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Abstract. This work is part of the ongoing implementation of generalized modes for ship hydroe-
lasticity inside the OceanWave3D-seakeeping solver. The solver has been developed by the Mar-
itime Group at DTU- Civil & Mechanical Engineering based on solving the linearized potential flow
problem using a high-order finite difference method on overlapping grids. The focus of this paper
is a comparison between the hydroelastic solutions obtained using two different implementations
of the hydrostatic restoring force coefficients. The first hydrostatic model is according to Newman
[1], and the second model is based on Malenica and Bigot [2]. These two hydrostatic models agree
for the rigid modes, but are slightly different for the flexible modes. The results are validated using
both numerical and experimental solutions for two different ship geometries at zero forward speed.
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1. Introduction

Generally, in the hydroelastic analysis of ships, the hull geometry is treated as a uniform beam using,
for example, Euler-Bernoulli or Timoshenko beam theory. Inside a linearized potential-flow framework,
the structural eigenmodes expressed in the form of shape functions can be employed in the calculation
of the hydrodynamic, hydrostatic and structural stiffness forces. Then solving the equation of motion,
the motion response of both rigid-body and flexible modes can be obtained.

For the hydroelastic response, the correct form of the linearized hydrostatic forces is still a topic
of discussion in the community. Price et al. [3] took the buoyant contribution into consideration for
solving the restoring coefficients. From a practical point of view, Newman [1] proposed the classical
definition of the hydrostatic resorting coefficients, and introduced shape functions to define the gener-
alized restoring force coefficients, including both rigid-body and flexible modes. Newman noted that
the gravitational contributions must be included, but did not give an explicit form for computing them.
Riggs [4] considered both the gravitational and buoyant contributions to solve the restoring stiffness, and
in [5], the influence of the structural stress on the hydrostatic restoring stiffness was then considered in
addition to the buoyant and gravitational contribution. In 2009, Riggs [6] compared these formulations,
explained the relationship between them and derived the hydrostatic terms considering the contribution
of the internal stress distribution under gravity loads. In 2007, Malenica et al. [7] also compared these
formulations and transformed them to a uniform expression. Using the transformation relationship be-
tween the earth- and body- coordinate systems, Malenica et al. [2] gave a corrected formulation for
the hydrostatic restoring coefficient where the buoyant and gravitational contributions are both included.
Based on a virtual work theory, another formulation has also been proposed to solve the restoring force
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coefficient [8]. These theoretical methods each exhibit their own advantages and limitations in differ-
ent situations, and therefore experimental measurements are required to investigate their accuracy and
validity.

In this work, two models of the hydrostatic restoring force coefficients are considered. The first is
based on the formulation proposed by Newman [1], and the second formulation is due to Malenica et al.
[2]. These models are both implemented inside the OceanWave-seakeeping solver, which is based on
the classical radiation-diffraction decomposition for the ship hydrodynamics [9, 10, 11, 12].

The calculations at zero-speed for two ships show that these hydrostatic models agree for the rigid
modes, however they differ slightly for the flexible modes. Work is now in progress to validate the
implementation at forward-speed.

2. Mathematical formulations

In the hydroelastic problem, the structural and hydrodynamic parts are coupled to carry out the
analysis. For a freely floating flexible body, the linearized equation of motion can be expressed as

6+N∑
j=1

[−ω2(Mij + aij) + iωbij + cij + Cij ]ξj = Fexi , i = 1, 2, ..., 6 +N. (1)

Here the index j represents the mode of motion and i represents the mode of the force. The flexible mode
is denoted by N , and ω is the frequency. Mij , aij , bij , Cij , cij are the inertial mass coefficient, the added
mass coefficient, the damping coefficient, the structural stiffness coefficient and the hydrostatic stiffness
coefficient respectively. ξj is the response amplitude operator in mode j, and Fexi is the wave exciting
force in direction i.

In order to give a generalized description, an Euler-Bernoulli beam is introduced to model the eigen-
modes of a flexible ship. Here the eigenmode of a freely supported uniform beam is described by

h2j+1(2x/L) =
1
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where x is the coordinate along the length of the ship. L is the length of the ship, and κj are the positive
real roots of

(−1)j tanκj + tanhκj = 0. (3)

The corresponding shape function in heave, pitch, and the first four flexible modes are plotted in Fig. 1.

2.1. Hydrostatic models

For solving the hydrostatic restoring force coefficients, Newman [1] gave a generalized formulation
in terms of the practical meaning of the restoring coefficient, and Malenica et al. [2] later gave a dif-
ferent formulation using the transformation between the body- and earth-fixed coordinate systems. In
Newman’s formulation, the buoyant contribution can be expressed as

chNij = ρg

∫ ∫
SB

nj(h
z
i + z∇ · hi)dS, (4)

where ρ is the water density, g is the acceleration due to the gravity, and SB represents the wetted surface
of the body. hi = {hxi , h

y
i , h

z
i }T represents the shape function vector for mode i and nj = n · hj is the

generalized unit normal vector in mode j. The matrix of the mode shape vectors can be defined by

[h] =

1 0 0 0 z − y 0

0 1 0 − z 0 x 0

0 0 1 y − x 0 hz7

 , (5)
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Figure 1: Shape function of heave, pitch and four vertical bending modes.

where the first six columns correspond to the rigid-body modes, and the last column corresponds to one
vertical bending mode as defined by Eq. (2). As noted in the introduction, the gravitational contributions
must also be included in a consistent way. In [13], Malenica et al write the gravitational term as

cgij = g

∫ ∫ ∫
VB

(hj · ∇)hzi dm, (6)

where VB represents the displaced volume and dm is the differential element of mass. In 2020 [2],
Malenica et al. gave a corrected version of their formulation as

chMij = ρg

{∫ ∫
SB

hzj{hi}T {n}dS, j = 1, 6∫ ∫
SB

[hzj{hi}T + Z({hi}T ([∇hj ]− [∇hi]
T ) + {hj}T [∇hi]

T {n}]dS , j > 6
, (7)

cgMij =

Ng∑
n=1

mng{k}T
{
[∇hj ]{hi}, j = 1, 6

[∇hi]{hj}, j > 6
, (8)

where the curly brackets are used to highlight a vector, [∇hj ] is the gradient matrix of the shape function
vector hj , and Z is the vertical coordinate of a point on the wetted surface. Here mn represents a point
mass at point n = 1, . . . , Ng, and k = {0 0 1}T is the unit vector in the vertical. The final restoring
coefficient is the sum of the buoyant term and the gravitational term. Considering the symmetry of a
ship hull and the freely floating situation, simplified forms of these expressions have been employed in
the developed solver.

2.2. Hydrodynamic model

Based on linearized potential flow theory, the solver employs a high-order finite difference method
to solve the generalized hydrodynamic problem. The fluid velocity field is represented by the continuity
equation as

∇2ϕ = 0, (9)

where ϕ is the velocity potential. According to [1], a generalized normal vector nj = hj ·n is introduced
to include the flexible modes. The solution should satisfy the linear boundary conditions on the free
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Table 1: Geometry information

Model Length ( m ) Breadth ( m ) Draft ( m ) Volume ( m3 ) Gravity center

1 80 10 5 4000 (0, 0, −1.0)

2 2.445 0.6 0.12 0.1604 (0, 0, 0.008)

surface defined as

∂ϕ

∂z
=

∂ζ

∂t
, at ζ = 0

∂ϕ

∂t
= −gζ, at ζ = 0.

(10)

The velocity potential can be written as the sum of the radiation potential and the diffraction potential,
ϕ = ϕR + ϕD, and the diffraction potential can expressed as the sum of the incident wave potential
and the scattering potential representing the disturbance of the incident wave by the fixed body. For the
radiation potential in mode j, ϕj , the boundary condition ∂ϕj

∂n = nj ẋ(t) is applied at the mean body
surface, where ẋ(t) is the prescribed body velocity. This boundary value problem is solved in the time
domain using a pseudo-impulsive Gaussian displacement. Using the Fourier transform, the added mass
and damping coefficients in the frequency domain can be obtained from the corresponding force Fij(t)
in the time domain through

ω2aij(ω)− iωb(ω) =
F{Fij(t)}
F{x(t)}

. (11)

The exciting force in the frequency domain can be obtained from the time-domain soltuion Fi(t) through

Xi(ω) =
F{Fi(t)}
F{ζ0(t)}

, (12)

where ζ0(t) is a pseudo-impulsive incident wave elevation. Details can be found in [10, 9].

3. Computations

In this work two geometries have been applied to validate the implementation.

3.1. Prismatic barge

The first geometry is a simple prismatic barge ( 80 m × 10 m × 5 m ) chosen from the TEST16 in
the WAMIT user manual [14], whose schematic diagram obtained from [14] is shown in Fig. 2a. To
ensure static stability, the gravitational center is set to (0, 0,−1). The geometrical information for this
barge, called Model 1, is given in Table 1.

3.1.1. Convergence analysis

In order to verify the convergence of the numerical model, two different grid resolutions (fine and
coarse) have been used. The frequency-domain exciting force can be obtained through Eq. (12). The
solution computed based on these two grids is shown in Fig. 3, and in order to directly observe the
changing trend of the exciting force with the wave length, the horizontal axis is transformed to λ/L.
From Fig. 3, the good agreement of the exciting forces computed using these two grids illustrates
the convergence of the numerical model. In the following analysis of this prismatic barge, in order to
guarantee the effectiveness of the simulation, the fine grid model is taken to solve the hydrodynamic and
hydrostatic problem.
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(a) The panel model of a prismatic barge [14]

(b) The CAD diagram of a non-prismatic barge [15]

Figure 2: Schematic diagrams of two geometries.

3.1.2. Added mass and damping coefficients

In the hydrodynamic part, the WAMIT®solution is taken as a benchmark to verify the effectiveness
of the implementation. WAMIT ®uses a high-order panel method to solve the hydrodynamic problem,
and the panel model of a prismatic barge is shown in Fig. 2a. We apply the developed solver with three
rigid-body modes including surge, heave and pitch, and eight flexible vertical bending modes whose
mode shape can be obtained from Eq. (1). Here the added mass and damping coefficients for the first
vertical bending mode are shown in 4. The vertical shift in the added mass coefficient here is because
the scheme used by OceanWave3D-Seakeeping cannot capture the integration surface exactly, which
specifically for this geometry underestimates the total submerged volume.

3.1.3. RAOs

In the hydrostatic module, two formulations [1, 2] are introduced into OceanWave3D-Seakeeping
to compute the hydrostatic restoring force coefficients. Based on the assumption that the geometry is
symmetric along the plane x − z and the body is freely floating, these two formulations are further
simplified.

After obtaining the hydrostatic coefficients, the hydrodynamic coefficients and the exciting forces,
inputting the inertial mass matrix and the structural stiffness matrix from the external input file to solve
the equation of motion (1), the response amplitude operator (RAO) can be obtained. Here the RAO
corresponding to the first vertical bending mode is shown in Fig. 5, where the WAMIT ®solution is
taken as a benchmark. The body motions obtained based on these two hydrostatic models both show
good agreement with the WAMIT solutions. Note that the results based on hydrostatic model Eq. (4) is
denoted as OceanWave3D-Newman, and the results based on the hydrostatic model Eq. (7) is denoted
by OceanWave3D-Malenica. From the curves, it also can be seen that the Newman model agrees better
with WAMIT than the Malenica model, which is anticipated.

Through this case of a prismatic barge, the implementation of the generalized mode has been veri-
fied, where the equation of motion coupling the hydrodynamics and the structure has been solved, and
the good agreement with the WAMIT solutions has been achieved.

3.2. A non-prismatic barge

The second geometry is a modified and highly flexible barge ( 2.445 m × 0.6 m × 0.12 m ) chosen
from the experiential study in [16]. This geometry consists of 12 identical floaters, where the floaters are
connected by two steel bars, and the sectional size of the bars is 15 mm × 6 mm. The size parameters
for this barge are given in Table 1 defined as Model 2. The fore region of the model has been changed
compared with the previous prismatic barge. The CAD schematic diagram of the geometry is also shown
in Fig. 2b, where Sections 1, 4 and 7 are labeled to describe the sectional position conveniently. Part of
the overlapping grid of this geometry is also shown in Fig. 6, where the grid of the ship hull and the free
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Figure 3: Exciting force for first vertical bending mode as the grid resolution changes.
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Figure 4: Added mass and damping coefficients of the first vertical bending mode.
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Figure 5: Response amplitude operator (RAO) of the prismatic barge for first vertical bending mode.
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Figure 6: Part of the final overlapping grid for the non-prismatic barge hull (fish-eye view).
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(a) RAOs for six modes
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(b) RAO for first flexible mode

Figure 7: RAOs of the non-prismatic barge.

surface are shown. Compared with the ship size, the domain size should be large enough to satisfy the
far-field condition.

Considering the practical engineering application, this non-prismatic barge is taken as an example
to compute RAOs, and the vertical displacement of the section. In this case, two rigid-body modes
including heave and pitch and four vertical bending modes are considered. The shape function of the
vertical bending modes can be obtained by Eq. (2), as shown in Fig. 1.

3.2.1. RAOs

Solving the equations of motion, the RAO of these six modes can be obtained, as shown in Fig. 7.
In Fig. 7a, to be consistent with the length scale, the RAO corresponding to the pitch mode is multiplied
by the barge length and only the results calculated based on the Newman hydrostatic model are shown
here. The RAO corresponding to the first vertical bending mode together with the experimental result
from [16] are shown in Fig. 7b. From Fig. 7a, it is obvious that the RAOs of the vertical bending
mode are smaller in comparison with the RAOs of the rigid-body modes, which means that even for this
highly flexible body the contribution from the rigid-body modes dominate the resutlant motion response.
However, this does not mean that the influence of the flexible modes can be ignored. Note also in Fig. 7b,
the difference between the RAO calculated based on Newman’s formulation and Malenica’s formulation
is very small.
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(a) Vertical displacement at Section 7
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(b) Vertical displacement at Section 1, 4 and 7

Figure 8: Vertical displacement at the different sections of the non-prismatic barge.

3.2.2. Sectional displacements

Based on the RAO of the six modes in Section 3.2.1., the vertical displacement of the midsection
of the non-prismatic barge can be calculated. This is compared with the experimental data from [16],
as shown in Fig. 8a. Here the vertical displacement is defined as the sum of the products of the shape
function and the RAO of each mode. In order to illustrate the vertical deformations along the barge
length, the sectional displacements in the vertical for sections 1, 4 and 7 defined in Fig. 2b, are also
computed, as shown in Fig. 8b. From Fig. 8a, the agreement of the vertical displacement is good. It can
also be seen that the amplitude of the vertical displacement increases with increasing wavelength, and
a local resonance can be observed at a wavelength near to the ship length. Gradually, with increasing
wavelength, the sectional displacement tends to a constant value. Fig. 8b plots the vertical displacement
of three different sections of the non-prismatic barge, and it is obvious that the vertical displacement at
the midsection is the smallest compared with the displacement at other sections, and the displacement at
the aft or the fore regions of the ship is the largest. This result is in accordance with the shape function
in Fig. 1, which describes the structural deformation of the Euler-Bernoulli beam.

4. Conclusions

This work extends the capabilities of the OceanWave3D-Seakeeping solver for predicting the hy-
droelastic response of a flexible floating stucture. The flexible hull is treated as an Euler-Bernoulli
beam, and the hydrodynamic problem is solved based on linearized potential flow theory. Two models
are introduced to calculate the hydrostatic stiffness coefficients. These two models agree for the rigid
modes, but differ slightly for the flexible modes. Based on the motion response, the vertical displace-
ment of various sections along the ship length has been predicted. The implementation is validated by
comparison with experimental measurements and benchmark calculations for a relatively stiff prismatic
barge, and a very flexible non-prismatic barge. Good agreement with experimental and numerical data
has been shown for the motion response, and the vertical displacements. However, based on these test
cases, it is not possible to evaluate which hydrostatic model compares better with experimental measure-
ments. The extended OceanWave3D-Seakeeping solver can provide guidance for the structural design
and loading analysis of large ships. Work is in progress to further develop and validate this solver for
hydroelasticity of ships at forward speed. Modelling the flexible ship hull as a Tiemoshenko beam will
be considered to predict the shear effect of the section in the future.
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