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Abstract. The design of industrial wind turbine rotors is generally based on the blade-

element/momentum (BEM) approach introduced by Glauert (1935). Essentially, the theory 

consists of combining a blade-element approach with axial momentum theory, and then 

introducing a tip correction to account for the finite number of rotor blades. This is required, as 

the momentum theory is based on representing the rotor by a disk, corresponding to a rotor with 

infinitely many blades. The optimum design properties are obtained by optimizing the local 

power coefficient at each blade element. This is typically accomplished by solving a simple 

analytical system of equations for the axial and tangential inductions factors, ignoring at first the 

tip correction. The tip correction is subsequently introduced to correct the design variables. In 

the present work we analyse the implications of including the tip correction directly in the 

optimization. As a result of the analysis, we find the somewhat surprising result that the 

maximum optimal interference factor is not 1/3, as normally encountered for optimum rotor 

design, but 2/5. In the paper we prove this analytically and use the theory to design optimum 

rotors, which subsequently are benchmarked by comparison to results from a numerical lifting 

line model. 

1.  Introduction 

All design of industrial wind turbine rotors are today based on the blade-element/momentum (BEM) 

approach introduced by Glauert (1935) [1]. Although, the original technique has been extended by 

various add-on’s, such as corrections for unsteady effects, wake rotation, coning and yaw, the basic 

theory remains the same. Essentially, the theory consists of mixing a blade-element approach with axial 

momentum theory, and then introducing the so-called tip correction to account for the finite number of 

rotor blades. This is required, as the momentum theory is based on representing the rotor by a disk, 

corresponding to a rotor with infinitely many blades. The optimum design properties are obtained by 

optimizing the local power coefficient at each blade element. This is typically accomplished by solving 

a simple analytical system of equations for the axial and tangential inductions factors, ignoring at first 

the tip correction, which subsequently is introduced to correct the design variables (see e.g. Hansen 

(2015) [2]; Bak (2011) [3]; Schmitz (2020) [4]). However, using this approach the tip correction serves 

merely as a post-processing correction and may not necessarily result in the same design as would be 

obtained by directly including it in the optimization. In the present work we analyse the implications of 

including the tip correction directly in the optimization. As a result of the analysis, we find the somewhat 

surprising result that the maximum optimal interference factor is not 1/3, as normally encountered for 

optimum rotor design, but 2/5. In the paper we prove this analytically and use the theory to design 

mailto:jnso@dtu.dk
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optimum rotors, which subsequently are benchmarked by comparison to results from a numerical lifting 

line model. 

2.  Methodology 

In the following we derive the equations forming the basis for the momentum theory and optimum rotor 

conditions as formulated originally by Glauert (1935) [1], and show how they can be combined with the 

Kutta-Joukowsky circulation theorem to make actual designs of Nb-bladed rotors at any given tip speed 

ratio. Furthermore, we shortly present the lifting line method that will be used to benchmark/verify the 

outcome of the design.   

 

2.1 Optimum rotor using momentum theory 

Using general momentum theory, Glauert (1935) [1] developed a simple model for the optimum rotor 

that included rotational velocities. In this approach, the rotor is treated as a rotating axisymmetric 

actuator disk, corresponding to a rotor with an infinite number of blades. The main approximation in the 

analysis was to simplify the axial momentum equation by ignoring the influence of the azimuthal 

velocity and pressure.  

Consider an axial flow of speed 
oU  passing through an actuator disk of area A  subject to an axial 

load (thrust) T . Denoting by Ru  the axial velocity in the rotor plane, and let 
wu be the axial velocity 

in the ultimate wake where the air has regained its undisturbed pressure value, and let   denote the 

density of air, axial momentum theory gives 

 

0( )R wT Au U u    .      (1)  

 

Introducing the axial interference factor, a, 

 

   0 01 ; 1 2R wu U a u U a    ,     (2) 

 

for a differential control volume element of radial size r   2A r r   , eq. (1) reads, 

 

                               raraUT o  )1(4 2 .                                             (3) 

 

Applying the Bernoulli equation in a rotating frame of reference across the rotor plane, we get the 

following equation for the pressure drop over the rotor [1], 

 

                                             
2½p ru u      .                                                                         (4) 

 

where Ω is the angular velocity of the rotor and u is the azimuthal flow velocity behind the rotor. 

  

Combining eqs. (3) and (4), we get 

 

                              rrururrpT  )½(22  .                                          (5) 

 

Defining the azimuthal interference factor as, 

2

u
a

r

 


,        (6)                                               

 eq. (5) reads, 
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                                 rraaT  32 )1(4 .                                                               (7) 

 

Combining eqs. (3) and (7), we get 

 

                                aaxaa  )1()1( 22 ,                                                                       (8) 

 

where Rrx /  is the dimensionless radius and 
oUR /  is the tip speed ratio, with R denoting the 

rotor radius. Exploiting the moment of momentum equation (also referred to as Euler’s turbine 

equation), we get the following expression for the useful power produced by the wind turbine 

 

  

1

2 2 4 2 3

0

0 0

2 4 (1 )

R

RP r u Fu dr R U a F a x dx         ,                              (9) 

where F is the tip correction, 

1 (1 )2
cos exp( )

2 sin

bN x
F

x 

   
  

 
,      (10)    

 

with Nb denoting the number of blades and  the angle between the relative velocity and the rotor plane,    

                                 

   
2 2 2

1
sin

1 1 '

a

a x a







  
.        (11) 

The thrust coefficient is similarly determined by integration of eq. (7), which combined with eq. (8) 

gives, 

1

2 2

0

0

4 (1 )T R U aF a dx  .      (12) 

Introducing the power coefficient, 

2 3

0½
P

P
C

R U
 ,       (13) 

 

in dimensionless form, eq. (9) is written as 

 

                                  
1

2 3

0
8 1PC a F a x dx   .                (14) 

 

The thrust coefficient is likewise defined as 

 

2 2

0½
T

T
C

R U
 ,        (15) 

 

which, combining eqs. (12) and (15), is written as 
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1

0
8 1TC aF a dx  .                 (16) 

In most practical rotor design, the optimum rotor conditions are determined by optimizing eq. (14) 

ignoring the tip correction by setting F = 1, and finding the optimum of the integrand,  ' 1H a a  , 

subject to the constraint given by eq. (8). This constitutes two equations for the two unknowns a and 
a  for which an analytical solution for the axial interference factor is established by solving the 

following equation (Hansen [2]) 

 

                              
3 2 2 2 2 216 24 3 (3 ) 1 0a a a x x       .     (17) 

 

Having solved this equation for a, the azimuthal interference factor is given as 

 

1 3

4 1

a
a

a


 


,       (18) 

 

The final design is subsequently obtained by correcting the blade plan form by the tip correction. 

Although this is a convenient and simple way of solving the problem,  a more correct procedure is to 

maintain the tip correction in the optimization of eq. (14). However due to the complex nature of the tip 

correction formula, it is not possible to derive a simple analytical solution. Instead, it is required to resort 

to a numerical solution. Hence, the solution of the problem is stated as follows:  

                                   

For a  fixed tip speed ratio,  , determine the values of a  and a for which  ' 1H Fa a   attains a 

maximum and    

       

In the present work, the above problem will be solved using a simple Matlab script, and the outcome 

will be compared to results using the ‘classical’ approximate approach.  

 

2.2 Optimum plan form design 

As described before, an optimum rotor is designed by determining the combination of induced velocities 

that maximizes the power coefficient. Having determined the induced velocities, the planform and twist 

can be determined for a given tip speed ratio. The fundamental expression for the force acting on a blade 

element is most conveniently expressed by the Kutta–Joukowsky theorem, 

relL V  ,     (19) 

where 
relV is the local relative velocity, L  is the lift force on a blade element and  is the density of the 

air.  Introducing the local lift coefficient,  

2½
l

rel

L
C

cV
 ,     (20) 

 

where c is the local chord length, we get 

 

                                                          ½ rel lV cC  .                                                                          (21) 

 

From the circulation theorem we get 2 ru  , where 
 is the circulation that would be obtained 

from momentum theory having an infinite number of blades. The definition of the tip correction, as it 

was introduced by Prandtl [5], is given as 

aaxaa  )1()1( 22
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F







,                                                                                 (22) 

resulting in the relation, 

 

                                                  2 ½ rel b lrFu V N cC  .                                                                    (23) 

 

Introducing the relative velocity,    
2 22 2

0 1 1relV U a x a     , from eq. (23) the chord 

distribution is determined as 

 

 

   
2 22 2

8

1 1b l

c xFa

R N C a x a








  
. (24) 

 

In a practical design, the lift coefficient is typically kept constant at all cross sections and taken as a 

compromise between having a maximum lift and an optimum lift/drag ratio. At high Reynolds numbers 

the contribution of the drag does not change the design, hence eq. (24) is sufficient for designing the 

plan form of an optimum rotor for a given tip speed ratio. From the lift coefficient we get a design angle 

of attack, 
D , from which the design twist angle is determined as 

 
D    ,  (25) 

 

where the flow angle,  , is determined from  

 

 
1 1

tan
(1 )

a

x a




  
  

 
.   (26) 

2.3 Lifting line modelling 

To verify and compare the actual efficiency of a design, it is required to carry out computations using a 

high-fidelity solver. In the present work we employ the multi-fidelity vortex solver MIRAS, firstly 

introduced in Ramos-García et al. (2016) [6], which in the present work employs a lifting line (LL) 

approach in combination with a free-wake filament based model. 

In the model, the blades are represented by discrete vortex filaments placed at the quarter chord locations 

along the span, which account for the bound vortex strength and act by releasing vorticity into the flow. 

Such vorticity can be divided into shed and trailing vorticity. The former is related to temporal changes 

in the blade circulation while the latter is related to span-wise variations. The length of the first row of 

trailing vortices is computed by using the local velocity at the quarter-chord edge locations and is 

released following the chord direction. The vortex strength of these filaments is calculated via the Kutta-

Joukowsky theorem, eq. (19)-(21). The relative velocity is determined as the sum between the 

undisturbed inflow velocity and the induced velocity from the wake elements. The blades are considered 

as straight lines and therefore the effect of blade curvature is not included in the present work. A 

Newton’s method is used to attain the desired convergence. After each Newton iteration an updated 

angle of attack is calculated, followed by an update of the bound vortex strength, which modifies the 

induced velocities in the rest of the vortex elements. Convergence is found once the residual of the 

relative velocity along the lifting line stations is lower than 10-3. A constant under-relaxation factor of 

0.10 is used to update the velocity components, and convergence is normally attained within a few 

iterations. The motion of the rest of the filaments that form the wake is described by Lagrangian fluid 

markers placed at the filament end points. The filaments are therefore convected downstream with a 

velocity which includes the contribution from the free-stream, the bound vorticity and the wake. 
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The induced velocities are calculated directly by evaluating the Biot-Savart law, no speed-up technique 

has been used in this work. To de-singularize the Biot-Savart law, the Scully and Sullivan (1972) [7] 

vortex core profile is applied to all the released vortex filaments. In this way, an approximation to 

viscous diffusion, vortex core growth and vortex straining is included into the inviscid wake model. In 

particular, the Bhagwat and Leishman (2001) [8] straining model is employed to take into account the 

change in vortex radius due to the stretching or squeezing of the filaments. In the present study the bound 

vortex is discretized with twenty segments following a cosines distribution, obtaining a finer resolution 

in the tip and the root regions of the blade. A wake angular discretization of ten degrees and forty wake 

revolutions has been used in all cases, summing up to a total of 1440 time steps. An initial vortex core 

of ten percent of the local chord at the release station has been used. The reader is referred to Ramos-

García et al. (2016) [6]; Ramos-García, Sessarego and Horcas (2020) [9] for more information regarding 

the vortex solver MIRAS and a detailed validation against experiments and Navier-Stokes solvers. 

                             

3.  Results and Discussion 

In the following we exploit the theory outlined above to design rotors at different tip speed ratios in 

order to compare the momentum theory with results from the lifting line method. First we analyse the 

outcome of the design procedure presented in section 2.1, and then we use the designed rotor as input 

to the lifting line computations, in order to assess the accuracy of the analytical tool. For the design, we 

utilize a simple case consisting of a 3-bladed rotor equipped with airfoils following 2LC  , with a 

design angle of attack , 
05D  , and ignore drag. It should be emphasized that the actual value of the 

airfoil data is not important for the comparison.  

 

3.1 First results and explanation of optimum interference factors 

The solution to the above optimization problem is shown graphically in Fig. 1, where chord and flow 

angle (twist) distributions are depicted for different tip speed ratios. We here see that the two 

distributions are only slightly different for the two optimization techniques, and that this is only 

pronounced at small tip speed ratios. The flow angle is seen to differ with about one to two degrees near 

the tip.  

 

 
Fig. 1. Geometry of optimized Glauert rotor. Left: chord distribution; Right: Flow angle.  

Solid lines: Optimization using the present method; dashed lines: ‘Traditional’ optimization method. 

 

The question is how much the change in optimum geometry will affect the resulting power and thrust 

values. Integration using eqs. (9) – (15), results in the power and thrust coefficients shown in Fig. 2. It 

is here seen that he power coefficient is largely unchanged, whereas the thrust coefficient exhibits a  
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Fig. 2. Left: Power coefficient as function of tip speed ratio. Right: Thrust coefficient as function of tip 

speed ratio. Red: Optimization using present method; Blue: Optimization using ‘traditional’ method. 

 

significant change in the order of 2-3 percent. In order to explain this change, it is instructive to analyse 

in detail the induced velocities in the rotor plane. In Fig. 3 we show the optimum interference factor a 

and the azimuthal induced velocity in the rotor plane, 
0

u xa   ,  as function of radial distance for 

different tip speed ratios, and compare them to for the two optimization techniques. As expected, the 

values are nearly identical far from the tip, where the tip correction is unity, whereas large differences 

in the axial interference factor are seeing near the tip. Somewhat surprisingly, we see that the curves 

with tip correction at the tip tend to a value a  = 2/5, whereas the values without tip correction in the 

optimization, as expected, tends toward 1/3. It is unexpected that there exist a limit value tending 

towards a constant of 2/5. Studying the pertinent literature we could not find any explanation and the 

issue seems not to have been treated in any text book on wind turbine aerodynamics. In a former analysis 

of the tip correction and its use in the BEM method carried by Shen et al. (2005) [10], it  

 

 
Fig. 3. Induced velocities of optimized Glauert rotor. Left: Axial interference factor; Right: Induced 

azimuthal velocity. Solid lines: Optimization using the present method; dashed lines: ‘Traditional’ 

optimization method. 

 

was found that the interference factors tend toward finite values at the tip. However, the analysis did not 

reveal the actual values of them. Hence, it remains to explain why a  tends towards a constant and why 

this constant is 2/5, independent of the value of the tip speed ratio. To explain this behavior, a simple 

limit analysis may be performed. Assuming that  and , eqs. (8) and (11) may be 

approximated as 

 

     and   ,                                    (27) 

1  1x 

2 2

(1 )a a
a

x


 

1
sin

a

x
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which, inserted into eq. (10) gives 

 

.                        (28) 

 

Exploiting that   2exp 1 ( )cy cy o cy     and 
1 3/2cos (1 ) 2 ( )cy cy o cy    ,  

with   and y = 1 - x, eq. (28) is approximated as 

 

.                         (29) 

 

Hence, we get that 

.                       (30) 

The optimum power coefficient is obtained by differentiating H with respect to a, and setting the result 

equal to zero, 

 

           , 

 

which actually verifies the limits of the axial interference factor displayed in Fig. 3. To determine the 

azimuthal interference factor, we solve eq. (8) for x = 1. This results in the following expression 

 

 

 
2

24
½ 1 1

25
a



 
    

 
,      (31) 

which for large tip speed ratios may be reduced further to 
20.48 /a  .   

 

At the root, x = 0, since the tip correction F = 1, we get from ‘classical’ BEM theory [1] that a = 1/4, 

and from eq. (14) that a’ tends toward infinity at the root. However, replacing the interference factor by 

the actual velocity in the rotor plane,  
0 0 0/u u U  ,  we get 

 

0

0
½

u
u u xa a

x



  


      ,     (32) 

 

which inserted in eq. (8) gives the general result 

 

0

2 2½ 4 (1 )u x a a x      
 

.     (33) 

 

Evaluating this at the root (x = 0 and a = 1/4), we get that 
0

3 / 4 0.433u   .  

12
cos exp (1 )

2(1 )

bN
F x

a






  

    
  

2(1 )

bN
c

a






2
(1 )

(1 )

bN
F x

a




 



2

2 2

2 (1 )
(1 ) (1 )

(1 )

bN a a
H a F a x

a x



 


    



     
3/2 3/2 1/23

0 1 0 1 1 0 0.4
2

H
a a a a a a

a a
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3.2 Comparison between momentum and lifting line theory 

Fig. 4 shows a comparison of the power and the thrust coefficients between results from the analytical 

optimization and lifting line theory, where the latter is applied on the analytically determined chord and 

twist distributions. It is here seen that there is some discrepancy between the analytical and computed 

results at the lower tip speed ratios. However, for tip speed ratios greater than six, the power coefficient 

differs with less than 5% and the thrust coefficient with less than 2%.  Note that the analytical results of 

an optimal rotor designed without tip correction (F = 1) have been added as a reference.   

  

Fig. 4. Performance and thrust as function of tip speed ratio: comparison between analytical and 

computed results. Left) Power coefficient; Right) Thrust coefficient. 

 

In the text book by Sørensen [11] the validity of the momentum theory for describing horizontal axis 

wind turbines was analysed by comparison to axisymmetric Navier-Stokes simulations using an actuator 

disc approach. In this work a similar conclusions was achieved, that the momentum theory is less 

accurate at small tip speed ratios.  

 

 
Fig. 5. Non-dimensional circulation distributions. Comparisons between analytical and computed 

results for tip speed ratios 2  4, 6, and 8. Analytical solutions are given as lines and lifting line 

computations as markers. 
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Fig. 5 displays a comparison between the analytical and the computed dimensionless circulation as a 

function of tip speed ratio. The circulation is made dimensionless with rotor radius and free-stream 

velocity, 0/ (2 )RU   . As for the power and thrust coefficients, we here observe the best 

comparison at high tip speed ratios. The shape of the circulation is nearly parabolic at small tip speed 

ratios, whereas it turns more flat when increasing the tip speed ratio.  

In Fig. 6 we show a comparison between momentum and lifting line results of the dimensionless axial 

and tangential velocity distributions in the rotor plane. Remark that the axial velocity refers to the left 

ordinate axis and the azimuthal velocity to the right axis. The comparison between lifting line and 

momentum results are generally good, with the biggest discrepancies appearing in the inner part of the 

rotor at small tip speed ratios. However, for tip speed ratios six and eight the overall comparison is very 

good. As demonstrated in section 3.1, at the root, independent of tip speed ratio, the analytical  

  

 
 

Fig. 6.  Comparison of axial and tangential velocity distributions in the rotor plane determined by 

momentum theory (-) and lifting line model (o). Tip speed ratios of 2, 4, 6 and 8 from left to right and 

top to bottom. 

 

dimensionless axial velocity is equal to 0.75 (corresponding to a = 0.25), and the azimuthal one reaches 

a value of 0.433. These values are not confirmed by the lifting line results. The most likely reason is that 

the analytical model does not include a root correction. Indeed, such a correction would also be needed 

in order to correctly model the effect of finiteness of the blades (see e.g. [4]). However, this was not 

included in the present investigation as it is not clear to the authors how such a correction should be 

formulated, although some suggestions have been proposed by e.g. Schmitz [4] or Wood et al. [12]. 

Close to the tip there is a very good comparison between the analytical and computed results, which 

confirms the analytical considerations in section 3.1. Hence, we get an axial velocity of 0.6 (recall that 
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this value refers to the left ordinate axis), corresponding to a = 0.4. Likewise, the azimuthal velocity, 

determined from eq. (32), is also confirmed by the lifting line computations. However, very close to and 

exactly on the tip, the computed axial velocity increases dramatically. This is most likely due to the 

finite thickness of the tip vortex, which will change the induction in the very vicinity of the tip. 

 

4.  Conclusions 

The paper contains an analysis of the classical design model of Glauert. This model is based on 

momentum theory corrected by a tip correction, and is here benchmarked against a lifting line model. 

As a part of the analysis, it is demonstrated, both analytically and numerically, that the axial interference 

factor tends to 2/5 at the outer edge of a rotor designed using Glauert’s momentum theory. The 

comparison to lifting line results shows that the momentum model of Glauert performs very well at tip 

speed ratios greater than six, whereas it is less accurate at the inner part of  the rotor at small tip speed 

ratios. A likely explanation for this is the lack of a root correction, which, however, was not a part of 

the present work. 
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