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A B S T R A C T

Home Energy Management Systems (HEMSs) are expected to become an inevitable part of the future smart
grid technologies. To work effectively, HEMSs require reliable and accurate load forecasts. In this paper, two
new modelling methods are presented. They are both suited for producing multivariate probabilistic forecasts,
which consider the temporal correlation between forecast horizons. The first method employs point forecasts
generated with Recursive Least Squares (RLS) models and subsequently analyses the forecasts’ residuals
to estimate the marginal distributions and temporal correlation. The second method is based on quantile
regression to estimate marginal distributions, and a Gaussian copula for linking them together. Furthermore,
the application of two modelling approaches for the temporal correlation estimation are investigated for each
of the two modelling methods. As a case study, a numerical experiment is designed to emulate an online
HEMS operation using data from an inhabited home located in Denmark. Simulation results show a robust
performance for the proposed models, with the quantile–copula ensemble outperforming the RLS-based models
in predicting the marginal distributions and capturing the temporal correlation.
1. Introduction

With the aim of helping the integration of Renewable Energy
Sources (RESs), improving energy markets, and allowing consumers
to better regulate their energy consumption, smart grids are being
developed especially in Europe [1]. As part of the smart grid tech-
nologies, Home Energy Management Systems (HEMSs) are expected
to play a key role activating price and/or CO2 demand response.
The implementation of smart HEMSs has several technical challenges
such as the prediction of the home electricity demand, i.e. electrical
LF. Forecasting is essential for the optimal planning and procurement
of electricity in homes, in order to maximise the economical and/or
environmental benefit without compromising users’ comfort [2].

At a home level, LF presents several challenges given its multi-
seasonality, non-stationarity, and stochastic characteristics, which
makes it an interesting research topic [3]. Additionally, HEMSs require
load forecast values for several future time points, ranging from hours
to days ahead in rather high time resolution. Many different statistical
and artificial intelligence techniques have been applied for LF in recent
times. Modelling techniques such as multiple linear regression [4–6],
TS [7,8], Artificial Neural Networks (ANNs) [9,10], and Stochastic
Differential Equations (SDEs) [11,12] are suitable for the task. These
modelling techniques are often applied to an aggregated load level,

∗ Correspondence to: Anker Engelunds vej 1, Building 101A, 2800 Kongens Lyngby, Denmark.
E-mail addresses: jlvi@dtu.dk, julian.lemos@watts.dk (J. Lemos-Vinasco).

use exogenous variables, e.g. Numerical Weather Predictions (NWPs),
estimate the expected value of the process i.e point forecast, and make
a general assumption about the process distribution.

Given the complexity of the EL, having a point forecast is often
not optimal and more details about the multivariate distribution are
needed for the optimal HEMS decision making process — especially,
at an individual residential level. Recent studies have therefore ap-
plied probabilistic forecasting models. Modelling techniques such as
quantile regression [13,14], kernel density estimation [15,16], Long
Short-Term Memory Artificial Neural Networks (LSTM-ANNs) [17],
density-estimating ANNs [18], and Quantile Regression Neural Net-
works (QRNNs) [16,19] have been used. The above-mentioned studies
are proven to yield accurate results for individual forecast horizons.
However, they do not address the temporal correlation between the
forecast horizons.

From the above studies, the need for PLF models, which consider
the correlation in a multivariate setting for individual households,
was identified. Moreover, while the idea of modelling the temporal
correlation in PLF for individual households seems to be rarely ex-
plored, it does not mean that this problem has not been studied in
other fields, e.g. wind forecasting and weather forecasting. In these
fields, different techniques have been used to produce multivariate
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probabilistic models considering temporal correlation. Copula-based
modelling techniques such as ensemble Bayesian Model Averaging
(BMA) and copula [20], quantile regression and copula [21,22], and
kernel-based support vector quantile regression and copula [23] have
been applied. Other techniques suitable for the task such as maximum
likelihood estimation for conditional AR models [24], and multivariate
conditional parametric models [25] have also shown positive results.
Among the existing techniques, the copula-based methods stand out
due to their modularity. In these approaches, the probabilistic forecast
for individual time horizons is separated from the modelling of the tem-
poral correlation between distributions. This allows the use of robust
modelling techniques for the estimation of marginal distributions which
are then linked, using a copula, to a posterior modelling stage where
the temporal correlation is addressed.

This paper contributes by introducing and analysing different ap-
proaches to temporal forecasting, i.e. forecasting where the temporal
correlation is taken into account. Thus, these approaches allow the gen-
eration of reliable scenarios forecasts (ensembles), which are needed
for implementing stochastic control algorithms; in the present case,
applied to forecasting of electricity load of a single residential house-
hold. The suggested approaches are formed by two stages: in the first
stage, a multivariate PLF model is applied, and in a second stage, the
temporal correlation is modelled. Two different multi-variate methods
are applied for the first stage: the RLS and the quantile–copula. The
RLS is inspired by the load forecast methods by [4–6] and adapted
in the present work to model electricity load instead of heat load.
The quantile–copula approach is a combination of methods presented
for wind power forecasting in [26] and [25]. In the second, stage
the temporal correlation is modelled using the two different methods:
the ‘‘free’’ where the correlations are modelled by calculating the full
cross-correlation matrix between all horizons (it is free of a model
specification). And the ‘‘AR’’ where the correlations are modelled by the
multivariate k-step ahead predictive covariance of auto-regressive (AR)
models derived for the particular cases at hand. All four combinations
of the two methods in each stage are applied and compared to a simple
reference model.

Thus, a total of five complete models are presented. The first model
is referenced as ‘‘RLS-free’’ and uses RLS models for the prediction of
the load expected value with the temporal correlation being estimated
directly from a full covariance matrix model. The second model is
referenced as ‘‘RLS-AR’’ indicating the use of RLS models with an
AR model for the temporal correlation. The third and fourth models
are referenced as ‘‘Copula-free’’ and ‘‘Copula-AR’’ and indicate the
use of quantile regression, a Gaussian copula. The reference model
is without any correlation structure method and is named ‘‘RLS’’ was
implemented for comparison purposes. The different models are tested
by forecasting the EL of an individual household located in Denmark
in an online simulation setting i.e. rolling forecast. In order to evaluate
the performance of the different models, the PICP, PINAW, pinball loss
and CRPS were used as adequate metrics to evaluate the performance of
the individual PLF horizons. Moreover, the VarS was used as the metric
to evaluate the performance of temporal correlation modelling. The
results indicate a significant performance improvement in comparison
to the reference model using the models which consider temporal
correlation. Furthermore, the results also indicate that the models from
quantile–copula method produce superior results.

The suggested approaches can be applied in a wide range of forecast
settings, where temporal correlation must be taken into account and
a quite generic description is included in the text — we hope this
will make it rather easy for others to implement and use for other
forecasting applications.

The paper starts by presenting the mathematical details of the
implemented models in Section 2. Next, a description of the data
and the simulation setting used for testing the models is presented
in Section 3. The Results are presented in Section 4, which include
a verification of the models’ assumptions, details on the temporal
correlation structures, and metric comparisons. Finally, a discussion of
the findings and perspectives for future work is outlined in Section 5
2

with the paper’s conclusion being presented in Section 6.
2. Methods and models

2.1. Notation

First, the general notation to be used throughout the text is in-
troduced. Notation follows [27] with the following modifications. Let
𝑿𝑡 = (𝑋𝑡,1, 𝑋𝑡,2,… , 𝑋𝑡,𝐾 )

⊺ denote a 𝑘-dimensional random variable at
time 𝑡 for future values 𝑡 + 1, 𝑡 + 2,… , 𝑡 + 𝑘. Moreover, upper case
letters are used for random variables while lowercase letters denote
the corresponding observations. Furthermore, vectors and matrices are
emphasised using bold font. Thus, 𝒙𝑡 = (𝑥𝑡,1, 𝑥𝑡,2,… , 𝑥𝑡,𝐾 )

⊺ is used for
the realisations of the random vector 𝑿𝑡. Random variables are assigned
to letters from the last part of the alphabet, while deterministic terms
are assigned to letters from the first part of the alphabet.

2.2. Methods and models

Let 𝑌𝑡 be a univariate TS. The forecast of 𝑌𝑡 can be expressed as
ultivariate random variable at each time 𝑡 for future lead times 𝑡 + 𝑘

s

𝑡 = (𝑌𝑡,1, 𝑌𝑡,2,… , 𝑌𝑡,𝐾 )⊺ (1)

where we use the previously introduced notation s.t.

𝑌𝑡,𝑘 = 𝑌𝑡+𝑘 ∀ 𝑘 ∈ {1, 2,… , 𝐾} (2)

Our interest is to forecast the PDF for 𝒀 𝑡 denoted by 𝑓𝑡(𝒚 ). Proposing
a functional form for 𝑓𝑡 implies a simultaneous description of both
the marginal densities (for each horizon 𝑘) as well as the temporal
correlation [22]. In this study, two approaches are proposed to esti-
mate 𝑓𝑡. The first approach uses RLS models for the estimation of the
expected value 𝒀 𝑡 and then analyses the models’ residuals in order to
obtain an estimation of the marginal densities as well as the temporal
correlation of 𝒀 𝑡. The second approach uses quantile regression models
for the prediction of the marginal distributions of 𝒀 𝑡, and a Gaussian
copula to address the temporal correlation. In both approaches, two
methods were considered to model the correlation structure. The first
method estimates the correlation structure from the data with a full
covariance matrix model, while the second method uses an AR model
— in which the covariance matrix is parametrised with only a few
parameters (order of the AR process + 1). Fig. 1 presents a graphical
summary of the modelling methodology process.

Different score metrics were considered to evaluate the performance
of the proposed models. While the PICP, PINAW, pinball loss, and CRPS
evaluate the accuracy of the estimated marginal distributions, the VarS
measures the accuracy of the temporal correlation. The mathematical
details of all of the implemented methods and models are presented in
the following subsections.

2.2.1. Recursive least squares (RLS )
Let us assume that the elements of 𝒀 𝑡 are independent, i.e. inde-

pendence between the forecast horizons. We can then use the following
parametric models to describe each of them individually

𝑌𝑡,𝑘 = 𝒙⊺𝑡,𝑘𝜽𝑡,𝑘 + 𝜀𝑡,𝑘 (3)

𝑌𝑡,𝑘 = E
{

𝑌𝑡,𝑘|𝒙𝑡,𝑘
}

= 𝒙⊺𝑡,𝑘𝜽𝑡,𝑘 (4)

where 𝒙𝑡,𝑘 is a known vector of independent variables. In order to
consider possible non-stationary characteristics of the TS, the RLS
model with a forgetting factor can be used for the estimation of the
parameters �̂�𝑡,𝑘. For further details on the RLS method see [27]. For
the errors 𝜺𝑡 = (𝜀𝑡,1,… , 𝜀𝑡,𝑘)

⊺, we may assume that 𝜺𝑡 ∼  (𝟎,𝜮 ) if the
errors are well-behaved. Thus, the PDF of 𝒀 𝑡 will be given by

̂
𝒀 𝑡 ∼  (𝒀 𝑡,𝜮 ) (5)
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Fig. 1. Process graph summarising the modelling methodology.
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The problem is then reduced to the estimation of the covariance
matrix 𝜮 . This can be done empirically from data (using previous
realisations of the errors) or exploiting the fact that 𝜺𝑡 is a TS itself by
using models suitable for the task. Section 2.2.3 presents the estimation
of 𝜮 using an AR model for 𝜺𝑡. Although in the above formulation the
temporal correlation is given by the time-invariant matrix 𝜮 , a sliding
window approach is considered in the implementation as presented in
Section 3.2.

2.2.2. Quantile regression with a Gaussian copula (quantile–copula)
Let 𝐹𝑡,𝑘(𝑦) = 𝑃 (𝑌𝑡,𝑘 ≤ 𝑦) be the CDF of the random variable 𝑌𝑡,𝑘.

When conditioned on 𝒙𝑡,𝑘 it can be described by a quantile regression
model

𝑄(𝜏)
𝑡,𝑘 = 𝐹−1

𝑡,𝑘 (𝜏) = inf{𝑦𝑘 ∶ 𝐹𝑡,𝑘(𝑦) ≥ 𝜏} (6)

{𝑄(𝜏)
𝑡,𝑘 |𝒙𝑡,𝑘} = 𝒙⊺𝑡,𝑘𝜷

(𝜏)
𝑘 (7)

where 𝜏 ∈ (0, 1). Now let 𝜌𝜏 (𝑟) be the loss function

𝜌𝜏 (𝑟) = 𝑟(𝜏 − 𝟏𝑟<0(𝑟)) (8)

such that the estimation of the parameters 𝜷
(𝜏)
𝑘 can be achieved by

solving the minimisation problem

𝜷
(𝜏)
𝑘 = arg min

𝜷(𝜏)𝑘

𝑁
∑

𝑛=1
𝜌𝜏 (𝑦𝑡−𝑛,𝑘 − 𝒙⊺𝑡−𝑛,𝑘𝜷

(𝜏)
𝑘 ) (9)

A quantile forecast �̂�(𝜏)
𝑡,𝑘 with nominal proportion 𝜏 is an estimate of

𝑄(𝜏)
𝑡,𝑘 calculated at time 𝑡 for a future time 𝑡+𝑘. More details on quantile

regression may be found in [28]. Finally, a forecast of the PDF of the
variable of interest can be produced by gathering a set of 𝑚 quantile
forecasts [21]

𝒇 𝑡,𝑘 = {�̂�(𝜏𝑖)
𝑡,𝑘 |𝒙𝑡,𝑘, 0 ≤ 𝜏1 < ⋯ < 𝜏𝑖 < ⋯ < 𝜏𝑚 ≤ 1} (10)

The above approach allows to have a model for the CDF of each
random variable 𝑌𝑡,𝑘. Now let 𝐹𝑡 be a multivariate CDF describing the
distribution of the random vector 𝒀 𝑡 given by

𝐹𝑡(𝒚 ) = 𝑃 (𝑌𝑡,1 ≤ 𝑦1, 𝑌𝑡,2 ≤ 𝑦2,… , 𝑌𝑡,𝐾 ≤ 𝑦𝐾 ) (11)

In most cases there is not an obvious distribution 𝐹𝑡, so instead
a copula approach is applied. The copula allows to decompose the
problem of estimating 𝐹𝑡 into two parts. First, marginal predictive
cumulated densities 𝐹𝑡,𝑘 = 𝑃 (𝑌𝑡,𝑘 ≤ 𝑦) for each horizon are obtained
using quantile regression, thus describing the random variables 𝑌𝑡,𝑘.
Then, the marginal distributions are linked together to obtain 𝐹 using
3

𝑡

a copula function. The mathematical foundation of copulas is given by
Sklar’s [29] theorem

𝐹𝑡(𝒚 ) = 𝑪 (𝐹𝑡,1(𝑦1), 𝐹𝑡,2(𝑦2),… , 𝐹𝑡,𝐾 (𝑦𝐾 )) (12)

Now let 𝑪 be a function that maps 𝒚 into a multivariate Gaussian
distribution with zero mean, unit marginal variances and covariance
matrix 𝜮 , and let 𝛷−1 be the inverse of a univariate standard normal
CDF. A Gaussian copula is given by

𝒁 𝑡 =
[

𝛷−1(𝐹𝑡,1(𝑦𝑡,1)), 𝛷
−1(𝐹𝑡,2(𝑦𝑡,2)),… , 𝛷−1(𝐹𝑡,𝐾 (𝑦𝑡,𝐾 ))

]⊺
(13)

𝑡 ∼  (𝟎,𝜮 ) (14)

Note that if the marginal distributions are properly calibrated, then
he random variable 𝛷−1(𝐹𝑡,𝑘(𝑦)) ∼  (0, 12). The above formulation
mplies that the joint multivariate predictive density for 𝒀 𝑡 can be
epresented by a latent multivariate Gaussian process. Furthermore,
ote that even though 𝐹𝑡,𝑘 as well as 𝐹𝑡 are time-dependent, the
nderlying dependence structure is characterised by the time-invariant
orrelation matrix 𝜮 . It is out of the scope of this article to study
ime-dependent correlation structures. At this point, the problem is
educed to the estimation of the covariance matrix 𝜮 . This can be
one empirically using previous realisations of 𝒁 𝑡 or using the method
escribed in Section 2.2.3. Finally, possible realisations of the random
ector 𝒀 𝑡 = 𝒚𝑡 can be drawn easily by calculating the inverse of Eq. (13)

given a realisation of the latent Gaussian process 𝒁 𝑡 thus

𝒚𝑡 =
[

𝐹−1
𝑡,1 (𝛷(𝑧1)), 𝐹

−1
𝑡,2 (𝛷(𝑧2)),… , 𝐹−1

𝑡,𝐾 (𝛷(𝑧𝐾 ))
]⊺

(15)

2.2.3. Covariance matrix from an autoregressive AR(𝑝) process
Let 𝒁 𝑡 ∼  (𝟎,𝜮 ) be a multivariate random variable with its

elements given by an AR(𝑝) process of the form

𝑍𝑡,𝑘 =
𝑝
∑

𝑖=1
𝑧𝑡,𝑘−𝑖𝛼𝑖 + 𝜆𝑡,𝑘 (16)

𝑡,𝑘 ∼  (0, 𝜎2) i.i.d (17)

The above formulation allows us to express entries of 𝜮 as a
function of 𝜎2 and 𝛼𝑖 parameters of the AR process. Eqs. (18) to (21)
show how to calculate the variance and covariance elements of 𝜮

Var{𝑍𝑡,𝑘+𝑙|𝑍𝑡,𝑘} = 𝜎2 +
𝑙−1
∑

𝑖=1
𝛼2𝑖 Var{𝑍𝑡,𝑘+𝑙−𝑖}+

2
𝑙−2
∑

𝑙−1
∑

𝛼𝑖𝛼𝑗Cov{𝑍𝑡,𝑘+𝑙−𝑖, 𝑍𝑡,𝑘+𝑙−𝑗} ∀𝑙 ≤ 𝑝 + 1

(18)
𝑖=1 𝑗=𝑖+1
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Var{𝑍𝑡,𝑘+𝑙|𝑍𝑡,𝑘} = 𝜎2 +
𝑝
∑

𝑖=1
𝛼2𝑖 Var{𝑍𝑡,𝑘+𝑝+1−𝑖}+

2
𝑝−1
∑

𝑖=1

𝑝
∑

𝑗=𝑖+1
𝛼𝑖𝛼𝑗Cov{𝑍𝑡,𝑘+𝑝+1−𝑖, 𝑍𝑡,𝑘+𝑝+1−𝑗} ∀𝑙 > 𝑝 + 1

(19)

ov{𝑍𝑡,𝑘+𝑗 , 𝑍𝑡,𝑘} =
𝑗
∑

𝑖=1
𝛼𝑖Cov{𝑍𝑡,𝑘+𝑗−𝑖, 𝑍𝑡,𝑘} ∀𝑗 ≤ 𝑝 (20)

ov{𝑍𝑡,𝑘+𝑗 , 𝑍𝑡,𝑘} =
𝑝
∑

𝑖=1
𝛼𝑖Cov{𝑍𝑡,𝑘+𝑗−𝑖, 𝑍𝑡,𝑘} ∀𝑗 > 𝑝 (21)

With the above framework in place, 𝜎 and 𝛼𝑖 can be estimated by
aximising the log-likelihood function of 𝒁 𝑡 given by

arg max
𝜎, 𝛼𝑖

𝑁
∑

𝑛=1
−1
2
[

ln(|𝜮 |) + 𝒛⊺𝑡−𝑛𝜮
−1𝒛𝑡−𝑛 + 𝑘 ln(2𝜋)

]

(22)

.3. Performance metrics

.3.1. Prediction interval coverage probability score (PICP )
The reliability of a probabilistic forecast can be measured using the

ICP score [30] given by

ICP(𝑦𝑡,𝑘, 𝑃 𝐼
(𝛼)
𝑡,𝑘 ) =

1
𝑁

𝑁
∑

𝑡=1
𝑐𝑡,𝑘 (23)

where

𝑐𝑡,𝑘 =

⎧

⎪

⎨

⎪

⎩

1, 𝑦𝑡,𝑘 ∈ 𝑃𝐼 (𝛼)𝑡,𝑘

0, 𝑦𝑡,𝑘 ∉ 𝑃𝐼 (𝛼)𝑡,𝑘

(24)

and 𝑃𝐼 (𝛼)𝑡,𝑘 is a confidence interval with significance level 𝛼. The out-
come of the score indicates the probability of a realisation 𝑦𝑡,𝑘 to fall
n a predicted interval.

.3.2. Prediction interval normalised average width score (PINAW )
A useful score to evaluate the sharpness of a probabilistic forecast

s the PINAW score given by

INAW(𝑃𝐼 (𝛼)𝑡,𝑘 , 𝐴) =
1

𝑁𝐴

𝑁
∑

𝑡=1
𝑃𝐼 (𝛼)𝑡,𝑘 (25)

where 𝑃𝑡,𝑘𝐼 (𝛼) is a prediction interval with 𝛼 probability and 𝐴 is the
ange of the target 𝑌𝑡,𝑘. The score indicates the average proportion of
he prediction interval width with respect to the target variable’s range.

.3.3. Pinball score
A very common way of evaluating a probabilistic forecast is using

he pinball loss function given by

(𝑦𝑡,𝑘, �̂�
(𝜏)
𝑡,𝑘 , 𝜏) =

⎧

⎪

⎨

⎪

⎩

(𝑦𝑡,𝑘 − �̂�(𝜏)
𝑡,𝑘 )𝜏 𝑦𝑡,𝑘 ≥ �̂�(𝜏)

𝑡,𝑘

(�̂�(𝜏)
𝑡,𝑘 − 𝑦𝑡,𝑘)(1 − 𝜏) 𝑦𝑡,𝑘 < �̂�(𝜏)

𝑡,𝑘

(26)

where �̂�(𝜏)
𝑡,𝑘 is the quantile value associated to a level 𝜏 ∈ (0, 1).

2.3.4. Continuous ranked probability score (CRPS )
Given a probabilistic forecast taking the form of the CDF 𝐹𝑡,𝑘, we

can apply the CRPS [31] given by

CRPS(𝐹𝑡,𝑘, 𝑦𝑡,𝑘) = ∫

∞

−∞
(𝐹𝑡,𝑘(𝑢) − 𝟏𝑢≥𝑦𝑡,𝑘 (𝑦𝑡,𝑘))

2𝑑𝑢 (27)

This score measures the likelihood of an observation 𝑦𝑡,𝑘 belonging
to 𝐹𝑡,𝑘. A drawback of all the previous presented scores, see [32], is
that the CRPS does not include any dependencies between horizons 𝑘,
4

hence it cannot be used to measure the temporal correlation structure.
Fig. 2. Electricity Load 𝑃𝑡 time series (a) and empirical distribution (b). The data
corresponds to the period 2017-06-01 to 2018-05-31.

2.3.5. Variogram score (VarS )
To effectively measure the representation of the temporal corre-

lation structure in the predicted values, we can use VarS of order 𝑝

VarS𝑝(𝑓𝑡, 𝒚𝑡) =
𝐾−1
∑

𝑖=1

𝐾
∑

𝑗=𝑖+1
𝑤𝑖,𝑗 (|𝑦𝑡,𝑖 − 𝑦𝑡,𝑗 |

𝑝 − E{|𝑌𝑡,𝑖 − 𝑌𝑡,𝑗 |
𝑝})2 (28)

ith

𝑖,𝑗 =
1

𝑗 − 𝑖
(29)

The selection of the order 𝑝 = 0.5, and the weight term 𝑤𝑖,𝑗 was
done as recommended in [32].

3. Data and simulation study

3.1. Data description

The dependent variable of interest is the average EL (kWh) of
a residential home from the period of 2017-06-01 to 2018-05-31 in
hourly time resolution. The data comes from a smart meter and there
was no access to further details besides the home’s heating type and
number of inhabitants. Moreover, only one year of data was considered
due to the inhabitants moving out of the home from 2018-06-15 and
the use of a non-electrical heating type previous to 2017-06-01. The
TS plot and data distribution over the mentioned time period can be
seen in Fig. 2. From the plot we can identify characteristics of a non-
stationary TS. It is known that the home is heated up during winter
with a heat pump, which explains higher EL during the winter season
in comparison with the summer season. Moreover, it is also known
that the home is not cooled during summer. The EL distribution shows
a natural lower bound of zero with some high values, which clearly
makes the distribution right skewed. Additionally, given that the data
comes from a real inhabited residential home, time periods of near-
zero load are seen. These low consumption periods can be attributed
to absence of the house’s inhabitants due to holidays or similar events.

Note that EL empirical distribution may indicate the presence of a
bimodal distribution, however, this is not the case. The EL follows a
unimodal distribution with the mean value changing during the year
because of the seasonality. Furthermore, independent variables are
defined from NWPs available at time 𝑡. In this case, the weather forecast
provider is the OpenWeatherMap service (details of the weather fore-
cast information can be seen in [33]). Previous studies have shown that
ambient temperature and solar radiation have a significant influence
on the EL[4], so they were included as independent variables. It is
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Fig. 3. (a) Ambient temperature 𝑇 (𝑎)
𝑡,𝑘 . (b) Solar radiation 𝐺𝑡,𝑘 for horizons 𝑘 = 1 and

= 18. The data corresponds to the period 2017-06-01–2018-05-31.

Fig. 4. (a) Electricity Load 𝑃𝑡. (b) Ambient temperature 𝑇 (𝑎)
𝑡,𝑘 . (c) Solar radiation 𝐺𝑡,𝑘.

he data corresponds to the period 2018-04-05–2018-04-20.

mportant to mention that the solar radiation signal was derived as
combination of the global radiation (solar radiation on a horizontal

lane) [34] and the percentage of cloud cover provided by the weather
orecast. The objective of using this independent variable is to have a
ore accurate approximation of the energy gained by the home that

ould affect the EL needs, especially during winter. Fig. 3 shows the TS
lots for the ambient temperature and solar radiation for two different
orecast horizons (𝑘 = 1 and 𝑘 = 18). The TS plots present the expected
easonal behaviour.

Fig. 4 presents a selected short period of the TS. Note that the
eather forecast seems to be quite consistent with minor changes be-

ween the one-step information 𝑘 = 1 and the eighteen-step information
= 18.

From the EL plot in Fig. 4, intra-day patterns can be identified.
his is due to normal inhabitants’ activities such as breakfast, dinner,
nd evening TV sessions. The patterns are typically different during
orkdays and weekends. Thus, in order to include signals related to
5

his intra-day EL patterns for workdays and weekends, Fourier series
Fig. 5. Graphical representation of the simulation setting for time 𝑡.

ith 4𝑛 harmonics were included as independent variables

𝐹 (sin, 𝑤𝑒𝑒𝑘)
𝑡,𝑘,𝑖 = sin

(

2𝜋𝑖
𝑡day

24

)

𝟏𝐴(day) ∀𝑖 ∈ [1, 2,… , 𝑛]

𝐹 (cos, 𝑤𝑒𝑒𝑘)
𝑡,𝑘,𝑖 = cos

(

2𝜋𝑖
𝑡day

24

)

𝟏𝐴(day) ∀𝑖 ∈ [1, 2,… , 𝑛]

𝐹 (sin, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘,𝑖 = sin

(

2𝜋𝑖
𝑡day

24

)

𝟏𝐵(day) ∀𝑖 ∈ [1, 2,… , 𝑛]

𝐹 (cos, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘,𝑖 = cos

(

2𝜋𝑖
𝑡day

24

)

𝟏𝐵(day) ∀𝑖 ∈ [1, 2,… , 𝑛]

(30)

where 𝑡day ∈ [0, 1,… , 23] indicates the time of the day for the 𝑡, 𝑘 period,
and 𝟏𝐴 and 𝟏𝐵 are given by

𝟏𝐴(day) ∶=
{

1 if day ∈ 𝐴
0 if day ∉ 𝐴

𝟏𝐵(day) ∶=
{

1 if day ∈ 𝐵
0 if day ∉ 𝐵

𝐴 = {Monday, Tuesday, Wednesday, Thursday, Friday}
𝐵 = {Saturday, Sunday}

(31)

he harmonics can be expressed in vector form as follows

𝑭 (sin, 𝑤𝑒𝑒𝑘)
𝑡,𝑘 = (𝐹 (sin, 𝑤𝑒𝑒𝑘)

𝑡,𝑘,1 ,… , 𝐹 (sin, 𝑤𝑒𝑒𝑘)
𝑡,𝑘,𝑛 )

𝑭 (cos, 𝑤𝑒𝑒𝑘)
𝑡,𝑘 = (𝐹 (cos, 𝑤𝑒𝑒𝑘)

𝑡,𝑘,1 ,… , 𝐹 (cos, 𝑤𝑒𝑒𝑘)
𝑡,𝑘,𝑛 )

𝑭 (sin, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘 = (𝐹 (sin, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)

𝑡,𝑘,1 ,… , 𝐹 (sin, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘,𝑛 )

𝑭 (cos, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘 = (𝐹 (cos, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)

𝑡,𝑘,1 ,… , 𝐹 (cos, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘,𝑛 )

(32)

Moreover, [3] have shown that the EL presents a significant auto-
orrelation. Thus, with 𝑌𝑡,𝑘 as our dependent variable of interest, we can
nclude the lag value 𝑦𝑡 as independent variable to account for the auto-

correlation. Hence, an entry in the design matrix will contain ambient
temperature, solar radiation, a lag value, and 2𝑛 pair harmonics as
independent variables for a future time 𝑡 + 𝑘 given 𝑡, s.t.

𝒙𝑡,𝑘 = (𝑇 (a)
𝑡,𝑘 , 𝐺𝑡,𝑘, 𝑦𝑡,𝑭

(sin, 𝑤𝑒𝑒𝑘)
𝑡,𝑘 ,𝑭 (cos, 𝑤𝑒𝑒𝑘)

𝑡,𝑘 ,

𝑭 (sin, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)
𝑡,𝑘 ,𝑭 (cos, 𝑤𝑒𝑒𝑘𝑒𝑛𝑑)

𝑡,𝑘 )⊺
(33)

.2. Simulation study

The simulation study was designed to resemble an online appli-
ation. The aim was to produce a probability forecast of the EL at
ime 𝑡 that would cover the following 24 h in an hourly resolution.
onsidering the description presented in Section 3.1, a logarithmic
ransformation was done in order to ensure the zero bound property
f the EL. Thus, the dependent variable of interest 𝑌𝑡 was defined as

𝑡 = ln(𝑃𝑡) (34)

𝑌𝑡 can be expressed as a multivariate random variable as described
n Eq. (1) with 𝑘 ∈ {1, 2,… , 24}. Furthermore, the forecast is expected

to be updated every hour, considering the independent variables’ latest
information available 𝑿𝑡 = [𝒙𝑡,1,… ,𝒙𝑡,𝐾 ]. The online setting implies
updating the models’ parameters at each time 𝑡. While this is inherent
to the RLS, the quantile–copula and the models used for the covariance
estimation assume a time-invariant framework. Thus, a sliding time

window (sliding window) approach was considered in order to deal
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Fig. 6. (a) EL𝑡, expected values exp(𝑌𝑡,1) and exp(𝑌𝑡,12). (b) Mean Square Errors (MSE)
per 𝑘 horizon in the EL domain. (c) Distribution of the 𝜀𝑡,1, 𝜀𝑡,12, and 𝜀𝑡,24 residuals
under the logarithmic transformation.

with the time dependency. This approach will re-estimate the models’
parameters at time 𝑡 using the latest 𝑁 values. In this way, the non-
stationarity characteristic of the EL are modelled. Fig. 5 summarises
the simulation setting.

The simulation setting described previously was used to validate the
performance of the proposed models. The period starting from 2018-
01-17 to 2018-02-16 was considered as test period. The selection aims
to validate the results during a winter time, where the volatility of
the EL is higher. The time period starting from the 2017-06-01 to
2018-01-16 was used for the RLS calibration. Moreover, as described
in the introduction, five models were implemented. The first model
is called ‘‘RLS-free’’, which indicates the use of the RLS method with
the correlation structure being estimated directly from the empirical
covariance matrix. The second model is called ‘‘RLS-AR’’, which indi-
cates the use of the RLS method with the correlation structure estimated
using the maximum likelihood procedure presented in Section 2.2.3.
The third and fourth models are called ‘‘Copula-free’’ and ‘‘Copula-AR’’,
which indicates the use of the quantile–copula method with the same
correlation structure connotations. The fifth model is called ‘‘RLS’’,
indicating the use of the RLS method without correlation structure,
it is used as a reference model. Furthermore, the density function is
estimated numerically by using 500 scenarios of 𝒀 𝑡 at each time 𝑡 for
all models.

4. Results

The results section is divided into three parts. The first part validates
the underlying assumptions made for the RLS and quantile–copula. The
second part explores the temporal correlation estimation. Finally, a
comparison of the different probability forecasts and their performance
is made in the third part.

4.1. Assumptions check

4.1.1. RLS
Fig. 6.a shows EL𝑡, and the expected values exp(𝑌𝑡,1) and exp(𝑌𝑡,12)

for the test period in order to evaluate the goodness of the fit. From
6

Fig. 7. Normality check of the 𝑧𝑡,1, 𝑧𝑡,8, 𝑧𝑡,16, and 𝑧𝑡,24 realisations via QQ-plots for the
sliding window 2017-11-16–2018-02-15.

the plot, we can observe good model fits, however, Fig. 6.b shows that
the accuracy of the RLS models degrades with the longer prediction
horizons. This is expected due to the less significant effect of the lagged
value, the increasing uncertainty in the EL and the weather forecast
for longer lead times. Finally, Fig. 6.c presents the histograms of the
residuals 𝜀𝑡,1, 𝜀𝑡,12, and 𝜀𝑡,24. While one could argue that the residuals
are heavy-tailed, they were considered to be well-behaved. Note that
the information presented in Fig. 6 does not show results for all hori-
zons. However, the results for the remaining 𝑘s are similar. Please note
that the above analysis is made in order to validate the RLS residuals
behaviour, a comprehensive analysis of the models’ performance is
presented in Section 4.3.

4.1.2. Quantile-copula
The quantile regression was made using a uniform partition of the

interval [0.025, 0.975] with steps ℎ = 0.025 for the 𝜏𝑖 values s.t.

0.025 = 𝜏1 < ⋯ < 𝜏𝑖 < ⋯ < 𝜏𝑚 = 0.975with 𝜏𝑖 = 𝑖ℎ (35)

One strong assumption in the quantile–copula method is that 𝒀 𝑡
temporal correlation can be captured by a latent multivariate Gaussian
process 𝒁 𝑡. In order to do this, previous realisations of the process
have to be mapped into standard Gaussian distributions as described
in Eq. (13). Thus, Fig. 7 shows QQ-plots of EL realisations under the
Gaussian mapping for different time horizons 𝑘. The realisations shown
in the plots correspond to the sliding window 2017-11-16–2018-02-
15. The plots do not show enough evidence to reject the normality
assumption.

Please note that since the implemented quantile regression is a
function of discrete 𝜏 values, an approximation method was needed.
A linear interpolation was done in order to obtain the corresponding
realisations under the Gaussian mapping for the nominal values not
contained in the definition of 𝜏 given in Eq. (35).

4.2. Estimation of the temporal correlation structure

4.2.1. RLS
Let us start with the estimation of the temporal correlation associ-

ated with the RLS method. Fig. 8 shows the 𝜺𝑡 correlation structure
estimated from the full covariance matrix model, and using an AR
model for the sliding window period 2017-11-17–2018-01-17. At this
particular time 𝑡 the optimal AR process corresponds to an AR(3)
with 𝜶 = (0.64,−0.05, 0.05)⊺ and 𝜆𝑡,𝑘 ∼  (0, 0.242). The correlation
structures present similar characteristics using the two different models
— as seen by the similar around-diagonal patterns and slightly different
off-diagonal values.
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Fig. 8. Residuals �̂�𝑡 correlation estimated a full covariance matrix model (a) and
using an AR(3) process (b). Estimations were made using the sliding window period
2017-11-17–2018-01-17.

Fig. 9. 𝒁 𝑡 correlation estimated using a full covariance matrix model (a) and using
realisations of an AR(3) process (b). Estimations were made using the sliding window
2017-11-17–2018-02-17.

4.2.2. Quantile–copula
The temporal correlation structure estimated with the quantile–

copula, for the sliding window period 2017-11-17–2018-01-17, is pre-
sented in Fig. 9. The correlation structures of the latent Gaussian
process 𝒁 𝑡 estimated from the full covariance matrix model and using
an AR process are presented in the plots. Results indicate a similar
estimated correlation structure under the Gaussian domain for both
models. The estimated correlation structures seem to catch the around-
diagonal elements with smaller correlation present in the off-diagonal
elements.

4.3. Forecast performance comparison

Simulations using the different models were carried out. In Fig. 10
the probabilistic forecast, the EL measurements, and 5 random scenar-
ios using the different models are shown. The forecast period starting at
𝑡 = 2018-02-14 18:00 was selected as an illustrative example. Note that
the results are presented in the EL original domain, which implies the
use of the exponential function on the different models’ results. From
the RLS models we see an almost symmetric distribution around the
mean, which is expected due the normality assumption made for the
residuals. This naturally differs from the distributions coming from cop-
ula models, where we forecast the whole distribution without assuming
symmetry at all. Furthermore, the effect of the temporal correlation
models can be seen in the smoothness of the scenarios in comparison
with the ‘‘RLS’’ model which presents a more erratic behaviour.

In order to properly score the performance of the models, a quanti-
tative analysis must be applied. Thus, the different metrics presented
in Section 2.3 were calculated for the different scenarios generated
with each model. The mean CRPS, total pinball loss sum, PICP, and
PINAW per horizon 𝑘 are presented in Fig. 11. The plots show a
similar performance between RLS models and a similar performance
between copula models. When comparing the performance between
7

Fig. 10. Probabilistic forecast, EL realisation and 5 scenarios using the RLS (a), the
RLS-free (b), the RLS-AR (c), the Copula-free (d), and the Copula-AR (e) models. The
forecast period corresponds to 2018/02/14 18:00–2018/02/15 18:00.

the different methods, it can be seen that the quantile–copula presents
better performance than the RLS for the metrics that evaluate the
probability distribution as a whole (CRPS and pinball loss). However,
we can see that for 𝑘 = 1 the RLS presents better performance. This is
explained by the effect of the lag value included as input in the models,
with the lag value effect degrading with longer prediction horizons.
The PICP and PINAW scores were used to evaluate the reliability and
sharpness of the forecast. From the PICP results, we can see that both
methods present a good reliability based on a 90% significance level
prediction interval with the RLS outperforming the quantile–copula.
However, the higher reliability of the RLS models comes at the expense
of a considerable bigger prediction interval as can be seen in the PINAW
results. Furthermore, from the PINAW results one might argue that
prediction intervals are in average large (up to 50 of the test period data
range for the RLS for longer horizons). However, one should consider
the level of random variation of the process at hand. Predicting with a
high degree of sharpness the consumption of a single house is a complex
task if we consider the data characteristics presented in Section 3.1 and
the longer time horizons.

The VarS was also calculated for the test period, Table 1 presents
a summary with the mean score and the percentage of change in
comparison to the reference model ‘‘RLS’’. As expected, the reference
model presents the worst performance given the lack of a description of
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Fig. 11. Mean CRPS (a), pinball loss sum (b), mean PICP (c), and mean PINAW (d) per
horizon 𝑘 for the test period 2018-01-17–2018-02-17. Note that the PICP and PINAW
are based on a 90% prediction interval.

Table 1
VarS result for the proposed methods and percentage of change relative to the reference
model (RLS). Calculations were made for the test period 2018-01-17–2018-02-17.

Mean VarS (kWh)2 VarS % of change

RLS 9.52 –
RLS-free 7.74 −18.68%
RLS-AR 7.79 −18.13%
Copula-free 6.79 −28.76%
Copula-AR 6.82 −28.35%

the temporal correlation in the model. The proposed methods present a
significant performance improvement in comparison with the reference
— with the quantile–copula models presenting the best results.

With the intention of having a better results interpretation, the
VarS was discriminated by the difference 𝑗 − 𝑖 of the vector entries.
ig. 12 presents the VarS results as relative improvement with respect
o the reference model (RLS). Results show that the quantile–copula
ased method present a better performance for all 𝑗 − 𝑖 differences

compared to the RLS based methods. Furthermore, little difference is
seen between models using a similar modelling technique with different
correlation models in addition to the number of parameters used. While
in the ‘‘free’’ approach 576 parameters were estimated, in the ‘‘AR’’
approach only 4 parameters were needed.

5. Discussion

While multivariate probabilistic forecasting considering temporal
correlation is a well-studied subject in different domains, we identified
a lack of studies applying this type of forecast to households’ PLF
problem. In the presented study, two different forecasting methods
based on RLS and quantile–copula modelling techniques were fully
analysed. Furthermore, two different ways of modelling the temporal
8

Fig. 12. VarS percentage of change relative to the reference model (RLS) discriminated
by difference 𝑗 − 𝑖 of the vector entries. Calculations were made for the test period
2018-01-17–2018-02-17.

correlation structure were investigated as part of the implemented
models. The results indicate that modelling the temporal correlation
has a significant impact on the performance of the forecasting models.

In detail, from Section 4.1, we see that although in this case the
RLS residuals were considered well-behaved, one could argue that 𝜀𝑡,𝑘=1
seems to have more density around the mean than in the shoulders
of the distribution. This may indicate that the RLS is quite precise,
but it may be considered to violate the normality assumption. When
analysing the quantile–copula assumptions, the mapping of the nominal
values into standard Gaussian distributions presents a robust behaviour.
Thus, it is found that it is a superior approach for modelling the
particular single household EL case presented, and it is likely that
this result generalises to most similar cases — however that should be
further studied in order to reach a conclusion.

Checking the marginal distributions of the different models, we
can see that the quantile–copula has a significant impact as indicated
by the different metric results. The quantile regression has a linear
model for each 𝜏 value (in this case 39) of each marginal distribution,
which allows for a better description of the obviously non-Gaussian
distribution of the EL. This is seen in the copula results presented in
Fig. 10, where the distribution adapts according to the input data. In
contrast, the RLS models use one model per marginal distribution and
assumes symmetry around the mean. Furthermore, the results of the
performance metrics presented in Fig. 11 indicate a robust behaviour of
the presented methodology. However, the interpretation of the PINAW
results could be open to a debate. Although one could argue that
better sharpness could be expected, one have to considered the data
characteristics and the result of other techniques applied to the same
and/or similar data. We expect the presented improvements to carry
over to examples with better predictive performance. Eg. data sets
with less randomness as the aggregated EL of several households. Thus,
future studies could focus on the applicability and performance of the
presented methodology on different phenomena as well as comparing
the methodology to other state-of-the-art modelling techniques on the
same and/or similar data sets.

When addressing the estimation of the temporal correlation, the
VarS results indicate a significant impact of modelling the correlation
structure, even though the estimation of the correlation was performed
using a sliding window approach. Furthermore, the results indicate that
there is no significant difference between modelling the correlation
using an AR(𝑝) process and estimating it from the full covariance
matrix model. However, one may argue that the models using the AR(𝑝)
process are more robust given the use of significantly less parame-
ters. Finally, it is noted, creating models that consider time-dependent
correlation structures may represent a significant improvement — an
obvious subject for future studies.

Considering the results, possible future research could also focus on
different modelling techniques for the marginal distributions. Please
note that the presented modelling methodology is expected to re-
main the same regardless of the modelling techniques used for the
marginal distributions. Along with better models for the marginal
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distributions, time-dependent models for the temporal correlation are
worth studying. Given that the main focus of this study was to present
the modelling methodology and the temporal correlation modelling
impact, a more comprehensive input model selection and an analysis
of the uncertainty produced by the home inhabitants is needed. Future
research could involve the impact of changing the sliding window size,
adapting the Fourier series, e.g. to public and non-public holidays.
Moreover, large-scale tests (a test involving data from hundreds of
users) of the presented methods will be needed to confirm the ro-
bustness of the models. The large-scale tests should include a more
detailed analysis of the independent variables’ impact especially during
different seasons. Even though the need for a large-scale test is latent,
the modelling method presents a significant step towards models ready
for a production setting where the generated ensemble forecasts are
used as input for optimising the EL household needs.

6. Conclusion

In this paper, it was shown how to build multivariate probabilistic
models, which consider temporal correlation to accurately generate
ensemble forecasts of the EL of single households. The models use
as inputs a combination of NWPs, and Fourier series harmonics to
describe intra-day patterns. Two main modelling methods were applied:
A method based on RLS models for the estimation of the EL expected
value in combination with models for the RLS’s errors to have a full
picture of the process’ multivariate distribution. A second method based
on linear quantile regression models and a Gaussian copula to link the
different marginal distribution, thus estimating the process’ multivari-
ate distribution. Results show that the quantile–copula models present
better performance describing the individual marginal distributions and
the temporal correlation compared to the RLS based models.

As part of the developed models, two different models for the esti-
mation of the temporal correlation were presented. In the first model,
the temporal correlation is estimated using a full covariance matrix
model. The other uses a likelihood method to estimate an AR(𝑝) process
which describes the temporal correlation. Results show that there is
not a significant difference between the two modelling approaches.
This implies that the estimation of the temporal correlation could be
done using a full covariance model, avoiding the extra computational
time inherent to the likelihood calculation. However, in cases where
the robustness of the results is a greater concern, the approach using
a AR model would be more suitable. Finally, the simulation study
showed that all of the models present a good performance and could
be developed to be production ready in smart HEMS.
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