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Abstract

This work presents an extension of the highly efficient de-homogenization method for obtaining high-resolution, near-optimal
D topologies optimized for minimum compliance subjected to multiple load cases. We perform a homogenization-based
opology optimization based on stiffness optimal Rank-N microstructure parameterizations to obtain stiffness optimal multi-

scale designs on relatively coarse grids. To avoid relatively thin microstructure features, we regularize the design by introducing
a material indicator field which results in well-defined widths and structural boundaries. In order to avoid singularities from the
multiple load case problem, the orientations of the microstructures are further regularized. Subsequently, we derive a single-scale
interpretation of stiffness optimal multi-scale designs on a fine grid using de-homogenization. The single-scale interpretation
can be derived without costly postprocessing analysis on the fine grid, as an implicit boundary formulation is used.

The effect of starting guesses is discussed, as they are non-trivial for Rank-N microstructures. Different numerical examples
erify the performance of the inexpensive high-resolution solutions, both in comparison to the Rank-N based homogenization
olutions, to equivalent density-based large-scale solutions, as well as to strict isotropic microstructure solutions. Depending on
tarting guesses, the approach consistently delivers structural performance values within a few percent of density-based large-
cale solutions with a CPU time reduction factor of more than 300. Finally, we confirm that isotropic as well as orthogonal
ank-2 microstructure models are inferior to stiffness optimal anisotropic microstructure models for minimum compliance
roblems subjected to multiple load cases.
2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

http://creativecommons.org/licenses/by/4.0/).

eywords: Topology optimization; De-homogenization; Multiscale; Multiple loading-case; Non-uniqueness

1. Introduction

Topology optimization [1] has proven to be an essential tool for finding the best structural design. However,
t is also recognized that the optimization procedure is costly, as numerous large-scale finite element analyses are
sed in the process. Furthermore, recent publications [2,3], have highlighted the importance of performing topology
ptimization on a very large scale, to gain new insights into structural design. Such large-scale topology optimization
equires super-computers. Hence, to make large-scale topology optimization more accessible to the engineering
ndustry, the computational cost has to be reduced.
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Fig. 1. Illustration of the de-homogenization procedure on a 2D multiple load case problems. An arbitrary unit cell, from a homogenization-
ased topology optimization, shows a multi-scale construction of a Rank-3 microstructure. The Rank-3 microstructure is constructed from
hree lower Rank microstructures at different length-scales. Here the three microstructures are shown in their local reference frames. A
ingle-scale interpretation of the multi-scale microstructure is shown, together with the final de-homogenized design.

Pantz and Trabelsi [4] proposed the so-called “de-homogenization procedure”, subsequently improved by Groen
nd Sigmund [5], as an attractive substitute to large-scale topology optimization. The de-homogenization proce-
ure, is a multi-scale problem. Using near-optimal periodic microstructures in a homogenization-based topology
ptimization [6], one can use a coarse grid to obtain the solution. Due to the periodicity of the microstructures,
he coarse-scale solution can be mapped to a fine-scale solution, with minor loss in performance. The procedure is
isualized in Fig. 1.

Ongoing research on de-homogenization procedures has demonstrated that high-resolution, near-optimal struc-
ures subject to a single load case can be achieved at a fraction of the cost of conventional large-scale density-based
opology optimization, both shown in 2D [5,7,8], and in 3D [9–11]. Also, Wang and Tamijani [12],Xue et al. [13],
nd Wu et al. [14] presented de-homogenization frameworks for single load case problems, using open-walled
tiffness non-optimal microstructures. Along similar lines, Ichihara and Ueda [15] proposed a method for using de-
omogenization to generate infill for additive manufacturing, producing designs for fiber-reinforced infill structure
or 2D design subjected to a single load case. Similarly Li et al. [16] also presented a method for infill mapping,
apping density-based topology optimization to conformal gradient lattice structures.
The de-homogenization procedure used here is composed of two parts; a homogenization-based topology

ptimization, followed by a mapping procedure. The procedure uses post-processing and knowledge of stiffness
ptimal microstructure to obtain extremely efficient and well-performing structures. Other multi-scale methods
equire topology optimization both at micro- and macro-scale, which, apart from increased computational cost, also
as challenges regarding connectivity between neighboring microstructures. Wu et al. [17] wrote a comprehensively
eview on multi-scale topology optimization, which the reader is encouraged to read for a broad outline of the field.

Recently, Tamijani et al. [18] and Kim et al. [19] proposed de-homogenized-based topology optimization
ubjected to multiple load cases, using simple orthotropic or near isotropic microstructures, much similar to [5]. Stutz
20] proposed a novel approach in his Ph.D. thesis, for 2D and 3D de-homogenization, the so-called ’subselection
pproach’. This approach could be used for multiple load case problems. Multiple load case problems prove to be
ore difficult than single load case problems. Groen [21] shortly touched upon multiple load case problems in his
h.D. thesis. To our best knowledge, apart from those two unpublished works, nobody have so far developed a
e-homogenization procedure for multiple load cases using stiffness optimal Rank-N anisotropic microstructures.
2
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In this paper, we seek to conclude on those works for simultaneously obtaining homogenization-based topology
optimization results and subsequently performing de-homogenization on 2D multiple load case problems and thus
maturing the de-homogenization approach even further towards future industry applications and the ultimate goal of
reproducing giga-scale wing [2] and bridge [3] examples with a low computational cost with the de-homogenization
approach.

The paper is organized as follows: In Section 2 the homogenization-based topology optimization problem is
ntroduced for multiple load cases, with special emphasis on non-uniqueness and regularization of widths and
rientations. In Section 3 the de-homogenization procedure is introduced, together with the implicit geometry
escription. Furthermore, a new method for interpolation of the solid boundaries and how to enforce this into
he implicit geometric formulation is also shown here. In Section 4 different examples are shown for verifying
he method. Section 5 includes conclusions and final remarks to the work. Fig. 1 summarizes the elements of the
pproach to be discussed.

. Homogenization-based topology optimization

A minimum compliance problem is introduced by locally minimizing the strain energy density C of a periodic
microstructure in a structural domain Ω subjected to M load cases.

C =
1
2

M∑
m=1

wm C H
i jklε

m
i jε

m
kl , (1)

where εm
i j is the strain tensor corresponding to the mth load case, with the relative weighting, wm , such that∑M

m=1 wm = 1, and C H
i jkl is the homogenized elasticity tensor. It is well-known that a composite material, the

so-called Rank-N microstructure [22–25], provides the basis for stiffness optimal solutions for minimum compliance
problems in different domain dimensions and loading conditions. Here N refers to the number of “layers” that make
up the microstructure. It is important to note that the Rank-N microstructure layers are mathematically parameterized
t different length scales. This makes the physical realization of Rank-N microstructures challenging.

For plane problems subjected to a single load case, an orthogonal Rank-2 microstructure is stiffness optimal.
Rank-3 microstructures are stiffness optimal for plane problems with multiple load cases [26,27], but solution is
non-unique and also microstructures with higher rank may achieve the same optimal stiffness. For a more detailed
overview of Rank-N microstructures, the reader is referred to [21].

Due to the nature of multiple load case problems, we will consider general Rank-N microstructures instead of
only focusing on Rank-3 microstructures for multiple load case problems; the reason for this will become evident
later.

2.1. The elasticity tensor of a rank-N microstructure

On the macroscopic scale, the composite material is structurally varying, such that at different points in the
design domain Ω , the homogenized elasticity tensor will be varying. However, at the microscopic scale, the Rank-
N microstructure is assumed infinitely periodic. This means that for each material point on the macroscopic scale,
we can derive the homogenized elasticity tensor C N

i jkl for the given Rank-N microstructure analytically. The multi-
scale microstructures consist of two different materials. A Rank-1 material consists of a layering of a stiff isotropic
material represented by (+), and a compliant isotropic material represented by (−), mimicking void, using Young’s
moduli E+ and E−, respectively, and both with identical Poisson’s ratio ν. Higher rank microstructures, are similar
to Rank-1 microstructures; however, the compliant isotropic material is substituted with a lower rank oriented
orthotropic material, e.g. for a Rank-3 microstructure, a Rank-2 microstructure represents the compliant material,
and so on. This is illustrated in Fig. 1, where three local reference frames highlight this construction of a Rank-3
microstructure.

The orientation of the individual layers is described by the layer normal nn and layer tangent tn in relation to
global frame of reference x = {x1, x2}, where subscript n = {1, . . . , N } is the reference to the individual layers.
Both layer normal and tangent vectors are dependent on layer orientation angle θn . Furthermore, the relative width
of the stiff material is described by parameter ¯̃µn ∈ [0, 1], hence the relative width of the compliant material is

¯
(1 − µ̃n). The rank microstructures are shown in relation to x and scaled by the depicted length-scale parameter

3
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1/ε, with ε → 0, at different scales. This means that the microstructure can be assumed uniform at the length-scale
x/ε.

The homogenized elasticity tensor C N
i jkl for the Rank-N microstructure can be analytically calculated using the

theory of homogenization, by assuming a periodic microstructure and perfect bonding between material phases, see
e.g. [1,21,28,29],

C N
i jkl = C+

i jkl − (1 − ρN )

((
C+

i jkl − C−

i jkl

)−1
−

1 − ν2

E+

(
¯̃µ1Λ

1
i jkl +

N∑
n=2

(
(1 − ρn−1) ¯̃µnΛ

n
i jkl

)))−1

(2)

ith,

Λn
i jkl = nn

i nn
j n

n
k nn

l +
tn

i nn
j tn

k nn
l + nn

i tn
j tn

k nn
l + tn

i nn
j n

n
k tn

l + nn
i tn

j n
n
k tn

l

2(1 − ν)
. (3)

Here, ρ is the Rank-N material volume fractions, as a function of N layers, defined as

ρN = 1 −

N∏
n=1

(
1 − ¯̃µn

)
. (4)

C+

i jkl and C−

i jkl are the elasticity tensors for the stiff and compliant isotropic material, respectively. From Eq. (2) it
can be seen that for each of the layers of a Rank-N microstructure, two parameters are needed; a relative width ¯̃µn
and an Euler angle θn describing the layer normal and tangent tensors; nn

i and tn
i in the two dimensional space.

2.2. Non-uniqueness

The homogenized elasticity tensor, for a Rank-N microstructure is non-unique. i.e. the same homogenized
elasticity tensor can be obtained for different orientations θn and relative layer widths ¯̃µn . An extreme case is
if the microstructure is isotropy, where any orientation will result in the same homogenized elasticity tensor. Träff
et al. [30] showed that in the general case of a Rank-3 microstructure, at least four different parameterizations could
be used to describe the same elasticity tensor.

This non-uniqueness property of the homogenized elasticity tensor means that without any regularization of
widths and orientations, the resulting microstructures may not have smoothly varying layer orientations and relative
layer widths, which is a requirement for the de-homogenization procedure. Hence, homogenization-based topology
optimization, if not appropriately regularized, can result in a well-performing homogenization solution, which,
however does not satisfy connectivity or continuity conditions between neighboring microstructures. This non-
uniqueness will also have an important impact on the starting guess of widths and orientations, as will be discussed
in detail in Section 4.2.

2.3. Topology optimization problem

A compliance minimization problem for plane problems subject to multiple load cases is considered. The design
domain is discretized by finite elements on a regular grid using rectangular bi-linear elements, where each finite
element consists of a periodic microstructure. For each of the load cases, the compliance is calculated and used to
get the weighted sum of compliances J ,

J =

M∑
k=1

wmf⊤mum,

M∑
m=1

wm = 1. (5)

Here wm corresponds to the weighting factor of the mth load case, fm and um are the finite element load vector and
resulting displacement vector of the mth load case, respectively. The objective functional O is a weighted sum of
J , Pθ and P s , where Pθ and P s are penalty functions for the orientation regulation and relative layering width,
detailed in Sections 2.4 and 2.5, respectively.

The problem is subjected to a volume fraction constraint, where volume fraction, f , of the material in Ω is found
as,

f =
v⊤ρN

. (6)

VΩ

4
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v and ρ are vectors containing the microstructure volumes and material volume fractions, respectively. VΩ is the
volume of the design domain,

VΩ =

∫
Ω

dΩ . (7)

The design vectors are θn , µn and s, for orientation, widths, and material indication, respectively. The material
indication is used for controlling the relative layering width [31], also detailed in Section 2.4. The optimization
problem is defined as,

min
µ1,...,µN ,θ1,...,θ N ,s

: O =
J
J (0) + γ θ Pθ

P (0) + γ s P s

VΩ
,

s.t. : Kum = fm, for m = {1, . . . , M},

:
f
f ∗

− 1 ≤ 0,

: µmin
n ≤ µn ≤ 1, n = {1, . . . , N },

: 0 ≤ s ≤ 1,

: −4π ≤ θn ≤ 4π , n = {1, . . . , N }.

(8)

µmin
n is the lower bound on the relative width of the microstructure. To scale the augmented objective we use

parameters γ θ and γ s . f ∗ is the upper bound on of the allowed volume fraction of material in Ω . To make sure that
the different optimization examples are comparable, the weighted compliance J is normalized by the compliance,
J (0), of a variable thickness sheet model with a uniform relative thickness of f ∗, (see [31] for more details). The
orientation normalization value P (0) corresponds to θn linearly changing from 0 to π from the lower-left corner of
the design domain to the upper right.

The optimization problem is solved in a nested form, using the MATLAB implementation of the Method of
Moving Asymptotes (MMA) [32].

2.4. Regularization of widths

Giele et al. [31] observed that resulting topologies from homogenization-based topology optimization may consist
of large regions of low-density material, which add a negligible benefit to the performance. This indicates that
solutions are not well-defined and thus non-unique. Furthermore, for the de-homogenization approach, a clear
boundary between structure and void is desired. The previously proposed interpolation scheme by Groen and
Sigmund [5] is thus revised by multiplying an auxiliary material indicator field to the relative widths to avoid
thin widths and provide well-defined structural boundaries.

The design domain material indicator field variable, s, is defined as s ∈ [0, 1], where s = 1 indicates material
in an element, and s = 0 indicates no material. The relative layer widths are defined as µn ∈ [µmin

n , 1], where µmin
n

enforces a minimum relative layering width. The width interpolation scheme is based on both s and µn . Both design
fields are filtered using a standard density filter [33,34] to obtain µ̃n and s̃ using filter radii Rµ and Rs respectively.

To ensure a well-defined solution, the modified robust interpolation [35] is used to obtain eroded, intermediate and
dilated material indicator fields; ¯̃sk for superscript k ∈ {e, i, d}, respectively. Using, threshold steepness parameter
β and threshold values ηk , three material indicator fields are obtained by

¯̃sk
=

tanh
(
βηk

)
+ tanh

(
β
(
s̃ − ηk

))
tanh

(
βηk

)
+ tanh

(
β
(
1 − ηk

)) . (9)

or the threshold values we use ηi
= 0.5, ηd , ηe

= ηi
± 0.05. For the derivation of the elasticity tensor the eroded

eld ¯̃se is used to obtain ¯̃µe
n ,

¯̃µe
n = ¯̃se

⊙ µ̃n, (10)

here ⊙ indicates the element-wise product (Hadamard product).
The relative layer widths ¯̃µn are hierarchical multi-scale variables, whereas the single-scale interpretation, wn ,

s obtained based on layer contributions from the relative layer widths [9]. Hence explicitly defining µmin
n is not

min min
ossible and µn must be implicitly defined by the minimum single scale width w .

5
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To do so, a conversion scheme is used to convert ¯̃µn to wn , both to control µmin
n , but also for the subsequent

de-homogenization step, where the physical widths on a single-scale wn are needed. The single scale interpretation
cheme is discussed in Section 3.2.

After converting widths to physical single-scale, wn , the widths that violate wmin, are then updated by reversely
converting the minimum physical single-scale width wmin to the minimum relative widths µmin

n . The update is not
critical for the convergence, hence updating of µmin

n is done only every 100 iterations.
Enforcing minimum thickness bounds on all three layers causes some stiffness degradation in regions with similar

stress directions for all load cases. On the other hand, three different layer orientations prevent long, thin unsupported
members when the design is de-homogenized. Hence, although not optimized for, three active directions indirectly
provide improved local buckling stability.

It is also possible to use a separate material indicator field ¯̃sk
n for each layer n. However, apart from the loss

of above mentioned indirect bucking stabilization, numerical experiments have shown that using separate indicator
fields is more non-linear and results in less stable convergence than a single material indicator field.

The volume of the design is calculated using the dilated field ¯̃sd to obtain ¯̃µd
n and ρd (N ). To ensure that the

ntermediate design field satisfies the user-defined intermediate volume fraction f i [35], the dilated volume fraction
f d , which is used in the optimization iterations, is updated every 20th iteration using

f d
=

V d

V i
f i , with V k

=

∫
Ω

ρk
N dΩ . (11)

inally, to avoid large regions with layer widths that are exactly µmin
n [31], the material objective penalty function,

s , is defined as,

P s
=

∫
Ω

¯̃se dΩ . (12)

.5. Regularization of orientations

To obtain smoothly varying layer orientation θn fields within Ω , many different methods exist: Greifenstein and
tingl [36] considered slope constraints to prevent large changes in orientation. Nomura et al. [37],Petrovic et al.
38] and Schmidt et al. [39] considered vector-based angle representations based on Euler angles. In a different
pproach, Allaire et al. [8] also used vectors to represent the microstructure orientation, where the orientation was
egularized by penalizing the Euclidean norm of the curvature.

Instead of a vector based parameterization, we use a regularization directly on the discretized orientation angles
n as proposed by Groen [21]. Based on the difference in microstructure orientation θn between two adjacent
lements e1 and e2 connected by face f , a penalty function P f

n ∈ [0, 1] is introduced,

P f
n =

1
2

−
1
2

cos
(
2θn(xe1 ) − 2θn(xe2 )

)
, Pθ

=

n f∑
f =1

N∑
n=1

P f
n . (13)

ere P f
n = 1 for an angle difference of π/2, and 0 if the angle difference is kπ for any integer k. The function

pplies a local curvature penalization between each adjacent pair of elements, which are aggregated to obtain the
ingle penalty function Pθ by summation over all edges n f and layers N . Nevertheless, a very important aspect
hat affects the smoothness of the orientations and optimality of the solutions is the starting guess, which will be
iscussed in detail in Section 4.2.

Besides having a smooth orientation, an essential requirement for the de-homogenization procedure presented in
his paper is that the orientation field is free of singularities. A singularity or singular point can be seen as a point
here the corresponding orientation θn is not well defined [40]. Many works in computer graphics have studied

ingularities in vector fields and how to handle them when a global parameterization (similar to de-homogenization)
s required. These works and how to deal with singularity in the context of de-homogenization are discussed in
etail by Stutz et al. [40]. Other notable work on how to handle singularities in the context of de-homogenization
re Geoffroy-Donders [41].

Although singularities can be resolved, the de-homogenization procedure becomes more complicated. In this
ork, we take a different path and argue that the non-uniqueness of Rank-3 microstructure parameterization
6
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can prevent a large number of singularities in the non-void domain. Furthermore, by using a sufficiently large
penalization weight, γ θ , and a smooth starting guess for the layer orientations, singularities can largely be prevented.

urthermore, from our extensive numerical studies, we experience that the Rank-3 microstructure model is less
rone to singularities but more prone to local optima (due to the non-uniqueness) than the simple orthogonal Rank-
microstructure for single load-case problems in earlier works [5,7]. Take, for example, the clamped-clamped

antilever case from Stutz et al. [40], which is known to possess a singularity at the central load point, which requires
pecial combing techniques to allow meaningful de-homogenization. Solving the same single load problem with a
ank-3 material eliminates the singularity issue since the additional layer can be used to “bridge the singularity”.
his benefit, however, comes at a slightly increased compliance objective due to convergence to local minima.
imilar results was obtained in [9], where the performance was reduced with 1% to 2% from the orientation
egularization. We do not yet feel confident in making definitive statements about this in the present paper. However,
e find that three or more layer orientations make the singularity issue less of a concern than it was for the
rthogonal Rank-2 microstructure for single load-case problems considered in our earlier works.

.6. Background stiffness

As mentioned earlier the Rank-N microstructures are two-phase composites. Therefore, it is important to model
he compliant phase (-), the background stiffness, as close to void as possible. However, in previous single load
ase works [5,9], it was observed that using a low value for E−, e.g. 10−6 E+, gives convergence problems due to

strong orientation sensitivity, primarily due to the lack of shear stiffness. To circumvent this, other works used a
relatively stiff compliant phase, up to E−

= 10−2 E+ [42]. However, this provides artificial stiffness and does not
allow for fair comparison between density- and homogenization-based design, as the latter has extra stiffness when
there is no material. Fortunately, for multiple load case problems, there will always be at least three non-orthogonal
layers. Hence, the unit cell will have a much higher shear stiffness than an orthogonally layered Rank-2 material.
Therefore we may use a background stiffness of E−

= 10−9 E+ as in general density-based topology optimization.

3. De-homogenization using an implicit geometry description

A multi-scale Rank-N design from the homogenized-based topology optimization can be interpreted on a single-
scale, using the so-called de-homogenization procedure, very similar to the single load case procedures presented
in [5,9,21]. However, two significant changes have been adopted to ensure well-defined structural boundaries of the
de-homogenization design. Firstly, the structural boundary, must be interpolated to a finer grid. Secondly, the implicit
geometric description must conform to the structural boundary in the best way possible. These two steps will not
only ensure well-defined boundaries, but they will also circumvent the expensive post-analysis step necessary, in
the original de-homogenization works [5,9]. These two steps are described in detail later in this section.

3.1. De-homogenization of multi-scale designs

The de-homogenization begins from the homogenization-based topology optimization results that are obtained on
a relatively coarse grid T c from Eq. (8). From the homogenized-based topology optimization results, the orientation
of the microstructures is assumed to be smoothly varying as discussed in Section 2.5. To proceed we define a
mapping field φn , with the property that the gradient is everywhere equal to the layer orientation normal, which is
computed on an intermediate grid T i . The resolution of T i is determined based on a trade-off between computational
cost and the quality of the final result. The final de-homogenized field, the implicit geometry description ρ̃, is
obtained on a fine grid T f by evaluating the projected wn from T c, and φn from T i to T f .

The mapping fields, φn , are solved by least-squares problems similar to the one used in [9,21], however with
two distinct differences. We split the solution of a mapping field into two steps, first we solve for an unconstrained
mapping field, φn , as done in [5],

min
φn (x)

: I(φn(x)) =
1
2

∫
Ω

∇xφn(x) − nn(x)
2 dΩ ,

(14)

s.t. : α(x)∇xφn(x) · tn(x) = 0.

7
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Where the relaxation parameter, α ∈ [0, 1], is 1 in fully non-solid and non-void regions, otherwise 0.

α(x) =

{
1 if ρN (x) = ]0, 1[ ,

0 otherwise.
(15)

In previous works, the relaxation parameter was split into three parts dictated by different weights to diminish the
effect of singularities in solid and void regions influencing the mapping. However, due to improved regularization
of the orientations, only the orientation constraint needs this relaxation in solid and void regions to circumvent
singularities.

Next, we impose a boundary constraint to the mapping field, φn , in order to get conforming structural boundaries,
by solving for an updated mapping field, φ̃n , based on the original mapping field, φn ,

min
φ̃n (x)

: I(φ̃n(x)) =
1
2

∫
Ω

∇xφ̃n(x) − ∇xφn(x)
2

dΩ ,

s.t. : α(x)∇xφ̃n(x) · tn(x) = 0.

s.t. : φ̃n
(
xb)

= ξ b
n , ∀b ∈ B.

(16)

b is a constraint value on the structural boundaries, b, where B ⊆ Ω , is a set of all structural boundaries in Ω ,
xplained in Section 3.3.

Numerically, we solve the problem mentioned above using a finite element approach, where the constraints are
nforced in an augmented setting using a penalty parameter γ φ , see [9] for detail.

.2. Implicit geometry description

As mentioned earlier, the multi-scale relative layering widths, ¯̃µn , cannot be directly interpreted on a single-scale,
ence a conversion scheme is used to obtain the physical single-scale widths wn . The physical single-scale widths
re defined based on a relative layer contribution ln ,

wn = αρ ln, (17)

ith αρ > 0 a scaling factor such that the following equation holds

ρN = 1 −

(
N∏

n=1

(1 − αρ ln)

)
. (18)

he relative layer contribution is defined as,

l1 =

¯̃µ1

ρN
,

ln =

∏n−1
m=1

(
1 − ¯̃µm

)
⊙ ¯̃µn

ρN
, n = 2, . . . , N .

(19)

A visualization of this conversion from a multi-scale microstructure to a single-scale microstructure is seen in Fig. 2.
The layer-specific implicit geometry description [5], ρ̃n , is calculated as

ρ̃n(x) = H
(

cos
(

Pnφ̃n (x)
)

− cos (π wn (x))
)

. (20)

Here H is the Heaviside step function, Pn is a periodicity scaling parameter for the nth layer. Combining the implicit
geometry descriptions for each layer results in the de-homogenized structure,

ρ̃ = min

{
1,

N∑
n=1

ρ̃n

}
. (21)

We note here that contrary to the orthogonal Rank-2 microstructure for single load-case problems, where mapping
per construction will result in periodic near rectangular unit cells, the mapping of Rank-N microstructures does not
result in periodic unit cells. Instead the resulting microstructures are only quasi-periodic in the sense that each

layer is periodic, not their ensemble. A quasi-periodic microstructure’s effective properties are nearly identical

8
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Fig. 2. Single scale interpretation of a periodic Rank-3 microstructure. (a), (b), and (c): single scale interpretations of individual layers. (d)
ombination of the individual layers, forming the single scale interpretation of periodic Rank-3 microstructure.

o unit-cells obtained using the approach presented by Träff et al. [30]. Based on previous studies on de-
omogenization [5,7,9,11], it is known that on can approximate the homogenization-based design with a relatively
mall loss in performance, as long as changes in orientations and densities on a macroscopic level is relatively
mooth. An average layer spacing ϵ is imposed, which interprets the unit cell size relative to T f . For this, Pn is

found based on ϵ,

Pn =
2π

ϵ

∫
Ωn

dΩn∫
Ωn

∥∇xφ̃n(x)∥dΩn
, (22)

here ∥∇xφ̃n(x)∥ is the Euclidean norm of the gradient of the mapping fields.
Even though we enforce a minimum length-scale control on the individual layer thickness in the homogenization-

ased topology optimization problem, this is not guaranteed to hold for the de-homogenization, for locally small
eriodicity. Fortunately we can find the size of solid features, δn for layer n as

δn = wn ⊙ λn, (23)

here λn is the local layer spacing

λn(x) =
2π

Pn∥∇xφ̃n(x)∥
. (24)

rom the feature size, one can check if this is violating the minimum defined feature size, δmin, which corresponds
o a modified minimum width,

w̃min
=

δmin

λn
, (25)

hich can be used to update the widths, with a local width wn , where minimum feature size is violated,

wn(x) =

{
wn(x) if δn(x) ≥ δmin and x ∈ Ωn

w̃min(x) if δn(x) < δmin and x ∈ Ωn
(26)

ere it is noticed, that the resulting volume will increase slightly when enforcing minimum length-scale control, as
iscussed by Groen et al. [9].

.3. Implicit boundary formulation

A key problem in previous works has been to interpret the homogenization-based properties from the coarse
rid T c to the intermediate grid T i used to calculate mapping functions φn on the fine de-homogenization grid T f .
specially the properties at the boundary between porous structure and void have been challenging to establish. To
itigate this, we smooth and refine the structural boundary, defined by the material indicator field, s, on the coarse

rid T c to the fine grid T f , using an approach similar to the marching squares method. The approach is illustrated

n Fig. 3 and explained in detail in Appendix A.1.

9



P.D.L. Jensen, O. Sigmund and J.P. Groen Computer Methods in Applied Mechanics and Engineering 399 (2022) 115426

l
t
i

T
t
s

m
r
fi
m
a
a

t
l
i
m
i
t
c

Fig. 3. Illustration of smoothing and refinement of the structural boundary. Solid material, ¯̃s = 1, is colored gray and void material, ¯̃s = 0,
is colored white. (a) step 1, establishing boundary faces (black lines). (b) step 2, concatenation of face lines (red lines). (c) step 3, formation
of grid independent line segments (blue lines). (d) step 4, flood fill of ¯̃s to the grid independent line. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Illustration of implicit boundary formulation for a single layer. (a) and (c) show arbitrary mapping fields φ and φ̃ (the isocontour
evels represent increments of 1 in φ and φ̃), while (b) and (d) show the implicit geometry description. (b) illustrates the result of not using
he regularization, where (d) is with the regularization. The blue curve indicates the structural boundary (from Fig. 3), and the red segments
ndicate where the boundary line segments are aligned within 10 degrees of the layer tangents.

Consider the arbitrary mapping field, φ, shown in Fig. 4(a), associated with the material indicator field in Fig. 3.
he isocontour levels represent increments of 1 in φ. Calculating the implicit geometry description, Eq. (20), from

his mapping field would result in a discontinued outer layer shown in Fig. 4(b), as φ is not conforming to the
tructural boundary.

Groen and Sigmund [5] introduced a post-processing scheme to remove such artifacts. The removal of these
embers was done with an iterative update scheme where solid elements with a low strain energy density were

emoved. Furthermore, an open-close filter operation [43] was applied. However, this scheme depends on expensive
nite element analysis performed on the fine grid T f and generally takes 5–10 iterations to converge. One of the
ain motivations for doing de-homogenization based topology optimization is to avoid expensive finite element

nalysis on T f as part of the optimization procedure. Therefore, it is highly desired to avoid this post-processing
nalysis scheme.

To solve the problem, we adapt the mapping field φ to the refined structural boundary line segment. We do
his by first identifying where the structural boundary is situated in relation to the mapping field by identifying
ine segments that are aligned with layer tangents t, within a 10 degree tolerance. The identified line segments are
llustrated with red in Fig. 4(a). Ideally, we want to make sure that these boundary line segments are exactly at

od(φ, 1.0) = 0.5, whereby the mapped solid members will be guarantied to touch the boundary and not result in
solated solid members. For each boundary line segment, b, that is identified as being within 10 degrees of the layer
angents, the mean gradient, φ̄b, of φ at the structural boundary is found. Based on this mean value, the closest
onstraint value of ξ b is found such that,

b ¯b b
mod(ξ , 1.0) = 0.5, and |φ − ξn | ≤ 0.5. (27)

10
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Fig. 5. Flow chart of the de-homogenization procedure. The procedure starts with a homogenization-based topology optimization, followed
by several autonomous steps, highlighted in the flowchart.

Imposing this constraint on the implicit boundary formulation solved by Eq. (16), the mapping field is altered to
what is shown in Fig. 4(c). Calculating the implicit geometry description from this mapping field results in a layer
specific field shown in Fig. 4(d). Here it illustrates how the isolated members are avoided. However; this also shows
how solid material is cut away, if wn is close to 1.

Finally, we know that the widths of the structural boundary is at least wmin, hence we enforce wmin onto the
structural boundary, to close any remaining boundary gaps. Using Eq. (27) as a constraint for calculating the mapping
functions φn , we can avoid any fine-scale finite element analysis in the post-processing scheme.

.4. Post-processing operations

A few quick, purely geometrical, post-processing steps are performed after the mapping for the de-homogenized
rocedure to work successfully. First, the structural boundary lines are added, as already mentioned. This is done by
olving a point-in-polygon problem to find elements within the structural boundary volume. Secondly, the passive
olid and void domains are enforced on the fine grid T f . Third, an open-close filter operation [43] is performed on
he domain where

∑N
n=1 wn > 1, to remove imperfections in the solid domain, similarly to [5]. Fourth and finally, if

ny floating material is still present in the design, this is removed through a connected-component labeling operation.

.5. Computational procedure

The computational procedure is illustrated in Fig. 5. The first step is to determine orientations nn and relative
widths µn by the homogenization-based topology optimization results. Specific input parameters are specified, i.e.
average layer spacing ϵ and grid sizes. The procedure then automatically de-homogenizes the coarse-scale input to
a fine scale field ρ̃, without any manual interaction or expensive computational calculations.

4. Numerical examples

In the following section, we verify our approach. The examples of the homogenization-based topology optimiza-
tion and the following de-homogenization have been performed on a standard laptop, with an 11th generation Intel
Core i7-1185G7 processor, with 32 GB RAM memory, running single-core MATLAB code. However, evaluations,
validations, and optimizations of large-scale density-based topology optimization examples have been performed
on the DTU Sophia cluster on a AMD EPYC 7351 processor, with 128 GB RAM memory, running single-core

MATLAB code.
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Fig. 6. Optimization examples. (a) 2-load bridge example, supports are located in the lower corners, with the loads located in between. (b)
-load bridge example, supports are located in the lower corners, while five loads are evenly distributed along the top of the domain. (c)
-load wheel example, the inner ring of the wheel is fully supported, while two load-cases are applied to the outer ring. The solid passive
arts have a height/thickness of L/20 and a width of L/10.

.1. Optimization examples

We consider three different examples, including a 2-load-bridge, a 5-load-bridge, and a 2-load-wheel, all shown
n Fig. 6. For the 2-load-bridge, displacement boundary conditions are applied in a distributed sense; i.e. the average
isplacement is forced to be zero. The 5-load-bridge, has standard clamped boundary conditions at the bottom. The
olid passive blocks and rings have a height/thickness of L/20, where for the bridge examples the block widths
re L/10. The loads are applied in a distributed sense along the edge of the solid passive material blocks. For
he 2-load-wheel, the inner ring has clamped boundary conditions, while the outer ring is loaded by a distributed
ressure (Fn) and torsion load (Ft ). In all examples we have

∑M
m=1 Fm = 1. For the 2-load-wheel, F1 = Fn and

F2 = Ft .
We use bi-linear finite elements, a volume fraction of 0.3 and L = 40 of element unit size hc, for the coarse

grid, T c. The density filter radii for the design fields are set to Rµ = 1/20L and Rs = 1/8L .
For solving the homogenization-based topology optimization problem, we use a minimum physical width

wmin
= 0.05. The objective scaling parameters for the regularization of widths and orientations, is set to; γ θ

= 0.05
and γ s

= 0.03, respectively. Furthermore, because we cannot ensure that the volume is fully conserved for the
de-homogenization designs, we use a stiffness to volume ratio measure, S, to evaluate the designs. S is found from
multiplying the compliance with the volume fraction.

S = J f (28)

4.2. Starting guesses

The starting guess is an important aspect of homogenization-based topology optimization and non-convex
optimization in general. Consequently, the starting guess will also play an important role for the de-homogenization
procedure, as will become evident.

An ideal starting guess method would be a methodology that always works for all structures. For density-
based topology optimization, uniform starting guesses that satisfy the constraints are often used, as this is also
the simplest. A uniform stating guess for a Rank-N microstructure entails that each layer has ¯̃wi = ¯̃w j , while the
volume constraint is satisfied. The starting layer orientations θn are constant throughout Ω with θn+1 = θn + π/N
for n = {1, . . . , N − 1}. An illustration of the uniform starting guess is seen in Fig. 7(a), for a 2-load bridge
example, with L = 20 elements for illustrative purposes. However, this starting guess is not always ideal for the
de-homogenization procedure, as this can cause jumps in layers, as will be discussed in detail in Section 4.4. In

the following the uniform starting guess will be referred to as “SGU ”.
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Fig. 7. Starting guesses for the 2-load bridge example. (a) SGU starting guess, orientations are initialized based on a uniform distribution
f π . (b) SGP starting guess, orientations are initialized based on principal stress direction.

In previous works, the principal stress orientations for a single load case problem have been used as a basis for
he orientation, as only an orthogonal Rank-2 microstructure was considered. However, using this same method here,
ill become impractical as one will need two layers per load case, i.e. N = 2 M for a Rank-N model. Furthermore,
ith the added constraint on the minimum thickness (wmin), increasing number of all minimum-constrained layers
ill quickly result in an infeasible problem, as will be shown in Section 4.3. However, this starting guess is still
viable option for only two load cases, as this will give a Rank-4 microstructure only. The principal orientations

tarting guess will be referred to as “SGP ” starting guess. Illustration of the SGP is seen in Fig. 7(b).
Ideally, we only want a Rank-3 microstructure for the procedure. Therefore, it is desired to approximate the

haracteristics of the principal orientations for M load cases to only three microstructures. To do so we solve the
omogenization-based topology optimization problem Eq. (8), with no regularization, γ θ

= γ s
= wmin

= 0 and
ignoring the material indicator field, on much coarser grid than normal; in this case L = 20 elements. The maximum
nd minimum principal stress values are found for each load case in every element in the domain. The orientations
f both the maximum and minimum principal stress values, the principal orientations, are then labeled according
o their respective load case and sign, i.e. two labels per load case. The principal orientations are then plotted as
vector field, where the pointing vectors are orientated by the principal orientations, scaled by the principal stress

alues, and colored based on the load case and sign label. The plots are seen in Fig. 8(a), 8(b) and 8(c). The plots
how that each labeled set of the colored vector fields has smooth and continuous localized orientation fields and,
ogether with other sets, construct global smooth orientation fields. Take the 2-load bridge example (Fig. 8(a));
ere, three distinct global orientation fields are formed. One is the arch, connecting the two boundary conditions,
nd the two others span outwards like a fan from where the loads are applied. The three global orientation fields
an then be approximated to three separate ones, using vector field operators like gradient, divergence, and curl
perators to obtain smooth and continuous approximations. These approximations of principal orientations are seen
n Fig. 8(d), 8(e) and 8(f). For now this is achieved without any systematic approach, ideally we want this process
utomated in the future. With regards to the starting guess of relative widths, we can use the coarse grid solutions as
good starting guess and then interpolate the coarse grid solution to the grid size of the real homogenization-based

opology optimization problem. This approximated principal orientation field starting guess will be referred to as
SGA”.

.3. Homogenization-based topology optimization

The three examples are run for the three different starting guesses. The resulting coarse-scale compliance values,
c, volume fraction f c, stiffness to volume ratio Sc and computational cost T c are shown in Table 1. All examples

an for 400 iterations. Computational time is measured in [hh : mm : ss]. The resulting topologies are seen in
Appendix A.3.

The results show that the 5-load bridge example with SGP starting guess stands out, as the resulting compliance
is significantly worse than the other 5-load bridge examples. The iteration time is more than double the duration of
all other results due to the 10 layers. Also, it performs poorly since many of the layers meet the minimum relative
width µmin.
n

13
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Fig. 8. Illustration of principal stress orientations, and how they associate with the SGA starting guess. (a), (b), and (c) show the maximum
and minimum principal orientations for each of the three examples respectively, the different colors are associated with maximum and
minimum principal stresses and the respective load case, here different local orientation fields are seen to be subsets of global orientations
fields. (d), (e), and (f) show the SGA starting guess, where one can see how three separate orientations fields have been created based on
the locally disjoint orientations fields.

Table 1
Resulting compliance values of the homogenization-based designs, J , volume fraction f , stiffness to volume
ratio measure S, and computational cost T . Superscript c indicates coarse-scale results, while superscript f
indicated designs evaluated on a fine-scale.

Example J c f c Sc T c J f f f S f

2-load bridge (SGU ) 5.489 0.300 1.647 00:05:44 5.482 0.302 1.655
2-load bridge (SGP ) 5.305 0.300 1.593 00:08:50 5.306 0.302 1.604
2-load bridge (SGA) 5.330 0.300 1.600 00:05:11 5.303 0.303 1.605

5-load bridge (SGU ) 2.485 0.300 0.746 00:06:22 2.453 0.313 0.768
5-load bridge (SGP ) 5.521 0.300 1.658 00:23:12 4.637 0.340 1.574
5-load bridge (SGA) 2.444 0.300 0.734 00:08:24 2.444 0.313 0.765

2-load wheel (SGU ) 0.307 0.300 0.092 00:08:10 0.310 0.301 0.093
2-load wheel (SGP ) 0.300 0.300 0.090 00:10:52 0.305 0.301 0.092
2-load wheel (SGA) 0.303 0.300 0.091 00:07:28 0.306 0.301 0.092

For the other results, the iteration times resemble those from [5], factoring in the number of load cases.
urthermore, the compliance values are very similar for the different starting guesses, meaning that the optimized

olutions are very non-unique.
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Table 2
Performance of de-homogenized designs. J , f , S, and T are compliance values, volume fraction,
stiffness to volume ratio measure, and computational cost, respectively. The computational cost
Ttot. is the combined cost of the de-homogenization procedure.

Example J φ f φ Sφ T φ Ttot.

2-load bridge (SGU ) 5.644 0.307 1.735 00:00:23 00:06:07
2-load bridge (SGP ) 5.519 0.309 1.707 00:00:28 00:09:18
2-load bridge (SGA) 5.480 0.308 1.689 00:00:22 00:05:33

5-load bridge (SGU ) 2.658 0.306 0.814 00:00:19 00:06:41
5-load bridge (SGA) 2.566 0.307 0.789 00:00:19 00:08:43

2-load wheel (SGU ) 0.319 0.317 0.101 00:00:53 00:09:03
2-load wheel (SGP ) 0.307 0.329 0.101 00:01:04 00:11:56
2-load wheel (SGA) 0.345 0.314 0.108 00:00:58 00:08:36

In order to make a fair comparison between the homogenization-based designs and their single-scale interpreta-
ions, we have to compare them on the same grid resolution. Thus, the coarse-scale homogenization-based designs
re up-scaled, as illustrated in Fig. A.14 and explained in Appendix A.2.

In Table 1 the fine-scale compliance values, J f , volume fraction f f , stiffness to volume ration S f of the
refinement method are listed. It is evident that there is a small difference between the coarse- and fine-scale results.

Finally, the multi-scale homogenization-based designs exhibit large areas of microstructures with intermediate
density, as also observed by Groen et al. [9]. However; with the distinguishing difference that the regularization
scheme on the widths, have ensured no widths below wmin.

4.4. De-homogenization

The direction fields are sorted to be continuous throughout the domain on the coarse grid T c. The mapping
functions φn are solved on the intermediate grid T i . Finally, the design is projected to the fine grid T f and post-
processed. For the following examples, we use an element unit size of hi

= hc/10 and h f
= hc/20, for the

intimidated and fine grids, respectively. These are relatively low element ratios, however, this is only chosen to
make the later comparison on T f more manageable.

The average unit cell spacing, ε, is for the two bridge examples set to ε = 40h f , and to ε = 30h f for the
2-load wheel example. A minimum feature size δmin

= 2.5h f is used, as this approximates the already defined
coarse-scale wmin well, and that the later used PDE-based density filter for density-based topology optimization has
the same minimum filter radius. Furthermore, this also ensures that the possible volume violations stay below 10%
as discussed in [9].

In Table 2 the resulting de-homogenization designs have been evaluated on T f for compliance J φ , volume
fraction f φ , and stiffness to volume ratio measure Sφ . The computational cost, T φ , of performing the de-
homogenization procedure on approximately 2 million elements is also seen, with the total computational cost,
Ttot. that includes the homogenization-based topology optimization time. The resulting density fields are plotted in
Fig. 9, 10 and 11, for the 2-load bridge, 5-load bridge, and 2-load wheel example, respectively. It must be noted that
the 5-load bridge example with SGP starting guess is not de-homogenized due to the bad homogenization-based
topology optimization result.

It can be seen that the fully automated de-homogenization procedure takes about a minute or less for all examples.
For the 2-load bridge and the 5-load bridge example, the SGA starting guess is performing best, while the SGP

starting guess is performing best for the 2-load wheel example.
It would be expected that the SGP starting guess would give better results compared to the two other starting

guesses, as seen from the homogenization-based designs. However, due to the additional layer and the associated
minimum widths, combined with the addition of the minimum length-scale correction, a significant amount of
material is added, as seen in [9] also. This results in a design rather far from the optimized homogenized design.

However, the 2-load wheel example has the lowest stiffness to volume ratio for the SGA starting guess.
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Fig. 9. De-homogenized density fields of the 2-load bridge example. (a) SGU starting guess. (b) SGP starting guess. (c) SGA starting guess.

Fig. 10. De-homogenized density fields of the 5-load bridge example. (a) SGU starting guess. (b) SGA starting guess.

Fig. 11. De-homogenized density fields of the 2-load wheel example. (a) SGU starting guess. (b) SGP starting guess. (c) SGA starting guess.

As discussed earlier, the SGU starting guess can lead to layer jumping in the de-homogenization design; this is
very clear from the 2-load bridge, as seen in Fig. 9(a). This design also performed worst compared to the two other
starting guesses.

An interesting case, in particular, is the 2-load wheel, where the SGA starting guess performed worst of the
three starting guesses. The stiffness optimal structure (at least for a pure single load case) should resemble two
opposite logarithmic spirals for pure torsional load. Like a Michell truss structure or the Michell-type problem seen
in [5]. However, this also introduces a singularity problem in the center of the wheel, resulting in a non-optimal
de-homogenization.

Finally, it can be seen from the resulting density fields how the implicit boundary formulation has formed
well-defined boundaries.

Comparing the refined fine-scale homogenization-based topology optimization results of Table 1 to the de-
homogenized results it is seen that the 2-load wheel example has the largest loss; this is because the inner and
outer ring and the associated load and boundary conditions are dependent on the grid resolution. Nevertheless, it
is seen that the SGA starting guess has the largest loss of the three, meaning that the de-homogenization was not
fully successful for this case.
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Table 3
Compliance J , volume fraction f , stiffness to volume ratio S and computational cost T from the Hashin–Shtrikman
bound formulation optimization, both listed for the coarse-scale homogenized solution (superscript c) and the fine-scale
de-homogenized solution (superscript φ).

Example J c f c Sc T c J φ f φ Sφ T φ

2-load bridge 6.189 0.300 1.857 00:01:49 6.575 0.303 1.992 00:00:14
5-load bridge 2.820 0.300 0.846 00:01:53 2.882 0.304 0.877 00:00:13
2-load wheel 0.334 0.300 0.100 00:02:17 0.443 0.281 0.125 00:00:36

Fig. 12. De-homogenized density fields from the Hashin–Shtrikman bound formulation optimization for the three optimization examples, (a)
the 2-load bridge example. (b) the 5-load bridge example. (c) the 2-load wheel example.

For the other examples, a loss of less than 10% is acceptable and verifies that the design performs similarly to
he Rank-N homogenization-based designs.

4.5. Comparison with isotropic microstructure model

Bendsøe and Sigmund [44] showed that performing topology optimization with stiffness optimal isotropic
microstructures for single load case problems results in a purely solid–void structure. However, this may not be
the case for multiple load case problems. To see how the de-homogenized designs compare against an isotropic
microstructure model, we solve the density-based topology optimization problem with an interpolation scheme
based on the Hashin–Shtrikman upper bound formulation [44] combined with material indicator field formulation,
Eq. (10), to ensure minimum density and a well-defined boundary. We solve the three examples with the Hashin–
Shtrikman bound formulation on T c. The isotropic micro-structure is de-homogenized to the fine grid T f , as a
periodic triangular microstructure with orientations θn = {0, 1/3, 2/3} π , and the physical widths corresponding to
he obtained equivalent physical densities. The same average unit cell spacing as used for the Rank-N microstructure
s used here. The density fields on T c are seen in Figs. A.18(a), A.18(b) and A.18(c) in Appendix A.4, with the
e-homogenized density fields on T f seen in Figs. 12(a), 12(b) and 12(c). The compliance J , volume V , stiffness
o volume ratio S, and computational cost T are shown in Table 3.

It is seen that the results are obtained faster than the Rank-N homogenization-based optimization, which is
ue to the single design variable per element. The isotropic homogenized results are 10% to 15% higher than the
nisotropic homogenized results, which confirms the advantage of anisotropy for multiple load case problems. Large
arts of the density field have intermediates densities, indicating the need for mapping for a physical interpretation.
his is especially true for the 2-load wheel example, which already has a rather isotropic material distribution in

he anisotropic case. The de-homogenized isotropic microstructure results are again within 10% to 20% of the de-
omogenized anisotropic results, confirming the conclusions drawn from the homogenization results. Another option
or using simpler but non-optimal microstructures in the form of orthogonal Rank-2 microstructures is investigated

n Appendix A.5. The results is as expected highly non-optimal.
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Fig. 13. Solutions from SIMP large-scale density-based topology optimization. (a) the 2-load bridge example. (b) the 5-load bridge example.
(c) the 2-load wheel example.

Table 4
Compliance J f , volume fraction f f , stiffness to volume ratio S f and
computational cost T f from the SIMP large-scale density-based topology
optimization.

Example J f f f S f T f

2-load bridge 5.487 0.300 1.646 18:35:34
5-load bridge 2.489 0.300 0.747 18:55:29
2-load wheel 0.337 0.300 0.101 43:18:17

4.6. Comparison with large-scale topology optimization

To validate the performance of the de-homogenized designs, we also compare them to designs obtained using
arge-scale density-based topology optimization on the fine grid. The reference compliance value is obtained for
ensity-based topology optimization using a Solid Isotropic Microstructure with Penalization (SIMP) interpola-
ion [1]. We apply a continuation scheme on the penalization factor, as done in [9]. A PDE-based density filter
s used with a filter radius of R = 2.5h f . Furthermore, to ensure a fully black and white designs, we apply a

projection filter with continuation [35], when the penalization continuation is finished. The optimization is allowed
500 iterations to converge. The SIMP implementation is based on the top88.m MATLAB code [45].

The resulting density fields are seen in Fig. 13 and resulting compliance, J f , volume fraction f f , stiffness to
volume ratio measure S f and computational cost, T f are seen in Table 4.

Comparing computational times with the Rank-N de-homogenized results, we see slow down of up to 300 times!
At the same time, stiffness to volume ratio is only slightly smaller. The deviation is evidently dependent on the
starting guess. For a suitable starting guess, the deviation is as low as 0% and not above 6%. For an inadequate
starting guess, no more than a 10% deviation is seen. This study demonstrates that Rank-N based de-homogenization
effectively may substitute fine scale density-based topology optimization at a tiny fraction of the computational cost.

The Rank-N de-homogenized density fields could also have the potential as a matured starting guess for large-
scale density-based topology optimization. This is explored in Appendix A.6; here, it is found that the performance
is very close to the conventional large-scale topology optimization but can be obtained 5–8 times faster. Furthermore,
the density fields result in ’cleaned up’ versions of their respective starting guess.

5. Concluding remarks

We have proposed a method for de-homogenization for multiple load case problems. We optimized designs
on a relatively coarse grid, with homogenization-based topology optimization using stiffness optimal Rank-N
18
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Table 5
Comparison between Rank-N de-homogenized results (Rank-N ), large-scale density-based results (SIMP), isotropic microstruc-
ture de-homogenized results (HS), and large-scale density-based with de-homogenized starting guess’ results (SIMP w/ SG.).
The results is obtained on fine grid T f .

Example Rank-N HS SIMP SIMP w/ SG.

Sφ T φ
tot. Sφ T φ

tot. S f T f S f T f
tot.

2-load bridge (SGA) 1.689 00:05:33 1.992 00:02:03 1.646 18:35:34 1.624 03:38:19
5-load bridge (SGA) 0.789 00:08:45 0.877 00:02:06 0.747 18:55:29 0.750 03:32:48
2-load wheel (SGU ) 0.101 00:09:03 0.125 00:02:53 0.101 43:18:17 0.099 05:21:25

microstructures. With the presented de-homogenization procedure, we project the coarse grid solution to a single
scale fine grid solution.

A final summation of all stiffness to volume ratios S on fine grid T f , and their associated computational cost T
s seen in Table 5. This verifies the capability of the de-homogenization procedure, compared to the other methods.

Depending on the starting guess, the Rank-N based de-homogenization structures perform equally or within a
ew percents error of large-scale density-based topology optimization, keeping in mind that the stiffness optimal
ank-N microstructures is regularized. The full procedure only requires finite element analysis solutions on the

elatively coarse grid resulting in a reduction in computational cost up to 300 times compared to density-based
arge-scale topology optimization.

A study using de-homogenized density fields as a matured starting guess for density-based topology optimization,
as also been carried out, as explained in the appendix. The result comes very close to the density-based topology
ptimization solution without a starting guess, as seen in Table 5. Furthermore, the density fields results in ’cleaned
p’ fields, compared to their starting guesses, albeit at considerable additional computational cost.

We regularize the orientation of the microstructures in homogenization-based topology optimization, diminishing
ffects of singularities. Furthermore, we introduce a new way of handling the structural boundary for the
e-homogenization procedure, resulting in well-defined structural boundaries on the fine scale.

A comparison with respect to an isotropic microstructure model confirms that, an anisotropic microstructure
odel outperforms an isotropic microstructure model for minimum compliance. Similarly, performing the opti-
ization on the multiple load-case problems based on non-optimal orthogonal Rank-2 microstructure results in

nferior performance, as described in the appendix.
The choice of starting guess for the homogenization-based topology optimization still presents a challenge to be

olved in future work, as this is the only part of the whole procedure, that requires some manual intervention.
Finally, the presented formulation is only applied to 2D topologies, however, this can be seen a great leap towards

ndustry applications, as most practical problems consider multiple loads. For 3D, a formulation similar to Groen
t al. [9] for de-homogenization of stiffness optimal multi-scale 3D topologies for a single load case should be
dopted for multiple load cases. This will be addressed in future works.
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Fig. A.14. w3 field of the 5-load bridge example, (a) nearest neighbor refinement and (b) structural boundary refinement. The grid lines in
he closeup represent the coarse grid.

ppendix

.1. Interpolation of structural boundaries

This section explains the method for refining and smoothing the structural boundaries. The method is explained
n referencing Fig. 3, in Section 3.3.

In order to get a better interpolation of the structural boundary, we first start with establishing exactly the
oundary faces, from the material indicator field, between ¯̃s = 0 and ¯̃s = 1 as seen in Fig. 3(a). Here solid

material, ¯̃s = 1, is colored gray and void material, ¯̃s = 0, is colored white. The black line and associated nodes
indicate the boundary faces. From the boundary face lines, we combine the face lines into line sections that are
more than one element length hc long into sections of at most 3 hc. This is illustrated in Fig. 3(b), where the red
line indicates combined line sections, separated by red nodes. From the line sections, we create a grid-independent
boundary line, which consists of grid-independent line segments between the center points of each combined line
segments, as seen in Fig. 3(c), where the blue line is independent of T c. The blue nodes are placed at the centers
of the red lines in Fig. 3(b). Line segment start/end-points at the domain boundary are enforced as start/end-points
on the grid-independent line segments. Finally, the grid-independent line segments are mapped to T f , though the
closest possible element faces to best represent the grid-independent line segments. This boundary can then be used
to flood fill ¯̃s as can be seen in Fig. 3(d).

The values of the single-scale layer widths wn on T c are propagated one element length hc into the void domain,
after which they are interpolated from T c to T f using linear interpolation. Subsequently, the newly obtained
boundary description of ¯̃s is used to set the values of wn = 0 when ¯̃s = 0 on T f . A downside of the method
is that the boundaries cannot be found in one-node connections between solids, which, however, is unlikely in our
seeing. This interpolation method can also be used to evaluate the homogenization-based results on T f .

A.2. Upscaling of homogenization-based designs.

In order to make a fair comparison between the de-homogenized designs with their multi-scale counterparts,
we have to compare them on the same grid resolution to avoid the effect of h-convergence. One way to refine the
homogenization-based designs on T f would be to use nearest-neighbor refinement, is illustrated in Fig. A.14(a)
or the w3 field of the 5-load bridge example, where the field is refined five times for illustrative purposes only.
owever, this would only result in a representation of mesh-refinement theory.
Nevertheless, due to how we refine the de-homogenized designs, using the structural boundary (see Ap-

endix A.1), the structural boundary is not preserved. It is interesting to see how the homogenization-based designs
ompare to the de-homogenized designs if the same refinement method is used. The structural boundary refinement
s illustrated in Fig. A.14(b).

.3. Homogenization-based topology optimization results

Density and orientations fields from the homogenization-based topology optimization. The 2-load-bridge,
-load-bridge and 2-load-wheel examples is in Fig. A.15, A.16 and A.17, respectively.
20
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Fig. A.15. 2-load bridge example. (a) SGU starting guess. (b) SGP starting guess. (c) SGA starting guess.

Fig. A.16. 5-load bridge example. (a) SGU starting guess. (b) SGP starting guess. (c) SGA starting guess.

Fig. A.17. 2-load wheel example. (a) SGU starting guess. (b) SGP starting guess. (c) SGA starting guess.

A.4. Isotropic microstructure model optimization results

Density fields from the Hashin–Shtrikman bound formulation optimization are plotted in Fig. A.18. The
2-load-bridge, 5-load-bridge and 2-load-wheel examples is in Figs. A.18(a), A.18(b) and A.18(c), respectively.

A.5. Comparison with orthogonal rank-2 microstructure

Avellaneda [26] and Francfort et al. [27] showed that an orthogonal Rank-2 microstructure is stiffness optimal
for plane problems subjected to a single load case. In contrast, Rank-3 microstructures are stiffness optimal for
multiple load cases. However, it is interesting to see to which extent an orthogonal Rank-2 microstructure can cope
with multiple load cases.

The optimization procedure here, is thus very similar to what Bendsøe and Kikuchi [6] proposed in their original
paper on topology optimization, and what Groen and Sigmund [5] used for single load case problems. However,
instead of using a rectangular-hole microstructure model (single-scale orthogonal Rank-2 microstructure), we use a
multi-scale orthogonal Rank-2 microstructure, the same way as the Rank-N microstructure, to keep the comparison
21
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Fig. A.18. Homogenization density fields from the Hashin–Shtrikman bound formulation optimization for the three optimization examples,
(a) the 2-load bridge example. (b) the 5-load bridge example. (c) the 2-load wheel example.

Fig. A.19. Density and orientations fields from the homogenization-based topology optimization with an orthogonal Rank-2 microstructure.
a) the 2-load bridge example. (b) the 5-load bridge example. (c) the 2-load wheel example.

ore consistent. The two width variables, µ1 and µ2, and the single orientation variable, θ , are regulated the same as
for the Rank-N microstructure. The starting guess is based on the principal stress orientations for the load case with
he superlative compliance value. The resulting topologies from the homogenization-based topology optimization
re seen in Fig. A.19, with the compliance J , volume V , stiffness to volume ratio S, and computational cost T
hown in Table A.6, for the three examples.

From both a qualitative and a quantitative perspective, the results are inferior to the Rank-N microstructure as
expected. Furthermore, de-homogenization is unsuccessful due to the non-smooth, irregular orientation field, and
numerous singularities. Hence orthogonal Rank-2 microstructures should not be pursued further for multiple load
case problems.

A.6. Using de-homogenization as starting guess for density-based optimization

It is interesting to see if there is any potential in using the de-homogenized density fields as a matured starting
guess for density-based topology optimization. To do so, we only allow the optimization to iterate for 150 iterations.
An aggressive projection scheme is used after only 50 iterations to ensure a converged design. For the 2-load and

5-load bridge, the density field from the SGA starting guess is used (see Figs. 9(c) and 9(c), respectively). While
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Table A.6
Compliance J c , volume fraction f c , stiffness to volume ratio Sc and
computational cost T c from homogenization-based topology optimization with
an orthogonal Rank-2 microstructure.

Example J c f c Sc T c

2-load bridge 5.903 0.300 1.771 00:01:15
5-load bridge 2.866 0.300 0.860 00:01:31
2-load wheel 0.360 0.300 0.108 00:01:46

Fig. A.20. Density fields from density-based topology optimization with de-homogenized density fields as starting guesses. (a) the 2-load
bridge example. (b) the 5-load bridge example. (c) the 2-load wheel example.

Table A.7
Compliance J f , volume fraction f f , stiffness to volume ratio S f and total
computational cost T f

tot. from the density-based topology optimization with
de-homogenized density fields as starting guesses.

Example J f f f S f T f
tot.

2-load bridge 5.414 0.300 1.624 03:38:19
5-load bridge 2.501 0.300 0.750 03:32:48
2-load wheel 0.331 0.300 0.099 05:21:25

for the 2-load wheel the density field from the SGU starting guess is used (see Fig. 11(a)). The resulting density
field on T f is seen in Fig. A.20. Furthermore, we uniformly scale the starting guess density fields, such that they
do not violate the volume fraction constraints. Compliance J f , volume fraction f f , stiffness to volume ratio S f ,
and computational cost T f are shown in Table A.7.

It is seen that the result is very close to the density-based topology optimization solution without a starting
guess. Furthermore, also improves on the de-homogenized solutions. It is also seen that the density fields have
been ’cleaned up’, compared to their starting guesses. Allowing the optimization more time would possible result
in better designs; however, this would be beside the point of this study. This however; shows that if it desired to
get at near-optimal density field that is more ‘clean’ and where the volume fraction is not violated, a result can
be obtained 5–8 times faster than conventional large-scale topology optimization, started form a uniform starting
guess.

This obviously also raises the question; if one cannot just use the post-processing analysis used in [5,9], to get a
more ‘clean’ density field? However, the analysis is just a processing analysis and not an optimization routine and
would not guarantee that constraints are satisfied. Furthermore, it would require the de-homogenization to make
multiple finite element analysis in T f , which is beside the point for de-homogenization scheme, when results can
be obtained within 10% of what is considered stiffness optimal.
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