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A B S T R A C T

Flexible and responsive demand is key to the decarbonising of energy systems. In this paper, an economic
dispatch model of a district heating system, modelled as a linear program, is soft-linked to a so-called flexibility
function of end-consumer responses to time-varying heat prices, modelled generically as a set of ordinary
differential equations. This linkage allows us to determine the cost savings potential of demand response in
order to quantify its role in smart energy systems.

Our key contribution is an optimal soft-linking framework for energy system and demand response
models, named Frigg. Frigg finds the aforementioned economic potential under consideration of end-consumer
behaviour. The dynamics of this behaviour lead to a significant problem complexity and pose computational
challenges. Hence, the proposed method decomposes the problem based on backward dynamic programming
and solves it efficiently. The framework is to be understood as a generic blue-print for soft-linking demand
response and energy system models: It can be applied to a variety of energy systems and sources of demand
response as well as other objectives than production cost minimisation.

We compute the cost savings in a case study of the district heating system of Ejby, Denmark, under
different degrees of demand flexibility. The results are compared with the alternative of investing in heat
storage systems. Our results suggest substantial cost savings through demand response. Nevertheless, cost
savings from heat storage that is cost-optimal in size exceed those achieved through demand response in
the system configurations analysed.
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Nomenclature

Economic dispatch & capacity expansion model

Sets

 Set of time steps 𝑡
 Set of heat production units 𝑢
 RES ⊂  Set of heat production units based on

renewable energy sources 𝑢
 Set of heat storage tanks 𝑠
 Set of demand sites 𝑑
 Set of network nodes 𝑛

Parameters

𝐶H
𝑢 Heat production cost of unit 𝑢 ∈ 

[EUR/MWh-heat]
𝜆𝑡 Electricity price in time step 𝑡 ∈ 

[EUR/MWh-el]
𝑄𝑢 Max. heat production for unit 𝑢 ∈ 

[MWh-heat]
𝑄

RES
𝑢,𝑡 Max. heat production for unit 𝑢 ∈  RES in

time step 𝑡 ∈  [MWh-heat]
𝐷𝑑,𝑡 Heat demand at demand site 𝑑 ∈  in time

step 𝑡 ∈  [MWh-heat]
𝐴𝑈
𝑢,𝑛 Maximum flow from unit 𝑢 ∈  to node

𝑛 ∈ 
𝐴𝑆
𝑠,𝑛 Maximum flow from storage 𝑠 ∈  to node

𝑛 ∈  and vice versa
𝐴𝐷
𝑛,𝑑 Maximum flow from node 𝑛 ∈  to demand

site 𝑑 ∈ 
𝛷𝑢 Heat-to-power ratio for unit 𝑢 ∈  CHP

[MWh-heat∕MWh-el]
𝐶Equip
𝑠 Annualised capacity-dependent investment

costs of storage 𝑠 ∈  [EUR/MWh/a]
𝐶O&M
𝑠 Capacity-dependent operation & mainte-

nance costs of storage 𝑠 ∈  [EUR/MWh/a]
𝐶 Inst
𝑠 Annualised capacity-independent

investment costs of storage 𝑠 ∈  [EUR]
𝛤𝑠 Relative hourly losses of storage 𝑠 ∈  [h−1]
𝑀 ≫ 𝜎𝑠 A large constant

Variables

𝑞𝑢,𝑡 ∈ R+
0 Heat production of heat unit 𝑢 ∈  in time

step 𝑡 ∈  [MWh-heat]
𝑎𝑢,𝑛,𝑡 ∈ R+

0 Heat flow from unit 𝑢 ∈  to node 𝑛 ∈ 
in time step 𝑡 ∈  [MWh-heat]

𝑎𝑠,𝑛,𝑡 ∈ R+
0 Heat flow from storage 𝑠 ∈  to node 𝑛 ∈ 

in time step 𝑡 ∈  [MWh-heat]
𝑎𝑛,𝑠,𝑡 ∈ R+

0 Heat flow from node 𝑛 ∈  to storage 𝑠 ∈ 
in time step 𝑡 ∈  [MWh-heat]

𝑎𝑛,𝑑,𝑡 ∈ R+
0 Heat flow from node 𝑛 ∈  to demand site

𝑑 ∈  in time step 𝑡 ∈  [MWh-heat]
𝜎𝑠 ∈ R+

0 Capacity of storage 𝑠 ∈ 
𝜎𝑠,𝑡 ∈ R+

0 Level in storage 𝑠 at time step 𝑡 ∈ 
[MWh-heat]

𝛼𝑠 ∈ {0, 1} Binary variable for investments in storage
𝑠 ∈  (1, if 𝜎𝑠 > 0 and 0, otherwise)
2

Demand response model

𝐵𝑡 Normalised baseline demand in time step 𝑡
𝑋𝑡 ∈ R+

0 Normalised state of charge in time step 𝑡
𝑌𝑡 ∈ R+

0 Normalised baseline demand in time step 𝑡
𝑢𝑡 ∈ R Normalised penalty signal in time step 𝑡
𝐶 Normalised demand response capacity
𝜖𝑡 White noise
𝑊𝑡 Brownian motion
𝜎𝑤 Scale of state uncertainty

Price-making model

𝐽 ∈ R Generic objective function
𝑙𝑡 ∈ R Component of 𝐽 in time step 𝑡
𝐿𝑡 ∈ R Component of 𝐽 in time step 𝑡 and all

following time steps
𝑇 = | | Number of time steps 𝑡
 Set of generators 𝑢
𝑡 ⊂  Subset of generators running at full load in

time step 𝑡 ∈ 
𝑤 ∈  Generator running at partial load in time

step 𝑡 ∈ 
𝑐𝑢,𝑡 Variable production costs of generator 𝑢 in

time step 𝑡 ∈ 
𝛽𝑛 Weight on solution 𝑛 in linear interpolation
𝑃 Degree of algorithm parallelisation into

independent subproblems
 Feasible space of penalty signals 𝑢𝑡

Abbreviations

CHP Combined heat-and-power
PTES Pit thermal energy storage
ESOM Energy system optimisation model
LP Linear program
MILP Mixed-integer linear program
SoC State of Charge

1. Introduction

Integrating large shares of variable energy sources into the en-
ergy system is necessary for a successful energy transition towards
low-carbon or carbon-neutral energy systems [1]. Countries, such as
Denmark [2], and large organisations, such as the EU [3] have com-
mitted themselves to becoming carbon neutral by 2050. Once means
of achieving such targets could be to use biomass in the energy sector.
However, the use of biomass across Europe could already have reached
its sustainable limit and it could face competition from many different
energy sectors [4]. Hence, it is expected that the majority of any
increase in renewable energy generation in the near future will be
satisfied by wind and photovoltaic plants. In order to carry out the
energy transition in an affordable way while maintaining the security
of supply, energy flexibility is a highly relevant concept that needs to
be utilised [5].

According to the International Energy Agency, the flexibility of
a power system refers to "the extent to which a power system can
modify electricity production or consumption in response to variability,
expected or otherwise" [6]. Flexibility can also be defined as "the
modification of generation injection and/or consumption patterns in
reaction to an external signal (price signal or activation) in order to
provide a service within the energy system" [7]. This paper adopts the
latter definition.
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There are four main sources of flexibility in the energy system:
transmission of electricity over the system boundaries, demand re-
sponse (DR), different storage types, and heat technologies [1]. This
paper is concerned with two of these sources, namely demand response
and energy storage, by focusing on the district heating sector. In any
municipality, different sources of flexibility exist [8], one of the most
relevant being the buildings sector as it comprises 38% of the final
energy consumption in the EU [9]. In many countries across Europe,
a significant share of heating demand is covered by district heating.
In Latvia, Denmark, Estonia, Lithuania, Poland and Sweden, more than
50% of citizens are served by district heating [10], while the build-
ings sector is expected to reach electrification of 60% or more across
Europe [11]. At the same time, smart energy systems couple heat and
power systems to improve the overall system [12]. This is particularly
relevant in the context of energy system flexibility, as the inertia of
heating and cooling systems allows for a mismatch between supply and
demand for short periods of time, without causing severe disturbances
in the system. Here, the thermal mass of buildings connected to district
heating and the heat capacity of water in the district heating pipes [13]
offer the two main sources of system flexibility.

Price-based demand response control. Energy system optimisation mod-
els (ESOMs) mostly model energy systems as linear or mixed-integer
linear optimisation problems covering both planning (e.g. [14]) and
operational problems (e.g. [15]). In ESOMs, demand is mostly consid-
ered an exogenous input rather than a model output [16]. If modelled
endogenously, demand response can be assumed directly or indirectly
controllable when integrating consumption behaviour [17]. Modelling
direct control often translates into allowing the energy system model
to shift a certain percentage of demand from one time step to an-
other under some assumptions [18], which can keep the problem
formulation (mixed-integer) linear. However, direct, central control
of energy demand is unrealistic in practice, since consumption is not
directly controllable [19]. Moreover, analytical results can vary de-
pending on whether a direct or indirect control is chosen as a modelling
paradigm [20]. In addition to representing reality more accurately,
indirect control comes with operational advantages over direct control
when applied in an energy system — for example the sufficiency of
one-way communication of prices to consumers in contrast to the
implementation of a direct control system [21].

Indirect control can be incentive-based or price-based [22].
Incentive-based demand response is based on the incentives given to
consumers, such as offering remuneration if they reduce their load at
peak congestion times. In price-based control, customers decide on their
consumption based on the varying prices. Incentive-based control is
more suitable for the industrial sector, while price-based control is more
suitable for residential sector [22].

We propose a new methodology to quantify the potential impact
of consumer demand response in energy systems. Our method links
an economic dispatch model for the production optimisation of the
system to a price-based demand response model. We offer our model
as a blueprint that can be adapted to linking a wider range of models.
Since we assume an indirect control setting where demand reacts to
a penalty signal, such as a price, the economic potential of demand
response lies in the point where penalty signals are cost-optimal from
the system perspective. Hence, it is crucial to determine such a penalty
signal with respect to the overall objective (being cost minimisation in
our case study here) to link an energy system and a demand response
model without assuming direct control of consumers. In this paper,
we use dynamic programming to efficiently determine the penalty
signal that should be sent to the demand response model. It is vital
to underline that we do not assume market rules or regulation of end-
consumer engagement in future energy systems, but rather find the
demand trajectory after demand response in the response to penalty
signals aiming at minimising some objective function.

The remainder of this paper is organised as follows. Related work
3

and our contributions are briefly discussed in Section 2. The proposed p
soft-linking model alongside the linked demand response and energy
system models are presented in Section 3. Subsequent to a description
of the experimental setup, numerical results are discussed in Section 4,
while Section 5 concludes and gives an outlook.

2. Related work and contribution

2.1. Related work

In this section, we focus on related work regarding the integration
of price-based demand response into ESOMs, soft-linking methods in
energy system modelling as well as dynamic programming approaches
to solving economic dispatch problems.

2.1.1. Modelling soft-linking in energy system modelling
The general motivation for assuming an indirect control are the

competing interests of the system operator and end-consumers. Hence,
approaches to integrating models for both perspectives often apply a
soft-linking approach rather than a global optimisation model. The
notion of soft-linking models for differing actors or models operating
on varying temporal and spatial resolutions is not new in energy system
modelling. The soft-linking of a capacity expansion planning model
with a power-flow model is achieved in [23]. The results show that the
capacity expansion model alone violated the grid constraints. Another
example is the work in [24], where capacity expansion and power flow
models are also soft-linked. That paper shows that solely focusing on
the capacity expansion model can violate grid constraints, depending
on the location of a community energy storage system. A review on
soft-linking methods in ESOMs is given in [25].

2.1.2. Application of price-based demand response in energy system mod-
elling

The scope of analysis of demand response in energy system mod-
elling ranges from microgrids [26] to multiple countries [27], but
most analyses assume direct control of demand response. For a power
system-specific review of demand response optimisation, see [28].

Only few papers seem to integrate price-based demand response in
energy system modelling. In [29], which this study is inspired by, the
authors apply soft-linking of a capacity expansion planning model to
a price-based demand response model to analyse the district heating
system of Zagreb, Croatia. Soft-linking the two models allowed better
characterisation of demand response potential, achieving operational
savings of 5.4%. However, no claim of optimality or convergence in
the soft-linkage can be made.

If we know the demand response model, and if it is formulated as a
convex optimisation problem, an optimal solution can be achieved by
using an iterative approach called Walrasian auction. In this method,
the global problem is decomposed using Lagrangian relaxation [30].
Some work in electricity market mechanisms and retailing problems
follows this line of thought: For instance, Chen et al. [31] propose
a distributed algorithm, where marginal costs of electricity demand
supply are iteratively fed to consumer utility maximisation models of
power consumption. Also Nguyen et al. [32] propose a method based
on Walrasian auction and analyse Tâtonnement methods for a demand
response exchange market. However, in this paper, we do not assume
knowledge of the analytical form of the demand response model and
do not make any assumptions regarding knowledge and convexity of
the underlying optimisation.1

1 The only, mild, assumptions on the demand response model we make
re that the model returns the value of a state variable, following Markov
roperties, and that it leads to a convex cost function (see Section 3.1).
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2.1.3. Dynamic programming approaches to economic dispatch problems
The size and complexity of ESOMs under realistic demand response

poses computational challenges that raise the question of efficient
solution techniques. In the case of an economic dispatch problem, the
number of inter-temporal constraints and variables is small, making
dynamic programming a suitable solution technique. Dynamic pro-
gramming has previously been applied to energy system optimisation:
In [33], an economic dispatch problem with multiple generators is
solved through dynamic programming. The authors of [34] propose
a forward dynamic programming algorithm to solve an economic dis-
patch problem that includes battery storage. [35] use approximate
dynamic programming to solve a stochastic economic dispatch problem
for a micro-grid with a large number of state variables.

2.2. Contributions

While the integration of demand response models into ESOMs is not
a novel line of research, to the best of our knowledge, no previous
research work research has addressed the integration of economic
dispatch models and price-based demand response models without
assuming demand response to be a well-defined optimisation problem,
but claiming (near-)optimality.

Based on this research gap, we propose a modelling framework with
the following contributions:

1. Soft-linking a realistic demand response model with an economic
dispatch model in order to quantify the impact of price-based
demand response schemes in a generic energy system under
some assumptions. We formulate the soft-linking problem and
present an efficient solution technique.

2. Optimisation of time-varying end-consumer prices in a local
energy system to optimise indirect control.

3. Comparison of the economic impact of two different flexibility
options in a district heating system, namely demand response
and an optimally sized heat storage system.

3. Methodology

We formulate a generic framework for soft-linking a realistic model
for consumer demand response to time-varying prices to a generic
economic dispatch model (Fig. 1). The price-making model (Frigg) iter-
atively utilises information from the demand response model (demand
as a function of the price) and economic dispatch model (costs as a func-
tion of demand) to generate optimal time-varying prices via backward
dynamic programming. This price trajectory is then evaluated in the
demand response model to generate post-response demand. Finally, the
demand curve is fed to the economic dispatch model to compute costs
after application of demand response. Section 3.1 describes our demand
response model, while Section 3.2.1 introduces a simple economic
dispatch model that is extended to a storage capacity expansion model
in Section 3.2.2. These models are examples, or placeholders, for a
range of models that could be linked via the proposed framework. The
price-making model is presented in Section 3.3.

We compare three cases: First, baseline costs are computed that
consider neither demand response nor heat storage, meaning that dis-
patch costs are computed for a non-modified baseline demand trajec-
tory (Baseline case). Second, a controlled demand trajectory under
demand response is computed and dispatch costs for this modified
trajectory are computed in to the economic dispatch model (DR case).

hird, system costs including both operation and investment costs for a
ost-optimally sized heat storage system are computed as a comparison
Storage case). Fig. 2 visualises these three cases.
4

Fig. 1. Overview of soft-linking structure.

Fig. 2. Visualisation of the three cases compared in this study.

3.1. Demand response model

We assume that demand response is subject to some determinants
that correspond to a dynamic system. Specifically, our approach as-
sumes that at a given point in time, consumers react to time-varying
prices based on the amount of some energy commodity they would
demand in the absence of a demand response scheme and based on their
decisions in the past. Disregarding stochasticity, this can be written as
Eq. (1), where 𝑌𝑡 denotes the price-aware energy demand at time 𝑡. In
general, this is a function of the baseline or price-ignorant demand, 𝐵𝑡,
the per-unit price, or penalty signal, 𝑢𝑡 and 𝑋𝑡 which contains informa-
tion about the current state of the system, such as the temperature of its
thermal mass. In real life, whether price-aware or not, energy demand
is a highly stochastic phenomenon.

𝑌𝑡 = 𝑔(𝐵𝑡, 𝑢𝑡, 𝑋𝑡) (1a)
d𝑋𝑡
d𝑡 = ℎ(𝑋𝑡, 𝑌𝑡, 𝐵𝑡) (1b)

To account for this, a random variable is added in Eq. (1a) repre-
enting measurement noise while Eq. (1b) is extended to a stochastic
ifferential equation as in seen in Eq. (2),

𝑌𝑡 = 𝑔(𝐵𝑡, 𝑢𝑡, 𝑋𝑡) + 𝜖𝑡, (2a)

𝑋𝑡 = ℎ(𝑋𝑡, 𝑌𝑡, 𝐵𝑡)d𝑡 + 𝜎𝑤d𝑊𝑡, (2b)

𝜖𝑡 ∼ N(0, 𝜎2), (2c)
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where 𝑊𝑡 is Brownian motion.

3.1.1. Flexibility function
Consumers heat demand response to time-varying heat prices is

modelled through the flexibility function used in [29], with all param-
eters chosen as in [29] if not indicated otherwise.

Following the general formulation in Eq. (2), we formulate con-
sumer demand response in district heating as a stochastic differential
equation (Eq. (3)).

𝑌𝑡 = 𝑔(𝐵𝑡, 𝑢𝑡, 𝑋𝑡) + 𝜖𝑡, (3a)

d𝑋𝑡 =
1
𝐶
(𝑌𝑡 − 𝐵𝑡)d𝑡 + 𝜎𝑤d𝑊𝑡, (3b)

𝜖𝑡 ∼ N(0, 𝜎2). (3c)

Using the analogy of demand response as energy storage, 𝑋𝑡 expresses
the state of charge (SoC) at a given point in time. The change in the
SoC at time 𝑡 is equal to the difference between price-aware and price-
ignorant demand. The capacity of the system is given by 𝐶, which is the
parameter deciding how flexible the system is Eq. (3b). Specifically, 𝐶
is the amount of energy required to change 𝑋𝑡 from its lowest to highest
possible level, i.e. going from an empty to full storage. The change in
𝑌𝑡 is described in general terms only Eq. (3a) and the reader is referred
to [29] for the full model description. Notably, as in [29], we simplify
demand response to a deterministic process, meaning we consider only
the expected value of 𝑋 and 𝑌 .

3.2. District heating system model

The district heating system is modelled as an economic dispatch
model formulated as a linear program (LP), whereas the storage ca-
pacity expansion model is a mixed-integer linear program (MILP). The
dispatch model is a reduced version of the model applied in [15]. It is
based on the principle of heat flowing between nodes 𝑛 ∈  , whereas
heat generation units 𝑢 ∈  , storage units 𝑠 ∈  and demand sites
𝑑 ∈  are connected to the nodes across which heat is dispatched for
every time step 𝑡 ∈  .

3.2.1. Economic dispatch model
The objective is minimisation of heating costs (Eq. (4a)), where

𝑞𝑢,𝑡 denotes the quantity of heat produced by unit 𝑢 in time period 𝑡,
which is associated with the per-MWh costs of heat 𝐶H. Power market
revenues are the product of the power price 𝜆𝑡 and the amount of power
produced 𝑞𝑢,𝑡𝛷𝑢.

The quantity of heat 𝑞𝑢,𝑡 is bound by the installed capacity 𝑄𝑢
Eq. (4b)) or, in the case of a heat generator being fuelled by renewable
nergy, by its time-dependent availability 𝑄

RES
𝑢,𝑡 (Eq. (4c)). Demand

fulfilment at all demand sites 𝑑 ∈  is ensured through Eq. (4d), where
𝑎𝑛,𝑑,𝑡 is the amount of heat flowing from node 𝑛 to demand site 𝑑 in time
step 𝑡. Eq. (4e) relates the heat production 𝑞𝑢,𝑡 with the flow 𝑎𝑢,𝑛,𝑡 from
unit 𝑢 to node 𝑛. The node energy balance is set in constraints Eq. (4h).
Moreover, heat flow is only allowed if a connection exists (constraints
Eq. (4f) and Eq. (4g)).

min
∑

𝑡∈

∑

𝑢∈
𝑞𝑢,𝑡(𝐶H

𝑢 − 𝜆𝑡𝛷𝑢) (4a)

s.t. 𝑞𝑢,𝑡 ≤ 𝑄𝑢 ∀𝑡 ∈  , 𝑢 ∈  ⧵ RES (4b)

𝑞𝑢,𝑡 ≤ 𝑄
RES
𝑢,𝑡 ∀𝑡 ∈  , 𝑢 ∈  RES (4c)

∑

𝑛∈
𝑎𝑛,𝑑,𝑡 = 𝐷𝑑,𝑡 ∀𝑡 ∈  , 𝑑 ∈  (4d)

∑

𝑛∈
𝑎𝑢,𝑛,𝑡 = 𝑞𝑢,𝑡 ∀𝑡 ∈  , 𝑢 ∈  (4e)

𝑎 ≤ 𝐴 ∀𝑡 ∈  , 𝑛 ∈  , 𝑑 ∈  (4f)
5

𝑛,𝑑,𝑡 𝑛,𝑑,𝑡
𝑎𝑢,𝑛,𝑡 ≤ 𝐴
𝑢,𝑛,𝑡 ∀𝑡 ∈  , 𝑛 ∈  , 𝑢 ∈  (4g)

∑

𝑑∈
𝑎𝑛,𝑑,𝑡 =

∑

𝑢∈
𝑎𝑢,𝑛,𝑡 ∀𝑡 ∈  , 𝑛 ∈  (4h)

.2.2. Storage capacity expansion model
In order to account for storage investments, the economic dispatch

odel in Section 3.2.1 has to be extended to a MILP. This program
ncludes investment and operation decisions for heat storage systems
∈  with storage capacity 𝜎𝑠 and storage level 𝜎𝑠. In particular,

the objective function (Eq. (5a)) is extended by capacity-dependent
costs 𝜎𝑠𝐶

Equip
𝑠 , expenses for operation and maintenance 𝜎𝑠𝐶O&M

𝑠 and
capacity-independent installation costs 𝛼𝑠𝐶 Inst

𝑠 . The binary variable 𝛼𝑠
is set to 1, if the model chooses to invest in storage technology 𝑠 at
all, and zero otherwise, which is ensured in Eq. (5b). The motivation
for dividing investment costs into capacity-dependent and capacity-
independent costs is to account for economies of scale, which heat
storage investments are subject to [36].

The node balance in Eq. (5c) needs to account for flow from storage
to node 𝑎𝑠,𝑛,𝑡 and heat flow from node to storage, which are bound in
constraints Eq. (5b) and Eq. (5e). The storage level is set in Eq. (5f)
according to losses 𝛤𝑠 and it is bound in Eq. (5g).

min
∑

𝑡∈

∑

𝑢∈
𝑞𝑢,𝑡(𝐶H

𝑢 − 𝜆𝑡𝛷𝑢)

+
∑

𝑠∈
𝜎𝑠(𝐶

Equip
𝑠 + 𝐶O&M

𝑠 ) + 𝛼𝑠𝐶
Inst
𝑠 (5a)

s.t. (4b)–(4g)

𝜎𝑠 ≤ 𝑀𝛼𝑠 ∀𝑠 ∈  (5b)
∑

𝑑∈
𝑎𝑛,𝑑,𝑡 =

∑

𝑢∈
𝑎𝑢,𝑛,𝑡

+
∑

𝑠∈
𝑎𝑠,𝑛,𝑡 − 𝑎𝑛,𝑠,𝑡 ∀𝑡 ∈  , 𝑛 ∈  (5c)

𝑎𝑠,𝑛,𝑡 ≤ 𝐴
𝑠,𝑛,𝑡 ∀𝑡 ∈  , 𝑛 ∈  , 𝑠 ∈  (5d)

𝑎𝑛,𝑠,𝑡 ≤ 𝐴
𝑠,𝑛,𝑡 ∀𝑡 ∈  , 𝑛 ∈  , 𝑠 ∈  (5e)

𝜎𝑠,𝑡 = 𝛤𝑠𝜎𝑠,𝑡−1

+
∑

𝑛∈
𝑎𝑛,𝑠,𝑡 − 𝑎𝑠,𝑛,𝑡 ∀𝑡 ∈  , 𝑠 ∈  (5f)

𝜎𝑠,𝑡 ≤ 𝜎𝑠 ∀𝑡 ∈  , 𝑠 ∈  (5g)

3.3. Price-making model

In order to link the dispatch model from Section 3.2.1 with the
demand response model from Section 3.1, we need to determine the
hourly penalty signal to achieve indirect control of the hourly heat
demand (or potentially the demand for any other commodity). The
hourly penalty signal is the control variable of the demand response
model with respect to some objective, such as cost or emission min-
imisation or peak shaving. We discretise the demand response model
(Eq. (3)) in time (see Section 4.1). Hence, lower case letters (𝑥 and
𝑦) are used to denote these variables in discrete time, here namely in
hourly resolution.

3.3.1. Problem formulation
We can initially think of the objective function 𝐽 as a cost function

of demand 𝐲 = [𝑦1, 𝑦2,… , 𝑦𝑇 ], which we would like to minimise with
respect to prices 𝑢1,… , 𝑢𝑇 .

min 𝐽 = min 𝐽 (𝐲) = min 𝐽 (𝑦1, 𝑦2,… , 𝑦𝑇 ) (6)

𝑢1 ,…,𝑢𝑇 𝑢1 ,…,𝑢𝑇 𝑢1 ,…,𝑢𝑇
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Fig. 3. Example of objective function based on merit order. Here, the demand of 950
kWh is covered by generators 1 and 2 running at full capacity and generator 3 running
at partial load.

An important assumption that we make is that 𝐽 can be expressed as a
sum of time-varying functions 𝑙1(𝑦1), 𝑙2(𝑦2), ..., 𝑙𝑇 (𝑦2):

min
𝑢1 ,…,𝑢𝑇

𝐽 = min
𝑢1 ,…,𝑢𝑇

∑

𝑡∈
𝑙𝑡(𝑦𝑡) (7)

The demand 𝑦𝑡 in time step 𝑡 can be described as a function 𝑔 of the SoC
in the period before 𝑥𝑡−1 and the penalty signal 𝑢𝑡 in the same period:

𝑦𝑡 = 𝑔𝑡(𝑢𝑡, 𝑥𝑡−1) (8)

Hence, the optimisation problem can be formulated as:

min
𝑢1 ,…,𝑢𝑇

𝐽 = min
𝑢1 ,…,𝑢𝑇

∑

𝑡∈
𝑙𝑡(𝑦𝑡) = min

𝑢1 ,…,𝑢𝑇

∑

𝑡∈
𝑙𝑡(𝑔(𝑢𝑡, 𝑥𝑡−1)) (9)

In this paper, the cost function 𝑙 approximates hourly dispatch costs
by constructing an hourly merit order. This means that hourly costs
of heat production 𝑐𝑢,𝑡 of generator 𝑢, varying due to time-varying
electricity prices, are sorted in ascending order and matched with the
related capacities 𝑄𝑢,𝑡 of the generator, which are time-varying due to
renewable sources.

The costs associated with a demand level 𝑦𝑡 are the cumulative
production costs of all generators to cover this demand. Let  ⊆ 
be the generators running at full capacity to cover 𝑦𝑡 and let 𝑤 ∈  ⧵
be the generator running at partial load to close the gap to 𝑦𝑡 (if the
demand is met exactly by ∑

𝑢∈ 𝑄𝑢,𝑡 = 𝑦𝑡, generator 𝑤 runs at zero
capacity). Then, the associated sets, indices and cumulative production
costs 𝑙𝑡 are defined by Eqs. (10a)–(10c). This cost function is illustrated
in Fig. 3.

𝑙𝑡(𝑦𝑡) =
∑

𝑢∈𝑡

𝑐𝑢,𝑡𝑄𝑢,𝑡 + 𝑐𝑤,𝑡

(

𝑦𝑡 −
∑

𝑢∈𝑡

𝑄𝑢,𝑡

)

(10a)

𝑤𝑡 = arg min
𝑢∈

⎧

⎪

⎨

⎪

⎩

𝑐𝑢|
∑

{𝑣∈ |𝑐𝑣,𝑡≤𝑐𝑢,𝑡}
𝑄𝑣,𝑡 +𝑄𝑢,𝑡 ≥ 𝑦𝑡

⎫

⎪

⎬

⎪

⎭

(10b)

𝑡 = {𝑢 ∈  |𝑐𝑢,𝑡 ≤ 𝑐𝑤𝑡 ,𝑡} (10c)

Assumption 1. The dispatch costs of the energy system modelled can
be approximated adequately by a temporally decomposable function
that is convex with respect to demand.

Remark 3.1. We make this assumption for two reasons: Firstly, the
time-varying cost function — here hourly merit order (Eqs. (10a)–
(10c)) - is representative of system costs in the absence of inter-
temporal constraints, such as ramping or energy storage. This allows
6

to formulate a dynamic programming problem using a single state
Fig. 4. Visualisation of discretisation of state variable 𝑥𝑡 in backward dynamic
programming algorithm. In each time step 𝑡, the corresponding subproblem is solved
assuming a discrete set of possible state values at the end of the preceding time step
𝑥𝑡−1, i.e. the filled points in the figure. Going backward in time, the costs associated

ith a state variable 𝑥𝑡, i.e. the hollow points, at the end of a time step are computed
hrough linear interpolation between the objective function values associated with the
wo closest values for 𝑥𝑡, i.e. 𝑥𝑚 and 𝑥𝑛, assumed in the iteration before. Based on an
llustration in [40].

ariable, the state of demand response (see Algorithm 1). Secondly,
onvexity of the objective function is a requirement for claiming that
rigg yields close-to optimal solutions under the assumptions made.

.3.2. Solution approach
The problem in Eq. (9) could be solved using a general purpose

olver, where 𝐽 is minimised with 𝐮 = [𝑢1, 𝑢2,… , 𝑢𝑇 ] as vector of
ecision variables. For each evaluation of the loss function, 𝐘 =
𝑦1, 𝑦2,… , 𝑦𝑇 ] is obtained by simulating the demand response model
or the entire optimisation horizon  . However, the high cardinality of
he decision space and the length of the simulation horizon lead to a
roblem that is hard to solve for large values of 𝑇 , as each function
valuation requires the simulation of a demand response model for the
ntire time set  . Therefore, we approach the problem with dynamic
rogramming [37], formulated based on [38,39], as described in this
ubsection.

ynamic programming formulation. The problem can be decomposed
nto overlapping subproblems linked through the SoC 𝑥𝑡: The SoC in
eriod 𝑡 is fully described by the SoC in the preceding period 𝑥𝑡−1 and
he penalty 𝑢𝑡 in period 𝑡 through the state function 𝑓𝑡:

𝑡 = 𝑓𝑡(𝑢𝑡, 𝑥𝑡−1) (11)

Since the penalty level 𝑢𝑡 impacts 𝑥𝑡, its optimal value depends on
he solution in all preceding time steps. As the SoC 𝑥𝑡 at the end of the
ast time step has no further influence, the solution in the final period
mpacts no other solution. Analogously, the solution in 𝑡 only impacts
he solution in 𝑡 + 1, 𝑡 + 2,… , 𝑇 .

In other words, the problem faced in time step 𝑡 is the one of
inimising the sum of 𝑙𝑡 and all preceding elements 𝑙𝑡+1,… , 𝑙𝑇 :

min
𝑢𝑡

𝐿𝑡 = min
𝑢𝑡 ,…,𝑢𝑇

∑

𝜏=𝑡,𝑡+1,…,𝑇
𝑙𝜏 , ∀𝑡 ∈  (12)

Since only the SoC 𝑥𝑡 connects the subproblems in 𝑡 and 𝑡 + 1, we
can solve the problem through dynamic programming. To do so, we
have to assume that 𝑥𝑡−1 can only take a discrete set of 𝑁 values
 = {𝑥1, 𝑥2,… , 𝑥𝑁} when finding the optimal solution in 𝑡.

In order to handle the discretisation, we apply the following pro-
cedure which is also visualised in Fig. 4. Starting in the last time step
𝑇 , 𝑙𝑇 is minimised for all elements in  as possible states of charge at
the end of time step 𝑇 − 1 leading to 𝑁 solutions. Then, 𝑁 solutions
for time step 𝑇 − 1 are determined, each solution corresponding to an
initial SoC 𝑥1, 𝑥2,… , 𝑥𝑁 at the beginning of time step 𝑇 −1, and so on.

The value of 𝑙𝑡 corresponding to the resulting SoC at the end of time
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step 𝑥𝑡−1 are determined through a linear interpolation, where 𝑥𝑛 and
𝑚 with 𝑥𝑛 < 𝑥𝑚 are the two elements in  closest to 𝑥𝑡−1.

We can write this interpolation as Eq. (13), where 𝛽𝑚 and 𝛽𝑛 are the
weights given to 𝐿∗

𝑡 (𝑥𝑚) and 𝐿∗
𝑡 (𝑥𝑛) according to the distance between

𝑥𝑛 and 𝑥𝑚 to 𝑥𝑡.

𝐿∗
𝑡 (𝑥𝑡) = 𝛽𝑚𝐿

∗
𝑡 (𝑥𝑚) + 𝛽𝑛𝐿

∗
𝑡 (𝑥𝑛) (13a)

𝛽𝑚 = |𝑥𝑡 − 𝑥𝑛|∕(|𝑥𝑡 − 𝑥𝑚| + |𝑥𝑡 − 𝑥𝑛|) (13b)

𝛽𝑛 = |𝑥𝑡 − 𝑥𝑚|∕(|𝑥𝑡 − 𝑥𝑚| + |𝑥𝑡 − 𝑥𝑛|) (13c)

𝑥𝑚 = inf{𝑥 ∈ |𝑥 ≥ 𝑥𝑡} (13d)

𝑥𝑛 = sup{𝑥 ∈ |𝑥 ≤ 𝑥𝑡} (13e)

The superscript ∗ denotes the optimal objective value. In general
terms, introducing  as the feasible space of 𝑢𝑡, the dynamic program
can be formulated as:

∀𝑡 ∈  , 𝑥𝑡−1 ∈  ∶

𝐿∗
𝑡 (𝑥𝑡−1) =

{

min𝑢𝑡∈ 𝑙𝑡(𝑢𝑡, 𝑥𝑡−1), 𝑡 = 𝑇
min𝑢𝑡∈ [𝑙𝑡(𝑢𝑡, 𝑥𝑡−1) + 𝐿∗

𝑡+1(𝑓𝑡(𝑢𝑡, 𝑥𝑡))], 𝑡 ∈  ⧵ {𝑇 }
(14)

Assumption 2. Consumers demand response can be described as
a Markov process, where the state variable 𝑥𝑡 is either a scalar or
low-dimensional vector. The true objective function of the soft-linking
problem can be approximated adequately by linear interpolation of the
objective value across a finite set of values of this state variable.

Remark 3.2. This assumption is necessary for the problem to be
computationally tractable and to allow the solution method based on
discrete dynamic programming proposed here.

Decomposition and parallelisation. The computational burden of back-
ward DP as given in Algorithm 1 for a reasonable size of  and 
s still significant. However, the formulation is decomposable (Algo-
ithm 2). Firstly, the problems across initial states of charge 𝑥𝑡−1 in
given time step min𝑢1 ,…,𝑢𝑇 𝐿∗

𝑡 (𝑥𝑡−1) are fully independent and can be
olved in parallel. Secondly, if  is of a size typical in energy systems
odelling, often one year, the problem can be decomposed on a, for

nstance, weekly or monthly basis into 𝑃 subproblems. Only the second
ecomposition has been applied in this study.

Algorithm 1 Backward dynamic programming algorithm
1: Set 𝑥0
2: for (𝑥𝑇−1 ∈ ) do ⊳ Find solution for the last period
3: 𝐿∗

𝑇 (𝑥𝑇−1) ← min
𝑢𝑇 ∈

𝑙𝑇 (𝑢𝑇 , 𝑥𝑇−1)

4: 𝑢∗𝑇 (𝑥𝑇−1) ← arg min
𝑢𝑇 ∈

𝑙𝑇 (𝑢𝑇 , 𝑥𝑇−1)

5: end for
6: for (𝑡 = 𝑇 − 1, ..., 0) do ⊳ Find solution for all preceding periods
7: for 𝑥𝑡−1 ∈  do
8: 𝐿∗

𝑡 (𝑥𝑡−1) ← min
𝑢𝑡∈

𝑙𝑡(𝑢𝑡, 𝑥𝑡−1) + 𝐿∗
𝑡+1(𝑥𝑡)

9: 𝑢∗𝑡 (𝑥𝑡−1) ← arg min
𝑢𝑡∈

𝑙𝑡(𝑢𝑡, 𝑥𝑡−1) + 𝐿∗
𝑡+1(𝑥𝑡)

10: end for
11: end for

4. Case study

In this section, we first outline our experimental setup and then
present the numerical results based on a case study for a typical district
heating system.
7

i

Algorithm 2 Parallelisation of algorithm 1
1: for (𝜏 = 𝑇 ∕𝑃 , 2𝑇 ∕𝑃 , ..., 𝑇 ) do ⊳ in parallel
2: Set 𝑥0
3: for (𝑥𝜏−1 ∈ ) do ⊳ in parallel
4: Find 𝐿∗

𝜏 (𝑥𝜏−1) and 𝑢∗𝜏 (𝑥𝜏−1)
5: end for
6: for (𝑡 = 𝜏 − 1, ..., 𝜏 − 𝑇 ∕𝑃 ) do
7: for 𝑥𝑡−1 ∈  do ⊳ in parallel
8: Find 𝐿∗

𝑡 (𝑥𝑡) and 𝑢∗𝑡 (𝑥𝑡)
9: end for

10: end for
11: end for

Table 1
Input data for conventional heat production units.

Unit 𝑢 𝐶H 𝑄 𝑃 𝜑𝑢
[EUR/MWhh] [MWhh] [MWhel] [MWhel/MWhh]

CHP 64.13 4.22 3.3 0.782
NG Boiler (Ejby) 46.67 6.52 0 0

Table 2
Input data for solar thermal unit.

Size [m2] Efficiency [%]

4000 43

Table 3
Input data for storage units based on [43]. Investment costs are annualised.

𝐶Equip
𝑠 𝐶O&M

𝑠 𝐶 Inst
𝑠 𝛾𝑠

[EUR/MWh/a] [EUR/MWh/a] [EUR/a] [%/h]

Small-sc. hot water 11,855.2 0.6 35.6 2.1
Large-sc. hot water 106.0 8.6 7949.8 0.0083
PTES 32.0 3.0 48,062.4 0.0083

4.1. Case study setup

Our case study is based on the district heating system of Ejby,
Denmark, which is similar to the system investigated in [15]. The
system supplies heat to 855 customers, 821 of whom are residential
households. In reality, the district heating system is connected to the
district heating system of Nørre Åby, which is disregarded here. The
production units are a natural-gas-fired boiler and a natural-gas-fired
CHP unit (see Table 1). A solar thermal unit with a size of 4000
m2, which does not exist in reality, has been added to system (see
Table 2). Fuel costs are assumed constant and are included in 𝐶𝐻 . The
solar thermal production based on plant size and direct radiation from
Renewables.ninja [41] for the year 2019 is assumed to be converted at
an efficiency of 43% [42] resulting in 𝑄

RES
𝑢,𝑡 . We consider a system with

one node, i.e. all generation and storage units as well as the demand
site of Ejby are connected to a single node.

The actual system also includes a hot water storage unit, but in
this study, we compare a case with demand response to one with an
optimally sized heat storage unit. Hence, in the former case, no heat
storage is included and the district heating system is modelled through
the model described in Section 3.2.1. In the latter case, heat storage
sizing is optimised with respect to costs following the formulation
in Section 3.2.2. Data on the available storage options are given in
Table 3, whereas costs are expressed in annuities with a discount factor
of 4%, following [24]. We assume 𝐶Equip

𝑠 equal to the equipment share
of specific investment costs in [43], 𝐶 Inst

𝑠 is assumed the product of the
ypical capacity and installation share. Due to lack of data, pit thermal
nergy storage (PTES) is assumed to have the same losses as small-scale
ot water tanks.

We use data for the period 1 August 2020 until 31 July 2021,

.e. one year. In this period, the average demand was 1919 kWh with
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a peak load of 6000 kWh. Data on heat demand as well as variable
heat production costs for the CHP unit and natural gas-fired boiler
were supplied by the operator of the district heating system. Nordpool
day-ahead electricity prices are freely accessible [44].

4.1.1. Flexibility function parameterisation
The demand response model used in this study is identical to the

formulation and parameter choices in [29] with two exceptions: First,
the parameter 𝐶, which is the amount of energy required to change 𝑋𝑡
from its lowest to highest acceptable value, is varied. This parameter
can be interpreted as the energy capacity of the flexibility, which
depends on the degree to which a consumer or group of consumers are
flexible.

In the case of district heating, this often corresponds to the thermal
capacity of the energy-flexible mass [29] scaled by the width of the
temperature band in which it may vary. In our case study, we analyse
the impact of variations in 𝐶, per-unit, i.e. scaled by the maximum
demand. We also indicate those values for 𝐶 that would roughly
correspond to either the water in the network or the thermal mass of
buildings being the flexible thermal mass.

The second difference to [29] is that we have slightly modified
equation (8) in [29], such that 𝜙, the rate at which the demand re-
sponse tries to operate close to normal operation, is replaced by 𝜙

𝐶 . The
ole purpose of this modification is to ensure that the tendency towards
ormal operation decreases as 𝐶 increases, since a more flexible system
as less need to operate close to its baseline demand. Accordingly,
nstead of 𝜙 = 4, we apply 𝜙 = 1.6. In this way, the flexibility

function stays equivalent to the original formulation, if 𝐶 = 4 takes its
original value as in [29]. Notice that when operational data is available,
it is possible to use system identification to estimate the parameters
directly, as done in [45].

Specific 𝐶-values. The value corresponding to the thermal capacity of
the water in the Ejby network can be calculated as the product of
the amount of water in the system (the total amount of water in
Danish district heating is ca. 1 billion litres supplying ca. 1.7 million
customers [46], which allows to scale the volume to the Ejby system
of 855 customers); the density of water (997 kg/m3); its specific heat
capacity (4200 J/kg/K); the acceptable deviation of 7 K (± 3.5 K) [29]);
and the reciprocal of the maximum demand (6000 kWh). This leads to
a value of 𝐶 = 0.68.

The value of 𝐶 corresponding to the thermal mass of flexible resi-
dential buildings is computed based on the research in [47], where the
heat capacity of Danish houses in the Middelfart region was estimated
from data. Assuming the medium building type H2 with a capacity of
3.68 to 4.43 kWh/K (we apply the mean value of that range, i.e. 4.055
kWh/K), a temperature deviation of 2 K (± 1 K) and 855 heat customers
(assuming all customers to constitute residential buildings), and scaling
by the maximum demand (6000 kWh), we achieve a value of 𝐶 = 1.16.

4.1.2. Implementation
We used Python 3.8.2 to implement the problems described in

Section 3. The models in Section 3.2.1 and Section 3.2.2 were solved
using the solver Gurobi 9.1 and solved on local machines due to the
insignificant run time for the problems. Since the subproblems in the
dynamic price-making program are non-linear and the decision vari-
ables are bound between −1 and 1, they were solved using SciPy’s [48]
implementation of the L-BFGS-B algorithm [49] with a step size of
𝜖 = 10−7 and an initial guess of 𝑢 = −1.

The dynamic program was solved on the DTU high-performance
cluster using Intel Xeon 2660v3 processors with 2.6 GHz with 1 GB
memory per core with the exception of the run-time analysis made
in Section 4.3.2, where the total memory was kept equal to 20 GB to
ease comparability. The number of cores was set equal to the degree of
temporal decomposition and parallelisation (parameter 𝑃 in Algorithm
2). For the economic analysis in Section 4.2, state variable 𝑋 was
8

Table 4
Optimal storage sizing [MWh] in the Storage case.

Small hot water tank Large hot water tank PTES

0.0 107.6 0.0

Fig. 5. Costs of heat across cases compared. The straight dashed line indicates the
system costs, including investment costs, under optimal storage sizing.

discretised at a dynamic granularity depending on the value of the
demand response capacity 𝐶. We elaborate on this idea in Section 4.3.1.

All data were available in hourly resolution, which was directly used
for the dispatch and investment models. However, the dynamics of the
flexibility function require a simulation near continuous time. In order
to meet that requirement, a resolution of 0.001 h (= 3.6 s) was used
here. We assumed an initial state of charge of demand response 𝑥0 of
50%.

4.2. Economic impact

4.2.1. System costs
First, we investigate the Storage case, where the capacity expan-

sion model (see Section 3.2.2) determines an optimal storage capacity.
The optimal storage investment capacity is 107.6 MWh, comprising
entirely large hot water storage (see Table 4). The investment in only
a single technology can be explained by the capacity-independent
per-technology investment costs associated with investment capacities
greater than zero. This leads to costs of heat of 19.57 EUR/kWh (includ-
ing investment costs) (see Table 5). While investment costs for storage
units are easily accessible, investment costs for demand response are
more complex to compute. Table 5 illustrates costs and operational
savings in comparison to the Baseline. Operational savings indicate
how much a system planner would be willing to invest in a heat
storage system or spend to implement a demand response scheme. In
the Storage case, operational savings, not accounting for investment
costs, in comparison with the Baseline case are ca. 122,000 EUR,
i.e. 7.28 EUR/MWh.

Costs of heat have been computed for 𝐶-values ranging between 0.4
nd 4.0 and the problem was decomposed and parallelised into twenty
ndependent subproblems, i.e. 𝑃 = 20 (see Algorithm 2). Costs decrease

from 25.71 EUR/MWh in the baseline with an increasing value
for 𝐶, which can be interpreted as the degree of demand flexibility
(see Fig. 5). Cost savings appear to diminish with an increasing 𝐶.
The points on the curve in Fig. 5 that would roughly correspond to
values of 𝐶 for specific cases (see Section 4.1.1) have been computed
based on linear interpolation on the generated curve. A flexible network
(𝐶 = 0.68) corresponds to costs of heat of 23.12 EUR/MWh, i.e. a
difference of 10.08%. Flexible residential buildings (𝐶 = 1.16) yield
avings of 14.03%. If both network and buildings are flexible (𝐶 =
0.68 + 1.16 = 1.84), costs of heat are 21.32 EUR/MWh, which is a

reduction of 17.06%.
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Table 5
Per-MWh costs of heat and operational savings in comparison with baseline across cases
(total, per-MWh, in percentage of baseline demand and per heat customer). Operational
savings in the Storage case do not include investment costs.

Costs Operational savings

[EUR
/MWh]

[T
EUR]

[EUR
/MWh]

[% base-
line]

[EUR
/cust.]

Baseline 25.71 0.00 0.00 0.00 0.00
Network 23.12 43.56 2.59 10.08 50.95
Buildings 22.10 60.65 3.61 14.03 70.94
Netw.&Bld. 21.32 73.74 4.39 17.06 86.25
Storage 19.57 122.49 7.28 28.34 143.26

Fig. 6. Heat mix across cases. Total demand is constant; solar heat is assumed fully
curtailable.

4.2.2. Heat mix
The supply mix (Fig. 6) shows a higher share of CHP produc-

tion with an increasing 𝐶-value: In the Baseline, heat from CHP
production and solar heat cover 75.18% and 6.64% of the demand,
respectively. For 𝐶 = 2.0, these numbers change to 81.61% and 6.09%
respectively. In the Storage case, 88.89% of heat demand is supplied
through CHP production and 6.23% by solar heat.

4.2.3. Controlled heat demand
The differences in costs across cases can be further highlighted by

the correlation of demand with other time series (see Fig. 7). Higher 𝐶-
values tend to shift demand to hours of higher power prices, with the
two series showing a negative correlation in the baseline that increases
with a higher degree of flexibility. A similar trend is observable for
the relationship between heat demand and solar radiation, since the
more flexible system has a higher correlation with solar irradiance.
The penalty signal, i.e. the price of heat determined by the model,
is positively correlated with demand for less flexible systems, while
this relationship flips for more flexible systems. Notably, the change in
demand from the baseline would always be negatively correlated with
prices, at all values for 𝐶.

4.3. Analysis of algorithm parameters

The solution method of the price-making model is analysed with
respect to the granularity in the discretisation of the SOC, i.e. the car-
dinality of  (see l.3 in Algorithm 2) and the degree of decomposition
nto fully independent subproblems, i.e. 𝑃 (see l.1 in Algorithm 2).

4.3.1. Discretisation of state variable
In order to determine an appropriate granularity in the discreti-

sation of the SOC, the problem has been solved with three different
configurations, as displayed in Fig. 8. The dotted orange line indicates
costs of heat for a granularity of 10 possible SOCs and the dashed green
line for a granularity of 10. We can see a clear relationship between
9

Fig. 7. Correlations between demand and other time series. The Baseline and
Storage case share the same demand.

Fig. 8. Costs of heat across degrees of granularity in discretising the state variable.
The solid black line indicates a dynamic granularity, which our analytical results are
based on.

the impact of the granularity and the parameter 𝐶, which indicates
the degree of flexibility of the flexibility function, i.e. the maximum
capacity. This is not surprising, as 𝑥 is measured per unit, meaning that
the same per-unit difference in 𝑥 for a low and, let us say, twice-as-
igh value of 𝐶 is twice as high in absolute measurements. That means

that in order to maintain the same granularity in absolute terms, when
increasing 𝐶, the cardinality of  must be increased proportionally.
Following this observation, a third experiment discretises  into 10
possible values for 𝐶 = 0.8 and the granularity is proportionally
adjusted, i.e. increased for higher values of 𝐶 and decreased for lower
values.

We do not analyse run time with respect to the size of  , as in
theory, the run time increases proportionally with an increasing dis-
cretisation granularity and decreases proportionally with the number
of processes parallelised, given that the number of possible states is
an integer multiple of the number of processes. Any deviations from
these relationships, especially regarding parallelisation, will largely be
caused by computational overhead when parallelising.

4.3.2. Temporal decomposition
In order to analyse the impact of decomposing the dynamic program

further temporally into 𝑃 subproblems, considered independent of each
other, the problem was solved for fixed values of || = 10 and 𝐶 = 1.2
(Algorithm 2). For 𝑃 = 1, i.e. no decomposition, savings amount to
14.24% with a run time of 39.13 h (Table 6). For 𝑃 = 10, i.e. 10
sub-problems over 876 time steps, the run time decreases by a factor
of approx. 7, while the price signals determined by the model would
lead to 0.4% lower savings. Doubling 𝑃 further decreases solution time
by a factor of approx. 1.8, while savings decrease by another 0.4%.
From these results, two observations can be made: First, decomposition
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Table 6
Degree of temporal decomposition into independent sub-problems against run time and
savings achieved.

No.
processes

Run time
[min]

Run time
[h]

Obj. val.
[T EUR]

Savings from
baseline [%]

1 2347.94 39.13 370.68 14.24
10 329.98 5.50 370.97 14.18
20 181.23 3.02 371.15 14.13

into independent subproblems leads to only a minor deterioration in
solution quality, at least for this case study and 𝑃 = 20. Second, the
degree of decomposition is not proportional to run time. While there
will be some computational overhead due to parallelisation, a main
reason for the degree of decomposition not being proportional to run
time could be that not all subproblems are equally complex to solve.

5. Conclusion

The integration of realistic, price-based demand response models
cannot be achieved by traditional established energy system modelling
techniques due to their complexity and non-linearity. In this paper,
we have proposed Frigg, a generic framework that soft-links demand
response models to energy system models under certain assumptions
on both the supply and demand side.

Numerical results from a case study based on a typical Danish
district heating system indicate a substantial cost savings potential of
demand response, mainly due to an improved utilisation of combined
heat-and-power production, when time-varying end-consumer prices of
heat are optimised. However, the cost savings from investing in ther-
mal energy storage are superior for the degrees of demand flexibility
applied. Namely, cost savings under utilisation of the thermal mass of
hot water in the system could amount to 10.1% and savings through
flexible building envelopes could be as high as 14.03%, increasing to
17.06% when utilising the thermal mass of both sources. Cost-optimally
sized heat storage investments decrease operational costs by 28.34%
(excluding investment costs). It is difficult to compare these numbers
to previous studies on flexible district heating demand. This is the case
both because these studies analysed other networks, but also because
they applied different modelling approaches. Nevertheless, concluding
a significant cost savings potential from responsive district heating
demand is in line with previous work, such as [29,50].

Computational results indicate tractability of the proposed method.
Decomposing the problem on an hourly resolution for one year into
up to 20 independent subproblems improves the computational per-
formance substantially without a significant impact on the solution
quality.

The method proposed here is to be understood as a framework to
connect different demand response models and energy system models.
This framework requires demand response to express demand as a
function of an indirect control signal, here price, and to be a Markov
process, i.e. its dynamics can be expressed by a single state variable.
In this study, we express dispatch costs in an energy system through
an economic dispatch model without inter-temporal constraints, which
constitutes the objective function applied in the framework. This reduc-
tion of the energy system optimisation problem to a simple economic
dispatch can have clear shortcomings. However, the ability to soft-link
an ESOM and a demand response model with limited data requirements
and without solving a, potentially computationally demanding, ESOM
several times could prove useful in practical applications.

In future research, the objective function should be further investi-
gated. For example, it could model the unwillingness of consumers to
provide demand response. Since this would constitute a valuable contri-
bution to modelling consumer behaviour realistically, we propose this
as a key line of future work. Future research could also investigate the
ability of our framework to integrate more complex ESOMs: The price-
10

making model proposed here is unable to capture storage behaviour or
express capacity expansion options. Overcoming the former limitation
entails solving the curse of dimensionality in dynamic programming,
since it would require additional state variables. The linkage of capacity
expansion models to demand response models might require a different
modelling approach. Future work could also analyse a wider variety
of district heating systems as well as systems featuring other energy
carriers, such as power, and other sources of demand response, such as
household appliances or electric vehicles.
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