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One of the most fundamental results in quantum information theory is that no measurement can perfectly
discriminate between nonorthogonal quantum states. In this work, we investigate quantum advantages for
discrimination tasks over noncontextual theories by considering a maximum-confidence measurement that
unifies different strategies of quantum state discrimination, including minimum-error and unambiguous
discrimination. We first show that maximum-confidence discrimination, as well as unambiguous discrimi-
nation, contains contextual advantages. We then consider a semi-device-independent scenario of certifying
maximum-confidence measurement. The scenario naturally contains undetected events, making it a natural
setting to explore maximum-confidence measurements. We show that the certified maximum confidence in
quantum theory also contains contextual advantages. Our results establish how the advantages of quantum
theory over a classical model may appear in a realistic scenario of a discrimination task.
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I. INTRODUCTION

Quantum information processing displays advantages
over its classical counterpart. These gaps have their ori-
gins in fundamental results that show how the two types
of theories differ. Quantum key distribution protocols, for
example, exploit the indistinguishability of nonorthogo-
nal states to establish a higher level of security without
any assumptions on the computational capabilities [1].
Likewise, measurements on entangled states may give
rise to nonlocal correlations, which cannot be produced
from classical systems [2,3]. Nonlocal correlations lead
to various practical quantum information applications; in
particular, device-independent quantum information pro-
cessing, including secure communication [4–6] and ran-
domness generation [7,8]. These correlations are used, on
the other hand, as a useful tool in the certification of
quantum resources such as entanglement, which enables
the aforementioned advantages for quantum information
processing [9].

The fact that two nonorthogonal states cannot be per-
fectly discriminated is among the most fundamental results
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in quantum information theory [10]. This is closely con-
nected to other key results, such as the quantum no-cloning
theorem [11] and the no-signaling condition [12]. If perfect
clones of a pair of nonorthogonal states could be obtained,
it would be possible to perfectly discriminate the states.
Conversely, perfect discrimination between nonorthogonal
states makes it possible to prepare copies of the states.
Quantum cloning converges, in the asymptotic limit, to
quantum state discrimination [13], which is then limited
by the no-signaling condition [14,15]. The results from a
pair of nonorthogonal states have been applied to quan-
tum cryptographic protocols [16] and various other tasks
in quantum information theory [17–21].

The distinction between quantum and noncontextual
theories in the task of two-state discrimination has recently
been shown [22]. In a noncontextual ontological model,
operationally equivalent experimental procedures have the
same representation. This feature does not hold for quan-
tum theories, so noncontextuality can be understood as
one form of classicality. In the aforementioned work, the
maximal success probability in two-state minimum-error
discrimination (MED) is characterized in a noncontex-
tual ontological model. It turns out that two-state MED in
quantum theory is more successful than the derived lim-
itation, showing contextual advantages for quantum state
discrimination.

From the point of view of realizing these quantum
advantages, a general difficulty lies in the inherent noise of
quantum measurements. Even if a state has been prepared,
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it will sometimes not be detected due to, for example, pho-
ton losses. This is treated in MED by binning such cases
among the possible outcomes at the cost of increasing the
error rate.

Another form of quantum state discrimination may be
considered. In unambiguous discrimination (UD), a con-
clusion from certain detection events is never wrong but
there is a possibility that no guess is returned [23–25].
An additional arm that collects all inconclusive outcomes
is included. The possibility of realizing UD, however,
depends highly on parameters such as the Hilbert-space
dimension and the number of states. For instance, for qubit
states it cannot be realized for cases other than two pure
states.

A figure of merit that operationally unifies the different
senses of quantum state discrimination is the confidence
[26]. The confidence is defined as the probability that,
given a detection event, a detector correctly concludes that
a state, chosen among an ensemble, has been prepared. In
a maximum-confidence measurement, this figure of merit
is maximized. Detectors in UD have certainty as the max-
imum confidence since a detection event never leads to a
wrong conclusion. A maximum-confidence measurement
(MCM) performs MED if the confidence over the whole
ensemble of states is considered.

It should be noted that MCMs are concerned with
detected events only. The consequence is that MCMs do
not suffer from the same weaknesses as MED or UD. This
is closely connected to a retrodictive view of quantum
theory, whereby detected events in the present assert state-
ments about state preparation in the past, as discussed in
a recent review [27]. One may therefore exploit MCMs to
pave a way to gain contextual advantages with imperfect
measurement devices in a realistic setting. It is also possi-
ble, taking a different point of view of retrodictive quantum
theory, to certify the maximum confidence that one can
have in uncharacterized detectors used for state discrimina-
tion. This may be interpreted as a semi-device-independent
scenario, [28,29] under the assumption that states are well
characterized but the measurements not at all.

In this work, we establish contextual advantages for
both state discrimination and its certification in a real-
istic scenario where undetected events may appear. We
first present contextual advantages for UD by showing
that the minimal rate of inconclusive outcomes in quan-
tum theory is strictly lower than that in a noncontextual
ontological model. Then, the contextual advantages are
shown for maximum-confidence discrimination: an MCM
in quantum theory gives rise to a higher maximum con-
fidence on a detected event over a noncontextual theory.
We next consider a semi-device-independent scenario with
uncharacterized detectors. We develop the framework of
certifying the maximum confidence in the scenario given
a preparation of states and detected events. It is shown
that the certifiable maximum confidence in quantum theory

contains contextual advantages in the realistic scenario that
may contain undetected events. Our results provide the
unifying framework for the existence and the certifica-
tion of contextual advantages in a realistic quantum state
discrimination scenario.

The paper is organized as follows. In Sec. II, we begin
with a summary of different figures of merit in quan-
tum state discrimination. The contextual advantages for
minimum-error, unambiguous, and maximum-confidence
quantum state discrimination are then shown in Sec. III.
We then present the certification of an MCM in Sec. IV.
Two-input and three-outcome scenarios, with one arm
containing the undetected events only, are considered. In
Sec. V, we compare quantum and noncontextual theories
in the certification of an MCM and then include noise in
our model in Sec. VI. Finally, we summarize the results
and discuss related questions in Sec. VII.

II. BACKGROUND

Let us begin by collecting the terminology and notation
to be used throughout the manuscript. We also summarize
different figures of merit in quantum state discrimination.

For convenience, state discrimination can be framed as
a communication protocol for two parties, Alice for prepa-
ration and Bob for a measurement. Alice prepares her
quantum system in one of the states in an ensemble of n
states, denoted by

ensemble: Sn = {qx, ρx}n
x=1, (1)

which describes a state ρx is generated with a priori prob-
ability qx for x = 1, . . . , n. Bob then performs a measure-
ment. He has n detectors described by positive-operator-
valued-measure (POVM) elements

measurement: M = {My}n
y=1, (2)

each of which may be optimized to give a correct guess
about a state that has been prepared. For completeness, the
condition

∑
y My = I must be satisfied.

A. Minimum-error discrimination and unambiguous
discrimination

In MED, the figure of merit is the highest probability
of making a correct guess, called the guessing probability
Pguess, as follows:

Pguess = max
n∑

x=1

qxtr[ρxMx],

where the maximization runs over a complete measure-
ment. A closed form of the maximal success probability
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is known for two states in general,

Pguess = 1
2

+ 1
2
‖q1ρ1 − q2ρ2‖1, (3)

where ‖X ‖1 = tr
√

X †X . Otherwise, a closed form has
been found in some specific cases only [30–35]. While the
error, averaged over the states in Sn, is minimized, not all
detection events lead to a correct guess.

Detection events in UD measurements identify states
with certainty. This is possible if the probability of out-
come y given a state ρx is given by

PM |P(y|x) := tr[ρxMy] ∝ δx,y , (4)

where M and P denote a measurement and a preparation,
respectively. This shows that a detector described by My
responds to a state ρx but not to the other states. Under this
condition, it may, however, appear that a measurement is
not complete, i.e.,

∑
y My < I. An additional outcome M0

is included to fulfill the completeness condition:

n∑

y=0

My = I.

The arm described by M0 collects those detection events
that give ambiguous conclusions. Then, in the case of
UD, a conclusion from a detection event is completely
unambiguous since no error in the legitimate arms is per-
mitted. For instance, for qubit states, this is possible only
when two pure states can be prepared. Preparation of pure
states with certainty would not be feasible in a realis-
tic setting either. We can say that it is not practical to
meet the conditions in Eqs. (3) and (4) in MED and UD,
respectively.

B. Maximum-confidence discrimination

The notion of confidence for a detection event in a
discrimination task has been defined as the conditional
probability [26]:

confidence: C(y) = PP|M(y|y),
i.e., the probability that a detection event in the arm cor-
responding to a POVM element My concludes that the
prepared state is ρy . One can interpret this retrodictively,
as a detected event implying a conclusion about state
preparation done in the past.

The confidence may be computed with quantum proba-
bilities by using Bayes’ rule,

C(Q)(y) = PP(ρy)PM |P(y|y)
PM (y)

= qy tr[Myρy]
tr[Myρ]

, (5)

where PM (y) is the probability of a detection event on the
detector My for an ensemble ρ = ∑

x qxρx and PP(y) = qy

the a priori probability. Hence, an MCM aims to maximize
the confidence above. Throughout, an MCM in quantum
theory is denoted by

max C(Q)(y),

where the maximization runs over all measurements. It
should be added that it does not matter whether a partic-
ular y is optimized or all y are optimized simultaneously.
The confidence for a particular state will depend upon a
single POVM element only, so the measurement can be
completed in any manner. The only difference between
individual and ensemble optimization is the possibility of
different inconclusive outcome rates. In the present work,
our focus is on the maximal confidence that we can have
in a particular state and so the distinction can be ignored.
Note that an MCM can be defined for any ensemble in
Eq. (1).

We remark that maximum-confidence discrimination is
well fitted to a realistic scenario including imperfect prepa-
rations and measurements. First, it can be adapted to
cases where the measurement statistics are not complete,
whereas MED can only find the optimal guessing prob-
ability whenever a measurement is complete. As MCM
is concerned with detected events only, undetected ones
can be counted as ambiguous outcomes. Second, an MCM
can be considered for ensembles for which unambiguous
measurement outcomes cannot be obtained. The MCM
presents, for these reasons, a more realistic setting for
identifying a state among a given ensemble.

Maximum-confidence discrimination also provides a
unifying framework of the aforementioned figures of merit
in state discrimination. An MCM coincides with UD if
C(y) = 1 for all y. In this sense, whenever UD is possi-
ble for an ensemble, an MCM taking individual detectors
reproduces UD. One can also apply an MCM to maximize
the success probability over an ensemble or a subensem-
ble by taking into account in the possibility of undetected
events occurring:

max
∑

y

pB(y)C(y) = max
∑

y

qy tr[Myρy], (6)

where the maximization runs over a complete measure-
ment. An MCM as defined above reproduces MED if the
inconclusive outcome rate is zero. It is also worth noting
that optimal measurements for MED, UD, and maximum-
confidence discrimination are generally not identical [26].

III. CONTEXTUAL ADVANTAGES FOR
QUANTUM STATE DISCRIMINATION

It is central to the field of quantum information the-
ory to find circumstances in which quantum experi-
ments perform differently to their classical equivalents.

030337-3



KIERAN FLATT et al. PRX QUANTUM 3, 030337 (2022)

This distinction will depend upon the chosen notion
of (non)classicality. In many cases, the most relevant
definition is that classical theories do not violate Bell-
like inequalities, whereas nonclassical ones do. Space-
like separated correlations, however, are required in order
for this definition to be useful but do not appear in
all experimental applications. Bell violations, in addition,
will occur only for the particular class of nonseparable
states.

Noncontextuality, the independence of experimental
statistics from the context in which they are gathered is
a more widely applicable notion of classicality [36]. It
is defined independently of the choice of state and is
valid for experiments, such as state discrimination, that
are spacelike local. The concept has been introduced by
Kochen and Specker [37] and more recently generalized
by Spekkens [38].

In all forms, noncontexuality acts as a constraint on
various objects within the theory. By “objects,” we mean
states, channels or transformations. In the original proof of
the Kochen-Specker theorem, which states that quantum
theory is contextual, a set of 117 projective measurements
are shown to violate noncontextuality. This means that we
must constrain any classical theory to contain less than this
number of possible measurements. In a similar manner,
Spekkens has shown that the “trine ensemble,” the set of
three symmetric states on the Bloch sphere, cannot be pre-
pared in a noncontextual theory. It follows that quantum
theory is able to recreate a greater range of experimental
statistics.

A number of “noncontextual inequalities” have been
derived [22,39,40]. In these, a particular figure of merit is
optimized within a theory constrained by noncontextuality.
The maximal value of some figures of merit, for the afore-
mentioned reasons, is less than what can be obtained by
quantum theories and the latter consequently violate such
inequalities. In such a case, it is said that quantum theory
contains “contextual advantages.”

This question has been addressed in Ref. [22], where it
has been shown that the MED of quantum states contains
contextual advantages.

In this section, we consider UD and MCM and show
contextual advantages. For the latter case, a pair of mixed
states for which UD cannot be achieved are considered.
Thus, we show contextual advantages for quantum state
discrimination in general. We begin with a review of non-
contextual ontological models and then consider MED,
UD, and MCM.

A. Noncontextual ontological model

An operational theory contains descriptions of possi-
ble operations, such as preparations and measurements,
and a prescription for calculating probabilities of mea-
surement outcomes. Here, let us review noncontextual

ontological models [22,38,41] and characterize preparation
noncontextuality.

Let � denote an ontic state space so that an element
λ ∈ � fully characterizes the physical properties of a given
system. A state preparation x corresponds to a sample
of the ontic state space up to a probability distribution
μx(λ), which is called an epistemic state. A measurement
M contains a set of possible outcomes that occur with a
dependence on the ontic state space. An outcome denoted
by y is represented by a response function ξy|M (λ) that
satisfies

positivity: ξy|M (λ) ≥ 0, ∀y, ∀λ,

completeness:
∑

y

ξy|M (λ) = 1, ∀λ, (7)

so that it is interpreted probabilistically. Probabilities
extracted from the ontological model with a preparation
x and a measurement M are given by

P(y|x, M ) =
∫

�

dλμx(λ)ξy|M (λ),

which gives an outcome y for a state x (See Fig. 1).
The preparation-noncontextuality criterion is then iden-

tified as follows. Consider two preparations μx(λ) and
μx′(λ) that cannot be distinguished by any measurement,
i.e., no response function provides different probabili-
ties for the preparations. These preparations are called
operationally equivalent. A model is then preparation
noncontextual if the operational equivalence of a set of
preparatory processes implies that they are represented by
the same epistemic state:

P(y|x, M ) = P(y|x′, M ) ∀{y|M }
=⇒ μx(λ) = μx′(λ).

Measurement noncontextuality can also be defined in a
similar manner.

FIG. 1. A prepare-and-measure scenario in an ontological
model (left) is modeled by the ontic state space � (right). Note
that P denotes a preparation represented by an epistemic state
μx(λ) and M denotes a measurement by a response function
ξy(λ). The probabilities extracted from the theory are given by
integrals over the overlap marked by a black pentagon [see
Eq. (8)].
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Having introduced an operational framework above, we
use definitions and notations in the following manner. For
an epistemic state μx(λ), a nonoverlapping state is denoted
by μx(λ) such that

μx(λ)μx(λ) = 0, ∀λ ∈ �.

In preparation-noncontextual theories, an epistemic state
μx(λ) uniquely defines its nonoverlapping state μx(λ).
This does not necessarily hold for other theories. The
support of an epistemic state μx is defined as follows:

supp[μx(λ)] = {λ ∈ � : μx(λ) 
= 0}.

For instance, we have supp[μx(λ)] ∩ supp[μx(λ)] = ∅.
An important set of response functions is the set rep-

resenting projectors from quantum theory. In quantum
theory, each POVM element Ey = |y〉〈y| of a projec-
tive measurement satisfies tr[Ey |x〉〈x|] = δx,y for a basis-
forming ensemble ρx = |x〉〈x|, x = 1, . . . , N . In an opera-
tional theory, Ey is represented by ξy(λ) and ρx by μx(λ).
It has been shown that, in noncontextual theories, the
response functions corresponding to sharp measurements
take the form

ξy(λ) =
{

1, if λ ∈ supp[μy(λ)],
0, otherwise,

(8)

in which μy(λ) are epistemic states representing pure-state
preparations. In this sense, they are outcome deterministic.

As for two-state discrimination in a noncontextual
model, a useful quantity has been introduced as the confus-
ability, which is the probability of finding one state μx(λ)

given a measurement on a different state μy(λ) [22,42]. In
a preparation-noncontextual model, the confusability for a
pair of states μx(λ) and μy(λ) can be defined as follows:

cx,y =
∫

supp[μx(λ)]
dλμy(λ). (9)

In quantum theory, the confusability for two pure states can
be identified by the state overlap:

cx,y = tr[|ψx〉〈ψx||ψy〉〈ψy |] = |〈ψx|ψy〉|2. (10)

It is clear that the confusability is symmetric, i.e.,
cx,y = cy,x.

B. Contextual advantages for MED

The first instance of contextual advantages for quantum
state discrimination has been shown for MED. In Ref. [22],
MED for two states in a noncontextual model is considered
and contextual advantages for MED of quantum states are
shown.

Suppose that two quantum states, |ψ1〉 and |ψ2〉, are
provided, for which an optimal measurement for MED is
denoted by M = {M1, M2}. Two states can be character-
ized by the angle between them,

cos θ = |〈ψ1|ψ2〉| = √
c1,2, (11)

where c1,2 is the confusability and we take the positive-
valued square root. It suffices to consider a two-
dimensional Hilbert space. It is clear that one can find the
statistics of measurement outcomes from the states and the
measurement. The guessing probability for two quantum
states in Eq. (3) can be straightforwardly computed.

The ensemble consisting of the states |ψ1〉 and |ψ2〉 only,
however, does not imply any equivalence relations so that
noncontextuality cannot yet be used to constrain the model.
Another pair of states, |ψ1〉 and |ψ2〉, must be used. The
overlap and optimal guessing probability of this ensemble
are identical to those of the former. The two pairs of states
are related by

1
2
(|ψ1〉〈ψ1| + |ψ1〉〈ψ1|)=

1
2
(|ψ2〉〈ψ2| + |ψ2〉〈ψ2|)=

I

2
.

(12)

This provides an equivalence relation between the two
quantum ensembles that can be used to derive relations
between epistemic states.

A noncontextual model is then constructed such that it
is consistent with the equivalence relations shown above.
Two epistemic states, denoted by μ1(λ) and μ2(λ), can
be introduced so that they have the same confusability,
c1,2, with the quantum states in Eq. (11) [see also Eqs. (9)
and (10)]. The state space in a noncontextual model should
also satisfy the equivalence relation. This implies that there
exist mirrored states μ1(λ) and μ2(λ) such that

1
2
μ1(λ)+ 1

2
μ1(λ) = 1

2
μ2(λ)+ 1

2
μ2(λ) = μI/2(λ)

2
,

consistent with Eq. (12). Note also that the mirrored states
share the same confusability with the original pair.

In Ref. [22], it is shown that the preparation nontextual-
ity constrains the statistics in terms of various sharp mea-
surements [see Eq. (8)] and finds the guessing probability
as follows:

P(NC)
guess = 1 − 1

2
c1,2

which is strictly less than the quantum bound in Eq. (3),
i.e.,

P(Q)guess = 1
2

+ 1
2

√
1 − c1,2.

This result is significant in that it shows that the predictions
of noncontextual theories differ quantitatively from those
of quantum theory. The results can also apply to mixed
states when noise is present.
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1
2

m
in

P
0

1

10 confusability: c1,2

min P
(Q)
0

min P
(NC)
0

FIG. 2. The minimum value of the inconclusive error rate
P0 is plotted against the confusability c1,2 > 0 for preparation-
noncontextual theories (dashed) and quantum theory (solid). It is
shown that the former is strictly greater than the latter, mean-
ing that UD for quantum states contains advantages over a
noncontextual model. In a noncontextual theory, the probabil-
ity of inconclusive outcomes is 0 for c1,2 = 0. There is a sharp
discontinuity (see the main text).

C. Contextual advantages for UD

Another scenario in state discrimination is UD, where,
rather than finding the highest success probability over an
ensemble, each state is identified with certainty. As with
MED, a noncontextual model of UD can be constructed.
Given the constraint of UD, the aim is to minimize the
probability of having inconclusive outcomes. In what fol-
lows, we show UD in a noncontextual theory and derive a
noncontextual inequality associated with the rate of incon-
clusive outcomes, from which contextual advantages for
quantum UD are shown.

1. Quantum states

Let us first consider two pure quantum states, |ψ1〉
and |ψ2〉, for which UD can be performed. The POVM
elements may be given as

M1 ∝ |ψ2〉〈ψ2| and M2 ∝ |ψ1〉〈ψ1|,

where 〈ψ1|ψ1〉 = 〈ψ2|ψ2〉 = 0. An additional POVM ele-
ment M0 is needed to collect inconclusive outcomes. The
probability of inclusive outcomes for the quantum states
denoted by P(Q)0 is known to be [23–25],

min P(Q)0 = |〈ψ1|ψ2〉| = √
c1,2, (13)

where the minimization runs over complete measurements
and c1,2 is the confusability in Eq. (10). In Fig. 2, the
probability in Eq. (13) is plotted.

2. States with preparation noncontextuality

We then consider UD for states with preparation non-
contextuality. Let us first investigate constraints on a
response function ξ1(λ). Note that a response function cor-
responding to a sharp measurement can be expressed in
the form of Eq. (8). This can be generalized by includ-
ing a probabilistic mixture with measurement outcomes.
Hence, the most general form of a response function ξ1(λ)

unambiguously identifying an outcome 1 takes the form

ξ1(λ) = qξx(λ) =
{

q, if λ ∈ supp[μx(λ)],
0, if λ ∈ supp[μx(λ)],

(14)

for an epistemic state μx(λ). A response function with the
above structure may represent a POVM element in the
form q|ψx〉〈ψx| in quantum theory.

The condition that a measurement outcome gives an
unambiguous conclusion is

PM |P(ξy |μx) ∝ δx,y .

The condition, applied to a response function in the form
of Eq. (14), identifies the following response function for
two-state UD:

ξ1(λ) =
{

q, if λ ∈ supp[μ2(λ)],
0, if λ ∈ supp[μ2(λ)].

The same argument applies to the other response function
ξ2(λ). Note that two states are given with an equal a pri-
ori probability. Because the confusability of μ1(λ) with
μ2(λ) is the same as that for μ2(λ) with μ1(λ) , we can,
without loss of generality, take the weighting parameter
q ∈ [0, 1] to be the same for both response functions, ξ1(λ)

and ξ2(λ). The probability of unambiguous outcomes is
thus proportional to q, which we hence aim to maximize.
Equivalently, the probability of inconclusive outcomes is
to be minimized.

In fact, two response functions ξ1(λ) and ξ2(λ) do
not form a complete measurement for the same reason
as in UD for quantum states: completeness enforces that∑

y ξy(λ) = 1 for all λ ∈ �. It is necessary to have an addi-
tional response function denoted by ξ0(λ) that collects all
inconclusive outcomes

ξ0(λ) = 1 − ξ1(λ)− ξ2(λ). (15)

Note also that ξ0(λ) ≥ 0 for all λ. The region in which
the probability of inconclusive outcomes is minimal can
be characterized by the subset

{λ ∈ � : λ ∈ supp[μ1(λ)] ∩ supp[μ2(λ)]},
where both ξ1(λ) and ξ2(λ) are nonzero. Using the above
response functions, it holds that ξ0(λ) = 1 − 2q in the
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region. The maximization of q thus corresponds to min-
imizing the response function ξ0(λ) ≥ 0: one can find
q = 1/2.

The response functions for UD in Eq. (14) are thus
given by

ξ1(λ) =
{

1
2 , if λ ∈ supp[μ2(λ)],
0, if λ ∈ supp[μ2(λ)],

ξ2(λ) =
{

1
2 , if λ ∈ supp[μ1(λ)],
0, if λ ∈ supp[μ1(λ)].

From above and Eq. (15), the response function giving
inconclusive outcomes can be obtained:

ξ0(λ) = 1
2
(1 − 2ξ1(λ))+ 1

2
(1 − 2ξ2(λ))

= 1
2
ξ 1(λ)+ 1

2
ξ 2(λ),

with ξ y(λ) = 1 − 2ξy(λ) for y = 1, 2. Let us write this as

ξ 1(λ) := ξμ2(λ) =
{

1, if λ ∈ supp[μ2(λ)],
0, if λ ∈ supp[μ2(λ)],

(16)

with ξμ2(λ) corresponding to a sharp measurement for the
epistemic state μ2(λ). The same argument also applies
to the response function ξ 2(λ) := ξμ1(λ). Bringing all of
these together, we have the response function for incon-
clusive outcomes as follows:

ξ0(λ) = 1
2
ξμ1(λ)+ 1

2
ξμ2(λ).

It is therefore shown that the response function is given
by a convex combination of two response functions that
correspond to sharp measurements for the states in the
ensemble.

In fact, the measurement can be operationally realized
by applying two complete sets,

{ξμ1(λ), ξμ1(λ)} and {ξμ2(λ), ξμ2(λ)}

with probability 1/2, respectively. Outcomes with ξμy (λ)

for y = 1, 2 collect inconclusive outcomes and the others
lead to unambiguous conclusions. The relevant epistemic
states are also depicted in Fig. 3 alongside the analogous
quantum states.

It is clear that the measurement leads to UD in the
following sense. In quantum theory, a measurement strat-
egy of UD consists of three outcomes, two of which
show unambiguous detection events and the third of which
gives an inconclusive result. In the case of the response
functions obtained in a noncontextual theory, there is no

FIG. 3. Two pure states |ψ1〉 and |ψ2〉 are considered in UD,
for which an optimal measurement corresponds to their orthog-
onal states |ψ1〉 and |ψ1〉, respectively. The inconclusive out-
comes are collected by a POVM element constructed by an equal
mixture of given states. The structure is shared with UD of two
states μ1(λ) and μ2(λ), diagrammed by blue and green regions,
respectively. The outer lines signify the supports of response
functions. ξ1(λ) has the same support as μ̄2(λ) (green dashed
line) and ξ2(λ) has the same support as μ̄1(λ) (blue dashed
line).

chance that the outcome ξμ2(λ) occurs if μ2(λ) is pre-
pared. The epistemic state μ1(λ) will likewise never result
in the detector associated with the response function ξμ1(λ)

being triggered. These results are, therefore, unambigu-
ous. The remaining outcomes are ξμ1(λ) and ξμ2(λ) and
could be triggered by either of the possible epistemic
state. These outcomes are collected into the inconclusive
outcomes.

Having characterized the optimal measurement, we are
now in a position to compute the rate of inconclusive out-
comes in noncontextual theories. Given the measurement
shown above, the probability of inconclusive outcomes is
given as

min
ξ0|M

P(NC)
0 =

∫

�

dλ
1
2
(μ1(λ)+ μ2(λ)) ξ0|M (λ)

= 1
2
(
1 + c1,2

)
. (17)

In Fig. 2, the probabilities of inconclusive outcomes in
quantum theory and a contextual model are compared.
Hence, contextual advantages for UD of quantum states
are shown.

The caveat is the case when c1,2 = 0, where the rate of
inconclusive outcomes in a noncontextual theory is in fact
given by zero. By definition, UD is possible with no incon-
clusive outcomes. It should be noted that the parameter q
in the sharp measurement in Eq. (14) can be made equal to
one when there is no overlap between the desired response
functions. As soon as their supports have some nonzero
overlap, no matter how small that region is, the framework
enforces that q ≤ 1/2. There is a discontinuity in the prob-
ability of inconclusive outcomes in a noncontextual theory.
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Therefore, the probability in Eq. (17) is valid for c1,2 > 0
only.

Finally, it is worth mentioning a physical reason why the
aforementioned measurement is a form of UD in a non-
contextual theory. There are two classes of measurement
possible in quantum theory. Most simply, we can perform
projective measurements and probabilistically mix the out-
comes. Outside of this, we can access a greater set of
measurements by entangling the system with an ancilla
and then projectively measuring the latter, following the
usual Neumark dilation theorem. An example of this type
would be a measurement of the three symmetric qubit
states, which requires entanglement with a qutrit. How-
ever, as this resource is not available in a noncontextual
theory, only the first class can be implemented. Indeed, it
has previously been shown that the correlations available
to a preparation noncontextual must be local [22]. This pre-
vents access to the wider class of POVM elements and we
are restricted to the form that has just been found.

D. Contextual advantages for an MCM

In this subsection, we consider two mixed quantum
states for which UD cannot be achieved. Maximum-
confidence discrimination can, however, be defined, for
which we show contextual advantages over a noncontex-
tual model.

1. MCM in quantum theory

We consider a pair of mixed quantum states given with
equal a priori probabilities,

ρ1 = (1 − p)|ψ1〉〈+|p I

2
,

ρ2 = (1 − p)|ψ2〉〈+|p I

2
,

(18)

where I is the identity operator for the subspace spanned
by the two states. The confusability for two pure states is
denoted by |〈ψ1|ψ2〉| = √c1,2. It is straightforward to find
an MCM for a quantum state. Following Eq. (5), we must
evaluate

max C(Q)(1) = max
q1tr[M1ρ1]

tr[M1ρ]
,

where the maximization runs over POVM elements and
ρ = (ρ1 + ρ2)/2 denotes the ensemble of given states. The
above maximization can be solved as [26]

max C(Q)(1) = ||√ρ−1q1ρ1
√
ρ

−1||∞,

where || · ||∞ denotes an operator norm. One can find
the maximum confidence and write it in terms of the

confusability as follows:

max C(Q)(1) = 1
2

(

1 + (1 − p)
√

1 − c1,2
√

1 − (1 − p)2c1,2

)

. (19)

Note that the noiseless case p = 0 considering two pure
states reproduces UD where the maximum confidence
corresponds to 1.

2. MCM in a noncontextual model

In Sec. III C, epistemic states μx(λ) are associated with
pure states |ψx〉 for x = 1, 2. Here, we consider a noisy
preparation in a noncontextual model in the following:

μ̃1(λ) = (1 − p)μ1(λ)+ pμI/2(λ),

μ̃2(λ) = (1 − p)μ2(λ)+ pμI/2(λ).
(20)

The overall ensemble is then given by

μP(λ) = 1
2
μ̃1(λ)+ 1

2
μ̃2(λ)

= pμI/2(λ)+ (1 − p)
(

1
2
μ1(λ)+ 1

2
μ2(λ)

)

.

(21)

The goal is now to compute the maximum confidence,
denoted by max C(NC)(1), for the state μ̃1(λ) above, and
compare it with the quantum counterpart in Eq. (19).

The confidence is defined as

C(NC)(1) = 1
2η1

∫

�

dλμ̃1(λ)ξy(λ), (22)

where η1 denotes the outcome rate defined by the ensemble
and the response function:

η1 =
∫

�

dλμP(λ)ξy(λ). (23)

Since our aim is to determine the support of our epistemic
state, it is natural to consider a sharp measurement. This
can be justified by considering a response function as a
mixture of sharp measurements, ξi(λ) = αξy(λ)+ βξz(λ),
with α,β ∈ [0, 1] such that ξi is a proper response function.
A simple calculation reveals that the confidence given by
this measurement will take the form

C(NC)(1) = 1 − αP(ξy |μ1)

η1
− βP(ξz|μ1)

η1
. (24)

It is readily seen that a nonsharp measurement will always
be less confident than a sharp one. Note that the special
case α = β = 0 is ruled out, as it would give η1 = 0.
Without loss of generality, then, we can represent our
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maximally confident response function ξ1(λ) as a sharp
measurement of the placeholder epistemic state μy(λ):

ξ1(λ) = ξy(λ) =
{

1, if λ ∈ supp[μy(λ)],
0, elsewhere.

(25)

The probability of outcome ξ1(λ) given that the state μi(λ)

is prepared will be given by the confusability ci,y , which
simplifies our notation in what follows.

The outcome rate can be rewritten by using Eq. (21),

η1 = p
∫

�

dλμI/2(λ)ξy(λ)

+ 1 − p
2

∫

�

dλ(μ1(λ)+ μ2(λ))ξy(λ). (26)

In a noncontextual theory, it holds that for all y, the
maximally mixed epistemic state can be written as

μI/2 = 1
2
(
μy(λ)+ μy(λ)

)
, (27)

where μy(λ) is the orthogonal epistemic state to μy(λ).
This means that the first integral above is equal to 1/2.
The other integral can be expressed in terms of the confus-
ability, so that the outcome rate can be written as

η1 = 1
2
(
p + (1 − p)(c1,y + c2,y)

)
. (28)

The same argument applies to evaluation of the numerator
in Eq. (22). After all these steps, we obtain

C(NC)(1) = 1
2

(

1 + (1 − p)(c1,y − c2,y)

p + (1 − p)(c1,y + c2,y)

)

, (29)

which is characterized in terms of the noise parameter p
and the confusabilities c1,y and c2,y .

It remains to maximize the confidence over response
functions. That is, one should maximize the difference
between the confusabilities c1,y and c2,y while minimizing
their sum. On the one hand, we recall from MED that the
following relation holds:

∫

�

dλ
(

1
2
μ1(λ)ξy(λ)+ 1

2
μ2(λ)ξȳ(λ)

)

≤ 1 − c1,2

2
.

Note that ξȳ(λ) = 1 − ξy(λ), for all λ. Substituting in this
and rearranging then gives us

c1,y − c2,y ≤ (
1 − c1,2

)
,

with equality if and only if y = 2̄, i.e., the response func-
tion is a sharp measurement of the epistemic state that

has no overlap with μ2(λ). Thus, the maximum of the
difference c1,y − c2,y is shown.

On the other hand, the sum c1,y + c2,y can be constrained
in the following way. It is bounded from above as follows:

c1,y + c2,y = 1 + c1,y − c2̄,y

≤ 1 + (1 − c1,2̄) ≤ 1 + c1,2.

It is also bounded from below by

c1,y + c2,y = 2 − c1̄,y − c2̄,y

≥ 2 − (1 + c1̄,2̄) ≥ 1 − c1,2.

To summarize, we show the upper and lower bounds

(
1 − c1,2

) ≤ c1,y + c2,y ≤ (
1 + c1,2

)
. (30)

Thus, the optimal choice by which the sum c1,y+c2,y is min-
imized and also at the same time the difference c1,y-c2,y

is maximized is given by y = 2̄. We can thus conclude
that the maximum confidence in Eq. (29) is given by the
response function ξ2̄(λ). Note that the measurement is
identical to that in UD. The maximum confidence is then
given by

max C(NC)(1) = 1
2

(

1 + (1 − p)(1 − c1,2)

1 − (1 − p)c1,2

)

, (31)

which is now determined by the noise parameter p and the
confusability c1,2 only. The case of UD is reproduced by
noiseless cases p = 0.

3. Comparison

We compute the maximum confidence for quantum
states in Eq. (19) and in a noncontextual model in Eq. (31).
For p ∈ (0, 1),

max C(Q)(1) > max C(NC)(1) (32)

holds, which shows contextual advantages for MCMs of
quantum states, as seen in Fig. 4.

One can investigate optimal measurements for an MCM
in quantum and noncontextual theories. In a noncontex-
tual model, an MCM for the noisy states is identical to the
measurement used in UD. This shows that an MCM mea-
surement does not rely on the noise parameter in Eq. (20).
That is, the measurement the realizes UD is also an MCM
for noisy states in Eq. (20).

Interestingly, an optimal measurement that realizes UD
for two quantum states cannot be extended to noisy states
in Eq. (18). Suppose that, for the POVM element that per-
forms UD for a state, |ψ1〉 is given as M1 ∝ |ψ⊥

2 〉〈ψ⊥
2 |.

If the measurement is performed on a noisy state ρ1 in
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1
2

0

max C(Q)(1)

max C(NC)(1)

1

1
p

FIG. 4. The maximum confidence is computed for a pair
of quantum states (solid) and also in a noncontextual model
(dashed). The noise parameter is denoted by p ∈ [0, 1] [see
Eqs. (18) and (20)]: the case p = 0 reproduces UD. Contextual
advantages for an MCM of noisy quantum states are shown for
p ∈ (0, 1).

Eq. (18), it is not difficult to see that the maximum con-
fidence is equal to Eq. (31) in a noncontextual model. No
quantum advantage is concluded. In other words, the non-
contextual bound in Eq. (31) can be reproduced in quantum
theory by applying the UD measurement of the original
states to the noisy states.

In fact, an MCM for the noisy states relies on the noise
parameter p . To be explicit, an MCM is given by My ∝
|φy〉〈φy | for y = 1, 2, where

|φy〉 =
√

1 − (1 − p)√c1,2

2
|0〉

+ (−1)y+1

√
1 + (1 − p)√c1,2

2
|1〉 (33)

for states ρy , respectively. With the above measurement,
the maximum confidence for quantum states in Eq. (19)
can be obtained (see also Fig. 5).

IV. CERTIFYING MAXIMUM CONFIDENCE

So far, we have shown that quantum state discrimination
in the forms of MED, UD, and MCM generally contains
contextual advantages. However, a measurement in a real-
istic scenario consists of imperfections: it may be neither
complete nor sharp. One can therefore ask if the quan-
tum advantages for state discrimination can be obtained in
practice when, in particular, undetected events are present.

The aforementioned list of imperfections in a quantum
measurement can be dealt with in a black-box scenario
where the statistics of inputs, outputs, and their relations
are available but one has no knowledge of the functioning
of the measurement apparatus. Given the input and out-
put statistics of a black-box measurement, one may be able

|ψ1 |ψ2

|ψ⊥
1|ψ⊥

2

|φ1 |φ2

ρ1 ρ2

FIG. 5. An MCM for two states ρ1 and ρ2 in Eq. (18). An opti-
mal POVM element |φy〉〈φy | for state ρy for y = 1, 2 relies on the
noise parameter p [see Eq. (33)].

to characterize the worst-case scenario. The most well-
known instance of this approach is device-independent
quantum information processing, in which no assumptions
are placed upon the measurement but quantum theory is
assumed as a working principle [5,6]. It often requires
loophole-free Bell tests, which are difficult to implement in
practice. In such a case, some assumptions may be relaxed.
This is the case for quantum steering, in which two-
party quantum correlations are characterized in a one-sided
device-independent manner [43]. One can then see a rela-
tion between the number of assumptions made on devices
and the level of certification: the more one assumes, the
weaker is the certification. In a semi-device-independent
(SDI) scenario, one considers all possible assumptions and
then adjusts so that the scenario is realistic [28]. Quan-
tum state discrimination in an SDI scenario is hence the
most practical setting for finding which state among an
ensemble is detected given statistics gathered with realistic
quantum detectors.

In this section, we consider the realistic scenario of
quantum state discrimination in an SDI scenario. Namely,
a measurement is not yet characterized for an ensemble of
quantum states and may also be incomplete. We present a
framework for certifying the maximum confidence in the
SDI scenario.

A. Semi device-independent scenario

Let us begin by presenting the SDI scenario to con-
sider. A set of well-characterized n states, as in Eq. (1),
is assumed and detected events are provided. By repeating
a prepare-and-measure experiment, the rates of detection
events on the n arms are collected. It is also assumed that
states are prepared in an independently and identically dis-
tributed manner. The observed probabilities from detectors
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are denoted by

outcome rate: ηobs = {ηy}n
y=0, (34)

where ηy = tr[Myρ] for an ensemble ρ = ∑
x qxρx and

some POVM element My . Note that η0 denotes the col-
lection of undetected events. The probability ηy is called
an outcome rate throughout. The certification scheme is
displayed in Fig. 6.

B. Certification of maximum confidence for quantum
states

1. The framework in quantum theory

For full generality, we consider an MCM with a prede-
termined weight {αy}n

y=1 denoted by

〈C(Q)〉α =
n∑

y=1

αyC(Q)(y). (35)

The parameters {αy} may define a figure of merit in state
discrimination. For instance, if they are identical to the
outcome rates, i.e., αy = ηy for ∀y ∈ {1, . . . , n}, the MCM
maximizes a success probability in the presence of unde-
tected events. This can be seen in the relation in Eq. (6).
When considering an MCM for the kth single detector
only, one can put αx = δx,k.

Given an ensemble Sn in Eq. (1) and detected proba-
bilities ηobs in Eq. (34), the certification of the maximum
confidence is formulated as an optimization problem,

maximize 〈C(Q)〉α

subject to My ≥ 0,
n∑

y=0

My = I

tr[Myρ] = ηy , y = 0, 1, . . . , n,

(36)

where η0 is the collection of undetected events. The opti-
mization problem can be solved by a semidefinite program
(SDP). This SDP is computationally feasible. Note also
that, as shown above, the optimization problem is equiv-
alent to MED of the n states with a priori probabilities
{αyqy/ηy}n

y=1 where a measurement may be incomplete,
i.e.,

∑n
y=1 ηy < 1.

Note that the SDP in Eq. (36) is numerically feasible:
one can obtain a solution by realizing the optimization
numerically [44]. On the other hand, an analytic solution to
the optimization problem in Eq. (36) can be attempted: the
strategy is known as the linear complementarity problem
(LCP), which directly considers the optimality conditions
[45]. For instance, the case of MED for qubit states has
been approached by the LCP and a geometric method of
finding an optimal measurement has been presented [30].

FIG. 6. The prepared quantum states are well characterized
(white). Detectors are arranged to find which state has been sent.
The certification of maximum confidence on a measurement can
be obtained from outcome rates from untrusted detectors (black).

Technically, the LCP may be considered more difficult in
that a larger set of parameters is taken into account. Its
usefulness, however, lies in the fact that the general struc-
ture of an optimization problem can be exploited so that
analytic solutions can be achieved. The key fact in exploit-
ing the LCP is the optimality conditions characterized by
the Karush-Kuhn-Tucker (KKT) conditions [44,45]. In this
way, an optimization problem, either maximization and
minimization, can be solved by equalities [45].

By following the techniques in convex optimization in
Ref. [44], the optimality conditions are the Lagrangian
stability and the complementary slackness are as follows:

Lagrangian stability: ∀y = 1, . . . , n

K = αy
qy

ηy
ρy + ryσy − syρ,

and K = r0σ0 (37)

complementary slackness: ∀y = 0, . . . , n

ry tr[Myσy] = 0, (38)

with dual parameters K and {sy , ry , σy}, in which {sy} and
{ry ≥ 0} are constants and {σy} are quantum states.Once
these parameters satisfy the optimality conditions, they are
automatically optimal parameters and therefore solve the
problem in Eq. (36). With the optimal parameters K∗ and
{s∗

y , r∗
y , σ ∗

y } satisfying the above conditions, the maximum
confidence is given as

max〈C(Q)〉α = tr[K∗] +
n∑

y=1

s∗
yη

∗
y .

A detailed derivation of the optimality conditions is shown
in the Supplemental Material [46]. Our SDP is universal
in the sense that, as long as we are in the certification sce-
nario, it can be applied to ensembles including any possible
set of quantum states prepared with any probabilities.
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2. Certification of an MCM for a two-state ensemble

To illustrate the certification scenario, we consider two
equally probable states

|0〉 and |+〉 = 1√
2
(|0〉 + |1〉).

Let C(Q)(1) denote the confidence for the first detector to
conclude the state |0〉. The outcome rate in the first detector
is also obtained as η1. We implement a numerical pack-
age of an SDP for the optimization problem in Eq. (36),
from which the certifiable maximum confidence on the
first detector is obtained as follows. When the outcome
rate is in the range such that η1 < 1/4, the SDP returns
max C(Q)(1) = 1. For the range η1 > 1/4, it is numerically
shown that the maximum confidence is decreasing from
1 to 1/2 as the rate η1 increases. The results are obtained
by implementing an SDP numerically. Note that as an
approach to the LCP, one can find an analytic solution for
two arbitrary states, which is presented in Sec. V.

The maximum confidence obtained above is interpreted
as follows. If the outcome rate is low such that η1 ≤ 1/4,
one cannot rule out the possibility that the first detector
performs UD. When an outcome rate is more frequent with
η1 > 1/4, it is clear that the detector cannot perform UD,
since the maximum confidence is strictly less than 1. As
the outcome rate is more frequent, the maximum confi-
dence on the first arm becomes lower. The example shows
a trade-off relation between the maximum confidence and
the outcome rate.

V. CONTEXTUAL ADVANTAGES FOR
CERTIFIABLE MAXIMUM CONFIDENCE

Let us now consider a realistic two-state discrimination
scenario in which two states are prepared but three out-
comes, including an additional one that collects undetected
events, are provided. The certification of the maximum
confidence in a detector is investigated and its contextual
advantage is analyzed.

A. Quantum state discrimination in practice

Here, we investigate the certifiable maximum confi-
dence in a realistic two-state discrimination in detail. The
framework developed in Sec. IV B is applied to certify the
maximum confidence on a single detector. We recall that a
pair of two pure states can always be identified by a single
parameter θ such that

cos θ = 〈ψ1|ψ2〉 = √
c1,2,

with the confusability c1,2. This also means that any
two-state discrimination problem can be mapped onto a
two-dimensional plane spanned by the two states, i.e.,
span{|ψ1〉, |ψ⊥

1 〉} = span{|ψ2〉, |ψ⊥
2 〉}. Hence, without loss

of generality, a two-state discrimination problem can be
safely restricted to a qubit space. Let us write down the
ensemble as

|ψ1〉 = cos
θ

2
|0〉 + sin

θ

2
|1〉 and

|ψ2〉 = cos
θ

2
|0〉 − sin

θ

2
|1〉,

(39)

which may be prepared with a priori probabilities q1 and
q2, respectively.

Two detectors are arranged to find which of the states
has been sent. A “click” in the first detector concludes that
the state |ψ1〉 is detected and a detection event in the sec-
ond one is for the state |ψ2〉. The experiment is performed
repeatedly so that one finds the rate of detection events
in each arm. There are also cases where no detections are
reported due to either the loss of prepared quantum systems
during transmission or the failure of detectors to respond.
After a measurement is repeated, outcome rates are found
to be

ηobs = {η0, η1, η2},
where η0 is the rate of undetected events.

For outcome rates compatible with quantum theory,
there exist POVM elements {My}2

y=1 for the ensemble ρ
such that

ηy = tr[Myρ], where ρ =
∑

x=1,2

qx|ψx〉〈ψx|

where the measurement fulfills the condition M0 + M1 +
M2 = I. In general, the figure of merit can be written for
predetermined parameters α = {α1,α2}:

max〈C(Q)〉α = max
(
α1C(Q)(1)+ α2C(Q)(2)

)
,

where the maximization runs over POVM elements. The
optimization problem can be solved analytically with the
optimality conditions in Eqs. (37) and (38).

B. Maximum confidence on a quantum state

The maximum confidence in the above realistic two-
state discrimination scenario can be certified as follows.
For simplicity, let us assume the preparation of equiprob-
able states, i.e., q1 = q2 = 1/2 and show the certification
for the first detector. The detailed derivation is shown in
the Supplemental Material [46].

In the certification scenario, a detector in a two-state dis-
crimination scenario shows an outcome rate η1 when the
measurement is repeated. Using our KKT conditions, it can
be shown that the certifiable maximum confidence on such
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a measurement is given by

max C(Q)(1) =

⎧
⎪⎨

⎪⎩

1, for η1 ∈ [0, c−],
1
2 + f (η1, c1,2), for η1 ∈ [c−, c+],

1
2η1

, for [c+, 1]
(40)

where

c± = 1
2
(1 ± c1,2),

f (η1, c1,2) = 1
4η1

√(
1 − c1,2

c1,2

)
(
c1,2 − (1 − 2η1)2

)
.

Note that certification depends upon the outcome rate η1 of
detected events only for a given ensemble of states.

An optimal measurement for maximum-confidence dis-
crimination can be characterized according to the outcome
rate. For an outcome rate η1 ≤ c+, an optimal measure-
ment is given by rank-1 POVM elements. For η1 > c+,
where the outcome rate is relatively higher, the maxi-
mum confidence is obtained from a rank-2 POVM ele-
ment. One can find that too frequent detection events, i.e.,
η1 ≥ c+, rule out a rank-1 measurement for maximum-
confidence discrimination: thus, a rank-2 measurement is
also certified.

C. Contextual advantage

We now investigate the certification of a MCM in a non-
contextual theory and compare it with the quantum case.
To this end, the main task is to optimize a measurement in
a noncontextual ontological model, i.e., a response func-
tion ξ1(λ) in the first arm, given the extra constraint with
a fixed outcome rate η1. We write two epistemic states as
μ1(λ) and μ2(λ), showing the confusability c1,2, which is
the same as that of the quantum states defined in Eq. (39).
ξ1(λ) identifiesμ1(λ) and, for the same reason as discussed
above Eq. (25), is taken to be a sharp measurement of
the state μy(λ). As elsewhere, the ensemble is prepared
equiprobably, that is, with q1 = q2 = 1/2.

The fixed outcome rate must first be addressed.
The outcome rate can be expressed in terms of the
confusabilities as

η1 = 1
2

c1,y + 1
2

c2,y , (41)

where y labels the sharp response function for the epis-
temic state μy(λ). We can see, following Eq. (30), that
a sharp measurement will only be able to attain outcome
rates in the range

c−≤η1 ≤ c+. (42)

For rates less than the lower bound, we must use a sharp
measurement weighted by a probability. Such response

functions are seen in Eq. (14). For rates above this bound, a
“rank-2” response function (i.e., one consisting of mixing
multiple outcomes) is required. We note that these bound-
aries are exactly the same as those from the quantum case
[see Eq. (40)]. Each region of our piecewise confidence
function is addressed in what follows.

Let us begin with the infrequent detection region where
η1 ≤ c−. Here, we must again use a response function of
the form

ξ1(λ) = qξy(λ) =
{

q, if λ ∈ supp[μy(λ)],
0, if λ ∈ supp[μy(λ)].

(43)

With this function, we can express the confidence as

C(NC)(1) = q
2η1

∫

�

dλμ1(λ)ξy(λ) = q
2η1

c1,y . (44)

The goal is to maximize the confusability over a con-
stant outcome rate. To take the latter into account, we use
the relation between the confusability and the �1 distance,
which is shown in Ref. [39], as follows:

cx,y = 1 − 1
2
||μx − μy ||1,

where ||μx − μy ||1 =
∫

�

dλ|μx(λ)− μy(λ)|.
(45)

We now express η1 in terms of the �1 distance:

η1 = q
2
(
cy,1 + cy,2

)

= q
2

(

2 − 1
2
‖μy − μ1‖1 − 1

2
‖μy − μ2‖1

)

.
(46)

The triangle inequality allows us to exploit the relation

‖μy − μ2‖1 ≤ ‖μy − μ1‖1 + ‖μ1 − μ2‖1.

Combining this result with Eq. (45) above and writing in
terms of c1,2, we obtain

‖μy − μ1‖1 ≥ 1 − 2
η1

q
+ c1,2,

or, in a more convenient form using the confusabilities,

c1,y ≤ η1

q
+ c− (47)

as the upper bound on the confusability c1,y consistent with
a fixed outcome rate and weighted by the probabilistic
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parameter q, under the assumption that a “rank-1” opera-
tor is able to recreate the desired η1. Bringing these results
together, the maximum confidence can be expressed as

max C(NC)(1) = max
q

(
1
2

+ c−
2η1

q
)

,

where the maximization runs over the variable q ∈ [0, 1].
Let us now find the certified maximum confidence given

an outcome rate η1. For the range of the outcome rate
where η1 < c−, the optimal parameter can be chosen as
q = 2η1/c−. Thus, the certifiable maximum confidence is
given as C(NC)(1) = 1. The cases can be interpreted as UD,
except that the confidence of the other arm of the detector
is not yet specified. Therefore, a distinction between the
quantum and noncontextual theories is not found in terms
of the maximum confidence of a given state. Of course, as
is shown above, there is a distinction in terms of a different
figure of merit, the rate of ambiguous outcomes.

The next range to consider is when the outcome rate
is within the bounds, η1 ∈ [c−, c+], where we recall that
c± = (1 ± c1,2)/2. Here, sharp measurements give the
desired outcome rate and, therefore, are treated simply
by letting q = 1 in the above calculation. This gives a
maximum confidence,

max C(NC)(1) = 1
2

(

1 + 1 − c1,2

2η1

)

< max C(Q)(1), (48)

with the maximum confidence in quantum theory in
Eq. (40). Thus, a quantum advantage is shown in the range
(see Fig. 7).

For the high-outcome-rate range where η1 ≥ c+, we
deduce the response function by considering the behavior
at two values of η1. The confidence must be continuous at
the point η1 = c+ and the response function at this point is
a sharp measurement of μ1(λ). The response function for
higher values of η1 must consist of binning together mul-
tiple measurement outcomes due to the bounds on sharp
measurements. At η1 = 1, the response function will be
equal to one across the whole ontic state space, which can
be decomposed into a sum of two nonoverlapping sharp
measurements. We can see that the response function will
take the form

ξ1(λ) = ξμ1(λ)+ aξμ1(λ), (49)

where a is some constant that can be determined by
evaluating the associated outcome rate. Doing this gives

ξ1(λ) = ξμ1(λ)+ η1 − c+
1 − c+

ξμ1(λ). (50)

This function gives a outcome rate η1 and a maximum
confidence

max C(NC)(1) = 1
2η1

,

1

2
3

1
2

1
4

3
4

Outcome rate

1
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FIG. 7. In two-state discrimination between |0〉 and (|0〉 +
|1〉)/√2, the certifiable MCM in the first detector, denoted by
max C(1), is plotted with respect to the outcome rate η1. The
certifiable MCM is shown in both quantum theory (solid line)
and in a noncontextual ontological model (dotted line). A low
detection rate η1 ≤ 1/4 is compatible with UD. The contextual
advantages exist whenever an outcome rate is within the range
η1 ≤ 3/4. However, no contextual advantage can be obtained if
an outcome rate is too high for η1 > 3/4.

which is again the same as the behavior in the quantum
case.

Let us summarize the key features of the response func-
tion, which is optimized according to the outcome rate
η1 ∈ [0, 1]. In the low-outcome region with η1 ≤ c−, the
optimal response function has the same support as the state
μ2(λ), on which it linearly increases from zero to one as
the outcome rate goes from zero to c−. In the central region
with η1 ∈ [c−, c+], the optimal response function corre-
sponds to a projective measurement that slightly shifts its
support away from supp[μ2(λ)] and toward supp[μ1(λ)],
with which it coincides when η1 = c+. Finally, when the
outcome rate is even higher for η1 ≥ c+, the support
includes the rest of the ontic state space. The response
function increases linearly on the region of two supports
supp[ξ1(λ)] and supp[μ1(λ)]. When η1 = 1, the response
function will be equal to one for all ontic states.

Interestingly, the three ranges showing distinct forms of
the response functions in a noncontextual model and an
optimal measurement in quantum theory precisely coin-
cide with each other. Contextual advantages in terms of
a higher maximum confidence are shown in the central
region only, where a sharp measurement turns out to be
optimal (see also Fig. 7). In the next section, noisy prepa-
rations are considered where the aforementioned properties
do not hold in general. Contextual advantages in terms of a
higher maximum confidence appear over the whole range
of outcome rates. The ranges giving distinct forms of a
measurement in quantum and noncontextual theories no
longer coincide with each other.
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VI. CERTIFIABLE MAXIMUM CONFIDENCE ON
NOISY PREPARATION

We consider a noisy preparation and investigate contex-
tual advantages in the certification of an MCM. We first
recall the result in Sec. III D that the contextual advantages
for the MCM hold true for noisy quantum states. Here, we
extend the contextual advantage to the certification sce-
nario. Again, let us consider a pair of mixed states given
with equal a priori probabilities

ρ1 = (1 − p)|ψ1〉〈+|p I

2
, (51)

ρ2 = (1 − p)|ψ2〉〈+|p I

2
. (52)

We also exploit the confusability for the pure states, c1,2 =
|〈ψ1|ψ2〉|2. In what follows, we compute the certified max-
imum confidence when the outcome rate is given by η1 in
the first arm.

A. Quantum states

We apply the same method as used in Sec. IV to com-
pute the certifiable maximum confidence. The detailed
derivation is shown in the Supplemental Material [46]. It
is fairly straightforward to obtain the results. Contrary to
the noiseless case in Sec. IV, it is found that the ranges
in which different kinds of measurements are optimal do
not coincide between quantum and noncontextual theories.
The certifiable maximum confidence can be summarized
depending on the range of the outcome rate.

First, when the outcome rate is in the range η1 ∈
[0, η(−)1 ], where

η
(±)
1 = 1

2
(
1 ± (1 − p)2c1,2

)
,

the confidence is given by

max C(Q)(1) = 1
2

(

1 + (1 − p)
√

1 − c1,2
√

1 − (1 − p)2c1,2

)

.

Note that the noiseless case p = 0 reproduces UD and also
the boundary condition in the range η(−)1 = c− in Eq. (40).
For noisy cases with p > 0, it holds that η(−)1 > c−.

Second, when η1 ∈ [η(−)1 , η(+)1 ], the certifiable maximum
confidence is computed as

max C(Q)(1) = 1
2

+ gp(η1, c1,2),

where

gp(η1, c1,2)

= 1
4η1

√(
1 − c1,2

c1,2

)
(
(1 − p)2c1,2 − (1 − 2η1)2

)
.

Note that the case p = 0 reproduces the certifiable maxi-
mum confidence in a noiseless case in Eq. (40).

Third, when the outcome rate is in the range
η1 ∈ [η(+)1 , 1], the certifiable maximum confidence is
obtained as

max C(Q)(1) = 1
2

(

1 + (1 − p)
√

1 − c1,2
√

1 − (1 − p)2c1,2

(
1
η1

− 1
))

.

Note that it holds that η(+)1 < c+ for noisy cases with p > 0
[see Eq. (40)]. In addition, the noiseless case p = 0 also
reproduces Eq. (40).

B. Noncontextual model

Similarly to what is shown in Sec. III D, we consider
noisy states μ̃1(λ) and μ̃2(λ) as defined in Eq. (20) with
a priori probabilities 1/2, respectively. In the certification
scenario, it is assumed that the outcome rate in the first arm
is given by η1. We then aim to find the certifiable maximum
confidence on, say, the first arm.

Sharp measurements cannot reproduce all outcome
rates, as shown in Eq. (30). The outcome rate η1 can be
obtained using

η1 =
∫

�

dλμP(λ)ξx(λ),

where μP(λ) denotes the ensemble in Eq. (21). By apply-
ing Eq. (30) to the above integral, one can obtain bounds
on the outcome rate as follows:

1
2
(
1 − (1 − p)c1,2)

) ≤ η1 ≤ 1
2
(
1 + (1 − p)c1,2

)
. (53)

Note that a sharp measurement can produce the desired
statistics in the range above. If we require that an out-
come rate is below the lower bound, we must use weighted
sharp measurements. If the desired outcome rate is higher
than the upper bound, we must use rank-2 equivalent mea-
surements. Interestingly, the boundaries in a noncontextual
theory are different from those in the quantum case in the
Sec. V (see also Fig. 8).

Once the outcome rate is in the range η1 ∈ [0, (1 − (1 −
p)c1,2)/2], the measurement for the maximum confidence
must be a weighted sharp measurement, i.e., we again
let ξ1(λ) = qξy(λ), where 0 ≤ q ≤ 1 and ξy(λ) is a sharp
measurement for a to-be-determined epistemic state.

For this response function, it holds that

η1 = q
2
(
p + (1 − p)(c1,y + c2,y)

)
,

which can be written as

q = 2η1

p + (1 − p)(c1,y + c2,y)
.
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FIG. 8. The certifiable maximum confidence is shown for two
noisy states c1,2 = 1/2 and p = 1/2, where p is the noise param-
eter in Eq. (52). The certifiable maximum confidence varies
depending on an outcome rate η1. The certifiable maximum
confidence for quantum states (solid) is higher than that in a
noncontextual model (dotted) for all η1 ∈ [0, 1].

Thus, the value q is obtained from a given η1. Let us
express the confidence in terms of the confusabilities,

C(NC)(1) = 1
2η1

∫

�

dλμ̃1(λ)ξ1(λ)

= q
2η1

∫

�

dλμ̃1(λ)ξy(λ)

= 1 − p + 2(1 − p)c2,y

p + (1 − p)(c1,y + c2,y)
.

To find the maximum confidence, one has to minimize
the fraction by finding y such that the numerator is min-
imal and the denominator is maximal. It turns out that the
optimal choice is given by y = 2̄. It is obvious that c2,y is
minimized with y = 2̄. From Eq. (30), the sum c1,y + c2,y
is minimal as 1 − c1,2. Therefore, we have

max C(NC)(1) = 1 − p
2
(
1 − (1 − p)c1,2

) ,

which also shows that the noiseless case p = 0 reproduces
the case UD.

When the outcome rate is in the range in Eq. (53), the
measurement must be sharp and we again use ξ1(λ) =
ξy(λ) to avoid confusion between response functions. We
apply the same technique as used in Sec. V C. The key tool
is the inequality,

1 − cy,2 ≤ 2 − c1,y − c1,2.

Note also that

η1 = p
2

+ 1 − p
2

(
c1,y + c2,y

)
,

from which

c2,y = 2η1 − p
1 − p

− c1,y .

All these imply that

c1,y ≤ 1
2

(

1 + 2η1 − p
1 − p

− c1,2

)

.

The confidence is given by

C(NC)(1) = 1
2η1

(p
2

+ (1 − p)c1,x

)
,

which maximizes as follows:

max C(NC)(1) = 1
2

+ (1 − p)(1 − c1,2)

4η1
.

This agrees with Eq. (48) when p = 0.
Again, in the range η1 ∈ [(1 + (1 − p)c1,2)/2, 1] when

the outcome rate is high, the response function can be
directly deduced. The response function will take the form

ξ1(λ) = ξμ1(λ)+ aξμ̄1(λ)

as in Eq. (49) and, for the same reasons, where ξμ1(λ) is
the sharp measurement associated with μ1(λ). Note that
the value a is fixed by the outcome rate and can be found
by calculating the η1 given by the response function:

a = 2η1 − 1 − (1 − p)c1,2

1 − (1 − p)c1,2
.

The confidence is therefore obtained as

max C(NC)(1) = 1
2η1

(

1 − p(1 − η1)

1 − (1 − p)c1,2

)

.

This agrees with Eq. (50) for cases p = 0, 1.

C. Comparison

A comparison of the noiseless and noisy cases in Secs. V
and VI shows that the maximum confidence can be charac-
terized depending upon how frequent an outcome rate is,
that is, within the ranges of low, intermediate, and high out-
come rates. The feature commonly shared between them is
that the maximum confidence does not increase as the out-
come rate becomes more frequent: the less an outcome rate
is, the higher the maximum confidence could be, and vice
versa.

Contrasting the cases, it is shown that the ranges charac-
terizing the maximum confidence coincide in quantum and
noncontextual theories when the preparation is noiseless.
Contextual advantages are shown in the intermediate range
only. In the noisy case, the ranges are distinct in quantum
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and noncontextual theories, where the intermediate range
becomes narrower. Contextual advantages in this scenario
appear in the whole range over low, intermediate, and high
outcome rates.

It is observed that the contextual advantages appearing
in the low and high outcome rates are related to each other.
Let us consider the range of lower detection rates in a noisy
case:

η1 <
1
2
(
1 − (1 − p)c1,2)

)
.

In the low-outcome-rate region, the confidence is constant.
We can evaluate the difference between the two functions
and denote it as follows:

�L = (
max C(Q)(1)− max C(NC)(1)

)
∣
∣
∣
∣
η1<(1−(1−p)c1,2))/2

.

One can find that the gap is strictly positive if p > 0 and
zero for p = 0. Then, for a higher outcome rate, where

η1 >
1
2
(
1 + (1 − p)c1,2)

)
,

it turns out that the gap between quantum and noncontex-
tual theories can be written as

�H = (
max C(Q)(1)− max C(NC)(1)

)
∣
∣
∣
∣
η1>(1+(1−p)c1,2))/2

=
(

1
η1

− 1
)

�L, (54)

which is also strictly positive for p > 0. If no contex-
tual advantage appears in the low-outcome-rate range, i.e.,
�L = 0, then neither does it when the outcome rate is high,
i.e., �H = 0.

VII. CONCLUSIONS

State discrimination is a fundamental tool in informa-
tion processing in general [21]. Its central role in quantum
information applications requires us to specify exactly
when quantum theory provides an advantage compared to
classical theories. When classicality is regarded as noncon-
textuality, the contextual advantages for quantum state dis-
crimination are characterized in the scenario of two-state
MED, for which noisy measurements are also considered,
so that the observation of the advantages is experimentally
feasible [22].

The main contribution of the present work is twofold.
On the one hand, we show that contextual advantages
generally exist in quantum state discrimination: the advan-
tages exist not only in MED but also in the cases of UD
and, more generally, maximum-confidence discrimination,
which presents a unifying framework for state discrimi-
nation including UD and MED. Our results hence show

that quantum information applications based on state dis-
crimination in general can be leveraged to attain quantum
advantages. We also develop an optimization technique
for investigating MCM. An MCM for multiple quantum
states in any dimension can hence be computed (see also
an analytic derivation for qubit states [47,48]).

Furthermore, we examine and compare maximum-
confidence measurements in noncontextual and contextual
theories. In a noncontextual theory, it turns out that the
optimal measurement for an ensemble is unchanged even if
the preparation is noisy. In quantum theory, however, the
MCM is constructed depending upon how much noise is
present in given states. Consequently, an MCM for noisy
states in quantum theory shows a higher maximum con-
fidence over a noncontextual theory. We remark that our
examination of the optimal measurements for noisy states
is distinct from the results of noncontextual inequalities
presented in Ref. [22]. While the noncontextual bounds are
typically found at a higher level, we analyze in detail the
optimal measurements as well as their structure. Our tech-
niques will be applicable to future research in the field and
give us a closer look at the structure of measurements on
the ontic state space.

On the other hand, our findings that contextual advan-
tages for state discrimination exist in general, precisely, for
maximum-confidence measurements, leverage an SDI sce-
nario of certifying a quantum measurement. We develop
a framework for certifying the maximum confidence on
a quantum measurement in a realistic SDI manner, where
the outcome rates for an ensemble of states are provided
by an experiment while the measurement is neither fully
characterized nor trusted. Note also that the undetected
events that may be present in an experiment are natu-
rally taken into account. In fact, undetected events appear
so frequently in photonic quantum experiments that this
directly applies to various quantum information applica-
tions: quantum key distribution, Bell nonlocality detection,
photonic quantum computation, etc. It should also be
pointed out that our consideration in the framework of
an SDI scenario goes beyond noisy measurements (e.g.,
Ref. [22]), which shows the resilience of contextual advan-
tages to noise. The SDI scenario considered here deals
with untrusted or uncharacterized measurement devices
and also undetected events, which are not allowed in MED
in particular.

We then formulate an optimization problem for the cer-
tification of the maximum confidence on a quantum mea-
surement in an SDI scenario. To demonstrate contextual
advantages in an SDI scenario, we develop the certifi-
cation of the maximum confidence in a noncontextual
ontological model and also in a quantum theory and then
compare them. It is seen that one can always find contex-
tual advantages in the maximum confidence on quantum
states in an SDI scenario with untrusted detectors. Our
results show that quantum state discrimination in the most
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realistic scenario with uncharacterized and lossy detectors
can achieve its advantage over a noncontextual ontological
model.

Finally, it is worth mentioning that there is still much
room to generalize further by considering a wider class of
ensembles. In particular, three-state discrimination poses
an interesting problem due to the impossibility of creat-
ing the symmetric three-state ensemble in a noncontex-
tual theory [38]. Contextual advantages associated with
discrimination of general mixed states are an intrigu-
ing extension. As such states can be decomposed in the
Hilbert-space formalism in a number of different possible
ways, their representation in a noncontextual operational
ontological model should have rich consequences. The
exploration of such areas will further our understanding of
the quantum-classical boundaries.

Our results set the ground for understanding how quan-
tum information applications that exploit quantum state
discrimination can achieve advantages over a classical the-
ory in a realistic scenario. Our results are not limited to
advances in quantum information theory from the fun-
damental point of view but, more importantly, can be
exploited to show quantum advantages in existing practical
quantum information applications. Among the tasks using
state discrimination, it would be interesting to investigate
randomness generation (see, e.g., Ref. [49,50]). It would
also be interesting to investigate contextual advantages
in quantum computing tasks, such as quantum machine
learning, where state discrimination is often processed to
manipulate classical data over the limitations of conven-
tional computing [51].
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