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It is essential for a Navier-Stokes equations solver based on
a projection method to be able to solve the resulting Pois-
son equation accurately and efficiently. In this paper, we
present numerical solutions of the 2D Navier-Stokes equa-
tions using the fourth-order generalized harmonic polyno-
mial cell (GHPC) method as the Poisson equation solver.
Particular focus is on the local and global accuracy of the
GHPC method on non-uniform grids. Our study reveals
that the GHPC method enables use of more stretched grids
than the original HPC method. Compared with a second-
order central finite difference method (FDM), global accu-
racy analysis also demonstrates the advantage of applying
the GHPC method on stretched non-uniform grids. An im-
mersed boundary method is used to deal with general ge-
ometries involving the fluid-structure-interaction problems.
The Taylor-Green vortex and flow around a smooth circu-
lar cylinder and square are studied for the purpose of veri-
fication and validation. Good agreement with reference re-
sults in the literature confirms the accuracy and efficiency
of the new 2D Navier-Stokes equation solver based on the
present immersed-boundary GHPC method utilizing non-
uniform grids. The present Navier-Stokes equations solver
uses second-order central FDM and QUICK scheme for the
discretization of the diffusion term and advection term re-
spectively, which may be replaced by other higher-order
schemes to further improve the accuracy.

∗Corresponding author: yuxueying@hrbeu.edu.cn

1 Introduction

In marine hydrodynamics, viscous effects have been
found to be significant in many applications, such as in simu-
lating excitation forces on slender structures, e.g. risers, and
pipelines, or damping due to viscous flow separation around
large-volume structures, e.g. ships and offshore platforms.
Numerical modeling of such effects requires accurate solu-
tions to the Navier-Stokes equations, which remains a ma-
jor challenge, despite of the rapid developments in computer
technology.

The projection method has proven to be an effective
means for solving the Navier-Stokes equations, and it has
been applied in many numerical solvers incorporating vis-
cous effects [1, 2]. The method was proposed by Chorin [3]
and Témam [4], wherein the velocity and pressure are decou-
pled by decomposing the time-integration over a single time
step into two sub-steps. A three-step projection method was
also introduced by Xiao [5], which has become very popu-
lar for its compatibility with many other numerical schemes
in each sub-step. There are many traditional discretization
schemes that have been successfully applied in solving the
Navier-Stokes equations [6–8]. When lower-order methods
are used, very fine spatial and temporal discretization are re-
quired when the physical problems involve small scales in
space and time. This has led to a series of developments
employing higher-order schemes for solving Navier-Stokes
equations, such as the WENO (weighted essentially non-
oscillatory) method [9, 10] and the constrained interpola-
tion profile method [11,12] for convection terms, the Crank-
Nicolson method [13], second-order backward Finite differ-
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ence [14] and second-order Adams-Moulton methods [15]
for the diffusion terms.

The solution of the Poisson equation is of vital impor-
tance in many physical problems, particularly in the field of
fluid mechanics [16]. It also lies at the heart of the pro-
jection methods, where the accuracy and efficiency of nu-
merical methods for the Poisson equation have long been a
challenge, and thus many numerical methods have been de-
veloped. These include the multigrid method [17] as well
as relaxation methods such as Gauss–Seidel or successive
over-relaxation (SOR) [18], wherein iteration is used to ob-
tain convergence. Bardazzi et al. [19] proposed a highly
efficient method, called the generalized harmonic polyno-
mial cell (GHPC) method, for solving the Poisson equa-
tion and have achieved fourth-order accuracy on uniform
grids. Recently, the GHPC method has been successfully
applied in solving the 2D Navier-Stokes equations based
on the three-step projection method on uniform grids. En-
couraging results have been achieved for all studied cases,
including the Taylor-Green vortex, lid-driven cavity flow,
and flow around a smooth circular cylinder [20]. They also
made direct comparison with Navier-Stokes equations solver
applying second-order FDM for the Poisson equation, and
demonstrated that the accuracy of the pressure solution can
be greatly improved by applying the more accurate GHPC
method for the Poisson equation.

The 2D GHPC method is a generalization of the 2D
HPC method, which was first proposed by Shao and Faltin-
sen [21] as an accurate numerical method for the Laplace
equation. The 2D HPC method operates on overlapping cells
[21, 22] discretized over the fluid domain. Each cell con-
tains four neighboring quadrilateral elements and nine grid
points (see Fig. 1). A series of harmonic polynomials which
analytically satisfy the Laplace equation are used to con-
struct the local approximation of the velocity potential within
each stencil. An extension of the HPC method to 3D was
presented by Shao and Faltinsen [22] where fully-nonlinear
potential-flow problems such as liquid sloshing, water wave
propagation, and wave-structure interactions were investi-
gated.

In the GHPC method, the solution is decomposed into
a so-called homogeneous-solution part and a particular-
solution part. The homogeneous solution satisfies the
Laplace equation, for which the original HPC method can be
applied. The particular solution is constructed to the same
order of accuracy as the homogeneous solution using bi-
quadratic interpolation. In [19], the GHPC method has been
verified as a Poisson equation solver by studying a series
of cases with analytical solutions, such as the well-known
Taylor-Green vortex, the Lamb-Oseen vortex, and a circular
wave front, where the GHPC method was demonstrated to
yield approximately fourth-order accuracy.

Many recent studies have been attempted to extend the
HPC method to deal with various problems involving com-
plex boundaries. An immersed boundary (IB) method for
potential flow problems was proposed by Hansen et al. [23]
for the moving structures on the Cartesian background grid,
where spurious pressure oscillations were reported close to

the structure. This problem was later solved by Hanssen et
al. [24] by using two overlapping grids, with a local grid at-
tached to the fixed or movable structure and the other Carte-
sian background grid fixed on the Earth. Tong et al. [25]
developed an immersed-boundary adaptive HPC (IB-AHPC)
method in 2D to deal with complex geometries, and elim-
inated the spurious pressure oscillation by solving a sepa-
rate boundary value problem (BVP) for a Lagrangian ac-
celeration potential. More investigations can be found in
[24–27]. Focusing on the accuracy properties of the 2D HPC
method, the work of [28] reveals that the HPC method pro-
vides an accuracy higher than fourth order when the cells
are square-shaped, and they also reported the loss of accu-
racy when stretched/compressed meshes are applied. This
property has, to some extent, limited the further develop-
ment of the original HPC method based on boundary-fitted
grids, where cells with high stretching and aspect ratios may
be inevitable. Therefore, most of the recent developments
of the HPC method have used immersed boundaries with
Cartesian background cells. In this paper, we will also use
the immersed-boundary strategy for both pressure and ve-
locity fields. More details of the immersed-boundary GHPC
method can be found in [20]. Only uniform cells were con-
sidered in most of the analyses in [19] where the GHPC
method was developed. The recent application of the GHPC
method in solving Navier-Stokes equation by Yu et al. [20]
also only operated on the uniform grids. To date, the accu-
racy properties of the GHPC method are still not fully un-
derstood, in particular on non-uniform grids, where we have
seen loss of accuracy in the original HPC method. From a
practical (application) viewpoint, however, it is of great in-
terest to be able to use non-uniform cells, so that smaller
cells can be used in the regions where flow changes more
rapidly, e.g. close to structure surfaces, while larger cells can
be applied where the gradient of the flow is small or in far-
field regions where the solution may not be of particular in-
terest. Therefore, it is necessary to have a thorough under-
standing of the accuracy properties of the GHPC method on
non-uniform grids before it can be trusted and implemented
more generally in Navier-Stokes equation solvers.

In this paper, as an important extension of the work
of [19] and [20], the properties of both local and global
accuracy for the GHPC method on non-uniform grids will
be assessed in detail. Cases with analytical solutions will
be considered, and comparison with the second-order FDM
method, which is widely used for spatial discretization in
Navier-Stokes equations solvers will be made. In fact, as
we will see later in the present paper, the GHPC method has
much better accuracy properties on non-uniform grid than
that of the original HPC method, enabling its use it as a Pois-
son equation solver in solving Navier-Stokes equations based
on projection methods. After the favorable local and global
properties of the GHPC method on non-uniform grid are un-
derstood, the GHPC method will be employed to solve the
Navier-Stokes equations based on the three-step projection
method on staggered grids [5]. The advection and the two
non-advection terms are discretized using the second-order
explicit QUICK (Quadratic Upstream Interpolation for Con-

2



(a)

(b)

Fig. 1. An example of a harmonic-polynomial cell containing four
elements and nine stencil nodes.

vective Kinematics) scheme [29] and the implicit second-
order central difference method [30], respectively. To il-
lustrate the accuracy and efficiency of the viscous solver,
the fluid-structure interaction problem will be validated by
cases involving flow around a smooth circular cylinder and
a square cylinder with sharp edges. A straightforward im-
mersed boundary method proposed by Yang et al. [31–34] is
adopted in this paper to impose the no-slip boundary condi-
tions on the solid surfaces.

The remainder of this paper is organized as follows:
In Section 2, the three-step projection method and the 2D
GHPC method are briefly introduced. In Section 3, the local
properties of the GHPC method in a stretched cell are firstly
investigated by considering the Taylor-Green vortex where
analytical solution exists. Then, the global accuracy prop-
erties of the GHPC method are explored for both uniform
and non-uniform grids, followed by verification and valida-
tion studies of the new Navier-Stokes equation solver based
on GHPC method for flows around a smooth circular cylin-
der and a square cylinder. Finally, conclusions are drawn in
Section 4.

2 The numerical model
2.1 Governing equations

We consider the Navier-Stokes equations for unsteady,
viscous, and incompressible flows:

∂ui

∂t
+

∂(uiu j)

∂x j
=−1

ρ

∂p
∂xi

+
1
ρ

∂τi j

∂x j
+ fi (1)

∂ui

∂xi
= 0 (2)

Here, p and ρ are the pressure and fluid density, respectively.
ui(i = 1,2) is the velocity component in the i-th direction
with subscripts i = 1 and i = 2 corresponding to the x and y
directions, respectively (x1 = x and x2 = y). fi is the source
term, τi j = µ(∂ui/∂x j +∂u j/∂xi)/2 is the shear stress tensor,
with µ the dynamic viscosity of the fluid.

For simplicity in presenting the formulas, Einstein’s
summation notation is applied in Eqs. (1) and (2), and the
rest of Section 2. However, in our later sections on numerical
solutions of Poisson equation and Navier-Stokes equations,
the traditional notation of x and y will be used to denote the
horizontal and vertical axes, respectively.

A three-step fractional method proposed by Xiao [5] is
adopted in this paper. The first (advection) step is:

u∗i −un
i

∆t
+

∂(un
i un

j)

∂x j
= 0 (3)

The second step (non-advection step (i)) is:

u∗∗i −u∗i
∆t

=
1
ρ

∂τ∗∗i j

∂x j
+ fi (4)

After invoking τi j = µ(∂ui/∂x j + ∂u j/∂xi)/2 in Eq. (4), we
could get the following equation,

u∗∗i −u∗i
∆t

=
µ
ρ

∂2u∗∗i
∂2xi

+ fi (5)

Finally, the third step (non-advection step (ii)) is:

un+1
i −u∗∗i

∆t
=−1

ρ

∂pn+1

∂x j
(6)

Here n and n+1 indicate the time level, whereas superscripts
* and ** stand for the intermediate values predicted from the
first two sub-steps. With respect to the pressure, by invoking
Eq. (2) into Eq. (6), the pressure Poisson equation can be
easily obtained:
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1
ρ

∇
2 pn+1 =

1
∆t

∂u∗∗

∂xi
(7)

After Eq. (4) has been solved to obtain u∗∗, Eq. (7) is
solved to obtain the pressure. The velocity un+1 is then ob-
tained through Eq. (6). The pressure Poisson equation plays
an essential role in the projection method in terms of the
overall accuracy and efficiency of the Navier-Stokes equation
solver. In fact, a significant part of the computational costs
of a Navier-Stokes equation solver based on the projection
method is consumed by the Poisson equation solver. Stag-
gered grids are used in the spatial discretization of the veloc-
ities and pressure fields. The Poisson equation Eq. (7) will be
solved by the immersed-boundary GHPC method [20], while
all advection terms in Eq. (3) are discretized by the second-
order explicit QUICK scheme, and the diffusion terms on the
right hand side of Eq. (5) are discretized by the second-order
central difference method. An implicit scheme for the dif-
fusion terms where the velocity is approximated by u∗∗ in
Eq. (5) is adopted for the reason that we will study the flow
around circular and squared cylinders at very low Reynold
numbers, which would otherwise require impractically small
time steps to satisfy stability constraints.

2.2 Solution of the Poisson equation by GHPC method
Following the three-step projection method described in

Section 2.1, u∗∗ is obtained through the advection step and
non-advection step (i). Then, the right-hand side of the Pois-
son equation is known at all pressure grid points. In the
GHPC method, the solution for pressure is divided into a ho-
mogeneous solution and a particular solution part, with the
former solved by the original HPC method and the latter by a
local construction based on bi-quadratic Lagrange polynomi-
als. Here, we only give a brief description of GHPC method.
Further details can be found in [19, 20].

In the fluid domain Ω, the boundary value problem for
an arbitrary function Ψ governed by the Poisson equation can
be described in the form of Eq. (8).


∇2Ψ(x1,x2) = σ(x1,x2) in Ω

Ψ(x1,x2) = gD(x1,x2) on ΓD
∂Ψ(x1,x2)

∂n = gN(x1,x2) on ΓN

(8)

Here the first equation is the Poisson equation. The sec-
ond and third equations are the boundary conditions on the
Dirichlet boundary (ΓD) and the Neumann (ΓN) boundary,
respectively, and σ(x1,x2) is a known function on the right-
hand side of the Poisson equation.

The solution of Ψ can be divided into two parts as fol-
lows:

Ψ(x1,x2) = Ψ̄(x1,x2)+ Ψ̃(x1,x2). (9)

Where Ψ̄(x1,x2) is the homogeneous solution satisfying
Laplace equation, and Ψ̃(x1,x2) is a particular solution satis-
fying

∇
2
Ψ̃(x1,x2) = σ(x1,x2). (10)

According to the HPC method [21, 22], the solution of
Ψ̄(x1,x2) is achieved through the weighted summation of a
series of harmonic polynomials. The forcing term σ(x1,x2)
is approximated by a bi-quadratic interpolation. Then the
variables (Ψ̄(x1,x2), σ(x1,x2), Ψ̃(x1,x2)) can be expressed
as


Ψ̄(x1,x2) = ∑

8
λ=1 aλqλ(x1,x2)

σ(x1,x2) = ∑
9
ξ=1 cξhξ(x1,x2)

Ψ̃(x1,x2) = ∑
9
ξ=1 cξgξ(x1,x2)

(11)

Similar to the original HPC method, the GHPC method
also operates on overlapping cells, each of which includes
nine stencil points and four neighbor elements to obtain a lo-
cal approximation of the solution. As shown in Fig. 1, each
point is assigned a global index and a local index. aλ and
cλ are the unknown coefficients, which can be determined
through boundary values in the stencil. The first few exam-
ples of the polynomials qλ(x1,x2), hξ(x1,x2) and gξ(x1,x2)
are given in Table 1. Therefore, the solution in Eq. (11)
within a cell is described as

Ψ(x1,x2) = ∑
8
λ=1 aλqλ(x1,x2)+∑

9
ξ=1 cξgξ(x1,x2) (12)

and a general form of Eq. (12) can be obtained easily [19] as

Ψ(x1,x2) =qλ(x1,x2)[q−1]λm
(
Ψm−gmξ[h

−1]ξkσk
)

+gξ(x1,x2)[h−1]ξkσk,

with λ, m = 1 · · ·8; ξ, k = 1 · · ·9.
(13)

Here, Ψm is the value of Ψ(x1,x2) at the m-th node in the
stencil, qmλ and gmξ are the matrices with the elements of qλ

and gξ evaluated at the m-th point of the cell, respectively,
and [q−1]λm is the inverse of matrix qmλ.

3 Local and global accuracy of the GHPC method on
non-uniform grids
We will now study the properties of the GHPC method

and explore the potential for using the GHPC method as the
Poisson equation solver in a Navier-Stokes equation solver
based on the projection method. This section will start with
an investigation of the accuracy of the GHPC method, in par-
ticular on non-uniform grids. Local errors within a cell as a
function of aspect ratio are firstly analyzed by considering
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Table 1. List of the first few polynomials qλ(x1,x2), hξ(x1,x2) and
gξ(x1,x2) in Eq. (13).

n qλ(x1,x2) hξ(x1,x2) gξ(x1,x2)

1 1 1 x2
1+x2

2
4

2 x1 x1
x1x2

2
2

3 x2 x2
x2

1x2
2

4 x2
1− x2

2 x2
1

x4
1

12

5 x1x2 x1x2
x3

1x2+x1x3
2

12

6 x3
1−3x1x2

2 x2
2

x4
2

12

7 3x2
1x2− x3

2 x2
1x2

x4
1x2
12

8 x4
1−6x2

1x2
2 + x4

2 x1x2
2

x1x4
2

12

9 — x2
1x2

2
x4(−x2

1+15x2
2)+x4

2(−x2
2+15x2

1)
360

a pressure field analytically described by the Taylor-Green
vortex solution. After that, global accuracy over a fluid do-
main is assessed using different stretched grids. The numer-
ical solution of the GHPC method will be compared with
that of a second-order FDM. Lastly, the newly implemented
2D Navier-Stokes equation solver, based on the immersed-
boundary GHPC method, is verified and validated by study-
ing the classical problem of flow around a smooth circular
cylinder and a square cylinder with sharp edges.

3.1 Local accuracy in a uniformly stretched cell
In this section, the effects of grid stretching are analyzed

in a cell with Dirichlet boundary conditions. The symmetric
and asymmetric stretching effects (in the y direction) are an-
alyzed as shown in Fig. 2, corresponding to a uniform and a
non-uniform grid, respectively. The analytical solution of a
2D Taylor-Green vortex is used to verify the local accuracy
of the GHPC Poisson equation solver.

3.1.1 The effect of aspect ratio R = dx/dy
Different aspect ratios are considered when the stretched

meshes are generated in the domain. We start with a uni-
formly stretched cell (see Fig. 2), i.e. the horizontal and ver-
tical grid sizes dx and dy are not equal, and analyze the local
properties of the cell by considering a Taylor-Green vortex
function, which satisfies the Poisson equation. We call this
cell uniform since the cell is symmetric about its local x and
y axes, respectively. Therefore, the local node 9 is always
at the geometrical center of the cell. In Section 3.1.2, we
will study the off-center effect of the local node 9 for non-
uniformly stretched cells.

The Taylor-Green vortex solution for the pressure field
p(x,y) is defined as

1
ρ

p
U2

0
(x,y, t) =

γ

4
(cos(2kx)+ cos(2ky))e−4t∗ . (14)

Here k = 2π/L is the wave number, in which L is the length
of the domain, t∗ = k2νt = α4π2( rU0

L ( 1
Re )) is dimensionless

time. The Reynolds number is defined as Re = α
U0L

ν
, where

α acts as a factor in the definition of the Reynolds number.
We set α = 1 and U0 = 1 m/s, ν = 1 m2/s and k = 1 m−1,
which lead to Re = 2π. We set γ = 1 and present the results
at the dimensionless time t∗ = 10−4. The error is evaluated
at the center point (the 9th point) by

E0 =

∣∣pnum
9 − pan

9

∣∣∣∣pan
9

∣∣ , (15)

where pnum
9 and pan

9 are the numerical and analytical solu-
tions at the 9th point, respectively.

As shown in Fig. 2, the calculation is first operated in a
cell with the size of 2dx×2dy ( k dx = k dy = 0.1). The as-
pect ratio R = dx/dy is used to analyze the stretching effect
on the accuracy of the local approximation within the cell,
where dx and dy are the grid sizes in the x and y direction,
respectively. Fig. 3 shows the errors of the pressure p and
its derivatives ∂p/∂x and ∂p/∂y at the center of the cell as a
function of the aspect ratio R. Here we have kept k dy = 0.1
and changed the size of dx. Corresponding results based on a
second-order FDM are also plotted in Fig. 3 for comparison.
From Fig. 3(a), it can be seen that the errors for the pres-
sure solution in both methods increase with R. Compared
with the second-order FDM, the error of the GHPC method
is smaller for small R and becomes very close to that of the
second-order FDM when the R reaches 20. When R . 5, the
error of the GHPC method is one or two orders of magnitude
smaller than that of the second-order FDM. The same holds
for the error of ∂p/∂x. In the range 5 . R . 15, stronger in-
creases in the errors are seen for increasing R for the GHPC
method, while the GHPC method is still more accurate than
the second-order FDM. For R & 15, the errors of the two
methods become quite similar, and this indicates that no bet-
ter accuracy can be achieved by the GHPC method than the
second-order FDM. We could find that the errors for the hor-
izontal derivative also approach 1.0 and even larger than 1.0
in GHPC method when R & 15 and this could be explained
with the reason that dx is simply too large to provide a proper
approximation for ∂p/∂x. Since dy is kept as a constant, the
errors for ∂p/∂y are almost constant for different aspect ra-
tios, as shown in Fig. 3(c). Very interestingly, the GHPC
method achieves that are reduced by two orders of magni-
tude errors for ∂p/∂y.

The analysis above reveals that very accurate re-
sults can still be obtained for the GHPC method on uni-
formly stretched cells compared with the second-order FDM
method. This observation differs from that of [24, 28] for
the original HPC method in solving the Laplace equation,
where dramatic accuracy losses have been reported, even on
uniformly stretched grids. From a practical point of view,
it seems to be a good idea to keep the cell aspect ratio
R . 10 or 15 in the flow regimes where higher accuracy is
needed. Alternatively, one may use adaptive square-shaped
cells throughout the whole fluid domain, such that the aspect
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Fig. 2. A uniformly stretched uniform cell.

ratio is 1.0 for all the cells. However, adaptive meshes are
essentially unstructured meshes. and from an implementa-
tion point of view, the resulting data structure (e.g. oct-tree
structures) is different from a solver based on a structured
grid.

Based on the local properties of the GHPC method dis-
cussed above for stretched cells, it is also interesting to see
how the errors are distributed within a cell. Understanding
of the error distribution within the cell will enable us to de-
sign proper strategies when an immersed boundary method
is applied. We define the error ER as,

ER =
|pnum

i − pan
i |

|pan
i |max

, (16)

where N is the total number of grid points for the pressure,
pnum

i and pan
i are the numerical and analytical solutions at

the i-th point, respectively, and |pan
i |max is the maximum ab-

solute value of the analytical solution in the domain.
Following the discussions above, the error distributions

for two aspect ratios (R = 1.0 and R = 2.0) are presented in
Figs. 4 and 5. The error is symmetric in the x and y direc-
tions, which is expected due to the symmetry of the cell as
illustrated in Fig. 2. As shown in Fig. 5, the overall errors
increase with the aspect ratio R, confirming the conclusions
above. Moreover, it is clearly illustrated in the figures that the
errors are the smallest at the cell center for both un-stretched
(Fig. 4) cell and stretched cell (Fig. 5)b except for the cell
boundaries where Dirichlet conditions are given. This also
reveals that it is advantageous to apply the immersed bound-
ary method and locate the boundary points close to the cell
centers, which will increase the accuracy of the pressure so-
lutions compared to a body-fitted grid. It should be noted
that the proper aspect ratio range may vary for different test
cases. Thus an additional comparison is made based on an
analytical function η = sinh(x)+ sinh(y) satisfying the 2D
Poisson equation. Similar precision features can be found
in Fig. 6. However, in flow regimes where high accuracy
is required, e.g. close to a structure surface, un-stretched or
slightly stretched meshes (aspect ratio can be used, while
larger aspect ratios may also be acceptable elsewhere. With
such a strategy, one may maintain the desired accuracy while

(a)

(b)

(c)

Fig. 3. Error as a function of cell aspect ratio R. Results from GHPC
and a second-order central FDM are compared. (a) pressue p; (b)
horizontal derivative ∂p/∂x; (c) vertical derivative ∂p/∂y.
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significantly reduce the computational costs.

3.1.2 The effect of stretching ratio
In this section, we now focus on an asymmetric cell in

the y direction (see Fig. 7(a)) to reveal the property of the
GHPC method on non-uniformly stretched grid. We use the
same analytical function and parameters as in Section 3.1.1.
The results from the second-order FDM are also used for
comparison. The errors are still calculated by Eq. (15). A
stretching ratio Cs is defined to quantify the non-uniformness
of the cell

Cs =
h2

h1
. (17)

Variables h1 and h2 are illustrated in Fig. 7(a), where h1 +
h2 = dh(i, j), dh(i, j) being the size of the cell in the direc-
tion of stretching, and h1 and h2 correspond to the sizes of
neighbour cell in the same direction. Cs = 1 corresponds to a
uniform grid. By uniform grid, it is meant that the grid spac-
ing is uniform in the x and y directions, respectively, while
dx and dy are not necessarily the same. When Cs 6= 1, the cell
is considered as non-uniformly (asymmetrically) stretched.

From Fig. 7(b), we see that the asymmetric stretching
alone does not have an important effect on either GHPC or
FDM. Larger errors are seen for a larger stretching ratio Cs.
In general, we expect that non-uniform grid stretching can be
used in practical applications. However, as already discussed
in Section 3.1.2, the resulting aspect ratio of cells should not
be too high in flow regimes where high accuracy is required.
In our later analysis in Sections 3.2 and 3.3 for global accu-
racy analysis of Poisson equation and Navier-Stokes equa-
tions, we will utilize the knowledge gained from this section
when generating non-uniformly stretched meshes.

3.2 Global accuracy of the GHPC method on non-
uniform grids

In this section, the accuracy analysis in Section 3.1 for
a single cell is extended, and the global accuracy on a rect-
angular fluid domain (Ω =L×L with L = 2π) is considered.
Except for the domain size, we use the same parameters as in
Section 3.1. The L2 error of the pressure in the fluid domain
will be calculated by Eq. (18).

EL2 =

√
∑

N
i=1(pnum

i − pan
i )2

∑
N
i=1(pan

i )2
(18)

Both Dirichlet and Neumann boundary value prob-
lems (BVPs) are investigated, and both uniformly and non-
uniformly stretched grids will be assessed. For comparison
purposes, both the GHPC method and a second-order FDM
will be used to solve the associated BVPs. The two solvers
are built using the same discretization scheme, and the final
sparse matrix for the Poisson equation is solved by a direct
sparse solver (PARDISO).

(a)

(b)

(c)

Fig. 4. Error distribution within a cell with R = 1.0. (a) pressure p;
(b) horizontal derivative ∂p/∂x; (c) vertical derivative ∂p/∂y.

.
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(a)

(b)

(c)

Fig. 5. Error distribution within a cell with R = 2.0. (a) pressure p;

(b) horizontal derivative ∂p
∂x ; (c) vertical derivative ∂p

∂y .
.

Fig. 6. Error as a function of cell aspect ratio R. Results from GHPC
and a second-order central FDM are compared.(η = sinh(x) +
sinh(y))

(a)

(b)

Fig. 7. An example of a non-uniformly stretched cell and the error
for different Cs values. (a) A non-uniform cell; (b) Error as a function
of Cs. GHPC: Dirichlet BC represents the results of GHPC method
with Dirichlet boundary conditions; FDM: Dirichlet BC represents the
results from FDM method with Dirichlet boundary conditions.

8



Table 2. Parameters for five different stretched meshes, all with as-
pect ratio R = 5.0.

n x y dx/L dy/L

1 10 50 0.4 0.08

2 20 100 0.2 0.04

3 40 200 0.1 0.02

4 80 400 0.05 0.01

5 160 800 0.025 0.005

We start with uniform grids by considering five differ-
ent grid resolutions, all with the same aspect ratio R = 5.0.
Details of mesh sizes for the five grids are summarized in
Table 2. As described in Fig. 8(a), a uniformly stretched
mesh with aspect ratio R = 5.0 in the y direction is used in
the simulation. Fig. 8(b) shows the L2 error (EL2) as a func-
tion of dy/L, and the corresponding results from the FDM
are also plotted for comparison. It can be seen that the er-
rors from the GHPC method are much smaller than those of
the FDM for both Neumann and Dirichlet BVPs. The results
also confirm that the applied FDM is second-order accurate,
while the GHPC method is still fourth-order accurate at an
aspect ratio of R = 5.0. Thus, very accurate solutions can be
obtained with the GHPC method on the considered uniform
grids, and this reveals the potential advantage of using the
GHPC method as a Poisson equation solver.

As a next step, the application of non-uniformly
stretched grids, which has the potential to greatly reduce the
computational costs without losing accuracy, will be exam-
ined. When generating the grids, we have fixed the number
of grid points in the y direction, while the grid is stretched by
a predefined stretching ratio Cs.

As concluded in Section 3.1 from the local accuracy
analysis of a single cell, it is advantageous to make the 9th
point close to the center of the cell. However, this cannot
always be achieved when a non-uniform grid is generated
based on a given stretching parameter Cs for the adjacent
meshes. Thus, it is of interest to analyze the effect of Cs
on the global accuracy. Here, we consider a 400× 80 grid
(see the 4th grid in Table 2) and different stretch ratios Cs.
A portion of the meshes are illustrated in Fig. 9(a), and the
resulting errors with Neumann Boundary value problems are
presented in Fig. 9(b). From what we have discussed in Sec-
tion 3.1.1, the effect of cell aspect ratios also matters. Thus,
the largest aspect ratio is also presented in Fig. 9(b) as a sec-
ond horizontal axis of the plot. From Fig. 9(b), we can see
that the errors as functions of CS and R for the GHPC method
are much lower than those for the FDM.

It should be mentioned that our discussions are based
on a fixed number of grid points (400 × 80), and the errors
will change if the number of grid points differs. However,
from the global and local accuracy analyses for the Poisson
equation, it is expected that the GHPC method is also able
to provide very good accuracy on non-uniform grids. What’s

(a)

(b)

Fig. 8. Uniformly stretched meshes with aspect ratio of R =5.0 and
EL2 errors for Dirichlet and Neumann boundary value problems. (a)
Parts of the global meshes; (b) The EL2 error as function of dy/L.
GHPC: Neumann BC and GHPC: Dirichlet BC are the results from
GHPC method with Neumann and Dirichlet boundary conditions, re-
spectively. FDM: Neumann BC and FDM: Dirichlet BC are the results
from FDM method with Neumann and Dirichlet boundary conditions,
respectively.

more, computational performance of GHPC Poisson equa-
tion solver versus second-order FDM solver with uniform
grid have been investigated in our previous study [20]. The
results showed that much less CPU time is required for the
GHPC method to reach the same accuracy as the second-
order FDM. Thus, it is promising to be applied as a Poisson
equation solver in solving the Navier-Stokes equations with
non-uniform grid based on projection methods.

3.3 A 2D Navier-Stokes equations solver based on
GHPC Method with non-uniform grid

The application of the GHPC method with uniform grid
as a Poisson equation solver in solving the Navier-Stokes
equations has been presented in our previous work [20].
Overall second-order accuracy was observed due to the fact
that both the discretization for the advection and diffusion
terms were based on second-order finite-difference approx-
imations. However, due to the enhanced pressure solution,
clearly improved solutions for both pressure and velocity

9



(a)

(b)

Fig. 9. Non-uniformly stretched meshes (400 × 80). (a) Parts of
the global meshes; (b) Error as a function of Cs and R. GHPC: Cs
is the error of GHPC method as a function of Cs . FDM: Cs : the
error from GHPC method as a function of Cs; GHPC: R is the error
of GHPC method as a function of R . FDM: R is the error of FDM as
a function of R.

were achieved, compared with second-order finite-difference
solutions. From a computational point of view, it is unnec-
essary to use the same mesh density everywhere in the fluid
domain. Encouraged by the good performance of the GHPC
method as a Poisson equation solver for non-uniform grids,
as shown in previous sections, we will now apply it in the
numerical solution of the Navier-Stokes equations for more
general fluid-structure-interaction problems.

In what follows, the canonical numerical cases involving
flow around a free circular and square cylinder are adopted
to test the accuracy and efficiency of the solver. The in-
compressible version of the three-step projection method
introduced by Xiao [5], as described also in Section 2.1,
is adopted. An immersed boundary method proposed by
Yang [31] is used to account for the presence of the struc-
ture. More details of this immersed boundary method can be
found in [31–33], and we will not present further details for
the sake of brevity.

3.3.1 Flow around a circular cylinder
We present a uniform flow with the velocity U0 = 1.0

m/s past a smooth circular cylinder having diameter d = 1
m. The size of the computational domain is fixed with length

L= 40d and breadth H = 20d. Free-slip boundary conditions
(∂u1/∂y = 0, u2 = 0) is applied on the top and bottom walls
and ∂u1/∂x = 0, ∂u2/∂x = 0 are used for the outlet bound-
ary. The simulations are carried out for five Reynolds num-
bers (Re =U0d/ν= 0.1, 1.0, 10, 100, 200). The drag and lift
coefficients (CD, CL) are estimated from the calculated force
on the cylinder. They are defined as

CD =
2Fx

ρdU0
2 (19)

CL =
2Fy

ρdU0
2 (20)

where Fx and Fy are the drag and lift forces in the horizontal
and vertical directions, respectively. Similarly, the mean drag
coefficient ( C̄D ) and fluctuations (C

′
D, C

′
L) are defined as

C̄D =
2F̄x

ρdU0
2 (21)

C
′
D =

2F
′
x

ρdU0
2 (22)

C
′
L =

2F
′
y

ρdU0
2 (23)

where F
′
x stands for the oscillatory part of the drag force de-

fined as F
′
x = Fx − F̄x, and F

′
y is the oscillatory part of the

lift force F
′
y = Fy − F̄y. Two distribution patterns of non-

uniform grid are considered and compared the uniform grid
(R = 1.00, Cs = 1.00) for the case with at Re = 100. See
the comparison in Table 3. We use 20 points per diame-
ter and choose two distribution patterns with the same mesh
density in a small local region (α) around the cylinder lead-
ing to 400×200 and 440×230 grid points for α=d×d and
α=3d×3d, respectively. An example of non-uniform grid is
shown in Fig. 10 where the red line stands for the α region.
Table 3 also shows the largest aspect ratio and stretching ra-
tio of the two distribution patterns. It should be mentioned
that the meshes need to be sufficient fine to obtain a precise
solution in this simulation although acceptable aspect and
stretching ratio have been adopted. Considering the com-
putational costs and the precision, we use 400× 200 grid
points (α=d× d) in the truncated fluid domain and 20 grid
points across the cylinder in the following simulations. The
average drag coefficients at different Reynolds numbers are
shown in Fig. 11, and we also present the results using a
uniform grid for comparison. The included reference results
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Fig. 10. An example non-uniform grid close to the circular cylinder.

Table 3. Results of the drag and lift coefficients of two non-uniform
mesh distribution patterns for the flow around a stationary cylinder at
Re = 100.

No. of grid points R Cs C̄D C
′
D C

′
L

440×230 3.07 1.02 1.48 ±0.021 ±0.391

400×200 1.90 1.01 1.48 ±0.021 ±0.392

1000×500 1.00 1.00 1.48 ±0.021 ±0.392

Fig. 11. The average drag coefficients compared with the Oseen-
Lamb laminar theory and the measurements by Wieselsberger [37].
Numerical results based on non-uniform and uniform grids are in-
cluded.

in the comparison are based on Oseen-Lamb laminar the-
ory [35, 36], experimental results by Wieselsberger [37] and
the rest can be found in [38]. Consistent results from uniform
and non-uniform grid can be found in Fig. 11, where good
agreement with the reference result is observed. We also
compare the drag and lift coefficients (Re = 100, 200) with
the simulation results from [39–41] in which Liu et al. [39]
applied the body-fitted mesh, and Ji et al. [40] and Mimeau
et al. [41] applied the immersed boundary method (see Ta-
ble 4). It can be seen from Table 4 that our results are in
good agreement with all of the above-mentioned numerical
studies.

The simulations have been run for 150 s using a small

Table 4. Comparison of the drag and lift coefficients for the flow
around a stationary cylinder at Re = 100 and 200.

Re Reference data C̄D C
′
D C

′
L

100

Present 1.48 ±0.020 ±0.390

Liu et al. (1998) 1.350 ±0.019 ±0.293

Ji et al. (2012) 1.376 ±0.010 ±0.339

Mimeau et al. (2015) 1.40 ±0.010 ±0.32

200

Present 1.46 ±0.050 ±0.75

Liu et al. (1998) 1.31 ±0.049 ±0.69

Ji et al. (2012) 1.354 ±0.044 ±0.682

Mimeau et al. (2015) 1.44 ±0.05 ±0.75

Table 5. Number of grid points and number of non-zeros in the re-
sulting sparse matrix.

Re No. of grid points No. of non-zeros

Uniform Non-uniform Uniform Non-uniform

1.0 1000×500 400×200 4,500,000 720,000

100 1000×500 400×200 4,500,000 720,000

time step of dt = 0.001 s, which maintains good accuracy
for the temporal discretization. Two cases (Re= 1.0,100) are
presented as examples to compare the number of unknowns
on uniform and non-uniform grids, and to demonstrate the
improvement in efficiency of the viscous solver (see Table 5).
The total number of non-zeros in the resulting sparse ma-
trices of the two simulations are also compared in Table 5.
It is obvious that the dimension of the resulting matrix in
the solver is greatly reduced when a non-uniform grid is ap-
plied. The vorticity fields from the two cases (Re = 1,100)
are shown in Fig. 12 where creeping steady flow without
separation is predicted in Fig. 12(a), while a change of flow
structure appears in Fig. 12(b) which gives rise to unsteady
flow with a laminar vortex street behind the cylinder. This is
also consistent with the description in [38, 42].

3.3.2 Flow around a square cylinder
The investigation of flow around square cylinders also

plays an important role in many engineering applications,
such as the design of buildings and offshore structures. In
this sub-section, the simulation of the 2D flow around a
square cylinder is carried out. We use the same computa-
tional fluid domain, non-uniform meshes, boundary condi-
tions and time step as that for the circular cylinder in Sec-
tion 3.3.1. An example of the non-uniform mesh (α=D×D)
is shown in Fig. 13. The fixed 2D square cylinder is exposed
to a constant free-stream velocity of U0 = 1.0 m/s. The pa-
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(a)

(b)

Fig. 12. Vorticity contours for the flow around a circular cylinder with
two Reynold numbers. (a) Re =1.0; (b) Re =100.

rameters of Re, CD, C̄D, and CL are defined in similar ways
as in Section 3.3.1, where we replace the circular diameter of
d by the length of the square side D. The Strouhal number is
defined as

St = fvD/U0 (24)

where fv is the vortex-shedding frequency.
Five Reynolds numbers in the range of [100, 250] are

considered in this study (Re=100, 120, 150, 200, 250). The
contour plot of the vorticity field for Re = 100 and Re = 250
are shown in Fig. 14 as examples. Comparisons of the mean
drag coefficient (C̄D) and root mean square of lift coefficient
(CL,rms) with other numerical results [43–47] are shown in
Fig. 15. The excellent agreement among the data confirms
that our numerical methodology and resolution are adequate
and reliable. As shown in Fig. 16, our numerical results for
the Strouhal number (St) also agree well with the numerical
results reported in [44, 46–48].

4 Conclusions
The accuracy of the GHPC method on uniformly and

non-uniformly stretched grids has been analyzed in detail.
The local error evaluation with the effect of cell aspect ra-
tio and stretching ratio is presented, in which the potential
use of the GHPC method on stretched mesh is validated and
demonstrated. A proper range for the stretching ratio is sug-
gested by making comparisons with second-order accurate
FDM, which uses similar stencils. Global accuracy analyses
with non-uniform grids have shown obvious advantages of

Fig. 13. An example non-uniform grid close to a square cylinder.

(a)

(b)

Fig. 14. Vorticity contours for the flow around a square cylinder for
two Reynold numbers. (a) Re = 100; (b) Re = 250.

using the GHPC method as a Poisson equation solver. The
verified GHPC solver is then further extended to solve the
2D Navier-Stokes equations based on a three-step projec-
tion method with non-uniform grid. The immersed bound-
ary method, which is in principle able to handle any complex
geometry, has been applied in this case to deal with the solid
boundaries. The new Navier-Stokes equation solver has been
verified and validated by considering a circular cylinder and
a square cylinder restrained in uniform incident flow, both
with encouragingly good agreement with reference results
in the literature. For the case of flow around a free circular
cylinder, it is shown that the use of non-uniform grid signifi-
cantly improves the computational efficiency without loss of
accuracy. The present results clearly suggest that the GHPC
method with immersed boundaries in non-uniform grids has
great potential to be applied in more general fluid-structure-
interaction problems.
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Fig. 15. Comparison of the present results for the mean drag coef-
ficient (CD) and root mean square of lift coefficient (CL,rms) for flow
around a square cylinder with other numerical results in the literature.

Fig. 16. Comparison of the present results for the Strouhal number
(St) for flow around a square cylinder with other numerical results in
the literature.
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