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Abstract

Given a set of timetabled bus trips, transport companies are faced with the challenge of finding a feasible
driver schedule that covers all trips and abides by various labor union regulations. The regulations are
primarily concerned with providing sufficient breaks for the drivers during the day. Practical limitations in
the city network enforce drivers to travel by cars between bus stops to have breaks. Transport companies
have a limited number of cars, known as staff cars, which have to be returned to their respective depots at
the end of the day. The simultaneous scheduling of drivers and staff cars for the drivers is known as the
driver scheduling problem with staff cars (DSPSC). It is estimated that the DSPSC accounts for 60% of a
bus company’s operational expense, and this paper proposes a column generation approach that attempts
to minimize operational expense. The column-generation framework iterates between a master problem,
a subproblem for generating driver variables and a subproblem for generating staff car variables. The
subproblem related to the drivers is formulated as a resource constrained shortest path problem, which is
solved by a dynamic programming approach. Several heuristic branching strategies are explored to find
integer solutions. The proposed methodology is tested on eight real-life instances from seven Northern
European bus companies. A comparison with a state-of-the-art mixed integer programming (MIP) solver
and an adaptive large neighborhood search (ALNS) heuristic indicate that the column generation approach
provides improved solutions for six instances and the average improvement is 1.45%.

Keywords: Transportation, Driver scheduling problem, Column generation, Heuristics

1. Introduction

Since the 1980s, researchers from the operations research (OR) community have been working along-
side practitioners from the public transport industry to solve scheduling and routing problems. Some of the
early applications of OR techniques within the public bus transport industry include Smith and Wren [33]
and Desrochers and Soumis [9], where the authors attempted to solve the driver scheduling problem (DSP).
Given a set of timetabled bus trips for a day, the DSP is concerned with finding a driver schedule that covers
all bus trips with minimal operational expense. The feasibility of a driver schedule is influenced by nu-
merous rules and regulations imposed by governments and labor unions. Additionally, practical conditions
within cities challenge transport companies to construct efficient driver schedules. With ever changing
policies and business needs, transport companies constantly seek techniques that can aid them in manag-
ing various complexities and improve efficiency of their operations. Computer hardware and commercial
state-of-the-art mixed integer programming (MIP) solvers such as CPLEX have improved tremendously
over the last decade. Modern MIP technology has become very effective in solving practical problems
and has, thus, made its way into various commercial applications. For more information on the progress
of commercial MIP solvers refer to Bixby and Rothberg [3] and Achterberg and Wunderling [1]. Trapeze
Group Europe (TGE) is an international provider of decision support tools within planning and opera-
tions for both public and private transport companies. QAMPO is a developer of algorithms based on OR
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techniques that solve scheduling problems across various industries. The partnership between TGE and
QAMPO strives to fulfill business needs of transport companies with the use of modern MIP technology.
However, due to the enormous sizes and complexities of most real life cases, the DSP cannot explicitly be
tackled by state-of-the-art MIP solvers. Hence, in practice, one may resort to near-optimal solutions. Thus,
areas within public transport and OR have to be researched and investigated for developing techniques that
can more efficiently solve the DSP.

The driver scheduling problem with staff cars (DSPSC) was first introduced by Perumal et al. [29]. The
DSPSC describes the use of cars by bus drivers as part of the travel activities during the day. The problem
is restricted by the number of cars available at a transport company’s depot and the cars have to be returned
to the depot at the end of the day. The DSPSC adds further complexity to the NP-hard DSP (Fischetti
et al. [13]) and is a highly relevant problem in the public transport industry. Eight real-life instances of the
DSPSC from seven Northern European transport companies are acquired from TGE’s commercial system
for this paper. It is estimated that the DSPSC accounts for 60% of a transport company’s operational
expense. For a transport company in Denmark with over 600 drivers, it was shown that a cost reduction
of 1.2% represents 2-2.5 million DKK (301,117 AC) in annual savings (Perumal et al. [29]). Therefore, a
small improvement in the cost of a driver schedule can lead to large savings. This paper proposes a column
generation approach that attempts to minimize operational expense. Different instances present different
challenges and being able to consider all conditions that arise in practice in order to improve efficiency of
transport systems is seen as the primary contribution of this paper.

This paper is organized as follows. Section 2 gives a description of the existing literature related to the
column generation technique and the DSP. In Section 3, a detailed description of the various labour regula-
tions is given and the DSPSC is described with the help of a mathematical model. Section 4 introduces the
proposed column generation framework for solving the DSPSC. Section 5 details the computational study
based on experimental tests performed on instances from seven Northern European transport companies.
Finally, Section 6 concludes the paper and addresses future directions of research.

2. Related Literature

Column generation has commonly been used in the literature to solve large routing and scheduling
problems that deal with a huge number of variables (Lübbecke and Desrosiers [25]). Some applications
of column generation include the DSP (Desrochers and Soumis [9]), the vehicle scheduling problem (De-
saulniers et al. [7], Hadjar et al. [16]) and the vehicle routing problem (Desrochers et al. [8]). In most
applications, the master problem of the column generation method is a set partitioning or set covering
problem (SCP) with side constraints (Irnich and Desaulniers [20]), and the subproblem is responsible for
generating variables for the master problem. Desrosiers et al. [10] were one of the first to embed column
generation within a linear programming based branch-and-bound (B&B) framework to extract integer so-
lutions for the vehicle routing problem with time windows (VRPTW). This method is commonly known
as the branch-and-price (B&P) method. Desrosiers et al. [10] modeled the subproblem as a shortest path
problem (SPP) with time windows. This problem involves finding the least cost route between a source
and a sink in a network while respecting specified time windows at each visited vertex in the network. An
extension of the SPP is the shortest path problem with resource constraints (SPPRC), where the objective
is to find the shortest (or least cost) path that respects all resource consumption constraints. The SPPRC
has been applied to the VRPTW that includes vehicle capacity constraints, and was first modeled as the
subproblem of the column generation method by Desrochers et al. [8]. Another variation of the SPPRC is
the elementary shortest path problem with resource constraints (ESPPRC). This invloves finding the short-
est path that does not contain cycles i.e., a path does not revisit a vertex in the network. ESPPRC is known
to be a NP-hard problem (Dror [11]) and Feillet et al. [12] is an example where the VRPTW is tackled as
an ESPPRC.

SPPRC and its variations are most commonly solved by a labeling algorithm that is based on dynamic
programming. The principle idea behind a labeling algorithm is to associate each possible partial path with
a label that indicates the consumption of resources and to eliminate labels with the aid of domination rules.
Based on the way the labels are managed, labeling algorithms can be classified into two categories, namely
label-correcting and label-setting algorithms (Pugliese and Guerriero [31]). A label-correcting approach is
an extension of the Ford-Bellman algorithm, where each vertex in the network is considered many times
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and a label-setting approach is an adaptation of the Dijkstras Algorithm that considers each vertex once.
Resource extension functions (REFs) are associated with arcs of the underlying network and are responsible
for updating the consumption of resources along a partial path. REFs are viewed as the main tool for
handling complex side constraints of routing and scheduling problems (Irnich [19]). Examples of resources
are cost, time, load and distance, and most REFs are linear. However, Irnich [19] analyzed other non-linear
REFs that arise in practice such as load dependent cost, where the cost of travelling along an arc depends
on the load transported over the arc. Smith et al. [34] considered the SPPRC with replenishment arcs that
reset the accumulated resource along the partial path to zero. The authors stated that such situations arise
in the airline industry, where the resource represents the working period and replenishment arcs represent
the overnight rests for the crew. Alternatively, for the aircraft routing problem, the resource represents the
flight time and replenishment arcs represent the maintenance activities. For a detailed survey of the different
variations of SPPRC and methods used to solve them, see Irnich and Desaulniers [20] and Pugliese and
Guerriero [31].

For the DSP, each timetabled bus trip is associated with a constraint in the master problem, while the
subproblem was first modeled as a SPPRC by Desrochers and Soumis [9]. The underlying network is an
acyclic network and all paths are, hence, elementary. The vertices in the network represent the timetabled
bus trips and the arcs denote the compatibility of two bus trips with respect to time and space. Additionally,
driver activities such as break periods are placed on the arcs and each arc has a cost associated with it. A
source and a sink vertex are added to the network, and a feasible path from the source to the sink represents
a feasible schedule of a driver during the day. Resource consumption occurs on every arc and Desrochers
and Soumis [9] imposed four resource constraints that were primarily related to time, such as total duration
of work and total paid time of a driver during the day. To find integer solutions, Desrochers and Soumis
[9] devised a B&P method that used a constraint branching idea of Ryan and Foster [32]. The authors
tested the proposed method on a real-life instance from a transport company operating in an American city
that had 167 bus trips. The column generation based method was able to produce a saving of 0.9% over a
method that solved the SCP formulation with only a subset of feasible variables. The integer solution was
obtained in less than one hour of computation time. Similarly, for an instance from a company operating
in a British city that had 235 bus trips, the column generation based method was able to produce a saving
of 2.4%. The computation time to find an integer solution was about three hours.

However, solving large instances of the DSP by column generation approaches have been reported in
the literature as being computationally expensive due to the need to solve a SPPRC at every iteration (Wren
et al. [36], Yunes et al. [37] and Ibarra-Rojas et al. [18]). Yunes et al. [37] devised a constraint programming
approach to solve the subproblem and a dynamic programming technique to solve the SPPRC that was
suggested by Desrochers and Soumis [9]. The authors tested the two aforementioned methods on instances
from a transport company in the city of Belo Horizonte, Brazil. The sizes of the instances varied from 10 to
210 bus trips. The column generation algorithm based on dynamic programming could not solve instances
with more than 100 trips within a time limit of 24 hours. It was reported that 90% of the total computation
time, on average, was spent on solving the SPPRC. However, the column generation based on constraint
programming was able to solve the largest instance of 210 trips in less than 15 hours. Some authors,
Steinzen [35] and Kliewer et al. [21], have proposed acceleration techniques for solving the SPPRC. The
aforementioned authors initially considered a subset of resources as part of domination rules to discard
labels, and gradually increased the domination rules. For large networks, Kliewer et al. [21] considered an
additional heuristic technique that limits the number of labels stored at each vertex of the network. Kliewer
et al. [21] reported that when the allowed number of labels was decreased by a factor 2, the computation
time also decreased by factor 1.5 to 2.5 on average.

Several metaheuristic approaches have been proposed in the literature to solve the subproblem; some
examples include genetic algorithms (Mauri and Lorena [26]) and hyper-heuristics (Li et al. [22]). Li et al.
[22] generate all feasible variables for a given instance and several heuristics (local search, swap heuristic
and greedy based heuristic) are devised to select a subset of feasible variables at each iteration of the
column generation framework. For an instance with 500 trips, the number of feasible variables was found
to be 8.3 million. The hyper-heuristic evaluates the different heuristics based on their selection of variables
that contribute to the improvement of the objective at each iteration of the column generation framework.

Most of the works published in the DSP literature have focused on developing SCP based models as
part of commercial software systems. Since the DSP is a practical problem, models have been developed in
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collaboration with planners and end-users of transport companies so that complexities that arise in practice
are considered. Some examples include Smith and Wren [33], Wren et al. [36] and Portugal et al. [30],
where the authors heuristically generate a feasible subset of variables that comply with the labor regulations
and the transport companies’ rules. The largest instance considered by Smith and Wren [33] involved 309
bus trips and 4,892 variables in the SCP formulation. Portugal et al. [30] tested the models on instances
from several transport companies in Portugal that had up to 347 bus trips and 23,305 variables. Some
authors have considered solving the SCP formulation by metaheuristic procedures. Lourenço et al. [24]
proposed tabu search and genetic algorithm, which were tested on instances with up to 348 bus trips and
74,000 duties in the SCP formulation. Similarly, Li and Kwan [23] proposed a genetic algorithm that was
tested on instances with up to 1,873 trips and 50,000 duties in the SCP formulation.

A matheuristic based on adaptive large neighorhood search (ALNS) was proposed by Perumal et al.
[29] to tackle the DSPSC. Matheuristics are heuristic algorithms that are designed by combining meta-
heuristics and mathematical programming techniques (Boschetti et al. [5]). In the DSPSC, it was found
that an integrated approach, where the drivers and the cars are scheduled simultaneously, is necessary to
find a feasible solution. Column generation approaches have been applied to problems that integrate two
scheduling problems. Some examples include Friberg and Haase [15] for the integrated vehicle and driver
scheduling problem and Cordeau et al. [6] for the integrated aircraft routing and crew pairing problem. In
this paper, a state-of-the-art MIP solver (IBM ILOG CPLEX) and the matheuristic proposed by Perumal
et al. [29] are used as benchmark methods to evaluate the performance of the column generation approach.

3. Problem Description

3.1. Labor regulations
A set of bus trips, T , is given and serves as the input for the DSPSC. Each trip t ∈ T has a departure

time ηt , arrival time θt , departure node kt and an arrival node lt . A node is defined as a bus stop, including
bus depot, in the city network that is visited by a bus and where a relief opportunity is available for the
drivers. A relief opportunity implies that a driver change can occur at the location indicated by the node
where a handover of the bus from one driver to another driver is completed. Only at specific nodes is the
driver allowed to start and end his/her duty and W denotes the set of driver depots. A driver duty is defined
as the work of a driver for a day, and the duties have to comply with various labor rules and regulations.
The labor rules and regulations are commonly influenced by public authorities and by negotiations carried
out with labor unions. Transport companies often have contracts with multiple labor unions and the number
of drivers under each labor union vary. Furthermore, few drivers are employed on a part-time basis, where
work is carried out for a few hours in a week. Most commonly, the rules vary with each labor union and
transport companies, hence, face a challenging task of creating a driver schedule that complies with all the
rules in the contractual agreement made with each labor union. The set of duty types is denoted as H and
each h ∈ H is defined by various labor rules and regulations such as:

1) Maximum duration
Duration of a duty is defined as the period of time between the start of a driver’s duty and the
end of the driver’s duty. A driver duty under duty type h can never exceed maximum duration
(maxDurationh) limit.

2) Minimum duration
The duration of a driver duty is at least minDurationh.

3) Maximum effective time
Effective time of a duty is defined as the total working time of a driver. For instance, the total unpaid
time of breaks is excluded from the effective time. The effective time of a duty can never exceed
maxEffectiveh.

4) Maximum time without break
The maximum time without break rule ensures that drivers have sufficient breaks during their work-
ing period. Breaks could either be coffee or meal breaks and the time between these breaks cannot
exceed
maxTimeWithoutBreakh.
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5) Maximum number of long breaks
A meal break is considered as a long break, whereas a coffee break is considered as a short break.
As the names suggest, the duration of a meal break is longer than that of a coffee break. A duration
of a meal break can vary between 20 minutes to 2 hour and a coffee break is few minutes (usually
less than 20). A driver cannot have more than maxLongbreaksh meal breaks during his/her duty.

6) Minimum number of long breaks
The total number of meal breaks in a duty is at least minLongbreaksh.

7) Maximum total duration of long breaks
The meal breaks can vary in length and total duration of all meal breaks cannot exceed
maxLongbreakDurationh.

8) Minimum total duration of long breaks
The total duration of all meal breaks in a duty is at least minLongbreakDurationh.

9) Maximum portion length
Portion length is defined as the time period between two meal breaks. The portion length cannot
exceed
maxPortionLengthh. This rule is similar to the maximum time without break rule.

10) Minimum portion length
The minimum time between two meal breaks in a duty is at least minPortionLengthh.

11) Maximum number of vehicle changes
Due to the various break rules, a driver carries out only a few consecutive bus trips before being
relieved for a break. A driver duty typically consists of trips from multiple buses with sufficient
breaks between them. Hence, a driver could potentially make several bus or vehicle changes during
his/her duty. To avoid having too many vehicle changes during a duty, maximum number of vehicle
changes (maxVehicleChangesh) is imposed. This rule is, however, seen as an operational rule rather
than a labor union rule.

A few labor unions enforce other special rules such as the minimum break percentage, which sets a
minimum ratio of total duration of breaks to total working time. The aforementioned rules apply for most
duty types, but there are duty types such as Split duty type and EU duty type that require very specific
rules. A Split duty type is usually created to have a few drivers to cover bus trips during the morning and
evening peak hours and drivers are allowed to have a very long break between the two shifts that can vary
between 2 to 7 hours. The EU duty type rules are imposed by the European Union where the break rules
differ if the driver covers a bus trip that is more than 50 kilometers.

3.2. Staff cars
Most of the labor regulations are concerned with the break patterns for the drivers. Drivers have the

ability to take breaks during relief opportunities at bus stops, but in most cases, only certain stops allow
for breaks. This is mainly due to the availability of canteen and restroom facilities. Hence, the limited
break options enforce drivers to travel between bus stops to have their breaks. The schedule of the buses
also greatly influences driver break patterns, where if a stop that allows for breaks is frequently visited by
the buses then the need for drivers travelling could potentially be reduced. In some cases, the breaks are
allowed at specific stops that may not be visited by any buses or is limited.

Moreover, a driver could start/end his/her duty at stops that may not necessarily be the stops of the
first/last bus trip of the corresponding duty and, as a consequence, drivers travel within the city to start/end
their respective duties. Therefore, travel activities are essential to the DSP for finding a feasible driver
schedule that respects all break rules of various labour unions. In practice, a driver travels by foot between
two stops if the distance is short or by bus as a passenger. Another scenario that is evident in the public
transport industry is the use of staff cars; transport companies have a fleet of cars at their depots that could
be utilized by the drivers to reach designated stops. The use of staff cars adds flexibility to the driver
schedule, however it complicates the DSP further. The cars that are being utilized by the drivers have to be
returned to their respective depots at the end of the day and the number of cars at the depots is limited.
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3.3. Mathematical model
Let D denote the set of driver duties and the cost or total paid time of a duty d ∈ D is represented as

cd . A binary matrix Ā is defined, where ātd is 1 if duty d ∈ D covers trip t ∈ T . Another binary matrix B̄
is defined, where b̄hd is 1 if duty d ∈ D is of duty type h ∈ H. A duty can be of only one duty type. The
maximum number of duties that can be part of the driver schedule is denoted as q. Parameters mh and nh
indicate the maximum and minimum number of duties of duty type h ∈ H. All duties in D are checked for
activities that include car travels, which are grouped into set C. Each car travel i ∈C has a departure time
ηi, arrival time θi, departure node ki and an arrival node li. Let B be the set of nodes that can be visited by
the drivers using staff cars and let R⊂ B be the set of car depots. A departure car travel is defined as a car
travel that departs from depot r ∈ R. The set of departure car travels is denoted as Ć⊂C, where ki = r ∈ R,
li = b ∈ B\R and i ∈C. Similarly, an arrival car travel is defined as a car travel that arrives at depot r ∈ R.
The set of arrival car travels is denoted as Ĉ⊂C, where ki = b ∈ B\R, li = r ∈ R and i ∈C. A binary matrix
Ḡ is defined, where ḡid is 1 if duty d ∈ D has car travel i ∈C and 0 otherwise. A car match is defined as
a combination of a departure car travel from a depot and an arrival car travel to the same depot to form
one round trip. A binary matrix F̄ is defined, where f̄i j indicates whether two car travels can be matched
as one round trip, i.e. ki = l j, li = k j, θi ≤ η j, i ∈ Ć and j ∈ Ĉ. F denotes the set of all car matches, i.e.
F = {(i, j) | f̄i j = 1}. Each depot r ∈ R has an upper limit ur on the number of cars that can be utilized.
E is defined as the set of all departure times of a staff car from the depot, i.e. {ηi} where i ∈ Ć, and Per
denotes the set of all possible car matches that are active at time e and associated with car depot r,

Per = {(i, j) | (i, j) ∈ F ∧ ηi ≤ e ∧ θ j > e∧ ki = r} ∀e ∈ E,r ∈ R (1)

Three decision variables are defined in the mathematical model. The binary variable xd indicates if
duty d ∈ D is selected as part of the schedule or not. The binary variable yi indicates if car travel i ∈C is
used or not and the binary variable zi j indicates if car travel i ∈ Ć is matched with car travel j ∈ Ĉ to form
one round trip.

The mathematical formulation of the DSPSC is as follows:

Minimize ∑
d∈D

cd · xd (2)

subject to,

(πt) ∑
d∈D

ātd · xd ≥ 1 ∀t ∈ T (3)

(σ) ∑
d∈D

xd ≤ q (4)

(αh) ∑
d∈D

b̄hd · xd ≤ mh ∀h ∈ H (5)

(βh) ∑
d∈D

b̄hd · xd ≥ nh ∀h ∈ H (6)

(γi) ∑
d∈D

ḡid · xd ≤ yi ·M ∀i ∈C (7)

(δi) ∑
d∈D

ḡid · xd ≥ yi ∀i ∈C (8)

(ξi) ∑
j∈Ĉ

f̄i j · zi j = yi ∀i ∈ Ć (9)

(ζ j) ∑
i∈Ć

f̄i j · zi j = y j ∀ j ∈ Ĉ (10)

(∆er) ∑
(i, j)∈Per

zi j ≤ ur ∀e ∈ E,r ∈ R (11)

xd ∈ {0,1} ∀d ∈ D (12)
yi ∈ {0,1} ∀i ∈C (13)

zi j ∈ {0,1} ∀i ∈ Ć, ∀ j ∈ Ĉ (14)
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The objective of the DSPSC, given by (2), is to minimize the total cost of driver duties. Constraints
(3) ensure that every bus trips is covered by at least one duty. Constraint (4) ensures that the total number
of duties in the schedule does not exceed the maximum limit of q. Constraints (5) and (6) ensure that
the maximum and minimum limits on the number of duties per duty type are satisfied. In some cases,
maximum and minimum average effective time of duties per duty type are also included as side constraints
in the model. Constraints (7) ensure that a car travel is selected if it is utilized by one or more duties
and M is considered as the seating capacity of staff cars. Constraints (8) ensure that a car travel is not
selected if none of the duties utilize it. Constraints (9) together with constraints (10) ensure that a selected
departure car travel from the depot is matched with an arrival car travel to the depot to form one round
car trip. Constraints (11) ensure that the number of staff cars being utilized at all times during the day
does not exceed the maximum number of cars available at each depot. For a linear program, the integrality
constraints (12) - (14) are relaxed and the corresponding duals of the constraints (3) - (11) are presented to
its left as π,σ ,α,β,γ,δ,ξ,ζ and ∆.

4. Methodology

For most applications, the number of possible duties is astronomical and the formulation (2) - (12)
cannot be handled explicitly with all feasible duties. Column generation is a commonly used technique for
problems with large number of variables. The column generation approach decomposes the problem into a
master problem and one or more subproblems. Column generation is usually used in the context of linear
programming where the integrality constraints (12) - (14) are relaxed and the master problem contains
a reduced set of columns (or variables). Based on the dual information attained by solving the restricted
master problem (RMP), only variables that have the potential of improving the solution would be generated
and added to the RMP. The subproblem(s) is responsible for generating columns for the RMP. The sets of
duties, car travels and car match variables in the RMP are denoted as D′, C′ and F ′ respectively.

4.1. Piece of work generation
The master problem in the column generation method is considered as a duty selection module and the

subproblem(s) is considered as a duty generation module. Hence, all the labor rules and regulations that
influence the feasibility of duties are defined in the subproblem(s) of the column generation method. A
subproblem is constructed for each duty type h ∈ H since the rules are different for each duty type and the
master problem yields dual information for each duty type. The reduced cost of a duty d ∈ D of duty type
h ∈ H is calculated as follows:

c̄d = cd−∑
t∈T

ātdπt −σ −αh−βh−∑
i∈C

ḡidγi−∑
i∈C

ḡidδi (15)

One approach that has been used in the literature (Freling et al. [14], Huisman et al. [17] and Kliewer
et al. [21]) to generate duties is by enumerating and combining pieces of work. A piece of work (PoW) is
a feasible sequence of consecutive trips of a bus as depicted with an example in Figure 1. A duty consists
of a number of PoWs and is typically restricted by maximum number of PoWs, which is equivalent to
maximum vehicle changes (one vehicle change is equivalent to two PoWs). In practice, most duties consist
of up to three PoWs (two vehicle changes).

18:0417:25
Trip 22

6:25
Trip 2

7:50 8:35
Trip 3

8:55 9:24
Trip 4

5:47
Trip 1Bus 1

Time

Piece of work

Figure 1: A piece of work is defined as a feasible sequence of consecutive trips of a bus.

Figure 2 shows an example of a duty that is made up of two PoWs. Most duty types require drivers to
sign-on (start) and sign-off (end) duties at the same node. Relevant travels are added between two PoWs,
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and to the start and end of first and second PoW respectively to form valid duties. Depending on the duty
type and its corresponding rules, short or long breaks are added between trips as depicted in Figure 2.

18:0417:25
Trip 22

6:25
Trip 2

7:50 8:35
Trip 3

8:55 9:24
Trip 4

5:47
Trip 1Bus 1

Time

Bus 3
10:25 10:50

Trip 52
11:15 11:34

Trip 53

Piece of work 1Duty sign-on

Short or 
long break

Short or long 
break

Duty sign-offPiece of work 2

Travel and break 
activities

Figure 2: A duty refers to the combination of two or more pieces of work with relevant break and travel
activities between them.

A PoW can be viewed as a partial duty and it is possible to enumerate all PoWs. However, due to
the significantly large number of possibilities, it is very unlikely that all combinations of PoW that form
feasible duties can be computed. By setting two as the maximum number of PoWs in a duty, all possible
first and second PoWs are generated. For a large instance with 1900 bus trips, the number of PoWs for a
duty type h can be up to 50,000, and the total number of duties can be in the range 50,000−−1.2 million.
At each iteration of the column generation method, feasible combinations of PoWs are examined to see if
they yield duties with negative reduced cost. The reduced cost of a duty is computed as the sum of reduced
cost of the PoWs it consists of and the reduced cost of the travel and break activities between the PoWs.
Since the PoWs and their combinations are validated against the duty rules and regulations beforehand, the
PoW based network is superior in terms of computation speed in a column generation setting. However,
the disadvantage of the PoW network is that it is large and hence consumes memory. This has also been
pointed out by Kliewer et al. [21].

4.2. Shortest path problem with resource constraints

Another method of modeling the subproblem is the trip based network formulation for the SPPRC,
which was discussed in Section 2. The underlying network in the SPPRC is a directed acyclic network
G = (V ,A), where each vertex v ∈V represents a bus trip and an arc (i, j) ∈ A is created between two trips
if they are compatible. A pair of trips (t1, t2) is said to be compatible if t2 can immediately be covered
by a driver after t1 while respecting all time and space constraints. All travel and break activities are
placed on the arcs of the network. To ensure that the rule of drivers starting and ending their duties at
the same node is satisfied, artificial source (o) and sink (s) vertices are created where arcs (o, t1) and
(t1,s) represent the sign-on and sign-off of a duty. Therefore, a network Gh,w is created for each duty
type h ∈ H and for each driver depotw ∈W . For duty types that allow the driver to sign-on and sign-off
his/her duty at different nodes, the closest driver depot is included in the source and sink arcs. Figure 3
illustrates the underlying network with the representation of the dual information on the arcs and vertices.
Additionally, cost, breaks and travels are denoted on every vertex and arc in G. Duties are generated by
solving the SPPRC, where each feasible path from the source to the sink represents a feasible duty and the
shortest feasible path is the duty with the most negative reduced cost.

SPPRC is solved by a dynamic programming algorithm, more precisely, by a label setting algorithm.
Such an algorithm constructs partial paths from the source o and a partial path is represented in the form of
a label (`) that holds information regarding the consumption of all resources along the path. An example
of a resource could be time, where each activity on a vertex or an arc in G has a limited duration and a
duty is restricted by maximum duration. The labeling algorithm can be divided into three parts, namely 1)
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Figure 3: Underlying network of the resource constrained shortest path problem.

Resource extension functions (REFs), 2) Resource windows and 3) Domination rules and their descriptions
for the DSPSC are:

1) Resource extension functions (REFs)
REFs are responsible for accumulating consumption of all resources along a path p. Given an arc
(i, j) ∈ A, the accumulated reduced cost of p at vertex j is calculated as Z̄p

i + c̄i j + c̄ j where Z̄p
i is

the accumulated reduced cost of path p at vertex i, c̄i j is the reduced cost of arc (i, j) and c̄ j is the
reduced cost of vertex j. Similary, REF of other resources are as follows:

• Duration: W̄ p
j = W̄ p

i + w̄i j + w̄ j, where w̄i j is the duration of arc (i, j) and w̄ j is the duration of
vertex j.

• Effective time: Ē p
j = Ē p

i + ēi j + ē j.

• Number of long breaks: Ū p
j = Ū p

i +λi j. There can be at most one long break on an arc and λi j

is, hence, a binary parameter which is 1 if there is a long break on (i, j) and 0 otherwise.

• Total long break duration: P̄p
j = P̄p

i +λi j(τi j−ρi j). τi j represents the end time of long break
on arc (i, j) and ρi j represents the start time.

• Number of vehicle changes: R̄p
j = R̄p

i + r̄i j, where r̄i j is a binary parameter that indicates if
there is a vehicle change i.e., vertex i and j are from two different vehicles.

• Portion length:

M̄p
j =

{
θ j− τi j, if λi j = 1
M̄p

i + w̄i j + w̄ j, otherwise
θ j is the end time of vertex j.

• Time since break:

N̄ p
j =

{
θ j−max(τi j,Ωi j), if λi j = 1or µi j = 1
N̄ p

i + w̄i j + w̄ j, otherwise
µi j is a binary parameter that indicates if there is a short break on arc (i, j) or not and Ωi j is the
end time of short break.

Label of p at j is denoted as `p
j = (Z̄p

j , W̄ p
j , Ē p

j , Ū p
j , P̄p

j , M̄p
j , N̄ p

j , R̄p
j ). All the resources at the source

o are initialized to zero i.e., `o = (0,0,0,0,0,0,0,0). Multiple labels can be generated at each vertex
with the aid of REFs and Li denotes the set of all labels at vertex i ∈V , Li = {`1

i , `
2
i , ..., `

n
i }.
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2) Resource windows
To ensure feasibility of all paths generated in the labeling algorithm, a resource window [ll,ul] is
placed for all resources on all vertices of the network Gh,w h ∈ H, w ∈W , where ll indicates the
lower limit of a resource and ul indicates the upper limit. Resource windows for the DSPSC are:

• Duration: [0,maxDurationh] ∀i ∈V \{s}

• Effective time: [0,maxEffectiveh] ∀i ∈V \{s}

• Number of long breaks: [0,maxLongbreaksh] ∀i ∈V \{s}

• Total long break duration: [0,maxLongbreakDurationh] ∀i ∈V \{s}

• Number of vehicle changes: [0,maxVehicleChanges] ∀i ∈V \{s}

• Time since last break: [0,maxTimeWithoutBreakh] ∀i ∈V \{s}
Additionally, conditions are placed on arcs (i, j) ∈ A such that ifλi j = 1or µi j = 1then,

N̄ p
i +(min(ρi j,ψi j)−θi) ≤ maxTimeWithoutBreakh

,where ρi j is the start time of long break on arc (i, j) and ψi j is the start time of short break.

• Portion length: [0,maxPortionLengthh] ∀i ∈V \{s}
Feasibility checks are placed on the arcs (i, j) ∈ A such that ifλi j = 1then,

minPortionLengthh ≤ M̄p
i +(ρi j−θi) ≤ maxPortionLengthh

The above resource windows are also applied at the sink vertex s. However, additional conditions are
applied to satisfy lower limits of duration, long breaks, long break duration and portion length such
as [minDurationh,maxDurationh], [minLongbreaksh,maxLongbreaksh], [minLongbreakDurationh,
maxLongbreakDurationh] and [minPortionLengthh,maxPortionLengthh].

3) Domination rules
Multiple labels are associated with each vertex i ∈ V and to avoid enumerating all feasible paths
domination rules are applied to discard unpromising labels. Label `1

i at vertex i dominates label `2
i if

the following rules are satisfied:

Z̄1
i ≤ Z̄2

i (16)

W̄ 1
i ≤ W̄ 2

i (17)

W̄ 1
i ≥ minDurationh and W̄ 2

i ≥ minDurationh (18)

Ē1
i ≤ Ē2

i (19)

Ū1
i ≤ Ū2

i (20)

Ū1
i ≥ minLongbreaksh and Ū2

i ≥ minLongbreaksh (21)

P̄1
i ≤ P̄2

i (22)
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P̄1
i ≥ minLongbreakDurationh and P̄2

i ≥ minLongbreakDurationh (23)

N̄1
i ≤ N̄2

i (24)

M̄1
i ≤ M̄2

i (25)

M̄1
i ≥ minPortionLengthh and M̄2

i ≥ minPortionLengthh (26)

R̄1
i ≤ R̄2

i (27)

Algorithm 1: Labeling Algorithm

1 Initialization: Li← /0 ∀i ∈V \{o}, Lo←{`o}, Q̄←{o},
2 while Q̄ 6= /0 do
3 select i ∈ Q̄;
4 for `i ∈ Li do
5 for (i, j) ∈ A do
6 ` j← REFs(`i,(i, j));
7 checkFeasibility(` j);
8 if ` j feasible then
9 if j = s and ` j(Z̄ j)< 0 then

10 Ls← Ls∪ ` j;
11 else if j 6= s then
12 checkDomination(L j, ` j) ; // Discard dominated labels

13 if ` j not dominated then
14 L j← L j ∪ ` j;
15 Q̄← Q̄∪ j;
16 end
17 end
18 end
19 end
20 Q̄← Q̄\{i}
21 end
22 return Ls

Algorithm 1 gives an overview of the labeling algorithm. All the vertices are initialized with an empty
set of labels except o, where an initial label is created with zero consumption of all resources. Q̄ denotes
a candidate list of vertices that are to be processed in the labeling algorithm and the list is initialized with
o. A vertex i is selected from Q̄ based on FIFO (First-In-First-Out) criteria and the labels at i, given by
Li, are considered one at a time (Line 4). Each unprocessed label, `i, is extended along each arc from i,
which is represented as (i, j), with the help of REFs(). For each extension, a new label ` j is generated
at j (Line 6). Function checkFeasibility() is used to discard infeasible labels (Line 7) by utilizing
the resource windows at j. If the feasible label has been extended to the sink vertex s and the reduced
cost of the label is negative then the label is added to Ls (Line 9-10). However, if j 6= s then the function
checkDomination() is applied to discard dominated labels at j. If the new label ` j is not dominated then
it is added to L j and j is added to Q̄ (Line 13-15). The processed vertex i is removed from Q̄ (Line 21) and
the algorithm terminates when Q̄ is empty. The labeling algorithm returns a set of labels at s with negative
reduced cost as shown in Line 23.
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By solving the SPPRC, feasible duties with negative reduced cost (c̄d < 0) are generated and added to
D′ in the RMP. Hence, at each iteration of the column generation framework, dual information is updated in
the SPPRC network and suitable duties are generated. The PoW network described in Section 4.1 is limited
in its capability to explore the entire solution space of the DSPSC, where restrictions are imposed on the
number of vehicle changes in order to avoid enumerating all possible duties. On the other hand, the SPPRC
network enables the possibility of exploring solutions with more than one vehicle change and the labeling
algorithm implicitly considers all possible duties. Solving the DSPSC by only using the PoW network leads
to suboptimal solutions and the SPPRC network is required to achieve an optimal solution. Additionally,
the SPPRC network is advantageous in terms of memory consumption. However, as discussed in Section 2,
solving the SPPRC as part of the column generation framework is computationally expensive. Therefore,
we propose to solve the DSPSC by utilizing the PoW network and the SPPRC network. Most often, few
PoWs can be determined as feasible duties without any vehicle change, which is used to initialize the
algorithm. The column generation framework could initially utilize the PoW network in order to quickly
generate feasible duties to attain a lower bound (LB). Since the RMP is a linear programming (LP) model,
the solution can be fractional and its objective value will, therefore, be a LB. When there are no more
negative reduced cost duties in the PoW network, the column generation framework could then switch
to the SPPRC network for improving the LP objective. For large problems, solving the SPPRC exactly
i.e., finding the shortest feasible path, can be a challenge. The domination rule in the labeling algorithm
is responsible for discarding labels to avoid enumerating all feasible paths. However, if the domination
rules are weak i.e., labels cannot easily be dominated with respect to all resources, then not many labels
are discarded early in the process. This causes more labels to be stored at each vertex of the SPPRC
network, which affects the computational efficiency of the algorithm in terms of memory and speed. The
literature for solving the DSP by tackling the SPPRC is limited and Desrochers and Soumis [9], Kliewer
et al. [21] are some of the few authors that describe the SPPRC for solving the DSP. However, the authors
had only four resources in their DSP. In the current DSPSC, there are seven resources (excluding reduced
cost) and 12 domination rules given by equations (16) - (27). Therefore, solving to optimality might be
impractical for large real life instances of the DSPSC. However, a heuristic labeling algorithm could be
devised for improving the computational speed of the column generation algorithm that provides near-
optimal solutions. In the heuristic version of the labeling algorithm, we propose to relax some of the
domination rules in order to increase the number of dominated labels. In particular, we relax minimum
resource domination rules, equations (18), (21), (23) and (26). Another computational drawback of the
column generation algorithm is the so-called tailing off effect (Lübbecke and Desrosiers [25]), which is
used to describe the last few iterations of the algorithm when the LP objective does not improve much.
Generally, column generation terminates when there are no more negative reduced columns. However, for
large problems, many authors such as Desaulniers et al. [7] have used early termination criteria to avoid
the tailing off effect. Since solving the SPPRC is known to be time consuming, we terminate the column
generation algorithm when the LP objective does not improve by 0.001% in a given iteration.

4.3. Staff car subproblem

The PoW network and the SPPRC network are responsible for generating duties for the RMP. Let DI

be the set of duties generated at each iteration of the column generation algorithm. Additionally, the set of
car travels generated can be known from DI and is denoted as CI = {i|ḡid = 1, i /∈C′,d ∈ DI}.

At each iteration of the column generation algorithm, the staff car subproblem generates car matches
for the RMP. The underlying network is a simple network, where the vertices represent car travels and the
arcs represent possible matches between car travels. A network is created for each car depot r ∈ R. The
reduced cost of a car match c̄(i, j), where (i, j) /∈ F ′, is calculated as shown in equation (28). Ê is the set
of times that the car match (i, j) is active and is denoted as Ê = {e|(i, j) ∈ Per,e ∈ E,r ∈ R}. The set of
car matches generated at each iteration is denoted as F I = {(i, j)|c̄(i, j) < 0,(i, j) /∈ F ′}. Car travels are also
generated from the staff car subproblem and are represented in set CI = {i| f̄i j = 1, i /∈C′,(i, j) ∈ F I}.

c̄(i, j) =−ξi−ζ j−∑
e∈Ê

∆er (28)
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4.4. Column generation framework

Figure 4 depicts the column generation framework for the DSPSC, where the RMP passes the dual
information to the networks representing the driver and staff car subproblems, which then return duties,
car travels and car matches to the RMP. The computational complexity of the RMP is expected to increase
during the progress of the algorithm. The number of constraints in the RMP is estimated to be |T | + (2 · |H|)
+ (3 · |C′|) + (|E| · |R|) and the number of variables in the RMP is |D′|+ |C′|+ |F ′|. After each iteration,
the number of variables and the number of constraints (corresponding to C′) will increase in the RMP.

RMP

Driver scheduling 
subproblems

Staff car 
subproblems

!, #
, $,
%, &
, '

( ∉
*+ ,
, ∉
-+

., /, ∆,, 1 ∉ 2 +, , ∉ - +

Figure 4: Column generation framework for the driver scheduling problem with staff cars.

In summary, the column generation algorithm devised for solving large real life instances of the DSPSC
considers the following strategies:

• The different subproblems of the proposed approach include: a PoW network and a SPPRC network
for the driver scheduling problem, and a simple network for the staff car problem. The PoW network
is initially used and the SPPRC network is utilized when there are no more negative reduced cost
duties in the PoW network.

• To solve the SPPRC a heuristic labeling algorithm is proposed, where the minimum resource domi-
nation rules are relaxed.

• Early termination criteria is used to avoid a tailing off effect.

4.5. Integer solutions

In most cases column generation terminates with an LP solution that is not integral and the variables
in the RMP take up fractional values. To attain integer solutions, the B&P method is commonly used. At
each node of the B&B tree, columns are generated until an optimal LP solution for the RMP is found. If
the found LP solution satisfies the integrality constraints then the node is pruned and the upper bound (UB)
is updated if the solution is better than the current best solution. New nodes are created when the found
LP solution is fractional. The B&P procedure is terminated when all nodes in the B&B tree have been
processed. For more information on B&P procedure, the reader is referred to Barnhart et al. [2].

A common branching strategy that has been applied to set partitioning master problems is the strategy
suggested by Ryan and Foster [32]. D̄(t1, t2) ⊂ D′ is defined as the set of duties that covers trips t1 and t2.
A pair of trips (t1, t2) is chosen such that 0 < ∑d̄∈D̄(t1,t2) xd̄ < 1 for the LP solution. In an attempt to divide
the solution space evenly, the following branches are created on the pair of trips (t1, t2) that has fractional
value closest to 0.5:
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1-branch: ∑
d̄∈D̄(t1,t2)

xd̄ ≥ 1 (29)

0-branch: ∑
d̄∈D̄(t1,t2)

xd̄ ≤ 0 (30)

In the DSPSC, the pair of trips (t1, t2) is considered to be from the same vehicle where t2 is immediately
covered after t1. Hence, the 1-branch restricts duties from changing vehicle after completing t1 and the 0-
branch enforces duties to change vehicle after t1 or not be covered at all. For the 1-branch, duties that do
not execute t2 after t1 are removed from the RMP and the duties are forced to perform t1 and t2 together in
the subproblem(s) network. For the 0-branch, duties that execute t2 after t1 are removed from the RMP and
the arc between t1 and t2 in the subproblem(s) network is removed. However, the branching based on Ryan
and Foster [32] alone does not ensure integrality of the car travel variables in the RMP. The duty and car
travel linking constraints, (7) and (8), in the mathematical model allow the car travel variables to take up
fractional values in the solution. Hence, branching on the car travel variables is further required to attain
an integer solution. In car travel branching, the variable i ∈C′ that has a fractional value closest to 0.5 is
selected and the following two branches are created:

1-branch: yi ≥ 1 (31)
0-branch: yi ≤ 0 (32)

Therefore, for the DSPSC, a strategy is proposed that performs Ryan&Foster branching and invokes
car travel branching when there are no more pairs of trips to branch on. An alternative strategy would be
to perform car travel branching first and follow this by Ryan&Foster branching.

The goal of the aforementioned branching strategies is to prove optimality by exploring the B&B tree.
However, enumerating the entire B&B tree might be intractable for large problems and finding an integer
solution in reasonable computation time can be challenging. For large problems, the focus is more on
attaining a good quality integer solution quickly than proving optimality. One simple strategy is to solve
the RMP as a MIP using a commercial solver with the variables generated at the root node of the B&B tree.
Additionally, the following three heuristic branching strategies are considered:

1) Variable fixing
After solving a B&B node, the fractional variables in the RMP are processed and all the variables
that have value above 0.8, i.e. xd′ ≥ 0.8∀d′ ∈ D′ are fixed to 1. D f denotes the set of duties fixed in
the RMP and T f = {t | ātd = 1, t ∈ T , d ∈ D f } is the set of trips in the fixed duties. Each t ∈ T f is
removed from the subproblem(s) network. This is done in order to improve the speed of solving the
subproblem(s) in the subsequent B&B node. The variable fixing procedure terminates either when
an integer solution is found or when there are no more variables to fix. On circumstances when an
integer solution could not be found, the integrality constraints (12)-(14) in the RMP are retained and
the mathematical model is then solved using a commercial MIP solver. A similar strategy of fixing
variables above a certain threshold was applied by Cordeau et al. [6] for an integrated aircraft routing
and crew scheduling problem.

2) Intertrips fixing
The intertrips fixing strategy is similar to 1-branch (29), except that multiple pairs of trips are consid-
ered to be fixed. Let Ac denote the set of all compatible pairs of trips that can be executed consecu-
tively. For (t1, t2) ∈ Ac, t1 and t2 belong to the same vehicle and are known to be the predecessor and
successor trips respectively. In an LP solution, multiple pairs of trips could have the same fractional
value and all pairs of trips that have the closest value to 1 are fixed. The variables in the RMP and the
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subproblem(s) network are dealt in the same way as fixing a pair of trips in the 1-branch. However,
this approach of fixing multiple pairs of trips reduces the size of the problem significantly. A f ⊂ Ac

denotes the set of pairs of trips that are fixed and T f denotes the set of trips that are fixed either as
predecessors or successors. The intertrips fixing strategy terminates when all the fractional values
of compatible pairs of trips are less than 0.9 or when the percentage of fixed trips exceeds 60, i.e.
|T f |
|T |
∗ 100 > 60. Similar to the variable fixing strategy, a MIP solver is invoked when an integer

solution could not be found.

3) Car match fixing
The fractional values of the car matches (i, j) ∈ F ′ are processed and the car match variable (zi j) that
has the closest value to 1 is selected and fixed. The fixed car travels can be removed from the staff
car suproblem. The strategy is terminated when all the fractional values of the car matches in the
RMP are less than 0.5. The integrality constraints are retained and a MIP solver is used when an
integer solution could not be found.

All the heuristic strategies explore the B&B tree in a depth-first manner without backtracking. Addi-
tionally, the column generation heuristic described in Section 4.2 is utilized at each B&B node. Therefore,
the heuristic approaches aim at quickly finding integer solutions for large real-life problems.

5. Computational Study

5.1. Instances
The aim of the computation study is to test the column generation algorithm and the different branching

strategies for the DSPSC with instances of practical size. Table 1 shows the sizes of real-life instances
and since these instances pertain to several Northern European transport companies, they cannot be made
publicly available. The instances in the large category are known to be the complete instances, which are
used to extract small instances. The small instances are created to test the exact B&P approach.

DK2 is the largest instance with 1926 bus trips and five driver depots and, in practice, this instance does
not involve the usage of staff cars. However, this instance was adapted to include car travels and the adapted
instance is denoted by DK2 staff cars. Hence, a feasible solution in DK2 is also feasible in DK2 staff cars,
but not vice versa. This adaptation was primarily done to compare the computational performance of the
column generation algorithm for an instance with and without staff cars. SE2 is known to be the only
instance with multiple staff car depots.

Table 2 shows the number of variables generated for each instance. An Intel core i5-5287U @ 2.9
GHz machine with 16 GB memory is used to generate the variables. For some of the large instances, all
variables cannot be enumerated as it leads to memory issues. Therefore, we decided to generate variables
only from the PoW network, which is denoted as subset variables in Table 2.

5.2. Results
The instances are tested with a state-of-the-art MIP solver (IBM ILOG CPLEX 12.8) and the matheuris-

tic proposed by Perumal et al. [29]. The MIP solver is tested with all the variables generated and the subset
of variables as shown in Table 2. A maximum computation time of 18,000 seconds (five hours) is set for
the MIP solver and the experiments are performed on an Intel Xeon E5-2680 v2 @ 2.80GHz with 128 GB
memory. The matheuristic, which is based on ALNS, is tested only with the subset of variables and has
a maximum number of iterations as the termination criterion. The matheuristic is run 10 times for each
instance and the results presented are calculated as the average of 10 runs. The matheuristic experiments
are performed on an Intel core i5-5287U @ 2.9 GHz machine with 16 GB memory. The overall CPU
benchmarks reveal that the processor used for the MIP solver is approximately 3.4 times faster than the
processor used to test the matheuristic1. The results of the MIP solver and the matheuristic are reported as

1According to CPUbenchmark, the overall CPU rating of the processor used for the MIP solver is 15752 while that of the math-
heuristic is 4681.
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Category Instance |T | |H| |W | |R| ∑r∈R ur

Small
DK1 small1 43 4 1 1 2
NO1 small 73 1 1 1 1
NO2 small1 74 3 1 1 1
SE1 small 84 3 1 1 3
DK2 small 93 7 5 1 1
DK1 small2 113 4 1 1 3
NO2 small2 132 3 1 1 2

Large

SE1 204 3 1 1 6
FN1 285 2 1 1 5
NO2 487 3 1 1 3
DK1 571 4 1 1 6
SE2 623 4 3 3 15
NO1 944 3 1 1 2
DK2 staff cars 1,926 7 5 1 3
DK2 1,926 7 5 0 0

Table 1: Size of test instances. |T | represents the number of trips, |H| represents the number of duty
types, |W | represents the number of driver depots. |R| represents the number of staff car depots and ∑r∈R ur
represents the total number of staff cars.

Category Instance All variables Subset variables
|D| |C| |F | |D′| |C′| |F ′|

Small

DK1 small1 2,570 101 104 633 67 60
NO1 small 6,986 101 42 2,621 96 37
NO2 small1 4,789 135 642 1,761 120 568
SE1 small 41,679 253 3,649 22,329 190 2,110
DK2 small 323,363 141 385 99,924 141 385
DK1 small2 54,540 268 357 7,446 180 213
NO2 small2 37,090 248 1,926 7,931 232 1,806

Large

SE1 589,615 602 10,710 291,383 481 6,520
FN1 3,030,091 771 34,171 2,508,358 557 19,441
NO2 - - - 2,384,271 809 20,905
DK1 - - - 2,305,305 1,243 6,916
SE2 860,800 1,149 25,072 432,034 1,108 24,760
NO1 - - - 416,019 574 535
DK2 staff cars - - - 4,043,565 1,195 11,251
DK2 - - - 1,916,834 0 0

Table 2: Number of variables from each instance. |D|, |C| and |F | represent the number of all feasible
duties, car travels and car matches respectively. |D′|, |C′| and |F ′| represent the number of duties, car
travels and car matches generated from the PoW network. A ’-’ symbol indicates that the variables could
not be generated within the limited memory.

observed in Table 3. The best integer programming (IP) solution of the MIP solver or the average IP solu-
tion of the matheuristic is used as the benchmark for each instance. One should note that the matheuristic
in Perumal et al. [29] did not handle the side duty constraints (4) - (6). The matheursitic is tested without
any adaptations and we, hence, believe that its performance may be affected by the side constraints.

For small instances, optimal solutions are found by the MIP solver with all variables in quick computa-
tion time (≤ 30 seconds). The MIP solver with a subset of variables provided solutions that are on average
2.02% from optimality. The matheuristic solutions are on average 3.06% from optimality, and the average
computation time is around 93 seconds for the small instances.

The MIP solver with all variables proved optimality for two large instances (SE1 and FN1), and the
optimality gap for SE2 instance is found to be 3.68%. For these three instances, the MIP with subset of
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variables provided solutions that are on average 1.04% from the solutions provided by the MIP with all
variables. An IP solution could not be found for DK2 staff cars instance by the MIP solver within the time
limit of five hours. The best IP solutions for instances NO2, DK1, NO1 and DK2 are provided by the MIP
solver with the subset of variables. The matheuristic could not tackle three instances (NO2, DK1 and NO1),
where IP solutions could not be found consistently. However, the matheuristic provided IP solutions with
an average computation time of one hour for the DK2 staff cars instance, which could not be solved by the
MIP solver. For the remaining large instances, the matheuristic solutions are on average 4.71% from the
best IP solutions found by the MIP solver. In conclusion, the MIP solver is superior to the matheuristic in
terms of solution quality except for the DK2 staff cars instance.

Category Instance MIP (All variables) MIP (Subset variables) Matheuristic (Subset variables)

IP
gap
(%)

time
(seconds) IP

gap
(%)

time
(seconds)

Best
IP

Worst
IP

avg.
IP

avg. time
(seconds)

Small

DK1 small1 3,204 0.00 0.19 3,397 0.00 0.02 3,397 3,397 3,397 4.54
NO1 small 2,561 0.00 0.69 2,561 0.00 0.24 2,561 2,564 2,561.6 41.15
NO2 small1 2,525 0.00 0.20 2,525 0.00 0.60 2,525 2,525 2,525 27.65
SE1 small 6,038 0.00 3.80 6,058 0.00 2.25 6,078 6,209 6,146 247.33
DK2 small 2,120 0.00 30.46 2,128 0.00 11.91 2,188 2,343 2,249 221.63
DK1 small2 8,643 0.00 6.22 8,992 0.00 0.52 8,992 8,992 8,992 38.05
NO2 small2 4,618 0.00 6.09 4,775 0.00 1.02 4,777 4,777 4,777 66.28

Large

SE1 14,664 0.00 212.56 14,696 0.00 114.87 14,973 15,204 15,111.4 1,264.07
FN1 19,902 0.00 891.58 19,904 0.00 520.05 21,303 22,063 21,548.7 1,506.49
NO2 16,576 0.00 10,631.30 - - - 4,631.79
DK1 38,994 0.35 18,004.90 - - - 6,317.66
SE2 33,816 3.68 18,003.90 34,796 4.35 18,002.50 34,982 35,737 35,371.1 5,138.66
NO1 36,882 3.18 18,001.60 35,956 - - 2,968.63
DK2 staff cars - - 18,000.00 71,835 73,906 73,287.2 3,633.05
DK2 67,998 0.46 18,007.00 69,575 70,903 69,985 1,977.48

Table 3: Results of the MIP solver and matheuristic. For the MIP solver, the best IP solution, optimality
gap and computation time are reported. For the matheuristic, the best and worst IP solution found in the 10
runs are reported along with the average IP solution and average computation time. A ’-’ symbol indicates
that an IP solution could not be found.

All the column generation based experiments are performed on the same processor as those for the
matheuristic. Table 4 shows the results of the exact B&P approach for small instances. Two branching
strategies are tested; one where the Ryan&Foster branching is followed by the car travel branching and the
other where the car travel branching is followed by the Ryan&Foster branching. A maximum computation
time of 3,600 seconds (one hour) is set for the exact B&P algorithm. IP solutions could not be found
for three out of the seven large instances within the time limit. For the instances that could be solved to
optimality, it is observed that the number of B&B nodes processed by the strategy that performs car travel
branching first is less than the strategy that performs Ryan&Foster branching first. As a consequence,
the strategy that performs car travel branching first is faster by factor 1.65 on average. However, the
comparison between the results from the exact B&P and the results from the MIP solver (Table 3) indicate
that the computation times required by the exact approach to find IP solutions are immense and is, hence,
considered impractical for solving large real-life instances.

Table 5 shows the results of the different column generation based methods for large instances. One
should note that the best LP solution in a heuristic column generation setting may not be found at the root
node of the B&B tree and could be found in any of its succeeding nodes. The MIP solver is invoked for
all instances and the maximum computation time of the solver is set to 10,800 seconds (three hours). The
strategy that solves the root node of the B&B tree as a MIP found improved solutions for five instances and
the average improvement is found to be 0.88%. The aim of the branching decisions is to find an IP solution
quickly; however, we found that if the decisions enforce many changes in the RMP and subproblems, then
infeasibility may be encountered. This observation is evident in the variable fixing strategy for instances
DK1 and NO1. The variable fixing strategy found improved solutions for three instances. Although, IP
solutions are found for all seven staff car instances by the car match fixing strategy, only two instances
have improved solutions. The intertrips fixing strategy is found to be the best performing strategy where it
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Instance Ryan&Foster −→ car travel branching Car travel −→ Ryan&Foster branching

B&B nodes IP LP
gap
(%)

time
(seconds) B&B nodes IP LP

gap
(%)

time
(seconds)

DK1 small1 1,897 3,204 3,188.11 0.00 114.99 783 3,204 3,188.11 0.00 94.76
NO1 small 2,251 2,561 2,552.25 0.00 273.72 259 2,561 2,552.25 0.00 83.01
NO2 small1 1,327 2,525 2,517.14 0.00 157.96 827 2,525 2,517.14 0.00 159.98
SE1 small 627 - 6,038.00 - 3,610.32 596 - 6,038.00 - 3,612.08
DK2 small 35 2,120 2,116.40 0.00 1,726.18 17 2,120 2,116.40 0.00 1,595.21
DK1 small2 157 - 8,380.12 - 3,614.21 112 - 8,380.12 - 3,625.17
NO2 small2 756 - 4,611.00 - 3,604.61 407 - 4,611.00 - 3,611.96

Table 4: Results of Exact B&P for small instances. B&B nodes represents the number nodes processed in
the B&B tree, IP represents the best integer programming solution, LP represents the best linear program-
ming solution and gap represents the optimality gap. A ’-’ symbol indicates that an IP solution could not
be found within the time limit.

Strategy Solution Instance

SE1 FN1 NO2 DK1 SE2 NO1
DK2

staff cars DK2

Root
node

IP 14,696 19,904 16,553 38,924 34,948 35,992 68,105 67,428
LP 14,677.63 19,819.39 16,529.93 38,511.65 32,565.68 35,523.2 66,214.88 66,689.08

gap (%) 0.00 0.00 0.00 0.37 6.20 0.36 2.61 0.94
time (seconds) 57.49 392.71 1,967.73 11,63623 11,200.66 11,071.62 20,380.18 12,120.99

improvement (%) -0.22 -0.01 0.14 0.18 -3.35 2.41 7.07 0.84

Variable
fixing

IP 14,696 20,466 16,554 infeasible 34,144 infeasible 69,653 67,667
LP 14,677.63 19,580.35 16,528.73 38,483.85 32,551.35 35,483.67 66,193.74 66,679.6

gap (%) 0.00 0.00 0.00 - 2.52 - 4.79 1.31
time (seconds) 63.71 622.37 1,358.79 1,166.14 11,710.74 839.99 25,714.09 12,976.67

improvement (%) -0.22 -2.83 0.13 - -0.97 - 4.96 0.49

Intertrips
fixing

IP 14,696 19,951 16,561 38,836 33,757 35,915 67,597 67,301
LP 14,677.63 19,566.35 16,513.81 38,461.35 32,532.84 35,445.24 66,190.5 66,651.85

gap (%) 0.00 0.00 0.00 0.00 1.90 0.00 1.59 0.46
time (seconds) 60.25 1,263.16 1,215.94 4,200.27 12,299.13 7,977.87 36,737.2 13,799.78

improvement (%) -0.22 -0.25 0.09 0.41 0.17 2.62 7.76 1.02

Car match
fixing

IP 14,697 20,875 16,557 39,079 35,409 37,693 69,272
LP 14,677.63 19,568.33 16,527.9 38,500.37 32,537.81 35,452.43 66,196.7

gap (%) 0.00 0.00 0.00 0.56 7.10 4.50 4.29
time (seconds) 89.92 938.95 5,710.1 11,873.62 11,818.34 14,453.55 22,751.06

improvement (%) -0.23 -4.89 0.11 -0.22 -4.71 -2.20 5.48

Table 5: Results of the four different column generation based methods for large instances. IP represents
the best integer programming solution, LP represents the best linear programming solution, gap represents
the optimality gap of the MIP solver, time represents the total computation time in seconds and improve-
ment represents the quality of the IP solution when compared to the benchmark solution. A ’-’ symbol
indicates that an IP solution could not be found within the time limit of the MIP solver.
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provided improvements for six out of the eight instances. Interestingly, the two other instances (SE1 and
FN1) are the smaller of the large instances for which the MIP solver could prove optimality as shown in
Table 3. The average improvement by the intertrips fixing strategy is found to be 1.45%. The computation
time of the intertrips fixing strategy is comparable to that of the benchmark solutions and, in some cases,
the intertrips fixing strategy is faster. However, the computation time of the intertrips fixing strategy for the
DK2 staff cars instance is around 10 hours, which is much higher than that of the benchmark methods; the
MIP solver has a computation time of five hours and the matheuristic has a computation time of one hour.

Summary statistics of the column generation based methods are shown in Table 6. The total time (in
seconds) spent by the methods on solving the RMP, driver scheduling subproblems and staff car subprob-
lems are shown in Table 6. One should note that the MIP solver time (maximum computation time of three
hours) and the time to create the PoW and SPPRC networks are not reported in Table 6. Table 5 reports
the total computation time of the methods and Table 6 primarily focuses on analyzing the computational
complexities of the master and subproblems. DK2 is the only instance without any staff cars and it is ob-
served that, on average, 78.8% of the total computation time of the column generation algorithm is spent on
solving the driver scheduling suproblems and the remaining 21.2% is spent on solving the RMP. However,
this behaviour is not evident for instances with staff cars and the complexity in solving the RMP tends
to increase. For such instances, on average, 47.85% of the total computation of the column generation
algorithm is spent on solving the RMP, 51.81% is spent on solving the driver scheduling subproblems and
0.34% is spent on solving the staff car subproblems. Overall, on average, 69.25% of the total time spent
on solving the driver scheduling subproblems accounted for evaluating the domination rules of labels at all
vertices of the SPPRC network.

5.3. Analysis of domination rules in the SPPRC
The computational study of the column generation algorithm shows that the domination rules in the

SPPRC significantly contribute to the total time spent on solving the subproblems. To further analyze the
computational complexity of the domination rules, the column generation algorithm is tested with increas-
ing subsets of domination rules. DK2 is used as the test instance and, as shown in Table 7, the number of
domination rules is increased for each test. For these tests, the column generation algorithm is performed
only at the root node of the B&B tree without the early termination criteria. One observation made from Ta-
ble 7 is that the time taken to evaluate the domination rules tends to increase with more domination rules in
the SPPRC. However, domination rules such as maximum effective time (19), which is similar to maximum
duration (17), seem to have no effect on the computation time and the LP objective. A label that dominates
another label in terms of maximum duration (17) possibly also dominates in terms of maximum effective
time (19). Another observation that is inferred from Table 7 is that the LP objective is likely to improve
with more and more domination rules. The improvement in LP objective by Test 8 when compared to Test
1 is found to be 0.68%; however, the total computation time taken to solve the subproblems is increased
by factor 19. Test 9 in Table 7 introduces the minimum duration (18) domination rule. It can be seen that
the time taken to solve the suproblems increases tremendously and the column generation algorithm was
terminated when it exceeded a time limit of 10,800 seconds (three hours). Therefore, for practical sized
problems, it is intractable to solve the SPPRC with minimum resources as part of the domination rules.

As discussed in the Section 2, some authors (Steinzen [35] and Kliewer et al. [21]) have considered
gradually increasing the domination rules during the progress of the column generation algorithm to ac-
celerate the SPPRC. A similar experiment is attempted and Figure 5 illustrates the progress of the column
generation algorithm for DK2 instance. The first phase of the algorithm is the PoW network and the dom-
ination rules are gradually introduced in the succeeding phases when there are no more negative reduced
cost columns. An LB is quickly attained with the utilization of the PoW network and the LP objective is
improved when the domination rules are introduced at each phase. It can be seen that the computational
effort of the algorithm increases as the number of the domination rules increases. Additionally, the im-
provement found in the final phase of the algorithm is marginal and terminating the algorithm at earlier
phases could be considered.

5.4. Sensitivity analysis
One of the drawbacks of the current DSPSC is that it does not consider the cost of staff car usage,

which could include fuel cost or a fixed cost. The instances used in this paper have a fixed number of
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Strategy Instance

SE1 FN1 NO2 DK1 SE2 NO1
DK2

staff cars DK2

Root
node

B&B nodes 1 1 1 1 1 1 1 1
iterations 18 25 70 49 73 53 152 114
|D′| 8,436 19,081 30,798 24,924 17,063 24,493 52,959 37,840
|C′| 429 635 679 1,347 1,081 507 1,161 0
|F ′| 5,980 24,756 13,479 8,023 14,436 461 10,301 0

RMP (seconds) 7.77 105.40 155.80 199.42 190.75 35.61 5,813.24 244.77
SP (seconds) 10.53 169.99 146.98 405.64 51.97 199.91 3,138.59 758.68
CP (seconds) 0.87 2.72 10.59 1.92 7.63 0.10 6.76 0.00

Variable
fixing

B&B nodes 2 4 3 5 10 5 5 5
|D′| 8,934 23,508 37,816 29,612 20,227 30,625 58,862 39,796
|C′| 435 710 688 1,371 1,090 522 1,182 0
|F ′| 5,982 24,756 13,516 8,079 14,526 481 10,334 0

RMP (seconds) 12.67 230.38 242.43 280.48 639.40 136.92 7,918.36 420.79
SP (seconds) 9.11 245.50 248.06 627.28 68.54 656.57 6,301.01 1,395.71
CP (seconds) 0.79 5.13 7.91 3.60 18.49 0.30 13.96 0.00

Intertrips
fixing

B&B nodes 2 27 37 60 53 9 55 26
|D′| 9,097 23,007 50,262 33,086 20,133 35,063 64,464 40,474
|C′| 437 729 714 1,412 1,095 525 1,186 0
|F ′| 5,980 24,756 13,551 8,189 14,574 487 10,407 0

RMP (seconds) 11.86 600.27 335.97 996.89 925.88 283.80 9,997.33 475.60
SP (seconds) 11.59 380.43 559.55 2,116.8 187.18 2,560.08 14,877.25 2,089.49
CP (seconds) 1.05 13.26 21.73 12.14 37.21 0.30 63.93 0.00

Car match
fixing

B&B nodes 5 9 2 2 9 10 2
|D′| 9,804 22,931 37,107 28,339 19,650 35,733 56,818
|C′| 440 723 684 1,358 1,095 522 1,175
|F ′| 5,980 24,756 13,516 8,036 14,886 486 10,327

RMP (seconds) 29.00 455.45 222.49 254.12 714.03 407.07 7,175.13
SP (seconds) 14.00 288.29 242.00 632.49 113.06 3,187.99 4,098.47
CP (seconds) 1.41 6.54 8.20 2.13 14.90 0.30 9.61

Table 6: Statistics. B&Bnodes represents the number of nodes processed in the B&B tree, iterations
represents the number of column generation iterations performed at the root node of the B&B tree, |D′|
represents the total number of duties generated, |C′| represents the total number of car travels generated
and |F ′| represents the total number of car matches generated. RMP represents the total time (in seconds)
taken to solve the restricted master problem, SP represents the total time taken to solve the driver scheduling
subproblems and CP represents the total time taken to solve the staff car subproblems.
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Test Domination rules Iterations |D′| LP
RMP

(seconds)
SP

(seconds)

Time taken to evaluate
domination rules

(seconds)

1 Reduced cost (16) 412 33,219 67,099.75 313.93 148.21 4.54
2 (+) Maximum duration (17) 308 34,415 66,965.96 258.51 220.23 34.01
3 (+) Maximum effective time (19) 308 34,415 66,965.96 256.70 240.50 35.84
4 (+) Maximum number of long breaks (20) 242 35,553 66,966.25 290.39 415.91 156.58
5 (+) Maximum total long break duration (22) 242 35,553 66,966.25 288.63 371.10 140.59
6 (+) Maximum time without break (24) 215 36,898 66,860.26 270.49 1,090.41 666.35
7 (+) Maximum portion length (25) 196 39,277 66,671.14 240.14 1,555.15 1,110.73
8 (+) Maximum vehicle changes (27) 174 38,441 66,645.08 217.40 2,796.20 2,206.94
9 (+) Minimum duration (18)* 64 26,784 67,543.12 59.88 11,659.79 11,196.69

Table 7: Computational analysis of domination rules for instance DK2. Iterations represent the number of
iterations performed at the root node of the B&B tree, |D′| represent the number of duties generated, LP
represents the linear programming solution, RMP represents the total time (in seconds) taken to solve the
restricted master problem and SP represents the total time taken to solve the driver scheduling subproblems.
A ’*’ symbol indicates that the column generation algorithm was terminated when it exceeded a time limit
of 10,800 seconds (three hours).
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Figure 5: Progress of the column generation algorithm for instance DK2. x-axis is the computation time in
seconds and y-axis is the linear programming (LP) objective. The first phase of the algorithm is the PoW
network and the domination rules in the SPPRC are gradually introduced in the succeeding phases. The
improvement in LP objective at each phase when the domination rules are introduced is also indicated.
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cars at the depots, which were given by the transport companies. However, one could question the total
number of cars required in the final schedule. We perform a sensitivity analysis to study the impact of
total number of cars on the solution quality and the computation time. SE1 is used as the test instance
for the sensitivity analysis and Table 8 shows the results when the instance is tested with different total
number of cars. The problem is infeasible when there are no staff cars available, which signify that staff
cars are essential for some instances in finding feasible solutions. The computation time tends to increase
with increasing limitations on the total number of cars; the test with one staff car could not be solved to
optimality within the time limit of five hours, whereas the tests with at least four staff cars were solved in
less than six minutes. Additionally, the IP solution could be improved when more staff cars are available
at the depot. When comparing the results from the test with three staff cars and the test with four staff
cars, the improvement is found to be 0.2%. However, this is not evident in all cases and increasing the total
number of cars more than four does not affect the IP solution for SE1.

∑r∈R ur IP
gap
(%)

time
(seconds)

0 infeasible - 2.93
1 17,577 15.37 18,000.60
2 15,081 2.48 18,001.12
3 14,693 0.00 16,849.23
4 14,664 0.00 354.81
5 14,664 0.00 263.19
6 14,664 0.00 226.56

Not assigned 14,664 0.00 187.05

Table 8: Sensitivty analysis for instance SE1. ∑r∈R ur represents the total number of staff cars, IP represents
the integer programming solution and gap represents the optimality gap. ’Not assigned’ indicates that the
maximum staff car constraints (11) were not included.

6. Discussion and Conclusion

In this paper, a column generation algorithm was proposed to tackle the DSPSC and several heuristic
branching strategies were presented to find IP solutions for large real-life instances. A detailed computa-
tional study was performed with eight instances from seven Northern European transport companies. A
commercial MIP solver and a matheuristic based on ALNS that was proposed by Perumal et al. [29] were
used as benchmark methods to evaluate the performance of the column generation algorithm. The column
generation algorithm with intertrips fixing strategy as the heuristic branching strategy achieved improved
solutions for six instances and the average improvement was found to be 1.45%. The study further indi-
cated that evaluating the domination rules in the SPPRC significantly contributed to the total computation
time of the column generation algorithm. An acceleration heuristic technique that gradually introduces
the domination rules during the progress of the algorithm was briefly tested and could be considered for
instances in the future. Improving computation times of algorithms is also an important parameter from a
practitioner’s perspective such that different scenarios could be analyzed quickly before selecting the final
schedule to be implemented. This paper considered all challenges that arise in practice, which were faced
by transport companies that operate in six cities. Hence, the work carried out in this paper could further be
extended to test instances of cities with larger networks and more practical complexities.

As discussed in Section 3, most of the labor regulations are concerned with the breaks for the drivers,
and staff cars are required for finding feasible duties that adhere to the different break regulations. In
the current DSPSC, the schedule of the buses are fixed and factors such as frequency of visits to break
stops and the duration between consecutive bus trips may also influence the feasibility of driver duties.
Hence, adapting the bus schedule to improve efficiency of the driver schedule could be considered. The
vehicle scheduling problem (VSP) is concerned with finding a bus schedule with minimal bus operational
expense and some of the work published in the literature that tackle this problem are Desaulniers et al. [7],
Hadjar et al. [16] and Pepin et al. [28]. Work has also been carried out in integrating the vehicle and driver
scheduling problem (IVDSP) in an attempt to further reduce the total operational expense. Some examples
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include Freling et al. [14], Huisman et al. [17] and Borndörfer et al. [4]. Incorporating the various labor
regulations and the staff cars as part of the IVDSP is seen as the future area of research. This study
also showed that the computational performance of the column generation algorithm deteriorates when
the number of constraints increases during the progress of the algorithm. Evidence of this is indicated
by the increase in computation time for solving the RMP for staff car instances. This has been pointed
out earlier in the literature by Cordeau et al. [6] and Mercier et al. [27] for integrating aircraft routing
and crew scheduling problems. The authors proposed a methodology that combines column generation
and Benders decomposition to tackle inefficiencies of the column generation approach for large problems.
Such methodologies should be explored in the future for integrating large scheduling problems.
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