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A B S T R A C T

In this paper, a generalized weak-scatterer (GWS) approximation is proposed for solving
nonlinear wave–structure interaction problems. In contrast to the original weak-scatterer (OWS)
theory, where the approximated free surface boundary conditions (FSBCs) are Taylor-expanded
in the vertical direction from the incident wave surface, we apply Taylor series expansion in an
arbitrary direction which, in particular, is tangential to the boundary of the floating structure
close to the waterline. This leads to generalized kinematic and dynamic FSBCs for the radiated
and scattered waves, along with corresponding expressions of the wave loads. Accordingly, an
Arbitrary Lagrangian–Eulerian (ALE) approach is adopted to track the free-surface properties.
The new GWS method is more consistent than the OWS model in that the wave markers do
not separate from the body surface at the waterline for structures with flare. An Immersed-
Boundary Adaptive Harmonic Polynomial Cell (IB-AHPC) method is implemented to solve
the corresponding boundary value problems (BVPs) for both the velocity potential and the
Lagrangian acceleration potential at each time step. The new formulation introduces additional
convective terms in the FSBCs, making them similar to the seakeeping problems for ships with
forward speed, and this requires special treatment to avoid instability in the time-domain
simulations. Based on a matrix-based eigenvalue stability analysis, we illustrate that stable
solutions can be achieved by introducing an upwind-biased scheme to discretize the convective
terms in the kinematic FSBC. The proposed model is verified by three wave diffraction problems
in regular waves, including a submerged circular cylinder, a rounded-corner rectangular ship
section, and a trapezoidal section with a large flare angle.

1. Introduction

Offshore structures are commonly exposed to harsh ambient loads from waves, currents and winds. To dimension these structures
and their station-keeping systems, it is important to accurately predict the environmental loads. Along with wind and current loads,
accurate prediction of wave loads on, and response of, floating structures due to wave–structure interaction is always the first
consideration in marine hydrodynamics. A wide range of numerical models have been developed for this purpose, from linear
potential flow models, to weakly nonlinear and fully nonlinear (FN) potential flow models, and up to nonlinear viscous-flow models,
e.g. Computational Fluid Dynamics (CFD), for directly solving the Navier–Stokes equations (NSEs).

In linear potential-flow models such as WAMIT [1], ANSYS-AQUA [2] and NEMOH [3], the FSBCs are linearized at the mean
water level and the body boundary condition is satisfied at the equilibrium position. This approach is only accurate when the wave
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steepness is small and the body motion is also much smaller compared with the characteristic dimension of the structure. However,
nonlinear effects, which can be too important to ignore in many cases, motivates the development of higher-order solutions. Second-
order wave–structure interaction problems have been extensively studied based on a perturbation scheme, see for example [4–10].
However, in some extreme wave conditions, e.g. the ringing response of offshore wind turbine foundations and tension-leg platforms
during the passage of steep wave crests, third-order or even higher order effects will make considerable contributions to the wave
loads. Under these circumstances, linear and second-order models based on the perturbation expansion methods are insufficient
to predict the important structural responses due to the even higher-order wave loads. Third-order models based on traditional
perturbation schemes have been developed in the frequency domain, but mostly only with success for simple geometries, such
as bottom-mounted and truncated vertical circular cylinders [11,12]. A third-order time-domain model has also been developed
in [13] where it is also reported that the presence of the secular terms in the third-order FSBCs may be an theoretical obstacle in
further development of this model. On the other hand, in storm-sea conditions, the wave amplitudes are often of the same order of
magnitude as the characteristic dimension of the structures, e.g. the column diameter of the spar or semi-submersible floating wind
turbines. In practice, the latter fact also violates the assumption in the traditional linear, second-order and third-order models that
the wave amplitude is a small parameter compared with the structure dimensions.

To adequately capture these effects which are missing in the linear and second-order models, it has become reasonable to consider
he FN free-surface and body-boundary conditions when solving the associated BVPs. The conventional approach to model wave–
tructure interaction within the context of a potential flow is the boundary element method (BEM) [14–16]. Besides the BEM,
ield or volume methods are also often used, for example the finite difference method (FDM) [17–19], the finite element method
FEM) [20–23], and the recently proposed harmonic polynomial cell (HPC) method [24–29]. In the last decades, NSE solvers have
lso been extensively developed and become widely employed in various hydrodynamic studies for offshore structures. Some of
hem are very popular and preferred in both the scientific and engineering communities, for instance, the open-source tools like
penFOAM [30–32] and REEF3D::CFD [33,34], and commercial software like STAR-CCM+ [35] and ANSYS-FLUENT [36].

However, the above-mentioned linear and second-order potential flow models are not able to solve third- or even higher-order
ave–structure interaction problems, while both FN potential-flow methods and NSE solvers are still considered too time-consuming

or practical applications, even though much progress has been made over the past few decades. In addition, some drawbacks are
lso present in terms of robustness and instability once the wave nonlinearity is strong enough to lead to wave breaking issues in
he FN potential-flow models. Under this circumstance, the weak-scatterer hypothesis, pioneered by Pawlowski [37], provides an
lternative approach which can bridge the gap between exact and second-order theories. In this approach, the scattered and radiated
isturbances due to the interaction of a structure with the ambient waves are assumed to be small compared to the incident waves,
hich is often the case for marine structures in storm seas. Therefore, the FN FSBCs can be linearized with respect to the incident
ave, while the body-boundary condition is satisfied at the instantaneous position. This is advantageous since the geometry of the

omputational domain is explicitly defined by the incident wave profile and the body surface, instead of having to be determined
s part of the numerical solution as it is in a FN model. This generally leads to more stable and robust numerical computations in
ome severe wave conditions than the fully-nonlinear solvers. Since the incident wave is prescribed and only the scatter wave field
eeds to be solved, coarser meshes can be used away from the structure which can significantly reduce the computational costs
ompared with a traditional FN model. As a result, this approximation has been used to consider a wide variety of wave–structure
nteraction problems, see for example [38–43].

The original weak-scatterer (OWS) approximation assumes a vertical displacement of the scattered wave elevation from the
nderlying incident wave, which leads to an inconsistency when the surface-piercing structure has a flare, i.e. a non-vertical
ntersection with the fluid. Thus, the superposition of the incident waves and the predicted scattered waves will separate from the
urface of the structure at the waterline, particularly for incident waves with large amplitude and structures with large flare angles.
his inconsistency may lead to a failure of accurately predicting wave run-up and wave loads. With this in mind, we have re-derived
he FSBCs based on a generalized weak-scatterer (GWS) approximation. The basic idea of GWS is that the FN FSBCs are linearized
bout the incident wave surface, but using a Taylor expansion along an arbitrary direction which can be manually prescribed in
ractice according to the geometry of the structure. In this way, we can consistently and precisely capture the intersection waterline
n the structure at each time step of the solution. The GWS method reduces to the OWS if the Taylor expansion direction is set to
ertical. Accordingly, the wave loads acting on the structure are also derived based on this assumption.

Despite the fact that weak-scatterer formulation has received a lot of attention over the years, including numerous applications,
ome fundamental numerical properties of the method are still not thoroughly understood. Therefore, another contribution of this
ork is that a matrix-based, eigenvalue stability analysis is carried out to provide a deeper insight into the numerical properties of

he formulation. During the application of GWS in practice, we found that some instabilities can be traced to a down-winding of
onvective derivatives in the FSBCs if a standard explicit time-integration scheme is applied. This source of instability is basically
ssociated with the treatment of the convective derivatives of the free-surface elevation close to the Neumann boundaries, especially
he body boundary. Stable solutions can be achieved if an upwind-biased finite difference scheme is introduced to discretize the
onvective derivative of the free-surface elevation. However, it is not always possible to find upwind points at the domain boundaries,
n which case we instead apply a Neumann-type boundary condition, which was proposed and applied in ship resistance and
eakeeping problems by [44–46] with success.

In this paper, a highly accurate and efficient harmonic polynomial cell (HPC) method, pioneered by Shao and Faltinsen [24,25], is
sed to solve the BVPs at each time step. In recent years, this method has been further developed and improved by many researchers,
nd some advanced techniques, like the immersed boundary method (IBM) [26,28,47], an overlapping-grid strategy [48–50], as well
2

s an irregular cell strategy [51,52], have been introduced in the HPC solvers. This original HPC method for Laplace equation was
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also extended to solve the Poisson equation with success in [53,54] and applied by [54] to enhance the pressure solution in a
NSE solver based on the projection method. In our work, a 2D high-order immersed-boundary adaptive harmonic polynomial cell
(IB-AHPC) method [29] is implemented to solve the BVPs for the velocity potential and the Lagrangian acceleration potential. This
method uses standard fourth-order square-shaped cells consistently both in the fluid domain and at the boundaries. Therefore, no
additional effort is needed to construct local interpolating boundary cells at each time step, since the interpolation coefficients of
square cells are constant and can be easily scaled, which can be time-saving in practice. Another advantage of the IB-AHPC method
is that square cells are dynamically refined at the boundaries of interest where needed, to reduce the number of unknowns without
losing any accuracy.

The remainder of this paper is organized as follows. In Section 2, the mathematical formulation of the FN boundary value problem
n the inertial coordinate system, and the derivation of the generalized weak-scatterer approximation are presented. Section 3 briefly
ntroduces the immersed-boundary adaptive harmonic polynomial cell method, which is used for solving the Laplace equation.
ection 4 provides a matrix-based stability analysis of our numerical implementation of the GWS model and a solution to deal with
onvective terms in the associated FSBCs. Three diffraction applications are presented in Section 5. Finally, Section 6 summarizes
he present work.

. Mathematical formulation

.1. Boundary value problem

A Cartesian coordinate system 𝑂𝑥𝑦𝑧 is defined with its origin located at the mean water level and the 𝑂𝑧 axis orienting positively
upwards. By applying potential-flow theory, the fluid is assumed as inviscid and incompressible, and the flow is considered as
irrotational. The fluid motion in the domain can then be described by a velocity potential 𝜑(𝑥, 𝑦, 𝑧, 𝑡), which is governed by the
Laplace equation:

∇2𝜑 = 0. (1)

On the instantaneous free surface, an Arbitrary Lagrangian–Eulerian (ALE) approach is adopted to track the free-surface markers.
A material time derivative is defined to follow the markers on the free surface:

𝛿
𝛿𝑡

= 𝜕
𝜕𝑡

+
⇀
𝑉 ⋅ ∇, (2)

where
⇀
𝑉 is a prescribed velocity with a desired direction. If

⇀
𝑉 is taken as the fluid particle velocity, the time derivative is a fully

Lagrangian description. 𝜕∕𝜕𝑡 is the Eulerian time-derivative at a fixed point in space. Therefore, the kinematic and dynamic FSBCs
in the inertial reference frame are expressed as:

𝛿𝜂
𝛿𝑡

=
𝜕𝜑
𝜕𝑧

− (∇𝜑 −
⇀
𝑉 ) ⋅ ∇𝜂, (3)

𝛿𝜑
𝛿𝑡

= −𝑔𝜂 − 1
2
|∇𝜑|2 +

⇀
𝑉 ⋅ ∇𝜑, (4)

where 𝜂(𝑥, 𝑦, 𝑡) is the free surface elevation and 𝑔 is the gravitational acceleration.
On the Neumann boundaries, a fluid particle cannot penetrate the structure surface, so that the normal velocity of the flow

equals to that of the body surface, i.e.
𝜕𝜑
𝜕𝑛

=
⇀
𝑉𝑏 ⋅

⇀
𝑛, (5)

where
⇀
𝑉𝑏 is the body velocity and

⇀
𝑛 denotes the unit normal vector on Neumann boundaries (where normal derivative of 𝜑 is

known) pointing into the fluid domain. For a wave-body interaction problem defined in the time domain, 𝜑 is known on the free
surface (also called Dirichlet boundary) and 𝜕𝜑

𝜕𝑛 is known on body surface, thus a mixed Dirichlet–Neumann BVP can be solved for
he velocity potential at each time step.

.2. Generalized weak-scatterer (GWS) approximation

In the original weak-scatterer (OWS) theory, the FN FSBCs are linearized at the incident wave position, but based on a Taylor
xpansion along the vertical direction. If this formulation is directly applied in the wave–structure interaction analysis, the free
urface elevation and associated velocity potential are tracked along the vertical direction, which implicitly assumes a vertical wall-
ided structure at the waterline. However, many surface-piercing offshore structures, for instance, conical ice-breaking offshore
tructure design for arctic regions and the modern container ships, have flared geometries near the waterline. Therefore, it is
easonable and more consistent to formulate FSBCs that allow us to track the waterline position and a part of the free surface
lose to the structure along a prescribed direction. The tracking direction is supposed to be tangential to the surface of the structure
nd gradually changes to a vertical direction, as illustrated in Fig. 1. Based on this idea, more general FSBCs can be formulated
ithin the framework of a weak-scatterer theory. Those generalized FSBCs, along with the corresponding expressions for wave loads
valuation, will be named the generalized weak-scatterer (GWS) approximation hereafter in this paper.
3
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Fig. 1. An illustration of wave–structure interaction problem within the frame of generalized weak-scatterer approximation. 𝑆𝐹𝑆 → the total free surface, 𝑆𝐼 →

he incident wave surface, 𝑆𝐵 → the structure surface and 𝛤𝐼 → the waterline on the structure due to the incident wave.

We assume the total velocity potential and the free surface displacement (𝜑,
⇀
𝑟 ) can be split into the incident component (𝜑𝐼 ,

⇀
𝑟𝐼 )

nd the scattered component (𝜑𝑆 ,
⇀
𝑟𝑆 ):

{

𝜑 = 𝜑𝐼 + 𝜑𝑆 ,
⇀
𝑟 =

⇀
𝑟𝐼 +

⇀
𝑟𝑆 .

(6)

where
⇀
𝑟𝐼 = (𝑥𝐼 , 𝑦𝐼 , 𝜂𝐼 ) and

⇀
𝑟𝑆 = (𝑥𝑆 , 𝑦𝑆 , 𝜂𝑆 ). Same as in the OWS hypothesis, we introduce a small parameter 𝜖 to denote the

smallness of the quantities associated with the scattered waves, and assume that 𝜑𝑆∕𝜑𝐼 ∈ 𝑂(𝜖) and 𝑟𝑆𝑖 ∕𝑟
𝐼
𝑖 ∈ 𝑂(𝜖), (𝑖 = 1, 2, 3), where

𝑟𝐼𝑖 and 𝑟𝑆𝑖 represent position components of
⇀
𝑟𝐼 and

⇀
𝑟𝑆 , respectively. Applying the above decomposition and inserting Eq. (6) into

Eq. (3) and taking the Taylor expansion of the FSBC at the position of the incident wave, yields

0 =
[

𝛿(𝜂𝐼+𝜂𝑆 )
𝛿𝑡 − 𝜕(𝜑𝐼+𝜑𝑆 )

𝜕𝑧 + (∇(𝜑𝐼 + 𝜑𝑆 ) −
⇀
𝑉 ) ⋅ ∇(𝜂𝐼 + 𝜂𝑆 )

]

at
⇀
𝑟

=
[

𝛿(𝜂𝐼+𝜂𝑆 )
𝛿𝑡 − 𝜕(𝜑𝐼+𝜑𝑆 )

𝜕𝑧 + (∇(𝜑𝐼 + 𝜑𝑆 ) −
⇀
𝑉 ) ⋅ ∇(𝜂𝐼 + 𝜂𝑆 )

]

at
⇀
𝑟𝐼
+

[

∇
(

𝛿(𝜂𝐼+𝜂𝑆 )
𝛿𝑡 − 𝜕(𝜑𝐼+𝜑𝑆 )

𝜕𝑧 + (∇(𝜑𝐼 + 𝜑𝑆 ) −
⇀
𝑉 ) ⋅ ∇(𝜂𝐼 + 𝜂𝑆 )

)

⋅ (
⇀
𝑟 −

⇀
𝑟𝐼 )

]

at
⇀
𝑟𝐼

+ 𝑂(𝜖2).

(7)

imilarly, this process is conducted to Eq. (4). Ultimately, we obtain the GWS free-surface boundary conditions:
𝛿𝜂𝑆
𝛿𝑡

=
𝜕𝜑𝑆
𝜕𝑧

− (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜂𝑆 − ∇𝜑𝑆 ⋅ ∇𝜂𝐼 −

(

𝛿𝜂𝐼
𝛿𝑡

−
𝜕𝜑𝐼
𝜕𝑧

+ (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜂𝐼

)

− ∇
(

𝛿𝜂𝐼
𝛿𝑡

−
𝜕𝜑𝐼
𝜕𝑧

+ (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜂𝐼

)

⋅
⇀
𝑟𝑆 + 𝑂(𝜖2) at

⇀
𝑟 =

⇀
𝑟𝐼 ,

(8)

𝛿𝜑𝑆
𝛿𝑡

= − 𝑔𝜂𝑆 − (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜑𝑆 −

(

𝛿𝜑𝐼
𝛿𝑡

+ 𝑔𝜂𝐼 +
1
2
∇𝜑𝐼 ⋅ ∇𝜑𝐼 −

⇀
𝑉 ⋅ ∇𝜑𝐼

)

− ∇
(

𝛿𝜑𝐼
𝛿𝑡

+ 𝑔𝜂𝐼 +
1
2
∇𝜑𝐼 ⋅ ∇𝜑𝐼 −

⇀
𝑉 ⋅ ∇𝜑𝐼

)

⋅
⇀
𝑟𝑆 + 𝑂(𝜖2) at

⇀
𝑟 =

⇀
𝑟𝐼 .

(9)

ecause the fully nonlinear incident waves always satisfy the FSBCs in Eqs. (3) and (4) on
⇀
𝑟𝐼 , the underlined terms in Eqs. (10) and

(11) vanish. Therefore, by dropping small terms with order higher than the first order 𝑂(𝜖), we can get a more condensed form of
the GWS expressions for the free-surface conditions:

𝛿𝜂𝑆
𝛿𝑡

=
𝜕𝜑𝑆
𝜕𝑧

− (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜂𝑆 − ∇𝜑𝑆 ⋅ ∇𝜂𝐼

− ∇
(

𝜕𝜂𝐼
𝜕𝑡

−
𝜕𝜑𝐼
𝜕𝑧

+ ∇𝜑𝐼 ⋅ ∇𝜂𝐼

)

⋅
⇀
𝑟𝑆 − 𝜈(𝑟)𝜂𝑆 at

⇀
𝑟 =

⇀
𝑟𝐼 ,

(10)

𝛿𝜑𝑆
𝛿𝑡

= − 𝑔𝜂𝑆 − (∇𝜑𝐼 −
⇀
𝑉 ) ⋅ ∇𝜑𝑆

− ∇
(

𝜕𝜑𝐼
𝜕𝑡

+ 𝑔𝜂𝐼 +
1
2
∇𝜑𝐼 ⋅ ∇𝜑𝐼

)

⋅
⇀
𝑟𝑆 − 𝜈(𝑟)𝜑𝑆 at

⇀
𝑟 =

⇀
𝑟𝐼 ,

(11)

where 𝜈(𝑟) is a damping coefficient which is only active in the wave-damping zone and is zero elsewhere. In this study, 𝜈(𝑟) is taken
from Greco [55] and is defined as

𝜈(𝑟) =

⎧

⎪

⎨

⎪

0, 𝑟 ≤ 𝑟0
𝜈𝑚𝑎𝑥(−2𝑟3 + 3𝑟2), 𝑟0 < 𝑟 ≤ 𝑟1(downstream)

3 2

(12)
4

⎩

𝜈𝑚𝑎𝑥(1 + 2𝑟 − 3𝑟 ), 𝑟0 < 𝑟 ≤ 𝑟1(upstream)
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where 𝜈𝑚𝑎𝑥 is an empirical coefficient, chosen as 𝜈𝑚𝑎𝑥 = 2.0 in this study. 𝑟0 and 𝑟1 are the start and end position of the wave-damping
zone. The auxiliary normalized coordinate 𝑟 is defined as

𝑟 =
𝑟 − 𝑟0
𝐿𝑑𝑎𝑚𝑝

, (13)

where 𝐿𝑑𝑎𝑚𝑝 = 𝑟1−𝑟0 is the length of the wave damping zone. These two equations can consistently degenerate to the OWS equations
f
⇀
𝑟𝑆 = (0, 0, 𝜂𝑆 ). The terms involving 𝜑𝐼 and 𝜂𝐼 can be regarded as forcing terms, which are assumed to be known explicitly from wave

models like a stream function model [56], or a high-order spectral model for irregular waves [57]. The GWS FSBCs are integrated
forward in time using the explicit fourth-order Runge–Kutta scheme (RK4). Those terms coming from the incident waves are explicit
at a given time instant, and thus can be considered as constants with respect to the scattered terms, so that the FSBCs only consist of
linear terms from the scattered wave. It needs to highlight here that although only the leading-order terms for the scatter waves are
kept in these equations, one can, in principle, extend the present formulation to include second order or even-higher order terms.

⇀
𝑉 in the equations is a prescribed velocity tangential to the boundary of the surface-piercing structure at the waterline. In a

general 3D case, since there are an infinite number of tangential directions at a point on the profile of the structure, a straightforward
choice is to use the one perpendicular to the waterline. It means that

⇀
𝑉 and

⇀
𝑟𝑆 are parallel to each other at the free surface. Away

from the structure, the direction of
⇀
𝑉 or

⇀
𝑟𝑆 is gradually switched to the vertical direction. See Fig. 1 for an illustration. The direction

of
⇀
𝑟𝑆 , defined by the unit vector

⇀
𝑙𝑆 = (𝑙1, 𝑙2, 𝑙3), can be easily estimated from the local geometry of the structure at the intersection

between the incident wave profile and the structure surface. Based on the relations between
⇀
𝑉 and

⇀
𝑟𝑆 , we get

⇀
𝑉 =

(

𝑙1
𝑙3
𝑉3,

𝑙2
𝑙3
𝑉3, 𝑉3

)

.

In the GWS approximation, the vertical component of
⇀
𝑉 can be expressed as 𝑉3 =

𝜕𝜂𝐼
𝜕𝑡 +

⇀
𝑉 ⋅∇𝜂𝐼 for a fixed structure, which is related

to the incident waves. In principle, since the weak-scatterer theory is an asymptotic theory in terms of the scatter velocity potential
𝜑𝑠, how the direction of

⇀
𝑉 changes from

⇀
𝑙𝑆 to the vertical does not matter. In practice, sudden jump of the vector direction should

be avoid to ensure a smooth transition. In this paper, we have used a linear variation of the vector direction as a function of distance
to the waterline. The formulation also requires the free surface to be a single-valued function, i.e. no overturning waves involved in.
To reduce the numerical saw-tooth instability, a selective filter [58] is employed to the free surface near Neumann boundaries, and
a weighted least-square (WLS) filter [10,59] is used to the rest of the free surface. The WLS filter has been proposed and analyzed to
show the capability of eliminating saw-tooth waves more effectively than the classical 13-point 10th-order Savitzky–Golay filter [60].

For the Neumann boundaries, a no-flux condition normal to the structure surface should be satisfied on the instantaneous wetted
body surface :

𝜕𝜑𝑆
𝜕𝑛

= −
𝜕𝜑𝐼
𝜕𝑛

+
⇀
𝑉𝑏 ⋅

⇀
𝑛, (14)

hile on the stationary seabed or tank walls:
𝜕𝜑𝑆
𝜕𝑛

= 0. (15)

The governing equation for the scattered potential field is the Laplace equation ∇2𝜑𝑆 = 0. Enclosed by mixed Dirichlet–Neumann
oundaries, a BVP can be solved.

In our work, the Lagrangian acceleration potential 𝛹 is used for solving the time derivative of the velocity potential 𝜑𝑡, which
s defiend as:

𝛹 =
𝛿𝜑
𝛿𝑡

=
𝜕𝜑
𝜕𝑡

+
⇀
𝑉𝑏 ⋅ ∇𝜑, (16)

here 𝛿𝜑∕𝛿𝑡 denotes the time derivative of 𝜑 following a point that moves with the rigid-body velocity
⇀
𝑉𝑏. Greco [55] proved that

𝛹 (𝑥, 𝑧, 𝑡) is a harmonic function which means

∇2𝛹 = 0, (17)

so that we can define a BVP for 𝛹 in the same way as the velocity potential. On the free surface, the Dirichlet boundary condition
is given as:

𝛹 = 𝛹𝐼 + 𝛹𝑆 =
⇀
𝑉𝑏 ⋅ ∇𝜑𝐼 +

⇀
𝑉𝑏 ⋅ ∇𝜑𝑆 +

𝜕𝜑𝐼
𝜕𝑡

+
𝜕𝜑𝑆
𝜕𝑡

. (18)

Here both the incident-wave velocity potential and its time derivative are known explicitly, while 𝜕𝜑𝑆∕𝜕𝑡 can be calculated from
Eqs. (2) and (11), and ∇𝜑𝑆 can be evaluated after the scattered velocity potential field is solved from a BVP at each time instant.

At a moving body surface, the impermeable condition reads

𝜕𝛹
𝜕𝑛

=
⇀

�̇�𝑏 ⋅
⇀
𝑛 +

⇀
𝑉𝑏 ⋅ (

⇀
𝜔𝑐 ×

⇀
𝑛 ). (19)

here
⇀

�̇�𝑏 is the time derivative of the rigid-body velocity and
⇀
𝜔𝑐 is the rotational velocity of the rigid-body center. Here

⇀
𝑛 points

⇀

5

nto the fluid. After the BVP for 𝛹 is solved, we can obtain the time derivative of the velocity potential by 𝜑𝑡 = 𝛹 − 𝑉𝑏 ⋅ ∇𝜑. Note
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that we solve a BVP for the scattered velocity potential 𝜑𝑆 and for the total Lagrangian acceleration potential 𝛹 at each time step,
nstead of solving a BVP for the scattered Lagrangian acceleration potential.

Once the velocity potential and its time derivative have been worked out, the instantaneous pressure on the structure surface at
ach time step can be computed from the Bernoulli equation:

𝑃 = −𝜌(𝜑𝑡 +
1
2
|∇𝜑|2 + 𝑔𝑧), (20)

where 𝜌 is the fluid density. Therefore, the hydrodynamic loads
⇀
𝑓 ℎ𝑦𝑑𝑟𝑜 = 𝑓𝑖 (𝑖 = 1,… , 6), including forces and moments, can

be subsequently obtained by integrating the pressure over the wetted structure surface. The integral over the exact wetted body
surface 𝑆𝑊𝐵 consists of two parts: the first part is over the wetted body surface 𝑆𝐼

𝑊 𝐵 due to the intersection between the body and
the incident wave, while the other is introduced due to the scattered disturbances by structure in waves

𝑓𝑖 = −∬𝑆𝑊𝐵

𝑃𝑛𝑖 d𝑠 = −∬𝑆𝐼
𝑊 𝐵

𝑃𝑛𝑖 d𝑠 −∬𝛥𝑆
𝑃𝑛𝑖 d𝑠, (21)

where 𝑛𝑖 are the six components of the generalized unit normal vector, (𝑛1, 𝑛2, 𝑛3) =
⇀
𝑛 , and (𝑛4, 𝑛5, 𝑛6) =

⇀
𝑟 𝑏 ×

⇀
𝑛 . Here

⇀
𝑛 points into

the fluid. The second term due to the fluctuation of the scattered waves relative to incident waves can also be separated into two
parts for convenience:

−∬𝛥𝑆
𝑃𝑛𝑖 d𝑠 =𝜌∬𝛥𝑆

(

𝜑𝑡 +
1
2
|∇𝜑|2

)

𝑛𝑖 d𝑠 + 𝜌∬𝛥𝑆
𝑔𝑧𝑛𝑖 d𝑠

=𝛱1 +𝛱2.
(22)

Since the integrand of 𝛱1 is not a constant within the strip area 𝛥𝑆 but a function of
⇀
𝑟𝑆 , in order to obtain the integral, taking the

Taylor expansion of the integrand at the incident wave position
⇀
𝑟𝐼 yields

𝛱1 =𝜌∬𝛥𝑆

(

𝜑𝑡 +
1
2
|∇𝜑|2

)

𝑛𝑖 d𝑠

=𝜌∬𝛥𝑆

(

[

𝜑𝑡 +
1
2
∇𝜑|2

]

at
⇀
𝑟𝐼

+
[

∇
(

𝜑𝑡 +
1
2
|∇𝜑|2

)

⋅
(⇀
𝑟 −

⇀
𝑟𝐼
)]

at
⇀
𝑟𝐼

+ 𝑂(𝜖2)
)

𝑛𝑖 d𝑠

≈𝜌∮𝛤𝐼
𝛾𝑆

(

𝜑𝑡 +
1
2
|∇𝜑|2

)

𝑛𝑖 d𝛤 + 𝜌∮𝛤𝐼
∫

𝛾𝑆

0

[

∇
(

𝜑𝑡 +
1
2
|∇𝜑|2

)

⋅
⇀
𝑙𝑆

]

𝛾𝑛𝑖 d𝛾 d𝛤

≈𝜌∮𝛤𝐼
𝛾𝑆

(

𝜑𝑡 +
1
2
|∇𝜑|2

)

𝑛𝑖 d𝛤 + 𝜌∮𝛤𝐼

1
2
𝛾2𝑆

[

∇
(

𝜕𝜑𝐼
𝜕𝑡

+ 1
2
∇𝜑𝐼 ⋅ ∇𝜑𝐼

)

⋅
⇀
𝑙𝑆

]

𝑛𝑖 d𝛤 ,

(23)

where 𝛤𝐼 indicates the waterline of the structure due to the incident wave. Note that 𝛾𝑆 is the modulus of
⇀
𝑟𝑆 with the same sign as

the vertical component of
⇀
𝑟𝑆 . Similarly for the second integral 𝛱2,

𝛱2 =𝜌∬𝛥𝑆
𝑔𝑧𝑛𝑖 d𝑠 = 𝜌∮𝛤𝐼

∫

𝛾𝑆

0
𝑔(𝜂𝐼 + 𝑧𝑆 )𝑛𝑖d𝛾 d𝛤

=𝜌∮𝛤𝐼
∫

𝛾𝑆

0
𝑔(𝜂𝐼 + 𝛾 cos 𝜃)𝑛𝑖d𝛾d𝛤 = 𝜌∮𝛤𝐼

1
2
𝑔(2𝜂𝐼 𝛾𝑆 + 𝛾2𝑆 cos 𝜃)𝑛𝑖 d𝛤 ,

(24)

here 𝜃 denotes the angle between vector
⇀
𝑟𝑆 and 𝑧-axis in the inertial coordinate system so that 𝜂𝑆 = 𝛾𝑆 cos 𝜃 meets. The

ydrodynamic loads on the structure can be finally assembled as

𝑓𝑖 =𝜌∬𝑆𝐼
𝑊 𝐵

(

𝜑𝑡 +
1
2
|∇𝜑|2 + 𝑔𝑧

)

𝑛𝑖 d𝑠

+𝜌∮𝛤𝐼
𝛾𝑆

(

𝜑𝑡 +
1
2
|∇𝜑|2 + 𝑔𝜂𝐼

)

𝑛𝑖 d𝛤

+𝜌∮𝛤𝐼

1
2
𝛾2𝑆

[

∇
(

𝜕𝜑𝐼
𝜕𝑡

+ 1
2
∇𝜑𝐼 ⋅ ∇𝜑𝐼

)

⋅
⇀
𝑙𝑆 + 𝑔 cos 𝜃

]

𝑛𝑖 d𝛤 .

(25)

t can be observed that the magnitude for the main wetted body surface integral is of 𝑂(1), for the first waterline integral is of 𝑂(𝜖)
nd one 1st and for the second waterline integral is of 𝑂(𝜖2), respectively. Note that since 𝜑 = 𝜑𝐼 +𝜑𝑠 is the total velocity potential

where 𝜑𝐼 ∼ 𝑂(1) and 𝜑𝑠 ∼ 𝑂(𝜖), and thus the first waterline integral includes not only 𝑂(𝜖)-terms but also other higher-order terms.
Similarly, the second waterline integral has higher than 𝑂(𝜖2) contribution. If the structure is submerged in water, then all the
waterline integrals in Eq. (25) vanish. If it is a fixed, vertically wall-sided, surface-piercing structure, the two waterline integrals
will be switched into

𝑓 (𝜖)
𝑖 = 𝜌∮𝛤𝐼

𝜂𝑆
(

𝜑𝑡 +
1
2
|∇𝜑|2 + 𝑔𝜂𝐼

)

𝑛𝑖 d𝛤 , (26)

and

𝑓 (𝜖2)
𝑖 = 𝜌 1 𝜂2𝑆

[

𝜕
(

𝜕𝜑𝐼 + 1∇𝜑𝐼 ⋅ ∇𝜑𝐼

)

+ 𝑔
]

𝑛𝑖 d𝛤 . (27)
6

∮𝛤𝐼 2 𝜕𝑧 𝜕𝑡 2
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Fig. 2. HPC grid nodes defined by global indices (𝑖, 𝑘) in the inertial 𝑂𝑥𝑧 coordinate system and overlapping quadrilateral cells (left). And the highlighted cell
also has 9 local indices and a local 𝑂𝜉𝜁 coordinate system (right).

And these also correspond to the waterline integrals in the OWS theory. Note that a 3D formulation of GWS is derived and given
in this section for generalization. However, 2D scenarios are mainly considered in the following sections.

3. Immersed-boundary adaptive harmonic polynomial cell method

The harmonic polynomial cell (HPC) method was originally proposed by Shao and Faltinsen [24,25] to solve BVPs in potential
flow. In our work, the HPC method is implemented with the immersed boundary method (IBM) in adaptive cells, and the resulting
method is therefore denoted as an immersed-boundary adaptive-harmonic-polynomial-cell (IB-AHPC) method [29], which has been
validated and verified for FN problems. A significant advantage of this method is striking a balance between computational accuracy,
efficiency and difficulty of implementation for wave–structure interaction problems, which generally involve non-stationary and
complex boundaries. Here, the IBM makes it straightforward to deal with arbitrarily shaped boundaries in regular grids, while
adaptive cells enable local refinement in regions of interest.

3.1. The harmonic polynomial cell method

Since the HPC method is a field solver, the computational domain is discretized into overlapping quadrilateral cells, as shown in
Fig. 2 (left). All grid nodes are indexed with global indices 𝑖 and 𝑘, representing the horizontal and vertical directions, respectively.
Taking a cell with node index (𝑖, 𝑘) for example, see Fig. 2 (right), a local coordinate system 𝑂𝜉𝜁 is located at the central point of
the cell, and the local node indices are also defined with 1 to 8 for the surrounding nodes and 9 for the interior node. In this case,
the local coordinates of a point within the cell can be expressed by (𝜉, 𝜁) = (𝑥, 𝑧) − (𝑥9, 𝑧9). The basic idea of the HPC method is
that the velocity potential 𝜑(𝜉, 𝜁) within a cell is approximated by the linear superposition of the velocity potentials from the eight
urrounding nodes, i.e. 𝜑𝑖, 𝑖 = 1,… , 8:

𝜑(𝜁, 𝜉) =
8
∑

𝑖=1

[ 8
∑

𝑗=1
𝑐𝑗,𝑖𝑝𝑗 (𝜁, 𝜉)

]

𝜑𝑖. (28)

The corresponding velocity vector is derived by taking the gradient of Eq. (28):

∇𝜑(𝜁, 𝜉) =
8
∑

𝑖=1

[ 8
∑

𝑗=1
𝑐𝑗,𝑖∇𝑝𝑗 (𝜁, 𝜉)

]

𝜑𝑖. (29)

At the central node of a cell, Eq. (28) becomes:

𝜑9 = 𝜑(0, 0) =
8
∑

𝑖=1
𝑐1,𝑖𝜑𝑖, (30)

which serves as the connectivity equation for the whole computational domain. 𝑝𝑗 (𝜉, 𝜁), (𝑗 = 1, 2,… , 8) is either the real or the
imaginary part of the complex 𝑛-th order harmonic polynomial (𝜉 + i𝜁 )𝑛, where i =

√

−1. 𝑐𝑗,𝑖 comes from the matrix [𝐶], the inverse
of the matrix [𝐷], whose elements are 𝑝𝑖,𝑗 = 𝑝𝑗 (𝜉𝑖, 𝜁𝑖). Note that matrix [𝐷] is only dependent on the cell geometry. Since the
armonic polynomials automatically satisfy the Laplace equation, imposing the Laplace equation numerically becomes unnecessary
n this case. This feature is a natural advantage of the HPC method compared to other potential-flow field solvers. In our work, the
PC solver is used to solve the BVPs for the scattered velocity potential 𝜑𝑆 and the total Lagrangian acceleration potential 𝛹 . The
quations of the BVPs are of the form of [𝐴] {𝜑𝑆} = {𝑏𝜑𝑆

} and [𝐴] {𝛹} = {𝑏𝛹 }, where [𝐴] is a shared global coefficient matrix, {𝜑𝑆}
7

nd {𝛹} are unknown vectors to be solved, while {𝑏𝜑𝑆
} and {𝑏𝛹 } are vectors containing the boundary conditions.
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Fig. 3. Free surface (a) and body boundary (b) modeled as immersed boundaries in Cartesian grids. The white circular nodes are inactive nodes not participating
in computation. The purple circles are fluid nodes below the free surface in the computational domain. The yellow circles are discretized points of the body
surface, while the blue circles (with/without black outlines) are wave markers. The light blue squared nodes inside the body are body ghost nodes, and the red
squared nodes above the free surface represent free-surface ghost nodes. The green squared nodes inside the body are waterline ghost nodes. The free-surface
ghost cells and body ghost cells are shaded by gray and yellow, respectively.

3.2. The immersed boundary method

The IBM was first introduced to the HPC method by Hanssen et al. [26] for a moving rigid body in an infinite fluid domain.
Later, Hanssen et al. [27] enhanced this idea to the free surface in a numerical wave tank and proved that this method works well
for various wave propagation problems, such as solitary waves in shallow water, focused waves and periodic waves in shallow and
deep water. Further on, Hanssen [48] successfully treated the free surface and the body surface as immersed boundaries at the same
time to study FN wave-body interaction.

In a wave-body interaction problem, the free surface and the body boundary are modeled as immersed boundaries, see Fig. 3.
For the interior fluid nodes, the connectivity Eq. (30) will be applied to ensure the continuity of the velocity potential across the
fluid domain. On the free surface, two different types of wave markers, namely geometry markers and evaluation markers, are defined.
Geometry markers are only used to represent the discrete free surface profile, while evaluation markers are used for imposing Dirichlet
boundary conditions. The evaluation markers (blue circles with black outlines) are interpolated by the intersection between the free
surface with vertical grid lines of the computational domain. This strategy is inspired by the observation in Ma et al. [61] that
the interpolation accuracy along the middle lines of the harmonic polynomial cells is the best. For the waterline of the body, the
evaluation markers are the intersection points between the free surface and the body boundary. Basically, the number of geometry
markers is greater than the number of evaluation markers, normally two or three times larger in the present study. The evaluation
markers are always within certain free-surface cells, where the markers are distributed on the upper half of the vertical central lines
of the cells.

Dirichlet boundary conditions are enforced on the free surface through Eq. (28), in which the left-hand side of the equation
comes from the velocity potential of the wave markers, i.e. 𝜑(𝜉𝑚, 𝜁𝑚). Here, both the coordinates (𝜉𝑚, 𝜁𝑚) and the velocity potential
𝜑𝑚 of a wave marker can be directly obtained by time-integration of the FSBCs in Eqs. (10) and (11), respectively. For the right-hand
side of Eq. (28), the free-surface cells associated with the evaluation markers are needed for interpolation. Referring to Fig. 2, the
nodes with local index-7 in a free-surface cell will be denoted as a free-surface ghost node. Using this way to find ghost nodes, one
can find that there are still some border nodes in a free-surface cell which are inactive, see Node-1 and Node-2 in Cell-1 and Cell-2
respectively in Fig. 3 for example. In this case, the inactive nodes in this ghost cell must be switched to additional free-surface
ghost nodes to make sure that the number of unknowns and equations are the same. Taking Node-1 for example, this additional
free-surface ghost nodes has the same 𝑥 coordinate as the free-surface ghost node below with index-5 in Cell-1, which means the
boundary condition for the same evaluation marker on the vertical grid line will be imposed twice. However, due to the different
ghost cells (Node-1 using Cell-1, while the other using the cell at the right-below position of Cell-1), the global coefficient matrix
is consequently not singular.

Taking a fluid node as the center of a cell, if there are any border nodes of this cell lying inside the body, this cell and those border
nodes are consequently regarded as a body cell and body ghost nodes, respectively. Neumann boundary conditions are enforced on
discrete body points through Eq. (29), using body cells containing body points. Similar to the free surface, the number of body
boundary equations equals that of the body ghost nodes. Therefore, for each body ghost node, a wetted body point, including its
coordinates and normal vector, closest to this ghost node will be interpolated by a cubic B-spline from the body surface.

For a waterline point, i.e. the intersection point between the free surface and the body boundary, it is reasonable to expect that
either a Dirichlet or a Neumann boundary condition could be imposed. However, it has been proven theoretically and numerically in
8
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Fig. 4. Portion of free surface and body boundary immersed in adaptive cells. The maximum level of the quadtree is 3 here. The wave markers, fluid nodes,
ree surface ghost nodes and body ghost nodes are represented by different colored markers as the same as that mentioned in Fig. 3. In addition, there are some
pecial fluid nodes, namely yellow triangles (type-1 nodes), light blue and green circles (type-2 nodes).

ur earlier study that applying Neumann boundary conditions for the waterline point is much more stable [29]. As seen in Fig. 3(b),
here is a special ghost node marked in green, called the waterline ghost node. The waterline ghost node belongs to the cell shaded
n light blue. Like body ghost nodes, a wetted body point closest to the waterline ghost node should have been chosen to enforce
eumann boundary conditions, but since the chosen body point occasionally appears above the waterline point, introducing some
on-physical oscillations, the waterline point, instead, is chosen as the point to enforce Neumann boundary conditions. Therefore,
oth Dirichlet and Neumann boundary conditions are enforced at the waterline points, which is similar to the so-called double-
ode technique applied in BEM models [13,15,16]. The Laplace equation is also satisfied at the waterline as the applied harmonic
olynomials are fundamental solutions of the Laplace equation.

.3. Adaptive Cartesian grid system

To accurately capture the velocity gradients near regions of interest, like the free surface and body boundaries, an adaptive
artesian grid algorithm is utilized in our work. It means the cells are dynamically refined at the boundaries to reduce the global
umber of unknowns while achieving a required accuracy. An illustration of a portion of the free surface and the body boundary
mmersed in adaptive cells is shown in Fig. 4.

In the quadtree grid system, connectivity conditions on the interface between two neighboring levels are supposed to be satisfied
n special fluid nodes, marked in yellow triangles (type-1 nodes), blue or green circles (type-2 nodes) in Fig. 4. To distinguish these
wo types of special fluid nodes, we can find that type-1 nodes are located at the center node of parent cells in the parent level, while
ype-2 nodes are located along the horizontal or vertical middle lines in parent cells. For the type-1 nodes, Eq. (30) is enforced,
ut the coefficients 𝑐1,𝑖(𝑖 = 1,… , 8) are scaled from the parent cells. Similarly, for the type-2 nodes, with local coordinates (𝜉, 𝜁) in
arent cells, the velocity potential 𝜑𝑡𝑦𝑝𝑒2 can be evaluated through:

𝜑𝑡𝑦𝑝𝑒2 =
8
∑

𝑖=1

[ 8
∑

𝑗=1
𝑐𝑗,𝑖𝑝𝑗 (𝜁, 𝜉)

]

𝜑𝑖. (31)

here 𝑐𝑗,𝑖(𝑖, 𝑗 = 1,… , 8) also comes from the parent cell geometry. Unlike Eqs. (28), where the left-hand side value is known on
irichlet boundaries, 𝜑𝑡𝑦𝑝𝑒2 is treated as an unknown to be solved in the global equation system. Unlike FN problems, the adaptive
eshes are refined on the incident wave profile.

. Stability analysis

In this section, a trapezoidal cylinder with large flare angle exposed to incident wave is considered. By observing the GWS FSBCs
n Eq. (10) and (11), it can be seen that the convective terms involved make the situation similar to a seakeeping problem of ships.
9
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Fig. 5. Illustrative stencils of the 2nd-order central difference scheme (CDS(1-1)), and of the 3rd-order one-point upwind-biased scheme (UBS(2-1)) for computing
he convective derivative for the black marker.

hen the forward speed becomes significant, some instability issues tend to dominate in numerical computations. In this case,
pecial treatments need to be carried out to ensure numerical stability. Here, a linear matrix-based eigenvalue stability analysis is
erformed to understand the stability properties of the numerical algorithms. We consider the 2D linearized kinematic and dynamic
WS FSBCs containing the 𝑥-convective terms in matrix form:

𝛿
𝛿𝑡

(

𝜂𝑆
�̃�𝑆

)

=

(

−𝑈𝑥
𝜕
𝜕𝑥

𝜕
𝜕𝑧

−𝑔 −𝑈𝑥
𝜕
𝜕𝑥

)

(

𝜂𝑆
�̃�𝑆

)

, (32)

here the convective velocity is defined as 𝑈𝑥 = 𝜕𝜑𝐼
𝜕𝑥 −𝑉𝑥, and 𝜂𝑆 is the scattered wave elevation and �̃�𝑆 = 𝜑𝑆 (𝑥, 0, 𝑡) is the scattered

elocity potential at the mean water level. The space-discretized form of Eq. (32) can be written as

𝛿
𝛿𝑡

(

{𝜂𝑆}
{�̃�𝑆}

)

=
(

[𝐽11] [𝐽12]
[𝐽21] [𝐽22]

)(

{𝜂𝑆}
{�̃�𝑆}

)

⇒
𝛿{𝑞}
𝛿𝑡

= [𝐽 ]{𝑞}. (33)

ere {𝑞} = [𝜂𝑆,1, 𝜂𝑆,2,… , 𝜂𝑆,𝑁𝑚
, �̃�𝑆,1, �̃�𝑆,2,… , �̃�𝑆,𝑁𝑚

]T = [{𝜂𝑆}; {�̃�𝑆}], where 𝑁𝑚 is the number of wave markers. [𝐽 ] is the Jacobian
atrix constructed by four blocks:

[𝐽11] = [𝑈 ][𝐷𝑓
𝑥 ], [𝐽12] = [𝛩𝑧], (34)

[𝐽21] = −𝑔[𝐼], [𝐽22] = [𝑈 ][𝛩𝑥]. (35)

𝐼] is an identity diagonal matrix, while [𝑈 ] is a diagonal matrix containing the convective velocities of the wave markers. The
atrix operator [𝐷𝑓

𝑥 ] differentiates 𝜂𝑆 with respect to 𝑥, whose non-zero elements are the weighting coefficients of a specific finite
ifference scheme. The global equation system is recalled here

[𝐴]{𝜑𝑆} = {𝑏} =̇ [𝑄]{�̃�𝑆}, (36)

here [𝑄] is an operator matrix to distribute the FSBCs {�̃�𝑆} into the corresponding positions of the global boundary value vector
𝑏}. By doing this, after some simple manipulations, we can get expressions for [𝛩𝑥] and [𝛩𝑧]:

[𝛩𝑥] = [𝐷𝑐
𝑥][𝐴]

−1[𝑄], [𝛩𝑧] = [𝐷𝑐
𝑧][𝐴]

−1[𝑄], (37)

n which [𝐷𝑐
𝑥] and [𝐷𝑐

𝑧] are operator matrices to take the 𝑥 and 𝑧 derivative of {�̃�𝑆} at 𝑧 = 0, respectively. The non-zero entries in
ach row of these operators can be obtained directly in the form

{𝑑𝑐𝑥}
T = {𝑝𝑥(𝜉, 𝜁)}T ⋅ [𝐶], {𝑑𝑐𝑧}

T = {𝑝𝑧(𝜉, 𝜁)}T ⋅ [𝐶], (38)

here {𝑝𝑥(𝜉, 𝜁)} and {𝑝𝑧(𝜉, 𝜁)} represent vectors of the horizontal and vertical derivative of the harmonic polynomials respectively,
nd [𝐶] is geometry coefficient matrix of the HPC cell. Note that the distribution of entries of each row in [𝐷𝑐

𝑥] or [𝐷𝑐
𝑧] is associated

ith the global column indices of the surrounding nodes from the corresponding interpolating cell in the coefficient matrix [𝐴].
For the discretization of the FSBCs discussed above, the eigenvalues of the matrix [𝐽 ] can be computed numerically. To guarantee

tability, all the eigenvalues of matrix [𝐽 ] multiplied by the time step 𝛥𝑡 must be inside the stability region for a given time stepping
cheme. In our study, the 4th-order explicit Runge–Kutta (RK4) scheme is used.

There are two convective derivatives in both the dynamic and kinematic FSBCs, i.e. 𝜕𝜑𝑆∕𝜕𝑥 and 𝜕𝜂𝑆∕𝜕𝑥. In contrast to finite
ifference based methods, we only need to calculate the wave slope 𝜕𝜂𝑆∕𝜕𝑥 using a one-point upwind-biased scheme (UBS), while
t is unnecessary to use the UBS to evaluate the value of 𝜕𝜑𝑆∕𝜕𝑥, which can instead be obtained using interpolating HPC cells. Once
he distribution of the potential field has been computed, the gradient of the potential can be directly evaluated through the HPC
ells, referring to Eq. (29). An illustration of one-dimensional uniform stencils of the 2nd-order central difference scheme (CDS(1-1))
nd the 3rd-order one-point upwind-biased scheme (UBS(2-1)) for computing the wave slope 𝜕𝜂𝑆∕𝜕𝑥 is shown in Fig. 5, where 𝑈𝑥
s the convective velocity and its direction determines the upwind direction. The finite-difference weighting coefficients for these
chemes can be obtained via the inversion of the corresponding Vandermonde matrix for uniform grid spacing 𝛥𝑥.

In contrast to the seakeeping problem with a same direction of convective velocity for all wave markers, the direction of 𝑈𝑥
ere is discontinuous at certain wave markers due to the propagation of waves. It means we have to use a mixed difference scheme
10
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Fig. 6. Illustration of different stencils for calculating the convective derivative for the black markers. The ’+ ’ above each marker denotes that the convective
elocity is positive (𝑈𝑥 > 0), while conversely, the ’-’ denotes that the convective velocity is negative (𝑈𝑥 < 0). Two conditions of 𝑈𝑥 for the black marker are
emonstrated: 𝑈𝑥 > 0 (left) and 𝑈𝑥 < 0 (right). Stencils enclosed by the green dash-dotted lines are applied with the one-point upwind-biased scheme (UBS),
tencils with blue lines use the upwind difference scheme (UDS), and stencils with purple lines use the central difference scheme (CDS).

o deal with different conditions. In Fig. 6, three different finite-difference schemes are used depending on the convective velocity
irections adjacent to the black markers in Fig. 6, on which the convective derivative needs to be calculated. Assuming that the
onvective velocity at the black marker is positive (𝑈𝑥 > 0) in Fig. 6 (left), if the convective velocities of the two upwind markers
re also positive, then the one-point UBS(2-1) is used. If there is only one upwind marker, a simple upwind-difference scheme
UDS(1-0)) is then applied. When no upwind points are available, the CDS(1-1) is used. Similarly, the procedure is carried out when
𝑥 < 0 on the black marker, referring to the right plot in Fig. 6.

At Neumann boundaries, we require ghost nodes outside the fluid domain to calculate the convective derivatives. If upwind
arkers on the free surface can be found, then extrapolation is used; otherwise, a Neumann condition is imposed to compute the

host point value. Here a linearized Neumann boundary condition is provided as reference:

𝜕𝜂𝑆
𝜕𝑛

= 1
𝑔
𝜕
𝜕𝑡

(

𝜕𝜑𝐼
𝜕𝑛

)

. (39)

In our simulations, we found that almost the same results can be obtained if a homogeneous Neumann condition 𝜕𝜂𝑆∕𝜕𝑛 = 0 is
enforced for simplicity.

The stability eigenvalues for stencils thoroughly applied with the CDS(1-1) are shown in Fig. 7. It can be seen from the zoomed-in
plot that some eigenvalues have positive real parts indicating numerical instability. These eigenvalues outside the stability region
come mainly from the wave markers on the right-hand side of the structure. In general, it is more difficult to deal with convective
terms of wave markers on the leeward side of the structure.

However, this problem has be solved by adopting the mixed difference schemes depicted in Fig. 6. See the improved results
in Fig. 8, where all the eigenvalues are within the stability region of RK4 time-stepping scheme. Two wave steepness values
𝑘𝐻 = (0.2, 0.5) are chosen to show that the case with steeper waves has stronger diffusion. This suggests that a smaller time step is
equired in numerical simulations. This is true even for a structure with vertical walls where stronger nonlinearity of the incident
aves leads to numerical instabilities if care is not taken, leading to either the divergence of the results or even breakdown of the

omputation. In our later applications, in particular for the structures with large flare angles, we notice that simulations diverge
mmediately once the wave steepness 𝑘𝐻 exceeds 0.2 if the mixed difference scheme is not applied.

. Numerical applications

.1. A fixed submerged circular cylinder in regular waves

In this section, a fixed circular cylinder with a submergence 𝑧𝑐 below the free surface in a numerical wave tank (NWT), seen
n Fig. 9, is simulated and analyzed. In contrast to the FN wave tank, the incident wave field is prescribed in the GWS theory.
herefore, the relaxation zone is not used to generate waves, but instead to absorb scattered waves from structures. The damping
one is 𝐿𝑑𝑎𝑚𝑝 = 2𝐿𝑤 long, where 𝐿𝑤 is the incident wavelength. The wave period of the regular incident wave is 𝑇 = 1 s and
his wave is produced by the stream function theory [56]. A semi-Lagrangian description is adopted for tracking the free surface
arkers. Therefore,

⇀
𝑉 = (0, 0, 𝜕𝜂𝐼𝜕𝑡 ) is used in the GWS free surface boundary conditions, and thus the GWS model is the same as

OWS model in this particular case. An inertial coordinate system 𝑂𝑥𝑧 is fixed at the middle of the undisturbed water level. The
epth of the tank is ℎ = 0.85 m and the length of the tank is set to be 𝐿 = 8𝐿𝑤. A cylinder of diameter 𝐷 = 0.102 m is submerged
11

with its axis at 𝑥𝑐 = 0 and 𝑧𝑐 = −𝐷.
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Fig. 7. Eigenvalues for all centered stencils applied with the CDS (1-1) throughout. Zoomed-in view near the origin is also shown in the right plot.

Chaplin [62] conducted this experiment in a wave flume, and particularly analyzed the influence of the Keulegan–Carpenter
𝐾𝐶) number on the hydrodynamic forces exerted on the cylinder. The 𝐾𝐶 number is defined as:

𝐾𝐶 = 𝜋𝐻
𝐷

e𝑘𝑧𝑐 , (40)

where 𝐻 is the wave height and 𝑘 denotes the wave number. The wave height 𝐻 is progressively increased from 0.0018 m to
0.0720 m in our computations.

The vertical force acting on the cylinder can be represented by a Fourier series

𝐹𝑧(𝑡) = 𝐹 (0𝜔)
𝑧 +

𝑁
∑

𝑛=1
𝐹 (𝑛𝜔)
𝑧 sin(𝑛𝜔𝑡 + 𝛿(𝑛𝜔)). (41)

In this study, the amplitudes of force harmonic components are obtained through a least squares fitting applied to the last three
periods of the time series of the vertical force after a steady state has been reached.

Our GWS and FN results of four vertical force harmonic components are presented in Fig. 10. For comparison, the experimental
results of Chaplin [62], the FN BEM solutions of Guerber [63], 1st- and 2nd-order results of Ogilvie [4] and the 2nd-order numerical
solutions of Vada [64] are also shown as benchmark results. Our solutions, in general, reach a good agreement with the references,
despite of some small discrepancies.

It can be seen that the GWS and FN HPC results of the mean force 𝐹 (0𝜔)
𝑧 agree rather well with Guerber’s [63] BEM results, the

2nd-order results of Ogilvie [4] and the experiments from Chaplin [62]. For the 1st-order force, the GWS solutions only agree with the
experimental measurements for lower 𝐾𝐶 numbers. At larger 𝐾𝐶 numbers, larger discrepancies appear as the experimental values
rapidly decrease. This phenomenon is mainly because of viscous effects near the cylinder when the waves, with larger nonlinearities,
get very close to the top of the body. From the linear solution of Ogilvie [4], the amplitude of the 1st-order force tends to be a
constant as 𝐾𝐶 increases, but the GWS result is seen to grow slowly at larger values of 𝐾𝐶. The explanation for this phenomenon
is due to the increase of the scattered wave elevation, which is not a small value anymore compared to the incident wave elevation.
See the comparison of the incident, scattered and total wave elevations in Fig. 11 for the case with the largest 𝐾𝐶 number. It can be
seen that the scattered wave amplitude gets very close to or even exceeds the incident wave at some downstream positions. For the
second harmonics, the viscous effects are also significant in the experiments at larger 𝐾𝐶. The deviation between the GWS or HPC-FN
results and the BEM is relatively larger, while the GWS and HPC-FN solutions are all in very good agreement with the 2nd-order
numerical solutions of Vada [64] and with the experiments at lower 𝐾𝐶. For the 3rd-order harmonics, the solutions of the GWS
approximation are also acceptable compared with the other numerical reference results. It is encouraging for a weakly-nonlinear
theory to give a consistent result of wave loads up to 3rd order, even if there still exist some slight discrepancies. The solutions
confirm the ability of the present GWS model in solving wave-body interaction problems for a submerged structure near the free
surface. However, the increasing tendency in the 1st-order force of GWS also suggests that the assumption of this theory should not
be violated if trustworthy solutions are desired.

In order to confirm the above explanation of the growing in the amplitude of the first harmonic at larger 𝐾𝐶 numbers in
Fig. 10(b), another case with a deeper submergence 𝑧𝑐 = −1.5𝐷 is conducted. With the same wave conditions as before, we can now
observe from Fig. 12 that the amplitudes of the first force harmonic remain almost a constant for different 𝐾𝐶 values, agreeing with
the FN results. The scattered wave becomes weaker as the submergence of the cylinder increases, which means in this condition,
the assumption of the GWS approximation is satisfied as the scattered wave elevation is a relatively small value compared to the
incident wave. Besides, the mean wave force, the 1st- and the 2nd-order force are in good agreement with the HPC-FN solutions.
12
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c

Fig. 8. Eigenvalues in cases with the mixed difference schemes applied for the corresponding stencils shown in Fig. 6. Two values of the wave steepness are
hosen: (a) 𝑘𝐻 = 0.2 and (b) 𝑘𝐻 = 0.5. Zoomed-in views near the origin are also displayed in the right plots.

Fig. 9. Schematic representation of the numerical GWS wave tank with a fixed submerged circular cylinder in regular waves.
13
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Fig. 10. Normalized harmonic amplitudes of the vertical dynamic wave force: (a) Mean force, (b) 1st-order force, (c) 2nd-order force, and (d) 3rd-order force
f the GWS and FN HPC results compared to Chaplin’s experiments [62], FN BEM solutions from Guerber [63], 2nd-order theory of Ogilvie [4] and 2nd-order
umerical solutions of Vada [64]. Here, these results are for the case with submergence 𝑧𝑐 = −𝐷.

Fig. 11. The wave elevation, including the incident wave 𝜂𝐼 , the scattered wave 𝜂𝑆 and the total elevation 𝜂 = 𝜂𝐼 + 𝜂𝑆 , v.s. 𝑥 at 𝑡 = 20𝑇 along the NWT with
the incident wave height 𝐻 = 0.072 m (i.e. the largest 𝐾𝐶 = 1.47 in Fig. 10). Here, these results are for the case with a submergence 𝑧𝑐 = −𝐷.

Some discrepancies still exist for the third harmonics. It is interesting that this difference reduces with increasing of 𝐾𝐶, and both
the GWS and FN solutions at large 𝐾𝐶 start to show a decreasing tendency.

Taking the condition when this cylinder is submerged in incident waves with wave height 𝐻 = 0.072 m for example, the dynamic
pressure distribution over the cylinder surface and the wave elevation on the top at different time instants within a wave period
are shown in detail in Fig. 13. Different time instants are indicated by red or black crosses in the time-series curve of the vertical
forces. The GWS solutions (in red) are in a nearly perfect agreement with the FN solutions (in black) with regard to the pressure
distribution and the time series of vertical force, in spite of some deviations in the wave elevations downstream, particularly at the
crest of the wave profile. Stronger nonlinearity in the wave elevation of FN model can be observed from the steeper wave crests
14
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Fig. 12. Normalized amplitude of the various harmonic components of the vertical wave force on the circular cylinder. The GWS results are compared with the
N results. Here, these results are for the case with deeper submergence 𝑧𝑐 = −1.5𝐷.

ompared to the GWS results. Even so, this comparison can be considered as rather satisfactory and promising, since one cannot
xpect a weakly nonlinear model to perform in perfect agreement with a FN model.

The normalized amplitudes of the first four harmonic components of the wave elevation over the domain 𝑥∕𝐷 ∈ [−25, 25] are
also plotted in Fig. 14. The last three steady-state periods of the time series of wave elevation are used for the Fourier analysis in the
same way as it was done for the force. The FN and GWS results are in reasonable agreement, despite some deviations in the phase.
The phase differences at positions within 5𝐷 downstream of the cylinder are not obvious, and the comparison is generally good
up to 4th order. The phase difference increases as the wave propagates further downstream, which could result from the missing
nonlinearity of scattered waves since the GWS FSBCs are linear with regard to the scattered waves. Again, we would not expect
the solutions between the fully nonlinear and weakly nonlinear solutions to match exactly, particularly for the case with the largest
𝐾𝐶. In general though, the detailed studies of the GWS approximation for the diffraction problem of a fixed submerged circular
cylinder have shown us the potential of this theory in wave–structure interaction problems in marine hydrodynamics.

5.2. A fixed surface-piercing 2D ship section in regular waves

The wave diffraction problem for a surface-piercing 2D ship section in regular waves is examined and analyzed. An illustrative
sketch of the NWT is displayed in Fig. 15. An inertial coordinate system 𝑂𝑥𝑧 is placed at the center of the undisturbed free surface.
The length of the tank is 𝐿 = 8𝐿𝑤 and the water depth is ℎ = 𝐿𝑤, where 𝐿𝑤 denotes the wavelength. The lengths of the damping
zones at the upstream and downstream ends of the tank are both 𝐿𝑑𝑎𝑚𝑝 = 2𝐿𝑤. The center of the 2D ship section coincides with the
origin of the coordinate system. The characteristic geometry of this ship section is described by the following parameters: breadth
𝐵 = 0.5 m, draught 𝑑 = 𝐵∕2, radius of the round corners 𝑅 = 0.064 m and the gravitational height 𝐾𝐺 = 0.135 m. Incident waves
are generated by the stream function theory [56].

A Fourier analysis is performed using only the steady-state portion of the time series of wave loads on the ship section. The
normalized mean sway drift force 𝐹 (0𝜔)

𝑥 and the amplitude of the first harmonics of the sway force 𝐹 (1𝜔)
𝑥 , heave force 𝐹 (1𝜔)

𝑧 and
roll moment 𝑀 (1𝜔)

𝑦 as a function of non-dimensional wave frequency 𝜉𝐵 = 𝜔2𝐵∕(2 𝑔) are shown in Fig. 16. The wave height in this
case is 𝐻 = 0.07 m. Our present GWS results are compared with our HPC-FN solution [29], theoretical solutions from Maruo [65],
experimental measurements from Nojiri [66] and numerical results from Tanizawa et al. [67]. For the first harmonics, a good
agreement is reached between the GWS results and reference solutions. Deviations from the experiments at higher frequencies can
be observed for all numerical solutions, particularly for 𝑀 (1𝜔)

𝑦 . For the mean sway drift force, it is interesting that the decreasing
trend of the GWS model at high wave frequencies seems to match with the experimental solutions. However, the reason behind this
trend could be different in the GWS and the experiments. In experiments, the decrease could result from uncertainties in the model
tests, or nonlinear effects, or stronger flow separation at the bilges at higher wave frequencies, while the assumption of GWS theory
could be violated when the wavelength is comparable to the dimension of the ship section. Under this circumstance, the wavelength
is small and the reflected wave is almost of the same amplitude as the incident wave, leading to higher partial standing waves at
the weather side of the ship section when the incident wave is of strong nonlinearity. For instance, at 𝜉𝐵 = 2.0, the wavelength is
𝐿𝑤 = 0.84 m and the wave steepness of the incident wave is around 𝑘𝐻 = 0.52. Given that nonlinear terms of scattered waves are
missing in Eq. (10) and (11), the loss of nonlinear effects could have some influences, leading to the reduction of the mean sway
drift force at higher frequencies. This may explain that even though the phenomenon can also be seen in the HPC-FN solutions, but
the degree of reduction is not as large as that in the GWS results.

Fig. 17 shows the 1st to 3rd harmonics of the sway force, heave force and roll moment as a function of wave frequency. For
the 2nd-order and 3rd-order sway and heave forces, the present GWS solutions have a good consistency with the FN numerical
15

BEM solutions from Koo and Kim [68], while our FN model matches well with the FN numerical BEM model from Li [69]. In the
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Fig. 13. Dynamic pressure distribution and free surface elevation at different time instants for a fixed circular cylinder in regular waves with 𝐻 = 0.072 m. The
analysis of the GWS solutions (red) is compared with FN solutions (black). The corresponding time instants are indicated with red and black crosses in the time
series of vertical force. Here, these results are for the case with deeper submergence 𝑧𝑐 = −1.5𝐷.

roll moment, where Li [69] did not provide numerical results, we can still find that our GWS results agrees reasonably well with
numerical results of Koo and Kim [68] in the 2nd and 3rd harmonic components.
16
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Fig. 14. Normalized amplitudes of the first four harmonic components of the wave elevation plotted within 𝑥∕𝐷 ∈ [−25, 25]. Here, these results are for the case
with a deeper submergence 𝑧𝑐 = −1.5𝐷. The wave height is 𝐻 = 0.072 m.

Fig. 15. Schematic representation of the numerical GWS wave tank with a fixed semi-submerged 2D ship section in regular waves.

To further verify the proposed GWS model, two more sets of test cases corresponding to 𝑘𝐵 = 1.0 and 3.0 are selected and
simulated with a range of wave steepness 𝑘𝐻 . Fig. 18 shows our GWS and FN results of the 1st to 3rd harmonics of wave loads (the
mean force 𝐹 (0𝜔)

𝑥 included in sway force) as a function of 𝑘𝐻 for cases with 𝑘𝐵 = 1.0 and 𝑘𝐵 = 3.0. It can be seen that the models
are in reasonably good agreement. Large discrepancies can be observed in the 3rd harmonics for the case with 𝑘𝐵 = 3.0 due to the
og–log scaling plots, while the deviations are relatively smaller for the case with 𝑘𝐵 = 1.0. The reason behind could be that the
avelength is longer for 𝑘𝐵 = 1.0 compared to that of a larger 𝑘𝐵, and thus the scattered waves as well as the neglected nonlinear

erms in the mathematical formulation are less important. It means that the weak-scatterer approximation is more applicable for
ases with smaller kB values. However, on the other hand, FN solutions are served as reference for comparison so that it is reasonable
o take into account the numerical errors introduced in FN simulations, which could also result in the discrepancies in 3rd harmonic
omponents.

.3. A fixed 2D trapezoidal section semi-submerged in regular waves

In the previous two applications, the present GWS approximation reduces to the OWS due to non-surface-piercing and vertical
all-sided ship sides, respectively. To distinguish our proposed GWS method from the OWS method, a fixed trapezoidal ship section
ith a flare angle 𝜃 = 30◦, semi-submerged in regular waves is studied here. An illustrative figure of the wave tank is shown in
ig. 19. The wave tank has a length 𝐿 = 8𝐿𝑤, the water depth is ℎ = 𝐿𝑤, and the length of the damping zone is 𝐿𝑑𝑎𝑚𝑝 = 2𝐿𝑤. The

incident wavelength is set as 𝐿𝑤 = 2.5 m in our simulations and the wave period is 𝑇 . The wave height 𝐻 increases progressively
from 0.01 m to 0.11 m. The incident wave is generated by the stream function theory [70] with 20 Fourier components. A global
coordinate system 𝑂𝑥𝑧 is located at the middle of the tank at the mean water level. The bottom breadth of the trapezoidal section
is 𝐵 = 0.2𝐿𝑤 and the draught is 𝑑 = 0.1𝐿𝑤. The time series of the horizontal and vertical forces exerted on the trapezoidal section
are taken from the numerical simulations and a Fourier analysis is then conducted over the last three periods where steady state
has been reached.

Since reference solutions for the diffraction problems of a trapezoidal section are rarely found in the literature, in our study, the
GWS solutions are compared only with our FN results using the HPC-FN model in [29]. In Fig. 20, normalized harmonic amplitudes
of the horizontal and vertical wave forces up to 3rd order are presented as a function of wave steepness 𝑘𝐻 . The mean drift force
17
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Fig. 16. Normalized first-harmonic component of wave exciting loads and the mean sway drift force on the fixed section. Present GWS results are compared
with HPC-FN solutions [29], theoretical solutions [65], experimental solutions [66] and numerical results [67].

component is also included in Fig. 20(a). The GWS results agree generally well with the FN solutions despite an obvious discrepancy
in the 3rd harmonic of vertical force at high frequencies.

In Figs. 21 and 22, the contour maps of the BVP solution for the scattered velocity potential 𝜑𝑆 and the total Lagrangian
acceleration potential 𝛹 at time instant 𝑡∕𝑇 = (30.25, 30.75) for wave height 𝐻 = 0.11 m are presented. These two time instants
correspond to the moments when the wave run-up on the left side of the section is at its lowest and highest, respectively. Since the
GWS approximation is conducted and the FSBCs are satisfied at the incident wave profile, rather than at the total free surface
elevation, one can see that the border of the contour on the free surface is subjected to the incident wave profile. The total
displacement of the free surface

⇀
𝑟 =

⇀
𝑟𝐼 +

⇀
𝑟𝑆 leads to the attachment of the waterline points on the trapezoidal section surface.

he wavelength, which is only 5 times the bottom breadth of the trapezoidal section, leads to generation of partially standing
aves on the weather side of the section. The results in the previous section, however, indicates that the GWS theory is adequate

or these type of conditions in which the wavelength is comparable to the dimension of structures as long as the assumption of the
heory is fulfilled.

A detailed demonstration and analysis of the dynamic fluid pressure distribution over the instantaneous wetted body surface,
nd the wave profile close to the waterline points for this fixed trapezoidal ship section in waves with 𝐻 = 0.11 m is presented
n Fig. 23. The snapshots represent different time instants during the 31st complete wave period, which is towards the end of the
umerical simulation. Generally speaking, the consistency between the GWS and FN models is deemed satisfactory and promising
or both the wave elevation and the pressure distribution. One can notice that the two waterline points on the free surface are
isconnected from the end of the pressure distribution at most time instants for the GWS model (in red). The main reason is that in
he GWS approximation, the free surface boundary conditions are satisfied at the position of the incident wave elevation. Therefore,
he pressure distribution is only presented on the wetted body surface below the incident wave surface rather than the total wave
levation. Thus, the wave loads integrated by the pressure in Fig. 23 for the GWS approximation correspond to the main wetted body
urface integral in Eq. (25), while the rest of the contribution to the wave loads comes from the waterline integrals. Disregarding
he pressure by scattered waves, the pressure distribution over the wetted body surface by the incident wave in the GWS model
atches well with the FN model for the considered case. Moreover, taking the time instant 𝑡∕𝑇 ≈ 30.5 for example, the tendency of

he pressure distribution on the weather side from the incident wave to the total free surface is also consistent with the FN solution.
nother thing that should be mentioned is that the presented dynamic pressures are normalized by the maximum pressure over
period, so that the distance from the body surface represents the relative magnitude of the dynamic pressure and can easily be

ompared.
18
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Fig. 17. Normalized 1st to 3rd harmonics of wave loads on the fixed 2D ship section. Present GWS results are compared with HPC-FN solutions [29] and other
wo BEM solutions from Koo and Kim [68] and Li [69] respectively.

omparison between the original and generalized weak-scatterer approximations
To highlight the advantage of the proposed GWS approximation, a detailed comparison with the original weak-scatterer (OWS)

s conducted here. Taking the incident wave with wave height 𝐻 = 0.11 m for example, wave elevation and wave loads exerted
on a fixed trapezoidal ship section with flare angle 𝜃 = 30◦ are mainly analyzed and compared here. One improvement of the

eak-scatterer theory in our study is to provide a generalized formulation that is able to cope with wave–structure interaction
roblems more precisely for structures with non-vertical walls at the waterline. The biggest improvement is the way to track the
aterline on the structure. Thus, some differences in the waterline displacement are mainly analyzed and displayed between the
WS and the GWS methods.
19
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Fig. 18. Normalized harmonic components of wave loads on the fixed 2D ship section as a function of 𝑘𝐻 , with (a) 𝑘𝐵 = 1.0 and (b) 𝑘𝐵 = 3.0.

Fig. 19. Schematic representation of the numerical GWS wave tank with a fixed semi-submerged 2D trapezoidal section in regular waves.

As can be seen in Fig. 24, a portion of the free surface near the waterline points on the trapezoidal ship section at two time instants
s compared between the OWS/GWS and FN solutions. The red and blue lines represent the OWS and GWS results respectively, while
he black lines represent FN results. Note that there is a positive offset of 𝑧 = 0.1 m to the GWS solutions in order to have a better

comparison. The waterline points are highlighted by red and blue circles in OWS and GWS solutions, respectively. It is clear to see
the departure of the waterline points from the structure surface by applying the OWS approximation, while the GWS method can give
a more reasonable and physical prediction of the waterline displacement in comparison to the FN solutions. Fig. 25 also provides
the horizontal and vertical displacement of the waterline point on the weather side of the body as a function of time. It can be seen
that the amplitude of horizontal displacement in the OWS method is obviously smaller than the FN solutions, while the GWS results
20

are closer to the FN solutions despite small differences in the phase and crest. The main reason behind the large deviation between
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Fig. 20. Normalized amplitudes of harmonic components of horizontal and vertical forces exerted on a fixed 2D trapezoidal ship section as a function of wave
steepness 𝑘𝐻 with the flare angle of the section 𝜃 = 30◦.

Fig. 21. Field contour maps of the scattered velocity potential 𝜑𝑆 at two time instants for a fixed trapezoidal ship section with flare angle 𝜃 = 30◦ semi-submerged
in regular waves with 𝐻 = 0.11 m.

OWS and FN solutions is that the horizontal displacement in the OWS results from the intersection of the incident wave and the
body surface. In contrast, the solutions in FN and GWS method are coming from the total free surface. It can be expected that this
difference will be even larger with the increase of the flare angle and the incident wave height. It is interesting and understandable
to see that the OWS and GWS solutions with regard to the vertical displacement are in good match with each other because the
21
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Fig. 22. Field contour maps of the total Lagrangian acceleration potential 𝛹 at two time instants for a fixed trapezoidal ship section with flare angle 𝜃 = 30◦

semi-submerged in regular waves with 𝐻 = 0.11 m.

GWS theory is supposed to be consistent with the OWS theory in the vertical direction. Similarly, small differences in the phase and
trough also exist between the FN and weak-scatterer solutions.

In addition, we find some differences with respect to the harmonics of the wave elevation upstream of the body within
𝑥∕𝐿𝑤 ∈ [−2.0,−0.2], see Fig. 26. Although the difference in the first harmonic is slight for the OWS and FN solutions at the crests,
we can observe that the GWS solution is in better agreement with the FN solution with respect to the amplitude and phase away
from the structure. As for the second harmonic, we can see an overall reduction of the amplitude in the OWS result comparing to
the GWS and FN solutions. In this aspect, accurate capture of the motion of the waterline points could provide a better description
of wave elevation harmonics after the simulation reaches a steady state.

Moreover, disregarding the main wetted body surface integral of the wave loads in Eq. (25), mathematically speaking, since
we can suppose that the relation 𝜂𝑆 = 𝛾𝑆 cos 𝜃 is satisfied, then the magnitude of the first and second waterline integral in
Eq. (25) for the GWS method should be larger than that in Eq. (26) and (27) for the OWS. Thus, the main wetted body surface
integral, the first waterline integral and the second waterline integral of the horizontal and vertical force exerted on the body
are plotted separately in Figs. 27 and 28, respectively. One can see that even if the contribution of the waterline integrals to the
overall force is much smaller than the main surface integral, the amplitude of the waterline integral is truly smaller in the OWS
solutions. Since in the wetted surface integral, the total pressure consists of two contributions, i.e. from the incident and scattered
wave, while the wetted body surface and the contribution from the incident wave in the GWS and OWS method are the same.
Therefore, the slight difference in the main wetted surface integral could originate from the difference in the free surface boundary
conditions.

6. Conclusions

In this paper, we present a generalized weak-scatterer (GWS) approximation to study the nonlinear wave–structure interaction
problem in the time domain. An immersed-boundary, adaptive harmonic polynomial cell (IB-AHPC) method is implemented to
solve the corresponding boundary value problems at each time step for the scattered velocity potential and the total Lagrangian
acceleration potential. In the time-marching process, an arbitrary Lagrangian–Eulerian approach is adopted for tracking the wave
markers, and the free surface boundary conditions (FSBCs) are updated using the explicit 4th-order Runge–Kutta time-integration
scheme.

More advanced than the original weak-scatterer (OWS) theory, where the linearization of the fully-nonlinear free-surface
boundary conditions (FSBCs) at the incident wave surface is restricted to the vertical direction only, the present GWS model Taylor-
expands the fully-nonlinear FSBCs in prescribed directions, which are tangential to the body surface close to the waterline. This
22
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Fig. 23. Dynamic pressure distribution and free surface elevation near waterline on the body at different time instants for a fixed trapezoidal ship section with
flare angle 𝜃 = 30◦ semi-submerged in regular waves with 𝐻 = 0.11 m. The analysis of the GWS solutions (red) is compared with the FN solutions (black). The
orresponding time instants are indicated with red and black cross in the time series of horizontal force.

revents the free surface at the waterline points separating from the body surface for structures with non-vertical walls. This
epresents an improvement of the OWS theory that has practical importance, making it possible to more accurately predict the
ave run-up on structures with a large flare angle. Mathematically speaking, taking the Taylor expansion of the fully-nonlinear
SBCs along a prescribed direction also makes the integration of wave loads over the structures more accurate.
23
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Fig. 24. Portion of the free surface profile close to the waterline points at different time instants for a fixed trapezoidal ship section with flare angle 𝜃 = 30◦

semi-submerged in regular waves with 𝐻 = 0.11 m. The analysis of the OWS solutions (red) and the GWS solutions (blue) are compared with the FN solutions
(black). The predicted waterline points are denoted by the red and blue circles for OWS and GWS, respectively.

Fig. 25. Time series of the horizontal and vertical displacement of the waterline point on the weather side of a fixed trapezoidal ship section with flare angle
= 30◦ semi-submerged in regular waves with 𝐻 = 0.11 m.

During the applications of the GWS model, instability and divergence of the free surface near the leeward side of the structure
uickly developed when the nonlinearity of the incident waves was significant. Therefore, a matrix-based eigenvalue stability
nalysis was carried out for the implemented numerical model. By taking a closer look at the FSBCs, we found that the convective
erms in these equations are the major cause of the instabilities. This is analogous to the issues encountered in ship seakeeping
tudies, where special care and numerical techniques is needed to deal with this problem. By introducing a one-point upwind-biased
cheme for calculating the wave slope in the kinematic FSBC, stable solutions were achieved even for structures with large flare
ngles in relatively steep waves.

In order to validate and assess the applicability of the GWS model, three diffraction problems were studied as practical
pplications. These include a circular cylinder fully submerged in water in regular waves, a rectangular ship section with rounded
ilges and a trapezoidal section semi-submerged in regular waves. The comparison of the GWS solutions with reference results
rom experiments, fully-nonlinear numerical simulations and theoretical solutions were generally satisfactory and consistent. We
lso made a comparison with the OWS model on the waterline displacement, wave elevation harmonics and wave loads, which also
roves the improvement to the weak-scatterer theory for structures with non-vertical walls. The promising 2D results may prove
ven more valuable in 3D wave–structure interaction problems, where scattering effects are generally smaller.
24
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s

Fig. 26. The first three amplitude harmonics of the wave elevation plotted as a function of 𝑥 coordinate at the upstream within 𝑥∕𝐿𝑤 ∈ [−2.0,−0.2].

Fig. 27. Main wetted body surface integral, the first waterline integral and the second waterline integral of the horizontal force in Eq. (25) on a fixed trapezoidal
hip section with flare angle 𝜃 = 30◦ semi-submerged in regular waves with 𝐻 = 0.11 m.
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Fig. 28. Main wetted body surface integral, the first waterline integral and the second waterline integral of the vertical force in Eq. (25) on a fixed trapezoidal
ship section with flare angle 𝜃 = 30◦ semi-submerged in regular waves with 𝐻 = 0.11 m.
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