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A B S T R A C T

About a century ago, two different rotor models were proposed by Joukowsky (1912–1918) and Betz (1919).
Both models were based on assumptions regarding the vortex structures of the wake and its induction on the
rotor plane. However, due to complications of formulating the wake behavior into actual guidelines for the
aerodynamic design of the rotor geometry, the models have until now not been used to design actual industrial
wind turbine rotors. In this article, we propose a technique to solve analytically the induction problem of the
two models, which enables the design of wind turbine rotors. We briefly present the theory behind the two
rotor models, and show how this theory can be exploited to make actual designs of rotor planforms, i.e.
chord- and twist-distributions. The designs are for three-bladed rotors optimized for different tip speed ratios
and analyzed by comparing their performance to results using blade-element/momentum technique and lifting
line theory.
1. Introduction

Today, all design of industrial wind turbine rotors are based on the
blade-element momentum (BEM) approach by Glauert [1]. The back-
ground for the Glauert model is two-dimensional momentum theory
applied on independent blade-elements for the simplified case of a
rotor with infinite many blades, which is corrected for finite number of
blades using a tip correction introduced originally by Prandtl. Before
Glauert developed the BEM technique, Joukowsky [2] and Betz [3]
proposed two other, now classical, rotor models for finite number rotor
blades. Both models were based on assumptions regarding the shape of
the vortex structure of the wake and its induction on the rotor plane.
The Joukowsky model assumes a constant circulation on the blades
and a resulting vortex system consisting only of tip and root vortices.
The Betz model exploits the theoretical result that ideal efficiency is
obtained when the distribution of circulation along the blade produces
a rigidly helicoid wake that moves axially with a constant velocity.
However, none of the models have been employed to design actual
rotors of industrial wind turbines. There are at least two reasons for
this. First, the models essentially only concern the vortex structure in
the wake downstream of the rotor, and it is not obvious how to relate
this to design guidelines for the rotor. Next, both rotors have very com-
plicated analytical solutions that are difficult to exploit in practice. A
solution to the Betz rotor was established the first time by Goldstein [4]
for lightly loaded propellers using infinite series of Bessel functions. The
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first use of Goldstein’s work for designing actual planforms of propellers
are due to Lock [5], who used tabulated values of the dimensionless
circulation distribution of Goldstein to design planforms of airscrews.
The theory by Goldstein was later generalized by Theodorsen [6] to
cover cases of heavily loaded propellers. However, probably due to
the complexity of arriving at a solution to the inverse design problem,
the theory of Theodorsen is rarely used in propeller design today.
Accurate tabulated values of the circulation function of Goldstein,
covering a range of parameters specialized to the operating regimes
of ship propellers, became available with an extensive mathematical
and computational effort by Tibery and Wrench [7]. The theory was
later revisited by Ribner and Foster [8] using helical vortex filaments
and the Biot–Savart law to obtain the Goldstein function, and more
recently by Wald [9], who summarized and advocated for using the
theory for preliminary optimum design of propellers and wind turbines.
Although the theory of Theodorsen is difficult to use for determining
the maximum attainable efficiency, it is an interesting model in the
sense that it can be employed as a design tool to determine the optimum
circulation distribution of any N-bladed propeller. An extension of
the criterion of Betz was proposed by Chattot [10], who combined
a general condition for minimum energy losses with a vortex lattice
method. None of the above cited works, however, show the power
coefficient of an optimum wind turbine rotor as a function of the
number of blades. In a PhD dissertation by Verhoeff [11], it was found
vailable online 25 January 2022
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List of symbols

Roman letters

𝑎 Is the axial interference coefficient
𝑎′ Is the azimuthal interference coefficient
𝑎𝑤 Is the axial wake interference factor on the

blade
𝑐 Is the chord length
𝐶𝐿 Is the lift coefficient
𝐶𝑃 Is the power coefficient
𝐶𝑇 Is the thrust coefficient
𝑑𝐿 Is the lift force on a blade element of radial

dimension dr
𝑑𝑄 Is the local torque
𝑑𝑇 Is the local thrust
𝐹 Is a correction for finite number of blades
𝐺 Is the Goldstein circulation function
ℎ = 2𝜋𝑙 Is the helical pitch of the vortex wake
𝐼1, 𝐼2 Are integration parameters in the Betz

model
𝐽1, 𝐽2 Are integration parameters in the

Joukowsky model
𝑁𝑏 Is the number of blades
𝑃 Is the power
𝑄 Is the torque
𝑟 Is the radial distance from the rotor center
𝑅 Is the radius of the rotor
𝑇 Is the thrust
𝑈∞ Is the undisturbed wind speed
𝑈𝑟𝑒𝑙 Is the resultant relative velocity
𝑢𝑤 Is the wake induced velocity
𝑢𝛤 Is the contribution of the bound vorticity
𝑢𝑓𝑖𝑙 Is the filament convection velocity
𝑢𝑧0 = 1

2 𝑢𝑧 Is the induced axial velocity component
𝑢𝜃0 = 1

2 𝑢𝜃 Is induced circumferential velocity compo-
nent

𝑈𝑧0 Is the axial velocity component at the rotor
plane

𝑈𝜃0 Is circumferential velocity component at the
rotor plane

𝑤 Is the relative axial convective velocity of
the vortex structures

𝑥 = 𝑟∕𝑅 Is the dimensionless radius
𝑉𝑞𝑐 Is the velocity extracted at the quarter chord

location

Greek letters

𝛼𝐷 Is the design angle of attack
𝛽 Is the twist angle

that the Goldstein model, which for lightly loaded rotor neglects the
induced velocity in the wake, predicts a power coefficient that tends
to unity, instead of the usual Betz limit of 16/27 [12], when the tip
speed ratio and/or the number of blades tend to infinity. Thus, there
seems to be a general problem of determining the power coefficient as
compared to the Betz criterion. First recently, the final modeling of the
two rotor models, as well the first analytical solution of Joukowsky’s
rotor model, were formulated and completed by Okulov and Sørensen
2

[13,14]. In [14] the analytical induction model of Okulov [15] was
𝛤 Is the circulation
𝛤𝑚𝑜𝑚 Is the circulation in the rotor plane corre-

sponding to infinite many blades
𝛥𝑝 Is the pressure drop over the rotor
𝜆 Is the tip speed ratio
𝜌 Is the fluid density
𝜎 = 𝜖∕𝑅 Is the dimensionless radius
𝛷 Is the flow angle
𝛷𝑅 Is the helical pitch angle of the tip vortex
𝜒 Is a helical variable
𝛺 Is the rotor angular velocity

Other symbols

→ Indicates vector values
∼ Indicates dimensionless variables

applied for analyzing and comparing conceptually the performance of
the Betz and the Joukowsky rotors, where it was shown that for rotors
operating in wind turbine state, the Joukowsky rotor achieves a better
performance than the Betz rotor. Later theoretical investigations of
the two rotor models are due to Segalini and Alfredsson [16], who
employed the Biot–Savart induction law to model the flow field around
the Joukowsky rotor, and Wood and Okulov [17], who analyzed the
Betz rotor using a non-linear momentum/blade-element approach. In
the original work of Okulov and Sørensen [14], the performance of the
rotors were compared through computed distributions of thrust and
power coefficients, but the validity of the assumed vortex structures
forming the theory of the two models was not questioned. The purpose
of the present work is to make actual geometric rotor designs using the
two models and compare their performance against results from BEM
theory and lifting line technique. Here we briefly present the theory
behind the rotor models and show how this theory is exploited to make
actual design of rotor planforms, i.e. chord- and twist-distributions.
The designs are optimized for different tip speed ratios and analyzed
by comparing their performance to results using BEM and lifting line
theory. The BEM theory follows essentially the technique outlined by
Glauert and the lifting line model is based on the in-house developed
MIRAS code [18].

2. Methodology

In the following, we will briefly present the theory forming the
basis of the design of the rotors and the solution of the investigated
rotor models. However, before going into the design details, we derive
the Betz limit. This limit, which is based on simple one-dimensional
momentum theory, forms an important theoretical upper limit for the
efficiency of wind turbines, and is often used as a guideline when
validating aerodynamic rotor models.

2.1. The Betz limit

The basic tool for understanding wind turbine aerodynamics is the
one-dimensional momentum theory in which the flow is assumed to
be inviscid, incompressible and axisymmetric. The momentum theory
consists basically of control volume integrals for conservation of mass,
axial and angular momentum balances, and energy conservation.

Consider an axial flow of speed 𝑈∞ that passes through an actuator
disk of area 𝐴 with constant axial load (thrust) 𝑇 . Denoting by 𝑢𝑅 the
xial velocity in the rotor plane, and let 𝑢1 be the axial velocity in
he ultimate wake where the air has regained its undisturbed pressure
alue, 𝑝1 = 𝑝∞, and let 𝜌 denote the density of air. We now consider a
ne-dimensional model for the stream tube that encloses the rotor disc
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𝑚

Fig. 1. Control volume for one-dimensional actuator disk.

(see Fig. 1), and denote by 𝐴∞ and 𝐴1 the cross-sectional area of the
flow far upstream and far downstream of the rotor, respectively.

The equation of continuity requires that the rate of mass flow, �̇�, is
constant in each cross-section. Thus,

̇ = 𝜌𝑈∞𝐴∞ = 𝜌𝑢𝑅𝐴 = 𝜌𝑢1𝐴1 (1)

Axial momentum balance for the considered stream tube results in the
following equation for the thrust

𝑇 = �̇�
(

𝑈∞ − 𝑢1
)

= 𝜌𝑢𝑅𝐴
(

𝑈∞ − 𝑢1
)

(2)

Applying the Bernoulli equation in front of and behind the rotor, the
total pressure head of the air in the slipstream has been decreased by

𝛥𝑝 = 1
2
𝜌
(

𝑈
2
∞ − 𝑢21

)

(3)

The pressure drop takes place across the rotor and represents the thrust,
𝑇 = 𝐴𝛥𝑝. Combining Eqs. (2) and (3) shows the well-known result that

𝑢𝑅 = 1
2
(

𝑢1 + 𝑈∞
)

(4)

Introducing the axial interference factor as follows

𝑎 =
𝑈∞ − 𝑢𝑅

𝑈∞
(5)

it results that 𝑢𝑅 = (1 − 𝑎)𝑈∞ and 𝑢1 = (1 − 2𝑎)𝑈∞. From Eq. (2) one
gets the following expressions for thrust and power extraction

𝑇 = 2𝜌𝐴𝑈2
∞𝑎(1 − 𝑎) (6)

𝑃 = 𝑢𝑅𝑇 = 2𝜌𝐴𝑈3
∞𝑎(1 − 𝑎)

2 (7)

Introducing the dimensionless thrust and power coefficient, respec-
tively,

𝐶𝑇 = 𝑇
1∕2𝜌𝐴𝑈2

∞
, 𝐶𝑃 = 𝑃

1∕2𝜌𝐴𝑈3
∞

(8)

it results,

𝐶𝑇 = 4𝑎 (1 − 𝑎) , 𝐶𝑃 = 4𝑎 (1 − 𝑎)
2 (9)

Differentiating the power coefficient with respect to the axial interfer-
ence factor the maximum obtainable power is obtained as

𝐶𝑃𝑚𝑎𝑥 = 16
27

= 0.593 𝑓𝑜𝑟 𝑎 = 1
3

(10)

This result is usually referred to as the Betz limit or the ‘Lanchester–
Betz–Joukowsky limit’, as recently proposed by van Kuik [19], and
states the upper maximum for power extraction which is no more than
59.3% of the kinetic energy contained in a stream tube having the same
cross section as the disc area can be converted to useful work by the
disc. However, it does not include the losses due to rotation of the wake
and therefore it represents a conservative upper maximum.
3

2.2. Vortex theory for rotors with a finite number of blades

In the vortex theory each of the blades is replaced by a lifting line
on which the radial distribution of bound vorticity is represented by the
circulation 𝛤 = 𝛤 (𝑟) which is a function of the radial distance along the
rotor blade. This results in a free vortex system consisting of helical
trailing vortices, as sketched in Fig. 2. In this figure it is illustrated
that the wake behind the Betz rotor (left) consists of a sheet of trailing
vortices, and the wake behind the Joukowsky rotor (middle) essentially
consists of distinct root and tip vortices. In contrast to this, the Glauert
rotor (right) is designed using momentum theory, which is illustrated
by a wake consisting of a continuous helical vortex tube. In the figures,
𝑤 denotes the relative axial convective velocity of the vortex structures.

Using vortex theory, the bound vorticity serves to produce the local
lift on the blades, while the trailing vortices induce the velocity field
in the rotor plane and in the wake. As illustrated in Fig. 3 the velocity
vector in the rotor plane is made up by the rotor angular velocity 𝛺, the
undisturbed wind speed 𝑈∞, and the induced axial and circumferential
velocity components 𝑢𝑧0 and 𝑢𝜃0 , respectively.

2.2.1. Blade element theory
The fundamental expressions for the forces acting on a rotor blade is

most conveniently expressed by the Kutta–Joukowsky theorem, which
in vector form reads

𝑑⃖⃖⃗𝐿 = 𝜌⃖⃖⃗𝑈 𝑟𝑒𝑙 × ⃖⃖⃗𝛤 𝑑𝑟 (11)

where 𝑑𝐿 is the lift force on a blade element of radial dimension 𝑑𝑟,
⃖⃖⃗𝑈 𝑟𝑒𝑙 is the resultant relative velocity and 𝜌 is the density of the air.
Considering now a cross-section of the rotor blade, as shown in Fig. 3,
from Eq. (11), the local thrust, 𝑑𝑇 , and the local torque 𝑑𝑄 of a rotor
blade is obtained as follows,

𝑑𝑇 = 𝜌𝛤 (𝛺𝑟 + 𝑢𝜃0 )𝑑𝑟 (12a)

𝑑𝑄 = 𝜌𝛤 (𝑈∞ − 𝑢𝑧0 )𝑟𝑑𝑟 (12b)

Integrating these equations along the blades and summing up, we
get the following expression for the total thrust and torque,

𝑇 = 𝜌𝑁𝑏 ∫

𝑅

0
𝛤 (𝛺𝑟 + 𝑢𝜃0 )𝑑𝑟 (13a)

𝑄 = 𝜌𝑁𝑏 ∫

𝑅

0
𝛤 (𝑈∞ − 𝑢𝑧0 )𝑟𝑑𝑟 (13b)

where 𝑅 is the radius of the rotor. The power, 𝑃 , is obtained by
multiplying the torque by the rotational speed of the rotor, 𝑃 = 𝛺.𝑄.
The associated thrust and power coefficients are determined as

𝐶𝑇 = 𝑇
1∕2𝜌𝜋𝑅2𝑈2

∞
(14a)

𝐶𝑃 = 𝑃
1∕2𝜌𝜋𝑅2𝑈3

∞
(14b)

Introducing the following dimensionless variables,

�̃�𝑧0 = 𝑢𝑧0∕𝑈∞, �̃�𝜃0 = 𝑢𝜃0∕𝑈∞, 𝛤 = 𝑁𝑏𝛤∕(2𝜋𝑅𝑈∞), 𝑥 = 𝑟∕𝑅, (15)

and combining Eqs. (13a) and (14a), and Eqs. (13b) and (14b), we get

𝐶𝑇 = 4∫

1

0
𝛤 (𝜆𝑥 + �̃�𝜃0 )𝑑𝑥, (16a)

𝐶𝑃 = 4𝜆∫

1

0
𝛤 (1 − �̃�𝑧0 )𝑥𝑑𝑥 (16b)

where 𝜆 = 𝛺𝑅∕𝑈∞ is the tip speed ratio.
The flow angle, 𝛷, is determined from the velocity triangle as shown

in Fig. 3,

𝑡𝑎𝑛𝛷 =
𝑈∞ − 𝑢𝑧0 ⇒ 𝛷 = 𝑡𝑎𝑛−1(

1 − �̃�𝑧0 ) (17)

𝛺𝑟 + 𝑢𝜃0 𝜆 𝑥 + �̃�𝜃0
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Fig. 2. Sketch of the vortex system corresponding to lifting line theory of the ideal propeller of (left) Betz and (center) Joukowsky and (right) Glauert.
Fig. 3. Velocity triangles in the rotor plane of a wind turbine, Okulov and Sørensen
[13].

An optimum rotor is designed by determining the combination of
induced velocities that maximizes the power coefficients. In the next
subsections we will describe how this is accomplished for the design
concepts that constitute the Joukowsky, Betz and Glauert rotors. First,
however, we describe how the planform and twist generically are deter-
mined from the above equations. Introducing the local lift coefficient,

𝐶𝐿 = 𝐿
1∕2𝜌 𝑐 𝑈2

𝑟𝑒𝑙

(18)

where 𝑐 is the local chord length and 𝑈𝑟𝑒𝑙 =
√

(𝛺𝑟 + 𝑢𝜃0 )
2 + (𝑈∞ − 𝑢𝑧0 )

2

is the local relative velocity (see Fig. 3). From Eq. (11) we get,

𝐶𝐿 = 2𝛤
𝑐 𝑈𝑟𝑒𝑙

(19)

from which we obtain the following expression for the wing planform,

𝑐
𝑅

= 2𝛤
𝐶𝐿𝑅

= 4 𝜋 𝛤

𝑁𝑏𝐶𝐿

√

(𝜆 𝑥 + �̃�𝜃0 )
2 + (1 − �̃�𝑧0 )

2
(20)

In a practical design, the lift coefficient is typically kept constant at all
cross sections and taken as a compromise between having a maximum
lift and an optimum lift/drag ratio. At high Reynolds numbers the
contribution of the drag does not change the design, hence Eq. (20)
is sufficient for designing the planform of an optimum rotor for a given
tip speed ratio. From the lift coefficient we get a design angle of attack,
𝛼𝐷, from which the design twist angle is determined as,

𝛽 = 𝛷 − 𝛼𝐷 (21)

where the flow angle, 𝛷, is determined from Eq. (17). To determine
the velocity field �̃�𝑧0 and �̃�𝜃0 induced at a blade element in the rotor
plane the free half-infinite helical vortex system behind the rotor is
replaced by an associated vortex system that extends to infinity in
4

both directions. Neglecting deformations or changes in the wake, the
vortex system is uniquely described by the far wake properties in the
so-called Trefftz plane, which per definition is the plane normal to
the relative wind far downstream of the rotor. Thus, in accordance
with Helmholtz’ vortex theorem, the bound circulation about a blade
element is uniquely related to the circulation of a corresponding vortex
in the Trefftz plane. By symmetry, it is readily seen that the induced
velocities at a point in the rotor plane (Fig. 3) equals half the induced
velocity at a corresponding point in the Trefftz plane (see e.g. [2,3]).

𝑢𝜃0 = 1
2
𝑢𝜃 𝑎𝑛𝑑 𝑢𝑧0 = 1

2
𝑢𝑧 (22)

Essentially, Eq. (22) establishes the relationship between the wake
properties and the values in the rotor plane. Hence, obtaining the
circulation distribution and induced velocities in the wake is sufficient
for determining the design properties given by Eqs. (17) and (20). Input
to the design is the lift coefficient (or design angle of attack) and the
tip speed ratio, that has to be decided by the designer of the blade.

In the following, we will go through the theory for obtaining the
optimum design parameters for the three rotor configurations. It should
be mentioned that parts of the theory can be found in [13,14] and
in [1]. However, this is the first time the different design methodologies
are systematically explained, compared and validated against lifting
line theory.

2.2.2. Solution of the Joukowsky rotor
In the vortex system of Joukowsky [2] each of the blades is replaced

by a lifting line about which the circulation associated with the bound
vorticity is constant, resulting in a free vortex system consisting of
helical vortices trailing from the tips of the blades and a rectilinear
hub vortex. The vortex system may be interpreted as consisting of
rotating horseshoe vortices with cores of finite size, as sketched in Fig. 2
(center) which is reproduced from the original drawing of Joukowsky.
The wake consists of helical tip vortices of finite vortex cores (𝜖 ≪ 𝑅)
with constant helical pitch ℎ and circulation 𝛤 . The helical vortices
move with a constant axial velocity 𝑈∞(1 − 𝑤), where 𝑤 denotes
the dimensionless difference between the wind speed and the axial
translational velocity of the vortices. It is assumed that the tip vortices
move with constant velocity, hence the helical pitch angle of the tip
vortex, 𝛷𝑅, is determined from the formula

𝑡𝑎𝑛𝛷𝑅 = ℎ∕(2 𝜋 𝑅) = 𝑙∕𝑅 (23)

The free vortex lines are made up by vortex cores of finite size in
order to avoid singular behavior. The vortex cores are collinear to the
axes of the helical lines and their vorticity is assumed to be uniform
and densely distributed across the core cross-section. In cylindrical
coordinates (𝑟, 𝜃, 𝑧), the components of fluid velocity induced by 𝑁𝑏
helical vortices in the domain outside the vortex cores are given as,

𝑢𝑧 = 𝑢𝑧(𝑟, 𝜒) =
𝑁𝑏𝛤
2𝜋𝑙

(1 + 1
𝑁𝑏

𝑓 (𝑟, 𝑅, 𝑙)), (24a)

𝑢 = 𝑢 (𝑟, 𝜒) = − 𝛤 𝑓 (𝑟, 𝑅, 𝑙) (24b)
𝜃 𝜃 2𝜋𝑟
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where 𝜒 = 𝜃 − 𝑧
𝑙 and the function

𝑓 (𝑟, 𝜒, 𝑙) =
({

𝑁𝑏
0

}

− 𝐶1 𝑅𝑒
[

±𝑁𝑏𝑒(±𝜉+𝑖𝜒)𝑁𝑏

1 − 𝑒(±𝜉+𝑖𝜒)
+ 𝐶2 𝑙𝑜𝑔

(

1 − 𝑒(±𝜉+𝑖𝜒)𝑁𝑏
)

])

ith

𝜉 = 𝑟
𝑅

𝑒
√

1+(𝑟∕𝑙)2
(

1 +
√

1 + (𝑅∕𝑙)2
)

𝑒
√

1+(𝑅∕𝑙)2
(

1 +
√

1 + (𝑟∕𝑙)2
)

1 =
4√
𝑙2 + 𝑅2

4√
𝑙2 + 𝑟2

𝐶2 = 𝑙
24

(

9𝑅2 + 2𝑙2
(

𝑙2 + 𝑅2
)3∕2

+ 3𝑟2 − 2𝑙2
(

𝑙2 + 𝑟2
)3∕2

)

he upper sign in ± corresponds to r < R and the lower to r ≥ R
nd in the previous solution of Okulov [15] and Okulov and Sørensen
20] all contributions of each 𝑛th helical vortex associated with the
oints (𝑅, 2𝜋𝑛∕𝑁𝑏) in this representation of the function 𝑓 (𝑟, 𝜒, 𝑙) were
ummed by the way of Wood et al. [21].

A specific feature of this function is that its azimuthal average is
qual to zero, ⟨𝑓 ⟩𝜃 ≡ 1

2𝜋 ∫ 2𝜋
0 𝑓𝑑𝜃 = 0. From Eq. (24a),

⟨𝑢𝑧⟩𝜃 = 0 𝑓𝑜𝑟 𝑟 > 𝑅 𝑎𝑛𝑑 ⟨𝑢𝑧⟩𝜃 =
𝑁𝑏𝛤
2𝜋𝑙

≡ 𝑐𝑜𝑛𝑠𝑡 𝑓𝑜𝑟 𝑟 < 𝑅 (25)

t should be mentioned that the dimensionless averaged induced axial
elocity in the wake (0 < 𝑟 < 𝑅) is identical to the axial wake
nterference factor, 𝑎𝑤. Hence, we get

𝑤 ≡
⟨𝑢𝑧⟩𝜃
𝑈∞

=
𝑁𝑏𝛤
2𝜋𝑙𝑈∞

(26)

he vortex system also includes a rectilinear hub vortex of strength
𝑁𝑏𝛤 , resulting in a simple formula for the additional induced velocity

hat only consists of the circumferential component,

𝜃 = −
𝛤𝑁𝑏
2𝜋𝑟

(27)

his component is added to the expression in Eq. (24b) to determine
he total azimuthal velocity.

To eliminate the singularity of the induced velocity field in the
icinity of the vortex filament the vortex system is represented by a set
f helical vortices with finite core. For an unexpanded wake originating
rom a rotor with infinitely many blades, the convective velocity of
he vortex system equals half the averaged induced axial velocity in
he wake. This is sometimes referred to as the ‘roller-bearing analogy’.
lthough this approximation cannot be rigorously justified for a vortex
ystem consisting of a finite number of vortices, we employ the same
nalogy by assuming that the helical vortices are transported with a
elative axial speed, w, that corresponds to half the averaged induced
elocity,

= 1
2
𝑎𝑤(1 + 𝜎) (28)

where a correction of small expansion of the cross-section of the wake
is made in order to include the dimensionless radius, 𝜎 = 𝜖∕𝑅, of
the vortex cores. The vortex core is determined from a condition that
ensures that the vortex system is in a static equilibrium. For more
details about this procedure, we refer to Okulov and Sørensen [14].
From simple geometric and kinematic considerations (see Eq. (23)), we
get

𝑡𝑎𝑛𝛷𝑅 = 𝑙
𝑅

=
𝑈∞(1 −𝑤)

𝛺𝑅
=

𝑈∞[1 − 1
2𝑎𝑤(1 + 𝜎)]

𝛺𝑅
(29)

Eq. (29) can be also written as

𝛺𝑙 = 𝑈 − 1𝑎 𝑈 (1 + 𝜎) (30)
5

∞ 2 𝑤 ∞ 𝐺
ombining Eqs. (26) and (30), and introducing dimensionless variables,
e get the following relationship,

̃𝜆 = 𝑎𝑤[1 −
1
2
𝑎𝑤(1 + 𝜎)] (31)

Inserting Eqs. (28) and (31) into Eqs. (16a) and (16b), the following ex-
plicit expressions can be derived for the thrust and power coefficients,

𝐶𝑇 = 2𝑎𝑤(1 −
1
2
𝑎𝑤𝐽2) (32a)

𝐶𝑃 = 2𝑎𝑤(1 −
1
2
𝑎𝑤𝐽1)(1 −

1
2
𝑎𝑤𝐽2) (32b)

where 𝐽1 = 1 + 𝜎 and 𝐽2 = 2 ∫ 1
0 �̃�𝑧(𝑥, 0)𝑥𝑑𝑥. For a given helicoidal

wake structure, the power coefficient is seen to be uniquely determined,
except for the parameter 𝑎𝑤. Differentiation of 𝐶𝑃 with respect to 𝑎𝑤
yields the maximum value, 𝐶𝑃 ,𝑚𝑎𝑥, resulting in

𝑎𝑤(𝐶𝑃 = 𝐶𝑃 ,𝑚𝑎𝑥) =
2

3𝐽1𝐽2

(

𝐽1 + 𝐽2 −
√

𝐽 2
1 − 𝐽1𝐽2 + 𝐽 2

2

)

(33)

e here summarize the computational procedure. Input to the model
s the helical pitch 𝑙

𝑅 and the circulation 𝛤 . From these two parameters
the induced velocities are computed from Eqs. (24a) and (24b), and 𝜎
is determined from an equilibrium condition (see [14]). Based on these
variables, the parameters 𝐽1 and 𝐽2 are computed, and the induced
xial velocity corresponding to the optimum power coefficient, 𝑎𝑤, is
btained from Eq. (33). Having determined all relevant parameters for
he optimum Joukowsky rotor, the design of the resulting planform and
wist distribution are accomplished from Eqs. (17), (20) and (21).

.2.3. Solution of the Betz rotor
In the Betz model the vortex strength of the lifting line varies along

he blade span, following the so-called Goldstein distribution. This
esults in a vortex sheet that is continuously shed from the trailing edge
Fig. 2 (left)). Betz [3] proposed that the ideal efficiency is obtained
hen the distribution of circulation along the blade produces a rigidly
oving helicoidal vortex sheet with constant pitch, ℎ, that in the axial
irection of its axis moves with a constant velocity 𝑈∞(1−𝑤). A way to
escribe this model is to think of it as a set of vortices of constant helical
itch and a pitch angle between the vortex sheet and the meridional
lane, 𝛷 = 𝛷(𝑟), given as

𝑎𝑛𝛷 = ℎ
2𝜋𝑟

= 𝑙
𝑟

(34)

where 𝑟 is the radial distance along the sheet. Since the sheet is
translated with constant relative axial speed, 𝑤𝑈∞, the induced velocity
comprises only the component 𝑤𝑈∞𝑐𝑜𝑠𝛷 that is ‘pushed’ normal to the
screw surface. The axial and circumferential velocity components 𝑢𝑧
and 𝑢𝜃 induced by the infinite sheet at the sheet itself are therefore
given as

𝑢𝜃 = 𝑤𝑈∞𝑐𝑜𝑠𝛷𝑠𝑖𝑛𝛷 𝑎𝑛𝑑 𝑢𝑧 = 𝑤𝑈∞𝑐𝑜𝑠2𝛷 (35)

From Eq. (34) these equations are in dimensionless form rewritten

�̃�𝜃 = 𝑤 𝑥𝑙
𝑙2 + 𝑥2

𝑎𝑛𝑑 �̃�𝑧 = 𝑤 𝑥2

𝑙2 + 𝑥2
(36)

here 𝑥 = 𝑟∕𝑅 is the dimensionless radius. The derivation of the
bove equations go back to Prandtl (included as appendix in the thesis
f Betz [3]) and a detailed explanation for their derivation can be
ound in [13,22]. Goldstein [4] was the first who found an analytical
olution to the potential flow problem of the moving associated vortex
ystem consisting of an infinite helical vortex sheet. In his model

dimensionless distribution 𝐺(𝑥, 𝑙) of circulation was introduced as
ollows

𝑏𝛤 (𝑥, 𝑙) = 2𝜋𝑙𝑤𝑈∞𝐺(𝑥, 𝑙) (37)

n an earlier work, we computed the Goldstein circulation function

(𝑥, 𝑙) as a function of wake pitch 𝑙 and number of rotor blades
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𝑁𝑏, Okulov and Sørensen [13,22]. To compute the power coefficient we
employ the same procedure as outlined in the previous section. From
geometric and kinematic considerations in the rotor plane, the angular
pitch is given as

𝑡𝑎𝑛𝛷 =
𝑈∞ − 1

2 𝑢𝑧

𝛺𝑟 + 1
2 𝑢𝜃

=
𝑈∞(1 − 1

2𝑤)

𝛺𝑟
= 𝑙

𝑟
(38)

from which we get

𝛺𝑙 = 𝑈∞(1 − 1
2
𝑤) (39)

Combining Eqs. (37) and (39), we get

𝛤𝜆 = 𝑤(1 − 1
2
𝑤)𝐺(𝑥, 𝑙) (40)

Inserting Eqs. (36) and (40) into Eqs. (16b) and (16b), the following ex-
plicit expressions can be derived for the thrust and power coefficients,

𝐶𝑇 = 2𝑤(𝐼1 −
1
2
𝑤𝐼2) (41a)

𝑃 = 2𝑤(1 − 1
2
𝑤)(𝐼1 −

1
2
𝑤𝐼2) (41b)

here

1 = 2∫

1

0
𝐺(𝑥, 𝑙)𝑥𝑑𝑥 𝑎𝑛𝑑 𝐼2 = 2∫

1

0
𝐺(𝑥, 𝑙) 𝑥3𝑑𝑥

𝑥2 + 𝑙2

For a given helicoidal wake structure, the power and thrust coefficients
are seen to be uniquely determined, except for the parameter 𝑤.
Differentiating of 𝐶𝑃 , Eq. (41b), with respect to 𝑤 yields the maximum
value of 𝐶𝑃 ,𝑚𝑎𝑥, resulting in

𝑤(𝐶𝑃 = 𝐶𝑃 ,𝑚𝑎𝑥) =
2
3𝐼2

(𝐼1 + 𝐼2 −
√

𝐼21 − 𝐼1𝐼2 + 𝐼22 ) (42)

As for the Joukowsky rotor, input to the solution of the Betz rotor is the
helical pitch of the wake. Assuming a constant relative axial velocity of
the vortex system, 𝑤, the Goldstein circultion distribution is computed
using the theory outlined in [13,14]. This enables the calculation of
the parameters 𝐼1 and 𝐼2 and subsequently the value of 𝑤 which
gives the maximum power coefficient. Having determined all relevant
parameters for the optimum Betz rotor, the design of the resulting
planform and twist distribution are accomplished from Eqs. (17), (20)
and (21).

2.2.4. Solution of the Glauert rotor
The traditional way of designing rotors is due to Glauert [1], who,

by combining the general momentum theory with a blade-element
approach, devised a design technique as well as an analysis tool for
rotors of horizontal axis wind turbines. A main difference with respect
to the Betz and Joukowsky design models are that the Glauert technique
essentially concerns the force and moment distribution in the rotor
plane, whereas the two other models involve assumptions about the
vortex structure of the wake and its influence on the induction in the
rotor plane. In the following we will give a brief introduction to the
design model of Glauert. The main approximation in Glauert’s analysis
is to ignore the influence of the azimuthal velocity and pressure in the
axial momentum equation. Applying axial momentum balance from far
upstream to far downstream of the rotor on a differential element of
area 𝛥𝐴, we get

𝛥𝑇 = 𝜌
(

𝑈∞ − 𝑢𝑧0
)

𝛥𝐴
(

𝑢𝑧 − 0
)

⇒ 𝛥𝑝 = 𝛥𝑇
𝛥𝐴

= 2𝜌𝑢𝑧0
(

𝑈∞ − 𝑢𝑧0
)

(43)

where 𝛥𝑝 is the local pressure difference over the rotor disc and the
induced velocity in the rotor plane is assumed to be half the one in the
far wake (see Eq. (22)). Furthermore, applying the Bernoulli equation
in a rotating frame of reference across the rotor plane, we get the
following equation for the pressure drop over the rotor,

𝛥𝑝 = 𝜌𝛺𝑟𝑢 + 1𝜌𝑢2 (44)
6

𝜃 2 𝜃
Introducing the axial and azimuthal interference coefficients as 𝑎 =
𝑢𝑧0∕𝑈∞ and 𝑎′ = 𝑢𝜃0∕ (𝛺𝑟) = 𝑢𝜃∕ (2𝛺𝑟), respectively, and combining
Eqs. (43) and (44), we get

(1 − 𝑎) 𝑎 = 𝜆2𝑥2
(

1 + 𝑎′
)

𝑎′ (45)

To determine the optimum rotor configuration the power coefficient
defined in Eq. (16b) is optimized with respect to the interference
coefficients. However, first it is required to express the circulation as a
function of the interference factors. From the definition of circulation,
we get

𝛤𝑚𝑜𝑚 = 2𝜋𝑟𝑢𝜃 (46)

where 𝛤𝑚𝑜𝑚 is the circulation in the rotor plane assuming a uniform
distribution of vorticity, corresponding to infinite many blades. In order
to relate this to a finite-bladed rotor, it is required to introduce a
correction for finite number of blades,

𝐹 =
𝑁𝑏𝛤𝑏
𝛤𝑚𝑜𝑚

(47)

where 𝑁𝑏 is the number of blades and 𝛤𝑏 is the local blade circu-
lation determined by blade-element theory. Using the definition of
circulation, the dimensionless circulation can be determined from the
azimuthal velocity behind the rotor,

𝛤 =
𝑁𝑏𝛤𝑏

2𝜋𝑅𝑈∞
=

2𝜋𝑟𝑢𝜃𝐹
2𝜋𝑅𝑈∞

= 2𝜆𝑥2𝑎′𝐹 (48)

n expression for the correction function F, based on an approxima-
ion to the circulation of the Betz rotor, was originally derived by
randtl [3]. Later, the following more comprehensible correction was
ntroduced by Glauert [1],

= 2
𝜋
𝑐𝑜𝑠

−1
[

𝑒𝑥𝑝
(

−
𝑁𝑏 (𝑅 − 𝑟)
2𝑟𝑠𝑖𝑛𝛷

)]

(49)

where 𝛷 = 𝛷(𝑥) is the angle between the local relative velocity and
the rotor plane. Inserting Eq. (48) into Eqs. (16a) and (16b), utilizing
Eq. (45), the thrust and power coefficients may be written as

𝐶𝑇 = 8∫

1

0
𝑎𝐹 (1 − 𝑎) 𝑥𝑑𝑥 (50a)

𝐶𝑃 = 8𝜆
2

∫

1

0
𝑎′𝐹 (1 − 𝑎) 𝑥3𝑑𝑥 (50b)

The optimum rotor condition may be obtained by determining the
optimum of the integrand, 𝐻 = 𝑎′𝐹 (1 − 𝑎), with the constraint given
from Eq. (45). This constitutes two equations with the two unknowns,
a and a′. However, due to the complex nature of the tip correction
formula, it is not possible to derive a simple analytical solution. Instead,
we resort to a numerical solution. Hence, the problem to be solved is
stated as follows:

For a fixed tip speed ratio, 𝜆, determine the values of a and a′ for which
𝐻 = 𝑎′𝐹 (1 − 𝑎) attains a maximum and (1 − 𝑎) 𝑎 = 𝜆2𝑥2 (1 + 𝑎′

)

𝑎′

Having computed the interference coefficients, 𝑎 and 𝑎′, for the
optimum Glauert rotor, the induced velocities are immediately deter-
mined and the design of the resulting planform and twist distribution
are accomplished from Eqs. (17), (20) and (21).

2.2.5. Numerical lifting line model
To verify and compare the actual efficiency of the various designs,

it is required to carry out computations using a high-fidelity solver.
In the present work we employ the multi-fidelity vortex solver MIRAS,
firstly introduced in [18], which employs a lifting line (LL) approach in
combination with a free-wake filament based model, as shown in Fig. 4
for the three different optimal rotor designs.

In the figure, the blade lofted geometry is included for a better
visualization. In the model, the blades are represented by discrete
vortex filaments placed at the quarter chord locations along the span,
which account for the bound vortex strength and act releasing vorticity
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Fig. 4. MIRAS free wake simulations of the optimal rotor designs (left) Betz, (center) Joukowsky and (right) Glauert with TC at a tip speed ratio of five. Only the initial seven
wake revolutions generated by one of the blades are shown for clarity.
Fig. 5. Optimal designed chord distributions for the Betz, Joukowsky and Glauert rotors at different tip speed ratios.
into the flow. Such vorticity can be divided into shed and trailing
vorticity. The first one is related to temporal changes in the blade
circulation while the latter one is related to span-wise variations. The
length of the first row of trailing vortex is computed by using the local
velocity at the quarter-chord edge locations. This first row of filaments
is released following the chord direction. The vortex strength of these
filaments is calculated via the Kutta–Joukowsky theorem, ⃖⃖⃗𝛤 as follows,

⃖⃖⃗𝛤 =
⃖⃖⃗𝐿

𝜌⃖⃖⃗𝑉 𝑞𝑐
(51)

where 𝐿 is the lift force of each aerodynamic section, obtained by
interpolation from a set of tabulated airfoil data as function of the
computed angle of attack, 𝜌 is the air density at a given temperature
and the velocity at the quarter chord locations, ⃖⃖⃗𝑉 𝑞𝑐 , is computed as
follows,

⃖⃖⃗𝑉 = ⃖⃖⃗𝑈 + 𝑢 (52)
7

𝑞𝑐 ∞ ⃖⃗ 𝑤
where ⃖⃖⃗𝑈∞ is the free-stream velocity and ⃖⃗𝑢𝑤 is the wake induced
velocity. The blades are considered as straight lines and therefore
the effect of blade curvature is not included in the present work.
Newton’s method is used to attain the desired convergence. After each
Newton iteration an updated angle of attack is calculated, followed by
an update of the bound vortex strength, which modifies the induced
velocities in the rest of the vortex elements. Convergence is found
once the residual of ⃖⃖⃗𝑉 𝑞𝑐 along the lifting line stations is lower than
10−3. A constant under-relaxation factor of 0.10 is used to update the
velocity components, and convergence is normally attained within a
few iterations.

The motion of the rest of the filaments that form the wake is de-
scribed by Lagrangian fluid markers placed at the filament end points.
The filaments are therefore convected downstream with a velocity,
⃖⃗𝑢𝑓𝑖𝑙, which includes the contribution from the free-stream, the bound
vorticity and the wake,

𝑢 = ⃖⃖⃗𝑈 + 𝑢 + 𝑢 (53)
⃖⃗ 𝑓𝑖𝑙 ∞ ⃖⃗ 𝛤 ⃖⃗ 𝑤
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Fig. 6. Optimal designed twist distributions for the Betz, Joukowsky and Glauert rotors at different tip speed ratios.
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The induced velocities are calculated directly by evaluating the Biot–
Savart law, no numerical speed-up technique has been used in this
work. To desingularize the Biot–Savart law, the Scully and Sullivan
[23] vortex core profile is applied to all the released vortex filaments.
In this way, an approximation to viscous diffusion, vortex core growth
and vortex straining are included into the inviscid wake model. In par-
ticular, the straining model of Bhagwat and Leishman [24] is employed
to take into account the change in vortex radius due to the stretching
or squeezing of the filaments.

The total thrust and torque in the LL simulations are obtained fol-
lowing Eqs. (13a) and (13b), in which the blade circulation is calculated
with Eq. (51) is used in combination with the axial and azimuthal
velocity distributions extracted along the quarter chord line. The thrust
and power coefficients are consequently computed by Eqs. (14a) and
(14b).

In the present study the bound vortex is discretized with twenty seg-
ments following a cosinus distribution, obtaining a finer resolution in
the tip and the root regions of the blade. A wake angular discretization
of ten degrees and forty wake revolutions has been used in all cases,
summing up to a total of 1440 time steps. An initial vortex core of ten
percent of the local chord at the release station has been used. The
reader is referred to Ramos-García et al. [18],Ramos-García et al. [25]
for more information regarding the vortex solver MIRAS, including a
detailed validation against experiments and a bench-marking against a
high fidelity Navier–Stokes solver.
8

b

3. Results and discussion

In the following, we present the results of the investigation. First, we
show and compare the resulting rotor design using the different design
philosophies presented above. Next, we exploit the lifting line theory to
compute and compare the performance of the designed rotors. As the
lifting line method constitutes an analysis tool that does not depend
on any simplifying assumptions regarding the structures in the wake or
simplifications in the use of momentum theory, it is expected to provide
an unbiased comparison of the aerodynamic performance of the tested
design methods. For the comparison, we use a simple case consisting
of a 3-bladed rotor with airfoils following 𝐶𝐿 = 2𝜋𝛼, where we have
chosen a design angle of attack, 𝛼𝐷 = 50, and ignore drag. It should be
mphasized that the actual value of the airfoil data is not important for
he comparison.

.1. Planform and twist

In Fig. 5 we compare planforms of the design methods of
oukowsky, Betz and Glauert for the 3-bladed rotor design at tip speed
atios 2, 4, 6 and 8. It is striking, that the Joukowsky design for all
ases results in a wider blade form and that this tendency is most
ronounced near the root and the tip. Near the tip, the planforms by
etz and Glauert are very similar, and in particular at high tip speed
atios they tend to become identical in the outer part of the rotor.
urthermore, in contrast to the Joukowsky rotor, the chord length for
he two rotors goes continuously toward zero at the tip. It should

e noted that he tip correction applied in the Glauert model is an
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Fig. 7. (left) thrust and (right) power coefficients of the optimum Betz, Glauert and Joukowsky rotor designs for a 3-bladed rotor at different tip speed ratios.
Fig. 8. Non-dimensionalized circulation distribution of the optimum Betz, Glauert and Joukowsky rotor designs. Markers represent LL simulations while lines represent the analytical
odels solutions. Tip speed ratios of 2, 4, 6 and 8 from left to right and top to bottom.
pproximation to the properties at and near the tip of the Betz rotor.
ence, from the comparison we see that the tip correction indeed is
n excellent approximation to the chord distribution of the Betz rotor.
rom the comparisons, it is evident that the main differences in the
hord distributions appear in the first 20%–30% rotor radius.

In Fig. 6 the twist distributions are depicted for the three rotor
onfigurations. We here observe a close agreement between the three
9

esign methods on most of the blade. The main difference appears near
the root, where the twist of the Joukowsky rotor tends to 0 degrees, for
the Betz rotor it tends to 90 degrees, and for the Glauert rotor it tends
to 60 degrees. These values are readily obtained by inspection of the
theories behind the designs. The induction of the vortex system of the
Joukowsky rotor results in a finite axial velocity everywhere and, due to
the root vortex, an azimuthal velocity that is inversely proportional to
the radius. Hence at 𝑥 = 0, the azimuthal velocity becomes infinite and

0
from Eq. (17) we get that tan𝛷 = 0, implying that 𝛷 = 0 . In contrast to
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Fig. 9. 𝑈𝑧0 and 𝑈𝑡0 (excluding rotation) comparison for the Joukowsky rotor (lines) analytical model (squares) MIRAS-LL. Tip speed ratios of 2, 4, 6 and 8 from left to right and
top to bottom.

Fig. 10. 𝑈𝑧0 and 𝑈𝑡0 (excluding rotation) comparison for the Betz rotor (lines) analytical model Eq. (19) (triangles) MIRAS-LL. Tip speed ratios of 2, 4, 6 and 8 from left to right
and top to bottom.



Progress in Aerospace Sciences 130 (2022) 100793J.N. Sørensen et al.
Fig. 11. 𝑈𝑧0 and 𝑈𝑡0 (excluding rotation) comparison for the Glauert rotor with Glauert-tip-correction (lines) analytical model (circles) MIRAS-LL. Tip speed ratios of 2, 4, 6 and
8 from left to right and top to bottom.
(
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this, the vortex system behind the Betz rotor is constructed such that the
helical pitch is constant. Hence, from Eq. (34) we get that tan𝛷 → ∞,
implying that 𝛷 = 900 at the root. The Glauert rotor is somewhat less
straightforward to analyze. However, keeping in mind that at the root,
the tip correction 𝐹 is unity, the optimization procedure of the Glauert
rotor reduces to optimizing 𝐻 = 𝑎′(1 − 𝑎), as shown in Section 2.2.4.
Combining this with Eq. (45), we get that 𝑎′ = (1 − 3𝑎)∕(4𝑎 − 1). From
Eq. (45), it can then be deduced that 𝑎′ → ∞ and 𝑎 = 1∕4 for 𝑥 = 0.
From Eq. (17), we generally have that tan𝛷 = (1 − 𝑎)∕𝜆𝑥(1 + 𝑎′), and
therefore, at 𝑥 = 0, we get that tan𝛷 = 3∕(4𝜆𝑥𝑎) and from Eq. (45) that
𝜆𝑥𝑎′ =

√

3∕4. Hence, tan𝛷 =
√

3 and by this 𝛷 = 600 at 𝑥 = 0.
A peculiar form of the Joukowsky rotor is the appearance of a kink

in the twist distribution near the tip. It is most pronounced at small tip
speed ratios, as can be seen by comparing the plots in Fig. 6. The kink
appears because of the local induction from the tip vortex, which core
size is dictated by the equilibrium condition expressed by Eq. (31).

3.2. Thrust and power coefficients

The thrust and power coefficients, 𝐶𝑇 and 𝐶𝑃 , are computed using
Eqs. (16a) and (16b), respectively. The outcome for the three bladed ro-
tor is shown in Fig. 7, which compares the three analytical models with
associated lifting line (LL) computations. Note here, that the LL utilize
the analytically determined blade planforms and twist distributions as
input. This implies that the wake shapes forming the backbone of the
Betz and Joukowsky models will not necessarily appear as an outcome
of the LL computations that are based on a free vortex model, where
the vortices in the wake deforms and moves according to the Biot–
Savart law (see Fig. 4). In reality, close to the rotor blades the wake
is formed by the bound circulation on the blades, which subsequently,
11

due to the mutual induction, is rolled up into distinct tip and root B
vortices. Hence, independent of rotor shape and the different a priory
assumptions regarding the wake shape, the resulting wake will in all
cases be close to a ‘Betz wake’ close to the rotor and a ‘Joukowsky wake’
further downstream of the rotor. This feature is seen in the comparative
plots in Fig. 7, where the LL results typically are located in between the
curves generated by the analytical models.

The 𝐶𝑇 -distributions depicted in Fig. 7 (left) show that all curves
tend to the same value, 𝐶𝑇 = 8/9, for 𝜆 → ∞. For the Joukowsky rotor
the thrust coefficient is greater than the limit value for 𝜆 < 6, with
𝐶𝑇 → ∞ as 𝜆 → 0, whereas for the Glauert and Betz rotors, 𝐶𝑇 is always
smaller than the limit value, with 𝐶𝑇 → 0 for 𝜆 → 0.

Comparing the power coefficients as a function of tip speed ratio
Fig. 7 (right)), all curves exhibit the same qualitative behavior with
𝑃 = 16/27 for 𝜆 → ∞ and 𝐶𝑃 = 0 for 𝜆 → 0, with the Joukowsky
otor exhibiting the highest 𝐶𝑃 -values for any given 𝜆-value. Comparing
he analytically generated curves to the numerical LL results, some
iscrepancies are seen to exist, with the Joukowsky rotor having the
est comparison between analytical and LL results. Furthermore, both
𝑇 and 𝐶𝑃 are higher for the Joukowsky rotor as compared to the two
ther rotor models, showing that the Joukowsky rotor may generate a
igher power at the expenses of increasing loads.

.3. Circulation and local velocity distributions

To analyze the local flow properties, the distribution of circulation
nd velocities in the rotor plane are analyzed for the three rotor models.
n Fig. 8 the dimensionless circulation is shown as function of radial
istance at different tip speed ratios (𝜆 = 2,4,6,8), and compared with
L simulations for the three rotor models. Comparing the different plots
eveal that the Joukowsky rotor has the largest circulation and the

etz rotor the lowest, with the Glauert rotor in between. It is also
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seen that the best comparison between analytical predictions and LL
computations is best at high tip speed ratios. Furthermore, the best
comparison between analytical and LL results is found for the Betz
rotor.

The local axial and azimuthal velocity distributions are for differ-
ent tip speed ratios depicted in Figs. 9–11 for the Joukowsky, Betz
and Glauert rotor, respectively. The distributions are compared to LL
computations and in the figures the values of the axial velocity are
displayed to the left and the azimuthal velocity to the right. As seen
in Fig. 9, the Joukowsky rotor is generally seen to exhibit a very good
agreement between analytical and LL computed velocity distributions
over most of the blade span. The only exception is near the root
where the analytical axial velocity distribution remains constant and
the LL computations tend to zero. As also seen when comparing other
quantities, the best agreement between analytical and LL results are
achieved at high tip speed ratios. In Fig. 10, the associated values
are shown for the Betz rotor. Comparing analytical results with LL
computations, a very good agreement exists for the axial velocity
distribution, except very close to the tip, where the analytical values
attain a constant and the LL computations tend to a value, which is
slightly larger than one. The azimuthal velocity distributions exhibit a
qualitative good agreement between analytical and LL results, but there
are also large local discrepancies. The associated results for the Glauert
rotor are shown in Fig. 11. Here a similar behavior can be seen, with a
very good comparison of the analytical and LL computations for both
axial and azimuthal velocity distributions. The discrepancy between the
analytical results and the LL computations can to a certain extent be
explained by the lack of a root correction. Comparing the qualitative
behavior of the three rotors, it is interesting to note that the axial
velocity distribution of the Joukowsky rotor attains a value of about
0.7 over most of the rotor, whereas the axial velocity distributions of
the two other rotors decreases smoothly to a value of about 2/3 at tip
for the Betz rotor and a value of 0.6 at the tip for the Glauert rotor.

4. Conclusion

The classical optimum rotor models of Joukowsky, Betz and Glauert
have been applied to the design of three-bladed wind turbine rotors at
different tip speed ratios. The models, which for the Joukowsky and
Betz rotors are formulated by analytical expressions based on a given
fixed wake structure, are compared to results using a free-wake lifting
line model. Comparing the outcome of the three design models, at small
tip speed ratios the design of the rotors results in large differences in
the resulting planforms and twist distributions. At increasing tip speed
ratios, however, the designs converge to become similar over most
of the rotor, with exceptions near the root and tip. The comparisons
between the analytical models and the free-wake lifting line method
are generally in good agreement. The best comparisons are achieved
with the Joukowsky and Glauert models, indicating that the wake
representation of the Betz model is the least correct. Comparing the
performance of the models, for all tip speed ratios, the Joukowsky rotor
is found to exhibit higher power and thrust coefficients than the two
other models. However, all models tend towards the Betz limit when
increasing the tip speed ratio.
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