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Acoustic metamaterials have emerged as alternative solutions to achieve useful physical effects that26

differ from the ones obtained with traditional materials. In terms of sound absorption, previous27

works have addressed their potential as compact surfaces with high performance. Nevertheless,28

studies on their angle-dependent behavior are scarce. In this work, an analytic and a numerical29

model to estimate the performance of periodic surfaces with unit cells composed of 2D Helmholtz30

resonators are presented. By making use of these modeling tools, the absorption of surfaces with31

one and three different resonators is studied both as a function of incidence angle and frequency.32

Changes in the incidence angle can cause variation of the maximum absorption coefficient, the33

frequencies at which the maximum performance is observed, and the frequency range of significant34

absorption. Furthermore, the rate at which the performance changes as a function of the incidence35

angle is larger as the angle increases. Given the angle-dependency of these absorbers, a strategy36

to optimize the dimensions of the surfaces’ elements to maximize the absorption performance for37

predefined ranges of incidence angles and frequencies is presented.38
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1. Introduction40

The development of acoustic metamaterials (AMs) has become a very active research field41

in recent years. AMs consist of structures realized as an arrangement of unitary elements,42

often resonators, with a distribution that is tailored to achieve desired collective effects.43

These structures can achieve physical effects that differ from those obtained with tradi-44

tional materials. To name a few examples, structures have been designed that can cause45

acoustic cloaking,1,2 yield more uniform sound radiation from thin plates,3–5 achieve high46

transmission loss values through lightweight partitions,6–8 and generate significant scatter-47

ing with thin surfaces.9 Additionally, several studies of AMs as compact, high-absorption48

surfaces can be found,10 although references touching upon their angle-dependent behav-49

ior are much scarcer.11–18 Nevertheless, there are applications, specially ones concerning50

closed spaces and/or many sound sources, where sound waves meet surfaces from various51

directions.1952

In order to realize sound absorbing metasurfaces based on local resonances, different ap-53

proaches can be found in the literature. Yang et al.20,21 proposed including a solid structure54

inside a porous material in order to produce internal resonances and increase energy dissipa-55

tion. Ma et al.,22 and Mei et al.23 showed that by using membrane type resonators, very thin56

absorbing materials can be obtained. Other works like the ones from Groby, et al.24,25 and57

Jiménez et al.13,14,26 realize their designs as surfaces with periodically distributed identical58

slits inside of which resonators are placed. Alternatively, periodic arrangements of unit cells59

consisting of a parallel arrangement of resonators of the same type but tuned to different60

frequencies have also been proposed15,17,18,27,2861

For materials that are not based on local resonances, Cavalieri et al.11,12 have studied62

the angle dependent performance of graded anisotropic porous materials, and proposed63

a non-gradient-based method to maximize their performance for a wide range of angles64

and frequencies.12 In the case of metasurfaces based on local resonances, Kim and Jeon2965

account for the angular dependency of planar surfaces with Helmholtz resonators, in order66

to design nonplanar AMs that yield complete acoustic absorption for a fixed incidence67

condition and a single frequency, leading to potential applications such as duct linings.68

Jiménez et al.,14 Ji et al.,15 and others,17,18 have reported the angle-dependent performance69

of surfaces with Helmholtz resonators as verification of proposed designs under different wave70

incidence angles and for selected frequencies. In turn, Jimenez et al.13 proposed a design of71

a metamaterial based on resonators connected to slit waveguides. They demonstrate that72

perfect absorption can be achieved at frequencies that vary with the angle, and show the73

similarity of this behavior with optical iridescence. Additionally, they verify the fact that74

perfect diffuse absorption cannot be reached and relate it to the angle dependence design75

of their metamaterial.76

In this paper, we study the angle-dependent behavior of periodic surfaces with unit cells77

consisting of a parallel arrangement of 2D Helmholtz resonators. This characterization is78
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valid for cases for which the wavelength in the operational frequency range of the resonators79

is much larger than the periodicity, i.e. below the frequency range where non-specular prop-80

agating components appear in the reflected sound field due to the periodicity.30 Afterwards,81

we show how to maximize their absorption in a frequency band and for a range of incidence82

angles by optimizing the dimensions of the resonators. We present optimized results for83

unit cells with three resonators. Our analysis aims at establishing the physical limitations84

of this optimization. We develop our cases in two dimensions, as it is assumed that the85

methodology would be conceptually the same in three dimensions.86

In Section 2, an analytic model and a numerical model that uses the finite element87

method (FEM) to estimate the behavior of the surfaces under study are presented. In88

Section 3, the angle dependent behavior of periodic surfaces with unit cells containing89

different number of resonators is characterized. In Section 4, an optimization strategy to90

tailor the angle-dependent performance of the absorbers is introduced. Section 5 contains91

a discussion on the results obtained throughout the paper. Lastly, in Section 6, conclusions92

derived from this study are presented.93

2. Methods94

2.1. Analytic approach for modeling the behavior of periodic surfaces of95

2D Helmholtz resonators96

We consider sound absorbing surfaces realized as a periodic arrangement of unit cells com-97

posed of NHR 2D Helmholtz resonators equidistantly placed side by side (as shown in Fig. 198

for NHR = 3). The operational frequency of these surfaces is considered to be in the region99

of the Helmholtz resonances and below the range where propagating non-specular compo-100

nents appear in the reflected sound field due to the periodicity, see e.g.30 The first condition101

follows from the fact that it is in this region where high absorption can be achieved for fre-102

quencies with wavelengths that are much larger than the resonators’ dimensions. The second103

condition is set given that the non-specularly reflected components will generate anomalies104

at the absorption coefficient curve which will appear at discrete angle-dependent frequen-105

cies. The first of these spatial harmonics will appear at the frequency c/(dtot(1 + sin(θ))),106

where c is the speed of sound in the air, θ is the incidence angle with respect to the normal107

direction of the surface, and dtot is the unit cell length of the periodic surface.108

In the aforementioned frequency range, the absorption coefficient is given as31109

α(f, θ) = 1−

∣∣∣∣∣∣∣
zs
zr

− 1

zs
zr

+ 1

∣∣∣∣∣∣∣
2

= 1−

∣∣∣∣∣∣∣∣
zs cos θ

ρc
− 1

zs cos θ

ρc
+ 1

∣∣∣∣∣∣∣∣
2

, (1)

where ρ is the density of air, zr = ρc/ cos θ is the radiation impedance of an infinitely110

large surface, and zs is the surface impedance. The latter is defined as the ratio of the111

average pressure to the average of the normal component of the particle velocity next to112
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Fig. 1: Unit cell with three 2D Helmholtz resonators.

the absorbing surface. It is obtained as32113

zs =

NHR∑
j=1

f
1

z
(j)
s

−1

, (2)

where f = 1/NHR is the fraction of the total unit cell occupied by the resonator j, and z
(j)
s114

is the surface impedance of a periodic surface containing only Helmholtz resonators of type115

j which are equally spaced by a distance d. It is calculated as116

z(j)s = z
(j)
HR

d

w
(j)
n

, (3)

where z
(j)
HR is the surface impedance at the opening of the j-th type resonator. Combining117

Eqs. (2) and (3), and replacing in Eq. (1), yields118

α(f, θ) = 1−

∣∣∣∣∣∣∣∣∣∣∣∣∣

dtot cos θ

ρc

NHR∑
j=1

w
(j)
n

z
(j)
HR

−1

− 1

dtot cos θ

ρc

NHR∑
j=1

w
(j)
n

z
(j)
HR

−1

+ 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

2

, (4)

where dtot = NHRd. The expression inside the parenthesis is the part of the surface119

impedance that depends on the resonators in the periodic arrangement.120

The transfer matrix method (TMM) can be used to obtain the surface impedance at121

the opening of a resonator for wavelengths that are larger than twice the width of the neck122

and cavity. It has been used in previous works such as14,17,33 to estimate the performance123
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of a variety of metasurfaces composed of acoustic resonators. Within this framework, each124

resonator is modeled as a system of 1D domains connected in series. Thus, only the propaga-125

tion happening in the perpendicular direction to the surface is accounted for. The domains126

forming the ensemble are, in order from bottom to top of any of the resonators shown in127

Fig. 1: the cavity, the length correction of the neck due to the sudden change in section128

between the neck and the cavity, the neck, and the outer end correction of the neck due to129

the sudden change in section between the neck and the outer field. The pressure and volume130

velocity per unit length at the entrance of a resonator can be related to the pressure and131

volume velocity per unit length at the rigid end of the cavity using a transfer matrix as132

[
pin
qin

]
=

[
A B

C D

] [
pout
qout

]
, (5)

where133

[
A B

C D

]
=

[
1 ikn∆l

(out)
n Zn

0 1

] cos(knln) iZn sin(knln)

i
sin(knln)

Zn
cos(knln)

[
1 ikn∆l

(in)
n Zn

0 1

] cos(kclc) iZc sin(kclc)

i
sin(kclc)

Zc
cos(kclc)

 , (6)

k and Z are the wavenumber and characteristic impedance per unit length of the acous-134

tic wave inside the resonator’s components, and the subscripts n and c identify whether the135

physical quantities are related to the wave traveling across the neck or the cavity respec-136

tively. In turn, ∆l
(in)
n and ∆l

(out)
n are the inner and outer neck end corrections. The volume137

velocity (q) and characteristic impedance (Z) in Eqs. (5) and (6) respectively, are defined138

as quantities per unit length since the surfaces under consideration here are assumed to be139

infinite in the out of plane direction of Fig. 1.140

Finally, given that the volume velocity per unit length (qout) is equal to zero at the rigid141

bottom of the resonator, the surface impedance at the entrance is found as142

zHR =
A

C
wn . (7)

The characteristic impedance per unit length and wavenumber inside the cavity and the143

neck including the effects of viscous and thermal losses, as needed for Eq. (6), are given by144

Stinson’s expressions for plane wave propagation through narrow slits:34145
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ρeff = ρ

1−
tanh

(
w

2

√
i
ωρ

µ

)
w

2

√
i
ωρ

µ


−1

, (8)

Beff = γP0

1 + (γ − 1)

tanh

(
w

2

√
i
ωρPr

µ

)
w

2

√
i
ωρPr

µ


−1

, (9)

Z =
(ρeffBeff)

1/2

w
, (10)

k = ω

(
ρeff
Beff

)1/2

. (11)

In these expressions, ω is the angular frequency, ρeff and Beff are respectively the effective146

density and bulk modulus inside the slit, w is the width of the slit, and µ, Pr, γ and P0147

are respectively the dynamic viscosity, Prandtl number, ratio of specific heats and static148

pressure of air.149

The inner and outer end corrections can be estimated using Smits and Kosten’s deriva-150

tions.35 In their work, the authors developed end correction expressions for surfaces with151

identical slit resonators. They give two sets of expressions, one assuming constant velocity152

across the slit and the other assuming constant pressure across the slit. None of the two153

cases is strictly true in real physical systems. The actual value should lie between the ones154

obtained with the two different assumptions. For the analytic calculations in this work, the155

end correction expressions used were the ones obtained assuming constant pressure, i.e.156

∆l(in)n =
λ

π2

∞∑
n=1

1

R
(in)
n n

F

(
n,−n, 1, sin2

(
πwn

2wc

))
sin

(
nwnπ

wc

)
coth

(
klcR

(in)
n

)
, (12)

∆l(out)n =
λ

π2

∞∑
n=1

1

R
(out)
n n

F
(
n,−n, 1, sin2

(πwn

2d

))
sin
(nwnπ

d

)
, (13)

where λ is the wavelength, F (·) is the hypergeometric function defined as157

F (a, b, c, v) =

∞∑
m=0

(a)m(b)m
(c)m

vm

m!
, (14)

R
(in)
n =

√(
nλ
wc

)2
− 1 and R

(out)
n =

√(
nλ
d

)2 − 1.158

The end correction expressions assuming constant pressure were selected here since it159

is a common assumption for acoustic wave propagation in narrow tubes. It is used, e.g. in160
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the analytic low reduced frequency model for viscothermal wave propagation through thin161

layers or narrow tubes.36 Furthermore, the difference in the absorption coefficient results162

calculated with the two different sets of expressions provided by Smits and Kosten is very163

small. For an example of a surface composed of one type of resonator (the surface with the164

absorption coefficient curve shown in Fig. 3a for d = 8 cm), the difference in the resonance165

frequency is less than 2 Hz, and in the magnitude of the maximum absorption coefficient is166

less than 0.001.167

2.2. Numerical approach for modeling the behavior of periodic surfaces of168

2D Helmholtz resonators169

An alternative method to estimate the acoustic absorption of the surfaces under study,170

is to solve the problem numerically. In this work, the problem is implemented and solved171

as a FEM model in COMSOL Multiphysics® 5.6 commercial software package.37 A 2D172

scattering formulation in the frequency domain was used with harmonic time variation eiωt.173

The incident plane wave was included as an incident pressure field as174

pinc(x, y) = |pinc|e−i(kxx−kyy) , (15)

where175

k = (kx, ky) = (||k|| sin θ, ||k|| cos θ) , (16)

||k|| = ω/c . (17)

Given that the incident acoustic wave is plane, the components of its particle velocity176

are defined, according to Euler’s equation, as177

vinc,x(x, y) =
kx
ωρ

pinc(x, y) , (18)

vinc,y(x, y) = − ky
ωρ

pinc(x, y) . (19)

Using the scattering formulation, the incident pressure is included in all the nodes within178

the region where it is defined, and the problem is described by the homogeneous Helmholtz179

equation180

∆pt +
ω2

c2
pt = 0 , (20)

where pt is the total complex pressure solved for. The reflected pressure field pr is then181

obtained using the known incident pressure field and the relationship182

pt = pr + pinc . (21)
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Similarly, the components of the particle velocity of the reflected field (vr,x and vr,y) are183

retrieved using the components of the total particle velocity field as184

vt,x = vr,x + vinc,x , (22)

vt,y = vr,y + vinc,y , (23)

where vt,x and vt,y are respectively the horizontal and vertical components of the complex185

total particle velocity field.186

The domain modeled in all cases corresponded to a unit cell and a portion of the outer187

field above it. The outer field was truncated at a 2.5 m distance above the unit cell using188

a perfectly matched layer (PML) to simulate a semi-infinite extension of the domain in the189

vertical direction. In turn, to make the domain infinite in the horizontal direction, Floquet190

periodicity boundary conditions were assigned to the vertical boundaries of the free field and191

PML subdomains. Floquet’s periodicity relates the pressure in the left boundary (x = 0)192

to the pressure in the right boundary (x = dtot) using the relationship193

p ∣∣
x=dtot

= p ∣∣
x=0

e−i(kxdtot) . (24)

To account for the viscous and thermal losses taking place within the resonators, a194

boundary layer impedance (BLI) boundary condition,38,39 was assigned to the boundaries195

corresponding to the resonators’ walls. This boundary condition is defined as196

−δV
i− 1

2
∆∥p+ δTk

2 (i− 1)(γ − 1)

2
p+

∂p

∂n
= 0 , (25)

where ∆∥ is the tangential Laplacian, ∂p/∂n is the normal derivative of the pressure, and197

δV and δT are respectively the viscous and thermal boundary layer thicknesses198

δV =

√
2µ

ωρ
, (26)

δT =

√
2κ

ωρCp
, (27)

where Cp and κ are the specific heat at constant pressure and the thermal conductivity,199

respectively.200

Using the BLI boundary condition yields absorption coefficient results comparable to201

the ones obtained by solving the problem using the linearized Navier-Stokes equations. This202

is, as long as there is no overlapping of boundary layers, and the surface is not significantly203

rough or containing patterns in the order of the boundary layer thicknesses.39,40 The advan-204

tage is that finding the solution is less computationally demanding as only the Helmholtz205

equation needs to be solved, and no special meshing is required for the boundary layers.206

As an illustrative example, the domain used for a FEM model with a unit cell composed207

of three resonators is shown in Fig. 2. For all the cases modeled, the mesh consisted of208
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quadratic Lagrange triangular elements with a maximum element length in the domains209

corresponding to the resonators, the outer field and the perfectly matched layer of 0.5 mm,210

10 mm, and 31 mm respectively. Since domains of different dimensions were modeled, the211

number of elements used for the discretization was variable and ranging between 56000 and212

203000 elements.213

Fig. 2: (Color online) Domain of a FEM model used for the present study. The case shown

corresponds to a surface with three resonators. Dotted lines: boundaries with a periodic

boundary condition. Continuous line: boundaries with a BLI boundary condition. Dash-

dotted line: line used for the estimation of the incident and reflected sound power according

to Eq. (28).

To obtain the absorption coefficient, an integral of the vertical component of the incident214

and reflected acoustic intensities (Iinc,y and Ir,y respectively) was performed over a horizontal215

line placed 2 m above the surface and 0.5 m below the PML layer (see Fig. 2). The horizontal216

line was positioned away from the surface in order to avoid evanescent phenomena, and217

away from the PML layer in order to avoid numerical artifacts at the interface between218

the acoustic and PML domains. The specific distances were set after checking that further219

changes in the distances would not affect the value of the reflected intensity.220

From the integrals of the intensities, the absorption coefficient is obtained as221

α = 1− Pr

Pinc
= 1−

∫ dtot

0
Ir,ydx∫ dtot

0
Iinc,ydx

= 1−

∫ dtot

0

1

2
Re{prv∗r,y}dx∫ dtot

0

1

2
Re{pincv∗inc,y}dx

, (28)
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where P denotes the acoustic power, the subscripts inc and r refer to incident and reflected222

quantities, and ∗ represents the complex conjugate.223

2.3. Comparison between the absorption coefficient of the periodic224

surfaces estimated using the analytic and numerical models225

In this section, a comparison between the absorption coefficient values obtained with the226

analytic and numerical models is presented for verification purposes. Two types of surfaces227

are used for the comparison. One is composed of one resonator, and the other one is com-228

posed of three resonators. Their dimensions are shown in Table 1. As can be seen in Eq. (4),229

the absorption coefficient of these metasurfaces is influenced both by the incidence angle230

(θ) and the unit cell length (dtot). Therefore, results considering different values of these231

parameters are included in the comparison.232

Table 1: Dimensions of the resonators com-

posing the unit cells of the two types of peri-

odic surfaces under study. All dimensions are

given in millimeters.

Surface with 1 type of resonator
Resonator wn ln wc lc

1 1.6 23 26.8 118.2

Surface with 3 types of resonators
Resonator wn ln wc lc

1 1.5 20.0 25.6 92.1
2 1.6 21.5 25.7 125.8
3 1.5 20.0 27.4 164.4

The absorption coefficient curves for the surfaces with one and three resonators are shown233

in Figs. 3 and 4, respectively. Figs. 3a and 4a, contain results for different unit cell lengths,234

and Figs. 3b and 4b contain results for different incidence angles. For the calculations, the235

numerical values used for the properties of air were µ = 1.983 · 10−5 kg · m−1 · s−1, Pr =236

0.702, γ = 1.4, P0 = 101320 Pa, ρ = 1.204 kg ·m−3, and c = 343.2 m · s−1.237

Table 2 shows the mean absolute difference (MAD) between the numerical and analytic238

results for each pair of curves obtained using the same values of unit cell length and incidence239

angle. It is calculated as240

MAD(θ) =
1

Nf

Nf∑
i=1

|αnum(fi, θ)− αana(fi, θ)| , (29)

where Nf = 29 is the number of frequencies considered. They span the range from 160 Hz241

to 300 Hz in steps of 5 Hz.242

There is a fair agreement between the results obtained using the two estimation methods.243

For the case of the surface with a single type of resonator, the agreement is slightly better244
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(a) (b)

Fig. 3: (Color online) Absorption coefficient curves obtained using the analytic and numer-

ical models for a surface composed of one resonator with dimensions shown in Table 1. 3a:

Performance at normal incidence for different values of unit cell length dtot. 3b: Perfor-

mance for different incidence angles θ and a unit cell length dtot of 8 cm.

(a) (b)

Fig. 4: (Color online) Absorption coefficient curves obtained using the analytic and numer-

ical models for a surface composed of three resonators with dimensions shown in Table 1.

4a: Performance at normal incidence for different values of unit cell length dtot. 4b: Per-

formance for different incidence angles θ and a unit cell length dtot of 8 cm.

than for the case of the three resonators. This could be due to the fact that the end correction245

used to estimate the effect of the outer field, as derived by Smits and Kosten, assumes an246

array of identical slits. Thus, evanescent coupling between the resonators tuned to different247

frequencies is not considered.248
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Table 2: Difference between the absorption

coefficient curves of periodic surfaces of 2D

Helmholtz resonators obtained using the an-

alytic and numerical models and shown in

Figs. 3 and 4.

Surface with 1 type of resonator

dtot 3 cm 8 cm 8 cm 8 cm
θ 0◦ 0◦ 60◦ 85◦

MAD 0.023 0.013 0.017 0.010

Surface with 3 types of resonators

dtot 9 cm 24 cm 24 cm 24 cm
θ 0◦ 0◦ 60◦ 85◦

MAD 0.034 0.039 0.028 0.040

3. Angle Dependent Sound Absorption of Periodic Arrangements of 2D249

Helmholtz Resonators250

The performance of sound absorbing materials is dependent on the impedance transition251

between the outer field and the absorbing material. If there is a perfect match all the incident252

energy is absorbed, otherwise some of the energy is reflected. By inspecting Eq. (1), it can253

be seen that perfect impedance matching happens when the real component of the surface254

impedance, i.e. the surface resistance, is equal to ρc/ cos θ, and the imaginary component,255

i.e. the surface reactance, is equal to zero. For periodic surfaces sharing the same set of256

resonators, the absorption coefficient is determined by the distance between the elements257

and the angle of incidence. This dependence can be seen with the parameter dtot cos θ in258

Eq. (4). A change in the angle will cause a change in the radiation impedance. A change259

in the distance will cause a change in the surface impedance. The parameter dtot cos θ will260

tend to infinity when the distance between adjacent resonators tends to infinity. Then, the261

surface will tend to behave as an unperforated surface with an infinite surface impedance.262

Conversely, the parameter dtot cos θ will vanish when θ = 90◦. This limit represents a plane263

wave that does not impinge on the surface, but travels tangentially to it.264

To characterize the effect of varying dtot cos θ values between the aforementioned upper265

and lower limits, the absorption performance as a function of this parameter will be studied266

using surfaces composed of different number of resonators in the remaining of this section.267

3.1. Periodic surfaces with one resonator268

The surfaces under analysis here correspond to periodic arrangements of the resonator with269

the dimensions presented in Table 1. Fig. 5a shows the absorption coefficient as a function270

of frequency and dtot cos θ for the set of surfaces for which 0.0268 m ≤ dtot ≤ 0.3 m. The271

upper limit is given by the maximum value of the y-axis of the figure. The lower limit is set272

by the width of the cavity of the resonator and assuming infinitely thin rigid separations273
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between cavities. The angle-dependent absorption performance of a particular surface with274

an arbitrary unit cell length between 0.0268 m and 0.3 m, can be retrieved from the figure275

by looking at the values in the y-axis range spanning from 0 (corresponding to θ = 90◦) to276

the unit cell length of interest (corresponding to θ = 0◦). In Fig. 5b, horizontal slices of the277

contour plot at different y-axis (dtot cos θ) values are shown.278

(a) (b)

(c)

Fig. 5: (Color online) Absorption performance of periodic surfaces composed of one resonator

with the dimensions presented in Table 1. 5a:Absorption coefficient as a function of dtot cos θ

and frequency. The dashed isoline represents α = 0.99. 5b: Absorption coefficient as a

function of frequency for selected values of dtot cos θ. 5c: Normalized surface impedance for

selected values of dtot cos θ. The dashed isoline represents α = 0.99. The results presented

here were generated using the analytic model described in Section 2.1.

In Fig. 5a, it can be seen that the absorption coefficient values are equal or larger than279

0.99 around the resonance (218 Hz) for 0.116m ≤ dtot cos θ ≤ 0.174 m (indicated with the280

dotted horizontal lines in the figure). Above and below this range, the characteristics of the281

absorption’s decrease for low or high dtot cos θ values are different. For dtot cos θ > 0.174, the282

rate of drop in the performance as a function of dtot cos θ is slower, but for a fixed dtot cos θ283

value there is a larger variation with frequency. In this region, the surface resistance is284

higher than the radiation impedance. In contrast, for dtot cos θ < 0.116 the rate of drop285

in the performance as a function of dtot cos θ is faster, but for a fixed dtot cos θ value the286
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variation with frequency occurs at a lower rate. In this region, the surface resistance is lower287

than the radiation impedance.288

The difference in the behaviors can be seen in Fig. 5c, where the normalized surface289

impedance of the cases shown in fig. 5b is plotted in the complex plane. The normalization290

is made with the radiation impedance. In all cases, the values plotted span the frequency291

range between 200 Hz and 240 Hz, and the arrow is pointing in the direction of increasing292

frequency. The elliptical contours of the figure are isolines of the absorption coefficient293

calculated from Eq. 1. Maximum absorption is achieved at the point (1,0) of this plane.294

All the curves cross the Im(zs)/zr = 0 line at the resonance frequency, but are scaled by295

the parameter dtot cos θ. From the isolines of Fig. 5c, it can be seen that in the region where296

Re(zs)/zr > 1, the rate of change of the absorption coefficient in the horizontal direction is297

lower than for the region where Re(zs)/zr < 1. Also, for two cases with the same maximum298

absorption coefficient, see e.g. dtot cos θ = 0.12 and dtot cos θ = 0.17 in Figs. 5b and 5c, the299

rate of change of the absorption coefficient with the frequency will increase with dtot cos θ.300

This is due to an increased range of values of the normalized surface reactance (Im(zs)/zr)301

when dtot cos θ increases.302

As Eq. (1) shows, the absorption is higher the closer the radiation and surface303

impedances are. The interplay described here between radiation and surface impedance304

and how it changes as angle and frequency vary is relevant in this research. Our goal is to305

design surfaces with an impedance that is as close as possible to the radiation impedance for306

a given set of incidence angles and a range of frequencies, thus maximizing the absorption307

for the selected region.308

3.2. Periodic surfaces with more than one resonator309

Surfaces combining more than one resonator display a more complex variation as a function310

of dtot cos θ than their single resonator counterparts.16 For large values of dtot cos θ, the311

absorption coefficient curve can display peaks at the resonance frequency of each of the312

elements of the surface. At these frequencies, the dissipation is mainly happening at the313

operating resonator, and thus the acoustic energy flows towards this region of the unit314

cell. This effect has been referred to as the acoustic siphon effect.41,42 But as dtot cos θ315

decreases, the frequencies at which the maximum absorption coefficient values are observed316

shift towards the so-called hybrid resonances,28,29,43 situated at frequencies in between317

two stand-alone resonances. At these hybrid resonances, the phase difference between the318

particle velocity at the entrance of the two resonators is closer to an antiphase condition,319

and most of the acoustic energy dissipation takes place inside both components.320

To extend the analysis of the absorbing behavior of this type of AMs, the performance321

of surfaces composed of three resonators with the dimensions presented in Table 1 is studied322

in this section. Their absorption coefficient as a function of dtot cos θ and frequency can be323

seen in Fig. 6a, and slices at different dtot cos θ values are included in Fig. 6b.324

For large dtot cos θ, the maximum absorption is achieved at around 188 Hz, 225 Hz and325

265 Hz (identified with the vertical dashed-dotted lines in Figs. 6a and 6b), which correspond326

to the resonances of the individual elements. As an example of the localized dissipation at327
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Fig. 6: (Color online) Absorption performance of periodic surfaces composed of three res-

onators with the dimensions presented in Table 1. 6a: Absorption coefficient as a function of

the parameter dtot cos θ and frequency. The dashed isoline represents α = 0.99. 6b: Absorp-

tion coefficient as a function of frequency for selected values of dtot cos θ. 6c: Normalized

surface impedance for selected values of dtot cos θ. The dashed isoline represents α = 0.99.

The results presented here were generated using the analytic model described in Section

2.1.

individual resonators happening at these frequencies, Figs. 7a and 7c show respectively the328

magnitude of the acoustic pressure and the acoustic intensity at 188 Hz. In contrast, for329

small values of dtot cos θ, the maximum absorption is achieved around 203 Hz and 250 Hz330

(indicated with the vertical dotted lines in Figs. 6a and 6b). At these two frequencies, the331

energy is being dissipated by pairs of resonators as illustrated for the 203 Hz case in Figs.332

7b and 7d. In turn, the phase difference between the particle velocity at the entrance of the333

pairs of resonators is high as shown in Fig. 8.334

Fig. 6c presents the normalized surface impedance between 160 Hz and 300 Hz for335

two dtot cos θ cases. Given the multiresonant nature of these periodic surfaces, the curves336

approach the Im(zs)/zr = 0 line at multiple frequencies. The variation of the normalized337

surface resistance is larger than for the single resonator case analyzed in Section 3.1. The338

points of the curves for which the resistance is higher correspond to the position of the hybrid339

resonances (identified with a star marker on the curves) where two resonators are effectively340
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(a) (b) (c) (d)

Fig. 7: (Color online) Acoustic variables over a unit cell of the surface composed of three

resonators with the dimensions presented in Table 1 for normal incidence and a distance of

5 cm between adjacent resonators. Magnitude of the acoustic pressure at 188 Hz (7a) and

203 Hz (7b). Acoustic intensity at 188 Hz (7c) and 203 Hz (7d). The results presented here

were generated using the finite element model described in Section 2.2.

Fig. 8: (Color online) Phase difference between the particle velocities at the middle of the

entrance of each pair of the three resonator unit cell with dimensions presented in Table

1. The results are generated using the finite element model described in Section 2.2 for a

normal incidence condition and a distance of 5 cm between adjacent resonators.

contributing to the energy dissipation. Similarly to the one resonator case (Section 3.1),341

dtot cos θ scales the normalized surface impedance values. This scaling modifies the range342

of values of the curve, and causes it to shift its location in the horizontal axis. The latter343

explains the shift in the frequencies of maximum absorption observed in Figs. 6a and 6b.344
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4. Optimization of Periodic Surfaces to Maximize their Absorption345

Performance at Target Sets of Incidence Angles346

A perfect impedance matching between the outer field and a locally reacting absorber, and347

thus total acoustic absorption for multiple wave incidence directions, is not possible due348

to the varying nature of the radiation impedance. Therefore, in this section we present a349

design strategy for 2D periodic surfaces with enhanced absorption performance at a prede-350

fined range of incidence angles. The goal is to minimize the angle-averaged power reflection351

coefficient of the surface over a frequency band (1− ᾱ(θ)) for the angles of interest.352

 

Fig. 9: Sketch of an example for which the sound coming from a line source is reflected over

a plane. The reflected power is minimized over a control region using a periodic surface of

2D Helmholtz resonators.

The desirable range of angles to be targeted is case specific. But three cases are used353

here: a case considering a wide range, namely 0◦ ≤ θ ≤ 80◦, and two cases considering354

narrower ranges spanning 20 degrees, namely 45◦ ≤ θ ≤ 65◦ and 65◦ ≤ θ ≤ 85◦. To make355

these cases more tangible, consider a line source placed 1.5 meters above the metasurface,356

and a control region within which the sound coming from reflections on the absorber are to357

be minimized (see Fig. 9). To match the angle ranges defined, the region should extend from358

0m ≤ x ≤ 19.9m, 3.5m ≤ x ≤ 7.5m, and 7.5m ≤ x ≤ 40.0m for each of the three cases359

respectively. The selected frequency range of interest here corresponds to the third-octave360

band with a center frequency of 250 Hz.361

The optimization problem is defined as362

min
x

Φ =
1

Nθ

Nθ∑
i=1

(1− ᾱ(θi))

subject to 0 ≤ xk ≤ 1, k = 1, ..., 13, (30)

where Nθ is the number of angles considered, ᾱ is the third-octave band average absorption363

coefficient, θ = {0◦, 1◦, 2◦, ..., 80◦} for the first optimization case, θ = {45◦, 46◦, ..., 65◦}364

for the second optimization case, and θ = {65◦, 66◦, ..., 85◦} for the third optimization365

case. The 13 design variables are interpolation variables which are constrained to the range366
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0 ≤ xk ≤ 1. Each of them defines either a dimension of one of the resonators (k = 1−12) or367

the separation between resonators d (k = 13) between minimum and maximum allowable368

values as369

w(k)
n = wn,min + xk (wn,max − wn,min) for k = 1− 3, (31)

l(k−3)
n = ln,min + xk (ln,max − ln,min) for k = 4− 6, (32)

w(k−6)
c = wc,min + xk (wc,max − wc,min) for k = 7− 9, (33)

l(k−9)
c = lc,min + xk (lc,max − lc,min) for k = 10− 12, (34)

d = dmin + xk (dmax − dmin) for k = 13. (35)

The upper and lower box constraints for the dimensions of the elements are given in370

Table 3.371

Table 3: Minimum and maximum allowable values for the

dimensions of the periodic surfaces’ elements. All the di-

mensions are given in millimeters.

Dimension wn ln wc lc d

Minimum value 0.8 5.0 10.0 10.0 50.0
Maximum value 1.7 20.0 48.0 130.0 100.0

Including the 13 design variables gives a high degree of freedom to the optimization372

since all the relevant geometric characteristics of the surfaces can be modified. They are373

defined in the interval between 0 and 1 to minimize errors that could arise since the different374

dimensions have different scales. A difference in scales can cause a bias on the sensitivity of375

the objective function to changes on the different design variables.44376

The optimization problems were solved using the sequential quadratic programming377

(sqp) algorithm implemented in the fmincon function of MATLAB®,45 and the analytic378

model described in Section 2.1 was used to estimate the absorption coefficients. The sqp379

method is suitable for solving constrained nonlinear optimization problems, but other types380

of gradient-based solvers may also handle these types of problems. Since the optimization381

method is gradient-based, it is possible that the solution found corresponds to a local min-382

imum with a poor performance. In order to minimize this possibility, solutions for each383

optimization case were found using 10 different initial conditions where the surfaces’ di-384

mensions were defined randomly within the limits in Table 3. For the three optimization385

problems, the final dimensions obtained using the different initial guesses differed by less386

than 10−5 m.387
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Table 4: Dimensions of the surfaces optimized for maxi-

mum absorption at selected ranges of incidence angles. All

dimensions are given in millimeters.

Optimized for 0◦ ≤ θ ≤ 80◦

Resonator wn ln wc lc d

1 0.80 13.34 48.00 43.31
2 0.81 5.00 48.00 130.00 50.00
3 0.86 5.00 48.00 71.27

Optimized for 45◦ ≤ θ ≤ 65◦

Resonator wn ln wc lc d

1 0.80 16.43 48.00 36.26
2 0.80 5.82 48.00 119.86 50.00
3 0.80 5.00 48.00 66.28

Optimized for 65◦ ≤ θ ≤ 85◦

Resonator wn ln wc lc d

1 0.80 7.00 48.00 104.41
2 0.80 5.89 48.00 57.34 99.20
3 0.80 20.00 48.00 30.14

The dimensions for the optimized surfaces can be found in Table 4, and their third-388

octave band average absorption coefficient as a function of the incidence angle can be seen389

in Fig. 10. The relevant angles for the optimization (45◦, 65◦, 80◦, and 85◦) are identified390

with the vertical dashed lines, and the analytic results are compared with FEM results for391

verification. It can be seen that a requirement for higher absorption at large oblique angles392

causes a decrease in the near-normal performance. This is due to an increased normalized393

acoustic resistance of the surfaces at θ = 0, which yields a good impedance matching when394

the radiation impedance grows with the angle. Namely, the third octave band average ratios395

of the normalized acoustic resistance (Re(zs)/zr) at normal incidence are 1.51, 1.78 and 4.19396

for the first, second and third optimization cases respectively.397

Fig. 10: Third-octave band absorption coefficient as a function of the incidence angle for the

three optimized surfaces. The analytic results obtained after the optimization are verified

using the FEM model described in Section 2.2.

The design obtained as solution of the first optimization problem, i.e. for 0◦ ≤ θ ≤ 80◦,398
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makes use of the slow variation of the absorption coefficient in the region where Re(zs)/zr >399

1, in order to extend the range of high absorption. This leads to a maximum performance400

at θ = 48.5◦ and absorption coefficient values above 0.95 for 0◦ ≤ θ ≤ 65◦. In turn, for401

the designs obtained as solution of the second and third optimization cases, it can be seen402

that even though the ranges of interest for the angle have the same width, it is harder to403

maintain a high performance for the case closer to grazing incidence. Whilst the frequency-404

averaged absorption coefficient values for the targeted angles lie between 0.98 and 1 for the405

surface optimized for 45◦ ≤ θ ≤ 65◦, they lie between 0.78 and 1 for the surface optimized406

for 65◦ ≤ θ ≤ 85◦. This can be explained by the fact that the variation of the radiation407

impedance as a function of the incidence angle is higher as the angle increases. It causes an408

increased rate of variation of the normalized surface impedance, and consequently, of the409

absorption coefficient.410

The absorption coefficients of the three optimized surfaces as a function of both the411

incidence angle and the frequency are shown in Fig. 11. The highlighted region corresponds412

to the range of frequencies and angles considered for the optimization. It is shown that the413

range of angles with high performance (α > 0.99) gets narrower as the target range is set414

closer to θ = 90◦. Moreover, the three-resonator systems achieve a high absorption over415

a wider bandwidth in the transition region between single-resonator resonances to hybrid416

resonances.417

(a) (b) (c)

Fig. 11: Absorption coefficient as a function of incidence angle and frequency of the periodic

surfaces optimized to achieve high third-octave band average absorption for 0◦ ≤ θ ≤ 80◦

(11a), 45◦ ≤ θ ≤ 65◦ (11b), and 65◦ ≤ θ ≤ 85◦ (11c). The results presented here were

generated using the analytic model described in Section 2.1.

5. Discussion418

In the study presented in Section 3, the effect of the unit cell length on the performance419

of periodic arrangements sharing the same set of resonators was presented, see Figs. 5a420

and 6a. This allows to see that a frequency-dependent absorption behavior of an AM that421

is obtained at a given incidence angle, can be shifted to another incidence angle by only422
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adjusting the distance between resonators. Nevertheless, the outer end correction of the423

resonators necks’ length, as described by Eq. (13), is a function of the separation of the424

elements and can cause small changes in their resonance frequencies. Still, the behavior is425

comparable to that shown in a previous study by the authors16 which was conducted using426

FEM calculations.427

By optimizing the dimensions of the AMs under study, the absorption performance428

can be tailored to specific frequency and angular requirements as shown in Section 4. A429

similar methodology can be applied to other types of surfaces by changing the model used430

to estimate the absorption coefficient. Furthermore, for a three-dimensional problem, the431

dependence of the behavior on the azimuth angle can also be included and optimized for if432

needed. Alternatively, an optimization for the random incidence absorption coefficient can433

be made using an angular weighting that follows the one expected in a diffuse field. In turn,434

a different operational frequency range can be obtained by changing the dimensions of the435

resonators, or a broader frequency range of high absorption can be achieved by increasing436

the number of resonators.437

The study presented here is conducted using two-dimensional surfaces. Nevertheless,438

the root of the changes in the absorption performance by a varying incidence angle lies on439

the linear relationship between cos θ and the normalized surface impedance, see Figs. 5c440

and 6c. The same relationship holds for three-dimensional periodic arrangements, as their441

radiation impedance has the same dependency on the elevation angle of the (3D) incident442

direction. Some observations made here in terms of the effect of changes in θ, relate well with443

observations that have been reported for three-dimensional surfaces by Ji et al.15 In their444

work, the authors propose periodic arrangements of either four or nineteen 3D Helmholtz445

resonators with embedded necks that can achieve high absorption over selected frequency446

ranges. They reported the surfaces’ performance for various directions of incidence. Shifts447

in the frequencies of maximum absorption were seen, as well as a faster variation of the448

absorption performance for larger incidence angles.449

6. Conclusions450

In this work, the effect of the incidence angle on the absorption performance of periodic451

surfaces of 2D Helmholtz resonators was studied. Changes include shifts on the frequencies in452

which the highest absorption is achieved, and variation of the frequency range of significant453

performance. The rate at which the absorption changes as a function of angle increases as454

the incident direction moves away from the perpendicular to the surface; but the rate at455

which the absorption changes as a function of frequency decreases. The former is due to a456

more rapid variation of the normalized surface impedance. The latter is due to a decrease457

on the spread of the normalized surface impedance values.458

For applications where high absorption is needed at a defined set of incidence angles, a459

design procedure that maximizes the absorption coefficient for the target range of angles460

and frequencies was presented in Section 4. Such a strategy is shown to help enhance the ab-461

sorption performance at predefined sets of angles. The resulting performance is constrained462
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by the fact that a large angle range with high absorption coefficient is more difficult to463

obtain as θ approaches 90◦. A similar strategy can be applied to tailor the behavior of dif-464

ferent types of surfaces if a model to estimate their angle-dependent absorption coefficient465

is available.466
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sound absorbing materials, Journal of Applied Physics 117 (2015) 124903.527
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