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Abstract. This work compares nodal, spline and interpolation parametrization schemes for
wind turbine blade planform design. The comparison is done on a power coefficient maximization
problem, where the aerodynamic properties of the blade are computed using the Blade Element
Method. The problem is solved using a gradient-based interior-point method with analytic
gradients. We show the variation in planform design for each parametrization scheme when
the degrees of freedom of the parametrization varies. We compare how the power coefficient
converges with increasing degrees of freedom for each scheme. Our results shows that the
Bézier spline, the Piecewise Cubic Hermite Interpolation Polynomial (PCHIP) and Lagrange
interpolation schemes present the best grid convergence out of all studied schemes.

1. Introduction
Numerical design optimization is a powerful technique for the design of wind turbine blades.
Despite many contributions demonstrating the application of optimization [1, 2, 3, 4, 5, 6], there
have been few studies that have investigated the coupling between the different modelling choices
and the outcome of the numerical methods. The optimization performances and the optimal
design can be impacted significantly by how the problem is modelled practically and how it
is solved numerically. The aerodynamic optimization case study from the IEA Wind Task 37
demonstrates this. A wide range of blade designs were generated by different leading research
groups, all found as the solution of the same tightly constrained optimization problem [7], but
with differences in modeling and optimization framework. This work follows from this study,
focusing on the impact of the parametrization in planform design of wind turbine blade.

The goal of a blade design optimization is to know the blade shape giving the best
performances. The shape of a blade, or any object, can be described as a continuous function
in space. However, using continuous function as design variable in an optimization framework
is often not feasible in theory nor in practice. Instead, the continuous function is described
with a finite number of variables through a geometrical parametrization. In shape optimization,
design exploration can be significantly impacted by the parametrization of the system and the
choice of parametrization is an important step in the problem formulation [8]. The challenge of
parametrization within design optimization lies in the fact that the optimal design is unknown
and cannot inform the choice of parametrization. The parametrization should then be chosen so
that it can most likely describe the true optimum of the problem, even with arbitrary settings.
The parametrization schemes can be compared on how the solution of the optimization converges
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with increasing number of degrees of freedom, assuming that it converges towards the true
optimum. If the sequence of solutions for a parametrization with increasing degrees of freedom
converges faster, it is likely that the corresponding parametrization scheme can use degrees of
freedom more efficiently to describe functions associated with the studied optimization problem,
and is better adapted to the problem. The choice of parametrization is also motivated by
computational effort. When the parametrization uses fewer variables, the size of the optimization
problem decreases and require less computational effort to be solved. However, fewer variables
in the parametrization means less degrees of freedom and the parametrization will describe
a smaller range of continuous functions. There is a balance between accurate representation
and computational effort, and different parametrizations will perform differently on this aspect.
In addition, some parametrization choices can be numerically unstable with many degrees of
freedom and can introduce errors.

In wind turbine optimization, there are different possible choices for the geometric
parametrization of the blade planform. The nodal approach, where the characteristics of the
blade at given nodes along the blades are the design variables in the optimization, is used in
analytic work on optimal blade design. While it is the highest resolution parametrization, it is
not commonly used in numerical work because oscillations can appear in the final design [8]. This
work demonstrates how a regularization can be applied to suppress these oscillations. Spline
parametrization are preferred because smoothness is enforced by default. If Bezier or B-splines
are used [1, 2], the control points of the splines are the design variables. Other studies have
used the value of the planform variables at a few radial position as design variables, and then
used spline interpolation to described the planform [3, 4]. The different splines used, differ for
example on their degree, on whether they have global or local support, or whether the function
passes through the control points or not. The properties of the spline also has an impact on how
geometric constraints are specified (i.e. at the control points vs. on the curve). They also change
the sensitivity of each design variable with regards to the planform shape which is linked to design
space exploration. Contrary to airfoil design [9], there is, to the best of the authors’ knowledge,
no publicly available comparison of different planform parametrization choices within the same
framework. This knowledge is important in selecting the best parametrization and accurately
comparing blade design computed with different parametrizations, and to build beyond state-of-
the-art design tools with an appropriate parametrization. The objective of this work is to study
(i) how the solutions of the same optimization problem using different parametrization choices
compare when they have the same number of degrees of freedom and (ii) how the optimal design
converges with increasing number of degrees of freedom for different choices of parametrization.

This paper starts by describing the analysis and the optimization problem in section 2.1,
followed by a brief discussion on the different parametrization schemes in section 2.2. Section 3
shows the results from each class of the parametrization scheme in-turn. This paper closes with
a brief discussion and conclusions in sections 4 and 5, respectively.

2. Analysis and Model
2.1. Optimization problem
The numerical comparison is based on a single operating point maximization of the power
coefficient CP . It is calculated using a steady-state Blade Element Momentum (BEM) method,
see e.g. [10] and [11], where the wind speed is assumed to be uniform over the rotor area.
The design variables are the chord c and twist t evaluated with a parametrization x, as well
as the rotational speed Ω. The wind speed is fixed to 10 m/s. The pitch angle is fixed to 0
radians. The chord distribution is constrained so that the root diameter c0 is equal to the initial
design cinit0 . The maximum chord is constrained to cmax = 6.5m. This leads to the non-linear
optimization problem shown in equation (1). For all possible parametrizations of the chord and
twist distribution, the aerodynamic performance of the blade is evaluated on the same blade
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elements: the blade is divided in n elements, with a uniform radial distribution.

maximize
x,Ω

CP (c(x), t(x),Ω)

subject to c(x) ≤ cmax

c0(x) = cinit0

(1)

2.2. Parametrization schemes
The chord and twist distribution can be parametrized following different schemes. We distinguish
between three categories of schemes: nodal, spline and interpolation, illustrated in Fig 1. The
different parametrization considered in this study are listed in Table 1. In the nodal scheme, the
design variables are exactly equal to the position of the nodes in the blade element distribution.
In order to improve the smoothness of the planform design, the objective function f is modified
to add a regularization term (see Equation 2). The radial position, the chord and the twist are
noted r, c and t respectively. The regulation factors αc and αt are tuning parameters.

f(c, t,Ω) = CP (c(x), t(x),Ω) +
αc

n

n−1∑
i=1

(ci+1 − ci
ri+1 − ri

)2
+

αt

n

n−1∑
i=1

( ti+1 − ti
ri+1 − ri

)2
(2)

In the spline and interpolation schemes, the shape of the chord and twist are approximated
using polynomial functions. In the spline scheme, the function does not go through the control
points. The position of the control points are design variable of the problem. In this work, we
consider the cases where the radial position of the control points is fixed or variable. Considering
the discrete nature of the problem, a matrix N is constructed representing the spline basis
function evaluated at each knots. The chord c, twist t and the corresponding radial positions
rc, rt are then calculated as function of the control points {xc,xt,xrc,xrt}, as shown in Equation
3. The basis functions are cubic B-splines basis functions for the B-spline scheme and Bernstein

Figure 1. Different parametrizations used to describe the planform shape
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polynomials of degree equal to the number of control points m for the Bézier spline scheme [12].
In addition, the B-splines used in this work have clamped boundary conditions at both ends.

c = N · xc, t = N · xt, rc = N · xrc, rt = N · xrt (3)

In the general case, the chord and twist c and t obtained with the spline scheme are not evaluated
on a uniform grid. Therefore, a simple cubic interpolation is used to know the chord and twist
value on the uniform grid used in the BEM method.

The interpolating schemes differ from the above splines in that the resulting curve passes
through the control points. This has the advantage that one can limit the design directly by
constraining the control points. The first is the classic natural spline [13, 14], which is based
on a single polynomial function over the whole domain. Then the coefficients are determined
by enforcing C2 continuity at the interior points and vanishing curvature at the end points.
Global schemes like this suffer from Runge’s phenomenon (a.k.a. Over-fitting) where undesirable
oscillations appear in the solution when the number of control points becomes too large [15].
The next approach, Lagrange polynomials[13], is borrowed from Finite Element Methods. It is
a piece-wise approach where the domain is broken up into elements. The order of interpolation
is determined by the number of points within each element. This scheme benefits by avoiding
over-fitting, however, it cannot enforce C1 continuity between elements. Hermite interpolating
polynomials [13] are similar piece-wise interpolation scheme to Lagrange polynomials. However,
they also include the slope as a control value and thus can enforce C1 continuity. The PCHIP1

spline [16] used here is a special version of Hermite interpolating splines. The difference is that
the PCHIP algorithm is applied to determine the slope values, based on the control point values.
Where-as the previous scheme allows the optimization to control the slope value directly. The
PCHIP splines are typically better at preserving the shape of the underlying data than other
splines. These are widely known and commonly used schemes, so for further details we refer the
reader to the references.

Table 1. List of parametrization schemes

Name Type Design variable Support

Nodal - Node value Local
B-Spline fixed Spline Control point value Local
Bezier Spline fixed Spline Control point value Global
B-Spline variable Spline Control point value and radial position Local
Bezier Spline variable Spline Control point value and radial position Global
Natural Spline Interpolation Control point value Global
Hermite polynomial Interpolation Control point value and first derivative Local
Lagrange polynomial Interpolation Control point value Local
PCHIP Interpolation Control point value Local

1 Piecewise Cubic Interpolation Polynomial
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3. Results
The optimization problem is run for the different parametrization schemes reported in the
previous section. The initial design correspond to the IEA 10MW reference wind turbine [17].
By default, the number of nodes used in the BEM method is n = 30. Each optimization
problem is run with the gradient-based interior-point method implemented in IPOPT [18] until
convergence with a feasibility and optimality tolerance of 10−7. Analytic gradient are used in all
cases except the PCHIP scheme2. In this case, the gradient of the chord and twist distribution
with regard to the control points is approximated using central finite differences.

3.1. Nodal parametrization
For the nodal parametrization, we compare the optimization results for different number of nodes
and different choices of the regularization factors (see Figure 2 and 3). Results show that the
shape of the chord and twist converge when the number of point increases. The optimal design
for n = 30, αc = 10−2, αt = 10−1 achieves a power coefficient CP = 0.49963. In addition, the
planform shape is sensitive to the value of the regularization factors, and can show oscillations
when the factors are not well tuned.

Figure 2. Optimal design using a nodal scheme with variable n

Figure 3. Optimal design using a nodal scheme for different regularization factors and n = 30

3.2. Polynomial interpolation parametrization
Figure 4 reports the optimization results for the Lagrange, Hermite, Natural spline and PCHIP
interpolation schemes when the total degrees of freedom (DOF) from both chord and twist varies
between 5 and 33. This corresponds to a number of control points between 3 and 17 per curve.

2 It is possible to define and implement analytic gradients for PCHIP splines
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(a)

(b)

(c)

(d)

Figure 4. Optimal design using a (a) Lagrange, (b) Natural Spline, (c) PCHIP and (d) Hermite
parametrizations with increasing number of DOF on the same grid discretization
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The control point are set on a grid with uniform radial distribution. When degrees of freedom
are added, the new grid preserves the radial position of the grid with a lower number of degrees
of freedom. In other words, at each new grid level, new control points are added in between
the points from the previous grid. The position of the control points is reported as dots in
the results. We observe that there is large variety of planform designs when the polynomial
interpolation scheme is used. In addition, the number of control points has a significant impact
on the final planform design. This result was also seen in [7] suggesting the cause is down to
differences in the parametrization. The PCHIP and Hermite interpolation schemes show less
variation at the two highest number of degrees of freedom. In addition, all four parametrization
have oscillations in the twist distribution for 33 degrees of freedom at the cylindrical root where
twist has no impact on the aerodynamics.

One possible reason why there is variability in the planform shape is the radial position of
the control points. The position of the control points will have an impact on the variety of
shapes that can be described by the parametrization. The regions of high curvature will be
better approximated with a higher point density. Figure 5 shows the optimization results with
the interpolation schemes when the radial distribution of the control point is non-uniform: the
point density is higher at the first 25% of the blade and the last 10%. We observe that the
four different schemes have very similar chord distribution when the radial distribution is non-
uniform, compared to a uniform distribution. This shows the importance of carefully choosing
the position of the control points in this type of parametrization.

Figure 5. Optimal chord when
the control points have a uniform
or non-uniform radial distribution,
with m = 7

3.3. Spline parametrization
Figure 6 reports the planform designs obtained with the B-spline and Bézier spline schemes
with fixed radial position for a number of control points m between 3 and 17 and a total
number of degrees of freedom for the planform between 5 and 33. The radial grid is chosen
in a similar fashion as for the polynomial interpolation schemes. The results do not include
the optimal design for a B-spline scheme and 5 degrees of freedom, corresponding to 3 control
points for both the twist and chord. This is because the minimum number of control points for
a cubic B-spline with both ends clamped is 4. Results show that the planform shape converges
quickly when the number of degrees of freedom increases. A realistic shape can be obtained
with only 9 degrees of freedom, corresponding to 4 control points for each curve. However,
ocillations appear in the twist distribution when the number of degrees of freedom increases for
the B-spline. Figure 7 compares the optimal chord designs when the parametrization allows the
control points to move radially or not for degrees of freedom between 9 and 33. Results show
that the chord distribution converge better when the radial position is a design variable. In
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other words, it is possible to achieve a realistic design with fewer degrees of freedom when the
radial position is variable. This effect is more visible for the Bézier spline, where the curves are
almost superposed.

(a)

(b)

Figure 6. Optimal design using a (a) B-spline and (b) Bézier spline parametrizations with
variable degrees of freedom

Figure 7. Comparison of optimal chord using the spline parametrization when the radial
position of the control points is fixed or variable: (left) B-spline and (right) Bezier spline

3.4. Grid Convergence
Figure 8 reports the value of the power coefficient for the spline and interpolation scheme as
a function of the total degrees of freedom of the planform. Results shows that the different
schemes show convergence of CP when the degrees of freedom increases, towards a similar value.
However, the convergence is uneven between the different parametrizations.
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Figure 8. CP for different
parametrization schemes with vary-
ing degrees of freedom

The goals in selecting a parametrization scheme is to achieve high quality estimate for the
solution, with a small number of parameters. With a low number of parameters, there is
significant discretization error, that decreases with more points. To understand the discretization
error, Equation (4) is fit to the data, assuming that the exponential term represents the error
due to discretization. The coefficient A represents the solution with infinite resolution, B is the
magnitude of the error and C is the rate that the error decays with increasing the degrees of
freedom N . The data is fitted to the model equation with the objective to reduce the error ϵ
reported in Equation (5), where q is the length of the data array.

CP ≈ A+B exp(−CN) (4) ϵ =
1

q
||(Cdata

P − (A+B exp(−CN)) ·N ||2 (5)

Table 2 reports the coefficients obtained as well as the fitting error ϵ. The consistency in the
A prediction shows that all schemes were converging to similar solutions. Furthermore, the error
also shows that the model fits the data well. The B-spline scheme with fixed radial position has
the lowest error of all the scheme studied. This can be attributed to the fact that this scheme
has only three data points for the convergence study (see Fig 10), and a low fitting error is easier
to reach in that case.

Scheme A B C Error

Bezier Spline fixed 4.9952e-01 -1.68e-01 5.37e-01 2.94e-03
PCHIP 5.0003e-01 -1.03e-01 4.40e-01 4.09e-03
Lagrange 5.0006e-01 -1.06e-01 4.24e-01 2.25e-03
B-spline variable 5.0019e-01 -1.86e-01 3.76e-01 5.00e-04
N. Spline 4.9998e-01 -5.17e-02 2.37e-01 4.25e-03
Bezier Spline variable 5.0011e-01 -3.59e-02 2.29e-01 1.66e-04
Hermite 4.9984e-01 -2.28e-02 1.66e-01 9.05e-04
B-Spline fixed 5.0049e-01 -1.23e-02 1.28e-01 1.23e-07

Table 2. Coefficients of the mesh error model for each scheme, ranked by value of C

These results can then be used to compare the different schemes quantitatively. The C term
gives the efficiency of the scheme in reducing discretization error. It can be interpreted as the
proportion of error that is removed for each additional degree of freedom. By this metric, the
Bezier spline with fixed radial locations is the best scheme, followed by PCHIP and Lagrange
polynomials.



The Science of Making Torque from Wind (TORQUE 2022)
Journal of Physics: Conference Series 2265 (2022) 042037

IOP Publishing
doi:10.1088/1742-6596/2265/4/042037

10

Figure 9. Discretization error of the
interpolation schemes

Figure 10. Discretization error of the spline
schemes

The results also show that the efficient schemes start with large error magnitudes (i.e. large
|B|). Small values in |B| may become more important when a small number of points are used
to model the solution. Figures 9 and 10 shows that error for each of the schemes over a range
of grid levels. The plots show that the most efficient schemes are still more efficient at low grid
resolution levels.

4. Discussion
The choice of parameterization scheme for an optimization effects the resolution of the final
solution, along with the speed of the optimization. A nodal parameter scheme has the highest
resolution, however it suffers from numerical oscillations. These oscillations can be attenuated
by introducing a regularization term, but require careful tuning that may not be practical.

Spline and interpolation schemes are more attractive due to the fact that smoothness is
built into the schemes. Furthermore, they reduce the degrees of freedom compared to the
nodal schemes. However, like all discretization schemes, there is a balance between reducing
the degrees of freedom and reducing the discretization error. Our results show that Bezier
splines with fixed radial locations, PCHIP splines and Lagrange polynomials showed the best
convergence properties with regards to degrees of freedom.

Another important consideration is that the different schemes should not introduce numerical
artifacts. In particular, high order polynomial schemes are known to suffer from Runge’s
phenomenon3 [15], thus, the Bezier spline introduce over-fitting errors with too many points.
While at the same time, piece-wise schemes cannot always enforce high degrees of continuity,
thus Lagrange interpolation may give non-smooth solutions at the nodes. PCHIP splines are
not based on high-order polynomials while still enforce C1 continuity, thus they represent the
best compromise between convergence, attenuated over-fitting and smoothness.

Another important factor is the span-wise placement of the control points. Allowing the
optimization to vary this placement improved the fit for the Bezier and B-spline schemes
for equivalent degrees of freedom. This fit improvement might not be justified considering
the implementation effort to include the radial position as a design variable. An a-priori
concentrating fixed control points around regions with high curvature did improve the grid
convergence for the interpolation schemes. Thus, previous solutions can be exploited to optimize
the convergence further, without adding additional degrees.

In terms of computational effort, the nodal scheme is the easiest to implement and the
fastest to evaluate the planform distribution. However, if the regularization factors are not well

3 Runge’s phenomenon was not observed in this work, so it may not be a issue for planform design optimization.
A wider range of design cases would need to be explored to confirm this.
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tuned, the optimization problem will have difficulty to converging and the results can present
oscillations. In addition, the tuning of the regularization factors needs to be adapted when
the optimization problem changes, e.g. a lower chord constraint. The implementation of the
Bézier and B-spline scheme is straightforward since it relies on a simple matrix operation (see
Equation 3). This is particularly relevant for the implementation of analytic gradients. However,
in general, a cubic interpolation is necessary in the general case to evaluate the planform on the
BEM grid which increases the computational time. The polynomial interpolation schemes can
employ a shape-function approach and pre-compute the polynomial values a-priori. This results
in a similarly simple matrix expression as for the Bézier and B-spline schemes.

5. Conclusion
This study looked at the impact of a wide range of parameter schemes on planform optimization
of wind turbine blades. The nodal scheme is the highest resolution scheme, yet it introduces
undesirable numerical artifacts. These artifacts can be suppressed with regularization, however
this regularization requires tuning. So, this is not the most practical scheme.

The spline and interpolation schemes are attractive because smoothness is built in, while
at the same time they do not require as many control points as the nodal schemes. This can
afford some computational efficiency in the optimization but it requires additional computation
to sample the splines. The work here has identified that Bezier splines, PCHIP splines and
Lagrange polynomials are the most efficient splines. Bezier splines have the undesirable problem
of Runges phenomenon while Lagrange polynomials do not preserve C1 continuity. This work
recommends PCHIP splines for planform optimization.
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