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Abstract

The predictive power of density functional theory for materials properties can be

improved without increasing the overall computational complexity by extending the

generalized gradient approximation (GGA) for electronic exchange and correlation to

density functionals depending on the electronic kinetic energy density in addition to

the charge density and its gradient, resulting in a meta-GGA. Here, we propose an

empirical meta-GGA model that is based both on physical constraints and on experi-

mental and quantum chemistry reference data. The resulting optimized meta-GGA

MCML yields improved surface and gas phase reaction energetics without sacrificing

the accuracy of bulk property predictions of existing meta-GGA approaches.

K E YWORD S
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1 | INTRODUCTION

Density functional theory (DFT)1 is used ubiquitously to model the

ground-state electronic structure of atoms, molecules, and solids.2 In

the Kohn-Sham approach to DFT,3 an auxiliary system of single-parti-

cle-like equations is solved to obtain the non-interacting kinetic

energy of the electrons, and only the average, electrostatic (Hartree)

electronic interaction is explicitly computed. An exchange-correlation

(XC) functional of the charge density is used to correct for these

approximations, yielding the ground-state density and energy of the

true, interacting system. The exact form of the XC functional is

unknown. Semi-local approximations that only depend on the charge

density and, in addition, on its spatial derivatives or on the electronic

kinetic energy density at each point in space lead to a particularly effi-

cient approach to model ground-state electronic structures.

Depending on the implementation of the diagonalization of the

single-particle-like Kohn–Sham Hamiltonian, the complexity of semi-

local approximations is at most cubic in system size. The development

of semi-local XC functionals enabling electronic structure calculations

of several physical and chemical properties with good accuracy at this

relatively low computational cost made DFT one of the most wide-

spread approaches to simulation of electronic structure to date.

Generalized gradient approximations (GGA)4–10 improve upon a

homogeneous electron gas-based local density approximation (LDA)3,11,12

of the XC functional through density gradient-based corrections. GGA XC

functionals can be formulated to be particularly accurate for predictions

for some materials properties at the price of deteriorating other predic-

tions. Changing, for example, the low density gradient behavior of the

widely used PBE10 functional to recover the density gradient expansion

of the exchange energy of an electron gas in a weak external potential13

(resulting in the PBEsol functional), lattice constant and bulk elastic prop-

erty predictions are improved, but the description of solid cohesive ener-

gies is worsened in comparison to PBE.14 Similarly, empirical

modifications of PBE (in form of the RPBE and revPBE functionals)

improve the description of chemisorption energetics15,16 while sacrificing

the accuracy of lattice constants and bulk elastic properties.17

In meta-generalized gradient approximations (meta-GGA),18–24

additional semi-local quantities such as the Laplacian of the density or
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the Kohn-Sham kinetic energy density are used to parameterize the

XC functional. In particular, the kinetic energy density can be

employed to deduce local chemical bonding character,22,25 allowing

for meta-GGA XC functionals that simultaneously yield accurate lat-

tice constants and solid cohesive energies.23,24 Meta-GGA XC func-

tionals can furthermore be optimized to yield improved surface

adsorption energetics without sacrificing lattice properties.17,26,27

For the development of one of the most recent meta-GGAs,

SCAN,24 all 17 known exact constraints and norms of a semi-local

functional for model systems with analytical solutions and limiting

cases28 were used, leading to improved thermodynamic stability pre-

dictions29 and to excellent bulk structures and elastic properties for

several material classes.30,31 Chemisorption energetics on transition

metal surfaces are, however, predicted less accurately than with sev-

eral other GGA and meta-GGA approaches, with SCAN generally

predicting too strong chemisorption.27,32,33

Here, we propose a multi-purpose, constrained, and machine

learned (MCML) meta-GGA model that integrates data-driven

approaches17,26,34,35 using experimental and quantum chemistry ref-

erence energetics and structures with constraints on the meta-GGA

functional form obeying analytical results for model systems, with

good simultaneous performance for several materials property predic-

tions through the former and physicality and transferability of the XC

model through the latter.

2 | METHOD

2.1 | Meta-GGA functional optimization

2.1.1 | Exchange functional form

Atomic units ℏ¼me ¼ e¼1 are used in this section. In a meta-GGA,

the exchange energy is typically expressed as an integral of the Dirac

exchange energy density of the uniform electron gas (UEG)

ϵUEGx ρ rð Þ½ � ¼�3
4 3=πð Þ1=3ρ4=3 multiplied by an exchange enhancement

factor Fx s rð Þ,α rð Þð Þ

Ex ρ rð Þ½ � ¼
ð
d3rFx s rð Þ,α rð Þð Þ � ϵUEGx ρ rð Þ½ �, ð1Þ

where s rð Þ¼j=ρ rð Þ j = 2kF rð Þρ rð Þð Þ is the reduced density gradient, ρ rð Þ
is the electronic charge density at r, and kF rð Þ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3π2ρ rð Þ3

p
is the Fermi

wave vector. In the presence of spin polarization, the exchange

energy is obtained via spin scaling36 and evaluating Equation (1) for

the individual spin densities. The electronic kinetic energy depen-

dence of meta-GGAs can be parameterized as

α rð Þ¼ τKS rð Þ� τWeizs€acker rð Þ
τUEG rð Þ , ð2Þ

where τKS ¼P ini =ϕi rð Þj j2=2 is the kinetic energy density computed

from the Kohn–Sham orbitals ϕi rð Þ with occupation ni ,

τWeizs€acker rð Þ¼ =ρ rð Þj j2= 8ρ rð Þð Þ, and τUEG rð Þ¼ 3
10 3π2
� �2=3

ρ rð Þ5=3 is the

non-interacting kinetic energy density of a UEG with charge density

equal to ρ rð Þ. τWeizs€acker rð Þ vanishes for zero charge density gradient

and equals τKS rð Þ for a density composed of a single (singly or doubly

occupied) orbital. Equation (2) thus approaches zero in the single

orbital limit and one in the homogeneous limit with =ρ rð Þ¼0 and

τKS rð Þ¼ τUEG rð Þ. With that, the parameter α can be used to locally

detect the type of bonding and optimize the exchange enhancement

for these different bonding scenarios.22,25

As a starting point for the data-driven meta-GGA development,

we employ the MS2 meta-GGA functional.23 As will be shown in Sec-

tion 3, this functional exhibits relatively good accuracy for bulk and

surface reaction energetics. The MS2 exchange enhancement factor

can be expressed as an α-weighted sum of two GGA exchange

enhancement factors:

FMS2
x s rð Þ,α rð Þð Þ¼

1�bα rð Þf g 1þκMS2� κ2MS2

κMS2þμGEs2 rð Þ
� �

þbα rð Þ 1þκMS2� κ2MS2

κMS2þμGEs2 rð ÞþCMS2

� �
, ð3Þ

with the weighting function

bα rð Þ¼ 1�α2 rð Þ� �3
1þα3 rð Þþ4α6 rð Þ : ð4Þ

The maximum value of FMS2
x is 1þκMS2 ¼1:504. μGE ¼10=81 is

the lowest-order coefficient of the gradient correction to the free

electron gas exchange energy.13 The coefficient CMS2 ¼0:14601

ensures that the hydrogen atom Hartree energy is canceled.

The correlation part of MS2 is a GGA, that is, the correlation

functional does not depend on the parameter α.21,22 We optimize the

exchange enhancement factor as described in the following, but keep

the correlation functional fixed at the MS2 form.

Following Lundgaard et al.17 and Wellendorff et al.,26 we choose

an expansion of the exchange enhancement Fx s rð Þ,α rð Þð Þ in Legendre

polynomials Pi bsð Þ and Pj bαð Þ for numerical optimization

Fx s rð Þ,α rð Þð Þ¼
X7
i¼0

X7
j¼0

cijPi bs rð Þð ÞPj bα rð Þð Þ, ð5Þ

where

bs rð Þ¼ 2s2 rð Þ
ηþ s2 rð Þ�1 ð6Þ

maps the semi-infinite interval 0,∞½ � of possible reduced density gra-

dients to the Legendre polynomial domain �1,1½ �. Here, η¼ κ=μGE is

chosen such that the exchange enhancement of PBEsol14 can be



expressed by the first two Legendre polynomials P0 bs rð Þð Þ and P1 bs rð Þð Þ;
1þ κ¼1:804 is the local Lieb–Oxford bound.37,38 Similarly, we usebα rð Þ, which is equal to the MS2 weighting function (4), to map the

semi-infinite interval of possible values for α rð Þ.
We approximate the MS2 exchange enhancement (3) to 10�7 rel-

ative precision by the polynomial expansion (5). The corresponding

expansion coefficients cMS2
ij can be found in the Supporting Informa-

tion, Appendix S3, and we use these coefficients as an initial guess for

the exchange enhancement factor optimization. The MS2 exchange

enhancement fulfills three equality constraints from physical

models.22 We constrain the optimization to not deviate from these

analytical solutions as described in the following.

2.1.2 | Physical constraints

Of the 64 coefficients cij determining our exchange enhancement

approximation, Equation (5), three are eliminated through linear equa-

tions for analytical constraints. First, for s¼0 and α¼1 the UEG limit

is recovered with an enhancement of 1:

X7
i¼0

X3
k¼0

�1ð Þiþk 2kð Þ!
22k k!ð Þ2

ci,2k ¼1: ð7Þ

Second, the exchange gradient expansion, of importance for predic-

tion of lattice properties,14 is recovered with a curvature of 2μGE in s

around zero at α¼1

X7
i¼0

X3
k¼0

� �1ð Þiþk 2kð Þ!
22k k!ð Þ2

2i iþ1ð Þ
η

ci,2k ¼2μGE: ð8Þ

Third, the spurious Hartree energy of the hydrogen atom (single

orbital density: α¼0) of 0:3125 Hartree is canceled

X7
i¼0

X7
j¼0

ð∞
0

drr2
�3 �61=3

π2=3
exp �8r=3ð Þ

�Pi bsH rð Þ
� �

cij ¼�0:3125,

ð9Þ

with bsH rð Þ¼ pH rð Þ= ηþpH rð Þ	 
�1, and pH rð Þ¼ 6πð Þ�2=3exp 4r=3ð Þ is the
square of the reduced density gradient of the 1s hydrogen atom ground

state. The integrals appearing in Equation (9) are evaluated numerically,39

leading to a numerically exact constraint for single-orbital systems.

The � s�1=2 decay of the exchange enhancement for large

reduced density gradients s is not introduced into our exchange

enhancement expansion, Equation (5). This decay is only known to be

an exact constraint for α¼0,28 and the reduced gradients computed

for the benchmark systems studied here (see Section 2.3) do not

cover large enough s and α ranges to empirically determine decay con-

stants (if any) for α>0 (s becomes large in exponentially decaying den-

sity tails, but the Dirac exchange energy is proportional to ρ4=3 and

thus the contribution to Ex ρ½ � is vanishing exponentially in these

regions). With the most important ranges of reduced gradients s≲10,

the expansion is limited to seventh order Legendre polynomials. Much

larger gradients occurring in the vicinity of nuclei do not explicitly

appear in our simulations, as these are frozen in the employed

pseudopotentials (see Section 2.2), which are generated from PBE all-

electron atomic orbitals. The usage of such PBE pseudopotentials is

common practice for pseudopotential meta-GGA calculations due to

the (current) lack of meta-GGA pseudopotentials.29,32

2.1.3 | Exchange functional fitting

The remaining 61 degrees of freedom in the exchange enhancement,

Equation (5), are fitted to quantum chemistry and experimental refer-

ence data (described in Section 2.3), minimizing the errors for

predicting reaction and cohesive energies, lattice constants, and bulk

moduli. A reaction energy at T¼0 K for reactants ℛ and products P
can be computed from DFT total energies as

Ereact ¼
X
i∈P

piEi�
X
j∈ℛ

qjEj , ð10Þ

where pi and qj are prefactors accounting for the stoichiometry of

products and reactants in the reaction, respectively, and Ei and Ej are

the corresponding DFT total energies for the respective species.

Here, all atomic structures and total energies are determined first

using the MS2 meta-GGA. Estimates for reaction energies with a dif-

ferent exchange functional are obtained non-self-consistently by eval-

uating this functional on the fixed atomic structures and charge

densities as obtained with the MS2 functional

Ereactestimate ¼ EreactMS2 �
X
i∈P

piE
x
MS2i�

X
j∈ℛ

qjE
x
MS2j

 !
þ
X
i∈P

piE
x
i �
X
j∈ℛ

qjE
x
j ,

ð11Þ

where ExMS2i and ExMS2j are the exchange energies of products and reac-

tants as computed self-consistently with the MS2 functional, and Exi and

Exj are computed non-self-consistently using the exchange enhancement

of Equation (5). Given the charge density ρk rð Þ determined using the MS2

functional for a system k∈P [ ℛ, the estimated exchange energy is

Exk ¼
X7
i¼0

X7
j¼0

cijI
k
ij , ð12Þ

with the 64 volume integrals

Ikij ¼
ð
d3rPi bs rð Þð ÞPj bα rð Þð Þ

�ϵUEGx ρk rð Þ½ �:
ð13Þ

Keeping the densities of all considered systems fixed at their

MS2-based densities during the optimization of the cij, the evaluation



of the exchange energy estimates requires minimal computational

effort, as the integrals in Equation (13) only need to be evaluated once

per system.

The above strategy for generating a cij-parameterized estimate

for the exchange component of reaction energies allows for the effi-

cient prediction of the error for data sets such as cohesive energy and

chemisorption data sets. This can be further extended to bulk moduli

and lattice constants, which can be approximated as weighted sums

of total energies
P

iwiEi. With the total energy Eeq of a solid at equi-

librium unit cell volume Veq and total energies Eν at unit cell volumes

Vν ¼Veqþν �ΔV, the bulk modulus K is approximated here as Kfit

using a five point stencil at constant volume spacing ΔV

Kfit ¼Veq�
�E�2þ16E�1�30Eeqþ16Eþ1�Eþ2

12 ΔVð Þ2
:

ð14Þ

The lattice constant or, equivalently, the optimum unit cell vol-

ume is approximated as Vfit, defined to be the minimum of a parabola

through the three volumes V�1 and Veq

Vfit ¼� Veq

2 ΔVð Þ2KMS2

� �2Veq�ΔVð ÞE�1þ4VeqEeqð þ �2VeqþΔVð ÞEþ1Þ,
ð15Þ

where KMS2 is the bulk modulus obtained with the MS2 functional.

Non-self-consistent estimates of bulk moduli and optimum cell vol-

umes in dependence of the coefficients cij are obtained in analogy to

Equation (11) by subtracting the MS2 exchange energies from the

total energies Eeq, E�1,�2 and adding the corresponding exchange

energies according to Equation (12). Equations (11), (14), and (15) are

linear in the coefficients cij, allowing for efficient evaluation and opti-

mization of the corresponding predictions as described in the

following.

To simultaneously optimize bulk structures, bulk moduli and reac-

tion energetics, the following product error is employed:

Loss0 θð Þ¼
Y
i

X
d∈Di

Rref
d �Rpredict

d θð Þ
� �2 !γi

, ð16Þ

where θ is a 61-dimensional vector representing the remaining

degrees of freedom for the coefficients cij, eliminating the con-

straints Equations (7)–(9). Rref
d are the fitting target reference data,

and Rpredict
d θð Þ are the fitted, non-self-consistent DFT predictions

computed using Equations (11), (14), and (15) for reaction ener-

gies, bulk moduli, and equilibrium unit cell volumes, respectively.

The powers γi are weights for the data sets Di in the product error.

Different units of the optimized properties and different sizes of the

benchmark data sets Di merely lead to a prefactor of the overall prod-

uct error.

Due to lack of data in the DFT benchmark calculations

for α!∞,s!∞, the fit is stabilized by adding a penalty for the

enhancement factor to deviate from the local Lieb-Oxford bound of

1:804 for α!∞,s!∞

Loss θð Þ¼ Loss0 θð Þþ
β 1:804�Fx θ;s!∞,α!∞ð Þð Þ2: ð17Þ

The penalty weight β is chosen here as Loss0 MS2ð Þ=60, where

Loss0 MS2ð Þ is the product error of DFT predictions using the MS2

functional. We find this relatively small penalty to stabilize the fit in

keeping the exchange enhancement factor bound for all s,α without

forcing it to approach the local Lieb–Oxford bound exactly (the exchange

enhancement of the optimized MCML meta-GGA indeed remains below

the bound with a maximum value of Fx ≈1:4 at s≈2:4 and α¼0).

Starting from the MS2 exchange enhancement factor as an initial

guess (fulfilling all physical constraints considered here), Equation (17)

is minimized using the Nelder–Mead simplex algorithm.40–42 This pro-

cedure could be repeated iteratively, recomputing atomic structures

and charge densities with the fitted XC functional instead of MS2.

Such re-iterations were not considered here, as we have found the

fitted functional to already perform well on re-optimized atomic struc-

tures and energetics after one fitting iteration.

2.2 | Electronic structure calculations

DFT calculations are performed using projector-augmented wave

pseudopotentials43,44 to represent ionic cores and expanding the

Kohn-Sham states in plane wave basis sets as implemented in

the Vienna ab initio Simulation Package (VASP).45 The basis sets are

cut off at kinetic energies as described in Section 2.3, with particularly

high cutoff energies for bulk systems to minimize spurious Pulay

stress and thus to reduce lattice constant errors. Atomic structures

are optimized until the maximum force acting on any ion is at most

0:02 eV/Å. Brillouin zones are sampled using Gaussian smearing with

a width of 0:05 eV and k-point grids (3D grids for bulk systems and

2D grids for slabs) with a maximum spacing of 0:02 Å�1.

2.3 | Benchmark data sets

The reference data described in the following consists of bulk proper-

ties as well as surface and gas phase reaction energetics. This wide

variety ensures a range of applicability for material property predic-

tions of the optimized meta-GGA. The systems contained in each data

set with MCML predictions and comparisons to MS2, SCAN, mBEEF,

and PBE can be found in the Supporting Information, Appendices S1

(overview of reactions) and S6 (DFT predictions).

1. Surface-phase data

� ADS41 (reactions listed in Table S5): The ADS41 data set32

originates from high-precision experimental data (equilibrium

adsorption studies, temperature programmed desorption, and

single crystal adsorption calorimetry), which were zero-point



energy corrected.46 We split this data set into chemisorption-

dominated systems (called CHEMI26) and dispersion-dominated

systems (called DISP15) so that these properties can be sepa-

rately evaluated and optimized. Surfaces are modeled with slabs

consisting of four metal layers separated by at least ~15 Å of

vacuum to avoid spurious interactions between periodic images

of the slabs. A plane wave cutoff of 700 eV is used. Two bot-

tom metallic layers are fixed at their bulk positions, while the

two topmost layers and adsorbate atoms are relaxed.

2. Gas-phase data

� DBH24 (reactions listed in Table S1): This data set contains

12 forward and 12 reverse gas phase reaction barrier heights,

as described in Zheng et al.47 These reference values come from

the quadratic configuration interaction with single and double

excitations (QCISD) wavefunction method. These values are

compared to total energy differences between single-point cal-

culations (i.e., no structural relaxation) at a plane wave cutoff of

800 eV in supercells with ~25 Å spacing between periodic

images of the species.

� S66x8 (systems listed in Table S3): The S66x8 set consists of

non-covalent interactions (a balance of dispersion and electro-

static interactions) for 66 molecular complexes at 8 distances,

as described in Rezc et al.48 These reference values are com-

pared to total energy differences of single-point calculations

using a 700 eV plane wave cutoff in supercells with ~24 Å

spacing.

� RE42 (reactions listed in Table S4): This set contains 42 gas-

phase reaction energies at 0 K involving 45 molecules from the

G3/99 set, compiled in Wellendorff et al.35 and based on Pople

et al. 49 and Curtiss et al.50 Molecular structures are relaxed at a

700 eV plane wave cutoff in supercells with ~20 Å spacing, and

differences between total energies are compared to the refer-

ence values found in Wellendorff et al.35

� W4-11 (molecules listed in Tables S6–S7): This data set con-

tains 140 atomization energies of small molecules, with

reference values computed from first principles using the

Weizmann-4 computational thermochemistry method.51 Here,

single-point calculations are performed with a 800 eV plane

wave cutoff in supercells with 25 Å spacing. This data set is

purely used for testing.

� BH-76 (reactions listed in Table S8): This data set contains

76 gas phase barriers. It appeared as a subset of the GMTKN30

F IGURE 1 MCML exchange enhancement factor, varied along
the reduced density gradient s (top) and the kinetic energy density
parameter α (bottom) with projections along α and s, respectively, at
values of 0 and 1. In comparison, the exchange enhancement factors
of the MS2 and SCAN functionals are shown

F IGURE 2 The 15 coefficients in cij of largest magnitude versus
the indices i, jð Þ of the exchange enhancement expansion (3). There
are five major contributions which all come from low-degree
polynomials

F IGURE 3 Mean absolute error MAE of predictions using several
XC functionals for dispersion-dominated adsorption (DISP15) versus
chemisorption (CHEMI26) on transition metal surfaces. The inset

shows the corresponding mean (signed; positive: underbinding,
negative: overbinding) error, ME. Only semi-local DFT approaches are
compared here, and besides mBEEF and PBE only functionals fulfilling
all three constraints described in Section 2.1.2 are considered. MCML
shows here the best performance both for chemisorption and
physisorption as indicated by the quadrant in the lower left corner of
the plot. SCAN, MS2, and PBE data from Mallikarjun Sharada et al.32



database,52 with data originally from Zhao et al.53,54 Here,

single-point calculations are performed with a 800 eV plane

wave cutoff in supercells with 25 Å spacing. The reactions in

this data set include the 24 barriers in DBH24. The data in BH-

76 are purely used for testing.

3. Solid-phase data (systems listed in Table S2)

� All bulk calculations are run with a 1000 eV plane wave cutoff.

Using zero-point energy corrections from a Debye model,55

experimental data for bulk cohesive energies, lattice constants,

and bulk moduli are used as benchmarks. Instead of expressing

bulk moduli and lattice constants via the stencil-based expres-

sions required for optimizing the exchange enhancement in

terms of exchange energy contributions, Equations (14) and

(15), the final, self-consistent evaluation of these bulk

properties is performed via over-determined equation of states

fits.55,56 The evaluation is furthermore extended to bulk refer-

ence data as benchmarked in Zhang et al.30 in addition to the

bulk training data from Wellendorff et al.26,35 and Hao et al.57

as described in the following:

� CE65: 65 solid cohesive energies for metallic and binary com-

pounds are the union of reference data collected in Wellendorff

et al.26 and Zhang et al.30 The heaviest element considered in

the data sets is Au, as heavier elements such as Pb typically

exhibit large errors in predicted cohesive energies.30,35

� CE65_sub: a subset of CE65 consisting of the cohesive energies

of Pd, W, Ta, Pt, Ir, Cu, and Sn. Separating these seven materials

with relatively high errors in predicted cohesive energies30,35

allows for them to have a lower weighting in the fitting

TABLE 1 Functional performance on
surface, gas, and bulk phase data sets

Data set Unit Metric MCML MS2 SCAN mBEEF PBE

CHEMI26 eV MAE 0.22 0.23 0.39 0.25 0.27

RMSE 0.26 0.27 0.45 0.30 0.31

ME �0.17 �0.15 �0.39 �0.19 �0.19

DISP15 eV MAE 0.16 0.29 0.24 0.43 0.46

RMSE 0.18 0.33 0.28 0.51 0.52

ME 0.06 0.28 0.06 0.42 0.46

DBH24 eV MAE 0.26 0.27 0.31 0.24 0.35

RMSE 0.32 0.31 0.36 0.27 0.45

ME �0.26 �0.26 �0.31 �0.22 �0.35

RE42 eV MAE 0.28 0.42 0.34 0.23 0.32

RMSE 0.43 0.54 0.47 0.29 0.45

ME 0.10 �0.08 �0.11 �0.04 �0.09

S66x8 eV MAE 0.023 0.050 0.033 0.028 0.067

RMSE 0.033 0.068 0.043 0.045 0.099

ME 0.016 0.048 0.033 0.012 0.067

W4-11 eV MAE 0.43 0.33 0.18 0.16 0.59

RMSE 0.60 0.49 0.23 0.22 0.73

ME �0.32 �0.23 �0.10 �0.10 0.52

BH-76 eV MAE 0.30 0.29 0.34 0.26 0.40

RMSE 0.37 0.36 0.38 0.30 0.47

ME �0.29 �0.29 �0.33 �0.25 �0.40

CE65 eV MAE 0.23 0.21 0.20 0.22 0.18

RMSE 0.32 0.31 0.30 0.33 0.25

ME �0.01 0.09 �0.07 �0.12 �0.05

BM64 GPa MAE 9.4 10.2 9.6 10.3 12.6

RMSE 16.1 17.9 16.1 16.4 16.2

ME 5.3 7.7 5.7 3.1 �7.7

LP68 Å MAE 0.033 0.032 0.033 0.040 0.060

RMSE 0.044 0.042 0.044 0.052 0.077

ME 0.012 0.008 0.011 0.016 0.056

Note: The metrics used are mean absolute error (MAE), root mean square error (RMSE), and mean error

(ME). Positive ME indicates predicted values greater than target values, on average. CHEMI26 and

DISP15 data for MS2, SCAN, and PBE from Mallikarjun Sharada et al.32



procedure than the remaining solid training data corresponding

to lower cohesive energy errors (weights applied to training

data can be found in the Supporting Information, Appendix S6).

� LP68: Union of the lattice constant reference data presented in

Zhang et al.30 and Hao et al.57 with zero-point corrected experi-

mental values. Like above, the heaviest element considered is Au.

� BM64: Union of bulk modulus reference data from Zhang

et al.30 and Wellendorff et al.35 This data set contains 64 bulk

moduli for elemental and binary compounds with Au being the

heaviest element considered.

3 | RESULTS AND DISCUSSION

3.1 | The optimized MCML meta-GGA

By minimizing the cost function, Equation (17), a new exchange enhance-

ment factor was found which was then benchmarked self-consistently by

re-optimizing atomic structures and re-computing electronic charge densi-

ties. The resulting exchange enhancement is controlled by the weighting

powers γi on the data sets Di. We find that atoms have larger devia-

tions in the self-consistently computed exchange energies from the

non-self-consistently computed values on MS2 charge densities than

solids. For the considered atoms, the mean absolute deviation is here

~0.22 eV, while for the solids it is ~0.03 eV per atom. Due to the

resulting sensitivity of bulk cohesive energies, we use a high weighting

power of 5 for all cohesive energies but the systems in CE65_sub with

generally large errors. CE65_sub and all remaining data sets are

weighted with powers of 1. The goal of this weighting is to emphasize

cohesive energies in general but not to overemphasize outliers.

The resulting compromise of minimizing residual prediction errors

for the data sets Di yields the MCML exchange enhancement factor

(see Figure 1). For α¼1, the functional shape of MCML is very similar

to MS2, but the MCML exchange enhancement factor decays for

large s in contrast to MS2, which is monotonously increasing. While

the decaying behavior renders MCML here qualitatively similar to

SCAN, the SCAN exchange enhancement is generally much lower for

large s than the enhancement of MCML.

The numerical coefficients (Appendix S2) and FORTRAN code

(Appendix S4) for evaluating the exchange part of the functional can

be found in the Supporting Information. Of the 61 fitting degrees of

freedom, only five coefficients for low polynomial orders have major

contributions to the exchange enhancement factor (Figure 2). For

these five dominant cij the maximum Legendre polynomial order in bs is
2, while in bα it is only 1. Accordingly, the functional form of the MCML

exchange enhancement is relatively smooth.

3.2 | Comparison to other XC functionals

To assess the quality of the predictions using the MCML functional

presented here, we perform a comparison to four other XC func-

tionals: PBE, mBEEF, MS2, and SCAN. While MCML, MS2, and SCAN

obey all three constraints considered here, PBE only obeys constraint

(7). mBEEF violates all three constraints: the UEG limit (7) is overshot

by ~3.7%, the curvature limit (8) is ~21.7% too small, and the hydro-

gen atom self-interaction correction (9) is too negative by ~0.22 eV.

First, we present a comparison of the performance for chemisorption

and physisorption on transition metal surfaces, the accurate predic-

tion of which is particularly important for the field of heterogeneous

catalysis (Figure 3).

F IGURE 4 Bayesian ensemble of exchange enhancement factors
as perturbations of MCML. There is larger spread in the ensemble at
larger values of s (where there is not an abundance of training data).
There is no uncertainty in the UEG limit (s¼0, α¼1), where the
model is exactly constrained

F IGURE 5 Adsorption energy as a function of distance of
graphene in top-fcc configuration on Ni(111). Random phase
approximation (RPA) data at fixed RPA-optimized bulk lattice spacing
from Mittendorfer et al.58 For comparison, the DFT calculations are
performed without Ni-surface layer relaxation at XC functional-
dependent, optimized bulk lattice constants. MCML qualitatively

correctly predicts a chemisorption minimum and a weaker
physisorption minimum at larger distance. The shaded area
corresponds to �1 SD computed from a Bayesian ensemble of 5000
perturbations to the MCML exchange enhancement



Of the semi-local XC functionals considered here, MCML shows

the lowest absolute errors both for physisorption and chemisorption.

MCML neither exhibits consistent over- nor under-binding for disper-

sion and only slight overbinding for chemisorption on average.

In addition to improving the surface data sets, MCML significantly

improves predictions for reaction energies between gas phase molec-

ular species (RE42 and S66x8: see Table 1). For gas phase reaction

barriers (DBH24 and BH-76) MS2 and MCML show very similar errors

(MCML, MS2, SCAN, mBEEF, and PBE predictions for all considered

bulk, surface, and gas phase systems are listed with the benchmark

targets in the Supporting Information, Appendix S6). Low errors for

molecular atomization energies (W4-11) and also for gas phase reac-

tion barriers are found for mBEEF. MCML performs worse than the

other meta-GGAs for W4-11 but better than PBE. MCML further-

more shows an 0:02 eV increase in mean absolute error for the CE65

data set in comparison to the starting guess of MS2. While MCML

shows improvements for surface–adsorbate and molecule–molecule

reaction energies, atomization energies of molecules and solids are

thus not improved.

mBEEF shows an improvement in lattice constant predictions

over PBE, but it performs worse than all other considered meta-GGAs.

The lattice constant improvement over PBE is achieved, although the

constraint (8) recovering the exchange gradient expansion of impor-

tance for good description of lattice constants14 is violated by mBEEF.

The violation of the constraints (7), (8), and (9), despite generally good

performance on the benchmark data, could thus indicate a potentially

unphysical mBEEF meta-GGA model.

MCML lattice constant and bulk modulus predictions are on aver-

age as accurate as those from the SCAN functional (see Table 1).

Accordingly, MCML constitutes a multi-purpose meta-GGA functional

with improved surface and gas phase reaction energetics without

sacrificing the description of bulk properties.

3.3 | Bayesian uncertainty analysis

In addition to enabling the computationally efficient exchange

enhancement factor optimization presented here, the decomposi-

tion of the exchange energy into a weighted sum over 64 volume

integrals shown in Equation (12) also allows for efficient Bayesian

estimation of errors in the exchange energy due to uncertainty in

the exchange enhancement factor.17,26,34,35 With a cost function

Loss2 θð Þ yielding the squared error against data set D of predictions

using the exchange enhancement factor model M with model parame-

ters θ, a probability distribution for θ can be defined as

P θjMDð Þ/ exp �Loss2 θð Þ=τð Þ, where τ is a fictitious temperature.34 In

the vicinity of least-square optimal parameters θ0 minimizing the cost

function, Loss2 θð Þ is approximately quadratic and can thus be approxi-

mated by a second order Taylor expansion. Then, a distribution of

exchange enhancement model parameters can be defined as intro-

duced in Mortensen et al.34 and summarized here as θ¼ θ0þUΛ�1=2ν,

where ν is a 61-dimensional vector with unit width Gaussian distrib-

uted components for the exchange enhancement model M considered

here. U is an orthogonal matrix composed column-wise of the eigen-

vectors of the Hessian H of Loss2 at θ0, and Λ is a diagonal matrix

such thatH=τ¼UΛUT.

The parameters θMCML minimize the penalized product error cost

function, Equation (17), rather than a least-squares cost function. To

enable the above generation of ensembles of exchange enhancement

factors, we define an auxiliary least-squares cost function

Lossaux2 θð Þ¼ 1
2

P
i

P
d∈Di

Rref
d �Rpredict

d θð Þ
h i2

=N iþ 1
2θ

TΘθ, where N i ¼P
d∈Di

Rref
d �Rpredict

d θMCML
� �h i2

is used to normalize the different data

sets Di accounting both for different units and numbers of systems in

the sets. In analogy to Wellendorff et al.,35 1
2θ

TΘθ is a regularizing

term. Here, we choose the matrix Θ such that θMCML is a least squares

optimum of Lossaux2 θð Þ, with Θ¼2 j λmin jΩ. Ω is the projector onto the

space spanned by eigenvectors with eigenvalues ≤0 of the Hessian

H0 of Lossaux2 for Θ¼0, and λmin is the smallest of the eigenvalues.

The resulting cost function Hessian H0þΘ has thus only positive

eigenvalues. The fictitious temperature τ is chosen such that the vari-

ance of predicted reaction energies, lattice constants and bulk moduli

computed with an ensemble of exchange enhancement factors coin-

cides with the mean-squared error given by the MCML XC functional

for Lossaux2 (numerical values for all matrices including computer

source code required to compute ensembles of such perturbations of

MCML can be found in the Supporting Information, Appendix S5).

An ensemble of perturbations of the MCML exchange enhance-

ment factor can be used to non-self-consistently estimate the uncer-

tainty in the MCML exchange energy and, correspondingly, in

quantities such as total energy differences. Here, we use such an

ensemble to analyze uncertainty in the exchange enhancement factor

given the training benchmark data and model in form of the expansion

shown in Equation (5) (see Figure 4). For low reduced density gradi-

ents s≲5, which are typical values for metals and for which there are

an abundance of training data in the benchmark calculations, there is

generally less uncertainty in the exchange enhancement than at larger

s, with the exception of the single-orbital α¼0 limit at vanishing s,

where there is particularly high uncertainty. These regions of high

uncertainty also correspond to s,α parameter ranges where there

exists large variation between established functionals such as MS2

and SCAN.

As an example for the prediction of uncertainties on reaction

energetics, we compare the adsorption energy for graphene on

Ni(111) in top-fcc configuration as computed with the MCML, MS2,

SCAN, mBEEF, and PBE functionals to random phase approximation

(RPA) results.58 As the adsorption energetics as a function of distance

between graphene and Ni surface are sensitive to the lattice

constants,59 we perform these DFT simulations at a plane wave cutoff

of 1000 eV. For comparison to the computationally expensive RPA

simulations at fixed RPA-optimized bulk lattice spacing of Ni, we

employ the functional-dependent, optimized lattice constants of Ni

(values in the Supporting Information, Appendix S6), but do not allow

any atoms to relax their positions as the distance between graphene

and five fixed layers of Ni is varied. Of the considered functionals,

MCML shows least deviation from the RPA results, predicting chemi-

sorption that is stronger than a second physisorption minimum at



larger distance (Figure 5). None of the considered functionals predict

binding of graphene as strong as predicted within the RPA, where the

RPA is likely underestimating the chemisorption strength.60 mBEEF

predicts a particularly shallow unbound local chemisorption minimum

with a depth of only ~1 meV. Supplementing semi-local DFT with

non-local correlation (which will be considered in future empirical

meta-GGA work) leads to stronger binding of graphene on Ni(111).59

The shaded area in Figure 5 shows �1 SD as computed using a Bayes-

ian ensemble of 5000 perturbations to the MCML exchange enhance-

ment. The predicted uncertainty vanishes at large distances, due to

almost complete error cancellation between graphene and Ni-slab

with vanishing mutual interaction in the same supercell with respect

to the two reactants in separate supercells. The predicted uncertainty

is relatively large in the vicinity of the chemisorption minimum, where

even the PBE unbound local energy minimum falls into 1 SD from

MCML. The spread of the MCML perturbations is chosen such that it

reproduces a least-squares fitting error for all considered reference

data sets Di, and the uncertainty predictions shown in Figure 5 are

consistent with the root mean square errors of 0:26 and 0:18 eV for

the CHEMI26 and DISP15 surface chemistry data sets, respectively.

It should be noted that MCML is a locally optimal solution to the

non-linear optimization problem of minimizing the penalized product

error cost function, Equation (17), starting from MS2 as an initial guess.

Furthermore, larger exchange enhancement model spaces (e.g., through

inclusion of higher-order Legendre polynomials in Equation (5) or of

exponential factors similar to the SCAN functional) can lead to optimal

exchange enhancement factors that are not covered by the spread of

the ensemble shown in Figure 4. Estimation of errors on DFT total ener-

getic predictions using the ensemble will generally only be useful if the

systems studied are described relatively well by semi-local DFT. If semi-

local DFT fundamentally fails in describing the electronic structure,

Bayesian error estimates based on the MCML ensemble will generally

not yield the large error in predictions for such systems.

4 | CONCLUSION

MCML is an empirical meta-GGA functional optimized with bulk, sur-

face, and gas phase quantum chemistry and experimental benchmark

data while simultaneously obeying physical constraints, leading to a

multi-purpose XC functional. Improvements are achieved for surface

and gas phase reaction energetics without sacrificing the good perfor-

mance of existing meta-GGA functionals for bulk structural and elastic

properties. Although MCML already shows relatively good performance

for dispersion-dominated properties, extending the combined data and

physical constraint based approach to non-local functionals explicitly

describing van der Waals interactions will be the subject of future work,

where both exchange enhancement and non-local correlations are going

to be re-parameterized simultaneously for an overall improvement of

performance for a range of physical and chemical properties.
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