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A B S T R A C T

Jump models switch infrequently between states to fit a sequence of data while taking the ordering of the data
into account We propose a new framework for joint feature selection, parameter and state-sequence estimation
in jump models. Feature selection is necessary in high-dimensional settings where the number of features is
large compared to the number of observations and the underlying states differ only with respect to a subset of
the features. We develop and implement a coordinate descent algorithm that alternates between selecting the
features and estimating the model parameters and state sequence, which scales to large data sets with large
numbers of (noisy) features. We demonstrate the usefulness of the proposed framework by comparing it with a
number of other methods on both simulated and real data in the form of financial returns, protein sequences,
and text. By leveraging information embedded in the ordering of the data, the resulting sparse jump model
outperforms all other methods considered and is remarkably robust to noise.
1. Introduction

Jump models are a general class of latent variable models useful
for describing systems characterized by abrupt, persistent changes of
state dynamics. In such systems, relevant information is contained both
in data values and in their sequential order. The jump models we
consider in this article generalize the hidden Markov model (HMM)
by extending classical, order-independent clustering approaches. Unlike
classical clustering, by incorporating the ordering of the observations,
jump models are able to detect changes in the type of model state
the data were produced in an unsupervised fashion (Bemporad et al.,
2018).

By way of illustration, Fig. 1 depicts the states resulting from clus-
tering a sequence of 100 samples from a bivariate Gaussian distribution
using 𝐾-means and a jump model, respectively. A mean shift of the first
feature after the first 50 samples defines two distinct states. Because
the two conditional distributions overlap, it is impossible to recover
the true state sequence without taking the ordering of the observations
into account. In particular, as illustrated in the figure, 𝐾-means has
two issues. First, it separates the two states based on both features,
although only the first feature is relevant for this purpose. Second,
it is unable to recover the overlapping clusters because of its linear
decision boundary. While the first issue can be addressed through
feature selection, the second issue requires that the sequential ordering
of the observations is taken into account. In contrast, the jump model

∗ Correspondence to: Centre for Mathematical Sciences, Lund University, Box 118, 221 00 Lund, Sweden.
E-mail addresses: peter.nystrup@matstat.lu.se (P. Nystrup), petter.kolm@nyu.edu (P.N. Kolm), erik.lindstrom@matstat.lu.se (E. Lindström).

recovers the true, persistent state sequence, despite the overlapping
conditional distributions and one irrelevant feature.

State estimation can often be improved through careful selection
of exogenous variables or features. In machine learning applications
with vast amounts of noisy data, it has become standard practice to
reduce the number of input variables by determining the most relevant
features. Feature selection works well in many statistical methods,
including clustering, classification, and regression models. It is perhaps
most common in supervised learning, where labeled training data is
available to determine the distinguishing features. Yet, it is equally
important in unsupervised applications, such as jump models, where
the underlying states are unknown and might not even exist (Dy &
Brodley, 2004).

In this article, we present a feature selection framework for jump
models inspired by Witten and Tibshirani (2010). They proposed a
feature selection approach for clustering based on alternating between
selecting feature weights and clustering a weighted version of the data.
We extend their approach to jump models. By replacing standard,
order-independent clustering with a jump model, we obtain an efficient
and powerful approach to clustering high-dimensional sequential data
while taking its ordering into account.

We make three main contributions. First, to the best of our knowl-
edge, this is the first article to propose a general framework for joint
feature selection, parameter and state-sequence estimation in jump
vailable online 13 July 2021
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Fig. 1. Illustration of the states resulting from clustering a sequence of 𝑡 = 1,… , 100 observations of two features using 𝐾-means and a jump model. By taking the ordering of the
observations into account, the jump model is able to recover the true state sequence.
models. With our framework it is possible to determine which features
characterize the states. Separately, jump models and feature selection
are not new ideas; our contribution is to bring them together.

Second, we develop and implement a coordinate descent algorithm
that alternates between selecting features and estimating the model pa-
rameters and state sequence. The new algorithm is a combination of the
algorithms proposed by Witten and Tibshirani (2010) and Bemporad
et al. (2018) for feature selection in clustering and for fitting jump
models, respectively. By dividing the problem into simpler subprob-
lems, each of which can be solved efficiently, the proposed algorithm
scales well to high-dimensional data sets with large numbers of noisy
features.

Third, through computational experiments on two simulated and
three real data sets, we show that the jump model with feature se-
lection is remarkably robust to noise and is able to select relevant
features. In particular, it yields more accurate state estimates compared
to a number of other common methods including HMMs. Our data
and implementation in Python is available online as supplementary
material.

The outline of this article is as follows. We discuss related work in
Section 2. We provide an introduction to jump models in Section 3.
In Section 4, we describe our framework for feature selection in jump
models. We compare the framework with a number of other methods on
simulated data in Section 5. In Section 6, we compare states estimated
from time series of financial returns. In Section 7, we consider feature
selection and clustering of protein sequences. In Section 8, we evaluate
the ability of the jump model with and without feature selection to
identify breakpoints between articles from Wikipedia. Finally, Section 9
concludes.

2. Related work

Fitting a jump model is related to change-point detection (Nystrup
et al., 2016; Oh & Han, 2000; Ross et al., 2011), segmentation (Hallac
et al., 2019; Katz & Crammer, 2015), and trend filtering (Kim et al.,
2009) with the fundamental difference that the states are assumed to
be recurring. The HMM is a special case of a jump model where the
probability distribution that generates an observation depends on the
state of an unobserved Markov chain. It is popular in many areas with
applications ranging from face recognition (Nefian & Hayes, 1998) and
natural language processing (Gales & Young, 2008; Kang et al., 2018)
2

to wind- and solar-power forecasting (Bhardwaj et al., 2013; Pinson
et al., 2008), identification of volcanic regimes (Bebbington, 2007),
marketing (Netzer et al., 2017), fraud detection (Robinson & Aria,
2018), risk and return modeling in financial and energy markets (Dias
et al., 2015; Nystrup et al., 2018; Petropoulos et al., 2016), and genome
annotation in computational biology (Choo et al., 2004).

Unlike jump models in general, the HMM is based on specific
assumptions about the distributions of data and sojourn times. Being a
generalization of HMMs, jump models have recently been shown to be
much more robust to high-dimensional settings, limited sample sizes,
initialization, and misspecification as compared to HMMs (Nystrup,
Kolm et al., 2020; Nystrup et al., 2020b). They can be efficiently
estimated using the coordinate descent algorithm proposed by Bempo-
rad et al. (2018) that alternates between fitting the model parameters
and state sequence. Given their robustness and scalability, jump mod-
els are a promising alternative to traditional HMMs, especially in
high-dimensional settings.

It is difficult, if at all possible, to expand the number of features
in an effort to improve the HMM while maintaining persistence in the
estimated state sequence, which is critical in many applications. Despite
their popularity, feature selection in HMMs has attracted surprisingly
little attention (Adams & Beling, 2017). A likely reason for this is that
the maximum likelihood estimator for the HMM does not work well in
high-dimensional settings, where feature selection is most commonly
applied (Fiecas et al., 2017).

A practical solution is to apply a dimensionality-reduction tech-
nique, such as principal component analysis (PCA), prior to fitting the
HMM (e.g., Filion et al., 2010; Georgoulas et al., 2013). However, the
objective of dimensionality reduction is different from that of feature
selection, and there is no guarantee that a reduced feature space retains
the information necessary to distinguish between states (Chang, 1983).

Adams et al. (2016) extended the EM algorithm for estimating
HMMs to include binary feature saliency parameters. Unfortunately, as-
sumptions about the distribution of features and their conditional inde-
pendence given the state typically do not hold in practice. At the same
time, their estimation algorithm does not scale well to high-dimensional
data.

Feature selection is critical when the number of features is large
compared to the number of observations per state and the underlying
states differ only with respect to a subset of the features. It yields
interpretable results by establishing which features are responsible for
the observed differences between the states. In addition, it can reduce
computational complexity as fewer features are required to assign each
new observation to a preexisting state (Witten & Tibshirani, 2010).
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Several approaches to unsupervised feature selection have been
proposed in the literature. Common approaches include removing re-
dundancy based on a measure of feature similarity (Mitra et al., 2002;
Zhao & Liu, 2007), ranking features based on scores computed in-
dependently for each feature (He et al., 2005), projection onto a
subspace with lower dimension (Tang et al., 2020, 2021), and feature
weighting (de Amorim, 2019). We note that feature selection cannot
be applied prior to fitting an HMM as a means to alleviate dimen-
sionality issues, because it requires an estimate of the underlying state
sequence. Consequently, in jump models feature selection, parameter
and state-sequence estimation need to be done jointly. This is the main
motivation for the framework we present in this article. The ability to
leverage information embedded in the ordering of the data to improve
accuracy separates it from other approaches to unsupervised feature
selection proposed in the past.

3. Jump models

A jump model switches infrequently between a finite collection of
states or submodels to fit a sequence of data while taking the ordering
of the data into account. Bemporad et al. (2018) proposed to fit jump
models with 𝐾 states by minimizing the objective function
𝑇−1
∑

𝑡=1

[

𝓁
(

𝒚𝑡,𝝁𝑠𝑡

)

+ 𝜆I𝑠𝑡≠𝑠𝑡+1
]

+ 𝓁
(

𝒚𝑇 ,𝝁𝑠𝑇

)

(1)

ver the model parameters 𝝁1,… ,𝝁𝐾 ∈ R𝑃 and the state sequence
1,… , 𝑠𝑇 , where 𝒚1,… , 𝒚𝑇 ∈ R𝑃 is a sequence (e.g., a time series) of
𝑇 observations of 𝑃 (standardized) features, 𝓁(𝒚,𝝁) is a loss function,
𝜆 ≥ 0 is a regularization parameter, and I is the indicator function.

In this article, we consider the squared Euclidean distance 𝓁(𝒚,𝝁) =
‖𝒚 − 𝝁‖2 as loss function, which results in the objective function (1) for
𝜆 = 0 being the same as that for 𝐾-means clustering (Lloyd, 1982). It
is not surprising that this loss function is useful for fitting jump models
in light of 𝐾-means clustering being a successful initialization strategy
for maximum likelihood estimation of hidden Markov and semi-Markov
models (Maruotti & Punzo, 2021). We refer to the resulting model as
the jump model or standard jump model. Fig. 1 illustrates the difference
between states estimated using a jump model and 𝐾-means clustering.

3.1. Jump penalty

Intuitively, the objective function (1) describes a tradeoff between
fitting the data and prior assumptions about the persistence of the state
sequence. That the state sequence changes infrequently simply means
that at any point the model is more likely to remain in the same state
than to jump to another state.

Fixed cost. The persistence is determined by the regularization param-
eter 𝜆, a fixed-cost penalty for jumps. For 𝜆 large enough, the jump
model results in a single state model. When 𝜆 = 0, the model reduces
to splitting the dataset in at most 𝐾 states and fitting one model per
state, thereby generalizing the 𝐾-means algorithm. Hence, the jump
model allows us to infer the number of states from the data. This is in
contrast to standard 𝐾-means where the number of states or clusters
is chosen a priori and model complexity is determined by rerunning
the estimation for different values of 𝐾 (Nystrup, Kolm et al., 2020).
In practice, the jump penalty needs to be selected based on the specific
application in mind, for example, by cross-validation.

Transition probability. Bemporad et al. (2018) proved that the HMM
is a special case of a jump model where the loss function is given
by a negative log-likelihood function and the jump penalty 𝜆 is the
negative logarithm of the transition probability. Thus, there is a direct
link between the jump penalty and transition probabilities, which can
be exploited to forecast future states. In fact, it is possible to estimate
3

HMMs using the objective function (1) with the squared Euclidean J
distance as loss function applied to simple endogenous features such
as rolling means and standard deviations (Nystrup, Kolm et al., 2020;
Nystrup et al., 2020b). It is straightforward to extend (1) to include
separate jump penalties for each possible transition. Although this
increases the complexity of the model by imposing additional prior
assumptions, it does not increase the computational complexity of the
estimation problem.

Persistence. In many applications, it is desirable that the state se-
quence has a certain level of persistence. If an HMM is misspecified
(e.g., because the Markov assumption or the conditional distributions
are incorrect) or not properly estimated (e.g., due to limited data being
available, high-dimensionality, nonstationarity, or failure to converge
to the global optimum in the estimation process), typically it leads to
unstable and impersistent estimates of the underlying state sequence
and the introduction of unnecessary states (Bulla, 2011; Fiecas et al.,
2017; Fox et al., 2011). When the state sequence contains far too
many jumps the model reduces to a mixture model with no sequential
information. Penalizing jumps is a natural way to ensure persistence of
the estimated state process and improve stability of the model.

3.2. Estimation

Jump models can be fit by a coordinate descent algorithm that
alternates between finding the model parameters that minimize the loss
function for a given state sequence (i.e., fitting the model) and finding
the state sequence that minimizes the objective function (1) given the
parameters (i.e., fitting the state sequence) (Bemporad et al., 2018).
This process is repeated 10 times at the most or until the state sequence
does not change, which usually happens after less than five iterations.

While each iteration improves the value of the objective function
(1), there is no guarantee that the solution found is the global optimum.
The solution found depends on the initial state sequence, similar to
standard 𝐾-means clustering. To improve the quality of the solution, we
run the coordinate descent algorithm from several different initial state
sequences (in parallel) and keep the model that achieves the lowest
objective value (Arthur & Vassilvitskii, 2007).

The parameters 𝝁1,… ,𝝁𝐾 are the conditional means of the features
assigned to each of the 𝐾 states. The most likely sequence of states is
found using dynamic programming (Bellman, 1957). Define

𝑉 (𝑇 , 𝑠) = ‖𝒚𝑇 − 𝝁𝑠‖
2, (2)

𝑉 (𝑡, 𝑠) = ‖𝒚𝑡 − 𝝁𝑠‖
2 + min

𝑗

{

𝑉 (𝑡 + 1, 𝑗) + 𝜆I𝑠≠𝑗
}

, 𝑡 = 𝑇 − 1,… , 1. (3)

he most likely sequence of states is then given by

1 = argmin
𝑗

𝑉 (1, 𝑗) , (4)

𝑠𝑡 = argmin
𝑗

{

𝑉 (𝑡, 𝑗) + 𝜆I𝑠𝑡−1≠𝑗
}

, 𝑡 = 2,… , 𝑇 . (5)

ote that (2)–(5) become the Viterbi (1967) algorithm if the sequential
rder of operations is reversed.

omplexity. Finding the most likely state sequence requires 𝑂(𝑇𝐾2) op-
rations plus 𝑂(𝑇𝑃𝐾) operations to evaluate the loss function for each 𝑡
nd 𝑘, which is the same as one forward and backward pass with the EM
lgorithm. While the jump estimator and EM algorithm have the same
omputational complexity per iteration, the jump estimator converges
aster in practice. Hard clustering algorithms, such as the jump estima-
or, generally converge faster than soft clustering algorithms (Bottou &
engio, 1995). In our simulation study, typically the jump estimator
equires less than five iterations, whereas the EM algorithm needs
etween 50 and 100 iterations to converge, depending on the signal-
o-noise ratio.1 Fitting jump models also requires significantly fewer

1 We note that a number of methods have been proposed to accelerate
he sometimes slow convergence of the EM algorithm, such as those using
onjugate gradient and modified Newton methods (Bulla & Berzel, 2007;
amshidian & Jennrich, 1997).
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iterations compared to 𝐾-means, which has time complexity 𝑂(𝑇𝑃𝐾)
per iteration using Lloyd’s (1982) algorithm, because the jump penalty
reduces the possibilities for the state assignments to change.

4. Feature selection

To make the jump model more robust to noisy data and high
dimensionality, the objective function (1) can be extended by adding
a regularization penalty on the parameters 𝝁 (Bemporad et al., 2018).
For example, quadratic ridge regularization, ∑𝐾

𝑘=1 ‖𝝁𝑘‖
2, corresponds

to assuming a Gaussian prior, whereas the lasso penalty, ∑𝐾
𝑘=1 ‖𝝁𝑘‖1,

corresponds to a Laplace prior. This is one way to implement feature
selection in jump models; but it comes at the cost of not being able to
compute analytically the optimal model parameters for a given state
sequence. It also does not guarantee that the features selected are the
same in all states. Therefore, this approach is not useful for determining
which features are responsible for the differences between the states,
which is our goal in this article.

4.1. Sparse 𝐾-means clustering

A different approach to feature selection is to introduce a weighting
of each feature that is the same across all states. However, a weighted
version of the usual 𝐾-means objective of minimizing the within-cluster
sum of squares (WCSS)

minimize 𝒘′ ∑𝑇
𝑡=1

(

𝒚𝑡 − 𝝁𝑠𝑡

)2

subject to ‖𝒘‖

2 ≤ 1, 𝑤𝑝 ≥ 0 ∀𝑝,
(6)

with respect to the feature weights 𝑤1,… , 𝑤𝑃 , where the squared value
is elementwise, has the trivial solution 𝑤1 = ⋯ = 𝑤𝑃 = 0.

Numerous approaches to feature weighting in 𝐾-means have been
proposed in the literature (see de Amorim, 2016, for a survey). We
employ the criterion proposed by Witten and Tibshirani (2010) for
finding clusters and feature weights based on maximizing the weighted
between-cluster sum of squares (BCSS). The total sum of squares (TSS)
is constant and equal to the sum of the WCSS and BCSS:
𝑇
∑

𝑡=1
‖𝒚𝑡 − �̄�‖2 =

𝑇
∑

𝑡=1
‖𝒚𝑡 − 𝝁𝑠𝑡‖

2 +
𝐾
∑

𝑘=1
𝑛𝑘‖𝝁𝑘 − �̄�‖2, (7)

where 𝑛𝑘 is the number of observations in state 𝑘 and �̄� is the un-
conditional mean of the observations. Hence, minimizing the WCSS is
equivalent to maximizing the BCSS. A large BCSS indicates that the
clusters are spread out, while a small value indicates that they are close
together.

Their sparse 𝐾-means clustering criterion can be formulated as

maximize 𝒘′ ∑𝐾
𝑘=1 𝑛𝑘

(

𝝁𝑘 − �̄�
)2

subject to ‖𝒘‖

2 ≤ 1, ‖𝒘‖1 ≤ 𝜅,
𝑤𝑝 ≥ 0 ∀𝑝,

(8)

with respect to the model parameters 𝝁1,… ,𝝁𝐾 (i.e., the conditional
means), state sequence 𝑠1,… , 𝑠𝑇 , and feature weights 𝑤1,… , 𝑤𝑃 . The
feature weights are a measure of the importance of the features. They
will be sparse for an appropriate choice of the tuning parameter 1 ≤ 𝜅 ≤
√

𝑃 that controls the degree of sparsity. The squared 𝓁2 penalty serves
an important role, since without it, at most one element of 𝑤 would be
onzero in general when features are correlated (Zou & Hastie, 2005).
ote that it is only possible to maximize the BCSS if multiple states are
stimated. If 𝑤1 = ⋯ = 𝑤𝑃 , then (8) reduces to the standard 𝐾-means
lustering criterion.
4

Algorithm 1 Sparse jump model fitting.
Input: Sequence 𝒚1,… , 𝒚𝑇 of 𝑃 standardized features, number of latent
states 𝐾, jump penalty 𝜆, and feature limit 𝜅.

1. Initialize feature weights 𝒘 as 𝑤0
1,… , 𝑤0

𝑃 = 1
√

𝑃
.

2. Iterate for 𝑖 = 1,… until ‖𝒘𝑖 −𝒘𝑖−1
‖1∕‖𝒘𝑖−1

‖1 < 10−4:

(a) Compute sequence of weighted features
𝒛𝑡 = 𝒚𝑡 ⋅ diag

(
√

𝒘𝑖−1
)

, where 𝑡 = 1,… , 𝑇 .

(b) Initialize state sequence 𝒔 as 𝑠01,… , 𝑠0𝑇 .
(c) Iterate for 𝑗 = 1,… until 𝒔𝑗 = 𝒔𝑗−1:

i. Fit model parameters
𝝁𝑗 = argmin𝝁

∑𝑇
𝑡=1 ‖𝒛𝑡 − 𝝁𝑠𝑗−1𝑡

‖

2.

ii. Fit state sequence
𝒔𝑗 = argmin𝒔

{

∑𝑇−1
𝑡=1

[

‖𝒛𝑡 − 𝝁𝑗
𝑠𝑡‖

2 + 𝜆I𝑠𝑡≠𝑠𝑡+1
]

+‖𝒛𝑇 − 𝝁𝑗
𝑠𝑇 ‖

2
}

.

(d) Update weights 𝒘𝑖 by solving (9) using soft thresholding
while holding the parameters 𝝁𝑗 and state sequence 𝒔𝑗
fixed.

Output: Model parameters 𝝁1,… ,𝝁𝐾 , state sequence 𝑠1,… , 𝑠𝑇 , and
feature weights 𝑤1,… , 𝑤𝑃 .

4.2. Sparse jump models

Bringing it all together, we propose to fit sparse jump models by
solving:

maximize 𝒘′ ∑𝐾
𝑘=1 𝑛𝑘

(

𝝁𝑘 − �̄�
)2 − 𝜆

∑𝑇−1
𝑡=1 I𝑠𝑡≠𝑠𝑡+1

subject to ‖𝒘‖

2 ≤ 1, ‖𝒘‖1 ≤ 𝜅,
𝑤𝑝 ≥ 0 ∀𝑝,

(9)

with respect to the model parameters 𝝁1,… ,𝝁𝐾 , state sequence
𝑠1,… , 𝑠𝑇 , and feature weights 𝑤1,… , 𝑤𝑃 . For a fixed sequence of states,
the two problems (8) and (9) are equivalent. Moreover, if 𝑤1 = ⋯ =
𝑤𝑃 , then (9) reduces to the standard jump fitting criterion (1) with
the squared Euclidean distance as loss function. Note that although we
focus on the squared Euclidean distance the framework will work with
any (convex) dissimilarity measure as loss function.

Convergence. Algorithm 1 outlines how (9) can be solved using a co-
ordinate descent algorithm. First, holding 𝒘 fixed, we optimize (9) with
respect to 𝝁 and 𝒔. Second, holding 𝝁 and 𝒔 fixed, we optimize (9) with
respect to 𝒘. In general, we do not achieve a global optimum of (9)
using this iterative approach since the problem is nonconvex and the
first optimization involves an application of the standard jump fitting
algorithm to a weighted version of the data, which is not guaranteed to
find a global optimum. However, we are guaranteed that each iteration
increases the objective function. We finish after a maximum of 10 up-
dates of the feature weights or once ‖𝒘𝑖−𝒘𝑖−1

‖1∕‖𝒘𝑖−1
‖1 < 10−4, where

𝒘𝑖 denotes the weights obtained at iteration 𝑖. The convergence of the
feature weights is abrupt, as they do not change from one iteration to
the next if the state sequence has not changed. This usually takes less
than five iterations, as illustrated in Fig. 2, where the convergence of
the feature weights is shown for each iteration when fitting sparse jump
models to 100 simulated series of 𝑇 = 500 observations using the same
setup as in the simulation study in Section 5.3.

Random initialization. In Step 2b, the initial state sequence is gener-
ated randomly using 𝐾-means++ (Arthur & Vassilvitskii, 2007), before
fitting a jump model in Step 2c. This process is repeated 10 times,
similar to standard jump model fitting, with the important exception
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Fig. 2. Convergence of feature weights along with a histogram showing the number of iterations required when fitting sparse jump models to 100 simulated series of 𝑇 = 500
observations with 𝜇 = 1 and 𝑃 = 60. The dashed line shows the threshold used as stopping criterion.
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that we keep the best state sequence from iteration 𝑖 − 1 and use
that as one of the 10 initial state sequences. This ensures that the
objective function always improves. Continuing random initialization
beyond iteration 𝑖 = 1 increases computational complexity (although
it can be done in parallel), but it also reduces the risk of getting stuck
in a local optimum. In simulations we find that this approach leads to
significantly more accurate state estimates for both sparse 𝐾-means and
the sparse jump model. It is a significant advantage of this approach
to fitting jump models that it is far more robust to initialization
than traditional maximum likelihood estimation of HMMs (Maruotti
& Punzo, 2021). Similar to other studies, we find that 𝐾-means++
performs well in combination with repetitions (Celebi et al., 2013;
Fränti & Sieranoja, 2019). We leave it for future work to consider more
advanced initialization techniques.

Updating 𝑤. In Step 2d, solving (9) with respect to 𝒘 with 𝝁 and 𝒔
held fixed can be done using soft thresholding with time complex-
ity 𝑂(𝑇𝑃 ). The solution to the convex problem, which follows from
the Karush–Kuhn–Tucker conditions (Boyd & Vandenberghe, 2004), is
𝒘 = 𝑆(𝒙+ ,𝛥)

‖𝑆(𝒙+ ,𝛥)‖
, where 𝒙 =

∑𝐾
𝑘=1 𝑛𝑘

(

𝝁𝑘 − �̄�
)2 is a vector of BCSS per

eature, 𝒙+ denotes the positive part of the elements in 𝒙, and the soft-
thresholding operator is defined as 𝑆(𝒙, 𝑐) = sign(𝒙)◦(|𝒙| − 𝑐)+. Here,
𝛥 = 0 if that results in ‖𝒘‖1 ≤ 𝜅; otherwise we choose 𝛥 > 0 to yield
𝒘‖1 = 𝜅. This assumes that there is a unique maximal element of 𝒙
nd that 1 ≤ 𝜅 ≤

√

𝑃 (Witten & Tibshirani, 2010).

electing 𝜆 and 𝜅. Witten and Tibshirani (2010) proposed to choose the
alue of 𝜅 that maximizes the gap between the value of the objective
unction (8) computed on the data and on random permutations of
he data. Because 𝜆 and 𝜅 are mutually dependent, we recommend

selecting their value based on the specific application in mind by
5

e

cross-validation or backtesting. For example, if the estimated states
are used as input to an investment strategy, then the values that
maximize risk-adjusted return subject to transaction costs in a backtest
are a natural choice (Nystrup et al., 2020a). We leave more systematic
hyperparameter optimization in the sparse jump model for future work.

Sparsity. We refer to models fit using Algorithm 1 as sparse jump
models due to the sparsity in the features induced by the 𝓁1 penalty
n 𝒘. Compared with the framework for feature selection in clustering
roposed by Witten and Tibshirani (2010), the jump model is well
uited to replace 𝐾-means because it requires very few iterations to fit.
n simulations we find that the state sequence does not change much
fter the first iteration. It should be clear from Algorithm 1 that in Step
c we could just as well fit a regime-switching linear regression model
Bemporad et al., 2018), a regime-switching ARMAX model (Breschi
t al., 2018), or any other kind of jump model.

obustness. Given the nested structure of Algorithm 1, where a model
s fit for every update of the feature weights, it is essential that the
stimation method is robust and quick. Jump model fitting fulfills both
hese criteria. Nystrup, Kolm et al. (2020) and Nystrup et al. (2020b)
howed that the fitting of jump models is robust to initialization,
igh-dimensionality, small sample sizes as well as the distributions
f data and sojourn times. At the same time, the jump model is a
ignificant extension of standard, order-independent clustering. The
ombination of the robustness of the jump model with a framework
or feature selection has a promising potential in a number of practical
pplications, some of which we will explore in the following sections.

. Simulation study

We compare the accuracy of state sequences estimated using differ-

nt models with and without feature selection in a simulation study.



Expert Systems With Applications 184 (2021) 115558P. Nystrup et al.

w
p
o
I
c
b
t

5

w
c

S
i
I
s

d
f
f
b
f
A
t

r
s
p
t
T
t
f
f
a

o
a
r
f
I
a
n
i

5

H
j
t
v
s
T
h
u

In the simulation study the true state sequence is known, which makes
it possible to evaluate the ability of each model to correctly identify
the underlying hidden states. We define accuracy as the maximum
classification accuracy among all possible alignments of an inferred
state sequence. It is necessary to check whether a different permutation
of the states yields higher accuracy due to the risk of label switching.

Following Brodersen et al. (2010), we use balanced accuracy

BAC = 1
𝐾

𝐾
∑

𝑘=1

𝑡𝑝𝑘
𝑡𝑝𝑘 + 𝑓𝑛𝑘

, (10)

hich is the average of accuracy per observed state, to avoid inflated
erformance estimates on imbalanced datasets. Here, 𝑡𝑝𝑘 is the number
f true positives and 𝑓𝑛𝑘 the number of false negatives in state 𝑘.
f a classifier performs equally well on all states, BAC reduces to
onventional accuracy. In contrast, if accuracy is above chance only
ecause a classifier takes advantage of an imbalanced dataset, BAC
hen, as appropriate, drops to the reciprocal of the number of states.

.1. Setup

We simulate data from a three-state multivariate Gaussian HMM

𝒚𝑡|| 𝑠𝑡 ∼ 𝑁
(

𝝁𝑠𝑡 , 𝑰𝑃

)

, (11)

here 𝑰𝑃 is an identity matrix of order 𝑃 and 𝑠𝑡 is a first-order Markov
hain, with parameters

(𝝁1)𝑝 = 𝜇I𝑝≤15, 𝝁2 = 𝟎, (𝝁3)𝑝 = −𝜇I𝑝≤15,

𝜞 =
⎛

⎜

⎜

⎝

0.9903 0.0047 0.0050
0.0157 0.9666 0.0177
0.0284 0.0300 0.9416

⎞

⎟

⎟

⎠

.
(12)

ince the covariance matrix in all states is the identity matrix, all
nformation separating the states is contained in the mean values.
n Section 6, we will consider an example where the information
eparating the states comes from the second moment.

Each series is simulated by first generating a sequence of states of
esired length according to the transition probability matrix 𝜞 starting
rom its stationary distribution. Secondly, observations are sampled
rom multivariate Gaussian distributions with mean parameters 𝝁 given
y the simulated states and covariance 𝑰𝑃 . In state one the first 15
eatures have mean value 𝜇 and in state three they have mean value −𝜇.
ll other features have mean zero in all states. Hence, features beyond

he first 15 are white noise.
The transition probabilities are based on an HMM of weekly stock

eturns, which is a common application (Nystrup et al., 2020b). By
ampling the states from an underlying Markov chain, rather than sim-
ly drawing a uniform number of observations from each distribution,
his is an extension of the simulation setup considered by Witten and
ibshirani (2010). Having the mean value in the middle state be equal
o the mean values of the noise features increases the importance of
eature selection. Naturally, we expect methods that are able to benefit
rom the persistence in the state process to yield higher classification
ccuracy.

Despite the features being conditionally independent, the sampling
f the states from a Markov chain means that the first 15 features
re unconditionally correlated. Consequently, the unconditional cor-
elation structure can be used to distinguish relevant from irrelevant
eatures and to successfully reduce the dimension of the feature space.
n Section 5.4, we consider what happens when the noise features
re weakly correlated and the unconditional correlation structure is
o longer sufficient to make the distinction between relevant and
rrelevant features.
6

i

5.2. Models

We compare the accuracy of our sparse jump model with a num-
ber of competitors on the simulated data. All methods are initialized
with 10 different centroid seeds generated using 𝐾-means++ (Arthur
& Vassilvitskii, 2007) to make the comparison as fair as possible.
Increasing the number of random initializations beyond 10 does not
significantly improve the BAC of either of the considered models and,
therefore, would not change the conclusions drawn from the simulation
study. For the HMM we provide better initial values for the transition
probabilities to increase the probability of convergence, as detailed
below. We estimate the simulated state sequences using the following
six different models:

1. Standard 3-means using the implementation in scikit-learn
(Pedregosa et al., 2011) with a maximum of 300 iterations per
initialization.

2. Sparse 3-means proposed by Witten and Tibshirani (2010). Our
implementation follows our implementation of the sparse jump
model with the jump model replaced by 3-means. We do a
maximum of 10 updates of the feature weights. For each value
of 𝜇 and 𝑃 we report the highest BAC from a grid search over
14 equally spaced values of 𝜅 between 1 and

√

𝑃 .
3. Gaussian HMMs estimated using the regularized EM algorithm

based on Huang et al. (2001, Chapter 9.6.1) that is imple-
mented in the hmmlearn package in Python with a maximum
of 100 iterations, the covariance prior set to 1, and the transition
probability matrix initialized with self-transition probabilities of
0.95. The state sequences are estimated using the Viterbi (1967)
algorithm.

4. The Gaussian feature saliency HMM (FSHMM) proposed by
Adams et al. (2016). Our implementation is based on the imple-
mentation of the Gaussian HMM in the hmmlearn package ex-
tended with an unconditional mean, unconditional variance, and
feature saliency parameter for each feature. The state sequences
are estimated using the Viterbi (1967) algorithm.

5. PCAHMM using the PCA implementation in scikit-learn
(Pedregosa et al., 2011) to transform the data based on the
first eigenvector followed by estimation of a Gaussian HMM (as
above) based on the dimensionality-reduced data.

6. Standard jump models fit using the framework proposed by Be-
mporad et al. (2018) with a maximum of 10 iterations per
initialization. For each value of 𝜇 and 𝑃 we report the highest
BAC from a grid search over 14 logarithmically spaced values of
𝜆 between 10−2 and 104.

7. Sparse jump models fit using Algorithm 1. For each value of 𝜇
and 𝑃 we report the highest BAC from a grid search over the
Cartesian product of seven logarithmically spaced values of 𝜆
between 10−1 and 102 and 14 equally spaced values of 𝜅 between
1 and

√

𝑃 , i.e., 98 combinations in total.

.3. Results when features are conditionally independent

Table 1 compares the standard 3-means, sparse 3-means, standard
MM, feature saliency HMM, PCAHMM, standard jump, and sparse

ump model for different values of 𝜇 and for different numbers of fea-
ures 𝑃 when the features are conditionally independent. The reported
alues are the mean (and standard deviation) of the BAC over 100
imulations of 𝑇 = 500 observations for each combination of 𝜇 and 𝑃 .
he entries for which the BAC of the sparse jump model is significantly
igher than that of the standard jump model are shown in bold. We
se the Wilcoxon (1945) signed-rank test to determine whether the
mprovements in BAC are statistically significant at level 𝛼 = 0.05.
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Table 1
Comparison of standard 3-means, sparse 3-means, standard HMM, feature saliency HMM, PCAHMM, standard jump, and sparse jump model when all features are conditionally
independent. The reported values are the mean (and standard deviation) of the BAC over 100 simulations of 𝑇 = 500 observations for each value of 𝜇 and for each number of
features 𝑃 . The entries for which the BAC of the sparse jump model is significantly higher than that of the standard jump model (at level 𝛼 = 0.05) are shown in bold.

𝑃 = 15 𝑃 = 30 𝑃 = 60 𝑃 = 150 𝑃 = 300

𝜇 = 0.25
3-means 0.47 (0.07) 0.45 (0.06) 0.42 (0.05) 0.38 (0.04) 0.36 (0.04)
Sparse 3-means 0.41 (0.05) 0.40 (0.05) 0.39 (0.04) 0.37 (0.03) 0.37 (0.04)
HMM 0.59 (0.10) 0.56 (0.10) 0.52 (0.11) 0.41 (0.07) 0.38 (0.05)
FSHMM 0.60 (0.11) 0.60 (0.11) 0.58 (0.11) 0.51 (0.11) 0.45 (0.10)
PCAHMM 0.67 (0.18) 0.64 (0.19) 0.57 (0.17) 0.42 (0.12) 0.36 (0.06)
Jump 0.69 (0.14) 0.60 (0.12) 0.57 (0.12) 0.49 (0.12) 0.44 (0.10)
Sparse jump 0.63 (0.14) 0.64 (0.12) 0.62 (0.15) 0.59 (0.15) 0.57 (0.13)

𝜇 = 0.5
3-means 0.54 (0.11) 0.54 (0.10) 0.53 (0.10) 0.51 (0.09) 0.46 (0.08)
Sparse 3-means 0.49 (0.09) 0.48 (0.08) 0.49 (0.08) 0.48 (0.08) 0.46 (0.08)
HMM 0.70 (0.19) 0.65 (0.18) 0.61 (0.15) 0.55 (0.10) 0.53 (0.12)
FSHMM 0.70 (0.13) 0.68 (0.14) 0.68 (0.11) 0.64 (0.10) 0.62 (0.12)
PCAHMM 0.86 (0.17) 0.90 (0.15) 0.89 (0.15) 0.84 (0.18) 0.80 (0.20)
Jump 0.85 (0.17) 0.84 (0.16) 0.77 (0.16) 0.67 (0.11) 0.60 (0.09)
Sparse jump 0.86 (0.16) 0.89 (0.14) 0.89 (0.14) 0.87 (0.16) 0.88 (0.14)

𝜇 = 0.75
3-means 0.68 (0.18) 0.63 (0.17) 0.59 (0.15) 0.54 (0.11) 0.54 (0.10)
Sparse 3-means 0.66 (0.20) 0.67 (0.19) 0.68 (0.18) 0.65 (0.19) 0.67 (0.18)
HMM 0.81 (0.21) 0.75 (0.21) 0.69 (0.20) 0.59 (0.14) 0.55 (0.10)
FSHMM 0.78 (0.18) 0.77 (0.18) 0.74 (0.18) 0.65 (0.18) 0.63 (0.15)
PCAHMM 0.90 (0.16) 0.93 (0.15) 0.94 (0.12) 0.93 (0.14) 0.91 (0.15)
Jump 0.90 (0.16) 0.90 (0.16) 0.87 (0.17) 0.77 (0.16) 0.68 (0.11)
Sparse jump 0.91 (0.14) 0.95 (0.12) 0.95 (0.11) 0.95 (0.11) 0.94 (0.12)

𝜇 = 1
3-means 0.78 (0.21) 0.74 (0.22) 0.68 (0.21) 0.58 (0.14) 0.55 (0.10)
Sparse 3-means 0.77 (0.22) 0.83 (0.21) 0.84 (0.19) 0.81 (0.21) 0.82 (0.20)
HMM 0.86 (0.20) 0.80 (0.22) 0.74 (0.22) 0.63 (0.19) 0.59 (0.13)
FSHMM 0.85 (0.18) 0.84 (0.19) 0.81 (0.20) 0.64 (0.17) 0.65 (0.18)
PCAHMM 0.91 (0.16) 0.93 (0.14) 0.95 (0.13) 0.92 (0.16) 0.93 (0.15)
Jump 0.92 (0.16) 0.93 (0.14) 0.91 (0.16) 0.86 (0.16) 0.75 (0.14)
Sparse jump 0.95 (0.13) 0.96 (0.11) 0.97 (0.10) 0.97 (0.11) 0.96 (0.12)
t
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3-means. Comparing 3-means with sparse 3-means it is evident that
eature selection makes the clustering more robust to noisy features.
he feature selection is more efficient the larger the size of the mean
alues. Standard 3-means is always more accurate than sparse 3-means
hen there are no irrelevant features. Standard 3-means is also more
ccurate than sparse 3-means for all values of 𝑃 ≤ 150 when 𝜇 ≤ 0.5.
hen 𝜇 ≥ 0.75, sparse 3-means is more accurate than standard 3-means

or 𝑃 ≥ 30, and for the largest values of 𝑃 the differences in BAC are
uite large.

MM. The standard HMM is always more accurate than standard 3-
eans. However, sparse 3-means is more accurate compared to both
MMs when 𝜇 = 0.75 and 𝑃 = 300 and when 𝜇 = 1 and 𝑃 ≥ 60.
he higher signal-to-noise ratios mean that accounting for the temporal
ersistence makes a smaller difference. Obviously, the state sequences
stimated using 3-means and sparse 3-means are far less persistent,
hich is a disadvantage in many applications (Nystrup, Kolm et al.,
020; Nystrup et al., 2020b).

SHMM. The FSHMM yields higher accuracy than the standard HMM,
specially when 𝑃 ≥ 60, but it is not as robust to large numbers
f features as sparse 3-means. We note that the examples considered
y Adams et al. (2016) included at most 30 features. The lack of
obustness traces back to the sensitivity of the standard HMM to the
imension of the feature space (Fiecas et al., 2017). Augmenting the
odel with three additional parameters per feature does not alleviate

he problem.

CAHMM. Transforming the data based on the first eigenvector before
itting a standard HMM to the resulting one-dimensional time series in
ost cases leads to much higher accuracy than the HMM and FSHMM

itted to the 𝑃 -dimensional time series. The difference in accuracy in-
reases with the dimension 𝑃 with the exception of 𝜇 = 0.25. This shows
7

hat dimensionality reduction is only successful when the signal-to-
oise ratio is high enough that the unconditional correlation structure
an be used to identify the relevant direction in the feature space.
CAHMM is successful because the first eigenvector, which explains the
aximum amount of variance, is a linear combination of the first 15

eatures due to their mutual correlation. Although PCA has a different
bjective, in this particular case it ends up selecting the right features.

ump. For nearly all combinations of 𝜇 and 𝑃 , the jump model, even
ithout feature selection, is more accurate than all of the previously

onsidered models, except PCAHMM. It is a testament of the robustness
nd strength of the jump model that it leads to significantly more
ccurate state estimates compared to the state sequences estimated
sing the correctly specified HMM and in most cases also the FSHMM.
ven though the transition probabilities differ across states, a single,
onstant jump penalty is sufficient to improve accuracy.

parse jump. The accuracy of the jump model can be significantly
mproved through feature selection for all values of 𝜇 whenever 𝑃 ≥ 60.
he sparse jump model also has higher accuracy when 𝑃 = 30, but the
ifferences are not always significant. Feature selection ensures that
he BAC barely changes as 𝑃 increases when 𝜇 > 0.25. This is also
rue for sparse 3-means, only the BAC is at a much higher level. In
early all cases the sparse jump model also leads to higher accuracy
han PCAHMM, despite not benefiting from the information in the
nconditional correlation structure.

ependency on 𝜇, 𝑇 , and 𝑃 . In addition to the feature means 𝜇 and the
umber of irrelevant features, the BAC in Table 1 is also a function
f the number of relevant features and the number of observations
. Increasing either of the latter would lead to higher BAC. The ratio
etween 𝑃 and 𝑇 also makes a difference for the models that do not
nclude feature selection nor dimensionality reduction. The BAC of the
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Table 2
Comparison of standard 3-means, sparse 3-means, standard HMM, feature saliency HMM, PCAHMM, standard jump, and sparse jump model when the noise features are correlated
with coefficient 0.1. The reported values are the mean (and standard deviation) of the BAC over 100 simulations of 𝑇 = 500 observations for each value of 𝜇 and for each number
of features 𝑃 . The entries for which the BAC of the sparse jump model is significantly higher than that of the standard jump model (at level 𝛼 = 0.05) are shown in bold.

𝑃 = 15 𝑃 = 30 𝑃 = 60 𝑃 = 150 𝑃 = 300

𝜇 = 0.25
3-means 0.47 (0.07) 0.43 (0.05) 0.36 (0.03) 0.35 (0.03) 0.36 (0.03)
Sparse 3-means 0.41 (0.05) 0.38 (0.05) 0.37 (0.03) 0.36 (0.04) 0.37 (0.03)
HMM 0.59 (0.10) 0.50 (0.10) 0.34 (0.03) 0.35 (0.03) 0.35 (0.03)
FSHMM 0.60 (0.11) 0.48 (0.14) 0.36 (0.04) 0.35 (0.03) 0.35 (0.03)
PCAHMM 0.67 (0.18) 0.35 (0.05) 0.34 (0.04) 0.35 (0.05) 0.34 (0.04)
Jump 0.69 (0.14) 0.61 (0.13) 0.50 (0.13) 0.42 (0.11) 0.38 (0.09)
Sparse jump 0.63 (0.14) 0.65 (0.14) 0.59 (0.19) 0.44 (0.13) 0.40 (0.10)

𝜇 = 0.5
3-means 0.54 (0.11) 0.54 (0.09) 0.50 (0.09) 0.36 (0.03) 0.36 (0.03)
Sparse 3-means 0.49 (0.09) 0.47 (0.09) 0.36 (0.04) 0.36 (0.04) 0.37 (0.04)
HMM 0.70 (0.19) 0.55 (0.09) 0.53 (0.11) 0.35 (0.03) 0.35 (0.03)
FSHMM 0.70 (0.13) 0.64 (0.13) 0.51 (0.15) 0.36 (0.04) 0.36 (0.03)
PCAHMM 0.86 (0.17) 0.73 (0.26) 0.35 (0.05) 0.35 (0.06) 0.34 (0.04)
Jump 0.85 (0.17) 0.78 (0.17) 0.67 (0.13) 0.54 (0.14) 0.41 (0.10)
Sparse jump 0.86 (0.16) 0.88 (0.16) 0.89 (0.14) 0.74 (0.29) 0.61 (0.25)

𝜇 = 0.75
3-means 0.68 (0.18) 0.55 (0.09) 0.56 (0.09) 0.38 (0.06) 0.36 (0.03)
Sparse 3-means 0.66 (0.20) 0.66 (0.18) 0.64 (0.19) 0.38 (0.07) 0.37 (0.03)
HMM 0.81 (0.21) 0.59 (0.15) 0.56 (0.09) 0.37 (0.08) 0.35 (0.03)
FSHMM 0.78 (0.18) 0.69 (0.17) 0.61 (0.16) 0.40 (0.09) 0.35 (0.03)
PCAHMM 0.90 (0.16) 0.92 (0.16) 0.41 (0.14) 0.35 (0.05) 0.34 (0.04)
Jump 0.90 (0.16) 0.88 (0.17) 0.82 (0.17) 0.63 (0.08) 0.51 (0.13)
Sparse jump 0.91 (0.14) 0.94 (0.13) 0.96 (0.11) 0.94 (0.14) 0.84 (0.20)

𝜇 = 1
3-means 0.78 (0.21) 0.61 (0.17) 0.56 (0.09) 0.50 (0.11) 0.36 (0.03)
Sparse 3-means 0.77 (0.22) 0.83 (0.20) 0.83 (0.19) 0.65 (0.25) 0.36 (0.03)
HMM 0.86 (0.20) 0.64 (0.19) 0.55 (0.07) 0.51 (0.13) 0.36 (0.03)
FSHMM 0.85 (0.18) 0.72 (0.20) 0.62 (0.17) 0.50 (0.13) 0.37 (0.05)
PCAHMM 0.91 (0.16) 0.93 (0.15) 0.74 (0.28) 0.35 (0.05) 0.34 (0.04)
Jump 0.92 (0.16) 0.91 (0.16) 0.86 (0.17) 0.68 (0.12) 0.59 (0.11)
Sparse jump 0.95 (0.13) 0.96 (0.12) 0.97 (0.09) 0.97 (0.11) 0.90 (0.16)
l
c

standard jump model, for example, does not decline much when going
from 𝑃 = 15 to 𝑃 = 60 when 𝜇 ≥ 0.75, but it drops fast when going from

= 60 to 𝑃 = 150. This tipping point would occur at a larger value of
, had more observations been available for estimation. On the other
and, 𝑃 = 𝑇 is not as critical a tipping point as it is for many other
stimation problems.

.4. Results when noise features are correlated

Next, we consider what happens when the noise features are weakly
orrelated and the unconditional correlation structure is no longer
ufficient to make the distinction between relevant and irrelevant fea-
ures. To generate correlated Gaussian noise features, we first construct
ncorrelated features as before, and then multiply them by a matrix
, where 𝐶𝐶 ′ = 𝛴 is the Cholesky decomposition of the desired
ovariance matrix 𝛴. The covariance matrix for the correlated noise
eatures is an identity matrix of size 𝑃 − 15 with off-diagonal elements
opulated with the desired correlation coefficient of 0.1.

Table 2 compares the standard 3-means, sparse 3-means, standard
MM, feature saliency HMM, PCAHMM, standard jump, and sparse

ump model when the noise features are correlated with correlation
oefficient 0.1. Compared with Table 1, the BAC of all models is a lot
ower when 𝑃 ≥ 150 and 𝜇 ≤ 0.5. The sparse jump model stands out as
eing the most robust to the correlated noise. Across all values of 𝜇, the
AC of the sparse jump model is more robust to increasing values of 𝑃
han the other models. In most cases, the sparse jump model maintains
he same high BAC as before.

Another noticeable difference is that the BAC of PCAHMM, which
orked well when the noise was uncorrelated, declines sharply as 𝑃

ncreases. In many cases, its BAC is lower than that of the standard
MM, and only when 𝑃 ≤ 30 does it compare to that of the jump model.
8

CA is not successful in the presence of correlated noise, because the
inear combination of the features that captures the most variance
onsists of a mixture of distinguishing and pure noise features. This

example illustrates an important difference in the objectives of feature
selection and dimensionality reduction.

5.5. Computation time

The results in Tables 1 and 2 confirm the great potential of com-
bining jump models with feature selection. Before turning to the real
data applications, we compare the time required to fit each of the six
models to the simulated data with conditionally independent features.
The experiments are conducted on a single core of a 1.9 GHz Intel i7-
8650U CPU with 16GB of memory. We note that for both 3-means,
sparse 3-means, jump, and sparse jump computations could potentially
be sped up by parallelizing the estimations from different initial state
sequences.

Fig. 3 shows the average time in seconds it takes to fit each model as
a function of the number of features 𝑃 when 𝜇 = 1 and each simulated
series consists of 𝑇 = 500 observations. Standard 3-means is the fastest
to fit, closely followed by PCAHMM and the standard HMM. We note
that these three models are fit using standard Python libraries while
the other models are fit using our own implementation or a mix, which
can likely be optimized for speed. The first two scale a bit better with 𝑃
than the latter. The reduction in time complexity when fitting the HMM
to a one-dimensional rather than 𝑃 -dimensional time series more than
offsets the cost of transforming the data based on the first eigenvector,
especially when 𝑃 is large.

Of course sparse 3-means is slower than 3-means, since it involves
fitting multiple 3-means models. The time complexity of sparse 3-means
is also linear in 𝑃 , but with a much steeper slope compared to standard
3-means. Sparse 3-means is slower than the standard jump model. It is

also slower than the sparse jump model when 𝑃 > 150.
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Fig. 3. Average time in seconds to fit each model as a function of the number of
features 𝑃 when 𝜇 = 1 and 𝑇 = 500.

The computation time for both the jump model and the sparse jump
model grows more like standard 3-means than sparse 3-means as a func-
tion of 𝑃 . When fitting a jump model, each iteration is time consuming
and dominated by the cost of finding the most likely sequence of states,
which is independent of 𝑃 . The determining factor is the number of
terations that is needed. Although the time complexity of evaluating
he loss function is linear in 𝑃 , this is not the dominating factor. In
ddition, the sparse jump model is able to reduce the complexity of
oss function evaluations by assigning zero weight to a number of
eatures. As the increase in the number of iterations required is slowing
s a function of 𝑃 , the same is true for the computation time. This
eans that both the standard and sparse jump model scale well to large
umbers of features.

The time complexity of the FSHMM is also linear in 𝑃 , but with a
uch steeper slope compared to the HMM due to the computations

nvolved in estimating the additional parameters. The computation
ime for the FSHMM is only shown for 𝑃 ≤ 60, in order to make
he differences between the other methods visible from the plot. When
= 15, it takes about twice as long to fit the FSHMM as the sparse

ump model. When 𝑃 = 30, the FSHMM is a factor of four slower, and
hen 𝑃 = 60 it is almost a factor of seven slower compared to the

parse jump model. The FSHMM clearly does not scale as well as the
parse jump model to large data sets.

. Industry portfolio returns

In the first application to real data we consider time series of
inancial returns. Regime-switching models are popular for inferring
he state of financial markets, which is useful for both asset allocation
nd risk modeling purposes (Ang & Timmermann, 2012; Nystrup et al.,
019; Nystrup, Hansen et al., 2015; Nystrup, Madsen et al., 2017; Yao
t al., 2020). The purpose of this example is to show that jump models
an be applied to data where the information separating the states
omes from the second moment. Moreover, the example compares the
bility of PCAHMM and the sparse jump model to select the true
eatures.

.1. Data description

We consider 2516 daily returns of 49 industry portfolios from 2010
hrough 2019. The 49 industry portfolios are constructed by assigning
ach NYSE, AMEX, and NASDAQ stock to an industry portfolio at the
9

h

nd of June each year based on its Standard Industrial Classification
SIC) code at that time. All stocks are equally weighted.2

In order to test the ability of the sparse jump model to select the
ight features we consider two different data sets. The first one consists
nly of the original 49 time series. The second one consist of 490 time
eries, where the first 49 are the original time series and the remaining
41 are constructed by nine random permutations of the rows of the
riginal 2516 × 49 data matrix. By randomly permuting the rows we
estroy the temporal information without altering the cross-sectional
nformation and the distributional characteristics.

Financial returns are known to exhibit volatility clustering (Cont,
001; Nystrup, Madsen et al., 2015). Therefore, we consider the stan-
ard deviations of the returns rather than the returns themselves. We
onstruct 𝑃 = 49 and 𝑃 = 490 features, respectively, by computing
olling six-day standard deviations of each of the return series. The
moothing introduced by computing rolling moments is necessary to
et persistent state sequences. We choose a window length of six days
imilar to Nystrup, Kolm et al. (2020).

.2. Results

.2.1. State estimation
Fig. 4 shows the cumulative average daily return of the 49 industry

ortfolios from 2010 through 2019 along with the average annualized
ix-day volatility in percentages and the resulting state sequences es-
imated using sparse 𝐾-means with 𝜅 = 5, PCAHMM based on the
irst eigenvector, the jump model with 𝜆 = 500, and the sparse jump
odel with 𝜆 = 50 and 𝜅 = 5. The values of the hyperparameters

re chosen based on a qualitative assessment of the resulting state
equences. We were unable to get a reasonable state sequence using
n HMM or FSHMM.

The 𝐾 = 3 states are sorted according to the mean values of the
volatility) features. The state sequences estimated using sparse 𝐾-
eans show very low persistence. If the estimated state sequences were
sed as the basis of a trading strategy, then the large number of jumps
ould lead to higher transaction costs.

When only the 𝑃 = 49 true features are included, the two state
equences based on the jump models look fairly similar. Both seem to
e in good agreement with the average annualized volatility, although
e have no way to measure which state sequence is more accurate
s the true states are unknown. With a more inhomogeneous data set,
or example returns for different asset classes (Nystrup, Hansen et al.,
017), the resulting state sequences could be quite different.

When the nine random permutations are added, bringing the num-
er of features to 𝑃 = 490, the state sequences estimated using

PCAHMM and the jump model without feature selection change. In par-
ticular, the state sequences include several very short-lived transitions.
It is likely that these transitions are driven by the random features.
Comparing the state sequences estimated using the sparse jump model
for 𝑃 = 49 and 𝑃 = 490 they look more similar, which illustrates the
robustness of the model.

6.2.2. Summary statistics
Table 3 shows the mean and standard deviation of the average log

returns of the 49 industry portfolios conditional on the estimated state
sequences for 𝑃 = 49 along with the implied transition probability

atrices. Using sparse 𝐾-means, the states with highest and lowest
olatility both have a positive mean. The two states with highest
olatility are much less persistent than the state with lowest volatility.

The summary statistics conditional on the state sequences estimated
sing PCAHMM and the standard and sparse jump models are more

2 The returns, which are available as supplementary material, are from
enneth French’s data library available at
ttps://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Fig. 4. Impact of random features on the inferred states for the 49 industry portfolios data set. The legends are sorted according to the order of the time series.
Table 3
Summary statistics for the average log returns of the 49 industry portfolios conditional
on the estimated state sequences for 𝑃 = 49.

𝝁 𝝈 Γ

Sparse 𝐾-means
⎛

⎜

⎜

⎝

0.00066
−0.00043
0.00165

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.0069
0.0131
0.0248

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.9245 0.0743 0.0012
0.1748 0.7933 0.0319

0 0.2101 0.7899

⎞

⎟

⎟

⎠

PCAHMM
⎛

⎜

⎜

⎝

0.00127
−0.00073
−0.00198

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.0100
0.0152
0.0259

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.9739 0.0261 0
0.0412 0.9561 0.0027

0 0.0175 0.9825

⎞

⎟

⎟

⎠

Jump
⎛

⎜

⎜

⎝

0.00065
−0.00042
−0.00185

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.0082
0.0140
0.0251

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.9971 0.0015 0.0015
0.0145 0.9855 0
0.0091 0.0182 0.9727

⎞

⎟

⎟

⎠

Sparse jump
⎛

⎜

⎜

⎝

0.00060
−0.00022
−0.00097

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.0081
0.0134
0.0249

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

0.9965 0.0020 0.0015
0.0146 0.9830 0.0024
0.0085 0.0254 0.9661

⎞

⎟

⎟

⎠

intuitive. Only the state with lowest volatility has a positive mean, and
the most negative mean is in the state with highest volatility. All three
states have much higher persistence than all of the states estimated
using sparse 𝐾-means. For the jump models, the low-volatility state is
he most persistent, while for PCAHMM it is the high-volatility state.
verall, the jump models clearly lead to more persistent state sequences

han PCAHMM.

.2.3. Feature selection
Even though the similarity of the estimated state sequences suggests

hat the sparse jump model is working well, it is of interest to examine
he features selected. Fig. 5 shows the estimated feature weights for
he 𝑃 = 490 features. Since 𝜅 = 5 is smaller than

√

49, it only
elects a subset of the 49 true features. At the same time it assigns
10
Fig. 5. Feature selection on the 49 industry portfolios data set with randomly permuted
features using PCAHMM and the sparse jump model.

no weight to any of the features 𝑝 > 49. This shows that the sparse
jump model is indeed able to distinguish the true features from the
randomly permuted features, even in a setting with noisy financial
returns, without imposing a prior on the feature weights or having a
true state sequence to learn from.

In Fig. 5, for comparison, we show the absolute values of the
loadings (rescaled to sum to 5) on the first principal component for the
𝑃 = 490 features. It is evident that PCA is unable to select the relevant
features, instead all the features are assigned roughly similar weights.
This is another drawback of PCA: rather than selecting a sparse subset
of the features, it simply transforms the features.
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7. Chromatin proteins

Next, we consider an application to feature selection and order-
dependent clustering of chromatin protein sequences. This is an ex-
ample of sequential, non-time series data suitable for the sparse jump
model. Chromatin governs gene regulation and genome maintenance.
The partition of chromatin into five states is a human construct that
is helpful in distinguishing different biological mechanisms. For back-
ground and details about the data we refer to Filion et al. (2010).

7.1. Data description

Filion et al. (2010) analyzed DamID profiles for 53 proteins for
six different Drosophila chromosomes (chr2L, chr2R, chr3L, chr3R,
chr4, and chrX).3 We focus on the 33,662 observations for the chr2L
hromosome.

Filion et al. (2010) used PCA to reduce the dimension from 53
roteins to three principal components, which together account for
8% of the total variance. The observations of the three principal
omponents were then input to a five-state Student’s-𝑡 HMM. They
sed a Student’s 𝑡 conditional distribution rather than a Gaussian as it
rovided a better fit to the empirical distribution of the data; otherwise
utliers in the data would have led to too many state changes.

.2. Chromatin states

Fig. 6 compares an excerpt of the chromatin states estimated by Fil-
on et al. (2010) using their PCAHMM approach to the states from a
parse jump model fit with 𝜆 = 4 and 𝜅 = 3. We selected these values for
he hyperparameters in order to maximize the overlap with their states.
or the chr2L chromosome we get the same chromatin state 74% of
he time with only 1984 state changes compared to the 2679 detected
y Filion et al. (2010).

As the partition of chromatin into five states is a human construct,
t is hard to argue whether one approach is better than the other. As
or most applications, the fewer the state changes the easier it is to
nterpret the results.

.3. Feature selection

Reducing the dimension of the feature space using PCA was nec-
ssary in order to successfully estimate the chromatin states using an
MM. Additionally, it is of interest to identify minimal sets of features

hat capture the same information. Because the experiments are very
xpensive, measuring as few proteins as possible keeps costs down. This
s an example of an application where feature selection is of economic
alue. We note that PCA is not useful for this purpose, since it requires
easurements of all proteins to compute the value of a single principal

omponent.
Filion et al. (2010) found that a subset of only five marker proteins

H1, PC, HP1, MRG15, and BRM), which together occupy 97.6% of
he genome, could recapitulate their state classification with 85.5%
greement. For comparison, Fig. 7 shows the weights of the proteins
s selected by the sparse jump model. The sparse jump model gives
eight to four out of the five marker proteins that Filion et al. (2010)

elected, which are shown in boldface. It does not select BRM, which
s quite specific to the red state. It chooses CTBP instead, and uses
everal additional features like SIR2 to make the distinction between
he red and yellow states. The features we identify could correspond
o a better description of the chromatin states; but it is not possible to
raw a definitive conclusion without performing additional biological
xperiments.

3 The data is available at
ttps://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE22069.
11
Fig. 6. Identified chromatin states based on the protein sequence.

It is a strength of the sparse jump model that without any biological
knowledge, it is able to select meaningful features. In addition to
providing an automated and systematic approach to feature selection,
the sparse jump model makes it possible to experiment with what the
necessary number of features may be. It is not a given that a set of five
proteins is optimal simply because it matches the number of chromatin
states.

8. Wikipedia text data

Our final example is from natural language processing (NLP) and
illustrates how the sparse jump model can be applied to a different type
of data set.

8.1. Data description

We look at text data from English-language Wikipedia. The data
was obtained by Hallac et al. (2019) by concatenating the introduc-
tions, i.e., the text that precedes the Table of Contents section on the
Wikipedia webpage, of five separate articles with titles George Clooney,
Botany, Julius Caesar, Jazz, and Denmark. Here, the time series consists
of the sequence of words from these five articles in order. After basic
preprocessing (removing words that appear at least five times and in
multiple articles), the data set consists of 1281 words, with each article
contributing between 224 and 286 words, as shown in Fig. 8. Each
word is converted into a 300-dimensional vector using a pretrained
Word2Vec embedding of three million unique words (or short phrases),
trained on the Google News data set of approximately 100 billion
words. This yields a 1281 × 300 data matrix, which is available as
supplementary material.

The question is whether the sparse jump model can detect the
breakpoints between the five concatenated articles, based solely on the
change in mean of the feature vectors associated with the words in the
vector series. To explore robustness to noise we add additional features
(i.e., columns) to the data matrix by randomly permuting the rows of
the original data matrix. This ensures that the random features share
the same distributional characteristics as the original features.

8.2. Results

We compare the accuracy of the standard jump model and the
sparse jump model to that of the greedy Gaussian segmentation (GGS)
approach proposed by Hallac et al. (2019) in determining the break
points between the five articles. Hallac et al. (2019) showed that GGS

compares favorably to a left-to-right HMM (Bakis, 1976) on a similar

https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE22069
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Fig. 7. Feature selection on the protein data set using the sparse jump model. The five marker proteins selected by Filion et al. (2010) are highlighted for comparison.
Fig. 8. Breakpoints between Wikipedia articles along with the topic of each article.
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Table 4
NLP results based on 100 repetitions (only 10 for GGS) for each number of features
𝑃 . The reported values are the mean (and standard deviation) of the absolute offset
between the identified breakpoints and the true breakpoints.

𝑃 = 300 𝑃 = 600 𝑃 = 1200 𝑃 = 2400

GGS 3.5 (0.0) 23 (5.2) 28 (2.5) –
Jump 35 (81) 83 (143) 144 (185) 178 (182)
Sparse jump 0.48 (7.3) 0.39 (7.0) 0.0 (0.0) 3.5 (27)

task. Unlike jump models, the purpose of GGS is not to identify recur-
ring states. Even though the methods are distinct and solve different
problems, it is still of interest to compare their performance on a
common task.

Hyperparameters. Using GGS with covariance-regularization parameter
= 10−3, the data is split into five segments every time. Unlike GGS,

he jump model does not guarantee a certain number of states or break
oints. Instead, we fit jump models with different values of the jump
enalty and select a value that yields the desired number of break
oints most of the time. In this way we choose the values 𝜆 = 400 for the
ump model, and 𝜆 = 30 and 𝜅 = 17 for the sparse jump model, which
e use for all values of 𝑃 . If the jump model returns more or less than

our break points, we simply fit it again from 10 new initializations of
he state sequence, until we get the correct number of break points.

ccuracy. Table 4 reports the mean (and standard deviation) of the
bsolute offset between the identified breakpoints and the true break-
oints based on 100 repetitions (only 10 for GGS) for each value of 𝑃 .
or the 𝑃 = 300 true features, GGS returns the same breakpoints every
ime, which on average deviate 3.5 words from the true breakpoints.
he standard jump model is not as good at identifying the breakpoints
ith an average absolute offset of 35 words. Meanwhile, the sparse

ump model is better than GGS with an average absolute offset of only
.48 words. This shows the importance of feature selection in a high-
imensional setting, without adding any random features. The sparse
ump model is able to weight the features in a way that accentuates the
ifferences between the segments, which enables it to better detect the
12

reakpoints.
omputation time. The sparse jump model is better than GGS at identi-
ying the breakpoints and it is a lot faster. When 𝑃 = 300, on average,
t takes two minutes and 18 s to divide the data into five segments
sing GGS, compared to just 6.6 s using the sparse jump model. When
= 600, running GGS takes one hour and two minutes, compared to

ust 7.4 s to fit a sparse jump model. This is why the reported values
n Table 4 are based on only 10 repetitions for each value of 𝑃 for
GS. The overall time complexity of GGS is 𝑂(𝑇𝑃 3𝐾), which limits the
imensions of feature spaces it can be applied to Hallac et al. (2019).
n the contrary, as discussed above, the sparse jump model scales well

o large numbers of features.

andom features. When adding randomly permuted features to the data
et, the accuracy of GGS and the jump model declines, whereas that of
he sparse jump model is more or less unaffected. Even with 𝑃 = 2400,
.e., twice as many features as observations, the average absolute offset
f the breakpoints identified using the sparse jump model is only 3.5
ords, which is the same as the accuracy of GGS on the 𝑃 = 300 true

eatures. We do not report results for GGS for 𝑃 = 2400 because they
ake many hours to compute.

. Conclusion

We proposed a general framework for joint feature selection, pa-
ameter and state-sequence estimation in jump models. With our frame-
ork it is possible to determine which features are responsible for the
ifferences between the states by extracting information embedded in
he ordering of the data. We developed and implemented a coordinate
escent algorithm that alternates between selecting features and es-
imating model parameters and state sequence, which scales well to
igh-dimensional data sets with large numbers of noisy features.

Through experiments on two simulated and three real data sets,
e showed that the sparse jump model is remarkably robust to noise
nd is able to distinguish relevant from irrelevant features. As a result,
t yielded both more accurate and more persistent state estimates
ompared to a number of other methods.

The application to financial returns showed that jump models can be
uccessfully applied to data where the information separating the states
omes from the second moment. Moreover, the application showed
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the ability of the sparse jump model to distinguish true features from
random permutations.

The clustering of protein sequences emphasized the value of feature
selection. It is a strength of the sparse jump model that without any
biological knowledge, it was able to select meaningful features in an
automated and systematic fashion.

The Wikipedia text example clearly showed the importance of fea-
ture selection for the jump model’s ability to detect the breakpoints
between the articles, both in absence and presence of randomly per-
muted features. At the same time, the example left no doubt that the
sparse jump model is computationally advantageous.

In future work we plan to explore new applications of the sparse
jump model as well as feature selection in other kinds of jump models.
Future work should also explore the possibility to improve the accuracy
of the sparse jump model through more systematic optimization of its
hyperparameters, by using alternative initialization techniques, or by
considering other distance measures.

A Python implementation of the sparse jump model proposed in this
article is available online as supplementary material.
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