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Abstract: The quantum optics of metamaterials starts with the question of whether the same effective-
medium theories apply as in classical optics. In general, the answer is negative. For active plasmonics
but also for some passive metamaterials, we show that an additional effective-medium parameter
is indispensable besides the effective index, namely, the effective noise-photon distribution. Only
with the extra parameter can one predict how well the quantumness of states of light is preserved
in the metamaterial. The fact that the effective index alone is not always sufficient and that one
additional effective parameter suffices in the quantum optics of metamaterials is both of fundamental
and practical interest. Here, from a Lagrangian description of the quantum electrodynamics of media
with both linear gain and loss, we compute the effective noise-photon distribution for quantum
light propagation in arbitrary directions in layered metamaterials, thereby detailing and generalizing
our previous work. The effective index with its direction and polarization dependence is the same
as in classical effective-medium theories. As our main result, we derive both for passive and for
active media how the value of the effective noise-photon distribution too depends on the polarization
and propagation directions of the light. Interestingly, for s-polarized light incident on passive
metamaterials, the noise-photon distribution reduces to a thermal distribution, but for p-polarized
light it does not. We illustrate the robustness of our quantum optical effective-medium theory by
accurate predictions both for power spectra and for balanced homodyne detection of output quantum
states of the metamaterial.

Keywords: loss-compensated metamaterials; effective-medium theory; quantum optics

PACS: 42.50.Ct; 42.50.Nn; 03.70.+k; 78.20.Ci; 78.67.Pt

1. Introduction

Metamaterials are known and studied for guiding and manipulating light in ways not
seen in nature [1,2]. They consist of repeated designed subwavelength unit-cell structures
that allow a description of the metamaterial in terms of effective optical parameters not
found in natural materials, with negative-index metamaterials [1,3] as the prime example.
In this Introduction, we discuss applications of metamaterials in quantum optics, and justify
the need for a quantum optical effective-medium theory.

Applications in optics of metamaterials include flat superlenses [1,4–7] and sensors [8].
Metamaterials can constitute a material basis for applications of transformation optics [9]
such as cloaking devices, which typically require graded-index media realized as graded-
effective-index media.The properties of a metamaterial derive from an average of its con-
stituting materials, which often involve both metals and dielectrics. There are different
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ways to determine the effective refractive index of a metamaterial, which is the topic of
homogenization theory [10–19].

One important class of structures for which such averaging can produce truly new
functionalities are the epsilon-near-zero (or ENZ) materials [20–24], in which light prop-
agates with extremely small phases and long effective wavelengths, as has been realized
also at visible wavelengths [25,26]. Dispersion-compensated metamaterials can also lead to
new devices [27]. Loss-compensated metamaterials constitute another class of structures
for which averaging over a unit cell can produce something truly new [4,28,29]: loss in one
constituent can be compensated by linear gain in another, so as to produce metamaterials
with lower or even vanishing effective loss. Partial loss compensation has been realized
both in plasmonic waveguides [30,31] and in metamaterials [32]. Loss compensation is
studied in the field of active plasmonics, tuneable metamaterials and Parity-Time (PT )-
symmetric metamaterials with balanced amounts of gain and loss [33–43]. All mentioned
applications of metamaterials are within the realm of classical electromagnetism.

Quantum plasmonics concerns the study of quantum optics with plasmons [44,45]. It
is a stimulating question which of the mentioned applications of metamaterials can be trans-
ferred to quantum optics. Indeed, an increasing number of researchers is exploring how
to manipulate quantum emitters and quantum states of light using metamaterials [46–57].
Vice versa, the exploration of how quantum states of light can be used to analyze metama-
terial properties [58,59] belongs to the emerging field of quantum state spectroscopy [60].

The best known and important example of metamaterials with new functionality for
quantum emitters are the hyperbolic metamaterials. Their effective epsilon is positive in one
or two directions and negative-valued in the remaining direction(s) [46]. By taking the usual
limit of infinitely small unit cells, the iso-frequency dispersion surfaces of such anisotropic
bulk media become hyperbolic, with infinite associated local optical density of states. This
nonphysical infinity indicates that the usual idealized description of metamaterials needs
improvement for embedded quantum emitters, for example, by taking into account the
nonlocality of the metallic response [61], or the finite size of either the unit cells [62] or the
emitters [63]. Thus, quantum emitters embedded inside metamaterials provide a challenge
for the effective-medium theories [64].

Quantum optics poses another lesser known challenge to metamaterials, even when
probing metamaterials in the far field and when unit cells are much smaller than the
operating wavelength: One can peform quantum optical experiments to tell apart two
metamaterials even though they have the same shape and the same effective index [59].
In classical electrodynamics, this would be impossible, but in quantum optics this may
even be possible with normally incident light on simple layered metamaterials [59]. This is
because of quantum noise. Quantum mechanics poses a limit to the use of the common
effective-index theories.

In principle, the ‘quantumness’ of light can survive the propagation through a metama-
terial. In general, quantum states of light that propagate through absorbing or amplifying
media will be affected by quantum noise associated with the loss [65–69] and gain [70–72].
This also applies to metamaterials. This does not mean that the concept of the effective
index breaks down in quantum optics. On the contrary, in Ref. [59], we presented a quan-
tum optical effective-index theory that accurately describes passive metamaterials and the
more exotic metamaterials consisting of alternating layers both with gain. The theory also
describes the quantum noise in these metamaterials, and can be seen as a direct extension
of the usual effective-index theory.

However, for loss-compensated metamaterials, we found that the effective index
sometimes underestimates the average quantum noise picked up in a unit cell, because loss
can be compensated by gain but quantum noise due to loss cannot be compensated by
quantum noise due to gain. Thus, effective descriptions of loss-compensated metamaterials
based solely on the effective index break down in quantum optics. Nevertheless, an
accurate quantum optical effective-medium theory of loss-compensated metamaterials
is still possible, where, besides the usual effective, index an additional effective-medium
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parameter is introduced for loss-compensated metamaterials, namely, the effective noise
photon distribution [59]. These results were obtained only for normally incident light on
multilayer metamaterials.

Here, we generalize Ref. [59] in important ways by considering quantum optical
effective-medium theories for three-dimensional light propagation in layered metamateri-
als. As is well-known in classical optics, s- and p-polarized light propagate qualitatively
different in a layered medium. Analogously, we will here present surprisingly different
effective noise-photon densities for s- and p-polarized light. Only for normal incidence
will they coincide with each other and with the effective noise-photon density of the one-
dimensional theory of Ref. [59]. We also address anew the question of whether it is only the
loss-compensated metamaterials that require an additional effective-medium parameter.

During its life as a preprint [73], applications of the formalism and results as developed
in an earlier version of this paper have already been applied in several works, including
Refs. [74,75]. These concentrate on the realization of PT -symmetric optical systems and
the propagation of quantum states of light through them.

The paper is organized as follows: In Section 2, we introduce the field quantization of
media with both gain and loss, presenting what we believe is the shortest and simplest route
from a Lagrangian to a phenomenological quantum electrodynamics based on the classical
Green function. We use these results to derive, in Section 3, an input–output relation for
planar multilayer dielectrics. In Section 4, we derive a quantum optical effective-index
theory, while another effective theory, namely, a quantum optical effective-medium theory
for both s- and p-polarized light, is introduced in Section 5. We discuss in Section 6 when
these two theories will give the same predictions. We test power spectra predicted with
both effective theories in Section 7, and, similarly, the predicted propagation of squeezed
states of light through metamaterials in Section 8. We end with a discussion and conclusions
in Section 9. Various technical details are presented in five appendices.

2. Field Quantization

With application to loss-compensated metamaterials in mind, here we derive a general
expression for the quantized electric field after non-normal propagation through a bounded
inhomogeneous dielectric medium that exhibits both loss and gain. Quantum-mechanical
theories for electromagnetic wave propagation through lossy [65–67] or amplifying [70,71]
dielectrics have been developed previously. We described media with both gain and loss in
Ref. [76], where we used path-integral quantization techniques. Here, instead, we will not
use path integrals and instead we give a simpler quantum electrodynamical description of
media with both gain and loss, which is valid for arbitrary dielectric structures, including
all non-magnetic metamaterials. The method has the advantage that there is a clear
relation between the dielectric function of the dielectric medium and the more microscopic
coupling parameters in the Lagrangian. This section results in a Macroscopic QED theory
for arbitrary inhomogeneous media with both loss and gain. Its specific application to
multilayer structures then follows in Section 3.

The quantum electrodynamics of a linearly lossy dielectric can be described by mod-
eling the medium as a reservoir of three-dimensional harmonic oscillators that interacts
with the electromagnetic field [65]. We also allow for the possibility that the medium is
linearly amplifying in some finite regions of space, with gain (Im[ε(ω)] ≡ εI(ω) < 0) in
one or more finite-frequency windows. Linear gain can be modeled as the coupling of the
electromagnetic field to a continuum of inverted harmonic oscillators [77,78].

We introduce our model for optical media with both gain and loss by first specifying
its Lagrangian density in real space [76]

L = LEM + Le + Lint, (1)

where the first term LEM has the standard form LEM = 1
2 ε0E2(x, t) − 1

2µ0
B2(x, t), de-

scribing the free electromagnetic field. There is gauge freedom to write the electric field
E = −∂A/∂t−∇φ and the magnetic field B = ∇×A in terms of the scalar and vector po-



Nanomaterials 2023, 13, 291 4 of 31

tentials φ and A. For convenience, we choose the Coulomb gauge in which the divergence
of the vector potential vanishes by definition. The second term Le in Equation (1) denotes
the internal dynamics of the linear medium, which we describe in terms of the frequency
continua of the harmonic vector field Xω(x, t) as

Le =
1
2

∫ ∞

0
dω
[
Ẋ2

ω(x, t)−ω2X2
ω(x, t)

]
sgn[εI(x, ω)]. (2)

We define the polarization field of the medium as

P(x, t) =
∫ ∞

0
dω g(x, ω)Xω(x, t), (3)

and assume a linear coupling of the electromagnetic field with this field,

Lint(A, P, φ) = A(x, t) · Ṗ(x, t) + φ∇ · P. (4)

The g(x, ω) in Equation (3) is assumed to be a real-valued scalar coupling function of
the electromagnetic field to the spatially inhomogeneous medium. At positions and for
frequencies for which εI(x, ω) is positive-valued, the medium is lossy and Xω(x, t) is an
oscillator to which electromagnetic energy is lost, whereas if εI(x, ω) has a negative value,
then the medium is amplifying the electromagnetic signal. The latter is modeled with
oscillators that are called ‘inverted’ because of the overall minus sign sgn[εI(x, ω)] = −1 in
the material Lagrangian density Equation (2). The time derivative of the scalar potential
(φ̇) does not appear in the Lagrangian density (1). This implies, in the first place, that
the conjugate momentum associated with the scalar potential φ is identically zero. Sec-
ondly, the scalar potential (by its Euler–Lagrange equation) can be expressed in terms
of other degrees of freedom by Poisson’s equation ε0∇2φ = ∇ · P. The solution is
φ(x, t) = (4πε0)

−1
∫

dx′∇′ · P(x′, t)/|x− x′|. The scalar potential is thereby eliminated,
and a reduced Lagrangian is obtained where only the vector potential A, the harmonic
vector field Xω and their time derivatives appear. To this end, the free electromagnetic field
part and its interaction part are rewritten as

LEM(A) =
1
2

ε0Ȧ2(x, t)− 1
2µ0

(∇×A(x, t))2, (5a)

Lint(A, P) = A(x, t) · Ṗ(x, t) +
1

8πε0

∫
dx′
∇ · P(x, t)∇′ · P(x′, t)

|x− x′| , (5b)

while the material Lagrangian density (2) stays without any changes because there is no
term including the scalar potential φ. Here, and in the following, we take the medium
to be non-magnetic, and for extensions to magnetodielectrics we refer to Ref. [76]. The
Lagrangian (1), with the vector potential A, and the continua of the polarization oper-
ator Xω can be used as canonical fields with the following corresponding canonically
conjugate fields

−ε0E(x, t) ≡ δL
δȦ(x, t)

= ε0Ȧ(x, t), (6a)

Qω(x, t) ≡ δL
δẊω(x, t)

= g(ω, x)A(x, t) + sgn[εI(x, ω)]Ẋω(x, t). (6b)

Until now there is no difference with a classical description. We arrive at a quantum
theory by taking the fields to be quantum fields (operator vector fields) that satisfy non-
vanishing equal-time commutation relations with their canonically conjugate fields. Apart
from the subtlety with the sign functions in Equation (6b), which discriminate between the
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frequency intervals where there is gain and loss, this canonical quantization of the fields
can proceed in a standard fashion by demanding equal-time commutation relations

[
Ai(x, t),−ε0Ej(x′, t)

]
= ih̄ δijδ

⊥(x− x′), (7a)
[

Xω,i(x, t), Qω′ ,j(x
′, t)
]

= ih̄ δij δ(ω−ω′) δ3(x− x′), (7b)

while all other equal-time commutators vanish. Using the Lagrangian (1) and the expressions
for the canonical conjugate variables in Equation (6), we obtain the Hamiltonian density

H(x, t) =
1
2

ε0E2(x, t) +
B2(x, t)

2µ0
(8)

+
1
2

∫ ∞

0
dω sgn[εI(x, ω)]

{
(Qω(x, t)− g(ω, x)A(x, t))2 + ω2X2

ω(x, t)
}

.

Maxwell’s equations can now be obtained from the Heisenberg equations of motion
for the vector potential and the transverse electric field and from the commutation relation
Equation (7),

Ȧ(x, t) = −E(x, t), (9a)

ε0Ė(x, t) = µ−1
0 ∇×∇×A(x, t)− Ṗ(x, t). (9b)

Using the definitions D = ε0E + P for the displacement field and and H = B/µ0 for
the magnetic field strength, Equation (9) results in Ḋ(x, t) = ∇×H(x, t) and Ḃ(x, t) =
−∇× E(x, t), showing the consistency with Maxwell’s equations. In a similar fashion,
the Heisenberg equation of motion for the dynamical variable Xω leads to the second-order
differential equation

Ẍω(x, t) = −ω2Xω(x, t) + sgn[εI(ω)]g(x, ω)E(x, t), (10)

which has the formal solution

Xω(x, t) =

(
Ẋω(x, 0)

sin ωt
ω

+ Xω(x, 0) cos ωt
)

(11)

+g(x, ω)sgn[εI(x, ω)]
∫ t

0
dt′

sin ω(t− t′)
ω

E(x, t′).

In classical electrodynamics, one would typically assume the corresponding initial
fields Ẋω(x, 0) and Xω(x, 0) to vanish, which is something that one should not do for
the initial quantum operators in Equation (11), if only because this would violate their
commutation relations. It is these initial-operator terms in Equation (11) that describe
quantum noise, as we shall see shortly.

To facilitate our further calculations, let us introduce the annihilation operator

dj(x, ω, t) =
1√
2h̄ω

[
−iωXω,j(x, t) + Qω,j(x, t)

]
, (12)

where j = 1, 2, 3 labels the three orthogonal spatial directions. Their commutation relations
follow immediately from Equation (7),

[
dj(x, ω, t), d†

j′(x
′, ω′, t)

]
= δjj′ δ(ω−ω′)δ3(x− x′). (13)

Now, by inverting the relations (12) and substituting the result into Equation (3),
the polarization field of the medium can be written in terms of creation and annihilation
operators as

P(x, t) = ε0

∫ ∞

0
dt′ χ(x, t− t′)E(x, t′) + PN(x, t). (14)
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Here, the time-dependent susceptibility is defined as

χ(x, t) =
Θ(t)

ε0

∫ ∞

0
dω sgn[εI(x, ω)]g2(x, ω)

sin ωt
ω

, (15)

which is a causal response function because of the step function Θ(t). After Fourier
transformation, the susceptibility becomes

χ(x, ω) =
1
ε0

∫ ∞

0
dω′

g2(x, ω′) sgn[εI(x, ω′)]
ω′2 − (ω + i0+)2 . (16)

The field PN(x, t) in Equation (14) is the electric polarization noise density that is
inevitably associated with absorption and amplification inside the medium. As in the
phenomenological method of Refs. [70,71], we can separate this noise operator into positive-
and negative-frequency parts PN = PN(+) + PN(−) with PN(−) = [PN(+)]†, where

PN(+)
i (x, t) = i

∫ ∞

0
dω

√
h̄ε0|εI(x, ω)|

π
fi(x, ω)e−iωt, (17)

in terms of the operator fi(x, ω) that has the form di(x, ω, 0)Θ[εI(x, ω)]+
d†

i (x, ω, 0)Θ[−εI(x, ω)]. This noise operator is indeed expressed in terms of material opera-
tors at the initial time t = 0, as anticipated. If we now take the time derivative of Maxwell’s
equations in Equation (9) and insert Equation (14), then we obtain the frequency-domain
wave equation for the positive-frequency part of the vector potential

∇×∇×A(+) − ω2

c2 εA(+) = −iµ0ωPN(+), (18)

where the electric permittivity ε(x, ω) = 1 + χ(x, ω) satisfies the Kramers–Kronig relations.
Furthermore, the noise operator PN(+)(x, ω) in the wave Equation (18) plays the role of
a Langevin force associated with the quantum noise sources in the dielectric. Equation (18)
can be solved as

A(+)(x, t) =
−iµ0√

2π

∫ ∞

0
dω ω

∫
d3x′G(x, x′, ω) · PN(+)(x′, ω) e−iωt

=
∫ ∞

0
dω

∫
d3x′

√
h̄µ0ω2|εI(x′, ω)|

πc2 G(x, x′, ω) · f(x′, ω)e−iωt, (19)

where G(x, x′, ω) is the classical causal Green function (a tensor) which is defined by

[
∇×∇×−ω2

c2 ε(x, ω)

]
G(x, x′, ω) = δ3(x− x′)13. (20)

From our Lagrangian theory, we, thus, arrive at the following more practical quantum
theory of light, also known as Macroscopic QED, for an arbitrary inhomogeneous medium
with both loss and gain: given a dielectric function ε(x, ω), compute the classical Green
function (20) and use this to determine the vector potential (19). With Equation (6a) and
Maxwell’s equations, all other electromagnetic field operators can then also be determined.
This macroscopic QED formalism agrees with the one used in Ref. [79] and has broad
applicability. For example, it could be used to generalize multi-emitter nanophotonics
theories [80–82] to situations where background media can have loss but also gain. Here,
instead, we will use it to derive quantum effective-medium theories for metamaterials.

3. Input–Output Operator Relations for Planar Dielectrics

Let us now specify that the dielectric medium with loss and/or gain is a planar
dielectric for which the dielectric function ε(x, ω) varies in a step-wise fashion in the z
direction, as depicted in Figure 1. The main goal of this paper is to propose and test
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effective-medium theories in quantum optics. The test consists of a comparison between
an exact formalism for quantum optics in multilayer media on the one hand, and effective
descriptions for planar metamaterials as “effectively homogeneous” on the other. Van
der Waals heterostructures with weak electronic interlayer interactions are examples of
planar nanomaterials that can be described using transfer-matrix methods and to which
our multilayer formalism applies [83,84]. Here, we derive the exact multilayer formalism,
which we compare with the effective description in Section 4.

We look for a quantum optical input–output relation that can describe the action of
a lossy and/or linearly amplifying multilayer medium on an arbitrary quantum state of
light incoming from an arbitrary direction with either s- or p-polarization, see Figure 1.
This will be a gain-and-loss-in-3D generalization of the 1D formalism by Gruner et al., who
studied the QED only of lossy planar dielectrics [67]. The incoming light constitutes an
external light source, while quantum noise photons originating from lossy and especially
from the amplifying layers are an internal source of light. The combination of both sources
determines the quantum state of light that leaves the metamaterial. The sought input–
output relation will reflect this.

Figure 1. (Color online) Sketch of the planar dielectric medium with permittivity ε j(ω) and thick-
ness dj of the jth layer. The arrows denote incoming and outgoing fields. Additionally shown
are the corresponding annihilation operators used in the definitions of the electric-field operator
Equation (22).

We will derive the input–output relations by studying how the expressions for the
electric-field operator at different spatial positions are related. As is convenient for multi-
layer media, we introduce the transverse spatial Fourier transform in the two directions of
translational invariance. The electric-field operator in layer j becomes

E(j)(x, t) =
1

(2π)3/2

∫
d2k

∫
dω
[
ei(k·ρ−ωt) E(j)(z, k, ω) + h.c.

]
, (21)

where k is a two-dimensional vector in the x, y-subspace and ρ = (x, y). Here, the two-
dimensional Fourier components of the electric-field operator are

E(j)(z, k, ω) = ∑
σ=s,p

[
E(j)

σ,+(z, k, ω)e(j)
σ,+(k)+E(j)

σ,−(z, k, ω)e(j)
σ,−(k)

]
,

associated with light propagation both to the right (+) and left (−). We write these in
terms of amplitude operators as

E(j)
σ,±(z, k, ω) =

iω
β j c

√
h̄β′j
2ε0

e±iβ′jz a(j)
σ,±(z, k, ω). (22)
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Since the properties of the amplitude operators a(j)
σ,±(z, k, ω) are still unspecified, at this

point we only have given definitions. This changes by invoking the central result from the
previous section, namely, that all Maxwell field operators, including the electric field, can
be described in terms of the classical Green function. It comes in handy that we already
derived the Green function of a multilayer medium with both lossy and amplifying layers
in Ref. [76], as a generalization of the result by Tomaš for lossy dielectric multilayers [85]. In
Appendix A, we give the (lengthy) explicit expression for the Green function, and discuss
some subtle issues that arise for amplifying layers only.

Based on the explicit expression for the Green function, we show in Appendix B
that in every separate layer the associated amplitude operators are bosonic operators that
satisfy Langevin equations. Appendix B also contains the commutation relations of these
amplitude operators. These properties characterize the amplitude operators in every layer
separately. We note in passing that for frequencies ω far from the resonances of the medium,
an ordinary normal-mode expansion for the electric-field operator is recovered: when gain
and loss may be disregarded, i.e., in the limit εI, j(ω) → 0, the operators a(j)

σ,±(z, k, ω)
become mode operators independent of z.

Knowing the amplitude operators in every layer separately is not enough, though.
We can only find input–output relations by identifying relations between the amplitude
operators in the various layers, and combining these to relate operators on opposite ends
of the multilayer. In Appendix C, we derive this recursive procedure in three steps: first,
within each layer j, we relate the amplitude operators on the extreme left and right to
each other, i.e., at the positions z = zj−1 and at z = zj. Second, we relate the operators in
neighboring layers across an interface, again based on the knowledge of the multilayer
Green function. In the third step, by making repeated use of the previous two steps, we
can relate the amplitude operators a(1)σ,−(z, k, ω) and a(N+1)

σ,+ (z, k, ω) for the outgoing fields
to the left and right of the multilayer, respectively, to the operators of the corresponding
incoming fields, a(1)σ,+(z, k, ω) and a(N+1)

σ,− (z, k, ω), and to the noise amplitude operators

c(j)
σ,±(z, k, ω) of each layer, as defined in Equation (A11). The sought input–output relation

for amplitude operators is, thereby, obtained as




a(1)σ,−(z1)

a(N+1)
σ,+ (zN)


 = Tσ




a(1)σ,+(z1)

a(N+1)
σ,− (zN)


+




Fσ,−

Fσ,+


, (23)

where we suppressed the (k, ω)-dependence, and where the quantum noise originating
from all layers with either loss or gain is given by




Fσ,−

Fσ,+


 = D(2)

σ




c(2)σ,+

c(2)σ,−


+ · · ·+D(N)

σ




c(N)
σ,+

c(N)
σ,−


, (24)

in which the coefficient matrices Tσ and Dσ are given by

Tσ = A−1
σ 22

( −Aσ21 1
Aσ11 Aσ22 −Aσ12 Aσ21 Aσ12

)
, (25a)

D(j )
σ = A−1

σ 22

(
−B(j )

σ21 −B(j )
σ22

B(j )
σ11 Aσ22 −Aσ12 B

(j )
σ21 B(j )

σ12 Aσ22 −Aσ12 B
(j )
σ22

)
. (25b)

Here, the matrices B(j )
σ satisfy the recursion relations B(k−1 )

σ = B(k )
σ ·R(k )

σ · S(k−1 )
σ and

B(N )
σ = S(N )

σ , with k = 3, 4, . . . , N, and Aσ = B(2 )
σ ·R(2 )

σ · S(1 )σ . The multiple transmissions
and reflections of the incident light in the multilayer medium are described by the same
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transfer matrices Tσ as in classical optics. By contrast, the matrix elements D(j )
σ have no

classical analogues, since they describe the propagation of quantum noise that originates
from layer j.

The general input–output relation (23) for obliquely incident light on multilayer
metamaterials with gain and loss reduces to the one that we used in our Ref. [59] for normal
incidence (k = 0). For purely passive multilayers, the latter input–output relation, in turn,
reduces to the one in Ref. [67].

It is useful to know the commutation relations of the input and output operators.
We consider the input operators first. Using the relations (A9) and the commutation
relation (A8), we find that the input operators satisfy the commutation relations
[

a(1)σ,+(z, k, ω), a(1) †
σ′ ,+(z

′, k′, ω′)
]
= $

(1)
σ,+ e−β′′ |z−z′ |sgn[εI, 1(ω)] δσσ′δ(ω−ω′)δ(k− k′), (26a)

and an analogous relation holds for the operators in the other outer layer labeled N + 1 on
the opposite size of the metamaterial, see Figure 1. It also follows that input operators of
different outer layers commute,

[
a(1)σ,+(z, k, ω), a(N+1) †

σ′ ,− (z′, k′, ω′)
]
= 0, (26b)

as expected for these independent input channels. We will not spell out the analogous
commutation relations for the output amplitude operators a(1)σ,−(z, k, ω) and a(N+1)

σ,+ (z, k, ω),
but they can be derived by applying the input–output relation (23) and the commutation
relation (26a).

Indeed, the input–output relation (23), together with the commutation relations (26a),
contain all information necessary to transform an arbitrary function of the input-field
operators into the corresponding function of the output-field operators. In particular, it
enables one to express arbitrary moments and correlations of the outgoing fields in terms
of those of the incoming fields and the quantum-noise excitations in the multilayers.

4. Quantum Optical Effective-Index (QOEI) Theory

In Section 3, the problem was solved of how the output fields of multilayer media with
both loss and gain depend on the input. This solution also holds for layered metamaterials:
periodic multilayer media with unit cells much smaller than an optical wavelength. How-
ever, for these layered metamaterials, one can hope that a simpler, effective description as
a homogeneous medium is also possible, here in quantum optics just like it is known to
be possible in classical optics. Thus, we look for the effective index as well as the effective
quantum noise of layered metamaterials.

The effective index in quantum optics is the same as in classical optics and can be
determined using the same methods. We will focus on metamaterials with strongly sub-
wavelength unit cells. This allows unique effective indices to be identified, since all methods
to obtain them give practically the same values. By thus circumventing discussions on the
level of classical effective-medium theory that can be found elsewhere, we can focus on the
new quantum optical aspects.

Classical effective-medium theories are our starting point [11–15,17,18]. We will use
and compare two established methods to determine effective indices. First, the scattering
method by Smith and co-workers [11,12,18] boils down to finding the effective index of
a homogeneous medium that mimics best the transmission and reflection off the metamate-
rial. Second, we use the dispersion method, where effective parameters are obtained from
the small-(k, ω) Taylor expansion of the known dispersion relation of periodic multilayer
structures. We briefly present both methods in Appendix D.

In this section, we present a quantum optical effective-index (QOEI) theory for three-
dimensional light propagation in layered metamaterials, thereby generalizing the effective-
index theory of Ref. [59] to arbitrary propagation directions and for two polarizations.
By an effective-index theory, we mean a theory that describes the metamaterial entirely
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in terms of its effective index. In that sense, it does not differ from the usual effective
theory in classical optics. However, it differs because quantum noise is also described.
The crucial assumption of QOEI theory is that also the quantum noise of the metamaterial
can effectively be described solely in terms of its effective index. This is the simplest
quantum optical effective theory. For normal incidence, it was shown in Ref. [59] to be
accurate for the important class of passive metamaterials. That is enough motivation to
now generalize it for arbitrary angles of incidence and for both s- and p-polarizations.
However, for loss-compensated media, QOEI theory was shown to fail [59]. In Section 5,
we introduce a more generally valid effective theory for quantum optics, and in Section 6
we discuss its relation with QOEI theory.

Output Operators of a Single Homogeneous Layer.—We consider multilayer metamaterials
surrounded by free space. Assume that we have used either the scattering or the dispersion
method to determine the values for the effective dielectric tensor components for our
multilayer structure. In addition, assume that in classical optics the entire structure can
effectively be described as a single dielectric layer with effective permittivity function εeff, σ.
Then we can also apply the elaborate quantum optical input-output formalism of Section 3
to that single effective layer. With the two planar interfaces of the homogenized slab located
at z1 = 0 and zN = L, the input–output relation (23) for the single effective layer reduces to
the simpler form




a(1)σ,−(z1, k, ω)

a(N+1)
σ,+ (zN, k, ω)


 = Teff, σ




a(1)σ,+(z1, k, ω)

a(N+1)
σ,− (zN, k, ω)


+




Feff σ,−(k, ω)

Feff σ,+(k, ω)


, (27)

where according to Equation (25a), the matrix presentation Teff, σ is equal to




reff, σ teff, σ

teff, σ e−2iβ0L reff, σ


, (28)

and where the effective complex reflection and transmission amplitudes of the homoge-
nized slab are given by the well-known classical expressions

reff, σ =
(β2

eff, σ − εσβ2
0)(exp [2iβeff, σL]− 1)

(βeff, σ + εσβ0)2 − (βeff, σ − εσβ0)2 exp [2iβeff, σL]
, (29a)

teff, σ =
4εσβ0βeff, σ exp [i(βeff, σ − β0)L]

(βeff, σ + εσβ0)2 − (βeff, σ − εσβ0)2 exp [2iβeff, σL]
. (29b)

Here, εs = 1, εp = εeff, p, and βeff, σ =
√

εeff, σω2/c2 − k2, in which εeff, p depends
on the angle of the incident light (for more details, see Appendix D). The effective noise
operators Feff, σ,± in Equation (27) have no classical analogues. In Appendix E, we give the
expressions of the Feff, σ,± in terms of fundamental bosonic noise operators, which lead to
the commutation relations

[Feff σ,±(k, ω), F†
eff σ′ ,±(k

′, ω′)] = (1− |reff, σ|2 − |teff, σ|2) δσ σ′δ(k− k′)δ(ω−ω′), (30a)

[Feff σ,±(k, ω), F†
eff σ′ ,∓(k

′, ω′)] = −
(

reff,σt∗eff,σ + e2iβ0Lr∗eff,σteff,σ

)
δσσ′δ(k− k′)δ(ω−ω′), (30b)

in terms of the reflection and transmission amplitudes of Equation (29). The input operators
of the effective slab satisfy the bosonic commutation relations

[a(1)σ,+(k, ω), a(1) †
σ′ ,+(k

′, ω′)] = [a(N+1)
σ,− (k, ω), a(N+1) †

σ′ ,− (k′, ω′)] = δσ σ′δ(k− k′)δ(ω−ω′), (31)

which indeed agrees with Equation (26a) for the general multilayer in Section 3 when
assuming the outer layers to be free space. For the output-mode operators a(1)σ,− and a(N+1)

σ,+ ,
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the commutation relations can also be obtained, by combining Equations (30) and (31) with
the input–output relations (27), giving

[a(1)σ,−(k, ω), a(1) †
σ′ ,−(k

′, ω′)] = [a(N+1)
σ,+ (k, ω), a(N+1) †

σ′ ,+ (k′, ω′)] = δσ σ′δ(k− k′)δ(ω−ω′). (32)

Therefore, despite the complex input–output relations, the output operators have the
same simple standard commutation relations as the input operators, thanks to the less
trivial commutation relations of the noise operators.

The quantum optical effective-index theory for planar metamaterials is hereby defined.
A more complex but also more generally valid effective theory will be presented in Section 5.
Two subsequent sections comprise test cases for both effective theories.

5. Quantum Optical Effective-Medium (QOEM) Theory

We will now derive a quantum optical effective-medium (QOEM) theory that does
give accurate predictions for thee-dimensional light propagation in loss-compensated
media. In contrast to QOEI theory, it is not an effective-index theory, because besides the
effective index, another effective parameter will be needed. Our approach is to distill solely
from a unit cell not only the usual βeff, σ but also an effective noise photon distribution
Neff, σ(k, ω, T). The theory presented here is a generalization of Ref. [59], which is valid for
normal incidence, to arbitrary angles of incidence and polarization.

Analogous to effective-index theory, we will again assume that there is an effective
noise operator in the unit cell. However, unlike in effective-index theory, we will not try
to define this operator, but rather determine the expectation value of its corresponding
number operator. Analogous to what we will find in Equation (39) for the effective-index
theory, we write the expectation value

〈F†
σ (k, ω)Fσ′(k

′, ω′)〉QOEM = δσ σ′δ(k− k′)δ(ω−ω′)

×
{

Neff, σ(k, ω, T)Θ[εunit,eff I(ω)]−
(

Neff, σ(k, ω, |T|) + 1
)
Θ[−εunit,eff I(ω)]

}

×
(

1− |Runit,eff, σ|2 − |Tunit,eff, σ|2
)

, (33)

in terms of the effective noise current density Neff, which we define shortly. The Runit,eff, σ

and Tunit,eff, σ are the (classical) reflection and transmission amplitudes of the entire unit cell.
If the factor (1− |Runit,eff, σ|2 − |Tunit,eff, σ|2) is positive then it quantifies the amount of net
absorption in the unit cell, and, otherwise, the net amplification. The effective distribution
Neff, in general, is not a thermal one, in contrast to the distribution for the effective-index
theory as discussed in Equation (39) below, which features thermal distributions Nth.

We fix 〈F†F〉QOEM of Equation (33) and, thereby, Neff, σ in three steps. First, we apply
our general input-output theory of Section 3 to a single unit cell of the metamaterial.
Second, we require that the expectation value 〈F†F〉QOEM coincides with the corresponding
unit-cell-averaged noise expectation value of the general multilayer theory. Third, we make
use of our assumption that the unit cell of the metamaterial is much thinner than an optical
wavelength, so we can Taylor expand the results from multilayer theory to first order in the
layer thicknesses da,b and obtain

〈F†
σ (k, ω)Fσ′ (k

′, ω′)〉QOEM = ∑
j=a,b

dj |ε j,I |ω2Kj,σ(θ)

c2β0
Nth(ω, |Tj|) δσ σ′δ(k− k′)δ(ω−ω′), (34)

where for s-polarization the factor Kj,s(θ) simply equals unity while Kj,p(θ) = cos2 θ +

sin2 θ/|ε j|2 for p-polarized light. Now we have two expressions for 〈F†F〉QOEM, namely,
Equations (33) and (34). By equating these two, Taylor approximating also the net gain
or loss factor

(
1− |Runit,eff, σ|2 − |Tunit,eff, σ|2

)
of Equation (33) to first order in the unit
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cell thickness d = da + db, and solving for Neff, σ(k, ω, T), we obtain as a main result the
effective noise photon distribution

Neff, σ(k, ω, T) =





∑j=a,b ηj,σ[Nth(ω, Tj)]

−1 + ∑j=a,b ηj,σ[Nth(ω, |Tj|) + 1]
− 1

2 + 1
2 ∑j=l,g ηj,σ[2Nth(ω, |Tj|) + 1]

(35)

which correspond, from top to bottom, to loss-loss, gain-gain, and loss-compensated
metamaterials. This Neff, thus, depends on the same variables as the classical effective
parameter βeff: on the angle of incidence, on the polarization of the input state, as well as
on the dielectric parameters of the unit cell via

ηj,σ(θ) = pj
Kj,σ(θ)

Keff,σ(θ)

∣∣∣∣
ε j, I(ω)

εeff σ, I(ω)

∣∣∣∣, (36)

where the pj = dj/d are the volume fractions of the layers, and the factor Keff, σ(θ) equals
Kj, σ(θ) with ε j replaced by εeff, σ. We allowed the two types of layers of the unit cell to
be at different temperatures. Generalizations to more than two layers per unit cell are
straightforward.

Let us first apply this QOEM theory to loss-compensated metamaterials. To gain some
intuition about the new effective parameter Neff, σ, notice that from Equations (35) and (36)
it follows that Neff grows when loss in the metamaterial is more exactly compensated
by gain (smaller εeff, σ) or when the same value εeff, σ results from compensating more
loss by more gain (i.e., with |εa, I(ω)|) and |εa, I(ω)|) both larger). This means that for
metamaterials with more effective loss compensation, it becomes increasingly important to
use Neff, σ as an additional effective-medium parameter instead of Nth. We will illustrate
this in Section 7.

Let us now show that our new QOEM theory indeed reduces to the one of Ref. [59]
in case of light propagation perpendicular to the interface, i.e., for k = 0. In that case,
the parameter Kj,σ(θ) in Equation (34) tends to unity for both polarizations. This, in turn,
implies that the parameter ηj,σ(θ) defined in Equation (36) tends to pj

∣∣ε j, I(ω)/εeff ,I(ω)
∣∣,

since at normal incidence the two polarizations are degenerate and εeff, s = εeff, p = εeff.
This, indeed, agrees with Ref. [59], where we showed that for normal incidence the quantum
optical effective-medium theory gave accurate predictions for loss-compensated, loss-loss
as well as gain-gain metamaterials.

6. When Does QOEM Coincide with QOEI Theory?

Do we also need the QOEM theory for loss-loss or gain-gain metamaterials, or does
the simpler QOEI theory suffice? The QOEI theory features only one temperature for
the metamaterial. If the two layers within the unit cell are somehow kept at different
temperatures, which is not easy to realize, then we would need QOEM instead of QOEI
theory. However, if the entire unit cell is kept at the same temperature, then for light
propagation normal to the layers we found in Ref. [59] that QOEM theory reduces to the
QOEI theory, i.e., Neff becomes equal to the thermal noise photon distribution Nth. Is this
also true for oblique incidence?

Let us consider s-polarized light first, for loss-loss and gain-gain metamaterials at
a uniform temperature (Ta = Tb). This means, technically, that the thermal distributions
in Equation (35) can be moved in front of the summation, and the remaining summation
is ∑j=a,b ηj,s(θ). Since in ηj,s(θ), as defined in Equation (36), the fractions Kj,s(θ)/Keff,s(θ)

are equal to unity, the sum ∑j=a,b ηj,s(θ) becomes ∑j=a,b pj
∣∣ε j, I(ω)/εeff, I(ω)

∣∣, which is
angle-independent. In Ref. [59], we also pointed out that for normal incidence the sum
∑j=a,b pj

∣∣ε j, I(ω)/εeff, I(ω)
∣∣ adds up to unity for loss-loss and gain-gain metamaterials

(whereas the sum is always larger than unity for loss-compensated (gain-loss) metama-
terials). Therefore, now we find that for s-polarized light, the same relations even hold
for arbitrary angles of incidence, as illustrated by the horizontal line in Figure 2a. As
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a consequence, we find that for s-polarized light incident on loss-loss or gain-gain MMs,
QOEM theory coincides with QOEI theory.

0 0.16π 0.23π0.27π π/3 π/2

θ

0.90

0.95

1
1.06
1.01

∑
j
η j

,σ

(a)

loss-loss metamaterial, s-polarized

gain-gain metamaterial, s-polarized

loss-loss metamaterial, p-polarized

gain-gain metamaterial, p-polarized

Figure 2. (Color online) (a) The sum Σj=a,bηj,σ is shown as a function of the angle of incidence θ for
s-polarized component of input light impinging on the loss-loss (dotted red line) and the gain-gain
(dash-dotted blue line) multilayers, and p-polarized component of input light incident on the loss-loss
(solid black line) and the gain-gain (solid green line) multilayers. (b) The sum Σj=a,bηj,p is shown
as a function of the angle of incidence θ and of the dimensionless frequency ω/ω0 for p-polarized
component of input light impinging on a gain-gain multilayer. The multilayer metamaterial with
geometry of Figure 6 has alternating layers with equal thickness da,bω0/c = 0.1, with dielectric
parameters in Equation (40): ωpa /ω0 = 0.3, ωpb /ω0 = 0.1 and γa,b/ω0 = 0.1. In panel (a), we choose
ω/ω0 = 0.9.

How about p-polarized light then, does Neff also reduce to the thermal distribution for
loss-loss and gain-gain metamaterials? For MMs kept at a uniform temperature, the thermal
factor in the summation of Equation (35) can again be put in front, so that the summation
reduces to ∑j=a,b ηj,p(θ). However, for p-polarized light, the fractions Kj,p(θ)/Keff,p(θ) do
not give unity, and, hence, the sum ∑j=a,b ηj,p(θ) in general does not add up to unity. As
a consequence, for p-polarized light incident on loss-loss or gain-gain multilayers, the Neff
of Equation (35), in general, does not reduce to the thermal distribution, and, consequently,
QOEM theory does not coincide with QOEI theory.

We were especially surprised to find that QOEM theory does not coincide exactly with
QOEI theory for all passive metamaterials. In Figure 2, we study numerically how much
the two theories differ. The closer the sum ∑j ηj,p comes to unity, the closer QOEM theory
comes to the QOEI theory. This sum is thus a measure for the “distance” between the two
theories, and it depends on the dielectric parameters of the unit cell. The angle dependence
of this sum is illustrated in Figure 2a. The deviations of Neff from a thermal distribution
are within ten percent for the specific dielectric parameters chosen. Neff becomes larger
(smaller) than the thermal distribution Nth for angles of incidence smaller (larger) than
0.27π for the loss-loss metamaterial, and for the gain-gain MM the critical angle occurs
at 0.23π.

It also depends on frequency how well QOEM theory can be approximated by QOEI
theory. In Figure 2b, we depict the sum Σjηj,p as a function of both the angle of incidence θ
and of the dimensionless frequency ω/ω0, for the same gain-gain MM as in Figure 2a. Here,
the sum ∑j ηj,p has a maximal deviation from unity of around 15 percent. We find similar
non-negligible frequency and angle dependence (not shown) for the loss-loss multilayer of
Figure 2a.

After these theoretical comparisons of the two effective-medium theories, in the
following sections we will test their accuracies in predicting two experimentally measur-
able quantities.

7. First Test: Power Spectra

As a first test and comparison of the QOEI and QOEM theories with the exact multi-
layer theory, we will now study the output intensities of light due to spontaneously emitted
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photons. If atoms that make up the metamaterial are excited, either thermally or because
of external pumping, then they can decay spontaneously. This is a known noise source
in lasers, which is typically overlooked for metamaterials. There is a variety of different
quantum definitions of the power spectrum in the literature [86]. Here, we choose the
quantum generalization of the classical definition of the energy spectrum for the case of
a stationary field [86]. Just like its classical counterpart, it is directly related to observables
in light detection experiments. For sufficiently small pass-band widths of the spectral
apparatus, the power spectrum S (x, ω) of the light emitted on the right-hand side of our
multilayer metamaterial of Figure 1 is given by

S (x, ω) = lim
T→∞

1
2πT

∫∫ T/2

−T/2
dtdt′ e−iω(t−t′)〈E(N+1)−(x, t) · E(N+1)+(x, t′)〉, (37)

where ω is the operating frequency of the spectral apparatus, and T is the duration for which
the detector is switched on. We insert the electric-field operators EN+1(±) of Equation (22).

In general, the power spectrum depends both on the incoming optical fields and on
the quantum noise in the medium. Our goal is here to find out how well quantum optical
effective-medium theories describe the amount of quantum noise photons that contribute to
photon-counting measurements. In this section, we will, therefore, study output intensities
in the absence of any optical input signal, in other words, all optical incoming fields are
assumed to be in the vacuum state |0〉. In that case, all output photons are spontaneously
emitted noise photons, or S (x, ω) is equal to

SSpon(ω) = ∑
σ

∫ π/2

0
dθ SSpon,σ(θ, ω) (38)

=
h̄ω2

8π2ε0c2 ∑
σ

∫
dk β−1

0 〈F†
σ,+(k, ω) Fσ,+(k, ω)〉.

Clearly, the power spectrum of the spontaneously emitted light depends on the
quantum noise through the expectation value of 〈F†

σ,+(k, ω) Fσ,+(k, ω)〉.
In the following, we will mostly consider power spectra at zero temperature. Ab-

sorbing layers do not emit thermal photons in that case, but amplifying layers have pop-
ulation inversion and their excited-state population can decay spontaneously. In our
numerical examples, we will look at the polarization- and angle-dependent power spec-
trum SSpon,σ(θ, ω) that was defined in terms of 〈F†

σ,+(k, ω) Fσ′ ,+(k′, ω′)〉 in Equation (38),
and where we assumed that only propagating modes reach the detector and, thus, restricted
the Fourier integral to modes with |k| > ω/c.

What corresponding power spectrum does the QOEI theory of Section 4 predict? From
the definitions (A18a) together with the commutation relation (30), the flux in noise photons
emitted by the multilayer slab at a finite temperature T can, within the effective-index
theory, be expressed in terms of the effective reflection and transmission amplitudes as

〈F†
eff σ,±(k, ω) Feff σ′ ,±(k

′, ω′)〉QOEI ={
Nth(ω, T)Θ[εeff, I(ω)]−

(
Nth(ω, |T|) + 1

)
Θ[−εeff, I(ω)]

}

×(1− |reff, σ|2 − |teff, σ|2)δσ σ′δ(k− k′)δ(ω−ω′). (39)

Here, kB is the Boltzmann constant and T is the temperature, and Nth = 1/(exp[h̄ω/kBT]
−1) is the thermal distribution of photon states at energy h̄ω. Notice that this flux in
noise photons in Equation (39) is always a non-negative quantity (as it should be): for
media that are effectively absorbing at frequency ω, the εeff, I(ω) is positive and so is
(1− |reff, σ|2 − |teff, σ|2), while for effectively amplifying media, both these quantities are
negative. The QOEI power spectrum of the spontaneously emitted light (38) is now ob-
tained by substituting Equations (39) and (29) into Equation (38).
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To be specific, unless stated explicitly, below, in our numerical examples, we will
assume the temperature to be zero Kelvin. Furthermore, we will assume that lossy and
amplifying layers can be described by Lorentzian dielectric functions. A medium consisting
of two-level atoms with a population Nup in the upper level and Ndown in the lower level can
near its resonance frequency ω0 be described by an electric permittivity of the Lorentzian
form [70]

ε(ω) = 1 +
(

Ndown − Nup

Ndown + Nup

)
ω2

p

ω2
0 −ω2 − iγω

. (40)

where ωp is the coupling frequency, ω0 is the transverse resonance frequency, and γ is
the dissipation and amplification parameters for lossy and amplifying layers, respectively.
The population factor that occurs in the dielectric function (40) is positive for passive
systems, Ndown > Nup, but negative for optical gain that arises from population inversion
in the medium, Nup > Ndown. In addition, this factor can be written in terms of the
thermal distribution Nth as [2Nth(ω, T) + 1]−1 for lossy and as [−2Nth(ω, |T|)− 1]−1 for
amplifying layers.

7.1. Power Spectra of Loss-Compensated MM

In Figure 3, we explore regions with net loss and net gain and the frequencies of exact
loss compensation that separate them, and study the corresponding flux of noise photons
and the effective noise photon distribution, all corresponding to an output angle of 30◦.
Left panels depict s- and right panels p-polarization. In Figure 4, we show the analogous
results for an emission angle of 60◦. (Some panels of the two figures will be explained
below in Section 5).

Exact loss compensation occurs when the imaginary part of the normal-wave vector
components βeff vanishes. We show βeff in panels (a) and (d) of Figures 3 and 4, which also
confirm that the two methods to retrieve effective parameters lead to nearly identical results.

For s-polarization, it follows from Equation (A17) that exact loss compensation occurs
at angle-independent frequencies. A comparison of the panels (a) of Figures 3 and 4 illus-
trates this, where, for the parameters chosen, exact loss compensation occurs at 0.766ω0 and
1.305ω0, net loss in the frequency range 0.766 < ω/ω0 < 1.305 and net gain at elsewhere.

By contrast, for p-polarized light, exact loss compensation does depend on the angle
of incidence, as again follows from Equation (A17) and as illustrated in Figures 3 and 4:
in Figure 3d, exact loss compensation occurs (only) at ω = 0.928424ω0, with net gain at
smaller and net loss at higher frequencies. At sixty degrees, Figure 4d shows exact loss
compensation at a slightly higher frequency.

In panels (b) for s-polarization and (e) for p-polarization, power spectra are displayed
for spontaneously emitted light that exits the metamaterial at an angle of 30◦ (Figure 3)
and 60◦ (Figure 4). Note that these angular power spectra are continuous also across
frequencies of exact loss compensation, whereas the effective noise photon densities Neff
actually diverge at these specific frequencies, see panels (c) and (f).

For lossy homogeneous media at zero temperature, the flux of thermal noise photons
vanishes, so the power spectrum of the outgoing noise photons vanishes. Effective-index
theory predicts something else, namely, that no photons are emitted by effectively lossy
loss-compensated metamaterials. This prediction is illustrated in panels (b) and (e) of
Figures 3 and 4, especially around ω0 for outgoing s-polarized light, and above 0.928424ω0
for outgoing p-polarized light. By contrast, the full gain-loss multilayer calculation does
predict the emission of noise photons at zero temperature, as the figures show. Thus,
effective-index theory clearly fails for effectively lossy loss-compensated metamaterials.
At exact loss compensation (εeff, I = 0), by Equation (39), the effective-index theory predicts
that the flux of noise photons vanishes, which the figures show is another failure of the
effective-index theory.

For effectively amplifying loss-compensated metamaterials, effective-index theory
does predict a finite flux of spontaneously emitted photons which grows with the effective
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gain, as is best visible in Figure 4d, where, for frequencies slightly below 0.97ω0, much loss
is slightly overcompensated by much gain. Again, the effective-index theory is clearly far
from accurate. Hence, for loss-compensated metamaterials at zero temperature, we find
a clear failure of the quantum optical effective-index theory to predict an accurate power
spectrum for loss-compensated metamaterials. A new effective theory is needed that also
accurately describes the amount of noise photons in metamaterials.
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Figure 3. The power spectrum (A20) of the spontaneous emission of noise photons exiting a loss-
compensated multilayer metamaterial at an angle of 30 degrees away from the normal, in units
of S0 = h̄ω3

0/4πε0c3, due to spontaneous emission of noise photons within the loss-compensated
multilayer metamaterial is sketched in Figure 6, at zero temperature. Left and right panels correspond
to s- and p-polarized light, respectively. The amplifying and absorbing layers are described by the
Lorentz model (Equation (40)), with parameters ωpa /ω0 = 0.3, γa/ω0 = 0.1 for the lossy layers,
and ωpb /ω0 = 0.25, γb/ω0 = 0.15 for the layers with gain. We choose da,bω0/c = 0.1 and five
unit cells. The parts (a,d) show the imaginary part of the normal wave-vector component βeff. In
panels (b,e), the power spectrum of the noise photons predicted with the effective-index theories is
compared to the exact multilayer calculation and the QOEM theory. For the effective-index theories,
red dotted curves are obtained by inserting effective parameters based on Equation (A15a) into
Equation (A20); the green dash-dotted lines correspond to the other procedure Equation (A17) to
obtain effective parameters. Similarly, for QOEM theory (discussed in Section 5), the magenta dashed
lines are produced with Equation (A15a), and the yellow dash-dotted curves with Equation (A17).
Panels (c,f) show the effective noise current densities Neff of Equation (35), in solid red lines as
obtained using the effective index of Equation (A15a) and in dash-dotted blue curves as produced
with the other procedure (Equation (A17)) to obtain the effective index.
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Figure 4. As in Figure 3 but now for light emission at an angle of 60 degrees with respect to the normal.

7.2. Power Spectra for Loss-Loss and Gain-Gain MM

In Figure 5, we compare power spectra for p-polarized light exiting at an angle of
60 degrees away from the normal of the MM, computed with the exact multilayer theory,
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with QOEM theory, and with the quantum optical effective-index theory. The left panels are
for loss-loss MMs, the right panels for gain-gain MMs, upper panels for zero temperature
and lower panels for elevated temperature. In panel (a) for the loss-loss multilayer at
zero temperature, quantum noise can be neglected; therefore, just like in classical optics,
the power spectrum of output light vanishes identically and perfect agreement between
all curves is observed. By contrast, for the gain-gain multilayer at zero temperature in
panel Figure 5b, the population of the two-level medium is fully inverted and the effects
of quantum noise in the output cannot be neglected. The power spectrum of output light
appears as a peak near ω0, which is associated with the resonance frequency of the dielectric
functions of each layer. Away from resonance, both effective theories agree well with the
exact calculation. Near resonance, there are differences on the order of a few percent
between the exact multilayer calculation and the two effective-medium theories. As seen in
the zoomed inset in Figure 5b, near the resonance, the QOEM theory is more accurate than
the QOEI theory.

In panels Figure 5c for loss-loss MMs at a pretty high temperature and Figure 5d for
gain-gain MMs at a negative temperature, the exact and the two effective power spectra
again agree quite well, with only on resonance a few percent difference. Sufficiently
far from the resonance when absorption is small, the thermal noise becomes negligibly
small and the power spectrum of output noise photons is approximately zero. For the
gain-gain multilayer, the amplitude of the peak in panel (d) is smaller than the one in (b),
since amplification within gain layers is reduced by saturation effects. We checked (but
do not show it here) that these results do not depend much on the typical parameters
used in Figure 5. The overall message of Figure 5 is that both the QOEM theory and the
quantum optical effective-index theory are quite accurate in describing power spectra of
p-polarized light of loss-loss and gain-gain metamaterials, with the two effective theories
almost equally accurate. Therefore, one can use either Neff or Nth as the noise photon
distribution in Equation (39).

To summarize our findings from this section, we compared for the first time the
power spectra of metamaterials based on exact theory and on QOEM and effective-index
theory. For loss-compensated metamaterials we find that the effective-index theory is
manifestly inadequate, both for s- and p-polarized light. By contrast, our QOEM theory
in a consistent way predicts that the quantum noise contribution 〈F†

σ (k, ω)Fσ′(k′, ω′)〉
to the power spectrum of a layered metamaterial is given by Equation (39), but with
the thermal distribution Nth(ω, |T|) replaced by the effective distribution Neff, σ(k, ω, T)
of Equation (35). In the absence of loss compensation, i.e., for loss-loss and gain-gain
metamaterials, we found that for s-polarized light the QOEM theory exactly coincides
with the QOEI theory. For p-polarization, there is no such exact agreement in the absence
of loss compensation, but numerically the differences between both effective theories are
so small that it is essentially a matter of choice which one to use. For loss-compensated
metamaterials, QOEM theory is the only accurate effective-medium theory.
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Figure 5. The spontaneous-emission power spectrum of the noise photons (A20), in units of S0 =

h̄ω3
0/4πε0c3, for p-polarized light exiting the MM at 60 degrees away from the normal direction.

In all four panels, the QOEM theory and the quantum optical effective-index theory are compared
to the exact multilayer calculation. For the exact multilayer calculation (solid blue curves), the loss
and gain layers are described by Lorentz models (Equation (40)) with the same parameters as in
Figure 2. Left and right panels correspond to loss-loss and gain-gain metamaterials with the geometry
of Figure 6. The loss-loss and the gain-gain multilayers are maintained at zero temperature in
panels (a,b), and at the elevated positive temperature T = 0.6h̄ω0/kB in panel (c), and at the elevated
negative temperature |T| = 0.6h̄ω0/kB in (d). For the effective-index theories, red dotted and green
dash-dotted curves present the numerical parameters as obtained from the scattering method (A15a)
and the dispersion method (A17), respectively. For QOEM theory, magenta dashed and yellow
dash-dotted lines correspond to these same classical effective parameter retrieval methods (A15a)
and (A17). These effective parameters so obtained are also used to compute Neff.

8. Second Test: Propagation of Squeezed States

For the power spectra emitted by a metamaterial as discussed in Section 7, the input
states of light were vacuum states, which have a classical analogue (no light). By contrast,
here we analyze how well the difference effective-medium theories describe the output
quantum states of light when the input states have no classical analogues. This will serve as
a useful independent test of the accuracy of the effective-medium theories. We will study
the propagation of squeezed states of light through the metamaterial, generalizing Ref. [59]
to arbitrary angles of incidence. The main question is how well quantum properties of
the incoming state are preserved in the output, given that there is quantum noise in the
metamaterial. We compare the answers to this question as obtained by exact multilayer
theory and by quantum effective-index and effective medium theories. Most importantly,
we investigate whether the QOEM theory that so accurately described power spectra in
Section 7 also describes the propagation of squeezed states well.

We will consider the same metamaterial for which we calculated power spectra before,
as detailed in Figure 6. Since the tangential component k is preserved under propagation
through the multilayer and since there is air on both sides of the metamaterial, the out-
put state of light will emerge from the loss-compensated multilayer at the same angle θ.
Squeezing, specifically quadrature squeezing, occurs when the variance in the quantum
fluctuations in one of the quadrature components of the electromagnetic field drop below
the vacuum level. Squeezed states have no classical analogues and their nonclassicality
can be quantified by their associated normally ordered variances of the field operators [87].
Squeezed light can be produced by transmitting the radiation field through a nonlinear
medium with a second-order nonlinearity χ(2). Mathematically, the squeezed incident
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quantum states of light can be written as |L〉 = Sσ|0〉 and |R〉 = S ′σ|0〉, with squeeze
operators belonging to a fixed in-plane wavevector k given by

Sσ = exp
{∫ ∆ω

0
dω [ξ∗σ(k, ω)e−iφσ,ξ (k,ω) a(1) †

σ,+ (k, ω) a(1) †
σ,+ (k, 2Ω−ω)− h.c.]

}
, (41a)

S ′σ = exp
{∫ ∆ω

0
dω [ζ∗σ(k, ω)e−iφσ,ζ (k,ω) a(N+1) †

σ,− (k, ω) a(N+1) †
σ,− (k, 2Ω−ω)− h.c.]

}
. (41b)

Here, the a(1)σ,+(k, ω) and a(N+1)
σ,− (k, ω) are the photonic annihilation operators of the

incident fields with polarization σ and the transverse wave vector k on the left- and right-
hand sides of the multilayer slabs, respectively. It can be seen that the squeeze operators (41)
correlate pairs of fixed-frequency modes on both sides of the frequency Ω. The amount of
squeezing is controlled by the squeeze parameters ξσ(k, ω) and ζσ(k, ω), which depend on
the frequency, polarization, and angle of incidence. We specify the detector to be a balanced
homodyne detector. It is well-known that squeezing can be measured in such a setup,
where the signal field and a strong local oscillator are superimposed on a beam splitter, see
Ref. [88] and the sketch in Figure 6. The measured quantity is the difference in the photo
currents of two detectors placed in the output arms of the beam splitter, as represented by
the operator [87,89]

Ôσ = i
∫ t0+T0

t0

dt {a(N+1) †
σ,+ aσ, LO − a†

σ, LOa(N+1)
σ,+ }, (42)

where on the right-hand side we suppressed the (k, t)-dependence of operators for read-
ability. The detector is assumed to be polarization selective, and it is switched on from
time t0 to t0 + T0. The aσ, LO(t) and a†

σ, LO are the creation and annihilation operators of
the local-oscillator field with polarization σ. This local-oscillator field is assumed to be
a single-mode coherent light beam represented by the complex amplitude ασ, LO(t) that
equals F1/2

LO exp[−i(ωLOt− φσ,LO)], in terms of a flux FLO, a phase φσ,LO, and the frequency
ωLO. With the usual assumption that the local-oscillator field is much more intense than
the signal field, the measurement operator Ôσ of Equation (42) can be written as

Ôσ = F1/2
LO

∫ t0+T0

t0

dt Eσ(φσ,LO, k, t), (43)

where the operator Eσ(φLO, k, t) that equals a(N+1)
σ,+ (k, t) exp[i(ωLOt−φσ,LO−π/2)]+ h.c is

one quadrature operator of the output field with wave vector k and polarization σ that exits
the loss-compensated metamaterial on the right in Figure 6. Balanced homodyne detection
allows to measure a single quadrature component of the scattered field [88]. From the above
definitions, the variance in the difference photocount in a narrow-bandwidth homodyne
detector can be obtained as [89,90]

〈[∆Eσ(φσ,LO, k, ωLO)]
2〉out = 1 + 2〈a(N+1) †

σ,+ (k, ωLO), a(N+1)
σ,+ (k, ωLO)〉 (44)

+2 Re[〈a(N+1) †
σ,+ (k, ωLO), a(N+1) †

σ,+ (k, ωLO)〉e2iφσ,LO ],

where the short-hand notation 〈C, D〉 ≡ 〈CD〉 − 〈C〉〈D〉 has been introduced for a correla-
tion. The scattered output state is squeezed if its photocount variance is smaller than that
of the vacuum state value [87]. The homodyne electric-field operator has a variance (44)
equal to unity for the vacuum state. Therefore, the amount of squeezing is gauged by the
difference between this variance and unity. We will now calculate the quadrature variances
in Equation (44) in three ways: using the exact multilayer theory, the effective-index theory,
and by the QOEM theory. In all three cases, we make use of the commutation relation
Equations (13) and the definition of the squeezing parameters (41). We start calculating
the variances, Equation (44), with the multilayer theory, where the crucial relation between
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input and output operators is given by (23). This will result in rather long expressions,
which is one of the reasons to try to find simple but accurate effective theories also in
quantum optics. The two types of correlations in the variance in Equation (44) are given by

〈a(N+1) †
σ,+ (k, ω), a(N+1)

σ′ ,+ (k′, ω′)〉 = 〈F†
σ,+(k, ω) Fσ,+(k′, ω′)〉+ δσσ′δ(k− k′)δ(ω−ω′) (45a)

×
(
|Tσ,22(k, ω)|2 sinh2 ξσ(k, ω) + |Tσ,21(k, ω)|2 sinh2 ζσ(k, ω)

)
,

〈a(N+1) †
σ,+ (k, ω), a(N+1) †

σ′ ,+ (k′, ω′)〉 = 1
2

δσσ′δ(k− k′)δ(ω + ω′ − 2Ω) (45b)

×
(
T∗ 2

σ,22(k, ω) sinh 2ξσ(k, ω)e−iφσ,ξ (k,ω) +T∗ 2
σ,21(k, ω) sinh 2ζσ(ω)e−iφσ,ζ (k,ω)

)
.

The homodyne signal depends on the noise as described by the operator Fσ,+(k, ω),
which represents the outgoing rightward-propagating noise field produced inside the
multilayer medium. More specifically, the noise dependence is described by the expectation
value 〈F†

σ,+(k, ω) Fσ,+(k′, ω′)〉, which is the same noise-photon flux that we also came
across in the power spectrum (38). Thus, the effect of the quantum noise on the squeez-
ing properties of output light can be fully characterized by the emitted noise photons.
The reason why only the first of the two expressions in Equation (45) depends on the
quantum noise is that the quantum noise is assumed to be in a thermal state for which
〈F†

σ,+(k, ω) F†
σ,+(k

′, ω′)〉 vanishes.

Figure 6. (Color online) Scheme of the loss-compensated multilayer medium in air. It has alternating
layers with thicknesses da,b that are arranged symmetrically. The two outermost layers have widths
da/2, which makes the medium finite periodic with M unit cells. The amplifying and absorbing layers
are described by the Lorentz model (Equation (40)), with parameters ωpa /ω0 = 0.3, γa/ω0 = 0.1 for
the lossy layers, and ωpb /ω0 = 0.25, γb/ω0 = 0.15 for the layers with gain. We choose da,bω0/c = 0.1
and M = 5. The incident squeezed vacuum state |L〉 has the squeeze strength ζσ = 0.2 and phase
φσ,ζ = 2φσ,LO − 5

2 , while the squeezed vacuum state |R〉 has the same strength ξσ = 0.2 with
φσ,ξ = 2φσ,LO − 2, all assumed to be frequency independent. The outgoing light on the right-hand
side of the multilayer metamaterial is measured with a balanced homodyne detector, shown within
the dashed box, which is assumed to co-rotate with the exit angle.

We will compare predictions of the homodyne signal made with the exact multilayer
theory and with the two effective theories. For the multilayer theory, we can insert into
Equation (45) the classical multilayer matrix Tσ(k, ω) of Equation (25a) and the multilayer
noise flux 〈F†

σ,+(k, ω) Fσ,+(k′, ω′)〉exact of Equation (A19) again. In both effective theories,
on the other hand, the exact matrix coefficients of the input-output matrix are to be replaced
by the corresponding elements of the effective matrix Teff of Equation (28). Furthermore,
in the effective-index theory the noise photon flux is given by Equation (39), while in the
QOEM theory it is given by Equation (33).
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In Figure 7, we compare the output squeezing spectrum predicted with the three
theories, all for T = 0, at an angle of 30 degrees away from the normal. In Figure 8, we
show the same for an output angle of 60 degrees. For simplicity, we take the squeezing
strengths ξ∗σ(k, ω), ζ∗σ(k, ω) and phases φσ,ξ , φσ,ζ to be constant in the depicted frequency
interval. We observe that the output squeezing spectrum is sensitive not only to the
local-oscillator phase but also to the angle of incidence and the polarization. For this
loss-compensated multilayer, the output squeezing spectrum shows a maximum exceeding
unity in the vicinity of the resonance frequency. Noise photons destroy the squeezing
property of the input field such that the output state will not at all be squeezed for most
local-oscillator frequencies in the interval [0.5ω0, 1.5ω0] shown in the figures. By contrast,
in the same frequency interval, the quantum optical effective-index theory predicts the
output light to be squeezed for almost all local-oscillator frequencies. In other words,
the output state of light of the loss-compensated material is considerably noisier than that
of the homogeneous slab with the same βσ. Thus, Figures 7 and 8 clearly illustrate the
failure of the quantum optical effective-index theory for loss-compensated metamaterials.
In Ref. [59], this failure was already established for normal incidence, and here we see
that the agreement does not improve when detecting under an angle. The more important
message from the figures is the very good agreement between the exact theory and QOEM
effective theory that we generalized in this work, not only for normal incidence but now
also under an angle, and both for s- and for p-polarized light. Small numerical differences
between the exact theory and the QOEM theory occur only close to resonance and only for
large incident angles.

The colors of the frequency intervals in Figures 7 and 8 label net loss and net gain,
exactly as before in Figures 3 and 4. When loss is exactly compensated by gain, we saw in
these earlier figures that Neff, σ(k, ω, T) diverges while the output intensity was continuous.
Here, in Figures 7 and 8, we see that, likewise, in homodyne detection the output variance
is still continuous at those frequencies where Neff, σ(k, ω, T) diverges.

Finally, in Figure 9, we study how the number of unit cells affects the output variance.
We see that for both polarizations, the output variance grows with the number of unit cells.
In addition, the differences in the predicted output variances within the exact multilayer
theory and QOEI theory grow as the number of layers is increased.
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Figure 7. (Color online) For squeezed light incident at an angle of θ = 30◦ onto a loss-compensated
multilayer metamaterial, a comparison of the predicted variances (44) as would be measured in
balanced homodyne detection at a detection angle of also 30◦. The metamaterial and the input states
are described in Figure 6. Predictions with exact multilayer theory (blue solid line) are compared
with the quantum optical effective-index theory (green dash-dotted) and quantum optical effective-
medium theory (red dashed), for s-polarized input states of light in panel (a) and for p-polarization
in (b).
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Figure 8. Same as Figure 7 but now for incident and detection angles of θ = 60◦.

Figure 9. Same as Figure 7 but now for three different numbers of unit cells: M = 3, 6, 9, in panel
(a) for s-polarized and in (b) for p-polarized light. The three lowest curves describe QOEI theory,
with the largest variation belonging to M = 9. The three pairs of almost overlapping curves belong
to M = 3 (lower pair), M = 6 (middle pair), and M = 9 (upper pair). Each pair contains the exact
multilayer theory (solid lines) with QOEM theory (dashed lines).

9. Discussion and Conclusions

We studied the propagation of quantum states of light through metamaterials, and
showed that also in quantum optics an effective description of layered metamaterials can
be given, for any angle of incidence and polarization. Quantum noise due to material
loss or gain has an influence on the quantum states of light. We showed that for some
metamaterials the effective index suffices to describe the quantum noise, while in other
cases an additional effective-medium parameter is needed, namely, the effective noise-
current density.

We tested our quantum optical effective-index theory (one effective parameter) and
quantum optical effective-medium theory (two parameters) by calculating spectra and
comparing with a full description of the multilayer metamaterial. For loss-compensated
metamaterials, the gain regions emit noise photons, not described by the effective-index
theory, that do affect the spectra. They have a similar effect on balanced homodyne
detection measurements. We showed that our quantum optical effective-medium theory
describes both the spectra and the homodyne signal well.

For normal incidence, we found earlier that the quantum noise of passive metamateri-
als can be described in terms of the effective index, and loss-compensated metamaterials
require the additional parameter. We now found that this also holds exactly for s-polarized
light at all angles of incidence, but for p-polarized light the additional parameter is also
needed for passive systems. For all angles of incidence and polarizations, we derived
expressions for the new effective parameter.

Our results can be readily generalized to magnetic layered metamaterials. For meta-
materials not composed of multilayers, more work would be needed to derive the effec-
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tive noise current density. Metasurfaces with gain will similarly require a description in
quantum optics that describes the quantum noise associated with the gain. Another inter-
esting open question is whether the current effective-medium theories suffice to describe
higher-order measurements, for example bunching or anti-bunching in intensity correlation
measurements, for quantum states of light that propagated through metamaterials.
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Appendix A. Green Function for Multilayers with Gain and Loss

Without repeating the derivation, we present the result of Ref. [76], namely, the classical
Green function of a multilayer medium with both gain and loss. This is a generalization of
the result by Tomaš for lossy dielectric multilayers [85], whose notation we will follow. We
also address some subtleties arising only for media with gain.

The Green function G(x, x′, ω) was introduced in Section 2. For multilayer media,
it is convenient to write it in the same mixed Fourier representation as is done for the
electric-field operator in Section 3:

G(x, x′, ω) =
1

2π

∫
d2k eik·(ρ−ρ′)G(k, z, z′, ω). (A1)

Here, the Green tensor G(k, z, z′, ω) assumes two different forms, depending on
whether z and z′ are located in the same layer or not. For z′ in layer j it is given by [76,85]

G(k, z, z′, ω) =
−1

2πk2
j

δ(z− z′)ẑẑ +
i

4πβ j

p

∑
σ=s

ξσ
eiβ jdj

Dj
σ

(A2a)

×[E (j)
σ >(k, ω; z)E (j)

σ <(−k, ω; z′)Θ(z− z′) + E (j)
σ <(k, ω; z)E (j)

σ >(−k, ω; z′)Θ(z′ − z)], z also in layer j

G(k, z, z′, ω) =
i

4πβn

p

∑
σ=s

ξσ
tn/j
σ ei(β jdj+βndn)

Dj
σ

(A2b)

×
[
E (n)σ >(k, ω; z)

Dn/j
σ,+

E (j)
σ <(−k, ω; z′)Θ(n− j) +

E (n)σ <(k, ω; z)

Dn/j
σ,−

E (j)
σ >(−k, ω; z′)Θ(j− n)

]
, z in layer n 6= j

where ξs = −1, ξp = 1, and Θ(z) is the usual unit step function, and

E (j)
σ >(k, ω; z) = e(j)

σ,+(q)e
iβ j(z−dj) + rj

σ,+e(j)
σ,−(k)e

−iβ j(z−dj), (A3a)

E (j)
σ <(k, ω; z) = e(j)

σ,−(k)e
−iβ jz + rj

σ,−e(j)
σ,+(k)e

iβ jz. (A3b)
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Here, σ stands for s- or p-polarization, and e(j)
s,± = (k̂× ẑ) and e(j)

p,± = −1
kj
(|k|ẑ± β jk̂)

are the polarization vectors for s- and p-polarized waves propagating in the positive-

/negative-z direction, where k j ≡
√

ω2ε j(ω)/c2 = k′j + ik′′j and

β j(k, ω) =
√

ε j(ω)ω2/c2 − k2 = β′j + iβ′′j (A4)

is the normal component of the wave vector in layer jth and k the in-plane wave vector.
Other quantities in Equations (A2) that still need to be defined are

Dj
σ = 1− rj

σ,−rj
σ,+e2iβ jdj , (A5a)

Dn/j
σ,± = 1− rn

σ,±rn∓1/j
σ e2iβndn , (A5b)

where rj
σ,− and rj

σ,+ are the Fresnel coefficients for reflection at the left/right boundary of

layer j. In addition, tn/j
σ and rn/j

σ are the transmission and reflection coefficients between
the layers n and j.

The Green function (A2) is hereby defined, but not yet automatically well-defined:
it is a known issue that the normal component of the wave vector Equation (A4) for
active multilayer media is not automatically well defined even if the refractive index is
well-defined: although the refractive index has no branch points in the upper half-plane
because of causality, β j(k, ω) may have branch points there [91]. If so, one can observe two
types of absolute and convective instabilities [92,93], which, respectively, correspond to the
exponential growth of the field amplitude in time at a certain spatial point and blowing up
the electromagnetic energy with time along the propagation direction. Therefore, β j(k, ω)
looses its usual physical interpretation as the propagation constant in the normal direction.
In this manner, electromagnetic waves can propagate an infinite distance perpendicularly
to the z-axis, and, therefore, pick up an infinite amount of gain, before arriving at any other
plane z = const. These instabilities could be eliminated by making use of an active medium
with a very high threshold gain and also limiting the extent of the active medium in the
transverse direction. Unlike Refs. [91–93], we here focus on the system dynamics in stable
regimes and only consider active media without branch points where β j(ω) is meaningful
for real frequencies. In that case, the signs of β′j and β′′j are identical to those of Re[ε j(ω)]

and Im[ε j(ω)], respectively (see Refs. [91–93]).

Appendix B. Langevin Equations for Amplitude Operators

On the one hand, the electric-field operator is expressed in Equation (22) in terms of
the amplitude operators. On the other hand, it can be expressed in terms of the Green
function of the medium, analogous to Equation (19). By equating the two expressions and
using the explicit expression for the Green function of a multilayer medium as given in
Appendix A, it follows that the z-dependence of the amplitude operators a(j)

σ,±(z, k, ω) is
governed by quantum Langevin equations

∂a(j)
σ,±(z, k, ω)

∂z
= ∓β′′j a(j)

σ,±(z, k, ω)±

√
2|β′′j |
i

e∓iβ′jz f (j)
σ,±(z, k, ω), (A6)

so that the operators a(j)
σ,±(z, k, ω) and a(j)

σ,±(z
′, k, ω) for different space points within the

same jth layer are related as

a(j)
σ,±(z, k, ω) = e∓β′′j (z−z′)a(j)

σ,±(z
′, k, ω) ±

√
2|β′′j |
i

e∓β′′j z
∫ z

z′
dz′′ e∓iβ′jz

′′
f (j)
σ,±(z

′′, k, ω). (A7)
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Here, the f (j)
σ,±(±z′, k, ω) = f(j)(±z′, k, ω) · e(j)

σ,±(k) are bosonic field operators that
play the role of fundamental variables of the electromagnetic field and medium, and
f(j)(±z′, k, ω) is the partial Fourier transform of f(x, ω) in layer j of Equation (19). They
satisfy the commutation relations
[

f (j)
σ,±(z, k, ω), f (j′) †

σ′ ,± (z′, k′, ω′)
]
= $

(j)
σ,+sgn[ε j, I(ω)]δjj′δσσ′δ(z− z′)δ(ω−ω′)δ(k− k′), (A8a)

[
f (j)
σ,±(z, k, ω), f (j′) †

σ′ ,∓ (z′, k′, ω′)
]
= $

(j)
σ,−sgn[ε j, I(ω)]δjj′δσσ′δ(z− z′)δ(ω−ω′)δ(k− k′). (A8b)

Here, the coefficient ρ
(j)
σ,± is defined to be equal to unity for s-polarization (i.e., for

σ = s), while it is equal to (k2 ± |β j|2)/|k j|2 for σ = p. Notice that the plus and minus

subscripts in this coefficient ρ
(j)
σ,± do not correspond to a propagation direction, but rather

to two identical (+) and opposite (−) propagation directions.
Special Cases: Incoming Fields.—The amplitude operators of the incoming fields

a(1)σ,+(z, k, ω) and a(N+1)
σ,− (z, k, ω) in Equation (23) are defined within the space intervals

−∞ < z ≤ z1 and zN+1 ≤ z < ∞, respectively, see the sketch in Figure 1. The explicit forms
of these input operators can be obtained with the use of Equation (A7) as

a(1)σ,+(z, k, ω) =
1
i

√
2|β′′1 | e−β′′1 z

∫ z

−∞
dz′ e−iβ1z′ f (1)σ,+(z

′, k, ω), (A9a)

a(N+1)
σ,− (z, k, ω) =

1
i

√
2|β′′N+1| eβ′′N+1z

∫ ∞

z
dz′ eiβN+1z′ f (N+1)

σ,− (z′, k, ω). (A9b)

Appendix C. Three-Step Procedure to Derive Input-Output Operator Relations

Step 1.—The first step is readily found by realizing that Equation (A7) for z = zj can
be written in matrix form as




a(j)
σ,+(zj, k, ω)

a(j)
σ,−(zj, k, ω)


 = R(j )

σ




a(j)
σ,+(zj−1, k, ω)

a(j)
σ,−(zj−1, k, ω)


+




c(j)
σ,+(k, ω)

c(j)
σ,−(k, ω)


, (A10)

where R(j )
σ is a diagonal 2× 2 matrix with R(j )

σ,11 = 1/R(j )
σ,22 = e−β′′j dj . The quantum noise

operators in this matrix Equation (A10) are given by

c(j)
σ,±(k, ω) = ±

√
2|β′′j |
i

e∓β′′j zj
∫ zj

zj−1

dz′ e∓iβ′jz
′

f (j)
σ,±(z

′, k, ω), (A11)

and, evidently, these inhomogeneous terms in the matrix relation (A10) are the qualitative
novelty as compared to the standard transfer-matrix analysis of multilayer media in classical
electrodynamics. Recalling the commutation relations (A8), the operators c(j)

σ,±(k, ω) are
found to satisfy the commutation relations[

c(j)
σ,±(k, ω), c(j) †

σ′ ,±(k
′, ω′)

]
= 2 ρ

(j)
σ,+ e∓β′′j dj sinh(β′′j dj) δσσ′

×δ(ω−ω′)δ2(k− k′), (A12a)
[
c(j)

σ,±(k, ω), c(j) †
σ′ ,∓(k

′, ω′)
]

= −
2β′′j
β′j

ρ
(j)
σ,− e∓iβ′j(zj+zj−1)

× sin(β′jdj) δσσ′δ(ω−ω′)δ2(k− k′). (A12b)

Step 2.—In the second step, we relate the operators a(j+1)
σ,± (zj, k, ω) and a(j)

σ,±(zj, k, ω)
in neighboring layers across the interface at zj to each other using the form Equation (A2)
for the Green function G(k, z, z′, ω) for positions z, z′ in neighboring layers. This Green
function already, by construction, respects the Maxwell boundary conditions that the
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tangential components of the electric and magnetic fields be continuous. We obtain the
operator matrix relation




a(j+1)
σ,+ (zj, k, ω)

a(j+1)
σ,− (zj, k, ω)


 = S(j)

q




a(j)
σ,+(zj, k, ω)

a(j)
σ,−(zj, k, ω)


, (A13)

which also holds for classical amplitudes and where the matrix S(j)
σ is given by

S(j)
σ =

1
2β j

√√√√ β′j
β′j+1




(β j+1κσ,j/j+1 + β jκσ,j+1/j)e
i(β′j−β′j+1)zj (β j+1κσ,j/j+1 − β jκσ,j+1/j)e

−i(β′j+β′j+1)zj

(β j+1κσ,j/j+1 − β jκσ,j+1/j)e
i(β′j+β′j+1)zj (β j+1κσ,j/j+1 + β jκσ,j+1/j)e

−i(β′j−β′j+1)zj


, (A14)

in which κs,j/j+1 = 1 and κp,j/j+1 = k j/k j+1.
Step 3.—In the third, final step, we invoke Equations (A10) and (A13) alternatingly

and repeatedly, until we finally obtain the operator of the outgoing fields to the leftmost
and rightmost layers, respectively, a(1)σ,−(z1, k, ω) and a(N+1)

σ,+ (zN, k, ω), in terms of the two

incoming fields a(1)σ,+(z1, k, ω) and a(N+1)
σ,− (zN, k, ω), as well as the noise fields. The sought

input–output relation for the amplitude operators is thereby obtained as Equation (23) of
the main text.

Appendix D. Methods to Obtain Classical Effective Parameters

Scattering method.—The scattering method developed by Smith and coworkers [11,12,18]
has proved extremely useful. The idea is to fit the scattering properties of a metamaterial
by those of a homogeneous medium, with values for the effective parameters that give
the best fit. Finding equivalent bulk parameters in this way is solving an inverse problem.
This approach has been generalized to oblique incidence [16] by assuming that the effective
medium can be fully characterized by βeff, the wave-vector component in normal direction
(here: ẑ-direction). In fact, for oblique incidence, there is no need to introduce the effective
refractive index because all details of wave propagation follow from this parameter βeff.
What is more, the refractive index may lose its physical meaning and may even become
discontinuous, due to the branch cut of the complex square root [16,94]. By retrieving the
normal wave vector component βeff and the generalized impedance Zeff, σ = βeff, σ/εσ from
the reflection and transmission coefficients (29a) and (29b) of a homogenous medium with
thickness L, the effective wave parameters for both polarizations s and p are derived as

βeff, σ L = ± arccos

(
1− r2

eff, σ + t
′2
eff, σ

2t′eff, σ

)
, (A15a)

Zeff, σ = ±β0

√√√√ (reff, σ − 1)2 − t′2eff, σ

(reff, σ + 1)2 − t′2eff, σ

, (A15b)

where t′eff, σ = Tσ,21 exp(iβ0L) is the modified transmission amplitude and the signs ±
are chosen independently based on physical considerations [16]. In general, the multiple
branches associated with the inverse cosine of Equation (A15a) make the unambiguous
determination of the normal wave vector component βeff, σ difficult [18]. However, the am-
biguity will not arise in our calculations since, for simplicity, we only consider situations
where the wavelength within the medium is much larger than the multilayer length L.

Dispersion method.—Alternatively one can identify values for effective parameters
using the dispersion method: the effective parameters of a periodic bi-layer system with
permittivity functions εa(ω), εb(ω) and thicknesses da,b are obtained from the Bloch dis-
persion relation
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cos(βeff, σd) = cos(βada) cos(βbdb)−
1
2

(
βa,σ

βb,σ
+

βb,σ

βa,σ

)
sin(βada) sin(βbdb) (A16)

in the long-wavelength limit. We describe s- and p-polarized light at the same time, since
β j,σ stands for β j,s = β j and β j,p for β j/ε j, while d equals the total thickness da + db of the
two bi-layers. By taking the Taylor expansion near the point (ω, k) = (0, 0), we obtain the
dispersion relation

β2
eff, s + k2 = εeff,⊥

ω2

c2 , (A17a)

β2
eff, p

εeff,⊥
+

k2

εeff, ‖
=

ω2

c2 , (A17b)

in terms of two important effective parameters, namely, εeff,⊥ = (εada + εbdb)/d and
εeff, ‖ = (εaεbd)/(εbda + εadb). The subscripts ⊥ and ‖ denote the directions perpendicular
and parallel to the optical axis, which is here the z-axis, i.e., the optical axis points along
the surface normal. Thus, the multilayer metamaterial effectively behaves as a uniaxial
anisotropic medium [95] with the effective permittivity tensor ¯̄ε = diag(εeff,⊥, εeff,⊥, εeff, ‖),
where εeff,⊥(εeff, ‖) refers to the ordinary (extraordinary) permittivity of the effective medium.
Since the in-plane wavevector k is conserved outside and inside the effective medium,
it yields k2 = ω2 sin2 θ/c2 = ω2εeff, s sin2 θeff/c2 and β2

eff, s = ω2εeff, s cos2 θeff/c2 for s-
polarization, where θeff is the refracted angle inside the effective medium. Similar identities
can be obtained for p-polarized light. Bearing these in mind, one can use Equation (A17) to
write the effective dielectric functions for s- and p-polarized light in terms of the perpen-
dicular and parallel effective permittivity functions. This gives εeff, s = εeff,⊥ for ordinary
waves, which is angle-independent, and ε−1

eff, p(θeff) = cos2 θeff/εeff,⊥ + sin2 θeff/εeff, ‖ for
extraordinary waves. The latter exhibit a strong angle dependence varying from εeff,⊥ to
εeff, ‖ as θeff is varied from 0◦ to 90◦. Remarkably, εeff, p can also be written in terms of the
incident angle θ as εeff, p(θ) = εeff,⊥ + sin2 θ(1− εeff,⊥/εeff, ‖).

Appendix E. Quantum Noise Operators in QOEI Theory

The input–output relations (27) of QOEI theory feature two quantum noise terms
Feff, σ±(k, ω). These represent quantum noise associated with loss and gain and combina-
tions thereof inside this effective medium. The right- (+) and left-going (−) components
are given by

Feff, σ−(k, ω) =
−2iβ0

√
2β′eff, σβ′′eff, σεσ/β′0

(βeff, σ + εσβ0)2 − (βeff, σ − εσβ0)2 exp [2iβeff, σL]

(
(βeff, σ + εσβ0)

∫ L

0
dz′e−iβeff, σz′ feff σ,+(z′, k, ω)

+(βeff, σ − εσβ0)
∫ L

0
dz′eiβeff, σz′ feff σ,−(z′, k, ω)

)
, (A18a)

Feff, σ+(k, ω) =
−2iβ0

√
2β′eff, σβ′′eff, σεσ/β′0 exp [i(β0 − βeff, σ)L]

(βeff, σ + εσβ0)2 − (βeff, σ − εσβ0)2 exp [2iβeff, σL]

(
(βeff, σ + εσβ0)

∫ L

0
dz′eiβeff, σz′ feff σ,−(z′, k, ω)

+(βeff, σ − εσβ0)e2iβeff, σ L
∫ L

0
dz′e−iβeff, σz′ feff σ,+(z′, k, ω)

)
, (A18b)

in terms of the fundamental bosonic operators f that were introduced in Section 2 and which,
in an effectively homogeneous layer, satisfy the commutation relations (A8) in which ε is to
be replaced by the effective permittivities εeff, σ that are given in the previous Appendix.

Appendix F. Flux of Noise Photons at T 6= 0

By combining the expression (38) for the noise power spectrum with the input–output
relations of the exact multilayer theory, in particular Equations (A11) and (24), we ob-
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tain the following exact expression for the flux of noise photons emitted from the loss-
compensated multilayer

〈F†
σ,+(k, ω) Fσ′ ,+(k

′, ω′)〉exact = 2
N

∑
j=2

{
ρ
(j)
σ,+ sinh(β′′j dj)sgn[εI, j(ω)]

(
|D(j)

σ 21|2e−β′′j dj + |D(j)
σ 22|2eβ′′j dj

)
(A19)

−
|β′′j |
β′j

ρ
(j)
σ,− sin(β′jdj)

(
D(j) ∗

σ 21D
(j)
σ 22eiβ′j(zj+zj−1) +D(j)

σ 21D
(j) ∗
σ 22 e−iβ′j(zj+zj−1)

)}

×
(

Nth(ω, T)Θ[ε j, I(ω)] +
(

Nth(ω, |T|) + 1
)
Θ[−ε j, I(ω)]

)
δσσ′δ(ω−ω′)δ(k− k′).

This formula is valid for all temperatures, and is used to produce Figures 3–5, 7 and 8.
For loss-compensated metamaterials at zero temperature, the angle-dependent power
spectrum is given by

SSpon,σ(θ, ω) =
−h̄ω3 sin θ

2πε0c3

N
2 −1

∑
j=1

{
$
(2j+1)
σ,+ sinh(β′′2j+1dg)

(
|D(2j+1)

σ 21 |2e−β′′2j+1dg + |D(2j+1)
σ 22 |2eβ′′2j+1dg

)

+$
(2j+1)
σ,−

|β′′2j+1|
β′2j+1

sin(β′2j+1dg)
(
D(2j+1) ∗

σ 21 D(2j+1)
σ 22 eiβ′2j+1(z2j+1+z2j)

+D(2j+1)
σ 21 D(2j+1) ∗

σ 22 e−iβ′2j+1(z2j+1+z2j)
)}

. (A20)
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53. Asano, M.; Bechu, M.; Tame, M.; Kaya Özdemir, Ş.; Ikuta, R.; Güney, D.O.; Yamamoto, T.; Yang, L.; Wegener, M.; Imoto, N.
Distillation of photon entanglement using a plasmonic metamaterial. Sci. Rep. 2015, 5, 18313. [CrossRef] [PubMed]

54. Zhang, J.; Wubs, M.; Ginzburg, P.; Wurtz, G.; Zayats, A.V. Transmission quantum optics: Designing spontaneous emission using
coordinate transforms. J. Opt. 2016, 18, 044029. [CrossRef]

55. Amooghorban, E.; Aleebrahim, E. Entanglement dynamics of two two-level atoms in the vicinity of an invisibility cloak. Phys.
Rev. A 2017, 96, 012339. [CrossRef]

56. Hardal, A.U.C.; Wubs, M. Quantum coherent absorption of squeezed light. Optica 2019, 6, 181. [CrossRef]
57. Liu, J.; Shi, M.; Chen, Z.; Wang, S.; Wang, Z.; Zhu, S. Quantum photonics based on metasurfaces. Opto-Electron. Adv. 2021,

4, 200092. [CrossRef]
58. Zhou, Z.Y.; Ding, D.S.; Shi, B.S.; Zou, X.B.; Guo, G.C. Characterizing dispersion and absorption parameters of metamaterial using

entangled photons. Phys. Rev. A 2012, 85, 023841. [CrossRef]
59. Amooghorban, E.; Mortensen, N.A.; Wubs, M. Quantum optical effective-medium theory for loss-compensated metamaterials.

Phys. Rev. Lett. 2013, 110, 153602. [CrossRef]
60. Mukamel, S.; Freyberger, M.; Schleich, W.; Bellini, M.; Zavatta, A.; Leuchs, G.; Silberhorn, C.; Boyd, R.W.; Sánchez-Soto, L.L.;

Stefanov, A.; et al. Roadmap on quantum light spectroscopy. J. Phys. B At. Mol. Opt. Phys. 2020, 53, 072002. [CrossRef]
61. Yan, W.; Wubs, M.; Mortensen, N.A. Hyperbolic metamaterials: Nonlocal response regularizes broadband supersingularity. Phys.

Rev. B 2012, 86, 205429. [CrossRef]
62. Jacob, Z.; Kim, J.Y.; Naik, G.V.; Boltasseva, A.; Narimanov, E.E.; Shalaev, V.M. Engineering photonic density of states using

metamaterials. Appl. Phys. B 2010, 100, 215. [CrossRef]
63. Poddubny, A.N.; Belov, P.A.; Kivshar, Y.S. Spontaneous radiation of a finite-size dipole emitter in hyperbolic media. Phys. Rev. A

2011, 84, 023807. [CrossRef]
64. Kidwai, O.; Zhukovsky, S.V.; Sipe, J.E. Effective-medium approach to planar multilayer hyperbolic metamaterials: Strengths and

limitations. Phys. Rev. A 2012, 85, 053842. [CrossRef]
65. Huttner, B.; Barnett, S.M. Quantization of the electromagnetic field in dielectrics. Phys. Rev. A 1992, 46, 4306. [CrossRef]
66. Huttner, B.; Barnett, S.M. Dispersion and loss in a Hopfield dielectric. Europhys. Lett. 1992, 18, 487. [CrossRef]
67. Gruner, T.; Welsch, D.G. Quantum-optical input-output relations for dispersive and lossy multilayer dielectric plates. Phys. Rev.

A 1996, 54, 1661. [CrossRef]
68. Wubs, M.; Suttorp, L.G. Transient QED effects in absorbing dielectrics. Phys. Rev. A 2001, 63, 043809. [CrossRef]
69. Suttorp, L.G.; Wubs, M. Field quantization in inhomogeneous absorptive dielectrics. Phys. Rev. A 2004, 70, 013816. [CrossRef]
70. Matloob, R.; Loudon, R.; Artoni, M.; Barnett, S.M.; Jeffers, J. Electromagnetic field quantization in amplifying dielectrics. Phys.

Rev. A 1997, 55, 1623. [CrossRef]
71. Scheel, S.; Knöll, L.; Welsch, D.G. QED commutation relations for inhomogeneous Kramers-Kronig dielectrics. Phys. Rev. A 1998,

58, 700. [CrossRef]
72. Boyd, R.W.; Agarwal, G.S.; Chan, K.W.C.; Jha, A.K.; O’Sullivan, M.N. Propagation of quantum states of light through absorbing

and amplifying media. Opt. Commun. 2008, 281, 3732. [CrossRef]
73. Amooghorban, E.; Wubs, M. Quantum optical effective-medium theory for layered metamaterials. arXiv 2016, arXiv:1606.07912.
74. Pilehvar, E.; Amooghorban, E.; Moravvej-Farshi, M.K. Quantum optical analysis of squeezed state of light through dispersive

non-Hermitian optical bilayers. J. Opt. 2022, 24, 025201. [CrossRef]
75. Pilehvar, E.; Amooghorban, E.; Moravvej-Farshi, M.K. Oblique propagation of the squeezed states of s(p)-polarized light through

non-Hermitian multilayered structures. Opt. Express 2022, 30, 3553. [CrossRef] [PubMed]
76. Amooghorban, E.; Wubs, M.; Mortensen, N.A.; Kheirandish, F. Casimir forces in multilayer magnetodielectrics with both gain

and loss. Phys. Rev. A 2011, 84, 013806. [CrossRef]
77. Glauber, R.J. Amplifiers, attenuators, and the quantum theory of measurement. In Frontiers in Quantum Optics; Pike, E.R., Sarkar,

S., Eds.; Hilger: Bristol, UK, 1986.
78. Gardiner, C.W.; Zoller, P. Quantum Noise, 3rd ed.; Springer: Berlin, Germany, 2004.
79. Franke, S.; Ren, J.; Richter, M.; Knorr, A.; Hughes, S. Fermi’s golden rule for spontaneous emission in absorptive and amplifying

Media. Phys. Rev. Lett. 2021, 127, 013602. [CrossRef]
80. Chang, D.; Douglas, J.; González-Tudela, A.; Hung, C.L.; Kimble, H. Colloquium: Quantum matter built from nanoscopic lattices

of atoms and photons. Rev. Mod. Phys. 2018, 90, 031002. [CrossRef]
81. Svendsen, M.; Kurman, Y.; Schmidt, P.; Koppens, F.; Kaminer, I.; Thygesen, K.S. Combining density functional theory with

macroscopic QED for quantum light-matter interactions in 2D materials. Nat. Commun. 2021, 12, 2778. [CrossRef]
82. Sánchez-Barquilla, M.; García-Vidal, F.J.; Fernández-Domínguez, A.I.; Feist, J. Few-mode field quantization for multiple emitters.

Nanophotonics 2022, 11, 4363. [CrossRef]
83. Gupta, S.; Shirodkar, S.N.; Kutana, A.; Yakobson, B.I. In pursuit of 2D materials for maximum optical response. ACS Nano 2018,

12, 10880. [CrossRef]
84. Pandey, D.; Xiao, S.; Wubs, M. Graphene multilayers for coherent perfect absorption: Effects of interlayer separation. Opt. Express

2022, 30, 44504. [CrossRef]

http://dx.doi.org/10.1364/OE.23.017941
http://dx.doi.org/10.1038/srep18313
http://www.ncbi.nlm.nih.gov/pubmed/26670790
http://dx.doi.org/10.1088/2040-8978/18/4/044029
http://dx.doi.org/10.1103/PhysRevA.96.012339
http://dx.doi.org/10.1364/OPTICA.6.000181
http://dx.doi.org/10.29026/oea.2021.200092
http://dx.doi.org/10.1103/PhysRevA.85.023841
http://dx.doi.org/10.1103/PhysRevLett.110.153602
http://dx.doi.org/10.1088/1361-6455/ab69a8
http://dx.doi.org/10.1103/PhysRevB.86.205429
http://dx.doi.org/10.1007/s00340-010-4096-5
http://dx.doi.org/10.1103/PhysRevA.84.023807
http://dx.doi.org/10.1103/PhysRevA.85.053842
http://dx.doi.org/10.1103/PhysRevA.46.4306
http://dx.doi.org/10.1209/0295-5075/18/6/003
http://dx.doi.org/10.1103/PhysRevA.54.1661
http://dx.doi.org/10.1103/PhysRevA.63.043809
http://dx.doi.org/10.1103/PhysRevA.70.013816
http://dx.doi.org/10.1103/PhysRevA.55.1623
http://dx.doi.org/10.1103/PhysRevA.58.700
http://dx.doi.org/10.1016/j.optcom.2008.03.022
http://dx.doi.org/10.1088/2040-8986/ac461c
http://dx.doi.org/10.1364/OE.448229
http://www.ncbi.nlm.nih.gov/pubmed/35209610
http://dx.doi.org/10.1103/PhysRevA.84.013806
http://dx.doi.org/10.1103/PhysRevLett.127.013602
http://dx.doi.org/10.1103/RevModPhys.90.031002
http://dx.doi.org/10.1038/s41467-021-23012-3
http://dx.doi.org/10.1515/nanoph-2021-0795
http://dx.doi.org/10.1021/acsnano.8b03754
http://dx.doi.org/10.1364/OE.475046


Nanomaterials 2023, 13, 291 31 of 31

85. Tomaš, M.S. Green function for multilayers: Light scattering in planar cavities. Phys. Rev. A 1995, 51, 2545. [CrossRef]
86. Cresser, J. Theory of the spectrum of the quantised light field. Phys. Rep. 1983, 94, 47. [CrossRef]
87. Blow, K.J.; Loudon, R.; Phoenix, S.J.D.; Shepherd, T.J. Continuum fields in quantum optics. Phys. Rev. A 1990, 42, 4102. [CrossRef]
88. Leonhardt, U. Measuring the Quantum State of Light; Cambridge University Press: Cambridge, UK, 1997.
89. Artoni, M.; Loudon, R. Propagation of nonclassical light through an absorbing and dispersive slab. Phys. Rev. A 1999, 59, 2279.

[CrossRef]
90. Vasylyev, D.Y.; Vogel, W.; Manzke, G.; Henneberger, K.; Welsch, D.G. Nonclassicality of radiation fields propagating in complex

material systems. Phys. Status Solidi B 2009, 246, 293. [CrossRef]
91. Skaar, J. On resolving the refractive index and the wave vector. Opt. Lett. 2005, 31, 3372. [CrossRef]
92. Skaar, J. Fresnel equations and the refractive index of active media. Phys. Rev. E 2006, 73, 026605. [CrossRef]
93. Nistad, B.; Skaar, J. Causality and electromagnetic properties of active media. Phys. Rev. E 2008, 78, 036603. [CrossRef]
94. Rockstuhl, C.; Menzel, C.; Paul, T.; Pertsch, T.; Lederer, F. Light propagation in a fishnet metamaterial. Phys. Rev. B 2008,

78, 155102. [CrossRef]
95. Saleh, B.E.A.; Teich, M.C. Fundamentals of Photonics; John Wiley & Sons, Ltd.: Hoboken, NJ, USA, 1991; Chapter 6, pp. 193–237.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1103/PhysRevA.51.2545
http://dx.doi.org/10.1016/0370-1573(83)90120-5
http://dx.doi.org/10.1103/PhysRevA.42.4102
http://dx.doi.org/10.1103/PhysRevA.59.2279
http://dx.doi.org/10.1002/pssb.200880342
http://dx.doi.org/10.1364/OL.31.003372
http://dx.doi.org/10.1103/PhysRevE.73.026605
http://dx.doi.org/10.1103/PhysRevE.78.036603
http://dx.doi.org/10.1103/PhysRevB.78.155102

	Introduction
	Field Quantization
	Input–Output Operator Relations for Planar Dielectrics
	Quantum Optical Effective-Index (QOEI) Theory
	Quantum Optical Effective-Medium (QOEM) Theory
	When Does QOEM Coincide with QOEI Theory?
	First Test: Power Spectra
	Power Spectra of Loss-Compensated MM
	Power Spectra for Loss-Loss and Gain-Gain MM

	Second Test: Propagation of Squeezed States
	Discussion and Conclusions
	Green Function for Multilayers with Gain and Loss
	Langevin Equations for Amplitude Operators
	Three-Step Procedure to Derive Input-Output Operator Relations
	Methods to Obtain Classical Effective Parameters
	Quantum Noise Operators in QOEI Theory
	Flux of Noise Photons at T=0
	References

