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a b s t r a c t 

The Debye-Hückel theory is probably the most widely used option for counting the electrostatic forces 

in thermodynamic models. This work investigates the effects of the two most important parameters of 

the Debye-Hückel theory – the size parameters of ions and the relative static permittivity of the solution. 

Three different activity coefficient models are analyzed and compared for 14 salt systems in order to have 

a more complete picture of the capabilities and limitations of the Debye-Hückel theory. The three models 

are based on different assumptions for the two important parameters, but all with a self-potential term 

for the ion-solvent interactions. For the full version of the original Debye-Hückel theory, further analyses 

are made on the flexibilities of readjusting size parameters of ions and relative static permittivity. 

© 2022 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Electrolyte solutions play an important role in many areas of 

esearch and in industry [1–6] . There are many models available 

n describing various aspects of the thermodynamics of electrolyte 

olutions [6–25] . A specific term, e.g. originating either from the 

ebye-Hückel theory [26] or from the mean spherical approxima- 

ion theory [27 , 28] , is usually needed within these models to de-

cribe the electrostatic interactions. The Debye-Hückel theory is 

robably the most widely used choice for interactions between 

harged particles existing in systems found in chemistry, geology, 

ife science, medicine, biochemistry, pharmacy, material science, 

hysiology, and the corresponding engineering fields. Numerous 

tudies, focusing on different aspects of the Debye-Hückel theory, 

ave been presented during the past century [7 , 8 , 29–46] . 

Due to the fact that an electrolyte solution behaves very dif- 

erently from a non-electrolyte system, the Debye-Hückel theory 

as developed to describe the large non-ideality of the electrolyte 

olutions already at very low concentrations [26 , 47] . The appli- 

ation of the theory, however, had been limited to its simplified 

ersions, namely the extended Debye-Hückel theory [48] or the 

imiting law [2 , 26] . With the contributions of Mollerup and col- 

eagues [49 , 50] , the original full version of the Debye-Hückel the- 

ry has been growingly used in various models [12–16 , 18 , 24 , 25 , 51] .
∗ Corresponding authors at: Baoliang Peng, Xiaodong Liang. 
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s shown by Mollerup and colleagues [50] as well as Shilov and 

yashchenko [39] , the Debye-Hückel theory shall naturally con- 

ain a term called self-potential or self-energy, which is essentially 

quivalent to a contribution from the Born equation used in many 

hermodynamic models [46 , 50 , 52] . 

As pointed out in a recent review by Kontogeorgis et al. [4] , 

here are many unanswered questions regarding the Debye-Hückel 

heory, particularly when it is applied in the framework of an 

quation of state. Some of these questions have been considered 

n a recent study [14] . In order to answer some of the questions

sked in the review [4] , it is worth analyzing the parameters in the 

heory, in particular the size parameters used for describing both 

on-ion and ion-solvent interactions. The feasibility of this analysis 

as been shown in previous studies [18 , 39–42 , 46] , as the Debye-

ückel theory can be used to predict mean ionic and individual ion 

ctivity coefficients. However, an extensive and systematic analysis 

f the influence of the parameters used in the Debye-Hückel the- 

ry has not been presented in literature. Moreover, it would also 

e interesting to investigate the flexibility of the theory with re- 

pect to parameterization. 

It is important to emphasize from the beginning that it is not 

he purpose of this work to propose a new complete model. In- 

tead, this is a parametric analysis of the Debye-Hückel theory in 

arious forms, with the purpose to investigate the capabilities and 

imitations of the theory under some well-defined conditions and 

 number of specific boundary conditions, such as all calculations 

re made at 25 °C and only for mean ionic and individual ion activ- 

ty coefficients. 
under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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The remaining sections of this work are organized as following: 

rst, three different activity coefficient models corresponding to 

ifferent assum ptions will be presented. Second, the Debye-Hückel 

heory will be evaluated using different combinations of size pa- 

ameters of ions from literature together with correlations of ex- 

erimental relative static permittivity. Next, the applicability of the 

heory will be investigated when adjusting either correlations of 

elative static permittivity or size parameters of ions over the en- 

ire range of available experimental data. Finally, the performance 

f the theory will be evaluated in the range of relatively low con- 

entrations in order to see the possibility of using individual ion 

ize parameters. We end with our conclusions. 

. Theory 

By assuming the linearized Poisson-Boltzmann equation appli- 

able to electrolyte solutions, Debye and Hückel derived the ac- 

ivity coefficient model without distinguishing Gibbs or Helmholtz 

nergy functions [26 , 47] . The derivation logic of the three mod- 

ls which will be analyzed in this work is illustrated in Fig. 1 ,

hile the detailed derivation and equations of these models can 

e found in our previous study [46] . The model DHFULL represents 

he full version of the original Debye-Hückel theory including the 

elf-potential term, describing the interaction of an ion with its 

nvironment, which Debye and Hückel did not consider in their 

riginal paper [26] . The model EDH has the same mathematical 

xpression of the equation derived by Debye [48] plus the self- 

otential term. As shown in Fig. 1 , the difference between DHFULL 

nd EDH in terms of equations is whether the derivative of rela- 

ive static permittivity with respect to the number of moles of ions 

s included or not. EDH may be physically more consistent with 

he theory since a constant relative static permittivity is assumed 

hen deriving the Helmholtz energy model. The model EDH2015 

as developed by Shilov and Lyashchenko in 2015 [39] with a 

oncentration dependent relative static permittivity already in the 

ath to the Helmholtz energy model, an aspect which makes this 

odel physically more consistent than the approaches followed in 

HFULL. It shall be emphasized, however, that DHFULL still rep- 

esents a thermodynamically consistent approach. In order to an- 

lyze the similarities and differences of these models, concentra- 

ion dependent relative static permittivity is used in all calcula- 

ions. The parameters of all three models are the same – a model 

f relative static permittivity, where correlations of experimental 

ata are used in this work, and the size parameters of ions re- 

pectively in the ion-ion interaction term (denoted by DH ) and the 

on-solvent interaction term (denoted by self ). These parameters are 

ighlighted with (blue) underlines in Fig. 1 . 

. Results and discussion 

.1. Relative static permittivity and size parameters of ions from 

iterature 

As seen from the Theory section, the information of relative 

tatic permittivity is needed in the models to predict the activ- 

ty coefficients. In this work, correlations of experimental relative 

tatic permittivity versus concentration are used for the predic- 

ion calculations. Some examples are given in Fig. 2 and the de- 

ailed correlations are listed in Table S1 in Supporting Information. 

t is worth mentioning that the density correlations from Novotny 

nd Sohnel [53] are used for the conversion between molarity and 

olality. It can be seen from Fig. 2 that the experimental rela- 

ive static permittivity decreases as the concentration of salt in- 

reases, and obvious differences can be observed among different 

alts at the same molality. For instance, LaCl (with 4 ions) has the 
3 

2 
ost significant influence on the relative static permittivity, fol- 

owed by the salts that consist of 3 ions (Na 2 SO 4 , CaCl 2 ), which

how a stronger effect on the relative static permittivity than the 

:1 salts. This is mainly because of the number of ions at the same 

olality. In the meanwhile, it can also be found that the order of 

he effects of the 1:1 Chloride salts on the relative static permit- 

ivity follows: LiCl > NaCl > CsCl. It is worth noticing that the size 

f the three cations is reversed: Cs + > Na + > Li + (as graphically 

hown in Fig. 3 ). This indicates, in the case of the same Chloride

nion (Cl −), that the smaller the size of the cation, the greater the 

nfluence on the relative static permittivity. Similarly, for the ion 

ize Li + < K 

+ , LiBr has a more significant effect on the relative

tatic permittivity than KBr. In the case of the same cation (LiCl, 

iBr), the larger anion (Br −) has a slightly more significant effect 

han the smaller anion (Cl −), presumably due to larger solvation of 

he larger anion. However, it could be pointed out that more ex- 

erimental relative static permittivity data are still needed, if the 

ariety of the salt types as well as the system conditions are to be 

ore systematically investigated. 

Besides relative static permittivity, two size parameters are 

eeded, one for the ion-ion interaction in the DH term, which is 

sually called the distance of closest approach, and a second one 

or the ion-solvent interaction in the self-potential term, some- 

imes called the Born radius. Following previous studies [18 , 46 , 57] ,

he Pauling radii and the Born radii are used in the DH term and 

he self-potential term, respectively, for prediction calculations. The 

ize parameters are shown graphically in Fig. 3 , from which it can 

e known that anions usually have larger size parameters than 

ations, with one exception, the Fluoride ion (F −). It is also readily 

een that the Pauling radius and the Born radius follow the same 

rend, except for the Lanthanium ion (La 3 + ) and Fluoride ions (F −). 

orth noticing also that the Fluoride ions (F −) has the lowest Paul- 

ng and Born radii among all anions studied in this work. More- 

ver, the Born radius is larger than the Pauling radius in all cases 

cations and anions). All of the ion size parameters are taken from 

oda and co-workers [57 , 59] except SO 4 
2 −, which is from Maribo- 

ogensen et al. [16] 

.2. Different choices for size parameters of ions in the theory 

Table 1 lists four choices of how to use size parameters of ions 

n the Debye-Hückel theory, which are investigated in this work. 

or the first three choices, the same average value is used for both 

ation and anion for the distance of closest approach in the DH 

erm, and it is an addition of the Pauling radii of cation and anion. 

n the first choice (ISP-1), half of the distance of closest approach 

s used for both ions in the self-potential term, which means that 

ssentially the same size parameter is used in both the DH and 

elf-potential terms, while the average Born radii and individual 

orn radius are respectively used in the self-potential term in the 

econd (ISP-2) and third (ISP-3) choices. Individual size parameters 

re used for both terms in the fourth choice (ISP-4). 

The performance is evaluated by the average relative absolute 

eviation (AAD), defined by 

AD % = 

1 

N 

N ∑ 

i =1 

∣∣∣ x i 
y i 

− 1 

∣∣∣ × 100% (1) 

here x i could be calculated (cation, anion or mean ionic) activity 

oefficients and y i could be the corresponding experimental data. 

 i could also be calculated values, for which it is explained in the 

ext where it is used. 

The average AAD is simply given by 

verage AAD% = 

∑ 

AAD% 

Number of AAD% ( = number of salts ) 
(2) 
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Fig. 1. Illustration of the derivations of activity coefficient models DHFULL, EDH and EDH2015. DHFULL represents the full version of the original Debye-Hückel theory 

including the self-potential (Born) term, EDH has the same mathematical expression as the one derived by Debye [48] plus the self-potential (Born) term, and EDH2015 

represents the same theory derived by Shilov and Lyashchenko in 2015 [39] . ‘A’ and ‘ γ ’ represent Helmholtz energy and activity coefficient, respectively. The detailed 

derivation procedures could be found in literature [39 , 46 , 50] . 

Table 1 

Different choices of ion size parameters in the Debye-Hückel theory 

Name 

Equation for d j in 

the DH term 

Equation of R j in the 

self-potential term Comments 

ISP-1 d j = 

d + + d −
2 

R j = 

d j 
2 

Addition of Pauling radii for both ions in the DH term, and average Pauling radii for both ions in the 

self-potential term 

ISP-2 d j = 

d + + d −
2 

R j = 

R + + R −
2 

Addition of Pauling radii for both ions in the DH term, and average Born radii for both ions in the 

self-potential term 

ISP-3 d j = 

d + + d −
2 

R j = R + 
R j = R −

Addition of Pauling radii for both ions in the DH term, and individual Born radii in the self-potential term 

ISP-4 d j = d + 
d j = d −

R j = R + 
R j = R −

Individual Pauling radii in the DH term and individual Born radii in the self-potential term 

3 
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Table 2 

Average AAD of mean ionic and individual ion activity coefficients from the three models with different choices of ion size parameters ∗

Type EDH2015 EDH DHFULL 

ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 

Cation 4e6 32.7 75.7 22.5 4e6 32.7 126 22.3 1e30 8e11 8e13 3e8 

Anion 178 33.4 24.2 44.9 178 33.4 19.7 39.7 1e4 285 162 300 

Salt 225 19.6 16.5 21.8 225 19.6 16.5 21.8 4e9 4e3 1e4 493 

Average AAD without LaCl 3 

ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 

Cation 55.1 17.1 14.2 17.7 55.1 17.1 15.6 17.4 3e8 117 4e4 25.2 

Anion 182 34.5 24.6 47.0 182 34.5 20.3 41.0 1e4 272 137 296 

Salt 171 19.3 15.6 21.8 171 19.3 15.6 21.8 1e6 125 811 72.0 

∗ Values in Bold are the lowest average AAD for each model (among different size parameter choices) 

Fig. 2. Correlated relative static permittivity for selected solutions versus concen- 

tration [18 , 52 , 54–59] . The detailed correlations are listed in Table S1 in Supporting 

Information. 

Fig. 3. Size parameters from literature [16 , 57 , 59] of relevant ions in this work, 

where cations are denoted by (red) solid cycles, and anions are represented by 

(blue) dash cycles. 
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The AAD results of mean ionic and individual ion activity coeffi- 

ients from the three models with different choices of ion size pa- 

ameters are listed in Table S2 in Supporting Information, together 

ith the range of molality, and the average AAD values are sum- 

arized in Table 2 . The experimental data are taken from litera- 

ure [60–69] and details on which reference for which data could 

e found in Table S2 in Supporting Information. 
4 
It can be readily seen from these tables that EDH and EDH2015 

ave the same AAD for individual ion activity coefficients with 

hoices ISP-1 and ISP-2, and the same AAD for mean ionic activ- 

ty coefficients with all choices. This has been shown numerically 

n our previous work [46] , and it has also been proved mathemat- 

cally by Shilov and Lyashchenko [70] . However, these two models 

how somewhat different results for individual ion activity coef- 

cients with ISP-3 and ISP-4, while the differences are practically 

mall, also depending on the size parameters of cation and anion. 

With the first choice ISP-1, all models give much larger over- 

ll average deviations compared with the other choices as seen in 

able 2 , but EDH or EDH2015 with ISP-1 can still have a reason- 

bly satisfactory performance for about 20-30% systems, as shown 

n Table S2 in Supporting Information. 

It is found that the experimental mean ionic activity coefficients 

f LaCl 3 and the individual ion activity coefficients of La 3 + in LaCl 3 
re very small, close to zero, so that this system significantly af- 

ects the average deviations, as shown in Table 2 . If this system is 

xcluded from the evaluation, EDH and EDH2015 present surpris- 

ngly good performances with ISP-2, ISP-3, and ISP-4. This might 

e because the experimental relative static permittivity reflects the 

hort-range interactions to some extent, and it could also be be- 

ause some contributions from short-range interactions are can- 

elled out. Moreover, the use of Born radius in the self-potential 

erm, mainly counting for the ion-water interactions and the sol- 

ation of the ions, may have extended the predicative ability of the 

heory [46] , because it was fitted to the experimental Gibbs energy 

f solvation [16 , 57 , 59] . It can be concluded that, to some extent,

ith the third choice ISP-3 EDH and EDH2015 present overall the 

est results, while with both ISP-2 and ISP-4 they can give quite 

easonable performance. It is also interesting to note that EDH and 

DH2015 predict the activity coefficients of cations and salts more 

ccurately than those of anions if LaCl 3 is not considered. With 

espect to DHFULL, with ISP-4, it presents the best performance 

or the mean ionic and cation activity coefficients, and with ISP- 

 for anion activity coefficients. Overall, however, the performance 

f DHFULL is much worse with all choices compared to EDH and 

DH2015. 

Fig. 4 presents examples of predicting mean ionic activity co- 

fficients from EDH2015 and DHFULL with choices ISP-3 and ISP-4 

or NaBr, NaF, Na 2 SO 4 and MgCl 2 , covering various types of salt 

ystems. It is worth mentioning that the plotted mean ionic ac- 

ivity coefficients are molality based, which has the following re- 

ationship with the rational ‘unsymmetrical’ activity coefficients 

2] 

n γi,m 

= ln γi + ln x w 

= 

[ 

1 

RT 

(
∂ A 

el 

∂ n i 

)
T,V, n j 

| m 

− 1 

RT 

(
∂ A 

el 

∂ n i 

)
T,V, n j 

| 0 
] 

+ ln x w 

(3) 
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Fig. 4. Mean ionic activity coefficients of (a) NaBr, (b) NaF, (c) Na 2 SO 4 and (d) 

MgCl 2 from EDH2015 and DHFULL with ISP-3 and ISP-4. Experimental data are from 

literature [65–68] . 

Table 3 

The relative importance of different terms of the DHFULL model 

AAD of the difference between 

Type 

EDH and DHFULL AAD of the 

ln Z/ Z 0 term 

ISP-1 ISP-2 ISP-3 ISP-4 

Cation 31.8 24.5 25.3 24.9 1.48 

Anion 33.4 24.0 25.1 24.2 1.89 

Salt 36.5 27.8 29.0 28.1 2.85 
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5 
here γi,m 

and γi are molality and rational ‘unsymmetrical’ activ- 

ty coefficients, respectively, and x w 

is the mole fraction of water. 

Different performances can be seen for both EDH2105 and DH- 

ULL with choices ISP-3 and ISP-4 for different systems. On one 

and, it is hard to tell whether ISP-3 or ISP-4 gives larger or 

maller predictions than the other choice. The biggest difference 

f these two choices is found for the system MgCl 2 in Fig. 4 (d),

hile it is interesting to notice that the difference of size parame- 

ers of the cation (Mg 2 + ) and the anion (Cl −) is not that different

rom those of NaBr and Na 2 SO 4 , as known from Fig. 3 . It could

e concluded that, on the other hand, the difference of ISP-3 and 

SP-4 is generally smaller than the difference of DHFULL and EDH 

EDH2015). 

As known from Fig. 1 , the difference of DHFULL and EDH is 

rom the second term of the right-hand side in the following equa- 

ion [46] , 

∂ A 

el 

∂ n i 

)
T,V, n j 

= 

(
∂ A 

el 

∂ n i 

)
T,V, n j , ε r 

+ 

(
∂ A 

el 

∂ ε r 

)(
∂ ε r 
∂ n i 

)
T,V, n j 

(4) 

Fig. 4 shows that DHFULL predicts larger mean ionic activity co- 

fficients than EDH2015, and the differences are not small, which 

eans that the contribution from the derivative of relative static 

ermittivity with respect to concentration in DHFULL is positive 

nd significant. The significance of this term is evaluated by cal- 

ulating the AAD between EDH and DHFULL, that is, x i and y i in 

quation (1) for the calculated values from EDH and DHFULL, re- 

pectively. These “difference AAD” values are listed in Table S3 in 

upporting Information and the average AAD values are summa- 

ized in Table 3 . It can be seen that the contribution from the ex-

licit derivatives of relative static permittivity in DHFULL is about 

5-35% on average, while it could vary from 6% to 70% from system 

o system (seen from Table S3 in Supporting Information). 

Figs. 5-8 present examples of predicting individual ion activ- 

ty coefficients from EDH2015 and DHFULL with ISP-3 and ISP-4. 

DH2015 gives a better prediction than DHFULL for all individual 

on activity coefficients in these examples except the cation activ- 

ty coefficient in NaCl (Na + ). Moreover, in general EDH2015 pre- 

icts the anion activity coefficients more accurately. These results 

re also reflected by the average AAD values from Table 2 . At a

loser look, it can be seen from Fig. 5 that both EDH2015 and 

HFULL with ISP-4 predict the individual ion activity coefficients 

f the NaCl aqueous solution qualitatively wrong, that is, the pre- 

icted anion activity coefficients are larger than the cation activity 

oefficients, which is opposite from the experimental data. How- 

ver, both models with ISP-3 present the same qualitatively wrong 

ehavior for the KCl aqueous solution, as shown in Fig. 6 . The 

ame behavior has also been more or less observed with these two 

hoices for other 1:1 salts containing Na + and K 

+ , as listed in Table 

4 in Supporting Information, which collects the qualitative behav- 

or of predictions from both EDH2015 and DHFULL for all salts. The 

omparison of ‘higher’ and ‘lower’ goes up to the cross point if the 

ndividual ion activity coefficients cross each other. This gives dif- 

culty in determining which choice shall be the most correct one 

rom the qualitative point of view. As shown in Fig. 7 , Fig. 8 and

able S4 in Supporting Information, both models with both choices 
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Fig. 5. Individual ion activity coefficients of NaCl from (a) EDH2015 and (b) DHFULL 

with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [60] 
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Fig. 6. Individual ion activity coefficients of KCl from (a) EDH2015 and (b) DHFULL 

with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [60] 
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f ion size parameters are able to predict the individual ion activ- 

ty coefficients qualitatively correct for non 1:1 salt systems, while 

DH2015 presents a quantitatively more correct picture. 

.3. (T, V, n) versus (T, P, n) 

In the evaluations presented above, the difference between (T, 

, n) and (T, P, n) has not been considered, that is, the fact that

he activity coefficients are predicted at constant temperature and 

olume, while the data are typically measured at constant temper- 

ture and pressure. If we assume that the electrostatic Helmholtz 

nergy represents the total deviation from an ideal gas, we have 

rom the basic thermodynamic relationship (activity coefficients 

nd fugacity coefficients), 

n γi ( T , P, n ) = 

[ 

1 

RT 

(
∂ A 

el 

∂ n i 

)
T,V, n j 

− ln Z 

] 

| m 

−
[ 

1 

RT 

(
∂ A 

el 

∂ n i 

)
T,V, n j 

− ln Z 

] 

| 0 

= ln γi ( T , V, n ) − ( ln Z m 

− ln Z 0 ) (5) 
6 
here γi is the rational ‘unsymmetric’ activity coefficient of ion i 

t molality m mol/kg H 2 O under different conditions, and Z is the 

ompressibility factor. 

With the density known, for example from the correlations 

rom Novotny and Sohnel [53] used in this work, the compress- 

bility factors can be calculated for a given molality. We assume 

hat the system of m mol/kg H 2 O contains m moles of salt and 1

g of water. The AAD of the contribution from ( ln Z m 

− ln Z 0 ) is cal- 

ulated using equation (1) with x i and y i for the predicted values 

rom equation (5) and DHFULL, respectively. The ‘difference AAD’ 

alues are listed in Table S3 in Supporting Information and the av- 

rage values are summarized in Table 3 . The overall average AAD 

s around 2-3%, while the contribution for individual systems could 

ary from 0% to 13% depending on the type of activity coefficients 

nd systems. This is to some extent consistent with what was re- 

orted by Shilov and Lyashchenko [39] and Myers et al. [71] , and 

t also indicates that it could be reasonably correct not to take 

ompressibility (density/pressure change) into account when the 

ebye-Hückel theory is used for calculating activity coefficients. 

.4. Possibility with parameters readjusted in DHFULL 

The results and discussion presented so far are regarding di- 

ect predictions, that is, the model parameters are taken from lit- 
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Fig. 7. Individual ion activity coefficients of K 2 SO 4 from (a) EDH2015 and (b) DH- 

FULL with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [61] 
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Fig. 8. Individual ion activity coefficients of CaCl 2 from (a) EDH2015 and (b) DH- 

FULL with ISP-3 and ISP-4. Experimental data are from literature [61 , 62] . 
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rature. As shown in Table S2 of Supporting Information, none of 

he AAD of mean ionic activity coefficients from DHFULL with ISP- 

 is lower than 10%. It was investigated how this approach (DH- 

ULL + ISP-4) performs by adjusting the distance of closest ap- 

roach for individual ions, while the Born radius and the corre- 

ation of relative static permittivity are kept the same. As reported 

n Table S5 of Supporting Information, on one hand, it is possi- 

le to bring the individual AAD to be lower than 10% for 10 out 

4 systems and the average AAD being 10%. On the other hand, 

he values of the distance of closest approach are in the region 

etween 1.38 Å and 1.98 Å, thus quite different from the Pauling 

adii shown in Fig. 3 and they are also compared in Table S5 of

upporting Information. 

Next, the effects of adjusting relative static permittivity while 

eeping the size parameters unchanged have been investigated. 

he correlations fitted to mean ionic activity coefficients from DH- 

ULL with ISP-4 are presented in Table S6 in Supporting Informa- 

ion together with the corresponding AAD. It can be seen that a 

wo-parameter correlation can render the AAD lower than 10% for 

lmost all systems except for MgCl 2 and LaCl 3 , for which a three- 

arameter correlation can result to the AAD lower than 5%. The 

tted correlations and the differences between literature and fit- 

ed correlations are respectively plotted in Fig. 9 (a) and Fig. 9 (b). 
7 
t can be concluded that, for DHFULL with ISP-4, a much weaker 

oncentration dependence is required in order to have a better 

rediction of mean ionic activity coefficient, which is consistent 

ith the analysis given in Section 3.2 . For some systems (such as 

sCl and Na 2 SO 4 ), the relative static permittivity which would re- 

roduce the experimental mean ionic activity coefficients could be 

lose to that of pure water. 

An example is given in Fig. 10 in order to demonstrate that the 

ontributions of both DH and self-potential terms are reduced with 

he fitted correlations. It can be seen from Fig. 9 (b) that the dif- 

erence of literature and fitted relative static permittivity is less 

han 5, while the AAD of the mean ionic activity coefficients can 

e reduced from 21% to 1%. Moreover, the reduction is more sig- 

ificant for the self-potential term than for the DH term. This in- 

estigation might contribute to the discussion whether the experi- 

ental relative static permittivity or only a part of it shall be used 

n the Debye-Hückel theory [4 , 16] . It is interesting to notice from 

ig. 10 that the magnitude of the DH term and the self-potential 

erm appear to be comparable (similar order of magnitude) and in 

pposite directions (negative for the DH term and positive for the 

elf-potential term for the mean ionic activity coefficients), which 

ehavior has been extensively discussed in literature [18 , 72 , 73] . 
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Fig. 9. (a) Relative static permittivity fitted to mean ionic activity coefficients from 

DHFULL with ISP-4; (b) the difference between fitted relative static permittivity 

from that of literature ( Fig. 1 ). 

Fig. 10. Mean ionic activity coefficients of LiBr, together with the separate contri- 

bution of the DH and self-potential terms, from DHFULL with ISP-4 using literature 

and fitted correlations of relative static permittivity. Experimental data are from 

CERE DTU Electrolyte Database [65] . 
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8 
.5. The theory in low concentration region 

Investigations on many aspects of the Debye-Hückel theory 

n modelling activity coefficients have been presented over wide 

ange of concentrations in the previous sections. As emphasized 

bove and in literature [46 , 50] , however, the Debye-Hückel theory 

epresents only the electrostatic contribution to the total ‘excess’ 

or ‘residual’ depending on the reference state) Helmholtz energy. 

hen the solution gets concentrated, terms that describe other 

ype of molecular interactions should also be taken into account, 

uch as volume exclusion (e.g. hard sphere), dispersion, association, 

tc. It is believed that, however, the Debye-Hückel theory could be 

uccessfully applied for predicting activity coefficients of low con- 

entration electrolyte solutions for most systems, where the elec- 

rostatic forces dominate the excess Helmholtz energy. In this sec- 

ion we consider the concentration region with m ≤ 0 . 2 mol/kg 

 2 O for all systems. While this is not extremely dilute, we be- 

ieve that an investigation of the models at this region will illus- 

rate the capabilities and limitations of the Debye-Hückel theory, 

s it is slightly higher than the region often considered as its typi- 

al application range (0.1 mol/kg H 2 O) [2] . 

The AAD values from the three models with all choices of ion 

ize parameters are listed in Table S7 of Supporting Information 

nd the average AAD values are summarized in Table 4 . In general 

erms, all models perform very satisfactorily as seen from the devi- 

tions, judging from the overall low deviations seen, especially for 

he mean ionic activity coefficients. 

It is moreover known that EDH2015 and EDH perform very sim- 

larly with all four choices and identical for the mean ionic activ- 

ty coefficients. DHFULL with ISP-1 has a worse performance, but 

t still gives acceptable description for mean ionic activity coef- 

cients though with twice as high error, compared to the other 

hree choices. The results from this investigation imply, on one 

and, that ISP-1 could be used for EDH and EDH2015 when they 

re integrated with other terms to form a more complete thermo- 

ynamic model, if a minimum number of ion size parameters is 

imed. On the other hand, it is possible to use individual ion size 

arameters for DHFULL when it is integrated into a more complete 

hermodynamic model, such as an equation of state. Such a com- 

lete model may be able to yield an overall correct balance among 

ifferent terms from different inter-particle interactions [18 , 72 , 73] , 

ven though the individual ion activity coefficients of some sys- 

ems might not be necessarily getting described qualitatively cor- 

ect, as discussed above. 

Fig. 11 presents examples of the predictions of mean ionic ac- 

ivity coefficients from EDH2015 and DHFULL with ISP-3 and ISP-4 

or the systems (a) CsCl, (b) Na 2 SO 4 , (c) CaCl 2 and (d) LaCl 3 in the

ow concentration region ( m ≤ 0 . 2 mol/kg H 2 O). It can be readily

bserved that EDH2015 or DHFULL could perform better in some 

ases, while worse in some other cases, but the results from both 

odels are quite satisfactory if we take it into account that these 

re pure predictions. 

.6. Some final comments 

All the forms of the Debye-Hückel theory presented here con- 

ain a self-potential (Born-type) term but no additional terms for 

hysical and association interactions. Thus, none of the models 

resented here should be considered as “complete” electrolyte 

hermodynamic models. The models evaluated here contain only 

ize parameters, but no explicit energy parameters. Thus, all ion- 

on interactions are obtained directly from the Debye-Hückel the- 

ry without use of any energy interactions for ion-ion and ion- 

olvent interactions, which are “must” parameters in more com- 

lete electrolyte models including both equations of state and ac- 

ivity coefficient models. Deviations at higher concentrations may 
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Table 4 

Average AAD of mean and individual ion activity coefficients from the three models with different choices of ion size parameters for the data m ≤ 0 . 2 mol/kg H 2 O 
∗

Type EDH2015 EDH DHFULL 

ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 

Cation 4.91 8.00 7.48 9.82 4.91 8.00 7.32 9.71 32.3 4.97 5.62 6.75 

Anion 6.31 4.31 3.94 5.88 6.31 4.31 3.76 5.60 16.4 8.60 7.54 10.5 

Salt 2.54 3.40 3.15 4.06 2.54 3.40 3.15 4.06 6.03 2.89 3.09 3.34 

Average AAD without LaCl 3 

ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 ISP-1 ISP-2 ISP-3 ISP-4 

Cation 3.59 4.02 3.71 4.58 3.59 4.02 3.62 4.49 4.91 3.72 3.57 3.90 

Anion 6.60 4.20 3.79 6.03 6.60 4.20 3.53 5.71 16.0 8.92 7.80 10.9 

Salt 2.02 2.57 2.34 3.01 2.02 2.57 2.34 3.01 5.69 2.50 2.74 2.78 

∗ Values in Bold are the lowest average AAD for each model (among different size parameter choices) 
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ery well be due to lack of these physical terms or even the pres-

nce of ion-pairing rather than anything else. 

With a single exception ( Section 3.4 ), all other results are pre- 

ictive in the sense that all parameters of the models (ion size pa- 

ameters in all terms and relative static permittivity) are obtained 

rom literature. There are many literature values for the ion size 

arameters and one specific reference line is followed here. Calcu- 

ations have been done for individual ion activity coefficients, but 

hey may be associated with uncertainties and are not yet widely 

ccepted in literature. The interpretation of these results should 

herefore be done with care. No other properties e.g., salt solu- 

ilities, and no other temperatures have been considered and no 

nterpretation can be made about the performance of these mod- 

ls for other properties and conditions. However, it would be nice 

o investigate the performance of these models at different tem- 

eratures and/or pressure if accurate models of relative static per- 

ittivity become available for the conditions of interest. 

The effect of the choice of ion size parameters can be signif- 

cant. In one of the rare early studies where such effects were 

riefly mentioned, Khomutov [74] used EDH with constant diam- 

ter for the ion-ion interactions and a linear concentration depen- 

ency of the relative static permittivity. Interesting results were 

resented for five chloride electrolytes (halides) which depend 

trongly on the value used for the “mean ion diameter”, with best 

esults obtained with values close to the internuclear distances in 

olecules of the gaseous halides (rather than using the sum of the 

ydrate radii). Although the original full DH theory was derived 

ithout considering the average ion size assumption, it seems that 

 mean ionic diameter value (choices ISP-2 and ISP-3) performs 

better”, both for the mean ionic and individual ion activity co- 

fficients. This is valid for these models which only consider ion- 

on and self-potential effects and for the specific choices of rel- 

tive static permittivity. We should state that these conclusions 

ight change for other choices of parameters and/or when addi- 

ional physical terms are included. 

All models and results are presented using salt concentration 

ependent relative static permittivity, which are empirical ones 

nd good representations of experimental data. They are obtained 

rom literature and used in almost all the investigations, again with 

 single exception ( Section 3.4 ). That means the total reduction 

f the relative permittivity with respect to salt concentration are 

sed. This is convenient but not necessarily correct as it has been 

entioned [75 , 76] that the relative static permittivity concentra- 

ion dependency may consist of a thermodynamic and a kinetic de- 

olarization contributions. It is unclear whether the latter should 

e included in thermodynamic models. 

Based on the fact that the DHFULL results are so different and 

orse from the other two models with the currently chosen pa- 

ameters, a speculation could be made that EDH2015, the approach 

f Shilov and Lyaschenko [39] to include the compositional depen- 
r

9 
ency of the relative static permittivity prior to the integration for 

btaining the Helmholtz energy model, is more correct (both the- 

retically and practically) compared to the approach of Michelsen 

nd Mollerup [50] (where the compositional dependency is added 

fter). While this is still a speculation, there is much indication 

hat it is correct. This study demonstrates the possibility to quan- 

ify the difference. 

. Conclusion 

In this work, we analyzed and compared three activity coeffi- 

ient models originated from the Debye-Hückel theory, with the 

ain purpose to study the effects and possibilities of different 

hoices for size parameters of ions and relative static permittiv- 

ty. The derivations of all these three activity coefficient models 

tart from the linearized Poisson-Boltzmann equation. Shilov and 

yashchenko [39] in 2015 developed an extension of the Debye- 

ückel theory with a concentration dependent relative static per- 

ittivity implemented from the start in deriving the Helmholtz 

nergy model, and it is denoted as EDH2015 in this work. Fol- 

owing Michelsen and Mollerup [50] , the full version of the orig- 

nal Debye-Hückel theory also contains a self-potential term, and 

t is called DHFULL in this study. This model assumes a constant 

elative static permittivity when deriving the Helmholtz energy 

odel but a temperature and density (salt concentration) depen- 

ent relative static permittivity when obtaining the activity coef- 

cient model. The third model we consider is denoted as EDH, 

ecause it has the same mathematical expression as the original 

xtension of the Debye-Hückel limiting law, and it is derived as- 

uming a constant relative static permittivity when obtaining both 

he Helmholtz energy and activity coefficient models. EDH2015 

ay be considered the physically most sound model, while DH- 

ULL still presents a thermodynamically consistent model. EDH 

ay be physically consistent with the theory from the deriva- 

ion, but thermodynamic inconsistency might be introduced when 

alt concentration dependent relative static permittivity is used 

nd other properties beyond activity coefficients are concerned. All 

hese models consist of an ion-ion interaction term, called as the 

H term, and an ion-solvent term, denoted as the self-potential 

erm, the latter is essentially the Born term. 

Four different choices are investigated for using size parameters 

f ions in the theory: (ISP-1) the same size parameters (average 

auling diameters or radii) for both ions in both the DH and self- 

otential terms; (ISP-2) the same size parameter (average Pauling 

iameters) for both ions in the DH term and the same size param- 

ter (average Born radii) for both ions in the self-potential term; 

ISP-3) the same size parameter (average Pauling diameters) for 

oth ions in the DH term and individual size parameters (Born 

adii) in the self-potential term; and (ISP-4) individual size pa- 
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Fig. 11. Mean ionic activity coefficients of (a) CsCl, (b) Na 2 SO 4 , (c) CaCl 2 and (d) 

LaCl 3 from EDH2015 and DHFULL with ISP-3 and ISP-4. Experimental data are from 

literature [61 , 63 , 65 , 67 , 69] . 
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10 
ameters in both the DH term (Pauling diameters) and the self- 

otential term (Born radii). 

It is found that EDH and EDH2015 always give the same mean 

onic activity coefficients no matter which choice is used for the 

ize parameters, and they may predict different individual ion ac- 

ivity coefficients when ion-specific individual size parameters are 

sed. DHFULL always predicts larger mean ionic and individual 

on activity coefficients than EDH and EDH2015, and the difference 

ery much depends on systems considered, while the overall dif- 

erence is about 25-35% for 14 salts over wide ranges of concentra- 

ion. It has also been shown that the effect from compressibility, 

hat is, the difference between (T, V, n) and (T, P, n), is relatively 

mall. The effect varies for different systems, but the overall effect 

s less than 3% for these 14 salt systems. 

With ISP-2, ISP-3, and ISP-4, EDH2015 can, perhaps a bit sur- 

risingly, give very reasonable predictions for mean and cation ac- 

ivity coefficients with an average deviation of 15-20%, and with 

SP-3 it also yields an acceptable deviation (25%) for anion activity 

oefficients. ISP-4 is the best parameter choice for DHFULL (lowest 

verage deviation), but it is still not accurate enough for mean and 

ation activity coefficients, while the model has the best overall 

rediction for anion activity coefficients with ISP-3. On one hand, 

owever, it is shown that it is possible to readjust the ion-specific 

ize parameters in the DH term to improve the performance of DH- 

ULL with ISP-4 to an average deviation 10% for mean ionic activity 

oefficients. On the other hand, with the size parameters from lit- 

rature unchanged, the average deviation of mean ionic activity co- 

fficients can be reduced to 3% if the correlations of relative static 

ermittivity are fitted with 2 adjustable parameters for each salt. 

his implies that a weaker dependence on concentration of rela- 

ive static permittivity than the experimental data might be able 

o improve the performance of DHFULL. 

No matter the choice of ion size parameters, exact form of 

he models and expression for the relative static permittivity, it 

s still very difficult from these parametric studies to conclude up 

o which concentration range we could use the Debye-Hückel the- 

ry alone for accurate engineering calculations. At higher concen- 

rations, short-range interactions and other electrolyte effects like 

on-pairing may play an important role. In a relatively low concen- 

ration region, it is found that these models present similar perfor- 

ance with different choices of size parameters for ions. That in- 

icates that it could be possible to use ion-specific individual size 

arameters for ions. 
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