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Erratum

We all make mistakes... also in a PhD thesis! Here are the ones discovered thus
far (1 Dec 2022) for my thesis:

• p.9, Sec. 2.3: “z+ ≈ 1” → “z+ ≡ zu∗
ν ≈ 1”.

• p.13, top: “two-equation models” → “all turbulence models”.
• p.33, Fig. 3.9: Add to caption that “The turbulence intensity is defined

as I ≡
√

2
3k

U .”.
• p.34, Eq. 4.2: The right equation should start with σw

σu
instead.

• p.43, paragraph below Eq. 4.54: Change “−IIΩ/IIΩ” to ”−IIΩ/IIS”.
• p.45, 5th line: “that that” → “that”.
• p.67, last line of paper 2 summary: “TI” → “turbulence intensity (TI)”.
• p.141, below Fig. 10: “Appendix Appendix” → “Appendix”. The same

mistake appears multiple times in the remainder of Paper 3.
• p.147, Sec. 4.3, second paragraph: “−∂u′

iuj/∂xj” → “−∂u′
iu

′
j/∂xj”.

A more up-to-date list can be found on the following website:

https://mchba.github.io/phd.html

Please feel free to contact me (details at the website), if you find any further
typos or mistakes.

1

https://mchba.github.io/phd.html


Turbulence modeling for wind turbine wakes
in nonneutral and anisotropic conditions

PhD Thesis
Mads Baungaard

DTU Wind Energy
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Abstract

When a wind turbine extracts kinetic energy from the air, it leaves behind
a wake of low kinetic energy and this wake can persist for a long distance
downstream. This means that if the wind direction is aligned between two
turbines, then the downwind turbine will produce less electricity and in wind
farms the annual energy loss can amount to 10-20%. Furthermore, the flow in
the wake is highly turbulent, so not only does the impacted turbine produce less
energy, it also experiences higher fatigue loads, which decreases the expected
lifetime of it. One of the most common approaches to estimate wake effects is
computational fluid dynamics (CFD), where the Navier-Stokes equations are
solved numerically on computers. However, in atmospheric flows there is such a
large gap between the smallest and largest turbulence scales that it is impossible
to simulate wind turbine wakes directly even on the largest supercomputers
and one must therefore use a turbulence model instead. In this work the focus
is on the numerical solution of the Reynolds-Averaged Navier-Stokes (RANS)
equations, which describe the mean flow and where the quality of the turbulence
model is of utmost importance, because all turbulence scales are in fact modeled.

The first part of the work concerns the development of a simple two-equation
RANS turbulence model for simulation of wakes in non-neutral conditions, where
buoyancy effects can not be neglected. Such conditions are rather common
and can have large effects on wakes, hence it is important also to be able to
model these conditions in simulations. However, from a practical point of view
it is also important to have a simple model with few parameters and with
low computational cost, which is why the Monin-Obukhov similarity theory
(MOST) was considered for the parametrization of the non-neutral inflow. The
turbulence model is based on the so-called “k–ε–fP model” but with some
additions, which makes it consistent with MOST. The final model was found to
predict reasonable velocity deficits, while the turbulence intensity and second
moments were more poorly predicted, when comparing with various large-eddy
simulation (LES) datasets.

In the second part, an explicit algebraic Reynolds stress model (EARSM) is
investigated for the use of RANS simulations of wind turbine wakes in neutral
conditions. This type of turbulence model has a more solid physical basis as
it is derived directly from the full differential Reynolds stress model (DRSM),
but at the same time has a comparable computational cost to the popular
two-equation models. It is capable of predicting more complex flow phenomena
such as secondary flows and anisotropic turbulence, where the latter is typically
present in atmospheric flows. While other EARSMs previously have been shown
to be numerically unstable for wind turbine wake flows, the EARSM used in
the current study is observed to be robust and enhance predictions of second
order turbulence statistics such as the turbulence intensity.
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Resumé

N̊ar en vindmølle udtrækker kinetisk energi fra luften danner den bagved et
kølvand af lav kinetisk energi, som kan strække sig over en lang distance. Det
betyder, at hvis vindretningen flugter med to vindmøller, vil den anden mølle
producere mindre strøm, og i vindmølleparker kan dette lede til et årligt energitab
p̊a 10-20%. Desuden er kølvandet meget turbulent, s̊a ikke kun producerer den
anden mølle mindre strøm, den bliver ogs̊a udsat for højere slid og dermed
forminskes dens forventede levetid. En af de mest brugte metoder til at estimere
kølvandseffekter er numerisk strømningsmekanik (CFD), hvor Navier-Stokes
ligningerne løses numerisk p̊a en computer. I atmosfæriske strøminger er der
dog s̊a vidt et gap i mellem de mindste og største turbulensskalaer, at det er
umuligt at simulere vindmølle kølvandet p̊a selv de største supercomputere, og
man må derfor ty til brugen af turbulensmodeller i stedet. I dette arbejde er
fokuset p̊a numeriske løsninger af de Reynolds-midlede Navier-Stokes (RANS)
ligninger, som beskriver det midlede strømningsfelt, og hvor turbulensmodelen
er speciel vigtig, fordi alle turbulensskalaerne faktisk modeleres her.

Den første del af dette arbejde omhandler udviklingen af en simpel to-
lignings RANS turbulensmodel til simulering af kølvandet i ikke-neutrale kon-
ditioner, hvor opdriftseffekter ikke kan udelades. S̊adanne konditioner er ret
almindelige og kan have en stor betydning for kølvandet, s̊a det er vigtigt ogs̊a at
kunne simulere disse. Fra et praktisk standpunkt er det dog ogs̊a vigtigt at have
en simpel model med s̊a f̊a ekstra parametre og s̊a lav en numerisk omkostning
s̊a muligt, hvilket er grunden til, at Monin-Obukhov lighedsteorien (MOST) blev
valgt til at parametrisere den ikke-neutrale indstrømning. Turbulensmodellen
er baseret p̊a den s̊akaldte “k–ε–fP model”, men med nogle tilføjelser som gør
den konsistent med MOST. Den endelige model gav fornuftige resultater for
hastighedsunderskuddet i kølvandet, mens turbulensintensitet og anden ordens
statiske turbulensmomenter var mindre korrekte i forhold til forskellige reference
stor-hvirvel simuleringer (LES).

I den anden del blev brugen af explicitte algebraiske Reynolds stress modeller
(EARSM) undersøgt i RANS simuleringer af vindmølle kølvandet i neutrale
konditioner. Denne type turbulensmodel har en mere solid basis, fordi den er
udledt direkte fra den fulde differentielle Reynolds stress model (DRSM), men
samtidig ogs̊a har en numerisk omkostning i størrelsesordenen af de populære to-
lignings modeller. EARSM kan forudsige mere komplekse strømningsfænomener
s̊asom sekundære strømninger og anisotropisk turbulens, hvor sidstnævnte ofte
findes i atmosfæriske strømninger. Mens andre EARS modeller tidligere er blevet
fundet numerisk ustabile for kølvandsberegninger, s̊a er den anvendte EARSM i
dette arbejde observeret til at være numerisk robust og i stand til at forbedre
forudsigelsen af andenordens turbulensstatistiker s̊asom turbulensintensiteten.
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Preface

In the spring of 2016 I was studying physics at Aarhus University, when I signed
up for a fluid mechanics course given by Martin Greiner at the engineering
department and it was in one of the last lectures of this course that I first heard
about wind turbine wakes. It was a very clear example of a practical usage of
fluid mechanics and I started to search for more info on the topic, which was
when I decided to continue my studies at DTU Wind Energy. Three years later,
I was working on my master thesis about multi-rotor wind turbine wakes at
Risø when a PhD position about turbulence modeling for wakes, also at DTU
Wind Energy, was announced with start just after my thesis submission – talk
about perfect timing! I never had an ambition to do a PhD, but the position
just seemed tailored to me and it was even the same supervisor as in my master
thesis, Paul van der Laan, so I applied and luckily got it.

On 2 Sep 2019, my PhD journey began and it is safe to say that I had no
idea of what was coming in the following three years! Both in terms of how
the academic world works and how my research would evolve, but of course
also the Corona pandemic, which came to Denmark in March 2020 – working
from home, Zoom meetings and virtual conferences would go on to become
a longer-lasting theme of my PhD. Fortunately, I also got to experience the
”normal” PhD life in the third year of my PhD with external stays, conferences,
section trips and just the everyday life at Risø. As I write this paragraph, I
still find fluid mechanics and wind turbine wakes as fascinating as when I was
sitting in the class room at Aarhus University six years ago and in fact it feels
like I have only touched the surface of them.

The three papers authored during my PhD studies are the main body of
this thesis, while the chapters at the beginning are meant to give an overview
and elaborate on certain aspects not mentioned in the papers.

August 2022, Risø
Mads Baungaard
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Tuhfe Göçmen et al., 2022. FarmConners Wind Farm Flow Control Bench-
mark - Part 1: Blind Test Results (accepted for publication). Wind Energy
Science Discussions, pp. 1–69.

M. P. van der Laan, M. Baungaard and M. Kelly, 2022. Brief commu-
nication: A clarification of wake recovery mechanisms (preprint). Wind Energy
Science Discussions, pp. 1–8.

vi



Contents

Abstract iii

Resumé iv
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Chapter 1

Introduction

Starting with the first offshore wind farm of Vindeby in 1991, there has over
the last 30 years been a huge movement towards offshore wind energy, where
the wind conditions are better and the public acceptance is higher, and this
trend only seems to be accelerating. To illustrate this, the offshore share of the
global cumulative installed wind capacity in 2011 was 1.7% (4 GW out of 238
GW), while in 2021 the same number was 6.8% (57 GW out of 837 GW)1. In
2021 alone, 21.1 GW of offshore capacity was added globally, which for context
corresponds to 132 times the capacity of the Horns Rev 1 wind farm shown
in Fig. 1.1. In addition to the climate goals, the record-high electricity prices
caused by the Russo-Ukrainian war has further incentivised the expansion of
wind energy globally and in May 2022 it was for example announced that the
North Sea offshore wind capacity would be increased to 150 GW by 20502.

Figure 1.1: Photo of the Horns Rev 1 wind farm taken on 12 February 2008
(Hasager et al. 2013).

1GWEC Global Wind Report 2022, https://gwec.net/global-wind-report-2022/.
2https://windeurope.org/newsroom/press-releases/north-sea-offshore-wind-to-help-

repower-the-eu/
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2 1. Introduction

Wind turbines are typically clustered relatively closely together in wind
farms due to both legislative and economic reasons – for example, the inter-
spacing is seven rotor diameters in the Horns Rev 1 wind farm. While there are
many advantages of placing wind turbines together in wind farms, there is one
obvious disadvantage, which is also apparent from Fig. 1.1, namely wake effects.
As a wind turbine extracts momentum from the wind, it creates a region of low
velocity behind it, which can extend many rotor diameters downstream and
thus decrease the power output of the downstream turbines. For the specific
case of Horns Rev 1, Barthelmie et al. (2009) estimated from measurements
a loss in annual energy on the order of 10-20%. When the wind direction is
aligned with the wind turbine rows (as is the case in Fig. 1.1), the power loss
can even be up to approximately 50% (Porté-Agel et al. 2020), but fortunately
this only occurs for a few wind directions and wind speeds. Additionally, the
highly turbulent wakes decrease the wind farm lifetime through the increased
fatigue loads of the impacted downstream turbines.

While the above example of Horns Rev 1 illustrates a typical loss of annual
energy due to wakes, other wind farms may have different layouts, wind turbines
and wind climates, and hence other proportions of wake losses. Both in the
planning of new wind farms and for power forecasting of existing ones, it is
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Figure 1.2: Comparison of velocity field for engineering, RANS and LES models.
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therefore desirable to have general models for estimating wake losses and for
this purpose a wide variety of models have been suggested over the years, see
review by Porté-Agel et al. (2020). Three typical methodologies are shown for
a single wake in Fig. 1.2, namely an engineering model (the model of Jensen
1983, in this case), a steady-state Reynolds-averaged Navier-Stokes (RANS)
simulation and a snapshot of a transient large-eddy simulation (LES). All models
predict the velocity slowdown in the wake caused by the momentum extraction
of the turbine, but with a varying amount of flow field details. Although
LES provides the most details, it is at least 1000 times more computationally
expensive than RANS (van der Laan et al. 2015b; Baungaard et al. 2022a),
which again is at least 1000 times more computationally expensive than a
simple engineering model, hence the choice of model is highly dependent on the
available computational resources and the application. For example, for wind
farm layout optimization, it is only feasible to use engineering models, because
a lot of flow cases are needed in the optimization process and would therefore
be too time-consuming with LES. On the other hand, for an investigation of the
dynamic behaviour of wind turbine loads and wakes, LES is the obvious choice.

In this thesis, the focus is on the RANS methodology, which provides a
mid-fidelity solution at a medium computational cost and avoids many of the
empirical relations needed for the engineering models. It does however rely
heavily on its turbulence model – for example, the standard k–ε model by
Launder & Spalding (1974), which solves two turbulence transport equations,
has been shown by several authors (El Kasmi & Masson 2008; Cabezón et al.
2009; Réthoré et al. 2009; Rados et al. 2009) to underpredict the velocity deficit
and overpredict the turbulence intensity in the wake compared to measurements.
There has therefore been several efforts on tuning, modifying or using other
turbulence models to improve the accuracy of RANS wake simulations. El Kasmi
& Masson (2008) for example introduced an extra source term in the ε equation
in the region around the rotor and it was shown to improve the results for
three validations cases. Réthoré (2009) and Prospathopoulos et al. (2011)
however tested the El Kasmi & Masson (2008) model for other cases, where less
satisfactory results were obtained, unless the model was re-tuned for each case.
Cabezón et al. (2011) used the realizable k–ε model by Shih et al. (1995) and
the differential Reynolds stress model (DRSM) by Gibson & Launder (1978)
for a single wake case, where both models were found to improve the results
compared to the standard k–ε model – only one validation case was however
considered. A “realizability model”, an “adverse pressure gradient model” and a
“canopy model” were all suggested by Réthoré (2009), who tested these and the
El Kasmi & Masson (2008) model thoroughly against LES and measurements
with the conclusion that none of them were satisfactory general models. From
the LES results, Réthoré (2009) concluded that the Boussinesq hypothesis
used by most two-equations models is heavily invalidated in the near-wake, but
also in large parts of the wake up to 10 diameters downstream of the turbine.
This spurred the study of non-linear eddy viscosity models (NLEVMs) and
explicit algebraic Reynolds stress models (EARSMs) by van der Laan (2014),
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who investigated the Taulbee (1992), Gatski & Speziale (1993) and Apsley &
Leschziner (1998) models for wake applications and found that a truncated
version of the latter (which van der Laan (2014) called the “k–ε–fP ” model)
gave good results for a variety of test cases.

The present thesis specifically builds upon the wind farm RANS simulation
setup and turbulence models developed at DTU by Sørensen (1995), Réthoré
(2009) and van der Laan (2014) among others. In Chapter 2, a review of
general RANS concepts and the setup for wind farm simulations in the neutral
atmospheric surface layer (ASL) are given. Next, an extension to the non-neutral
ASL is discussed in Chapter 3 and finally the application of the EARSM by
Wallin & Johansson (2000) (WJ-EARSM) to simulate wakes in an anisotropic
neutral ASL is discussed in Chapter 4. The extension to the non-neutral ASL
and the application of the WJ-EARSM are the main contributions of the current
thesis and are small steps towards a more general, but still affordable wake
model. They are also the topic of the papers attached at the end of the thesis.



Chapter 2

Wakes in the neutral atmospheric surface layer
with linear eddy viscosity RANS models

Wind turbine wakes can be simulated in many ways, but the starting point is
almost always the Navier-Stokes equations. They constitute a coupled set of
differential equations derived from Newtons second law and mass conservation
that together with the boundary conditions govern the flow. However, only
the simplest flow cases have an exact analytical solution. As a result, various
approximations are required to obtain approximated flow solutions.

2.1. Basic concepts of RANS

The fundamental idea of decomposing the flow field into a mean and a fluctuation
component, e.g., ui = Ui + u′

i, and the derivation of the incompressible RANS
equations are standard curriculum in most fluid mechanics textbooks (Pope
2000; Wilcox 2006; Wyngaard 2010; Kundu 2016):

∂Uj

∂xj
= 0, (2.1)

DUi

Dt
= −1

ρ

∂P

∂xi
+

∂

∂xj

(
ν

(
∂Ui

∂xj
+

∂Uj

∂xi

)
− u′

iu
′
j

)
+

1

ρ
fi, (2.2)

where Ui is the mean velocity field, t is the time, ρ is the density, P is the mean
pressure, xi is the spatial coordinate, ν is the kinematic molecular viscosity,
u′
iu

′
j is the Reynolds stress tensor and fi is the body forces (e.g., forces from the

wind turbine, buoyancy forces and Coriolis forces). Einstein notation will be
used frequently throughout this thesis, see for example Pope (2000). Notice also,
that the material derivative, D/Dt = ∂

∂t + Uj
∂

∂xj
, is retained in Eq. 2.2, hence

Eq. 2.1-2.2 are more precisely called the unsteady RANS (URANS) equations
and it is therefore possible to simulate transient flows with URANS, but this
should only be attempted when there is a clear separation of the time scales of
turbulence and the transient forcing (a diurnal cycle is one such example), see
for example Wallin (2000). A second numerical perspective is that a steady-state
solution can be obtained through a transient simulation, if one integrates a
steady-state problem with a sufficient amount of time steps. For high Reynolds
number flows, such as atmospheric flows, the viscous term (the term with ν in
Eq. 2.2) can be neglected.

5



6 2. Wakes in the neutral ASL with linear EVM

To close the set of RANS equations in Eq. 2.1-2.2, it is necessary to have a
model for u′

iu
′
j , i.e., a turbulence model. A wide variety of turbulence models

has been developed throughout the last 100 years and many of these are based
on the Boussinesq (1897) hypothesis:

u′
iu

′
j = −νt

(
∂Ui

∂xj
+

∂Uj

∂xi

)
+

2

3
kδij , (2.3)

where νt is the eddy viscosity, k is the turbulent kinetic energy (TKE) and δij
is the Kronecker delta tensor. It can more elegantly be written by using the
anisotropy tensor, the normalized strain rate tensor and the eddy viscosity:

aij ≡
u′
iu

′
j

k
− 2

3
δij , (2.4)

Sij =
1

2

k

ε

(
∂Ui

∂xj
+

∂Uj

∂xi

)
, (2.5)

νt = Cµ
k2

ε
, (2.6)

where ε is the dissipation of TKE and Cµ is the eddy viscosity coefficient (the
reason for the µ-subscript is because the notation for the dynamic eddy viscosity
is µt ≡ ρνt). Eq. 2.3 is then conveniently written as:

aij = −2Ceff
µ Sij , (2.7)

where Ceff
µ = Cµ for the standard k–ε model. All turbulence models on this form

are called linear eddy viscosity models (linear EVMs), even models where Ceff
µ

is flow-dependent and non-constant. Examples include the Launder & Sharma
(1974) k–ε model, the Wilcox (1988) k–ω model and the Menter (1994) k–ω
SST model (the latter two use the specific dissipation ω ≡ ε

β∗k for the length

scale determining equation), which all include two extra transport equations
that finally close the system of equations.

In atmospheric applications, k–ε models have traditionally been preferred
and this tradition is continued in the present thesis. The basic equations of the
standard k–ε model are:

Dk

Dt
= −u′

iu
′
j

∂Ui

∂xj︸ ︷︷ ︸
P

−ε+
∂

∂xj

(
νt
σk

∂k

∂xj

)
︸ ︷︷ ︸

D(k)

, (2.8)

Dε

Dt
= (Cε1P − Cε2ε)

ε

k
+

∂

∂xj

(
νt
σε

∂ε

∂xj

)
︸ ︷︷ ︸

D(ε)

. (2.9)

The terms in the k equation from left to right are the advection, production,
dissipation and diffusion (aka. transport) terms, respectively, and similar names
can be given to the terms in the ε equation. The equations include four model
constants, Cε1, Cε2, σk and σε, which are discussed further in the next section.



2.2. The neutral atmospheric surface layer in flat terrain 7

2.2. The neutral atmospheric surface layer in flat terrain

A crucial component of a wind turbine wake simulation is the inflow, see Fig.
2.1, i.e., the prescription of U(z), k(z) and ε(z) at the inlet and top boundaries.
One such set of profiles is the neutral atmospheric surface layer aka. “log-law”
relations for aerodynamic rough walls (Panofsky & Dutton 1984):

U(z) =
u∗

κ
ln

(
z

z0

)
, k(z) =

u2
∗√
Cµ

, ε(z) =
u3
∗

κz
, (2.10)

where u∗ is the friction velocity, κ is the von Kármán constant and z0 is the
aerodynamic roughness length.

Figure 2.1: Typical domain and the boundary conditions for RANS single wake
simulations, where D is the rotor diameter.

There might be a streamwise development of these profiles throughout the
domain, even with flat homogeneous terrain, meaning that a wind turbine wake
would unphysically depend on the streamwise position of the turbine. This is a
numerical artefact that should obviously be minimized to obtain consistent and
reliable results. While Dk/Dt = 0 is already fulfilled for the log-law equations,
Eq. 2.10, a second requirement is that Dε/Dt = 0 in the freestream. The latter
is only fulfilled if the turbulence constants in the k–ε model satisfy the following
relation (Richards & Hoxey 1993):

Cε,1 = Cε,2 −
κ2√
Cµσε

. (2.11)

Sørensen (1995) recommended Cε2 = 1.92, κ = 0.4, σε = 1.3 and Cµ = 0.03 for
atmospheric flows, which from Eq. 2.11 gives Cε1 = 1.21. Note that Cµ ≈ 0.09
is widely considered as the accepted value, but in the atmospheric community
a lower value is often used, see discussion by Richards & Norris (2011). With
the model constants of Sørensen (1995), a choice of, for example, Cε1 = 1.44
would be considered as “inconsistent” in the sense that Eq. 2.11 is then not
fulfilled and the log-law solution inserted into the ε equation would therefore
give Dε/Dt ̸= 0. The difference between a consistent and inconsistent Cε1 is
shown in Fig. 2.2. With the inconsistent choice of Cε1, the turbulence variables
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Figure 2.2: Example of development of flow variables normalized by hub height
(z = zref) values in a domain without turbines.

increase from the inlet to the start of the inner domain by approximately 10%.
However, even with a consistent Cε1 there will still be a slight development of
the profiles, which is most pronounced for ε, but also has a small impact on
k. This is a well-known problem (Blocken et al. 2007) and it emphasizes the
need for a long domain, in order to at least have a near-developed turbulence
state within the inner part of the domain, where the turbines will be located.
Alternatively, one can run a 1D precursor simulation and then use the solution
on the inlet of the 3D domain instead of the analytical log-law profiles.

2.3. The rough wall boundary condition

Another important consideration for a RANS simulation of wind turbine wakes
is the wall boundary condition. The RANS equations in wall-bounded flows
are typically integrated all the way to the viscous layer, meaning that the first
wall-adjacent cell center should be sufficiently close to the wall, i.e., have a
normalized coordinate of z+ ≈ 1 (Spalart et al. 2014), and introducing wall
roughness requires an even smaller first cell height (Knopp et al. 2009). The
standard k–ε model gives spurious results in the near-wall vicinity, which can
impact the flow in the outer layer, and one therefore typically employs a low
Reynolds number extension of the k–ε model or use the k–ω model instead.

In atmospheric flows, the wall roughness is typically characterized by the
aerodynamic roughness, z0 (Panofsky & Dutton 1984), instead of the “equivalent
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sand grain” approach used in many industrial flows (Aupoix 2015). For example,
z0 = 0.05 m corresponds to “farmland with open appearance” and z0 = 2·10−4 m
corresponds to “water areas” (Troen & Lundtang Petersen 1989). It is defined
from the condition U(z0) = 0, which Eq. 2.10 indeed satisfies. For practical
reasons, the vertical coordinate system is shifted upwards in the EllipSys3D
code (Michelsen 1992; Sørensen 1995), so that U(0) = 0, i.e., the first cell is
placed on top of the roughness as shown in Fig. 2.3 and this also means that
the profiles in Eq. 2.10 are shifted:

U(z) =
u∗

κ
ln

(
z + z0
z0

)
, k(z) =

u2
∗√
Cµ

, ε(z) =
u3
∗

κ(z + z0)
. (2.12)

Figure 2.3: Rough wall sketch. EllipSys has z = 0 at the roughness height.

The assumption of the aerodynamic rough wall boundary condition is that
the “roughness elements penetrate the laminar sublayer reaching out in the fully
turbulent region” (Sørensen 1995). Hence, one does not need a low Reynolds
number correction and the above equations are assumed to be valid throughout
the first cell. This principle guides the modifications of the transport equations
needed for the first wall-adjacent cells, see Sørensen et al. (2007). First, the
wall shear stress, and thereby the friction velocity, is obtained:

τw ≡ ρu2
∗ =

ρC
1/4
µ k

1/2
P κ

log(zP /z0 + 1)
U(zP ). (2.13)
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Next, for the k equation, Eq. 2.8, in the first wall-adjacent cell, there are
three modifications:

• The gradient of k is assumed to be zero at the wall (Neumann boundary
condition), which effectively sets the diffusive flux at the bottom of the
cell equal to zero. The diffusive flux at the top of the cell is retained to
be consistent with the bottom flux of the second cell.

• The shear production is set to the cell-averaged value

Plog =
1

zn − 0

∫ zn

0

−uw
∂U

∂z
dz =

u2
∗

∆z

ln(2zP /z0 + 1)

ln(zP /z0 + 1)
U(zP )︸ ︷︷ ︸

“const”

, (2.14)

which is supposedly more accurate than simply using the cell center
value.

• The dissipation in the k equation is also set to the cell-averaged value:

εlog =
1

zn − 0

∫ zn

0

u3
∗

κ(z + z0)
dz =

const

∆z
C1/2

µ kP , (2.15)

and it should be noted that this does not cancel with Plog due to its
specific formulation, but rather forces k towards its equilibrium value,

keq =
u2
∗√
Cµ

.

It is possible to formulate Eq. 2.13-2.15 in slightly different ways too, but the
above formulation has been found to be numerically robust by Sørensen (1995).

For the ε equation, Eq. 2.9 is abandoned in the first wall-adjacent cell and
ε is instead set to the log-law value, Eq. 2.12, however still taking the diffusion
flux from the above cell into account for consistency.

2.4. Full three-dimensional RANS wake simulations

Cyclic boundary conditions are used on the sides of the domain shown in Fig.
2.1 and a rather large lateral domain length is used to avoid artificial blockage
effects (also the reason for the large vertical domain length). An outlet boundary
condition is used at the back of the domain, which assumes a zero streamwise
gradient, hence a long distance between the center of the domain and the outlet
is used to ensure this.

With all the boundary conditions defined, we can turn our attention to
the interior domain, which is discretized with the finite-volume method in
EllipSys3D. To discretize the equations, a QUICK scheme is used for the
convective terms and a second order central difference scheme for the diffusion
terms (more schemes are also available in EllipSys). The SIMPLE algorithm
is used with a modified Rhie-Chow interpolation method and the resulting
systems of equations are solved using a segregated solver. Numerical details of
EllipSys3D are described by Michelsen (1992) and Sørensen (1995).
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2.4.1. A wind turbine as an Actuator Disk

For steady-state RANS simulations, the wind turbine is conveniently represented
by an actuator disk (AD), which decreases the computational cost compared to
full-rotor or actuator line (AL) simulations, and has been found to be sufficient
for far wake studies (Troldborg et al. 2015b). This approach has been used
for decades by the wind energy community for CFD simulations (Sørensen &
Kock 1995; Porté-Agel et al. 2011) and new variants have been developed over
the years, with some of these reviewed by van der Laan et al. (2015a). In fact,
it is still an active research area, e.g., the Joukowsky AD has recently been
introduced by Sørensen et al. (2020) and a list of the available AD models in
EllipSys can be found in the PyWakeEllipSys documentation.1

The discretization of the AD can be done in two distinct ways as shown in
Fig. 2.4. The “staircase” method is among others used by Navarro Diaz et al.
(2019) in their OpenFOAM setup and is convenient in the sense that the AD
and background domain can share the same cells, hence the redistribution of
forces from the AD to the CFD mesh is straight-forward. A drawback of the
method is that a large number of cells per diameter is needed to approximate a
disk shape. On the other hand, a polar grid as used by Réthoré et al. (2014)
needs more consideration with regards to the force redistribution from the polar
grid to the cartesian CFD mesh, but is a more natural representation of a disk
and allows for decoupling of the AD resolution and the CFD mesh resolution.
The latter method is used in EllipSys3D with the modification of Troldborg
et al. (2015a) to avoid wiggles at the disk interface and a simple summary of
the approach was given by Baungaard (2019).

Figure 2.4: AD discretization with “staircase” (a) and polar grid (b).

1https://topfarm.pages.windenergy.dtu.dk/cuttingedge/pywake/pywake_ellipsys/

https://topfarm.pages.windenergy.dtu.dk/cuttingedge/pywake/pywake_ellipsys/
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2.4.2. A modified turbulence model: The k–ε–fP model

The standard k–ε model was found by Réthoré (2009) “... to perform badly
in comparison with single wind turbine wake measurements” in terms of sig-
nificantly overestimated mean velocity and turbulence intensity in the wake.
Using LES data, Réthoré (2009) found that the main problem of the standard
k–ε model came from “... the assumptions of the eddy-viscosity concept”,
i.e., several of the assumptions used to derive the Boussinesq hypothesis were
violated in the wake.

Based on these observations, the work of van der Laan (2014) set out to ex-
plore alternative turbulence closures, among them the non-linear EVMs/EARSMs
of Taulbee (1992), Gatski & Speziale (1993) and Apsley & Leschziner (1998).
The main challenge of these models was found to be the numerical robustness,
but a first-order truncation of the cubic Apsley & Leschziner (1998) model
(named the “k–ε–fP model” by van der Laan (2014)) was found to be robust and
give good results for the velocity deficit after a re-tuning of the model constants.
The model is simple to implement in existing codes, since it is equivalent to the
standard k–ε model, Eq. 2.7, except for a non-constant, flow-dependent Ceff

µ :

Ceff
µ = CµfP , (2.16)

fP =
2f0

1 +
√
1 + 4f0 (f0 − 1) (σ/σ̃)2

, (2.17)

f0 = 1 +
1

(CR − 1)
, (2.18)

σ =
k

ε

√(
∂Ui

∂xj

)2

, (2.19)

σ̃ =
1√
Cµ

, (2.20)

where σ is the shear parameter, σ̃ is the shear parameter in the freestream,
f0 = fP (σ = 0) and CR is the Rotta coefficient, which van der Laan (2014)
treated as a free parameter to tune the model (CR = 4.5). It is straight-forward
to show that fP = 1 in the freestream (σ/σ̃ = 1) of a neutral ASL and hence
the k–ε–fP model is equivalent to the standard k–ε model there, while fP < 1
in the wake shear layers. The functional form of fP in Eq. (2.17) was suggested
by Apsley & Leschziner (1998) to account for non-equilibrium conditions, i.e.,
regions where P/ε ̸= 1.

In addition to improving the velocity deficit predictions, the fP extension
also ensures realizable turbulence for large strain rates, where the standard
k–ε model would else violate realizability. Réthoré (2009) indeed observed
unrealizable turbulence in the near-wake region when using the standard k–ε
model, and an example of this is also shown in Fig. 2.5.
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Realizable turbulence
Basic requirements for two-equation models are that k and ε (or ω) are
non-negative, the normal Reynolds stresses are non-negative and that
the Reynolds stresses should satisfy the Cauchy-Schwarz inequality. If so,
the turbulence is realizable, which can also be formulated conveniently
in terms of the anisotropy tensor:

0 ≤ u′
αu

′
α ≤ 2k ⇒ −2

3
≤ aαα ≤ 4

3
, (2.21)

(
u′
αu

′
β

)2
≤ u′

αu
′
α u′

βu
′
β ≤ k2 ⇒ −1 ≤ aαβ ≤ 1. (2.22)

Greek indices imply that there is no summation over repeated indices.
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Figure 2.5: Anisotropy contours at hub height. White color shows unrealizable
regions.
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2.5. Potential for AEP calculations

A key metric for wind farms is the annual energy production (AEP), which
as the name suggests is the energy produced in one year (typical unit: GWh
or TWh) and therefore represents the value creation of the wind farm. It
is obviously of high interest to be able to estimate this metric and this has
traditionally been done through the following relation:

AEP = Tyr

∫ 360◦

0◦

∫ Uout

Uin

Pfarm(U |φ)fU (U |φ)fφ(φ)dUdφ, (2.23)

where Tyr is the time in one year, Uin is the cut-in wind speed, Uout is the
cut-out wind speed, Pfarm is the power production of the wind farm, fU is the
probability density function (PDF) of wind speed and fφ is the PDF of wind
direction. In an AEP estimation, the PDFs would typically be obtained from
meteorological data, while the wind farm production would be modeled. The
model needs to be evaluated for a combination of all wind speeds and directions,
hence with typical cut-in/cut-out speeds and discretizations of Uin = 4 m s−1,
Uout = 25 m s−1, ∆φ = 1◦ and ∆U = 1 m s−1 this leads to 7920 flow cases.
Furthermore, if the AEP is used as the objective function in a layout or control
optimization, then the number of flow cases is on the order of millions (Pedersen
& Larsen 2020). With that many flow cases, and considering the complexity
of large wind farm flows, one has traditionally therefore only conducted AEP
calculations with engineering models such as the Jensen (1983) model or with
linearized RANS models such as FUGA (Ott et al. 2011). The amount and
speed of the available computational resources have however in recent times
increased to a level, where AEP calculations with full elliptic RANS simulations
are getting into reach and there has lately been efforts by van der Laan et al.
(2022a) to investigate the feasibility of this approach. It was showed that the
AEP of an square layout wind farm consisting of 256 wind turbines could be
simulated in approximately one day on a large high-performance computing
(HPC) cluster and there is therefore reason to believe that this could become
“technology ready” for industrial use in the coming years.

To be able to estimate AEP with RANS, one first of all needs a fast and
scalable CFD code such as EllipSys3D and a large HPC cluster (O(1000) cores),
but there are also several “tricks” that can cut down computational efforts
significantly and some of these are now briefly discussed.

2.5.1. Wind farm symmetry

Many wind direction flow cases can be skipped, if there are symmetries in the
wind farm layout. As pointed out by van der Laan et al. (2022a), there are
two types of relevant symmetries: Mirror-symmetry and rotational-symmetry,
which might be present in the same wind farm, but have different properties.
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Symmetry definitions
Each turbine location can be considered a point in a plane and we can
then mathematically define symmetries (Highnam 1985):

A set of points P has an axis of mirror symmetry A when for every
point p ∈ P there is another point p′ ∈ P, which create a line pp′ per-
pendicular to A and A is a bisector of the line (i.e., “cuts the line in half”).

A set of points P has a rotational symmetry angle α, if rotating the
points about their centroid by α is an identity operation.

As an example to highlight the differences and applicability of both types
of symmetries, a simple 3× 3 square wind farm is used, which both has mirror
and rotational symmetries (eight axes of mirror symmetry and a rotational
symmetry angle of α = 90◦). Such a wind farm is shown in Fig. 2.6 along
with sketches of wake centers from a wake model with/without wake deflection
(could come from Coriolis, wake rotation or yaw).

It should be clear that Pfarm(φ) = Pfarm(φ+90◦) for both models with/without
wake deflection, so that it is only necessary to simulate φ = [0◦, 90◦]. However,
for the wake model without wake deflection, we additionally have Pfarm(45

◦ −

Figure 2.6: Sketch of a 3× 3 wind farm (the black dots are wind turbines) and
wake centers for three wind directions, 35◦ (yellow), 45◦ (black) and 55◦ (red).
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β) = Pfarm(45
◦ + β), so that only φ = [0◦, 45◦] needs to be simulated. From

this example, we see that:

• Mirror symmetric wind farm: It is only necessary to simulate a
sector of ∆φsector =

360◦

Number of mirror axes , when using a mirror-symmetric
wake model, e.g., a RANS wake model without Coriolis, yaw or AD
rotation.

• Rotational symmetric wind farm: It is only necessary to simulate a
sector of ∆φsector = α for a general wake model.

Modern wind farm layouts often do not have symmetries, hence the approach
described in this section is unavailable for these and all wind directions then
need to be evaluated.

2.5.2. The mesh and farm rotation

As shown in Fig. 2.1 and explained in the previous sections, the domain in
EllipSys3D is much larger than the wind farm area in order to avoid artificial
wind tunnel blockage, to have fully developed profiles at the entrance of the wind
farm and to ensure no streamwise gradients at the outlet. A grid resolution of
D/8 was recommended by van der Laan et al. (2015b) to obtain grid-converged
wake profiles, but to save cells, and therefore computational cost, this is only
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Figure 2.7: Cut through the xy-plane of a mesh for a single V80 turbine (every
8th cell is shown). The blue line marks the wake domain, while the red segment
is the wind turbine.
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Figure 2.8: Cut through the xy-plane of a mesh for Horns Rev 1 (every 32nd

cell is shown). The blue line marks the wake domain, while the red segments
are the wind turbines.

applied in the wind farm area (the “wake domain”) and the grid is stretched
outwards from this region to the boundaries, see Fig. 2.7 and 2.8. As shown in
these figures the majority of cells are outside the wake domain for single wake
cases (large relative computational cost of having a large domain), while the
majority of cells are within the wake domain for wind farm cases (small relative
computational cost of having a large domain).

To simulate a different wind direction, one can equivalently rotate the wind
farm, see Fig. 2.9, hence the same grid and boundary conditions can be reused.
This approach requires slightly more cells (especially for non-square wind farms)
compared to actually changing the wind direction, but only one grid is then
required to simulate all wind directions. Also, the flow cases with different
wind speeds can then easily be run “consecutively” to save computational
costs as shall be discussed in the next section. Another advantage is that the
effective grid spacing will be the same for all wind directions, which would
else not be the case, if the actual wind direction was changed, since the flow
would then be misaligned with the grid lines for all wind directions except
φ = {0◦, 90◦, 180◦, 270◦}.
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Figure 2.9: Sketch demonstrating the use of the same mesh (gray) for three
different wind directions in a 2× 3 wind farm (black dots are wind turbines) by
rotating the wind farm layout.

2.5.3. Consecutive simulations

It was found by van der Laan et al. (2019) that AEP calculations with RANS
could be sped up by “a factor of about 2-3” by running consecutive flow cases.
As an example, let us assume the flow case {Uref = 9 m/s, φ = 142◦} has just
been simulated, then to simulate {Uref = 9 m/s, φ = 143◦} the wind farm is
rotated as described in the previous section and the flow solution is initialized
using the solution from the previous flow case. This approach will cause the
simulation to converge much faster compared to starting the simulation from
scratch, especially if a small ∆φ is used, so that only small “local changes” in
the flow field differs from the previous solution.

In addition to running consecutive wind directions, van der Laan et al.
(2019) also demonstrated how to run consecutive wind speeds by leveraging the
principle of Reynolds similarity and a modified AD control algorithm. The idea
is to keep the inflow profile constant for all wind speeds – for example, a log-law
profile with Uref = 10 m/s is used even when simulating a case with, for example,
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Uref = 15 m/s or Uref = 20 m/s, and then the disk-averaged velocity is simply
scaled by 1.5 or 2.0 when looking up the calibrated thrust coefficient for the AD
control. This approach only works for Reynolds similar inflows, for example,
the neutral ASL, the non-neutral ASL based on MOST (to be discussed in the
next chapter) and the recently developed pressure-driven atmospheric boundary
layer (ABL) model by van der Laan et al. (2021b). Figure 2.10 shows that the
most iterations (and therefore computational cost) in this approach is for the
first wind speed and that the subsequent wind speeds converge much faster.
One can especially notice that the wind speeds Uref = [7, 11] m/s converge more
or less instantaneously, because the thrust coefficient curve is nearly constant
in this region.

Another trick to speed up AEP calculations is to skip the higher wind speed
cases – when rated wind farm power is reached (at 14 m/s in Fig. 2.10), one
moves on to the next wind direction.

Figure 2.10: Iteration history of a wind row simulation with the consecutive
wind speed approach. Figure is taken from van der Laan et al. (2022a).

2.5.4. Extended AEP calculations

The AEP equation, Eq. 2.23, is assumed to be independent of the turbulence
intensity and atmospheric state, e.g., the atmospheric stability. In practice, the
turbulence intensity is therefore typically kept constant and a neutral ASL (or
even uniform inflow) is used for all wind directions and wind speeds (Pedersen
& Larsen 2020; van der Laan et al. 2022a), which is also necessary to apply
the consecutive wind speed approach from the previous section. However, both
turbulence intensity and atmospheric stability have large impacts on the wind
farm power production, thus one could rightly think to extend the AEP equation
as:

AEP = Tyr

∫ 360◦

0◦

∫ ζ2

ζ1

∫ I2

I1

∫ Uout

Uin

Pfarm(U, I, ζ, φ)f(U, TI, ζ, φ)dUdIdζdφ,

(2.24)
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where I1 and I2 are the expected minimum/maximum turbulence intensities,
ζ1 and ζ2 are the expected minimum/maximum stability parameters and f
is the joint probability distribution of the four variables. Even with coarse
discretizations, e.g., using ten turbulence intensities and five stability classes,
this would multiply the number of flow cases by 50 compared to a standard
AEP calculation with Eq. 2.23. Hence, the AEP calculation of the idealized
16×16 wind farm by van der Laan et al. (2022a) would then approximately take
2 month of computing time (on a HPC with lots of computational resources)
instead of a single day! This simple upscaling assumes that the consecutive
wind speed calculation method can also be utilized for the non-neutral cases
and this is indeed possible for inflow parametrized with MOST, see van der
Laan et al. (2020), which will be the topic of the next chapter. It also assumes
that the computational cost of a simulation with non-neutral inflow is similar to
that of a simulation with neutral inflow, which is also possible by using MOST.



Chapter 3

Extension to the non-neutral atmospheric
surface layer with MOST

The only mechanism of turbulence production in the neutral ASL is shear
production and there is no heat flux at the ground, hence there is no need
for a temperature transport equation, which reduces the complexity of the
simulations considerably. However, often there is a non-negligible buoyant
production/destruction of turbulence and ground heat flux, which will alter the
flow significantly and must be included in more general simulations.

With just one extra parameter, the Obukhov length L, the neutral ASL
was generalized to non-neutral conditions by Monin & Obukhov (1954), see
also review by Foken (2006), and the statistical distribution of L−1 at Høvsøre,
Denmark is shown in Fig. 3.1. Although the Monin-Obukhov similarity theory
(MOST) is strictly only valid in the atmospheric surface layer, i.e., the lowest
∼10% of the ABL, it provides an attractive path to generalize the numerical
methodology from the previous chapter due to its simplicity.
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Figure 3.1: PDF of L−1 from one year (2008) of data at Høvsøre, Denmark.
Neutral is here defined as −0.002 < L−1 < 0.002.
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Figure 3.2: Probability of atmospheric stability conditioned on wind speed
(2008 data from Høvsøre, Denmark). The majority of non-neutral conditions
are at low wind speeds, which is the important region for wind turbine wake
studies.

3.1. MOST

The similarity theory of Monin & Obukhov (1954) is derived through dimensional
analysis, i.e., the Buckingham-Pi theorem, which is also famously used in other
fluid mechanics problems, e.g., for the derivation of the Kolmogorov scales, the
-5/3 inertial subrange and the friction factor in pipe flow. A detailed derivation
can be found in many modern textbooks (e.g., Wyngaard 2010) and a short
version is given here for a dry atmosphere. Flat, homogeneous terrain is assumed
and there are four parameters:

Parameters in MOST:

• The friction velocity, u∗
• The surface heat flux, w′θ′s
• The height above the ground, z
• The buoyancy parameter, g/θ0

Parameters not included in MOST:

• The ABL height, h
• The Coriolis parameter, f
• The roughness length, z0

1

• The molecular viscosity, ν

The choices (and non-choices) hint to the applicability of the theory, namely
in the region z0 ≪ z ≪ h, i.e., in the surface layer of the ABL (z ≪ h), but
above the so-called roughness sublayer (z ≫ z0). In this region, the normalized

gradients of fluxes are small, i.e., z
u2
∗

∂u′w′

∂z ≪ 1 and z
θ′w′

s

∂θ′w′

∂z ≪ 1, hence the

usage of u∗ and θ′w′
s as parameters. It also explains the typical naming of

1Note that z0 reappears in Eq. 3.6-3.7, when the similarity functions are integrated.
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the above mentioned region, “constant-flux layer”, which is actually slightly
misleading, since the gradients of fluxes are largest in this region (it is only
when scaled in surface layer parameters, we can take the fluxes as constant).
The combination of the MOST parameters gives the Obukhov length:

L ≡ − u3
∗

κ g
θ0
θ′w′

s

. (3.1)

Application of the Buckingham-Pi theorem to the gradients of mean wind speed
and potential temperature, respectively, gives:

κz

u∗

∂U

∂z
= Φm (ζ) , (3.2)

κz

θ∗

∂Θ

∂z
= Φh (ζ) , (3.3)

where Θ is the mean potential temperature, θ∗ ≡ − θ′w′
s

u∗
and ζ ≡ z/L. The

forms of the similarity functions, Φm and Φh, are not available from dimensional
analysis and must therefore be inferred from experiments. Typically they are
expressed with the “Businger-Dyer type”-formulas:

Φm =

{
(1− γmζ)−

1
4 , ζ < 0

1 + βmζ , ζ > 0
, (3.4)

Φh =

{
σθ(1− γhζ)

− 1
2 , ζ < 0

σθ + βhζ , ζ > 0
. (3.5)

Several model constants have been suggested:

γm βm γh βh σθ κ
Businger et al. (1971) 15.0 4.7 9.0 4.7 0.74 0.35
Dyer (1974) 16.0 5.0 16.0 5.0 1.00 0.41
Högström (1988) v1 19.3 4.8 11.6 7.8 0.95 0.40
Högström (1988) v2 19.3 4.8 12.0 7.8 1.00 0.40

Table 3.1: Model constants for similarity functions.

The Högström (1988) values are generally considered as the accepted values
today (Foken 2006; Wyngaard 2010). It is noteworthy that Högström (1988)
actually obtained these from modifications of the Businger et al. (1971) and
Dyer (1974) values by accounting for the different κ and σθ values – Högström
(1988) had measured these carefully to avoid “probe flow distortion”, which had
been suggested to be the cause of the quite different κ and σθ values reported
by Businger et al. (1971). The Dyer (1974) constants with κ = 0.40 were used
in the work of van der Laan et al. (2017a).
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By integrating Eq. 3.2-3.3, one obtains the MOST mean wind speed and
potential temperature profiles:

U(z) =
u∗

κ

[
ln

(
z

z0

)
−Ψm

]
, Ψm(ζ) =

∫ ζ

ζ0

1− Φm(ζ ′)

ζ ′
dζ ′, (3.6)

Θ(z) = θ0 +
θ∗
κ

[
ln

(
z

z0h

)
−Ψh

]
, Ψh(ζ) =

∫ ζ

ζ0h

1− Φh(ζ
′)

ζ ′
dζ ′. (3.7)

Here ζ0 ≡ z0/L and ζ0h ≡ z0h/L, where z0h is the roughness length for
temperature, which is typically one order of magnitude smaller than z0 (Garratt
et al. 1993), but many CFD modellers simply use z0h = z0. In integrating the
similarity functions from the roughness height, we violate the valid range of
MOST applicability (i.e., enter the roughness sublayer), but this is nevertheless
commonly done in the literature to obtain analytical expressions for U(z) and
Θ(z).

Ψm =

{
ln
[
1
8

(
1 + Φ−2

m

) (
1 + Φ−1

m

)2]− 2 arctan
(
Φ−1

m

)
+ π

2 , ζ < 0

−βmζ , ζ > 0
, (3.8)

Ψh =

{
(1 + σθ)ln

[
1
2

(
1 + Φ−1

h

)]
+ (1− σθ)ln

[
1
2

(
−1 + Φ−1

h

)]
, ζ < 0

(1− σθ)ln(ζ)− βhζ , ζ > 0
.

(3.9)

In the special case of the neutral limit ζ → 0, we have Ψm = 0 and θ∗ = 0,
hence we obtain the neutral ASL log-law for U(z) and Θ(z) = θ0.

3.2. RANS solution of freestream MOST

The profiles of mean wind speed and potential temperature, Eq. 3.6-3.7, can
be used as inflow to a RANS simulation, but it is also necessary to specify the
profiles for k and ε to obtain νt. For freestream conditions, the latter is actually
directly obtainable from the Boussinesq hypothesis, Eq. 2.3:

νt(z) = −u′w′

∂U
∂z

=
κu∗z

Φm
. (3.10)

Equating this expression with the k–ε eddy viscosity, Eq. 2.6, and re-arranging
gives:

k(z) =
u2
∗√
Cµ

(
Φε

Φm

)1/2

, (3.11)

where Φε ≡ εκz
u3
∗

and therefore also gives the profile for ε:

ε(z) =
u3
∗

κz
Φε. (3.12)
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An expression for Φε is needed to close the above equations and experimental
data suggest (Panofsky & Dutton 1984):

Φε =

{
1− ζ , ζ < 0

Φm − ζ , ζ > 0
. (3.13)

The above expressions for k, ε and Φε have been used as inflow in RANS
simulations by among others, Alinot (2002), van der Laan et al. (2017a) and
Baungaard et al. (2022b) (Paper 1), who also all extend the turbulence transport
equations, Eq. 2.8-2.9, to include buoyant production/destruction of TKE, B:

Dk

Dt
= P − ε+D(k) + B − Sk, (3.14)

Dε

Dt
= (Cε1P − Cε2ε+ Cε3B)

ε

k
+D(ε), (3.15)

B =
g

θ0
w′θ′. (3.16)

For freestream conditions, the latter expression simplifies to B = −u3
∗

κz ζ. The ε
transport equation with B introduces a new model constant Cε3, which value
there is less consensus about compared to Cε1 and Cε2. Rodi (1980) found
Cε3 = 0 for horizontal boundary layers (no buoyancy contribution to the ε
equation) and Cε3 = Cε1 for vertical boundary layers (same contribution as the
shear production term) to be suitable. This led Henkes et al. (1991) to formulate
the now widely used model, Cε3 = Cε1tanh

(
|VU |
)
, where U is the streamwise

velocity and V is the vertical velocity. For other applications, a different Cε3

might improve the results, e.g., Lazeroms et al. (2013) found Cε3 = 0.5 to be
better suited for stratified homogeneous shear flow. Values of Cε3 = 1.8Cε1 and
Cε3 = −1.15Cε1 for unstably and stably stratified ASLs, respectively, have been
reported by Betts & Haroutunian (1983).

In the current context of MOST for wind farm simulations, Cε3 is chosen
to be a function Cε3(ζ) such that Dε/Dt = 0 in the freestream, i.e., similar to
the approach described in Section 2.2. Concretely, this is derived from Eq. 3.15
by setting Dε/Dt = 0:

Cε3(ζ) = − 1

B

(
k

ε
D(ε) + Cε1P − Cε2ε

)
. (3.17)

All terms on the right-hand side (RHS) can be evaluated using the analytical
MOST profiles (note that Alinot (2002) used ε = D(k) + P + B instead of the
MOST ε from Eq. 3.12) and the resulting expression is rather complicated; for
this reason Alinot (2002) used a fifth order polynomial in ζ to approximate the
function. The exact analytical expression of Cε3(ζ) derived with the MOST
ε from Eq. 3.12 was later given by van der Laan et al. (2017a) and this was
modified slightly for unstable conditions in Paper 1 to fix an inconsistency,
which will be discussed later, see Eq. 3.21-3.22. The different Cε3 expressions
are shown in Fig. 3.3.
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Figure 3.3: Different formulations of Cε3 for MOST.

In addition to having Dε/Dt = 0, van der Laan et al. (2017a) also added
a source term, Sk(ζ), to the k equation in order to have Dk/Dt = 0 in the
freestream (Alinot (2002) used Sk = 0). This was not necessary for neutral
conditions, because P = ε and D(k) = B = 0 in the neutral ASL. The derivation
procedure of Sk is similar to that of Cε3 and also leads to a long, but analytical
expression. Sk was, like Cε3, also slightly modified in Paper 1, again due to
consistency reasons.

The contribution of each term in the k equation, i.e., the TKE budget, for
freestream MOST is shown in Fig. 3.4, where the terms are normalized by the
surface layer scales:

κz

u3
∗

Dk

Dt
= Φm − Φε +

κz

u3
∗
D(k) − ζ − κz

u3
∗
Sk. (3.18)
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Figure 3.4: TKE budget for freestream MOST with B and Sk from Paper 1.
A similar plot (but with different B and Sk) is given by van der Laan et al.
(2017b).
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For unstable conditions, there is a considerable amount of Sk correction needed,
which is caused by the large diffusion term D(k) and the imbalance of the total
production to dissipation ratio as shown in Fig. 3.5. With regards to the latter,
there is actually evidence (Wyngaard 2010) that there should be a balance, i.e.,
(P +B)/ε = 1, for both stable and unstable conditions, which could be modeled
by prescribing Φε = Φm − ζ for all ζ (instead of Eq. 3.13) as can be seen from
Eq. 3.18. Such a “balanced” version of MOST has not been pursued in the
current study, but could be used to simplify the analytical expressions of Cε3

and Sk significantly.
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Figure 3.5: Ratio of diffusion to dissipation of TKE (a) and ratio of total
production to dissipation of TKE (b) for freestream MOST.

Figure 3.6 shows the development of the flow variables at hub height in an
empty domain with unstable ASL inflow. There is only a very small development
of k and ε from the inlet to the start of the inner domain when using both
the Sk(ζ) and Cε3(ζ) corrections. Using only the Sk(ζ) correction and then
prescribing Cε3(ζ) = 1.8Cε1 (the Betts & Haroutunian (1983) value) yields
almost as good results, because this Cε3 is close to the exact value from Paper
1 for most ζ, see Fig. 3.3. If the Sk correction is not used, then there will be
an increase of the turbulence variables from the inlet to the inner region in the
order of 15-30%, which is very undesirable for wind farm studies. Similar to
the discussion in Section 2.2, one can also use a 1D precursor simulation for
MOST and specify the resulting profiles at the inlet to decrease the streamwise
development.

For the simulations shown in Fig. 3.6, no buoyancy forcing in the W -
momentum equation has been used, no temperature transport equation has
been solved and the same rough wall BC as for the neutral ASL, see Section 2.3,
has been used – these modeling choices will be discussed further in the next
section.
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Figure 3.6: Development of flow variables in a domain without turbines and
with unstable ASL inflow using the modifications from Paper 1.

3.3. Combining MOST with the k–ε–fP model for wakes

3.3.1. Buoyancy forcing

Buoyancy can act on turbulent flows both indirectly through the buoyancy
contributions in the turbulence transport equations, Eq. 3.14-3.15, but also
directly through a source term in the W -momentum equation, which is typically
derived by means of the Boussinesq approximation (not to be confused with the
Boussinesq hypothesis used for the Reynolds stress tensor). This terminology
stems from Lazeroms (2015), who gives the examples of stratified channel
flow (indirect buoyancy forcing dominates) and vertical channel flow with
differentially heated walls (direct buoyancy forcing dominates) as cases where
one of the forcings dominate. Freestream MOST flow resembles the former more
and indeed the buoyancy W -momentum source term was left out by van der
Laan et al. (2017a) – this was also done in Paper 1. While this assumption is
appropriate for the parallel freestream flow, it will possibly introduce an error
in the wake region due to the expanding and non-homogeneous flow found there.
However, since W ≪ U and because the temperature profile is nearly unchanged
in the wake, see Hancock & Zhang (2015) and Baungaard et al. (2022a) (Paper
2), it points to that for wind turbine wake flows, the indirect buoyancy forcing
is still more important than the direct buoyancy forcing. This allows for a
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major simplification of the model, if one can parametrize the indirect buoyancy
forcing without a temperature, because there would then be no need for a
temperature transport equation. This has been done in different manners, see
for example Prospathopoulos et al. (2011), but we shall focus on the following
two formulations:

van der Laan et al. (2017a): B = −νt

(
∂U

∂z

)2
ζΦh

σθΦ2
m

, (3.19)

Paper 1: B = − u3
∗

κL
. (3.20)

In freestream conditions (with the Dyer constants), they simplify to:

van der Laan et al. (2017a):
κz

u3
∗
B =

{
−ζΦm , ζ < 0

−ζ , ζ > 0
, (3.21)

Paper 1:
κz

u3
∗
B = −ζ for all ζ. (3.22)

They are hence equivalent in the stable freestream, while there is a factor of
Φm in difference for the unstable freestream. This means that the van der
Laan et al. (2017a) model does not have the correct MOST value for unstable
conditions (this was noted by the authors as an “inconsistency”), which was the
reason for the slight reformulations of Cε3 and Sk mentioned in the previous
section. However, what is more important is how the two formulations differ
in non-freestream conditions – the first formulation, Eq. 3.19, includes the
velocity gradient squared, which will be large in the wake shear layers. In
fact, B will then scale directly with the main part of the shear production, i.e.,

Pmain ≡ −u′
1u

′
3
∂U
∂z = νt

(
∂U
∂z

)2
, which was why the model of van der Laan et al.

(2017a) was found in Paper 1 to have P/B ≈ 1, both in the freestream and in
the wake.

In contrast, the second formulation, Eq. 3.20, is constant and will not change
in the wake shear layer, hence they behave widely different for wind turbine
wake simulations. It was shown in Paper 2, that this second approach mimics
closer the behaviour of LES and that although it appears as a rather restrictive
assumption to hold B constant in the wake region, it gives reasonable results.
This is because P/B ≫ 1 in the wake anyhow, see Fig. 3.7, hence the exact
formulation of B is less important in this region as long as it is much smaller
than P . The main mechanism of turbulence production in the wake shear layer
is shear production and is therefore more important to predict correctly.

In summary, with the above formulation it is possible to model the effect
of buoyancy without a temperature transport equation, which simplifies the
turbulence model and enhances the numerical robustness. The latter can be
challenging to obtain in active-scalar flows, where a two-way coupling exist
between the velocity and temperature equations.
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Figure 3.7: Shear and buoyant production at hub height for an unstable
(CBL, upper row) and stable (SBL, lower row) case, respectively. The RANS
simulations use constant buoyant production (Eq. 3.20) and the setup of the
cases is given in Paper 2.

3.3.2. The rough wall boundary condition for MOST

The same rough wall boundary condition as described in Section 2.3 is used
also for simulations with MOST inflow, although it was derived for the neutral
ASL. This approach is commonly used (van der Laan et al. 2017a; Želi et al.
2019), because |ζ| ≪ 1 in the first wall-adjacent cell – however, there will
admittedly be a small error, since ζ is not exactly equal to zero in the cell. For
example, for a typical first cell height of ∆z = 0.5 m, the error of the integrated
shear production and dissipation are on the order of 0.5%. Since there is no
temperature transport equation, there is also no boundary condition for the
temperature.

3.3.3. fP modifications for MOST

As described in Section 2.4.2, the standard k–ε model overpredicts wake recovery
and gives unrealizable turbulence for large strain rates and both of these
problems were addressed with the fP correction, see Eq. 2.17. The basic
requirement of the correction is that fP = 1 in the freestream and van der Laan



3.4. Beyond the atmospheric surface layer 31

et al. (2020) derived the appropriate calibration shear parameter for the MOST
freestream:

σ̃ =
1√
Cµ

√
Φm

Φε
. (3.23)

Two further modifications were suggested in Paper 1:

f0 = 1 +
Cµσ̃

2

CR − 1
(modification 1), (3.24)

CR = 4.5 + CB
B̃

ε̃
(modification 2). (3.25)

In these expressions, the tilde signifies the freestream value, CB = 5.0 is a
model constant and all three modifications are consistent with the neutral fP
correction in the limit ζ → 0. Also, the relations satisfy f0 > 1 for all ζ, as can
be seen in Fig. 3.8, which ensures real fP for large values of σ/σ̃.

The modifications were shown in Paper 1 to improve the wake results for
several unstable ASL validation cases, while they had less effect on stable ASL
cases (Paper 2), which is actually desirable, since the original stable MOST
model had been found to perform adequately (van der Laan et al. 2021a).
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Figure 3.8: The CR and f0 parameters for the fP correction in MOST. The
value of CB = 5.0 was recommended in Paper 1.

3.4. Beyond the atmospheric surface layer

Offshore wind turbines are today so large that they reach out of the atmospheric
surface layer, especially in stable conditions, thus one can certainly question the
relevance of MOST inflow. The big advantages of MOST for wake simulations
are however, that it is a simple model (only one extra parameter is needed), it
can easily be implemented in existing CFD setups with the standard k–ε model,



32 3. Extension to the non-neutral ASL with MOST

requires no temperature transport equation (no two-way coupling with an
active scalar), gives a steady-state solution (no need for an expensive transient
simulation and subsequent time averaging) and is Reynolds similar (can be used
to run consecutive wind speeds in an effective manner, see Section 2.5.3).

Recently a unidirectional (or “veerless”) ABL model has been suggested by
van der Laan et al. (2021b) that shares many of these advantages and can be
used to simulate the whole ABL in stable and neutral conditions. It is therefore
an obvious candidate to replace the stable MOST, but with the one caveat
that it does not have an analytical expression and that a precursor simulation
therefore must be run prior to the actual simulation. Here, the model is written
in one-dimensional form, as would be used for the precursor simulation:

DU

Dt
= fpg(U − UG) +

∂

∂z

(
−u′w′

)
, (3.26)

Dk

Dt
= P − ε+D(k), (3.27)

Dε

Dt
=

([
Cε1 + (Cε2 − Cε1)

ℓ

ℓmax

]
P − Cε2ε

)
ε

k
+D(ε), (3.28)

ℓ = C3/4
µ

k3/2

ε
. (3.29)

The veerless ABL model is based on the model of Apsley & Castro (1997), which
introduced a length scale limiter, ℓmax, through a modified ε equation, but the
momentum equation differs and is instead derived from the Ekman equations by
explicitly setting the veer equal to zero. This assumption surprisingly decouples
the U - and V -momentum equations as a “flip” of the Coriolis/geostrophic term,
but it should be noted that fpg is not exactly equivalent to the Coriolis parameter
anymore. Another peculiarity of the model is that it has no super-geostrophic
jet compared to what is else observed in the original model by Apsley & Castro
(1997). It is also interesting that the model has a “Rossby-similarity” – while
the neutral ASL model has two parameters (u∗, z0) and the MOST model three
parameters (u∗, z0, L), the veerless ABL model has four parameters (UG, z0,
fpg, ℓmax), but these four parameters can be combined into two non-dimensional
Rossby numbers and the non-dimensionalized results will only depend on these
two Rossby numbers (van der Laan et al. 2021b).

The turbulence length scale in MOST is ℓ = κzΦ−1
m and for stable conditions

it has an asymptote:

lim
z→∞

ℓ =
κ

βm
L = 0.08L, (3.30)

where Eq. 3.4 with the Dyer coefficients from Table 3.1 was used. Apsley &
Castro (1997) therefore suggested that a value of ℓmax = 0.08L could be used
to model a stable ABL and this is shown in Fig. 3.9. As expected, the length
scale in both models goes towards ℓmax, but for the ABL model it eventually
goes to 0 reflecting that there is a finite boundary layer depth above which the
turbulence vanishes.
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Figure 3.9: Comparison of stable MOST ASL profiles and stable veerless ABL
profiles. The ABL case is identical to the stable case of van der Laan et al.
(2021b), while the MOST parameters are derived from Uref = 8 m/s, Iref = 0.03,
ζref = zref/(0.08ℓmax) and zref = 90 m.

If computational resources are available and one is not interested in AEP
calculations, but just a few representative flow cases, then one could opt for
full transient simulations including a temperature transport equation. These
type of three-dimensional atmospheric URANS simulations were pioneered by
Montavon (1998) who studied the flow in non-neutral conditions and complex
terrain and there has also been similar efforts by Koblitz (2013) and Chang
et al. (2018), among others, later.



Chapter 4

Simulation of wind turbine wakes with EARSM

In Chapter 2, the k–ε–fP model was described and common to all linear EVMs
based on the Boussinesq hypothesis, it is nearly isotropic in the freestream
(though not exactly isotropic, because of the shear stress) meaning that the TKE
is distributed equally between all principal directions. One can mathematically
see this isotropic freestream nature from the Boussinesq constitutive relation,
Eq. 2.3, by setting ∂Uα/∂xα = 0 (valid in the freestream), where Greek indices
imply that repeated indices are not summed:

u′
αu

′
α =

2

3
k, (4.1)

σv

σu
≡

√
u′
2u

′
2√

u′
1u

′
1

= 1 ,
σv

σu
≡

√
u′
3u

′
3√

u′
1u

′
1

= 1. (4.2)

The reality is however that more TKE is typically allocated in the streamwise
direction and less in the vertical direction, i.e., σu > σv > σw, and Panofsky
& Dutton (1984) for example suggested σv/σu = 0.8 and σw/σu = 0.5 for the
neutral ASL in flat terrain based on a collection of nine different measurements
campaigns from around the world. More recent measurements from the DTU
Østerild test station (Peña 2019) are shown in Fig. 4.1, where the data has also
been filtered based on the stability class, and the neutral measurements are
indeed close to the classic Panofsky & Dutton (1984) values. The σw/σu ratio
is lowest at the ground, where the vertical fluctuations are dampened due to
the ground presence; far away from the ground, the buoyancy effects dominate
and the turbulence is almost isotropic for unstable conditions, while anisotropy
still prevails for neutral and stable conditions.

In order to model the effect of freestream anisotropy, the traditional Boussi-
nesq hypothesis must be abandoned and replaced by a more general approach.
This could for example be LES, but it is actually also possible to use more
general RANS turbulence closure models, such as the differential Reynolds
stress models (DRSMs), algebraic Reynolds stress models (ARSMs), non-linear
eddy-viscosity models (NLEVMs) or explicit algebraic Reynolds stress models
(EARSMs). The EARSM of Wallin & Johansson (2000) has been applied by
Baungaard et al. (2022c) (Paper 3) to simulate an anisotropic neutral ASL

34
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Figure 4.1: Sonic anemometer measurements of velocity standard deviation
ratios from the 250 m tall mast at Østerild, Denmark (data from Peña (2019)).

and subsequently used as inflow for wind turbine wake simulations, hence this
approach will be the focus of the current chapter. Figure 4.1 shows that EARSM
better captures freestream anisotropy compared to traditional two-equation
models, which as explained earlier, simply have σv/σu = σw/σu = 1.

4.1. Basic concepts of EARSM

There exist several EARSMs and they are all derived in a similar manner,
namely starting from the full DRSM as shown in Fig. 4.2. The specific steps
for the Wallin & Johansson (2000) EARSM are described in this section.

Figure 4.2: Schematic for derivation of EARSM.
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Below is the full DRSM equation written for non-stratified flow, no system
rotation and isotropic dissipation:

Du′
iu

′
j

Dt
= Pij +Πij +Dij −

2

3
εδij . (4.3)

The terms on the RHS from left to right are the production, the pressure
redistribution, the diffusion (aka. turbulent transport) and the dissipation of

u′
iu

′
j . A reformulation of the equation can conveniently be obtained with the

anisotropy tensor from Eq. 2.4, which is repeated here:

a = aij ≡
u′
iu

′
j

k
− 2

3
δij , (4.4)

Daij
Dt

=
1

k

(
Du′

iu
′
j

Dt
−

(
u′
iu

′
j

k

)
Dk

Dt

)
, (4.5)

=
1

k

(
Pij +Πij +Dij −

2

3
εδij −

(
u′
iu

′
j

k

)(
P +D(k) − ε

))
. (4.6)

The k equation (with the same assumptions as mentioned for the DRSM) was
inserted in the last step. To obtain the ARSM, the weak-equilibrium assumption
(WEA) of Rodi (1976) is now applied, which consists of two assumptions:

• Dij ≈
(

u′
iu

′
j

k

)
D(k), i.e., the diffusion of Reynolds stress, Dij , is propor-

tional to diffusion of TKE, D(k), and the proportionality factor is the
normalized Reynolds stress tensor. Although this is an assumption, it
is presumably more general than for example using Dij = 0. In some
works, the diffusion of anisotropy is defined as

D(a)
ij ≡ Dij

k
−

u′
iu

′
j

k2
D(k), (4.7)

and the first assumption of WEA therefore corresponds to assuming

D(a)
ij ≈ 0.

• The second assumption of WEA is that the anisotropy varies slowly in

time and space:
Daij

Dt ≈ 0.

Using WEA, the set of partial differential equations in Eq. 4.6 transform into a
set of algebraic equations:

u′
iu

′
j

k
(P − ε) = Pij +Πij −

2

3
εδij . (4.8)

This is conveniently rewritten to

aij

(
P
ε
− 1

)
=

Pij

ε
+

Πij

ε
− 2

3

P
ε
δij . (4.9)
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The shear production of a stress component divided by TKE dissipation is

Pij

ε
≡ −

u′
iu

′
k

ε

∂Uj

∂xk
−

u′
ju

′
k

ε

∂Ui

∂xk
(4.10)

= −(aikSkj + Sikakj) + aikΩkj − Ωikakj −
4

3
Sij , (4.11)

where the last equality was obtained by splitting the velocity gradient tensor
into the strain rate and rotation rate tensors

∂Ui

∂xj
=

ε

k
(Sij +Ωij) , (4.12)

S = Sij =
1

2

k

ε

(
∂Ui

∂xj
+

∂Uj

∂xi

)
, (4.13)

Ω = Ωij =
1

2

k

ε

(
∂Ui

∂xj
− ∂Uj

∂xi

)
, (4.14)

and utilizing the symmetry and anti-symmetry properties of the tensors, i.e.,
Sij = Sji, aij = aji and Ωij = −Ωji. Notice, Sij and Ωij are the normalized
strain rate and rotation tensors in this thesis. The pressure-redistribution term,
Πij , needs to be modelled and the Launder, Reece & Rodi (1975) model (aka.
LRR-QI model) is chosen for this:

Πij

ε
= −c1aij +

4

5
Sij +

9c2 + 6

11

(
aikSkj + Sikakj −

2

3
akmSmkδij

)
+

7c2 − 10

11
(aikΩkj +Ωikakj) . (4.15)

With these expressions for Pij/ε and Πij/ε, Eq. 4.9 then becomes:(
c1 − 1 +

P
ε

)
a = − 8

15
S− 5− 9c2

11

(
Sa+ aS− 2

3
tr{aS}I

)
+

7c2 + 1

11
(aΩ−Ωa), (4.16)

where tr{} is the trace operator and I is the identity matrix (equivalent to δij).
In the original LLR-QI model, c1 = 1.5 and c2 = 0.4 were used, but there is
however support from DNS by Shabbir & Shih (1993) that c1 = 1.8 and c2 = 5

9
are more appropriate, which also simplifies the ARSM significantly:

Na = −6

5
S+ (aΩ−Ωa), (4.17)

N ≡ c′1 +
9

4

P
ε

, c′1 ≡ 9

4
(c1 − 1). (4.18)

The simplified ARSM equation, Eq. 4.17, is implicit in aij (it appears on both
LHS and twice on RHS) and it is also non-linear in aij (the non-linearity is

found on the LHS, because P
ε a = −tr{aS}a = −alkSklaij). In each CFD

iteration, one could however solve the equation numerically, but this procedure
is prone to numerical instabilities, which is the motivation for seeking an explicit
relation for aij instead.
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Pope (1975) was the first to suggest that such explicit models could be
obtained by utilizing that a complete and finite integrity basis exist for aij .
This means that aij can be expanded as:

aij =

10∑
l=1

βlT
(l)
ij . (4.19)

T(1) = S
T(2) = S2 − 1

3IISI
T(3) = Ω2 − 1

3IIΩI
T(4) = SΩ−ΩS
T(5) = S2Ω−ΩS2

T(6) = SΩ2 +Ω2S− 2
3IV I

T(7) = S2Ω2 +Ω2S2 − 2
3V I

T(8) = SΩS2 − S2ΩS
T(9) = ΩSΩ2 −Ω2SΩ
T(10) = ΩS2Ω2 −Ω2S2Ω

IIS = SijSji

IIΩ = ΩijΩji

III = SijSjkSki

IV ≡ SijΩjkΩki

V ≡ SijSjkΩkmΩmi

Table 4.1: Tensor basis and invariants (the latter are invariant of the orientation
of the coordinate-system) of Wallin & Johansson (2000).

Actually only five terms are needed, but ten terms are usually used to
ensure non-singular behaviour and to obtain simpler coefficients (Gatski &
Jongen 2000; Hellsten & Wallin 2009). It is worth noting that the tensor basis

is non-unique meaning that T
(l)
ij may differ slightly in different studies; in this

study the tensor basis of Wallin & Johansson (2000) is used, see Table 4.1. All
of the basis tensors are symmetric and traceless, while the coefficients (βl) only
depend on P/ε and the invariants shown in Table 4.1. The expansion of aij
in Eq. 4.19 is not only used in EARS models, but also in NLEVMs such as
the realizable k–ε model by Shih et al. (1995) and the cubic model by Craft
et al. (1996). The terms “EARSM” and “NLEVM” are in some works used
interchangeably, but else the consensus is that they are distinguished by the
way they derive the coefficients βl – an EARSM derives the coefficients from
a DRSM as sketched in Fig. 4.2, while a NLEVM obtains the coefficients
from calibration with experimental or numerical data (Gatski & Jongen 2000;
Hellsten & Wallin 2009).

To illustrate how an EARS model is derived using the aij integrity basis,
the simple case of two-dimensional mean flow is used, where only three terms
are needed (Wallin & Johansson 2000):

aij = β1T
(1)
ij + β2T

(2)
ij + β4T

(4)
ij (2D flows). (4.20)
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Furthermore, in two-dimensional mean flows the coefficients (β1, β2 and β4)
only depend on the first two invariants, IIS and IIΩ, and P/ε. To derive the
two-dimensional EARSM of Wallin & Johansson (2000) (2D WJ-EARSM), one
simply inserts Eq. 4.20 onto the RHS of the simplified ARSM equation, Eq. 4.17:

Na = −6

5
S+

((
β1T

(1) + β2T
(2) + β4T

(4)
)
Ω−Ω

(
β1T

(1) + β2T
(2) + β4T

(4)
))

=

(
−6

5
+ 2β4IIΩ

)
T(1) + β1T

(4). (4.21)

The second equality is non-trivial, but can be obtained using various 2D relations
found in for example the appendix of Pope (1975), i.e., S2 = 1

2IISI2, Ω
2 =

1
2IIΩI2 and ΩSΩ = − 1

2SIIΩ, where I2 is the two-dimensional Kronecker delta
(can also be viewed as I with one of the diagonal elements set to zero). Finally,
comparing the LHS and RHS of Eq. 4.21 gives the system of equations:

Nβ1 =

(
−6

5
+ 2β4IIΩ

)
, (4.22)

Nβ2 = 0, (4.23)

Nβ4 = β1, (4.24)

which is readily solved:

β1 = −6

5

N

N2 − 2IIΩ
, (4.25)

β2 = 0, (4.26)

β4 = −6

5

1

N2 − 2IIΩ
. (4.27)

(4.28)

The last missing piece to make the model truly explicit is to obtain an
expression for N :

N ≡ c′1 +
9

4

P
ε
, (4.29)

= c′1 +
27

10

NIIS
N2 − 2IIΩ

. (4.30)

The second equality is again non-trivial, but can be obtained by using P/ε =
−tr{aS}, the newly derived βl for two-dimensional flow, the 2D relations from
before and the fact that the trace of a symmetric tensor (e.g., Sij) multiplied
by an anti-symmetric tensor (e.g., Ωij) is zero, see Appendix B of Pope (2000).
Eq. 4.30 is a cubic equation for N , which can be solved analytically - the real
and positive root is (Johansson & Wallin 1996):

N =


c′1
3 +

(
P1 +

√
P2

)1/3
+ sign

(
P1 −

√
P2

)
|P1 −

√
P2|1/3, P2 ≥ 0

c′1
3 + 2

(
P 2
1 − P2

)1/6
+ cos

(
1
3

(
P1√

P 2
1 −P2

))
, P2 < 0

(4.31)
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P1 =

(
1

27
c′21 +

9

20
IIS − 2

3
IIΩ

)
c′1, (4.32)

P2 = P 2
1 −

(
1

9
c′21 +

9

10
IIS +

2

3
IIΩ

)3

. (4.33)

It is seen that N , and therefore P/ε, in fact only depends on IIS , IIΩ and c′1,
and the 2D WJ-EARSM is therefore now closed and explicit – given Sij and Ωij ,
one can use the above expressions to obtain aij . By having an exact analytical
solution of N means that eq. 4.20 will be an exact solution to the underlying
ARSM; this property is called self-consistency and improves the numerical
behaviour compared to having to solve the implicit ARSM numerically for each
CFD iteration.

The derivation of the three-dimensional EARSM of Wallin & Johansson
(2000) (3D WJ-EARSM) follows the same procedure as the 2D WJ-EARSM,
but with the full integrity basis and thus more coefficients. Also, the equation
for N will be a sixth order polynomial, which can not be solved analytically,
hence the two-dimensional solution for N is usually used as an approximation
instead. Summaries of the two models are given in the boxes below.

The 2D WJ-EARSM summary
Assumptions:

• No system rotation
• Non-stratified flow
• Isotropic dissipation of TKE
• The LRR-QI Πij model with c1 = 1.8 and c2 = 5/9
• Weak-equilibrium assumption
• No near-wall correction
• Incompressible

The model can be formulated as:

aij = −2Ceff
µ Sij + a

(ex)
ij , (4.34)

Ceff
µ = −1

2
β1, (4.35)

a
(ex)
ij = β4T

(4)
ij , (4.36)

where β1 and β4 are given by Eq. 4.25 and 4.27.
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The 3D WJ-EARSM summary
Same assumptions as for the 2D WJ-EARSM. The model can be formu-
lated as:

aij = −2Ceff
µ Sij + a

(ex)
ij , (4.37)

Ceff
µ = −1

2
(β1 + IIΩβ6) , (4.38)

a
(ex)
ij = β3T3 + β4T4 + β6 (T6 − IIΩSij) + β9T9, (4.39)

β1 = −N(2N2 − 7IIΩ)

Q
, (4.40)

β3 = −12N−1IV

Q
, (4.41)

β4 = −2(N2 − 2IIΩ)

Q
, (4.42)

β6 = −6N

Q
, (4.43)

β9 =
6

Q
, (4.44)

Q =
5

6
(N2 − 2IIΩ)(2N

2 − IIΩ). (4.45)

As an approximation, the 2D expression for N is used, Eq. 4.31.

4.2. Comparison of the 2D and 3D WJ-EARSMs

It is important to emphasize that although the 2D WJ-EARSM was derived
for two-dimensional flow, the model can also be used for three-dimensional
flow applications (as was done in Paper 3) by using the full three-dimensional
Sij and Ωij tensors. This practice has also been used with other EARSMs –
for example, has the two-dimensional version of the Gatski & Speziale (1993)
EARSM been used for many three-dimensional applications (Hellsten & Wallin
2009). Gatski & Jongen (2000) also point out that a three-term integrity basis
“in fact also is exact for a larger class of mean flows than planar flows”, namely
flows where an eigenvector of Sij and Ωij , respectively, are aligned. In other
words, for many three-dimensional flow applications one can locally rotate
to a coordinate-system, where the flow appears two-dimensional and the 2D
WJ-EARSM is then exact due to its invariant description.

4.2.1. The 2D WJ-EARSM as a special case of 3D WJ-EARSM

An inherent assumption of the discussion above is that the 3D WJ-EARSM
actually reduces to the 2D WJ-EARSM in the special case of two-dimensional
mean flow and this will now be shown to be true. For two-dimensional mean
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flow, there are only four non-zero components in the velocity gradient tensor,
e.g., ∂U/∂x, ∂U/∂y, ∂V/∂x and ∂V/∂y, and one can then derive the following
relations:

IV = 0 , T
(6)
ij − IIΩSij = 0 , T

(9)
ij = −1

2
IIΩT

(4)
ij . (4.46)

Inserting these relations into a
(ex)
ij of the 3D WJ-EARSM, Eq. 4.39, yields:

a
(ex)
ij =

(
β4 −

1

2
IIΩ

)
T

(4)
ij (4.47)

=

(
−6

5

1

(N2 − 2IIΩ)

)
T

(4)
ij , (4.48)

which is exactly identical to the a
(ex)
ij of the 2D WJ-EARSM. For the Ceff

µ

coefficient, Eq. 4.38, one does not need any of the 2D relations above, because
it can simply be rewritten by insertion of the 3D β1 and β6 (Eq. 4.40 and 4.43):

Ceff
µ = −1

2
(β1 + IIΩβ6) (4.49)

= −1

2

(
−6

5

N

(N2 − 2IIΩ)

)
. (4.50)

Hence, Ceff
µ is identical to the 2D WJ-EARSM Ceff

µ not only for the special
case of two-dimensional mean flow, but in fact also for three-dimensional mean
flow. In summary, we see that the 2D and 3D WJ-EARSM are exactly identical
for the special case of two-dimensional mean flow, while for the general case
of three-dimensional mean flow only Ceff

µ is identical between the two models
(assuming that the same expression for N is used in both models). The latter
points to why the 2D and 3D WJ-EARSMs, as shown in Paper 3, appear to give
similar results for the velocity deficit of wind turbine wakes – to understand
this further, one could draw an analogy with 1D parallel flow.

4.2.2. The special case of 1D parallel flow

In 1D parallel flow, there is only one non-zero component of the velocity gradient
tensor, e.g., ∂U/∂y, and it is a special case of two-dimensional mean flow, hence
the basis tensors are:

T
(1)
ij =

 0 1
2
k
ε
∂U
∂y 0

1
2
k
ε
∂U
∂y 0 0

0 0 0

 , T
(4)
ij =


− 1

2

(
k
ε
∂U
∂y

)2
0 0

0 1
2

(
k
ε
∂U
∂y

)2
0

0 0 0

 .

(4.51)

The non-diagonal terms of aij are the only important part for wake recovery
in 1D parallel flow as can be seen by considering the turbulent momentum
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diffusion term of the U -momentum equation:

−
∂u′

1u
′
j

∂xj
= −∂u′

1u
′
2

∂x2
(4.52)

= −∂ka12
∂x2

. (4.53)

The first equality comes from the fact that ∂/∂x and ∂/∂z are zero in our 1D

parallel flow. Since Ceff
µ is associated with T

(1)
ij , and thereby the non-diagonal

terms of aij , it is therefore also important for wake recovery according to

Eq. 4.53. In contrast, a
(ex)
ij is associated with T

(4)
ij , and thereby the diagonal

terms of aij , and thus has no influence on wake recovery. This analysis only
strictly holds for 1D parallel flow, but the same analysis could however be used
in regions of three-dimensional flows, where there is only one dominant velocity
gradient component (for example one could imagine that the ∂U/∂r gradient
dominates in the shear layer of a wind turbine wake). Since Ceff

µ is the same in
the 2D and 3D WJ-EARSMs, this would explain the very similar wake recovery
behaviour of these models as observed in Paper 3.

4.2.3. Check of two-dimensionality in wind turbine wakes

In addition to the 2D flow relations in Eq. 4.46, two-dimensional mean flow
should additionally also satisfy the following relations (Gatski & Jongen 2000):

III = 0 , V =
1

2
IISIIΩ. (4.54)

As a first “litmus test” of two-dimensionality, one can therefore consider the
invariants and these are shown in Fig. 4.3 for the 3D WJ-EARSM single
wind turbine wake simulation from Paper 3. It is seen that the ambient flow
to a high degree satisfies the two-dimensional relations (as expected, since
∂U/∂z is the only non-zero component of the velocity gradient tensor in the
freestream), while in the shear layers and especially in the near-wake there are
large deviations from two-dimensional flow. The ratio −IIΩ/IIΩ is also known
as the “flow parameter” (Jongen & Gatski 1998) and the low value of it at the
induction zone is because the normal velocity gradient dominates in this region.
A direct analogy to this is the stagnation point on an airfoil, where a small flow
parameter is also observed (this is in fact the idea behind the widely used Kato
& Launder (1993) limiter).

Another way to assess the degree of two-dimensionality is to consider the
eigenvalues and eigenvectors of Sij . Since Sij is real and symmetric, it has three
real eigenvalues and three orthogonal eigenvectors and, as noted by Gatski &
Jongen (2000), one of the eigenvalues will be zero in two-dimensional flow, while
the two others will be equal, but with opposite sign, because Sij is traceless in
incompressible flow. One can therefore calculate the three eigenvalues of Sij ,
i.e., λ1 ≥ λ2 ≥ λ3, and check how close λ2 is to 0. Furthermore, the pertaining
eigenvector of the λ2 eigenvalue, v2i, is aligned with the vorticity vector ωi
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Figure 4.3: Plot of invariant ratios at a xy-plane at hub height. The simulation
is the 3D WJ-EARSM single wake case from Paper 3.

in two-dimensional flow (Gatski & Jongen 2000), which can also be used as a
measure of the degree of two-dimensionality. The vorticity field is defined as:

ωi ≡ ϵijk
∂Uj

∂xk
=

1

2

ε

k

−Ω23

Ω13

−Ω12

 , (4.55)

where ϵijk is the Levi-Civita permutation tensor. It is seen that vorticity in fact
is directly connected with the rotation rate tensor and it can also be noted that
one physical interpretation of the invariant IIΩ is that it is proportional to the

square of the length of the vorticity vector, IIΩ =
(
2k
ε

)2 ∥ωi∥2. To assess the
alignment of v2i and ωi, the following metric is used:

0 ≤ |v2iωi|
∥v2i∥∥ωi∥

≤ 1. (4.56)
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Here the double bars indicate the Euclidian norm (the “length” of a vector)
and the single bars indicate the absolute value. The two vectors are perfectly
aligned when the metric is 1 (two-dimensional flow), while they are orthogonal
when it is 0 (three-dimensional flow).

Both metrics are shown in Fig. 4.4 and they again confirm that that the flow
is generally not two-dimensional in the wake region, but only in the ambient
freestream flow. Interestingly, the plot of the v2i and ωi alignment bears
close resemblance to the last plot of Fig. 4.3, which might hint to a physical
interpretation of the fifth invariant, V . It should however be noted that V does
not appear in the 2D and 3D WJ-EARSMs, but only in EARSMs with c2 ̸= 5

9 .
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Figure 4.4: (a) Eigenvalue ratio for Sij and (b) the alignment of vorticity vector
and second eigenvector of Sij . Same data used as in Fig. 4.3.

4.2.4. Anisotropy split

The simple investigation in the previous subsection refutes the rather appealing
thought that the flow should be two-dimensional in the wake shear layers and
another explanation must therefore be sought for the similar behaviour observed
for the 2D and 3D WJ-EARSMs in Paper 3. To do this, the anisotropy tensor
is split into its linear and “extra” parts according to Eq. 4.37.

Figure 4.5 shows that the majority of shear stress is coming from the linear
part, while the normal stresses are composed of both the linear and extra parts
of the constitutive relation for aij . Although the 1D parallel analogy does not
hold exactly for three-dimensional flows, it is true that shear stresses are more
important than normal stresses for wake recovery, as was quantified with LES
data in a recent study by van der Laan et al. (2022b), and since the linear part
is identical in the 2D and 3D WJ-EARSMs, see Section 4.2.1, this could explain
the similar wake deficit observed in the two models.
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Figure 4.5: Anisotropy tensor split of the 3D WJ-EARSM simulation at hub
height.

4.3. Rapidly sheared flow

The performance of a turbulence model in the wake shear layer is important
to predict the correct wake recovery, because it is there that ambient high
speed flow is transported into the wake by turbulent diffusion. The flow
in this region is characterized by large velocity gradients compared to the
freestream flow, but also compared to ε/k. The latter is also known as rapidly
sheared flow (aka. rapidly distorted turbulence), since the time scale of the

mean flow, e.g., τmean ∼
(

∂U
∂y

)−1

, is then much smaller than the time scale

of turbulence, τ = k/ε, which means that the mean flow changes much faster
than the turbulence scales. More generally, one could use

√
IIS as a measure

of how rapidly sheared the flow is (Johansson 2002) or the shear parameter

σ ≡ k
ε

√
(∂Ui/∂xj)2 =

√
IIS − IIΩ of Apsley & Leschziner (1998). These are

plotted in Fig. 4.6 to give an example of their order of magnitude in wind
turbine wakes. Note, that the shear parameter can be viewed as a “radius” in
the space spanned by

√
IIS and

√
−IIΩ, which shall be used in the next section.

It is well-known that the Boussinesq hypothesis is highly invalidated for
rapidly sheared flow. For example, in Paper 3 it was shown that in simple shear
flows the standard k–ε model with Cµ = 0.09 predicts unrealizable turbulence
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Figure 4.6: Rapidly sheared flow is characterized by large values of the second
invariants (a,b) and the shear parameter (c). Data is taken from the 3D WJ-
EARSM single wake simulation from Paper 3.

for
√
IIS ≳ 6, which as seen in Fig. 4.6 is easily exceeded in the wake shear layers

and in the rotor region. More specifically, it will overpredict the magnitude of
the off-diagonal terms of aij explaining why the standard k–ε model is usually
observed to predict too fast wake recovery. This can also be viewed as that it
overpredicts Ceff

µ for rapidly sheared flow and indeed Fig. 4.7 shows that both

the k–ε–fP model and WJ-EARSM predict a much lower Ceff
µ for large σ. In

the figure, WJ-EARSM-DC is the WJ-EARSM with a diffusion correction (DC)
model, which has to do with the opposite limit of very small σ and is discussed
in the next section.

Since the standard k–ε model overpredicts aij in rapidly sheared flow, it
will therefore equivalently overpredict P/ε = −aijSij for rapidly sheared flow as
shown in Fig. 4.8. For the standard k–ε model, the ratio is P/ε = 2CµIIS and
this can be compared with P/ε of the k–ε–fP model (P/ε = 2CµfP IIS) and the
WJ-EARSM (Eq. 4.31) by considering a simple scaling analysis in the special
case of parallel flows, which has

√
IIS =

√
−IIΩ (correspoding to the diagonal in

Fig. 4.8). For parallel flows, Wallin & Johansson (2000) noted that their model
scales as P/ε ∼

√
IIS for rapidly sheared flow and the k–ε–fP model in fact

scales similarly, which can be realized from seeing that fP ∼ II
−1/2
S for rapidly

sheared parallel flows. On the other hand, the standard k–ε model obviously
scales as P/ε ∼ IIS and thus increases faster than the two other models.
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Figure 4.7: Analytical Ceff
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Figure 4.8: Analytical production to dissipation of TKE ratios.
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In Table 4.2-4.5, the turbulence models are compared for four different
parallel flow cases corresponding to a log-layer, a homogeneous shear flow, a
typical rapidly sheared flow found in a wind turbine wake and the limit of
slowly sheared flow. Since all the four cases are parallel flows, one can obtain
the off-diagonal anisotropy component as a12 = −2Ceff

µ

√
IIS/2. The k–ε–fP

model with Cµ = 0.03 is clearly not suited for the log-layer and homogeneous
shear flow cases stemming from DNS and experiments, respectively, which is
not surprising, since it was calibrated specifically for wind turbine wakes in the
ASL. It does however give similar values as the WJ-EARSM for rapidly sheared
flow and similar behaviour for wake simulations could therefore be expected.
For the limit of slowly sheared flow, the standard WJ-EARSM gives a very
large value of Ceff

µ , which will be discussed further in the next section.

P/ε Ceff
µ a12

DNS 1.0 0.088 -0.29
Standard k–ε (Cµ = 0.09) 0.98 0.090 -0.30
k–ε–fP (Cµ = 0.03) 0.38 0.035 -0.11
WJ-EARSM 0.97 0.089 -0.29
WJ-EARSM-DC 0.96 0.089 -0.29

Table 4.2: Log-layer, where the different models have been evaluated with the
DNS values

√
IIS =

√
−IIΩ = 2.33 from Kim (1989).

P/ε Ceff
µ a12

Experiment 1.8 0.050 -0.30
Standard k–ε (Cµ = 0.09) 3.24 0.090 -0.54
k–ε–fP (Cµ = 0.03) 1.06 0.030 -0.18
WJ-EARSM 1.80 0.050 -0.30
WJ-EARSM-DC 1.80 0.050 -0.30

Table 4.3: Asymptotic homogeneous shear flow, where the different models
have been evaluated with the experimental values

√
IIS =

√
−IIΩ = 4.24 from

Tavoularis & Corrsin (1981).

P/ε Ceff
µ a12

Standard k–ε (Cµ = 0.09) 112.5 0.090 -3.18
k–ε–fP (Cµ = 0.03) 11.36 0.009 -0.32
WJ-EARSM 9.85 0.008 -0.28
WJ-EARSM-DC 9.85 0.008 -0.28

Table 4.4: Rapidly sheared parallel flow typical of the wake shear layer,
√
IIS =√

−IIΩ = 25.
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P/ε Ceff
µ a12

Standard k–ε (Cµ = 0.09) 0.0 0.090 -0.00
k–ε–fP (Cµ = 0.03) 0.0 0.039 -0.00
WJ-EARSM 0.0 0.333 -0.00
WJ-EARSM-DC 0.0 0.089 -0.00

Table 4.5: The limit of slowly sheared flow, σ =
√
IIS =

√
−IIΩ = 0.

4.4. Slowly sheared flow

The limit of rapidly sheared flow was discussed in the previous section and
now the opposite limit will be considered, namely slowly sheared flow (aka.
slowly distorted turbulence), where the invariants IIS and IIΩ are small and
P/ε therefore also is small. This type of flow is observed on many occasions
when the velocity gradient is small, e.g., at the top of a boundary layer, at the
outer parts of a free shear flow, in the center of a channel flow or in the center
of a wake (Wallin & Johansson 2000). The latter makes slowly sheared flow
interesting for wind turbine wake applications, but from Fig. 4.6 it is not clear
how small the invariants actually are due to the color scale used. It is therefore
replotted in Fig. 4.9 and from this it is clear that the invariants indeed are
rather small (σ ≈ 2) in the wake center region.

It was noted by Taulbee (1992) that there was “an excessively large value
of Ceff

µ for P/ε → 0” in his EARS model and similar observations were made
by both Wallin & Johansson (2000) and Gatski & Rumsey (2002), although
they used two different EARS models. For example, in the WJ-EARSM one
can show that

Ceff
µ (σ → 0) =

3

5c′1
≈ 0.33, (4.57)

and this large value of Ceff
µ can also be seen in Fig. 4.7. Gatski & Rumsey

(2002) also found an “unrealistically large” Ceff
µ (σ → 0) ≈ 0.68 in their model

and “as a result, that the eddy viscosity produced near the center of a wake (of
a symmetric splitter plate in a wind tunnel, red.) is very high, and the velocity
profiles tend to be somewhat ‘flattened’” and a similar phenomenon was indeed
also seen for wind turbine wakes in Paper 3. The reason why all the EARSMs
(and ARSMs) fail in the limit σ → 0 is that the WEA is then invalidated and
Wallin (2000) noted that “(E)ARSMs behave worse than eddy-viscosity models
with constant Cµ in such conditions”.
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Figure 4.9: (a) Shear parameter plot similar to Fig. 4.6a, but with added probe
points. (b) Invariants probed at a series of downstream positions.

4.4.1. The diffusion correction model of Wallin & Johansson (2000)

A diffusion correction (DC) model was proposed by Wallin & Johansson (2000)
to alleviate the problem and a summary of its derivation is given here.

As described in Section 4.1, the WEA consists of two assumptions, (i)

D(a)
ij = 0 and (ii) Daij/Dt = 0. The DC model is based on only assuming (ii),

hence a more general ARSM is now used:

aij

(
P
ε
− 1

)
=

Pij

ε
+

Πij

ε
− 2

3

P
ε
δij +

kD(a)
ij

ε
. (4.58)

This is still a set of algebraic equations, but one now also has to model D(a)
ij ,

which Wallin & Johansson (2000) did as:

kD(a)
ij = −CDD(k)aij , (4.59)
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where CD is a diffusion coefficient to be calibrated. Notice, that the RHS has
been multiplied with −1 compared to the original formulation, since Wallin &
Johansson (2000) had sign typos in their Eq. 1.1 and 5.2. By using the same
expressions for Pij and Πij as earlier, one obtains:(

c1 − 1 +
P
ε
+

CD

ε
D(k)

)
a = − 8

15
S− 5− 9c2

11

(
Sa+ aS− 2

3
tr{aS}I

)
+

7c2 + 1

11
(aΩ−Ωa). (4.60)

This is identical to Eq. 4.16, except that the LHS is changed and one can
therefore simply interpret the DC model as a modified c′1 coefficient:

c′1 =
9

4

(
c1 − 1 +

CD

ε
D(k)

)
. (4.61)

A series of three simplifications were then made. First, due to numerical
problems associated with using D(k), this was simplified by assuming Dk

Dt ≈
0 ⇒ D(k) ≈ − (P − ε):

c′1 =
9

4

[
c1 − 1 + CD

(
1− P

ε

)]
. (4.62)

Secondly, to restrict the DC model to conditions with P/ε < 1, a limiter was
used:

c′1 =
9

4

[
c1 − 1 + CD max

(
1− P

ε
, 0

)]
. (4.63)

Finally, to make the model explicit in IIS and IIΩ, the production to dissipation
ratio was approximated as

c′1 =
9

4
[c1 − 1 + CD max (1 + βeq

1 IIS , 0)] , (4.64)

βeq
1 = −6

5

N eq

(N eq)
2 − 2IIΩ

, N eq =
9

4
c1. (4.65)

Evaluating Eq. 4.64 in the slowly sheared limit gives c′1(σ → 0) = 9
4 (c1 − 1 + CD),

and using CD = 2.2 then gives c′1(σ → 0) = 6.75. This specific CD (and thereby
c′1(σ → 0)) is chosen, because it leads to Ceff

µ (σ → 0) ≈ 0.089, which is more
reasonable than the unmodified value in Eq. 4.57.

It is simple to implement the DC model in codes with the standard WJ-
EARSM already implemented, since one then just needs to add a step before
the calculation of N , where the modified c′1 is calculated using Eq. 4.64. This
modified c′1 is then used in the subsequent calculation of N .

As a final comment, it can be asked why a max limiter, max
(
Ceff

µ , 0.089
)
,

was not just used directly, instead of indirectly modifying Ceff
µ through c′1?

This choice was made (from correspondence with the authors), because it only
changes the baseline DRSM and thus the methodology used to derive the
EARSM is unchanged and the WJ-EARSM-DC is then also self-consistent.
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4.4.2. A modified diffusion correction model

The WJ-EARSM-DC still has a rather large Ceff
µ in a region around

√
IIS ≈ 2

and
√
IIΩ ≈ 0, which can be seen in Fig. 4.7. It can also be noted that it

unexpectedly also has an effect far away from
√
IIS =

√
IIΩ = 0. To fix these

two issues, a modified diffusion model is proposed here, which has the same
functional form:

c′1 =
9

4
(c1 − 1 + CD max(arg1, 0)) , (4.66)

but with another CD and argument, arg1. The latter is modeled with “concentric
circles” centered around

√
IIS =

√
IIΩ = 0 (see Fig. 4.10) to limit the effect

of the diffusion model to the region of slow shear and the contour levels are
modelled with a tangent hyperbolic function:

arg1 = −tanh

(√
IIS − IIΩ − a

b

)
. (4.67)

In this model, a controls the “radius” at which the model switches to the
standard c′1 value, while b controls the steepness of the contour levels. The
former is chosen to a = 3.37, because it leaves the WJ-EARSM log-layer solution
unaffected at

√
IIS =

√
−IIΩ =

√
2 1.69 ≈ 2.39 ⇒

√
IIS − IIΩ ≈ 3.38 (see Table

1 of Wallin & Johansson (2000)). When a is fixed, there is a relationship between
the two last parameters, CD and b:

CD =
4
9c

′
1(σ → 0)− c1 + 1

max(arg1(σ → 0), 0)
(4.68)

=

12
45

1
Ceff

µ (σ→0)
− c1 + 1

tanh
(
a
b

) . (4.69)

Eq. 4.57 was used in the last equality and for the proposed diffusion model
Ceff

µ (σ → 0) = 0.087 and c1 = 1.8 are used. The choice of b = 1.7 and

CD = 2.35 was found to give a sufficient damping of Ceff
µ , although a small

“leftover patch” of Ceff
µ > 0.09 can still be found in a small area (see Fig. 4.10) –

this could possibly be removed by considering concentric ellipses instead, but is
not considered in this work.
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Figure 4.10: Analytic evaluation of the old (left) and new (right) diffusion
correction models. The two black dots symbolize the log-layer and homogeneous
shear flow values.

Figure 4.11 and 4.12 show that both DC models effectively limit Ceff
µ in

the wake center region, which leads to a less “flattened” wake center as also
noted by Gatski & Rumsey (2002). A small difference in the two DC models
can be seen, but is of minor importance for the current case, because the flow
is not near the (

√
IIs ≈ 2,

√
−IIΩ ≈ 0) region. Hence, although the old DC

model from Fig. 4.7 might appear as flawed, it seems sufficient for wind turbine
wake simulations. For other applications (or other wind turbine wake cases),
one could possibly experience, that the modified DC model could help improve
the results.
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Figure 4.11: Ceff
µ at hub height with/without a diffusion correction (DC) model.

0.5 0.6 0.7 0.8 0.9
U
Uref

 [-]

1.0

0.5

0.0

0.5

1.0

y/D [-]

x/D= 2.5

0.5 0.6 0.7 0.8 0.9
U
Uref

 [-]

x/D= 5.0

0.5 0.6 0.7 0.8 0.9
U
Uref

 [-]

x/D= 7.5

0.0 0.1 0.2
C eff
µ  [-]

1.0

0.5

0.0

0.5

1.0

y/D [-]

0.0 0.1 0.2
C eff
µ  [-]

0.0 0.1 0.2
C eff
µ  [-]

3D WJ-EARSM 3D WJ-EARSM-DC (old) 3D WJ-EARSM-DC (new)

Figure 4.12: Profiles of streamwise velocity (top) and Ceff
µ (bottom) at hub

height pertaining to the simulations from Fig. 4.11.



Chapter 5

Conclusions and outlook

It is today possible to conduct RANS simulations of full wind farms to estimate
the power production and the losses due to wind turbine wakes. The inflow
to such simulations is typically based on the neutral ASL and this is indeed
a good first estimation, especially for smaller turbines. However, the ABL
is more complex and this thesis seeks to extend the range of applicability to
non-neutral and anisotropic conditions, respectively. Turbulence models are
inherently connected with both the atmospheric conditions and wake behaviour,
thereby making the formulation of the turbulence model the main task in the
extension to more general conditions.

A natural path for simulating non-neutral conditions is to consider MOST,
as this is a direct generalization of the successful neutral ASL setup. This had
already been considered earlier by several authors, who however noted severe
problems with streamwise development of the inflow profiles and therefore
modified their turbulence models to alleviate the problem. Spurious wake
behaviour had also been observed and in this thesis it was suggested that this
is connected to the buoyant TKE production term, which had earlier been
derived using freestream conditions and therefore was proportional and on the
same order of magnitude as the shear TKE production term. In contrast, LES
data analyzed in this thesis showed that shear production is approximately two
orders of magnitude larger than buoyant production in the wake. Therefore, an
alternative buoyant production formulation based on MOST is proposed in this
work and this simple model indeed improved the wake deficit predictions in a
comparison with several LES test cases.

The RANS and LES comparisons also showed that there was a large
discrepancy of the normal stresses of turbulence, both in the wake, but also in
the freestream. This is a direct consequence of using the Boussinesq hypothesis
as the constitutive relation for the Reynolds stresses in RANS simulations. A
more general constitutive relation is used in EARSM and this type of turbulence
model is thus able to naturally simulate anisotropic turbulence, but earlier
attempts of wake simulations with EARSM had revealed serious problems with
numerical stability. The specific EARSM used in this thesis is nevertheless
found to not suffer from these problems, presumably due to its careful treatment
of the non-linearity in its parent ARSM, and it was indeed observed to better
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capture anisotropic turbulence compared to the standard two-equation models.
A simplified version of the EARSM was found to give almost identical velocity
deficits as the full model, which is explained by the fact that the two models
mainly differ in the prediction of the normal stresses that are less important
for turbulent transport. This also hints to why two-equation models with great
success can predict velocity deficits in wind turbine wakes. One limitation of
EARSM is its weak-equilibrium assumption, which makes it highly inappropriate
for slowly distorted turbulence found, for example, in the wake center region
and which manifests itself as a “flattened” wake shape. For wind turbine wake
simulations, it is therefore recommended to use a correction such as the diffusion
correction model discussed in Chapter 4. Even with the diffusion correction
model, the EARSM was found to predict slightly wider velocity deficit profiles
compared to LES, which could possibly be connected with the lack of wake
meandering. However, the disk-averaged velocity deficit and turbulence intensity
predictions were found to compare well with LES.

There are several shortcomings of the models used in this thesis, which
could be the topic of further studies. For example, the ASL models are only
strictly valid in the lower part of the ABL and this is particularly concerning
for stable conditions, since the top-tip height of modern turbines can be up to
around 250 m, thus large parts of the rotor can reach outside the stable ASL.
Although it will introduce extra parameters and more computational cost, it is
therefore needed to consider full ABL models and it might even be worth to
leave the realm of steady flows for URANS simulations of wakes in dynamically
changing ABLs. In the recent years there has, for example, been a substantial
progress on EARSM for atmospheric flows (Lazeroms 2015; Želi 2021) and it
could be of interest to test these models for simulation of wind turbine wakes.
Another point of future research could be on the investigation of EARSM for
complex terrain flows, since many turbines are still being installed onshore,
where the assumption of flat, homogeneous terrain can not be used. Finally, an
important topic, which has not been discussed much in this thesis, is validation
with real field measurements, which has seen significant advances in the recent
years with remote sensing techniques.
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Erratum

We all make mistakes... also in a PhD thesis! You can find a list of those
discovered so far at the following website:

https://mchba.github.io/phd.html

Please feel free to contact me (details at the website), if you find any further
typos or mistakes.
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Réthoré, P.-E. 2009 Wind Turbine Wake in Atmospheric Turbulence. PhD thesis,
Aalborg University.
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Summary/backstory of the papers

Paper 1

RANS modeling of a single wind turbine wake in the unstable surface layer

Only the neutral ASL was considered in the PhD work of Paul van der Laan
(2014), hence efforts were subsequently made to extend the range of applica-
bility to non-neutral conditions using Monin-Obukhov similarity theory. This
culminated with a paper in 2017, which however only was devoted to solving
the freestream problem of developing profiles of TKE and TKE dissipation. In
the following years, the 2017 MOST turbulence model was tested for actual
wake simulations, but spurious wake behaviour was found for especially unstable
conditions as demonstrated for example in the 2021 Wake Conference paper by
Paul van der Laan and coworkers.

The initial motivation for this first paper was therefore to do a re-calibration
of the 2017 model, but during the process we noticed from the TKE budgets
that the buoyant production was very large in the wake shear layers and nearly
identical to the shear production, which was in contrast to what were reported
in experiments. Unexpected behaviour was also seen in the freestream region,
where the buoyant production was decreasing with height instead of being
constant and equal to the MOST value. In order to remedy these two problems,
we fixed the buoyant production to the MOST value throughout the domain
(the “cstB model”), which is exact in the freestream, but an approximation
in the wake. Although the latter assumption might seem like a rather crude
assumption the model was found to improve the predictions of velocity deficit
significantly compared to the 2017 model in a series of five different test cases.

Paper 2

A numerical investigation of a wind turbine wake in non-neutral atmospheric
conditions

During the writing of Paper 1, we consulted several LES studies to find infor-
mation about the size of shear and buoyant production of TKE in wind turbine
wakes, but without much luck. I therefore went for a short stay at Aarhus
University to visit Mahdi Abkar, who ran two new LES cases, which I then
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analyzed in detail and compared with the simple cstB RANS model from Paper
1.

It was found from these LES datasets that the shear production indeed was
much larger than buoyant production in the wake shear layers, which confirms
that the 2017 MOST turbulence model is severely invalid there. The cstB model
on the other hand, like LES, predicts a negligible buoyant production compared
to shear production in the wake shear layers, which hints to why the seemingly
crude assumption of constant buoyant production appears to be a decent model
even in the wake. It was also found that shear stresses were in good agreement
with the LES data, while the normal stresses were quite poorly predicted by the
cstB RANS model – this is suggested to be the reason for the good predictions
of velocity deficit and worse predictions of TI.

Paper 3

Wind turbine wake simulation with explicit algebraic Reynolds stress modeling

The final paper is a product of my external stay at KTH, where I visited
Stefan Wallin, who is one of the leading experts in the field of explicit algebraic
Reynolds stress modeling (EARSM). The usage of EARSM for RANS simulations
of wind turbine wakes is very scarce (virtually non-existing), while on the other
hand such models are widely used in other research fields due to their more
physically correct formulation and only slight computational overhead compared
to two-equation models.

The rare usage of EARSM in the wind energy community might be due
to conservatism, unawareness, the more complicated mathematical form or
a reputation of being numerically unstable and having higher computational
costs. In this paper, we however demonstrate that it is fairly straight-forward
to implement, the computational overhead is small and it is numerically stable
for wind turbine wake simulations. It is also shown how three simple canonical
cases (homogeneous shear flow, half-channel flow and square duct flow) can be
used to verify the code implementation.

For the full three-dimensional wake simulations, a single wind turbine case
and a case with eight turbines aligned in a row were investigated, respectively.
It was clearly seen that more anisotropic turbulence was observed with EARSM
compared to two-equation models, which is more realistic and also gives better
predictions of turbulence intensity in the wake. The integrated velocity deficit
was also seen to improve slightly, but with a velocity profile deviating from
the usual Gaussian shape observed in LES – the latter was suggested to be
a consequence of either lacking wake meandering or not tuning the model
constants of the EARSM.
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RANS modeling of a single wind turbine wake in
the unstable surface layer

Mads Baungaard1, Maarten Paul van der Laan1 and Mark
Kelly1

1 Technical University of Denmark, DTU Wind Energy, Risø Campus, DK-4000
Roskilde, Denmark

Wind Energy Science (2022), vol. 7, 783–800

Abstract. Unstable atmospheric conditions are often observed during the
daytime over land and for significant periods offshore and are hence relevant
for wake studies. A simple k–ε RANS turbulence model for simulation of wind
turbine wakes in the unstable surface layer is presented, which is based on
Monin–Obukhov similarity theory (MOST). The turbulence model parametrizes
buoyant production of turbulent kinetic energy (TKE) without the use of an
active temperature equation, and flow balance is ensured throughout the domain
by modifications of the turbulence transport equations. Large eddy simulations
and experimental data from the literature are used for validation of the model.

1. Introduction

Wind turbine wakes have been studied for decades using many different method-
ologies, including wind tunnels, field experiments, analytical engineering models
and numerical simulations. A review of these methodologies is given by Porté-
Agel et al. (2020), and it is noteworthy that many of the references therein
are from the past decade. The motivation for many of these new studies is
the large number of new wind farms emerging each year, where wake effects
significantly impact the annual energy production (AEP), as well as wind farm
lifetime through increased fatigue.

A sub-category of numerical simulations is the Reynolds-averaged Navier–
Stokes (RANS) approach, which is a computational fluid dynamics (CFD)
method that solves for the mean fields. This means that no time history
of the flow is obtained; however, the computational resources required for
RANS are very small compared to higher-fidelity CFD methods, making RANS
an attractive option for parametric studies or for isolating various physical
effects (see van der Laan et al. 2021). The wind turbine forces are commonly
represented as actuator disks (ADs) in RANS; several types of AD models are
reviewed by van der Laan et al. (2015a). Compared to engineering models, an
advantage of RANS is that physical features of the flow (e.g., induction zones,
wake interaction, shear layers, ground effects and flow over complex geometries)
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are solved for directly rather than being prescribed through empirical relations.
Disadvantages are that fatigue loading cannot be determined due to the steady
nature of the method and that the solution relies heavily on the turbulence
model.

The part of the atmosphere closest to the ground, i.e., the atmospheric
surface layer (ASL), can be parametrized with the similarity theory of Monin
& Obukhov (1954) (MOST) and used as inflow for RANS simulations of wind
turbine wakes. The k–ε turbulence model is usually preferred in RANS wake
studies, and Crespo et al. (1985) for example utilized this (although in a
parabolized RANS setup, which requires less computational resources but is less
accurate) to simulate a single wake in stable, neutral and unstable conditions.
The wake was found to recover faster (i.e., approach the freestream velocity at
a shorter downstream distance) in the unstable ASL and slower (i.e., approach
the freestream velocity at a longer downstream distance) in the stable ASL
compared to in a neutral ASL, and this was later confirmed in field experiments
by Magnusson & Smedman (1994) and full RANS simulations, including the
temperature equation, by Alinot & Masson (2002). Rados et al. (2009) added
a parametrized buoyancy term to the k–ε equations based on the MOST
expressions, eliminating the need for a temperature equation. The “indirect”
method of Rados et al. (2009) was shown by El-Askary et al. (2017) to produce
similar wake deficit and turbulence intensity (TI) profiles as the “direct” method
that employs a temperature equation.

In all the RANS studies discussed thus far, the simulations suffer from
a known imbalance in the k and ε equations; this means that the freestream
velocity and turbulence profiles vary horizontally throughout the domain, so
that different wake results will be obtained depending on the streamwise position
of the simulated turbine. van der Laan et al. (2017) solved this problem via the
indirect method by adding analytical terms to the equations to be consistent
with the ideal turbulent kinetic energy (TKE) budget under MOST and thus
enforce a mean balance at all points. Han et al. (2019) used this approach in the
direct method but did not show the extent to which their model is in balance.

Although there seems to be a general consensus that wakes should recover
faster in unstable conditions, field measurements by Hansen et al. (2012) and
Machefaux et al. (2016) found similar wake deficits for unstable and neutral
conditions. This can possibly be attributed to the large uncertainties inher-
ent in such measurement campaigns arising from sensors, post-processing and
the unpredictable inflow provided by nature. In contrast, large eddy simula-
tion (LES) offers a controlled environment, where complete statistics of all
field variables can be extracted but at a large computational cost compared
to RANS. Examples include Churchfield et al. (2012), Abkar & Porté-Agel
(2015), Ghaisas et al. (2017) and Xie & Archer (2017), which simulate wakes
in both unstable and neutral conditions for a wide variety of cases. All these
studies agree with the general consensus and explain it with the increased TI
encountered in unstable conditions due to buoyant production of turbulence.
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Nevertheless, both Alinot & Masson (2002) and Keck et al. (2014) show that
a faster wake recovery in unstable conditions is still observed, even when the
reference TI is kept fixed (by changing the roughness length); they argue that
the enhanced wake recovery must be caused by the increased turbulent length
scale associated with the unstable conditions because the turbulent velocity
scale is approximately constant for fixed reference TI and wind speed.

The balanced k–ε MOST model by van der Laan et al. (2017) can be
combined with the fP correction, which was originally formulated by Apsley
& Leschziner (1998) and later used by van der Laan (2014) to circumvent the
over-diffusiveness of the k–ε model in the wake region. However, the fP limiter
was derived and calibrated for a neutral ASL, where it has been applied in many
cases with success, but for non-neutral conditions it has yielded unphysical
behavior, especially in unstable cases (van der Laan et al. 2021). Modifications
to the MOST k–ε–fP equations in the unstable regime are therefore suggested
in this paper and validated against various field experiments and LESs.

2. Simulation setup

The wakes are simulated with the incompressible, finite-volume flow solver
EllipSys3D (Michelsen 1992; Sørensen 1995). After continuous development
since then, it is now a highly scalable code, which can be run in parallel on
large high-performance clusters (HPCs) via a message passing interface (MPI).
Thus a typical RANS simulation of a single wake only takes a few minutes to
simulate on a contemporary HPC, while a similar case with LES would take
several hours to run, even with an order of magnitude more computer resources
available. In terms of CPU hours, van der Laan et al. (2015b) estimated LES to
be approximately 103 times more expensive than RANS, and this estimate may
even be considered conservative because the LES inflow was created using a
Mann-model turbulence box and not with the more expensive precursor method.
Furthermore, several LES runs are in principle necessary in order to create an
ensemble average, which multiplies the cost of LES. This clearly motivates the
development of the RANS model as a fast, albeit less accurate, alternative to
LES.

The different components of the RANS simulations will be discussed in the
following sections.

2.1. Inflow profile for unstable ASL

Numerous articles have been written about MOST, and a historical review is
given by Foken (2006). The theory is expressed and applied via the dimensionless
stability parameter:

ζ ≡ z

L
, (1)

where z is the height above ground and L is the Obukhov length. Negative
ζ corresponds to unstable conditions, while ζ = 0 corresponds to the neutral
limit where there is no effect of buoyancy. Neutral conditions are typically
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defined as |L|−1 ≲ 0.002m−1 (e.g., Gryning et al. 2007) and tend to occur most
often, with observed distributions of the stability (1/L or ζ) having a peak
around zero (Kelly & Gryning 2010). The most common unstable Obukhov
lengths occur at −0.02m−1 ≲ L−1 ≲ −0.002m−1 (Kelly & Gryning 2010), but
offshore there tends to be a bias towards more unstable conditions, i.e., more
negative L−1 compared to onshore (Sathe et al. 2013). Various parametrizations
have been suggested for wind speed, k and ε in terms of ζ; in this paper we
use the widely accepted forms of Dyer (1974) for U (namely the Ψm and
Φm functions) and those found in Kaimal & Finnigan (1994) for ε and k (see
van der Laan et al. 2017, for more details). Under unstable conditions these are

U =
u∗

κ

[
ln

(
z

z0

)
−Ψm

]
, V = W = 0, (2)

k =
u2
∗√
Cµ

(
Φε

Φm

)1/2

, (3)
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u3
∗

κz
Φε, (4)

where

Ψm = ln

[
1

8
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) (
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m

)2]− 2 arctan
(
Φ−1

m

)
+

π

2
, (5)

Φm = (1− 16ζ)−1/4, (6)

and

Φε = 1− ζ. (7)

The above relations are valid for −2 ≲ ζ < 0, so for a fixed L < 0, it
means that the equations are in principle only valid up to z ≈ −2L, where the
free convection regime starts (i.e., buoyant production dominates over shear
production of TKE). Although the blade tip of a modern turbine can reach
beyond −2L in unstable conditions (e.g., for ztip = 200m this happens when
L−1 ≲ −0.01m−1, which is not rare), we nevertheless still choose to apply the
profiles and in fact use them all the way up to the top boundary. More realistic
inflow profiles for RANS covering the whole atmospheric boundary layer (ABL)
are indeed a current research topic but will not be discussed further in this
paper. Maronga & Reuder (2017) reason that MOST is a pragmatic solution
because the parameters needed for more realistic inflow profiles are often not
available.

The roughness length z0 and friction velocity u∗ in Eqs. (2) to (7) can be
set using reference values (i.e., defined at z = zref) of wind speed (Uref) and
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total TI (Iref) along with the stability parameter (ζref):

z0 = zref exp

[
−I−1

ref C
−1/4
µ κ

√
2

3

(
Φε (ζref)

Φm (ζref)

)1/4

−Ψm (ζref)

]
, (8)

u∗ = UrefIrefC
1/4
µ

√
3

2

(
Φm (ζref)

Φε (ζref)

)1/4

. (9)

Note that TI (I) here is not the same as streamwise turbulence intensity (σu/U);

in this paper “TI” will refer to total TI (i.e., I ≡
√

2
3k/U), unless stated

otherwise. A typographical (sign) error has been corrected in Eq. (8), compared
to the similar expression found in van der Laan et al. (2017). The von Karman
constant κ and Cµ parameter are given with the other constants in Table 1.

Table 1: Parameters of the k–ε MOST turbulence model; see Sørensen (1995).

Cε1 Cε2 σk σε Cµ κ
1.21 1.92 1.00 1.30 0.03 0.4
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Figure 1: Analytical MOST profiles. Combinations of low/high TI and neu-
tral/unstable stability. The rotor area of a NREL5MW turbine is shown. Dashed
lines are used for ζ to make all profiles visible.
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Examples of four inflow profiles with identical Uref are shown in Fig. 1. The
stability and TI differ among the cases, but they still have approximately the
same averaged power density; i.e., 1

A

∫∫
1
2ρU(z)3dA ≈ 308.9Wm−2 (±0.6%).

One peculiarity of the unstable MOST profiles is that the TI does not go to
zero for z → ∞; this is connected to the ASL assumptions used by MOST
(i.e., the mixed and upper layers above the ASL are lacking, where I becomes
constant and then vanishes). Another peculiarity (for both neutral and unstable
conditions) is that higher TI leads to larger shear (dU/dz) because the velocity
gradient scales with u∗, which scales with Iref (Eq. 9); this is a consequence of
specifying both TI and hub height velocity.

The eddy viscosity profile, νt(z) = Cµ
k2

ε , is especially interesting to compare
between the cases because νt features as a diffusion coefficient in the Reynolds-
averaged momentum equation and therefore is connected with the entrainment
of ambient air into the wake. A faster wake recovery is therefore expected
for larger νt, which as seen in Fig. 1 can be obtained by increasing either the
turbulence strength (Iref) or how unstable the atmosphere is (−ζref) or both.

The eddy viscosity is sometimes expressed as a product of turbulent velocity

and length scales (see Pope 2000): νt = utℓt, where ut = C
1/4
µ k1/2 and ℓt =

C
3/4
µ k3/2ε−1. These are plotted in Fig. 2 from which one can see that Iref only

affects ut, while ℓt is unchanged. Changing ζref mainly alters ℓt, while the
hub height ut and rotor-averaged ut are unchanged. The increased νt (which
gives faster wake recovery) due to unstable conditions can therefore not only
be attributed to a larger Iref , but also to an increased turbulent length scale
caused solely by ζref .
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Figure 2: Turbulence scales in the freestream. Same labels as in Fig. 1.
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2.2. Wind turbine representation

A recently developed actuator disk (AD) model by Sørensen et al. (2020) is
utilized in this paper. The model can be derived from conservation of energy
(Bernoulli’s equation), conservation of angular momentum (Euler’s turbine
equation) and an analytical expression for the near-wake azimuthal velocity
distribution. The latter is modeled by a vortex extending from the center of
the AD to infinity with constant circulation; hence, it resembles the classical
Joukowsky optimum rotor (see Okulov & Sørensen 2010), and the AD model
is therefore referred to as the “Joukowsky AD”. A summary of the model
formulation is given in Appendix A.2.

The main advantage of the Joukowsky AD over the widely used “airfoil AD”
(e.g., Sørensen & Kock 1995; Porté-Agel et al. 2011; van der Laan et al. 2015a)
is that only a few parameters are necessary: the thrust coefficient CT, tip-speed
ratio λ, rotor radius R and freestream reference wind speed Uref (in addition
to these, the power coefficient CP is also made an input parameter in our
implementation as described by van der Laan et al. 2020). Nevertheless, it
is still able to model non-axisymmetric force distributions and wake rotation,
similar to the disk loading of an airfoil AD. Porté-Agel et al. (2011) argued
that these are important features to capture the correct wake behavior in the
near wake, while van der Laan et al. (2015c) showed that they are only of
minor importance for the far wake. Wake deficit and rotor loading of the
Joukowsky AD have been found to compare well with several validation cases
conducted by Sørensen et al. (2020) and Sørensen & Andersen (2020). This is
verified to also be the case for our RANS simulations in Appendix A.2.

No nacelle or tower is included in our simulations, which have been shown
to be a good approximation for > 3D downstream of the turbine according to
El Kasmi & Masson (2008) and Li et al. (2020).

2.3. RANS

A homogeneous, flat lower surface is assumed for all cases in this paper. The
inner part of the mesh surrounding the AD is called the “wake domain” and
is shown for a typical case in Fig. 3. In this area, a horizontal resolution of
∆x = ∆y = D/10 is used (based on the grid study in Appendix A.1), while
grid stretching is used in the vertical direction with ∆z = z0 at the first cell
and ∆z = D/10 at the cell at z/D = 3. The wake domain is however only a
small part of the full domain: the full domain extends an additional xin = 5km
to the west, north, east and south, respectively, while the top of the grid is
at z/D = 25. Grid stretching is used in all directions outside of the wake
domain to circumvent an excessively large number of cells (the case shown in
Fig. 3 has ≈ 0.45× 106 cells in the wake domain and ≈ 2.1× 106 cells in total).
The choice of having grids with size on the order of ∼ 10 km is made to avoid
tunnel-like blockage effects and to have fully developed inflow profiles at the
turbine position, while the drawback is that the majority of the cells are actually
outside the region of interest, i.e., the wake domain.
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Figure 3: Top and side views of the wake domain, the size of which is
{lx, ly, lz}/D = {16, 4, 3}. The total grid size is {Lx, Ly, Lz} = {lx + 2xin, ly +
2xin, lz + 22D} and is too large to be shown here because xin = 5km. Only
every fourth cell is plotted.

The numerical solution strategy of the incompressible RANS equations
in EllipSys3D is thoroughly discussed in other publications (Michelsen 1992;
Sørensen 1995; Sørensen et al. 2007), so only the main features are discussed
here. The SIMPLE method is used with a modified Rhie–Chow algorithm,
following Réthoré (2009) and Troldborg et al. (2015), to avoid the numerical
wiggles induced by the discrete actuator disk body forces.

As mentioned in the introduction, the flow variables in an empty domain
with MOST inflow can be kept in balance by modifying the k and ε equations,
as suggested by van der Laan et al. (2017):

Uj
∂k

∂xj
= Dk + P − ε+ B − Sk, (10)

Uj
∂ε

∂xj
= Dε + (Cε1P − Cε2ε+ Cε3B)

ε

k
, (11)

where

D{k,ε} =
∂

∂xj

(
νt

σ{k,ε}

∂{k, ε}
∂xj

)
, (12)

P = −u′
iu

′
j

∂Ui

∂xj
, (13)

u′
iu

′
j =

2

3
kδij − νt

(
∂Ui

∂xj
+

∂Uj

∂xi

)
, (14)
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νt = CµfP
k2

ε
, (15)

Sk =
u3
∗

κL

[
ζ−1 (Φm − Φε)− 1− κ2

4σk

√
Cµ

Φ13/2
m Φ−3/2

ε fun

]
, (16)

fun = (2− ζ) + 8
(
1− 12ζ + 7ζ2

)
− 1

16

(
3− 54ζ + 35ζ2

)
, (17)

Cε3 =
1

ζ

(
Cε1Φm − Cε2Φε + [Cε2 − Cε1] Φ

−1/2
ε Φ5/2

m (1− 12ζ)
)
. (18)

The source term, Sk, and the Cε3 parameter constitute the two modifications
compared to the usual k–ε equations (similar corrections exist for the stable
ASL but are not discussed in this paper). Viscous terms have been neglected
in the above equations, which is a good approximation in atmospheric flow
applications due to the Reynolds number being very large (Wyngaard 2010).
The Coriolis force is also neglected; hence, no veer is present in the simulations.
Definitions of the fP correction (which was in fact set to fP = 1 in the work of
van der Laan et al. 2017) and buoyant production, B, are deferred to the Sect. 3.
The parameters used in the above equations are summarized in Table 1. Finally,
Sk and Cε3 differ slightly from those printed in van der Laan et al. (2017),
with the only difference being that here we choose Φh

Φmσθ
→ 1; this modeler’s

choice for turbulent Prandtl number (σθ) avoids the inconsistency mentioned
in that paper and makes the model independent of the temperature similarity
function Φh.

3. Modification of the k–ε–fP model in the unstable ASL

The background eddy viscosity shown in Fig. 1 is perturbed in the turbine
presence and especially so in the wake region; see Fig. 4 for an example with
neutral inflow. As explained in Sect. 2.1, νt is very important for the wake
development, and the fP correction effectively attenuates the νt perturbation in
the interface between the wake and freestream, known as the shear layer, and
in the region around the AD to improve wake predictions. This attenuation can
also be viewed as a modification of the turbulence scales, ut and ℓt.

The cause of the νt perturbation in the first place is the large velocity gradi-
ents across the AD and the shear layer, which enhances TKE shear production,
but other terms of Eq. (10) are also highly active in these regions, and it is this
complex interplay together with the fP formulation that in the end determines
the wake recovery. The effect of the buoyancy term in this interplay is discussed
first and then afterwards the role of fP in the unstable ASL.
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Figure 4: Streamwise velocity (a, b) and kinematic eddy viscosity (c, d) are
normalized by their freestream values, i.e., Uref and νt,ref , respectively. The
neutral Iref = 6% case from Fig. 1 with a single NREL5MW turbine is shown.

3.1. Buoyant production term

The buoyant production of TKE is B ≡ g
θ0
w′θ′, and the heat flux is typically

obtained using a temperature equation and a flux–gradient relationship. In this
work, we pursue an alternative way and investigate two simple parametrizations:

B = −νt

[(
∂U

∂z

)2

+

(
∂V

∂z

)2
]

ζΦh

σθΦ2
m

(2017 model), (19)

B = − u3
∗

κL
(cstB model). (20)

The “2017 model” is the one utilized by van der Laan et al. (2017), van der
Laan et al. (2020), Doubrawa et al. (2020) and van der Laan et al. (2021).
This model does not require a temperature equation for closure but instead
utilizes the temperature similarity function, Φh, and Prandtl number, σθ. The
“cstB” model is as the name suggests simply a constant source term throughout
the domain, and again no temperature equation is necessary. The k and ε
equations are the same for the two models, except some minor changes to Sk,
Eq. (16), and Cε3, Eq. (18), are needed for the 2017 model; see Sect. 2.3. To
isolate the effect of the B parametrizations, they are tested here with fP = 1.
A NREL5MW turbine (Jonkman et al. 2009) with Uref = 8m s−1 is used for all
plots in this section.

The upstream (x/D = −10) budget in Fig. 5 shows the inconsistency of the
2017 model mentioned by van der Laan et al. (2017): the buoyant production

goes to B =
−u3

∗
κL Φm, although B → −u3

∗
κL is expected in the freestream, which

can be derived from the ASL definition B ≡ g
θ0
θ′w′

s and the Obukhov length
definition. The cstB model on the other hand by definition complies with the
freestream ASL limit of B. Additionally, it can be noted that the cstB model
has B/P ≈ 1 at zref because ζref = −0.5 was used (see Fig. 5.23 of Stull 1988).
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Figure 5: TKE budgets of the 2017 model (a–c) and cstB model (d–f). The
profiles are extracted at y/D = 0, i.e., in the center of the wake. ζref = −0.5
and Iref = 12% for both rows.

A clear distinction between the two parametrizations is seen both in the
near-wake (x/D = 1) and far-wake (x/D = 5) TKE budgets: in the top shear
layer of the 2017 model simulation, large buoyant production is produced by
the large velocity gradients in this region. This is observed in neither direct
RANS simulations by El-Askary et al. (2017) nor in wind tunnel experiments
by Zhang et al. (2013) or Hancock & Zhang (2015), so this may be deemed as
an unphysical artifact. Indeed the 2017 model is derived for a homogeneous
ASL, and applying it to a wind turbine wake violates this assumption. The
cstB model on the other hand effectively uncouples the buoyant production and
wake dynamics. This assumption can partly be justified by the aforementioned
studies, which show that temperature changes very little in the wake from the
ambient conditions and that the heat flux actually decreases in the wake.

Another deficiency of the unstable 2017 model is illustrated in Fig. 6: for
a given Iref , it unphysically predicts slower wake recovery than in neutral as
also noted by van der Laan et al. (2021). This is remedied in the cstB model,
where a slightly faster wake recovery is seen. It can be noted that in the near
and far wake of the cstB model both B and Sk terms are small compared to the
other TKE terms (see Fig. 5), and as such it effectively resembles the neutral
model, but with the one difference that it has a larger turbulent length scale
(see Fig. 2), which explains the faster wake recovery seen in Fig. 6. The B and
Sk terms must nevertheless still be retained to enforce the freestream balance
of the k and ε equations throughout the domain.
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Figure 6: Disk-averaged streamwise velocity, ⟨UAD⟩, for low/high TI and neu-
tral/unstable. ζref = −0.5 for unstable.
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Figure 7: Normalized streamwise velocity (a, b), shear parameter (c, d) and
normalized shear parameter (e, f). The cstB model is used for the unstable
case (b, d, f), which has ζref = −0.5.
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The faster wake recovery of the unstable cstB model compared to the
neutral model (as demonstrated in Fig. 6) is also seen in the top row of Fig. 7.
The second row shows the shear parameter, σ, which is a non-dimensional scalar
metric describing the normalized velocity gradients; see Eq. (23). Both the
magnitude and contours of σ are similar for the considered cases; i.e., it is large
in the region around the AD and in the shear layers. The freestream shear
parameter, σ̃, is however not equal for the two cases (see inlets in third row),
which means that σ/σ̃ differs a lot between the two cases. This observation is
important because σ/σ̃ is the main parameter used in the fP correction to be
discussed in the next section.

3.2. Turbulence closure with fP in non-neutral conditions

As stated in the introduction, k–ε models tend to predict faster wake recovery
compared to experiments and LES. This can be corrected by using fP ̸= 1 in
the νt definition, Eq. (15), which clearly affects the velocity deficit as shown
in Fig. 4. The form of fP used for wakes in the neutral ASL by van der Laan
(2014) can be summarized as

fP =
2f0

1 +
√
1 + 4f0 (f0 − 1) (σ/σ̃)2

, (21)

f0 = 1 +
1

(CR − 1)
(neutral), (22)

σ =
k

ε

√(
∂Ui

∂xj

)2

, (23)

σ̃ =
1√
Cµ

(neutral). (24)

As shown in Fig. 7, σ/σ̃ is large in the region surrounding the rotor and in
the shear layer (see Fig. 7), which leads to fP < 1 and hence a drop of νt in these
regions. This is a desirable feature because it corrects the over-diffusiveness of
the standard k–ε model.

It was recognized by van der Laan et al. (2020) that the freestream shear
parameter, σ̃, has to be adjusted for MOST inflow in order to have fP = 1 in
the freestream (the k–ε–fP model should reduce to the standard k–ε model in
the freestream):

σ̃ =
1√
Cµ

√
Φm

Φε
(general). (25)

This can simply be derived by inserting the freestream profiles of U , k and ε (see
Sect. 2.1) into the shear parameter definition, Eq. (23); the form of Eq. (25) has
been used in all previous papers utilizing the 2017 model for wake modeling.
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A more subtle modification arises recognizing that the f0 parameter is also
stability-dependent, i.e.,

f0 = 1 +
Cµσ̃

2

CR − 1
(modification 1). (26)

This is actually the form suggested by Apsley & Leschziner (1998), but they
were not considering stability effects, i.e., no variation of σ̃ or CR with stability;
it has not been used in previous applications of the 2017 model. We note
Eq. (26) is consistent with the neutral limit, since σ̃2 → C−1

µ for ζ → 0. The
Rotta constant was calibrated to CR = 4.5 for wind turbine wakes in the neutral
ASL in the work of van der Laan (2014), and we therefore require CR → 4.5 in
the neutral limit (ζ → 0). One form that satisfies this is

CR = 4.5 + CB
B̃

ε̃
(modification 2), (27)

where B̃/ε̃ is the freestream buoyant production to dissipation ratio and CB is
a new parameter to be calibrated. The effect of the stability-dependent σ̃,
modification 1 and modification 2 is shown in Fig. 8. When plotted with σ/σ̃ on
the abscissa, the stability-dependent σ̃, Eq. (25), has no effect compared to
the neutral model (compare “Neutral” and “Unstable” in Fig. 8); this is clear
from the definition of fP in Eq. (21). The two modifications increase fP when
σ/σ̃ > 1, i.e., in the wake. This is necessary to compensate for the larger σ/σ̃
encountered with non-neutral inflow; see Fig. 7.
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Figure 8: Analytical form of the fP correction as function of normalized shear
parameter (fP is independent of TI but depends on ζ; the unstable curves
use ζref = −0.5 in this plot). The effect of stability-dependent σ̃ (Eq. 25),
modification 1 (Eq. 26) and modification 2 (Eq. 27 with CB = 10.0) is shown.
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When both modifications are used, faster wake recovery for a given Iref
occurs in unstable conditions, as shown in Fig. 9, i.e., similar behavior as when
fP was “turned off” (i.e., fP = 1); see Fig. 6.
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Figure 9: Same as Fig. 6, but with fP included. CB = {0.0, 5.0, 10.0} are tested
for the unstable cstB model.

4. Validation with experiments and LES

The cstB model with the fP modifications described in the previous section is
tested for the cases summarized in Table 2. Each case is simulated with a range
of CB parameters, CB = {0.0, 5.0, 10.0}, while keeping the first term in Eq. (27)
fixed to 4.5. The latter has been calibrated for a suite of neutral EllipSys3D
LESs by van der Laan (2014), but in practice if it was calibrated with another
LES code, a different, optimal value might have been obtained. In the same way,
it cannot be expected that a universally valid CB exists, when we compare with
results from a range of different codes and experiments. Hence, no optimal CB

will be obtained in this section, but rather the qualitative effect of CB is shown.

Table 2: Overview of test cases. SWiFT: Doubrawa et al. (2020). NTK41:
Machefaux et al. (2016). V80-Abkar: Abkar & Porté-Agel (2015). V80-Keck:
Keck et al. (2014). NREL5MW: Churchfield et al. (2012). The air density used
for all cases is ρ = 1.225 kgm−3.

Case Type D zref CT P Ω Uref Iref ζref
[m] [m] [–] [kW] [rpm] [m s−1] [%] [–]

SWiFT LES, Exp. 27 32.1 0.81 52 37.0 6.7 10.0 −0.29
NTK41 LES, Exp. 41 36 0.83 125 27.1 6.8 15.0 −0.42
V80-Abkar LES 80 70 0.81 696 16.1 8.0 8.1 −0.47
V80-Keck LES 80 70 0.81 696 16.1 8.0 6.1 −0.84
NREL5MW LES 126 90 0.77 1808 9.1 8.0 7.0 −1.32
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The numerical setup for each case follows that described in Sect. 2.3; e.g., the
cell size and extent of the wake region are scaled with the rotor diameter.

4.1. SWiFT case

A large wake benchmark study was conducted by Doubrawa et al. (2020) to
compare various simulation methodologies and codes against lidar measurements
in different atmospheric conditions. The measurements were carried out for a
Vestas V27 turbine at the Scaled Wind Farm Technology Facility (SWiFT) in
Lubbock, Texas, USA, which is an area of flat terrain.

The inflow parameters of the SWiFT row in Table 2 were obtained from
the ensemble average of five 10min averages from a meteorological mast lo-
cated 2.5D upstream of the turbine. Note that the stability parameter was
measured to ζ = −0.089 at z = 10m, which at hub height corresponds to
ζref = −0.29. Also, the streamwise turbulence intensity was measured at hub
height to Iu,ref = 12.6%, which is converted to the total turbulence intensity as
Iref ≈ 0.8Iu,ref (van der Laan et al. 2015b). This conversion could actually be
slightly different in the unstable ASL because the ratios of velocity variance
change with stability (e.g., Chougule et al. 2018), but unfortunately only the
vertical velocity variance follows MOST, so that no general surface layer formula
can be constructed (Panofsky & Dutton 1984; Wyngaard 2010). The operational
state parameters {CT, P and Ω} were taken from the OpenFAST steady-state
curves, which were supplied for the benchmark.

0.50.60.70.80.91.0
U
Uref

 [-]

1.5

1.0

0.5

0.0

0.5

1.0

1.5

y/D [-]

z= zhub and  x/D= 3
LIDAR, Doubrawa (2020)
RANS, CB = 0.0

RANS, CB = 5.0

RANS, CB = 10.0

RANS, 2017 model
LES, Doubrawa (2020)

Figure 10: The unstable SWiFT case. The fixed frame of reference experimental
and LES results were digitized from Doubrawa et al. (2020).
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For the unstable SWiFT case, the wake profile was only measured at 3D
downstream, and the results are shown in Fig. 10. Three different LES codes
were used in the benchmark, and the filled area in Fig. 10 represents the spread of
the LES results. It can be seen that all three LESs underpredict velocity deficit
compared to the lidar measurements, which highlights the fundamental problem
of comparing measurements with numerical models: even highly computational
expensive simulations do not always match experimental results. This must
be either due to experimental errors in the provided input data or because the
idealizations used for the LESs are too simple to capture the wake behavior.

RANS can generally not be expected to perform better than a well-performed
LES, and if it does, it is likely due to fortunate error cancelations. Therefore,
from a theoretical point of view one could argue that the performance of RANS
should mainly be assessed with regards to how well it matches the LES results.
Both RANS and LES use many of the same idealizations (uniform roughness,
flat terrain, homogeneous inflow, etc.), and indeed our RANS results in Fig. 10
are also closer to the LES results than to the experimental results.

For the SWiFT case, the 2017 model seemingly performs better than the cstB
model, but this is probably due to fortuitous model error and/or unaccounted
mesoscale effects. Model error was expected because the neutral EllipSys3D
RANS simulation in the SWiFT study (surprisingly) did not compare well with
experimental results (Doubrawa et al. 2020), despite EllipSys3D having been
validated by van der Laan (2014) for numerous neutral cases. The very low
wind veer of the stable SWiFT case (see Doubrawa et al. 2020) indicates that
mesoscale effects were present during the experimental campaign.

4.2. NTK41 case

A Nordtank NTK41 500 kW wind turbine was installed at what is now the
Risø campus of the Technical University of Denmark in 1992 and was used
for many research studies before its decommissioning in 2021. Among these
studies, the NTK41 test case of this paper is based on lidar measurements and
LESs conducted by Machefaux et al. (2016). They used two different models
for their LESs; the results included in Fig. 11 (along with our RANS results)
are from their more advanced model, which they called the “LES-ABL” or
“extended model”. The inflow parameters (“NTK41” row in Table 2) and lidar
measurements were ensemble-averaged over 20 10min averages.

The NTK41 turbine is a stall-regulated wind turbine and is therefore
operated at constant rotational speed independent of the inflow wind speed
(Hansen 2015), in this case at Ω = 27.1 rpm. The thrust coefficient for the
unstable case of Machefaux et al. (2016) was measured with strain gauges to
be CT,meas = 0.71, while their LES gave CT,LES = 0.83. Looking up the thrust
curve of the NTK41 turbine at Uref = 6.8m s−1 also gives CT,curve = 0.83, so this
will be used in the present RANS simulations. They argued that the lower thrust
coefficient of their measurement could be explained by the large uncertainty
of the strain gauges. Finally, the measured power was Pmeas = 120 kW, while
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Figure 11: The unstable NTK41 case, where LES and experimental results were
digitized from Machefaux et al. (2016). Profiles extracted at z = zref .

PLES = 127 kW and Pcurve = 125 kW, where the latter will be used to set CP

for the AD model of the RANS simulations.

Figure 11 shows that the cstB model matches the LES and experimental
data better than the 2017 model, although a still faster wake recovery is seen
for both of these reference data. Compared to more conventional LES setups
(e.g., V80-Abkar, V80-Keck and NREL5MW cases), the LES model used by
Machefaux et al. (2016) is simplified by using a modified Mann box for its inflow
and a slip condition at the bottom wall; together these add some uncertainty
to the LES results. The experimental wake data can also be expected to have
large uncertainties and/or biases connected to them, but the sources and sizes
of these were not discussed in detail by Machefaux et al. (2016).

4.3. V80-Abkar case

Abkar & Porté-Agel (2014) investigated the effect of atmospheric stability using
LES and used the results to modify the analytical Bastankhah wake model
(Abkar & Porté-Agel 2015). They studied the wake of a single Vestas V80
turbine (known from, e.g., the Horns Rev 1, North Hoyle and Princess Amalia
wind farms), which has been used in many previous wake studies. The turbine
was modeled in their studies by an airfoil AD and operated at Ω = 16.1 rpm.
Neither CT nor P was mentioned in the two papers, so in the following RANS
simulations the values deduced from the power and thrust coefficient curves
of Hansen et al. (2012) evaluated at Uref = 8ms−1 were used: CT = 0.81 and
P = 696 kW.

Relative to the LES, the velocity deficits shown in Fig. 12 are overpredicted
by the 2017 model for all three downstream distances, while the cstB model
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Figure 12: The unstable V80-Abkar case, where LES results were digitized
from Abkar & Porté-Agel (2015). Profiles extracted at z = zref . Note that
total TI (d–f) is based on Uref and not the local velocity.

corrects this especially well in the far wake. Besides the velocity deficit, the
TI based on the freestream velocity was also available for this case and is plotted
in the lower row of Fig. 12 with the RANS results. The wake TI is overpredicted
by RANS, which is also typically seen for neutral RANS simulations (van der
Laan 2014). The slower wake recovery of the 2017 model is consistent with
less turbulence development in the near-AD region, which might explain its
seemingly better TI prediction; however, we prioritize predicting a correct
velocity deficit, since this is used for AEP calculations.

4.4. V80-Keck case

This case is based on a LES from Keck et al. (2014), where the SOWFA solver
was used with a similar setup as in the work of Churchfield et al. (2012),
i.e., using a precursor simulation for the inflow and modeling the turbine with
actuator lines (ALs). More specifically the unstable North Hoyle row A case
is considered here; it features four V80 turbines spaced 11D apart, using the
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inflow parameters described in the “V80-Keck” row of Table 2. Wake data are
available at x/D = {4, 5, 6} downstream of the first turbine, and the induction
effect of the downstream turbines on this data should therefore be minimal;
hence, they are omitted from the RANS simulations. The inflow wind speed is
Uref = 8ms−1, the same as in the V80-Abkar case; thus, the same operational
state of the wind turbine is utilized (see Table 2). The streamwise TI given by
Keck et al. (2014) is converted to total TI with Iref ≈ 0.8Iu,ref , similar to the
method used in the SWiFT case.
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Figure 13: The unstable V80-Keck case, where LES results were digitized from
Keck et al. (2014). Profiles extracted at z = zref . Note that streamwise TI (d–f)

is based on Uref and σu ≈
√

2
3k/0.8 for the RANS simulations.

Figure 13 shows that the cstB model improves the velocity deficit prediction
over the old 2017 model when comparing with the LES results, which were
digitized from Fig. 11 in Keck et al. (2014) (note that a typo is present in that
figure; i.e., label should be “[D]” instead of “[R]”). Streamwise TI was also
available at the same downstream distances, and in the RANS simulations it
was obtained by converting from the total TI as described above. In both the
streamwise TI and velocity deficit LES data, a misalignment of the wake center
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can be observed, which Keck et al. (2014) explains with the fact that only
10min of LES data was averaged. This is especially visible in the streamwise TI
plots, but nevertheless it seems that the cstB model predicts streamwise TI in
the right range except for an overprediction in the wake center, which was also
seen in the previous case.

4.5. NREL5MW case

The last case is based on the LES studies by Churchfield et al. (2012), more
specifically their “U-L case” (see inflow parameters in the “NREL5MW” row
of Table 2). They model two NREL5MW turbines with the actuator line (AL)
methodology coupled to the aeroelastic FAST solver, and the turbines are
spaced 7D apart. For the RANS simulations of the present study, we omit
the second turbine and only compare with the first wake of the LES study. To
avoid biases from the induction zone of the second turbine, we only consider
wake results ≥ 2D upstream of the second turbine.

The steady-state power, thrust coefficient and rotational speed were not
given in the paper, so therefore the steady-state curves from the DTU in-house
aeroelastic solver, HAWCStab2, were used. These are similar to the curves
shown by Jonkman et al. (2009), except that the thrust of Jonkman et al. (2009)
also includes gravity and therefore cannot be used to obtain the aerodynamic
thrust.

The velocity deficit of the new cstB model compares well with the LES
data, especially so for CB = 5.0; see Fig. 14.
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Figure 14: The unstable NREL5MW case, where LES results were digitized
from Churchfield et al. (2012). Profiles extracted at z = zref .
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5. Conclusions

We have proposed a simple k–ε RANS model, the cstB model, for simulation of
wind turbine wakes in the unstable surface layer. The model does not require an
additional temperature equation and instead bases the TKE buoyancy produc-
tion on MOST and the assumption that it is decoupled from the wake dynamics,
which means that the buoyant production of TKE is constant throughout the
domain, even in the wake region, hence the name cstB. Wind tunnel studies and
simulations have hinted that the latter assumption is reasonable, but a more
thorough investigation would be beneficial for developing simple, non-neutral
wake models. For example comparisons with more detailed LES data (tempera-
ture profiles, shear production, buoyancy production, Reynolds stress tensor,
anisotropy tensor, derived eddy viscosity, etc.) would be useful.

Originally developed to account for the general over-diffusive nature of k–ε
models in wind turbine wakes under neutral conditions, here the fP correction
is combined with the new cstB model by making two non-neutral modifications.
These introduce a new parameter, CB; it is a free parameter analogous to CR in
the original fP formulation. Both modifications are consistent in the sense that
the new, non-neutral fP formulation becomes equal to the original neutral fP
form for ζ → 0. By using this updated fP model with the cstB model, a faster
wake recovery is obtained for unstable conditions over neutral conditions, when
TI is fixed, as was also the case when no fP model was applied.

The cstB model with the modified fP function was generally found to
perform better than the previous model of van der Laan et al. (2017) with
the old fP formulation, in terms of velocity deficit profiles from five different
reference cases found in studies from the literature. Based on these comparisons,
we recommend CB = 5.0 to be used but also acknowledge that each reference
case was originally conducted with different numerical and experimental setups
and that further studies are needed to conclude on a more certain CB value,
which could also be slightly code-dependent, as has been seen for CR in the
original fP model.

Testing the cstB model behavior in more complicated scenarios, i.e., aligned
row cases (see Appendix A.3), full wind farms, complex terrain, AEP calcu-
lations, etc., is a natural next step to map the applicability and limitations
of the model. Also the extension to stable conditions for the cstB model is
straightforward, but as the surface layer height in such conditions is small
compared to modern turbine dimensions, it is questionable if the cstB model
will be viable or if full ABL models are more appropriate. Yet another question
to be answered is the effect of freestream turbulence anisotropy, which changes
with stability and cannot be modeled with turbulence models based on the
standard Boussinesq hypothesis.
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Appendix A. Simulation details

A.1. Grid study

Earlier studies by van der Laan et al. (2015b) have shown that a domain
resolution of eight cells per diameter is sufficient to obtain grid independence
for wakes in the neutral ASL. A range of domain and AD resolutions are here
tested for the new cstB model and fP modifications with the TI = 12% and
CB = 5.0 case also used in Fig. 9. The domain size is described in Fig. 3, and
the Joukowsky AD (see next section) is used. Disk averages of velocity and
TI are evaluated 1D downstream of the turbine to verify grid independence in
Fig. 15.
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Figure 15: Grid-independence study. “Ref” means reference, i.e., the finest
resolution available. Metrics are evaluated at x/D = 1. The cores used for
the increasing domain resolutions are {45, 54, 63, 54, 60, 57}, respectively
(non-constant because the domains are decomposed in different number of
blocks).

Based on this small grid study, a domain resolution of 10 cells per diameter
and an AD resolution of (Nφ, Nr) = (32, 32) are chosen for the current investi-
gation. The difference between this resolution and the reference resolution is
less than 2% for the velocity metric and less than 6% for the TI metric (the
differences decrease with downstream position; e.g., at x/D = 5 the differences
are only approximately 0.2% for the velocity metric and 2% for the TI metric).
A simulation with this choice can be executed in about 1 wall clock minute on
63 cores (AMD EPYC 7351 processors are used).
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A.2. The Joukowsky AD method

In summary, the surface force distributions (unit: Nm−2) on the AD are
calculated in each iteration as
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1
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Here, fn,ij and fθ,ij are the normal and azimuthal surface force distributions
at the (i, j)th AD element (i: radial direction, j: azimuthal direction), which are
applied in the CFD domain using the methodology described by Réthoré et al.
(2014) and Troldborg et al. (2015). F 0

n is the total normal force of the unscaled
distribution, P 0 is the total power of the unscaled distribution, λ ≡ ΩR/Uref is
the tip-speed ratio, A is the area of the AD, Aij is the area of the (i, j)th AD
element, χi ≡ ri/R is the local normalized radius, Uij is the normal velocity at
the (i, j)th AD element, Nb = 3 is the number of blades, q0 is the normalized
circulation, g is the root correction and F is the tip correction. The latter two
are obtained with Delery’s root correction (with parameters a = 2.335, b = 4.0
and δ = 0.25) and Prandtl’s tip correction, respectively; see Eqs. (35) and (36).

The normal and tangential loadings for the same case as used in Sect. A.1
are compared between the uniform AD, airfoil AD and Joukowsky AD, the
latter with two different δ’s, in Fig. 16. Clearly, the Joukowsky AD with
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δ = 0.25 produces similar loadings as the airfoil AD, e.g., qualitatively correct
root behavior, tip behavior and constant tangential loading region, which makes
it superior to the uniform AD.
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Figure 16: The normal blade loading, Fn [Nm−1], and tangential blade loading,
Ft [Nm−1], are normalized by the density, ρ, rotor radius, R, and freestream hub
height velocity, Uref . The blade loadings for the Joukowsky AD and airfoil AD
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Finally, in Fig. 17 the velocity and TI disk averages follow the same trend for
all four AD methods, but with a slightly larger velocity deficit for the airfoil AD,
possibly because of its also slightly larger blade loadings; see Fig. 16. The thrust
coefficient of the uniform AD and Joukowsky AD is CT = 0.77, which from
1D momentum theory should give U/Uref = 1 − 0.5

(
1−

√
1− CT

)
≈ 0.74 at

the rotor plane. This is not exactly observed in Fig. 17, but contrary to ideal
1D momentum theory our CFD simulation also includes atmospheric turbulence
and shear.

A.3. Aligned row case

Even though the focus of the present paper is on single wakes, wake simulations
will in practice most often involve wake interaction. Contrary to engineering
models, there is no need for empirical wake superposition methods in RANS,
since the wake interaction automatically results from solving the RANS equa-
tions.

The Case 5 from the study of van der Laan et al. (2021), which consists of
an aligned row of 10 NREL5MW turbines spaced 7D apart, is simulated with
a similar setup, and the normalized, disk-averaged velocity recovery is shown
in Fig. 18. For reference, a neutral k–ε–fP simulation with the same inflow
speed and TI is simulated. The 2017 model performs poorly in the sense that
it actually recovers slower than the neutral reference and that no equilibrium
wake–wake interaction seems to occur. On the other hand, the cstB model
predicts faster wake recovery for the first three to four turbines, while it goes
to the same wake deficit as the neutral model in the fully developed part of
the wind farm. More studies and validations with LES/experiments for similar
wake interaction cases should be undertaken in the future.
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Figure 18: Aligned row of 10 turbines with inflow similar to the Case 5 of
van der Laan et al. (2021).
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Abstract. Wind turbine wakes cause energy losses and increased blade fatigue
loads in wind farms. The magnitude of these effects depend strongly on the
atmospheric conditions. In non-neutral atmospheric conditions, there is a
turbulence kinetic energy (TKE) contribution from buoyancy, either positive
(convective boundary layer, CBL) or negative (stable boundary layer, SBL).
In this work, both conditions are analyzed with new large-eddy simulation
(LES) data of a single wind turbine wake in flat, homogeneous terrain to
quantify the effects of buoyancy. It is found that the buoyancy contribution is
negligible compared to the shear production in the wake region and the role of
buoyancy is therefore mainly to alter the inflow profiles. This fact is used in
a simple Reynolds-averaged Navier-Stokes (RANS) turbulence model, which
shows reasonable results for wake velocity deficit compared to LES data.

1. Introduction

The power output of a wind farm depends heavily on the incoming velocity and
direction, but also on the turbulence of the incoming wind through its effect on
the wake interaction between the turbines in the wind farm (Hansen et al. 2012).
Low turbulence intensity leads to longer wakes and decreased power production,
while high turbulence intensity induces entrainment of freestream velocity from
above into the wakes, so the wakes recover faster and wake interaction decreases.
Another parameter to consider is the atmospheric stability, which describes how
additional turbulence is created or destroyed by buoyancy effects induced by
temperature differences. In neutral atmospheric conditions buoyancy effects
become negligible, and then the wind profile in the atmospheric surface layer
(ASL) over a homogeneous surface is adequately described by the widely used
log-law; the turbulent kinetic energy (TKE) is then approximately constant with
height. But buoyancy effects may often be non-negligible (non-neutral), and
then the inflow is better described by theories including atmospheric stability
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such as the Monin-Obukhov Similarity Theory (MOST), which is also an ASL
theory (Panofsky & Dutton 1984).

Computional Fluid Dynamics (CFD) is routinely used to simulate the flow
in wind farms, typically employing either Reynolds-averaged Navier-Stokes
(RANS) solvers or large-eddy simulation (LES) techniques. The latter is more
computationally expensive (approximately three orders of magnitude in terms of
CPU hours with our setups), but gives more complete statistics of the flow field
and is presumably more realistic. The effect of atmospheric stability on wakes
has been investigated with LES in previous work, with Abkar & Porté-Agel
(2015) confirming the common expectation that wakes tend to recover faster
in convective (unstable) atmospheric conditions, where buoyancy acts as a
source of TKE. This effect has also been simulated with a simple RANS k-ε
extension (the ”cstB”-model) (Baungaard et al. 2022), which does not require a
temperature equation, but is instead based on MOST. The main assumption
behind the cstB model is that buoyant production of TKE (B) is approximately
constant throughout the domain, even in the wake, which has also been observed
for weakly unstable conditions in wind tunnel studies (Hancock & Zhang 2015);
therefore B is simply set equal to the MOST freestream value throughout the
domain in the cstB model. In this paper, we confirm with new LES studies that
the buoyant production is on the same order of magnitude in the wake as in the
freestream, while the shear production is up to two order of magnitudes larger,
for both convective and stable conditions. Hence, the buoyancy contribution
to the TKE budget is negligible in the wake region, which justifies the cstB
assumption discussed previously. Therefore, in non-neutral conditions the
primary effect of atmospheric stability is to modify the inflow profiles of wind
speed and turbulence length scale, while wake mixing will be dominated by
shear-processes; this motivates simpler development of lower-order models to
include atmospheric stability.

In this paper, we investigate the velocity deficit, turbulence intensity, TKE
budget, Reynolds stresses, and turbulence structure, of a single wake in con-
vective and stable conditions, respectively, and where possible, compare to
the simple cstB-RANS model results. The flow features analyzed might also
be of future value as a reference case to other model developers (e.g., RANS,
engineering models, and linearized models), who wish to include atmospheric
stability in their models.

2. Methodology

2.1. Simulation cases

RANS and LES are used to simulate two cases in this paper, a convective
boundary layer (CBL) case and a stable boundary layer (SBL) case; the main
parameters are summarized in Table 1. Both cases use a single wind turbine
modelled as an Actuator Disk (AD) with constant thrust force distribution
and zero tangential forces (van der Laan et al. 2015a). The terrain is flat with
homogeneous aerodynamic roughness and the computational domain for RANS
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and LES are shown in Fig. 1. More details about the simulation setups are
discussed in the following two subsections.

Figure 1: Computational domain for LES (a) and RANS (b and c). The inner
part of the RANS domain (b) is referred to as ”wake domain”. The LES
precursor domain is the same as (a), but with no fringe zone applied.

Case D [m] zref [m] CT [-] Uref [m/s] Iref [%] ζref [-]
CBL 80 70 0.75 7.5 6.0 -0.35
SBL 80 70 0.75 9.5 5.1 0.35

Table 1: Overview of testcases. The hub height is zref , where the streamwise
velocity (Uref), total turbulence intensity (Iref) and MOST stability parameter
(ζref = zref/L) are evaluated.

2.2. LES

The LES is similar to the one used for a previous study of wakes in different
atmospheric stabilities (Abkar & Porté-Agel 2015), but with a slightly different
setup, e.g., different domain size and different Obukhov lengths. For closure,
the Lagrangian-averaged scale-dependent (LASD) sub-grid scale (SGS) model is
used, and the LES code employed has been validated and used in earlier wind-
energy research publications (e.g., Abkar & Porté-Agel 2015, 2016; Abkar et al.
2016). The LES governing equations solved are cast spectrally in the horizontal
directions and with finite-differencing in the vertical direction. Coriolis forces
are omitted, hence the flow is unidirectional. The inflow is generated with
a precursor driven by a constant streamwise pressure gradient, Fp, which is
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set using the domain height (equal to the boundary layer height), Lz, and
the desired friction velocity, u∗, i.e., Fp = u2

∗/Lz (Pope (2000), Chapter 7).
This type of flow is also known as ”half-channel flow” and is thus only an
approximation of a conventional BL with a capping inversion. A constant
surface heat flux, w′θ′s, is applied at the lower wall and can be set to obtain a
desired inverse Obukhov length, L−1 = g/θ0κw′θ′su

−3
∗ . Aerodynamic surface

roughness is set to z0 = 0.005 m.

The inflow is introduced into the wind turbine domain through a fringe
region; the precursor flow is assimilated into the wind turbine domain in this
region over a length of 5D. This technique is used, because the inlet and outlet
planes need to be periodic boundary conditions for spectral discretizations (one
could alternatively simulate with no precursor and no fringe zone, but this
would correspond to an infinite row of wind turbines) (Wu & Porté-Agel 2011;
Stevens et al. 2014).

The resolution of the domain is ∆x = D/8 and ∆y = ∆z = D/16, which is
used for both the CBL and SBL cases; previous studies have found that this
resolution is sufficient to obtain grid-converged ABL profiles with modern SGS
models, e.g., the anisotropic minimum dissipation (AMD) model and the LASD
model (Abkar & Moin 2017; Gadde et al. 2021).

The time-step, ∆t, is set to a sufficiently small value to ensure that U∆t
∆x

<

0.06 throughout the domain (Courant-Friedrichs-Lewy condition); the rather
restrictive condition of 0.06 is set, because the Adams-Bashforth time integration
scheme is used. The precursors are run for a sufficient time to reach quasi-
stationary states, and the statistics are thereafter sampled over 20 flow-through
times (defined using Lx/D = 60 and Uref). The wake simulations are run and
averaged over an equivalent time.

2.3. RANS

The RANS simulations are conducted with the EllipSys3D finite-volume solver
(see Sørensen 1995; Michelsen 1992) through the PyWakeEllipSys framework and
the numerical setup is identical to the one used in a previous study (Baungaard
et al. 2022), i.e., a mesh resolution of D/10 (based on earlier grid convergence
studies (van der Laan et al. 2015b; Baungaard et al. 2022)) is used in the wake
region, i.e. the inner region in Fig. 1c. Grid stretching is used from the wake
domain and outwards to the domain boundary in all directions to reduce the
number of grid cells. One difference is however that the wind turbine is modelled
with constant thrust loading and without tangential forces, which is also used in
the LES’s. Finally, the cstB model has in this paper been modified to also be able
to simulate stable cases by applying a constant (negative) buoyant production
source term based on MOST in the k-ε equations, BMOST = −u3

∗/(κL), i.e.,
completely analogous to how the unstable cstB model was implementated by



Investigation of wake in non-neutral atmospheric conditions 107

Baungaard et al. (2022). In summary, the k- and ε-equations can be written as:

Uj
∂k

∂xj
= Dk + P − ε+ BMOST − Sk, (1)

Uj
∂ε

∂xj
= Dε + (Cε1P − Cε2ε+ Cε3BMOST)

ε

k
. (2)

No temperature equation is needed, because the buoyancy term is solely
determined from MOST, so we also don’t need to set a wall heat flux boundary
condition. This is beneficial for idealized simulation setups, because setting a
wall heat flux boundary condition causes the flow solution to be non-stationary
(there are no other regions in the domain, which can balance the heat pro-
duced/dissipated at the wall, hence the total heat in domain will be time-
dependent); hence in our simple model, we are ensured a steady solution, so
no local time derivatives are written in the equations above. Sk and Cε3 in
Equations (1) and (2) are defined as:

Sk =
u3
∗

κL
×

ζ−1(Φm − Φε)− 1− κ2

4σk

√
Cµ

Φ
13/2
m Φ

−3/2
ε fun, ζ < 0

− κ2

4σk

√
Cµ

Φ
−7/2
m Φ

−3/2
ε fst, ζ > 0

, (3)

Cε3 =
1

ζ

(
Cε1Φm − Cε2Φε + [Cε2 − Cε1]Φ

−1/2
ε fε

)
. (4)

These equations were derived by van der Laan et al. (2017) (see their
Equations 45-46), where the expressions for fun, fst and fε can also be found;
note that Equations (3) and (4) are slightly simplified compared to the original
expressions by using Φh

σθΦm
= 1. The purpose of Sk and the variable Cε3 is to

ensure that the freestream solution is in balance, meaning that the flow will
not develop in the streamwise direction. If one ignores balancing, one can see a
streamwise increase of k at typical hub heights of 7% over 1 km or 17% over
50 km according to van der Laan et al. (2017), which means that the wake
results will nonphysically depend on where the turbine is placed in the domain.
Although the expressions appear complicated, they can be pre-computed (they
are constant throughout the simulation) and contribute to enhanced numerical
robustness in the authors experience. Very stable conditions are more difficult
to converge, but for such cases it would also be more appropriate to use ABL
models (e.g., van der Laan et al. 2020), since the ABL depth in those condition
approaches the height of modern wind turbines.

The MOST similarity functions of Dyer (1974) are used in this study; using
the Bussinger similarity functions yield almost identical results. The turbulence
constants used are Cµ = 0.03, Cε1 = 1.21, Cε2 = 1.92, σk = 1.0 and σε = 1.3,
see Sørensen (1995). The fP -correction is used as by Baungaard et al. (2022)
with CR(ζ = 0) = 4.5 and CB = 5.0. While the former should be independent
of stability, the CB parameter could be re-tuned for stable cases, however a
sensitivity study in Appendix B shows that this is not of major importance for
the current case.
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3. Results

3.1. Velocity deficit, temperature and turbulence intensity

Vertical profiles are probed at freestream (x/D = −2.5), near-wake (x/D = 2.5)
and far-wake (x/D = 7.5) positions, and they are shown in Fig. 2. The RANS
simulations do not include a temperature equation, hence only LES results
are shown for the temperature profile plots (T0 is the surface temperature).
Differences between LES and RANS in the inflow profiles are evident, because
the LES is based on half-channel flow (pressure-driven), whereas RANS is based
on pure ASL profiles (not pressure-driven; the ASL values of U , k and ε are
instead fixed at the top boundary condition). The aerodynamic roughness and
friction velocity in the RANS simulations are set to obtain similar hub-height
velocity, TI and stability parameter as in the LES.
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Figure 2: Vertical profiles of streamwise velocity (upper row), temperature
(middle row) and total TI based on hub height velocity (lower row). The grey
area symbolizes the rotor area.
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The velocity deficit profiles for both RANS and LES show a clear trend
that the CBL wake recovers faster although the same CT and only a slightly
larger TI is used compared to the SBL case - this is because the turbulence
length scale is also increased in the CBL, which additionally enhances turbulent
mixing, see Appendix A. The RANS model qualitatively predicts velocity deficit
close to the LES results, but with a bias in the near-wake, which has also been
observed in previous studies by Baungaard et al. (2022).

It is worth noticing that the temperature profile is nearly unchanged in
the wake, because a wind turbine mainly extracts momentum and not heat.
This means that only small changes of heat flux are expected in the wake and
shear layer, which means that the buoyant production should also not change
significantly.

Turbulence intensity profiles in the wake are usually predicted poorly by
RANS models (Baungaard et al. 2022), even for neutral cases (van der Laan
2014), and this is also evident in this study. As mentioned earlier, the inflow
profiles in RANS, including the TKE profile, are set according to MOST and
this gives different TI profiles compared to LES, which might amplify the
discrepancy between LES and RANS further. Another uncaptured effect of
RANS is the turbulence anisotropy, which is especially prominent in non-neutral
conditions and might also contribute to the misprediction of TI. In Sect. 3.3,
we will discuss anisotropy further.

Disk-averaged velocity and TI, Fig. 3, are the most relevant variables for
wind farm studies, since they determine the performance of downstream turbines.
The same characteristics are seen as in the vertical profile, namely the velocity
deficit is predicted better than TI with RANS and there is near-wake bias.
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Figure 3: Disk-averaged streamwise velocity (upper row) and disk averaged total
TI based on hub height velocity (lower row). The annotations show the relative
difference between RANS and LES at near-wake (x/D = 2.5) and far-wake
(x/D = 7.5) positions.
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3.2. TKE budget

Figures 4 and 5 depict that shear production is much larger than buoyant
production in the wake region in both the CBL and SBL case. The ratio is up
to two order of magnitudes for LES, while the RANS-cstB model predicts up
to three order of magnitudes, but nevertheless it can safely be assumed that
buoyancy is negligible in the TKE budget in the shear layers of the wake. This is
in contrast to our earlier RANS-MOST model (van der Laan et al. 2017), which
had P/|B| ≈ 1 in the wake region, because freestream assumptions regarding
velocity gradients were used in the wake (Baungaard et al. 2022). The cstB
model corrects this fallacy, although it seems that it might be over-correcting it
slightly.
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Figure 4: Shear production P , buoyant production B and their ratio. LES CBL
data (left column) and RANS CBL data (right column). y/D = 0.
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Figure 5: Shear production P , absolute buoyant production |B| and their ratio.
LES SBL data (left column) and RANS SBL data (right column). y/D = 0.
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3.3. Reynolds stresses and anisotropy

In RANS, the Reynolds stress tensor, u′
iu

′
j , is modelled with a turbulence model,

and both first order and second order statistics are heavily dependent on the
quality of the turbulence model. Typically, the Boussinesq/eddy-diffusivity
hypothesis is used in RANS to obtain the Reynolds stress tensor (not to be
confused with the Boussinesq approximation, which concerns the buoyancy
forcing in the W -momentum equation):

u′
iu

′
j = −2νt

1

2

(
∂Ui

∂xj
+

∂Uj

∂xi

)
︸ ︷︷ ︸

Sij

+
2

3
kδij . (5)

In freestream conditions Sαα = 0, so Boussinesq-type turbulence models
will then predict u′u′ = v′v′ = w′w′ = 2

3k, which indicates that the turbulence
is isotropic in the freestream. A more proper way of defining isotropy/anisotropy

is to take advantage that u′
iu

′
j is a real and symmetric tensor, meaning that it

has three orthogonal eigenvectors and three real eigenvalues: The turbulence
is then defined to be isotropic, if and only if the three eigenvalues are equal
(meaning that TKE is split equally between the three principal directions, which
are the directions of the orthogonal eigenvectors). Interestingly, the eigenvalues
can also be used to define other turbulence limits, such as 1D turbulence (two
eigenvalues are 0), 2D axisymmetric turbulence (two eigenvalues are equal, the
last eigenvalue is 0), etc. In fact, all turbulence states can be described using
only two eigenvalues, because λ3 = cst − (λ1 + λ2) for all real tensors (also
non-symmetric tensors; cst = 2k for the Reynolds stress tensor). This has led
to a variety of different 2D maps to describe turbulence states (e.g. eigenmap,
Lumley triangle, and barycentric map). These were reviewed by Emory &
Iaccarino (2014), who also described a red-green-blue (RGB) coloring technique
for the barycentric map: red represents 1D turbulence (x1c), green represents 2D
axisymmetric turbulence (x2c) and blue represents three-component isotropic
turbulence (x3c). Turbulence can also be in a superposition of the three basic
states, and the state is then represented by a mixture of the three basic colors;
see Fig. 6.

The RGB technique can also be used on the extracted Reynolds stresses
from the LES data, and the results are shown in Fig. 6.

In reality, one typically finds u′u′ > v′v′ > w′w′ in the ASL, with the
inequalities being more pronounced with increasing stability (Panofsky & Dutton
1984), and anisotropic freestream turbulence is indeed observed in the LES
data. RANS turbulence for both CBL and SBL is on the other hand almost
completely isotropic in the freestream, which as earlier discussed is expected
from Boussinesq-type RANS turbulence models. More sophisticated RANS
turbulence models such as explicit algebraic Reynolds stress models (Wallin &
Johansson 2000; Želi et al. 2019) and uncertainty-quantification models (Emory
et al. 2013; Hornshøj-Møller et al. 2021; Eidi et al. 2021) can predict anisotropic
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Figure 6: Componentality contours in the turbine-centered vertical plane,
y/D = 0. Colored according to the barycentric map (triangle) shown above,
which has three limiting states: isotropic turbulence (x3c), 2D axisymmetric
turbulence (x2c) and 1D turbulence (x1c).

freestream turbulence, but are also more complex to implement compared to
standard two-equation models.

The turbulence in the disk region and wake shear layers is anisotropic in
all cases, but the LES data shows a large degree of 1D turbulence, which is
not present in the RANS simulations, where the turbulence is more perturbed
towards the 2D axisymmetric limit. To understand these differences more, the
Reynolds stress profiles are plotted at three downstream positions in Fig. 7. First,
a significant difference between RANS and LES are seen in the freestream (the
x/D = −2.5 column) as discussed previously. In the near-wake (the x/D = 2.5
column) and far-wake (the x/D = 7.5 column), the normal components are
rather poorly predicted, which fits with the RGB plots in Fig. 6, while the cross
components are surprisingly well predicted. The entrainment of U -momentum
into the wake at the top of the wake shear layer is to a large extent controlled by
u′w′, which might explain why the cstB model still predicts reasonable results
for velocity wake recovery. The turbulence intensity profile and recovery is
calculated from the normal components, and the poor RANS prediction of these,
could explain the TI discrepancy seen earlier in Figs. 2-3.
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Figure 7: Reynolds stress profiles normalized by hub height TKE, kref ≡
3
2 (IrefUref)

2. The profiles are plotted at the centerline, y/D = 0, hence per

symmetry u′v′ = 0 and v′w′ = 0 (the slight deviation of the LES values might
be caused by averaging or interpolation errors).
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4. Conclusions

The wake of a single wind turbine in flat, homogeneous terrain is investigated in
stable and convective atmospheric conditions, respectively, with LES and RANS
simulations. The LES data shows that buoyancy production is approximately
two orders of magnitude less than the shear production in the wake, so the effects
of buoyancy are mainly of importance for the inflow and not in the shear layers
surrounding the wake. This allows for a simple inclusion of buoyancy in lower
fidelity wake models as RANS by fixing the buoyancy production throughout
the domain according to MOST. Balancing terms for the turbulence transport
equations are required to avoid streamwise development of the freestream profiles,
but the turbulence model is else straight-forward to extend from already existing
two-equation model implementations.

The disk-averaged velocity wake deficit predicted by RANS is for the two
considered testcases within 8% of the LES results for the near-wake and 2%
for the far-wake, while the turbulence intensity is more poorly predicted (up
to 36% relative difference), which is a well known problem for RANS models.
The Reynolds stresses are eigen-decomposed to quantify the anisotropy of the
turbulence, which as expected from the Boussinesq hypothesis shows that the
freestream turbulence in RANS is isotropic, while the LES data is clearly more
anisotropic, i.e. closer to realistic atmospheric turbulence. However, the cross-
component of the Reynolds stress tensor is reasonably predicted by the RANS
model, which could be one of the reasons why it also performs reasonably for
wake deficit predictions, but not for turbulence intensity predictions.
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Appendix A. Inflow turbulence length scales

By dimensionless reasoning, the eddy viscosity can be split into turbulence
velocity and length scales, νt = utℓt. There are many ways to define the scales
and in Fig. 8 some different length scale definitions are shown for the simulations
used in the paper. For reference, the neutral log-law (dU/dz = u∗/(κz),

σu = 2/3k, k = u2
∗C

−1/2
µ and −u′w′ = u2

∗) is also plotted. Although the
RANS and LES results are somewhat different, all definitions nevertheless
show the same trend, namely that the length scale is increased/decreased in
convective/stable conditions.
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Figure 8: Inflow length scale profiles.
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Appendix B. CB parameter for stable conditions

The cstB model was developed and validated for the unstable ASL by Baungaard
et al. (2022), where the recommendation was to use CB = 5.0 in the stability-
corrected fP -function. This paper simulates a stable case with the cstB-model
for the first time, so a small CB-sensitivity study is shown in Fig. 9 and from this
it can be concluded that the disk-averaged wake profiles are rather insensitive
to the choice of CB, at least for the current case. We therefore choose to also
use CB = 5.0 for stable conditions in this paper.
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Figure 9: Sensitivty of CB on disk-averaged velocity deficit (upper) and turbu-
lence intensity (lower).
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Abstract. Reynolds-averaged Navier-Stokes (RANS) simulations of wind
turbine wakes are usually conducted with two-equation turbulence models
based on the Boussinesq hypothesis, which are simple and robust but lack
the capability of predicting various turbulence phenomena. Using the explicit
algebraic Reynolds stress model (EARSM) of Wallin & Johansson (2000) can
aid some of these deficiencies, while still being numerical robust and only slightly
more computationally expensive than the traditional two-equation models. The
model implementation is verified with the homogeneous shear flow, half-channel
flow and square duct flow cases, and subsequently full 3D wake simulations
are run and analyzed. The results are compared with reference large eddy
simulation (LES) data, which shows that the EARSM especially improves the
prediction of turbulence anisotropy and turbulence intensity but that it also
predicts less Gaussian shaped wake profiles with the standard settings of the
model.

1. Introduction

As wind farms increase in size and number of turbines, increasingly more
attention should be given to the study of wind turbine wakes, as they can
account for a relatively large power production decrease. Simple engineering
models, such as the classic Jensen (1983) model, the ”new-classic” Bastankhah
& Porté-Agel (2014) model, or the more recent Ishiara model (Ishihara & Qian
2018), can be used to model the flow through a wind farm on a regular laptop
in a matter of seconds. However, they all share some common weaknesses: they
are based on rather strict flow assumptions, need empirically tuned parameters,
and require a superposition model for overlapping wakes.

A wind turbine wake is a complex three-dimensional swirling flow, and
its development is governed by turbulent mixing, which is strongly influenced
by density stratification in the atmospheric boundary layer (ABL) and the
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interaction between the ABL and the wake itself. To model a more physically
correct wind farm flow we therefore solve the Navier-Stokes equations, which in
essence are a reformulation of Newton’s second law, along with conservation of
mass. The process of discretizing and solving these equations on computers is
known as computational fluid dynamics (CFD). Unfortunately, the Reynolds
number of atmospheric flows is so large (106–108 or more, see e.g. Wyngaard
2010), that it is unfeasible to conduct direct numerical simulation (DNS) for
even a single wind turbine wake. Instead large eddy simulation (LES), i.e. the
simulation of the spatially-filtered Navier-Stokes equations, has been performed
by numerous groups in the last decade, see review by Breton et al. (2017). Even
though the rotor geometry is reduced to an actuator disk (AD) or an actuator
line (AL) model, these simulations require a vast amount of CPU hours on
modern high-performance computing (HPC) clusters, again even for a single
wind turbine wake. A much faster simulation can be conducted by solving
the Reynolds-averaged Navier-Stokes (RANS) equations instead; however, in
contrast with LES, which needs only to parameterize turbulent fluctuations
at the smallest (unresolved) scales, RANS simulation relies heavily on the
quality of the turbulence model because it must model fluctuations across
all simulated scales. For example, the standard two-equation k–ε model of
Launder & Spalding (1974) was shown by Réthoré (2009) to perform poorly
for simulation of wind turbine wakes in terms of wake recovery prediction,
and also generating unphysical Reynolds stresses in the vicinity of the turbine
(i.e., unrealizable turbulence). This is not unexpected since it was originally
developed for simple free shear and boundary-layer flows, e.g. flat plate, pipe,
plane jet and cavity flows (Launder & Spalding 1974). The standard k–ε
model is considered to be a linear eddy viscosity model (EVM), because the

anisotropy tensor, aij ≡
u′
iu

′
j

k − 2
3δij (where u′

iu
′
j is the Reynolds stress tensor, k

is the turbulent kinetic energy (TKE) and δij is the Kronecker delta tensor), is
linearly proportional to the normalized strain rate tensor through the Boussinesq
hypothesis (Boussinesq 1897), see also Eq. (5). A modified model coined the
”k–ε–fP ” model was developed and calibrated specifically for atmospheric wind
farm flows by van der Laan (2014) and it showed much improvement over the
standard k–ε model. It is essentially equivalent to the first order model of the
non-linear eddy viscosity model (NLEVM) of Apsley & Leschziner (1998).

Linear EVMs based on the Boussinesq hypothesis, e.g., mixing-length, k–ε,
k–ω, etc., are the de-facto standard for RANS in many fields of research including
wind energy applications (e.g., Bleeg et al. 2018; Hornshøj-Møller et al. 2021;
Heinz et al. 2021; Dicholkar et al. 2022; Letizia & Iungo 2022). They are simple
to implement and numerical robust but have a drawback in terms of physical
correctness – the example of wake recovery has already been mentioned earlier,
and one can also quickly derive that the Reynolds stresses become unrealizable
for large normalized strain rates in general, see Fig. 2. Full Reynolds stress
modeling (RSM), where a transport equation for each of the six unique Reynolds
stress components is solved, was conducted by Launder et al. (1975) and this
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approach leads to more physical predictions, because one avoids the use of the
quite limiting Boussinesq hypothesis, and hence the production of turbulence
needs no further modelling, which is a major improvement. The drawback of
this method is that it is more computationally expensive and, perhaps more
importantly, less numerically stable. Rodi (1976) deployed the weak equilibrium
approximation (WEA) to the RSM equations, which transforms the set of
differential equations into a set of algebraic equations, while still retaining
most of the physical behavior of the RSM. This approach is known as the
algebraic Reynolds stress model (ARSM) and it can be formulated as a tensor
equation for the anisotropy tensor, but unfortunately it is a non-linear implicit
equation with multiple solutions, which is also prone to numerical stability
issues. Pope (1975) simplified the ARSM by using the Cayley-Hamilton theorem
and obtained the first explicit algebraic Reynolds stress model (EARSM) for
the case of 2D flow, which as the name suggests is an explicit algebraic relation
between the Reynolds stress tensor (or equivalently the anisotropy tensor) and
the normalized strain rate and rotation rate tensors. Different three-dimensional
generalizations were subsequently made by Taulbee (1992), Gatski & Speziale
(1993), and Wallin & Johansson (2000), which differ in the constants and
more importantly in the way they treat the non-linearity of the ARSM. The
Wallin & Johansson (2000) EARSM (hereafter WJ-EARSM) is chosen for this
work, because it is based on the concept of self-consistency (meaning that the
explicit solution of aij satisfies the non-linear ARSM tensor equation exactly
in 2D mean flows and approximately in 3D mean flows) and is only slightly
more computationally expensive compared to a standard k–ε model. The self-
consistent solution was independently formulated by Girimaji (1996), Ying &
Canuto (1996) and Johansson & Wallin (1996), and facilitates a consistent
solution in non-equilibrium conditions (where TKE production does not balance
dissipation of TKE).

It appears that only Gómez-Elvira et al. (2005) and van der Laan (2014)
have attempted to use EARSM for RANS simulations of wind turbine wakes.
Many other research areas have however used the WJ-EARSM successfully (e.g.,
airfoil flow (Franke et al. 2005), vortex generators (Jirásek 2005), stirred tanks
(Feng et al. 2012), Kaplan turbines (Javadi & Nilsson 2017) and high-speed
trains (Munoz-Paniagua et al. 2017)), so it seems that an untapped potential
exists in turbulence modeling for wind energy applications. Gómez-Elvira et al.
(2005) deployed the Taulbee (1992) model in a parabolic RANS setup, which
is fast to execute but lacks physical features such as the upstream induction
zone. van der Laan (2014) tested the Taulbee (1992), Gatski & Speziale (1993)
and Apsley & Leschziner (1998) models in the elliptic RANS solver EllipSys3D
(Sørensen 1995) but found that they were more numerically unstable compared
to the standard k–ε model.

The EARSM framework of Wallin & Johansson (2000) has been further
exploited by including the strong coupling with density stratification present
in the ABL (Lazeroms et al. 2013) capturing the effect of both stable and
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convective ABLs (Lazeroms et al. 2016; Želi et al. 2020, 2021). In this paper,
we will restrict the study to the neutral atmospheric surface layer (ASL, i.e.,
the lower part of the ABL) leaving stratified conditions for upcoming studies.

Section 2 describes the turbulence model formulations. In Section 3, we
verify our implementation of the WJ-EARSM using several canonical flowcases
and finally in Sections 4 and 5, it is applied to simulations of wind turbine
wakes in the neutral ASL.

2. Turbulence modeling

The turbulence models utilized in this paper assume incompressible, non-
stratified flow, no system rotation (no Coriolis or centrifugal contributions),
isotropic dissipation of TKE and high Reynolds number flow.

2.1. The standard k–ε model (Launder & Sharma 1974)

The Boussinesq hypothesis is used to obtain the Reynolds stresses

u′
iu

′
j = −νt

(
∂Ui

∂xj
+

∂Uj

∂xi

)
+

2

3
kδij , (1)

which are needed to close the momentum equations (the equations for the mean

velocity vector, Ui). The eddy viscosity in a linear EVM is defined as νt = Cµ
k2

ε
and transport equations are used to obtain TKE, k, and dissipation of TKE, ε:

∂k

∂t
+ Uj

∂k

∂xj
= −u′

iu
′
j

∂Ui

∂xj︸ ︷︷ ︸
P

−ε+
∂
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(
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∂k

∂xj

)
︸ ︷︷ ︸
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, (2)

∂ε

∂t
+ Uj

∂ε

∂xj
= (Cε1P − Cε2ε)

ε

k
+

∂

∂xj

(
νt
σε

∂ε

∂xj

)
︸ ︷︷ ︸

D(ε)

. (3)

This paper focuses on the k–ε model, because it is traditionally used for
atmospheric flows (e.g., Crespo et al. 1985; Richards & Hoxey 1993; Sørensen
1995), but the widely used k–ω model could as well have been used. They can
both be categorised as linear EVMs, because they use the Boussinesq hypothesis
to obtain the Reynolds stresses. Several empirical constants are also present
for both models, though they are related to each other (Sogachev et al. 2012);
for the k–ε model there are Cµ, σk, Cε1, Cε2 and σε (see review by Weaver &
Mǐsković (2021) for the most popular sets of constants used in the past). We
shall use different sets of constants throughout the paper and will remark the
choice at each usage of the k–ε model.

To simplify the Boussinesq hypothesis, Eq. (1), we can use the anisotropy
tensor also mentioned in the introduction:

a = aij ≡
u′
iu

′
j

k
− 2

3
δij . (4)
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It is dimensionless, symmetric and traceless, and Eq. (1) can then be re-written
as:

aij = −2CµSij (linear EVM), (5)

where S = Sij ≡ 1
2
k
ε

(
∂Ui

∂xj
+

∂Uj

∂xi

)
is the normalized strain rate tensor. The

k–ε model is independent of the normalized rotation rate tensor, Ω = Ωij ≡
1
2
k
ε

(
∂Ui

∂xj
− ∂Uj

∂xi

)
, hence it will be unable to predict turbulence effects associated

with rotation or curvature, e.g., damping/enhancement of turbulence in rotating
homogeneous shear flow (Wallin & Johansson 2002). The more advanced
EARSMs also need to solve the k and ε transport equations, because they
depend on Sij and Ωij , and hence depend on the turbulence time scale k/ε.
The key difference between these more advanced models and the standard
k–ε closure is that the Boussinesq hypothesis is replaced by a more general
constitutive relation.

Finally, it can be noted that the time derivative is retained in the transport
equations, Eq. (2)-(3), to allow for unsteady RANS (URANS) simulations,
e.g., homogeneous shear flow. URANS is generally only advisable when there
is a clear separation between the time scale of the turbulence and the mean
unsteadiness (see e.g. Wallin 2000), and should therefore be used with care.

2.2. The k–ε–fP model

The k–ε–fP model by van der Laan (2014) is equivalent to the first order model
of Apsley & Leschziner (1998), except for a re-tuning of the model coefficients.
To summarize:

aij = −2CµfP︸ ︷︷ ︸
Ceff

µ

Sij (k-ε-fP model). (6)

Compared with the Boussisnesq hypothesis, Eq. (5), we see that the only
difference is that the k–ε–fP model uses a variable or ”effective” Ceff

µ , which is
flow dependent and thereby makes aij non-linear in the velocity gradient tensor;
however, the k–ε–fP model is still referred to as a ”linear EVM”, e.g. van der
Laan (2014), because the direction of aij is aligned with Sij and not any other
higher order tensors. The fP function is:

fP =
2f0

1 +
√
1 + 4f0(f0 − 1)(σ/σ̃)2

,

σ ≡ k

ε

√(
∂Ui

∂xj

)2

=
√
IIS − IIΩ , f0 = 1 +

1

CR − 1
. (7)

In the above equation σ is the ”shear parameter”, which can re-written using
velocity gradient tensor invariants, see Eq. (14), while σ̃ is the shear parameter
of the freestream calibration flow. Instead of using DNS channel flow data for
the calibration, as was done by Apsley & Leschziner (1998), van der Laan (2014)
chose to calibrate with a neutral ASL (logarithmic wind profile), which simply
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gives σ̃ = C
−1/2
µ . Finally, van der Laan (2014) took the Rotta constant as a free

parameter and tuned it to CR = 4.5 using LES data of wake velocity and TI
(pressure-strain data was not used) extracted from eight different wind turbine
wake cases.

In the freestream of a neutral ASL, fP = 1, so it reduces to the standard
k–ε model, while fP < 1 in regions with rapid strain compared to the turbulence
time scale (i.e., large normalized velocity gradients), hence attenuating mixing
in the wake shear layers and improving predictions of wind turbine wakes as
found by van der Laan (2014). The fP correction reduces mainly the turbulence
length scale (but also the turbulence velocity scale) in the near wake, and can
therefore be interpreted as a local turbulence length scale limiter, as discussed
by van der Laan & Andersen (2018). In fact, the damping introduced through
fP will preserve realizability for rapid shear (large normalized velocity gradient),
i.e. in the rapid distortion theory (RDT) limit it will predict a13 > −1, whereas
the standard k–ε model would predict a13 < −1 (unrealizable turbulence), see
Fig. 2.

Table 1 summarizes the model constants of the k–ε–fP model, where
one can notice that Cµ = 0.03 is used instead of the established value of
Cµ = 0.09, e.g., Launder & Spalding (1974). Several measurements of flat
terrain, atmospheric flows, e.g., Panofsky & Dutton (1984), points to a lower
Cµ and Bottema (1997) argues that this is due to ”inactive” low frequency
atmospheric turbulence, see also discussion by Richards & Norris (2011). As

a compromise Cµ =
√
0.09 · 0.03 ≈ 0.052 is used in WAsP-CFD (Bechmann

2016).

Cε,1 Cε,2 σk σε Cµ κ CR

1.21 1.92 1.00 1.30 0.03 0.4 4.5

Table 1: Model constants for the k–ε–fP model as recommended by Sørensen
(1995) and van der Laan (2014). Referred to later as ”ABL coefs”.

2.3. Wallin & Johansson (2000) EARSM

The EARS model of Wallin & Johansson (2000) is derived from the ARSM
of Rodi (1976) and therefore inherits the constants, c1 and c2, which are the
Rotta coefficient and rapid pressure-strain coefficient of the Launder et al.
(1975) model, respectively. The particular choice c2 = 5/9 reduces the model
expressions significantly and will be adopted in this study. This choice is also
supported by the DNSs of Shabbir & Shih (1993). Moreover, we will only
consider the incompressible, high-Re version (without near-wall corrections)
due to the high Reynolds number and the use of rough wall function boundary
conditions at the ground in the considered flow cases of this paper. Additionally,
we will make comparisons between the 2D and 3D models. It is important to
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stress that the 2D model is fully general and invariant and can be used for
simulation of 3D mean flows as noted by Hellsten & Wallin (2009); this has
for example also been commonly done with the EARSM of Gatski & Speziale
(1993). Another important point to mention again is that all EARSMs are based
on combinations of Sij and Ωij (which depend on the turbulence time scale,
τ = k/ε) so one still needs to solve either the k–ε model (used in this paper),
k–ω model (used by Wallin & Johansson (2000)) or some other combination for
obtaining the turbulence time scale.

2.3.1. 2D WJ-EARSM

Using the complete two-dimensional tensor basis for the anisotropy tensor
(Pope 1975), an exact self-consistent 2D EARSM was found independently by
Johansson & Wallin (1996), Girimaji (1996) and Ying & Canuto (1996). It
was more thoroughly elaborated and tested by Wallin & Johansson (2000),
where derivation details also can be found. Without loss of generality, and for
the reason of numerical implementation, the anisotropy is split into linear and
”extra” terms:

aij = −2Ceff
µ Sij + a

(ex)
ij , (8)

where

Ceff
µ = −1

2
β1 , a

(ex)
ij = β4 (SikΩkj − ΩikSkj) . (9)

The tensor coefficients are:

β1 = −6

5

N

N2 − 2IIΩ
, (10)

β4 = −6

5

1

N2 − 2IIΩ
, (11)

while N is the real and positive root of a cubic polynomial related to the
non-linearity of the EARSM:

N =


c′1
3 +

(
P1 +

√
P2

)1/3
+ sign

(
P1 −

√
P2

)
|P1 −

√
P2|1/3, P2 ≥ 0

c′1
3 + 2

(
P 2
1 − P2

)1/6
+ cos

(
1
3

(
P1√

P 2
1 −P2

))
, P2 < 0

(12)

P1 =

(
1

27
c′21 +

9

20
IIS − 2

3
IIΩ

)
c′1 , P2 = P 2

1 −
(
1

9
c′21 +

9

10
IIS +

2

3
IIΩ

)3

,

c′1 =
9

4
(c1 − 1). (13)

The model only depends on the first two velocity gradient tensor invariants:

IIS ≡ SijSji, IIΩ ≡ ΩijΩji. (14)

The solution procedure will be more thoroughly described in Sect. 2.4, but
one can just notice that given Sij and Ωij , there is a closed and explicit solution
of aij . Since N , Eq. (12), is an exact solution of the underlying cubic polynomial
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problem, then aij is an exact solution of the ARSM, hence it is a self-consistent
EARSM, which ensures good model predictions in non-equilibrium conditions for
P/ε > 1. We suspect that the treatment of the EARSM non-linearity by Taulbee
(1992), Gatski & Speziale (1993) and Apsley & Leschziner (1998) is one of the
main causes for the numerical instability when these EARSMs/NLEVMs are
employed to model wind turbine wakes (van der Laan 2014).

Cε,1 Cε,2 σk σε κ c1 c2
1.44 1.82 1.00 1.30 0.38 1.8 5

9

Table 2: Model constants for the WJ-EARSM as recommended by Želi et al.
(2020). Referred to later as ”Zeli coefs”.

Cµ is not an input parameter but output as a result of applying the WJ-
EARSM, see Eq. (9). However, one still needs it for the rough wall boundary
condition (BC) used in our code and for the diffusion terms in the k and ε
transport equations in our implementation; here we shall use Cµ = 0.087, which
is the equilibrium value (the value obtained by fixing P/ε = 1 and considering
the log-layer relations) with the current set of constants in Table 2, see Sect.
4.1. Also note that κ = 0.38 is not an input parameter, but is calculated from
the other model constants in order to satisfy the log-layer balance, see Eq. (23).

2.3.2. 3D WJ-EARSM

The 3D model is derived in an analogous way as the 2D model (Wallin &
Johansson 2000) but with the complete three-dimensional tensor representation
of aij , which gives:

aij = −2Ceff
µ Sij + a

(ex)
ij , (15)

with

Ceff
µ = −1

2
(β1 + IIΩβ6) , a

(ex)
ij = β3T3 + β4T4 + β6 (T6 − IIΩSij) + β9T9.

(16)
The tensor coefficients and basis tensors are:

β1 = −N(2N2−7IIΩ)
Q

β3 = − 12N−1IV
Q

β4 = − 2(N2−2IIΩ)
Q

β6 = − 6N
Q

β9 = 6
Q

T3 = Ω2 − 1
3IIΩI

T4 = SΩ− ΩS
T6 = SΩ2 +Ω2S − 2

3IV I
T9 = ΩSΩ2 − Ω2SΩ

,

where

Q =
5

6
(N2 − 2IIΩ)(2N

2 − IIΩ), (17)

IV = SijΩjkΩki. (18)
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Unfortunately, there does not exist an analytical solution for N in the 3D
model; therefore the cubic N solution from 2D, Eq. (12), is used, hence the 3D
model is not exactly self-consistent, but the cubic N solution is however still a
quite good approximation in many cases. The same model constants are also
used, see Table 2.

One can show that the 3D model reduces to the 2D model in 2D coplanar
mean flows, where T6 − IIΩS = 0, IV = 0 and T9 = − 1

2IIΩT4 are valid.

2.4. Implementation details

The flow cases are simulated with EllipSys3D, which is a finite-volume CFD
solver developed and described in detail by Michelsen (1992) and Sørensen
(1995). The solver already has implementations of the standard k–ε model
and the k–ε–fP model (van der Laan 2014), so the following focuses on the
implementation of the WJ-EARSM. As emphasized in the previous sections,
both the 2D and 3D models can be written in the same form, see Eq. 8 and

15 (although with different expressions for Ceff
µ and a

(ex)
ij ). The splitting of the

anisotropy tensor into a linear and an extra part makes the implementation
relatively straightforward in codes that already have a k–ε model implemented
as also noted in Appendix A of Wallin & Johansson (2000); for the momentum

equations, simply use νefft = Ceff
µ

k2

ε instead of νt = Cµ
k2

ε and add −∂a
(ex)
ij k

∂xj
as a

source term:

−
∂u′

iu
′
j

∂xj
= −

∂
(
aijk + 2

3kδij
)

∂xj
=

∂2Ceff
µ kSij

∂xj︸ ︷︷ ︸
Treat implicit

−
∂a

(ex)
ij k

∂xj︸ ︷︷ ︸
Treat explicit

−
∂ 2

3kδij

∂xj︸ ︷︷ ︸
Absorb into pressure

.

(19)

For numerical stability, it is recommended to include the first term in the system
matrix and the second term in the source vector (i.e., treat the terms implicit
and explicit, respectively). The third term is isotropic and can be absorbed
into a modified pressure.

In the k and ε transport equations, we use the standard νt in the diffusion
terms (D(k) and D(ε) in Eq. (2)-(3)), since these are calibrated using the
standard model. This practice is also used by Apsley & Leschziner (1998),
Myllerup (2000) and Menter et al. (2009). In the original paper of Wallin &
Johansson (2000), it was proposed to use the Daly-Harlow diffusion model, or
an eddy-diffusion model with the effective νefft , which was later abandoned for
the standard eddy-diffusivity model (see e.g. Menter et al. 2012). The TKE
production is calculated consistently as P = −εaikSki with the full anisotropy
tensor; this expression is in fact valid for all turbulence models (see for example
Wallin & Johansson 2000).

A segregated solver (i.e., solving the U eq., then V eq., then W eq., etc.) is
used in EllipSys and the same shear production P is used in both turbulence
transport equations; an overview of the procedure is sketched in Fig. 1. The
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boundary conditions for each variable depend on the type of boundary (rough
wall, inlet, outlet, cyclic or symmetric) and the implementation of these in
EllipSys3D are described by Sørensen (1995); Sørensen et al. (2007).

Figure 1: Segregated solver procedure for WJ-EARSM in EllipSys3D. Note, P
is the mean pressure, while P is the TKE shear production.

The 1D version of EllipSys3D, EllipSys1D (van der Laan & Sørensen 2017),
is used for the 1D verification cases in Section 3. Its code structure is very similar
to EllipSys3D’s, but it has no W -momentum equation (W = 0), no pressure
correction equation (∂/∂x = ∂/∂y = 0, so continuity is ensured already) and it is
written using 1D simplifications (mean variations only in time and z-direction),
which makes it possible to run 1D simulations, or so called ”single-column
models”, on a regular laptop in a few seconds.

For both EllipSys1D and EllipSys3D, the procedure of calling the WJ-
EARSM is as such:

1. Use most recent solution of momentum and turbulence transport equa-
tions to calculate the normalized strain rate and rotation rate tensors,
Sij and Ωij .

2. Calculate tensors and invariants.
3. Calculate N .
4. Calculate coefficients, β1, . . . , β10.
5. Calculate anisotropy tensor, aij .
6. Calculate TKE shear production, P = −εaikSki.

7. Calculate Ceff
µ and a

(ex)
ij .



Wake simulation with EARSM 131

3. Verification cases

As is clear from the previous section, the expressions in the WJ-EARSM are
considerably longer compared to the ones of the k–ε and k–ε–fP models. Three
canonical flows (homogeneous shear flow, half-channel flow and square duct
flow) are therefore used as verification cases to gain confidence in the numerical
implementation (verification is the process of ensuring correct implementation,
whereas validation is the process of assesing a model’s accurracy, see (Réthoré
et al. 2014)); full 3D wind turbine wake simulations will first be considered
in Sect. 4. The first two cases can be simulated in a 1D setup, which make
them ideal for initial testing, while the last case needs to be simulated in 3D
due to the phenomenon of secondary motions. For the latter, a quasi-2D setup
- homogeneous in the streamwise direction - would be possible, but a fully
3D setup is chosen for verification of the 3D implementation. All cases are
compared to either analytic expressions or DNS data to verify correct behavior
of the implementation.

Even before running the verification cases, we consider the general class of
”simple shear flows” (aka. 1D parallel flows), where the normalized strain rate
and rotation rate tensors are:

Ssimple =

 0 0 S13

0 0 0
S13 0 0

 , Ωsimple =

 0 0 S13

0 0 0
−S13 0 0

 . (20)

Prescribing S13 enables us to evaluate the turbulence models analytically
and obtain the anisotropy tensor, aij . The a13 component is shown in Fig. 2
and from the Cauchy-Schwarz inequality one can show generally that −1 ≤
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k-ε (Cµ = 0.09)
k-ε (Cµ = 0.03)
k-ε-fP (Cµ = 0.09)
k-ε-fP (Cµ = 0.03)
WJ-EARSM

Figure 2: Analytical off-diagonal anisotropy in simple shear flow.
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a13 ≤ 1; if a turbulence model violates this, then it predicts ”unrealizable”
turbulence, meaning unphysical turbulence. For large S13, the k–ε model leads
to unrealizable turbulence, while both the k–ε–fP model and WJ-EARSM (the
2D and 3D WJ-EARSMs are identical in 1D) are realizable even for large S13.
This is very desirable because large normalized velocity gradients are typically
encountered in regions of non-equilibrium turbulence, e.g., in the vicinity of the
rotor and in the wake shear layers. Indeed Réthoré (2009) noted large regions
of unrealizable turbulence near the wind turbine, when using the standard k–ε
model. Also note that the k–ε–fP model (using Cµ = 0.03) predicts a similar
a13 as the WJ-EARSM solution for large strains, while the main difference
between the models is found for small strains.

3.1. Homogeneous shear flow

Homogeneous shear flow (see review by Pope (2000), p.154-157) has a simple
setup, but can be challenging to simulate and is conceptually a strange case. The
momentum equations are not solved and instead a constant velocity gradient is
artificially fixed at all times, see Figure 3. This is, indeed, rather unphysical since
the velocity gradient should gradually decrease as turbulence is created until the
velocity gradient eventually becomes zero and turbulence dies out. Nevertheless,
homogeneous shear flow constitutes an interesting test case, because it only
involves the solution of the turbulence transport equations and turbulence
closure, hence it is a ”pure” test of the turbulence model. Moreover, free shear
layers can locally be approximated with homogeneous shear. Only EllipSys1D
is used for this case.

0

20

40

60

80

100

z [
m

]

2 0 2 4 6 8 10 12
U [m/s]

Ghost cell

Ghost cell

Figure 3: Mesh and the prescribed velocity profile in EllipSys1D for the homo-
geneous shear flow case.
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In principle, homogeneous shear flow is an unsteady 0D case; the turbulence
evolves identically at all positions in space, hence there is actually no need
for a spatial discretization as shown in Fig. 3 (one could simply integrate the
k and ε equations forward in time, given an initial turbulent state, as done
by for example Taulbee (1992)), but this extra complexity is chosen for the
present case, since the goal is to verify the turbulence model implemented in a
finite-volume CFD code. In practice this means that BCs need to be set at the
top and bottom of the domain: a fixed velocity, U , is used as illustrated in Fig.
3, while symmetry BCs are used for k and ε. The implicit Euler scheme is used
for time integration, while the second-order central scheme is used for diffusive
terms.

The simulation parameters used are:

• Height of domain, Lz = 100 m. Uniformly spacing and 10 finite-volume
cells used (if ghost cells are counted in, there are 12 cells), hence grid
spacing is ∆z = 10 m.

• Fixed velocity profile, U(z) = Sz, where S = 0.1 s−1. This gives
U(z = 0) = 0 and U(Lz) = 10 m/s.

• Normalized timestep, ∆t∗ ≡ ∆tS = 0.1 (in physical time ∆t = 1 s). Ten
subiteratons per timestep are used and the total normalized simulation
time is t∗ = 80 (in physical time t = 800 s).

• Initial turbulent state, S k
ε = 3.4 at t∗ = 0. This non-dimensional

quantity determines the evolution of the non-dimensional metrics, i.e.,
anisotropy components, production-to-dissipation ratio, etc. It is same
initial turbulent state as used in the homogeneous shear flow simulations
by Bardina et al. (1983), Gatski & Speziale (1993), Girimaji (1996) and
Wallin & Johansson (2002).

• The RANS model equations are here independent of ρ and ν because
no momentum equation is solved and the diffusion terms in the k and ε
equations (D(k) and D(ε) in Eq. (2-3)) will be zero.

A nice feature of homogeneous shear flow for verification purposes is that
it evolves to an asymptotic state and that an analytic solution exists for this
state, e.g., the asymptotic production-to-dissipation ratio can be derived to be
(see for example, Gatski & Speziale 1993):

P
ε

=
1− Cε,2

1− Cε,1
(asymptotic limit t → ∞). (21)

In 1D parallel flows, P/ε = −2a13S13 and this gives a second equation for
P/ε. By inserting the expression for a13 (the expression differs depending on
the turbulence model), one can isolate and obtain a value for S13 = 1

2
k
εS. This

value can then be used to obtain Sij and Ωij and hence the anistropy tensor.
The asymptotic formulas are summarized in Table 3, where one can note that
the asymptotic WJ-EARSM formulas only depend on Cε1 and Cε2, while the
k–ε formulas additionally depend on Cµ.
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Figure 4: Simulation of homogeneous shear flow with WJ-EARSM (full line)
and the model’s analytical asymptotic values (dashed lines) with different sets
of constants. The simulation data is extracted at z/Lz = 0.45, but the evolution
is identical at all grid points.
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k–ε WJ-EARSM
P
ε Eq. (21) Eq. (21)

S13
1
2C

−1/2
µ

√
P
ε N

(
12
5

N
P
ε

− 4
)−1/2

S k
ε 2S13 2S13

a13 −2CµS13 β1T
(1)
13

a11 0 β1T
(4)
33

a22 0 0
a33 0 -a11

Table 3: Analytic, asymptotic homogeneous shear flow formulas. In homoge-
neous shear flow, S13 = S31 = Ω13 = −Ω31, while all other components are 0.
When P

ε is known, one can use the direct definition of N ≡ c′1 +
9
4
P
ε instead of

Eq. (12), see Wallin & Johansson (2000).

Figure 4 shows the time evolution of the WJ-EARSM as well as the theo-
retical asymptotic values for three common sets of coefficients (Cε1, Cε2). All
simulations indeed go to the analytical asymptote, which gives some confidence
in the implementation of the WJ-EARSM. For validation purposes we also
include some LES (Bardina et al. 1983) and experimental (Tavoularis & Corrsin
1981) data in Fig. 4, which show that the Zeli constants perform better for all
quantities except a11. The choice of c2 = 5/9 makes a22 = 0 for all simulations.

3.2. Half-channel flow

The second reference flow is the fully developed, steady-state half-channel flow,
aka. pressure driven boundary layer (PDBL) flow, and can be solved in 1D
using a grid as sketched in Fig. 5. The lower BC is a rough wall implemented as
in Sørensen et al. (2007), while the upper BC uses symmetry, hence turbulence
now depends on the z-coordinate contrary to in the homogeneous shear flow
case. The flow is driven by a constant streamwise pressure gradient force, which
is an input parameter for the simulation (if one does not use such a forcing, then
the rough wall will extract momentum from the flow and the velocity eventually
becomes zero throughout the domain).

The input parameters for the simulations are:

• The domain height, Lz = 6000 m.
• Aerodynamic roughness height, z0 = 0.03 m.
• First cell height, ∆z = 0.10 m.
• 192 cells (+ 2 ghost cells) and the grid is stretched using the hyperbolic

tangent function (Thompson et al. 1985).
• The streamwise pressure gradient force per unit mass, Fp = 1.5 ·
10−5 m/s2. One can show that the squared friction velocity then becomes,
u2
∗ ≡ −u′w′

s = FpLz = 0.09 m/s.
• The flow is independent of ν because a rough wall BC is used and the

flow is fully turbulent, hence ν ≪ νt.
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Figure 5: Half-channel EllipSys1D setup. The sketch to the right shows conven-
tion of coordinate system used for rough wall simulations.

The region in the lower part of the domain is known as the ”log-layer”, which
is characterized by equilibrium turbulence, i.e., P

ε ≈ 1. As in the homogeneous
shear flow case, we can use this ratio to obtain analytical results for shear and
anisotropy, see Table 4.

The flow profiles with the analytical log-layer values are plotted in Fig.
6. Both sets of model constants, Table 1 and 2, are used for the k–ε model,
which explains the different U -profiles. A spike in the k-profiles is seen near the
wall, which is a well known problem, see Blocken et al. (2007), but the value

of k(z ≈ 0) is nevertheless close to the equilibrium value keq =
u2
∗

C
1/2
µ

for both

k–ε WJ-EARSM
P
ε 1 1

S13
1
2C

−1/2
µ

√
P
ε N

(
12
5

N
P
ε

− 4
)−1/2

a13 −2CµS13 β1T
(1)
13

a11 0 β1T
(4)
33

a22 0 0
a33 0 -a11

Table 4: Analytical values in the log-layer of the half-channel flow.
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models (again reminding that Cµ differs between the two sets of model constants,

compare Table 1 and 2). The kinematic wall shear stress, u′w′(z = 0), is close
to −u2

∗ for both models confirming that the pressure gradient force is applied
correctly and the respective analytical log-layer solutions are also approximately
obtained for both models at z/Lz < 0.3 in accordance with Pope (2000). One
can notice that a feature of the WJ-EARSM is that the normal streamwise and
vertical anisotropies are non-zero; this means u′u′ > v′v′ = 2

3k > w′w′. This
behavior is also seen in the neutral ASL (Panofsky & Dutton 1984), which we
return to in Sect. 4.

0 5 10 15 20 25 30 35
U/u ∗  [-]

0.0
0.2
0.4
0.6
0.8
1.0

z/Lz [-]

(a)

0 1 2 3 4 5 6
k/u2

∗  [-]

(b)

1.0 0.8 0.6 0.4 0.2 0.0
u ′w ′/u2

∗  [-]

(c)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
P/ε [-]

0.0
0.2
0.4
0.6
0.8
1.0

z/Lz [-]

(d)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
S13 [-]

(e)

0.3 0.2 0.1 0.0
a13 [-]

(f)

0.3 0.2 0.1 0.0 0.1 0.2 0.3
a11 [-]

0.0
0.2
0.4
0.6
0.8
1.0

z/Lz [-]

(h)

0.3 0.2 0.1 0.0 0.1 0.2 0.3
a22 [-]

(i)

0.3 0.2 0.1 0.0 0.1 0.2 0.3
a33 [-]

(j)

0 5 10 15 20 25 30 35
U/u ∗  [-]

100
101
102
103
104
105
106

z/z0 [-]

(k)

Model:
k-ε (ABL coefs) k-ε (Zeli coefs) WJ-EARSM (Zeli coefs)

Figure 6: Half-channel simulation results (full lines) and analytical log-layer
solutions (dashed lines).
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3.3. Square duct flow

The square duct geometry and boundary conditions are shown in Fig. 7. Similar
to the half-channel flow, the flow is driven by a streamwise pressure gradient,
but the difference is that the duct flow has walls on all four sides. Due to
symmetry, we only simulate the lower left quadrant of the duct. As this paper
focuses on high-Re turbulence models, we choose to model the walls as rough
walls instead of smooth walls, which are traditionally used in square duct flow
simulations.

Although, the fully developed square duct flow might appear as a 2D
problem, it in fact features a full 3D flow field, due to the secondary corner
flows, also sketched in Fig. 7, which were first observed experimentally by
Nikuradse (1930) and later with DNS by Gavrilakis (1992). The secondary
motions are only on the order of V

U ∼ W
U ∼ O(10−2) but still have a notable

effect on the bulk flow as they transport momentum from the center of the
duct toward the corners. Perhaps the most interesting aspect of square duct
flow from a turbulence modeling perspective is that linear EVMs are unable to
predict the secondary corner flows, because the secondary motions are caused
by the normal anisotropy components, which are zero in linear EVMs for fully
developed flow, see Eq. (5) and discussions by Menter et al. (2009); Emory et al.
(2013). However more sophisticated turbulence models such as EARSM and
uncertainty quantification models (Emory et al. 2013) are able to predict this
physical phenomenon.

In this paper, we simulate a fully turbulent square duct flow (high-Re) with
rough wall BCs, hence the flow is independent of ν similar to the half-channel
flow. Currently, the DNS of Pirozzoli et al. (2018) is the most turbulent DNS

Figure 7: Square duct geometry and a cross-section showing the secondary
corner flows. Sketch made with inspiration from Wu et al. (2016).
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available (Reτ ≡ ⟨u∗⟩h
ν = 1055), so this is chosen for reference, although it uses

smooth walls and might not correspond exactly to our high-Re case. For this
reason the RANS and DNS should not be compared directly, but the DNS will
at least show typical characteristics and the order of magnitude to be expected.
The parameters for the RANS simulation are given in Table 5 and a rectilinear
32x64x64 grid is used, which is stretched towards the walls to obtain a first
wall-adjacent cell height on the order of the roughness length (no stretching
used in streamwise direction).

h [m] Lx/h [-] z0/h [-] ⟨u∗⟩ [m s−1]
640 4 7.81 · 10−5 1.24 · 10−2

Table 5: Parameters used for simulation of square duct flow in EllipSys3D. The
brackets ⟨⟩ signifiy the average over the wall.

The streamwise and vertical velocity (U and V components) are shown in
Fig. 8, which show that the 2D WJ-EARSM is indeed capable of predicting
secondary flows similar to the DNS of Pirozzoli et al. (2018). Both Fig. 8 and 9
clearly show that the prediction of the secondary flow is necessary to capture
the correct shape of the U -distribution. In contrast, the standard k–ε model
predicts zero vertical velocity and therefore no secondary flow.
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Figure 8: Streamwise (first row) and vertical (second row) velocity contours in
the lower left quadrant of the square duct. Normalized by the bulk velocity,
Ubulk = 1
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∫
UdA.



140 M. Baungaard, S. Wallin, M. P. van der Laan and M. Kelly

0.0 0.2 0.4 0.6 0.8 1.0
z/h [-]

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

U
Ubulk

 [-]

(a)
On diagonal (y= z)

0.0 0.2 0.4 0.6 0.8 1.0
z/h [-]

0.014
0.012
0.010
0.008
0.006
0.004
0.002
0.000
0.002

V
Ubulk

 [-]

(b)
On diagonal (y= z)

DNS k-ε 2D WJ-EARSM 3D WJ-EARSM

Figure 9: Streamwise velocity (a) and vertical velocity (b) on the corner bisector
line. Results extracted at x/Lx = 0.5.

The 3D WJ-EARSM performed similar as the 2D WJ-EARSM, although
with a slightly weaker secondary flow, which can be seen in Fig. 9, where the
velocity profiles are extracted on the corner bisector line (the diagonal line).
Both WJ-EARSMs predict similar profiles to the DNS, although without the
near corner peak, which according to Pirozzoli et al. (2018) is caused by scale
separation (this phenomena only occurs at higher Reτ and is thus not visible in
the earlier DNSs by Gavrilakis (1992) and Huser & Biringen (1993)) and this
effect is not captured by RANS.

This concludes the verification studies, where the WJ-EARSM has been
seen to give expected results for three canonical flows. Furthermore, the last case
of square duct flow clearly demonstrates that EARS models are able to predict
physical phenomena that two-equation models based on the linear Boussinesq
hypothesis cannot do.

4. Single wind turbine wake

This section concerns the application of the EARS model to a single wind turbine
wake. The numerical CFD setup is similar to that used in many previous RANS
studies, e.g., van der Laan (2014); van der Laan et al. (2021); Baungaard et al.
(2022): the RANS equations are solved using the SIMPLE method using a
modified Rhie–Chow algorithm (Troldborg et al. 2015), while the convective
terms are discretized with the QUICK scheme, see more details in Sørensen
(1995). To model the wind turbine, an AD with uniform distribution of forces
is used (the thrust forces are fixed and no tangential forces are present), and
the forces are transferred to the rectilinear flow domain with the intersectional
method of Réthoré et al. (2014). The flow domain has a finely resolved ”wake
domain” in the center with uniform spacing of D/8, and the grid is stretched
outwards in all directions from this using the hyperbolic tangent method of
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Figure 10: Flow domain (a), finely resolved wake domain (b), xy-cut at hub
height (c) and xz-cut at centerline (d). Every fourth cell is displayed in (c,d)
and green arrows show velocity profile (not to scale).

Thompson et al. (1985), see Fig. 10. A grid convergence study was made to
confirm that this grid resolution is also suitable for the EARS turbulence model,
see Appendix Appendix A.

The case simulated is similar to the case used by Hornshøj-Møller et al.
(2021), namely a single V80 turbine subject to neutral inflow, see Table 6. The
authors of the aforementioned study have provided LES data to us, which will
be used as a reference in the following. It should be noted that their RANS
simulations use ASL inflow (like we shall also use for our RANS simulations),
while their LES is based on PDBL inflow. Although there will be differences
between ASL and PDBL inflow, the latter is likely a good approximation of the
former in the lower part of the domain, but its bias on wake simulations could
be a subject for future studies.

Inflow
Uref [m/s] Iref [%] Atmospheric model

8.0 5.7 Neutral ASL

Turbine
D [m] zref [m] Force distribution Tangential forces CT [-] Control
80 70 Uniform No 0.77 CT fixed

Table 6: Simulation parameters for the single wake V80 case. Note, that the
LES uses neutral PDBL for the atmospheric model.
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4.1. Inflow

The neutral ASL inflow profile (Panofsky & Dutton 1984) is prescribed at the
inlet BC and top of the domain:

U(z) =
u∗

κ
ln

(
z

z0

)
, k(z) =

u2
∗√
Cµ

, ε(z) =
u3
∗

κz
. (22)

This type of inflow is routinely used in wind energy applications, and for a wake
simulation it can be adopted to give a desired hub height velocity, Uref , and
hub height turbulence intensity (TI), Iref , by adjusting u∗ and z0 (van der Laan
et al. 2015b). One could alternatively adjust Cµ instead of z0 to obtain a desired
Iref , but this was shown by van der Laan (2014) to give inconsistent results
with the k–ε-fP model and NLEVMs, so this practice is not recommended.
Although the adjusted u∗ and z0 do not correspond to the physical values at
the site, it is of higher priority to have the correct Uref (and thereby correct
thrust coefficient) and Iref .

In the freestream, the neutral ASL profiles, Eq. (22), should satisfyDk/Dt =
0 andDε/Dt = 0 to be in balance and mitigate development of the inflow profiles
in the streamwise direction. There will inevitably be a slight development, see
Blocken et al. (2007), and for this reason a long domain is used to ensure fully
developed profiles at the entrance of the wake domain. To satisfy the balance
criteria, the turbulence constants should follow the relation (Richards & Hoxey
1993):

Cε,1 = Cε,2 −
κ2√
Cµσε

. (23)

Indeed, both sets of constants in Table 1 and 2 satisfy Eq. (23).

In the neutral ASL, we have P/ε = 1, similar to the log-layer of the half-
channel flow but at all heights. By utilising the WJ-EARSM the equilibrium
relations between the c1 constant and various other variables, as shown in
Fig. 11, can be derived analytically. For example, the standard value of
c1 = 1.8, which is used in this paper, gives Cµ = 0.087 (the ”equilibrium value”
mentioned in Sect. 2.3.1). A closer agreement of the velocity standard deviation
ratios, σv/σu and σw/σu, is seen with the WJ-EARSM, when benchmarking
against the ASL ratios of Panofsky & Dutton (1984); the k–ε and k–ε–fP
models have σv/σu = σw/σu = 1, while the WJ-EARSM has σv/σu = 0.85 and
σw/σu = 0.68 for c1 = 1.8. In fact, the WJ-EARSM is underpredicting the
streamwise fluctuations due to the simplification introduced by setting c2 = 5/9
(this is also the case for half-channel flow, see Wallin & Johansson (2000)),
resulting in the observed overprediction of the σv/σu and σw/σu ratios. Other
c1 values (three other choices than the standard value are marked with dots
in Fig. 11) will enhance/decrease the ASL anisotropy, see details in Appendix
Appendix B, but for the present simulations the standard model coefficients of
Table 2 will be used.

The inflow profiles of the LES and RANS simulations are shown in Fig. 12.
Since the k–ε and k–ε–fP models are identical in the freestream, which is also
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Figure 11: WJ-EARSM dependence on c1 in the neutral ASL (P/ε = 1).

true for the 2D and 3D WJ-EARSMs, then only one of the other is shown in the
figure. The LES is a driven with a streamwise pressure gradient and thus differs
in the stress profiles compared to the pure ASL profiles used in our RANS, but
Uref and Iref do match. As in the half-channel case, the velocity shear differs
due to the different κ and Cµ used in the k–ε–fP model and WJ-EARSM, and
the stress profiles are also different between the two because of the anisotropic
nature of WJ-EARSM. In terms of turbulence anisotropy, quantified as the
distribution of TKE between the normal stress components in Fig. 12, the
WJ-EARSM is clearly closer to the LES data as was also expected from the
analytical results in Fig. 11.

Eigendecomposition of the Reynolds stress tensors can be used to describe
the turbulence state through its three real eigenvalues, which describe the
fluctuations in the three orthogonal, principal directions. Several techniques
(e.g., eigenvalue map, invariant map, Barycentric map and Lumley triangle)
combine the eigenvalues and visualize them with 2D maps; in Fig. 13 the
Barycentric map is used with the RGB color scheme of Emory & Iaccarino
(2014). Both RANS models use ASL inflow, hence the turbulence state is the
same at all heights, whereas the LES state varies with height due to its PDBL
inflow. The k–ε–fP turbulence is mostly isotropic (the x3c corner) as is expected
for all Boussinesq-type models because normal stresses are u′

αu
′
α = 2

3k, whereas
the WJ-EARSM turbulence is perturbed more towards 2D turbulence (the line
connecting x2c and x1c) and thereby closer to LES turbulence.



144 M. Baungaard, S. Wallin, M. P. van der Laan and M. Kelly

0.5 0.6 0.7 0.8 0.9 1.0 1.1
U
Uref

 [-]

0.0
0.5
1.0
1.5
2.0
2.5

z/D [-]

(a)

0.02 0.04 0.06 0.08 0.10 0.12√
2/3k
U

 [-]

(b)

0.6 0.8 1.0 1.2 1.4 1.6
k
kref

 [-]

(c)

0.00.20.40.60.81.01.21.4
u ′u ′

kref
 [-]

0.0
0.5
1.0
1.5
2.0
2.5

z/D [-]

(d)

0.00.20.40.60.81.01.21.4
v ′v ′

kref
 [-]

(e)

0.00.20.40.60.81.01.21.4
w ′w ′

kref
 [-]

(f)

0.30 0.25 0.20 0.15
u ′w ′

kref
 [-]

0.0
0.5
1.0
1.5
2.0
2.5

z/D [-]

(h)

0.4 0.5 0.6 0.7 0.8 0.9 1.0
σv
σu

 [-]

(i)

0.4 0.5 0.6 0.7 0.8 0.9 1.0
σw
σu

 [-]

(j)

LES k-ε and k-ε-fP WJ-EARSM

Figure 12: Inflow profiles for the single wake V80 case.
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Figure 13: RGB-colored Barycentric triangle, with RANS/LES inflow data
shaded by height; white lines at right mark (zref − R), zref and (zref + R),
respectively.
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4.2. Velocity and turbulence intensity

Wake data in form of velocity and TI contours at hub height and profiles at
three downstream positions are shown in Fig. 14-15. In addition to the 2D
WJ-EARSM, results using the 3D WJ-EARSM with/without tangential AD
forces are also shown in Fig.15, and the first conclusion to draw from this is that
the 2D and 3D versions of the WJ-EARSM give similar wake profiles and we
will therefore focus on the simpler 2D WJ-EARSM in the following. A simple
diffusion correction to the WJ-EARSM was suggested by Wallin & Johansson
(2000) to correct the model in regions with low normalized velocity gradients
(e.g., at the top of the half-channel), but it only has a small effect on velocity
deficit and TI as seen in Fig. 15, so it will not be considered in the following
discussions. Finally, results of the standard k–ε model are also shown in Fig.
15 to show its overly diffusive behaviour.

Overall the wake velocity contours in Fig. 14 appear similar, while the
TI contours of the WJ-EARSM are improved over the k–ε–fP model; however
similar to the k–ε–fP model it still fails to predict the TI delay in the near
wake seen in the LES, which is also clearly visible in the disk-averaged TI
recovery profiles in Fig. 16b. Also, there is a TI induction zone in both RANS
simulations, which is not present in the LES; these two effects seem to be a
general issue of k–ε based RANS models as this was also observed with the
standard k–ε, realizable k–ε and RNG k–ε models by Hornshøj-Møller et al.
(2021).

Considering the wake profiles in Fig. 15, it is clear that WJ-EARSM
produces more ”top-hat shaped” profiles similar to the classic Jensen model
(Jensen 1983). This has also been seen with other EARSMs (van der Laan
2014) and with full differential RSMs (Cabezón et al. 2011; Tian et al. 2019).
One can either apply the previously mentioned diffusion correction or increase
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Figure 14: Streamwise velocity (upper row) and TI (lower row) contours at hub
height for the single wake V80 case. Full lines mark ADs, while dashed lines
mark where wake profiles are extracted.
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Figure 15: Streamwise velocity (upper row) and TI (lower row) profiles extracted
at various donwstream positions for the single wake V80 case.

the c1 constant to obtain a more Gaussian shaped profile for the WJ-EARSM,
but the latter is not recommended as it will deteriorate the ASL anisotropy,
see Appendix Appendix B. Another view is that the top-hat shaped profile
is a consequence of not taken various physical phenomena into account, e.g.,
large scale atmospheric turbulence and wake instabilities, and by applying
a unidirectional wind direction applied in our idealized RANS setup (in the
transient LES there will be a varying instantaneous wind direction throughout
the simulation). These type of effects could be interpreted as a Gaussian filter
on the wake profiles, see discussion in Appendix Appendix C. Note that the
k–ε–fP model already accounts for at least the wind direction effect as it has
been calibrated with LES that includes a wind direction distribution (van der
Laan 2014) and that it could be recalibrated to obtain a better match with
the velocity deficit of the present LES case (since the latter LES was simulated
with a different solver and AD implementation).

Lastly, we want to emphasize that the turbulence model is not the only
responsible for the wake results: the same turbulence model applied for the same
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case but with different codes/solvers can yield significantly different results, as
can be seen in the comparison of the k–ε–fP results in Fig. 16. This reminds us
to be careful with general conclusions on which is the better turbulence model.
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Figure 16: Disk-averaged streamwise velocity and TI for the single wake V80
case.

4.3. Stresses

For more insights on the wake mixing and turbulence, we now turn to the
second order statistics of turbulence, namely the individual Reynolds stress
components. The normal components are shown in Fig. 17, which shows that
the WJ-EARSM correctly dampens the lateral and vertical components, which
are else overestimated severely by the k–ε–fP model due to its Boussinesq
closure. This also explains the lower TI of the WJ-EARSM in Fig. 14-16 as
the TI is composed by the sum of the normal components. On the other hand,
the normal stress contours seem too elongated in the streamwise direction with
the WJ-EARSM, for example the low u′u′ core in the center of the wake in Fig.
17b extends too far downstream compared to the LES data in Fig. 17c, which
is possibly connected with the decreased turbulence mixing also causing the
top-hat profiles of wake deficit shown in Fig. 15. Increasing the c1 constant will
alleviate this specific issue, see Appendix Appendix B.

Transport of U -momentum by turbulence, −∂u′uj/∂xj , from the ambient
high speed surroundings to the low speed wake region is mainly determined
by the off-diagonal components of the Reynolds stress tensor, u′v′ and u′w′,
i.e., the lateral and vertical turbulent fluxes of U , respectively, which are shown
as contours in Fig. 18. Both are larger in absolute magnitude for the k–ε–fP
model compared to WJ-EARSM, leading to larger gradients of the stresses and
explaining the increased wake recovery of the former, but when comparing to
the LES data, it can be noticed that the magnitude of u′w′ is overestimated,
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Figure 17: Normal stresses at hub height for the single wake V80 case.

hence the overestimated wake recovery of the k–ε–fP model in Fig. 16. On
the other hand, the WJ-EARSM underestimates the magnitude of the fluxes,
especially notable in the u′v′ contours, hence the slight underestimation of wake
recovery compared to LES in Fig. 16.

To conclude, we see some advantages but also disadvantages with using
WJ-EARSM over the k–ε–fP model for prediction of the Reynolds stresses,
which also have direct consequences for the prediction of the velocity deficit
and turbulence intensity.
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Figure 18: Lateral U -momentum flux at hub height xy-plane (upper row) and
vertical U -momentum flux at the center xz-plane (lower row) for the single wake
V80 case.
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4.4. Turbulence state

In the inflow section, Sect. 4.1, it was shown that the turbulence state of the
freestream turbulence was mainly isotropic in the k–ε–fP model, while both
the WJ-EARSM and LES data were more perturbed towards 2D turbulence
(the lower edge in the Barycentric triangle). This is also seen in RGB-colored
xy-plane at hub height in Fig. 19, where one can see that the ambient flow
of the k–ε–fP model is predominantly colored blue and hence isotropic. As
also alluded in Sect. 4.1 the ambient WJ-EARSM turbulence is more oblate
(left edge of Barycentric triangle), while the LES is more prolate (right edge of
Barycentric triangle), hence the green and purple coloring, respectively, of the
ambient flow in Fig. 19. In the wake shear layers, both RANS models predict
perturbations towards 2D turbulence, while LES is more perturbed towards
1D turbulence (the x1c corner). These observations fit with the increase of
u′u′ and strong damping of v′v′ and w′w′ in the LES shown in Fig. 17. To
improve the prediction of the turbulence state, we therefore suspect that normal
stress predictions are essential, especially the ratios of those - the WJ-EARSM
definitely has some improvement from the overly isotropic k–ε–fP model but
does not capture the completely right ratio between normal stresses. We note
that a resolution of 20 cells per diameter was used in the reference LES, which
might be sufficient for first order statistics and shear stresses, but could bias
the normal stresses and therefore also the turbulence state.
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Figure 19: RGB-colored turbulence componentiality at hub height for the single
wake V80 case.
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5. Aligned row of wind turbines

To test the WJ-EARSM in a wind farm scenario, we simulate the lower row in
the TotalControl rot90 reference wind farm, which consists of eight aligned wind
turbines with 5D inter-spacing, see Fig. 20. The DTU-10MW turbines of the
wind farm are modeled with the scaling AD method with 1D momentum control
van der Laan et al. (2015a) and including tangential forces (hence there will be
wake swirl), and the thrust, rotational speed and power curves are taken from
the DTU-10MW report (Bak et al. 2013). We compare the results with LES
conducted at KU Leuven (the ”PDk90 case”, Sood & Meyers (2020)), where
the turbines were modeled with an actuator surface (AS) model coupled to an
aeroelastic code, hence the LES and RANS are not directly comparable but
nevertheless gives a reference to compare against. Due to the natural streaks
appearing in LES, we choose to calculate Uref and Iref with planar averages of
the LES data in the region upstream of the lower row rather than using the
time-averaged precursor profiles. The overview of the simulation parameters are
given in Table 7. The numerical setup of the RANS simulation is identical to the
one used for the single wake case, except that tangential forces and non-uniform
thrust forces are applied on the AD, the domain is scaled with the new rotor
diameter and the wake region is extended to encompass all eight turbines.

The velocity contours in Fig. 21 show that both the k–ε–fP model and
WJ-EARSM qualitatively share some of the same flow features as the LES,
e.g., a faster wake recovery is seen on the left side of the first wake (seen from
upstream) because of the combined effect of wind shear and wake rotation (aka.
swirl) and they predict the largest wake deficit in the second wake. Neither of
these effects are predicted by the standard k–ε model, but it can capture other
phenomena as for example the induction zones and the expanding wake tube
surrounding the whole row. Fig. 23a shows the streamwise velocity along the

Figure 20: A xy-cut of the domain with every eighth cell shown (a) and a 3D
view of the wake domain (b) for the aligned row case. The size of the domain is
Lx/D = 104, Ly/D = 60 and Lz/D = 25. A rough wall BC and an inlet BC
are used for the lower and upper BCs, respectively.
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Inflow
Uref [m/s] Iref [%] Atmospheric model

9.8 4.5 Neutral ASL

Turbine
D [m] zref [m] Force distribution Tangential forces Control
178.3 119 Scaling Yes 1D momentum method

Table 7: Simulation parameters for the aligned row case from TotalControl.
The AD scaling and 1D mom’m control methods are described in detail by
van der Laan et al. (2015a).

axial line of the ADs and shows that the WJ-EARSM is closer to the LES in the
near wake of each turbine, while the k–ε and k–ε–fP models are better at the far
wake of each turbine. The RANS models become more similar further down in
the row and the recovery behind the last turbine (aka. the wind farm recovery)
is very similar. In van der Laan et al. (2015c), a similar observation was made
when comparing the standard k–ε and k–ε–fP models for wind farm cases since
the difference between both turbulence models reduces with increased levels of
turbulence.

The turbulence intensity contours in Fig. 22 show more pronounced dif-
ferences between the models, e.g., the LES has peaks of TI in the wake shear
layers, whereas the RANS models have TI more evenly distributed over the
wake. As was also seen and discussed in the V80 case, there is no induction
zone of TI for the LES and the development of TI is delayed. Again also the
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Figure 21: Streamwise velocity contour at hub height for the aligned row
TotalControl case.
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Figure 22: TI contour at hub height for the aligned row TotalControl case.

WJ-EARSM has lower TI compared to the k–ε and k–ε–fP models and is in
better agreement with the LES.

In conclusion, the WJ-EARSM appears numerically stable and well-behaved
(e.g., no monotonic decreasing velocity deficit or other unphysical effects) for
interacting wakes, and as in the single wake case, there are both some improve-
ments and some less desirable effects of the model over the k–ε–fP model.
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Figure 23: Streamwise velocity and turbulence intensity at the axial line going
through the AD centers for the aligned row TotalControl case.



Wake simulation with EARSM 153

6. Conclusions

This paper documents and explains our implementation and application of an
EARSM (Wallin & Johansson 2000) as a turbulence model for RANS simulations
of wind turbine wakes, in the neutral ASL. To our knowledge, EARSM is rarely
– if ever – used in the wind energy community; but we show that it is actually
relatively straightforward to implement in CFD codes that already employ
two-equation turbulence models, and importantly that the WJ-EARSM also
appears to be numerically stable for wake simulations. Previous attempts by
van der Laan (2014) of applying EARSMs (Taulbee (1992), Gatski & Speziale
(1993) and Apsley & Leschziner (1998) models) for wake simulations showed
problems with numerical stability, even for single wake cases, but this appears
to not be an issue for the EARSM of Wallin & Johansson (2000). The reason for
the better numerical behaviour most likely lies in the self-consistent formulation
of particular importance in regions with rapid shear, hence preserving physical
realizability.

Three canonical flow cases, homogeneous shear flow, half-channel flow and
square duct flow, were used to verify the implementation of the model and
also showcased some of the advantages with an EARSM over traditional linear
EVMs, namely the prediction of freestream turbulence anisotropy and secondary
flow phenomena. All three cases have either analytical asymptotes or DNS
data to compare against and are easy to setup, which makes them ideal for
verification purposes.

For neutral ASL inflow we show that there is a delicate relationship between
the turbulence constants that needs to be fulfilled to ensure a non-developing
freestream solution, and that it also dictates the amount of freestream turbulence
anisotropy. It should be noted that this balance of constants is also important
for numerical robustness. Comparing the RANS inflow with reference LES
data shows that the WJ-EARSM is capable of predicting similar freestream
anisotropy, whereas the turbulence of the k–ε–fP model is nearly isotropic
(although not exactly) by definition of its Boussinesq closure. This is also clear
from the eigendecomposition of the Reynolds stress tensor, which was visualized
with the Barycentric map technique.

A single wake case was considered first, and it was observed that the 2D
version of the EARSM yielded almost identical results to the 3D version, even
when tangential forces were applied on the AD; thus we used the 2D model
for the remainder of the paper. It should be noted that the 2D version of
the WJ-EARSM is a complete and invariant model for general 3D mean flows.
Only the particular dependency of pure 3D effects are simplified, which will
have minor impact in most 3D mean flows of interest. The wake profiles of the
EARSM model were more top-hat shaped than the profiles observed in the LES
data, which might be related to the underlying weak-equilibrium assumption
and limitations in the length-scale determining ε model equation, but could
also be caused by wind direction variations (see Appendix Appendix C). The
disk-averaged velocity deficit and turbulence intensity recovery profiles were
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however improved over the k–ε–fP model for the specific case. It is also possible
to obtain a more Gaussian shaped wake profile by increasing the c1 constant
and re-tuning the turbulence model constants, but this will deteriorate the
prediction of the underlying ASL anisotropy (Appendix Appendix B). A notable
difference between the WJ-EARSM and the k–ε–fP model is also that the latter
predicts large peaks of lateral and vertical normal Reynolds stress components
in the wake, which are not present in the LES data, because of the Boussinesq
closure; this deficiency and the low value of Cµ used for the k–ε–fP model are
possibly the reasons why it tends to overpredict turbulence intensity in the
wake.

Finally, we simulated a row of eight aligned turbines, where the trends
from the single wake case could also be seen, e.g., the top-hat shaped profiles
and better turbulence intensity prediction with EARSM. There were more
uncertainties on the comparison with the LES data in this case, because different
turbine modeling techniques were used, but the case nevertheless shows that the
EARSM also behaves sensible in cases with wake–wake interaction in the sense
that the code still converges and that no unphysical trends (such as monotonic
increase of wake deficit throughout the row of turbines) are observed.

In conclusion, the EARSM of Wallin & Johansson (2000) can be used for
wake simulations in a numerically robust way, and only has a small computational
overhead compared to standard two-equation models (on the order of 5% for
the V80 single wake case); hence it is at least three orders of magnitude faster
than LES. It provides an advantage over two-equation models in the sense
that it has more realistic inflow with anisotropic turbulence and that the wake
turbulence also becomes more anisotropic, which indeed is also observed in
LES. The turbulence intensity prediction was improved for both test cases
considered, while velocity deficit was only considerably improved for the single
wake case; more cases (both LES and experimental data) are needed to draw
general conclusions about its performance in this regard.

Atmospheric conditions in thermally stable stratification and thermal convec-
tion is strongly influencing the turbulence states, anisotropies and, in particular,
the vertical mixing in the ASL. This will have a fundamental influence on the
wake development and the performance of wind parks. The extension of the
EARSM to non-neutral conditions has over the recent years been developed by
Lazeroms et al. (2013) and Želi et al. (2019) have subsequently demonstrated
the model’s capability of capturing these effects. This will be of interest for
future wind turbine wake studies.
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Appendix A. Grid study of WJ-EARSM for wind turbine
wake simulations

Earlier studies (van der Laan et al. 2015b) have shown that a grid spacing
of D/8 in the wake region is sufficient for grid convergence of wake velocity
deficits with the k–ε–fP model and the same conclusion can be drawn for the
2D WJ-EARSM, see Fig. 24. We also plot the TI profiles in Fig. 24, which are
more sensitive to grid resolution, but we nevertheless decide to use D/8 in this
paper, because it represents the typical resolution used in wind farm studies
and saves a considerable amount of computational resources.
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Appendix B. Tuning the turbulence model constants in the
WJ-EARSM

The c1 constant, aka. Rotta coefficient, in the WJ-EARSM originates from
the pressure-redistribution term and can in principle be re-tuned, e.g., the
original LRR model has c1 = 1.5 and van der Laan (2014) used c1 = 4.5 for the
fP model. As shown in Sect. 4.1, for the neutral ASL the WJ-EARSM can
be used to obtain a direct relationship between c1 and many other variables
in equilibrium, see Fig. 11. From this it is clear that the ASL anisotropy is
enhanced for decreasing c1 and vice versa. It is important to emphasize that
the variables in Fig. 11 are only dependent on c1 and not the other turbulence
constants. In this section we will test three different c1 values in addition to
the standard value of c1 = 1.8, see Table 8.

Constants Derived for general, neutral ASL For V80 case

Case Cε,1 Cµ a13 a11 σv/σu σw/σu z0 [m] u∗ [m/s]
c1 = 1.2 1.44 0.085 -0.29 0.37 0.80 0.53 2.93 · 10−3 0.30
c1 = 1.8 1.44 0.087 -0.30 0.25 0.85 0.68 3.12 · 10−3 0.30
c1 = 4.0 1.34 0.054 -0.23 0.11 0.93 0.85 8.88 · 10−4 0.27
c1 = 8.0 1.18 0.030 -0.17 0.06 0.96 0.92 1.50 · 10−4 0.23

Table 8: Tested sets of turbulence model constants and derived variables for
the single wake V80 case. For all sets, we use Cε,2 = 1.82, σk = 1.0, σε = 1.3,
κ = 0.38 and c2 = 5

9 .

Equation (23) needs to be satisfied to have a balanced RANS solution,
hence when c1 is adjusted and Cµ thereby changes, then either κ, σε, Cε1, Cε2

or a combination of all needs to be adjusted. We choose to adjust Cε1 and fix
the others, and the resulting sets of constants are shown in Table 8. The first
set (c1 = 1.2) gives anisotropic freestream turbulence close to the Panofsky &
Dutton (1984) neutral ASL values, the second set (c1 = 1.8) is equivalent to
the standard set (see Table 2), the third set (c1 = 4.0) gives Cµ = 0.054, which
is close to the value used by WAsP CFD (Bechmann 2016) and finally the last
set (c1 = 8.0) gives Cµ = 0.03, which is often used for atmospheric applications
(Sørensen 1995; Richards & Hoxey 1993).

Another consideration is that the roughness length and friction velocity
also needs to be modified to give the same hub height velocity and turbulence
intensity according to Eq. (22), again because Cµ changes with changing c1.
The values of these are therefore also included in Table 8 and explain why
the velocity inflow profiles differ slightly in Fig. 25. The figure also clearly
demonstrates that freestream turbulence anisotropy decreases for increasing c1
and vice versa, which is also evident from the combination of Eq. (10-11):

β4

β1
= N−1 =

(
9

4
c1

)−1

. (24)
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Figure 25: Inflow profiles for the single wake V80 case with different sets of
model constants.

In the derivation of Eq. 24 we use the definition of N , c′1 and that P/ε = 1
in the neutral ASL. From Eq. (24), we see that for increasing c1 there is a

decreasing a
(ex)
ij , see Eq. (9), which is the part of the closure responsible for

anisotropy and therefore explains why the turbulence becomes more isotropic
with increasing c1.

Fig. 26 shows how the wake is effected by the new sets of constants. The
velocity deficit shape is more Gaussian for larger c1 and thus more similar to the
LES shape, while the turbulence intensity increases. From these observations,
one could argue that c1 = 4.0 would perhaps be a better choice for modeling of
velocity deficit, while c1 = 1.8 is better for TI and anisotropy predictions.

Increasing c1 also has a significant impact on the normal stress contours as
shown in Fig. 27, where one especially can note how the length of the inner low
u′u′ core decreases. In this regard a larger c1 than the standard c1 = 1.8 also
seems desirable, although we again have to remind that this will also result in
less correct freestream anisotropy. However, it it notable that although a larger
c1 leads to more isotropic freestream turbulence, then in contrast to the k–ε–fP
model (see Fig. 17), there is still significant wake turbulence anisotropy.
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Figure 26: Streamwise velocity (upper row) and TI (lower row) profiles extracted
at various donwstream positions for the single wake V80 case with different sets
of model constants.
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Figure 27: Normal stresses at hub height for the single wake V80 case with
different sets of model constants.
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Appendix C. Effect of wind direction uncertainty

As discussed in Sect. 4.2 and Appendix Appendix B, the WJ-EARSM velocity
deficit is rather top-hat shaped, whereas the LES shape is more Gaussian. This
could possibly be a consequence of the unidirectional inflow used in our steady
RANS simulation and hence the lack of wake meandering (Larsen et al. 2008),
which else tends to smear out the time-averaged wake. For the k-ε-fP model it
was effectively included in the turbulence model through the calibration of the
CR model constant, but for the WJ-EARSM there is less room for calibration
and instead one should therefore ideally do a post-processing step to include
the effect. It is however beyond the scope of this paper to carefully design such
a post-processing step, but we can at least qualitatively show that the effect of
wind direction uncertainty is to smoothen the top-hat shaped wake profile into
a more Gaussian shape.

The wind direction φ ≡ arctan
(
V
U

)
≈ V

U (small angle approximation)
variance is:

σ2
φ =

(
∂φ

∂U

)2

σ2
u +

(
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)2

σ2
v =

(
− V

U2

)2

σ2
u +

(
1

U

)2

σ2
v ≈ σ2

v

U2
. (25)

For example the hub height LES values for the V80 case gives σφ =
±0.0484 rad = ±2.8◦. However, according to Larsen et al. (2008) the wake
meandering motion is only caused by the large eddies (the ”slow moving” part
of the wind direction changes), so one should in principle use a smaller variance
to model the meandering motion. However, as most of the variance is given by
the large eddies, the usage of σ2

φ is only expected to give a small overprediction
of meandering.

Assuming zero mean wind direction and a Gaussian distribution gives a
simple model for the wind direction variability:

fφ(φ) =
1

σφ

√
2π

e
− 1

2

(
φ
σφ

)2

. (26)

It should be intuitively clear that such a distribution of wind directions
would act to smoothen out the wake profile compared to a simulation with
φ = 0◦, but we can also illustrate this by applying a convolution to the φ = 0◦

wake profile:

Ũ(x, y) =

∫ ∞

−∞
U(x, y − y′)fy(x, y

′)dy′. (27)

To obtain fy from fφ one could simply make a change of variables from φ
to y and assume σy = xσφ, but the latter assumption is equivalent to assuming
that the φ = 0◦ wake is moved ”rigidly” from side to side, which is not realistic
for at least two reasons. First, it assumes ”frozen turbulence” in the sense
that a wake released in the φ direction continues in that direction until infinity.
Secondly, the yaw mechanism of a turbine is slower than the turbulence time
scale, hence the wind direction uncertainty corresponds to yaw offsets, which will
bend the wake inwards. It must therefore be presumed that σy increases slower
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than linear in x and could for example be modeled as a quadratic polynomial
instead:

fy(x, y) =
1

σy

√
2π

e
− 1

2

(
y
σy

)2

(28)

σy

D
=

{(
x
D − 0.05

(
x
D

)2)
σφ, 0 ≤ x/D ≤ 10

5σφ, x/D ≥ 10
(29)

The above model for σy was chosen such that it approaches the linear filter
width model for x/D → 0, has dσy/dx ≥ 0 and is continuous, see Fig. 28. The
constant −0.05 is rather arbitrary and it must again be stressed that this is
just a qualitative model to model the two aforementioned effects (one could
just as well have used any other simple function to model σy).

9 7 5 3 1 1 3 5 7 9
ϕ [deg]

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16

fϕ [deg−1]

(a)
µϕ = 0.0◦, σϕ = ± 2.8◦

0 2 4 6 8 10
x/D [-]

0.0

0.1

0.2

0.3

0.4

0.5

σy
D

 [-]

(b)

Linear
Quadratic

Figure 28: (a) Gaussian wind direction distribution and (b) the Gaussian filter
width for the convolution with σφ = 2.8◦.

Both the linear and quadratic filter width models are used in Gaussian
convolutions of the 2D WJ-EARSM wake profiles and the results are shown
in Fig. 29. Although σφ = 2.8◦ at first might appear as a small number, a
significant smoothing effect is seen, which effectively removes the top-hat shaped
velocity deficits and shows that missing meandering could actually explain the
top-hat shape. The linear width model overestimates the smoothing as expected
from its inherent frozen turbulence assumption, while the quadratic model gives
results closer to the LES. The TI results are not improved by the Gaussian
convolution correction.
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Figure 29: Gaussian filtered (GF) wake profiles.

References

Apsley, D. D. & Leschziner, M. A. 1998 A new low-Reynolds-number nonlinear
two-equation turbulence model for complex flows. International Journal of Heat
and Fluid Flow 19 (3), 209–222.

Bak, C., Zahle, F., Bitsche, R., Kim, T., Yde, A., Henriksen, L. C., Natarajan,
A. & Hartvig Hansen, M. 2013 Description of the DTU 10 MW Reference
Wind Turbine p. 138.

Bardina, J., Ferziger, J. H. & Reynolds, W. C. 1983 Improved turbulence models
based on large eddy simulation of homogeneous, incompressible turbulent flows.
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306–322.

Panofsky, H. & Dutton, J. 1984 Atmospheric Turbulence. John Wiley & Sons,
Ltd.

Pirozzoli, S., Modesti, D., Orlandi, P. & Grasso, F. 2018 Turbulence and
secondary motions in square duct flow. Journal of Fluid Mechanics 840, 631–655.

Pope, S. B. 1975 A more general effective-viscosity hypothesis. J. Pluid Mech 72 (2),
331–340.

Pope, S. B. 2000 Turbulent Flows. Cambridge University Press.
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Želi, V., Brethouwer, G., Wallin, S. & Johansson, A. V. 2020 Modelling
of Stably Stratified Atmospheric Boundary Layers with Varying Stratifications.
Boundary-Layer Meteorology 176 (2), 229–249.
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