lesion, while sparing the tissues

around. However, this interest has resulted in the need for more

precise tools for treatment planning. Treatment plans estab-

lished nowadays are based on X-ray Computed Tomography

images and are of limited accuracy because of the difference

in the nature of the interactions between photon and protons

or carbon ions. The acquired CT numbers are converted into

water-equivalent stopping powers using a calibration curve [1].

It has been shown that the uncertainty on CT numbers due

to beam hardening effects as well as inaccuracies due to the

calibration curve used for the conversion can induce a shift in

the depth of the Bragg peak up to 2% [2]. This translates to

a range uncertainty between 1 and 3 mm in typical treatment

situations.

Proton imaging has been put forward as a way to address

this problem: the principle of pCT is the mapping of the

relative electron density of the materials with respect to water,

and thus the stopping power of the tissues protons went

through, by using the information on their energy loss. Protons

of energy high enough to have the Bragg peak after the object

to image are generated. The position and direction of each

particle before and after the object are recorded, as well as

the exit energy of the protons [3]. The aim is to be able to

map the relative electron density of the materials with respect

to water, and thus the stopping power of the tissues protons

passed through, by using the information on their energy loss,

through the Bethe-Bloch theory. Therefore one of the main

parts of a proton scanner is the calorimeter. However, the

main challenge was long considered to be the poor spatial

resolution issue due to MCS. The use of the trackers, coupled

to a list-mode acquisition, allows the determination of the

path of individual protons for image reconstruction. While the

fastest solution as far as image reconstruction is concerned

is the straight line approximation, it results in a decrease in

the spatial resolution. The use of the Most Likely Path [4],

computed using the entry and exit position and direction of

each particle, supposing the object is made of water, currently

gives the most accurate results [5].

Over the years, a few studies have taken different ap-

proaches about proton imaging. For example, it was proposed

to use the nuclear scattering of 500 to 1000 MeV protons to

obtain a three-dimensional image reconstruction of an object

in one exposure and getting information on densities as well as

hydrogen concentrations of materials [6]. Proton radiography

using MCS has also being evoked [7], although for its edge-

delineation properties.

In a similar fashion, other studies have put forward dif-

ferent potential sources of inaccuracies or important effects

to consider during hadrontherapy treatment planning other

than the range uncertainty. The influence of the chemical

composition of the materials on the dose deposit, and the

interest of assigning nuclear interaction cross sections to the

materials for treatment planning was studied [8]. It was shown

that the conversion of CT number without taking into account

the composition of the materials could induce a difference in

the maximal energy deposit up to 1.5% for a 12-C beam in

materials presenting the same CT numbers [9].

The aim of this study is to explore the possibility to

acquire different information about the materials using the

data available from a pCT scan. The possible differentiation

of materials, some presenting the same electron density, will

be investigated.

II. MATERIALS AND METHODS

A. Outputs of a pCT scan and observables

During a pCT scan, the data recorded for each particle are

the following:

• the energy after the object. Supposing the beam energy

is known, this gives us access to the energy loss used to

calculate the water equivalent path length of each particle.

This makes it possible to reconstruct an image of the

electron density of the materials.
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• the positions and directions before and after the object to

image.

Through these data, we have defined observables of the

interactions of protons with the matter at our disposition

after a pCT scan. The information on the energy also gives

access to the information on the straggling of the energy

loss, which is described by Bohr’s [10] and Tschalar’s [11],

[12] theories. However, the variations of this observable with

different materials are very small compared to the potential

resolution of a calorimeter. Because of that, it was not studied

here.

The information from the trackers gives us access to the

spatial and angular deviation of each particle, due to MCS.

This information is used in order to calculate the most likely

path (MLP) of each particle and improve the spatial resolution

during image reconstruction. The distributions of the spatial

and angular deviation are proportional, and depend mainly

on the energy of the particles and the radiation length of the

materials. Because of this, it could help differentiate materials.

Because of its invariance with respect to the position of the

trackers, the angular deviation was the observable we kept for

this study.

As the trackers record the positions and directions of each

particle before and after the object, the information on the

transmission or not of each particle is also implicitly available.

The attenuation of the particles is due to non-elastic nuclear

interactions, and the reconstruction of transmission images

could bring information on the interaction cross section of

protons in the materials.

A previous study has showed that the information on the

angular deviation and transmission rate could bring comple-

mentary information about the materials, and might be used

to detect hypoxia [13]. The statistical uncertainty on these two

observables is higher than the one on the energy, indicating

the pertinence to study a voxel or a region of interest (ROI) in

a reconstructed image. This makes it possible to get access to

high statistics while limiting the dose delivered to the potential

patient.

B. Simulation of a pCT scan of a realistic head phantom

Simulated pCT scan data were generated using the Gate

platform [14]. The phantom used was a dedicated MRI head

phantom [15]. To each part of the head, a material was

attributed. Two lesions were also inserted inside the brain:

two carcinoma with different ratios of oxygen but the same

electron density. Mono-energetic 200 MeV protons were sent

from a plane source, all along the same direction (Figure 1).

A set of 256 projections was simulated with 100 protons per

square millimetre. Secondary protons created from nuclear

interactions were not considered in the analysis. The dose

delivered for the acquisition amounts to 2.5 mGy.

C. Pre-processing of the observables

1) From energy to electron density: At the energies con-

sidered of pCT (typically 200 MeV for a head scan, 250-

300 MeV for a torso scan) the energy loss of the protons

through inelastic collisions with electrons is described by the

Fig. 1: pCT scanner system simulated. (A) Parallel proton

source, (B) Trackers, (C) Calorimeter.

Bethe-Bloch theory and can be written as follows in order to

reconstruct an image:∫ Eout

Ein

dE

F (Iwater, E)
=

∫
L

ηe(r)dl (1)

where Ein and Eout are the energies of the proton before and

after the object, and F a function depending on the proton

energy and the water ionization potential Iwater. L is the

proton path in the object and ηe the relative electron density

(or stopping power) with respect to water.

This data was binned into projections according to the entry

positions of the protons as well as from the median position

of the particles on the MLP.

2) Pre-processing for transmission imaging: Non-elastic

nuclear interactions lead to a reduction of proton fluence with

increasing thickness of the object. The attenuated fluence of

protons can be expressed as follows in the continuous slowing

down approximation:

Φ(r) = Φ0 exp

(
−
∫
L

κ(r)dl

)
(2)

in the materials. This lead us to reconstruct a transmission

image, in a similar way to X-ray CT.

The list-mode data was binned into projections according to

the entry position of the particles with in each pixel, the value

V :

V = −log
N

N0
(3)

with N and N0 respectively the number of protons sent and

detected.

3) Pre-processing for the deviation – integration along the
most likely path: The deviation angle of each particle is only

representative of the materials encountered in a statistical way.

In order to keep the advantage of each proton carrying its own

information, we quantified the deviation of each proton. As

particles can exit with similar deviation angles but different

positions (Fig. 2), the information on the deviation was not

used directly. We have calculated the most likely path for each

proton, and integrated the deviation along the path as shown

on Fig. 3.

This data was then binned into projections according to the

source position of the particles.
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Fig. 2: Two protons with the same deviation angle but different

histories and exit positions

Fig. 3: Integration of the deviation along the most likely path

D. Reconstruction algorithms

Different algorithms were tested to reconstruct the pre-

processed data binned into projections: the Filtered Back-

projection (FBP) algorithm, the Algebraic Reconstruction

Technique (ART) and the Maximum-Likelihood Expectation-

Maximization (ML-EM). The ART + Total Variation (TV) was

also used, both on projections and on the list-mode data for

the reconstruction of the relative electron density.

E. Contrast study of the images

Three ROIs were defined in the reconstructed images as

follows: one inside each carcinoma and one in the brain tissue,

as shown on Figure 4. The contrast in these regions was

studied using the following Figure of Merit (FOM):

FOM =
BrainROI− LesionROI

BrainROI
(4)

Fig. 4: Transverse slice of the phantom. In red (top left) and

green (top right) ROIs inside the carcinoma tissues, in yellow

(bottom) a ROI taken in the brain tissue.

(a) Relative electron
density radiography

(b) Log transmission
radiography

(c) Angular devia-
tion radiography

Fig. 5: Radiographies of the head phantom using different

observables

(a) Transmission

(b) Integrated deviation

Fig. 6: Transmission and Integrated deviation images recon-

structed with FBP

III. PRELIMINARY RESULTS

A. Projections using different observables

The projections at one acquisition angle for the three pre-

processed data (relative electron density, transmission and

deviation) are shown in Fig. 5. The quantity of information

contained in the transmission and deviation is important.

The low statistics used to generate the projections (100

protons/mm2) results in a low Signal to Noise Ratio (SNR),

for the transmission and for the integrated deviation.

B. Reconstructions

The ART algorithm alone does not show good results with

noisy data, and thus was not appropriate for the reconstruction

of the transmission and deviation. FBP reconstructions of the

transmission and deviation are shown in Fig. 6. The SNR ratio

in both images is quite low. Qualitatively, the different soft

tissues are hardly differentiable. Nevertheless, the differences

due to the lesions in the brain can be made apparent by

changing the contrasts in the image.

C. Contrast study

The values of the contrast FOM for the two carcinoma

are shown in Table I for the different observables and re-

construction algorithms. The contrast is higher for both the

transmission and the deviation image than for the electron

density.
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TABLE I: Contrast FOM as defined in equation (4) between

the two carcinoma and the brain ROIs. Results shown for

images binned according to the entry position of the protons.

Left carcinoma Right carcinoma

Electron density FBP 3.1% 2.3%

ML-EM 2.8% 2.1%

ART+TV 2.9% 2.3%

Transmission FBP 11.2% 9.8%

ML-EM 14.1% 12.6%

Integrated deviation FBP 9.7% 12.0%

ML-EM 10.9% 12.2%

IV. DISCUSSION AND CONCLUSION

The information on the transmission and deviation of the

particles acquired during a pCT scan is not yet used to its full

potential. The head radiographies using the different outputs

shown on Fig. 5 indicate that the quantity of information

carried by the transmission and deviation is important.

The SNR of the radiographic projections suggest that

reconstructions will be noisy. The FBP reconstructions shown

on Fig. 6 confirm this. Nevertheless, the two carcinoma can

be differentiated from the brain using both the transmission

and the deviation. The contrast study shown in Table I

indicates a higher contrast between the lesions and the brain

in the images of transmission and deviation than in the

images of the electron density. This could be of interest

in diagnostics. However, the low SNR in the images does

not allow to conclude yet on the potential detection of

hypoxia. The differences in contrast between the left and

right carcinoma are too small compared to the noise in the

images. In order to get more information on the materials,

more appropriate reconstruction algorithms need to be

developed. As an example, while binning the data according

to the entry position of the particles seems natural as far

as the transmission information is concerned. It has been

shown that it is not the most efficient as far as the electron

density is concerned. Results indicate that a more precise

approximation of the particles paths should be considered

when reconstructing the deviation of the protons. Indeed,

one can notice that there is a slight discrepancy between the

positions of the lesions and the localization of the effect of

this difference in the reconstruction of the deviation (Fig. 6b).

A reconstruction using the list-mode data and the MLP for

each proton should give better results.

On-going studies include the quantification of the effect of

the binning (entry position vs. median position on the MLP),

the effect of the statistics, as well as the effect of cuts on

the exit angles in order to eliminate particles that underwent

nuclear scattering on the reconstruction of the deviation.

These cuts are expected to greatly improve the SNR in the

deviation images.

This study is a first step towards the possibility to identify

the chemical composition of materials using proton imaging.

One possible research axis for further work could be the

development of a reconstruction algorithm taking into account

more than one of the observables.

ACKNOWLEDGEMENTS

This work was partly supported by the French National

Research Agency through the ProTom project (ITMO Cancer

et Technologie pour la santé - pc201123).
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Pascal Paysan MoO2
Erik A. Pearson MoP1, WeP2
Stefano Pedemonte WeP2
Charles A. Pelizzari MoP1, WeP2
Petar Penchev WeP2
Franz Pfeiffer ThO2, ThP3, ThP3
Larry A. Pierce II WeO3
Francisco Pino ThP3
Guillaume Potdevin ThP3
P. Hendrik Pretorius WeP2, ThO1, ThP3
Yi-Fei Pu MoP1

Jinyi Qi MoO3, MoP1
X. Sharon Qi WeP2
Gangrong Qu WeP2

Sathish Ramani MoO1
Ran Ren WeP2
Aymeric Reshef MoO1
Christian Reuß WeO3
Ahmadreza Rezaei MoO3, WeP2
Cyril Riddell MoO1
Christian Riess WeP2
David Rigie TuO2
Ludwig Ritschl MoO1
Christopher Rohkohl MoO2, MoP1
Domenec Ros ThP3
Jeffrey M. Rosen WeO1
Marc Rousseau ThP3
Xue Rui ThO1
Ernst J. Rummeny WeP2

Adrian A. Sanchez ThP3
Alexander Sasov ThP3
Ken D. Sauer TuO1, ThO2, ThP3
Stefan Sawall WeP2
Dirk Schäfer MoP1
Klaus Schafers MoO3
Ingo Schasiepen ThP3
Katharina Schmitt ThO3
Stephen M. Schmitt MoP1
Elmar Schömer ThP3
Tobias Schon WeO3
Harold Schöndube ThO3
Christian Schorr MoP1
Ralf Schulze ThP3
Ulrich Schwanecke ThP3
Chris Schwemmer MoO2, MoP1
W. Paul Segars ThO1
Youngho Seo TuO2
Mohammed S. Shazeeb ThO1
Le Shen WeP2
Daxin Shi MoP1
Uttam Shrestha TuO2
Emil Y. Sidky MoP1, MoP1, TuO1, WeP2, ThP3
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Jeffrey H. Siewerdsen TuO1, WeO2, WeO3, ThO3
Jan Sijbers WeP2
Sarabjeet Singh ThO3
J. Webster Stayman TuO1, WeO2, WeO3, ThO3
Enrico Stefani ThP3
Dzmitry Stepankou MoP1
Karl Stierstorfer ThO2, ThO3
Fabian Stopp MoP1
Olivier Strauss WeO1
Johan Sunnegardh ThO2
Marc Sussman ThO3

Katsuyuki Taguchi MoO2, WeO3
Thomas M. Talavage MoO1
Qiulin Tang MoO2
Shaojie Tang ThP3
Xiangyang Tang ThP3
Hideaki Tashima WeP2
Arthur Tenenhaus MoO1
Jean-Baptiste Thibault TuO1, TuO1, ThO2, ThP3
Pierre Thibault ThO2
William M. Thompson WeP2
Mengqiu Tian ThP3
Todd Toops ThP3
Yves Trousset MoO1
Benjamin M. W. Tsui MoO1, MoP1

Wim van Aarle WeP2
Peter van de Haar MoP1
Frans van der Have MoP1
Michael W. Vannier MoP1
Wim Vanroose WeP2
Phillip A. Vargas TuO2
Alexander I. Veress ThP3
Kai Vetter WeP2
Dimitris Visvikis WeO1, WeP2
Jakob Vogel ThP3
Sebastian Vogt TuO1
Matthieu Voorons MoP1

Adrien Wagner MoP1
Katherine L. Walker MoP1
Adam S. Wang TuO1, ThO3
Ge Wang MoP1, ThO3, ThP3
Guobao Wang MoO3
Jing Wang ThP3
Ke Wang MoP1
Linyuan Wang WeP2
Qingli Wang ThP3
Alexander Wanner ThP3
Wolfgang Wein MoO2
Oliver Weinheimer ThP3
Thomas F. Wenisch WeO1
Julia Wicklein ThP3
Adam J. Wieckowski MoP1

Matthias Wieczorek ThP3
Haibo Wu WeP2
Junfeng Wu ThO3
Junjie Wu WeO1
Meng Wu WeP2
Xundong Wu ThP3
Yong Wu ThP3
Frank Wubbeling MoO3
Katrin Wunder ThP3

Xiaoqi Xi WeP2
Ming Xia ThP3
Yan Xia MoP1
Ya-Hong Xie ThP3
Yuxiang Xing WeP2
Jingyan Xu MoO1
Qiong Xu MoP1
Wei Xu MoP1

Taiga Yamaya WeP2
Bin Yan WeP2
Zhongbo Yan ThP3
Kai Yang MoP1
Liu Yang ThP3
Meng-long Yang MoP1
Qiao Yang ThP3
Zhye Yin WeP2, WeP2
Hengyong Yu WeP2, ThO3, ThP3
Zhicong Yu WeO2
Zhou Yu TuO1, TuO1, ThP3

Stanislav Zabic ThO3
Yunlong Zan MoP1
Wojciech Zbijewski WeO3
Chengeng Zeng WeO3
Kai Zeng WeO2, WeP2, WeP2
Hanming Zhang WeP2
Hao Zhang MoP1, ThP3
Huitao Zhang MoP1
Li Zhang MoP1, ThP3
Peng Zhang MoP1
Ruoqiao Zhang ThO2
Wei-Hua Zhang MoP1
Yanbo Zhang MoP1, ThO2
Yi Zhang MoP1
Zheng Zhang WeP2
Mengliu Zhao MoP1
Zhe Zhao ThO3
Ziyi Zheng MoP1, WeO1
Ji-Liu Zhou MoP1
Jian Zhou MoP1
Linghong Zhou ThP3
Wentao Zhu TuO2
Yining Zhu MoP1
Timo Zinsser WeO1
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