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A B S T R A C T

This paper presents an immersed boundary method for the incompressible Reynolds Averaged Navier–Stokes
equations using the 𝑘 − 𝜔 − 𝑆𝑆𝑇 turbulence model and two different wall functions to approximate the near
wall flow. The main focus of the paper is to address a range of numerical issues related to the implementation
of the method and to describe in detail how to implement it in a finite volume code. The boundary conditions
for the governing equations at the immersed boundary are imposed in a manner which is consistent with their
treatment on a standard body conforming grid. The method is verified and validated by simulating a NACA
0012 airfoil at a Reynolds number of 𝑅𝑒 = 6 ⋅ 106. The results confirm that the implementations are stable
even on very coarse grids, however, in contrast to what is reported elsewhere in the literature, the predicted
lift and drag of the airfoil are not necessarily improved by using a wall function which assumes a linear near
wall velocity instead of a standard logarithmic velocity profile.

Finally, the method is applied to the flow past a tree and shown to be able to make drag predictions,
which are in good agreement with wind tunnel measurements.
1. Introduction

Since the immersed boundary method (IBM) was introduced by
Peskin [1] the method has been developed and implemented in many
forms and applied for many different flows. Most IBMs use forcing
terms in the momentum equations (and in some cases mass source
terms) to represent an immersed boundary (IB) which do not conform
to the grid. The forcing terms can be determined using either a feedback
or direct forcing approach [2]. However, the direct forcing approach
is most widespread because it is more stable and at the same time
does not rely on any additional parameters for determining the forcing
terms. In general, the forcing IBM has proven effective for laminar and
moderately high Reynolds number flows [3–8], but the extension to
high Reynolds numbers remains a challenge especially for streamlined
bodies both because it requires proper combination with a turbulence
model and because of the difficulty of resolving the thin boundary
layers in these cases. The requirements for the grid can be reduced by
adopting a wall function for the near wall flow. Although, originally
designed for body fitted mesh simulations, wall functions has also been
utilized in the context of forcing IBMs and combined with both large
eddy simulations (LES) [9–11] and Reynolds Averaged Navier–Stokes
(RANS) [12,13] of the flow. Using this approach, a number of high
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Reynolds number flows has been simulated while keeping the number
of grid cells at a reasonable level. However, it is our experience that,
even when using a wall model, then a traditional IBM for RANS often
suffers from stability issues when applied to high Reynolds number
flows past streamlined bodies. At least, we have found that the IBM,
which was used to successfully simulate a leafless tree in turbulent
inflow [14], often becomes unstable when applied to the far less
geometrically complex flow past an airfoil.

An alternative to the standard forcing IBM is the cut-cell method
[15,16]. This method gives sharp fluid–boundary interfaces and is
robust because it treats the fluxes at the cut faces directly. Furthermore,
it is useful for predicting high Reynolds number flows when it is
combined with a wall model [17]. However, a drawback of the method
is that the calculation and treatment of the intersections is complex
especially when the grid is not Cartesian. Another approach, which also
does not use forcing terms, is the direct boundary imposition IBM in
which boundary conditions are directly imposed on cell faces in the
vicinity of the IB [18–20]. This method avoids the complex treatment
of the cut cells and is straightforward to combine with wall functions
of the near wall flow.

Besides dealing with the near wall resolution issue, the direct im-
position IBM also benefits from not having to solve the flow inside the
vailable online 19 February 2022
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object of interest. Krishnan et al. [21] recently showed that such a clear
fluid/object decomposition leads to better predictions of the flow than
traditional forcing IBM.

Several versions of the direct imposition IBM have been developed
both for the compressible [18,19,22] and incompressible [20] RANS
equations and also considering different models of the near wall flow.
The most advanced methods use a two-layer approach where the near
wall flow is modeled by solving a set of boundary layer equations with
boundary conditions taken from the exterior RANS simulation. When
combined with a local grid refinement technique, this approach can
predict the flow past various aerodynamically shaped bodies nearly
as accurately as body conforming simulations [18,23]. However, it
should be noted that Cappizano [18,23] does not present any integral
quantities (lift and drag) so it is difficult to evaluate the ‘‘true’’ accuracy
of his IBM results.

A simpler yet effective method for relaxing the grid requirements
close to the IB, is to represent the near wall flow via wall functions.
This approach was used by Tamaki et al. [19] who presented a modified
wall function model for the Spalart–Allmaras turbulence model. The
proposed modification assumes a linear near wall velocity profile,
which can thereby be resolved by a second-order spatial discretization
scheme. They implemented the model in a compressible RANS solver
and showed that their modified model improved the predictions of
skin friction compared to a standard wall model. Nevertheless, their
modified IBM still makes drag predictions which at times deviate
significantly from its body-conforming counterpart. For example, they
observe deviations in drag of about 20% for a NACA0012 airfoil at an
angle of attack of 10 degrees.

Park et al. [20] recently implemented a slightly modified version of
the IBM of Tamaki et al. [19] in a finite volume based incompressible
Navier–Stokes solver and used it in the context of both RANS and
detached eddy simulations (DES). Besides validating the model against
various flows they also combined it with an actuator surface model
to simulate rotor-wake/fuselage interaction and found rather good
agreement with measurements.

The predictions of the forces can only be as good as the used bound-
ary layer approximation and therefore the focus in the development of
the direct imposition IBM, has so far primarily been on improving the
representation of the near wall flow.

However, for a given wall function the friction force and boundary
conditions for the turbulence quantities can be implemented in many
ways and the implementation strategy greatly affects both the accuracy
and robustness of the simulation. The IBMs referred to above, mainly
use the local velocity profile to determine a friction velocity which is
then used to set the boundary conditions for the velocity, friction force
and turbulence quantities. When using this approach, the wall friction
is dictated only by the momentum equations and there is no direct
feedback from the turbulence transport equations. However, the wall
shear stress can be expressed with inputs from both the local velocity
and turbulent kinetic energy and thereby give a tighter coupling of
the momentum and turbulence transport equations near the immersed
boundary. Although, we have not made any comparison between dif-
ferent implementations of the wall boundary conditions, it should be
expected that a formulation which brings the governing equations
closer together is beneficial for both robustness and convergence rate
of the method. In addition, the references mentioned above do not
describe in great detail how the wall friction force is implemented on
non-conforming grids and therefore it is difficult to reproduce their
results.

In this article we propose an implementation of the IBM which ties
the governing equations close together by using both the local velocity
and turbulence quantities to set the relevant boundary conditions near
the IB and at the same time imposes these boundary conditions in
a by and large implicit manner. We will show that our approach is
robust even on very coarse grids and has good iterative convergence
2

properties.
In addition, our implementation can be used together with the same
spatial discretization schemes as used for a standard simulation on a
body conforming grid. This is in contrast to earlier IBM implementa-
tions which typically use more diffusive schemes. Tamaki et al. [19]
for example used upwind discretization (UDS) while Park et al. [20]
found it necessary to use total variation diminishing (TVD) schemes in
their simulations.

Moreover, the present work handles an issue related to the im-
plementation of the direct imposition IBM in an incompressible flow
solver, which for some reason is not addressed by Park et al. [20]. In
general the convective flux through the faces upon which the boundary
conditions are imposed is nonzero and due to discretization errors the
global conservation of mass through these faces will not be strictly
satisfied. While this might not be critical for a compressible solver, it
will inhibit full convergence of the pressure-correction equation in a
typical segregated incompressible flow solver. This issue is well known
in the context of incompressible overset grid methods [24] and we will
here show how to overcome it by applying suitable explicit corrections
of the mass flux near the IB.

It should be noted that the mass flux correction mentioned here has
a different nature than the one used by e.g. Kim et al. [25] and Nicolaou
et al. [26]. They introduce a source/sink in the cells containing the IB in
order to ensure that each of these cells satisfy mass conservation. This
is necessary because they use a forcing IBM and therefore need to solve
for the flow field both inside and outside of the immersed boundary. In
our case, we do not solve for the flow in the cells, which are inside the
IB, and therefore these cells do not need to satisfy continuity. However,
we still need a small correction to ensure that the mass flux through the
entire IB is zero.

In summary this work presents a direct imposition IBM for high
Reynolds number RANS solvers and addresses critical numerical issues
related to its implementation in a finite volume code in order to arrive
at a model which is very robust, has good iterative convergence proper-
ties and overcomes the mass imbalance issue near the IB explicitly. The
model is inspired by the work by Tamaki et al. [19] but is developed for
the incompressible RANS equations and uses the 𝑘 − 𝜔 SST turbulence
model by Menter [27].

The implementation is verified and validated by applying it for
simulating the flow past an extruded airfoil. The main purpose of the
study is to investigate how well the IBM can represent both equivalent
body conforming simulations and measurements as well as what the
grid requirements are on non-conforming grids.

However, in order to document the performance of the present IBM
on complex geometries, we also apply it for simulating a leafless tree
in the Appendix.

2. Base solver

The present IBM is implemented in the flow solver EllipSys3D [28–
30]. EllipSys3D solves the incompressible Reynolds Averaged Navier–
Stokes (RANS) equations using a finite volume approach on block
structured collocated grids in general curvilinear coordinates.

The code is fully parallelized using the Message Passing Interface
(MPI) library with a multiblock decomposition of the domain. The
communication between blocks is handled via a layer of ghost cells
around each block. The velocity and pressure are coupled using the
Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) [31] in
which the governing equations are solved iteratively by first predicting
the velocity from the momentum equations and then correcting the
flow field via a pressure correction equation to fulfill continuity. The
convergence of the pressure-correction equation is accelerated using
a multigrid method and Odd/even pressure decoupling is avoided
using the Rhie–Chow interpolation scheme [32]. The convective terms
are here discretized with the third order accurate quadratic upstream

interpolation for convective kinematics (QUICK) scheme [33] using the
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Fig. 1. Sketch of the used stencil with definition of the used notation. Note that for
simplicity the sketch is in 2D.

deferred correction approach, whereas the viscous terms are discretized
using a central difference scheme.

In the present work we use the 𝑘−𝜔 SST turbulence model by Menter
[27] to model turbulence.

The advantage of the block-structured curvilinear discretization
used in EllipSys3D is that it allows utilizing very efficient low memory
solvers and at the same can handle complex flow domains. Although
one can obtain a clear advantage in terms of a reduced number of
cells by implementing the IBM in a Cartesian solver with local mesh
refinement capabilities there is still a wide range of flow problems
where we expect the combination of a body conforming grid and the
IBM to be superior. An example of this could be a wing/blade section
with add-ons (e.g. vortex generators or serrations) where only the
add-ons are modeled with the IBM.

2.1. Discrete governing equations

Readers are expected to be familiar with RANS and the 𝑘 − 𝜔
SST turbulence model so the starting point for the present work is
the discrete RANS equations, which can be expressed in the following
algebraic form:

𝐴𝑃𝜙𝑃 +
∑

𝑛𝑏
𝐴𝑛𝑏𝜙𝑛𝑏 = 𝑆 (1)

where 𝜙 represent either of the flow variables and standard compass
notation is used with subscript 𝑃 referring to the central node and
𝑛𝑏 = 𝐸,𝑊 ,𝑆,𝑁,𝐵, 𝑇 , referring to neighbor cells.

Fig. 1 shows a sketch of the used stencil. The faces of each con-
trol are denoted by lower-case letters according to their direction
(e,w,n,s,t,b). For simplicity the sketch is in 2D, i.e. the bottom-top
dimension is not shown.

The full expressions for the influence coefficients 𝐴 and source term
𝑆 for each of the governing equations are derived by Sørensen [30]
and will not be given here. However, since the implementation of the
boundary conditions for the IBM requires modifying these coefficients
and source terms, we will give a brief overall description of the relevant
terms. In the following we only consider steady state conditions but the
extension to unsteady flows is straight forward.

2.1.1. Momentum equations
In the case of the momentum equations 𝜙 represents either of the

three velocity components (𝑢, 𝑣,𝑤) and the following definitions are
used:

𝐴𝑛𝑏 =𝐴𝑑𝑛
𝑛𝑏 + 𝐴𝑐

𝑛𝑏

𝐴𝑃 = −
∑

𝑛𝑏
𝐴𝑛𝑏

𝑆 =𝑆− + 𝑆𝐹

𝑆𝐹 =𝐼𝑑𝑐𝑤 − 𝐼𝑑𝑐𝑒 + 𝐼𝑑𝑐𝑛 − 𝐼𝑑𝑐𝑠 + 𝐼𝑑𝑐𝑡 − 𝐼𝑑𝑐𝑏 (2)

Here 𝐴𝑑𝑛 and 𝐴𝑐 are the normal diffusion and convective coefficients,
respectively, and the source term 𝑆 is split into two terms: 𝑆 which
3

𝐹

is a source term composed of the cross-diffusive fluxes (𝐼𝑑𝑐𝑓 ) through
the six faces of the cell (𝑓 = 𝑒,𝑤, 𝑠, 𝑛, 𝑏, 𝑡), and 𝑆−, which contains the
remaining explicitly treated terms.

2.1.2. Pressure correction equation
The standard predictor corrector approach of the SIMPLE family of

methods is applied [34]. Based on the predicted velocity field from solv-
ing the momentum equations, the continuity equation is used to derive
a discrete pressure correction equation that will enforce continuity. The
details of the method will not be given here, but the essential mass
source term is given below:

𝑆 = 𝑆𝑚𝑎𝑠𝑠 = 𝐶𝑒 − 𝐶𝑤 + 𝐶𝑛 − 𝐶𝑠 + 𝐶𝑡 − 𝐶𝑏 (3)

where 𝐶𝑓 is the flux through cell face 𝑓 .

2.1.3. Turbulence transport equations
For the steady state turbulent kinetic energy equation 𝜙 = 𝑘 we have

𝐴𝑃 = −
∑

𝑛𝑏
𝐴𝑛𝑏 + 𝜌𝐽𝑃 𝛽∗𝜔𝑃

𝑆 =𝑆𝑃 + 𝑆− (4)

The influence coefficients are identical to those of the momentum equa-
tions except that the central coefficient 𝐴𝑃 includes an extra term due
to the implicit treatment of the dissipation term 𝜖 = 𝜌𝐽𝑃 𝛽∗𝜔𝑃 𝑘𝑃 , where
𝐽𝑃 is the volume of cell 𝑃 , 𝜌 is the density and 𝛽∗ = 0.09 is a constant.
For convenience the source term is split in two terms: 𝑆𝑃 representing
turbulent production and 𝑆− representing all the remaining explicitly
treated terms.

The present implementation of the IBM does not require further
elaboration of the influence coefficients and source terms in the discrete
𝜔-equation.

2.2. Boundary conditions

In the following we will describe how two typical types of boundary
conditions relevant to the present IBM are dealt with in EllipSys3D.

2.2.1. Dirichlet condition
In order to prescribe a given value at a boundary face we use a fully

implicit approach. Taking an east cell face as an example we first use
linear interpolation to express the ghost cell value (𝜙𝐸) in terms of the
known values at the boundary (𝜙𝑒) and in cell 𝑃 , i.e.:

𝜙𝐸 = 2𝜙𝑒 − 𝜙𝑃 (5)

Inserting this expression for 𝜙𝐸 into the finite volume equation, Eq. (1),
and rearranging yields the following modified coefficients and source
term in near boundary cells:

𝐴′
𝑃 = 𝐴𝑃 − 𝐴𝐸

𝑆′ = 𝑆 − 2𝐴𝐸𝜙𝑒

𝐴′
𝐸 = 0 (6)

and the unmentioned coefficients are unchanged.

2.2.2. Neumann condition
Consider again an east boundary face. To prescribe a given normal

gradient at this face (𝜕𝜙∕𝜕𝑛)𝑒 we use central differencing to estimate
the ghost value:
(

𝜕𝜙
𝜕𝑛

)

𝑒
=

𝜙𝐸 − 𝜙𝑃
𝑛𝐸 − 𝑛𝑃

⇔ 𝜙𝐸 =
(

𝜕𝜙
𝜕𝑛

)

𝑒

(

𝑛𝐸 − 𝑛𝑃
)

+ 𝜙𝑃 (7)

Inserting into Eq. (1) and rearranging yields the following modified
coefficients and source term in near boundary cells:

𝐴′ = 𝐴 + 𝐴
𝑃 𝑃 𝐸
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Fig. 2. Sketch of immersed boundary including key definitions.

𝑆′ = 𝑆 − 𝐴𝐸

(

𝜕𝜙
𝜕𝑛

)

𝑒

(

𝑛𝐸 − 𝑛𝑃
)

𝐴′
𝐸 = 0 (8)

and the unmentioned coefficients are left unchanged.

3. Immersed boundary method

The method proposed here for handling immersed boundaries is
similar to that presented by Tamaki et al. [19] with the main differ-
ences being that here we consider the incompressible RANS and use a
different turbulence model as described above.

3.1. Geometric representation of the immersed boundary

The immersed boundary (IB) is represented as sketched in Fig. 2. For
simplicity but without loss of generality the sketch is in two dimensions.
The IB is discretized into unstructured triangles, which together form
a watertight surface. A hole is cut in the grid along cell faces which
just enclose the immersed boundary. The cell faces defining the hole
are denoted hole faces (HFs) and together they form a closed surface.

The flow is only solved for in the cells that are outside of the hole,
while the boundary conditions are imposed at the HFs. The first layer
of cells inside the hole, i.e. the cells that are intersected by the IB, are
used as ghost cells for setting the boundary conditions at HFs in the
same way as it is done at external boundaries in the base solver.

The cells which are inside the hole are blanked out and thereby
effectively removed from the solution. In practice the hole cells are
identified via the Möller–Trumbore ray-triangle intersection algorithm
[35] and the blanking is achieved by modifying the discrete governing
equations for the cells inside the hole as follows:

𝐴𝑛𝑏 = 0, 𝐴𝑃 = 1, 𝑆 = 𝜙𝑃 (9)

For each HF a probe point (PP) is defined on a line which is perpendic-
ular to the IB and passes through the HF (see Fig. 2). The distance from
the IB to the PP is denoted 𝑛𝑃𝑃 and it is the same for all HFs. Typically,
𝑛𝑃𝑃 is set as low as possible while ensuring that no PP is located in a
cell with a HF.

3.2. Boundary layer approximation

Although, the present IBM for sufficiently fine grids could be used
with a simple no-slip wall condition, this is, as mentioned in the
introduction, unfeasible for high Reynolds numbers. To lower the re-
quirements for the grid near the IB, we therefore follow standard
practice and represent the near wall flow with a wall function. In this
work we will test two different wall functions: a standard logarithmic
law of the wall and a modification which assumes a linear near wall
velocity.
4

3.2.1. Standard method
The logarithmic law of the wall for a smooth surface reads:

𝑓
(

𝑛+
)

= 𝑢+ =

{

𝑛+ for 𝑛+ < 11.6
1∕𝜅 ln

(

𝐸𝑛+
)

for 𝑛+ ≥ 11.6
, 𝑛+ =

𝜌𝑢𝜏𝑛
𝜇

, 𝐸 = 9.0

(10)

where 𝑢+ = 𝑣𝑡∕𝑢𝜏 , 𝑢𝜏 =
√

𝜏𝑤∕𝜌 is the friction velocity, 𝜏𝑤 is the wall
shear stress, 𝑣𝑡 is the velocity parallel to the surface, 𝑛 is the distance
normal to the wall, 𝜌 is the density and 𝜅 = 0.41. The above wall
function is only strictly valid for boundary flows over flat surfaces with
negligible variation in the flow direction but will be used here as a
general boundary layer approximation. Under the same conditions, the
production of turbulent kinetic energy is closely in balance with the
dissipation. In the context of the 𝑘 − 𝜔 model this leads to:

𝜇𝑡

(

𝜕𝑣𝑡
𝜕𝑛

)2
= 𝜌𝛽∗𝑘𝜔 (11)

where 𝜇𝑡 is the eddy viscosity.
Utilizing that the shear stress in the vicinity of the wall is nearly

constant and equal to the wall shear stress 𝜏𝑤 = 𝜇𝑡𝜕𝑣𝑡∕𝜕𝑛 it can then be
shown that the following relations are valid in the logarithmic region:

𝜏𝑤
𝜕𝑣𝑡
𝜕𝑛

= 𝜌𝛽∗𝑘𝜔 (12)

𝑢𝜏 = 𝛽
1
4
∗ 𝑘

1
2 (13)

𝜏𝑤 = 𝜌𝑢2𝜏 = 𝜌𝛽
1
4
∗ 𝑘

1
2

𝑣𝑡
𝑓 (𝑛+)

= 𝜆𝑣𝑡, 𝜆 =
𝜌𝛽

1
4
∗ 𝑘

1
2

𝑓 (𝑛+)
(14)

𝜔 = 𝑘
1
2 𝛽

− 1
4

∗
𝜕𝑓
𝜕𝑛

(15)

The last equation follows from combining Eqs. (11) and (13) with the
definition of 𝜇𝑡 = 𝜌𝑘∕𝜔.

It should be emphasized that the wall function used here will lead
to serious modeling errors if a large part of the near wall flow is not
in equilibrium and therefore flows characterized by e.g. separation,
recirculation and reattachment will not be well represented by the
model.

As reviewed by Tamaki et al. [19] there exist a number of more
advanced wall models, which have been developed to also handle
boundary flows where the equilibrium balance is not satisfied. How-
ever, here we only use the simple wall model based on Eq. (10) because
this is the one that is available in the base solver and thereby we can
make a one-to-one comparison between simulations using a standard
body conforming grid and the IBM. Besides, it should be emphasized
that when wall functions are used in connection with the IBM or
cut-cell method, it is not only the accuracy of the model but also
the implementation strategy that governs its performance on a non-
conforming grid. As discussed by Tamaki et al. [19] there are issues
with lack of mass conservation near the IB and this cause the wall
models to underperform when applied in conjunction with the IBM. In
an attempt to overcome this issue, they presented a modification to the
wall model as described in the introduction. In the following we will
present a similar modification in the context of the 𝑘 − 𝜔 model.

3.2.2. Modified method
The modified wall function used here is similar to that proposed

by Capizzano [18] and Tamaki et al. [19]. The idea is to linearize the
inner part of the standard wall function via its first derivative at the PP
and thereby obtain the following modified wall function for the region
between the IB surface and the PP:

𝑓
(

𝑛+
)

=
𝜕𝑓
𝜕𝑛+

|

|

|

|𝑛𝑃𝑃

(

𝑛+ − 𝑛+𝑃𝑃
)

+ 𝑓 (𝑛𝑃𝑃 ) (16)

When using Eq. (16) we effectively set a slip condition at the IB but the
advantage is that the linear velocity profile can be resolved directly by
a second-order spatial discretization scheme.
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Fig. 3. Sketch of the local velocity profile with definition of used variables. The shaded
cells are blanked.

Eqs. (11)–(15) are still valid for the modified wall function except
that in this case 𝑓 should be replaced with 𝑓 . Note that in this case 𝜔
and hence also 𝜇𝑡 becomes constant below the PP.

3.3. Boundary conditions

In this section we describe how the boundary conditions for all
dependent variables are specified at hole faces. In the following we only
consider the standard wall function since the extension to the modified
wall function is straight forward by replacing 𝑓 with 𝑓 .

3.3.1. Velocity
To set the boundary conditions for the velocity at the hole face we

assume the logarithmic law of the wall to be valid in the region from
the IB to the PP and combine it with a non-penetrating condition at the
wall. A sketch of the local velocity profile is shown in Fig. 3.

Initially, 𝑢𝜏 is estimated from Eq. (10) using the velocity at the PP:

𝑢𝜏 = 𝑣𝑃𝑃 ,𝑡∕𝑓 (𝑛+𝑃𝑃 ) (17)

where the tangential velocity at the PP, 𝑣𝑃𝑃 ,𝑡 is determined using tri-
linear interpolation from the surrounding cells. Note that since 𝑛+
depends on 𝑢𝜏 it is necessary to solve Eq. (17) iteratively. The starting
point for this iterative procedure, is the converged value at the previous
iteration of the flow calculation, so the computation of the friction
velocity generally converges in very few iterations.

Having determined 𝑢𝜏 , the boundary condition for the velocity
parallel to the IB at the hole face is set via the logarithmic law of the
wall:

𝑣𝐻𝐹,𝑡 = 𝑢𝜏𝑓 (𝑛+𝐻𝐹 ), 𝑛+𝐻𝐹 = 𝜌
𝑢𝜏𝑛𝐻𝐹

𝜇
(18)

where 𝑛𝐻𝐹 is the distance from the HF to the IB.
The non-penetrating condition through the IB is imposed on the

normal velocity as follows:

𝑣𝐻𝐹,𝑛 = 𝑣𝑃𝑃 ,𝑛
𝑛𝐻𝐹
𝑛𝑃𝑃

(19)

3.3.2. Pressure
The pressure at HFs is set in two different ways. The first follows the

approach of Capizzano [18] and assumes the pressure to be constant
from the PP to the HF, i.e.

𝑝𝐻𝐹 = 𝑝𝑃𝑃 (20)

The second approach sets the pressure at HFs using second-order
extrapolation from the known values in the inner part of the domain.
This is the same approach as used by the base solver to set the pressure
on a standard wall boundary.

3.3.3. Pressure correction
The boundary condition for the pressure correction equation is zero

gradient at hole faces. This follows from the fact that at the time of
pressure correction the fluxes at all hole faces are known and therefore
no correction is needed at these faces.
5

3.3.4. Turbulence quantities
The boundary conditions for the turbulent kinetic energy is zero

gradient at hole faces combined with specifying the production and
dissipation in the near hole cell according to Eq. (12).

The 𝜔 equation is abandoned in near hole cells and the value is
instead fixed according to Eq. (15).

3.4. Implementation of boundary conditions at hole faces

The implementation of the boundary conditions for the IBM follows
the same steps as the implementation of the logarithmic law of the wall
on external boundaries in the base solver [30].

3.4.1. Momentum equations
The friction force exerted by the IB on the flow is determined

from Eq. (14) which connects the wall shear stress with the tangential
velocity in the near hole cell. In the general three-dimensional case
this friction force 𝐓 is a vector acting in the opposite direction to the
tangential velocity vector, i.e.

𝐓 = 𝜆𝐯𝑃 ,𝑡𝑆𝐻𝐹 (21)

where 𝐯𝑃 ,𝑡 is the velocity vector tangential to the IB in the near hole
cell center and 𝑆𝐻𝐹 is the area of the hole face.

The friction force on the HF is the component of 𝐓 which is parallel
to the HF and hence can be found as follows:

𝐓𝐻𝐹 = 𝐓 − 𝐧𝐻𝐹 (𝐧𝐻𝐹 ⋅ 𝐓) (22)

where 𝐧𝐻𝐹 is the unit vector normal to the HF.
In order to include the friction force in the momentum equations

we first express 𝐯𝑃 ,𝑡 in Eq. (21) via the total velocity 𝐯 and the velocity
normal to the IB, 𝐯𝑛,𝑃

𝐯𝑃 ,𝑡 = 𝐯𝑃 − 𝐯𝑛,𝑃 = 𝐯𝑃 − 𝐧𝐼𝐵(𝐧𝐼𝐵 ⋅ 𝐯𝑃 ) (23)

where 𝐧𝐼𝐵 is the unit vector normal to the IB.
By inserting Eq. (23) into Eq. (21) and then decomposing the friction

force due to the HF into Cartesian coordinates we get:

𝐓𝐻𝐹 = 𝜆𝑆𝐻𝐹

⎡

⎢

⎢

⎣

𝑐11 𝑐12 𝑐13
𝑐21 𝑐22 𝑐23
𝑐31 𝑐32 𝑐33

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑢𝑃
𝑣𝑃
𝑤𝑃

⎤

⎥

⎥

⎦

(24)

where 𝐯𝑃 = (𝑢𝑃 , 𝑣𝑃 , 𝑤𝑃 ) and

𝑐11 = (1 − 𝑛2𝐼𝐵,𝑥)(1 − 𝑛2𝐻𝐹,𝑥) + 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

+ 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

𝑐12 = −𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦(1 − 𝑛2𝐻𝐹,𝑥) − (1 − 𝑛2𝐼𝐵,𝑦)𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

+ 𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

𝑐13 = −𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧(1 − 𝑛2𝐻𝐹,𝑥) + 𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

− (1 − 𝑛2𝐼𝐵,𝑧)𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

𝑐21 = −𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦(1 − 𝑛2𝐻𝐹,𝑦) − (1 − 𝑛2𝐼𝐵,𝑥)𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

+ 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧

𝑐22 = (1 − 𝑛2𝐼𝐵,𝑦)(1 − 𝑛2𝐻𝐹,𝑦) + 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

+ 𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧

𝑐23 = −𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧(1 − 𝑛2𝐻𝐹,𝑦) + 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑦

− (1 − 𝑛2𝐼𝐵,𝑧)𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧

𝑐31 = −𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧(1 − 𝑛2𝐻𝐹,𝑧) − (1 − 𝑛2𝐼𝐵,𝑥)𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

+ 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧

𝑐32 = −𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧(1 − 𝑛2𝐻𝐹,𝑧) + 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑦𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

− (1 − 𝑛2𝐼𝐵,𝑦)𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧

𝑐33 = (1 − 𝑛2𝐼𝐵,𝑧)(1 − 𝑛2𝐻𝐹,𝑧) + 𝑛𝐼𝐵,𝑥𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑥𝑛𝐻𝐹,𝑧

+ 𝑛𝐼𝐵,𝑦𝑛𝐼𝐵,𝑧𝑛𝐻𝐹,𝑦𝑛𝐻𝐹,𝑧
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This friction force must then replace the normal and cross diffusive
fluxes at the HF, which arise from the standard discretization of the
momentum equations.

Besides introducing the friction force, the velocities at hole faces
must also fulfill the conditions given by Eqs. (18) and (19). Thus,
in addition to including the friction force, the discrete momentum
equations are also modified in accordance to a Dirichlet condition as
described in Section 2.2.1.

To illustrate how the discrete momentum equations are modified
in near hole cells, we will as an example consider the u-momentum
equation in a case where the HF is at an east face, i.e. 𝑢𝑒 = 𝑢𝐻𝐹 , where
𝑒 is the 𝑥-component of the velocity given by Eq. (18) and (19).

The diffusive fluxes 𝐼𝑑𝑒 = 𝐼𝑑𝑛𝑒 + 𝐼𝑑𝑐𝑒 are set explicitly to zero by
dding 𝐼𝑑𝑛𝑒 = 𝐴𝑑𝑛

𝐸 (𝑢𝐸 −𝑢𝑃 ) and 𝐼𝑑𝑐𝑒 to the right hand side of the original
inite volume equation, see Eq. (2). Thereafter, we insert the friction
orce given by Eq. (24) and use that 𝑢𝐸 = 2𝑢𝑒 − 𝑢𝑃 to get the following

modified equation:

𝐴′
𝑃 = 𝐴𝑃 − 𝐴𝐸 + 𝜆𝑆𝑒𝑐11 (25)

𝑆′ = 𝑆 − 𝜆𝑆𝑒
(

𝑐12𝑣𝑃 + 𝑐13𝑤𝑃
)

− 2𝐴𝐸𝑢𝑒 + 2𝐴𝑑𝑛
𝐸

(

𝑢𝑒 − 𝑢𝑃
)

+ 𝐼𝑑𝑐𝑒
𝐴′
𝐸 = 0

and the remaining terms are left unchanged. The modification of the v
and w momentum equations is straight forward and will not be given
here.

3.4.2. Pressure
As mentioned in Section 3.3, the pressure at a HF is either set equal

to the pressure at the PP or is extrapolated to the HF using second-order
extrapolation. For an east face the second approach yields:

𝑝𝑒 =
15
8
𝑝𝑃 − 10

8
𝑝𝑊 + 3

8
𝑝𝑊𝑊 (26)

3.4.3. Pressure correction equation
The zero gradient condition for the pressure correction is fulfilled

by modifying the pressure correction equation in near hole cells as
described in Section 2.2.2.

3.4.4. Turbulence quantities
As stated in Section 3.3, the boundary conditions for the turbulent

kinetic energy is a zero gradient at hole faces combined with a balance
of production and dissipation. To enforce the local equilibrium, we
need to compute the average production and dissipation in the near
hole cells.

The average production in a near hole cell is found by integrating
Eq. (12) over its volume 𝐽𝑃 :

𝑃 = 1
𝐽𝑃 ∫𝐽𝑃

𝜏𝑤
𝜕𝑣𝑡
𝜕𝑛

𝑑𝐽𝑃 (27)

y expressing the derivative 𝜕𝑣𝑡∕𝜕𝑛 as the divergence of the vector
𝑡𝐧𝐼𝐵 , we can use Gauss’ theorem to convert the volume integral into
surface integral:

̄ =
𝜏𝑤
𝐽𝑃 ∫𝑆

𝑣𝑡𝐧𝐼𝐵 ⋅ 𝐧𝑓𝑑𝑆 ≈
𝜏𝑤
𝐽𝑃

∑

𝑓
𝑣𝑓,𝑡𝐧𝐼𝐵 ⋅ 𝐧𝑓𝑆𝑓 (28)

here the sum is taken over the near hole cell’s six faces (𝑓 =
, 𝑒, 𝑠, 𝑛, 𝑏, 𝑡), 𝑣𝑓,𝑡 is the tangential velocity at face 𝑓 while 𝑆𝑓 and 𝐧𝑓
re the area and outward pointing unit normal vector, respectively of
ace 𝑓 .

The tangential velocity at the cell faces can be expressed in terms
f the tangential velocity at the cell center 𝑣𝑃 ,𝑡 via Eq. (10):

𝑓,𝑡 = 𝑣𝑃 ,𝑡
𝑓 (𝑛+𝑓 )

𝑓 (𝑛+𝑃 )
(29)

here the non-dimensional lengths 𝑛+𝑓 and 𝑛+𝑃 are computed using 𝑢𝜏
determined from Eq. (13) with 𝑘 evaluated at the center of the near
6

c

hole cell. Note that when using the modified wall function we simply
replace 𝑓 with 𝑓 in Eq. (29).

Inserting Eq. (29) into Eq. (28) yields

𝑃 = 𝜏𝑤𝛼𝑣𝑃 ,𝑡, 𝛼 = 1
𝐽𝑃 𝑓 (𝑛+𝑃 )

∑

𝑓
𝑓 (𝑛+𝑓 )𝑆𝑛,𝑓 (30)

where 𝑆𝑛,𝑓 = 𝐧𝐼𝐵 ⋅ 𝐧𝑓𝑆𝑓 is the projection of area 𝑆𝑓 in the direction
ormal to the IB.

The average dissipation in the near hole cell is found by integrating
he right hand side of Eq. (12) over the near hole cell volume:

̄ = 1
𝐽𝑃 ∫𝐽𝑃

𝜌𝛽∗𝑘𝜔𝑑𝐽𝑃 ≈ 1
𝐽𝑃 ∫𝐽𝑃

𝜌𝑘
3
2 𝛽

3
4
∗

𝑢𝜏

𝜕𝑣𝑡
𝜕𝑛

𝑑𝐽𝑃 (31)

where the manipulations follow from Eqs. (10) and (14), respectively.
By following the same steps as used for deriving the mean production
we then obtain:

̄ = 𝜌𝛼𝑘
3
2 𝛽

3
4
∗ 𝑓 (𝑛+𝑃 ) (32)

To enforce the above boundary conditions in the turbulent kinetic
energy equation we replace the production and dissipation terms with
the expressions given by Eqs. (30) and (31), respectively and combine
this with a zero gradient of 𝑘 at the hole face. Taking the east face as
an example, the discrete 𝑘 equation is thereby modified as follows:

𝐴′
𝑃 = 𝐴𝑃 − 𝜌𝛽∗𝜔𝑃 𝐽𝑃 + 𝜌𝛼𝑘

1
2
𝑃 𝛽

3
4
∗ 𝑓 (𝑛+𝑃 )𝐽𝑃 + 𝐴𝐸

𝑆′ = 𝑆 − 𝑆𝑃 + 𝑃𝐽𝑃

𝐴′
𝐸 = 0 (33)

The equation for 𝜔 is abandoned in near hole cells and the value
here is instead fixed by Eq. (15). In practice this is implemented by
modifying the discrete 𝜔 equation in the near hole cell 𝑃 as follows:

𝑆 = 𝐴𝑃
𝑘

1
2
𝑃

𝛽
1
4
∗ 𝜅𝑛𝑃

𝐴𝑛𝑏 = 0 (34)

where we have used that 𝜕𝑓∕𝜕𝑛 = 1∕(𝜅𝑛) in the logarithmic region.
When using the modified wall function one should instead use 𝜕𝑓∕𝜕𝑛 =
1∕(𝜅𝑛𝑃𝑃 ).

3.4.5. Mass flux correction
As mentioned in the introduction, continuity is not strictly fulfilled

through the closed ensemble of hole faces and this impedes full conver-
gence of the pressure correction equation. To overcome this problem
we apply an explicit correction of the mass fluxes through the HFs
before solving the pressure correction equation. In the present work
we test three different correction schemes.

In the first method the divergence error is distributed over the hole
according to the local cell face area. Thus, the mass flux through the
𝑖th HF is corrected as follows:

𝐶 ′
𝑖 = 𝐶𝑖 −

∑𝑁𝐻𝐹
𝑛 𝐶𝑛

∑𝑁𝐻𝐹
𝑛 𝑆𝑛

𝑆𝑖 (35)

here 𝑁𝐻𝐹 is the total number of faces on the hole and 𝑆𝑖 is the area
f the 𝑖th HF.

The second method is the same as used by Zahle [24] to correct the
lux on interface boundaries in their implementation of the overset grid
ethod. Here the error is distributed proportionally to the local flux:

′
𝑖 = 𝐶𝑖 −

∑𝑁𝐻𝐹
𝑛 𝐶𝑛

∑𝑁𝐻𝐹
𝑛 |𝐶𝑛|

|𝐶𝑖| (36)

he third approach is a generalization of the standard outlet scaling
erformed in EllipSys3D to fulfill global continuity. Here the domain
utlet is scaled so that it matches the total mass flux across inlet and
ole boundaries.

Unless stated otherwise, we will in the following use the third
orrection scheme.
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3.5. Treatment of hole faces in a multigrid environment

As mentioned in Section 2, EllipSys3D solves the pressure correction
using a multigrid method. In order to solve the flow consistently near
the hole faces one should represent the hole correctly by interpolating
to the hole face on all grid levels. However, here we only represent
the IB outside of the multigrid solver, since coupling on all grid lev-
els would require rewriting the entire existing multigrid solver. The
consequence of this simplification is that we probably obtain poorer
convergence rates than we would have using a consistent treatment on
all grid levels.

3.6. Integration of force on immersed boundary

The total force acting on the immersed boundary can be computed
in several different ways as reviewed by Manueco et al. [36]. Here we
follow the same approach as Tamaki and Imamura [37] and calculate
the force from the conservation of momentum for the control volume
formed by the closed hole face, i.e.

𝐅 = 𝐅𝑣𝑖𝑠𝑐 + 𝐅𝑝𝑟𝑒𝑠 − ∫𝑆
𝐯𝜌𝐯 ⋅ 𝐧𝑑𝑆 (37)

Here, the left hand side is the force working on the immersed bound-
ary, the first and second terms on the right hand side are the vis-
cous and pressure forces, which are calculated by integrating the wall
shear stress and pressure over the hole face, 𝑆, and the last term is
the momentum flux through the hole face. In the code, Eq. (37) is
approximated as follows:

𝐅 =
𝑁𝐻𝐹
∑

𝑖

(

𝐓𝑖 − 𝑝𝑖𝐧𝑖𝑆𝑖 − 𝐶 ′
𝑖 𝐯𝑖

)

(38)

where again 𝑁𝐻𝐹 is the number of cell faces on the hole and 𝑆𝑖 is the
area of the 𝑖th face on the hole.

In Eq. (38), 𝐓𝑖 is given by Eq. (22), 𝑝𝑖 by Eq. (20) or Eq. (26), 𝐯𝑖 by
combining Eqs. (18) and (19) and finally 𝐶 ′

𝑖 is determined as described
in Section 3.4.5.

Note that our estimate of the momentum flux contribution is differ-
ent from that used by Tamaki and Imamura [37]. They instead use the
uncorrected mass flux to estimate the momentum flux, i.e. 𝐶𝑖𝐯𝑖 and then
compensate for the lack of continuity by adding the term �̇�𝐕∞, where
�̇� is the global mass defect through the hole and 𝐕∞ is the free-stream
velocity.

Our estimate should be more accurate and is consistent with com-
puted flow field.

4. Numerical tests

In this section we apply our IBM for simulating the flow around
an extruded NACA 0012 airfoil section at a Reynolds number based
on chord length of 𝑅𝑒 = 6 ⋅ 106. A geometrically more complex case
is simulated in Appendix. The airfoil case is chosen here for three
reasons: (1) it is a very challenging case for a standard IBM because
of the thin turbulent boundary layer forming over the airfoil, (2) there
exist wind tunnel measurements for validation and (3) it is a case which
allows comparison between the IBM and simulations on a standard
body conforming mesh.

As mentioned in Section 3.3.2 we will test two different boundary
conditions for pressure. Besides this, we will test both the standard and
modified wall functions for smooth walls as described in Section 3.2.
The four tested versions of the IBM are denoted IBM1𝑠, IBM1𝑚, IBM2𝑠
and IBM2𝑚, respectively. Here subscript ‘‘1’’ is used when the boundary
conditions for pressure is set via the PP, i.e. Eq. (20) while subscript
‘‘2’’ is used when the pressure at the HF is set via second-order extrap-
olation cf. Eq. (26). The additional subscripts ‘‘s’’ and ‘‘m’’ are used to
distinguish between usage of the standard and modified wall functions,
respectively.
7

Fig. 4. Cross section of body conforming grid. The cells which are colored red are
blanked out. Not all cells are shown.

4.1. Verification

In order to verify the implementation of the IBMs, we perform
simulations on a body conforming grid and compare to the solution
obtained using the base solver on solid boundaries. Note that the solid
wall simulation presented here uses the same wall function as IBM1𝑠
and IBM2𝑠 and since the two approaches, except for the use of PPs in the
IBMs, are implemented in exactly the same way they should ideally give
identical results on the same grid. On the other hand the predictions
made by the two modified IBMs cannot necessarily be expected to be
identical to those of the solid wall simulations because they effectively
use a different wall function.

In order to construct a body-conforming grid for the IBM we gen-
erate a O-mesh around the airfoil using the hyperbolic grid generator
HypGrid2D [38] and fill the interior of the airfoil with cells using
Pointwise®.

The grid is shown in Fig. 4. It has 𝑁𝑐 = 256 cells in the chord-wise
direction (around the airfoil), 𝑁𝑛 = 128 cells in the normal direction
and 𝑁𝑠 = 16 cells in the span-wise direction. The height of the first cell
adjacent to the airfoil is 10−6𝑐, which ensures a maximum 𝑛+ below 1.
The outer boundary is placed 30𝑐 away from the airfoil and the grid is
extruded 10𝑐 in the span-wise direction. On the sides of the domain we
apply symmetry conditions.

The interior of the airfoil has 14 blocks of 163 cells. The height of
the first cell inside the airfoil is set equal to the height of the first cell
above, i.e. 10−6𝑐. The cells are then expanding towards the chord line
of the airfoil.

For the comparison we use 𝑛𝑃𝑃 = 5 ⋅ 10−7𝑐 for IBM2𝑠 and IBM2𝑚
so that the PP is in the center of the first cell adjacent to the surface
in order to resemble the solid wall simulation. For IBM1𝑠 and IBM1𝑚 it
turned out to be necessary to increase the distance to the PP to get
converged solutions so here we use 𝑛𝑃𝑃 = 10−6𝑐. It is not entirely
clear why the PP distance needs to be increased. The boundary layer
is attached and therefore a zero gradient of pressure in the normal
direction should be valid. However, part of the reason could be that
the zero gradient is not fully valid near the stagnation point.

Fig. 5 shows the chordwise distribution of pressure and skin friction
coefficients at an angle of attack of 𝛼 = 8◦. The predictions by
all methods, except for the skin friction predictions by IBM1𝑚, are
indistinguishable from each other. The reason for the deviations by
IBM1𝑚 is the larger 𝑛𝑃𝑃 , which cf. Eq. (15) reduces 𝜔 and thereby
increases 𝜇𝑡 near the boundary. Table 1 shows the corresponding lift
and drag coefficients predicted by the different methods. The table
underlines that all IBMs except for IBM1𝑚 makes predictions in near
perfect agreement with the equivalent solid wall simulation.

4.2. Mesh sensitivity

Having verified the implementation of the IBM we now perform
simulations on a non-conforming grid and test the sensitivity of the
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Fig. 5. Comparison of pressure and skin friction coefficient on a body conforming grid.
Table 1
Lift and drag coefficients predicted by the different methods on a body conforming
grid.

Method 𝐶𝑙 𝐶𝑑

IBM1𝑠 0.85402 0.012610
IBM2𝑠 0.85402 0.012610
IBM1𝑚 0.84863 0.013283
IBM2𝑚 0.85443 0.012557
Solid wall 0.85410 0.012604

Fig. 6. Cross section of non-conforming grid (g2). The airfoil surface is shown in red.

predictions to mesh resolution. The grid layout used for this study is
shown in Fig. 6. It consist of an inner Cartesian mesh of size 𝑐 × 0.12𝑐
inside which the airfoil is embedded, surrounded by an outer O-mesh
generated using HypGrid2D [38]. The outer boundary is placed 30𝑐
away from the box and again the grid is extruded 10𝑐 in the spanwise
direction to obtain a 3D grid. As in the verification above, we apply
symmetry conditions on the sides of the domain.

The number of cells in the inner box is 𝑁𝑥 ×𝑁𝑦, while the number
of cells from the box to the outer boundary is denoted by 𝑁𝑛. As in
the verification study we use 𝑁𝑠 = 16 uniformly spaced cells in the
span-wise direction.

The spacing of the cells adjacent to the inner box boundary is
denoted by 𝛥𝑚𝑖𝑛 and the cells are stretched away from this boundary.

Table 2 summarizes the layout of the grids used for the sensitivity
study. The present study covers a very wide range of resolutions:
Compared to the work of Tamaki et al. [19] the finest grid tested here
is comparable to their finest grid but our coarsest grid is 10 times
coarser than their coarsest grid. However, for a given resolution, they
use significantly fewer cells because they take advantage of a local
adaptive mesh refinement (AMR) technique.

Fig. 7 shows the pressure and skin friction coefficients at the HFs
predicted with different grid resolutions for each of the IBM implemen-
tations.

IBM1𝑠 and IBM1𝑚 predict the smoothest distributions but needs more
cells to capture the strong gradients near the leading edge. IBM2𝑠 and
IBM2𝑚 capture the suction peak better than IBM1𝑠 and IBM1𝑚 on coarse
grids but on the other hand causes more wiggles on the fine grids. Both
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Table 2
Parameters defining the grids used for the mesh sensitivity study.

Grid 𝑁𝑥 𝑁𝑦 𝑁𝑛 𝛥𝑚𝑖𝑛∕𝑐

g1 16 8 8 1.00 ⋅ 10−2

g2 32 16 8 5.00 ⋅ 10−3

g3 64 32 16 2.50 ⋅ 10−3

g4 128 64 32 1.25 ⋅ 10−3

g5 256 128 64 6.25 ⋅ 10−4

g6 512 256 128 3.13 ⋅ 10−4

g7 1024 512 128 1.56 ⋅ 10−4

methods predicts skin frictions which seem to converge towards the
body conforming simulation with grid refinement.

Fig. 8 shows the mesh sensitivity of the aerodynamic force coeffi-
cients. For IBM1𝑠 and IBM2𝑠 the lift converges towards the predictions
on the body conforming grid and in both cases the lift predicted on the
finest mesh is within approximately 1% of the body conforming case.
For the modified IBMs the lift seems to converge towards a slightly
lower value. Hence, on the finest grid the lift predicted by IBM1𝑚 and
IBM2𝑚 deviates by approximately 2% and 3%, respectively from the
body conforming case. The drag show slower grid convergence than
the lift and even on the finest grid the IBM predictions still deviate
significantly from that obtained on the body conforming grid. The best
agreement is obtained using IBM1𝑠 but even in this case, the drag is
over predicted by 22.7% on the finest grid. The mesh sensitivity shown
here is similar to that reported by Tamaki et al. [19].

4.3. Impact of mass flux correction scheme

To show the impact of the mass flux correction scheme we run
simulations with IBM2𝑠 at 𝛼 = 8◦ on grid g6. Fig. 9 compares the con-
vergence history of the normalized 𝐿1-norm of the pressure correction
equation residuals, 𝑅𝑝, with and without applying the mass correction
schemes.

When a mass correction scheme is not applied the simulation fails
to achieve deep convergence. In contrast the convergence is good (and
nearly independent of the chosen scheme) when a correction of the
mass flux is applied. It should be noted that we also find that the forces
are nearly independent of the mass correction scheme (the difference
is 0.05% for lift and 0.8% for drag).

It is noteworthy that the present implementation of the IBM has very
good iterative convergence properties. At least we obtain much better
iterative convergence than e.g. reported by Johnson et al. [13] who
found that their IBM fails at reducing the residuals for the momentum
equations by more than 5 orders of magnitude when simulating the
NACA 0012 airfoil at a Reynolds number of 1.8 ⋅ 106 on their finest
grid.
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Fig. 7. Chord-wise distribution of pressure and skin friction coefficients at HFs on different grids predicted using IBM1𝑠 (a,b), IBM2𝑠 (c,d), IBM1𝑚 and IBM2𝑚, respectively.
Fig. 8. Lift and drag coefficient predicted on different grids. The gray dash-dotted line shows the prediction on the body conforming grid.
.4. Validation

Fig. 10 compares the predicted lift curve and drag polar against the
ind tunnel measurements presented by Abbott and Doenhoff [39].
9

The predictions by the IBMs are obtained on grid g7 while the body

conforming grid simulations are done using the grid described in Sec-

tion 4.1. The numerical predictions of lift are in good agreement with
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Fig. 9. Normalized 𝐿1-norm of residuals of pressure correction equation with and
without applying mass flux correction.

the measurements up to stall, whereas significant deviations are ob-
served in the drag. In general IBM1𝑠 is in closer agreement to the body
conforming simulations than the other IBMs but the best agreement
with the measurements are obtained when using IBM2𝑚. In fact IBM2𝑚
resembles the measured polar even better than the simulations on a
body conforming grid. That is unexpected since the latter simulations,
as verified in Section 4.1, in principle represent the limit of a perfectly
resolved IBM and therefore we cannot conclude that IBM2𝑚 in general
will outperform the predictions on a body conforming grid. The reason
for the deviations between the measurements and the predictions on
the body conforming grid is the crude boundary layer approximation
inherent to using wall functions. This is evident from Fig. 11 which
shows the aerodynamic coefficients predicted on the body conforming
mesh from Section 4.1 when using standard no-slip wall boundary
conditions where the boundary layer is resolved rather than modeled
with a wall function. The plot includes predictions for both fully
turbulent and transitional flows where the latter is modeled using the
𝑒𝑁 method [40] with 𝑁 = 9. As seen, both sets of predictions agree
better with the measurements than when using a wall function and
the drag is especially well predicted when including the influence of
transition. This shows that before the IBM can be used as a reliable drag
predictive tool it is necessary to include a more accurate representation
of the boundary layer.

5. Conclusions

An immersed boundary method has been developed for the finite
volume discretized incompressible RANS equations using the 𝑘−𝜔 SST
turbulence model combined with a wall function for the near wall flow.
Two different wall functions has been tested: a standard logarithmic
law of the wall and a modified wall model with a linear near wall ve-
locity allowing a partial slip velocity at the IB. The boundary conditions
for the IBM are implemented in a largely implicit manner with a tight
coupling of the velocity and turbulence fields, which ensures a stable
method with better iterative convergence properties than reported by
earlier IBMs. The IBM applies an explicit correction of the mass flux
due to the non-conservative treatment of the velocities to allow deep
convergence of the pressure correction equation. Three different mass
flux correction schemes were tested and found to be equally effective
for establishing conservation of mass.

The IBM was shown to be very capable of handling complex geome-
tries through a number of simulations of a leafless tree and comparing
the results with both wind tunnel measurements and simulations from
the literature (see the Appendix).

However, the main focus of the present article was to verify and
validate the IBM by simulating a NACA 0012 airfoil at high Reynolds
number. Here, simulations on a body conforming grid with the same
10

wall function showed that the IBM was able to produce results in near
perfect agreement with the standard body conforming code and that the
method is fully valid on curve-linear meshes. On the other hand, when
applied on non-conforming grids, the IBM needed significantly more
cells to capture the lift and drag than on a body conforming grid. The
best agreement with the body conforming simulations was obtained
using IBM1𝑠, which on the finest tested grid predicted the lift and
drag at low to moderate angles of attack with an accuracy below 1%
and 23%, respectively. A comparison with wind tunnel measurements
revealed that the different implementations of the IBM could reproduce
the lift quite accurately but tend to over- or under-estimate drag
depending on, which wall function was used and how the boundary
condition for pressure was specified. The reason for the deviation in
drag was to some extent due to insufficient grid resolution but also a
consequence of the crude boundary layer approximation because even
when using the same wall function on a standard body conforming
grid, which represent the limit of a perfectly resolved IBM, then the
simulations still predicted significantly higher drag than obtained in the
measurements. Hence, we conclude that before the IBM can be used as
a reliable drag predictive tool for aerodynamically smooth surfaces, a
more accurate boundary layer model is needed, which ideally should
include the impact of transition. Thus, as long as the IBM is based on
a simple wall function, we recommend that the IBM should primarily
be used for flows where accurate force predictions are not essential or
where classical body-conforming meshing is impractical.
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Appendix. Simulations of a leafless tree

The purpose of this appendix is to show the performance of our IBM
on very complex geometries. Therefore, we use it for simulating the
flow past a leafless tree and compare with previous results obtained
from wind tunnel measurements and simulations using a forcing IBM
[14].

All details about the tree surface, wind tunnel measurements and
simulation setup are described by Troldborg et al. [14] so here we will
only give a very brief description.

The tree has a height of 𝐻 = 0.41 m and its surface is rough
ith a roughness height, which is estimated to 𝑛0 = 3 ⋅ 10−4 m. The
easurements were carried out at different wind conditions, which in

he following will be distinguished from each other by 𝑢0, where 𝑢0
denotes the free-stream velocity at a height of 0.74𝐻 (approximately
mid crown height).

In the following we will use the same numerical layout as used for
the RANS simulations presented by Troldborg et al. [14]. Thus, we use a
wall function for rough walls to represent the flow near the tree surface,
i.e.

+ ( )
𝑓 (𝑛) = 𝑢 = 1∕𝜅 ln 𝑛∕𝑛0 (A.1)
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Fig. 10. Comparison of simulated and measured aerodynamic coefficients.
Fig. 11. Comparison of measured and simulated aerodynamic coefficients where the simulations are conducted on a body conforming grid with and without using a wall function.
Fig. A.12. Contours of streamwise velocity in a vertical cross section through the stem
of the tree.

Furthermore, we use the same mesh: It is cubic with a side length
of 25𝐻 ,it has 𝑁 = 384 cells in each direction and the cells are
concentrated near the tree so that the grid spacing there is 𝛥 = 𝐻∕328.

The implementation of the rough wall function follows the exact
same steps as described in Section 3 for smooth walls. In the following
simulations we are using an implementation which is equivalent to the
𝐼𝐵𝑀1,𝑠 version (see Section 4).

To give a qualitative impression of the flow field Fig. A.12 shows
contours of the simulated streamwise velocity in a vertical cross section
through the stem of the tree.

The tree produces a complex wake, which is deepest in the stem
region but the individual wakes behind the smaller branches are also
clearly visible.

Next, we perform a grid sensitivity study by running a three-level
grid sequence. Fig. A.13 shows the drag force on the tree as a function
of 𝛥. As seen the drag converges well with grid refinement and by
performing Richardson extrapolation we find that the discretization
11
Fig. A.13. Drag as a function of number of cells per tree height.

Fig. A.14. Drag as a function of free-stream velocity at a height of 0.74𝐻 .

error on the finest grid is less than 0.5%. In comparison, Troldborg et al.
[14] reported that the error on the same grid was about 4%.

Fig. A.14 compares the measured and simulated drag force as a
function of 𝑢 . The figure also includes the predictions obtained with
0
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the forcing IBM by Troldborg et al. [14]. The agreement between the
simulations and measurements is good. At high wind speeds our IBM
predictions agrees better with the measurements than those obtained
using forcing IBM but at lower wind speeds the opposite is true.

However, it should be noted that Troldborg et al. [14] reported
quite significant uncertainties in the measurements both in terms of
establishing the inflow conditions and the surface roughness of the tree
and therefore we cannot expect to obtain perfect agreement. Never-
theless, the comparison shows that our IBM can handle very complex
geometries and also indicates that it is quite accurate for flow problems
governed by form drag.
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