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1 Introduction

1.1 Background
Ductile crack propagation in metals is a truly multiscale process. The mechanics
governing nucleation and growth to the coalescence of micron-scale voids are affected
by the macroscopic structural response to the applied loads - and vice versa. The
nucleation of damage, or voids, originates from either the decohesion or fracture
of inclusions, such as particles or fibers. Still, the process is highly complex and
depends on both the local stress and strain conditions as well as the local material mi-
crostructure. While nucleating voids emerge continuously during plastic deformation,
the hydrostatic tension state drives the growth process, and the deviatoric conditions
develop their shape. Eventually, the void growth and shape-changing processes create
interactions between neighboring voids such that plastic flow localizes in the intervoid
ligaments, and void coalescence initiates. The coalescence process signals the final
stage of the material failure which is associated with a complete loss of load-carrying
capacity. The complexity of the ductile failure process, and all of the parameters
affecting it, is overwhelming to comprehend, let alone predict. Thus, fracture and
plasticity across scale remains an open and vibrant research topic (Pineau et al.,
2016; Noell et al., 2018).

The Gurson-Tvergaard-Needleman (GTN) model, with its recognizable yield
surface, given by Eq. (1.1) (Gurson, 1977; Tvergaard, 1981, 1982), is a classical model
that includes the micro-mechanics of void nucleation and growth to coalescence.

Φ = σ2
e

σ2
M

+ 2q1f
∗ cosh

3q2

2
σkk
σM

− (1 + q2
1 (f ∗)2

)
. (1.1)

Softening from growing voids enters through the void volume fraction (or porosity),
f , such that the model reduces to von Mises plasticity for f = 0, and shrinks to
a point in stress space for f ∗ = 1/q1, with a consequential loss of load-carrying
capacity. In this way, the GTN model incorporates the micro-mechanics into the
evolution law for the void volume fraction, which decomposes into a nucleation and
a growth contribution ḟ = ḟNucl + ḟGrowth. Upon reaching a critical void volume
fraction, fc, the coalescence process initiates and an effective void volume fracture,
f ∗(f), accounts for accelerated material softening (Tvergaard and Needleman, 1984;
Thomason, 1990; Pardoen and Hutchinson, 2000).
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2 CHAPTER 1. INTRODUCTION

The classical GTN model builds on conventional plasticity theory and accounts
for the average void volume fraction but omits size effects. However, experimental
studies on materials that deform by dislocation movement have demonstrated that
smaller is stronger (Stelmashenko et al., 1993; Fleck et al., 1994; Moreau et al., 2005;
Mu et al., 2014). The size effect occurs when large plastic strain gradients develop,
and the consequence is an elevated stress level. This size effect is essential when
plastic deformation varies significantly in the micrometer range, which is also the
range where the void nucleation and growth to coalescence process unfolds (Tvergaard
and Niordson, 2008; Niordson, 2008; Niordson and Tvergaard, 2019).

Size effects influence crack growth in metals, and accurate predictions require
the simulation tool to represent stresses over the length scales involved (Martínez-
Pañeda and Niordson, 2016). The work of this thesis focuses partly on developing
numerical methods for investigating deformation history-dependent problems, both in
conventional and gradient plasticity, and partly on using the novel methods to achieve
insight into the ductile failure process. Purpose-built simulation tools are used in the
majority of the work, as most of the models and methods have yet to find their way
into commercial software. The primary material models used for simulations in the
conventional limit take, as a starting point, the GTN model (and extensions thereof),
J2-flow plasticity, and visco-plasticity, while adopting the gradient plasticity theory
by Fleck and Willis (2009b), to incorporate a size-dependent material behavior.
The simulation tools consider small and finite strain plasticity (total or updated
Lagrangian), as well as static and dynamic equilibrium, depending on their purpose.

1.2 Structure of the thesis
The thesis consists of seven chapters and 28 appended papers published in interna-
tional scientific journals from 2010 to 2021. The papers are co-authored together
with 16 different authors. The author of this thesis is the single author of one paper
and the first author of 13 papers. Ten papers have three authors, and three papers
have four authors. Only one paper has five authors, which is the maximum.

Chapter 2 presents novel numerical frameworks for rate-independent gradient
plasticity, steady-state, and self-similar solutions in history-dependent materials.

Chapter 3 adopts the modeling capacity from Chapter 2 and offers a new insight
into mechanisms in conventional and gradient (isotropic and crystal) plasticity.

Chapter 4 lays out findings for steady-state crack propagation in materials
governed by kinematic and isotropic (conventional and gradient) plasticity.

Chapter 5 takes a unit cell approach to advance the understanding of the failure
mechanisms in combined tension and shearing across scales.

Chapter 6 focuses on plate tearing at the engineering scale and attempts to
form a bridge between micro-mechanics and phenomenological modeling.

Chapter 7 compiles the general conclusions concerning fracture and plasticity
across scales and acknowledges the funding agencies.

Finally, the thesis includes a Danish summary and a list of references.



2 Novel numerical frameworks

The work presented in this thesis uses the finite element method and, to a significant
extent, relies on the development of in-house computer codes to accommodate the
novel numerical methods published in the appended papers. The in-house computer
codes are highly specialized and target specific problems at hand. When possible,
the in-house codes are held against existing solutions, published research, and the
results from other numerical models serving, typically, as limit cases.

Section 2.1 lays out a numerical procedure for a rate-independent version of
the Fleck and Willis (2009b) strain gradient plasticity theory, which in contrast to
the visco-plastic counterpart poses the challenge of determining yielding of individual
plastic zones. The work demonstrates procedures for finite strain plasticity and
crystal plasticity by combining the finite element method with image analysis.

Section 2.2 builds on an existing steady-state numerical technique, created to
simulate steadily growing cracks in a conventional isotropic elastic-plastic continuum,
and seeks to exploit the technique in other engineering problems by extending it to
more complex (and fundamentally different) material models. The section presents
steady-state procedures for visco-plasticity, crystal plasticity, and strain gradient
plasticity theory.

Section 2.3 focuses on a special class of problems where the field solution develops
self-similarly such that only the magnitude of the field evolves, but the field shape
remains unchanged during the deformation. A specialized numerical procedure,
readily accounting for history-dependent deformation and elastic-plastic loading and
unloading, is laid out and demonstrated.

2.1 Rate-independent Fleck-Willis theory
The statement that smaller is stronger originates from the increase in hardening (Xi-
ang and Vlassak, 2006) and increase in apparent yield stress (Fleck et al., 1994;
Swadener et al., 2002) observed experimentally when size diminishes. Such obser-
vations have led to a large amount of theoretical developments seeking to capture
the material response on the micrometer length scales (Aifantis, 1984; Fleck and
Hutchinson, 1997; Gao et al., 1999; Fleck and Hutchinson, 2001; Gurtin, 2002; Dorgan
and Voyiadjis, 2003; Gudmundson, 2004; Fleck and Willis, 2009a,b; Mitsutoshi and
Tvergaard, 2010). It is widely accepted that plastic strain gradients play a major

3



4 CHAPTER 2. NOVEL NUMERICAL FRAMEWORKS

role in the hardening and strengthening process as the gradients couple directly to
the underlying dislocation structure. By introducing the concept of Geometrically
Necessary Dislocations (GNDs), acting alongside the so-called Statistically Stored
Dislocations (SSDs), a physics-based explanation of the phenomena is achieved by
relating the GND density to the lattice curvature (Nye, 1953; Ashby, 1970; Russel
and Ashby, 1970). A family of higher order plasticity theories that incorporates the
strengthening and hardening effects on a small scale has been developed through the
work of Gudmundson (2004); Gurtin and Anand (2005); Fleck and Willis (2009a,b),
relying on the equilibrium of higher order stresses that are work-conjugate to the
plastic strain gradients. Two sets of equilibrium equations thereby apply, and state
that (in the absence of volume forces)

qij − τijk,k − sij = 0 (Higher order equilibrium) (2.1)
σij,j = 0 (Conventional equilibrium). (2.2)

where, σij is the symmetric Cauchy stress tensor and sij = σij−δijσkk/3 its deviatoric
part, with δij being Kronecker’s delta. The micro-stress tensor, qij , is work-conjugate
to the plastic strain, εpij, and the higher order stress tensor, τijk, is work-conjugate
to plastic strain gradients, εpij,k. The assumption is that plastic strain gradients
contribute to the storage of energy (controlled by an energetic length parameter,
LE) and a dissipation of energy through its rate (controlled by a dissipative length
parameter, LD). Gudmundson (2004) incorporates the effects by assuming the micro-
stress to be dissipative, qij = qDij , while the higher order stresses consist of a dissipative
part, τDijk, and an energetic part, τEijk, such that the free energy is given by

Ψ = 1
2
(
εij − εpij

)
Lijkl

(
εkl − εpkl

)
+ 1

2GLEε
p
ij,kε

p
ij,k (2.3)

where, Lijkl is the elastic stiffness tensor and G is the shear modulus. The total
strain rate decomposes into an elastic part, ε̇eij, and a plastic part, ε̇pij, such that
ε̇ij = ε̇eij+ε̇

p
ij . The conventional Cauchy stresses are σij = ∂Ψ/∂εeij = Lijkl

(
εkl − εpkl

)
,

and the energetic higher order stresses are τEijk = ∂Ψ/∂εpij,k = GLEε
p
ij,k. By adopting

a quadratic form of the effective stress, σC , and strain rate, Ėp, these become

σC =
√

3
2q

D
ij q

D
ij + (LD)−2τDijkτ

D
ijk, and Ėp =

√
2
3 ε̇

p
ij ε̇

p
ij + (LD)2ε̇pij,kε̇

p
ij,k. (2.4)

and the corresponding dissipative stress components can be written as

qDij = 2
3
σC

Ėp
ε̇pij, and τDijk = σC

Ėp
(LD)2ε̇pij,k. (2.5)

Bardella (2007, 2010) further discusses the motivation and consequences of the choice
of constitutive behavior with respect to energetic and dissipative contributions.

The principle of virtual work for the gradient-enhanced materials takes the form
of (Gudmundson, 2004; Fleck and Willis, 2009b)∫

V

(
σijδε̇ij + (qij − sij)δε̇pij + τijkδε̇

p
ij,k

)
dV =

∫
S

(
Tiδu̇i + tijδε̇

p
ij

)
dS (2.6)



2.1. RATE-INDEPENDENT FLECK-WILLIS THEORY 5

for a domain volume of V bounded by the surface S. The right hand side of
Eq (2.6) includes both conventional tractions, Ti = σijnj , and higher order tractions,
tij = τijknk, with nk denoting the outward unit normal to the surface S. The
original work by Gudmundson (2004) was reformulated in Fleck and Willis (2009a,b),
putting forward Minimum Principles I and II, which were later adopted by Niordson
and Hutchinson (2011) to form the basis for a finite element based numerical
procedure for visco-plastic materials (related visco-plastic implementations exists
in Dahlberg and Faleskog, 2012; Martínez-Pañeda and Niordson, 2016). Fleck
and Willis (2009a,b), however, do not limit attention to visco-plasticity, but also
presents the variational structure of the Gudmundson theory in a rate-independent
(generalized J2-flow) version constructed to constitute the limit of the corresponding
visco-plastic model and to reduce to conventional J2-flow plasticity theory for zero
length parameters (Hutchinson, 2012, offers an insight into the structure of these
theories). For the rate-independent formulation, Minimum Principle I is given by

H = inf
ε̂p

ij

∫
V

(
σF [Ep]Êp + τEijkε̂

p
ij,k − sij ε̂

p
ij

)
dV −

∫
S
tij ε̂

p
ijdS (2.7)

where ε̂pij, ε̂
p
ij,k, and Êp are plastic trial field quantities. Minimum Principle II can

be written as

J [u̇i, λ > 0] = 1
2

∫
V
Lijkl

(
ε̇ij − λε̂pij

) (
ε̇kl − λε̂pkl

)
+ h[Ep]λ2

(
ÊP

)2
dV

−
∫
S

(
Ṫiu̇i + ṫijλε̂

p
ij

)
dS. (2.8)

The numerical treatment of the rate-independent Fleck-Willis theory poses the
challenges of: i) determining the plastic zone size, and ii) allowing for elastic-plastic
loading and unloading of individual plastic zones. The core of these problems is that
the Minimum Principle I in Eq. (2.7) delivers only a unit trial field rather than the
actual plastic strain rate field as in the visco-plastic version. Thus, the connection
with Minimum Principle II, which delivers the displacement increments and the plastic
multipliers for the individual active plastic zones, requires special attention. Niordson
and Hutchinson (2011) created an approximate procedure for the rate-independent
formulation valid in cases when the entire domain yields simultaneously. In contrast,
the present work puts forward a rigorous implementation of the rate-independent
Fleck-Willis formulation for general loading conditions (including partial unloading).
The novel framework is demonstrated for 1D shearing in [P10], including cyclic
loading, and the focus is on general 2D deformations in [P9], including finite strains
in [P20]. Moreover, the work in [P28] targets rate-independent crystal plasticity.
The work adopts the 2-step procedure from Niordson and Hutchinson (2011), so
that the new model progresses in the two successive steps presented below in a small
strain, isotropic plasticity, context.
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Step 1. Based on a known stress field, a plastic strain rate trial field is determined
from the stationarity requirement of Eq. (2.7), such that
∫
Ve

σC

Êp

(
2
3M

(n)
ij M

(m)
ij + L2

DM
(n)
ij,kM

(m)
ij,k

)
dVe · ε̂p(m)

=
∫
Ve

(
sijM

(n)
ij − τEijkMij,k

)
dVe +

∫
Se

tijM
(n)
ij dSe (2.9)

where M (n)
ij is the shape functions used for the plastic strain rate field, Ve is the

element volume, and Se is the element surface subject to external loads. The
nonlinear system of equations in Eq. (2.9) is solved iteratively for the trial field, ε̂pij,
(normalized to unity) with the actual plastic strain rate field given by ε̇pij = λε̂pij.
The plastic multiplier, λ, remains to be determined from Minimum Principle II in
the subsequent Step 2. Convergence of the trial field solution is typically deemed
sufficiently accurate when the relative change in the solution vector and the individual
components are below 10−3 and 10−2, respectively, for two successive iterations. It is
worth mentioning that the rate of convergence deteriorates for LD → 0 (conventional
limit) and N → 0 (ideal plasticity), in line with the solution procedure for the
corresponding visco-plastic model (see, e.g., Niordson and Kysar, 2014).

Step 2 involves some non-standard considerations to determine the incremental
displacement field and the plastic multipliers for the individual plastic zones. It
is important to realize that the minimization conducted in solving Eq. (2.9) also
allows the trial field to take values different from zero in region that will not undergo
plastic yielding. Thus, the concept of a “potentially active” elastic-plastic zone
was first introduced in [P10] to distinguish material regions that might undergo
yielding from “inactive” (elastic response) regions. In this way, the combined material
domain is split into an elastic part, V el, and a “potentially active” part, V pl, such
that V = V pl + V el. The “potentially active” plastic zones are identified from
the trial field as connected material regions for which

√
2ε̇p∗

ij ε̇
p∗
ij /3 is greater than a

predefined threshold (typically on the order 10−3 and small compared to the trial
field). Two classical image analysis techniques known as Connected Component
Labeling and Raster Imaging (for unstructured meshes) segment the elements of the
mesh into regions that are either above or below (“inactive” zones) the threshold on√

2ε̇p∗
ij ε̇

p∗
ij /3. Minimum Principle I, integrated over the individual “potentially active”

zone, constitutes a non-local yielding criterion, such that yielding occurs if

Φ(k)
H = −

(∫
V pl(k)

(
σF [Ep]Êp − sij ε̂pij

)
dV pl(k) −

∫
Spl(k)

tij ε̂
p
ijdSpl(k)

)
≥ 0. (2.10)

and λ(k) > 0. A given region is assigned a plastic multiplier, λ(k), only if Φ(k)
H > 0.

Requiring stationarity of Minimum Principle II for any kinematically admissible
variation in the displacement field, δui, and plastic multipliers, δλ(k), gives two
(coupled) discretized systems of equations on the form of∫

Ve

LijklB(n)
ij B

(m)
kl dVe · U̇ (m) −

∫
V0e

LijklB(n)
ij ε̂

p
kldVe · λ(k) =

∫
Se

ṪiN
(n)
i dSe (2.11)
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−
∫
Ve

LijklB(m)
ij ε̂pkldVe · U̇ (m) +

∫
Ve

(
Lijklε̂pij ε̂

p
kl + h[Ep]

(
Êp
)2
)
dVe ·λ(k) =

∫
Se

ṫij ε̂
p
ijdSe
(2.12)

with B
(n)
ij = (N (n)

i,j + N
(n)
j,i )/2, and N

(n)
i being the shape functions used for the

displacement field. The two systems of equations in Eqs. (2.11)-(2.12) are coupled
and form a system of size [Ud.o.f + K] × [Ud.o.f + K], with Ud.o.f being the number
of displacement degrees of freedom, and K denoting the number of “potentially
active” plastic zones. Upon solving the coupled system, the requirement of positive
plastic multipliers λ(k) ≥ 0 (k = 1, 2, ..K) is addressed, and only if λ(k) > 0 is the
zone considered “active”, whereas the zone is “inactive” if λ(k) ≤ 0 and removed
from the system of equations (which is then resolved). The processes of eliminating
“inactive” plastic zones are repeated until all “potentially active” plastic zones satisfy
Φ(k)
H > 0 and λ(k) > 0, after which they are declared “active”, and the incremental

solution is updated. In the models developed, all zones with λ(k) ≤ 0 are removed
simultaneously after solving Eqs. (2.11)-(2.12) (see [P9]-[P10] and [P20] for details).

The numerical procedure for the rate-independent Fleck-Willis formulation is
demonstrated in [P10] for the shearing of a layered material. Figure 2.1 illustrates the
model setup. The layered domain is constructed such that the mid-layer has a much
higher yield stress compared to the outer two layers and, hence, it will remain elastic
(or “inactive”) throughout the deformation. On the other hand, the bottom layer
will yield the first, followed by hardening so that the harder elastic-perfectly-plastic
top layer takes over the deformation late in the loading process. The material
response is recognized from Fig. 2.1, displaying the overall response curve for the
slab of layered material. Results are shown for two levels of the dissipative length
parameter, LD/h = [1/30, 1/3], with h being the layer thickness. The expected
increase in apparent yield strength is obtained when increasing LD. Further examples
in [P10] demonstrate that the developed numerical framework readily supports: i)
the evolution of plastic zones expanding into surrounding elastic regions, ii) the
co-existence, evolution, and merging of plastic zones, and iii) the possibility of
repeated loading and unloading of individual zones. Moreover, a comparison to a
corresponding visco-plastic model setup is included in Fig. 2.1. The flow potential
for the visco-plastic analyses is here taken as

Φ[Ep, Ėp] = σF [Ep] ε̇0

m+ 1

Ėp

ε̇0

m+1

(2.13)

where, m is the rate-sensitivity exponent and ε̇0 is the reference strain rate. For
m→ 0, the visco-plastic and rate-independent models coincide as intended by Fleck
and Willis (2009b). An interesting observation is that the point where yielding sets in
essentially coincides for m→ 0 despite the visco-plastic model offering a kind of local
interpretation of yielding (based on gradient-enhanced quantities) which contrast
with the rate-independent implementation that relies on evaluating Eq. (2.10).

More general loading conditions are considered in [P9] through a 2D plane strain
analysis (assuming small strains), and in [P20] in a 2D axi-symmetric analysis
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Figure 2.1: (a) Illustration of an infinite slab of material with σ
(k)
y = [1, 20, 1.5] and

N (k) = [1, 1, 0] constrained between rigid platens. (b) Response curves comparing a rate-
independent and a visco-plastic formulation (“•” indicate changes in the yield condition).
(c) Normalized plastic shear angle for positions marked by “×” in Fig. 2.1b for LD = h/3.

(assuming finite strains). Figure 2.2 presents an example of a notched specimen,
approximately at plane strain (see [P20]), and stretched to finite deformation. Two
loading conditions are considered: one being stretching of the domain along the
x2-direction (see Fig. 2.2b), and one being stretching of the domain while it undergoes
a finite in-plane rotation (see Fig. 2.2c). No stresses are imposed by the rigid body
rotation and, hence, the load-deflection response and evolution of plastic zone must
be the same in the two loading conditions. An irregular mesh is employed and the
raster imaging technique is used to create a pixelated image for the subsequent
connected component labeling technique. Figure 2.2a displays the load-deflection
curves for the two loading conditions with two distinct values of conventional
strain hardening, N = [0.05, 0.2], and two length parameters, LD/W = [0.02, 0.4].
Practically coinciding curves are simulated for all cases, confirming that the convective
rates are capable of handling the superimposed rigid body rotation. Moreover, the
modeling framework readily handles: i) two active plastic zones evolving and merging
within a domain that rotates while deforming, and ii) the elastic unloading in regions
above and below the notch when plastic flow localizes.
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(c) Stretch, ∆, and rotate, θ, fixing the ratio at θ/(∆̇/H) = 4π/3.

Figure 2.2: (a) Load-deflection curves of a notched large-diameter ring (approximating
plane strain tension) subject to tension with N = [0.05, 0.2] and LD/W = [0.02, 0.4]. (b-c)
Deformed configuration of the notched large-diameter ring with LD/W = 0.02 and for the
two distinct loading scenarios. Here, the response curves and the evolution of the active
plastic zone are shown, marked by the plastic multipliers, for: (b) when simple stretching
the domain, and (c) when stretching is combined to a finite rigid body rotation. The
deformations states correspond to those encircled in Fig. 2.2a.
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Inspired by the work on the isotropic rate-independent Fleck-Willis framework,
[P28] pursues the idea of using a similar setup to create a rate-independent crystal
plasticity framework. Conventional rate-independent crystal plasticity can suffer
a non-uniqueness problem in determining which (and how many) slip systems are
active. The non-uniqueness issue is partly related to the Schmid relation for the
plastic strain increment, where ε̇Pij = ∑

α µ
(α)
ij γ̇

(α), with µ(α)
ij = 1

2(s(α)
i m

(α)
j + s

(α)
j m

(α)
i ),

and partly to increments of strains being related to increments of stresses. However,
the current stress state drives the individual slip system trial field in the Fleck-Willis
framework, while the kinematics only determines the magnitude of the slip. That is
to say, the slip field shape can be linked to a material state variable (the stress field)
but the size of the slip increment for a material point is related to the surrounding
material deformation, and history, through the material length parameter.

Following Niordson and Kysar (2014), the gradient-enhanced virtual work princi-
ple for the crystal plastic version of the Fleck-Willis theory can be written as∫

V
σijδε̇ij +

∑
α

(
q(α) − τ (α)

)
δγ̇(α) +

∑
α

ξ(α)s
(α)
i δγ̇

(α)
,i dV

=
∫
S
Tiδu̇i +

∑
α

r(α)δγ̇(α)dS (2.14)

from which the crystal plastic higher order equilibrium can be identified as q(α) −
τ (α) − ξ(α)

,i s
(α)
i = 0, and the conventional equilibrium as σij,j = 0. Here, σij is the

symmetric Cauchy stress tensor, τ (α) = σijµ
(α)
ij is the Schmid stress on the individual

slip systems, while q(α) and ξ(α) are the slip system related micro-stress and higher
order stress, respectively. The framework developed in [P28] is made general and
includes both energetic and dissipative contributions to the higher order stresses, as
well as a general form of the gradient-enhanced effective stress and strain (using a
non-quadratic relation, not presented here).

The solution procedure for the crystal plastic formulation follows the two-step
approach for the isotropic formulation. The trial slip field for the individual slip
system is, here, driven by the current stress state and determined in Step 1, whereafter
potentially active slip systems are identified by using image analysis and enriched by
a plastic multiplier. Step 2, subsequently, determines the plastic multiplier together
with the increment of the displacement field (see Fig. 1 in [P28]). The following
outlines the two steps used in the crystal plastic version.

Step 1. The slip rate field for the individual slip systems is evaluated, based on
a known stress state, by requiring stationarity of Minimum principle I, such that
∫
Ve

τ
(α)
F

γ̇
(α)∗
e

(
µAM

(n)M (m) + µBL
2
Ds

(α)
i s

(α)
j M

(n)
,i M

(m)
,j

)
dVe · γ̇(α)∗

(m)

=
∫
Ve

(
sijµ

(α)
ij M

(n) − ξE(α)s
(α)
i M,i

)
dVe +

∫
Se

r(α)M (n)dSe (2.15)

where τF [γ(α)
e ] is the current flow stress on slip system “α”, ξE(α) is the energetic

higher order stress, r(α) is the higher order tractions, s(α)
i is the slip plane direction,
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µ
(α)
ij is the Schmid orientation tensor, and sij is the Cauchy stress deviator. The trial

field for the slip increment on slip system “α” is γ̇(α)∗, and the gradient-enhanced
effective value is γ̇(α)∗

e . Similar to the isotropic formulation, the trial field, determined
from Eq. (2.15), can take values different from zero in elastic (“inactive”) regions.
Thus, all regions of noticeable slip activity cannot be declared active plastic at this
stage in the solution procedure. Instead, the concept of “potentially active” slip
systems is introduced and a search for these is conducted before entering into Step 2.
The search progresses as follows: classical connected component labeling is used on
the slip trial field for each slip system in order to determine which elements belongs
to regions of noticeable slip activity. The regions are denoted “potentially active”
and a multiplier is assigned to the slip system if it also obeys

Φ(α)
H(k) = −

(∫
V pl(k)

(
τF [γ(α)

e ]γ̇(α)∗
e + ξE(α)s

(α)
i γ̇

(α)∗
i − sijµ(α)

ij γ̇
(α)∗

)
dV pl(k)

−
∫
Spl(k)

r(α)γ̇(α)∗dSpl(k)
)
≥ 0 (2.16)

In contrast to the isotropic formulation, there can, in general, exist more than one
multiplier within each “potentially active” plastic zone since the plastic multiplier
ties to the “potentially active” slip system. Minimum principle II is subsequently
considered in Step 2 to determine if the individual slip system is active and calculate
the size of the plastic multiplier. The number of “potentially active” plastic zones is
“K”.

Step 2. Based on the slip rate (trial) field, the incremental displacement field
and the multipliers are determined by requiring stationarity of Minimum Principle
II. By partitioning the material domain into “potentially active” (elastic-plastic)
and “inactive” (elastic) zones, such that V = V pl + V el (bounded by the surface
S = Spl + Sel), this yields

K∑
k=1

∫
V pl(k)

Lijkl
(
ε̇ij −

∑
α

µ
(α)
ij λ

(α)
(k) γ̇

(α)∗
)(

δε̇kl −
∑
α

µ
(α)
kl δλ

(α)
(k) γ̇

(α)∗
)

+
∑
α

h[γ(α)
e ]λ(α)

(k)

(
γ̇e

(α)∗
)2
δλ

(α)
(k)

]
dV pl(k) +

∫
V el
Lijklε̇ijδε̇kldV el =

∫
S
Ṫiδu̇idS+

K∑
k=1

∫
Spl
ṫij
∑
α

µ
(α)
ij δλ

(α)
(k) γ̇

(α)∗dSpl(k) (2.17)

The proposed solution procedure is implemented in both 1D and 2D in [P28] and
demonstrated on: i) single-slip under shearing (monotonic and cyclic loading), and
ii) tension of a notched sample of a HPC-like crystal (see also Nielsen, 2019).
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2.2 Steady-state frameworks for visco-plasticity
across scales

A numerical technique for steady-state history-dependent problems, considering
J2-flow plasticity, was first laid out in Dean and Hutchinson (1980); Parks et al.
(1981), who reformulated the traditional Lagrangian-based finite element method
into an iterative procedure that directly brings out the stationary solution for history-
dependent problems. Their elegant formulation circumvents the need for calculating
the transient evolution of the field quantities and establishes a computationally
efficient framework that allows the possibility of focusing computational effort in
the regions of interest. Dean and Hutchinson (1980) realized that a relation exists
between a traditional Lagrangian system (with fixed coordinates x̄i), where the
physical fields translate in time, and a steady-state system (with coordinates xi),
where the physical fields are stationary. This modeling framework aligns with
the steady-state framework by Nguyen and Rahimian (1981), and Dang Van and
Maitournam (1993) (their single pass procedure). By considering the material
derivative of any physical quantity, f , the relation can be written as

ḟ = ∂

∂t

(
f [xi, t]

)
︸ ︷︷ ︸

=0

+ ∂

∂xi

(
f [xi, t]

) ∂xi
∂t
. (2.18)

Assuming that the steady-state coordinate system translates at a constant velocity,
ȧ, along the x1-axis such that x1 = x̄1 − ȧt and x2 = x̄2, yield the steady-state
relation

ḟ = −ȧ ∂f
∂xi

, (2.19)

which is a cornerstone of the work by Dean and Hutchinson (1980), as well as of the
present work. The steady-state relation in Eq. (2.19) enables the calculation of the
total quantities of a model variable, f , at any point in the steady-state domain by
integrating the corresponding incremental values along the streamline of that specific
material point (see Fig. 2.3). In essence, a given material point, x∗

i , must have
experienced the history of all material points upstream, starting from a point, x0

i , in
the elastic region in front of the active plastic zone. Figure 2.3 depicts the setup,
with Fig. 2.3a showing the steady-state domain inside which a standard forward
Euler integration scheme conducts the streamline integration while the material
outside the steady-state domain is elastic. The mesh configuration in the steady-state
domain is such that it is possible to connect the Gauss points between neighboring
elements by using straight lines (see Fig. 2.3c). Figure 2.3 shows a schematic of a
mesh and the streamlines used for studying steady-state crack growth. Here, the
streamlines are located along the x1-axis, with material flowing in the negative
direction. The iterative procedure developed by Dean and Hutchinson (1980) obtains
the stationary displacement field by combining the streamline integration to obtain
history-dependent variables with traditional finite element modeling (for small strain
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Figure 2.3: (a) Illustration of the steady-state domain undergoing history-dependent
deformation (surrounded by an elastic region). (b) Discretized 2D domain, with mesh-
refinement in regions of interest, for a crack growing at steady-state with constant velocity,
ȧ. (c) A streamline integration path with integration points, n, coinciding with the Gauss
points and superimposed sub-integration points, i, to improve numerical stability.

deformation). Here, rewriting the principle of virtual work such that the plastic
strains become a forcing term on the right-hand side alongside the conventional
tractions, Ti (see Eq. (2.20)). The discretized principle of virtual work is thereby∫

Ve

LijklB(n)
ij B

(m)
kl dVe · U (m) =

∫
Se

TiN
(n)
i dSe −

∫
Ve

LijklB(n)
ij ε

p
kldVe (2.20)

where B(n)
ij =

(
N

(n)
i,j +N

(n)
j,i

)
/2 and N (n)

i is the displacement field shape functions.
Throughout, eight node iso-parametric elements with quadratic shape functions are
used in 2D and the corresponding 20 node elements are used in 3D.

In their original procedure, Dean and Hutchinson (1980) consider J2-flow plasticity
and integrate the stress field along streamlines by using σ̇ij = Lijkl

(
ε̇kl − ε̇pkl

)
, where

Lijkl denotes the instantaneous elastic-plastic modulus (continuously evaluated along
the streamline). However, this approach is not applicable to visco-plasticity, and the
work in [P7] reformulates the existing steady-state procedure to accommodate such
material behavior. The visco-plastic material model takes, as a starting point, the
potential in Eq. (2.13) such that a power-law relation governs the effective plastic
strain rate is given by

ε̇pe = ε̇0

(
σe

σF [εpe]

)1/m

, with σF [εpe] = σY

(
1 + Eεpe

σY

)N
, (2.21)

where E is Young’s modulus, σY is the initial yield stress, N is the conventional
strain hardening exponent, and σe =

√
3/2sijsij is the von Mises effective stress,

with sij denoting the Cauchy stress deviator. A small strain formulation is adopted
such that the total strains are εij = εeij + εpij, where εeij is the elastic part and
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εpij is the plastic part, while the total strain field is determined from the current
displacements by εij =

(
ui,j + uj,i

)
/2. The elastic relation σij = Lijkl

(
εkl − εpkl

)
gives the stress field, where Lijkl denotes the elastic stiffness tensor and the plastic
strain rate is ε̇pij = 3sij/(2σe)ε̇pe. A robust steady-state procedure for conventional
visco-plastic material model is presented as “Algorithm A” below (see also [P7]).
When considering a visco-plastic material in the steady-state context it is important
to bear in mind that the material displays viscous behavior well below the yield
stress, σY , when the strain rate sensitivity, m, is large (see Eq. (2.21)) and, thus, the
streamline integration has to start far upstream where plasticity is negligible. It is,
however, an approximate framework in the sense that plasticity is not allowed outside
the steady-state domain, but the constraint is also what ties down the solution and
avoid it drifting during the iterations. In reality, a small visco-plastic contribution
occurs everywhere in the domain. The algorithm is used in [P7] and [P15] (although
in a crystal plasticity setting), as well as in Juul et al. (2020) incorporating finite
strains (not part of the appended papers).

The reformulation of the steady-state procedure to include visco-plastic material
behavior has paved the way for new extensions to the framework. The work presented
in [P6] extends the framework to account for the effect of plastic strain gradients.
The Fleck-Willis theory is briefly outlined in Section 2.1 and the gradient-enhanced
visco-plastic version is introduced into the steady-state framework by relying on the
Minimum Principle I to deliver the actual plastic strain rate field based on the stress
field known from the previous iteration. Minimum Principle I for the visco-plastic
version of Fleck and Willis (2009b) is written as

H = inf
ε̇p∗

ij

∫
V

(
Φ[Ep, Ėp] + τEijkε̇

p∗
ij,k − sij ε̇

p∗
ij

)
dV −

∫
S
tij ε̇

p∗
ij dS (2.22)

which, in a discretized form, gives Eq. (2.15) but with σC = σF [Ep]
(
Ėp/ε̇0

)m
following the visco-plastic potential in Eq. (2.13) (see also Eq. (2.21)). After obtaining
the plastic strain rate field from Eq. (2.22), the streamline integration procedure
determines the total plastic strain, the plastic strain gradient, and the gradient-
enhanced effective plastic strain. Introducing the Fleck-Willis theory thereby only
requires a change in Step 3 of “Algorithm A” developed for conventional visco-
plasticity and the new Step 3 is outlined as “Algorithm B” below (see also [P6]).
Two important aspects are worth noting: i) the solution to the non-linear system
in Eq. (2.15) is already an iterative process and, thus, Step 3 in “Algorithm B”
becomes a nested loop with streamline integration in each of the iterations made
to satisfy Minimum Principle I. ii) A relaxation is introduced for the update of the
plastic strain rate to improve numerical stability. The relaxation parameter, θ, is
adjusted according to the rate sensitivity with low values for m→ 0. The work in
[P6] uses the new size-dependent steady-state framework to study rate sensitivity in
mode I crack growth. Moreover, the framework is further developed to include the
visco-plastic strain gradient plasticity by Mitsutoshi and Tvergaard (2010) in Juul
et al. (2019) (not part of the appended papers).



2.2. STEADY-STATE FRAMEWORKS FOR VISCO-PLASTICITY ACROSS
SCALES 15

Algorithm A: for conventional visco-plasticity.

(1) Based on the plastic strains from the earlier iteration, εp(n−1)
ij , solve

Eq. (2.20) to obtain the current displacement field, u(n)
i .

(2) Compute the total strain, ε(n)
ij , from the current displacements, u(n)

i .

(3) Determine the plastic strain fields by streamline integration:

εp(n)
e =

∫ x∗

x0

∂εpe
∂x

dx, with ∂εpe
∂x

= − ε̇0

ȧ

 σ(n−1)
e

g(εp(n−1)
e )

1/m

(2.23)

ε
p(n)
ij =

∫ x∗

x0

∂εpij
∂x

dx, with
∂εpij
∂x

= 3
2
s

(n−1)
ij

σ
(n−1)
e

∂εpe
∂x

(2.24)

(4) Compute the current stress field by; σ(n)
ij = Lijkl(ε(n)

kl − ε
p(n)
kl ).

(5) Repeat (1) through (4) until convergence is achieved. Convergence in
both the displacement field and the stress field is typically considered.

Algorithm B: for strain gradient-enhanced visco-plasticity.

(3) Determine the plastic strain field, εp(n)
ij , iteratively by:

do m=1,2,...

I. Determine ε̂p(m)
ij from Minimum Principle I and evaluate:

ε̇
p(m)
ij = (1− θ)ε̇p(m−1)

ij + θε̂
p(m)
ij (2.25)

where θ is a relaxation parameter introduced to enhance stability.
II. Update ε̇p(m)

ij,k , Ėp(m), qD(m)
ij , and τD(m)

ijk based on ε̇p(m)
ij .

III. Streamline integrate (ε̇p(m)
ij = 0 outside the steady-state domain):

ε
p(m)
ij =

∫ x∗

x0

∂ε
p(m)
ij

∂x
dx, with

∂ε
p(m)
ij

∂x
= −1

ȧ
ε̂
p(m)
ij (2.26)

ε
p(m)
ij,k =

∫ x∗

x0

∂ε
p(m)
ij,k

∂x
dx, with

∂ε
p(m)
ij,k

∂x
= −1

ȧ
ε̂
p(m)
ij,k (2.27)

Ep(m) =
∫ x∗

x0

∂Ep(m)

∂x
dx, with ∂Ep(m)

∂x
= −1

ȧ
Êp(m) (2.28)

*) Steps (1)-(2) and (4)-(5) remain the same as in “Algorithm A”.
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2.3 A Self-similar framework for history
dependent analysis

The work in [P14] generalizes the steady-state technique presented by Dean and
Hutchinson (1980) to form an efficient and accurate approach to analyze self-similar
solutions to history-dependent engineering problems. In the context of plasticity, self-
similarity reveals itself by the solution to a boundary value problem where the physical
field of a given quantity remains unchanged in shape, but where the spatial extent of
the physical field scales with the deformation. Such problems include geometrically
self-similar indentation, scratch testing, and problems in void growth. Figure 2.4a
illustrates the concept by using the indentation problem. All self-similar problems
have in common that the physical field emanates from a single point (for example
the tip of the indenter) and that only a single independent length parameter exists.
The new modeling approach presented in [P14] exploits these unique characteristics.
Rather than considering an observer moving with the translating field solution as in
the steady-state framework by Dean and Hutchinson (1980), one can instead imagine
observing the self-similar deformation process through a microscope zooming out at
such a rate that the size of the physical field remains constant. Thus, a self-similar
coordinate system that ties to the specific problem exists where field quantities
appear as constant. The special self-similar coordinate system can be realized by
considering the evolution in the independent length parameter. For the indentation
problem, the independent length parameter is taken to be the contact length, a, (see
Fig. 2.5) and, thus, the field solutions will develop in a self-similar manner when
keeping the indentation rate constant, such that ċ = ȧ/a, where the moving contact
point translates with constant velocity ȧ in the x1-direction. A relation between the
contact length, a0, at time t = 0, and the current contact length, a, at time, t, can
be obtained by integrating the indentation rate relation, ċ = ȧ/a, with respect to
time, t, such that a = a0e

ċt. From this it follows that all length parameters in the
indentation problem must evolve exponentially with time, t. Figure 2.4 demonstrates
the evolution by letting the base vectors of the reference coordinate system, xi, be
given by (g1, g2), while the base vectors for the self-similar coordinate system stretch
according to (G1, G2) = (g1, g2)eċt when the deformation progresses. The stretching
of base vectors with time also implies that any material point and its deformation
history can be tracked according to ξi = (xi/a0)e−ċt in the self-similar coordinate
system. For wedge indentation, one contact point typically remains stationary at
ξi = xi/a = (1, 0) (see also Fig. 2.4). Thus, the increment of a field quantity in the
self-similar coordinate system follows from the self-similar relation

ḟ = ∂f

∂ξi

∂ξi
∂t

= − ȧ
a
ξ
∂f

∂ξi
= −ċξi

∂f

∂ξi
. (2.29)

The relation in Eq. (2.29) enables the development of a specialized numerical
framework for self-similar analysis in the same way as Eq. (2.19) forms the backbone
in the corresponding steady-state framework. It is worth noting that the only
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Figure 2.4: Development of self-similarity through time in: (a) the reference coordinate
system with the basis vectors (g1, g2), and (b) the self-similar coordinate system with the
stretched basis vectors (G(t)

1 , G
(t)
2 ).

difference between the steady-state relation in Eq. (2.19) and the self-similar relation
in Eq. (2.29) is the term multiplied on to the spatial derivative (it has changed
from ȧ to ξiċ). Since the self-similar solution emanates from a single point, it is
convenient for the numerical model development to express the self-similar relation
in polar coordinates (in 2D) such that ḟ = −ċ∂f/∂ρ, with ρ denoting the radial
distance to the point of origin for the self-similarity (see Fig. 2.5). Adopting this
transformation enables spatial integration along straight lines (or rays) emanating
from the focal point of the self-similarity. The approach is very similar to the
streamline integration discussed in Section 2.2. From the scaling of the self-similar
coordinate axes, ξi = (xi/a0)e−ċt, it is evident that the history of any quantities
can be determined by integrating along straight lines, starting at a point, ρ0, in the
elastic region far away from the origin of the self-similarity, and ending at the point
of interest, ρ∗. The point of interest thereby contains the deformation history of all
points further away from the focal point of the self-similarity (similar to the steady-
state approach). Figure 2.5 shows the model setup for indentation and illustrates
the spatial integration lines for both a schematic of the problem and a suitable
finite element mesh. The mesh configuration is such that the element Gauss points
connect through straight integration lines (or rays), and a classical forward Euler
scheme conducts the integration on the individual lines. The approach, essentially,
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Figure 2.5: (a) Wedge indentation in a visco-plastic single crystal. The developed
numerical framework is applied in the self-similar history-dependent domain (SS domain),
whereas the material is treated as being linear elastic outside this domain. (b) A specialized
finite element mesh for analyzing the moving contact points (where surface material come
into contact with the indenter).

combines spatial integration with traditional finite element modeling in the same
way as Dean and Hutchinson (1980) have laid it out for steady-state problems. The
new self-similar procedure adopts the discretized version of the principle of virtual
work in Eq. (2.20) and the iterative procedure outlined in “Algorithm A”. The
only change to the algorithm lies in Step 3. The new Step 3 for the self-similar
procedure is presented in “Algorithm C”. Compared to traditional Lagrangian
procedures, the self-similar framework circumvents issues such as: i) large meshes,
by enabling the possibility to focus the mesh for high resolution in specific regions,
and ii) cumbersome contact algorithms, as contact points are stationary in the self-
similar coordinate system. Furthermore, the self-similar approach greatly reduces
the computational cost of parameter studies due to its iterative nature.

Algorithm C: for conventional visco-plasticity.

(3) Determine the plastic strain field, εp(n)
ij , by the self-similar integration

procedure and applying the self-similar relation; ∂f/∂ρ = −ḟ/(ρċ).

εp(n)
e =

∫ ρ∗

ρ0

∂εpe
∂ρ

dρ, with ∂εpe
∂ρ

= − ε̇0

ρċ

 σ(n−1)
e

g(εp(n−1)
e )

1/m

(2.30)

ε
p(n)
ij =

∫ ρ∗

ρ0

∂εpij
∂ρ

dρ, with
∂εpij
∂ρ

= 3
2
s

(n−1)
ij

σ
(n−1)
e

∂εpe
∂ρ

(2.31)

*) Steps (1)-(2) and (4)-(5) remain the same as in “Algorithm A” for
conventional steady-state analysis.



3 Plasticity across the scales

Accurate representation of the mechanical response across length scales has proven a
challenge in metal plasticity as size effects are encountered in materials that rely upon
dislocation movement to deform permanently. The general trend is that smaller is
stronger and such a representation of stresses across multiple scales requires gradient
theories with at least one material length parameter included. A classical work is
that of Fleck et al. (1994), bringing out the size effect by comparing results from
tensile tests to those of torsion tests of thin copper wires. Size effects have since
been observed in experimental studies including indentation testing (Ma and Clarke,
1995; McElhaney et al., 1997; Nix and Gao, 1998), micro-bend testing (Stölken
and Evans, 1998; Swadener et al., 2002), and micro-pillar compression testing (Mu
et al., 2014, 2017). The implications of the elevated stress levels that originate
from strain gradients are numerous. The following chapter focuses special attention
on: i) classical indentation at different scales to extract new details on this widely
used material testing technique, and ii) manufacturing processes where plastic
deformations span multiple length scales.

Section 3.1 employs the state-of-the-art numerical techniques outlined in Chapter 2
to analyze indentation into single crystals. Self-similar wedge indentation (with no
material length scale) is first considered to extract details on the moving contact
point singularity, and the material length scale is hereafter introduced in a traditional
Lagrangian framework to study indentation on a small scale.

Section 3.2 focuses on punch imprinting into an elastic-plastic substrate at a
small scale. The study relies on the new Fleck-Willis framework for rate-independent
isotropic materials, presented in Chapter 2, to provide an understanding of why the
desired geometry for micron-scale surface features can be difficult to achieve.

3.1 Wedge indentation
The process of indenting into an elastic-plastic solid is self-similar when applying an
indenter tool which can be described by one independent length parameter. Vickers,
Knoop, Berkovich, Conical, and Wedge indenters are all standard tools that possess
this characteristic. The work presented in [P14] and [P21] deals with indentation
by a sharp, nearly flat, wedge indenter such that the field solution is governed by
the following parameters: γ̇(α) (xi/a) = F

(
τ0/E,N, ȧ/(aγ0), φ,m, ν

)
, where τ0 is the

19



20 CHAPTER 3. PLASTICITY ACROSS THE SCALES

(a)

(b) HCP

(c) Monazite

Figure 3.1: (a) Schematic of wedge indentation into a single crystal. The numerical
model uses the self-similar characteristics (see Chapter 2) inside the elastic-plastic domain,
and material is elastic outside this domain. The right and left contact points are located
at a distance ar and al form the center of the wedge indenter. Orientation of slip systems
relative to the wedge indenter for: (b) HCP (ar = al) and (c) Monazite (ar > al) crystals.

initial yield stress, N is the strain hardening, γ0 is the yield strain, m is the rate
sensitivity, and ν is the Poisson ratio, a is the half contact width of the indenter
(e.g. a = (ar + al)/2), and φ is the indenter angle. The problem setup is depicted in
Fig. 3.1. Elastic-viscoplastic single crystals are considered and the new self-similar
framework, laid out in Chapter 2, is adopted to investigate the field solution near
the moving contact points where the surface material continuously makes contact
with the indenter. Here, considering a 2D plane strain setup by orienting the crystal
structure such that no out-of-plane deformation takes place. The orientation is
readily accomplished for a HCP crystal structure by letting the basal plane become
the plane of deformation. However, the orientation of more complex crystals, such as
FCC, BCC, and monoclinic structures, requires the introduction of so-called effective
slip systems that are composed of pairs of crystallographic slip systems where the
out-of-plane deformation on one (or more) slip system cancels out the other(s) (see
[P14] for details on FCC and BCC, and [P21] for monoclinic structures). One such
orientation for a FCC crystal is obtained by letting the (1̄01) plane become the plane
of deformation while translating the wedge indenter along the [010] direction into the
crystal (see Fig. 3 in [P14]). The deformation of a FCC crystal is thereby described
by three effective slip systems, each holding scaled material properties relative to
the properties of the crystallographic slip systems. Similarly, three in-plane slip
systems can be identified for the monoclinic structure considered in [P21] (found
in Monazite crystals) by letting the (010) plane become the plane of deformation
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while translating the wedge indenter along the [001] direction (see Fig. 2 in [P21]).
The crystallographic systems for a monoclinic structure are shown in Fig. 2 of [P21]
and the corresponding effective slip systems, relevant for plane strain deformation,
are depicted in Fig. 3.1c. It is worth noting that two of the effective slip systems
coincide while having different effective initial yield stress. Moreover, the orientation
of the effective slip system yields a non-symmetric configuration.

A conventional, small strain, elastic-viscoplastic material model is adopted in
[P14] and [P21], and implemented into the self-similar framework. The total strain,
εij, decomposes into an elastic part, εeij, and a plastic part, εpij, with the plastic
strain rate given by

ε̇pij =
∑
α

γ̇(α)P
(α)
ij , with



γ̇(α) = γ̇0sgn
(
τ (α)

) |τ (α)|
g(α)

1/m

P
(α)
ij = 1

2

(
s

(α)
i m

(α)
j + s

(α)
j m

(α)
i

) (3.1)

where τ (α) = σijm
(α)
i s

(α)
j denotes the resolved shear stress on slip system “α”, g(α) is

the slip resistance, s(α)
i is the slip direction, and m(α)

i is the slip plane normal.
As a benchmark case, [P14] considers the analytical solution by Saito and Kysar

(2011) for the stress field in close vicinity to the moving contact point that travels
along the surface when indenting FCC and BCC crystals. Here, assuming zero strain
hardening to investigate the asymptotic solution in close vicinity to the moving
contact point. A direct comparison of the angular stress distribution yields nearly
coinciding results, and comparing the stress trajectory to the crystal yield surface
allows the possibility to identify the elastic sectors discussed by Saito and Kysar
(2011). The plastic deformation, separating the sectors near the moving contact
point, is confined to rays (three in FCC and two in BCC, respectively) emanating
from the point singularity. The rays are either parallel to the slip direction (glide
shear) or perpendicular to the slip direction (kink shear). Saito and Kysar (2012)
have confirmed the sector solution in a numerical investigation of FCC crystals, which
proved a significant challenge using traditional Lagrangian modeling in ABAQUS,
contrasting with the novel self-similar framework. Neither an analytical nor a
numerical solution exist for the HCP crystal structure and, thus, the work in [P14]
takes the open literature one step further and provides such numerical results.
The plastic slip, emanating out from the contact point, is depicted in Fig. 3.2a,
showing the total slip determined as γ̇(tot) = ∑α |γ̇(α)|. The three primary rays
coincide with the orientation of the three active slip systems at −60◦, −90◦ and
−120◦. Figures 3.2b-c show the angular stress distribution and the corresponding
stress trajectory together with the HCP crystal yield surface. The stress level, the
distribution, and the emanating rays for the HCP structure appear overall similar
to those of both an FCC and BCC crystal structure (see Fig. 3.2b). However, the
existence of a flat plateau in the stress level over a larger interval of the angle, θ,
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Figure 3.2: (a) Total slip rate, γ̇(tot)/ċ, (with γ̇(tot) = ∑α |γ̇(α)|), around the right-hand
side contact point, ξi = (1, 0), in a HCP crystal. Stress distribution close to the right-hand
side contact point projected as: (b) angular distribution, and (c) stress trajectory with the
thick line representing the yield surface of an HCP crystal. The angle is θ = 180◦ at the
frictionless boundary at the indenter and θ = 0◦ at the free surface.

contrasts with the FCC and BCC solutions, but supports the idea of a plastic sector
(not limited to rays) as discussed by Saito and Kysar (2011). The investigation of
the stress trajectory in Fig. 3.2c further supports this observation. The stress state
is (0, 0) at the free surface (θ = 0) and approaches the upper left corner on the yield
surface when moving in the clockwise direction (as θ increases). By continuously
increasing θ, the stress trajectory essentially remains on the yield surface, approaches
the upper right corner, and continues towards the vertex at (1, 0) before returning
back to the starting point.

The self-similar solution procedure is further exploited in [P21] to study the
moving contact point singularity during wedge indention into Monazite single crystals
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(with a monoclinic crystal structure). Here, adopting the model setup in Fig. 3.1a,
while including the slip systems from Fig. 3.1c. Assuming zero strain hardening,
enforced to study the asymptotic solution, implies that only two effective slip systems
are active in this orientation of the monoclinic crystal. The configuration further
results in non-symmetric slip activity and causes the right contact point to travel at
a greater speed in comparison to the left contact point (with ar/al ≈ 1.04 for the
considered parameter set).

An investigation of the angular stress distribution in the vicinity of the moving
contact points reveals that an asymptotic field solution exists, independent of the
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Figure 3.3: Wedge indentation into a monazite single crystal. (a) Definition of angular
paths around the left and right contact points, respectively. Angular stress distribution
at a radius of r = 0.25al around the (b) left and (c) right contact point, as well as the
associated stress trajectory around the (d) left and (e) right contact point.
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distance to the singularity (as for FCC, BCC, and HCP crystals). The stress
distributions near both contact points are shown in Figs. 3.3b-c, along with the
associated stress trajectory in Figs. 3.3d-e. The stress trajectory at both contact
points makes contact with the yield surface, essentially, in a single point, revealing
that only one ray of plastic slip emanates from the singularity. Thus, based on the
numerical investigation, the work in [P21] suggests a sector solution similar to that
of FCC and BCC crystals, but with only two elastic sectors, separated by a glide
shear ray at −90◦. The sector solution is further supported by the slip activity on
the system located at −90◦ which dominates at both contact points (see Figs. 11-14
in [P21] and the related discussion).

The stress distribution, stress level, and the slip activity are all known to depend
on the length scale and the effect of strain gradients when the indentation size
diminishes (Ma and Clarke, 1995; Nix and Gao, 1998). Thus, the work in [P22]
adopts the higher order gradient plasticity theory by Fleck and Willis (2009b), but in
a crystal visco-plasticity version (see e.g. Niordson and Kysar, 2014), to account for
size effects and study wedge indentation at small scale (see Section 2.1 and Eq. (2.14)
with related discussion). The effective slip quantity is, here, taken to be quadratic
such that (γ̇e)2 = (γ̇(α))2 + (L(α)

D γ̇,isi)2, where the dissipative length parameter enters
for dimensional consistency (energetic contributions are omitted in [P22]). Details
of the developed numerical framework, which largely resembles that of the rate-
dependent Fleck-Willis framework for isotropic plasticity, are presented in [P22] with
the focus on finite strain analysis. The wedge indentation problem is illustrated in
Fig. 3.1, but the indenter tip is, here, made flat to enhance the numerical stability
of the adopted Lagrangian modeling framework (the self-similar framework is not
applicable). Thus, the initial contact length of the indenter tip is a0

c (see Fig. 1 in
[P22]). The considered material is an elastic-perfectly plastic FCC single crystal
oriented such that plane strain deformation prevails and is modeled by three effective
slip systems located −57.4◦ apart in the plane of the deformation. Neglecting the
initial contact length of the indenter tip, the current indenter contact length, ac, and
the material length parameter, LD, are the only independent length parameters in
the setup. Thus, the field quantities develop self-similarly only in the conventional
limit, LD → 0. This is demonstrated in [P22] and the shape of the total plastic slip
field, γ(tot)/γ0, is depicted in Fig. 3.4b. For comparison, the total slip field is shown
in Fig. 3.4c-e) for three different contact lengths, ac/a0

c = [6, 12, 24] (corresponding
to increasing indentation depths), and fixed material length parameter, LD/a0

c = 16.
Contrasting the conventional limit, the field shape undergoes substantial development
during the deformation for LD > 0 and only approaches the field shape found in the
conventional limit when the indentation size is much larger than the material length
parameter (comparing Fig. 3.4c to Fig. 3.4b). The hardness curves are depicted
in Fig. 3.4a for diminishing indentation sizes and the strain gradient based model
predicts the trend that smaller is stronger. It is seen from Fig. 3.4 that the hardness,
and thereby the strain gradient strengthening, increases with LD - an observation
made when indenting with both a nearly flat (φ = 5◦) and a sharp (φ = 45◦) wedge.
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The increase in hardness can be linked to the energy-cost of developing slip gradients
and, thus, the slip field solutions display less steep transitions between active slip
regions at a small scale.

One intriguing observation underlined in [P22] is that a sharp indenter yields
sink-in of the substrate surface throughout the entire indentation process when
considering a conventional material (LD = 0). The sink-in is due to zero conventional
strain hardening. However, interestingly, a shift from sink-in to pile-up near the
indenter occurs at a small scale (for increasing LD). For example, the indentation
process initiates as sink-in for LD/a0

c = 16, but transitions to pile-up when the
current contact length is approximately ac/a0

c = 7. The shift is tied to the local
strain gradient strengthening of the material and the observation could offer a way
to determine the length parameter in future experimental investigations.
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Figure 3.4: (a) Indentation hardness curves for different dissipative length parameters
LD/a

0
c = [0, 1, 2, 4, 8, 16] for a nearly flat indenter, φ = 5◦. Total slip, γ(tot)/γ0, for (b) the

conventional limit LD/a0
c = 0 at current contact length ac/a0

c = 12, and for the LD/a0
c = 16

at current contact length: (c) ac/a0
c = 6, (d) ac/a0

c = 12, and (e) ac/a0
c = 24.
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3.2 Flat punch imprinting

Flat punch imprinting into an elastic-plastic substrate has earned renewed interest
in recent years as a way of manufacturing micron-scale surface features in high-
throughput processes (Lu and Meng, 2013; Zhang et al., 2020). A specific target
geometry is typically the aim when creating the surface imprint, but effects such
as elastic spring-back, rate sensitivity, and inertia complicate matching the punch
geometry. Strain gradient strengthening and hardening owing to the Geometrically
Necessary Dislocations (GNDs), similarly, affect micron-scale manufacturing (Nielsen,
2015; Nielsen et al., 2015, (not part of the appended papers)). The GNDs develop
to accommodate large plastic strain gradients typically found where severe plastic
deformation has taken place - such as in corners and at sharp edges. In general, it
is not possible to achieve a perfectly sharp edge, and some surface curvature must
be accepted. The curvature of an edge is hardly noticeable at a large scale, but the
difference between the imprint and the punch geometry becomes increasingly evident
in the micrometer range.

Figure 3.5 illustrates the basis of flat punch imprinting within a 2D setup, pressing
a rigid punch into a soft (typically aluminum based) substrate. Upon retrieving the
punch, an imprint is left in the plastically deformed surface. The process is modeled
in [P11] by enforcing symmetry conditions at x1 = 0 and x1 = W , such that a periodic
array of equally spaced punches is parameterized. The setup allows the possibility to
identify several dimensionless quantities and the material response, measured by the
punch force, is governed by F = f(∆/W, b/W,H/W, σY /E, ν,N, LD/W ). Here, ∆
is the travel distance by the punch, W is the punch distance, b is the channel width,
and H is the half substrate thickness, and the conventional material parameters
are the yield stress, σY , Young’s modulus, E, the Poisson ratio, ν, and the strain
hardening exponent, N . A gradient-based material model is considered in [P11] by
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Figure 3.5: (a) Schematic of periodic flat punching (symmetry at x1 = 0 and x1 = W ).
(b) Punch force, F , versus travel distance, ∆, showing the effect of strain hardening and
gradient strengthening (LD/W = [0.03, 0.3], N = [0.05, 0.1, 0.2], b/W = 0.3, H/W = 0.5).
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(a) b/W = 0.3, LD/W = 0.03 (b) b/W = 0.8, LD/W = 0.03

(c) b/W = 0.3, LD/W = 0.3 (d) b/W = 0.8, LD/W = 0.3

Figure 3.6: Deformed surface of the substrate after the punch is retrieved. The hatched
area indicates the substrate and the dashed line is the initial position of the substrate
surface. Results are shown for two punch widths b/W = [0.3, 0.8], and for two distinct
length scales: (a-b) LD/W = 0.03 and (c-d) LD/W = 0.3. The maximum punch depth is
∆max/H = 0.02, with H/W = 0.5 and N = 0.1.

exploiting the new rate-independent Fleck-Willis framework presented in Chapter 2,
such that the dissipative length parameter is denoted LD.

Figure 3.5b presents the punch force for two material length parameters (cor-
responding to scaling of the setup), while also considering three values of the
conventional strain hardening. An increase in the conventional strain hardening
yields an increase in the punch force and a similar, if not greater, effect is obtained
from the strain gradient strengthening. The results in Fig. 3.5b show that the punch
force required to reach the same relative punch depth increases with diminishing size.
The effect can be linked to the GNDs, accommodating the plastic strain gradients
near the edges and corners of the imprint, which locally strengthen the material
response. The results, moreover, show that the gradient strengthening is consistent
for all levels of the conventional strain hardening. The material strengthening is also
detected from the shape of the imprint after the punch is retrieved. Figure 3.6 shows
imprints for two punch widths, b/W = [0.3, 0.8], and two distinct length parameters,
LD = [0.03, 0.3]. When approaching the conventional limit (LD/W = 0.03), the
imprint is nearly flat with the material rising sharply at the location where the
corners of the sharp punch have been in contact with the substrate material (see
Fig. 3.6a,b). In contrast, the details of the imprint are lost at small scale due to
material spring-back in regions where severe gradient strengthening occurs. The
bottoms of the imprints are less flat at a small scale (especially for b/W = 0.8), and
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the material that has been in contact at the corners of the sharp punch experience
significant elastic spring-back (see Fig. 3.6c,d).



4 Steady-state crack propagation

The deformation history which a material point experiences when translating into the
plastic field near a crack tip is highly dependent on the material strengthening and
hardening (Hutchinson, 1968; Rice and Rosengren, 1968; Amazigo and Hutchinson,
1977; Martínez-Pañeda and Niordson, 2016). The deformation, and the associated
stress level, directly affect the size and shape of the plastic zone at the crack tip,
as well as the intensity of the wake trailing behind the tip. Furthermore, the local
conditions determine the fracture toughness. The following chapter brings attention
to the relation between the material properties governing the deformation history
and the crack tip shielding ratio, reflecting the overall fracture toughness. The
studies are inspired by the early work presented by Dean and Hutchinson (1980) for
isotropic metals, considering J2-flow plasticity, and comparisons to their study are
made whenever possible.

Section 4.1 extends the study by Dean and Hutchinson (1980), and their algorithm,
to include kinematic hardening. The work facilitates a direct comparison between
two very different hardening assumptions (kinematic versus isotropic). Subsequently,
the investigation extends the steady-state framework to isotropic visco-plasticity,
here evaluating the steady-state fracture toughness for both homogeneous materials
and dissimilar material interfaces under mixed-mode I/II loading conditions.

Section 4.2 considers size effects in steady-state crack propagation. The shielding
ratios reported by Dean and Hutchinson (1980) for isotropic materials are investigated
within a visco-plastic size-dependent model, and the study is followed up by an
analysis of crack growth in FCC single crystals by extending the modeling framework
to crystal visco-plasticity.

4.1 Crack tip shielding in conventional materials

The original work by Dean and Hutchinson (1980) focuses on developing a framework
for steady-state analysis and considers only isotropic hardening within a J2 flow
plasticity setup. However, the isotropic hardening assumption is often questioned
in relation to real-life metals, and this concern puts the thrust behind the work
in [P23]. The work incorporates a plasticity model of the J2 flow kind, but with
the assumption of kinematic hardening, and creates a basis for a direct comparison.
Figure 4.1 illustrates the boundary value problem, here applying far-field mixed-
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Figure 4.1: (a) Mixed-mode I/II
crack propagation under steady-
state condition. A cohesive zone
with the traction-separation rela-
tion shown in (b) is embedded in
the path of the crack to evalu-
ate the crack tip shielding ratio
Kss/K0 (or equivalently Jss/Jtip).

mode I/II loading to an elastic-plastic solid where plasticity takes place both close
to the crack tip and in the wake trailing behind the tip. The steady-state modeling
framework accounts for plasticity by introducing a strip of material (the SS-domain
in Fig. 4.1) that covers the region where all plastic deformation takes place. The
deformation history is thereby carried down-stream from the tip by performing
spatial integration along streamlines that start far up-stream (in an elastic material
point, see Section 2.2). In contrast to the early work by Dean and Hutchinson
(1980), the model here includes a cohesive zone, with the traction-separation relation
depicted in Fig. 4.1b, positioned in the path for the propagating crack (see also Wei
and Hutchinson, 1999). The steady-state fracture toughness is, in the following,
quantified by the crack tip shielding ratio, Kss/K0, being the stress intensity factor
for steady-state growth, Kss, divided by that of the purely elastic case given by
K0 =

√
EΓ0/(1− ν2). Here, E is the Young’s modulus, ν is the Poisson ratio, and

Γ0 is the fracture energy (or the work of separation in the cohesive zone).
The shift from isotropic to kinematic hardening affects the deformation history

under mode I loading and thereby also the plastic dissipation that develops on the
individual streamlines. The effect is most noticeable on the trailing edge of the
active plastic zone and in the wake, but also transmits to the leading edge of the
active plastic zone in front of the crack tip. In contrast, the effect of the hardening
assumption is negligible under mode II loading where the shape of the active plastic
zone appears virtually unaffected (see Fig. 9b in [P23]). The dependency (or lack
of) is related to the non-proportional loading and the reversed plasticity experienced
by a material point traveling into the plastic region near the crack tip.

Focusing on mode I loading, Fig. 4.2a displays the active plastic zone for the
two types of hardening and with equal far-field KI intensity (no cohesive zone is



4.1. CRACK TIP SHIELDING IN CONVENTIONAL MATERIALS 31

(a) (b)
Figure 4.2: (a) Contours of the active plastic zone traveling with a mode I loaded crack
for isotropic and kinematic hardening with Et = E/20, subject to equal far-field loading,
KI , where Rp = (KI/σy)2/(3π). (b) Crack tip shielding for steady-state crack propagation
in isotropic and kinematic hardening materials under mode I loading (KII = 0).

here included). It is evident that the shape of the active plastic zone changes when
shifting between the two hardening assumptions, but also that the active plastic
zone remains roughly the same size for equal far-field loading. The leading edge on
the primary plastic zone, immediately in front of the crack tip, extends the furthest
for the kinematic case while being thinner in the top part of the zone. Moreover, the
secondary active plastic zone, located where reversed plasticity occurs near the crack
surface behind the tip, is somewhat thicker when assuming kinematic hardening. The
investigation presented in [P23] reveals that this relates to the continuous movement
of the kinematic yield surface in stress space which causes additional dissipation. Due
to non-proportional loading, or reversed plasticity, the kinematic model experiences
a more significant change to the yield surface normal due to a larger yield surface
curvature (compared to the expanding isotropic surface). The greater change to the
yield surface normal, in turn, means that the plastic strain increment undergoes
a greater change in direction and, potentially, in magnitude. The work in [P23]
visualizes the effect by tracing the energy dissipation along individual streamlines for
the two types of hardening. The most significant difference in the energy dissipation
density occurs close to the crack surface in the secondary active plastic zone behind
the crack tip. The energy dissipation is only greatest very close to the crack tip for
the isotropic case, whereas kinematic hardening gives the largest dissipation in the
majority of the domain. Consequently, the kinematic hardening assumption gives
the highest shielding ratio for all considered combinations of the model parameters.
Figure 4.2b presents the shielding ratio as a function of the cohesive zone peak
traction. In case of a low strain hardening capacity (Et = E/100, assuming linear
hardening), only a mild change in the stress levels follows from the plastic deformation,
and the shielding ratio remains almost independent of the hardening assumption.
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Figure 4.3: Crack tip shielding ratio versus the mode mixity for: (a) interfaces with
σ
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y = [1, 1.25, 2,∞], when approaching the rate-independent limit m(1) = m(2) =

0.001, and (b) a homogeneous material with σ(2)
y /σ
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y = 1 for different crack velocities and

three levels of rate sensitivity. Throughout, N (1) = N (2) = N = [0.1, 0.5] and R0/D = 8.

The hardening effect is, thus, most considerable for high levels of strain hardening
capacity, and the kinematic hardening consistently yields a higher, or equal, shielding
ratio relative to isotropic hardening for fixed peak traction.

Rather than limiting attention to rate-independent plasticity, the steady-state
framework is further extended in [P7] to include visco-plasticity within an isotropic
setting (see also Chapter 2). This new modeling framework allows rate sensitivity to
enter the analysis and, thereby, also a dependency on the crack velocity. The work in
[P7] considers a setup similar to that depicted in Fig. 4.1a, but here employs the so-
called SSV model by Suo et al. (1993) instead of using a cohesive zone model to link
the near tip intensity to that of the far-field loading. Results for crack propagation
in both homogeneous materials and an interface located between dissimilar materials
(with index (1) and (2) in Fig. 4.3) are analyzed under mixed-mode I/II. Figure 4.3
presents the shielding ratio (here as Jss/Jtip, with the J-integral evaluated on the
far-field, Jss, and at the crack tip, Jtip, respectively) as a function of the mode
mixity angle of the far-field loading (ψ0 = tan−1(KII/KI)). Results are shown
for: (a) interfaces with two levels of equal strain hardening, approximating the
rate-independent limit, and (b) a homogeneous material with different levels of rate
sensitivity. Figure 4.3 shows a decrease in the shielding ratio when increasing the
mismatch of the yield stress across the interface, while the minimum in the shielding
shifts towards higher levels of mode mixity (the minimum occurs at ψ0 = 0 for
homogeneous materials). The drop in the shielding ratio is tied to the constraint on
the plastic deformation and thus the combination of lower dissipation and higher
stresses in the hard substrate. The shift in the minimum is a combined effect of
limited dissipation in the hard substrate and the shape of the plastic zone under
mixed-mode loading (see also Tvergaard and Hutchinson, 1993; Tang et al., 2008).
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Figure 4.3 shows a monotonic increase in the shielding ratio with increasing
rate sensitivity at low crack velocity (ȧ/(R0ε̇0) = 102), while the shielding decreases
monotonically for increasing rate sensitivity at high crack velocity (ȧ/(R0ε̇0) = 104).
The phenomenon relates to the time aspect of the stress build-up and relaxation
when plasticity develops. In short, a slowly propagating crack leaves the material
time to relax the stress field, which contrasts with the case of a high crack velocity
where the material experiences a higher stress level due to strain rate hardening.
The shift in material behavior is key to understanding a noteworthy observation
made in [P7]. By plotting the shielding ratio as a function of the crack velocity,
for fixed material parameters, the curves for different rate sensitivities intersect in
one unique point (see Fig. 4.4b for an example). Consequently, the shielding is
rate-independent at this characteristic velocity. The result is intriguing as the plastic
zones, responsible for the crack tip shielding at the characteristic velocity, are not
necessarily equal in size and shape for the different values of rate sensitivity. However,
the phenomenon is also evident from a dimensional analysis as the reference strain
rate, ε̇0, introduces a characteristic time into the material model. Recognizing this
reveals the potential for determining rate-independent results within a rate-sensitive
model but without the need to push the model towards this (often) numerically
unstable limit. Subsequent studies have shown that the characteristic velocity also
exists in many other systems and that it enables access to parameter spaces that
otherwise cannot be reached (see El-Naaman et al., 2016, (not part of the appended
papers) and section 4.2).

The new steady-state framework for visco-plastic materials facilitates a straightfor-
ward approach to studying crack propagation in single crystals, as rate-independent
crystal plasticity often proves cumbersome to handle numerically (Pierce et al., 1982,

(a)

(b)
Figure 4.4: (a) Schematic of the steady-state crack propagation problem including the
FCC crystal orientation, and (b) crack tip shielding ratio versus crack velocity for constant
SSV domain size of R0/D = 80 and a strain hardening of N = 0.10.
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Figure 4.5: Accumulated slip rate, Λ̇ = ∑
α |γ̇(α)|, for steady-state crack growth in a

perfectly plastic single crystal showing the plastic region, Λ̇G/(ζγ0τ0 > 1) (in black) and a
region of highly concentrated slip, Λ̇G/(ζγ0τ0 > 2000) (in white) for an FCC single crystal
and a constant crack velocity of ζ = 1000 with (a) m = 0.01, and (b) m = 0.05.

1983, and [P28]). A detailed investigation was launched in [P15] to gain an insight
into the crack tip field that travels with steadily growing cracks in common single
crystals, such as FCC, BCC, and HCP structures. Figure 4.4a illustrates the problem
setup. Focusing on the FCC structure, the single crystal is oriented such that a
plane strain assumption is valid (see [P15]). Knowledge of the crack tip shielding is
obtained by employing the SSV model and, similar to the isotropic cases (see [P7]
and [P23]), it is found that the shielding ratio displays a monotonic increase with
increasing rate sensitivity at low velocity, and vice versa for high crack velocity. Thus,
the characteristic velocity, where the shielding is independent of the rate sensitivity,
must naturally exist, as demonstrated in Fig. 4.4b.

The effect of rate sensitivity on the near tip field is evident from Fig. 4.5, depicting
the plastic region (in black) for a crack tip moving at a velocity greater than the
characteristic velocity in a perfectly plastic FCC crystal. Considering the near
rate-independent case (m = 0.01) in Fig. 4.5a, distinct features develop on the active
plastic zone. These are A the active plastic wake due to reversed loading, and
B - D active plastic features that separate the domain into angular sectors at specific
locations related to the crystal orientation (as discussed by Rice, 1987). It is seen
from Fig. 4.5 that the appearance of these features changes when increasing the rate
sensitivity. In the illustrated case, feature D widens, and B becomes shorter while
it curves towards the wake (feature A ) when increasing rate sensitivity. The findings
confirm the early work by Rice et al. (1990), but also demonstrates the superiority
of the steady-state framework as: i) it achieves a much-improved resolution of the
near tip fields (not only due to today’s computational power), and ii) it allows the
extraction of the actual steady-state rather than a transient approximation.
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4.2 Crack growth in gradient-enhanced materials

Crack propagation in elastic-plastic materials is prone to the size effects that originate
from the plastic strain gradients near the crack tip. The work presented in [P6]
underlines the effect by investigating steady-state crack propagation within a gradient-
enhanced material of the Fleck-Willis type (see Section 2.2 and Fleck and Willis,
2009b). The visco-plastic framework for steady-state analysis is further extended
in this work to incorporate the staggered solution approach relying on Minimum
Principles I and II (see Section 2.1). By adopting the SSV model, an analysis is
conducted of the combined effect of rate sensitivity and length parameter on the crack
tip shielding ratio. Before entering into the analysis, it is worth noting that the higher-
order plasticity theory by Fleck and Willis enables additional constraints on the
plastic strain rate field. Figure 4.6 depicts the shielding for two distinct approaches to
the boundary conditions: the first being a micro-free condition enforcing zero higher-
order tractions on the boundary between the SSV domain and the elastic-plastic
surroundings, and the second being a micro-hard condition enforcing zero plastic
strain on the same boundary. Results are presented for two length parameters and
for two distinct crack velocities. The trends in the shielding ratio for the two types of
boundary conditions are similar, although the level is the lowest when constraining
the plastic flow (a micro-hard boundary). The difference relates to gradients in the
field that build up when enforcing zero plastic strain rate at the boundary, as this,
in turn, gives a higher stress level and, consequently, lower shielding of the crack tip.
The study in [P6] applies a micro-hard boundary condition.

Similar to the conventional material models used in [P7], [P15], and [P23], the
gradient-enhanced model also displays a monotonic increase (/decrease) for slow
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Figure 4.6: (a) Shielding ratio at steady-state versus inverse elastic layer thickness
(SSV parameter “D”, see Fig. 1 in [P6]) showing the effect of the higher-order boundary
conditions for N = 0.2 and m = 0.05. (b) Shielding ratio at steady-state versus crack
velocity in a homogeneous material, showing the effect of the dissipative length parameter
for N = 0.2 and R0/D = 4.
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Figure 4.7: Rate-
independent shielding
ratio at steady-state versus
inverse elastic layer thickness
(SSV parameter “D”, see Fig.
1 in [P6]) for a homogeneous
material, here determined
from two intersecting
shielding-velocity curves
with m = 0.08 and m = 0.1.
Corresponding results for
conventional visco-plasticity
(with m = 0.001) are shown
for comparison.

(/fast) moving cracks when increasing the rate sensitivity. The effect is depicted
in Fig. 4.6b, showing the shielding ratio as a function of the crack velocity for
three values of the strain rate hardening exponent, m, and for two distinct length
parameters, LD. Two aspects worth noting from Fig. 4.6b are that: i) the gradient
strengthening (when increasing LD/R0) lowers the crack tip shielding due to a
higher stress level, and ii) the characteristic velocity also exists for this class of
gradient-enhanced visco-plasticity. Moreover, the gradient strengthening increases
the characteristic velocity. The existence of the characteristic velocity is intriguing
as it allows the extraction of rate-independent results for the shielding ratio, and this
is achieved: i) without pushing for m→ 0, which is numerically unstable (especially
when LD → 0), and ii) despite a corresponding numerical implementation of the
Fleck-Willis theory not being available at the time (and first developed in [P9]-[P10],
although never combined with steady-state modeling). By running calculations
similar to those in Fig. 4.6b, but for two levels of rate sensitivity that yield easy
convergence (m = 0.08 and m = 0.1), the intersection is extracted to visualize
the rate-independent shielding ratio in Fig. 4.7. Here, considering two levels of
conventional strain hardening (N = [0.1, 0.5]) and three values of the dissipative
length parameter (LD/R0 = [0, 0.2, 0.4]). The conventional limit (LD/R0 → 0) in the
gradient-enhanced model enables a direct comparison to a conventional visco-plastic
model with m = 0.001. Coinciding results are obtained in the conventional limit
for high strain hardening (yielding convergence the easiest), while the shielding
for low strain hardening and LD → 0 is slightly off. However, the inaccuracy is
ascribed to the convergence in the gradient model. It is worth emphasizing that the
rate-independent model formulation for the Fleck-Willis theory was incomplete at
the time of the study in [P6] and, thus, the recognition of the characteristic velocity
opens the door to otherwise inaccessible results (see also El-Naaman et al., 2016,
(not part of the appended papers)).



5 Micron-scale failure mechanisms

The micro-mechanics of ductile shear failure by void coalescence, in the absence
of inclusions, are explored in the pioneering work by Tvergaard (2008, 2009) and
demonstrated to involve void collapse, elongation, and rotation while the void surface
experiences self-contact. Tvergaard (2008, 2009) dealt with the self-contact of the
void surface in an approximate manner and limited the attention to 2D plane strain
shearing with an emphasis on the mechanisms involved in the coalescence of circular
cylindrical cavities and frictionless sliding. The following chapter extends these early
studies by using a corresponding unit cell framework, but rigorously accounting
for contact both in 2D (with and without friction) and in 3D (without friction).
Moreover, a comparison with a shear extended Gurson (continuum) model facilitates
the calibration of the shear parameter introduced by Nahshon and Hutchinson (2008).

Section 5.1 takes up the unit cell approach to model ductile failure under combined
shear and tension. The failure mechanism by void collapse, elongation, and rotation
is modeled by taking into account self-contact both in 2D and 3D under monotonic
loading, whereafter non-monotonic loading is considered.

Section 5.2 presents a comparison between a unit cell containing a discrete circular
cylindrical void subject to intense shear and a corresponding unit cell of homogenized
Gurson material, relying on the shear extension by Nahshon and Hutchinson (2008).
The shear extension is calibrated and subsequently used as a matrix material between
discrete primary voids in order to investigate the effect of a secondary void population
under intense shearing.

Section 5.3 demonstrates how size effect enters the void growth process by using
a unit cell model setup with the matrix represented by a gradient-enhanced material.
The length scale dependent Gurson model, recently proposed by ?, is evaluated for
cases where both strain hardening and strain gradient strengthening enter the matrix
material response.

5.1 Void evolution at low triaxiality
Shear failure by void coalescence in ductile metals takes place by voids being flattened
(approaching micro-cracks) such that the void surface establishes self-contact while
the flattened voids rotate and elongate until the interaction between neighboring voids
gives coalescence through intensified plastic flow. The mechanism is very different
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(a) (b) (c)
Figure 5.1: (a) Schematic of a periodic array of circular voids with radius R0 and void
spacing 2A0 in the x1-direction, 2B0 in the x2-direction, and 2C0 in the x3-direction, and
a representative mesh for (b) 2D and (c) 3D unit cell models of the ductile shear failure
(B0 = 4A0 for all results presented). The applied load is characterized by κ = ∑

22 /
∑

12.

from void coalescence by ligament thinning at high stress triaxiality (Gurson, 1977;
Tvergaard, 1982; Koplik and Needleman, 1988; Benzerga, 2002) and the contact
between void surfaces is essential to the coalescence process under intense shear (Bao
and Wierzbicki, 2004; Barsoum and Faleskog, 2007a,b; Jodlowski, 2009). The work
presented in [P3] aims at: i) investigating the effect of rigorously accounting for self-
contact in order to quantify the accuracy of the pseudo-contact algorithm employed
by Tvergaard (2009) (being an improvement from Tvergaard, 2008), and to ii)
analyze how friction at the void surface will influence the overall shear deformation.
Attention is paid to the onset of coalescence. Figure 5.1 illustrates the unit cell
model, including the prescribed loading in terms of the average shear stress, ∑12,
and the average tensile stress, ∑22, applied at the top and bottom of the domain,
here shown for both a 2D and 3D model setup. The initial void radius is R0 and the
void spacing is 2A0 in the x1-direction (shearing direction), 2B0 in the x2-direction
(tensile direction), and 2C0 in the x3-direction. Figure 5.2 shows a comparison
between a 2D unit cell model accounting for contact in two ways: the first being
the pseudo-contact approach used by Tvergaard (2009), where a contact pressure
is applied normal to the major axis of the flattened void at a critical average void
aspect ratio, ρ (the ratio between the minor over the major axis of the void), and the
second being a rigorous contact algorithm allowing for a complete collapse of the void.
Until localization occurs, the load-deflection response compares very well for the two
approaches to model frictionless contact. However, the peak load and the associated
average shear angle at coalescence (denoted ψC) are dependent on the contact model.
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(a)

(b)

(c)

(d)
Figure 5.2: (a) Average shear stress, ∑12, versus average shear angle, ψ, comparing
frictionless contact sliding, µ = 0, and the pseudo-contact approach by Tvergaard (2009),
for different lower limits on the void aspect ratio ρ = [0.05, 0.2], κ = [−0.3, 0, 0.6]. Contour
plots of the effective plastic strain, εpe, at (b) ψ = 0.093, (c) ψ = 0.195, and (d) ψ = 0.666
under simple shear, κ = 0, and frictionless sliding (throughout, R0/A0 = 0.25, N = 0.1).

By comparing the average shear angle at the onset of void coalescence obtained by
the two different contact algorithms for various far-field loading, κ, the investigation
in [P3] concludes that the pseudo-contact algorithm underestimates the shear angle
at coalescence by roughly 10% for κ ≤ 0. On the other hand, the pseudo-contact
algorithm shifts to overestimate ψC in the interval κ ∈ [0.3, 0.9] (combined shear and
moderate tension), while the two models coincide for even higher κ-values where the
contact is less important. The discrepancy is linked to how accurately the deformed
shape of the voids is represented by the contact algorithm. The voids deform into
S-shaped micro-cracks at low κ-values and the complete collapse is well described in
the rigorous contact algorithm. However, the S-shape is only approximated by the
pseudo-contact algorithm due to the lower bound on the void aspect ratio, ρ, which
leaves the void slightly open.

The work in [P3] further investigates the effect of introducing friction between
the void surfaces by considering two friction models, the first being Coulomb friction
(with τ = µσn), and the second being the Wanheim-Bay friction model (with τ = µσn
and τmax = σY /

√
3). Friction delays void coalescence and, hence, increases the critical

average shear angle, ψC , when the κ-value is low and contact is a critical part of the
deformation history. The delay obtained by Coulomb friction versus Wanheim-Bay
friction is nearly identical for µ ≤ 0.5 and loading ratios as low as κ = 0.3. However,
a difference arises for higher values of the friction coefficient and for κ < 0.3 (see Fig.
7 in [P3]) with Coulomb friction consistently yielding later coalescence.
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Figure 5.3: (a) Average shear stress, ∑12, versus average shear angle, ψ, for various void
spacing in the x3-direction, C0/A0 = [0.75, 1, 1.25], subject to shearing, κ = [1.25, 0.25]
(R0/A0 = 0.5, N = [0.1, 0.2]), and contour plots of the effective plastic strain, εpe, at (b)
ψ = 0, (c) ψ = 0.91, and (d) ψ = 1 for κ = 0.25 (R0/A0 = 0.3, C0/A0 = 1, and N = 0.2).

The 2D plane strain setup, modeling circular cylindrical voids subject to intense
shearing is highly idealized and intended to bring out unseen shear coalescence
mechanisms. Thus, [P4] naturally extends the investigation into full 3D, enabling
estimating the accuracy of the 2D model results by comparing results from 2D and
3D unit cell model calculations. The void coalescence mechanism, first reported
in Tvergaard (2008), is also evident from the full 3D unit cell model results. Fig-
ures 5.3(b-d) show that the void collapses and rotates, but also that self-contact of
the void surface occurs early in the deformation at the back and front of the void
(along the x3-direction), inflicting severe local shear straining of the matrix material.
Compared to the 2D studies, the early contact postpones void coalescence for 3D
spherical voids by facilitating an enhanced elongation of the voids before localization
can occur in the ligaments. The effect, moreover, intensifies when decreasing the
loading ratio, κ, (lowering the stress triaxiality). Figure 5.3 shows representative
response curves obtained by the 3D unit cell model for two levels of the matrix strain
hardening exponent, N , two distinct levels of loading, κ, and three values of void
spacing in the x3-direction, C0/A0. The model displays a significant effect of the
ligament situated between voids in the x3-direction such that the overall ductility
increases for increasing C0/A0. The parameter studies in [P4] demonstrate a similar,
but opposite, trend when increasing the void size, R0/A0 (see Fig. 2 in [P4]). The
dependencies are also realized from Fig. 5.3a as failure will be absent in the extreme
cases when C0/A0 → ∞ or R0/A0 → 0. Figure 5.4 presents the applied average
shear stress, Σ12, and the void volume evolution, V , as a function of the average
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(a) (b)
Figure 5.4: (a) Average shear stress, ∑12, versus average shear angle, ψ, and (b) Void
volume versus average shear angle for various far field stress ratios, κ. Here, results
are compared for spherical voids (solid line, 3D) and circular cylindrical voids at plane
strain (dashed line, 2D) for approximate equal initial void volume fraction, f2D

0 = f3D
0 .

Throughout, N = 0.2, σY /E = 0.002 and ν = 0.3. Moreover, C0/A0 = 1 in 3D.

shear angle, ψ, for a direct comparison between 2D (plane strain) and 3D model
results. The best agreement exists when keeping the initial void volume fraction
equal in both models so that f 2D

0 = f 3D
0 (approximated for a band of width 2A0 in

the x2-direction centered on the void). The overall response curves nearly coincide
and the 2D model yields only a mild underestimation of the onset of coalescence.
The reason why the 2D model underestimates ductility relates to the void volume
evolution (see Fig. 5.4b), and the explanation can be found in the absent constraint
from the ligament situated between voids in the x3-direction in the 3D unit cell
model. The absence of the constraint in the 2D model gives rise to a higher void
growth rate at high levels of κ (high triaxiality, see Fig. 5.4b), while at the same
time yielding early collapse and a more rapid rotation of the void at low κ-values
(low triaxiality, see Fig. 5.4b). For either load case, the rapid void evolution leads to
void coalescence at a lower overall ductility in the 2D model when compared to the
3D model. In conclusion, the 2D unit cell results published in [P4] and in Tvergaard
(2009), to a large extent, reveal the trends for the corresponding 3D model with
equal initial void volume fractions, but underestimate the ductility.

The work in [P18] takes the study by Tvergaard (2008, 2009), on void coalescence
under monotonic shear and tension one step further by considering non-monotonic
loading of a periodic array of 2D circular cylindrical voids (see Fig. 5.1a). Rather
than maintaining a constant loading ratio of κ = ∑

22 /
∑

12, a tensile component
of ∑22 = ασY , with α ∈ [0, 1], is prescribed together with a harmonic oscillating
shearing of the domain at constant displacement amplitude, ±∆0. The far-field
tensile stress component remains positive but never exceeds the initial yield stress
and, thus, the tensile load yields very limited void growth. It is, therefore, the cyclic
shearing that drives the void evolution until a complete loss of load-carrying capacity.
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(a)
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Figure 5.5: (a) Evolution of void volume versus the number of loading cycles, and (b)-(g)
Void shape evolution with overlaid contours of the effective plastic strain in the range [0;
5] for α = 0.6. Throughout R0/(2A0) = 0.1, n = 10, D0/(2A0) = 0.1, and B0/A0 = 4.

Figure 5.5 shows the void volume evolution and void coalescence mechanism at
combined tension and large amplitude cyclic shearing for a tensile load of α = 0.6
and a shearing amplitude of ∆0/(2A0) = 0.1. The various deformation stages are
overlaid contours of accumulated effective plastic strain (in the interval εe ∈ [0, 5]). It
is evident that the void remains approximately circular during the first loading cycle
(see Fig. 5.5b), whereafter, in the second cycle, the void essentially deforms by the
collapse and rotation mechanism first demonstrated by Tvergaard (2008, 2009). As
plastic flow localizes in the ligaments between voids, during the subsequent cycle, two
protrusions start forming on either side of the void surface (in the plane of the shear).
At this deformation stage, the void takes a navette-like shape (see Fig. 5.5c). The
following shearing cycle further narrows the band of intensive plastic deformation
and the two protrusions become considerably better defined (see Fig. 5.5d-e). In
the final stage of the deformation, the void deviates from the navette-like shape as
neighboring protrusions start to interact and merge (see Fig. 5.5f). In this way, the
mechanism driving void coalescence is the shear-induced cyclic ligament thinning
which, locally, increases the stress level and reduces the strain hardening capacity.
The tensile load eventually takes over the deformation and causes unstable ligament
thinning (analogous to the Considère condition for uni-axial bar necking). It is further
demonstrated in [P18] that: i) a large shear amplitude intensifies the void flattening
in each cycle such that protrusions start developing earlier, and ii) unstable ligament
thinning occurs earlier in the deformation at high tensile loads. As demonstrated in
Fig. 5.5a, the combination of the shearing amplitude and the tension can, however,
develop the void shape too slowly such that the matrix hardens and eliminates
further plastic deformation. The insufficient ligament softening, however, can be
linked to the employed isotropic hardening model.
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5.2 Shear extended Gurson modeling

The focus in [P1] is on the retarded, or absent, material softening simulated by the
GTN model under shear dominated loading conditions. The GTN model incorporates
the growth of spherical voids by ligament thinning driven by hydrostatic tension
and cannot model the complex void evolution mechanism in shear (see Section 5.1).
Instead, the GTN model yields void collapse at negative stress triaxiality (and
no void evolution at zero triaxiality) such that the void vanishes with no further
softening of the material (contradicting the results in Section 5.1). To remedy this
issue, Nahshon and Hutchinson (2008) put forward an extension to the GTN model
that allows damage and softening to develop in shear and thereby expands the
capability of the model to zero (and even negative) stress triaxiality. The shear
extended GTN model was applied and adjusted in Nielsen and Tvergaard (2010) (not
part of the appended papers), but remains a phenomenological extension without
basis in the underlying mechanisms (see also Dæhli et al., 2018). Therefore, the
parameter, f , must be considered a damage parameter rather than the void volume
fraction. It is worth mentioning that micro-mechanics based models, complementary
to the Nahshon-Hutchinson extension, exist and continuously develop in the litera-
ture (Ponte-Castañeda and Zaidman, 1994; Kailasam and Ponte-Castañeda, 1998;
Danas and Ponte-Castañeda, 2009a,b, 2012; Madou and Leblond, 2012b,a, 2013;
Madou et al., 2013). The work in [P1] compares the results from the shear extended
GTN model to corresponding unit cell calculations and calibrates the shear damage
amplification factor, kω, introduced by Nahshon and Hutchinson (2008). The two
models considered in [P1] are: i) a unit cell model with a periodic array of discretely
modeled voids (illustrated in Fig. 5.1), and ii) a unit cell model of homogenized GTN
material employing the shear extension within a band of width 4A0 (see Fig. 5.1),
approximated (but not uniquely defined) by a sinusoidal distribution such that the
total volume of voids per unit length of the band is equal in the two unit cells.
When comparing the results, it is worth bearing in mind that the change in material
softening at low stress triaxiality originates from two very different mechanisms in
the two unit cell models. The material softening modeled by the unit cell holding
discrete voids originates from the void collapse and rotation mechanism that allows
the plastic flow to localize and connect neighboring voids. On the other hand, the
delay in material softening modeled by the shear extended GTN model stems from a
competition between the void growth term that attempts closing the voids (lowering
f), and the shear term that simultaneously increases f .

Figure 5.6a presents the response of the shear extended GTN model when cali-
brated to match the onset of coalescence at zero stress triaxiality (κ = 0) simulated
by the unit cell model with a discrete void. The shear damage amplification factor
is here estimated to kω = 0.87 (also determined to kω = 2.5 by Xue et al., 2010,
in a combined experimental and numerical study), which is in agreement with the
discussion by Nahshon and Hutchinson (2008), who speculate the kω-value to be in
the range of 0 to 3. Figure 5.6a also shows that the shear extended GTN model yields
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(a)

(b)
Figure 5.6: Average shear stress, Σ12, versus average shear angle, ψ, for (a) different
values of κ and R0/A0 = 0.20, and (b) for different values of R0/A0 and κ = 0.0. The thin
curves are results from the micro-mechanical model for ρ = 0.15. The thick curves are
simulated by the damage model with kω = 0.87. Throughout, N = 0.1.

an overly ductile material response for κ < 0 (combined shear and compression),
whereas the ductility is underestimated for κ ∈ [0, 0.6]. It is only when κ > 0.6,
where the shear extension is less dominant, that the shear extended model simulates
the onset of coalescence reasonably well. The adjustment to the shear extension
presented in Nielsen and Tvergaard (2010) (not part of the appended papers) par-
tially remedies the inaccuracy and yields a better agreement for κ ∈ [0, 0.6] (not
included here). There is no difference between the shear extended Gurson models
for κ < 0, whereas the original model by Nahshon and Hutchinson (2008) gives
better agreements for κ > 0.6 (see Fig. 2 in [P1]). The agreement with the unit
cell model holding a discrete void depends on both the strain hardening, N , and
the ratio of void size to spacing, R0/A0 (equivalent to the void volume fraction).
The comparison in Fig. 5.6b is made for three ratios of R0/A0 = [0.15, 0.20, 0.25] at
κ = 0, while keeping kω = 0.87 (the calibrated value). The shear extended GTN
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model here underestimates ductility when increasing R0/A0 (and vice versa), and
further analyses show that kω must take values of 1.22 for R0/A0 = 0.15, and 0.61
for R0/A0 = 0.25 to match the unit cell with a discretely modeled void.

After calibrating the shear extended GTN model to the response of the unit cell
with a discrete void, the work in [P2] employs the new GTN material as a secondary
population of voids in order to investigate their effect under intense shear. Here, the
secondary voids either co-exist or nucleate in the ligaments between larger primary
voids. The unit cell model setup is identical to Fig. 5.1, but the calibrated shear
extended GTN material now replaces the damage-free matrix. Tvergaard (1989);
Faleskog and Shih (1997); Fabrègue and Pardoen (2008) demonstrate that the growth
and coalescence of large primary voids are significantly influenced by the evolution of
secondary voids at high hydrostatic tension. As the smaller voids grow and weaken
the matrix material, the localization process enhances and accelerates the thinning
of the intervoid ligaments and the coalescence of the primary void accelerates.

Figure 5.7 presents the effect of secondary voids on the overall ductility in
shear, here quantified by the critical average shear angle, ψC , for a wide range of
initial material conditions and for: i) zero stress triaxiality loading, κ = 0.0, and
ii) combined shear and tension, κ = 0.6. Figure 5.7a shows a decrease in ductility
for the two loading cases when increasing the volume fraction of the primary voids,
R0/A0. Consistent for all cases, the secondary damage decreases the overall ductility,
but not by an equal amount. The main reason for the difference is the establishment
of self-contact of the large primary void surface which postpones void coalescence
during the collapse, rotation, and elongation mechanism (see [P1], [P3] and [P4]).
By following the steps of the deformation it is seen that a band of intense secondary
damage first develops in the ligament between the primary voids (see Fig. 5.7b). The
intensification of the band, however, temporarily slows while contact is established
and additional secondary damage concentrates near the primary void, while the
void continuously rotates and elongates (see Fig. 5.7c). Upon further loading, two
additional bands of secondary damage spread from the tip of the collapsed primary
void and failure of the ligament occurs through interaction of the different regions
where secondary damage has concentrated (see Fig. 5.7d). As seen from Fig. 5.7a,e,f,
the self-contact on the primary void surface causes higher ductility. The strong
connection between high ductility and self-contact is evident from Fig. 5.7e, showing
the effect of the shear amplification factor, kω. In the case of kω = 2 and κ = 0
(zero stress triaxiality), a dramatic drop in ductility is found when increasing the
volume fraction of secondary damage from f0 = 0.005 to 0.01. The drop in ductility
is directly related to the localization of damage being so intense that the self-contact
is absent before coalescence when f0 = 0.01 (and above). The intense localization is
also seen for combined shear and tension, κ = 0.6, but the drop is not as pronounced.

A similar dependency exists when the secondary damage nucleates, but the
material response here depends on the mean nucleation strain, εn. The overall
ductility increases with increasing εn as the delay in the damage nucleation delays
the ligament softening. Figure 5.7c shows the effect of nucleating the secondary voids
where also self-contact is found to postpone coalescence between the primary voids.
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(a)

(b) ψ = 0.140

(c) ψ = 0.420 (≈ ψC)

(d) ψ = 0.489

(e)

(f)

(g) ψ = 0.139

(h) ψ = 0.488 (≈ ψC)

(i) ψ = 0.513

Figure 5.7: Critical average shear angle at maximum load (coalescence) for: (a) R0/A0 =
[0.15, 0.20, 0.25], kω = 1, fn = 0 and varying f0, (e) kω = [0, 1, 2], R0/A0 = 0.25, fn = 0
and varying f0, and (f) R0/A0 = 0.25, kω = 1, f0 = 0 and varying fn with εn = [0.6, 0.9,∞]
(ρc = 0.15 and κ = [0, 0.6]. Contours of secondary damage for (b-d) for: f0 = 0.01, fn = 0
and (g-i) f0 = 0, fn = 0.01 with εn = 0.6, sn = 0.05 (κ = 0, R0/A0 = 0.25, ρc = 0.15,
kω = 1).
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5.3 Size effects in void growth and coalescence
Significant plastic strain gradients develop to accommodate the deformation of the
matrix material as voids grow during loading. Geometrically Necessary Dislocations
(GNDs), yielding gradient hardening and strengthening, accompany such plastic
deformation. The gradient effect is widely accepted, but only recently incorporated
into a Gurson-type modeling framework. One of the earliest attempts to incorporate
the added dislocation hardening and strengthening into the Gurson model was made
by Wen et al. (2005) (based on the work by Gao and Huang, 2001), while Dormineux
and Kondo (2010) included interface stress effects such that the void surface (set by
the void size) influences the yield surface. Monchiet and Bonnet (2013) enhances
the Gurson model by strain gradients related to void growth, while Niordson and
Tvergaard (2019) take a limit load approach (using a perfectly-plastic matrix) within
a finite strain setup and propose an extension to the conventional Gurson yield
surface that allows gradient strengthening to enter. Niordson and Tvergaard (2019)
suggested two size-dependent parameters, Q1 and Q2, as pre-factors to the void
volume fraction, f , and the mean stress, σkk/3, such that the yield surface can be
written as

Φ = σ2
e

σ2
M

+ 2Q1q1fcosh
{
Q2q2

2
σkk
σM

}
− [1 + (Q1q1f)2] = 0, (5.1)

where σe is the macroscopic equivalent stress and σM the effective stress in the
matrix. The Q1 and Q2 can be found in Niordson and Tvergaard (2019) and in [P26].

The work in [P26] takes, as a starting point, the unit cell calculations that form
the basis for Niordson and Tvergaard (2019) and extends the analysis to include
strain hardening. The intention is to verify the capability of the size-dependent GTN
model and underline where the model requires further work.

Figure 5.8: Axi-symmetric unit cell
model of voids arranged periodically in
hexagonal layers. The dimension of the
void plane and the in-plane void distance
is 2Hc and 2Rc, respectively, and the ini-
tial void radius is R0.

Figure 5.8 shows the unit cell model,
in an axi-symmetric configuration, that ap-
proximates an array of voids in a layered
hexagonal pattern. The initial void volume
fraction is 2R3

0/(3R2
cHc), and the shape pa-

rameter, characterizing the deformed void
is S = (R0 + ∆A)/(R0 + ∆B). Throughout,
the voids are initially spherical in order to
compare the results to the model by Niord-
son and Tvergaard (2019). The void shape
is, however, important to keep track of in
order to explain the discrepancies between
the size-dependent Gurson model and the
gradient enhanced unit cell model. The load
is applied by a Rayleigh-Ritz procedure that
ensures a fixed ratio, ρ, between the radial
and axial stress components (ρ = σ22/σ11).
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(a) (b)
Figure 5.9: (a) True stress-logarithmic strain response, and (b) void volume fraction
evolution versus logarithmic strain. Solid lines are the size-dependent Gurson model and
dashed lines are the unit cell model. Here, LD/Rc = 0, 0.05, 0.1, 0.25 and 0.5.

For a configuration with a power-law strain hardening of N = 0.1, an initial
void volume fraction of f0 = 0.0104, and a triaxiality of T = 2, Fig. 5.9a displays
the response curves for a conventional material, LD = 0, along side the response
for gradient-enhanced materials with LD/Rc = 0.05, 0.1, 0.25 and 0.5. Here, a
large length parameter corresponds to a down-scaling of the micro-structure (for
constant f0). The size-dependent Gurson model captures the increase in the stress
level with diminishing size of the micro-structure (increasing length parameter),
and the material response is in good agreement during the initial deformation.
However, the unit cell model yields a dramatic drop in the load-carrying capacity
at a late deformation state and deviates severely from the Gurson model results.
The deviations are also reflected in Fig. 5.9b, where an increase in length parameter
suppresses void growth, particularly, in the late stages of the deformation. The
poor match links directly to the Gurson model assumption of spherical voids as this
breaks down when significant void shape changes take place in the unit cell (and
coalescence sets in). For LD = 0, the voids eventually grow oblate and the agreement
between the models deteriorates. While the details differ, the general trends are
consistent for all configurations of the materials and loadings investigated in [P26].
Further studies of size effects in flow localization between voids subject to general
stress states can be found in Holte et al. (2021) (not part of the appended papers).

As an aside, the unit cell model with a discrete void shows that voids are prone
to grow oblate at high triaxiality, which is in agreement with the results from Koplik
and Needleman (1988). However, the gradient strengthening influences the void
growth and shape change, and delays the voids from developing into an oblate shape.
The delay in the shape change furthermore postpones coalescence. For the largest
length parameter considered in [P26], the gradient strengthening is so severe that
it restricts void growth almost entirely, while the void is stretched along the main
straining axis and shortened along the equator. The void thereby grows prolate in
shape, rather than oblate, as size diminishes.



6 Plate tearing at engineering scale

Typical finite element models used to simulate crack propagation in large plate or
shell structures cannot resolve the details of the fracture process zone due to the large
span of length scales (Woelke and Abboud, 2020; Costas et al., 2019; Woelke, 2020;
Andersen et al., 2020, not part of the appended papers). The micro-mechanics based
Gurson model, however, can reveal such details as the required finite element element
size is typically on the order of the dominant void spacing. The small element size,
however, is also what renders the Gurson model too computationally expensive for
engineering applications. Instead, engineers in industry rely on phenomenological
models that enable the use of much larger finite elements (several plate thicknesses),
but compromise the link to the underlying mechanics. The following chapter focuses
on advancing the established shell-based modeling framework for large-scale duc-
tile plate structures by reestablishing the link to the micro-mechanics. Moreover,
the present work sheds light on the parameters that control the fracture surface
morphology during ductile plate tearing.

Section 6.1 outlines an approach to bridging the scales from micro-mechanics based
to cohesive zone modeling. The approach employs the micro-mechanics based Gurson
model to extract details about the plate tearing process, and conveys the information
to a cohesive zone traction-separation relation for engineering applications.

Section 6.2 presents observations and numerical results for various tearing modes
in steel and aluminum alloys. The tearing modes, often in combination, are detected
on the specimen fracture surface and the numerical effort is intended to enhance the
understanding of what controls the transition from one tearing mode to another.

Section 6.3 focuses on a somewhat overlooked tearing phenomenon, where a
slant mode I tearing crack systematically flips its orientation ±45◦ in relation to its
growth direction. Details on this intriguing tearing phenomenon are brought out by
investigating plate tearing experiments and conducting full scale Gurson simulations.

6.1 From micro-mechanics to cohesive zones
Figure 6.1 presents the complex sequence of events that governs plate tearing,
where a 45◦ slanted crack propagates at a steady-state. The process includes: (a)
local thinning at some distance ahead of the leading crack tip, (b) intensified local
thinning, (c) shear localization on a much smaller length scale inside the thinning

49



50 CHAPTER 6. PLATE TEARING AT ENGINEERING SCALE

Figure 6.1: Schematic of the sequential fracture process governing steady-state crack
propagation in ductile metal plates subject to far-field mode I loading: (a) onset of local
thinning, (b) intensified local thinning, (c) shear localization, and (d) slant failure.

region closer to the crack tip, and (d) separation of the material. The tearing process
is controlled by the micro-mechanics of void nucleation and growth to coalescence at
the micrometer scale (also discussed in Chapter 5). To span the scales, from microns
to meter size crack growth, engineers often combine phenomenological cohesive zones
with shell elements modeling and sacrifice the link to the underlying mechanics.
The work in [P5], [P17], and [P19] focuses on reestablishing this link by exploiting
the micro-mechanics based Gurson model to extract details on the cohesive zone
traction-separation relation.

The work in [P5] presents a simplified approach to conducting a micro-mechanics
based analysis of steady-state ductile plate tearing, under mode I loading conditions,
and approximates the fracture process zone by a 2D plane strain setup. The
underlying assumption is that the material above and below the thinning region,
ahead of the crack tip, elastically unloads and enforces zero additional strain in the
direction parallel to the crack growth. The key is that the shell elements surrounding
the cohesive zone are well suited to simulatng the elastic-plastic loading and unloading
behavior until the onset of local thinning in front of the crack (related to the peak
force). Thus, it is the thinning process and the subsequent deformation history
which are relevant to a micro-mechanics based cohesive zone for steady-state crack
growth - here modeled using the Gurson model. Figure 6.2a presents an example
of the load-deflection curve, where the peak load (set by the Considère condition)
constitutes the point at which the cohesive zone model must take over to represent
the softening part of the material response. The traction-separation relation is
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(a) (b)

Figure 6.2: (a) Normalized overall load-deflection curve for a 2D plate cross-section, and
(b) the traction-separation relation for a cohesive zone model extracted from (a), with
indicated fracture energy associated with local thinning, ΓI , and the shear localization and
fracture, ΓII , respectively.

(a) (b)

Figure 6.3: (a) Cohesive energy dependency on the finite element size during plate
thinning, shear localization, and fracture, showing the effect of the initial porosity f0 =
[0.005, 0.01, 0.02] (for kω = 0), and (b) cohesive energy as a function of initial void volume
fraction showing the effect of the shear damage amplification factor kω = [0, 1, 2] introduced
by Nahshon and Hutchinson (2008) (for L(e)/W = 96). Throughout, σY /E = 0.003,
ν = 0.3, and N = 0.1.



52 CHAPTER 6. PLATE TEARING AT ENGINEERING SCALE

thereby the part of the curve from the peak load (onset of thinning) to complete
loss of load-carrying capacity (final separation) (see Fig. 6.2b). The identification of
the traction-separation relation from the micro-mechanics based model allows the
possibility to divide the dissipation of energy into two contributions (see Figs. 6.2b
and 6.3a). The first contribution is the dissipation generated during thinning of
the plate before shear localization, ΓI , which is dominant and scales with the plate
thickness while being mesh-independent (as long as the mesh resolves the thinning).
The second contribution is the energy that goes into the shear localization and final
failure, ΓII , which is secondary and scales with the width of the shear band, inheriting
the mesh size dependency from the Gurson model. The traction-separation relation is
characterized in [P5] for a range of material configurations including combinations of
initial porosity, f0, strain hardening, N , yield strain, σY /E, and shear amplification
factor, kω (in the Nahshon and Hutchinson, 2008, shear extension, see Fig. 6.3b).
Despite only considering mode I loading, Woelke et al. (2013, 2015) successfully
applied the results from [P5] to simulate large-scale plate tearing with a nearly perfect
match to the experimentally measured structural response curves by Simonsen and
Törnqvist (2004).

The mode I study is followed up in [P17] by focusing on mixed-mode I/II and
mode I/III conditions with dominant mode I loading. The approach of modeling a
cross-section of the plate, subject to plane strain, is adopted and combined with a
special 2D finite element, implemented into an in-house Fortran code. The specialized
finite element enforces plane strain conditions parallel to the crack growth direction
but allows for a displacement component along the crack in each node, enabling mode
II loading (see also Tvergaard, 2010). Several mixed-mode loading conditions and
various combinations of material parameters are studied using the shear extended
Gurson model. The key findings are that: i) mode mixity can significantly affect the
cohesive zone energy and the cohesive zone opening at shear localization and final
separation. At the same time, the peak traction is nearly unaffected. ii) Increasing
the mode II loading contribution leads to a monotonic increase in the cohesive energy,
which contrasts with mode III loadings. iii) An increasing mode III contribution
first introduces a drop in the cohesive energy (compared to pure mode I) at low to
intermediate level of mode mixity ratios (0− 0.3), followed by an increase in cohesive
energy at higher mixity ratios. The energy related to mixed-mode I/III loading
exceeds that of mode I for a mode mixity ratio of 0.6. Thus, care must be taken if a
rotational sweep of a mode I traction-separation relation into the mode mixity space
is attempted to represent ductile plate tearing (Li and Siegmund, 2002). Figure 6.4
demonstrates the poor match by showing the micro-mechanics based cohesive zone
traction-separation relations (solid line) together with the rotational sweep of the
mode I curve (dotted line) in the mixity space for three levels of initial porosity, f0.
The rotational sweep underestimates the actual tearing energy in the mixed-mode I/II
case (leading to conservative crack growth resistance). In contrast, the mixed-mode
I/III case compares better to a rotational sweep. Still, it potentially overestimates
the tearing energy at intermediate mixity ratios (leading to an unconservative crack
growth resistance). The difference between the mode I/II and the mode I/III results
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(a) Mixed-mode I/II (b) Mixed-mode I/III

Figure 6.4: Comparison between a rotational sweep of the mode I bi-linear traction-
separation relation (dashed lines) and the mode mixity bi-linear traction-separation relation
fitted to results from the micro-mechanics based model (bold lines), here shown for:
(a) ∆II/∆I and (b) ∆III/∆I , respectively. Traction-separation relations are shown for
f0 = [0.005, 0.01, 0.02], kω = 0 and N = 0.1.

is related to the shear band mechanism, which imposes a self-constituting mode
III. A low mode I/III mixity constrains the out-of-plane displacement originating
from the shear failure (the two halves of the plate, above and below the shear band,
want to displace), yielding a slightly high energy dissipation. On the other hand, a
high mode III load forces the plate to displace out-of-plane, giving higher energy
dissipation. At intermediate values of mode III, the self-constituting out-of-plane
deflection forces the energy dissipation to drop (a similar effect is evident from
Fig. 6b in [P5]). It is also worth noting that, although the shear extension to the
Gurson model has a significant influence on the cohesive energy, the effect remains,
essentially, equal for all mode mixity ratios as plane strain conditions are considered.

The work in [P19] is intended to: i) evaluate the accuracy of considering only a
2D plane strain cross-section of the plate tearing process (as in [P5] and [P17]), ii)
extract details on the transition from crack initiation to steady-state tearing when
using the GTN model, and iii) map findings to a cohesive zone traction-separation
relation for the same test setup. The work in [P19] is inspired by Woelke et al.
(2015), who demonstrated that one must expect both the peak traction and the
energy dissipation to depend on the distance from the crack nucleation site (here
the blunt pre-crack). Woelke et al. (2015) show that the cohesive zone parameters
reach a steady-state level only after the crack has propagated approximately seven
plate thicknesses and that the dependency can be related to the stress state that
changes in the vicinity of the crack tip. The plate tearing experiment by Simonsen
and Törnqvist (2004) is taken as a starting point in [P19] (see Fig. 6.5), though it is
not the intention to fit their experimental results. An in-house high-performance
computing code for 3D explicit dynamic simulations, including the GTN model, is
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Figure 6.5: a) Schematic of the tearing problem: large-scale pre-cracked plate described
by Simonsen and Törnqvist (2004), where H, W , and t is the height, width, and thickness,
respectively, of the plate. The points A and B act as hinges around which the surfaces a
and b, respectively, rotate. The origin of the coordinate system coincides with the notch in
the undeformed state, and from here the crack growth is denoted xc. b) Experiment setup
from Simonsen and Törnqvist (2004).

developed and aimed at the tearing problem depicted in Fig. 6.5. Here, the boundary
conditions of the plate are prescribed at the top and bottom as if the faces follow
a rigid test fixture. Figure 6.6a shows a deformed finite element mesh where the
crack has initiated as a flat tearing crack and transitioned before settling into slant
steady-state tearing over several plate thicknesses of growth. The fracture surface
at steady-state is oriented at roughly 45◦ relative to the loading direction. The
GTN model achieves the transition as it deals, automatically, with the changing
stress state from crack initiation to steady-state growth. However, a corresponding
traction-separation relation must include such dependency. Following Woelke et al.
(2015), this is achieved by letting the cohesive peak traction and the cohesive zone
energy depend on the distance from the crack nucleation site. The extraction of
such information from the 3D GTN model calculation is facilitated by grouping the
elements into so-called “bins” along the crack’s growth path (see Fig. 6.6b). Each bin
essentially acts as a plate cross-section (much like the 2D section in [P5] and [P17])
that allows a determination of the traction-separation history and the dissipation of
energy at the bin’s location. Figure 6.7 depicts the dependency for the peak traction
and the cohesive zone energy. The Gurson model results show that the peak traction
starts at a level just above half the level set by the Considère criterion. Following
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Figure 6.6: (a) Gurson model simulation of extensive ductile tearing with transition
from flat to slant growth. The element size in the fracture zone is on the order of
400 µm× 150 µm× 150 µm, with 64 elements through thickness and the total number of
elements is 1,002,800. (b) Schematic of the bins along the crack growth direction with
height 2h, length l, and thickness t. (c) The size of the cohesive elements, LCoh

e .

this, the peak traction increases rapidly, within the first two plate thicknesses of
growth, before reaching steady-state just below the Considère value. In contrast, the
transition from crack initiation to steady-state growth is gradual for the cohesive
zone energy, and it reaches a steady-state level at a distance roughly seven plate
thicknesses from the crack nucleation site (in line with Woelke et al., 2015).

To compare the cohesive zone model response to that of the GTN model, the
position-dependency for the peak traction and cohesive energy is conveyed to a 2D
plane stress finite element model with the same dimensions (see Fig. 6.5). Here, em-
bedding the cohesive zones in front of the pre-existing crack and assigning individual
traction-separation parameters depending on their distance to the crack nucleation
site (see Fig. 6.6c). Employing the level and dependency for the peak traction and
cohesive energy, as obtained from the GTN model, leads to: i) an underestimation
of both the overall peak load and the post-peak load-deflection curve, and ii) an
overestimation of the crack growth distance (see Fig. 6.8). The discrepancy suggests
that both the peak traction level and the cohesive energy assigned to the cohesive
elements are too low. Subsequent simulations were then carried out, including the
position-dependency of the parameters, but here up-scaling the peak traction to
match the Considère condition for plane strain tension at steady-state (an increase
of 3%) and further up-scaling the cohesive energy to that of the 2D plane strain
analysis in [P5] (an increase of 10%). The adjustment yields a near-perfect match
between the GTN model simulation and the cohesive zone model regarding both the
overall load-deflection curve and the crack growth (see Fig. 6.8).
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(a) (b)

Figure 6.7: Cohesive zone parameter dependency on the distance from the crack nucle-
ation site for: (a) the peak traction normalized by the Considère condition (TConsidère ≈
267 · 106 N/m2), and (b) the cohesive energy normalized by the 2D steady-state energy
level (Γ0 ≈ 574 · 103 N/m), here shown as a function of the crack propagation normalized
with the plate thickness, t.

(a) (b)

Figure 6.8: Simulated response by the full 3D Gurson model and the 2D plane stress
cohesive model using the cohesive parameters as achieved from the bins and an up-scaled
version where the cohesive energy is increased by 10% and the peak traction is increased by
3%. Throughout, δ1/δ2 = 1/2 and the cohesive element size is LCoh

e /t = 1. Here, showing
(a) the overall load deflection curve, and (b) the crack growth versus applied force.
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6.2 Fracture surface morphologies and tearing
modes

The work in [P5], [P17], and [P19] considers only the propagation of a slant tearing
crack but, in reality, the ductile tearing process can lead to very distinct fracture
surface morphologies and often in complex combinations. The three most widely
recognized fracture surface morphologies are: i) the cup-cup (bath-tub) failure, where
the fracture surfaces no longer fit together, ii) the cup-cone failure, that makes use
of two perpendicular shear bands, and iii) the slant crack propagation discussed in
Section 6.1 (see also Pardoen et al., 2004). The different fracture surface morphologies
are controlled by void nucleation and growth to coalescence at the micron scale, but
it is unclear what determines the shift from one to another. The lack of insight
puts the thrust behind the micro-mechanics based investigation initiated in [P25].
The work in [P25] takes, as a starting point, the hypothesis that the key damage-
related micro-structure parameters, controlling the tearing mode and fracture surface
morphology, are the volume fraction, (average) size, and distribution of second phase
particles, acting as void nucleation sites (Çelik et al., 2020, also consider the shape
and orientation of the nucleation sites, not part of the appended papers). The
investigation adopts the 2D cross-sectional model from [P5] that has proven accurate
for homogeneous plates (see Section 6.1). By including discrete void nucleation sites
as areas with a high initial porosity, randomly distributed in the matrix, the size
and number of the second phase particles enter into the analysis. Figure 6.9 displays
the model setup alongside an example of the overall load-deflection curve for a plate
showing a cup-cup like failure, resulting from a few small nucleation sites.

(a) (b)

Figure 6.9: (a) Schematic of the boundary value problem, typical mesh, and the initially
circular void nucleation sites with radius Rp, and (b) normalized engineering stress∑22 /σ0
versus engineering strain E22 for the 2D plate section. Superimposed contour plots show
the developed void volume fraction in the fracture process zone for Np = 10 and Rp/Le = 3.
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Figure 6.10: Developed void volume fraction in the fracture process zone for four different
plates. The size of the void nucleation sites is the same for all four plates (Rp/Le = 3),
while their number is different: (a) Np = 25, (b) Np = 50, (c) Np = 75, and (d) Np = 100.

Figure 6.10 shows that the tearing mode changes with the number of nucleation
sites, Np. An increase from Np = 10 to Np = 100 shifts the fracture surface
morphology from a cup-cup like failure towards a slant failure (see Figs. 6.9b
and 6.10). In general, the model results show that a low number of small (relative
to the plate thickness) randomly distributed sites will nucleate and link-up in a
void-by-void type mechanism. In contrast, large sites or a large number of small
nucleation sites facilitate multiple void interactions. The work in [P25] divides the
interaction mechanisms controlling fracture into three categories, which are: I
Interaction between voids occurs by the local ±45◦ shear bands, emanating from
the individual voids, to form global localization. II Intensified local shear bands
are created by “void sheeting” through the interaction of neighboring voids. III
Void coalescence develops by necking of intervoid ligaments. However, it is worth
mentioning that the identification of the three interaction mechanisms offers no
apparent link to the simulated fracture surface morphologies.

The work in [P25], furthermore, facilitates an investigation into how the parame-
ters related to a cohesive traction-separation relation change when accounting for
discrete nucleation events in the material. Here, considering an interval for the
size and number of the nucleation sites. Figure 6.11 displays the load-deflection
curves for three distinct damage-related microstructure configurations that yield
very different fracture morphologies. The case with a few small nucleation sites
(Np = 10 and Rp/Le = 3) shows the material to withstand severe plastic deformation
even after the peak force (yielding high cohesive energy). In contrast, many large
nucleation sites give little to no thinning and, thus, limited ductility after the peak
load is attained (low cohesive energy). The latter is related to a strong interaction
between neighboring voids. In the interval between these two extremes a wealth
of configurations exist where the micro-mechanics governing failure is a mixture of
mechanisms I , II , and III , yielding intermediate post-peak ductility.
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Figure 6.11: Load-deflection curves for three
distinct material configurations.

The analysis of multiple realiza-
tions of the random distribution en-
ables determining the trend for the
mean and standard deviation for the
fracture process parameters. Here,
considering fixed combinations of
the size and number of the nucle-
ation sites. The study reveals that
the mean peak force, FPeak, being
the maximum force reached for the
cross-section, is nearly independent
of the nucleation sites’ number and
size. The peak force essentially co-
incides with that of a homogeneous
material (given by the Considère criterion), and the difference is on the order of 0.1%.
On the other hand, the cohesive energy and the secondary localization, being the
point where a rapid drop in the load-carrying capacity evolves, changes significantly
with the damage-related micro-structure. Figure 6.12 shows the cohesive energy
and the strain at the secondary localization versus the number of nucleation sites
for three different sizes of nucleation sites. The trend is that a drop in the curves
occurs when Np increases. The investigation in [P27] concludes that the decrease in
mean cohesive energy is a consequence of a shift from failure by mechanism II to
failure by mechanism I . The void sheeting mechanism II prevails for a few large
nucleation sites, whereas mechanism I sets in for a large number of nucleation sites
allowing the local 45◦ shear bands, emanating from the individual sites, to form
global localization across the plate thickness.

(a) (b)

Figure 6.12: (a) Cohesive energy, and (b) strain at the secondary localization versus
number of nucleation sites, Np, showing results for three sizes of nucleation sites (Rp/Le =
[3, 6, 18]) with the interval of confidence being 3σ, where σ is the standard deviation.
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6.3 The crack tip flipping mechanism

In addition to the established tearing modes (see discussion in Section 6.2), another
fascinating tearing phenomenon exists, termed crack tip flipping by the author.
The crack tip flipping mechanism is recognized by a +45◦ slant tearing crack (see
Fig. 6.13), shifting its orientation to −45◦, and back repeatedly during extensive
growth under far-field mode I loading. Despite crack tip flipping being occasionally
observed in experiments, the phenomenon is rarely reported and is never the main
focus in the literature (Rivalin et al., 2001; Granum et al., 2019). However, strong
evidence exists that unexplained transitions between fracture surface morphologies
observed for mode I loaded tearing cracks, fully or partially, can be assigned to
the crack tip flipping mechanism. The work in [P8], [P12], [P13], [P16], and [P24]
is devoted to shedding light on the underlying mechanics that govern crack tip
flipping, and the work has cemented this intriguing tearing phenomenon in the
literature (Pineau et al., 2016).

Mathur et al. (1996) demonstrated that two shear bands form in the thinning
region ahead of a mode I loaded crack tip and that one of the shear bands gives
rise to shear localization, which dominates the material separation during slant
crack growth (see also Section 6.1). Imperfections, for example originating from
the randomness in the micro-structure or un-symmetric loading of the plate, de-
termine the slant crack’s orientation such that the initial flat to slant transition
can go into either ±45◦. The question is, however, what makes the crack re-
orient, and flip, during extensive propagation? Figure 6.13 displays an example
of a mode I slant crack that flips back and forth, repeatedly, in a very periodic
manner at a high frequency, leaving behind a “shark tooth” like fracture surface
morphology. Such systematic crack tip flipping is rare, and it has proven hard to

Figure 6.13: Repeated crack
tip flipping in a large normal
strength steel plate subject to
mode I loading (Simonsen and
Törnqvist, 2004).

reproduce in other test configurations. Through the
compiled work of [P8], [P12], [P13], [P16], and [P24],
crack tip flipping is now known to be highly dependent
on the test setup (the constraints), the plate thickness,
and the material properties of the plate.

An experimental investigation was launched in [P8]
to conduct extensive crack propagation in plate metals,
and the study successfully reproduced crack tip flipping
in normal strength steel. By isolating a flip on the
fracture surface of a test specimen and, in sequence,
polishing several cross-sections perpendicular to the
growth direction, this sheds light on the steps involved
in the flipping process (see Fig. 6.14). Crack tip flipping
occurs symmetrically as the fracture surface poses 180◦

rotational symmetry about the crack growth direction.
Moreover, the crack tip flipping mechanism relies on
the formation of shear lips near the outer free plate
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surfaces (see Fig. 6.14i). Once formed, the shear lips grow upon loading (see Fig. 6.14g-
h) and eventually merge to form an active shear-band across the plate thickness
oriented roughly 90◦ to the former active shear-band (thereby completing the flip,
see Fig. 6.14e-f). A comparison with the early tearing experiments by Simonsen
and Törnqvist (2004), reveals that: i) The flipping mechanism develops in a very
stable and controlled manner, traceable on the outer plate surfaces by the naked
eye. ii) Steel plates display a higher flipping frequency than aluminum plates (the
difference is roughly a factor of three when keeping everything else constant). iii)
The plate dimensions and constraints influence the flipping such that relaxing the
constraint lowers the flipping frequency (and vice versa). iv) The fracture surface is
dimpled and bears no sign of post-failure contact (see Fig. 6.14a-d). v) The flipping
mechanism contrasts with the existing tearing modes by the near tip stress and
strain fields continuously changing rather than settling into steady-state.

Figure 6.14: An isolated “flip” on a 4 mm steel edge crack specimen for which the crack
grows a long distance to one side only to re-orientate. The crack grows in the positive
x1-direction (right to left in (d)). (a), (b), and (c) show selected fractography marked on
the SEM macrograph (d). In the bottom (e to j), light optical micrographs of polished
cross-sectional cuts showing the progress of the “flip” in which (j) is the first step and (e)
is the last. The flip initiates as shear-lips at the free surfaces of the plate whereafter these
grow to take over the orientation of the fracture surface.
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Figure 6.15: X-ray tomography scans of a “flip” underway, showing: (a) a 3D perspective
of the flipping crack growing along the positive x1-axis (≈ 100µm resolution), (b) flipping
crack face and outer free surfaces defining the thinning region (≈ 20µm resolution), (c) a
shear-lip at the outer free surface within the thinning region (≈ 6µm resolution), and (d)
manual reconstruction of the flipping crack tip based on (b).

The work in [P13] undertakes further experimental investigations of the crack
tip flipping mechanism by exploiting X-ray tomography scanning to look into the
interior of the plate (see Fig. 6.15). By relying on an interrupted tearing test (as
in [P8]), the shear-lips’ configuration and their interaction with the primary slant
crack face is revealed. Here, a detailed investigation is conducted for a flip that has
just become visible on the outer free plate surfaces. As depicted in Fig. 6.15a, the
fracture process zone ahead of the flipping crack closely resembles that of slant crack
propagation as the plate displays local thinning and moderate crack tip tunneling.
The key findings are that: i) the initiation of the flip is governed by the formation
of shear-lips (Fig. 6.15c) at the outer free surfaces, simultaneously on either side
of the plate, such that the flipping process poses 180◦ rotational symmetry about
the growth direction (x1-axis), and ii) the crack tip consists of two leading edges
when undergoing a flip. One edge is that of the primary slant crack face, and the
secondary edge is that of the evolving shear-lips (both are indicated in Fig. 6.15c).
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(a) (b)

Figure 6.16: (a) 3D geometry of the problem at hand and a representative surface S
associated with evaluation of the average energy release rate. Only the upper half of
the domain is considered in the numerical simulations with proper rotational boundary
conditions to mimic the full plate, and (b) representative mesh employed in the elastic-
plastic simulations (here for KR/(σy

√
t) = 1, t/H = 0.01, and βS = 45◦.

By comparing the shape and extent of the tunneling from the tomography scans (see
Fig. 6.15) to that of the SEM images of the completed flip in Fig. 6.14 (from [P8]),
there is no evidence to support the idea that the edge of the primary slant crack
has stopped evolving when the shear-lips initiate and grow in size. Thus, for the
shear-lips to complete the flip upon further loading, they must travel with a greater
speed relative to the edge leading the primary slant crack face.

As the crack slants, the system loses symmetry, and an out-of-plane deflection
must develop. The deflection imposes a self-constituting mode III type loading on the
propagating crack tip (also discussed in Section 6.1). In [P8], it was speculated that
it is this out-of-plane deflection, and associated mode III, that drives the crack tip
flipping mechanism to engage. The work in [P16] investigates the idea by adopting a
simplified setup for slant crack propagation. The in-house steady-state code (outlined
in Section 2.2) is extended to 3D, and elastic-plastic results are achieved for a semi-
infinite slanted through-crack propagating in a symmetrical mode I loaded plate strip
(see Fig. 6.16). Here, considering a straight crack front and a small strain assumption
to extract crack tip fields of plastic strain, effective stress, stress triaxiality, and Lode
parameter on a quest to search for clues to why the crack tip flipping mechanism
engages. It is worth emphasizing that the 3D steady-state model cannot simulate
flipping. Still, the model allows the possibility for a comprehensive study of the
crack tip field associated with a propagating slant tearing crack. For a slant mode I
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loaded crack, the plastic zone size roughly scales with (KR/σY )2, where KR is the
remote load intensity factor and σY is the yield stress. For large load intensity values,
little variation exists through the plate thickness, and an approximately symmetric
plastic zone develops. However, an asymmetry arises in the near tip field for low
load intensity (see Fig. 6.17), and a strong variation along the crack front is evident
in both the active plastic zone and the near tip stress field. The asymmetry develops
roughly when the plastic zone size becomes smaller than the plate thickness (see Fig.
10 in [P16]).

Figure 6.17: (a) Active plastic zone for a 45◦ slant crack propagating at steady-state with
the loading corresponding to KR/(σy

√
t) = 1. Axes are normalized by the plate thickness.

Contour plots at x3 = t/2 (free surface), showing: (b) Lode parameter, (c) Normalized
von Mises stress (σe/σy), and (d) Stress triaxiality (KR/(σy

√
t) = 1, t/H = 0.01, and

βS = 45◦, see Fig. 6.16a). To aid this interpretation, note that the free contours are the
view of the surface seen from the left in (a).



6.3. THE CRACK TIP FLIPPING MECHANISM 65

(a) (b)
Figure 6.18: a) Out-of-plane deflection for the elastic-plastic slant tearing crack with
t/H = 0.01, and out-of-plane deflection for fixed KR/(σY

√
t) = 1 and varying t/H. Here,

considering the top half of the plate in Fig. 6.16.

The steady-state model in [P16] yields a downward-pointing trend in the field
plots presented in Fig. 6.17. The effective stress displays a kidney-like contour with
one part pointing downward along the x2-axis and the other lobe along the growth
direction of the x1-axis (see Fig. 6.17c). Similarly, a ray of increased stress triaxiality
is emitted in a roughly −45◦ angle (see Fig. 6.17b), and the Lode parameter is zero
(shearing stress states) along a ray angled downwards and one ray roughly in the
crack growth direction (see Fig. 6.17d). The asymmetry and the downward-pointing
trend weaken further from the crack front. Thus, it is in the acute angle corner,
where the slanting crack intersects the plate surface, where the stress distribution
appears to be consistent with the initiation of a reoriented shear crack in the direction
observed for the crack tip flipping mechanism. Figure 6.18a shows the near tip
out-of-plane deflection for the elastic-plastic plate in Fig. 6.17 but for various loading
intensities together with the response from a purely elastic plate1. Interestingly,
the elastic plate presents a negative deflection on the trailing side of the crack
tip, while a heavily loaded elastic-plastic plate shows a positive deflection. Thus,
a shift in the direction of the out-of-plane deflection occurs when increasing the
load intensity. The transition is, however, gradual and most evident for the case
of KR/(σY

√
t) = 1, where the plastic zone size compares to the plate thickness. In

this case, the plate deflects in the negative out-of-plane direction near the crack tip
while it deflects in the positive direction some distance further downstream. The
results reveal that a competition exits between the far-field elastic solution and the
near tip plasticity. When the plastic zone becomes larger than the plate thickness,
the plastic shear ahead of the crack front dominates the elastic slant crack tip field
and the related negative out-of-plane deflection. Since the response of the elastic
plate, surrounding the near tip plastic field, is a major factor in this competition, the

1Notice that a misprint of the figure is presented in the original version of [P16].
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Figure 6.19: (a) Truncated geometry with torsion and tension applied onto both the
upper and lower part (positive twist is indicated), and (b) simulation domain taking
advantage of symmetries to reduce the model size (hatched area: Anti-symmetric boundary
conditions applied, and dotted area: Controlled rigid body motion).

out-of-plane bending constraint imposed by the far boundary is expected to influence
the transition from negative to positive deflection (if it ever becomes positive). The
constraint effect is further demonstrated in Fig. 6.18b, showing the effect of the
plate thickness-to-height ratio for fixed load intensity (KR/(σY

√
t) = 1). When

the constraint on the out-of-plane deflection intensifies, either from increasing t/H
(thicker plates) or by the boundary conditions, the elastic far-field solution dominates
such that the out-of-plane deflection attains a negative plateau downstream from
the crack tip (see Fig. 6.18b).

The out-of-plane deflection of large plates, subject to mode I ductile tearing, where
the crack propagates by slanting, has been observed in experiments. Unpublished
results from Dr. Ken Nahshon, Naval Surface Warfare Center Carderock Division,
US Navy, demonstrates the out-of-plane deflection to shift from one side to the
other as the crack tip flipping mechanism unfolds. The work in [P12] pursuits
to understand how the out-of-plane deflection affects large-scale plate tearing by
adopting the double edge notch tension specimen as a compromise to propagating
the crack multiple plate thicknesses. By overlaying a small torque to the tension load,
the study takes up the idea that a small out-of-plane deflection (known from [P16]
to add a slight mode III loading on the crack tip) can assist an already slant tearing
crack, subject to dominant mode I, to flip its orientation. Figure 6.19 illustrates the
setup, where a monotonically increasing displacement is prescribed to stretch the
specimen alongside a prescribed torsional load composing of two parts: the first part
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Figure 6.20: 3D Gurson model simulation of assisted crack tip flipping, showing (a) crack
surface at the end of the simulation, (b-d) contours of void volume fraction (f = 0.026),
with transparent geometry, at three different deformation stages, being (b) D/H = 0.0213,
(c) D/H = 0.0269, and (d) D/H = 0.0435.

is a prescribed twist in the positive direction to allow a slant crack to develop, and
the second part is applied as a twist in the negative direction, attempting to flip
the slanted crack. The dotted lines in Figs. 6.21a-b indicate the “changeover” event
from positive to negative twist.

The shear extended GTN model is used and implemented into an explicit dy-
namic in-house Fortran code running a Message Passing Interface (MPI) for parallel
computing. Here, exploiting the anti-symmetry in the plate tearing problem by
considering only one-quarter of the domain in the numerical simulation.2 The results
are, however, presented in the full specimen geometry. The setup allows for a param-
eter study, and the main focus in [P12] is on the initial void volume fraction, f0, the
strain hardening, N , and the yield strain, σY /E. A crack tip flip is achieved within
the model setup with f0 = 0.01, N = 0.05 and σY /E = 0.003 as demonstrated in
Fig. 6.20. Although assisted by the twisting motion, the reproduced flip is the first
reported from a numerical model (to the best of the author’s knowledge). The outer
free surfaces of the full specimen, displaying a flip, are shown in Fig. 6.20a, whereas
Fig. 6.20b-d shows the evolution of the damage and fracture surface as snapshots
of the iso-contours of the void volume fraction, f , within a transparent specimen
(tracking the contour for f = 0.026). The first snapshot (at D/H = 0.0213) shows
the initially diffuse damage that has become non-symmetric due to the imposed twist,
and a single shear band is visible. The effect of the “changeover” (at D/H = 0.02) is
seen in the subsequent snapshot (at D/H = 0.0269), where the previously inactive
shear band has become the dominant one. The end result is a crack tip flip, as
seen on the last snapshot (at D/H = 0.0435). Figure 6.21 presents the related
overall load-deflection curves together with an investigation of changing the initial

2The total number of 20-node iso-parametric 3D elements is 70,376, and the number of time
steps is on the order of 3,000,000. One simulation takes roughly 15h on a cluster with 200 CPUs
(10 nodes of dual Intel Xeon E5-2680v2 with 10 cores).
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Figure 6.21: (a) Normalized tensile force and (b) normalized torque for different initial
void volume fractions, f0. The dotted line signals the event where the imposed twisting
motion changes sign.

void volume fraction, f0. By correlating the load-deflection curves to the fracture
surface morphology, only the material configurations yielding flipping (here being
f0 = [0.01, 0.012]) also give rise to a small drop in the load immediately after the
“changeover” event. However, corresponding experiments do not show a similar drop
in the load. The model setup only yields crack tip flipping for a very narrow interval
f0 ∈ [0.01, 0.012], with f0 affecting the flip’s location on the fracture surface. The
crack slants to one side when the initial void volume fraction is too large, whereas
the crack slants to the other side for a too low initial void volume fraction. The
change ties to the damage evolution being either too intense for the small twist
to affect the already slanted crack (for large f0), or too weak such that the crack
never settles into the first slant configuration before the twisting motion is reversed
(for low f0). In this way, both the initial porosity and the strain hardening are key
parameters to the flipping mechanism since these control the plastic flow localization
and the rate of the damage evolution.

The work put forward in [P12] suggests that the interplay between the rate of
damage evolution and the out-of-plane deflection must be just right for the flipping
mechanism to engage. To further investigate the parameter window for crack tip
flipping, the work in [P24] considers the shear extension by Nahshon and Hutchinson
(2008) to allow a J3 dependency to enter the material model. The study adopts the
DENT specimen with an overlaid twisting motion (see Fig. 6.19), and maps out the
combined effect of the strain hardening, N , initial void volume fraction, f0, and shear
parameter, kω. Figure 6.22 displays a selection of the simulated fracture surface
morphologies. By keeping the strain hardening exponent constant to N = 0.05, it
is evident that the distinct features related to the crack tip flipping, found halfway
on the ligament for the case of f0 = 0.01 and kω = 0, vanish when increasing (or
lowering) the initial void volume fraction. The same dependency is also found in
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Figure 6.22: Fracture surface morphology for various combinations of initial porosity, f0,
and shear parameter, kω, using the Nahshon-Hutchinson shear extension to the Gurson
model with a strain hardening exponent of N = 0.05. The computational domain is here
rotated to display the entire lower part of the DENT specimen.

[P12]. Still, Fig. 6.22 underlines the importance of the damage evolution rate by
considering a low initial void volume fraction (f0 = 0.006) while increasing the shear
damage parameter. If kω is increased from 0 to 1, the flipping returns on the fracture
surface, but the flipping vanishes again when the shear damage contribution becomes
too intense. For example, kω = 2 yields a tearing crack that remains slanted to one
side, and the twist is insufficient to engage flipping. Thus, it is only in a favorable
combination of the initial void volume fraction, f0, and shear damage parameter, kω,
for a given strain hardening, N , that the crack tip flipping mechanism occurs when
driven by a small out-of-plane deflection (here in terms of the twist).

The findings are further underlined by running a series of large-scale calculations
with the shear extended GTN model and mapping out the simulated tearing mode
in a parameter window. Figures 6.23 and 6.24 show that a narrow band exists in the
f0 − kω−space (indicated by “F”) which favors crack tip flipping and also that this
band shifts towards higher values of f0 and kω when increasing the strain hardening,
N . The narrow band shifts due to delayed plate thinning when increasing the strain
hardening since this also extends the fracture process zone ahead of the crack tip.
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(a) (b)
Figure 6.23: Parameter window displaying the fracture surface morphology for various
combinations of initial void volume fraction, f0, and shear amplification, kω, using the
Nahshon-Hutchinson extension, here keeping the strain hardening exponent constant at
N = 0.05. In the table, “F” indicates a clear flip on the fracture surface, “-” indicate
slanting oriented −45◦, and “+” indicate a slant oriented +45◦ according to Fig. 6.23a.
Simulations associated with a “*” displayed some irregularities on the fracture surface.

(a) (b)
Figure 6.24: Parameter window displaying the fracture surface morphology for various
combinations of initial void volume fraction, f0, and shear amplification, kω, using the
Nahshon-Hutchinson extension, here keeping the strain hardening exponent constant at
N = 0.1. In the table, “F” indicates a clear flip on the fracture surface, “-” indicate
slanting oriented −45◦, and “+” indicate a slant oriented +45◦ according to Fig. 6.24a.
Simulations associated with a “*” displayed some irregularities on the fracture surface.



7 Conclusions

7.1 The presented work
Summarized in the first six chapters of this thesis are the main findings and novelties
published in the 28 appended papers. The work centers on fracture and plasticity
across scales where new numerical tools and procedures are developed alongside
investigations into complex history-dependent mechanics. The unraveled material
behavior, mechanisms, and phenomena have yielded new insight and understanding,
while the novel steady-state, self-similar, and size-dependent numerical tools have
paved the road to new investigations. The major achievements are divided into
numerical methods and material mechanisms below.

Methods

I) The development of a numerical procedure for rate-independent Fleck-Willis
theory, including isotropic and crystal plasticity (see [P9], [P10], and [P28]).

II) The creation and implementation of a finite strain basis for rate-independent
Fleck-Willis plasticity theory (see [P20]).

III) Widening the use of a steady-state numerical techniques to complex material
models, including visco-plasticity, kinematic hardening, crystal plasticity, and
size dependent material behavior (see [P6], [P7], [P15], and [P23]).

IV) The specialization of a spatial integration procedure for history-dependent
self-similar problems accounting for elastic-plastic loading and unloading (see
[P14]).

Mechanisms

V) Analyses of the solution near the moving contact point singularity in wedge
indentation of FCC, BCC, HCP, and monoclinic crystals (see [P14] and [P21]).

VI) Investigation of size dependency related to indentation and punch imprinting
when accounting for strengthening and hardening related to the development
of Geometrically Necessary Dislocations (GNDs) (see [P11] and [P22]).
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VII) Advancing the understanding of crack tip shielding in elastic-plastic solids,
specifically comparing isotropic, kinematic, crystal, and size-dependent plastic-
ity (see [P6], [P7], [P15], [P16], and [P23]).

VIII) Revealing and exploiting a characteristic time-scale and velocity, introduced
with the visco-plasticity, that enables the possibility to extract rate-independent
information of the rate sensitive system (see [P6] and [P15]).

IX) Demonstrating void shear, collapse, and coalescence mechanisms as well as
calibration of a shear extended Gurson model for continuum analysis (see [P1],
[P2], [P3], [P4], and [P18]).

X) Investigation of size-dependent void growth (see [P26]).

XI) Focusing attention on, and cementing, crack tip flipping as a crack propagation
mode in large-scale plate tearing (see [P8], [P12], [P13], and [P24]).

XII) Bridging the scales by linking cohesive zone traction-separation relations to the
underlying mechanics in plate tearing (see [P5], [P17], [P19], [P25] and [P27]).
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Dansk resumé (Danish summary)

Dansk titel:
Brud og Plasticitet på tværs af Længdeskalaer: Metoder og Mekanismer

Et duktilt brud starter typisk med nukleation af mikroporøsiteter, hvorefter porøsitet-
erne vokser, interagerer, og danner mikrorevner. Disse mikrorevner forbindes ved øget
ekstern belastning, hvorved en makrospisk revne kan opstå og vokse. Den duktile
skadesprocess er kontinuert, hvor nukleation, vækst, og interaktion af porøsiteter
er stærkt afhængig af den øjeblikkelige spændings- og tøjningstilstand bestemt
af deformationshistorien. Udviklingen af, og interaktionen imellem, de enkelte
porøsiteter samt samspillet med det omkringliggende materiale og den eksterne
belastning gør at et duktilt brud spænder over mange længdeskalaer. Nyere forskning
har vist at metaller, som permanent deformerer ved dislokationsbevægelse, udviser
en øget modstand imod plastisk deformation og øget hærdning på mikroskala.
Sådan længdeskalaeffekter (også kalder størrelseseffekter) er selvsagt vigtige for en
nøjagtig beskrivelse af et duktilt brud, men det teoretiske grundlag og tilhørende
modelleringsværktøjer er til stadighed under udvikling og test. Konventionelle
plastisitetsteorier, som er tilgængelige ved brug af kommercielt software til numerisk
analyse, giver ikke den fulde beskrivelse at metallers opførsel på tværs af så store
spænd af længdeskalaer.

Forskningsarbejdet i denne afhandling fokuserer delvist på at udvikle numeriske
metoder til effektiv analyse af mekaniske systemer, hvor løsningen afhænger af
deformationshistorien (med og uden størrelseseffekter), og delvist på at udnytte
de nye metoder til at opnå ny indsigt i de mekanismer som styrer duktilt brud.
Højt specialiseret computermodeller er udviklet for at tilvejebringe de fremlagte
resultater, og fremgangsmåden i modeludviklingen præsenteres idet de nye metoder
og modellerne endnu ikke har fundet vej til kommercielt tilgængelige software. De
primære materialemodeller, som er anvendt i den konventionelle grænse (ingen
størrelseseffekter), tager udgangspunkt i Gurson modellen, J2 inkremental plasticitet,
og visco-plasticitet, imens gradientteorien af Fleck og Willis er anvendt til analysere af
størrelseseffekter. De nye numeriske metoder omfatter både lille og stor tøjningsteori,
samt inkluderer både statisk og dynamisk ligevægt - afhængig af anvendelsen.

Den nærværende afhandling sammenfatter 28 videnskabelige artikler, skrevet
i perioden 2010 til 2021 og som alle omhandler henholdsvis de mekanismer som
styrer brud og plastisk deformation på tværs af længdeskalaer, samt nye metoder
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og værktøjer til avanceret numerisk analyse. Alle vedlagte artikler er offentliggjort
i anerkendte internationale tidskrifter. Artiklerne er nummereret i kronologisk
rækkefølge på siderne iii-v, men sammenfattes emnevis i afhandlingen. Alle andre
referencer er gengivet i alfabetisk rækkefølge i referencelisten på siderne 73-80.

En sammenfatning af artiklerne [P6-P7], [P9-P10], [P14], [P20], [P23], og [P28]
udgør kapitel 2 og omhandler nye modelleringsværktøjer som er udviklet til hånd-
tering af henholdsvis tidsuafhængig gradientplasticitet, avanceret stationær analyse,
og simulering af historieafhængige selvsimilære problemer. Modelleringsværktøjerne
er højt specialiseret, implementeret i “in-house” computerkoder, og fokuseret på
specifikke problemstillinger. Værktøjerne er dog tilsigtet general analyse og imple-
mentering i kommercielt software til numerisk analyse. Når det har været muligt
er de nye computermodeller sammenholdt med eksisterende løsninger, publiceret
forskning, og resultater fra eksisterende modeller som typisk udgør grænsetilfælde.
En sammenfatning af modelresultaterne findes i kapitel 3 til 6.

Artiklerne [P11], [P14], [P21], og [P22] er præsenteret i kapitel 3 og beskæftiger
sig med analyse af det plastiske materialeresponse på mikroskala. Nøjagtig repræsen-
tation af det mekaniske respons på tværs af længdeskalaer har vist at være en udfor-
dring idet såkaldte Geometrisk Nødvendige Dislokationer (GND’er) kan dominere
dislokationsbevægelserne i de områder af materialet, hvor der forekommer store
gradienter i det plastiske tøjningsfelt. Den generelle trend er at “mindre er stærkere”,
og størrelseseffekterne demonstreres i afhandlingen ved analyse af indentering og
indtrykning.

Artiklerne [P7], [P15], og [P23] omhandler stationær revnevækst, hvor en revne
vokser med konstant hastighed i et elastisk-plastisk materiale. Arbejdet har særlig
fokus på betingelserne omkring revnespidsen idet materialets modstand imod plas-
tisk deformation og hærdning har særlig betydning for brudstyrken (se kapitel 4).
Forskning viser at deformationen, og det tilhørende spændningsfelt, påvirker både
størrelsen og formen af den plastiske zone både foran og bagved revnespidsen. De
grundlæggende antagelser for den plastiske materialemodel er derfor afgørende, og
resultaterne viser at effekten af både visko-plastisitet og materialelængdeskalaer kan
bidrage til den etablerede forståelse af materialers opførsel.

Artiklerne [P1-P4], [P18], og [P26] er sammenfattet i kapitel 5 og fokuserer på de
styrende mikromekanismer for duktilt brud. Specielt analyseres mikromekanismerne
under lav spændingstriaxialitet for at skabe ny indsigt, og dels for at kalibrere en
nyligt publiceret udvidelse af den klassiske Gurson model. Der præsenteres studier af
kontaktbetingelserne for skaden, når denne kollapser under lav spændingstriaxialitet,
og resultaterne sammenholdes med tidligere approximative studier i både 2D og 3D.
Dertil undersøges effekten af sekundær skade under intensiv tværdeformation, samt
effekten af materialelængdeskalaer.

Artiklerne [P5], [P8], [P12-P13], [P16-P17], [P19], [P24-P25], og [P27] udgør
kapitel 6 og omhandler duktil revnevækst i tyndpladekonstruktioner. Eksisterende
computermodeller til forudsigelse af revnevækst i store pladekonstruktioner, såsom
skibe og fly, kan typisk ikke beskrive detaljerne i brudprocessen. Denne utilstrække-
lighed skyldes til dels det store spænd af længdeskalaer - fra skadesudvikling på
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mikrometerskala til revnevækst over flere meter. Forskningsarbejdet tilsigter derfor
at skabe et link imellem mikromekaniske computermodeller (såsom den klassiske
Gurson model) og storskala modelleringsværktøjer til simulering af brud i tynd-
pladekonstruktioner. Fænomenet “crack tip flipping”, hvor en revne gentagende
gange skifter orientering under omfattende revnevækst cementeres også for første
gang igennem en kombineret eksperimentel og numerisk undersøgelse.
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a b s t r a c t

Gurson type constitutive models that account for void growth to coalescence are not

able to describe ductile fracture in simple shear, where there is no hydrostatic tension in

the material. But recent micro-mechanical studies have shown that in shear the voids

are flattened out to micro-cracks, which rotate and elongate until interaction with

neighbouring micro-cracks gives coalescence. Thus, the failure mechanism is very

different from that under tensile loading. Also, the Gurson model has recently been

extended to describe failure in shear, by adding a damage term to the expression for the

growth of the void volume fraction, and it has been shown that this extended model can

represent experimental observations. Here, numerical studies are carried out to

compare predictions of the shear-extended Gurson model with the shear failures

predicted by the micro-mechanical cell model. Both models show a strong dependence

on the level of hydrostatic tension. Even though the reason for this pressure dependence

is different in the two models, as the shear-extended Gurson model does not describe

voids flattening out and the associated failure mechanism by micro-cracks interacting

with neighbouring micro-cracks, it is shown that the trends of the predictions are in

good agreement.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

When voids are present in a ductile solid under tensile loading the voids tend to grow large and ductile failure occurs by
coalescence of neighbouring voids, leaving the characteristic dimpled fracture surface (see reviews by Garrison and Moody,
1987; Tvergaard, 1990; Benzerga and Leblond, to appear). This mode of failure is reasonably well described by a number of
models (Gurson, 1977; Tvergaard, 1981; Gologanu et al., 1997; Danas and Ponte Castaneda, 2009a, b). However, in simple
shear where the hydrostatic tension is zero, none of these models predict any void growth and thus no ductile failure. For
materials undergoing shear deformations with low or even negative hydrostatic tension the behaviour is very different.
Thus, for an initially spherical void in a linearly viscous material under remote shearing Fleck and Hutchinson (1986) have
found that the void becomes spheroidal, rotates, and finally forms a penny-shaped crack.

Micro-mechanical studies for a material containing a row of voids subject to simple shear have been carried out
recently by Tvergaard (2008, 2009). These studies include cases where shearing occurs under a superposed hydrostatic
tension or a superposed hydrostatic pressure. It was shown that in shear the voids are flattened out to micro-cracks, which
rotate and elongate until interaction with neighbouring micro-cracks gives coalescence. Thus, also in shear ductile failure
occurs due to the deformation of voids and their interaction with neighbouring voids, but the mechanism is very different
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from the well-known void growth to coalescence mechanism under tensile loading. In Tvergaard (2008) the void closure
was accounted for in an approximate manner, by using an internal hydrostatic pressure to simulate the crack surface
contact, with the pressure level continuously adjusted such that the aspect ratio of the flattened void does not pass a
specified limiting value. The approximation is made to avoid several numerical complications in a full analysis of a
completely closed crack with crack surface contact and with much material flow around the crack tips. Also Tvergaard
(2009) applies an internal load on the void surface to approximately model contact by frictionless sliding, but here the
internal loading is chosen normal to a plane along the elongated void such that no load component will tend to increase the
length of the void and thus unrealistically enhance the shear mechanism of ductile failure.

Earlier, Fleck et al. (1989) analyzed an elastic–plastic shear specimen containing a row of circular cylindrical voids, to
model experiments of Cowie et al. (1987), in which the shear loading was combined with tension or compression and
failure tended to occur by shear localization and void sheet fracture in the direction parallel to shear loading. More
recently, Barsoum and Faleskog (2007a) carried out full 3D analyses for similar shear specimens containing spherical voids
in order to model their experiments (Barsoum and Faleskog, 2007b) on ductile fracture in a double notched tube specimen
loaded in combined tension and torsion. The behaviour of initially spheroidal voids in a shear field was also analyzed by
Scheyvaerts et al. (2006), and 3D analyses for voids in shear fields were also carried out by Leblond and Mottet (2008).
None of these studies have been continued into the important range where the voids have become micro-cracks that
continue interacting. However, Anderson et al. (1990), considering the effect of a row of micro-cracks in a material subject
to shear, have shown that localization can result from crack rotation and stretching.

Nahshon and Hutchinson (2008) have proposed an extension of the Gurson model to also describe failure in simple
shear and thus attempt to repair the problem mentioned above for the standard void growth constitutive models
in situations of zero hydrostatic tension. In this extended model the damage parameter is no longer a geometrically well
defined void volume fraction, so this aspect of the model is more like continuum damage mechanics. This model attracts a
great deal of attention among researchers interested in ductile fracture modelling, because of the ability to represent
failure at zero hydrostatic tension. The model has recently been applied by Xue et al. (2010) to calibrate all the material
parameters for a DH36 steel with results from three different experiments ranging from low to high stress triaxiality. A
slight further modification to this model has been introduced by Nielsen and Tvergaard (2010), which maintains the
Nahshon and Hutchinson model unchanged in the range of low stress triaxiality where it adds significant new features, but
also preserves the Gurson model in the range of high stress triaxiality, where the behaviour of this model is very well
understood from micro-mechanical model studies and experimental observations.

In the present paper the predictions of the micro-mechanical studies from Tvergaard (2009) will be related to
predictions based on Nahshon and Hutchinson (2008) for shear loading at zero or low stress triaxiality. In addition to the
micro-mechanical results obtained in Tvergaard (2009), also new results of the cell model are considered. Even though the
plane strain micro-mechanical model is approximative in various ways, this gives an interesting possibility of interpreting
the effect of the additional damage term introduced by Nahshon and Hutchinson (2008).

2. Problem formulation

The model used by Tvergaard (2009) for a periodic array of cylindrical voids is briefly described here, together with an
analysis for the same type of shear loading on a specimen described by the constitutive model of Nahshon and Hutchinson
(2008).

2.1. Micro-mechanical model

The shear specimen studied by Tvergaard (2009) contains a single row of voids along the x1-axis, as shown in Fig. 1.
Plane strain conditions are assumed and the voids are initially circular cylindrical with radius R0. The initial height of the
shear specimen is 2B0 and the initial spacing between void centres is 2A0. Finite strains are accounted for and the analysis
is based on a convected coordinate Lagrangian formulation of field equations, with a Cartesian xi coordinate system used as
reference. Here, gij and Gij are metric tensors in the reference configuration and the current configuration, respectively,
with determinants g and G, and Zij=1/2(Gij�gij) is the Lagrangian strain tensor. The contravariant components tij of the
Kirchhoff stress tensor on the current base vectors are related to the components of the Cauchy stress tensor sij by
tij ¼

ffiffiffiffiffiffiffiffiffi
G=g

p
sij. A finite strain formulation for a J2 flow theory material with the Mises yield surface is applied, where the

incremental stress–strain relationship takes the form _tij
¼ Lijk‘ _Zk‘ , when making use of the Jaumann stress rate. The

instantaneous moduli are specified in Hutchinson, 1973; Tvergaard, 1976. The true stress–logarithmic strain curve in
uniaxial tension is taken to follow the power law

e¼
s=E, srsY

ðsY=EÞðs=sY Þ
1=N , sZsY

(
ð1Þ

with Young’s modulus E, the initial yield stress sY and the power hardening exponent N. Poisson’s ratio is n.
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The boundary conditions on the top and the bottom of the shear specimen are specified by

_u1
¼ _U I, _u2

¼ _U II for x2 ¼ B0 ð2Þ

_u1
¼� _UI , _u2

¼� _U II for x2 ¼�B0 ð3Þ

where _UI and _UII are constants, _UI is prescribed, and _UII is calculated such that the stress ratio on the top surface has the
prescribed value

R22=R12 ¼ k ð4Þ

The average stresses on the top surface are calculated as

R22 ¼
1

2A0

Z A0

�A0

T2 dx1, R12 ¼
1

2A0

Z A0

�A0

T1 dx1 for x2 ¼ B0 ð5Þ

where Ti are the contravariant components of the nominal surface tractions and ui are the displacement components. Only
the region around one void is analyzed numerically, i.e. the region for �A0rx1rA0, with periodicity conditions specified
for the two sides (see Tvergaard, 2008, 2009). The average stresses in (5) are calculated as the resultant forces in the x1 and
x2 directions, divided by the constant area of the end surfaces. Due to the periodicity conditions (2) and (3) on the sides of
the unit cell the values of the traction components on the two sides of the unit cell remain equal and opposite, and
therefore the average stresses on any cross-section of the unit cell parallel to the x1-axis remain equal to those determined
by Eq. (5). In the results to be shown in Section 3, the average stresses are plotted against an average shear angle to be
defined in Eq. (13).

When the void deforms during shearing, the length ‘ of the ellipsoidal cross-section of the void is calculated as the
largest distance between two surface points, and the average width w of the void is calculated from the current void
volume Vv per unit length in the x3 direction as w=Vv/‘. Then, instead of a detailed representation of crack surface contact
as the void develops into a micro-crack, the approximation is made that the average aspect ratio of the void is required to
satisfy the inequality

w=‘Zr ð6Þ

When the aspect ratio reaches the limit according to Eq. (6) an internal loading is applied to the void surface and this
load is gradually increased so that inequality (6) is not violated. The load on the void surface used by Tvergaard (2008) was
a hydrostatic pressure. Subsequently, Tvergaard (2009) improved the approximation by using only the traction component
perpendicular to the line of length ‘ between the two end points of the void, such that no load component will tend to
increase the length of the void and thus unrealistically enhance the occurrence of ductile shear failure.

It should be emphasized that the tractions applied to the void surface in Tvergaard (2008, 2009) are only applied to
simulate frictionless sliding between the two micro-crack surfaces. The prediction of a maximum shear stress, at
which plastic flow localization initiates, is not tied to these internal surface tractions, but results from the fact that the

Fig. 1. Periodic array of cylindrical voids used in micro-mechanical model of ductile failure in shear.
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micro-cracks rotate and elongate until interaction with neighbouring micro-cracks results in failure. The effect of a row of
micro-cracks in a material subject to shear has been analyzed by Anderson et al. (1990), and their estimates based on an
approximate formula also show that localization can result from crack rotation and stretching, even when strain hardening
occurs.

The numerical solution of the problem defined by Eqs. (1)–(6) and Fig. 1 has been described in some detail by Tvergaard
(2008, 2009). It is based on finite element solutions for the incremental principle of virtual work, using eight-noded
isoparametric elements, and makes use of remeshing to avoid severe mesh distortions.

The cylindrical voids in Fig. 1 are used because this allows for a plane strain solution. But it is a significant simplification
and it is noted that micro-mechanical studies under high stress triaxiality have shown noticeably earlier failure prediction
for discrete cylindrical voids than for spherical voids (Chew et al., 2007).

2.2. Damage model

The damage model to be used here is the shear-extended Gurson model. The description of ductile fracture by void
growth to coalescence in the Gurson model (Gurson, 1977; Tvergaard, 1981; Tvergaard and Needleman, 1984) was
extended to shear fracture by Nahshon and Hutchinson (2008), who added an extra term to the expression for the void
volume fraction increment, _f . Accounting only for the evolution of existing voids, the void volume growth rate then takes
the form

_f ¼ ð1�f ÞGij _Zp
ijþkofo0

sij _Zp
ij

se
ð7Þ

with

o0 ¼oðrÞ ¼ 1�
27J3

2s3
e

� �2

, J3 ¼
1

3
Gijskjsils

lk ð8Þ

Here, the first term in Eq. (7) representing growth of existing voids follows from plastic incompressibility, while the
second term, introduced by Nahshon and Hutchinson (2008), is formulated to be consistent with the mechanism of void
softening in shear. This modification is, however, purely phenomenological and f should therefore be considered either as
an effective porosity or simply as a damage parameter. Since the parameter f does not degrade the elastic properties, as is
often assumed in continuum damage mechanics, it may be considered a measure of plastic softening. The numerical
constant ko sets the magnitude of the shear term in pure shear, which was estimated by Nahshon and Hutchinson (2008)
to be in the range 0–3. The stress state dependent parameter o(r) ensures that the shear modification vanishes at an axi-
symmetric stress state, so that the model coincides with the original Gurson model assumptions. Hence, it can be shown
that the value of o(r) is in the interval between 0 and 1, with o(r)=0 for an axi-symmetric stress state and o(r)=1 for all
states combining pure shear and hydrostatic pressure.

Using the shear modified void growth rate in Eq. (7), a continued increase of the shear term takes place, even at zero
mean stress. However, as discussed in Nielsen and Tvergaard (2008, 2010), the shear modification has a very large effect in
some cases, e.g. in plane strain at a rather high stress triaxiality, where it is reasonable to expect that the micro-
mechanically based Gurson model gives a sufficiently accurate description. A simple extension has therefore been
suggested in Nielsen and Tvergaard (2009), by introducing an additional stress dependent factor, O(T), on the damage term
so that

o0 ¼oðsÞOðTÞ with OðTÞ ¼

1, ToT1

ðT�T2Þ=ðT1�T2Þ, T1rTrT2

0, T4T2

8><
>: ð9Þ

where T1oT2 and o(r) is given by Eq. (8). Here, the stress triaxiality T ¼ si
i=ð3seÞ is the ratio of the mean stress and the

Mises stress. The interpolation means that the model by Nahshon and Hutchinson (2008) is used for ToT1, while the
Gurson model is used for T4T2. The well-known features of the Gurson model are thereby maintained at higher stress
triaxialities, while the possibility of also predicting shear failure at low stress triaxiality is included. As suggested in Nielsen
and Tvergaard (2010) we use in the following T1=0.0 and T2=0.5.

The yield surface for this model is assumed to take the form of the original Gurson model, in Eq. (10), with the
correction for void coalescence introduced by Tvergaard and Needleman (1984). Here, sM is the microscopic reference
stress in the matrix material surrounding the voids, while sij are the contravariant components of the macroscopic Cauchy
stresses, describing the average stress field over the material in the convected coordinate system

F¼
s2

e

s2
M

þ2q1f � cosh
q2

2

sk
k

sM

 !
� 1þðq1f *Þ

2
h i

¼ 0 ð10Þ
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with

f *ðf Þ ¼

f for f r fc

fcþ
1=q1�fc

ff�fc
ðf�fcÞ for f 4 fc

8><
>: ð11Þ

The constants q1=1.5 and q2=1 estimated by Tvergaard (1981) are used, while we chose fc=0.2 and ff=0.4 due to the
rather high initial volume fraction in the cell model studies.

2.3. Comparison with cell model study

The shear modified Gurson model is applied to a unit cell with similar geometry as that used for the cell model
containing a single void (Fig. 1). The periodic boundary conditions are here introduced following the dynamic approach in
Nielsen (2008), while the loading at the ends is applied as specified in Eqs. (2)–(5). To represent the row of uniformly
spaced cylindrical voids in the continuum model, a band of porosity, f0, has been introduced along the x1-axis at x2=0.
However, the porosity associated with a row of voids is not uniquely defined. Therefore, we choose to define the initial void
volume fraction f0 in Fig. 1 as that in a band of width equal to the void spacing 2A0, which gives f0 ¼ pðR2

0=ð2A0Þ
2
Þ where R0

is the initial void radius. Then, in the analysis for the damage model (7)–(11), the void volume fraction is chosen to follow a
sinusoidal distribution across a band with twice the band width, 4A0, such that the total volume of voids per unit length of
the band is unchanged as discussed in Tvergaard and Needleman (1997). The initial variation of the void volume fraction
thereby takes the form

f ðx2Þ ¼ f0
1

2
1þcos

px2

2A0

� �� �
for �2A0rx2r2A0 otherwise f ðx2Þ ¼ 0 ð12Þ

which has the peak value f0 along the x1-axis.
The numerical solution for this damage model is obtained using an elastic–viscoplastic formulation of the shear-

extended Gurson model implemented in a dynamic 3D finite element code accounting for finite strains (Nielsen and
Tvergaard, 2010), using 20-node isoparametric elements and reduced Gauss integration. To compare with the cell model
calculations (Fig. 1), the 3D model is constrained to plane strain deformation, while model parameters are chosen so that
viscous and inertia effects are negligible.

3. Results

Analyses are carried out for a material with sY/E=0.002 and n=0.3. The initial aspect ratio of the region analyzed is
B0/A0=4, while different values are considered for the initial void radius R0, the stress ratio k in (4), the strain hardening
exponent N and the limiting void aspect ratio r in (6).

In the first comparison shown in Fig. 2 the micro-mechanical studies are carried out for R0/A0=0.20, r=0.15 and N=0.1,
while the value of k is varied between �0.3 and 1.8. The curves for kr0.6 are taken from the cell model study in
Tvergaard (2010), while the curves for the three larger values of k are new cell model computations.

Fig. 2. Average shear stress vs. average shear angle for different values of k, when R0/A0=0.20 and N=0.1. The thin curves are predictions of the micro-

mechanical model for r=0.15. The thick curves are predictions of the damage model for ko=0.87, with T1=0 and T2=0.5 in Eq. (9).
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For the computation with k=0.9 Fig. 3a shows the initial mesh used in the cell model and Fig. 3b shows the
corresponding deformed mesh at c=0.203. Here, c is the average shear angle for the cell analyzed, defined by

tan c¼UI=B ð13Þ

where UI is the current value of the tangential displacement at the top of the region analyzed (see Eq. (2)) and B=(B0+UII).
Under the tensile axial stress S22 in Fig. 3 there is obviously a positive stress triaxiality, with the mean stress to Mises
stress ratio sm/seE0.48 remote from the void, but even in this case the void develops into a micro-crack, as the condition
(6) has been reached slightly before the stage illustrated in Fig. 3b. Also in the cases of k=1.2 and 1.8 the voids grow into
micro-cracks in the shear field applied, but this happens well beyond the maximum S12 in these cases of relatively high
stress triaxiality. The deformed mesh in Fig. 3c is obtained for the corresponding damage model computation, just before
the maximum S12. Here, the larger shear deformation in the centre of the region analyzed is due to the higher initial void
volume fraction, as specified by Eq. (12). Just after the stage shown in Fig. 3c shear localization occurs, and all further
deformation is going to concentrate in the central band of elements along the x1-axis.

In the comparison in Fig. 2 the value ko=0.87 has been chosen to obtain a reasonable fit for the case of simple shear,
k=0. This was chosen because the most interesting new feature of the Nahshon and Hutchinson model is the ability to
predict ductile failure in simple shear, or at stress triaxialities near that situation. Furthermore, the comparison uses T1=0.0
and T2=0.5 in Eq. (9). It is seen in the Figure that also the curves for k=0.3 and 0.6 show rather good agreement, while for
the larger values of k the damage model gives somewhat higher maximum values of the shear stress than predicted by the
micro-mechanical model. At k=1.8 the loading by the tensile stress S22 is more dominant than the loading by S12, so the
maximum shear stress shown in Fig. 2 is here mainly a measure of the tensile stress that results in void growth towards
coalescence. But close correspondence with the Gurson model cannot be expected here, since the voids in Fig. 1 are
cylindrical holes while the Gurson model describes spherical holes.

It is noted that Xue et al. (2010) have carried out a series of experiments and corresponding computations for a DH36
steel, including experiments for failure in shear. Those studies resulted in the value ko=2.5, i.e. a value larger than that
found from the comparison in Fig. 2.

For k=�0.3 in Fig. 2 the agreement is less good, as the damage model predicts much later onset of the shear localization
that occurs at the stress maximum. However, in this situation the onset of failure may well be later than predicted by the
present micro-mechanical model, among others because friction is neglected. Friction would reduce sliding between the
micro-crack surfaces more, the larger the compressive stress on the crack surfaces, and this compressive stress is obviously
increased for an increasing negative value of S22. However, the main conclusion of the comparison in Fig. 2 is that the
predictions of the micro-mechanical model are reasonably well reproduced by the shear-extended Gurson model for the
chosen value of the parameter ko.

In comparing the predictions of the two models at low stress triaxiality it is important to realize the differences in the
mechanisms described for low or even negative stress triaxiality. In the micro-mechanical model, a negative hydrostatic

Fig. 3. Initial mesh and deformed meshes corresponding to R0/A0=0.20, k=0.9, N=0.1 and r=0.15: (a) initial mesh for micro-mechanical model;

(b) at c=0.203 and (c) damage model mesh at c=0.298, for ko=0.87 with T1=0 and T2=0.5 in Eq. (9).
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tension will reduce the size of the void during deformation, and thus the micro-crack formed at void collapse will be
shorter, which will delay the onset of failure by interaction with neighbouring cracks. But after the formation of micro-
cracks the negative hydrostatic tension will not have much influence on the elongation and rotation of the micro-crack,
which determines the evolution towards final failure. In the damage model the parameter f is an amplitude on the
additional failure term in Eq. (7), proposed by Nahshon and Hutchinson (2008). Thus, under negative hydrostatic tension
the void growth term (the first term on the right-hand side in Eq. (7)) will keep reducing the size of f throughout the
deformation process, and this will delay the prediction of a shear stress maximum.

Tvergaard (2009) also presented cell model analyses for R0/A0=0.25, r=0.20 and N=0.1 where the values of k were 0.0,
�0.3, �0.6 and �0.75, and stress maxima were predicted in each case. Corresponding computations with the shear-
extended Gurson model give reasonable agreement for 0.0 and �0.3, similar to that found in Fig. 2, but for the two lower
values of k no stress maximum was predicted by this damage model. At negative stress triaxiality the first term in Eq. (7)
gives a negative contribution to the void volume growth rate, while the last term gives a positive contribution. Balance
between the two terms, and thus no failure prediction, is reached at kE�0.4. The cell model analysis with a single void is
not affected the same way by the negative stress triaxiality once a micro-crack has formed, but here the prediction of a
stress maximum with the associated plastic flow localization would be much delayed if frictional sliding on the micro-
crack was accounted for.

The comparison of Fig. 2 is repeated in Fig. 4 with the only difference being that here the damage model is that of
Nahshon and Hutchinson (2008) without the modification (9). For kr0 there is no difference from Fig. 2, as here Tr0.0,

Fig. 4. Average shear stress vs. average shear angle for different values of k, when R0/A0=0.20 and N=0.1. The thin curves are predictions of the micro-

mechanical model for r=0.15. The thick curves are predictions of the damage model for ko=0.87, without the modification (9).

Fig. 5. Average shear stress vs. average shear angle for different values of R0/A0, when k=0.0 and N=0.1. The thin curves are predictions of the micro-

mechanical model for r=0.15. The thick curves are predictions of the damage model for ko=0.87.
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but the agreement is in particular less good for k=0.3 and 0.6. A similar comparison has also been made with the Gurson
model, i.e. without the additional term in Eq. (7). For k=0.6 the maximum predicted by the Gurson model is noticeably
delayed relative to that in Fig. 2, for k=0.3 the maximum is much delayed, and for k=0 no maximum is predicted at all by
the Gurson model, since there is no void growth at zero hydrostatic tension.

In Fig. 5 the comparison is made for three different initial void volume fractions, corresponding to R0/A0=0.25,
R0/A0=0.20 and R0/A0=0.15, for the case of simple shear, k=0, keeping the parameter value ko=0.87 obtained by fitting
with the middle case, for R0/A0=0.20 (Fig. 2). Fig. 5 shows that the shear-extended Gurson model predicts shear failure at a
somewhat too low shear angle for R0/A0=0.25, while a somewhat too high failure angle is predicted for R0/A0=0.15, but the
trends of the predictions are in good agreement. To better calibrate the dependence of ko on the void volume fraction, it is
noted that a more accurate agreement between the micro-mechanical model and the shear-extended Gurson model in
Fig. 5 was found when the shear-coefficient is ko=1.22 for R0/A0=0.15 and ko=0.61 for R0/A0=0.25.

Comparisons for different values of the strain hardening exponent are shown in Fig. 6, for a void volume fraction
corresponding to R0/A0=0.25, again for the case of simple shear, k=0. The comparison for N=0.1 is also shown in Fig. 5. For
the more high hardening material, N=0.2, the shear-extended Gurson model prediction of failure is in good agreement
with that of the micro-mechanical model, whereas for N=0.0667 this damage model predicts shear failure at a somewhat
too small shear angle.

Fig. 6. Average shear stress vs. average shear angle for different values of the strain hardening exponent N, when k=0.0 and R0/A0=0.25. The thin curves

are predictions of the micro-mechanical model for r=0.15. The thick curves are predictions of the damage model for ko=0.87.

Fig. 7. Average shear stress vs. average shear angle for different values of ko, when k=0.0 and N=0.1 in the damage model. The initial void volume

fraction corresponds to R0/A0=0.20.
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Fig. 7 illustrates the sensitivity to the value of the parameter ko in the last term of Eq. (7). As mentioned above, the value
ko=0.87 was chosen to obtain a good fit with the micro-mechanical model for simple shear, k=0, with R0/A0=0.20, and
Fig. 7 shows that adding or subtracting 0.20 to this value has a clearly visible effect.

4. Discussion

The Gurson type material models have been used for about 30 years to predict ductile fracture by the growth of voids to
coalescence. These constitutive laws are advantageous in that they rely on a micro-mechanical model for the stress and
strain dependence of void growth. But it has been clear all the time that these constitutive models cannot predict ductile
failure in simple shear, where the hydrostatic tension in the material is zero, even though it is well known from
experiments that ductile fracture also occurs in simple shear. The problem is that the shear fractures occur by a different
mechanism than that described by the Gurson type constitutive relations.

The effect of voids on shear failure in a ductile material has recently been analyzed by Tvergaard (2008, 2009). These
micro-mechanical studies show that in shear the voids are flattened out to micro-cracks, which rotate and elongate until
interaction with neighbouring micro-cracks gives coalescence. Thus, in shear the void growth mechanism described by the
Gurson type models is not relevant. Another recent development is that Nahshon and Hutchinson (2008) have proposed an
extension of the Gurson model by adding a damage term that makes it possible to also describe failure in simple shear.
Since this extension does not rely on any study of the mechanism of shear failure, it is of particular interest to find out
whether the predictions agree with the recent micro-mechanical studies.

The comparisons show that the trends in the predictions of the two models agree well in the range of stress states and void
volume fractions considered, once an appropriate value of coefficient ko has been chosen. Thus, the material model of
Nahshon and Hutchinson (2008), with the extension in Eq. (9), can be used with reasonable accuracy to predict ductile failure,
both in the medium to high stress triaxiality range where the Gurson model predictions are well understood from many
previous investigations, and in the range around zero stress triaxiality where previous micro-mechanically based material
models cannot predict failure. It should be emphasized that the cell model studies of Tvergaard (2008, 2009) are only carried
out for plane strain conditions, and that the voids are cylindrical. Rather similar 3D cell models with a single initially spherical
void have been analyzed by Barsoum and Faleskog (2007a), but this type of analyses has not yet been carried far enough so
that void surface contact occurs, and thus the material instability has not yet been reached. It is expected that such more
realistic 3D situation for initially spherical or spheroidal voids in shear, with void surface contact, would reach a full shear
localization analogous to that predicted by the plane strain cell models, but the critical value of the shear angle c would be
larger in the 3D cases, so that certainly a smaller value of the parameter ko should be used in the damage model.

The relatively simple unit cell model representing only a single row of voids in shear has been used not only in the
studies mentioned in the previous paragraph but also in analyses of micro-cracks subject to shear (Anderson et al., 1990).
This has been chosen to consider the simplest possible geometry while focusing on the complications of shape changes and
void surface contact. But more realistic geometries would affect the predictions. Thus, for tensile loading it is known that
void clusters would give earlier failure for the same void volume fraction, and similar effects in shear could partly explain
the higher value of ko found by Xue et al. (2010) for a DH36 steel.

Friction between the micro-crack surfaces is neglected in the approximate modelling of void surface contact applied by
Tvergaard (2008, 2009). However, an increasing influence of friction must be expected for increasing negative values of the
stress S22 and thus in the presence of friction the onset of a maximum shear stress will be delayed relative to the
predictions of the cell model, with a larger delay for a larger negative value of the parameter k in Eq. (4).
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a b s t r a c t

Failure under intense shearing at close to zero stress triaxiality is widely observed for ductile metallic
materials, and is identified in experiments as smeared-out dimples on the fracture surface. Numerical
cell-model studies of equal sized voids have revealed that the mechanism governing this shear failure
mode boils down to the interaction between primary voids which rotate and elongate until coalescence
occurs under severe plastic deformation of the internal ligaments. The objective of this paper is to analyze
this failure mechanism of primary voids and to study the effect of smaller secondary damage that co-
exists with or nucleation in the ligaments between larger voids that coalesce during intense shearing.
A numerical cell-model study is carried out to gain a parametric understanding of the overall material
response for different initial conditions of the two void populations, subject to shear dominated loading.
To account for both length scales involved in this study, a continuum model that includes the softening
effect of damage evolution in shear is used to represent the matrix material surrounding the primary
voids. Here, a recently extended Gurson-type model is used, which represents the effect of the small sec-
ondary voids under the low triaxiality loading conditions considered. This work suggests a failure
mechanism for materials that contain voids on two different length scales, subject to intense shearing,
in terms of; (i) the interaction of the primary voids, and (ii) the material softening of the ligaments
due to the evolution of secondary damage. It is found that coalescence of primary voids under shear load-
ing is severely affected by the presence of smaller secondary voids or defects in the ligaments. The change
in overall ductility is presented for a wide range of initial material conditions, and an empirical correla-
tion with the peak load is reported.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Ductile material behavior and failure at loading conditions
dominated by shearing, where the hydrostatic tension is zero or
even negative, have received a great deal of attention in recent
years. In particular due to the lack of micro-mechanics based
models that can describe failure under such conditions (Barsoum
and Faleskog, 2007a,b; Scheyvaerts, 2008; Leblond and Mottet,
2008; Nahshon and Hutchinson, 2008; Tvergaard, 2008, 2009;
Xue et al., 2010; Jodlowski, 2009; Tvergaard and Nielsen, 2010).
Barsoum and Faleskog (2007b) presented a full 3D numerical
analysis of double notched specimens under combined twist and
tension with focus on matching their experimental findings
(Barsoum and Faleskog, 2007a). The use of a simple shear deforma-
tion criterion to determine failure was demonstrated and its phys-
ical relevance discussed. The shape evolution of primary voids and
their rotation in a shear field have been analyzed by Scheyvaerts

(2008) in a numerical cell-model study in full 3D. The first stage
of the void deformation was of particular interest and their analy-
sis contributed to a further extension to the coalescence criterion
by Thomason (1990), Pardoen and Hutchinson (2000). Leblond
and Mottet (2008) proposed a theoretical approach to account
for coalescence by void growth as well as by the void sheet
mechanism. A comparison with 3D numerical cell-model predic-
tions showed a good agreement. The micro-mechanism governing
ductile shear failure was brought out in a recent study by
Tvergaard (1982a, 2009) using a 2D plane strain numerical cell-
model of a single row of equal sized circular cylindrical voids under
shearing. As a first, Tvergaard (2008) demonstrated that a maxi-
mum load carrying capacity for a ductile material is attained in a
shear field due to micro-voids interaction. It was shown that during
shearing the voids are flattened out to micro-cracks, which rotate
and elongate until interaction with neighboring micro-cracks gives
coalescence (Anderson et al., 1990). The failure mechanism in shear
is thereby very different from that at moderate or high stress triax-
iality, where the voids grow until necking of the internal ligaments
between neighboring voids gives coalescence. The contact problem
arising as the discretely modeled voids are flattened to micro-cracks
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in shear was not fully resolved in Tvergaard (2008), and the contact
procedure was therefore adapted by Tvergaard (2009) to account
more realistically for the voids surface contact.

To mimic the ductile material behavior in shear, Nahshon and
Hutchinson (2008) recently suggested an extension to the micro-
mechanics based Gurson-type models (Gurson, 1977; Tvergaard,
1990; Gologanu et al., 1997), which otherwise cannot predict void
growth to coalescence at zero mean stress. The model by Nahshon
and Hutchinson (2008) allows for failure under intense shearing by
letting the damage parameter increase continuously during plastic
loading at zero mean stress. A softening effect from existing dam-
age is thereby obtained and traditional coalescence models can be
reached (Tvergaard and Needleman, 1984; Thomason, 1990;
Nielsen, 2010). The model by Nahshon and Hutchinson (2008) is,
however, purely phenomenological and the damage evolution is
no longer tied to the void volume fraction. Instead, it must be
regarded as an effective void volume fraction. Nevertheless, the
modification by Nahshon and Hutchinson (2008) has received a
great deal of attention among researchers, and it is key to the study
presented in this paper. Tvergaard and Nielsen (2010) recently
compared the predictions of the shear-extended Gurson model to
cell-model results. This comparison showed that the trends of
the continuum model by Nahshon and Hutchinson (2008) agree
well with the overall material response for the range of stress
states, initial void volume fractions and strain hardening
considered.

As discussed by Tvergaard (1982a, 1989), Faleskog and Shih
(1997), Fabrègue and Pardoen (2008), the growth and coalescence
of large primary voids (1–100 lm) are severely affected by the
nucleation and growth of much smaller secondary voids (typically
on the order 0.1–3 lm) at sufficiently high hydrostatic tension. It is
well-known that the growth of secondary voids in the material sur-
rounding primary voids weakens the ligaments and enhances the
localization process, which accelerates the coalescence of the pri-
mary voids. Thus, the presence of a secondary void population
can significantly lower the critical strain at which coalescence
takes place at moderate to high stress triaxiality. One question that
remains is: How does the presence of smaller secondary voids affect
the interaction of primary voids when subject to intense shearing?
The objective of this paper is to study this interaction and to bring
out the softening effect of secondary voids on the coalescence of
primary voids in a shear field, with no or very limited hydrostatic
tension. Using a 2D plane strain finite element cell-model, the
shear-extended Gurson model by Nahshon and Hutchinson
(2008) is adopted to represent the softening effect of the second
void population in the matrix material. By restricting the present
study to the loading and material conditions considered in
Tvergaard and Nielsen (2010), a rather accurate representation of
the matrix material surrounding the primary voids is ensured, de-
spite the phenomenological origin of the model by Nahshon and
Hutchinson (2008). Since the study by Tvergaard and Nielsen
(2010) involved no length scale, their findings can be scaled to
any void size (neglecting size effects), and is easily interpreted as
the material response of the matrix material containing smaller
secondary voids. Obviously, this is an approximation since small
voids are prone to size effects as plastic strain gradients toughen
the surrounding material and thereby lowers the growth rate of
small voids, when compared to the growth rate of large voids un-
der same loading conditions (Liu et al., 2003; Niordson, 2008).
Thus, directly applying the results from Tvergaard and Nielsen
(2010), the predictions in this work should be seen as upper
bounds regarding the influence of secondary voids on coalescence.

The paper is structured as follows. The material model is pre-
sented in Section 2, while the boundary value problem and the
numerical modelling approach is described in Sections 3 and 4, to-
gether with a comparison of two approaches to the contact prob-

lem discussed by Tvergaard (2008, 2009). Results are presented
in Section 5, where the effect of a secondary void population in
the ligaments between primary voids is illustrated. The concluding
remarks are given in Section 6.

2. Material model

The employed material model is formulated in a convected
coordinate Lagrangian framework and accounts for finite strain
deformation. A general tensor notation is adopted, where ()ij and
()ij denote the covariant and contravariant components of a second
order tensor, respectively, and (),i denotes covariant differentiation
in the reference frame. The incremental rates of the field quantities
are denoted by (�) (Budiansky, 1964; Hutchinson, 1973; Tvergaard,
1990).

2.1. The extended Gurson model

The shear-extended model by Nahshon and Hutchinson (2008)
relies on the framework of the well-established micro-mechanics
based Gurson model. Thus, the yield surface is given by

U ¼ r2
e

r2
M

þ 2q1f cosh
q2

2
rk

k

rM

� �
� ½1þ ðq1f Þ2� ¼ 0 ð1Þ

where the current state is characterized by; rM the microscopic
reference stress in the damage free material, rij the macroscopic
Cauchy stresses describing the average stress field over the material
in the convecting frame, f the damage parameter that represents the
softening effect of an evolving void population (here, the second pop-
ulation), q1 and q1 the yield surface constants (Tvergaard, 1990). The
Gurson model is formulated as isotropic where; re ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3sijsij=2

p
is the

effective Mises stress with sij ¼ rij � 1=3GijGklrkl being the stress
deviators of the Cauchy stress, given on the convected base vectors.
Here, Gij and Gij are the metric tensors of the convecting frame. In
the present study, no coalescence of the (secondary) voids is ac-
counted for. Instead, the calculation is terminated when damage
parameter, f, has reached unrealistic high values (close to one) in a
sufficiently high volume of the material. All damage parameter val-
ues are shown in Table 1.

Using the shear-extended Gurson model, the damage growth
rate is given by

_f ¼ ð1� f ÞGij _gp
ij þ _ep

M
fn

sn

ffiffiffiffiffiffiffi
2p
p exp �1

2
ep

M � en

sn

� �2
" #

þ kxfx0
sij _gp

ij

re

ð2Þ

with

x0 ¼ 1� 27J3

2r3
e

� �2

; J3 ¼
1
3

Gijskjsilslk ð3Þ

where _gp
ij is the plastic strain increment, _ep

M is the increment of the
microscopic effective plastic strain, fn is the secondary porosity to

Table 1
Material properties and damage parameters.

Parameters Notation Value

Youngs modulus E 210 GPa
Poisson ratio m 0.3
Yield stress ry 420 MPa
Strain hardening N 0.10
Initial porosity f0 0.0–0.02
Porosity to nucleate fn 0.0–0.02
Mean nucleation strain en 0.3–0.9
Standard deviation sn 0.05
Yield surface constants q1, q2 1.5, 1
Shear coefficient kx 0–2
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be nucleated, en is the mean nucleation strain, and sn is the standard
deviation of the mean nucleation strain.

In Eq. (2), the first term represents the growth of existing void,
the second term accounts for void nucleation, and the third term
introduced by Nahshon and Hutchinson (2008) allows for damage
growth during low triaxiality shearing. Nahshon and Hutchinson
(2008) introduced only one additional model parameter,
kx 2 [0,3], which sets the magnitude of the damage growth rate
in pure shear, while x0 in Eqs. (2) and (3) is formulated to vanish
at an axi-symmetric stress state so that the modified model coin-
cides with the original Gurson model assumptions. Consequently,
it can be shown that, x0 2 [0,1] with x0 = 0 for an axi-symmetric
stress state and x0 = 1 for all stress states combined by shear
and hydrostatic pressure (for further discussions see Nahshon
and Hutchinson, 2008; Nielsen and Tvergaard, 2009, 2010;
Tvergaard and Nielsen, 2010).

The shear extension by Nahshon and Hutchinson (2008) is for-
mulated to be consistent with the material softening due to micro-
void deformation and interaction in shear. The modification is,
however, purely phenomenological and the damage parameter, f,
is no longer tied to the void volume fraction, but must be regarded
as an effective void volume fraction. Nevertheless, the model has
recently been shown consistent with the void softening mecha-
nism in shear based on cell model predictions (Tvergaard and
Nielsen, 2010).

As for the original Gurson model, normality implies that the
plastic strain increment is given by

_gP
ij ¼

1
h

mijmkl �rkl ð4Þ

with

mij ¼
3
2

sij

rM
þ 1

2
fq1q2 sinh

q2

2
rk

k

rM

� �
Gij ð5Þ

where �rij is the Jaumann stress rate, while the shear term in Eq. (2)
leads to a slight change in the hardening modulus, h, used in Eq. (4)
(see Nahshon and Hutchinson (2008) for further details). The
macroscopic and microscopic quantities in the model are coupled
by assumed equality of the plastic work rate on the two levels;
ð1� f ÞrM _ep

M ¼ rij _gp
ij. Employing this together with; _ep

M ¼ 1
Et
� 1

E

� �
_rM ,

the microscopic reference stress rate takes the form

_rM ¼
EEt

E� Et

rij _gp
ij

ð1� f ÞrM
ð6Þ

where E is Youngs modulus and Et is the tangent modulus. The true
stress–logarithmic strain curve in uni-axial tension of undamaged
material is taken as

e ¼
rM
E for rM < ry

ry

E
rM
ry

� �1=N
for rM P ry

8<: ð7Þ

where N is the strain hardening exponent and ry is the initial yield
stress. All material parameter values are given in Table 1. The sim-
ple power hardening law is chosen to limit the number of model
parameters, but more realistic hardening laws (e.g. the Voce law
typically used for aluminum (Simar et al., 2010)) could equally well
be used for the analysis.

3. Finite strain, finite element formulation

A convected coordinate Lagrangian framework is used for the fi-
nite strain formulation with the undeformed body described in a
Cartesian reference denoted by xi. The principle of virtual work
for the incremental problem can be written in the undeformed
configuration as

Z
V

_sijdgij þ sij _uk
;iduk;j

� �
dV ¼

Z
S

_TiduidS�
Z

V
sijdgijdV �

Z
S

TiduidS
� �

ð8Þ

where V and S are the volume and surface, respectively, in the
reference configuration. While, ui and ui are the contravariant and
covariant components of the displacements vector, Ti are the con-
travariant components of the surface tractions, and _sij ¼ Lijkl _gE

ij are
the contravariant components of the Kirchhoff stress rate, work
conjugate to the Lagrangian strain rate, _gij. The total strain rate is
here assumed to be the sum of an elastic and a plastic part,
_gij ¼ _gp

ij þ _gE
ij. The last term in square brackets in Eq. (8) is included

as a means to eliminate residual equilibrium errors in the finite
element formulation (see also Tvergaard, 1990).

Using the finite element method, the spatial domain governed
by the field equations is discretized by 8 node isoparametric 2D
elements, using reduced Gauss quadrature (2 by 2 Gauss points)
for the integration. The numerical results are obtained using a
linear incremental forward Euler procedure with limitations en-
forced on the microscopic plastic strain rate and the damage rate,
so that the simulation remains rather stable up to failure. The
numerical difficulties in the Gurson model when the material
loses its stress carrying capacity (f ? 1/q2) are treated by an ele-
ment vanishing technique (Tvergaard, 1982b; Besson et al.,
2003). Furthermore, the employed shear extended model inherits
the well-known mesh dependency for the Gurson type models,
displayed when plastic localization occurs. The role of the finite
element mesh will be elaborated on in the following section on
the model formulation.

4. Problem formulation

The boundary value problem considered in this study is that
also considered by Tvergaard (2008, 2009), Tvergaard and Nielsen
(2010), where coalescence of a single row of voids in a bulk mate-
rial, subject to intense shearing, has been analyzed. In the present
study, the focus is on the effect of a second void population that
either co-exists with or nucleates during shear localization be-
tween larger discretely modeled voids. As in Tvergaard (2008,
2009), assuming plane strain conditions, the discretely modeled
voids are initially circular cylindrical of radius, R0, and are arranged
in a periodic array with the void spacing 2A0 in the x1-direction and
2B0 in the x2-direction, according to Fig. 1 (B0/A0 = 4 for all calcula-
tions). A representative volume element of unit thickness is con-
sidered in the numerical analysis (highlighted in Fig. 1(a)), with
periodic boundary conditions applied along the left (x1 = �A0)
and right (x1 = A0) edge so that u1(�A0,x2) = u1(A0,x2) and
u2(�A0,x2) = u2(A0,x2).

An incremental load is applied along the top (x2 = B0) and bot-
tom (x2 = �B0) of the volume considered so that

_u1 ¼ _UI; _u2 ¼ _UII for x2 ¼ B0 ð9Þ

_u1 ¼ � _UI; _u2 ¼ � _UII for x2 ¼ �B0 ð10Þ

where _UI is a constant prescribed deformation rate in the x1-direc-
tion, while _UII is continuously corrected so that the average stress
ratio j ¼

P
22

	P
12 is maintained throughout the calculations.

The average stresses at the top or bottom surface are calculated
asX

22

¼ 1
2A0

Z A0

�A0

T2dx1;
X

12

¼ 1
2A0

Z A0

�A0

T1dx1; for x2 ¼ �B0

ð11Þ

where Ti are the contravariant components of the nominal surface
tractions. The applied load deforms the material in shear and the
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overall shear angle, w, is in the following defined by; tan(w) = UI/
(B0 + UII). The shear deformation makes the primary voids collapse
into micro-cracks, and contact at the voids/cracks surface is there-
fore expected. To deal with this, the pseudo-contact algorithm used
in Tvergaard (2008, 2009) is adopted. In Tvergaard (2008), an inter-
nal pressure is applied to the void surface if the average aspect ratio
q = w/l reaches a critical level, qc. Here, l is the maximum length of
the primary void as it deforms into a micro-crack and w = Vm/l is the
average void width calculated from the current void volume, Vm, per
unit dept in the x3-direction. As discussed in Tvergaard (2008), a
hydrostatic pressure loading can be applied to the void surface as

Ti ¼ �pairnr ; with air ¼ 1
2
eijkelmrðgjl þ uj;lÞðgkm þ uk;mÞ ð12Þ

where nr is the normal to the reference void surface, gij is the metric
tensor for the reference coordinate system (see Section 3) and is eijk

the alternating tensor (or Levi–Civita tensor, Sewell, 1965). Apply-
ing a hydrostatic pressure to the void surface to avoid contact is,
however, shown by Tvergaard (2009) to affect the onset of coale-
scence (see also Fig. 2). Thus, Tvergaard (2009) adapted the ap-
proach so that only a loading transverse to the line segment of
length l between the two end points of the deformed void is intro-
duced as the q 6 qc. The loads applied to the void surface in contact
is thereby given as

P1 ¼ �ð�T1 sinðuÞ þ T2 cosðuÞÞ sinðuÞ ð13Þ

P2 ¼ ð�T1 sinðuÞ þ T2 cosðuÞÞ cosðuÞ ð14Þ

where u is the angle of the void inclination from the x1-direction to
the line element, l. Employing Eqs. (13) and (14) a small additional
contribution should be added to ensure moment equilibrium (see

Tvergaard (2009) for further details). An example of applying both
types of contact algorithms is shown in Fig. 2, while only the trans-
verse loading approach will be used in the following calculations as
it is thought to more closely resemble the contact problem.

The boundary value problem posed above and its solution pos-
sess 180� rotational symmetry about the x1-axis such that only the
region above the x1-axis needs to be considered in the numerical
model. Consistent with the rotational symmetry, the boundary
conditions along x2 = 0 for the upper part of the finite element
mesh in Fig. 1(c) are; u1(x1,0) = �u1(�x1,0) and u2(x1,0) =
�u2(�x1,0). These boundary conditions are applicable to strictly
symmetric and anti-symmetric deformations, as-well as the
present mixed problem (see also Nielsen and Hutchinson, 2010),
and are imposed in the finite element code using a standard
penalty approach (Zienkiewicz and Taylor, 2000). To verify the
cell-model predictions, the material response is compared to the
results in Tvergaard (2009) for different parameter settings (with
no secondary voids). Fig. 2 shows an example of the material re-
sponse for both the full mesh and the rotational symmetric mesh,
which compares well to the predictions by Tvergaard (2009). The
predictions from the two mesh types are, furthermore, seen to
coincide. Thus, the rotational symmetric mesh is employed in the
remaining study to lower the calculation time.

As discussed previously, the Gurson model displays mesh sensi-
tivity when localization occurs. Thus, the effect of the finite ele-
ment mesh on the results of interest is brought out by Fig. 3
where the material response (average shear stress vs. average
shear angle) is presented for one typical case of material parame-
ters and for three meshes with close to square elements of dimen-
sions Le near the discretely modeled void. Prior to localization in
the ligament between the primary voids, there is essentially no

Fig. 1. (a) Periodic array of circular cylindrical voids with radius R0 and void spacing 2A0, in the x1-direction and 2B0 in the x2-direction, and (b) a representative mesh used in
modelling the ductile failure (R0/A0 = 0.25, B0/A0 = 4).

1258 K.L. Nielsen, V. Tvergaard / International Journal of Solids and Structures 48 (2011) 1255–1267

104 CHAPTER .I- APPENDED PUBLICATIONS



mesh dependence because all three meshes are fine enough to pre-
dict the shear deformation of the void. But, the subsequent growth
of the localization and failure in the ligament is directly tied to the
element size (see also discussion in Nielsen and Hutchinson, 2010).
Fig. 3 clearly indicates that the final stage of the material response
curves depends on the element size – the larger element gives
thicker localization band and higher overall ductility of the mate-
rial. In particular this well-known effect is seen for combined shear
and tension (j = 0.6), where no void surface contact is observed.
However, in the case of simple shear (j = 0), this model setup dis-
plays rather limited mesh sensitivity, which is ascribed to the
interruption of the shear localization in the ligament as contact
comes into play at the void surface. In the following, the finest
mesh (with Le/R0 = p/64) is used throughout the analysis (see
Fig. 1(b)).

5. Results: shear failure mechanism and overall material
response

Tvergaard (2008, 2009), Tvergaard and Nielsen (2010) studied
shear failure of ductile metallic material containing one population
of voids and reported the following failure mechanism; as shearing
of the material takes place voids are flattened out to micro-cracks,

which rotate and elongate until interaction with neighboring mi-
cro-cracks gives coalescence and a peak load is attained. The failure
mechanism in shear is thereby very different from that under load-
ings dominated by hydrostatic tension (Tvergaard, 1989; Fabrègue
and Pardoen, 2008). In the present study, a similar overall shear
failure mechanism is predicted for materials that contain two
populations of voids on different length scales; one population of
large primary voids, and one population of much smaller secondary
voids which are present initially or nucleate between the primary
voids during the deformation.

5.1. Effect of secondary voids which are present initially

For a comparison, the interaction of the large primary voids is
shown in Fig. 4 for a damage free matrix (no second population),
and in Fig. 5 for a matrix with a secondary void population denoted
by the damage parameter, f. Here, using material properties similar
to those in Tvergaard and Nielsen (2010), the ductile failure pro-
cess is strongly affected by the existence of smaller voids in terms
of the plastic flow localization in the ligaments. Fig. 4(a) and
Fig. 5(a) show the microscopic plastic strain, ep

M , in an advanced
deformation stage for simple shear loading (j = 0), while the corre-
sponding evolution of the secondary damage, f, is illustrated in

Fig. 2. Average shear stress vs. average shear angle for difference critical contact ratios, q, showing the effect of the chosen contact algorithm (Tvergaard, 2009), and the
consistency of the rotational symmetric boundary conditions with the full mesh results. A slightly coarser mesh then shown in Fig. 1(b) has been used for these calculations
(R0/A0 = 0.25, j = 0.0, f0 = fn = 0).

Fig. 3. Average shear stress vs. average shear angle for one typical model setting showing the mesh dependency (f0 = 0.01, fn = 0,R0/A0 = 0.25,kx = 1,qc = 0.15 and j = [0,0.6]).
The size of the elements closest to the discretely modeled void is denoted Le.
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Fig. 5(b)–(e). In general, materials with co-existing void popula-
tions on different length scales experience the softening effect of
the secondary damage in the following way; as shearing takes
place a high-value band of secondary damage develops in the liga-
ment between the primary voids until the void surfaces contact is
reached (q 6 qc) for the larger voids (see Fig. 5(b)). During contact,
the evolution of this softer band is temporarily slowed down while
additional secondary damage is concentrated around the primary
voids which continuously rotate and elongate (see Fig. 5(c)). After
localization in the ligaments has occurred, the secondary damage
continues to evolve in the soft band, while two additional high-va-
lue bands of secondary damage start to form (see Fig. 5(d)). Final
failure (and element killing) in the ligaments occur as a combina-

tion between the different high-value bands (see Fig. 5(e)). This
evolution of secondary damage significantly weakens the liga-
ments and enhances plastic flow localization near the tip of the mi-
cro-cracks as-well as in the shear bands that span the entire width
of the ligaments (compare Fig. 4(a) and Fig. 5(a)). During the col-
lapse and the subsequent localization in the ligaments, a change
in the local stress state near the primary voids occurs, which makes
the local stress triaxiality differ substantially from that applied at
the outer boundaries. This is easily seen from Fig. 4(b), where the
local stress triaxiality is shown for the simple shear case (j = 0).
Here, the local stress triaxiality reaches values (T > 0.3) that are
far from the applied T = 0. Prior to the collapse, the stress state in
the ligament more closely matches that at the boundaries, which

Fig. 4. Curves of constant (a) microscopic effective plastic strain, ep
M , and (b) stress triaxiality, T ¼ rk

k=ð3reÞ, at w = 0.576 (>wc) near primary voids with damage free matrix
(f0 = 0, fn = 0), when subject to simple shear, j = 0, (R0/A0 = 0.25, and qc = 0.15).

Fig. 5. Curves of constant (a) microscopic effective plastic strain, eP
M , and (b)–(e) secondary damage, f, (f0 = 0.01, fn = 0), near primary voids when subject to simple shear, j = 0,

(R0/A0 = 0.25,qc = 0.15 and kx = 1).
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under stationary conditions _eE
ij ¼ 0

� �
can be approximated by

T � j=
ffiffiffi
3
p

(see also Appendix A).
It is seen from Fig. 5, that the addressed failure mechanism for

ductile materials to some extent resembles what is already well-
known as the formation of ‘‘wing cracks’’ in brittle materials,
where existing micro-cracks grow during compressive loadings
(Nemat-Nasser and Horii, 1982; Ashby and Hallam, 1986). Brittle
materials that contain micro-cracks which initially are rotated
relative to the compressive loading direction (the cracks are in
shear), will experience sliding along the crack surfaces. This sliding
makes the crack kink and grow in an angle relative to its original
direction, which is very similar to the high-value bands of second-
ary damage seen from Fig. 5(e).

Considering Fig. 5(b)–(e), it should be kept in mind that the
damage parameter, f, is not strictly tied to the volume fraction of
secondary voids, but only reflects its softening effect. The enhanced
localization due to the second population naturally affects the
overall material response, both in terms of a highly reduced
ductility and a much steeper drop in the load carrying capacity
during the localization process in the ligaments. Figs. 6, 7 and 9
show the overall material response in terms for the average shear
stress vs. average shear angle for a range of loading situations, ini-
tial material conditions and shear model settings. In the following,
the onset of primary voids coalescence is identified to occur were
the peak load, rc, is attained. The corresponding shear angle is de-
noted, wc, which directly reflects the overall material ductility.

Fig. 6 brings out the effect of initially co-existing secondary
voids for two loading conditions dominated by shearing (j = 0
and 0.6). Here, using a shear-coefficient of kx = 1 in the extended
Gurson model. By increasing the initial volume fraction of second-
ary voids, f0, a noticeable effect on the onset of coalescence, wc, is
predicted. In particular for j = 0.6 (combined shear and tension)
where the damage evolution is governed partly by void growth
and partly by the softening effect from the shear-term introduced
by Nahshon and Hutchinson (2008) in Eq. (2). By including even a
small amount of the secondary voids a rather significant change in
is predicted for this loading case (j = 0.6, f0 = 0.005). The effect is,
however, somewhat smaller and comparable to the case of simple
shear for higher porosities (f0 > 0.005). This change in sensitivity to
the presence of secondary damage is to some extent related to a
change in the surface contact conditions for the primary voids. This
will be discussed later in relation to Figs. 8 and 10. A somewhat
smaller effect is found in the case of overall simple shearing
(j = 0), where an increase of porosity gradually decreases the over-
all ductility. This slower evolution of secondary damage is ex-
pected for j = 0, since it is mainly governed by the shear-term in

Eq. (2). Furthermore, no change in the contact conditions for the
primary voids was found for the curves with j = 0 in Fig. 6.

Tvergaard (2008, 2009) showed that by lowering the relative
size of the primary voids (thus the primary voids porosity, R0/
A0 ? 0), the material ductility increases when subject to shear
loading. Fig. 7 shows the effect of changing the size of the primary
voids when the matrix material is enriched by a second void
population. Similar to a damage free matrix, the curves in Fig. 7
displays a noticeable change in the overall ductility when changing
the relative size of the primary voids. This can also be seen from
Fig. 8, where a systematic study of the material ductility depen-
dence on the size of the primary voids vs. the initial volume frac-
tion of the secondary voids is presented.

The limit f0 ? 0 corresponds to a damage free matrix, and re-
flects the results in Tvergaard (2008, 2009). In simple shear
(j = 0), a rather similar increase in ductility, wc, is predicted when
lowering the primary void size for all initial volume fractions of
secondary voids. Thus, a close to linear relation between the over-
all ductility and the initial volume fraction of secondary voids is
predicted for this loading case (with kx = 1), independent of the
size of the primary voids. For a damage free matrix loaded in com-
bined shear and tension (j = 0.6), the change in ductility, when
altering the size of the primary voids, is slightly larger compared
to the simple shear case (j = 0). This large dependence on the pri-
mary void size is found to decrease significantly for high initial vol-
ume fractions of secondary voids. However, even for a rather low
volume fraction of secondary voids, the change in ductility for
j = 0.6 is so severe that no contact of the primary voids surfaces
is predicted when the peak load is attained. This would otherwise
be the case for the damage free matrix (see Fig. 8).

To gain a parametric understanding of the shear extension to
the Gurson model in Eq. (2), a similar study has been carried out
for different values of the shear-coefficient, kx. Examples of the
overall material response are shown from Fig. 9 for different load-
ing situations and different values of kx, while Fig. 10 presents a
more systematic study of the change in material ductility when
altering the shear-coefficient, kx, and the initial volume fraction
of the secondary voids, f0. It is seen from Fig. 10 that even the ori-
ginal Gurson model (kx = 0) predicts a small change in the overall
ductility for the simple shear case. This is due to the change in the
local stress state near the collapsed primary voids (see Fig. 4(b) or
the discussion in Appendix A).

The damage contribution from the shear-term in Eq. (2) is
known to depend highly on the current stress state, thus Fig. 9 pre-
sents the material response for three different loading situations.
The most significant change in material ductility is found for

Fig. 6. Average shear stress vs. average shear angle for f0 = [0,0.005,0.01], fn = 0, R0/A0 = 0.25, kx = 1, qc = 0.15 and j = [0, 0.6].
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simple shear (j = 0), when altering kx from 1 to 2, for a secondary
population with f0 > 0.005. This dramatic decrease in ductility is
strongly coupled to the change in surface contact conditions for
the primary voids (see Fig. 10). As discussed previously, the sec-
ondary damage evolution in the ligaments temporarily slows down

during contact (see Fig. 5), which increases the overall material
ductility. Thus, the combined high amplification of the shear term
(high kx) and the absence of contact at the primary void surface
significantly decreases the ductility. Similar effects are seen for
combined shear and tension (e.g. j = 0.6). However, a more

Fig. 7. Average shear stress vs. average shear angle for f0 = 0.01, fn = 0, R0/A0 = [0.15,0.20,0.25], qc = 0.15, kx = 1 and j = [0,0.6].

Fig. 8. Critical average shear angle at maximum load (coalescence) for f0 = 0.01, fn = 0, R0/A0 = [0.15,0.20,0.25], kx = 1, qc = 0.15 and j = [0,0.6].

Fig. 9. Average shear stress vs. average shear angle for f0 = 0.01, fn = 0, R0/A0 = 0.25, qc = 0.15, kx = [0,1,2] and j = [�0.6,0,0.6].
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moderate change in the overall ductility is predicted for j = 0.6,
while the non-contact condition occurs at a slightly lower initial
volume fraction of the secondary voids (0 < f0 < 0.005).

Combining the findings for the change in contact conditions
with the failure mechanism revealed in Fig. 5(b)–(e), it seems that
the contact between the primary void surfaces and the correspond-
ing delay of the secondary damage evolution in a single band helps
to increase the overall ductility of the material. This is also evident
from Fig. 10, where a substantially lower ductility is found when-
ever no contact is predicted.

Compared to the two load cases j = 0 and 0.6, the effect of
including secondary damage is somewhat smaller in the case of
combined shear and compression (j = �0.6 in Fig. 9). For kx = 1
only a very limited change in the tensile curves is observed, while
the change is much more evident for kx = 2. This is due to the com-
petition between; (i) the inherited void closure in compression
from the original Gurson model, and (ii) the continuous damage
increase coming from the shear-term in Eq. (2). For sufficiently
high compression the void closure will take over in the extended

Gurson model, leading to a negative damage growth ð _f < 0Þ, and
no effect or a very limited effect of the second void population will
be noticeable. This mechanism is elaborated on in Appendix A.

5.2. Effect of secondary damage that nucleates during deformation

The study of the softening effect coming from an initially
present second population of voids is repeated in the following
for the case where the smaller secondary voids nucleate during in-
tense plastic deformation of the matrix material. The nucleation of
smaller voids is often reported in the literature for metallic alloys.
In general it is found that, for materials containing a nucleating
second void population, the predicted failure mechanism is rather
similar to the case of initially co-existing secondary voids; as the
primary voids collapse during shearing, the ligaments undergo in-
tense plastic deformation which makes the smaller voids nucleate
in a rather narrow band until the surface of the primary voids come
in contact (q 6 qc) (see Fig. 11(a)). During contact, the evolution of
this softer band is temporarily slowed down while additional

Fig. 10. Critical average shear angle at maximum load (coalescence) for f0 = [0, 0.02], fn = 0, R0/A0 = 0.25, kx = [0,1,2], qc = 0.15 and j = [0,0.6].

Fig. 11. Curves of constant (a)–(d) secondary damage, f, (f0 = 0, fn = 0.01), and (e) microscopic effective plastic strain, ep
M , near primary voids when subject to simple shear,

j = 0, (R0/A0 = 0.25,qc = 0.15,kx = 1,en = 0.6 and sn = 0.05).
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secondary damage is concentrated near the crack-tips of the pri-
mary voids that continuously rotate and elongate (see Fig. 11(b)).
During localization in the ligaments, the secondary damage contin-
ues to evolve in the soft band, while two additional high-value

bands are formed (see Fig. 11(c)). Failure in the ligaments occurs
as a combination between the different high-value bands (see
Fig. 11(d)). As previously mentioned, the damage parameter, f, in
Fig. 11(a)–(d) is not strictly tied to the volume fraction of second-

Fig. 12. Average shear stress vs. average shear angle for; f0 = 0, fn = [0,0.01,0.02], R0/A0 = 0.25, qc = 0.15, kx = 1, en = 0.6 and j = [0,0.6].

Fig. 13. Average shear stress vs. average shear angle for f0 = 0, fn = 0.01, R0/A0 = 0.25, qc = 0.15, kx = 1, en = [0.3,0.6,0.9,1[ and j = [0,0.6].

Fig. 14. Critical average shear angle at maximum load (coalescence) for; f0 = 0.01, fn = 0, en = [0.6,0.9,1], R0/A0 = 0.25, kx = 1, qc = 0.15 and j = [0,0.6].
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ary voids. The microscopic plastic strain, eP
M , corresponding to the

deformation stage just before failure is shown in Fig. 11(d).
Fig. 12 shows the predicted overall material response when

altering the secondary void volume fraction to be nucleated from
fn = 0 to 0.01. Here shown for simple shearing (j = 0) and combined
shear and tension (j = 0.6), respectively. As for an initially co-exist-
ing second population of voids, the softening effect of nucleating
smaller secondary voids is obvious. But, the reduction in overall
ductility is seen to be more moderate, and the drop in the load car-
rying capacity is less abrupt compared to the case of initially co-
existing secondary voids (compare Figs. 6 and 12). In particular, a
significant change in the final drop of the load carrying capacity
is seen for combined shear and tension when f0 P 0.005 or

fn P 0.005. The softening effect of a nucleating second population
is, however, rather dependent on the mean nucleation strain, en,
in Eq. (2). Fig. 13 shows the material response for different values
of en for a void volume fraction of fn = 0.01. By increasing the mean
nucleation strain, the overall ductility is increased due to the later
nucleation of the majority of the smaller voids, thus the softening
of the ligaments takes place much later.

The results presented in Figs. 12 and 13 are combined in
Fig. 14 to illustrate the change in the critical shear angle at coa-
lescence, wc, (thus ductility) for a wider range of volume frac-
tions of secondary damage that can nucleate during the
deformation. It is seen that, for both loading cases (j = 0 and
0.6), a drop in the overall ductility occurs as the porosity to be

Fig. 15. Correlation between the critical average shear angle, wc, and the corresponding effective stress, rc ¼
P

12


 �
max , at maximum load. All cell-model calculations carried

out in the remaining paper are considered.

Fig. 16. Curves of zero damage growth _f ¼ 0
� �

at combined shear loading and compression (j < 0). Here, assuming stationary conditions _eE
ij ¼ 0

� �
for the deformation of a

homogeneous material with the applied loadings specified in Section 4 (r12 = r and r11 = r22 = r33 = jr).
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nucleated increases. Similarly, it is seen that the largest change
in ductility occurs if the secondary voids nucleate early in the
deformation process. For en ?1 no influence of the second pop-
ulation is predicted, since the voids never nucleate, and the
material response therefore corresponds to that of a damage free
matrix material.

A similar analysis has been carried out for the standard devia-
tion, sn, that governs the range in which the secondary voids will
nucleate (see Eq. (2)). It was found that for materials with;
sn 2 [0.025,0.1], the overall response almost coincided.

5.3. Correlation between peak load, rc, and overall ductility, wc

Despite the large change in the overall ductility, wc, when intro-
ducing a second population of voids that initially co-exist with or
nucleates between primary voids only a limited effect on the cor-
responding peak load, rc, is predicted. From Figs. 6, 7, 9, 12, and
13 it can be seen that regardless of the secondary voids, the mate-
rial response tends to follow the same behavior, with only little
deviation. Thus, an empirical correlation between the peak load,
rc, and the onset on coalescence, wc, can be estimated. Fig. 15
shows the predicted peak load, rc, vs. the critical shear angle at
coalescence, wc, for all simulations carried out during the present
study, together with a least square fit of a functional on the form;

rc=ry ¼ 1=
ffiffiffi
3
p

1þ wc=
~w

� �eN
. The least square fit gives a reference

shear angle ~w ¼ 0:0251 of and a hardening of eN ¼ 0:157. Based
on this empirical correlation, the change in the peak load, rc, can
easily be backed out from the wide range of results for wc pre-
sented in Figs. 9, 10 and 13.

6. Concluding remarks

The numerical studies presented in Tvergaard (2008, 2009),
Tvergaard and Nielsen (2010) are combined in the present study
to analyze the overall response of ductile metallic materials that
contain primary and secondary voids, subject to intense shearing.
The predicted shear failure mechanism for such materials is found
to be very different from that in tension (Fabrègue and Pardoen,
2008), but are in general displaying the same influence of a matrix
enriched by smaller secondary voids. Thus, the overall material
ductility is found to be widely affected by the presence of a second
void population. More specifically, the key findings of this study
are:

� The failure mechanism for ductile materials that contain two
populations of voids on different length scales is illustrated
for the two cases where secondary voids either co-exist with
or nucleate between the primary voids during intense shear
deformation. The contact condition at the primary void surfaces
is found to play a major role in the evolution of the secondary
damage and hence on the softening of the internal ligaments
(see Figs. 4, 5 and 11). It is found that the addressed ductile fail-
ure resembles the mechanism in play during the formation of
so-called ‘‘wing cracks’’ during failure of brittle materials at
compressive loadings (Nemat-Nasser and Horii, 1982; Ashby
and Hallam, 1986).
� The presence of secondary voids is found to significantly lower

the overall critical shear angle at coalescence, wc, (thus the
material ductility), even for a rather low volume fraction of
the smaller voids. For both co-existing and nucleating second-
ary voids, the overall ductility decreases with increasing vol-
ume fraction (see Figs. 6, 8, 10, 12). An increase in the mean
nucleation strain increases the material ductility (see Figs. 13
and 14).

� The relative size of the primary voids is found to increase the
material ductility when the primary voids are made smaller
(the primary void volume fraction decreases, see Figs. 7 and
8). The change in ductility is, however, dependent on the
applied loading and the volume fraction of secondary voids.
� The shear-coefficient in the extended Gurson model is found to

lower the material ductility, when increased (as intended by
Nahshon and Hutchinson, 2008). However, the shear extension
is highly dependent on the current stress state, and a transition
to negative damage growth ð _f < 0 for f > 0Þ can still occur in
the shear extended Gurson model, e.g. for combined shear and
compression (see Figs. 9 and 10 and Appendix A).

As shown in Fig. 3, the shear extended Gurson model inherits
the well-known mesh dependency, thus the width of the localiza-
tion band between the primary voids is determined by the element
size (see also Nielsen and Hutchinson, 2010). Finer meshes (smal-
ler elements) therefore enhance the plastic flow localization in the
softer region of ligaments, and lead to more localized secondary
damage. Similarly, the model predictions are sensitive the critical
void aspect ratio, qc, used in the contact algorithm (Tvergaard
(2008, 2009)). Thus, the results presented should not be regarded
as quantitative predictions. Nevertheless, the present study gives
an insight to how the presence of small secondary voids or defects
affects the interaction between primary voids when subject to in-
tense shearing.
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Appendix A

By neglecting void nucleation in Eq. (2), the damage growth rate
consists of a two parts; (i) the first governs ordinary void growth,
and (ii) the second governs the softening effect in shear. In com-
bined shear and compression (j < 0), the first term will try to close
the voids (as in the original Gurson model), while the second term
continuously tries to increase the void volume fraction to mimic
the softening effect of voids that collapse and rotate. These compe-
ting mechanisms lead to the following requirement to the shear-

coefficient, kx, for damage growth ( _f > 0 when f > 0) to occur;
kx P �3a(1 � f)rM/(fx0re), with a ¼ q1q2f sinh q2rk

k=ð2rMÞ

 �

=2.
For a homogeneous material loaded in combined shear and com-
pression (j < 0), and enforced with the periodic boundary condi-
tions specified in Section 4, the stress state is given by; r12 = r

and r11 = r22 = r33 = jr for stationary conditions _eE
ij ¼ 0

� �
. The

requirement to kx for damage growth and thereby failure to occur
is illustrated in Fig. 16 for this specific stress field. In case of
j = �0.6 (as in Fig. 9, Section 5.1), it is seen that a transition from

negative _f < 0
� �

to positive _f > 0
� �

damage growth occurs when

kx is between 1 and 2. This explains the rather significant change
in the material response seen from Fig. 9, when increasing the
shear-coefficient, kx, from 1 to 2. However, for kx = 1 a small effect
of the shear-term is predicted by finite element cell-model when
j = �0.6. This is due to the applied loading, j ¼

P
22=
P

12, of the
unit-cell, which is an average value for the stresses on any
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cross-section parallel to the x1-axis in Fig. 1. The local stress state
near the collapsed primary voids can thereby differ from the overall
condition (see also Fig. 4(b)). Thus, Fig. 16 cannot give an exact

jx-value for where the transition, _f ¼ 0, will occur in the cell-
model, but only highlight the mechanisms in play.
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Effect of Contact Conditions
on Void Coalescence at Low
Stress Triaxiality Shearing
Recent numerical cell-model studies have revealed the ductile failure mechanism in shear
to be governed by the interaction between neighboring voids, which collapse to micro-
cracks and continuously rotate and elongate until coalescence occurs. Modeling this fail-
ure mechanism is by no means trivial as contact comes into play during the void collapse.
In the early studies of this shear failure mechanism, Tvergaard (2009, “Behaviour of
Voids in a Shear Field,” Int. J. Fract., 158, pp. 41-49) suggested a pseudo-contact algo-
rithm, using an internal pressure inside the void to resemble frictionless contact and to
avoid unphysical material overlap of the void surface. This simplification is clearly an
approximation, which is improved in the present study. The objective of this paper is
threefold: (i) to analyze the effect of fully accounting for contact as voids collapse to
micro-cracks during intense shear deformation, (ii) to quantify the accuracy of the
pseudo-contact approach used in previous studies, and (iii) to analyze the effect of
including friction at the void surface with the main focus on its effect on the critical strain
at coalescence. When accounting for full contact at the void surface, the deformed voids
develop into shapes that closely resemble micro-cracks. It is found that the predictions
using the frictionless pseudo-contact approach are in rather good agreement with corre-
sponding simulations that fully account for frictionless contact. In particular, good
agreement is found at close to zero stress triaxiality. Furthermore, it is shown that
accounting for friction at the void surface strongly postpones the onset of coalescence,
hence, increasing the overall material ductility. The changes in overall material behavior
are here presented for a wide range of initial material and loading conditions, such as
various stress triaxialities, void sizes, and friction coefficients. [DOI: 10.1115/1.4005565]

1 Introduction

The micro-mechanisms governing shear failure by void coale-
scence in ductile metallic materials (in the absence of harder
inclusions) have only recently been brought out in numerical cell
model studies [1,2]. By adopting a boundary value problem for-
mulated for intense shear loading and previously used for studying
voids containing hard inclusions [3] as well as for studying the
shape evolution of voids at low triaxiality shearing [4–6], Tver-
gaard took the calculations far enough for void interaction to be
captured and a maximum in the load carrying capacity to be
attained. In his studies of a single row of circular cylindrical
voids, the following failure mechanism is reported. As shearing of
a highly ductile material takes place, voids are flattened out to
micro-cracks so that the void surfaces come into contact. While in
contact, the micro-cracks then rotate and elongate until interaction
with neighboring micro-cracks gives coalescence and a peak load
is attained. Thus, the contact condition becomes an essential fea-
ture of the deformation and, thereby, important in the prediction
of the subsequent void coalescence. Therefore, the failure mecha-
nism in shear is very different from that under loading dominated
by hydrostatic tension [7–12].

More recently, the cell model studies of the ductile shear failure
mechanism have been extended in Refs. [13,14]. Reference [13]
compared the cell model predictions to that of the shear extended
Gurson continuum model by Nahshon and Hutchinson [15], which
has been formulated to be consistent with the material softening
due to micro-void deformation in shear. Despite the phenomeno-
logical origin of this Gurson type model, a good agreement was

reported for a wide range of loading and initial material condi-
tions. This validation of the shear extended Gurson model was
used in the study presented in Ref. [14], where the effect of
including a second void population in the matrix material sur-
rounding the primary was analyzed. A failure mechanism for duc-
tile metallic materials containing voids on two different length
scales, subject to intense shearing, was suggested.

Some aspects of the shear failure mechanism of ductile materi-
als is not fully understood and the approximations in the cell
model need to be validated. For example, the pseudo-contact
approach suggested by Tvergaard [2], and later used in Refs.
[13,14], employs an internal load on the void surface, normal to a
plane along the elongated void, to avoid void surfaces overlapping
and thereby to approximate frictionless sliding. A lower bound on
the average void aspect ratio of the flattened void is introduced so
that the voids do not collapse completely but remain slightly
open. This approximation is made to avoid several numerical
complications in a full analysis of a completely closed crack with
void surface contact. However, as discussed in Ref. [2], the value
of the lower bound on the void aspect ratio influences the onset of
void coalescence, and in turn the critical shear strain at which the
maximum load carrying capacity is attained. Furthermore, only
frictionless sliding at the void surface has until now been
addressed in this type of analysis. However, the transition from
frictionless sliding to contact conditions involving friction at the
void surface is expected to have an influence on the average shear
angle at the onset of coalescence, in particular for zero or negative
stress triaxiality.

The objective of this paper is (i) to analyze the effect of
accounting for full contact as voids collapse to micro-cracks dur-
ing intense shearing, both regarding the deformation during the
complete void collapse, where severe material flow occurs around
the crack tips, and regarding its effect on the overall material duc-
tility; (ii) To quantify the accuracy of the pseudo-contact approach

1Address all correspondence to this author.
Contributed by the Applied Mechanics Division of ASME for publication in the

JOURNAL OF APPLIED MECHANICS. Manuscript received March 20, 2011; final manu-
script received June 20, 2011; accepted manuscript posted January 31, 2012; pub-
lished online February 9, 2012. Editor: Robert M. McMeeking.

Journal of Applied Mechanics MARCH 2012, Vol. 79 / 021003-1Copyright VC 2012 by ASME

Downloaded 18 Apr 2012 to 192.38.67.112. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

[P3]. DAHL ET AL. (2012) 117



used in Refs. [2,13,14]. Thus, the focus in this work is partly on
how well previously published results compare to predictions
when contact is fully accounted for; and (iii) To analyze the effect
of void surface friction regarding its influence on the average
shear angle at the onset of coalescence, and hence on the overall
material ductility. As mentioned above, all previous cell model
studies of this kind have only involved frictionless sliding but
including friction is expected to delay void coalescence, in parti-
cular in the case of combined shear and compression.

The paper is structured as follows. The boundary value problem
originally considered by Tvergaard [1,2] is summarized in Sec. 2,
while the numerical modeling approach and material model are pre-
sented in Sec. 3. Special attention is here given to the contact condi-
tions employed at the void surface. Results are presented in Sec. 4,
where the effect of accounting for complete void closure is illus-
trated, and the effect of including friction in the void coalescence
process is brought out. The concluding remarks are given in Sec. 5.

2 Problem Formulation

The boundary value problem considered in this study is that ini-
tiated in Refs. [1,2], where coalescence of a single row of voids in
a bulk material, subject to intense shear, has been analyzed (see
Fig. 1). Here, the voids are assumed empty or to contain strength-
less debris from the nucleating particles so that only the matrix
material contributes to the overall response. As in Refs. [1,2],
assuming plane strain conditions, the discretely modeled voids are
initially circular cylindrical of radius R0 and are arranged in a per-
iodic array with the void spacing 2A0 in the x1-direction and 2B0

in the x2-direction (B0=A0¼ 4 for all results presented). A repre-
sentative volume element of unit thickness is considered in the
numerical analysis (highlighted in Fig. 1) with periodic boundary
conditions applied along the left (x1¼ –A0) and right (x1¼A0)
edge of the cell so that u1(–A0,x2)¼ u1(A0,x2) and u2(–A0,x2)
¼ u2(A0,x2).

An incremental load is applied along the top (x2¼B0) and the
bottom (x2¼ –B0) of the volume considered so that

_u1 ¼ _UI ; _u2 ¼ _UII for x2 ¼ B0 (1)

_u1 ¼ � _UI; _u2 ¼ � _UII for x2 ¼ �B0 (2)

where _UI is a constant prescribed deformation rate in the x1-
direction, while _UII is continuously corrected so that an average
stress ratio j ¼

P
22=
P

12 is maintained throughout the calcula-
tion. Here, the average stress at the top and bottom surface are
calculated as

X
22

¼ 1

2A0

ðA0

�A0

T2dx1;
X

12

¼ 1

2A0

ðA0

�A0

T1dx1 (3)

for x2 ¼ 6B0. Here, Ti are the nominal surface tractions. The
applied load deforms the material shear and the overall shear
angle w is in the following defined by tanðwÞ ¼ UI=ðB0 þ UIIÞ.
This shear deformation makes the voids collapse into micro-
cracks so that the contact condition at the void=crack surface
becomes active. The different contact formulations in this work
will be further discussed in Sec. 3.2.

3 Model: Constitutive Model and Numerical

Procedure

The boundary value problem posed in Sec. 2 is solved using the
commercial finite element code ABAQUS [16]. The following
Secs. 3.1–3.2 present the applied constitutive material model and
the numerical model setup, including a detailed description of the
contact modeling approach. Where clarity of the paper is not sac-
rificed, previously published details of the constitutive model and
the finite strain elastic-plastic formulation will be omitted, with
suitable references.

3.1 Constitutive Model. The finite strain formulation for the
applied J2-flow theory material with Mises yield surface employs
the incremental stress-strain relationship, _rij ¼ Lijkl _ekl, where rij is
the Cauchy stress, eij ¼ ui;j þ ui;j

� �
=2 is the total strain, and Lijkl

are the instantaneous moduli [16]. Here, the total strain increment
is taken to be the sum of an elastic and a plastic part,
_eij ¼ _eE

ij þ _ep
ij. According to the updated Lagrangian formulation

all integrations are carried out in the deformed configuration. The
true stress-logarithmic strain curve in uni-axial tension of the ma-
trix material is taken as

e ¼
r=E; for r < rY

rY=E r=rYð Þ1=N ; for r � rY

(
(4)

where E is Young’s modulus, rY is the initial yield stress, and N is
the power hardening exponent, while r is identified as the Mises
stress, re¼ (3=2sijsij)

1=2 for the multi-axial stress state, and sij is
the Cauchy stress deviator. The simple power hardening law is
chosen to limit the number of model parameters but more realistic
hardening laws (e.g., the Voce law typically used for aluminum
[17] could equally well be used for the analyses). All material pa-
rameter values are given in Table 1.

3.2 Numerical Procedure. A numerical solution is obtained
by the commercial FE-code ABAQUS [16], using an explicit
dynamic model formulation in an updated Lagrangian framework.

Fig. 1 (a) Periodic array of circular cylindrical voids with ra-
dius R0 and void spacing 2A0 in the x1-direction and 2B0 in the
x2-direction, and (b) a representative mesh used in modeling
the ductile shear failure (B0=A0 5 4 for all results presented).
The applied load is characterized by j 5

P
22=
P

12.

Table 1 Mechanical properties

Parameter Significance Value

E Young’s modulus 200 GPa
� Poisson’s ratio 0.3
qmass Mass density 7800 kg=m3

rY Initial yield stress 400 MPa
N Strain hardening exponent 0.1
l Friction coefficient 0-1
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To avoid effects of material inertia due to a sudden prescribed dis-
placement the deformation rate _UI is ramped up while the defor-
mation rate _UII is continuously adjusted so that the average stress
ratio j is maintained. The domain governed by the field equations
is here discretized by eight node isoparametric 2D-plane strain
elements, using reduced Gauss quadrature (2 by 2 Gauss points)
for the spatial integration. Here, employing a standard forward
Euler procedure for the time integration, a lumped mass matrix is
introduced to decouple the system of equations and, thus, lower the
calculation time in each increment. Under slow loading this
dynamic method, accounting for inertia, gives a very good approxi-
mation to the static solution. A convergence study has been per-
formed to ensure that the results are essentially quasi-static.

3.2.1 Adaptive Meshing. In ABAQUS, the dynamic approach
has the advantage over a static analysis that the arbitrary
Lagrangian-Eulerian (ALE) method, that adjusts the mesh accord-
ing to the deformation of the underlying material, is more robust.
This is important when accounting for the severe material flow
around the crack tip of a completely flattened void. Using the
ALE algorithm, the mesh nodes are moved according to the
underlying material deformation to ensure well proportioned ele-
ments throughout the analysis while keeping the same topology of
the mesh. The advantages of this method over, for example, re-
meshing are that the ALE procedure is relatively “cheap” to
apply. Thus, it can be performed during every time iteration, and
it thereby eliminates the need for deciding when to re-mesh,
which is often not trivial. Moreover, the deformed geometry might
very well be much harder to mesh automatically than the initial
geometry, which renders re-meshing algorithms less robust for
general problems especially when using quadrilateral elements.

In the analysis of voids flattened to micro-cracks, the ALE
mesh adaptive method is used to avoid excessive distortion of ele-
ments, which leads to inaccuracy of the results and often to termi-
nation of the analysis. In particular, this is important to accurately
account for the material flow that occurs around the crack tips. In
all of the analyses presented, three ALE mesh sweeps per time in-
crement are preformed to limit distortion of the mesh. All other
ALE options are the ABAQUS default [16]. However, to facilitate
enforcement of the periodic boundary conditions the ALE mesh
smoothing is not active at the cell boundaries (x1¼ –A0 and
x1¼A0).

3.2.2 Contact Procedures. To account for contact between
the void surfaces, the ABAQUS general contact formulation is
employed [16]. Using a standard penalty based contact formula-
tion (see, e.g., Ref. [18]), penetration of one surface into another
can be avoided by using a master-slave setup. This ensures that
the slave surface does not penetrate into the master surface, but
the master surface can, in principle, penetrate into the slave sur-
face. The ABAQUS general contact formulation first treats one of
the surfaces as the master and the other surface as the slave.
Adequate penalty forces are thereby calculated to avoid penetra-
tion. The master=slave roles are then interchanged, and a new set
of penalty forces are calculated. The actual penalty forces used in
the next time increment are a weighted average of these two sets
of penalty forces. The ABAQUS general contact algorithm does
not avoid penetration of the surfaces exactly, but for the analyses
conducted in this study, the observed penetrations are negligible.

The effect of the contact conditions on void coalescence are
studied using three different formulations for the contact at the
void surfaces, namely, (i) Coulomb friction, (ii) Wanheim-Bay
friction, or (iii) frictionless sliding (l¼ 0). In ABAQUS, the sur-
face friction can be modeled using simple Coulomb friction mean-
ing that the maximum shear stress s that can be transferred across
the interface is equal to s¼ lrn, where l is the friction coefficient,
and rn is the stress normal to the surface. However, several
experiments suggest that friction is not adequately modeled using
the Coulomb friction model when the magnitude of the normal
stress becomes comparable to the initial yield stress of the mate-

rial [19,20]. As the normal stress often exceeds the yield stress in
this study, a simplified version of the Wanheim-Bay friction law
is applied, and the results are compared to the case of simple Cou-
lomb friction. The simplified Wanheim-Bay friction law is identi-
cal to Coulomb friction if the shear stress across the interface is
below a certain threshold, smax, after which sliding will occur.
This means that the shear stress at the void surface cannot exceed
smax in the case of Wanheim-Bay friction. All calculations in this
study are carried out with smax ¼ rY=

ffiffiffi
3
p

, which corresponds to
the initial yield stress in pure shear according to the employed
Mises yield surface.

4 Results: Void Deformation and Overall Material

Response

4.1 Full Void Collapse When Accounting for Frictionless
Sliding. Tvergaard [1,2] first reported the shear failure mecha-
nism of a ductile metallic material containing one population of
voids in the following way. As shearing of the material takes
place, voids are flattened out to micro-cracks, which rotate and
elongate until interaction with neighboring micro-cracks gives co-
alescence and a peak load is attained. From Fig. 2, it is seen that
these observations directly apply to the deformation sequence pre-
dicted when fully accounting for frictionless sliding. However, a
slightly different void shape is observed from Fig. 2, when com-
pared to the predictions using the pseudo-contact approach from
Tvergaard [2], since no limitation to the void collapse has been
enforced. During simple shearing (j¼ 0), the voids almost com-
pletely collapse to form S-shaped micro-cracks (see Fig. 2(c)),
which cannot be captured in the pseudo-contact approach (e.g.,
compare with Fig. 3 in Ref. [2]). It is seen from Fig. 2(c) that by
fully accounting for frictionless sliding, contact first comes into
play near the ends of the crack while the mid-section remains
slightly open and, therefore, traction free. By continuous deforma-
tion of the material, the crack then rotates and elongates while the
mid-section finally closes up leaving only the crack-tips open (see
Fig. 2(d)). The final stage of the shear coalescence process
involves interaction between neighboring micro-cracks as the
crack-tips start to open and grow toward the tips of the neighbor-
ing cracks (see Fig. 2(e)). It is worth noticing that the mechanism
governing this final stage of the shear coalescence process is
indeed necking of the ligaments. This was also captured by Tver-
gaard [2] when employing the pseudo-contact approach.

The differences in the void shape evolution predicted by the two
contact algorithms during the coalescence process and its effect on
the overall material response are discussed in the following.

4.2 Effects of the Employed Contact Algorithm (Friction-
less Sliding). For comparison, the material response, in terms of
the average shear stress versus the average shear angle is shown
in Fig. 3 when accounting for full contact with frictionless sliding
(l¼ 0) or when employing the pseudo-contact approach by Tver-
gaard [2]. Here, the predicted material behavior using the pseudo-
contact approach is shown for different lower void aspect ratios,
q. By taking the predictions from the full contact algorithm as a
reference in the following, it is seen that rather accurate predic-
tions are obtained using the pseudo-contact approach despite the
approximation of introducing a lower aspect ratio that limits the
void collapse to a certain value. In particular, the material
response prior to localization, thus prior to coalescence, is very
well predicted for all values of the loading parameter, j. However,
the peak load, and thereby the onset of coalescence, does show
some deviation when compared to the predictions of the full con-
tact algorithm. It is concluded that the lower the far-field stress tri-
axiality the lower the limiting aspect ratio q needs to be in order
to obtain accurate results.

To further quantify the ability of the pseudo-contact approach
to predict the peak load, the critical average shear angle at the
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onset of coalescence, wC versus the load parameter j, is shown in
Fig. 4 for both contact algorithms. Here, shown for two initial
void sizes, R0=A0, and for a fixed lower void aspect ratio
(q¼ 0.15) in the pseudo-contact approach. Figure 4 shows a clear
trend in the over-=under-estimation of the onset of coalescence
from the pseudo-contact approach, which to a large extent can be
linked to the shape of the deformed void predicted during the coa-
lescence process (see Fig. 5). For low values of j (in particular
combined shear and compression, j< 0), the average shear angle
at the on-set of coalescence is underestimated by roughly 10%
when compared to the full contact algorithm. This has to do with
the severe void deformation when combining intense shearing

with compressive loading. By fully accounting for contact under
these loading conditions, the voids collapse early in the deforma-
tion and pronounced S-shaped micro-cracks are formed (see Fig.
5(c)). The shape of the micro-cracks is thereby rather different
from what is obtained in the pseudo-contact approach, where the
micro-cracks more closely resemble penny-shaped cracks due to
the lower limit enforced on the void aspect ratio. A rather similar
material response is found for the case of simple shear loading
(j¼ 0), but with a less distinct formation of S-shaped micro-
cracks in the case of full contact (see Fig. 5(b)). In both cases, the
S-shape of the micro-cracks is found to delay the deformation that
leads to coalescence of neighboring voids.

For increasing j values (combined shear and moderate tension,
0:3. j. 0:9), the pseudo-contact approach shifts to overestimate

Fig. 3 Average shear stress versus average shear angle
showing the effect of the employed contact algorithm. Here, a
comparison between fully accounting for frictionless sliding,
l 5 0, (contact) and the pseudo-contact approach by Tvergaard
[2], using different lower limits on the void aspect ratio
ðq ‰ 0:05;0:2½ �, j 5 [–0.3,0,0.6], R0=A0 5 0.25).

Fig. 4 Critical average shear angle at the onset of coalescence
w 5 wCð Þ versus applied loading j showing the effect of the

employed contact algorithm. Here, a comparison between fully
accounting for frictionless sliding, l 5 0, (contact) and the
pseudo-contact approach by Ref. [2] (q 5 0.15), respectively.

Fig. 2 Curves of constant effective plastic strain, e
p
e , at: (a) w 5 0.093, (b) w 5 0.164,

(c) w 5 0.195, (d) w 5 0.525 (just before coalescence), and (e) w 5 0.666 (just after
coalescence) under simple shear, j 5 0, and accounting for frictionless sliding, l 5 0,
(R0/A0 5 0.25)
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wC, while for higher values of j, the prediction coincides for the
two different contact algorithms. This has to do with no contact or
limited contact occurring for higher j values, whereby the contact
algorithm plays a minor role. On the other hand, in combined
shearing and moderate tension, no or limited contact occurs prior
to coalescence in the full contact algorithm. See, e.g., Fig. 5(a) for
the deformed void shape at coalescence for j¼ 0.6. It is clear
from Fig. 5(a) that the average void aspect ratio is well below the
lower limit (q¼ 0.15) introduced in the pseudo-contact approach.
Thus, under this loading condition, the pseudo-contact procedure
will kick-in and apply a pressure to the void surface so that the
void cannot collapse to the deformed stage shown in Fig. 5(a). A
distinct difference in the contact conditions is thereby predicted
by the two different contact algorithms, which in turn leads to the
overestimation of the shear angle at coalescence when employing
the pseudo-contact approach.

4.3 Effect of Friction on the Coalescence Process. The
overall material ductility changes rather dramatically when
accounting for friction at the void surfaces that come into contact
during the coalescence process. Figure 6 shows the predicted ma-
terial response for two different loading conditions (combined
shear and tension) when employing a simple Coulomb friction
model s ¼ lrnð Þ with l¼ [0,0.3,0.7,1]. It is seen that by increas-
ing the friction coefficient l, the onset of coalescence is post-
poned. In particular, this is evident for loading conditions, which
are dominated by shearing since the contact surfaces experience
large compressive traction loading in such cases. Consequently,
the effect of including friction is somewhat smaller for j¼ 0.6.
However, it is seen from Fig. 6 that for j¼ 0.6 the model predicts
a slightly different material response, as it displays two peak
loads. Furthermore, it is seen that the level of the second peak
load is clearly amplified by increasing the friction coefficient l
while the first peak is unaffected. This indicates that the localiza-
tion of plastic flow, which occurs after the first peak load (and
before contact), is interrupted due to contact so that the material
hardens until the second peak load is attained. This mechanism

has only been vaguely evident in previous published results when
using the pseudo-contact approach. However, a similar delay (or
interruption) of the localization was observed in the study by of
Ref. [14], where the softening effect of a secondary void popula-
tion was explored for similar loading conditions.

Figure 7 shows the average shear strain at the onset of coale-
scence (peak load) versus the friction coefficient when using a
Coulomb friction model s ¼ lrnð Þ and when using a simplified
Wanheim-Bay friction model s ¼ lrnð Þ with smax ¼ rY=

ffiffiffi
3
p

.
Here, results are presented for three initial void sizes, R0=A0, and
two different loading conditions. It is seen from Fig. 7 that the
overall material ductility increases significantly for increasing
friction at the void contact surface and that this trend becomes
most evident for smaller j. Furthermore, it is seen that the
Wanheim-Bay model predicts lower ductility compared to the
Coulomb friction model, which is expected since the Wanheim-
Bay model allows for sliding at a certain threshold, smax. Thus,
lower tractions can be transferred across the surfaces in contact

Fig. 5 Curves of constant effective plastic strain e
p
e at the

onset of coalescence w 5 wCð Þ for (a) j 5 0.6 wC 5 0:193ð Þ, (b)
j 5 0 wC 5 0:580ð Þ, and (c) j 5 –0.3 wC 5 0:689ð Þ when fully
accounting for frictionless sliding, l 5 0, (R0=A0 5 0.25)

Fig. 6 Average shear stress versus average shear angle show-
ing the effect of Coulomb friction, s 5 lrn, with l 5 [0,0.3,0.7,1]
and j 5 [0.3,0.6], (R0=A0 5 0.25)

Fig. 7 Critical average shear angle at the onset of coalescence
wCð Þ versus the applied friction coefficient for both Coulomb

friction, s 5 lrn, and Wanheim-Bay friction ðs 5 lrnÞ with smax

5 rY =
ffiffiffi
3
p

. The results are here shown for combined shear
and tension (j 5 [0.3,0.6]) and different initial void sizes
(R0=A0 5 [0.20,0.25,0.30]).
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(see the discussion in Sec. 3.2.2). It is, however, noticed that the
difference in material ductility predicted by the two friction mod-
els is negligible when l � 0.5 for the conditions considered in this
study. The effect of crack surface friction has previously been
incorporated in a highly simplified model of a row of micro-
cracks subject to shear loading by Anderson et al. [21]. Also, these
authors find that the predicted overall material ductility is much
increased by the effect of friction.

In addition, it is seen from Fig. 7 that the model predicts a sud-
den increase in ductility for j¼ 0.6 and R0=A0¼ 0.25 (near
l¼ 0.05) and also at R0=A0¼ 0.3 (near l¼ 0.6). This has to do
with the two-peak mechanism pointed out above. As discussed
above, the critical shear angle at the onset of coalescence wC is
extracted as the maximum peak load is attained; thus, when the
level of the second peak exceeds that of the first, an “artificial”
jump in ductility is seen.

The effect of the material strain hardening on the average shear
angle at coalescence is brought out in Fig. 8 for both the Coulomb
friction model and the Wanheim-Bay model. A similar trend is
here found for all levels of strain hardening considered with little
difference in the predictions when using either of the two friction
models up to about l � 0:7. Hereafter, the Wanheim-Bay model
predicts lower ductility compared to the Coulomb model, with the
largest relative difference obtained when the matrix material dis-
plays low strain hardening (N¼ 0.05). It is noticed that the devia-
tion between the two friction models occurs at approximately the
same values of the friction coefficient l for all strain hardening
levels considered. This has to do with the nature of the Wanheim-
Bay model. In the limit smax !1, the Wanheim-Bay model coin-
cides with the Coulomb model, and the dashed and solid lines in
Fig. 8 will coincide for all values of l. For smax¼ 0, the
Wanheim-Bay model is equivalent to frictionless sliding; thus, the
value of wC will not deviate from that found at l¼ 0 in Fig. 8.
The point at which the two models deviate is thus directly linked
to the applied threshold value smax, and the onset of coalescence
predicted by the Wanheim-Bay model must lie in between those
two extremes.

The effect of accounting for friction is only shown for j � 0.3
in Figs. 6, 7, and 8 since convergence problems were encountered
in ABAQUS when increasing the friction coefficient for smaller
values of j. In the case of simple shear (or combined shear and

compression), the current model setup can only predict the onset
of coalescence for rather low values of l. Nonetheless, the most
essential features of including friction are brought out in the study
presented.

5 Concluding Remarks

During intense shearing of porous ductile materials at low stress
triaxiality, existing voids collapse to micro-cracks, whereby the
void surfaces come into contact, and the contact condition
becomes important to the subsequent void coalescence process.
The present work deals with the assumptions made in the pseudo-
contact approach used in previously publish numerical analyses of
the shear coalescence process (see Refs. [1,2,13,14]), and a criti-
cal assessment of its impact on the predicted material behavior is
presented. The main findings of the study are summarized below.

(i) Fully accounting for frictionless sliding during the void
collapse allows for an extensive study of details in the
coalescence process of voids in a shear field. For exam-
ple, the formation of pronounced S-shaped micro-
cracks is observed under intense shearing or combined
shear and compression (j � 0). For these loading con-
ditions, it is shown that contact first comes into play
near the ends of the crack, while the mid-section
remains slightly open. Upon further shearing the mid-
section finally closes, leaving only the crack-tips open,
while the final void coalescence occurs as necking of
the internal ligaments between neighboring voids (see
Fig. 2). Obviously, such details cannot be captured
using the pseudo-contact approach by Tvergaard [2],
however the overall shear coalescence mechanism first
described by Tvergaard [1,2] involving void collapse,
rotation, and elongation prior to necking of the internal
ligaments directly applies to the observation made in
this study (see Fig. 2).

(ii) The effect of the contact algorithm employed is quanti-
fied though a comparison of the predicted overall mate-
rial behavior when either accounting for full contact
with frictionless sliding or using the pseudo-contact
approach. It is shown that the predicted material behav-
ior, using either of the contact algorithms, agrees very
well prior to coalescence for all material parameter val-
ues and loading conditions considered (see, e.g.,
Fig. 3). However, differences occur for the predicted
shear angle at coalescence with a maximum deviation
on the order of �20%. A clear trend in the over-/
under-estimation of the onset of coalescence from the
pseudo-contact approach is observed, which has been
linked to the predicted void shape evolution during the
coalescence process (see Sec. 4.2 for a discussion).

(iii) The effect of friction on the coalescence process is
brought out in a parametric study when using either a
Coulomb friction model (s¼ lrn) or a simplified
Wanheim-Bay model ðs ¼ lrnÞ with smax ¼ rY=

ffiffiffi
3
p

.
It is shown that the overall material ductility increases
significantly for increasing friction at the void surfaces
and that this trend becomes most evident in the case of
intense shearing (see Figs. 6 and 7). Moreover, the
present analysis clearly shows that the numerical cell
model employing Wanheim-Bay friction predicts
lower overall material ductility compared to the model
using Coulomb friction for large values of the friction
coefficient. This effect is expected and can be directly
linked to the threshold value introduced in the
Wanheim-Bay model (see Sec. 4.3 for further discus-
sion). What is much more interesting is the fact that,
for both friction models, essentially the same depen-
dency on friction is observed for the overall ductility
regardless of the material strain hardening (see Fig. 8).

Fig. 8 Critical average shear angle at the onset of coalescence
wCð Þ versus the applied friction coefficient for both Coulomb

friction, s 5 lrn, and Wanheim-Bay friction ðs 5 lrnÞ with smax

5 rY =
ffiffiffi
3
p

. Here, showing the effect of the material strain harden-
ing (N 5 [0.05,0.1,0.2]) for combined shear and tension (j 5 0.3)
and an initial void sizes of R0=A0 5 0.25.
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Nomenclature
A0 ¼ initial half void spacing in x1-direction
B0 ¼ initial half void spacing in x2-direction
E ¼ Young’s modulus
N ¼ strain hardening exponent

R0 ¼ initial void radius
Ti ¼ nominal surface tractions

ui; _ui ¼ displacements and displacement rates
Ui; _Ui ¼ prescribed displacement and displacement rates
x1,x2 ¼ coordinate axis
Lijkl ¼ instantaneous moduli

j ¼ average stress ratio applied at the outer boundary
e ¼ true logarithmic strain

eij; _eij ¼ total strain total strain rate
rij; _rij ¼ Cauchy stress and Cauchy stress rate

rY ¼ initial yield stress
re ¼ von Mises stress
rn ¼ normal stress
sij ¼ Cauchy stress deviator
l ¼ friction coefficient
� ¼ Poisson’s ratio

w;wC ¼ average shear angle and average shear angle at
coalescence

q ¼ void aspect ratio
s; smax ¼ shear stress and threshold shear stress
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Abstract Micro-mechanical 2D cell model studies
have revealed ductile failure during intense shearing
to be governed by the interaction of neighbouring
voids, which collapse to micro-cracks and continu-
ously rotate and elongate until coalescence occurs. For
a three-dimensional void structure, this implies signif-
icant straining of the matrix material located on the
axis of rotation. In particular, the void surface material
is severely deformed during shearing and void surface
contact is established early in the deformation process.
This 3D effect intensifies with decreasing stress triax-
iality and complicates the numerical analysis, which
is also reflected in published literature. Rather than
moving towards very low triaxiality shearing, work has
focused on extracting wide-ranging results for moder-
ate stress triaxiality (T ∼ 1), in order to achieve suffi-
cient understanding of the influence of initial porosity,
void shape, void orientation etc. The objective of this
work is to expand the range of stress triaxiality usu-
ally faced in 3D cell model studies, such that intense
shearing is covered, and to bring forward details on the
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porosity and void shape evolution. The overall material
response is presented for a range of initial material con-
figurations and loading conditions. In addition, a direct
comparison to corresponding 2D cell model predictions
for circular cylindrical voids under plane strain shear-
ing is presented. A quantitatively good agreement of the
two model configurations (2D vs. 3D) is obtained and
similar trends are predicted. However, the additional
layer of matrix material, connecting voids in the trans-
verse direction, is concluded to significantly influence
the void shape evolution and to give rise to higher over-
all ductility. This 3D effect is demonstrated for various
periodic distributions of voids.

Keywords Voids · Low triaxiality · Shear deforma-
tion · Ductile failure · 3D effects

1 Introduction

Ductile failure by void nucleation, growth, and coa-
lescence at high triaxiality stresses has been sub-
ject to extensive studies in the literature (Needle-
man 1972; Tvergaard 1982; Koplik and Needleman
1988; Gologanu et al. 1993, 1994; Benzerga 2002;
Li and Steinmann 2006; Scheyvaerts 2008; Jodlow-
ski 2011). The governing mechanisms are fairly well
understood and their macroscopic effects are captured
well by micro-mechanics based damage/coalescence
models (Gurson 1977; Chu and Needleman 1980;
Tvergaard 1981, 1982; Tvergaard and Needleman
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1984; Thomason 1990; Gologanu et al. 1997; Par-
doen and Hutchinson 2000; Lassance et al. 2007).
In contrast, the mechanisms governing ductile shear
failure, and the inability of the classical Gurson-type
models to predict failure under intensive shearing, has
only recently caught attention in the literature. It has
been recognized that, at zero mean stress, the Gurson
family models fail to predict the loss of load carrying
capacity usually coming from an increased void volume
fraction—thus, failure at zero mean stress cannot read-
ily be predicted. To remedy this, Nahshon and Hutchin-
son (2008) suggested an extension to the Gurson model
that accommodates failure under intense shearing by
letting the damage parameter increase during plastic
loading at zero mean stress. A softening effect from
existing damage is thereby obtained when coalescence
occurs (Tvergaard and Nielsen 2010). However, this
artificial increase of damage in the Nahshon-Hutchin-
son-model is phenomenological, and the damage evo-
lution is no longer tied to the void volume fraction.
In fact, the closure of existing void (decreasing poros-
ity) or delayed growth, predicted by the Gurson fam-
ily models during shearing (Nielsen 2010), is clearly
reflected in cell model studies (Tvergaard 2008, 2009;
Barsoum and Faleskog 2011), and is easily detected as
smeared dimples on fractographs. However, the com-
bined effect of collapsed voids and the loss of load car-
rying capacity at zero mean stress is yet to be unified
in one damage model.

Efforts have gone into the investigation of the gov-
erning factors in the void sheet mechanism and intense
void shearing. E.g. the influence of inclusions, or debris
hereof, on void shearing has been considered in the
numerical investigations by Fleck et al. (1989), Tverg-
aard (1989), McVeigh et al. (2007). From the early stud-
ies it is known that contact araising between the particle
and the void surface during shearing has a significant
influence on the subsequent behaviour. This has also
been recognized in the more recent study by McVeigh
et al. (2007), seeking to encapsulate void nucleation,
growth and coalescence in pure shear loading. For
inclusions located in a periodic array, some signs of
void interaction can be seen from their work, whereas
coalescence was only obtained for clusters of particles.
This is attributed the void growth phase which is cru-
cial to the McVeigh-model, but is severely suppressed
due to intense shearing.

To facilitate development of micro-mechanics based
damage models towards accurately covering the full

range of stress triaxiality loadings, a number of com-
bined tension/shearing cell model studies of voided
material, without inclusions, have been presented
(Anderson et al. 1990; Barsoum and Faleskog 2007a,b;
Tvergaard 2008, 2009; Leblond and Mottet 2008; Sche-
yvaerts 2008; Gao and Zhang 2010; Nielsen and Tverg-
aard 2011; Jodlowski 2011; Barsoum and Faleskog
2011; Tekoglu et al. 2012). In a recent series of stud-
ies on shearing of circular cylindrical voids at plane
strain, Tvergaard and co-workers (Tvergaard 2008,
2009; Tvergaard and Nielsen 2010; Nielsen and Tverg-
aard 2011; Dahl et al. 2012), have shown that voids in a
shear field undergo the following sequence of deforma-
tion steps; during shearing the voids are flattened out to
micro-cracks, which continuously rotate and elongate
until interaction with neighbouring micro-cracks gives
coalescence. Consequently, a maximum load carrying
capacity is attained due to interaction of micro-cracks.
The work on void shear coalescence has been extended
into full 3D by Barsoum and Faleskog (2007a), Bar-
soum and Faleskog (2007b), Scheyvaerts (2008), Bar-
soum and Faleskog (2011), Jodlowski (2011). In the
work by Barsoum and Faleskog (2007a), Barsoum and
Faleskog (2007b), Barsoum and Faleskog (2011), coa-
lescence under combined tension and shear loading
has been investigated by employing an experimen-
tal procedure together with 3D cell model calcula-
tions. The main focus of their work is the transition
between rupture by internal necking and internal shear-
ing, respectively, as-well as the influence of the Lode
parameter on ductile failure. To date, it is widely
accepted that besides the stress triaxiality additional
quantities, such as the Lode parameter, is needed
to describe the ductile failure process (Nahshon and
Hutchinson, 2008; Gao and Zhang, 2010; Barsoum
and Faleskog, 2011). In parallel to these, Scheyvaerts
(2008) investigated, in full 3D, the shape evolution and
rotation of voids subject to shear with particular interest
in the first stage of the deformation in order to further
extend the coalescence criterion by Thomason (1990).
Recently, Jodlowski (2011) presented a comprehensive
experimental investigation of void shearing in combi-
nation with full 3D modelling of void growth to coa-
lescence.

Common to the published 3D cell model studies
of pre-voided material is the fact that moderate stress
triaxiality (T ∼ 1) has been applied in terms of
far field loading, while the low triaxiality regime has
proven cumbersome for extensive parametric studies
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due to limited void growth. The objective of the pres-
ent work is to expand the range of stress triaxiality
usually covered by 3D cell model studies, so that shear-
ing under low stress triaxiality (T ∼ 0.1) is covered,
in order to enhance the understanding of the mecha-
nisms governing ductile shear failure. Indications that
the shear coalescence mechanism reported by Tverg-
aard (2008, 2009), may translate into full 3D can be
found in Barsoum and Faleskog (2007a,b), Scheyva-
erts (2008), Barsoum and Faleskog (2011), Jodlowski
(2011), however the present work aims to conclusively
demonstrate this for very low triaxiality. For doing so, a
direct comparison of 2D (circular cylindrical voids) and
3D (spherical voids) cell model predictions is presented
and details on the evolution of the void volume, shape,
and orientation are brought out. In addition, this allows
for a critical assessment, in terms of both quantitative
and qualitative accuracy, of previously published 2D
results on shear coalescence. Moreover, the 3D effects
primarily responsible for the quantitative deviations are
pointed out. For clarity of results, the study is limited
to shearing of existing spherical voids in an isotro-
pic matrix material. Thus, effects of the initial voids
shape/orientation and matrix material an-isotropy are
yet to be studied in details.

The paper is structured as follows. The employed
micro-mechanical model is outlined in Sect. 2, while
the numerical modelling approach and material model
are presented in Sect. 3. Focus is on the developed 3D
cell model, whereas details on the corresponding 2D
model are omitted, with suitable references. Results
are presented in Sect. 4, where the collapse of spheri-
cal voids is illustrated and 3D cell model predictions are
compared to corresponding 2D cell model predictions
for circular cylindrical voids. The concluding remarks
are given in Sect. 5.

2 Micro-mechanical model

Continuing along the work on shear coalescence initi-
ated by Tvergaard (2008, 2009), the current 3D cell
model study and the numerical studies by Barsoum
and Faleskog (2007a,b), Scheyvaerts (2008), Jodlow-
ski (2011) rest on common ground. A periodic array
of voids located in the x1x3-plane of a bulk mate-
rial, subject to intense shearing in the x1x2-plane
(see Fig. 1), is considered in order to analyze the
void coalescence mechanism in details. Throughout,

the onset of void coalescence is associtated with the
loss of material load carrying capacity. Thus, coales-
cence is defined as where the peak load is attained.
The discretely modelled voids are initially spherical
with radius R0, and with void spacing 2A0 in the
x1-direction, 2B0 in the x2-direction and 2C0 in the
x3-direction (B0/A0 = 4 for all results presented).
According to the 2D cross-section highligted in Fig. 1a,
periodic boundary conditions are applied along the left
(x1 = −A0) and the right (x1 = A0) plane of the
cell so that ui (−A0, x2, x3) = ui (A0, x2, x3), with
i = 1, 2, 3. The periodic arrangement of voids in the
x3-direction are imposed by symmetry conditions so
that u3(x1, x2, 0) = u3(x1, x2,−C0) = 0. All periodic
boundary conditions are enforced through the displace-
ment field, whereby the tractions naturally fall out of
the finite element formulation.

Here, the top/bottom of the domain remains plane
and in their original orientation, thus interaction
between rows of micro-voids is neglected. This is an
approximation and the effect of B0/A0 on the over-
all shear angle; tan(ψ) = UI /(B0 + UI I ), is thereby
neglected. Another approach would be to employ a
periodically repeated unit cell in the x2-direction, and
thereby account for interaction in that direction. In a
recent study, Tvergaard (2012) compares these two
model settings and shows that the effect on the peak
load is negligible for B0/A0 > 2, whereas only the
post-localization behavior displays noticeable differ-
ences.

An incremental load is applied along the top (x2 =
B0) and the bottom (x2 = −B0) planes of the volume,
so that

u̇1 = U̇I , u̇2 = U̇I I for x2 = B0 (1)

u̇1 = −U̇I , u̇2 = −U̇I I for x2 = −B0. (2)

Here U̇I is the prescribed deformation rate in the
x1-direction, while U̇I I is continuously corrected so
that an average stress ratio κ = ∑

22 /
∑

21 for the far
field loading is maintained throughout the calculation.
The average stress at the top and bottom surface are
calculated as

∑

22

= 1

2A0C0

0∫

−C0

A0∫

−A0

T2dx1dx3, (3)

∑

21

= 1

2A0C0

0∫

−C0

A0∫

−A0

T1dx1dx3, (4)
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Fig. 1 Periodic array of
spherical voids with radius
R0 and void spacing
2A0, 2B0 and 2C0 in the
x1−, x2−, and
x3−direction, respectively,
showing a the array of voids
and applied shear stress
ratio (κ = ∑

22 /
∑

21) in
the x1x2-plane, and b a
representative mesh used in
modelling shear
coalescence (B0/A0 = 4 for
all results presented)

for x2 = ±B0, with Ti being the nominal surface trac-
tions. In the present study, a far field stress ratio as low
as κ = 0.25 (thus T ≈ 0.089) has been made possible
in the 3D model by taking into account void surface
contact. However, values lower than κ = 0.25 have
given rise to numerical difficulties and termination of
the calculations, in particular for small void sizes.

3 Model: constitutive relation and numerical
procedure

The boundary value problem posed in Sect. 2 is solved
using the finite element code ABAQUS/explicit (2010).
The following Sects. 3.1–3.2 present the applied consti-
tutive material model and the numerical model set-up.
Where clarity of the paper is not sacrificed, previously
published details of the constitutive model and the finite
strain elastic-plastic formulation will be omitted, with
suitable references.

3.1 Constitutive model

The finite strain formulation for the applied J2-flow the-
ory material with the Mises yield surface, employs the
incremental stress-strain relationship; σ̇i j = Li jkl ε̇kl ,
where; σi j is the Cauchy stress, εi j = (ui, j + u j,i )/2
is the total strain, and Li jkl are the instantaneous mod-
uli (ABAQUS 2010). Here, the total strain increment
is taken to be the sum of an elastic and a plastic parts;
ε̇i j = ε̇E

i j + ε̇
p
i j . According to the updated Lagrang-

ian formulation all integrations are carried out in the
deformed configuration. The true stress-logarithmic
strain curve in uni-axial tension of the matrix material
is taken as

ε =
{
σ/E, for σ < σY

σY /E (σ/σY )
1/N , for σ ≥ σY

(5)

where E is Young’s modulus, σY is the initial yield
stress and N is the power hardening exponent, while σ
is identified as the von Mises stress,σe = (3/2si j si j )

1/2,
for the multi-axial stress state, and si j is the Cauchy
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Table 1 Mechanical properties

Parameter Significance Value

E Young’s modulus 200 GPa

ν Poisson’s ratio 0.3

ρ Mass density 7,800 kg/m3

σY Initial yield stress 400 MPa

N Strain hardening exponent 0.1–0.2

stress deviator. The material is taken to be isotropic
hardening. The simple power hardening law in Eq. (5)
is chosen to limit the number of model parameters, but
more realistic hardening laws (e.g the Voce law typ-
ically used for aluminum, Simar et al. 2010) could
equally well be used for the analyses. All material
parameter values are given in Table 1.

3.2 Numerical procedure

A numerical solution is obtained by the commercial
FE-code ABAQUS/explicit (2010), using an explicit
dynamic model formulation in an updated Lagrangian
framework. To avoid effects of material inertia, due to
a sudden prescribed displacement, the deformation rate
U̇I is ramped up, while the deformation rate U̇I I is con-
tinuously adjusted so that the average stress ratio, κ , is
maintained. This is obtained through a standard pro-
portional regulation algorithm, which offers sufficient
accuracy for the purpose of the current analysis.

The domain governed by the field equations is dis-
cretized by 8 node isoparametric 3D solid elements,
using reduced Gauss quadrature for the spatial inte-
gration. Here, a standard forward Euler procedure is
employed for the time integration, with a lumped mass
matrix to decouple the system of equations and lower
the calculation time in each increment. A convergence
study shows that this dynamic approach gives a very
good approximation to the static solution under slow
loading.

3.2.1 Adaptive meshing

In ABAQUS, the dynamic approach has the advan-
tage over a static analysis that the Arbitrary Lagrang-
ian-Eulerian (ALE) method, that adjusts the mesh
according to the deformation of the underlying mate-
rial, is more robust. This is important when accounting

for the severe material flow around the crack tip of
a completely flattened void. The ALE mesh adaptive
method is used to avoid excessive distortion of elements
which leads to inaccuracy of the results and often to ter-
mination of the analysis. In particular, this is important
to accurately account for the material flow that occurs
in the vicinity of the crack tips. In all of the analyses
presented, three ALE mesh sweeps per time increment
are performed to limit distortion of the mesh. All other
ALE options are the ABAQUS (2010) default. How-
ever, to facilitate enforcement of the periodic boundary
conditions the ALE mesh smoothing is made in-active
at the cell boundaries (see e.g. Dahl et al. 2012, for
further details).

3.2.2 Contact procedure

To account for contact between the void surfaces, the
ABAQUS general contact formulation is employed.
Using a standard penalty based contact formula-
tion (see e.g. Belytschko et al. 2000), penetration of
one surface into another can be avoided by using a
master-slave setup. The ABAQUS general contact for-
mulation first treats one of the surfaces as the master and
the other surface as the slave. Adequate penalty forces
are thereby calculated to avoid penetration, whereaf-
ter the master/slave roles are interchanged and a new
set of penalty forces are calculated. The actual penalty
forces used in the next time increment are a weighted
average of the two. Thus, the contact algorithm does
not avoid penetration of the surfaces, but for the analy-
ses conducted the observed penetrations are negligible.
Throughout, only frictionless contact is considered (see
Dahl et al. 2012, for further details on the effects of fric-
tion).

4 Results

4.1 Material response and load carrying capacity
of a 3D void structure

The overall response of a bulk material containing a
periodic array of spherical voids is presented in Figs. 2a
and 3a for various void sizes, R0/A0, and void spac-
ings, C0/A0, respectively, and the corresponding criti-
cal shear angles,ψC , for which the peak load is attained,
are presented in Figs. 2b and 3b. Clearly, the response
of the current full 3D cell model resembles that of
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(a)

(b)

Fig. 2 Overall material response of bulk material containing a
periodic array of spherical voids, showing a average shear stress
versus average shear angle for various void sizes, R0/A0 =
[0.3, 0.4, 0.5], subject to shearing, κ = [1.25, 0.25], and b cor-
responding critical average shear angle, ψC , at the onset of coa-
lescence (peak load) versus applied stress ratio, κ , for R0/A0 =
[0.3, 0.5] (N = [0.1, 0.2], C0/A0 = 1, σy/E = 0.002 and
ν = 0.3)

the 2D model proposed by Tvergaard (2008, 2009),
and the aim to further quantify this will be pursued in
Sect. 4.3. Similar to published 2D model predictions,
the overall material ductility is found to increase with
decreasing void size, R0/A0 (decreasing initial poros-
ity), and to increase with strain hardening, N . Thus,
the current 3D cell model predictions follow the rec-

(a)

(b)

Fig. 3 Overall material response of bulk material containing a
periodic array of spherical voids, showing a average shear stress
versus average shear angle for various void spacings in the x3-
direction, C0/A0 = [0.75, 1, 1.25], subject to shearing, κ =
[1.25, 0.25], and b corresponding critical average shear angle,
ψC , at the onset of coalescence (peak load) versus applied stress
ratio, κ (R0/A0 = 0.5, N = [0.1, 0.2], σy/E = 0.002 and
ν = 0.3)

ognized behaviour of voided material subject to com-
bined tension and shearing. Moreover, the overall mate-
rial ductility is predicted to increase severely for low
triaxiality shearing. In particular, this is evident from
Figs. 2b and 3b, where the critical shear angle, ψC ,
shows a monotonic increase with decreasing far field
stress ratio, κ = ∑

22 /
∑

21. Only a slight deviation
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from this common trend is observed from Fig. 2b for
R0/A0 = 0.3, when κ < 0.5. In a closer examination,
it was found that only this combination of material con-
figuration and loading condition shows a complete clo-
sure of the void mid-section during collapse (see also
Sect. 4.2). It should be noticed that, a few recent exper-
imental studies have shown that the strain-to-failure is
not a monotonic function of stress triaxiality (Bao and
Wierzbicki, 2004; Barsoum and Faleskog, 2007a), as
a peak strain is attained at moderate levels. This effect
has not been captured in the current analysis, and to
the authors knowledge, a conclusive study on this phe-
nomenon is yet to be published.

The effect of the additional matrix material connect-
ing voids in the x3-direction is brought out in Fig. 3. It is
observed that this dense layer of material has a signifi-
cant influence on the overall ductility (see Fig. 3b), and
that the response for various C0/A0-spacings closely
follows one master curve until the onset of coales-
cence (see Fig. 3a). Thus, changes in void size, R0/A0,
and void spacing, C0/A0, share the same effect on the
material response and the onset of coalescence (com-
pare Figs. 2a and 3a). This is attributed to interfer-
ence of stress-strain fields surrounding the individual
voids—or the lack hereof. In the limit C0/A0 → ∞
(or R0/A0 → 0), voids will become isolated and there
will be no failure. Thus, for increasing but still limited
void spacing, C0/A0 (or decreasing R0/A0), a larger
average shear angle, ψ , should be applied in order to
maintain the stress/strain level in the matrix material
located on the cell boundaries—thus, the overall duc-
tility increases.

4.2 Collapse and coalescence of spherical voids

In contrast to tension dominated conditions, where void
growth initially softens the material, it is the void shape
change and the void volume collapse that contributes
to a softening effect during low triaxiality shearing.
Figure 4 demonstrates the sequence of deformation
steps typically observed for spherical voids in a shear
field prior to void coalescence. During very low tri-
axiality shearing, the voids initially take on a prolate
shape (see Fig. 4b), and continuously rotate and elon-
gate, while collapsing into micro-cracks (see Fig. 4c).
During this deformation, large plastic straining occurs
along the rim of the voids. In particular, the void
surface material, located on the axis of rotation, experi-

ences severe straining and void surface contact is estab-
lished early in the shearing process (near x3 = −R0

for the undeformed void, see Fig. 4c). Upon further
shearing, the voids are flattened completely and the
area in contact evolves such that the mid-section of the
voids close-up, leaving only the crack-tips open (see
Fig. 4d). This void collapse is substantially delayed in
the 3D study of Fig. 4, due to the dense layer connect-
ing voids in the x3-direction, and is the primary reason
for deviations between the 2D and 3D model results.
In the final stage of shearing, void coalescence sets
in as interaction between neighbouring micro-cracks
takes place and thinning of the ligaments occurs. As a
consequence, a peak load is attained. This renders the
overall sequence of deformation steps governing the
shear coalescence mechanism for 3D spherical voids
very similar to that reported for 2D circular cylindrical
voids.

The early flattening of the initial spherical/circu-
lar cylindrical voids allows for the identification of a
major, R1, and a minor, R2, void half axis located in the
symmetry plane (x1, x2), as-well as a third axis, R3,
perpendicular to the x1x2-plane (in 3D). Here, R1 is
determined from the largest distance between nodes
being part of the void surface (based on nodal coordi-
nates), while R2 is perpendicular to R1. By doing so,
the evolution of i) the void volume, V/V0, ii) the void
orientation specified by the angle, θ , between the major
axis and the positive x1-axis, and iii) the void shape in
terms of the elongation/shortening of the void axes,
can be visualized (see Fig. 5). For materials containing
spherical voids, the following general observations are
made for the shape evolution during shearing; as shear-
ing takes place voids initially become prolate, and start
to rotate from an approximately 45◦ angle towards the
x1-axis (this rotation is rather continuous and the sud-
den “jumps” seen from Fig. 5 is an artifact of the pro-
cedure used to extract the major axis, R1). During the
flattening and rotation of voids, the major and third axes
elongate for all loading conditions considered, whereas
the minor axis is shortened. As will be presented, this
agrees well with 2D model predictions (see Sect. 4.3).
In addition, it is observed that the rate of deformation
of the void axes R1 and R3 increase with κ , while
the opposite applies to the minor axis, R2. Thus, the
void rapidly becomes very long for high κ-values, but
maintains low aspect ratios (R1/R2 and R3/R2), due
to void growth, when compared to the case of very low
triaxiality shearing. Moreover, an intriguing observa-
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Fig. 4 Curves of constant effective plastic strain, ε p
e , at aψ = 0,

b ψ = 0.61, c ψ = 0.91, and d ψ = 1 (just before coales-
cence) for κ = 0.25 (R0/A0 = 0.3, C0/A0 = 1, N = 0.2,
σy/E = 0.002 and ν = 0.3)

tion is that the rate of rotation (or ∂θ/∂ψ) increases
with κ , even though the void flattening becomes less
intense (see Fig. 5ii, iii).

For the case of very low triaxiality shearing, κ =
0.25, Fig. 5 clearly shows that the initial void volume
collapses (see Fig. 5i), while the void starts to rotate
towards the x1-axis. During the collapse, the major axis
elongates, while the minor axis is shortened and the
third axis remains nearly unchanged. Thus, the col-
lapsed void forms an elongated penny-shaped micro-
crack (see Fig. 5iii). In contrast to this, a comparably
large amount of void growth is predicted for the case

(a)

(b)

Fig. 5 Evolution of i) the void volume, V/V0, ii) the void orien-
tation specified by the angle, θ , between the major axis and the
positive x1-axis, and iii) the void shape in terms of the tree void
axes, (R1, R2, R3), as function of average shear angle. Here,
showning the influence of loading conditions and initial void
size a R0/A0 = 0.3, and b R0/A0 = 0.5 (C0/A0 = 1, κ =
[0.25, 0.5, 0.75, 1, 1.25, 1.5], N = 0.2, σy/E = 0.002 and ν =
0.3)

of combined tension and shearing with κ = 1.25 (see
Fig. 5i), which is also reflected in the shape evolution
as both the major and transverse axes elongate, while
the minor axis is slightly shortened (see Fig. 5iii).
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4.3 Assessment of published 2D model predictions
by direct comparison

The preceding discussion clearly reveals the coales-
cence mechanism for spherical voids (3D model) to
fall into the sequence of deformation steps first reported
by Tvergaard (2008, 2009) for circular cylindrical voids
under plane strain conditions (2D model). In the fol-
lowing, a further assessment of the predictive capabil-
ities of the 2D model, in terms of material response
and micro-mechanics based parameters (void volume,
shape and orientation), is presented with a direct com-
parison to the current 3D model set-up. For an accurate
comparison, identical numerical procedure and contact
algorithm are employed in both models. Thus, the 2D
model follows the set-up presented in Dahl et al. (2012).

Figure 6 compares the predicted material response
of a bulk material containing a periodic array of spher-
ical voids (3D model), to a similar material with circu-
lar cylindrical voids (2D model). Two different model
set-ups are here considered, for which; 1) the void
size, R0/A0, is kept constant to compare the influ-
ence of model parameters, and 2) the void volume
fraction is kept constant, f 2D

0 = f 3D
0 , to compare

identical material configurations. The porosity asso-
ciated with a row of voids is, however, not uniquely
defined, thus it is approximated by the porosity asso-
ciated with a band of width 2A0 in the x2-direction
(equal to the void spacing in the x1-direction). Hence,
the porosity can be expressed as f 2D

0 = πR2
0/(4A2

0)

and f 3D
0 = πR3

0/(6A2
0C0) in the 2D and 3D models,

respectively.
In the case of constant void size, R0/A0, it is found

that the 2D model severely underestimates both the
overall ductility and the load carrying capacity pre-
dicted by the 3D model. The inconsistency in the pre-
dicted material ductility is brought out in Fig. 7 for
a close examination. Here, the critical average shear
angle, ψC , at the onset of coalescence (peak load) is
shown as function of the applied far field stress ratio,
κ , for the 2D and 3D model, respectively. It is seen
from Fig. 7 that the underestimation by the 2D model is
rather significant and inconsistent with 3D model pre-
dictions. This is attributed an early collapse of 2D circu-
lar cylindrical voids, occurring as plastic flow localizes
in the ligaments between neighbouring voids, whereas
the corresponding localization is delayed by the addi-
tional material in the x3-direction for spherical voids
(see Sect. 4.3 and Fig. 4). Consequently, a substantially

(a)

(b)

Fig. 6 Average shear stress versus average shear angle for
spherical voids (solid line, 3D) and circular cylindrical voids
at plane strain (dashed line, 2D). Here, shown for a constant
void size R0/A0 = 0.5, and b approximate constant initial void
volume fraction, f0 (κ = [0.25, 0.5, 0.75, 1, 1.25, 1.5], N =
0.2, σy/E = 0.002 and ν = 0.3. Moreover, C0/A0 = 1 in 3D)

lower peak load should be expected for the 2D circular
cylindrical voids.

By introducing approximately identical porosities in
the two models, f 2D

0 = f 3D
0 , a much better agreement

is obtained (see Fig. 6b). In fact, the overall material
response nearly follows one master curve, while the
underestimation of the ductility is much reduced. This
is also obvious from Fig. 7, where the 2D and 3D model
predict curves of nearly identical appearance and with
a close to constant offset.

Further details on the micro-mechanics governing
the good agreement for the case of constant f0 is
revealed in Fig. 8. Here, the evolution of i) the void vol-
ume, V/V0, ii) the void orientation, θ , and iii) the void
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Fig. 7 Critical average shear angle at the onset of coalescence
(ψ = ψC ) versus applied stress ratio, κ , comparing predictions
for spherical voids (solid lines, 3D) and circular cylindrical voids
at plane strain (dashed lines, 2D). Curves of constant void spac-
ing (R0/A0 = [0.3, 0.5]) for the 2D and the 3D model are pre-
sented, together with curves of constant approximated porosity,
f0 (R0/A0|3D = 0.5 → R0/A0|2D = 0.29 and R0/A0|3D =
0.3 → R0/A0|2D = 0.134), (N = 0.2, σy/E = 0.002, ν = 0.3.
Moreover, C0/A0 = 1 in 3D)

shape, Ri , is presented for both models. It is seen from
Fig. 8a, that the 2D model predicts the void volume to
collapse at a higher rate under very low triaxiality shear-
ing (κ = 0.25) than the 3D model, whereas the oppo-
site applies when the loading is composed of shearing
and sufficient tension (κ > 0.75). Thus, the void vol-
ume evolution is clearly constrained in 3D. Again, this
can be ascribed to the dense material layer connect-
ing voids in the x3-direction, which forces the void to
remain slightly open at much larger overall shear defor-
mations (see Fig. 4). This constraint is also reflected in
Fig. 8b, as changes in the void axes occur somewhat
more slowly in 3D. However, a rather good agreement
between the 2D and 3D model is found for both the
void orientation and the shape evolution—especially
for the case of very low triaxiality shearing κ = 0.25.

5 Concluding remarks

Coalescence of spherical voids subject to low stress
triaxiality shearing is studied with focus on widen-
ing the interval of triaxialities usually faced in 3D cell
model studies, and adding to the understanding of the
sequence of events leading to loss of load carrying
capacity for ductile materials. Continuing along the
work by Tvergaard (2008, 2009), Dahl et al. (2012),

(a)

(b)

Fig. 8 a Void volume versus average shear angle for various far
field stress ratios, κ , and b evolution of the i) void volume, V/V0,
ii) void orientation specified by the angle, θ , between the major
axis and the positive x1-axis, and iii) void shape in terms R1, R2
and R3 as function of average shear angle for κ = [0.25, 1.25].
Here, comparing predictions for spherical voids (solid line, 3D)
and circular cylindrical voids at plane strain (dashed line, 2D),
with f 2D

0 = f 3D
0 (R0/A0 = 0.5 in 3D and R0/A0 = 0.29 in 2D),

(N = 0.2, σy/E = 0.002 and ν = 0.3. Moreover, C0/A0 = 1
in 3D)

a 3D cell model has been developed and exploited in
this investigation. The key findings of the study are:

– The material response for a bulk material contain-
ing a periodic array of spherical voids is illustrated
for various initial material configurations (R0/A0,
C0/A0, N ), and loading conditions, κ . A signifi-
cant influence of the additional dense material layer
connecting voids in the x3-direction is revealed and
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gives a constraint on the void volume and shape evo-
lution, as-well as toughens the material response in
3D. Thus, changes in the void size, R0/A0, and the
void spacing C0/A0, are shown to share the same
effect on the material response and the onset of coa-
lescence (see Figs. 2, 3).

– The governing mechanisms for void coalescence
under low triaxiality shearing, first brought out
by Tvergaard (2008, 2009) for circular cylindrical
voids, are demonstrated for spherical voids in full
3D. The primary sequence of deformation steps, in
terms of void collapse, rotation and elongation, is
shown to translate directly to a three-dimensional
voided structure. Compared to the 2D model, the
main difference lies in the shearing of the addi-
tional dense material layer in the transverse direc-
tion. During shearing of initially spherical voids,
significant straining of the material located on the
axis of rotation takes place and void surface contact
is established rather early near x3 = −R0 (accord-
ing to Fig. 1). This constricts the void collapse such
that a complete closure is only obtained under very
low triaxiality shearing. Moreover, the evolution of
the void shape and orientation is brought out in the
presented study (see Fig. 5).

– A comparison between 2D and 3D cell model pre-
dictions shows a good agreement when the void
volume fraction is kept constant ( f 2D

0 = f 3D
0 ). In

fact, the material response nearly follows one mas-
ter curve, while the overall ductility is found to be
underestimated in a consistent manner for a wide
range of loading conditions and material configu-
rations (see Figs. 6, 7). Moreover, a qualitatively
good agreement between the 2D and 3D model
is observed for the evolution of micro-mechan-
ics based parameters such as; void volume, shape
and orientation. Based on these findings, previ-
ously published results from 2D cell models can
be viewed (with caution) as trend lines for corre-
sponding 3D cell model predictions when keeping
the void volume fraction approximately constant
( f 2D

0 = f 3D
0 , see Sect. 4.3).
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technique fédérale de lausanne, Université de Lausanne

Koplik J, Needleman A (1988) Void growth and coalescence in
porous plastic solids. Int J Solids Struct 24:835–853
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a b s t r a c t

The failure process ahead of a mode I crack advancing in a ductile thin metal plate or sheet produces
plastic dissipation through a sequence of deformation steps that include necking well ahead of the crack
tip and shear localization followed by a slant fracture in the necked region somewhat closer to the tip.
The objective of this paper is to analyze this sequential process to characterize the tractioneseparation
behavior and the associated effective cohesive fracture energy of the entire failure process. The emphasis
is on what is often described as plane stress behavior taking place after the crack tip has advanced
a distance of one or two plate thicknesses. Tractioneseparation laws are an essential component of finite
element methods currently under development for analyzing fracture of large scale plate or shell
structures. The present study resolves the sequence of failure details using the Gurson constitutive law
based on the micromechanics of the ductile fracture process, including a recent extension that accounts
for damage growth in shear. The fracture process in front of an advancing crack, subject to overall mode
I loading, is approximated by a 2D plane strain finite element model, which allows for an intensive study
of the parameters influencing local necking, shear localization and the final slant failure. The deformation
history relevant to a cohesive zone for a large scale model is identified and the tractioneseparation
relation is determined, including the dissipated energy. For ductile structural materials, the dissipation
generated during necking prior to the onset of shear localization is the dominant contribution; it scales
with the plate thickness and is mesh-independent in the present numerical model. The energy associ-
ated with the shear localization and fracture is secondary; it scales with the width of the shear band, and
inherits the finite element mesh dependency of the Gurson model. The cohesive tractioneseparation
laws have been characterized for various material conditions.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

It is widely recognized that finite element analysis to determine
extensive crack growth in large plate or shell structures cannot be
expected to resolve details of the fracture process. For tough ductile
structural alloys, meshes that are fine compared to the thickness of
the plate or shell would be required to capture necking behavior
prior to the onset of appreciable material damage. An accurate
resolution of the fracture process itself for ductile materials that fail
by the mechanism of void nucleation, growth and coalescence
typically would require the mesh to scale with the dominant void
spacing (e.g.w100 mm). Mesh resolution on this scale is possible for
test specimens and small components but not for larger structures.
The in-plane element size used in the analysis of large plate or shell
structures is usually at least several plate thicknesses and therefore
far larger than the size required to even resolve local necking. One

approach to bridging the multiple scales is to incorporate a Cohe-
sive ZoneModel in the large scale finite element formulationwhich
in the present context would characterize the failure process
beyond the onset of necking ahead of the advancing crack tip. The
utility of the cohesive zone for the analysis of large plate and shell
structures has been amply demonstrated and codes based on
newer X-FEM approaches that embed a cohesive zone are
becoming available.

The incorporation of a cohesive zone in a large scale computa-
tion requires the tractioneseparation law to provide a reasonable
approximation to the failure process zone associated with crack
advance. In principle, a cohesive zone model could be calibrated
against experimental crack propagation data or it could be theo-
retically modeled using a numerical method that resolves the
fracture process. In practice, it is likely that some combination of
experimental and theoretical methods will be required to establish
effective characterizations. This paper is an attempt to characterize
the cohesive zone for the analysis of extensive mode I crack
advance in plates comprised of tough ductile structural alloys. The
work here builds on earlier studies addressing tearing in thin metal

* Corresponding author. Tel.: þ1 617 495 2848.
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sheets and plates [1,2], including work which specifically addresses
the role of necking localization in contributing to plastic dissipation
in the effective cohesive zone [3] and work which applies a cohe-
sive zone for the analysis of extensive tearing under plane stress
conditions [4].

After the crack tip has advanced by one or two plate thicknesses,
the failure process ahead of a mode I crack propagating in a ductile
thin metal plate or sheet produces plastic dissipation through
a sequence of deformation steps that includes local necking well
ahead of the tip, a smaller scale localization in the neck somewhat
closer to the tip in the form of a shear band or a “bath tub” band
leading to final separation just ahead of the tip [3]. The sequence
considered in this paper is depicted in Fig. 1 and gives rise to the
commonly observed slant fracture. The final slant fracture of
a tearing test is seen in Fig. 2. This picture was taken from the paper
by Simonsen and Törnqvist [5] who carried out a set of large scale
tests for mode I crack advance in ductile aluminum and steel plates
with cracks propagating up to 30e40 times the plate thickness. The
objective of this paper is to analyze the sequential process gov-
erning this failure mode and thereby to characterize the trac-
tioneseparation behavior and associated cohesive fracture energy
of the entire failure process. The phenomenon seen in Fig. 2 in
which the fracture slant “flips” back and forth from one roughly 45�

orientation to the other, after growth on the order of 10 times the
plate thickness, has not been resolved in the present study.
However, the numerical results will show a second “inactive” shear
band co-existing with the band governing the crack advance which
may be relevant.

The initiation of crack advance from a blunted tip is not
addressed in this paper. Rather, it is imagined that the crack tip has
already advanced by several plate thicknesses such that the steady-
state deformation/fracture sequence ahead of the tip depicted in
Fig.1 is fully established. The present study resolves the sequence of
failure details using a finite strain version of the Gurson [6]
constitutive law for the ductile damage process, including
a recent extension accounting for damage growth in shear [7]. The
fracture process in front of an advancing crack, subject to mode I
loading, is approximated by a 2D plane strain finite element model.
The portion of the deformation history relevant to the cohesive
zone for a large scale model is identified and the tractionesepa-
ration relation and the dissipated energy are determined. In addi-
tion, two distinct contributions to the dissipated energy will be
identified and computed: the first due to necking, and the second
due to shear localization and fracture. For ductile structural plate

materials, the dissipation generated during necking prior to the
onset of shear localization will be found to be the dominant
contribution. It is significant that this contribution will be seen to
be mesh-independent in the numerical model and to scale
precisely with the plate thickness. The smaller dissipation contri-
bution associated with shear localization and shear fracture scales
with the element size, and this mesh sensitivity will be addressed.

The paper is structured as follows. The material model and the
plane strain finite element model are outlined in Section 2. Results
are presented in Section 3, including a comparison of the onset of
shear localization from the finite element analysis and that from an
analytical shear band analysis. Conclusions are given in Section 4
along with discussion of information that will be required to
implement cohesive zone modeling in addition to the present
results.

2. Material and finite element models

Finite strain, plane strain finite element simulations have been
reported in the literature for many years. The present work builds
upon simulations of necking, shear band localization and fracture of
ductile metals under tensile loading, as addressed, for example, in
Refs. [8-13], with specific application to the characterization of
cohesive zones for plates and shells as described in Introduction.
Where clarity of the paper is not sacrificed, previously published
details of the constitutive model and the finite strain elasticeplastic
formulation will be omitted and cited.

2.1. Material model

The central features of the model presented by Gurson [6] and
extended in Ref. [7] to account for damage growth in shear are as
follows. The model is an isotropic formulation that employs the
three invariants of the Cartesian components of the Cauchy (true)
stress, sij: the mean stress, sm¼ skk/3, the effective stress,
seh

ffiffiffiffiffiffiffi
3J2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3sijsij=2

q
, where sij¼ sij� 1/3skkdij is the stress

deviator, and a third invariant defined below in Eq. (4). The yield
surface is specified by

Fig. 1. Sequential fracture process governing crack advance in ductile sheet metal
subject to mode I loading, (a) onset of local necking, (b) local thinning, (c) shear
localization and (d) slant failure.

Fig. 2. A 10 mm thick plate of A5083 aluminum tested by Simonsen and Törnqvist [5].
The crack was initiated at the edge notch located on the left edge of the plate. Flipping
of the slant fracture from one 45� orientation to the other is evident.
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Fðse;sm; f Þ ¼
�
se
sM

�2

þ2q1f cosh
�
3q2
2

sm
sM

�
�
�
1þðq1f Þ2

�
(1)

where the current state is characterized by f, the damage parameter
which can be interpreted as an effective void volume fraction, and
sM is the current effective true stress governing flow of the damage-
free base material which is specified below. The fitting parameters,
q1 and q2, were introduced in Refs. [8,14]. All quantities not labeled
with the subscript M represent overall quantities associated with
the damaged material. Normality implies that the plastic strain
rate, DP

ij, is given by

DP
ij ¼

1
h
PijPkl _skl (2)

where

Pij ¼
vF
vsij

¼ 3sij
s2M

þ fq1q2
sM

sinh
�
3q2sm
2sM

�
dij (3)

In finite strain formulations, _sij is identified with the Cartesian
components of the Jaumann rate of stress. The expression for the
hardening modulus, h, is given in the references cited above.

The original Gurson model predicts no damage growth and
monotonic hardening in pure shear. The extension outlined below
was proposed in Ref. [7] to account for damage growth and soft-
ening in shear. In addition to sm and se, the extended model
employs the third stress invariant

J3 ¼ detðsÞ ¼ 1
3
sijsiksjk ¼ ðsI � smÞðsII � smÞðsIII � smÞ (4)

where the expression on the right is couched in terms of principal
stresses, assumed to be ordered as sI� sII� sIII. The non-dimen-
sional invariant,

uðsÞ ¼ 1�
�
27J3
2s3e

�2
; (5)

lies in the range, 0�u� 1, with u¼ 0 for all axi-symmetric stress
states,

sI � sII ¼ sIII or sI ¼ sII � sIII; (6)

and u¼ 1 for all states comprised of a pure shear stress plus
a hydrostatic contribution,

sI ¼ sþ sm; sII ¼ sm; sIII ¼ �sþ sm ðs > 0Þ (7)

The original Gurson model was formulated and calibrated based
on themechanics of void growth under axi-symmetric stress states.
The extension does not alter the model for these states, nor does it
alter the yield condition Eq. (1). The extension modifies the pre-
dicted growth of the damage parameter, f, for states with non-zero
u(s). In particular, a contribution to damage growth under pure
shear stress states is accounted for in the extension whereas the
original Gurson model predicts no change in damage for states
having sm¼ 0. The extension of the Gurson model posits

_f ¼ ð1� f ÞDp
kk þ kufuðsÞ

sijD
p
ij

se
(8)

The first contribution is that incorporated in the original model
while the second is the crux of the extension. In a state of pure
shear, Eq. (8) gives _f ¼ kuf _g

P=
ffiffiffi
3

p
, where _gP is the plastic shear

strain rate and ku is the shear damage coefficient, the sole new
parameter in the extended model. In the extension, f is no longer
directly tied to the plastic volume change. Instead, it must be

regarded either as an effective void volume fraction or simply as
a damage parameter, as it has been, for example, when the Gurson
model is applied to materials with distinctly non-spherical voids.
Further discussion and illustrations of the extension are given in
Refs. [7,14,15]. Included is the specification of the widely used
technique that accelerates damage from f¼ fc to f¼ ff, at which
point the material element is eliminated [12]. The equations above
fully specify the constitutive model of the material; the remaining
equations specifying for example the incremental moduli are listed
in Ref. [7] using the same notation as in this paper.1 The primary
damage parameters are the initial void volume fraction, f0, and the
shear damage coefficient, ku; thesewill be varied in the simulations
presented in the sections on results.

The uniaxial true stress versus logarithmic strain curve for the
undamaged material is taken as

e ¼

8>><
>>:

sM
E
; sM < sy

sy
E

�
sM
sy

�1=N

; sM � sy
(9)

with sy as the initial yield stress. The material parameters used in
the simulations are given in Table 1.

2.2. Finite strain formulation

A Lagrangian framework is used for the finite strain formulation
with the un-deformed body as reference and coordinates in the
deformed state denoted by xi, as detailed, for example, by
Refs. [16,17]. Using a convected coordinate formulation of the
governing equations, the components of vectors and tensors are
obtained by dot products with the appropriate base vectors. The
constitutive relation provides the incremental relation between
the contravariant components of the Kirchhoff stress rate, _sij, and
the covariant components of the Lagrangian strain rate, _hij, as

_sij ¼ Lijkl _hkl (10)

with plastic loading and elastic unloading branches for the incre-
mental moduli, Lijkl. The principle of virtual work for the incre-
mental problem is

Z
V

�
_sijdhij þ sij _uk;iduk;j

�
dV ¼

Z
S

_T
i
duidS�

2
4 Z

V

sijdhijdV

�
Z
S

TiduidS

3
5 (11)

Here, ui and ui are the contravariant and covariant components of
the displacement vector, Ti is the surface traction vector per original
area and the comma denotes covariant differentiation. The term in
the square brackets in Eq. (11) is included as a means to eliminate
residual equilibrium errors in the finite element formulation.

2.3. Problem formulation

After the onset of necking ahead of an advancing crack tip, the
material above and below the neck will unload elastically enforcing
plane strain conditions, i.e. enforcing essentially zero additional
straining in the direction parallel to the crack ð _h33y0Þ. Thus, the
sequence of deformation states depicted in Fig. 1 can be well

1 The sign of the second term on the right hand side of Eq. (13) in [7] should be
minus not plus.
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approximated by considering the 2D plane strain problem set up in
Fig. 3. Two sets of boundary conditions are considered in this study
as shown in Fig. 3: (i) an unconstrained condition in Fig. 3a with
zero horizontal tractions on the top (x2¼ L0/2) and bottom
(x2¼�L0/2) edges, where only the middle node at x1¼ x2¼ 0 is
constraint to prevent free body motion, and (ii) a constrained
condition in Fig. 3b for which horizontal displacements of above
and below the failure process zone are constrained. These condi-
tions are modeled by imposing zero horizontal displacement along
the centerline of the upper and lower parts of the section. This is
intended to model the maximum possible constraint on out-of-
plane deflection imposed by the larger structure. For both sets of
boundary conditions, the section is loaded by applying uniform
increments of the vertical displacement, D/2, along the top
and, �D/2, along bottom edges, while the resultant vertical force
per unit depth, F, which is work conjugate to D is computed.

The geometry and loadings depicted in Fig. 3 are symmetric
with respect to both the x1-axis and the x2-axis. If the material
properties strictly shared these same symmetries, localization
would first occur as a symmetric Considère neck. As the neck
develops, a second localization into two equally active symmetric
shear bands occurs inside the neck region [10]. The symmetric
situation almost immediately gives way to asymmetric localization
into one of the two bands promoted by exceedingly small pertur-
bations or imperfections. In the present study, to promote failure in
a single shear band, a very small asymmetric imperfection in the
yield stress distribution has been introduced within a narrow band

of width b oriented at 45� to the centerline.With reference to Fig. 3,
the distribution in the band is chosen as

sbyðx1; x2Þ ¼ sy

�
1� b

1
2

�
1þ cos

�
p
x2 � x1

2b

���

for x1 � b � x2 � x2 þ b ð12Þ
Here, sy is the initial yield stress of thematerial everywhere outside
the band, b¼ 0.001 is the amplitude of the imperfection, and
b¼W0/10 is the width of the imperfection. In the band, sby is
substituted for sy in Eq. (9). The imperfection is solely introduced to
promote the localization into a single shear band. Its amplitude is
sufficiently small such that it does not otherwise effect the incli-
nation of the shear band or the computed tractioneseparation
behavior.

The notation and a representative mesh are shown in Fig. 3 for
the full section. The height and width of the un-deformed section
are L0 and W0, respectively, with L0/W0¼ 3 for all results presented
in this study. A uniformmesh of square elements of size L(e)� L(e) is
used within the region that undergoes necking, shear localization
and slant fracture. The effect of element size will be investigated

Fig. 3. Schematic illustrating boundary conditions, notation and mesh, (a) uncon-
strained condition, (b) constrained condition, and (c) representative mesh (element
size L(e)¼W0/64).

Table 1
Material properties and damage parameters.

Parameters Notation Value

Youngs modulus E 210 GPa
Poisson ratio n 0.3
Yield stress sy 630 (210e1050) MPa
Strain hardening N 0.05e0.2
Initial porosity f0 0.005e0.02
Yield surface constants q1, q2 1.5, 1
Critical void volume fraction fc 0.15
Final void volume fraction ff 0.40
Shear coefficient ku 0e2

Fig. 4. (a) Normalized overall loadedeflection curve for the metal sheet section
considered, and (b) tractioneseparation curve for the cohesive zone extracted from (a),
with indicated fracture energy associated with necking, GI, and shear localization and
fracture, GII, respectively.
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and the element size will be reported as a fraction of the sheet
thickness, W0. Isoparametric 8 node plane elements are employed,
using reduced Gaussian quadrature (2� 2 Gauss points) for the
integration.

The boundary value problem posed above, including the initial
distribution of yield stress, and its solution possess 180� rotational
symmetry about the x3-axis such that only the region above the x1-
axis needs to be meshed. Consistent with the rotational symmetry,
the boundary conditions along x2¼ 0 for the upper part of the finite
element mesh in Fig. 3c are: u1(x1,0)¼�u1(�x1,0) and u2(x1,0)¼�
u2(�x1,0). These boundary conditions are applicable to strictly
symmetric and anti-symmetric deformations, as well as the present
mixed problem.2 These conditions are imposed in the finite
element code using a standard penalty approach [19].

3. Results: necking, shear localization and failure

3.1. Identification of tractioneseparation relation for cohesive zone

To set the stage for the presentation of results characterizing the
cohesive zone, a representative computed result in the form of the
dimensionless load/depth, F/(syW0), as a function of the normalized
overall elongation, D/L0, is given in Fig. 4a. As is well known,
necking begins at the maximum load. In plane strain tension the
onset of necking occurs at the Considère condition, which for the
present material is when the logarithmic strain attains, 3LOG¼N.
Since N¼ 0.1 in this example, 3LOG, and the overall engineering
strain, D/L0, differ only slightly prior to necking, and thus the onset
of necking is at DC/L0y 0.1. Beyond the Considère point, continuing
deformation is localized to the neck which initially extends roughly
one width, W0, above and below the horizontal centerline of the
section. As the neck develops under increasing D/L0, the load falls
gradually until the onset of shear localization noted in Fig. 4a,
whereupon the load begins to fall abruptly with relatively little

further overall elongation. In this last stage, continuing deforma-
tion is now localized to the shear band with almost no additional
deformation in the neck outside the band. The problem studied in

Fig. 5. Effective plastic strain at shear localization based on (a, c) bifurcation analysis in plane strain tension, and comparison with the local effective plastic strain predicted using
the FE-model at (x1,x2)¼ (0,0), for (b) ku¼ 0 for N˛ [0.05,0.2] and f0˛ [0.005,0.02] and (d) ku˛ [0,2] for N¼ 0.1 and f0˛ [0.005,0.02]. (sy/E¼ 0.003).

Fig. 6. Effect of the out-of-plane deflection constraint across the fracture zone: (a)
normalized overall load-deflection curves for constrained and unconstrained sections
and (b) associated cohesive energy, G0¼ GIþ GII, for f0˛ [0.005,0.02], N¼ 0.1, ku¼ 0
and sy/E¼ 0.003.

2 Analogous boundary conditions were exploited by Tvergaard [18] in his study
of necking and shear localization in three-dimensional bars pulled in tension.
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this paper is thus characterized by two fundamental localization
phenomena, necking and shear banding, the latter contained
within the former. As shearing progresses in the band, damage
increases until shear failure occurs with complete separation.

The following issue is now addressed: What part of the load-
elongation behavior in Fig. 4a is relevant to the characterization of the
cohesive zone? The cohesive zone in a large scale finite element
model should represent that part of the behavior that the elements
cannot capture. Plate or shell elements ahead of a long crack can
capture behavior up to the onset of necking and they can correctly
represent elastic unloading once necking begins. But, they cannot
capture the sequence of deformations in the neck beyond the onset
of the necking localization. It is this part of the load-elongation
behavior in Fig. 4a which must be employed to characterize the
cohesive zone. The tractioneseparation curve for the cohesive zone
extracted from Fig. 4a is plotted in Fig. 4b as F/(syW0) (normalized
traction per original area) as a function of the additional normalized
separation, d/W0, with d¼D�DC. The nominal Considère stress is
sC¼ FMAX/W0. Note that the relation between F/(syW0) and d/W0
will be independent of the height, L0, of the section if one ignores the
elastic unloading contraction of the sections above and below the
neck after the onset of necking. The elastic unloading contraction
can be subtracted off but it is so small that its influence is negligible.

This example, which is typical for tough ductile alloys, already
makes it clear that the cohesive work of separation,

R
Tddh

G0 ¼ GI þ GII (with T as the nominal traction) is primarily due to
the energy dissipated between the onset of necking and the onset

of shear localization, GI. The dissipation occurring subsequent to the
onset of shear localization, GII, is relatively small. These findingswill
be elaborated below.

3.2. The onset of shear localization

Rice [20] established the analytical condition for the onset of
shear localization as a bifurcation condition depending on the local
state of deformation and stress. The curves in Fig. 5a and c are
predictions for effective plastic strain at the onset of shear band
bifurcation from the state of plane strain tension as a function of f0,
ku and N. The details of the calculations underlying these results
have been given in Ref. [7] and will not be repeated here. The band
orientation is within one or two degrees from 45� to the tensile
axis. These results are compared to the finite element model in
Fig. 5b and d by mapping the circular data points in Fig. 5a and
c from the shear band bifurcation analysis onto the predicted
effective plastic strain evolution in an element at the center of the
neck where shear localization begins. As seen in Fig. 5b and d, the
element undergoes an abrupt increase in plastic strain at the onset
of shear localization. The agreement between the analytical bifur-
cation condition for a shear band and the onset of the localization
band in the finite element calculation is remarkably good even
though the state of deformation at the center of the neck in the
finite element model prior to shear localization is not precisely
plane strain tension. Some additional stress triaxiality develops
during necking in the finite element model which accelerates the

Fig. 7. Mesh dependence: (a) element size effect on tractioneseparation curve, and associated failure modes for element of size (b) L(e)¼W0/32, (c) L(e)¼W0/48, (d) L(e)¼W0/64,
and (e) L(e)¼W0/96 (sy¼ 630 MPa, N¼ 0.1, ku¼ 0, f0¼ 0.01).
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onset of shear localization. For the cases in Fig. 5c and d, the
additional triaxiality accounts for the small discrepancy between
the bifurcation prediction and the finite element results.

After the shear band forms in the center of the neck it spreads
towards edges in a direction at roughly 45� to the centerline. Once
theband reaches theedges, plastic strainingbecomes almost entirely
localized to the band such that the overall elongation is abruptly
curtailed (c.f. Fig. 4). In the present finite element model, the thick-
ness of theband is set by the size of theelementswithin theneck. The
band is essentially one element thick, as elements on either side of
thebandundergo elastic unloading. The element size-dependenceof
the tractioneseparation behavior will be explored in Section 3.4.

3.3. Two boundary conditions and initial imperfections

The two limiting boundary constraints introduced in Section 2.3
and depicted in Fig. 3 have been considered to provide insight into
conditions that will be encountered in applying a cohesive zone
model for the fracture analysis of large plate structures. The con-
strained case represents the limit where the sections of the plate
and the supporting structure above and below the cohesive zone do
not permit any overall out-of-plane displacement across the zone,
while the unconstrained case is the limit where there is no resis-
tance to an overall out-of-plane displacement across the zone. In
the present model, these limiting conditions will depend on L0, but
there is very little difference in the overall tractionedisplacement
behavior for the two limits when L0/W0¼ 3, as seen in Fig. 6. Prior
to the onset of shear localization, the responses for the two cases
are indistinguishable. Following shear localization, more energy is
dissipated in the constrained case, but the difference is very small.
This outcome is fortunate for applications of cohesive models to
ductile plates because it implies that the zone characteristics can be
specified without regard for the out-of-plane constraint. All the
following results have been computed with the unconstrained
boundary conditions.

3.4. Tractioneseparation and cohesive energy

The maximum nominal traction, TMAX¼ FMAX/W0, can be identi-
fied as the Considère load per original area at the onset of necking,
where the cohesive separation process begins, d¼ 0. As can be seen in
Figs. 4 and 6, the traction falls gradually until the onset of shear
localization where it begins a precipitous fall. In most applications of
cohesive tractioneseparation laws, the two most important features
are themaximum traction and thework/original area of the tractions,
G0 ¼ GI þ GII ¼ R

Tdd. But, as discussed in Ref. [21], the exact details
of T versus d will generally not be essential as long TMAX and G0 are
accurately reproduced and the functional form is faithful to the
general features seen in Figs. 4 and 6. In the remainder of this paper,
the results presented will highlight the dimensionless cohesive
dissipation energy, G0/(syW0), while TMAX can be computed by
elementarymethods. For the power-lawhardeningmaterial in Eq. (9)
withnodamage, theConsidère condition forplane strain tensiongives

TMAX
sy

¼ 2ffiffiffi
3

p
�

2ffiffiffi
3

p NE
sy

�N

e�N (13)

if elastic compressibility is ignored. Damage reduces the maximum
traction but only slightly as will be seen in the results presented
below.

The role of the finite element mesh on the results of interest is
brought out by Fig. 7a where the tractioneseparation behavior is
presented for one specific material case (N¼ 0.1, f0¼ 0.01 and
ku¼ 0) and for four meshes with square elements of dimensions,
L(e)� L(e), using the normalization, L(e)/W0. Prior to shear

localization, there is essentially no mesh dependence because all
four meshes are fine enough to accurately predict the necking
response. Similarly, assuming the stresses and strains in the neck to
be adequately resolved, the onset of shear localization at the center
of the neck is not very sensitive to meshing, because the onset
condition depends on local stresses and strains and not on their
gradients. However, the subsequent growth of the shear localiza-
tion and shear failure is directly tied to element size, as discussed
earlier. No length scale has been introduced in the material model
that would limit strain gradients. The shear band has essentially
one element across its width and thus has an approximate thick-
ness, L(e). Fig. 7bee clearly indicates that the final stage of the
tractioneseparation process depends strongly on the element
sizedthe larger the element, the thicker the localization band and
the more energy is dissipated. The mesh in Fig. 7b with the largest
elements is too crude to even qualitatively capture the formation of
a realistic shear band.

A systematic study of the dependence of the cohesive work of
separation on L(e)/W0 is presented in Fig. 8. The limit as L(e)/W0/ 0
in Fig. 8 is obtained by extrapolation of the computed points as

Fig. 8. Cohesive energy dependency on element size during sheet necking, shear
localization and fracture, showing the effect of (a) initial porosity f0˛ [0.005,0.02] with
N¼ 0.1, and (b) Strain hardening N˛ [0.05,0.2] with f0¼ 0.01. The other parameters are
the same as those specified in Fig. 7.
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indicated. This limit is the prediction for GI/(syW0) obtained as the
area under the tractioneseparation curve computed between the
onset of necking and the onset of shear localization at the center of
the neck. Included in Fig. 8 as square points on the ordinate are the
predictions from an estimate of GI computed in uniform plane
strain tension for the energy absorbed between the Considère load
and the onset of shear localization from the shear band analysis.
Mainly due to the triaxiality increase above plane strain tension,
the extrapolated results for GI from the finite element calculations
fall below the estimates, but the difference is quite small. As noted
earlier, GI is insensitive to the finite element mesh as long as it
resolves the neck. The cohesive energy can be partitioned precisely
into the contribution, GI, between the onset of necking (the inter-
cept on the ordinate) and the onset of shear localization, and the
mesh-dependent contribution, GII, from the final stage following
the onset of shear localization. From Fig. 8 it can be seen that GII/(sy
W0)y aL(e)/W0 where a lies between 1 and 2. This implies
GIIy asyL

(e), consistent with the expectation that the energy/area
dissipated in the final stage is on the order of sy� a strain of order
unity� the thickness of the shear band. It is also evident that the
dominant contribution to the cohesive energy is from the onset of

Fig. 10. (a) Normalized overall loadedeflection curves for metal sheet section showing
the effect of sy/E. (b) Cohesive energy normalized using the yield stress, and (c)
cohesive energy normalized using the nominal Considère stress, sC (N˛ [0.05,0.2],
ku¼ 0, f0¼ 0.01).

Fig. 9. Cohesive energy as a function of initial void volume fraction showing the effect
of (a) strain hardening N˛ [0.05,0.2] with ku¼ 0 and (b) the shear damage coefficient
ku˛ [0,2] with N¼ 0.1. The other parameters are the same as those specified in Fig. 7.
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necking to the onset of shear localization. Moreover, this dominant
contribution scales precisely with the thickness of the plate.

The three most important material parameters influencing the
cohesive energy areN, f0 and ku. Trends showing the dependence on
N and ku are presented in Fig. 9 for a mesh with L(e)¼W0/96. For
materials with the tensile stressestrain behavior Eq. (9), the only
other dimensionless parameters affecting the tractioneseparation
behavior are sy/E, fC and ff. The influence of sy/E is displayed in
Fig.10a and b. The dependence is directly related to the dependence
of the maximum load on sy/E as reflected by Eq. (13). This depen-
dence can be captured quite accurately if oneuses thenominal stress
Eq. (13) at the Considère condition, sCh TMAX, in place of sy in the
normalization of the traction, i.e. F/(sCA0). This assertion is demon-
strated in Fig. 10c where the curves for G0/(sCA0), with the strain
hardening N˛ [0.05,0.2], show little dependence on sy/E. This could
also be seen from the tractioneseparation curves as they nearly
collapse to a single curve when this alternative normalization was
used, for a given strain hardening,N. A few additional calculations in
which the coalescence parameters fC and ff are varied over the
ranges, 0.1� fC� 0.2 and 0.35� ff� 0.45, have been carried out to
assess their influence. The maximum variation of GII is approxi-
mately 20%. Because GII is such a small fraction of the total work of
separation, G0, one concludes that the primary results of interest in
this study depend very weakly on the coalescence parameters.

4. Conclusions and extensions

The energy/area, G0, associated with a cohesive zone model of
ductile plates subject to mode I tearing has been identified as the
energy dissipated during necking, shear localization and slant
fracture following the onset of necking in the zone ahead of the
crack tip. The present work provides a detailed treatment of this
sequence of plane stress crack growth which fits into the frame-
work of plane stress growth consideredmore broadly in Ref. [3]. For
the sequence considered here, it is shown that the energy/area can
be partitioned as G0¼GIþ GII with GI as the energy/area dissipated
between the onset of necking and the onset of shear localization
and GII as that dissipated in shear localization and shear fracture.
The first contribution, GI, dominates the total energy dissipated
during crack advance and it scales exactly with the plate thickness,
W0, according to GIf syW0. For a 1-cm thick plate made of a ductile
metal with yield stress sy¼ 300 MPa, GIw 1 MJm�2. By contrast,
the second contribution scales as GIIf sy[ where [ is the thickness
of the shear localization band, which scales with the element size in
the presented FE analysis; for sy¼ 300 MPa and [¼ 30 mm,
GIIw 0.01 MJm�2. This numerical example highlights the fact that,
because plasticity constitutes the major portion of the dissipation
for both contributions, each of them is huge compared to the
atomistic work of separation, which is typically only several J m�2.
Furthermore, this example clearly demonstrates that GI[GII.

The cohesive zone characterized in this paper is associated with
a mode I crack that has propagated several plate thicknesses such
that the zone ahead of the crack tip is fully developed and is
advancing under nominally steady-state tearing conditions. If the
crack is initially sharpwhen it begins to first propagate, the relevant
initial toughness will be closer to the plane strain toughness than to
the “plane stress” toughness that is the focus here. The work of
separation for a tough ductile alloy under plane strain conditions
scales according to G0w sYD where D is the spacing of the voids
that dominate the fracture process. For plates thick enough such
that the plane strain toughness (or some approximation to this
toughness) governs the initiation of crack growth, the initial frac-
ture energy is likely to be much smaller than the plane stress
fracture energy. This almost certainly implies that a cohesive zone
representation expected to capture behavior initiating from an

initial sharp crack will require a transition from an initial propa-
gation phase with lower separation energy to the steady-state level
with higher separation energy. It also remains for further work to
determine cohesive zone parameters capable of charactering crack
initiation from a stress concentration such as a notch. Furthermore,
it remains for future work to extend the characterization of
a cohesive zone model for ductile plates for mixed mode in-plane
tearing under conditions where the crack path will be curved. For
ductile plates, the cohesive zone is likely to follow the path created
by the incipient neck as it propagates ahead of the advancing crack
tip. Results for the onset of sheet necking under conditions other
than plane strain tension will be needed; these are available in the
form of sheet metal forming limits. Finally, to be generally appli-
cable in a large finite element code for structural analysis of plates
and shells, the cohesive zone representation will have to incorpo-
rate the effects of bendingmoments and, possibly transverse forces,
on the generalized tractioneseparation behavior.
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a b s t r a c t

Steady state crack propagation produce substantial plastic strain gradients near the tip,
which are accompanied by a high density of geometrically necessary dislocations and addi-
tional local strain hardening. Here, the objective is to study these gradient effects on Mode I
toughness of a homogeneous rate-sensitive metal, using a higher order plasticity theory.
Throughout, emphasis is on the toughness rate-sensitivity, as a recent numerical study
of a conventional material (no gradient effects) has indicated a significant influence of both
strain rate hardening and crack tip velocity. Moreover, a characteristic velocity, at which
the toughness becomes independent of the rate-sensitivity, has been observed. It is the
aim to bring forward a similar characteristic velocity for the current strain gradient
visco-plastic model, as-well as to signify its use in future visco-plastic material modeling.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The fracture toughness of elastic–plastic materials is primarily governed by plastic dissipation that decomposes into irre-
coverable heat energy and cold work associated with the dislocation structure [1–9], which in turn is responsible for the phe-
nomenon of stable crack growth [1,10,11]. At steady state crack advance, under small-scale yielding, the remote elastic
region follows the classical solution with a

ffiffiffi
r
p

-singularity in the stress field, while an active plastic zone travels with the
crack tip and shields it from the surrounding elastic stress–strain fields. Trailing behind, is a residual plastic strain wake
where elastic unloading takes place, and where a secondary loading zone exists in terms of reverse plastic deformation so
that the material remains in yielding close to the free fracture surface. The size and shape of these plastic regions, and thus
the macroscopic material toughness, are controlled by a wide range of parameters, characterizing material properties and
loading conditions. This has been extensively studied in the literature using both steady state [1,2,4,5,11,12], and Lagrangian
[6–8,13] model formulations. It is well known that properties such as the strain hardening, and thereby the evolution of the
local flow stress, significantly influences on the dissipated energy, thus on the energy needed to advance the crack in the
presence of plasticity. Any hardening effect, such as additional hardening owing to strain gradients should therefore be ex-
pected to play a noticeable role on the macroscopic fracture toughness.

To model experimentally observed gradient effects [14–17], a range of so-called higher order theories have been devel-
oped, counting both phenomenological [18–22], and micro-mechanics based [23–26] models. Moreover, a great deal of effort
has gone into applying the various models to interface cracking under stationary conditions [5,27–31]. Using the modeling
procedure by [1], developed for steady state structural analysis, Wei and Hutchinson [27] analyzed Mode I crack growth in
homogeneous rate-independent metals with focus on gradient effects. Special attention was given to the tractions acting on
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the plane ahead of the crack tip (see also [28]), the crack opening displacement, the shape of the active plastic zone, and the
associated change in the macroscopic fracture toughness, based on a cohesive zone modeling approach for the near tip frac-
ture process. Their work was later continued in [5] for interface failure, where the model by Suo et al. [3] (SSV-model) is
reviewed and unified with a cohesive zone model. While the above studies are carried out using the phenomenological gra-
dient enhanced J2-flow theory by Fleck and Hutchinson [18], similar studies for rate-independent mechanism-based strain
gradient (MSG) theories can be found in the literature. Jiang et al. [29], conducted an analysis of the stress field surrounding
the crack tip, in order to provide a means to explain cleavage cracking in metals. Wei et al. [31], compared their steady state
Mode I crack analysis, using an MSG theory by Qiu et al. [26], to predictions in [27]. Similar trends were obtained using MSG
theory, but with a length parameter 4–5 times the corresponding quantity in the Fleck-Hutchinson theory.

The objective of this study is to analyze steady state Mode I fracture in elastic-viscoplastic strain gradient enhanced
metallic materials, and thereby to bring out the combined effects of rate-sensitivity and strain gradient hardening on the
macroscopic fracture toughness. The viscous behavior of metals undergoing deformation, e.g. at elevated temperatures, is
known to be an important factor concerning plastic dissipation, and the assumption of a rate-independent response is typ-
ically not easily justified. In a recent study, Nielsen and Niordson [9], demonstrated this, using a conventional elastic-visco-
plastic material model without gradient effects. When compared to the rate-independent toughness, a significant increase in
fracture toughness exists for slowly growing cracks, while a decrease was found for fast growing cracks. Moreover, this study
revealed a characteristic velocity at which the fracture toughness becomes independent of the material strain rate harden-
ing, and thus equal to the rate-independent toughness. This was argued based on the time aspect of the stress build-up/
relaxation in the vicinity of the crack tip, but unfortunately no physical interpretation can be made of this velocity. Further-
more, the predicted characteristic velocity is yet to be identified in experiments. The finding of this characteristic velocity
fertilizes multiple questions regarding future modeling of viscoplastic materials. E.g. does a similar characteristic velocity exist
for other and more advanced constitutive models? Does the characteristic velocity allow for extracting information on the rate-
independent toughness which can be difficult to assess directly? In the present study, we consider a gradient enhanced material
model by Gudmundson [20] , (see also [21,32]), which is based on a similar visco-plastic framework as the conventional
model used in [9]. However, the current model formulation differs substantially from the conventional model, but

Nomenclature

_a crack tip velocity
D SSV parameter
E, G, m Young’s modulus, Shear modulus and Poisson ratio, respectively
Ep; _Ep effective plastic strain and plastic strain rate, respectively
fij(h) dimensionless mode functions
Jtip, Jss energy release rate at crack tip and at steady state, respectively
KI stress intensity factor
LD, LE dissipative and energetic length parameter, respectively
sijk total higher order stress tensor

sD
ijks

E
ijk dissipative and energetic part of the higher order stress tensor, respectively

Mij higher order tractions
N, m strain hardening and strain rate hardening, respectively
qij micro-stress tensor

qD
ij ; qE

ij dissipative and energetic part of micro-stress tensor, respectively
r radial distance from crack tip
R0, Rss reference plastic zone size and steady state plastic zone size, respectively
sij Cauchy stress deviator
Ti conventional traction vector
ui displacement field
xk Cartesian coordinates
Lijkl isotropic elastic stiffness tensor
rij Cauchy stress tensor.
ry, re initial yield stress and von Mises stress, respectively
rc gradient enhanced effective stress
_e0 reference strain rate
eij; ee

ij; ep
ij total strain, elastic strain and plastic strain tensor, respectively

ep
ij;k; _ep

ij;k gradient of plastic strain and plastic strain rate, respectively

h relaxation parameter
W free energy
Ctip fracture energy release at the crack tip
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approaches its response in case of small strain gradients, or equivalently by letting the length parameter go to zero. More-
over, equivalent to the conventional model, the gradient enhanced model is rather cumbersome in terms of stability, when
approaching the rate-independent limit for which the theory is incomplete at present. This model is therefore ideally used to
shed light on the questions raised above.

The paper is structured as follows. The classical boundary value problem of a semi-infinite crack, advancing at steady
state under Mode I loading is briefly summarized in Section 2, while the material model formulation and numerical proce-
dure are presented in Section 3. Attention is given to the steady state procedure, which has been adapted for integration of
the current gradient enhanced elastic-viscoplastic material model. The results of the analysis are laid out in Section 4, where
the combined effect of material rate-sensitivity and strain gradient hardening are illustrated. Moreover, Section 4 presents a
method that allows for extracting the rate-independent toughness without approaching this limit numerically. Some con-
cluding remarks are given in Section 5.

2. Problem formulation

Fig. 1 illustrates the Mode I crack growth problem considered in the present study. The crack is assumed to grow under
stationary conditions, with constant velocity, _a, so that the near tip stress and strain fields are fully developed. To link the
macroscopic and the microscopic scales, and thereby to model the shielding ratio, Jss/Jtip, a variation of the SSV-model by Suo
et al. [3] is adopted in this study (see Section 3). Plane strain conditions and small scale yielding are assumed, while the effect
of material inertia is neglected. Remote Mode I loading is applied on the outer boundary according to the elastic solution of a
semi-infinite interface crack [33], whereby the remote stress field is given in terms of the remote KI stress intensity factor

rij ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p fijðhÞ: ð1Þ

Here, h is the angle from the positive x1-direction, r is the distance from the crack tip and fij(h) are the dimensionless mode
functions. By defining the length quantity, R0, as the reference plastic zone size

R0 ¼
1

3p
KI

ry

� �2

; and KI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ECtip

1� m2

r
: ð2Þ

Fig. 1. Stationary Mode I crack growth in rate-sensitive materials, subject to a remote elastic KI-field. Employing the SSV model, an elastic material strip of
total width ‘‘D’’ is introduced around the crack, and the elastic material properties (E and m) are kept constant throughout the material. Symmetry is
enforced in the displacement field along x1 P 0 at x2 = 0, while a discussion on the higher order boundary conditions can be found in Section 3.3.

Table 1
Mechanical properties.

Parameter Significance Value

E Youngs modulus 200 GPa
m Poisson’s ratio 0.3
ry Initial yield stress 200–600 MPa
N Strain hardening exponent 0.1–0.5
m Strain rate hardening exponent 0.01–0.1
_e0 Reference strain rate 0.002 s�1

Ctip Near tip fracture energy 1 J/m2

LD/R0 Dissipative length parameter 0–0.8
LE/R0 Energetic length parameter 0
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the fracture energy release rate at the crack tip, Ctip, enters as a near tip fracture criterion through the linear elastic fracture
criterion (Jtip = Ctip), which applies in the elastic strip introduced by Suo et al. [3] (see Section 3). Here, Ctip denotes the
microscopic fracture energy, while E is Young’s modulus, m is Poisson ratio and ry is the initial yield stress (see Table 1).
The macroscopic toughness at steady state, Jss, is in the following related to the corresponding Kss-field, prescribed to the
outer boundary, through an expression similar to Eq. (2).

3. Model: constitutive relation and numerical procedure

3.1. Rate-sensitive constitutive model

The crack growth problem is analyzed using a gradient enhanced elastic-viscoplastic material model proposed by
[20,21,32]. Employing a small strain formulation, an additive decomposition of the total strain is applied, so that
eij ¼ ee

ij þ ep
ij, where ee

ij is the elastic part and ep
ij is the plastic part. The total strain field is determined from the displacements,

which together with the plastic strain components are determined based on the principle of virtual work for the current
higher order material. In Cartesian components, this writesZ

V
rijdeij þ ðqij � sijÞdep

ij þ sijkdep
ij;k

� �
dV ¼

Z
S

Tidui þMijdep
ij

� �
dS: ð3Þ

Here, qij is the micro-stress tensor, sij = rij � dijrkk/3 is the Cauchy stress deviator and sijk is the higher order stresses, work
conjugate to the plastic strain gradients, ep

ij;k. Here, ( ),k denotes the partial derivative with respect to the coordinate xk. The
right hand side of the principle of virtual work includes the conventional traction vector Ti = rijnj, work conjugate to the dis-
placements, and the higher order tractions Mij = sijknk, work conjugate to the plastic strains.

Usually, plastic deformation is mainly considered to be a dissipative process that covers irrecoverable heat energy and
cold work, whereby no free energy is associated with the plastic strain itself. At large length scales, corresponding to the
conventional limit (small strain gradients), all energy associated with plastic deformation should therefore be dissipated.
However, when large plastic strain gradients appear, geometrically necessary dislocations (GNDs) are stored [34], which
gives rise to free energy associated with the local stress field of the GNDs [24,35], as-well as increased dissipation when
the GNDs move in the lattice. These mechanisms were originally incorporated into this higher order material model by
assuming the micro-stress to have a dissipative part, qij ¼ qD

ij , only, while the higher order stresses decompose into a dissi-
pative part, sD

ijk, and an energetic part, sE
ijk, so that: sijk ¼ sD

ijk þ sE
ijk. Thus, the free energy can be introduced according to the

isotropic expression

W ¼ 1
2

eij � ep
ij

� �
Lijklðekl � ep

klÞ þ
1
2

GðLEÞ2ep
ij;ke

p
ij;k ð4Þ

whereby the conventional stresses is given through the elastic relationship: rij ¼ Lijkl ekl � ep
kl

� �
, while the energetic higher

order stresses are: sE
ijkl ¼ GðLEÞ2ep

ij;k. Here, Lijkl is the isotropic elastic stiffness tensor, G is the elastic shear modulus and LE

is the isotropic energetic constitutive length parameter. In this study, the energetic length parameter is taken to be zero
throughout.

The corresponding dissipative quantities are derived from a visco-plastic potential, consistent with [20] and [32], where
the effective stress, rc = rc(Ėp,Ep), is taken to depend both on the accumulated effective plastic strain, Ep, and the current gra-
dient enhanced effective strain rate

_Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

_ep
ij
_ep

ij þ ðLDÞ2 _ep
ij;k

_ep
ij;k

r
: ð5Þ

Here, LD is the dissipative length parameter, and _ep
ij;k are the rates of the plastic strain gradients. The length parameter LD is

included for dimensional consistency. It scales the dissipation contribution from geometrically necessary dislocations to that
arising from plastic deformation in the absence of plastic strain gradients. Following [20], the dissipative stresses are given by

qD
ij ¼

2
3

rC ½ _Ep; Ep�
_Ep

_ep
ij; and sD

ijk ¼
rC ½ _Ep; Ep�

_Ep
ðLDÞ2 _ep

ij;k ð6Þ

while the associated effective stress measure is

rC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

qD
ij q

D
ij þ ðLDÞ�2sD

ijksD
ijk

r
ð7Þ

A power-law relation for the visco-plastic behavior is assumed, so that

_Ep ¼ _e0
rC

gðEpÞ

� �1=m

; with gðEpÞ ¼ ry 1þ EEp

ry

� �N

ð8Þ

where N is the power hardening exponent, m is the strain rate hardening exponent and _e0 is the reference strain rate. In this
model, the visco-plastic behavior becomes significant for high values of the strain rate hardening exponent, m, while the cur-
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rent constitutive material model approaches the response of a J2-flow material model in the rate-independent limit (m ? 0).
Moreover, the response of the gradient enhanced model reduces to the prediction of its corresponding conventional version
for zero length scales (LE = LD = 0).

3.2. Steady state formulation and numerical procedure

In this study, a steady state finite element (FE) formulation is chosen over a classical transient FE model since it directly
brings out the crack tip field under stationary conditions, which is the aim for this analysis. Thus, the convergence of any
transient behavior is avoided, which in turn makes the steady state formulation much faster in terms of calculation time.
Dean and Hutchinson [1], define steady state as the condition at which the stress field and strain field surrounding the
advancing crack tip remains unchanged to an observer moving with the tip. Thus, any time derived quantity, _f , in the con-
stitutive model can be related to the spatial derivative through the crack velocity, _a, along the x1-direction, according to

_f ¼ � _a
@f
@x1

: ð9Þ

An incremental quantity, in a given material point x�1; x
�
2

� �
, can then be evaluated by a streamline integration along the neg-

ative x1-direction, which starts well in front of the active plastic zone (upstream, x1 ¼ x0 � 0; x2 ¼ x�2) and ends at the point
of interest x1 ¼ x�1; x2 ¼ x�2

� �
. This spatial streamline integration is carried out using a standard forward Euler time integra-

tion, with the point of interest holding the history of all upstream material points.
For the adopted model formulation, the conventional principle of virtual work for quasi-static problems can be use to

determine the displacement field, ui,Z
V

deijLijklekldV ¼
Z

S
duiTidSþ

Z
V

deijLijklep
kldV ð10Þ

whereas a corresponding Minimum Principle can be formulated for the plastic strain rate field [32],Z
V

qD
ij d _ep

ij þ sD
ijkd _ep

ij;k

� �
dV ¼

Z
V

sijd _ep
ij � sE

ijkd _ep
ij;k

� �
dV þ

Z
S

Mijd _ep
ijdS: ð11Þ

The displacement field, and the related plastic strain rate field thereby decouple partially, whereby a solution can be iterated
upon in a ‘‘staggered’’ approach, with one solution limping behind the other.

The numerical implementation of the current visco-plastic strain gradient enhanced model follows that of [36]. Thus,
based on the Minimum Principles in Eqs. (10) and (11), a standard finite element interpolation of the form

_ui ¼
X8

n¼1

NðnÞ _uðnÞi and _ep
ij ¼

X4

n¼1

NðnÞ _eðnÞij ð12Þ

can be introduced for the displacement increments and the plastic strain rate field, respectively. Here, 8-node isoparametric
plane strain elements are used for the discretization of the displacement field, and corresponding 4-node elements are used
for the plastic strain rate field. Both element types are integrated using Gauss quadrature, with 2 � 2 Gauss points. The nodal
solution is iterated upon following a steady state integration procedure similar to that of [1,9,12,27]. Here, the corresponding
gradients to the nodal fields are readily derived in line with the standard displacement-to-strain matrix based on Eq. (12).
The basis of this numerical procedure is summarized below.

(1) Based on the plastic strains from the earlier iteration, epðn�1Þ
ij , the current displacement field, uðnÞi , is determined from

Eq. (10).
(2) Compute the total strain, eðnÞij , from the current displacement field, uðnÞi .
(3) Determine the plastic strain rate field, _epðnÞ

ij , iteratively:
do m = 1, . . .

(A) Determine _epðmÞ
ij from Eq. (11), based on _ep�ðm�1Þ

ij and evaluate

_ep�ðmÞ
ij ¼ ð1� hÞ _ep�ðm�1Þ

ij þ h _epðmÞ
ij ð13Þ

with h being a relaxation parameter introduced to enhance stability.
(B) Update _epðmÞ

ij;k ; _EpðmÞ; qDðmÞ
ij and sDðmÞ

ijk , based on _ep�ðmÞ
ij .

(C) Perform streamline integration (epðmÞ
ij ¼ 0 outside steady-state region)

epðmÞ
ij ¼

Z x�

x0

@epðmÞ
ij

@x1
dx1; with

@epðmÞ
ij

@x1
¼ �1

_a
_ep�ðmÞ

ij ð14Þ

epðmÞ
ij;k ¼

Z x�

x0

@epðmÞ
ij;k

@x1
dx1; with

@epðmÞ
ij;k

@x1
¼ �1

_a
_ep�ðmÞ

ij;k ð15Þ

EpðmÞ ¼
Z x�

x0

EpðmÞ

@x1
dx1; with

EpðmÞ

@x1
¼ �1

_a
_EpðmÞ ð16Þ
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(D) Compute the current stress field, rðmÞij , using the elastic relationship.
(E) Repeat steps A through D until convergence in _ep�ðmÞ

ij is achieved.
end do

(4) Repeat steps 1–3 until convergence is achieved. Convergence in both the displacement field and the stress field is here
considered.

3.3. A variation of the SSV model

Suo et al. [3] put forward the SSV-model as a means of investigating cleavage cracking in the presence of plastic flow.
Their model relies on the basic assumption that an elastic region, on the order of the dislocation spacing, surrounds the crack
tip whereby the dislocations emitted at the tip play a minor role in the fracture process, and are unlikely to blunt the major
portion of the crack front. In the steady state formulation, this implies that the crack lies fully within an elastic region of
width 2D, whereby linear fracture mechanics applies and an elastic singularity exists near the tip (see Fig. 1). Thus, the elastic
energy release rate is easily evaluated using the J-integral, whereby the criterion for crack propagation is: Jtip = Ctip, with Ctip

being the work of separation which must be supplied by the local elastic crack tip field for crack advance to occur (see e.g. [5]
for further details). For the case of plastic flow in regions bordering on the elastic SSV-strip of material, a large amount of the
energy supplied to the far boundary goes into plastic deformation, whereas only parts of it reaches the crack tip. Thus, let Jss

be the steady state energy release rate supplied far from the tip, the ratio Jss/Jtip quantifies the fraction of energy going into
plastic deformation during crack growth.

It is recognized that substantial plastic strain gradients occur near the crack tip, which are accompanied by additional
hardening associated with a high density of geometrically necessary dislocations (GNDs). Thus, in order to accurately esti-
mate the stresses and the plastic dissipation during crack advance, a higher order continuum model is adopted in the present
work. Additional boundary conditions most thereby be enforced, making this variation of the SSV model differ from that
originally proposed by Suo et al. [3].

Using the current model set-up for Mode I cracking, dimensional analysis dictates that the crack tip shielding ratio at
steady state is controlled by [5,37]

Jss

Jtip
¼ F

_a
R0 _e0

;
R0

D
;
LD

R0
;
LE

R0
;
ry

E
;N;m; m

� �
ð17Þ

Moreover, the crack tip shielding ratio, Jss/Jtip, is influenced by the choice of higher order boundary conditions, which by no
means is trivial as the elastic region introduced by Suo et al. [3] is non-conventional. The ‘‘traditional’’ higher order boundary
conditions with zero plastic strain rate at an elastic–plastic interface might therefore not be the obvious choice. Two sets of
boundary conditions are considered: (i) constraint plastic flow at the elastic–plastic interface so that _ep

ij ¼ 0 in the elastic
strip (x2 6 D), and (ii) leaving the higher order tractions zero at the interface so that Mij = 0 at x2 = D (enforced by neglecting
the higher order stiffness in the elastic strip). Fig. 2 compares the predicted crack tip shielding ratio that reflects the mac-
roscopic toughness owing to plasticity, as function of the SSV quantity R0/D for the two sets of higher order boundary con-
ditions. The comparison is made for both a slowly growing crack and a fast growing crack, with LD/R0 = [0,0.2]. The figure
shows that the predicted trends, using the two sets of boundary conditions, are comparable, although it is clear that a con-
straint on the plastic flow at the elastic–plastic interface ( _ep

ij ¼ 0 at jx2j 6 0) lowers the shielding ratio, especially when intro-

Fig. 2. Steady state fracture toughness vs. inverse elastic layer thickness (SSV parameter ‘‘D’’) emphazising the effect of the higher order boundary
conditions. Here, results are shown for N = 0.2, m = 0.05, LD/R0 = [0, 0.2], and _a=ðR0 _e0Þ ¼ ½102;104�.
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ducing the dissipative length scale (LD – 0). This has to do with the boundary layer of low plastic straining forming at the
interface close to the crack tip, where substantial plastic strains and plastic strain gradients would otherwise occur. On
the other hand, leaving the higher order stresses zero at the interface (Mij = 0 at x2 = D) eliminates this boundary layer, which
in turn makes this model prediction comparable to a conventional (local) model when LD ? 0. The second higher order
boundary condtion is therefore adopted in the remaining part of this paper enabling a direct comparison with earlier pub-
lished results by Nielsen and Niordson [9].

Throughout this work, the phrase ‘‘a slowly’’ or ‘‘a fast’’ growing crack refers to the velocity interval investigated as it
spans four orders of magnitude, for which inertia effects can be neglected as the maximum velocity considered is
_a ¼ 104 � R0 _e0, with R0 � 0.1–1 lm for materials failing by atomic separation (see [5]).

4. Results

Using a conventional model formulation, [9] recently showed that the macroscopic toughness of visco-plastic metals in-
creases monotonically with increasing rate-sensitivity at low crack tip velocity, while it decreases monotonically with
increasing rate-sensitivity at high crack tip velocity (independent of the strain hardening). This has to do with the stress
build-up/relaxation, which is to be further elaborated on in the following (see also [9]). In the present work, predictions com-
parable to those of a conventional plasticity model are obtained for the current strain gradient enhanced model (see Fig. 3).
In fact, by omitting the length scale effects (LD = 0), the model predictions closely coincides, with neglegible differences that
are related to convergence issues.

Fig. 3 shows the predicted crack tip shielding ratio as function of the SSV quantity R0/D for a slowly growing crack (in
Fig. 3a) and a fast growing crack (in Fig. 3b) under Mode I loading. To bring out the combined effect of material rate-sensi-
tivity and strain gradient hardening, results are shown for various strain rate hardening values (m = [0.01,0.05,0.1]), and dis-
sipative length parameters (LD = [0,0.2] for all cases, and LD 2 [0,0.8] for selected model settings). From Fig. 3, it is seen that
the macroscopic toughness increases monotonically with increasing rate-sensitivity at low crack tip velocity, while it de-
creases monotonically with increasing rate-sensitivity at high crack tip velocity (see [9] for further discussion). In addition
it is seen that an increase in length parameter, LD, lowers the macroscopic fracture toughness. This is ascribed to additional
hardening effects in the crack tip region, where the material undergoes substantial plastic deformation, which in turn leads
to elevated stresses near the tip that enable satisfying the fracture criterion at much lower macroscopic loads. This hardening
effect is also reflected in the von Mises stress field depicted in Fig. 4a as the variation along the streamline closest to the
elastic strip (x2 � D, thus near the SSV region). By accounting for the strain gradient hardening, the peak reference stress near
the crack tip increases significantly, independently of the crack tip velocity. This becomes even more pronounced for increas-
ing R0/D (decreasing elastic strip width). Compared to the results in [9], these predictions agree well with the trends found
for the overall strain hardening - increased strain hardening lowers the shielding ratio. It should be noticed that at high crack
tip velocity, the material rate-sensitivity and strain gradient hardening act together in order to lower the toughness as both
mechanisms help to elevate the stresses near the tip (see Fig. 4a). On the other hand, the two mechanisms will be competing
at low crack tip velocity. For a slowly growing crack, it has been observed that the level of the peak reference stress close to
the crack tip is little affected by changes in the rate-sensitivity when omitting gradient effects (independent of the ratio R0/
D), whereas the surrounding field relaxes with increasing strain rate hardening. Moreover, for a slowly growing crack with
LD > 0, it is observed that rate-sensitivity slightly lowers the peak reference stress, while a slight elevation of the wake stress
field is observed. Thus, generally speaking; for a slowly growing crack (and m > 0), the material has time to relax the stress
field that surrounds the tip through plastic straining, whereby the material rate-sensitivity serves as to increase the shielding
ratio.

Interestingly, strain gradient hardening is also found to significantly lower the mean stress near the crack tip, and thereby
suppresses the stress triaxiality in the region surrounding the fracture process zone (see Fig. 4b). On the other hand, a much
smaller effect is found on the stress component that drives failure by cleavage or atomic separation (here being r22). In fact,
the peak of the r22-component remains nearly unchanged when altering the dissipative length parameter, independently of
the ratio R0/D.

As discussed in [9], the monotonic increase/decrease of the shielding ratio with rate-sensitivity facilitates a definition of a
characteristic velocity, for which the toughness is independent of the material rate-sensitivity. As noted from Fig. 3, the cur-
rent gradient enhanced model exhibit the same monotonic behavior, independently of the dissipative length parameter, LD.
Thus, it is expected that a similar characteristic velocity exists for the current model. This is confirmed from Fig. 5 showing
the shielding ratio as function of the crack tip velocity, _a=R0 _e0, where a characteristic velocity is easily identified as the com-
mon intersection point for curves with fixed dissipative length parameter.

Comparing Figs. 3 and 5 to the extensive parametric study presented in [9], the limitations of the gradient enhanced mod-
el shine through the choice of material parameters investigated. It is well known that the current visco-plastic model formu-
lation becomes numerically unstable for m ? 0. In fact, choosing m = 0.01 in Figs. 3–5 provides numerical challenges, and
similar numerical difficulties are experienced for this model set-up when considering low strain hardening materials (e.g.
N = 0.1) when the rate-sensitivity is low, especially for LD ? 0. However, these inaccessible regions of the parameter space
can be accessed in terms of the rate-independent response by exploiting the characteristic velocity identified from Fig. 5. As
discussed, this intersection point is independent of the material rate-sensitivity, thus consequently it directly brings out the
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shielding ratio for the rate-independent limit (m = 0 would be a horizontal line in Fig. 5). Moreover, the intersection point has
been shown also to exists for high strain rate hardening at which the model is numerically stable - even for low strain hard-
ening and LD ? 0. Thus, repeated calculations similar to those in Fig. 5, can be used to extract the variation of the rate-inde-
pendent shielding ratio with a parameter of interest. An example is given in Fig. 6 where each point is extracted from the
intersection of two ‘‘toughness vs. velocity’’ curves with m = 0.1 and m = 0.08, respectively. Results are shown for two levels
of strain hardening (N = [0.1,0.5]), and for various values of the dissipative length parameter (LD 2 [0,0.4]). It is seen that the
predicted shielding ratio follows the expected trends when compared to Fig. 3 (and to [9]). In addition, the extracted curves
for LD = 0 in Fig. 6 is directly compared to the predictions of a corresponding conventional model with an m-value that closely
resembles the rate-independent limit (m = 0.001, see Fig. 6). This comparison is made possible from the choice of higher or-
der boundary conditions as discussed in Section 3.3. From Fig. 6, a remarkably good agreement is obtained for the high strain
hardening material (N = 0.5), while a somewhat less impressive, but still rather accurate, prediction is obtain for the low
strain hardening material (N = 0.1). In the case of high strain hardening (N = 0.5) convergence is more easily obtained com-
pared to the case of N = 0.1 (keeping m and LD fixed), which are reflected in the accuracy of the predicted shielding ratio. The

(a)

(b)
Fig. 3. Steady state fracture toughness vs. inverse elastic layer thickness (SSV parameter ‘‘D’’) for a homogeneous material with N = 0.2, m = [0.01,0.05,0.1],
LD/R0 = [0,0.2,0.4,0.8], (a) _a=ðR0 _e0Þ ¼ 102, and (b) _a=ðR0 _e0Þ ¼ 104.

68 K.L. Nielsen et al. / Engineering Fracture Mechanics 96 (2012) 61–71

160 CHAPTER .I- APPENDED PUBLICATIONS



convergence of the strain gradient dependent model is, however, improved for high values of N, m and LD. Thus, choosing
higher m-values for the intersecting ‘‘toughness vs. velocity’’ curves when considering N = 0.1 could improve both conver-
gence and accuracy.

It should be emphasized that Fig. 6 represents the rate-independent toughness which cannot be predicted directly using
the current strain gradient model formulation, since the rate-independent theory is incomplete at present. Most importantly
issues concerning loading/unloading are yet to be fully resolved (see [36] for further details).

5. Concluding remarks

Mode I toughness of homogeneous strain gradient enhanced visco-plastic metals is studied using a variation of the SSV
model with main focus on rate-sensitivity, strain gradient hardening and the possibility of a characteristic velocity, for which
the toughness becomes independent of the material rate-sensitivity (see [9] for a further discussion). Questions have been
raised whether the characteristic velocity identified in [9] for a conventional model also exists for the current more advanced

Fig. 4. Variation of (a) von Mises reference stress, and (b) stress triaxiality (T = rkk/(3re)) along the streamline closest to the SSV-region (x2 � D). Here,
shown for a fast growing crack ( _a=ðR0 _e0Þ ¼ 104) in a homogeneous material with N = 0.2, m = [0.01,0.05,0.1], LD/R0 = [0,0.2], and R0/D = 3.55.
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constitutive model, and if this phenomenon can be exploited in the modeling process. The present work provides a detailed
treatment of the steady state modeling procedure for the current model set-up, including a discussion of the choice of higher
order boundary conditions. The primary findings for Mode I crack propagation are

	 The additional hardening effect owing to strain gradients, that is accounted for through the dissipative length parameter,
LD, lowers the macroscopic toughness for all crack tip velocities considered (see Figs. 3, 5 and 6). This is ascribed to ele-
vated stresses observed near the tip which enable satisfying the fracture criterion at lower macroscopic loads (see Fig. 4).
	 Moreover, strain gradient hardening significantly lowers the mean stress near the crack tip, and thereby suppresses stress

triaxiality in the region surrounding the fracture process zone (see Fig. 4), whereas a much smaller effect is found on the
stress component that drives failure by cleavage or atomic separation.
	 The shielding ratio, and thus the macroscopic toughness, displays a monotonic increase with increasing rate-sensitivity at

low crack tip velocity, and vice versa at high crack tip velocity (see Fig. 3). This allows for the definition of the character-
istic velocity mentioned above (see Fig. 5), which in fact exists for all model settings since the monotonic behavior is
found to be independent of all other model parameters.

Fig. 5. Steady state fracture toughness vs. crack velocity for a homogeneous material showing the effect of strain gradients for N = 0.2, LD/R0 = [0,0.2], R0/
D = 4, and m = [0.01, 0.05,0.1].

Fig. 6. Steady state fracture toughness vs. inverse elastic layer thickness (SSV parameter ‘‘D’’) for a homogeneous material with N = [0.1, 0.5] and LD/
R0 = [0, 0.2,0.4] for m ? 0. Here, determined from two intersecting toughness vs. velocity curves with m = 0.1 and m = 0.08, respectively. The coorsponding
conventional results (m = 0.001) are shown for comparison.
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Despite the lack of physical interpretation of the characteristic velocity, it facilitates a novel approach to model the rate-
independent response of metallic materials, characterized by the current visco-plastic model formulation. This approach can
be summarized in the following three steps: (i) ensure the monotonic behavior emphasized above, (ii) perform two sets of
calculations for different strain rate hardening, m, and plot the parameter of interest (here being the shielding ratio) vs. the
crack tip velocity, (iii) identify the intersection point of the two curves, which directly brings out the rate-independent re-
sponse. An example is given in Fig. 6 for the current steady state model; however, the procedure is believed to apply to a
much wider range of problems.
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a b s t r a c t

Crack propagation in metallic materials produces plastic dissipation when material in front for the crack
tip enters the active plastic zone traveling with the tip, and later ends up being part of the residual plastic
strain wake. Thus, the macroscopic work required to advance the crack is typically much larger than the
work needed in the near tip fracture process. For rate sensitive materials, the amount of plastic dissipation
typically depends on the rate at which the material is deformed. A dependency on the crack velocity
should therefore be expected. The objective of this paper is to study the macroscopic toughness of crack
advance along an interface joining two dissimilar rate dependent materials, characterized by an elastic-
viscoplastic material model that approaches the response of a J2-flow material in the rate independent
limit. The emphasis here is on the rate sensitivity of the macroscopic fracture toughness under mixed
Mode I/II loading. Moreover, special cases of joined similar rate dependent materials, as well as dissimilar
materials where one substrate remains either elastic or approaches the rate independent limit is also
included. The numerical analysis is carried out using the SSV model [Suo, Z., Shih, C., Varias, A., 1993. A
theory for cleavage cracking in the presence of plastic flow. Acta Metall. Mater. 41, 1551–1557] embedded
in a steady state finite element formulation, here assuming plane strain conditions and small-scale yield-
ing. Results are presented for a wide range of material parameters, including noteworthy observations of a
characteristic crack velocity at which the macroscopic toughness becomes independent of the material
rate sensitivity. The potential of this phenomenon is elaborated on from a modeling point of view.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

It is widely recognized that the macroscopic fracture toughness
of interfaces between elastic–plastic solids are primarily governed
by plastic dissipation (Dean and Hutchinson, 1980; Suo et al.,
1993; Tvergaard and Hutchinson, 1992, 1993; Wei and Hutchin-
son, 1999; Landis et al., 2000; Tvergaard, 1997, 1999, 2001). As
the first, Dean and Hutchinson (1980) applied a steady state finite
element formulation to study stationary crack growth in elastic–
plastic solids. Their numerical study revealed that a material hold-
ing a crack tip under small scale yielding conditions can be divided
into four distinctly different regions: (i) a remote elastic region that
follows the classical solution with a

ffiffiffi
r
p

-singularity in the stress
field, (ii) an active plastic zone that travels with the crack tip and
shields it from the surrounding elastic stress–strain fields, (iii) a
residual plastic strain wake, trailing behind the active zone, where
elastic unloading takes place, and (iv) a zone, often referred to as a
secondary loading zone, close to the free fracture surface where the
material undergoes elastic unloading followed by reverse plasticity
so that it remains in yielding. By introducing a separation based

fracture criterion, Dean and Hutchinson (1980) showed that the
fracture toughness accompanied by this plastic dissipation far ex-
ceeds that of the near tip fracture process. These results were con-
firmed in Tvergaard and Hutchinson (1992) for homogeneous
elastic–plastic solids and in Tvergaard and Hutchinson (1993)
and Tvergaard (2001) for mixed Mode loading of dissimilar mate-
rials, using a Lagrangian model formulation with cohesive zone
elements to represent the near tip fracture process. Moreover,
Tvergaard and Hutchinson (1993) and Tvergaard (2001) predicted
the strong dependence on the Mode mixity, with a Mode II tough-
ness much larger than that of Mode I. This has also been observed
in experiments by Cao and Evans (1989).

The fact that the fracture toughness depends heavily on plastic
dissipation has driven a number of studies on what affects the size
and shape of the plastic zone during stationary crack growth in duc-
tile materials. Conventional plasticity models have revealed that the
macroscopic toughness, to a wide extend, is controlled by parame-
ters such as: the near tip fracture process energy Ctip, the yield stress
ry, the strain hardening N, the Mode mixity w0 and the local separa-
tion strength. Moreover, non-local studies of the additional harden-
ing effect owing to strain gradients near the crack tip have shown
interesting results. While the size and shape of the active plastic
zone is only little affected by size effects, it is shown in Wei and
Hutchinson (1997) and Wei et al. (2004) that the steady state

0020-7683/$ - see front matter � 2011 Elsevier Ltd. All rights reserved.
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fracture toughness displays a noticeable drop for increasing strain
gradient hardening. These studies are extended in Wei and
Hutchinson (1999) for interface separation of dissimilar materials
where one substrate remains elastic. Here, using either an embed-
ded cohesive zone model, or what is often referred to as the SSV
model, or a combination of the two, in order to relate the micro-
scopic and macroscopic scales. When based on conventional local
plasticity, the cohesive zone model is limited to separation strengths
on the order of r̂=ry � 4� 5, above which no crack growth will oc-
cur since a sufficient stress level cannot be achieved in front of the
tip. Obviously, this limits the cohesive zone approach to fairly weak
interfaces. The contrary is the case for the SSV model (Suo et al.,
1993), where an elastic singularity at the crack tip ensures that
much stronger interfaces, e.g. governed by cleavage cracking or
atomic separation, can be considered. However, the SSV model typ-
ically becomes invalid for low separation strengths where the model
assumptions are violated (see Section 3). Crack growth has been
intensively studied using both steady state (Dean and Hutchinson,
1980; Hui, 1983; Dhirendra and Narasimhan, 1998; Wei and Hutch-
inson, 1999) and Lagrangian (Tvergaard and Hutchinson, 1993;
Tvergaard, 1997, 1999, 2001) model formulations. The majority of
numerical studies found in the literature are conducted for rate
independent materials, which are valid only in the case of negligible
rate effects such as in metals at room temperature. Numerical stud-
ies on rate sensitive/creep metals can, however, be found in the lit-
erature (Freund et al., 1986; Siegmund and Needleman, 1997; Tang
et al., 2008a). The present work focuses on material systems involv-
ing either high rate sensitivity at room temperature, or loading at
elevated temperatures. In fact, the present study is strongly tied to
the delamination process in thermal barrier coatings (Evans and
Hutchinson, 2007), but the general trends predicted apply to a wide
range of bi-metallic systems such as; crack growth during debond-
ing in metal matrix composites or whisker-reinforced metals
(McDanels, 1985; Niordson and Tvergaard, 2002), debonding of
large or elongated intermetallic inclusions (Lassance et al., 2007;
Di Cocco et al., 2010), and interface decohesion between two-phase
metallic systems (Bae and Nam, 1994; Khamedi et al., 2010), even
though those systems are not ‘‘infinite layers’’.

For rate sensitive materials, the extent of the plastic zone that
shields the crack tip can be strongly dependent on the crack veloc-
ity, which in turn affects the macroscopic fracture toughness. This
is recognized for polymers, and both numerical (Webb and
Aifantis, 1995; Landis et al., 2000; Tang et al., 2008c,b) and exper-
imental (Du et al., 2000) studies have shown that for this type of
materials the fracture toughness can change by a factor of two with
a 5–10 fold increase in crack velocity. Somewhat lower, but similar
rate sensitivity should be expected for metals at elevated temper-
atures where viscous material behavior becomes important. The
objective of this study is to analyze the macroscopic toughness of
crack advance along an interface joining similar or dissimilar rate
sensitive metallic materials undergoing viscous deformation. The
primary goal is to derive general trends for the macroscopic tough-
ness of layered material systems, while future use of the findings
are emphasized. The SSV-model is employed to facilitate a fracture
criterion applicable for high strength interfaces found e.g. in metal/
metal systems or in metal/ceramic systems. Here, strain gradient
effects are omitted for future studies.

The paper is structured as follows. The boundary value problem
considered is summarized in Section 2, while the numerical
modeling approach and material model are presented in Section
3. Special attention is given to the steady state formulation of the
elastic-viscoplastic model for metallic materials. Results are pre-
sented in Section 4, where the effect of material rate sensitivity
on the macroscopic toughness of mixed Mode I/II crack advance
is illustrated for a wide range of dissimilar material interfaces. Con-
clusions are given in Section 5.

2. Problem formulation

The boundary value problem considered in this study is that
also considered by Tvergaard (2001), of an interface crack growing
at constant velocity, _a, under steady state between two dissimilar
materials subject to mixed Mode I/II loading (see Fig. 1). Here,
employing the steady state model formulation by Dean and
Hutchinson (1980), combined with the SSV-model by Suo et al.
(1993) where an elastic plasticity-free material region of width
2D is imposed around the crack tip (see Fig. 1 and Section 3 for de-
tails). Fig. 1 shows a schematic of the steady-state crack growth
problem. Plane strain conditions and small scale yielding are as-
sumed, while the effect of material inertia is neglected. Remote
mixed Mode I/II loading is applied on the outer boundary according
to the elastic solution of a semi-infinite interface crack (Rice, 1988),
whereby the stress on the interface is given in terms of the remote
stress intensity factors (KI and KII)

r22 þ ir12 ¼
1ffiffiffiffiffiffiffiffiffi
2pr
p ðKI þ iKIIÞ ð1Þ

with i ¼
ffiffiffiffiffiffiffi
�1
p

and the Mode mixity defined as w0 = tan�1(KII/KI).
Here, the effective Mode I/II stress intensity factor, K0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

K2
I þ K2

II

q
, needed to advance the crack in the absence of plasticity

is taken to be independent of the Mode mixity, w0.
By defining the length quantity, R0, as the approximate plastic

zone size in material No. 1 (above the interface)

R0 ¼
1

3p
K0

rð1Þy

 !2

; and K0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ECtip

1� m2

r
ð2Þ

the fracture energy release rate at the crack tip, Ctip, enters as a lo-
cal fracture criterion through linear elastic fracture mechanics
(Jtip = Ctip), which applies in the elastic strip introduced by Suo
et al. (1993). Moreover, the macroscopic toughness at steady-state,
Jss, is in the following related to the corresponding K-field, Kss, on
the outer boundary through an expression similar to Eq. (2b).

Fig. 1. Mixed Mode I/II crack growth at steady-state along an interface joining two
dissimilar rate sensitive materials. Employing the SSV model, an elastic material
strip of width 2D is introduced, while the crack is loaded remotely by the elastic K-
field. The elastic material properties (E and m) are kept constant throughout this
study, with the upper material denoted by (1) and the lower material denoted by (2).
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Using Eq. (1), only interfaces of similar elastic properties are
considered in this study (for full details see e.g. Tvergaard and
Hutchinson, 1993). This approximation are justified by the
numerical study in Tvergaard (2001), where similar quantitative
predictions is presented for the macroscopic fracture toughness,
regardless of e.g. the stiffness mismatch, for a wide range of mode
mixities and local fracture toughnesses. Thus, the general trends in
the results to be presented presumably apply to a much wider
range of interfaces than considered in the present study.

3. Model: constitutive relation and numerical procedure

3.1. The SSV model

Suo et al. (1993) put forward the SSV-model as a means of
investigating cleavage cracking in the presence of plastic flow.
The model relies on the basic assumption that an elastic region,
on the order of the dislocation spacing, surrounds the crack tip
whereby the dislocations emitted at the tip play a minor role in
the fracture process, and are unlikely to blunt the major portion
of the crack front. In the steady-state formulation, this implies that
the crack lies fully within an elastic region of width 2D, whereby an
elastic singularity exists at the tip. The elastic energy release rate
can then be evaluated easily using the J-integral. Thus, the criterion
for crack propagation is: Gtip = Ctip, with Ctip being the work of sep-
aration which must be supplied by the local elastic crack tip field
for crack advance to occur. It is noticed that the SSV-model
assumptions are violated if the length of the fracture process zone
in front of the tip becomes comparable to the length quantity, D,
related to the elastic material strip. Hence, the model is valid only
for strong interfaces or materials in which the fracture process is
controlled by cleavage cracking or atomic separation (see Wei
and Hutchinson (1999) for further details).

3.2. Rate sensitive constitutive model

Employing a small strain model formulation, the total strain is ta-
ken as the sum of elastic, eE

ij, and plastic, ep
ij, contributions:

eij ¼ eE
ij þ ep

ij, whereby the current stress field is determined from
the elastic relationship: rij ¼ Lijkl ekl � ep

kl

� �
. Here, with Lijkl being

the isotropic elastic stiffness tensor. The total strain field is deter-
mined from the current displacements: eij = (ui,j + uj,i)/2, and the rate
of the plastic strain is derived from the plastic potential surface (here
being the von Mises surface): _ep

ij ¼ 3sij=ð2reÞ _ep
e . Here, sij is the Cauchy

stress deviator, while the effective plastic strain rate, _ep
e , is governed

by the power law shown in Eq. (3), which is widely used for metallic
materials in the range of negligible to moderate viscous behavior.

_ep
e ¼ _e0

re

gðep
eÞ

� �1=m

; with gðep
eÞ ¼ rY 1þ Eep

e

rY

� �N

ð3Þ

Here, E is Young’s modulus, rY is the initial yield stress, N is the
power hardening exponent, and re = (3/2sijsij)1/2 is the von Mises
effective stress. It is noticed that Eq. (3) reduces to the multiaxial
version of Nortons law for secondary creep when N = 0. Results

for this special case are also included. The material parameters used
in the present study are summarized in Table 1.

Employing Eq. (3), the material experiences viscous behavior,
especially for high values of the strain rate hardening exponents,
m, where a constant stress level, well below the yield stress, gives
rise to plastic straining. Moreover, the current constitutive mate-
rial model approach the response of a J2-flow material in the rate
independent limit (m ? 0).

3.3. Steady-state formulation and numerical procedure

In this study, a steady-state finite element (FE) formulation is
chosen over a classical transient FE model since it directly brings
out the crack tip conditions at steady state, which is the aim for
the present analysis. Thus, the slow convergence of a transient
model is avoided and a finer spatial resolution is obtained within
faster calculation time. Dean and Hutchinson (1980) define stea-
dy-state as the condition at which the stress and strain fields sur-
rounding the advancing crack tip remains unchanged to an
observer moving with the tip. Thus, any time derived quantity, _f ,
in the constitutive model can be related to the spatial derivative
through the crack velocity, _a, along the x1-direction, so that

_f ¼ � _a
@f
@x1

ð4Þ

An incremental quantity, in a given material point x�1; x
�
2

� �
, can then

be evaluated by a streamline integration along the negative x1-direc-
tion, which starts well in front (upstream, x1 ¼ x0 � 0; x2 ¼ x�2) of
the active plastic zone and ends in the point of interest
x1 ¼ x�1; x2 ¼ x�2
� �

. This spatial streamline integration is carried out
using a standard forward Euler time integration, with the point of
interest holding the history of all upstream material points.

The standard principle of virtual work for quasi-static steady-
state problems is considered. Thus,Z

V
deijLijklekldV ¼

Z
S

duiTidSþ
Z

V
deijLijklep

kl dV ð5Þ

where eij are the total strains (specified in Section 3.2), Lijkl is the
elastic stiffness tensor, ui is the displacement vector, Ti is the surface
traction vector and ep

ij is the plastic strain tensor. From Eq. (5), a
steady state solution is approximated using a numerical finite ele-
ment procedure similar to that of Dean and Hutchinson (1980),
Wei and Hutchinson (1997) and Niordson (2001). Here, employing
8-node isoparametric plane strain elements for the discretization of
Eq. (5), and reduced Gauss quadrature (2 � 2 Gauss points) for the
integration. The basis of the numerical steady-state procedure is
summarized below.

(1) Based on the plastic strains from the earlier iteration,
epðn�1Þ

ij , solve Eq. (5) to obtain the current displacement
field, uðnÞi .

(2) Compute the total strain, eðnÞij , from the current displace-
ment field uðnÞi .

(3) Determine the plastic strain fields by streamline
integration

epðnÞ
e ¼

Z x�

x0

@ep
e

@x
dx; with

@ep
e

@x
¼ �

_e0

_a
rðn�1Þ

e

gðepðn�1Þ
e Þ

" #1=m

ð6Þ

epðnÞ
ij ¼

Z x�

x0

@ep
ij

@x
dx; with

@ep
ij

@x
¼ 3

2
sðn�1Þ

ij

rðn�1Þ
e

@ep
e

@x
ð7Þ

(4) Compute the current stress field, rðnÞij , using the elastic
relationship.

(5) Repeat Steps 1 through 4 until satisfactory convergence
is achieved. Convergence in both the displacement field
and the stress field is here considered.

Table 1
Mechanical properties.

Parameter Significance Value

E Young’s modulus 200 GPa
m Poison ratio 0.3
rY Initial yield stress 200 ?1MPa
N Strain hardening exponent 0–0.5
m Strain rate hardening exponent 0.001–0.1
_e0 Reference strain rate 0.002 s�1

Ctip Near tip fracture energy 1 J/m2
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The iterative steady-state procedure is initiated using the elastic
solution of a corresponding boundary value problem. Thus,
epð0Þ

ij ¼ 0 in the first iteration (n = 1).
To obtain accurate solutions for the elastic-viscoplastic consti-

tutive model described in Section 3.2, and maintain numerical sta-
bility changes to the ‘‘standard’’ numerical steady-state procedure
have been made. Compared to the procedure by Dean and Hutch-
inson (1980), the order in which the stresses and strains are eval-
uated has been interchanged so that the streamline integration is
made for the plastic strains, and not for the stresses. This allows
for very small values of the strain rate hardening, m, by enforcing
a high number of subincrements along streamlines were the ratio
re=g ep

eð Þ in Eq. (3a) exceeds unity. Thus, the streamline integration
is carried out by taking appropriate differences between Gauss
points on the same streamline (x2 = constant), by assuming a linear
variation in the stresses between the neighboring integration
points. This enables easy division of the interval into smaller sub-
increments (never less than 100).

The viscoplastic steady-state model has been validated against
a corresponding rate independent version of the program based
on a J2-flow material model, which follows the steady-state proce-
dure in Dean and Hutchinson (1980) and Niordson (2001). As ex-
pected, it is found that the models prediction coincide for m ? 0.
Furthermore, good agreements are found when compared to re-
sults in Suo et al. (1993) and Wei and Hutchinson (1999).

3.4. Dimensional analysis

With both the upper and lower material in Fig. 1 characterized
by an elastic-viscoplastic material model, that approaches the re-
sponse of a J2-flow material in the rate independent limit, the main
focus is on the effect of material rate sensitivity on the macroscopic
interface toughness, i.e. on the crack tip shielding ratio defined as,
Jss/Jtip. For this interface crack problem, dimensional analysis dic-
tates that the crack tip shielding ratio at steady-state is controlled
by (Wei and Hutchinson, 1999; Landis et al., 2000)

Jss

Jtip
¼ F

_a
R0 _e0

;
R0

D
;
rð2Þy

rð1Þy

;
rð1Þy

E
;Nð1Þ;mð1Þ;Nð2Þ;mð2Þ; m;w0

 !
ð8Þ

In the following, the effect of these quantities has been analysed for
a parameter interval typical for metallic materials in order to gain a
parametric understanding of the steady-state crack growth process
in rate-sensitive materials.

4. Results

Fig. 2 shows the crack tip shielding ratio, that reflects the mac-
roscopic toughness owing to plastic dissipation, as function of the
SSV quantity R0/D for a slowly growing crack (in Fig. 2a) and a fast
growing crack (in Fig. 2b), in a homogeneous material interface un-
der Mode I loading. The phrase ‘‘a slowly’’ or ‘‘a fast’’ growing crack
here refer to the velocity interval investigated as it spans four or-
ders of magnitude. However, inertia effects are neglected through-
out the study as the maximum velocity considered is on the order:
_a ¼ 104R0 _e0, with R0 � 0.1 � 1 lm for interfaces undergoing atomic
separation, and R0 � 0.1 � 1 mm for separation occurring by the
ductile void growth mechanism (see Wei and Hutchinson (1999)).

For the velocities considered, the curves for m = 0.001 are
almost identical and they agree well with previously published
results by Suo et al. (1993). Independently of the crack velocity,
the strain rate hardening and the strain hardening, it is seen that
the macroscopic toughness increases with R0/D. But, by introduc-
ing rate sensitivity, the model reveals that the macroscopic
toughness increases monotonically with increasing rate sensitivity
at low crack velocity, while it decreases monotonically with

increasing rate sensitivity at high crack velocity. This has to do
with the time aspect of the stress build-up/relaxation in the vicin-
ity of the crack tip when m > 0. For a slowly growing crack, the
material has time to relax the stress field through plastic straining,
whereby the plastic dissipation, and thus the macroscopic tough-
ness increases. This viscoplastic effect amplifies with increasing
strain rate hardening, m, (see Eq. (3)). Vice versa, the material
has limited time to relax the near tip stress field at high crack
velocity, whereby the macroscopic toughness decreases and ap-
proaches the near tip toughness, Jtip. Bearing in mind that the
shielding ratio is only little affected by the crack velocity when
m is small, a velocity for which the shielding ratio equals for two
different m-values must naturally exist, when keeping all other
material parameters constant.

This is confirmed in Fig. 3 where the shielding ratio is shown as
function of the crack tip velocity, _a=ðR0 _e0Þ, for a homogeneous
material interface under Mode I loading. What is intriguing here
is the fact that all the curves for a given strain hardening, N, and

Fig. 2. Steady-state interface toughness at w0 = 0 vs. inverse elastic layer thickness
(SSV parameter ‘‘D’’) for a homogeneous interface with N(1) = N(2) = N = [0.1,0.5],
m(1) = m(2) = m = [0.001,0.05,0.1], and (a) _a=ðR0 _e0Þ ¼ 102, and (b) _a=ðR0 _e0Þ ¼ 104.
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the quantity, R0/D, but with different m-values intersect at a single
characteristic velocity. Thus, the macroscopic toughness becomes
independent of the strain rate hardening at this velocity even
though the amount of material being plastically deformed can be
very different. The existence of this characteristic velocity can be
argued according to the viscoplastic stress-relaxation mechanism.
As discussed above, the shielding ratio must be equal for two dif-
ferent m-values (e.g. m = 0.001 and m = 0.1) so that the curves in
Fig. 3 intersect. Furthermore, the shielding ratio increases mono-
tonically with the strain rate hardening, m, for velocities below
the intersection point, and vice versa above the intersection point
(see Fig. 2). Consequently, any curve of intermediate m-value must
necessarily intersect at the exact same characteristic velocity,
_a=ðR0 _e0Þ.

Moreover, Fig. 3 shows that the macroscopic toughness
increases for decreasing strain hardening, and it increases for
decreasing width of the elastic strip in the SSV model setup. This

agrees with results published by Suo et al. (1993) for rate indepen-
dent materials.

Figs. 4 and 5 show the crack tip shielding ratio as function of the
Mode mixity, w0, for an interface with m = 0.001 for the two sub-
strates, and a material hardness mismatch approaching infinity
so that one substrate remains elastic in the limit rð2Þy =rð1Þy !1.
For fixed R0/D and strain hardening, N, Fig. 4 shows that the mac-
roscopic toughness decreases with increasing hardness mismatch,
while the minimum interface toughness shifts towards increasing
Mode mixity, within the interval w0 2 [0�,20�], with minimum
toughness at w0 = 0 for a homogeneous interface. The drop in mac-
roscopic toughness is here tied to the plastic dissipation being lim-
ited in the harder substrate, so that only the soft substrate deforms
plastically in the limit rð2Þy =rð1Þy !1, while the shift of the mini-
mum is a combined effect of limited dissipation in the harder sub-
strate and the shape of the plastic zone under mixed Mode I/II
loading (see e.g. Tvergaard and Hutchinson, 1993; Tang et al.,

Fig. 3. Steady-state interface toughness at w0 = 0 vs. crack velocity for homoge-
neous interfaces shown for m(1) = m(2) = m = [0.001,0.05,0.1] and (a)
N(1) = N(2) = N = [0,0.1,0.5] with R0/D = 6, and (b) N(1) = N(2) = N = 0.1 with R0/
D = [4,8,12].

Fig. 4. Steady-state interface toughness vs. Mode mixity for an interface with
rð2Þy =rð1Þy ¼ ½1;1:25;2;1½ in the rate independent limit m(1) = m(2) = m = 0.001 shown
for N(1) = N(2) = N = [0.1,0.5] and R0/D = 8.

Fig. 5. Steady-state interface toughness vs. Mode mixity for an interface with
rð2Þy =rð1Þy ¼ ½1;1½ in the rate independent limit m(1) = m(2) = m = 0.001 shown for R0/
D = [4,8,12] and N(1) = N(2) = N = 0.1.
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2008b). Thus, the minimum would obviously move to the negative
range of w0 if material No. 1 and 2 were interchanged. These find-
ings compare well to results in Tvergaard and Hutchinson (1993)
and Tvergaard (2001). Keeping the strain hardening constant,
Fig. 5 shows the effect of the quantity R0/D for both a homogeneous

interface rð2Þy =rð1Þy ¼ 1
	 


and a heterogeneous interface with one

elastic substrate rð2Þy =rð1Þy !1
	 


. For both interface types, the

shielding ratio increases for larger values of R0/D due to plastically
deformable material being nearer the elastic crack tip stress singu-
larity when R0/D increases. Vice versa, the macroscopic toughness
approaches that of the near tip fracture toughness, Jtip, for R0/
D ? 0, since the elastic strip covers the entire plastic zone in this
limit. It is seen from Figs. 4 and 5, that the findings elaborated
on above apply to the entire range of Mode mixity, w0, considered.

By introducing substantial rate sensitivity (m� 0), predic-
tions similar to those in Fig. 2 are obtained for both homogeneous

interfaces rð2Þy =rð1Þy ¼ 1
	 


and heterogeneous interfaces
rð2Þy =rð1Þy !1
	 


, when subject to mixed Mode I/II loading condi-
tions. Omitting here the homogeneous interface results, Fig. 6
shows the shielding ratio as function of Mode mixity for a slowly
growing crack (in Fig. 6a) and a fast growing crack (in Fig. 6b), in
a heterogeneous interface where one substrate remains elastic.
Similar to the results in Fig. 2, the macroscopic toughness is found
to increases monotonically with increasing rate sensitivity at low
crack velocity to increase and to decreases monotonically with
increasing rate sensitivity at high crack velocity to decrease for
interfaces with severe hardness mismatch for the entire interval
of Mode mixity considered. Furthermore, calculations have shown
that these observations hold independently of the strain hardening
level, N, and the quantity R0/D, while the macroscopic toughness
shows little affect of the crack velocity to decrease for small values
of m. When compared to results in Figs. 2 and 3, this suggests that
the current heterogeneous interface with a mismatch in hardness
should display a similar characteristic velocity, where the tough-
ness is independent of the strain rate hardening, even under mixed
Mode I/II loading. This is clearly brought out by Figs. 7 and 8, where
the shielding ratio is shown as function of the crack tip velocity,
_a=ðR0 _e0Þ, for the heterogeneous interface with rð2Þy =rð1Þy !1.
Fig. 7 shows the Mode I toughness for fixed R0/D and with different
strain hardening levels, N, in the two substrates. Including the spe-
cial case of creep behavior (N = 0). Regardless of the strain harden-
ing, the Mode I toughness is predicted to be above that of the rate
independent limit for low crack tip velocities, and to approach the
tip toughness for high crack tip velocities, while a characteristic
velocity is clearly evident between these two extremes. Moreover,
a similar characteristic velocity is seen from Fig. 8 for an interface
with severe hardness mismatch and loaded in mixed Mode I/II. The
intersection point for the case of w0 = �15� is, however, seen to be
slightly off (marked with arrow in Fig. 8). This off-set is ascribed to
convergence issues in the numerical model as the point of intersec-
tion becomes increasingly distinct for a more strict convergence
requirement on changes in the displacement field.

Finally, the mixed Mode toughness of an interface with mis-
match in strain hardening (N(1) – N(2)), or with mismatch in the
strain rate hardening (m(1) – m(2)) is presented in Figs. 9 and 10,
respectively. Here, results are shown for substrates of equal hard-

ness rð2Þy =rð1Þy ¼ 1
	 


, and for both a slowly growing crack

Fig. 6. Steady-state interface toughness vs. Mode mixity for a heterogeneous
interface with rð2Þy =rð1Þy !1, shown for m(1) = m(2) = m = [0.001,0.05, 0.1],
N(1) = N(2) = N = 0.1, R0/D = 8 and (a) _a=ðR0 _e0Þ ¼ 102, and (b) _a=ðR0 _e0Þ ¼ 104.

Fig. 7. Steady-state interface toughness at w0 = 0 vs. crack velocity for a hetero-
geneous interface with rð2Þy =rð1Þy !1 shown for m(1) = m(2) = m = [0.001,0.05,0.1],
N(1) = N(2) = N = [0,0.1,0.5] and R0/D = 8.
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ð _a=ðR0 _e0Þ ¼ 102Þ and a fast growing crack ð _a=ðR0 _e0Þ ¼ 104Þ. Keeping
the strain hardening of material No. 1 constant at N(1) = 0.1, while
letting material No. 2 take the values N(2) = [0.1,0.5], it is seen from
Fig. 9 that predictions comparable with a mismatch in hardness is
obtained (compare to Fig. 6). As discussed, this has to do with the
difference in plastic dissipation between the two substrates, which
in turn is reflected in the shift of the minimum toughness for
mixed Mode I/II conditions. Rather similar predictions are obtained
for a mismatch in strain rate hardening. However, it is noticed that
the minimum toughness here occur in the negative range of w0 for
a slowly growing crack, while it occurs in the positive range for a
fast growing crack. In particular, this is evident for a large mis-
match in strain rate hardening.

The interface cracks considered in Figs. 9 and 10 all display sim-
ilar trends for the toughness as those discussed in relation to Figs.
2–8. Thus, a characteristic velocity, for which the toughness be-
comes independent of the rate sensitivity, is expected to exist.

5. Concluding remarks

Mixed Mode I/II toughness of interfaces joining both similar and
dissimilar materials are studied intensively, using the SSV model
setup, with focus on the effect of material rate sensitivity. A widely
used elastic-viscoplastic model for metallic materials that ap-
proaches the response of a J2-flow material in the time indepen-
dent limit (m ? 0), and which include creep behavior at N = 0, is
employed (see Figs. 3 and 7, 8). Section 3 presents a variation of
the steady-state procedure by Dean and Hutchinson (1980), mod-
ified to deal with the current material model, as-well as to open up
for steady-state studies with more advanced visco-plastic constitu-
tive models.

The heterogeneous interfaces considered in this study appear
frequently in layered material systems, e.g. in relation to thermal
barrier coatings where a mismatch in hardness and strain harden-
ing typically exists, while a mismatch in strain rate hardening is
easily imagined due to extreme temperature differences. Through-
out this study, it is shown that the crack tip shielding ratio, that re-
flects the macroscopic toughness, is tied directly to the plastic
dissipation in the individual substrates. Thus, both the homoge-
neous interfaces and the heterogeneous interfaces considered
show similar trends for the macroscopic toughness. More specifi-
cally, the mixed Mode I/II interface toughness for a crack growing
in an interface governed by the current elastic-viscoplastic mate-
rial model (see Section 3) displays the following general behavior

� the mixed Mode I/II macroscopic toughness increases with the
SSV quantity, R0/D, independently of the crack tip velocity,
strain rate hardening and strain hardening (see Figs. 2 and 5).
� the macroscopic toughness increases monotonically with

increasing rate sensitivity at low crack velocity, while it
decreases monotonically with increasing rate sensitivity at high
crack velocity. Moreover, the interface toughness is shown to
become independent of the crack tip velocity for m ? 0 (see
Figs. 2, 6, 9 and 10).
� a minimum toughness exist at w0 = 0 (Mode I) for homogeneous

interfaces, while this minimum shifts to occur in the interval
w0 2 [�20�,20�] for heterogeneous interfaces with increasing
mismatch in hardness, strain hardening or strain rate hardening
(see Figs. 4–7, 9 and 10).

Fig. 8. Steady-state interface toughness for w0 = [�15,15] vs. crack velocity for a
heterogeneous interface with rð2Þy =rð1Þy !1 shown for m(1) = m(2) = m = [0.001,0.05,
0.1], N(1) = N(2) = N = 0.1 and R0/D = 8.

Fig. 9. Steady-state interface toughness vs. Mode mixity for an interface with
N(1) = 0.1 and N(2) = [0.1,0.5], shown for m ¼ ½0:001;0:05�; rð2Þy =rð1Þy ¼ 1; R0=D ¼ 8
and _a=ðR0 _e0Þ ¼ ½102;104�.

Fig. 10. Steady-state interface toughness vs. Mode mixity for an interface
with m(1) = 0.001 and m(2) = [0.001,0.05,0.1], shown for Nð1Þ ¼ Nð2Þ ¼ N ¼ ½0:1;0:5�;
rð2Þy =rð1Þy ¼ 1; R0=D ¼ 8 and _a=ðR0 _e0Þ ¼ ½102;104�.
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Based on these findings it is argued that a characteristic veloc-
ity, at which the interface toughness becomes independent of the
strain rate hardening, must exist. This argument is followed up
through Section 4 by a wide range of calculations on both homoge-
neous and heterogeneous interfaces loaded in mixed Mode I/II. All
results distinctly confirm the existence of this characteristic veloc-
ity. Unfortunately, no physical interpretation can be made of this
velocity, and it is yet to be identified in experiments. Anyhow,
the characteristic velocity unveils a potential of this well-establish
visco-plastic constitutive model, since it allows for predicting the
rate-independent toughness without approaching this limit
numerically.
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a b s t r a c t

Cracked ductile sheet metals, subject to Mode I tearing, have been observed to display a variety of fracture
surface morphologies depending on the material properties, and a range of studies on the fracture surface
appearance have been published in the literature. Whereas classical fractures such as cup-cone, cupecup
and slanting arewidely observed, the phenomenon of a slanted crackwhich systematically “flips” back and
forth in a roughly 45� orientation has only recently been reported. The present study aims to add details
and understanding to this crack growth phenomenon e through experimental testing and comparison
with published results. A series of crack propagation tests have been carried out, where cracks are driven
many plate thicknesses under global Mode I loading. The current study employs both the edge crack
specimen (ECS) loaded in combined in-plane bending and extension, and the double edge notched tension
(DENT) specimen loaded in extension. Clear evidence of the alternating slant failure is observed for a
normal strength steel and details on the phenomenon are brought out by grinding and polishing cross-
sections in successive steps along the crack growth direction. Moreover, these results are compared to a
soft aluminum (1050A) which predominantly shows cupecup or slant failure. In general, both materials
fail by the mechanism of void growth to coalescence (fractographs are included), and evidence points
toward cupecup being favored by materials that experience extensive amounts of void growth (thus se-
vere thinning in the process zone), whereas slanting is typical in high strength materials that rapidly
nucleate large populations of smaller voids.

� 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

Plate and shell structures comprising of aluminum and steel
sheet metals are widespread in industrial productions, such as in
the aviation, automotive and ship-building industries. These types
of structures are highly sensitive to crack formation and growth
because the consequences and outcome of such can dramatically
affect performance and integrity. A profound understanding of the
underlyingmechanics involved in the processes of ductile tearing is
therefore crucial.

A large amount of literature has been published on ductile
tearing in sheet metals, and the primary mechanisms governing
crack propagation are often considered well-known. This despite
the fact that different crack surface morphologies, such as cupecup,
cup-cone or slanting, have been observed and that their interplay
has yet to be fully resolved. In reality, during propagation of a crack,
a mixture of the different morphologies typically appears. In
addition, strong evidence of an overlooked crack propagation
phenomenon has been reported. In the study by Simonsen and

Törnqvist (2004), a slanted crack which systematically “flips”
back and forth in a roughly 45� slant orientation is clearly visible (a
selection of specimens where this has been observed is shown in
Fig. 1). This tearing mode is strongly related to the common crack
slanting mode, but it is not clear what forces the already slanted
crack to “flip” to the other side and continue to do so back and forth.
Simonsen and Törnqvist (2004) observed this “flipping” action in
rolled normal strength steel, when testing both edge crack (Fig. 1a)
and center crack (Fig. 1c) specimens, as well as in high strength
aluminum, when testing edge crack specimens (Fig. 1b). An inter-
esting observation is that the “flipping” frequency seems much
higher for tearing of the steel specimens when compared to that of
aluminum.

It is well established that ductile metals fail by the process of
void nucleation, growth and coalescence at the micron-level. In the
end, this is what fully or partially governs the tearing process.
During propagation, the separation process initiates by local thin-
ning (related to necking) well in front of the crack tip. As the
thinning develops, a second localization into two shear bands,
oriented in roughly 45�, can occur inside this neck region (see e.g.
Nielsen and Hutchinson, 2012). In principle, these shear bands are
equally active, but, an unstable configuration for crack growth.
During a slant failure, one shear band takes over the localization
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due to asymmetric imperfections, and crack propagation continues
in a tilted manner. Similarly, cup-cone crack propagation can occur
if two half shear bands take over the localization. Using the micro-
mechanics based Gurson model, shear banding and eventually
slanting can be dealt with. In particular this is relatively simple for
highly porous materials (Mathur et al., 1996; Besson et al., 2003;
Nielsen and Hutchinson, 2012). Contrary to this, the cupecup
fracture makes little use of shear bands, but is here found to be
governed by the interplay between the void nucleation/growth-
rate and the necking process (details on the observed cupecup
modes are given in the discussion, section 4). Essentially, cupecup
tearing occurs by the crack tunneling within the sheet, visible only
on the outer surface far behind the leading tip. This has proven
difficult to model using e.g. the Gurson model. A schematic defi-
nition of the failure mode terminology used throughout can be
found in Fig. 2.

Pardoen et al. (2004) have performed extensive testing on a
wide range of sheet metals (0.6e6 mm in thickness) with inter-
mediate to high strain hardening capacity and ductility. Here using
a double edge notched tension (DENT) specimen, where two cracks
are driven toward each other from opposite edges. It is reported
that, for this set-up, all materials fail primarily in a cupecup mode,
whereas no clear slant fracture is observed. Only a few of their
materials showed limited slanting, but never along the whole lig-
ament and only through a small portion of the thickness. As dis-
cussed by Pardoen et al. (2004) this contrasts the slant fracture
mode typically reported for high strength materials. Moreover,
their findings seem to contrast the observations by Simonsen and
Törnqvist (2004) in the sense that no slanting is observed for the
mild steel DENT specimens. An earlier study by Rivalin et al. (2001)
offers an investigation into this contradiction of results. In their
study, a number of tearing experiments on different pipe-line steels
were conducted, including both high speed dynamic tests and
quasi-static tests. It was found that specimens subject to high crack
growth rates exhibit slant fracture - in fact from Fig. 7b in their
paper the “flipping” action is also evident. On the other hand, all
static tests exhibits cupecup fracture, with the exception of one
material which shows slant fracture. Rivalin et al. (2001) suggests
the reason for this persistent slanting in the latter material is a
consequence of unstable crack growth, and that the crack propa-
gates in successive unstable steps at instantaneous high crack
velocity.

An interesting observation, however, is that the material which
shows slanting in both the static and dynamic tests conducted by
Rivalin et al. (2001) contains a population of small particles, which
act as void nucleating sites, whereas the comparison steel contains
a population of large particles, but with similar volume fraction. It is
believed that this difference plays a key role in the crack growth
process. Certainly, the individual “flip” (or the transition of slant
direction), as documented in the present study, does not occur in
successive unstable steps, but is easily followed by eye. If the crack
propagates in unstable steps, these are on a much smaller length
scale.

Fig. 1. Examples of specimens exhibiting slant fracture in a distinct “flip-flop” pattern across materials and experimental conditions. a) 10 mm normal strength (NS) steel edge crack
specimen (ECS) (Simonsen and Törnqvist, 2004), b) 10 mm high tensile strength aluminum alloy (A5083-H116) ECS (Simonsen and Törnqvist, 2004), c) 10 mm NS steel center crack
specimen (CCS) (Simonsen and Törnqvist, 2004) and d) 4 mm NS double edge notched tension (DENT) specimen tested in the present study.

Fig. 2. Schematic definition of the adopted terminology, showing cross-sections of
cracked specimens with the crack growing toward the reader. a) Shows the shear band
localization, b) the slanted crack growth, c) the cup-cone crack growth (or double
slant), and d) the cupecup crack growth (or bath tub).
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The objective of this paper is to provide insight into the tearing
of thin ductile metal sheets, and to revise the common perception
of the crack propagation mode and resulting fracture surface
morphology. Many have been successful in modeling the locali-
zation behavior during ductile crack growth and fairly accurate
overall predictions for the material response can be achieved.
However, in direct comparison to experimental findings, most
numerical models fall short of accurately predicting the separation
process and the different crack propagation modes - let alone their
interplay. Ductile tearing is commonly associated with crack
slanting, but it is clear from experiments that several tearing
modes exist. One key question is; Why do some materials prefer one
tearing mode over the other? The answer to this is by no means
trivial, and the fact that it is still an open matter drives the present
study. Main focus is to bring out details on often disregarded
tearing modes, and in particular to share details on the observed
slant “flipping” action.

The paper is structured as follows. The experimental set-up
including mechanical testing, materials and post-testing studies
are outlined in Section 2. Following is the experimental findings in
Section 3, and a discussion of results in Section 4. The focus is on the
observed fracture surface morphology in comparison to published
model predictions and related experimental findings. The work is
concluded in Section 5.

2. Experimental set-up

An investigation of Mode I tearing in ductile sheet metal is
undertaken to form the basis of the subsequent discussion. Here,
employing two test set-up on two different materials to allow for
comparison with the previously published findings by Simonsen
and Törnqvist (2004) and Pardoen et al. (2004).

2.1. Mechanical testing

To avoid results being tied to one particular test, the current
study employs two different mechanical test set-ups, which are; (i)
Double edge crack propagation by the widely used Double Edge
Notched Tension (DENT) set-up. The specimens here contain two
edge cracks that grow toward each other within a rather narrow
ligament (approximately 8 plate thicknesses). The DENT specimen
is subject to pure uni-axial extension and thereby initial Mode I
loading of the crack tips (see also Pardoen et al., 2004, or Fig. 3a). (ii)
Single edge crack tearing using so-called Edge Crack Specimens
(ECS), which allow the crack to grow on the order 30 plate thick-
nesses with little influence of the far boundaries. As illustrated in
Fig. 4a and b, the ECS specimens are loaded in combined tension
and in-plane bending, thus it too experiences Mode I loading
(possibleMode II due to the rig weight is balanced out). Throughout
this study, a scaled down version of the test-rig developed by
Simonsen and Törnqvist (2004) is employed (see El-Naaman,
2012).

All tests are conducted using a standard MTS Flextest hydraulic
testing machine fitted with a 100 kN load cell. During testing, the
force, piston displacement (measured by an MTS LVDT), and time is
recorded. Moreover, to measure the crack advance, a grid is applied
to the undeformed specimens along the expected crack path, using
a permanent marker, whereafter timed still-photographs are taken,
against a contrasting background, continuously throughout each
test. The crack length for a specific force or displacement can then
be extracted by relating the data.

No pre-cracking procedures are performed on the specimens, as
the crack initiation phase has negligible effect once the crack has
propagated several plate thicknesses.

2.2. Materials

Throughout, the main focus is on two distinctly different 4 mm
rolled sheet metals. These are: (i) A soft high purity (min. 99.5%)
1050A-H14 non-alloy aluminum with a maximum of; 0.40Fe,
0.25Si, 0.07Zn, 0.05Cu, 0.05Mn, 0.05Mg, 0.05Ti (%wt), and (ii) a
normal strength (NS) non-alloy structural steel (EN 10025). All
material properties are collected in Table 1. In addition to these

Fig. 3. a) Schematic of the Double Edge Notch Tension (DENT) specimen subject to
pure tension, b) typical load vs. deflection curves, and c) measured load vs. crack
propagation curves for the NS steel and 1050A aluminum, respectively, when the crack
propagates parallel (0�) and perpendicular (90�) to the rolling direction. Here,
w ¼ 60 mm is the specimen width, t ¼ 4 mm is the plate thickness, L0 ¼ 90 mm is the
gauge length, a0 ¼ 15 mm is the initial crack length, and a is the crack advance (A ¼wt).
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Fig. 4. a) Schematic of the edge crack specimen (ECS) mounted in the test rig with load introduction system, b) schematic of the ECS subject to combined tension and in-plane
bending, c) typical load vs. deflection curves, and d) measured load vs. crack propagation curves for the NS steel and 1050A aluminum, respectively, when the crack propagates
parallel (0�) and perpendicular (90�) to the rolling direction. Here, w ¼ 200 mm is the specimen width, t ¼ 4 mm is the plate thickness, a0 ¼ 50 mm is the initial crack length, and a
is the crack advance (A ¼ wt, L0 ¼ 250 mm, L1 ¼ 350 mm, L2 ¼ 313 mm).
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primary materials, a 5 mm rolled high strength aluminum alloy
(A5083-H321) that originates from the study by Simonsen and
Törnqvist (2004) has been tested for further comparison of re-
sults. In the following, the crack surface morphologies are investi-
gated when the crack is growing both parallel and perpendicular to
the rolling direction in the as-received plates.

2.3. Microscopy analyses

The crack surface morphology is examined by combining
Scanning Electron Microscopy (SEM) of the fracture surface with
Light Optical Microscopy (LOM) of cross-sections cut perpendicular
to the crack growth direction. Here, using a JEOL JSM-5900 Scan-
ning Electron Microscope with a DENKA LAB6 filament, the
dimpled fracture surface is first studied for details on the fracture
process. The samples are thenmolded into resin, and cross-sections
are subsequently grinded and polished in successive steps along
the crack growth direction to bring out details on the propagation
process. The cross-sectional cuts are studied in a LEICA MZ 125
Light Optical Microscope.

3. Experimental results

Themeasured load-deflection and load-crack advance curves for
both the NS steel and 1050A aluminum are displayed in Fig. 3 (DENT
testing) and Fig. 4 (ECS testing). Consistent datawas obtained for all
tests, and the presentation is therefore limited to typical results for
crack propagation parallel (0�) and perpendicular (90�) to the roll-
ing direction (a minimum of three repeated tests has been per-
formed throughout). The materials of interest display distinctly
different behaviors, e.g. a large process zone (z80�100 mm) was
observed in front of the crack tip for the 1050A aluminum, whereas
as the process zone within the steel was considerably smaller
(z15�20 mm). This is also evident from Figs. 3b and 4c as the total
elongation is much lower for the aluminum in all tests. The load-
deflection curves for the 1050A aluminum displayed the highest
degree of anisotropy (see Figs. 3 and 4).

The Double Edge Notch Tension (DENT) testing revealed a range
of different fracture surface morphologies depending on both the
material and the rolling direction (see Table 2). E.g. the 1050A
aluminum displays a cupecup morphology when the crack
propagates parallel to the rolling direction, whereas cracking

perpendicular to the rolling direction shows clear slanting along
the entire ligament. On the other hand, the NS steel shows peri-
odic “flipping” of a slant crack when propagating in the rolling
direction, while a prevailing cupecup failure is found for propa-
gation perpendicular to the rolling direction. This suggests that the
fracture surface morphology is, to some extent, tied to the rolling
direction, and thus the grains orientation and anisotropy (or het-
erogeneity) within the material (an overview of the observed
failure modes is given in Table 2). These findings somewhat
contrast the study by Pardoen et al. (2004), thus a further dis-
cussion is included in Section 4.

As illustrated in Fig. 3a, the crack growth during DENT testing is
limited to a narrow ligament and is therefore likely to suffer from
crack initiation effects and interference with the stress/strain field
from the opposed crack. In particular, this is observed in the 1050A
aluminum as the entire ligament displays severe thinning due to a
large fracture process zone forming long before crack initiation.
Thus, interaction between the two edge cracks is evident. To verify
results, the ECS test set-up is therefore also considered.

The Edge Crack Specimens (ECS) showed qualitatively similar
results as found during DENT testing. The only noticeable difference
is that the NS steel shows fewer signs of the cupecup morphology
during ECS testing. The 1050A aluminum displays cupecup tearing
during crack propagation parallel to the rolling direction, but an
irregular slanting behavior perpendicular to the rolling direction.
This irregular slant failure was not obvious “flipping” of the crack,
but an irregular transition of the slant from one side to the other.
Again, the NS steel shows a mixture of modes when propagating
perpendicular to the rolling direction. However, the prevailing
mode was “flipping” of a slant crack, but intermediate periods of
cupecup has been observed. On the other hand, crack growth in the
rolling direction displayed clear “flipping” of the crack e in some
cases with intermediate periods of slant propagation (see Table 2).

By capturing an isolated “flip” on the 4 mm NS steel ECS spec-
imen, a further investigation of the mechanism governing the
“flipping” action is allowed. Fig. 5 shows such a “flip” taken from a
NS steel ECS specimen exhibiting sporadic “flipping”, where the
crack has grown for longer periods consistently on one side, only to
suddenly shift to the opposite. Fig. 5d displays a macro-scopic top
view of the fracture surface where the crack has grown from right
to left (along the positive x1-axis). Fig. 5eej show polished cross-
sectional cuts of the plate,1 whereas Fig. 5aec show detailed frac-
tographs of selected areas on the fracture surface which every-
where bear the signs of void growth to coalescence. It is evident
from Fig. 5d that the “flipping” action occurs in a symmetric
fashion, as the fracture surface morphology poses 180� rotational
symmetry about the x1-axis at all stages of the deformation. When
held together with the cross-sections shown in Fig. 5eej, it is
revealed that the “flip” initiates by the formation of shear-lips near
the plate surfaces (see Fig. 5i). These shear-lips, which are aligned
with the inactive shear band, then grow increasingly (see Fig. 5hef)
and eventually merge to form an active shear band to the opposite
side, thereby completing the “flip” (see Fig. 5e). This transition is
observed to take place gradually in a stable manner. It is noticed
from Fig. 5bed that, the material suffers intensive damage in the
two regions where the shear-lips meet the originally active shear
band. During “flipping” the previously active shear band appears to
become gradually inactive e starting from the plate surfaces e and
eventually ends up as a completely inactive band. At this stage, the
“flip” is completed and ready to start over. This agrees well with
published numerical results where the existence of a second

Table 1
Mechanical properties of the NS steel and the 1050A aluminum. Here, the Young’s
modulus E and Poisson’s ratio n are estimated values, while the 0.2 percent
yield stress, s0.2, and the peak stress, speak are average values obtained by uni-axial
testing. The sy and n are coefficients for fitting a Power hardening law; s/sy¼ ( 3/ 3y)N,
with 3y ¼ sy/E.

Material E[GPa] n s0.2[MPa] speak[MPa] sy[MPa] N

Aluminum 1050A 70 0.3 90.2 132.6 115.5 0.05
NS steel 210 0.3 256.7 512.3 160.6 0.203

Table 2
An overview of the observed failure modes for the normal strength (NS) steel and
1050A aluminum tested using the double edge notched tension (DENT) specimen
and edge crack specimen (ECS). Directions refer to the orientation of the rolling
direction relative to the direction of crack growth.

Material Direction DENT ECS

NS steel 0� “Flipping” “Flipping”
90� Cupecup “Flipping”/Cupecup

Al 1050A 0� Cupecup Cupecup
90� Slant Slant/Cupecup

1 The cross-sectional images have been digitally manipulated to remove dis-
turbing features which are not within the polished plane.
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inactive shear band is predicted during slant crack propagation
(Mathur et al., 1996; Nielsen and Hutchinson, 2012).

The cupecup morphology observed for ductile tearing in the
1050A aluminum is dissected in Fig. 6. Here showing a macro-
scopic top view of the fracture surface in Fig. 6c, together with a
polished cross-sectional cut of the plate in Fig. 6d and detailed
fractographs of selected areas on the fracture surface in Fig. 6a and
b. The mechanism governing this tearing mode is clearly different
from that of crack slanting. From the fractographs in Fig. 6a and b, a
classical example of void growth to coalescence is found in the plate
center (dimpled fractography), while a smooth mirror-like surface
(visible to the naked eye) is found nearer the plate surfaces. The
smooth surface observed in Fig. 6a cannot be ascribed to the
mechanism of void growth to coalescence, in fact, no evidence of an
actual fracture process is present. This is also evident from the
polished cross-sectional cut in Fig. 6d, which suggests the material
near the plate surface has continued to neck into a point before
separating. Thus, excessive tunneling in the plate center occurs. A
further discussion of this mechanism is included in Section 4.

4. Discussion

The existence of several ductile tearing modes is obvious from
the experimental study presented, and it is revealed that the crack

propagation mechanism can differ substantially from that of a
slanted crack.

The “flipping” mechanism is strongly tied to the well-established
crack slanting mechanism, where two equally active shear bands
form in front of the crack tip. Localization and eventually separation
then occurs in one of these, due to imperfections in the material
and/or the loading conditions, and the crack propagates in a 45�

slant fracture (see Nielsen and Hutchinson, 2012; for a numerical
study). Recent studies, including the present work, show that
“flipping” of this slanted crack can occur, and often in a consistent
periodic manner (see Fig. 1). What forces the crack to “flip” is yet to
be fully resolved, and the possibility of a periodic change inmaterial
properties and/or microstructure cannot be ruled out at present.
However, the length of the individual periods of slant propagation
(or “flipping” frequency) suggests that the “flip” is mechanically
induced, and so does the fact that this action is observed in a range
of different materials (including steel and aluminum), and seems
affected by specimen dimensions and constraints (see Fig. 1). E.g.
the larger constraint on the DENT specimenswere found to increase
the “flipping” frequency when compared to ECS tests of the same
mild steel. It is obvious that once localization into a single shear
band occurs, and the crack propagates in a slanted manner, the
symmetry of the system is lost. Thus, an asymmetry in the near tip
stress/strain field arise, and an out-of-plane deflection occurs.

Fig. 5. An isolated “flip” captured on a 4 mm steel ECS exhibiting sporadic “flipping” action, where the crack has grown for longer periods consistent to one side, only to suddenly
shift to the opposite. Direction of crack growth is in the positive x1-direction (right to left in (d)). a), b) and c) show selected fractographs marked on the SEM macrograph (d). In the
bottom (e through j), Light Optical micrographs of polished cross-sectional cuts showing the progress of the “flip” in which j) is the first step and e) is the last. It is evident how the
opposite slant fracture initiates as shear lips at the plate surfaces, which grow until they have taken over completely.
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A slight Mode III loading of the crack tip is thereby induced. This
further gives rise to an asymmetric triaxiality field which governs
the void nucleation/growth mechanism and ultimately the tearing
process. This out-of-plane action, combined with the plate bending
stiffness and constraints (resistance to deflect), may well be
responsible for the observed “flipping”. This correlates with the
observation that, compared to steel, the “flipping” frequency is
much lower in aluminum. In fact, a closer examination of the
10 mm thick specimens from the work by Simonsen and Törnqvist
(2004) revealed the flipping frequency in aluminum to be roughly
one third that of steel e approximately the ratio between the
Young’s moduli (see Fig. 1).

If one were to restrict the out-of-plane deflection, the symmetry
would be held in place and the tearing in a single shear band (or
flipping) would not be beneficial due to the additional energy
needed to overcome the constraint. In such case, the symmetric
“cup-cone” or “cupecup” would be favorable, and the choice be-
tween the two depending on the damage properties of thematerial.
Heerens and Schödel (2009) carried out tests on notched speci-
mens equipped with guides to prevent buckling, and have reported
cup-cone failure for this experimental set-up.

Another interesting observation from the present study is the
fact that slanting, as well as the “flipping” action, is observed
during DENT testing. Most evident is DENT testing of the NS steel,
where the “flipping” action is unmistakable when the crack grows
along the rolling direction (see Fig. 1d). On the other hand, when
the crack grows perpendicular to the rolling direction, a clear
cupecup tearing is observed for the steel specimens. This con-
trasts the findings of Pardoen et al. (2004), where the cupecup

mechanism was prevailing for all materials considered. It is,
however, a possibility that the “flipping” action has been overseen
in their study due to lower plate thicknesses (0.8e1.5 mm) for
mild steel.

The cupecup mechanism is, here, primarily observed in the soft
1050A aluminum where severe thinning of the plate and a huge
fracture process zone evolves prior to separation. For the 1050A
aluminum, this crack propagation seems to progress by the
following sequence of events; localization first occurs in the center
of the plate where the triaxiality is the highest. A small crack then
forms by the ductile failure mechanism (void growth to coales-
cence), before any shear bands take over the separation process.
The initially sharp crack then spreads toward the plate surfaces,
while it opens and blunts severely as the leading crack tip ad-
vances. Thus, the cross-section essentially consists of two liga-
ments, which, upon further tunneling of the leading crack tip and
decreasing stress intensity due to the blunting, neck down
completely before separating (see Fig. 6c and d). This severe
necking of the outer ligaments leaves the mirror-like fracture
surface observed in Fig. 6b. Ghahremaninezhad and Ravi-Chandar
(2011) discuss a very similar phenomenon observed in oxygen-
free high-conductive (OFHC) copper subject to uni-axial tension
until failure. It is clear that the SEM image in Fig. 6 compares very
well to Fig. 13 in their paper (in fact a similar smooth fracture
surface is also evident from Fig. 6f in Pardoen et al., 2004).
Ghahremaninezhad and Ravi-Chandar (2011) relate the severe
necking and final separation of the ligaments to the so-called
alternating slip mechanism first proposed by Orowan (1948).
The channel cavity associated with crack advance thereby expands

Fig. 6. Scanning electron micrograph of a 4 mm 1050A aluminum ECS exhibiting a cupecup fracture. a) and b) show selected fractographs marked on the SEM macrograph (c).
a) Shows a close-up of the mirror-like surface found near the outer surfaces, and b) shows the classical dimpled fracture surface. d) Is a polished cross-sectional cut of the fractured
specimen showing clearly the “cup” shape of the crack face.
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by slipping in two �45� bands e one direction at a time e creating
a diamond shaped tunnel during crack propagation.

In contrast, the cupecup failure observed in the NS steel during
DENT testing, displayed dimples on the entire facture surface, but
also significantly less thinning of the sheet. Thus, what determines
cupecup over slanting is likely to be the interplay between the
initial porosity, the void nucleation/growth-rate and the necking
process. It is obvious from the fractographs in Fig. 7, that the 1050A
aluminum (prone to cupecup) displays dimples one order of
magnitude larger than that of the NS steel (prone to “flipping”).
Moreover, further testing on the high strength 5083-H321
aluminum (prone to slanting) revealed a large population of small
secondary voids which is expected to nucleate in large numbers
once e.g. a critical stress condition is reached e thus allowing the
shear localization to evolve.

The cup-cone mechanism has not been observed consistently in
the NS steel nor the 1050A aluminum studied in this work. Only,
smaller portions of the crack surface has shown signs of cup-cone
separation during crack propagation perpendicular to rolling di-
rection in NS steel, but always in a mixture of slanting and the
“flipping” action. However, a closer examination of the ECS tests on
the A5083-H321 high strength aluminum alloy preserved from the
studies by Simonsen and Törnqvist (2004) showed clear cup-cone
crack propagation as if two half shear bands (forming a v-profile)
becomes active during tearing.

5. Concluding remarks

The fracture surface morphologies that appear from Mode I
tearing of ductile sheet metals have been studied in an attempt to
illustrate that crack growth in a 45� slant fashion is only one of
several propagation modes. Clearly, tearing in the soft 1050A
aluminum, tested in this study, progresses by extensive crack
tunneling, and results in a distinct cupecup fracture surface

morphology. The sequence of events that govern this failure mode
is shown experimentally to differ substantially from that of a 45�

slant failure e yet, in both cases, the crack initiates in the plate
center. What determines cupecup over slanting (or cup-cone), is
likely to be the interplay between the initial porosity, the void
nucleation/growth-rate and the necking process. Moreover, the
present study reveals that the fracture surface morphology is, to
some extent, tied to the rolling direction, and thus the grains
orientation and anisotropy within the material (see Table 2).

From the present study, a clear variation of resulting fracture
surface morphologies was observed between the two test methods
used (ECS vs. DENT). For the relatively thick plates considered, crack
propagation in the DENT specimens is clearly prone to initiation
effects, and the interplay with the opposed crack.

The phenomenon of a slanted crack which systematically “flips”
back and forth in a roughly 45� orientation has been of particular
interest. To the authors’ knowledge, the current study is a first to
thoroughly document this “flipping” action through SEM analysis
of the fracture surface, and by close examination of cross-sections
cut in successive steps along the crack growth direction. It is
revealed that the “flipping” action is strongly related to the slant
propagation mode, as it makes clear use of the shear bands which
form in front of the leading crack tip. The individual “flip” occurs as
the currently active shear band becomes gradually inactive. This
process initiates by the formation of shear lips at the plate surfaces,
which grow and eventually cover the entire fracture cross-section
such that the two shear lips merge to form the new active shear
band. Interestingly, this “flipping” action is observed to be a
continuous process, and thus the crack does not reach a steady-
state condition in this propagation mode.

What drives the “flipping” action is yet to be fully understood,
but it is believed that a small out-of-plane deflection, due to loss of
symmetry when slanting occurs, combined with the out-of-plane
bending stiffness (resistance to deflect) is co-responsible.

Fig. 7. Representative scanning electron fractographs from cupecup and slanted fracture, in both the normal strength (NS) steel and the 1050A aluminum. All show classical
dimpled surfaces following from the process of void growth to coalescence. a) 4 mm NS steel ECS exhibiting “flip-flop” slant fracture, b) 4 mm 1050A aluminum ECS exhibiting slant
fracture, c) 4 mm NS steel DENT exhibiting a cupecup fracture, and d) 4 mm 1050A aluminum ECS exhibiting cupecup fracture.
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a b s t r a c t

The lay-out of a numerical solution procedure for the strain gradient flow (rate-independent) theory by
Fleck and Willis [A mathematical basis for strain-gradient theory e Part II: Tensorial plastic multiplier,
57:1045e1057; 2009, JMPS] has been an open issue, and its finite element implementation is yet to be
completed. Only recently, a sound solution procedure that allows for elasticeplastic loading/unloading
and the interaction of multiple plastic zones has been put forward, and demonstrated within a 1D model
set-up. The aim of the present work is to extend this procedure to form a basis for 2D and 3D calcula-
tions, and thereby to broaden its use within engineering applications. Focus is on the numerical
implementation that adopts image analysis techniques to identify individual plastic zones and to treat
none-regular mesh configurations. The developed finite element model is demonstrated through; i)
tensile loading of a finite homogeneous material slab that offers a simple interpretation of results, ii)
tensile loading of a double edge notch tension specimen involving symmetry considerations, and iii)
shearing of a periodically voided structure that displays the ability of the procedure to treat periodic
boundary conditions. A comparison between the implemented flow theory model and the corresponding
rate-dependent visco-plastic version of the model shows coinciding results in the limit of zero rate-
sensitivity.

� 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

To accommodate the strengthening effects (increased yield
resistance and hardening) associated with large strain gradients,
and to accurately predict the mechanical response of micron-scale
structures, a number of gradient enhanced theories have been put
forward. Early contributions include Aifantis (1984); Mühlhaus and
Aifantis (1991), and while still in the process of development, a
promising branch of theories has been proposed in Fleck and
Hutchinson (1997, 2001); Gurtin (2002); Gudmundson (2004);
Gurtin and Anand (2005, 2009); Fleck and Willis (2009b);
Hutchinson (2012), which all include higher order stresses that are
work conjugate to the strain gradients. Thus, an extra set of
boundary conditions related to the plastic strain field can be
accounted for. Hutchinson (2012) divides these theories into two
classes; i) the first evolving around the work by Mühlhaus and
Aifantis (1991); Fleck and Hutchinson (2001), has earned a wide

use due to its straight forward numerical implementation. However,
this basic theory does not guarantee positive plastic dissipation for
specific straining histories (see Gurtin and Anand, 2009;
Hutchinson, 2012). The second class has as basis the work by
Gudmundson (2004); Gurtin and Anand (2009); Fleck and Willis
(2009a,b). This class of theories is equally popular despite higher
order stress quantities being allowed discontinuous for certain
infinitesimal load changes e thus being detached from the current
dislocation structure, but rather dependent on the rate of change in
the dislocation structure. A robust numerical formulation for this
class has recently been presented by Niordson and Hutchinson
(2011), based on the energy principles presented by Fleck and
Willis (2009a,b). Unfortunately, this formulation is for the time be-
ing only self-consistant in the visco-plastic rate-dependent version.

The development of a sound numerical solution procedure to
treat the rate-independent flow theory by Gudmundson (2004);
Gurtin and Anand (2005); Fleck and Willis (2009b) has proven a
significant challenge. The problems in this class of theories involve
the definition of yielding in relation to the numerical implementa-
tion, and the treatment of evolution and interaction of multiple
plastic zones. Only recently, Nielsen and Niordson (2012) have
demonstrated a procedurewell capable of predicting elasticeplastic
loading/unloading and the interaction of multiple plastic zones e
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but, within a simplified 1Dmodel set-up. The objective of this work
is to extend this numerical procedure to form a basis for 2D and 3D
finite element modeling of engineering problems. The aim is to
supply full details on both the finite element discretization, the
image analysis technique needed in the formulation, and the
implementation. The accuracy of the numerical solution procedure
is, subsequently, demonstrated by comparing predicted results to
that of the corresponding rate-dependent Gudmundson/Flecke
Willis model of visco-plastic origin (developed in Fredriksson and
Gudmundson, 2005; Niordson and Legarth, 2010; Niordson and
Hutchinson, 2011; Danas et al., 2012). Three distinct test examples
have been developed for this demonstration, and include; i) tensile
loading of a finite homogeneous material slab that offers a simple
interpretation of results, ii) tensile loading of a double edge notch
tension (DENT) specimen that allows for demonstration of sym-
metry conditions and themodels ability to treat stress singularities,
and iii) shearing of a periodically voided structure that involves
treatment of stress concentrations and periodic boundary condi-
tions. Depending on the choice of material parameters, and in
particular the size of the dissipative length parameter, all examples
involve interaction of multiple plastic zones.

The paper is structured as follows. The theoretical basis of the
generalized flow theory (rate-independent) by Fleck and Willis
(2009b) is outlined in Section 2. Focus is on the variational prin-
ciples employed in the numerical formulation, and the modeling
procedure is presented in Section 3. The ability of the suggested
numerical solution procedure is demonstrated in Section 4 by
comparing predicted results using both the rate-dependent and the
new flow theory (rate-independent) finite element model formu-
lation. The work is concluded in Section 5.

2. Generalized strain gradient flow theory

This work employs a small strain version of the strain gradient
plasticity theory by Fleck and Willis (2009b). A compact summary
of the generalized flow theory (rate-independent) is given below
(see also Niordson and Hutchinson, 2011), while the corresponding
visco-plastic formulation (rate-dependent) is presented in Nielsen
and Niordson (2012). Throughout, Einstein’s summation rule is
utilized in the tensor equations and ð Þ;i denotes partial differenti-
ation with respect to the spatial coordinate xi.

2.1. Variational principles and constitutive relations

Employing a small strain formulation, the total strain rate is
determined from the gradients of the displacement rates;
_3ij ¼ ð _ui;j þ _uj;iÞ=2, and decomposes into an elastic part, _3eij, and a
plastic part, _3pij, so that; _3ij ¼ _3eij þ _3

p
ij. For a gradient enhanced ma-

terial, involving higher order stresses, the principle of virtual work
reads (Gudmundson, 2004)Z
V

�
sijd 3ij þ

�
qij � sij

�
d 3

p
ij þ sijkd 3

p
ij;k

�
dV ¼

Z
S

�
Tidui þ tijd 3

p
ij

�
dS:

(1)

Here, sij is the symmetric Cauchy stress tensor and
sij ¼ sij�dijskk/3 its deviatoric part. In addition to conventional
stresses, the principle of virtual work incorporates the so-called
micro-stress tensor, qij (work-conjugate to the plastic strain, 3

p
ij),

and the higher order stress tensor, sijk (work-conjugate to plastic
strain gradients, 3

p
ij;k). The right-hand side of Eq. (1) thereby in-

cludes both conventional tractions, Ti ¼ sijnj, and higher order
terms, tij ¼ sijknk, with nk denoting the outward normal to the
surface S, which bounds the volume V.

The mechanisms associated with dislocation movement and/or
storage of geometrically necessary dislocations (GND’s) (Ashby,
1970; Gurtin, 2002; Ohno and Okumara, 2007) have been incor-
porated into the current higher order theory by assuming the
micro-stress to have a dissipative part only; qij ¼ qDij , while the

higher order stresses decompose into a dissipative part, sDijk, and an

energetic part, sEijk, such that; sijk ¼ sDijk þ sEijk. Thus, assuming a

quadratic form of the free energy,

J ¼ 1
2

�
3ij � 3

p
ij

�
L ijkl

�
3kl � 3

p
kl

�
þ 1
2
GðLEÞ2 3

p
ij;k 3

p
ij;k (2)

the conventional stresses are derived as; sij ¼ vJ=v 3eij ¼
L ijklð 3kl � 3

p
klÞ, while the energetic higher order stresses are given

by; sEijkl ¼ vJ=v 3
p
ij;k ¼ GðLEÞ2 3

p
ij;k. Here, L ijkl is the isotropic elastic

stiffness tensor, G is the elastic shear modulus and LE is an isotropic
energetic constitutive length parameter. The corresponding dissi-
pativequantities read (Gudmundson, 2004; Fleck andWillis, 2009b)

qDij ¼ 2
3
sC
_E
p _3pij; and sDijk ¼ sC

_E
pðLDÞ2 _3pij;k (3)

with sC and _E
p
identified as the effective stress and the associated

effective plastic strain rate, respectively, given by

sC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
qDij q

D
ij þðLDÞ�2sDijks

D
ijk

r
; and _E

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
_3
p
ij _3

p
ijþðLDÞ2 _3pij;k _3

p
ij;k

r
:

(4)

Here, _3pij;k is the gradient of the plastic strain rates, and LD is the
dissipative length parameter which is included for dimensional
consistency.

To complete the higher order theory, Fleck and Willis (2009b)
put forward two minimum principles that delivers the incremen-
tal solution to the displacement rate field, _ui, and plastic strain rate
field, _3pij. Assume that the current state is known in terms of the
displacement field, ui, and plastic strain field, 3

p
ij. Furthermore, as-

sume that plastic straining occurs in the entire domain, the plastic
strain rate field, in the subsequent load increment, is thereby
determined as; _3pij ¼ l_3p*ij , where the plastic trial field, _3p*ij , follows
from the minimization of the functional (Minimum Principle I in
Fleck and Willis, 2009b)

H
h
_3
p*
ij

i
¼ inf

_3p*ij

Z
V

�
sF ½Ep� _E

p*þ sEijk _3
p*
ij;k� sij _3

p*
ij

�
dV�

Z
S

tij _3
p*
ij dS (5)

and l is the plastic multiplier associated with the trial field. Here,
sF[Ep] is the current flow stress given by the hardening rule (see
Section 2.2). It is noticed that the solution to the plastic trial field is
obtained independently of the incremental solution to the
displacement field associated with incremental loading. Thus, only
the plastic multiplier, l, links the two, but remains unknown at this
stage of the solution. To make this link, Fleck and Willis (2009b)
formulated a second functional (Minimum Principle II)

J½ _ui;l�0� ¼1
2

Z
V

�
L ijkl

�
_3ij� _3

p
ij

��
_3kl� _3

p
kl

�
þh½Ep� _Ep2

�
dV

�
Z
S

�
_Ti _ui� _tij _3

p
ij

�
dS

(6)

which delivers the incremental solution to the displacement
rate field and the multiplier associated with the plastic trial field,
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_3
p*
ij . Here, _3

p
ij ¼ l_3p*ij and _E

p ¼ l _E
p*
, whereas the current hardening

modulus is determined by h[Ep] ¼ dsF/dEp.

2.2. Hardening law

An isotropic power hardening material is adopted for the pur-
pose of illustration (see Eq. (7)). However, more realistic/complex
hardenings laws can equally well be incorporated into the model.

sF ½Ep� ¼ sy

�
1þ Ep

sy=E

�N

(7)

Here, E is Young’s modulus, N is the strain hardening exponent,
and sy is the initial yield stress. Thematerial parameters used in the
simulations are given in Table 1.

3. Numerical formulation and solution procedure

The following numerical solution procedure for general finite
element applications rests on the work presented in Nielsen and
Niordson (2012), and has as basis the structure of the formulation
presented by Niordson and Hutchinson (2011). A key ingredient in
the proposed work is that plastic zones exist independently, and

that they are assigned individual plastic multipliers; lðkÞ �
0; k ¼ 1;2;.K . This is elaborated below as the procedure is laid
out. Here, using a standard finite element interpolation of the
displacement field, ui, and the plastic strain field, 3

p
ij, respectively.

ui ¼
XNII

n¼1

NðnÞ
i UðnÞ and 3

p
ij ¼

XNI

n¼1

MðnÞ
ij 3

pðnÞ (8)

where NðnÞ
i are quadratic shape functions, MðnÞ

ij are linear shape
functions, while U(n) and 3

p(n) holds the nodal values of the un-
known variables. The incremental procedure outlined in Nielsen
and Niordson (2012) consists of two successive steps, in which
“Step 1” is rather similar to that of the rate-dependent model
presented by Niordson and Hutchinson (2011).

Step 1. Based on the known stress/strain conditions in the current
state (in terms of the displacement field, ui, and the plastic strain
field, 3

p
ij), the plastic strain rate field is determined from Minimum

Principle I to within a plastic multiplier, so that; _3pij ¼ lb3pij, with b3pij
being a unit trial field. This trial field holds the variation of the
plastic strain within individual plastic zones, whereas its magni-
tude is set by the belongingmultiplier. Stationarity of theMinimum
Principle I ðdH½b3pij� ¼ 0Þ yields

Z
V

�
qDij db3pijþ sDijkdb3pij;k�dV ¼

Z
V

�
sijdb3pij� sEijkdb3pij;k�dV þ

Z
S

tijdb3pijdS:
(9)

Introducing the constitutive equations, and requiring this vari-
ational statement to hold for any admissible field, a discretized
non-linear system of equations can be obtained as follows

Z
Ve

sCbEp

�
2
3
MðnÞ

ij MðmÞ
ij þ L2DM

ðnÞ
ij;kM

ðmÞ
ij;k

�
dV$b3pðmÞ

¼
Z
Ve

�
sijM

ðnÞ
ij � sEijkM

ðnÞ
ij;k

�
dVe þ

Z
Se

tijM
ðnÞ
ij dSe

(10)

where,Ve refers to thefinite element volume andMðnÞ
ij is the element

shape functions specified above. This system of equations is solved

iteratively for b3pðmÞ (see Niordson and Hutchinson, 2011), and
convergence of the solution is accepted when the relative norm of
the change in the solution vector and the individual components is
below 10�4 and 10�2, respectively, for two subsequent iterations.
Once the unit field is known, the number (as-well as shapes and
sizes) of plastic zones are determined by; i) dividing the nodal
(effective) values of the unit field into so-called potentially active

plastic regions ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

� 10�3Þ and elastic regions, respectively,

and subsequently ii) adopt an image analysis technique called Con-
nectedComponent Labeling (CCL) to identifywhich elements belong
to the individual zones, and to assign the corresponding plastic
multiplier to each (see Appendix A for details). It is noticed that
classical CCL algorithms are developed for regular arrays (pixels in an
image). Thus, to treat an arbitrary mesh configuration, the unit field
isfirst transformed into a so-called raster image1 using a remeshing-
like procedure (see Tvergaard,1997). The computational demanding
part of this operation is only made once in the undeformed config-
uration, and it is therefore also applicable tofinite strain calculations.
Once the raster image is created, a 4-connectivity CCL algorithm is
used to assign the “pixel” labels/plastic zone number (see Haralick
and Shapiro, 1992; Nielsen and Niordson, 2013), which is then
transfered back to the finite elements. The magnitudes of the plastic
multipliers belonging to the individual plastic zones are subse-
quently determined from Minimum Principle II (see Step 2 below).

Step 2. In this step, the incremental displacement solution and
the identified plastic multipliers from Step 1 are determined. Here,
an important novelty in the numerical procedure for treating the
generalized flow theory (rate-independent) is presented. For a
single plastic zone that covers the entire volume, stationarity of
Minimum Principle II, ðdJ½ _ui; l � 0� ¼ 0Þ, yields

Z
V

�
L ijkl

�
_3ij � lb3pij��d_3kl � dlb3pkl�þ h½Ep�lbEp2

dl
�
dV

¼
Z
S

�
_Tid _ui þ _tijd_3

p
ij

�
dS:

(11)

By dividing the material into “potentially active” (elasticeplas-
tic) and “inactive” (elastic) regions, so that V ¼ Vpl þ Vel, this can be
rewritten into

XK
k¼1

Z
VplðkÞ

�
Lijkl

�
_3ij � lðkÞb3pij��d_3kl � dlðkÞb3pkl�

þ h½Ep�lðkÞbEp2
dlðkÞ

�
dVplðkÞ þ

Z
Vel

Lijkl _3ijd_3kldV
el

¼
Z
Sel

_Tid _uidSþ
XK
k¼1

Z
SplðkÞ

_tijdl
ðkÞb3pijdSplðkÞ (12)

Table 1
Mechanical properties.

Parameter Significance Value

sy/E Initial yield strain 0.001
n Poisson’s ratio 0.3
N Strain hardening exponent 0.1
m Strain rate hardening exponent 0.01e0.1
_30 Reference strain rate 0.001

1 A N �M pixellized image of the unit field that holds the information of whether
a pixel (n,m) is part of the foreground.
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where, S is the outer boundary of the entire domain and Spl is the
outer boundary experiencing plastic straining. Here, K is the
number of potentially active plastic zones specified by connected
material regions (identified during the image analysis) for which

minð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

Þ is greater than some threshold value (here, 10�1 of

the trial field accuracy). Moreover, for a zone to be classified as
potentially active, the value of the Minimum Principle I, integrated

within that region, should be below zero (orFðkÞ
H > 0, see Eq. (13))e

otherwise no yielding can occur (see discussion by Danas et al.
(2012) for a single plastic zone). Here,

FðkÞ
H ¼ �

0
B@ Z

VplðkÞ

�
sF ½Ep�bEp þ sEijkb3pij;k � sijb3pij�dVplðkÞ

�
Z

SplðkÞ

tijb3pijdSplðkÞ
1
CA (13)

is evaluated for the unit field that minimizes Eq. (10).
By requiring Eq. (12) to hold for any admissible variation of the

displacement, dui, and plastic multipliers, dl(k), two discretized
systems of equations can be written as

Z
Ve

L ijklB
ðnÞ
ij BðmÞ

kl dVe$ _U
ðmÞ �

Z
Ve

L ijklB
ðnÞ
ij b3pkldVe$l

ðkÞ ¼
Z
Se

_TiN
ðnÞ
i dSe

(14)

�
Z
Ve

L ijklB
ðmÞ
ij b3pkldVe$ _U

ðmÞ þ
Z
Ve

�
L ijklb3pijb3pkl þ h½Ep�bEp2�dVe$l

ðkÞ

¼
Z
Se

_tijb3pijdSe
(15)

with BðnÞij ¼ ðNðnÞ
i;j þ NðnÞ

j;i Þ=2, and Ve being the finite element vol-

ume, Se the associated surface, and l(k) the identified lambda
multiplier belonging to the element (notice that for elastic ele-
ments Eq. (14) reduces, and Eq. (15) should not be considered).
For potentially active plastic elements, the two systems of equa-
tions couple and form one symmetric system of initial size; [d.o.f
(Ue)þ1] � [d.o.f (Ue)þ1] (the global system will be; [d.o.f (U)þ
K] � [d.o.f (U)þK]). Once the global system is solved, the

requirement;lðkÞ � 0 (k ¼ 1,2,.K) is addressed. If this is violated,
zones with l(k) < 0 are inactive (elastic) and the enrichment with
the plastic multipliers form those regions is subsequently
removed from the system of equations. Hereafter, a new solution

is obtained. This is repeated until each plastic zone satisfies FðkÞ
H >

0 and l(k) > 0, before these are declared active, and the incre-
mental solution is updated.

4. Demonstration of the procedure and results comparison

The proposed numerical solution procedure is demonstrated in
the following through examples that involve issues often encoun-
tered in engineering problems. For this, a 2D plane-strain finite
element code has been developed. Here, using 8-node iso-
parametric elements for the displacement rate field, and corre-
sponding 4-node elements for the plastic strain rate field. Both

element types are integrated using Gauss quadrature with 2 � 2
Gauss points. Predictions from the generalized flow theory are in
the following compared to that of a rate-dependent model of visco-
plastic origin. Coinciding predictions must therefore be expected
for low rate-sensitivity. In the visco-plastic material model _30 is the
reference strain rate and m is the strain rate hardening (see e.g.
Nielsen and Niordson, 2012).

Throughout, calculations have been made for all combinations
of two energetic and two dissipative length parameters (LE¼ [0,1/4]
h and LD ¼ [1/100,1/4]hwith h being the characteristic height of the
domain of interest). Moreover, a low displacement rate of
_D ¼ h_30=10 is prescribed in the rate-dependent model, so that a
clear effect of the strain hardening is seen; a softer stress response
should consequently be expected for increasing strain rate hard-
ening, m.

4.1. Homogeneous finite slab

Tensile loading of a homogeneous finite material slab clamped
between rigid platens is first considered as it offers a simple
interpretation of results, yet involves multiple plastic zone inter-
action due to stress singularities in the slab corners (see also
Niordson and Hutchinson, 2011). A square domain (h ¼ w) is
considered and all displacements in the x1- and x2-direction are
prescribed to zero at x2 ¼ 0 and at x2 ¼ h, whereas a constant ve-
locity _D is prescribed in the x2-direction at x2 ¼ h (see Fig. 1).
Moreover, plastic straining is constrained ð_3ij ¼ 0Þ at the interfaces
between the platens and the material. As depicted in Fig. 1b, the
material domain of constant thickness, t, is discretized using a
simple regular mesh consisting of 20 � 20 elements (also used in
Niordson and Hutchinson, 2011). It is noticed that the intensity of
the stress singularity in the corners of the slab is strongly tied to the
finite element discretizatione hence so are the plastic zones which
develop in these regions.

Employing a conventional plasticity theory, the current
model set-up implies that plastic straining occurs both in the
corners and in the center of the material slab. Upon further
loading, these plastic zones then interact and merge into one. A
similar sequence of events takes place for a strain gradient
enhanced material when the length parameters LD and LE are
chosen sufficiently small. This is also evident from Fig. 2, where
the plastic strain rate field (trial field) is shown in terms of dark

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

� 10�3Þ and bright regions. Elements connected to

the darker regions are part of potentially active plastic zones.
Clearly, five potentially active plastic regions can be identified for
the deformation stage in Fig. 2a, thus the system of equations
governing the displacement rate field (see Eqs. (14) and (15)) is
enriched by five lambda multipliers (one for each zone). Upon
solving the system of equations, the individual zones are

declared active if FðkÞ
H > 0 and l(k) > 0, otherwise the zone is

inactive (elastic).
Based on symmetry consideration, four of the five lambda

multipliers should by equal for the current boundary value
problem. This is illustrated on Fig. 2b, where all calculated mul-
tipliers are shown as function of the overall straining (here,
jlðkÞjmax is the maximum multiplyer reached in the calculation).
The evolution of the plastic zones is here divided into four
different stages (AeD). Throughout stage “A” only elastic defor-
mation takes place and all plastic multipliers remain zero (not
shown). A brief transition then occurs in stage “B”, where active
plastic straining alternates between the corner and center zones,
before all five zones are declare active and co-exist through stage
“C”. Bear in mind that the trial field only delivers the variation
within the individual zones, and not the amplitude. Thus, the size
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of the lambda multipliers are relative, and the one belonging to
the center zones are clearly different from the remaining in
Fig. 2b. The five zones finally merge to one in stage “D”, where-
after only one unified multiplier exists. Details in this sequence of
events are strongly tied to the length parameters, and in partic-
ularly to the dissipative length parameter. E.g. for LD ¼ h/4 only
one plastic zone exists throughout the deformation of the ho-
mogeneous material slab.

The predicted material response for the suggested flow model
formulation and that of the corresponding rate-dependent model
are compared in Fig. 3. For low rate-sensitivity (m / 0), the pre-
dictions are seen to closely coincide. Moreover, the flow theory
yield point becomes increasingly distinct for all combinations of
length parameters considered.

4.2. Double edge notch tension specimen

A double edge notch tension (DENT) specimen can be modeled
by a slight change in boundary conditions in the above example.
Considering a similar square domain (h ¼ w), displacements in the
x1- and x2-direction are now prescribed at x2 ¼ 0 (for jx1j �
w=2� a) and at x2 ¼ h (for all x1) to form the two edge cracks.
Moreover, the plastic straining is only constrained ð_3pij ¼ 0Þ at
x2 ¼ h, whereas symmetry conditions ð_3p12 ¼ 0; t11 ¼ t22 ¼ 0Þ are
enforced at x2 ¼ 0 (for jx1j � w=2� a) (see Fig. 4a). Obviously, the
discretization of this domain can be made easily by a regular mesh,
but to illustrate robustness of the suggested solution procedure
a none-regular mesh is employed (see Fig. 4b). Here, the mesh is
refined near the crack tips to accommodate the stress singularities.

Fig. 1. a) Schematic of a finite slab of homogeneous material constrained between rigid platens, and b) a representative mesh (20 � 20 elements) employed in the modeling. A
displacement rate _D is applied at x2 ¼ h, where h is the slab height, w is the width, and t is the thickness. Constraint plastic flow is enforced at the interface between the slab and the
platens (_3p11 ¼ _3

p
22 ¼ _3

p
12 ¼ 0 at x2 ¼ [0,h]).

Fig. 2. Evolution of potentially active plastic zones and associtated plastic multipliers during loading of the homogeneous finite slab. a) shows the plastic trial field in terms of dark
(

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

� 10�3 being potentially active zones) and the bright (elastic) regions. b) shows all plastic multipliers (>0) as function of the overall displacement, and four (AeD)
distinct stages are identified (LE ¼ 0 and LD ¼ h/100).
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The active plastic zones for the DENT specimen are depicted
in Fig. 5 for two deformation stages (D/(h 3y) ¼ [0.744,1.000]), and
with LD ¼ h/100 and LE ¼ 0. For the employed discretization,
yielding is first observed at D/(h 3y) ¼ 0.744, whereafter two
active plastic zones evolve at the crack tips (see Fig. 5a). As
plastic straining increase during loading, the two zone merge
and continues as one unified zone (see Fig. 5b). Upon further
loading, two new plastic zones form at the corners (x2 ¼ h and
x1 ¼ �w/2), so that three active plastic zones exists. Eventually,
these zones again merge into one e all of which the image
analysis takes care of. A closer examination of the plastic zones
evolution reveals a “pulsating” behavior of the trial field, where
over-predicted plasticity is compensated by the algorithm. It is
noticed from Fig. 5a that the plastic crack tip zones are of
different size in spite of an obvious symmetric in the applied
boundary conditions. This is ascribed to the none-regular mesh

that triggers an asymmetry in the plastic trial field solution.
Again, bear in mind that the trial field only delivers the variation
within the individual zones. Thus, the trial field amplitude can
differ near the two tips. By introducing the cut-off value for the
image analysis, two potentially plastic zones of different sizes are
thereby identified (see Fig. 5a). This asymmetry is compensated
partly in the current increment through the subsequently
determined plastic multipliers, and partly in the following in-
crements due to over-predicted plastic softening at one crack tip
over the other.

The predicted material response for the flowmodel formulation
and that of the corresponding rate-dependent model are displayed
in Fig. 6. Again, a good agreement is obtained for low rate-
sensitivity (m / 0). However, a small jump at D/(h 3y) z 1.4 can
be seen on the curve for the rate-independent model predictions,
when using LE ¼ 0 and LD ¼ h/100. This is due to the numerical

Fig. 3. Material response curves for the homogeneous finite slab comparing current flow (rate-independent) formulation and rate-dependent formulation for a) LE ¼ 0 and b) LE ¼
h/4. Throughout, LD ¼ [1/100,1/4]h, N ¼ 0.1, sy/E ¼ 0.001, and n ¼ 0.3 (A ¼ wt and 3y ¼ sy/E).

Fig. 4. a) Schematic of a double edge notch tension specimen of homogeneous material constrained between rigid jaws, and b) a representative unstructured mesh employed in the
modeling. A displacement rate _D is applied at x2 ¼ h, where h is the half height of the specimen, w is the width, and t is the thickness. Constrained plastic flow is enforced at the top
boundary (_3p11 ¼ _3p22 ¼ _3p12 ¼ 0 at x2 ¼ [0,h]), while symmetry conditions (_3p12 ¼ 0, t11 ¼ t22 ¼ 0) are enforced at jx1 j � w=2� a and x2 ¼ 0 (a ¼ w/5 throughout this work).
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algorithm having difficulties in determining the plastic trial field
when the potentially plastic zones near the corners (x2 ¼ h and
x1 ¼ �w/2) starts to evolve.

4.3. Periodic voided structure

Shearing of a periodically voided material is studied in the
following todemonstrate treatmentof periodicboundaryconditions.
Here, a square domain (h ¼ w) that includes two voids with radius
R ¼ h/10, is considered, in order to bring out the efficiency of the
proposed method to deal with interacting plastic zones (see Fig. 7).
Here, t is the thickness of the domain. As shown on Fig. 7, four faces
(AeD) can be identified at which periodic boundary conditions are
enforced. For the displacement field this read; _uðAÞ1 � _uðBÞ1 ¼ _D,
_uðAÞ2 � _uðBÞ2 ¼ 0, _uðCÞ1 � _uðDÞ1 ¼ 0, and _uðCÞ2 � _uðDÞ2 ¼ 0. An additional
single node, at x1 ¼ w/2 and x2 ¼ 0, is fully constraint to avoid free
body motions. For the plastic strain field the periodic boundary
conditions read; _3pðAÞij � _3

pðBÞ
ij ¼ 0 and _3

pðCÞ
ij � _3

pðDÞ
ij ¼ 0. All boundary

conditions are enforced using a standard penalty approach. More-
over, a slightmodification to the image analysis is needed so that the
opposite surfaces (AeB andCeD), and thereby the potentially plastic

zones that evolve in these regions are modeled as connected. Again,
a none-regular mesh is chosen to illustrate the robustness of the
algorithm.

The evolution of the active plastic zones for the voided
structure is depicted on Fig. 8 for two deformation stages (D/
(hgy) ¼ [0.966,1.0825]), and with LD ¼ h/100 and LE ¼ 0. In this
case, yielding is first observed at D/(hgy) ¼ 0.931, where two
plastic zones evolve e one at each periodic boundary and
separated by two elastic bands that also surround the voids (see
Fig. 8a). Nearly identical plastic multipliers are determined for
the two active plastic zones, with only a small difference that
originates from the employed non-symmetric none-regular
mesh (notice that the apparent four plastic zones are subject to
periodic boundary conditions). Upon further loading, the plastic
zones grow toward the voids, and eventually merge into one.
The elastic bands, hereafter, diminish in size as indicated in
Fig. 8b.

Comparing the predicted material response for the flow model
formulation to that of the corresponding rate-dependent model, a
good agreement is obtained (Fig. 9). Results are only shown for
LE ¼ 0 and LD ¼ [h/100,h/4], as little effect has been observed in the

Fig. 5. Evolution of potentially active plastic zones in terms of the plastic trial field for the double edge notch tension specimen. Dark regions indicate potentially active plastic zones� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

� 10�3
�
. Here, shown for two stages of deformation a) D/(h 3y) ¼ 0.744, and b) D/(h 3y) ¼ 1 (LE ¼ 0 and LD ¼ h/100).

Fig. 6. Material response curves for the double edge notch specimen comparing current flow (rate-independent) formulation and rate-dependent formulation for a) LE ¼ 0 and b) LE
¼ h/4. Throughout, LD ¼ [1/100,1/4]h, N ¼ 0.1, sy/E ¼ 0.001, and n ¼ 0.3 (A ¼ wt and 3y ¼ sy/E).
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current model set-up when changing the energetic length param-
eter, LE.

5. Concluding remarks

The numerical solution procedure first put forward in Nielsen
and Niordson (2012, 2013) has been extended and implemented
into a general 2D plane strain finite element code. The key contri-
butions in this work are;

� The numerical solution procedure for the generalized flow
theory by Fleck and Willis (2009b) has been extended to a
general finite element framework capable of treating

engineering problems. Throughout, the ability of the model to
resolve often encountered issues, such as stress concentrations
or singularities, symmetry conditions, and periodic bound-
aries, has been demonstrated. Comparing the flow theory
model predictions to that of a corresponding rate-dependent
model has shown coinciding results in the limit of low rate-
sensitivity.

� The Connected Component Labeling (CCL) technique employed
for the image analysis has been extended to treat none-regular
meshes for a general purpose code. Classical CCL algorithms are
developed for regular arrays only (pixels in an image). Hence, a
so-called raster image technique has been adopted in combi-
nation with a remeshing-like procedure. The developed code
can thereby treat an arbitrary mesh configuration.

Fig. 8. Evolution of potentially active plastic zones in terms of the plastic trial field for the periodically voided structure loaded in shear. Dark regions indicate potentially active
plastic zones ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b3pijb3pij=3q

� 10�3Þ. Here, shown for two stages of deformation a) D/(hgy) ¼ 0.966, and b) D/(hgy) ¼ 1.0825, with gy ¼ sy/3/(E/(2(1þn))), LE ¼ 0 and LD ¼ h/100.

Fig. 7. a) Schematic of a periodically voided homogeneous material, and b) a representative none-regular mesh employed in the modeling. Here, h void spacing in the x2-direction,
w is the void spacing in the x1-direction, and t is the thickness. Periodic conditions are enforced along all boundaries so that; _uðAÞ1 � _uðBÞ1 ¼ _D, _uðAÞ2 � _uðBÞ2 ¼ 0, _uðCÞ1 � _uðDÞ1 ¼ 0, and
_uðCÞ2 � _uðDÞ2 ¼ 0 for the displacement field, and _3

pðAÞ
ij � _3

pðBÞ
ij ¼ 0 and _3

pðCÞ
ij � _3

pðDÞ
ij ¼ 0 for the plastic strain field.
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The presented 2D numerical solution procedure is expected to
lend itself nicely to 3D implementations. The FleckeWillis plasticity
theory and the finite element formulation are presented in Sections
2 and 3 for the general case, whereas an extension of the CCL algo-
rithm and the raster image technique into 3D should be straight
forward e though not standard in image analysis. However, it is
emphasized that the suggested solution procedure exhibit the nu-
merical difficulties also found for the rate-dependent model
formulation by Niordson and Hutchinson (2011). These are pri-
marily related to slow convergence of the trial field solutionwhen a
low dissipative length parameter, LD, is employed. In both the rate-
dependent and rate-independent framework, LD drives the
convergence, whereas the energetic length parameter, LE, has the
opposite effect as it tends to slowdownconvergence. Improvements
to the current iterative solutionprocedurewould be beneficial to the
performance of the proposed algorithm. In particular, this is
important if the algorithm is to be extended to a 3D framework.
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Appendix A. Connected Component Labeling (CCL)

The Connected Component Labeling (CCL) technique adopted
from image analysis is used to determine the number and con-
nectivity of plastic zone (here applied to the plastic trial field so-
lution). The algorithm makes two passes over the array of “pixels”
(data points), made as a raster image of the continuous field; i) the
first pass determines if a pixel is part of the foreground (labeled “1”,
plastic zone) or the background (labeled “0”, elastic zone). This
creates a “black and white” image. ii) the second pass then replace
this temporary label by the label (plastic multiplier) of the con-
nected region to which the pixel belongs. Starting from the top-left
corner in a 2D array of pixels (“x” increase from left to right, “y”
increase from bottom to top), the following conditions are checked
in order to determine the label to be assigned to the current fore-
ground pixel (4-connectivity algorithm);

The algorithm continues this second pass and creates new re-
gion labels whenever necessary. In the same pass, the “equivalent
labels” matrix are developed. This matrix contains information on
bordering foreground regions, and thus used in the final renum-
bering and connection of regions into potentially active plastic
zones. The developed code holds no limitation to the number of
regions (plastic zones) and thus an arbitrary field can be handled.
To fit into the finite element context, the pixel-labels are finally
transferred to the elements, whereby all elements attached to a
foreground pixel receives a plastic zone label. It should be noticed
that a slight modification to the above CCL algorithm is needed in
order to handle the periodic boundary value problem entitled
“Periodic Voided Structure” in Section. 4.3.
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#1 If only the left neighbor (x�1,y) is a foreground pixel, use its
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#2 If the top and left pixels are foreground, but with different
labels, use the minimum region number for (x,y) and record
in an “equivalent labels” matrix that these two zones are
connected (used in the final renumbering).
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to (x,y).

Fig. 9. Material response curves for the periodically voided structure loaded in shear.
Here, comparing the current flow (rate-independent) formulation and rate-dependent
formulation for LE ¼ 0 and LD ¼ [h/100,h/4]. Throughout, N ¼ 0.1, sy/E ¼ 0.001, and n ¼
0.3 (A ¼ wt, sy ¼ sy/3 and gy ¼ sy/(E/(2(1þn)))).
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a b s t r a c t

A numerical model formulation of the higher order flow theory (rate-independent) by
Fleck and Willis [2009. A mathematical basis for strain-gradient plasticity theory – part II:
tensorial plastic multiplier. Journal of the Mechanics and Physics of Solids 57, 1045-1057.],
that allows for elastic–plastic loading/unloading and the interaction of multiple plastic
zones, is proposed. The predicted model response is compared to the corresponding rate-
dependent version of visco-plastic origin, and coinciding results are obtained in the limit
of small strain-rate sensitivity. First, (i) the evolution of a single plastic zone is analyzed
to illustrate the agreement with earlier published results, whereafter examples of
(ii) multiple plastic zone interaction, and (iii) elastic–plastic loading/unloading are
presented. Here, the simple shear problem of an infinite slab constrained between rigid
plates is considered, and the effect of strain gradients, strain hardening and rate sensitivity
is brought out. For clarity of results, a 1D model is constructed following a procedure
suitable for generalization to 2D and 3D.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Experimental observations of additional hardening (e.g. Xiang and Vlassak, 2006) and increased yield resistance (e.g.
Fleck et al., 1994; Swadener et al., 2002) at the micron scale have led to a vast amount of theoretical literature seeking to
model such effects. It has been recognized that strain gradients are the reason for the size effects observed, and a physical
explanation is achieved by the concept of Geometrically Necessary Dislocations (GND's), which affects the plastic behavior,
in addition to the so-called Statistically Stored Dislocations (SSD). A classical example is curvature resulting from bending in
the plastic regime, where GND's offer a simple explanation for the material compatibility. The GND density can be related to
the lattice curvature, and it is known to provide macroscopic strengthening (Ashby, 1970; Russel and Ashby, 1970).

In spite of experimental evidence and insight into the mechanisms involved, it has not been a simple matter to obtain a
sound extension to the classical J2 flow theory of plasticity that incorporates a dependence on plastic strain gradients (stated by
Hutchinson, 2012). Nevertheless, a number of phenomenological strain gradient enhanced flow theories involving higher
order stresses that are work-conjugate to the strain gradients have been proposed (Fleck and Hutchinson, 1997, 2001;
Gudmundson, 2004; Gurtin and Anand, 2005, 2009; Fleck and Willis, 2009; Niordson and Hutchinson, 2011), all suffering
from individual drawbacks that arise with the difficulty in accounting for strain gradients in a consistent manner, e.g., the
widely used Fleck–Hutchinson theory (2001) does not guarantee positive plastic dissipation for specific straining histories
(Gurtin and Anand, 2009), whereas the theory of Gudmundson (2004), Gurtin and Anand (2005) and Fleck andWillis (2009)
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predicts discontinuous changes in the higher order stresses upon certain infinitesimal load changes. It is emphasized that
the present work does not intend to clarify these fundamental issues. However, a recent discussion can be found in
Hutchinson (2012).

The class of higher order flow theories including Aifantis (1984), Muhlhaus and Aifantis (1991), Fleck and Hutchinson
(1997) and Fleck and Hutchinson (2001) has the advantage that the numerical formulation is straight forward, thus being
well-suited for numerical solution techniques, such as the finite element method. This advantage has contributed to a wide
use. On the other hand, significant challenges are encountered for the rate-independent flow theory by Gudmundson
(2004), Gurtin and Anand (2005) and Fleck and Willis (2009). The problems in this class of theories involve the definition of
yielding in relation to the numerical implementation, and the treatment of the evolution and interaction of multiple plastic
zones. The objective of this work is to present and demonstrate a novel numerical formulation of the higher order flow
theory (rate-independent) by Fleck andWillis (2009), that allows for elastic–plastic loading/unloading and the interaction of
multiple plastic zones. Here, the aim is threefold: (i) to analyze the evolution of a single plastic zone and ensure agreement
with earlier published results, (ii) to validate the predictability in terms of the evolution and interaction of multiple plastic
zones, and (iii) to ensure correct treatment of elastic–plastic loading/unloading. Throughout, the model response is
compared to the corresponding rate-dependent visco-plastic version of the Fleck–Willis theory, which acts as an ideal basis
for comparison, and fortunately lends itself nicely to numerical implementation (Niordson and Legarth, 2010; Niordson and
Hutchinson, 2011; Danas et al., 2012; Dahlberg and Faleskog, 2013). To facilitate easy management of multiple plastic zones
a layered infinite material slab, constrained between rigid platens and loaded in simple shear, is considered. For clarity of
results, a 1D model is constructed using a procedure that leans on the formulation of the corresponding rate-dependent
theory combined with classical image analysis, which is suitable for generalization to 2D and 3D. The paper is structured as
follows. The theoretical basis of the generalized flow theory (rate-independent) by Fleck and Willis (2009) and its rate-
dependent counterpart is outlined in Section 2. Here, focus is on the variational principles to be used in the numerical
formulation and the modeling procedure which is presented in Section 3. A 1D shear model is developed in Section 4, and
predicted results are given in Section 5. The work is concluded in Section 6.

2. Strain gradient theory: rate-independent and rate-dependent

The present work builds upon a small strain theory for strain gradient plasticity developed by Gudmundson (2004),
Gurtin and Anand (2005) and Fleck and Willis (2009). A compact overview of the generalized flow theory (rate-
independent) and the corresponding visco-plastic formulation (rate-dependent) is given below. Throughout, Einstein's
summation rule is utilized in the tensor equations and ðÞ;i denotes partial differentiation with respect to the spatial
coordinate xi.

2.1. Variational principles and constitutive relations

Employing a small strain formulation, the total strain rate is determined from the gradients of the displacement rates;
_ɛ ij ¼ ð _ui;jþ _uj;iÞ=2, and decomposes into an elastic part, _ɛeij, and a plastic part, _ɛpij, so that; _ɛ ij ¼ _ɛeijþ _ɛpij. For a gradient enhanced
material, involving higher order stresses, the principle of virtual work reads (Gudmundson, 2004)Z

V
ðsijδɛijþðqij�sijÞδɛpijþτijkδɛ

p
ij;kÞ dV ¼

Z
S
ðTiδuiþtijδɛ

p
ijÞ dS: ð1Þ

Here, sij is the symmetric Cauchy stress tensor and sij ¼ sij�δijskk=3 its deviatoric part. In addition to conventional stresses,
the principle of virtual work incorporates the so-called micro-stress tensor, qij (work-conjugate to the plastic strain, ɛpij), and
the higher order stress tensor, τijk (work-conjugate to plastic strain gradients, ɛpij;k). The right-hand side of Eq. (1) thereby
includes both conventional tractions, Ti ¼ sijnj, and higher order terms, tij ¼ τijknk, with nk denoting the outward normal to
the surface S.

The mechanisms associated with dislocation movement and/or storage of GND's (Ashby, 1970; Gurtin, 2002; Ohno and
Okumara, 2007) have been incorporated into the current higher order theory by assuming the micro-stress to have a
dissipative part only; qij ¼ qDij , while the higher order stresses decompose into a dissipative part, τDijk, and an energetic part,
τEijk, such that τijk ¼ τDijkþτEijk. Thus, an assumption for the free energy can be introduced according to the isotropic expression

Ψ ¼ 1
2 ɛij�ɛpij

� �
Lijkl ɛkl�ɛpkl

� �þ1
2GðLEÞ2ɛ

p
ij;kɛ

p
ij;k ð2Þ

whereby the conventional stresses is given through the elastic relationship; sij ¼ ∂Ψ=∂ɛeij ¼Lijklðɛkl�ɛpklÞ, while the energetic
higher order stresses are τEijkl ¼ ∂Ψ=∂ɛpij;k ¼ GðLEÞ2ɛpij;k. Here, Lijkl is the isotropic elastic stiffness tensor, G is the elastic shear
modulus and LE is an isotropic energetic constitutive length parameter. Although, the energetic length parameter is taken to
be zero throughout this study, the numerical framework is developed to handle energetic contributions.

Introducing a quadratic form of the gradient enhanced effective plastic strain rate, given by

_E
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
_ɛpij _ɛ

p
ijþðLDÞ2 _ɛpij;k _ɛ

p
ij;k

r
ð3Þ
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the corresponding dissipative quantities read (Gudmundson, 2004; Fleck and Willis, 2009)

qDij ¼
2
3
sC
_E
p _ɛ

p
ij; and τDijk ¼

sC
_E
pðLDÞ2 _ɛpij;k ð4Þ

with sC being the gradient enhanced effective stress determined from the prescribed strain hardening behavior (see Section
2.2). From Eq. (4), the effective stress can also be identified as sC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2q

D
ij q

D
ij þðLDÞ�2τDijkτ

D
ijk

q
, where LD is the dissipative length

parameter included for dimensional consistency in Eq. (3) (_ɛpij;k are the gradients of the plastic strain rates). In a physical
context, LD scales the dissipation contribution from geometrically necessary dislocations to that arising from plastic
deformation in the absence of plastic strain gradients.

To complete the higher order theory, Fleck and Willis (2009) put forward two minimum principles that delivers the
incremental solution to the displacement field and plastic strain rate field. The basis of these is given below for both the
generalized flow theory (rate-independent) and the corresponding visco-plastic formulation (rate-dependent).

2.1.1. Rate-independent formulation (generalized flow theory)
Assume that the current stress/strain state is known in terms of the displacement, ui, and plastic strain, ɛij

p
, fields. The

plastic strain rate field, in the subsequent load increment, is thereby determined as _ɛpij ¼ λ _ɛpnij , where the plastic trial field,
_ɛpnij , follows from the minimum statement (Minimum Principle I in Fleck and Willis, 2009)

H¼ inf
_ɛ pnij

Z
V
ðsF ½Ep� _E

pnþτEijk _ɛ
pn
ij;k�sij _ɛ

pn
ij Þ dV�

Z
S
tij _ɛ

pn
ij dS ð5Þ

and λ is the plastic multiplier associated with the trial field. Here, sF ½Ep� is the current flow stress given by the hardening rule
(see Section 2.2). It is noticed that a solution to the plastic trial field is obtained independently of the incremental solution to
the displacement field associated with incremental loading. Thus, only the plastic multiplier, λ, links the two, but remains
unknown at this stage of the solution.

To make this link, Fleck and Willis (2009) formulated the following functional to be minimized (Minimum Principle II)

J _ui; λZ0½ � ¼ 1
2

Z
V

Lijkl _ɛ ij� _ɛpij

� �
_ɛkl� _ɛpkl

� �þh Ep
� � _Ep2

� �
dV�

Z
S

_T i _uiþ _t ij _ɛ
p
ij

� �
dS ð6Þ

which delivers the solution for the displacements rates and the multiplier associated with the plastic trial field, _ɛpnij . Here,
_ɛpij ¼ λ _ɛpnij and _E

p ¼ λ _E
pn

in Eq. (6), whereas, the current hardening modulus is determined by h½Ep� ¼ dsF=dE
p.

2.1.2. Rate-dependent formulation (visco-plastic theory)
Assume that the plastic dissipation is accounted for through the visco-plastic potential

Φ½Ep; _Ep� ¼
Z _E

p

0
sc½ _Ep′

; Ep� d _Ep′
: ð7Þ

The formulation for rate-dependent materials thereby largely follows that of the corresponding rate-independent version
(see Section 2.1.1). Assuming that the stress/strain state is known, the plastic strain rate field in the subsequent load
increment can be determined from the minimum statement (Minimum Principle I in Fleck and Willis, 2009)

H¼ inf
_ɛpij

Z
V
ðΦ½Ep; _Ep�þτEijk _ɛ

p
ij;k�sij _ɛ

p
ijÞ dV�

Z
S
tij _ɛ

p
ij dS: ð8Þ

It is noticed that this “Minimum Principle I” includes the visco-plastic potential, and thereby a direct dependence of the
plastic strain rate through the hardening rule; sC ½Ep; _E

p� ¼ sF ½Ep�ð _E
p
=_ɛ0Þm, with m being the strain rate hardening exponent

and _ɛ0 the reference strain rate. Thus, the minimum principle in Eq. (8) directly delivers the actual plastic strain rate field, _ɛpij,
(and not only a trial field).

Having determined the plastic strain rate field, the incremental solution for the displacements is readily determined from
the standard functional (Minimum Principle II in Fleck and Willis, 2009)

J _ui½ � ¼ 1
2

Z
V
Lijkl _ɛ ij� _ɛpij

� �
_ɛkl� _ɛpkl

� �
dV�

Z
S

_T i _ui dS ð9Þ

It is noticed that the solutions for the plastic strain rate field, _ɛpij, is solved independently of the incremental boundary value
problem through Eq. (8), and then used to deliver the displacement rates, _ui.

2.2. Hardening law

An isotropic power hardening material is adopted for the purpose of illustration (see Eq. (10)). However, more realistic/
complex hardenings laws can equally be well incorporated into the model.

sF Ep
� �¼ sy 1þEEp

sy

	 
N

ð10Þ
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Here, E is Young's modulus, N is the strain hardening and sy is the initial yield stress. The material parameters used in the
simulations are given in Table 1.

3. Numerical formulation and solution procedure

The following numerical formulation lean on the work by Niordson and Hutchinson (2011), where solutions are obtained
using a finite element procedure based on the Minimum Principles I and II proposed by Fleck and Willis (2009). A standard
finite element interpolation, with

_ui ¼ ∑
NII

n ¼ 1
NðnÞ

i
_U
ðnÞ

and ɛ̂pij ¼ ∑
NI

n ¼ 1
MðnÞ

ij ɛ̂pðnÞ ð11Þ

using quadratic shape functions, NðnÞ
i , for the displacement field and linear shape functions, MðnÞ

ij , for the plastic strain field is
employed (see also Section 4). Here, i; j¼ 1;2;3 refer to the components of the vector-fields, NI and NII are the number of
degrees of freedom, and _U

ðnÞ
, ɛ̂pðnÞ holds the nodal values of the unknown rate field variables. The following incremental

procedure consists of two successive steps, in which “Step 1” is rather similar for the two theories considered in Sections
2.1.1–2.1.2. It is here noted that to initiate the algorithm a small elastic step is first made. Moreover, the integration scheme is
based on a forward Euler approach.

Step 1: Based on the known stress/strain conditions for the current state (in terms of the displacement field, ui, and
a plastic strain field, ɛij

p
), a plastic strain rate field is determined from Minimum Principle I. The minimum statement in Eqs.

(5) and (8) corresponds to the following stationarity requirementZ
V
ðqDij δɛ̂pijþτDijkδɛ̂

p
ij;kÞ dV ¼

Z
V
ðsijδɛ̂pij�τEijkδɛ̂

p
ij;kÞ dVþ

Z
S
tijδɛ̂

p
ij dS: ð12Þ

Here, ɛ̂pij denotes the plastic strain rate field associated with either the generalized flow theory (rate-independent, _ɛpij ¼ λɛ̂pij)
or the visco-plastic formulation (rate-dependent, _ɛpij ¼ ɛ̂pij) (see also Sections 2.1.1–2.1.2). By introducing the constitutive
equations, and requiring the variational statement to hold for any admissible field, a discretized non-linear system of
equations can be obtained from Eq. (12). The iterative solution procedure used to obtain the trial field thereby readsZ

Ve

sF

ðÊpÞðl�1Þ

2
3
MðnÞ

ij MðmÞ
ij þL2DM

ðnÞ
ij;kM

ðmÞ
ij;k

	 

dVe � ðɛ̂pðmÞÞðlÞ ¼

Z
Ve

sijM
ðnÞ
ij �τEijkM

ðnÞ
ij;k

� �
dVeþ

Z
Se
tijM

ðnÞ
ij dSe: ð13Þ

where Ve is the element volume and Se is the element surface subject to external loadings. In Eq. (13), σF must be replaced by
σC in the case of a visco-plastic formulation. The system of equations is solved iteratively for ɛ̂pij (according to l¼ 1;2;3;…Þ,
and the iterative process is started by the unit field solution enforced by the prescribed boundary conditions (see also
Niordson and Hutchinson, 2011). For the visco-plastic model, the plastic strain rate field is directly obtained from Eq. (13),
whereas for the rate-independent model it only delivers the plastic strain rate field (trial field) to within a plastic multiplier,
λ. Thus, the trial field is normalized in each iteration (such that ɛ̂pðmÞ=jɛ̂pðmÞjmax) to form a unit field, and convergence of the
solution is accepted when the relative norm of the change in the solution vector and the individual components is below
10�4 and 10�2, respectively, for two subsequent iterations.

It is noted that the trial field solution can take any value within inactive regions, and the concept of “potentially active”
zones is hence introduced in the following. The plastic multipliers (constant within each active plastic zone) are
subsequently determined from Minimum Principle II (see Step 2 below).

Step 2: Involves determining the incremental displacement solution. This step includes an important novelty in the
numerical procedure for the generalized flow theory (rate-independent), whereas the procedure for the visco-plastic (rate-
dependent) version is standard.

The generalized flow theory (rate-independent) offers a complete incremental solution to the displacement field, and the
plastic strain rates from Minimum Principle II in Eq. (6). Stationarity of this functional, ðδJ½ _ui; λZ0� ¼ 0Þ, yieldsZ

V
ðLijklð_ɛ ij�λɛ̂pijÞðδ_ɛkl�δλɛ̂pklÞþh½Ep�λÊp2

δλÞ dV ¼
Z
S
ð _T iδ _uiþ _t ijδ_ɛ

p
ijÞ dS: ð14Þ

Table 1
Mechanical properties.

Parameter Significance Value

s0y=E Initial yield strain 0.001

ν Poisson's ratio 0.3
N0 Strain hardening exponent 0.25
m Strain rate hardening exponent 0.01–0.1
_ɛ0 Reference strain rate 0.001
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By dividing the material into “potentially active” (elastic–plastic) and “inactive” (elastic response) regions, so that
V ¼ VplþVel, one can rewrite Eq. (14) as

∑
K

k ¼ 1

Z
VplðkÞ

ðLijklð_ɛ ij�λðkÞɛ̂pijÞðδ_ɛkl�δλðkÞɛ̂pklÞþh½Ep�λðkÞÊp2
δλðkÞÞ dVplðkÞ þ

Z
Vel
Lijkl _ɛ ijδ_ɛkl dV

el ¼
Z
S

_T iδ _ui dSþ ∑
K

k ¼ 1

Z
SplðkÞ

_t ijδλ
ðkÞɛ̂pij dS

plðkÞ

ð15Þ
where, S is the outer boundary of the entire domain and Spl is the outer boundary experiencing plastic straining. Here, K is
the number of “potentially active” plastic zones specified by connected material regions for which; minðɛ̂pijÞ is greater than
some threshold value (here, 10�1 of the trial field accuracy). Classical image analysis, in terms of the Connected Component
Labeling techniques, is adopted for this identification (see Appendix B, and Haralick and Shapiro, 1992). Moreover, for a zone
to be classified as “potentially active”, the value of the Minimum Principle I, integrated within that region, should be below
zero (or ΦðkÞ

H 40, see Eq. (16)) – otherwise no yielding can occur (see discussion by Danas et al., 2012 for a single plastic
zone). Here,

ΦðkÞ
H ¼ �

Z
VplðkÞ

ðsF ½Ep�Ê
pþτEijkɛ̂

p
ij;k�sijɛ̂

p
ijÞ dVplðkÞ �

Z
SplðkÞ

tijɛ̂
p
ij dS

plðkÞ
	 


ð16Þ

is evaluated for the unit field that minimizes Eq. (13).
By requiring Eq. (15) to hold for any admissible variation of the displacement, δui, and plastic multipliers, δλðkÞ, two

discretized systems of equations can be written asZ
Ve

LijklB
ðnÞ
ij BðmÞ

kl dVe � _U ðmÞ �
Z
Ve

LijklB
ðnÞ
ij ɛ̂pkl dVe � λðkÞ ¼

Z
Se

_T iN
ðnÞ
i dSe ð17Þ

�
Z
Ve

LijklB
ðmÞ
ij ɛ̂pkl dVe � _U ðmÞ þ

Z
Ve

ðLijklɛ̂
p
ijɛ̂

p
klþh½Ep�Êp2Þ dVe � λðkÞ ¼

Z
Se

_t ijɛ̂
p
ij dSe ð18Þ

with BðnÞ
ij ¼ ðNðnÞ

i;j þNðnÞ
j;i Þ=2. Thus, the two systems of equations couple and form one symmetric system of initial size:

½Ud:o:f þK� � ½Ud:o:f þK�. Once solved, the requirement: λðkÞZ0ðk¼ 1;2;…KÞ is addressed. If this is violated, zones with λðkÞo0
are “inactive” and subsequently removed from the system of equations and a new solution is obtained. This is repeated until
each plastic zones satisfy: ΦðkÞ

H 40 and λðkÞ40, before these are declared active, and the incremental solution is updated.
Here, _ɛpðkÞij ¼ λðkÞɛ̂pðkÞij for elements belonging to the k'th active plastic zone, and _ɛpij ¼ 0 in elastic regions.

The visco-plastic formulation (rate-dependent) offers a more direct solution to the displacement field, as Minimum
Principle II here does not involve determination of plastic zones. The stationarity of Eq. (9) is readily derived, and the
implementation into a finite element context is standard. Thus, further details have been omitted.

4. Problem formulation

The boundary value problem chosen for illustration of the proposed numerical procedure is that of a micron scale slab of
material constrained between two rigid platens, and deformed in shear (see Fig. 1). For clarity of results, an infinite domain
(in the x1-direction) is considered so that the model reduces to one dimension with a single non-zero shear strain
component characterizing the solution. Moreover, for easy management of multiple plastic zones, the material slab is
assumed to consists of three individual layers of height h. The total slab thickness is H ¼ 3 h. By changing material properties
for the three layers a range of scenarios for the elastic–plastic deformation is studied in the following.

The finite element discretization for this 1D model is made by 3-node isoparametric elements for the displacement field,
and corresponding 2-node elements for the plastic strain rate field. Both element types are integrated using Gauss
quadrature with 2 Gauss points, and a minimum of 20 elements have been used throughout each material layer.

Fig. 1. Schematic picture of an infinite slab of material constrained between rigid plastens. The slab consists of three elastic–plastic layers of height, h (in
total H¼ 3 h), and it is loaded in shear by displacing the platens a distance ΔðtÞ relative to each other in the x1-direction. Constraint plastic flow is enforced
at the interface between the slab and the platens ( _ɛpij ¼ 0 at x2 ¼ ½0;H�).
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The gradients of the nodal fields are thereby readily derived from Eq. (11) in line with the standard displacement-to-strain
matrix.

5. Results

The proposed algorithm for the rate-independent theory is illustrated in the following by using the already established
rate-dependent formulation as a reference for comparison. Coinciding predictions must be expected for small rate-
sensitivity. Four different examples that include features typically encountered in the solution of complex engineering
problems are presented. Throughout, results are shown for two dissipative length parameters, LD ¼ ½1=3;1=30�he, with he
being the current material layer thickness. Moreover, a low prescribed displacement rate of _Δ ¼H _ɛ0=10 is employed for the
rate-dependent model, so that a clear effect of the strain rate hardening exists as the material is left time to relax the
stresses; a softer overall stress response should thereby be expected with increasing strain rate hardening, m.

5.1. Evolution of a single plastic zone

Shearing of a homogeneous material slab is first considered for comparison with previously published results. In this
example, all layers in the model exhibit the same material behavior, thus a single plastic zone will fill the entire slab.
Initially, an elastic-perfectly plastic slab was considered and the results in Niordson and Legarth (2010) has been
reproduced.

Fig. 2 shows the response of a homogeneous power-law hardening slab that deforms in shear. The load–deflection curves
are shown in Fig. 2a, and the plastic strain field, in terms of the plastic shear angle, γp12, is shown in Fig. 2b and c for
LD ¼H=30 and LD ¼H=3, respectively. Throughout, the plastic strain profiles presented are extracted at the overall
deformation marked by “�” on the load–deflection curves. It is clear that the predictions of the rate-dependent model
approach that of the rate-independent model, and that the flow theory yield point (marked by “�” on the load–deflection
curve1) becomes increasingly apparent for m-0. This is intriguing, as the visco-plastic model offers a simple interpretation
of yielding in the rate-independent limit. In that case; sC ¼ sF specifies yielding in the individual material points.

The predicted material response in Fig. 2a agrees with the findings in Fredriksson and Gudmundson (2007) and Niordson
and Legarth (2010); the dissipative length parameter increases the effective yield stress. This gradient effect arises from the
constraints on plastic flow at the platens (y=H¼ 0 and y=H¼ 1 in Fig. 2b-c), whereby plastic straining is suppressed for large
dissipative length parameters, LD.

The expansion of a single plastic zone into the surrounding elastic regions will be the first extension to the above example.
In the current 1D model, this is achieved by letting the material slab consists of three individual layers of increasing
hardness, such that sðkÞy ¼ ½1;1:25;1:5�s0y and NðkÞ ¼N0 for k¼1, 2, 3. In a conventional rate-independent material ðLD ¼ 0Þ,
yielding would initiate in the bottom layer, and successively spread to layer two and three due to strain hardening. This is
also evident from Fig. 3b and d, showing the profile of the plastic shear angle, γ12

p
, and the average plastic shear angle within

each layer, γp12, (extracted at the overall deformation marked by “�”) for the small dissipative length parameter (LD ¼ h=30).
During loading, yielding initiates in the bottom layer, whereafter the plastic zone expands – first into the middle layer, and
subsequently into the top layer (see Fig. 3d). This propagation of the plastic zone manifests itself on the load–deflection
curve as a change in the slope. In particular, this is clear just after initial yielding. Moreover, the rather low weighting of
strain gradients results in initial yielding close to the conventional limit.

It is obvious from Fig. 3b that large plastic strain gradients build-up at the interfaces between the layers, in addition to
the gradients found at the platens. This results in further strain gradient strengthening when LD is increased (see Fig. 3a),
due to smoothened plastic straining profiles. This is also evident from Fig. 3c, where a large length parameter (LD ¼ h=3)
results in a profile which spans all three layers already at initial yield. It is noticed, from comparison of Fig. 3d and e, that the
average plastic strain is predicted to be enhanced in the hard layer and suppressed in the soft layer due to an increasing
LD=h.

5.2. Multiple plastic zones evolution and interaction

The possibility of shifts in active plastic regions can be illustrated with a slight change to the three layer material
configuration. Consider an elastic mid-layer with elastic-perfectly plastic top layer, the material properties read
sðkÞy ¼ ½1;20;1:5�s0y and NðkÞ ¼ ½1;1;0�N0 for k¼1, 2, 3. For this model setup, yielding is expected to initiate in the bottom
layer, followed by continuous hardening due to plastic straining until yielding occurs in the top layer. All additional plastic
straining, hereafter, should be completely overtaken by the top layer due to its perfectly plastic response. This is illustrated
by the results brought out in Fig. 4a–e, for both length scales considered.

Comparing the evolution of the average plastic shear angle, γp12, within the individual layers to the overall load–deflection
curve it is clear that once initial yielding occurs (first “�” on the load–deflection curve) plastic strain builds up in the bottom

1 Throughout, any “yield event”, where one or more plastic zones experience plastic loading and/or elastic–plastic unloading, will be marked by “�” on
the corresponding load–deflection curve.
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layer, while the top layer remains elastic. Due to the strain hardening of the bottom layer, the applied loading eventually
reaches a sufficient level to initiate yielding in the top layer (second “�” on the load–deflection curve). At this point, the yield
conditions changes abruptly as the active plastic zone shifts from the bottom layer to the top layer. A constant plastic strain
level is thereby attained for the bottom layer (see Fig. 4d–e), whereafter the overall load–deflection curves display the
perfectly plastic response set by the top layer. Obviously, this transition is less distinct in the rate-dependent model as the
rate-sensitivity has a hardening effect in both layers. Also, it is observed from Fig. 4 that this set-up for the layered material
shows the least convincing comparison of results. Additional calculations confirmed this to be caused by slow convergence
in the m-exponent.

The co-existence and merging of multiple active plastic zones are widely observed phenomena in engineering problems,
thus an essential feature which need to be properly accounted for in a strain gradient theory. To illustrate abilities of the
proposed algorithm within this context, the three layer material configuration is now taken to be sðkÞy ¼ ½1;1:5;1:25�s0y and
NðkÞ ¼N0 for k¼1, 2, 3, so that a harder elastic–plastic mid-layer separates the top and bottom layer of intermediate and low
hardness, respectively. The predicted load–deflection curves, along with the plastic strain profiles and the average evolution

Fig. 2. Material response and evolution of a single plastic zone, when sðkÞy ¼ s0y , N
ðkÞ ¼N0 for k¼1, 2, 3. (a) Response curves comparing flow formulation and

rate-dependent formulation (“�” indicate changes in the yield condition; “�” marks location for the subsequent plots), and (b) the evolution of the plastic
zone in terms of normalized plastic shear angle (LD ¼ ½H=30;H=3�;m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=

ffiffiffi
3

p
, γ0y ¼ 2τ0y ð1þνÞ=E).
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Fig. 3. Material response and evolution of a single plastic zone that continuously propagate into neighboring material, when sðkÞy ¼ ½1;1:25;1:5�s0y ,
NðkÞ ¼ ½1;1;1�N0. (a) Response curves comparing flow formulation and rate-dependent formulation (“�” indicate changes in the yield condition; “�” marks
location for the (b) and (c) plots), and (b) and (c) the plastic zone in terms of normalized plastic shear angle for marked positions in (a), and (d) and (e) the
evolution of normalized average plastic shear angle in each layer (LD ¼ ½h=30; h=3�;m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=

ffiffiffi
3

p
, γ0y ¼ 2τ0y ð1þνÞ=E).
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Fig. 4. Material response and evolution of a two individual plastic zone, when sðkÞy ¼ ½1;20;1:5�s0y , NðkÞ ¼ ½1;1;0�N0. (a) Response curves comparing flow
formulation and rate-dependent formulation (“�” indicate changes in the yield condition; “�” marks location for the (b) and (c) plots), (b) and (c) the
plastic zones in terms of normalized plastic shear angle for marked positions in (a), and (d) and (e) the evolution of normalized average plastic shear angle
in each layer (LD ¼ ½h=30; h=3�;m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=

ffiffiffi
3

p
, γ0y ¼ 2τ0y ð1þνÞ=E).
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within each layer is presented in Fig. 5a–e. Given a sufficiently small dissipative length parameter (e.g. LD ¼ h=30), a material
response close to the conventional limit is obtained. Thus, yielding is predicted to initiate in the bottom layer (first “�” on the
load–deflection curve), followed by plastic strain hardening (see Fig. 5d). The overall loading thereby increases, and yielding
eventually occurs in the top layer (second “�” on the load–deflection curve). At this point, two separate active plastic zones
exists in the layered material slab (see Fig. 5b). Upon further shearing of the slab, the two plastic zones expand into the mid-
layer, and merge into one active plastic zone (third “�” on the load–deflection curve).

A somewhat different line of events is predicted in case of a large dissipative length parameter (LD ¼ h=3). Here, the
plastic strain profile spans all three layers from initial yield. Thus, the profile is smoothened substantially, which in turn
strengthen the material, and increases the effective yield stress (see Fig. 5a). Further details on this last example, such as the
evolution of the plastic strain gradients, γ122

p
, the higher order stress, τ122, the micro-stress, q12 and the effective stress, sC ,

are included in Appendix A. Throughout, coinciding results are predicted in the limit of small rate-sensitivity.

5.3. Elastic–plastic loading/unloading

Repeated loading/unloading within a specific material region is another common phenomenon in engineering problems.
Examples of this are presented in the following by introducing cyclic loading of the constrained slab; first, the homogeneous
slab containing a single plastic zone that fill the entire region is revisited (sðkÞy ¼ ½1;1;1�s0y and NðkÞ ¼N0 for k¼ 1;2;3, see also
Fig. 2), and second the three layer material configuration holding co-existing plastic zones is considered
(sðkÞy ¼ ½1;1:5;1:25�s0y and NðkÞ ¼N0 for k¼ 1;2;3, see also Fig. 5). In both cases, cyclic loading is applied so that
j _Δj ¼H _ɛ0=10, with reversed loading enforced at prescribed displacements.

Fig. 6a shows the predicted load–deflection curve for the homogeneous slab, loaded in a single cycle. Results are shown
for the two length parameters LD ¼ ½1=30;1=3�H. In both cases, the material response for the rate-independent/dependent
formulation agrees well and the initial yield point, as well as the subsequent changes in the yield conditions, become
increasingly distinct form-0. When loading is applied, initial yielding occurs as of the example from Fig. 2a (first “�” on the
load–deflection curve in Fig. 6a). Subsequently, the overall stress response increases due to strain hardening and a
temporary peak load is attained as the shearing is reversed. Unloading occurs at this point (second “�” on the load–
deflection curve). The response is then governed by elastic unloading until reversed yielding takes place at a load level
corresponding to that attained prior to the first unloading. Upon further shearing additional strain hardening takes place,
and by reversing the loading again the line of events repeats itself. Thus, the material displays an isotropic hardening
behavior.

Fig. 6b compares the predicted response for the rate-independent/dependent models for the more complex example
with co-existing and merging plastic zones. Only, LD ¼ 1=30 h is considered here. Clearly, the proposed algorithm for the
rate-independent flow theory copes with this more complex loading history and an isotropic hardening behavior is
predicted.

6. Conclusion

This paper proposes the first numerical formulation for the higher order rate-independent flow theory by Fleck and
Willis (2009). A robust algorithm is proposed and implemented within a finite element framework. Features from an
existing finite element formulation for its visco-plastic counterpart is, here, combined with image analysis to complete the
rate-independent formulation such that interaction and evolution of multiple plastic zones can be treated properly. This is a
key contribution, and holds the novelty to this work.

For illustration purposes, a 1D model of an infinite layered material slab constrained between rigid platens and loaded in
shear is considered. Easy management of multiple plastic zones are thereby obtained, and the set-up offers clarity of results
as well as allows for demonstrating the algorithms ability to handle typical phenomena encountered in complex
engineering problems. Included are examples of (i) the evolution of plastic straining within a single plastic zone, as well
as the expansion of a single plastic zone into the surrounding elastic regions, (ii) co-existence, evolution and merging of
multiple plastic zones, e.g. the possibility of an abrupt shifts in the active plastic regions, as well as merging of co-existing
zones, and (iii) repeated elastic–plastic loading/unloading within a specific material region is considered. Throughout,
coinciding results are obtained when comparing the rate-independent predictions to that of the established visco-plastic
model formulation for m-0. However, in some cases, such as in the example in Fig. 4, the m-value needs to be very low for
coinciding predictions (confirmed by additional calculations), which further stress the importance of a rate-independent
model formulation.

One intriguing observation is that the changes in the yield conditions predicted by the flow theory become increasingly
distinct from the visco-plastic formulation for m-0. This, in spite of the fact that the visco-plastic model offers a straight
forward, and local, interpretation of yielding which is not the case for the rate-independent theory. From conventional
plasticity the rate-independent/dependent theories are known to coincide in the limit. That is; the onset of yielding is
crudely defined by se ¼ sy in both formulations. What is interesting is the fact that the onset of yielding also becomes
comparable in the gradient-based formulations – in spite of very different “yield criteria”. This in turn suggests that a much
simpler yield criterion might exist for the rate-independent formulation (see also discussion by Hutchinson, 2012).
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Fig. 5. Material response and evolution of a two plastic zone that merge to one during deformation, when sðkÞy ¼ ½1;1:5;1:25�s0y , NðkÞ ¼ ½1;1;1�N0.
(a) Response curves comparing flow formulation and rate-dependent formulation (“�” indicate changes in the yield condition; “�” marks location for the
(b) and (c) plots), (b) and (c) the plastic zones in terms of normalized plastic shear angle for marked positions in (a), and (d) and (e) the evolution of
normalized average plastic shear angle in each layer (LD ¼ ½h=30; h=3�;m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=

ffiffiffi
3

p
, γ0y ¼ 2τ0y ð1þνÞ=E).
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The proposed algorithm is a first step in handling the rate-independent theory by Gudmundson (2004), Gurtin and
Anand (2005) and Fleck and Willis (2009). In that way, the present work opens for multiple studies fostering new
understanding to a wide range of engineering problems. A natural continuation of the work presented would be to extend
the numerical implementation into a 2D or 3D framework. For this, the following challenges are foreseen; first of all,
classical image analysis relies on a well-structure configuration of neighboring points (pixels in an image). Thus, procedures
such as the “Connected Component Labeling” (used here) works fine for regular meshes, but a more general approach is
required in case of an irregular mesh. Second, a stable convergence to accurate solutions to the Minimum Principal I (the
plastic strain field, ɛ̂pij) is crucial for the proposed algorithm to work. It is emphasized that the suggested solution procedure
exhibits the numerical difficulties which are also found for the rate-dependent model formulation by Niordson and
Hutchinson (2011). These are primarily related to slow convergence of the trial field solution when a low dissipative length
parameter, LD, is employed. In both the rate-dependent and rate-independent framework, LD drives the convergence,
whereas the energetic length parameter, LE, has the opposite effect as it tends to slow down convergence. Improvements to
the current iterative solution procedure would be beneficial when extending this work to 2D or 3D.
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Fig. 6. Material response during cyclic loading of a layered slab, containing (a) a single plastic zone (sðkÞy ¼ ½1;1;1�s0y , NðkÞ ¼ ½1;1;1�N0, LD ¼ ½H=3;H=30�, see
also Fig. 2), and (b) two plastic zone that merge to one during deformation (sðkÞy ¼ ½1;1:5;1:25�s0y , NðkÞ ¼ ½1;1;1�N0, LD ¼ h=30, see also Fig. 5). Here,
m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=

ffiffiffi
3

p
and γ0y ¼ 2τ0y ð1þνÞ=E.
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Appendix A. Evolution of stresses, strains and associated gradients

Additional details for the example of co-existence and merging multiple active plastic zones are included. The three layer
material configuration is here: sðkÞy ¼ ½1;1:5;1:25�s0y and NðkÞ ¼N0 for k¼1, 2, 3, so that a hard elastic–plastic mid-layer
separates the top and bottom layer of intermediate and low hardness, respectively.

Figs. A1 and A2 present the profiles of the plastic strain gradients, γ122
p

, the higher order stress, τ122, the micro-stress, q12,
and the effective stress, sC , extracted at the overall deformation marked by “�” on the load–deflection curves on Fig. 5a.
Here, shown for two dissipative length parameters (LD ¼ ½1=30;1=3�h). Throughout, coinciding results are predicted in the
limit of small rate-sensitivity.

Appendix B. Connected component labeling (CCL)

The Connected Component Labeling (CCL) technique adopted from image analysis is used to determine the number and
connectivity of plastic zone (applied to the plastic trial field solution). In the following the classical (2D image) version of the
CCL is presented, whereas a simplified 1D version is employed in the current study. In general, the algorithm makes two
passes over the array of “pixels” (data points), made as a raster image of the continuous field: (i) the first pass determines if
a pixel is part of the foreground (labeled “1”, plastic zone) or the background (labeled “0”, elastic zone). This creates a “black
and white” image. (ii) The second pass then replace this temporary label by the label (plastic multiplier) of the connected
region to which the pixel belongs. Starting from the top-left corner in a 2D array of pixels (“x” increase from left to right, “y”

Fig. A1. Evolution of (a) the plastic strain gradient, γpijk, (b) the higher order stress, τijk, (c) the micro stress, qij, and (d) the effective stress, sC . Here, shown
for the example in Fig. 5 involving two plastic zone that merge to one during deformation, when sðkÞy ¼ ½1;1:5;1:25�s0y , NðkÞ ¼ ½1;1;1�N0, and LD ¼ h=30 (“�”

in Fig. 5 marks the deformation for these plot, and m¼ ½0:01;0:05;0:1�, τ0y ¼ s0y=
ffiffiffi
3

p
, γ0y ¼ 2τ0y ð1þνÞ=E).
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increase from bottom to top), the following conditions are checked in order to determine the label to be assigned to the
current foreground pixel (4-connectivity algorithm);
#1 If only the left neighbor ðx�1; yÞ is a foreground pixel, use its region number for (x,y).
#2 If the top and left pixels are foreground, but with different labels, use the minimum region number for (x,y) and record in an “equivalent labels”

matrix that these two zones are connected (used in the final renumbering).
#3 If only the top neighbor ðx; y�1Þ is a foreground pixel, use its region number (x,y).
#4 If left and top neighbors are background pixels, increment the region number and assign this new region number to (x,y).

The algorithm continues this second pass and creates new region labels whenever necessary. In the same pass, the
“equivalent labels” matrix are developed. This matrix contains information on bordering foreground regions, and thus used
in the final renumbering and connection of regions into potentially active plastic zones. The developed code holds no
limitation to the number of regions (plastic zones) and thus an arbitrary field can be handled. To fit into the finite element
context, the pixel-labels are finally transferred to the elements, whereby all elements attached to a foreground pixel receives
a plastic zone label.
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a b s t r a c t

Experiments on soft polycrystalline aluminum have yielded evidence that, besides the required punch
load, both the size and shape of imprinted features are affected by the scale of the set-up, e.g. substantial
details are lost when the characteristic length is on the order of 10 lm. The objective of this work is to
clarify the role played by strain gradients on this issue, and to shed light on the underlying mechanisms.
For this, indentation by a periodic array of flat punch indenters is considered, and a gradient enhanced
material model that allows for a numerical investigation of the fundamentals are employed. During a lar-
gely non-homogeneous deformation, the material is forced up in between the indenters so that an array
of identical imprinted features is formed once the tool is retreated. It is confirmed that the additional
hardening owing to plastic strain gradients severely affects both the size and shape of these imprinted
features. In particular, this is tied to a large increase in the mean contact pressure underneath the punch,
which gives rise to significant elastic spring-back effects during unloading.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Flat punch indenting of elastic–plastic solids has earned
renewed interest in recent years as a way of rapidly mass produc-
ing micron surface features. To achieve high throughput, the
surface punching has been evolved into a continuous micro-man-
ufacturing process that relies on imprinting/molding by rolling
(referred to as roll-molding, (Lu and Meng, 2013)). However, the
underlying mechanisms remains the same. In its simplest form, a
flat patterned indentor is pressed into the underlying material
and thereby leaving an imprint in the plastically deformed surface
once retreated. This classical problem is well-established in the lit-
erature, not the least owing to the slip-line field solutions for an
rigid perfectly plastic solid by Hill (1950), which has been verified
in numerical studies employing conventional plasticity (Nepershin,
2002). Their efforts, along with corresponding studies on pyrami-
dal (Vickers or Knoop), spherical (Brinell) and wedge indentation,
have yielded important in-sight into the underlying mechanics,
and indentation has become a widely used standard technique in
material testing at all scales. It is, however, recognized that indent-
ing at small scales results in increased yield resistance, for materi-
als that deform plastically by dislocation movement, when
compared to large scale testing.

When employing indenting (or punching) for manufacturing
purposes, the surface imprint is often aimed to represent a coun-
terpart to the indenter as closely as possible. However, a perfect
match is complicated by effects such as elastic spring-back, strain
gradient hardening, material inertia, and viscosity. Redesign of the
punch may improve the imprint, but in general perfectly sharp
edges cannot be achieved and some surface curvature must be
accepted; this with little noticeable different at large scales. How-
ever, deviations from perfectly sharp edges become increasingly
evident when the punching process is down-scaled to do micro-
manufacturing. Unfortunately, the goal of attaining sharp edges,
and abrupt variations in the deformed geometry, are associated
with large strain gradients, which lead to the before mentioned
increased hardening at micron scale. The explanation for this is
now generally accepted to lie in the concept of Geometrically Nec-
essary Dislocations (GND’s). When large plastic strain gradients
appear GND’s must be stored (Ashby, 1970), and this gives rise to
free energy associated with the local stress field of the GND’s, as-
well as increased dissipation when the GND’s move in the lattice.
At small scales, GND’s can become a substantial portion of the total
dislocation density which is normally dominated by so-called Sta-
tistically Stored Dislocations (SSD’s) at larger scale. Thus, a larger
amount of energy is required to deform the material at small scales
in the presence of gradients, and this leads to an apparent increase
in yield stress and strain hardening. To accurately predict the
shape and size of imprints made during micro-manufacturing the

http://dx.doi.org/10.1016/j.ijsolstr.2014.06.009
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employed material model must therefore represent stresses over
the full range of length scales involved.

A vast amount of theoretical literature seeking to encapsulate
the experimentally observed gradient effects at micron scale has
been put forward, counting both phenomenological models
(Aifantis, 1984; Fleck and Hutchinson, 1997, 2001; Gudmundson,
2004; Gurtin and Anand, 2005; Lele and Anand, 2008; Fleck and
Willis, 2009a,b), and micro-mechanics based models (Gao et al.,
1999; Huang et al., 1999; Gurtin, 2002; Qiu et al., 2003). The higher
order theory by Fleck and Willis (2009b) is employed in the current
study, and the concept of higher order stresses, work conjugate to
the strain gradients, is thus adopted to widen the range of length
scales for which the model is valid. The objective is to model an
experiment on soft polycrystalline aluminum at small scale, where
the impression made by a periodic array of micro-indenters devi-
ates substantially from that observed at larger scales. Through
numerical modeling it is the aim to clarify the influence of plastic
strain gradients. Moreover, by including unloading the elastic
spring-back can be quantified when compared to the surface shape
at maximum indentation depth. By choosing a material length
parameter of LD ¼ 1 lm, it is demonstrated that significant gradi-
ent effects should be expected for imprinted features with a char-
acteristic length on the order of 10 lm and below. This choice of
length parameter are in line with the estimates for the length
parameter put forward by Hutchinson (2000) (LD � 0:25� 5 lm,
depending on the gradient type being stretch or rotational), and
recently by Danas et al. (2012) (LD � 0:5� 1:5lm).

The paper is structured as follows. The considered boundary
value problem is summarized in Section 3, while the material
model formulation and numerical procedure are briefly outlined
in Sections 2 and 4. A modeling framework capable of predicting
the rate-independent material response is employed, and the
results are laid out in Section 5. Focus is on shape and size changes
to the imprints made onto the plastically deformed surface, as-well
as on changes to the loading history due to strain gradient effects.
Some concluding remarks are given in Section 6.

2. Strain gradient material models

In spite of indentation being an inherent finite strain problem, a
small strain version of the strain gradient plasticity theory by Fleck
and Willis (2009b) (tensorial version) is employed in this study as
a first approximation. This is considered sufficient for the small
indentation depths analyzed. A compact summary of the rate-inde-
pendent model formulation published by Nielsen and Niordson
(2013, 2014) is given below. Throughout, Einstein’s summation
rule is utilized in the tensor equations and ðÞ;i denotes partial dif-
ferentiation with respect to the spatial coordinate xi.

2.1. Fundamentals of the Fleck–Willis strain gradient theory

A small strain formulation is employed. The total strain rate is
determined from the gradients of the displacement rates;
_eij ¼ ð _ui;j þ _uj;iÞ=2, and decomposed into an elastic part, _ee

ij, and a
plastic part, _ep

ij, so that; _eij ¼ _ee
ij þ _ep

ij. For a higher order gradient
dependent material, involving higher order stresses, the principle
of virtual work reads (Gudmundson, 2004)
Z

V
rijdeij þ ðqij � sijÞdep

ij þ sijkdep
ij;k

� �
dV

¼
Z

S
Tidui þ tijdep

ij

� �
dS: ð1Þ

Here, rij is the symmetric Cauchy stress tensor, and
sij ¼ rij � dijrkk=3 its deviatoric part. In addition to conventional
stresses, the principle of virtual work incorporates the so-called

micro-stress tensor, qij (work-conjugate to the plastic strain, ep
ij),

and the higher order stress tensor, sijk (work-conjugate to plastic
strain gradients, ep

ij;k). The right-hand side of Eq. (1) thereby
includes both conventional tractions, Ti ¼ rijnj, and higher order
tractions, tij ¼ sijknk, with nk denoting the outward normal to the
surface S, which bounds the volume V.

The mechanisms associated with dislocation movement and/or
storage of geometrically necessary dislocations (GND’s) (Ashby,
1970; Gurtin, 2002; Ohno and Okumara, 2007) have been incorpo-
rated into the current higher order theory by assuming the micro-
stress, qij, and higher order stresses, sijk, to have a dissipative part
only, such that; qij ¼ qD

ij , and sijk ¼ sD
ijk. Thus, assuming the form

of the free energy to be

W ¼ 1
2
ðeij � ep

ijÞLijklðekl � ep
klÞ ð2Þ

the conventional stresses are derived as; rij ¼ @W=@ee
ij ¼

Lijklðekl � ep
klÞ, where Lijkl is the isotropic elastic stiffness tensor. In

this study, all energetic gradient contributions are omitted. The dis-
sipative stress quantities in the plastic regions read (Gudmundson,
2004; Fleck and Willis, 2009b)

qD
ij ¼

2
3

rC

_Ep
_ep

ij; and sD
ijk ¼

rC

_Ep
ðLDÞ2 _ep

ij;k ð3Þ

with rC and _Ep identified as the effective stress and the associated
effective plastic strain rate, respectively, given by

rC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

qD
ij q

D
ij þ ðLDÞ�2sD

ijksD
ijk

r
; and _Ep ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

_ep
ij
_ep

ij þ ðLDÞ2 _ep
ij;k

_ep
ij;k

r
:

ð4Þ

Here, _ep
ij;k is the gradient of the plastic strain rates, and LD is the

dissipative length parameter which is included for dimensional
consistency. The quantities defined in Eqs. (3) and (4) only exists
in the plastic regions (in which rC ¼ rF), while qD

ij ¼ qij ¼ sij in
the elastic regions, such that the effective stress reduces to the con-
ventional von Mises stress. An isotropic power hardening material
is modeled in the present work, with the current flow stress given
by

rF ½Ep� ¼ ry 1þ Ep

ry=E

� �N

ð5Þ

Here, E is Young’s modulus, N is the strain hardening exponent,
and ry is the initial yield stress. The material parameters used in
the simulations are given in Table 1.

To complete the higher order theory, Fleck and Willis (2009b)
put forward two minimum principles that delivers the incremental
solution to the displacement rate field, _ui, and plastic strain rate
field, _ep

ij.
Assume that the current stress/strain state is known in terms of

the displacement, ui, and plastic strain, ep
ij, fields. The plastic strain

rate field, in the subsequent load increment, is thereby determined
as; _ep

ij ¼ k _ep�
ij , where the plastic trial field, _ep�

ij , follows from the min-
imum statement (Minimum Principle I in Fleck and Willis, 2009b)

Table 1
Mechanical properties.

Parameter Significance Value

ry=E Uniaxial yield strain 0.001
m Poisson’s ratio 0.3
N Strain hardening exponent 0.05–0.2
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H ¼ inf
_ep�
ij

Z
V

rF ½Ep� _Ep� � sij _ep�
ij

� �
dV �

Z
S

tij _ep�
ij dS ð6Þ

and k is the plastic multiplier associated with the trial field. It is
noticed that a solution to the plastic trial field is obtained inde-
pendently of the incremental solution to the displacement field
associated with incremental loading. Thus, only the plastic multi-
plier, k, links the two, but remains unknown at this stage of the
solution.

To make this link, Fleck and Willis (2009b) formulated the
following functional to be minimized (Minimum Principle II)

J½ _ui; k P 0� ¼ 1
2

Z
V
Lijklð _eij � _ep

ijÞð _ekl � _ep
klÞ þ h½Ep� _Ep2

� �
dV

�
Z

S

_Ti _ui þ _tij _ep
ij

� �
dS: ð7Þ

The minimum principles deliver the solution for the displace-
ment rates and the multiplier associated with the plastic trial field,
_ep�

ij . Here, _ep
ij ¼ k _ep�

ij and _Ep ¼ k _Ep� in Eq. (7), whereas, the current

hardening modulus is determined by h½Ep� ¼ drF=dEp.
A corresponding rate-dependent model formulation was layed

out by Fleck and Willis (2009b), while its comparison to the cur-
rent rate-independent version can be found in Nielsen and
Niordson (2013, 2014).

3. Problem formulation

Fig. 1 illustrates the considered model set-up, where flat
punch indentation by a periodic array of equally spaced indenters
is parameterized. The set-up is chosen so that it also resembles a
2D cross-sectional cut of the mold-rolling process newly studied
by Lu and Meng (2013). Thus, besides the stationary punch
indentation problem, it is the aim to bring out first indications
of size effects for mold-rolling at small scales. Throughout, sym-
metry conditions are enforced at x1 ¼W ( _u1 ¼ 0 and _ep

12 ¼ 0), free
sliding conditions are applied along x2 ¼ 0 ( _u2 ¼ 0), periodicity is
enforced at x1 ¼ 0 ( _u1 ¼ 0 and _e12 ¼ 0), and the loading is applied
by prescribing a controlled displacement at b 6 x1 6W and
x2 ¼ H ( _u2 ¼ � _D, rigid indenter). The free sliding (or symmetry)
condition at x2 ¼ 0 implies essentially that indentation takes
place from both sides of the plate simultaneously. For flat punch
indentation, this approximation deteriorates as the sheet

becomes thin compared to the indenter spacing, but it is
expected to be a good model for the mold-rolling process.

To determine suitable boundary conditions for the interface
between the indenter and the surface material a brief investigation
of four different cases will be presented.

The four cases are;

Case A: Full sticking ( _u1 ¼ 0) and constraint plastic flow
( _ep

ij ¼ 0).
Case B: Free sliding (T1 ¼ 0) and constraint plastic flow ( _ep

ij ¼ 0).
Case C: Full sticking ( _u1 ¼ 0) and free plastic flow (tij ¼ 0).
Case D: Free sliding (T1 ¼ 0) and free plastic flow (tij ¼ 0).

The parameterized model set-up allows a number of dimen-
sionless quantities to be identified, and the response for the mate-
rial to be governed by

F ¼ f
b

W
;

H
W
;
rY

E
; m;N;

LD

W

� �
ð8Þ

where b is the channel width, W is the punch distance, and H is the
half sheet thickness (see Fig. 1), whereas the material
parameters; ry; E; m;N; and LD has been introduced in the preceding
section.

4. Numerical formulation and solution procedure

The employed numerical solution procedure rests on the
general finite element approach presented in Nielsen and
Niordson (2014), and has as basis the structure of the formulation
presented by Niordson and Hutchinson (2011). Here, using a
standard finite element interpolation of the displacement field,
ui, and the plastic strain field, ep

ij, respectively.

ui ¼
X8

n¼1

NðnÞi UðnÞ and ep
ij ¼

X4

n¼1

MðnÞ
ij epðnÞ ð9Þ

where NðnÞi are quadratic shape functions, MðnÞ
ij are linear shape func-

tions, while UðnÞ and epðnÞ holds the nodal values of the unknown
variables.

The incremental procedure for this strain gradient model for-
mulation consists of two successive steps, in which ‘‘Step 1’’
determines the plastic strain rate field from Minimum Principle
I based on the known stress/strain conditions in the current state
(in terms of the displacement field, ui, and the plastic strain field,
ep

ij). ‘‘Step 2’’ subsequently determines the corresponding incre-
mental displacement solution, as-well as the plastic multipliers
for the rate-independent formulation, from Minimum Principle
II. Full details on the numerical implementation and solution pro-
cedure for the rate-independent formulation can be found in
Nielsen and Niordson (2013, 2014).

5. Results

The aspect ratio of the periodic domain considered remains
fixed at H=W ¼ 0:5 for all the results presented, unless otherwise
specified. Together with the symmetry conditions at x2 ¼ 0, this
models periodic punch indentation (or approximates mold-rolling)
from both sides onto a sheet of thickness 2H.

Punch response curves are shown in Fig. 2 in terms of the mean
contact pressure under the punch as a function of indentation
depth, D, normalized by the half sheet thickness, H. Results are
shown for a fixed ratio of channel width to indenter distance of
b=W ¼ 0:3, and material parameters chosen according to Table 1.
An intermediate strain hardening exponent is chosen (N ¼ 0:1)

H

x

F

b

W

x Indenter2

1

Δ

Fig. 1. Schematic of a flat punch indenter pressed into a strain gradient enhanced
elastic–plastic material. The setup will be employed to study the response to a
periodic array of indenters (symmetry conditions at x1 ¼ 0 and x1 ¼W).
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along with three different material length parameters,
LD=W ¼ ½0:03; 0:10;0:30�1, whereof the results for the smallest
length parameter closely resembles those of a conventional material.
For each of the material length parameters, the four distinct bound-
ary cases presented in Section 3 are considered, and results for all
combinations of full/no friction and full/no constraint on the plastic
flow at the punch interfaces are brought out in Fig. 2. It is seen that
while the full constraint conditions (Case A) leads to the stiffest
response, and the no constraint conditions (Case D) leads to the soft-
est response, a full constraint on only one of the two fields (either _u1

or _ep
ij) yields a similar response that lie in between the two extremes.

Furthermore, the results show that a significant size effect exists for
the periodic punch problem in agreement with the findings by Guha
et al. (2013a,b).

Throughout this work, all punch response curves are shown for
both loading and unloading of the indenter (thus until the indenter
has been completely retreated). It is clear that, initially unloading
takes place along the same slope as that found at initial contact.
However, as the contact area decreases while the indenter is
retreated, the slope decreases; an effect most clearly seen for the
larger values of LD=W . It has been noticed that the indenter first
looses contact with the deformed surface near the center of the
channel ðx1 ¼WÞ, whereafter this detached region spreads and
eventually reaches the corners of the indenter at x1 ¼ b.

In the following studies only Case A (full friction and constraint
plastic flow) for the interface condition at the punch is considered,
as this gives raise to the highest peak load (though only small dif-
ferences are predicted between Cases A–D).

The effect of conventional material hardening is presented in
Fig. 3, where results for N ¼ ½0:05;0:10;0:20� are shown for two
values of the material length parameter, LD=W ¼ ½0:03;0:30�. While
conventional hardening clearly influences the response, it is obvi-
ous that gradient hardening dominates, and even the case with
low conventional hardening (N ¼ 0:05) exhibits very strong hard-
ening due to strain gradients – in particularly for LD=W ¼ 0:3.

The channel shape, in terms of the outline of the deformed top
surface, is presented in Figs. 4 and 5 upon complete removal of the
punch after indentation. Results are shown for three different
length parameters, LD=W ¼ ½0:03;0:1;0:3�, and for two ratio of
channel width to indenter spacing, b=W ¼ ½0:3;0:8�. For a length
parameter that yields results close to the conventional limit
(LD=W ¼ 0:03), a flat channel is produced with a ridge rising shar-
ply where the indenter corners were in contact. This is seen for
both the narrow feature (b=W ¼ 0:3, compare Figs. 4a, c, and e),
and the wider feature (b=W ¼ 0:8, compare Figs. 4b, d, and f). How-
ever, when the material length parameter increases relative to the
other geometric dimensions (or equivalently; if the scale of the
geometric parameters become relative smaller), these distinct
details are lost as the channel become less flat by the ridge rising
less sharply after unloading (see Fig. 4). This size effect on the
shape of the channel, and the imprinted feature, is the focus of this
study as it complicates the process of making an accurate imprint
that match the indenter counterpart.

To quantify the size effects on the imprinted feature, a parame-
terized model of the topology is set-up in Fig. 6. A target surface of
width ‘‘b’’ (according to Fig. 1) is here constructed so that it
matches the area underneath the curve that outlines the predicted
surface. Thus, the two surfaces will coincide in case of a perfect
match (a ¼ b ¼ 1), whereas differences between the imprinted fea-
ture and the target surface can be quantified by four key measures;
(i) the channel depth, d�, (ii) the maximum width at average height,
b, (iii) the deviation from the average height, a, and (iv) the inte-
grated mismatch between the two curves, calculated as;
Error =

RW
0 jydef : � ytargetjdx=ADeformed

2. The evolution of the four
parameters is shown in Figs. 7–10 for fixed length parameters, and
various values of the ratio of channel width to indenter spacings,
b=W , and sheet thicknesses H=W .

For fixed sheet thickness and indenter displacement,
(H=W ¼ 0:5 and D0=H ¼ 0:02), the ratio of channel width and
indenter spacing, b=W , clearly influences on the shape of the
imprinted feature, which in turn is affected by the length

Fig. 2. Punch response curves displaying both loading and unloading of the
indenter. Results are shown for LD=W ¼ ½0:03;0:1;0:3�, for the four boundary
configurations at the indenter interface; Case A ( _ep

ij ¼ 0; _u1 ¼ 0), Case B
( _ep

ij ¼ 0; T1 ¼ 0), Case C (tij ¼ 0; _u1 ¼ 0), and Case D (tij ¼ 0; T1 ¼ 0). Here,
N ¼ 0:1; b=W ¼ 0:3, and H=W ¼ 0:5.

Fig. 3. Punch response curves showing the effect of conventional strain hardening
and hardening owing to plastic strain gradients. Results are shown for
LD=W ¼ ½0:03;0:3�;N ¼ ½0:05;0:1; 0:2�, and b=W ¼ 0:3 (Case A boundary conditions,
and H=W ¼ 0:5).

1 Employing the present Fleck–Willis model framework, the numerics become
unstable for LD ! 0. It was found that LD=W ¼ 0:03 comes fairly close to that limit for
the current set-up.

2 Here, ydef : and ytarget are the curve describing the predicted and target imprint,
respectively, and ADeformed is the area underneath the curves. An example is shown in
Fig. 6.
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parameter (thus the scale of the imprint). For LD=W ¼ 0:03, which
yields a material response close to the conventional limit, it is clear
that the best match to the target surface is obtained. This is con-
cluded by; the height ‘‘a’’ being fairly close to unity for all b=W ,
the width ‘‘b’’ reaching the highest values detected, and the inte-
grated error taking the lowest values (see Fig. 7). This agrees well
with the deformed top surfaces shown in Figs. 4 and 5, where little

spring-back is observed (a � 1) for the smallest length parameter,
and a reasonable accurate match to the target surface is obtained.
However, even in the conventional limit perfectly sharp corners on
the imprinted feature cannot be expected, and this deviation
becomes increasingly evident for larger length parameters

Fig. 4. Deformed top surface after unloading the indenter, where the hatched area indicates the gradient enhanced solid and the dashed line indicates the initial top surface.
Results are shown for two indenter widths, b=W ¼ ½0:3; 0:8�, with LD=W ¼ ½0:03;0:1;0:3�, and N ¼ 0:1 (Case A boundary conditions). Here, D0 is the maximum indentation
depth (D0=H ¼ 0:02 and H=W ¼ 0:5).

Fig. 5. Deformed top surface after unloading the indenter, here displaying the effect
of strain gradients. Results are shown for two indenter widths, b=W ¼ ½0:3;0:8�, and
with LD=W ¼ ½0:03;0:1;0:3�, and N ¼ 0:1 (Case A boundary conditions). Here, D0 is
the maximum indentation depth (D0=H ¼ 0:02 and H=W ¼ 0:5).

Fig. 6. Parametrization of the deformed top surface quantifying to which degree the
target surface has been achieved. Here, ADeformed is the area underneath the curved
outlining the deformed surface, and ATarget ¼ ADeformed allows constructing the target
surface for a given indenter width, b=W . For a perfect match, the intersection a and
b yields; a ¼ b ¼ 1. The final indent depth, d� , is also indicated. Here, D0 is the
maximum indentation depth (D0=H ¼ 0:02 and H=W ¼ 0:5).
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(corresponding to smaller imprints). In particularly for the largest
length parameter, LD=W ¼ 0:3, it is obvious that; the height ‘‘a’’
has dropped significantly, the width ‘‘b’’ is lowered, and that the
integrated error has increased (see Fig. 7). Thus, the imprint
appears smoothened and substantial details are lost when com-
pared to an imprint made at larger scales. Moreover, it is clear from
Fig. 7 that for fixed length parameter, the match with the target
surface deteriorates with increasing indenter width (b=W
decreases).

In line with the above discussion, interesting results are
revealed when considering the evolution of the channel depth,
d�, with the ratio b=W , at different length scales. From Fig. 8b, it
is seen that the channel depth increases monotonically for increas-
ing indenter width (decreasing b=W) close to the conventional
limit (LD=W ¼ 0:03), whereas the monotonity is lost once gradient
effects play a significant role. To get to grips with this, it is

important to realize that as b=W decreases, an increasing volume
of material is displaced by the indenter (recall that D0=H is fixed),
while the constraint on the deformation increases (the free surface
where the material extrudes upward becomes smaller). Thus,
neglecting material compressibility, the average height of the fea-
ture, at maximum indenter depth, has to increase with decreasing
b=W , and moreover the mean contact pressure under the indenter
has to increase – in particular for large length parameters. This is
also evident from Fig. 8a. In general, the increased mean contact
pressure intensifies elastic volume changes, so that less material
is forced upward, as-well as adds to the elastic straining, which
in turn yields larger spring-back during unloading. It is this compe-
tition between changes in the mean contact pressure and the elas-
tic spring-back that give rise to the non-monotonic behavior in
Fig. 8b.

A corresponding parametric study on the effect of changing the
sheet thickness is laid out in Figs. 9 and 10. Here, keeping the ratio
of channel width to indenter spacing fixed at b=W ¼ 0:3 and 0.8,
respectively, and varying the length parameter to imitate imprints
being made at different scales. Fig. 9b clearly shows the channel
depth, d�, being a monotonic function of the sheet thickness,
H=W . This is tied to D0=H being kept constant (=0.02). Thus, for
increasing sheet thickness, the punch travels further into the mate-
rial, displacing a larger volume for fixed indenter size, and forcing
more material to extrude upwards at the free surface. However, as
for the above study, the final channel depth is largely affected by
changes to the length parameter as large strain gradients arise with
the deformation. From Fig. 9b, this is particularly evident for a
wide punch (b=W ¼ 0:3) as a fairly large amount of displaced
material has to be extruded upward over a small span of free sur-
face. On the other hand, the final channel depth for a narrow punch
(b=W ¼ 0:8) is much less sensitive to the length parameter, due to
a smaller displaced volume and a relatively larger free surface.

Fig. 10 displays the four key measures identified from the
parameterized surface topology in Fig. 6, as function of the normal-
ized sheet thickness, H=W . Results are, here, presented for two
ratio’s of channel width to indenter spacing, b=W ¼ ½0:3;0:8�. As
for the above results, the best possible match to the target surface
is obtained in the conventional limit (no gradient effects), while
the substantial details in the surface morphology are lost for
decreasing b=W .

Fig. 7. Match between the deformed top surface and the target surface for various
indenter widths, b=W . The match is quantified by the ‘‘a’’ and ‘‘b’’ value specified in
Fig. 6, as-well as the Error=

RW
0 jydef : � ytarget jdx=ADeformed . Results are shown for

LD=W ¼ ½0:03;0:1;0:3�, and N ¼ 0:1 (Case A boundary conditions, H=W ¼ 0:5, and
D0=H ¼ 0:02).

Fig. 8. Normalized a) peak load, Fmax , and b) maximum indenter depth, d� , respectively, for various indenter widths, b=W , and fixed sheet thickness, H=W ¼ 0:5. Results are
shown for LD=W ¼ ½0:03;0:1;0:2;0:3�, and N ¼ 0:1 (Case A boundary conditions). Here, D0 is the maximum indentation depth (D0=H ¼ 0:02).
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6. Concluding remarks

Small scale indentation of elastic–plastic materials is well-
known to reflect size effects, in terms of increased hardness when
compared to indentation made at larger scale. Similar size effects
are predicted for flat punch indentation, or imprinting of micron
scale features onto sheet metals, and it is obvious from Figs. 2, 3,
8a, and 9a that the peak-load associated with a specific indentation
depth rises as the length parameter increases (equivalent to down-
scaling the process). The mean contact pressure underneath the
punch thereby increases due to strain gradient hardening as the
material show more resistance to extrude upward between the ind-
enters. This intensifies elastic volume changes, and adds to the elas-
tic straining, so that a larger elastic spring-back occurs during
unloading (see Figs. 5 and 6). Thus, as the punch tool is retreated,
the size change of a micron scale imprint is substantial (see Figs. 5,

8, and 9), and the degree of mismatch with the mold counterpart is
worsened when down-scaling the process (see Figs. 7 and 10).
Throughout, isotropic hardening is assumed for the material
response. However, it is expected that kinematic hardening would
have an influence on the observed length scale effect for the shape
of the final impression as it is largely tied to the elastic spring back.

The implications of these findings can be tied directly to micro-
manufacturing processes, e.g. the so-called roll-molding developed
for low-cost, high-throughput of micron-scale imprints (Lu and
Meng, 2013). By letting the roll hold the mold counterpart,
micro-channel array imprinting on thin sheet metals poses essen-
tially the same issues as those treated in the presented work. Thus,
the shape of the imprinted features will be affected by down-scal-
ing the process. However, shape optimization of the punch geom-
etry could potentially improve on the imprinted feature so that a
match better the desired impression.

Fig. 9. Normalized (a) peak load, Fmax , and (b) maximum indenter depth, d� , respectively, for various sheet thicknesses, H=W , and fixed indenter width at b=W ¼ 0:3 and
b=W ¼ 0:8, respectively. Results are shown for LD=W ¼ ½0:03; 0:1;0:2;0:3�, and N ¼ 0:1 (Case A boundary conditions). Here, D0 is the maximum indentation depth
(D0=H ¼ 0:02).

Fig. 10. Match between the deformed top surface and the target surface for various sheet thicknesses, H=W , for two indenter widths; (a) b=W ¼ 0:3, and (b) b=W ¼ 0:8. The
match is quantified by the ‘‘a’’ and ‘‘b’’ value specified in Fig. 6, as-well as the Error =

RW
0 jydef : � ytarget jdx=ADeformed . Results are shown for LD=W ¼ ½0:03;0:1; 0:3�, and N ¼ 0:1

(Case A boundary conditions, and D0=H ¼ 0:02).
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a b s t r a c t

Crack tip flipping, where the fracture surface alternates from side to side in roughly 45� shear bands,
seems to be an overlooked propagation mode in Mode I thin sheet tearing. In fact, observations of crack
tip flipping is rarely found in the literature. Unlike the already established modes such as slanting, cup-
cone (rooftop), or cup-cup (bathtub) the flipping crack never settles in a steady-state as the near tip
stress/strain field continuously change when the flip successively initiates and develops shear-lips. A
recent experimental investigation has revealed new insight by exploiting 3D X-ray tomography scanning
of a developing crack tip flip. But, it remains to be understood what makes the crack flip systematically,
what sets the flipping frequency, and under which material conditions this mode occurs. The present
study aims at investigating the idea that a slight out-of-plane action (Mode III type loading) on the tip of
a slant Mode I crack can provoke it to flip to the opposite side. Both experiments and micro-mechanics
based modeling support this hypothesis.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

The fracture surface morphology that develops during Mode I
tearing of ductile thin sheet metals depends on both the material
microstructure such as size, shape, and distribution of void nucle-
ation sites, as-well as the configuration of existing damage, and the
elastic-plastic material properties. Driven by severe plastic defor-
mation, and hydro-static tension, a continuous process of void
nucleation and void growth to coalescence takes place at the
leading edge of an advancing crack (Pineau et al., 2016). This pro-
cess eventually sets the appearance of the crack surface and the
crack propagation mode (cup-cup, cup-cone, or slanting). The
evolution of a limited number of voids is associated with significant
void growth, revealing it-self as large dimples on the fracture sur-
face, and are typically related to severe local thinning of the sheet
and crack tip tunneling. In contrast, rapid growth of a large popu-
lation of micro-voids is commonly seen as smaller dimples, e.g
during the slant tearing mode where the crack face has tilted
(roughly) ±45� to the loading direction. In general, low strength
metals typically show severe tunneling of the crack tip and favor a
cup-cup (bathtub like) tearing mode, whereas crack growth in high
strength sheet metals is governed by plastic flow localizing into one
of two shear bands traveling with the tip (slanting) (see also

Pardoen et al., 2004). The transition from flat to slant has been
studied in details by Hickey and Ravi-Chandar (2015). In reality,
however, most fracture surfaces show a mixture of propagation
modes. For example, the propagation of a slanted crack can be
accompanied by large shear-lips near the free sheet surface or
complete shear band switches seemingly distributed randomly on
the fracture surface. Gruben et al. (2013) observed an occasional
shear band switch (or flip) underMode I tearing of dual-phase steel,
whereas Rivalin et al. (2001); Simonsen and T€ornqvist (2004);
Zheng et al. (2009); El-Naaman and Nielsen (2013) have observed
systematic, and successive, flipping of a slant crack in a range of
materials. Nielsen and Gundlach (2016) recently exploited X-ray
tomography scanning to access the sheet interior and studied the
very tip of a slanted crack where a flip is underway. From their
study it is clear that the crack tip flipping develops by the growing
shear-lips near the outer surface behind the leading slanted tip.

1.1. Motivation and preliminary experimental findings

Once the crack slants to a 45� shear band under a Mode I far-
field an out-of-plane action develops due to the loss of symmetry
in the system. The hypothesis is that it is this action, in combination
with a fortunate set of material properties, which is responsible for
the naturally occurring crack tip flip (see also El-Naaman and
Nielsen, 2013; Nielsen and Gundlach, 2016). Essentially, the
asymmetry in the near tip stress/strain field starts to favor crack
propagation in the otherwise inactive shear band as the out-of-
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plane deflection of the sheet intensifies.
To investigate the effect of a slight out-of-plane action (Mode III

type loading) on a propagating Mode I tearing crack, and to gain
control of the mixity, a set-up where double edge notched tensile
test (DENT) specimens are loaded in combined tension and torsion
is considered, see Fig. 1. Samples were cut from 3 mm rolled 6082-
T6 aluminum sheets and heat treated during 16 h at 180 �C from a
super-saturated solid solution state. Finally, the samples were
quenched. With this preparation the samples primarily showed
slant fracture over the entire ligament when subject to pure tensile
loading (Mode I). Quasi-static conditions were striven for
throughout, and in all experiments this implied a tensile loading
rate of 0.5 mm/s.

A series of experiments were subsequently carried out under
proportional tensile and torsional loading (Mode I/Mode III). This
was achieved by prescribing a rotation of the lower gripper on the
tensile test machine (Instron). An example of a typical fracture
surface morphology is shown in Fig. 2a. Again, a slant fracture
surface is obtained, however, this time a rotational symmetry
around the axial center axis is observed, because the small imposed
torsional loading promotes void growth in one of the two possible
shear bands. It is worth to notice that only a very limited rotation (1
deg/s) was applied.

In a final series of experiments, the direction of the torsional
load was inverted halfway through the tests. During the first half
the torsional loading rate was 1 deg/s, and during the last half it
was �3 deg/s. The consistent effect was a crack flip as depicted in
Fig. 2b. Thus, the experiments show that the out-of-plane action, in
fact, can change the active shear band and thereby make a growing
slant crack flip. Yet it remains to be clarified what material prop-
erties are required for such non-symmetric loading to be able to
cause a shear band switch in a crack evolving under far-field Mode
I.

In the present work a number of numerical simulations are
carried out with the aim of reproducing the qualitative results from
the preliminary experimental work, and investigating how the
response depends on various model parameters. While direct
comparison of e.g. force-displacement curves from the experiments
and the simulations could be relevant this would require detailed
identification of material parameters, which is a non-trivial and
demanding task (see Springmann and Kuna, 2005; Xue et al., 2010)
that has not been undertaken. Therefore, in this work, only

qualitative comparisons with experiments are possible. Still, within
the numerical framework the results are quantified and compared.

2. Material model

The presentation is made using general tensor notation, where
sub-/super-scripted indices denote co-/contra-variant tensor com-
ponents, respectively, and ðÞ;i denotes covariant differentiation in
the reference frame. The incremental field quantities are denoted
by ($) (Budiansky, 1964; Hutchinson, 1973; Tvergaard, 1990).

The classical micro-mechanics based Gurson model is adopted
to represent the void growth to coalescence process that governs
the ductile failure of the thin sheets considered. The material yield
surface reads

F ¼ s2e
s2M

þ 2q1f
�cosh

 
q2
2

skk
sM

!
�
h
1þ ðq1f �Þ2

i
¼ 0 (1)

with the void coalescence model (Eq. (2)) introduced by Tvergaard
and Needleman (1984) to accelerate void growth at a critical
porosity fc. Final fracture takes place at f � ¼ f �U ¼ 1=q1

f �ðf Þ ¼

8><
>:

f for f � fc

fc þ
�
f �U � fc

� f � fc
ff � fc

for f > fc
(2)

The present study assumes a rate-independent material
response such that the current material state is characterized by;
the reference stress in the matrix material, sM , the Cauchy stress
that gives the average stress field in the damaged material, sij, the
void volume fraction, f, which represents the softening effect owing
to the evolution of spherical micro-voids. For f ¼ 0 the material
model reduces to that of a conventional J2-flow material. The
classical Gurson model is developed for isotropic material behavior

such that the effective Mises stress becomes se ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3sijsij=2

q
, with

sij ¼ sij � GijGkls
kl=3 being the Cauchy stress deviator. Here, Gij and

Gij are the metric tensors of the convected frame.
Throughout, void nucleation has been omitted to limit the

number of model parameters. Thus, the evolution of the void
population is solely determined by the growth rate

_f ¼ ð1� f ÞGij _hpij (3)

where _hpij is the plastic strain increments given by

_hpij ¼
1
H
mijmkls

7kl (4)

with, mij being normal to the yield surface, H the hardening

modulus, and s7ij the Jaumann stress rate (see Tvergaard, 1990; for

details). Plastic yielding requires F ¼ 0 and _F>0 during elastic
deformation, whereas plastic loading continues as long as F ¼ 0

and mijs
7ij=H � 0. The work on the microscopic and macroscopic

levels are equated such that ð1� f ÞsM _εpM ¼ sij _hpij, which together

with _εpM ¼
�

1
Et
� 1

E

�
_sM yields the microscopic reference stress rate

_sM ¼ EEt
E � Et

sij _h
p
ij

ð1� f ÞsM
: (5)

Here, E is the Young's Modulus and Et is the tangent modulus.
The material hardening curve (in terms of true stress and

Fig. 1. Sketch of experimental setup for DENT specimen subject to displacement D
controlled tension and torsion Q indicated by arrows. Torsion in the clockwise direc-
tion (viewed from above) will be denoted a “positive torsion”, while torsion in the
opposite direction will be denoted “negative torsion”.
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logarithmic strain) under uni-axial tension of the matrix material is
approximated by a power-law hardening material such that

ε ¼

8>>><
>>>:

sM
E

for sM <sy

sy
E

�
sM
sy

�1=N

for sM � sy

(6)

Here, N is the strain hardening exponent and sy is the initial
yield stress. The power hardening law is chosen for simplicity and
to limit the number of model parameters.

3. Numerical model

A 3D finite element code that accounts for finite strains and
finite deformations using a total Lagrangian formulation is devel-
oped from the dynamic form of the principle of virtual work

Z
V

tijdhijdV ¼
Z
S

TiduidS�
Z
V

r
v2ui

vt2
duidV (7)

with

hij ¼
1
2

�
ui;j þ uj;i þ uki uk;j

�
(8)

Here, tij are the contravariant components of the Kirchhoff
stress, hij are the covariant components of the Lagrangian strain, r is
the material mass density, and V and S are the volume and surface
of the domain in the reference configuration.

An in-house FE-code is written in Fortran 2008 with OpenMPI
(Gabriel et al., 2004) for parallel execution on an arbitrary number
of CPUs. The partitioning of the mesh is carried out using the
software package METIS (Karypis and Kumar, 1999). Note that the
overall scheme is fully explicit and consequently there is no global
system equation. The stable time step is proportional to the
Courant-Friedrichs-Lewi-number and no artificial scaling of mass is
used in the simulations.

The analysis uses 20-noded isoparametric solid elements with
reduced (2� 2� 2 ) Gauss point quadrature for all integrals, except
for the mass matrix which requires full (3 � 3 � 3) Gauss inte-
gration. The equations of motion, i.e. the momentum equations, are
time-integrated using an explicit Newmark b-method.

The Gurson yield surface shrinks in stress space as damage (the
void volume fraction f) evolves in the material, and thus the ma-
terial looses stress carrying capacity. The damage evolution in a
Gauss point that reaches f ¼ 0:99ff is turned off in order to main-
tain numerical stability. When two Gauss points in an element
satisfies this criteria, the element is deleted and any residual forces

on neighboring elements are ramped down over a short period of
time (see also Tvergaard, 1982).

4. Simulations

A geometry and loading equivalent to the one in Jensen (2015) is
applied for the simulations, i.e. the regions inside the grippers (of
the tensile test apparatus) are considered rigidly clamped and are
therefore not modeled, and by splitting the prescribed displace-
ments into contributions on the upper and lower part a high degree
of symmetry is achieved (see Fig. 3a). These, so-called rotational
symmetries, are applicable when the solution fields (e.g. displace-
ments, nodal forces, etc.) are invariant with respect to a 180�

rotation about say the x3-axis. With Fig. 4 in mind, a simple relation
develops such that the forces on a node “A” on the boundary of the
computational domain can be determined by

FAi ¼ f a;2i þ f b;1i þJi

�
f c;1i þ f b;2i

�
(9)

where J ¼ ½�1;�1;1� and subscript i ¼ 1;2;3 indicates Cartesian
components (see also Nielsen, 2008, 2010). Similarly, the total
(lumped) mass at node “A” becomes;
MA ¼ ma;2 þmb;1 þmc;1 þmb;2. In all simulations two such anti-
symmetric boundary conditions are introduced on the
ðx1; x2Þ-plane and the ðx2; x3Þ-plane, respectively, (see Fig. 3b) in
order to reduce the computational cost by a factor of roughly 4. The
combined tension and torsional loading is imposed by prescribing a
rigid body motion of the nodes on the plane through ð0;0;�H=2Þ
parallel to the ðx1; x2Þ-plane. All accelerations are introduced
gradually using a smooth step function for the displacement rates.

Referring to the sketch in Fig. 3a and parameters marked by (y)
in Table 1 a dimensional analysis yields the following dimension-
less groups

F ¼ F

 
H
b
;
B
b
;
T
b
;
r
b
;

_Q
_D
.
b
;

_Dffiffiffiffiffiffiffiffi
E=r

p ; n; f0;N;
sy
E

!
(10)

The first four groups are tied to the specimen dimensions which
will be kept constant for all simulations. The fifth group describes
the ratio between Mode III and Mode I, which will also be treated
the same in all simulations (close to that of the preliminary
experimental study in Section 1.1). Finally, the Poisson's ratio n is
fixed at 0.3 which is an appropriate value for most metals. This
leaves four dimensionless groups to be examined: _D=

ffiffiffiffiffiffiffiffi
E=r

p
is the

ratio between loading speed and speed of sound in the material, f0
is the initial void volume ratio, N is the strain hardening exponent,
and sy=E is the initial yield stress.

The Gursonmodel is inherentlymesh dependent, and requires an

Fig. 2. (a) Fracture surface after combined proportional (tension and torsion type) loading. (b) Fracture surface after steady Mode I loading combined with alternating torsional
loading.
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element size comparable to the dominant void spacing in the ma-
terial (~100 mm) to ensure an accurate representation of ductile
failure. Thus, a plate of a few millimeters thickness demands a sig-
nificant amount of elements e in particular when aiming for prop-
agating the crack several plate thicknesses. In all simulations 32
elements through the plate thickness are used. The total number of
elements is 70,376which in itself puts a constraint on the parametric
study, and the number of time steps is on the order of 3,000,000. One
simulation takes roughly 15 h on a computer cluster with 200 CPUs
(10 nodes of dual Intel Xeon E5-2680v2 with 10 cores).

5. Results

First and foremost, the simulations include a reference case as

specified in Table 1, which serves as basis for the parametric
investigation. Properties marked with (*) in Table 1 are modified
systematically in the following sections, while all other properties
remain unchanged, and the Mode I loading rate is set such that the
final displacement of the boundaries always becomes D=H ¼ 0:056.
The prescribed torsional load (see Fig. 1) is composed of two parts;
first the torsion is in the positive direction, followed by a twist in
the negative direction (at double rate). The event when the
torsional loading changes sign is denoted “Changeover” in Table 1.
This loading scheme is similar to that used in the experimental
work by Jensen (2015).

Fig. 3. (a) Truncated geometry and modified loading (torsion add translation applied on both upper and lower part) for modeling. (b) Simulation domain taking advantage of
symmetries in order to reduce model size. Hatched: Anti-symmetric boundary conditions applied. Dotted: Controlled rigid body motion.

Fig. 4. Illustration of the anti-symmetric boundary condition. Full lines: Original mesh, Dashed lines: Mesh after a 180� rotation around the x3-axis, Letters in boxes: Element label,
Numbers in circles: Node number (local numbering). Note that some items (forces components, node numbers, etc) are left out for the sake of a clear representation.
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5.1. Influence of deformation rate _D=
ffiffiffiffiffiffiffiffi
E=r

p
A single experiment takes a couple of minutes in the lab, how-

ever, the deformation is simulated to take place over a few milli-
seconds to save computational time. This is achieved by scaling
the loading rates by a sufficiently large factor a, such that

_D ¼ a _D
experiment

and _Q ¼ a _Q
experiment

. Obviously, this increase in
loading rate comes with the price of dynamic effects and increased
kinetic energy. However, it is not the intention to enter the regime
where dynamics plays a significant role, but rather is it the inten-
tion to reproduce the real quasi-static experiments by simulation.
Thus, the first parameter to be investigated is the deformation rate
and Table 2 displays the different load rate scaling factors consid-
ered together with an indication of the type of fracture surface
morphology observed. Indeed, by increasing a to 2,105 the fracture
surface morphology changes from a clear crack tip flip to a pure
slant fracture. In Figs. 5 and 6 the corresponding tensile force and
the torque is shown (A0 is the initial ligament cross-section area
b� T). While the tensile force is little affected by the loading speeds
considered, large oscillations are observed in the torque, in
particular for a � 1,105. For a ¼ 1=2,105 and a ¼ 1=3,105, the
torque curves are nearly identical with the latter value of a pro-
ducing a rather smooth response. The kinetic energy is in this case
less than 2% of the total energy in the system, throughout the
simulation, and it is therefore reasonable to use a ¼ 1=3,105 in the
remaining simulations to mimic quasi-static conditions.

It is worth noticing that the predicted crack tip flipping, though
assisted by torsional loading, is the first ever reproduced in a

numerical model (to the best of the authors knowledge). In Fig. 7,
the evolution of the crack is investigated by displaying snapshots of
the DENT specimen and contours the void volume fraction f side-
by-side. The contours are drawn for f ¼ 0:026, thereby tracking
the front of the damaged zone near the crack. At displacement
D=H ¼ 0:0102 the damage level for f ¼ 0:026 is just becoming
visible at the root of the notches. The next two frames at
D=H ¼ 0:0157 and D=H ¼ 0:0213 show how the initially diffuse
damage has become non-symmetric due to the imposed torsional

Table 1
Parameters for the reference case.

Material parameter Notation Value

Young's modulusy E 70 GPa
Yield stressy* sy 210 MPa
Poisson's ratioy n 0.3
Strain Hardening exponenty* N 0.05
Initial void volume fractiony* f0 0.01
Critical void volume fraction fc 0.2
Final void volume fraction ff 0.4
Mass densityy r 2700 kg/m3

Tvergaard parameter 1 q1 1.5
Tvergaard parameter 2 q2 1.0

Geometry Notation Value

Plate heighty H 45 mm
Plate widthy B 80 mm
Plate thicknessy T 3 mm
Ligament widthy b 40 mm
Notch radiusy r 0.5 mm

Prescribed deformation Notation Value

Max tensile displacement Dmax 2.5 mm
Tensile displacement ratey _D (dependent quantity)

Torsional displacement ratey _Q (dependent quantity)

Proportional loading 1 _D= _Q 1.0 mm/deg

Proportional loading 2 _D= _Q �0.5 mm/deg

Changeover 1/2 Dinv=Dmax 0.36
Displacement rate scaling* a ¼ texperiment

end =tsimulation
end

1=3$105

* Parameters that are changed in parametric study. y Material parameters included in dimensional analysis.

Table 2
Load cases for demonstrating the influence of deformation rate. Other model pa-
rameters are as given in Table 1.

Displacement rate scaling a 1=3$105 1=2$105 1$105 2$105

Crack propagation mode Flip Flip Flip Slant

Fig. 5. Normalized tensile force for varying loading rates a, keeping all other model
parameters constant with values given by Table 1. Dashed vertical lines correspond
(from left to right) the displacements indicated in Fig. 7 (top to bottom row). The
dotted vertical line indicates the event where the imposed torsional loading changes
sign.
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loading. In fact, localization of damage in a single shear band is
clearly visible. The changeover for the torsional load happens at a
tensile displacement of D=H ¼ 0:02, and is marked as a dotted line
in Figs. 5 and 6. The effect is visible in the frame belonging to
D=H ¼ 0:0269, where the previously inactive shear band now be-
comes the dominant one. The end result is a crack tip flip as seen on
the last frame at D=H ¼ 0:0435.

5.2. Influence of initial void volume fraction f0

In this section the initial void volume fraction f0 of the material
is varied systematically taking the values in Table 3, while all other
parameters remain fixed at the values of the reference case
(Table 1). By doing so, three different crack surface morphologies
are predicted.

When f0 belongs to a small interval around 0.01e0.012, the crack
tip flip is observed (see Fig. 8c). The imposed positive torsional load
causes a þ45� slant crack to develop, which is following by a �45�

slant crack due to reversal of the “twisting” motion. However, the
exact location of the crack tip flip is influenced by the initial void
volume fraction, and increasing f0 is observed to delay the crack tip
flip (see Fig. 8d). In these cases, the crack advance, and preceding
damage evolution, takes place at a speedwhich enables the crack to
react on the out-of-plane action much as it is expected to happen
for a naturally occurring crack tip flip.

However, as f0 becomes larger more rapid damage evolution
takes place and the first positive twist induces a þ45� slant crack
that propagates across the entire ligament. At the time the second
negative torsion is imposed damage is already severe (see Fig. 8e),
and the negative torsion is therefore not sufficient to flip the crack
tip. On the other hand, if f0 becomes too small (i.e. below 0.01), the
fracture surface is composed of two parts. The first part is a cup-cup
fracture, whereas the second part displays a�45� slant crack due to
the negative torsion (see Fig. 8aeb). This is owed to damage evo-
lution being too slow, and the first positive torsion is therefore not
sufficient to induce any preference for one shear band over the
other.

The tensile force and torque for various values of the initial void
volume fraction are shown in Figs. 9 and 10. As expected, by

lowering the initial void volume fraction the tensile force curve
shows a higher load carrying capacity of the material and lower
initial void growth rate. Both the peak load and the ductility of the
specimen are affected. Similarly, the torque displays an increased
maximum level when lowering the void volume fraction.

For f0 ¼ 0:02 it is worth noticing that the torque curve drops
before the torsional loading is reversed (at D=H ¼ 0:02). This means
that the ligament is severely damaged and cannot sustain the
imposed torque. Moreover the biggest negative torque, out of all
cases investigated, is also found for f0 ¼ 0:02 (see Fig. 10). This re-
flects much underdeveloped damage in the second shear band as
the specimen holds its initially þ45 slant crack throughout the
fracture surface.

5.3. Influence of the initial yield strain sy=E

The plate's bending stiffness works against the out-of-plane
deflection, while the initial plastic deformation is largely gov-
erned by the initial yielding stress. Thus, one dimensionless group
of key interest is the initial yield strain sy=E.

In the following set of simulations, the initial yield strain is
varied using the values in Table 4. In all simulations Young's
Modulus E is kept constant to leave the dynamics of the problem
unchanged (the density r is also kept constant). Thus, the dimen-
sionless group is varied by changing the initial yield stress sy.1

The crack surface morphology is shown in Fig. 11 for the cases
listed in Table 4 except for the reference case, which is shown in
Fig. 8c. It is seen that by lowering the initial yield strain, and thereby
increasing the relative stiffness of the plate, the crack tip flipping
mechanism engages at an earlier state, and vice verse. In fact, by
imposing a sufficiently high value of initial yield strain no flipping is
found on the entire ligament. Instead, the crack remains slanted in
theþ45� shear band. This result aligns with the experimental study
conducted by Simonsen and T€ornqvist (2004) and El-Naaman and
Nielsen (2013), where a higher flipping frequency is seen for
stiffer systems.

Figs. 12 and 13 show the tensile force and torque curves,
respectively. Note, that the force and torque are normalized against
the current value of initial yield stress sy, whereas the deformation
D=H is maintained for better comparison of the curves. Both fam-
ilies of curves show similar features and are largely comparable
despite the large interval covered by sy.

5.4. Influence of the strain hardening exponent N

The thinning of the plate in front of the advancing crack tip is
largely controlled by the material strain hardening and, moreover,
the strain hardening must be expected to affect the out-of-plane
deflection. Thus, the material strain hardening N is another
dimensional group of key interest in understanding the crack tip
flipping mechanism.

Fig. 14aed shows the result of applying the hardening expo-
nents given in Table 5. It is remarkable how these results look
similar to the ones for varying initial void volume fraction, expect
that small (high) N corresponds to high (small) f0. Also, the force
and torque curves in Figs. 15 and 16 share strong similarities with
the corresponding curves for varying f0. The simulations suggest
that the strain hardening exponent is a very important parameter
for the crack tip flipping mechanism, since changes of only ±10%
have a dramatic effect on the fracture surface.

Fig. 6. Normalized torque for varying loading rates a, keeping all other model pa-
rameters constant with values given by Table 1. Dashed vertical lines correspond (from
left to right) the displacements indicated in Fig. 7 (top to bottom row). The dotted
vertical line indicates the event where the imposed torsional loading changes sign.

1 To check the dimensional analysis additional simulations (not included) with
constant yield strain, sy=E, for different sy and E have been conducted, indeed
showing no change in the model response.
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6. Concluding remarks

A number of full 3D numerical simulations have been carried

out by the use of Gurson's material model with the aim of (1)
Qualitatively replicate experimental results for assisted crack tip
flipping in a DENT type specimen, (2) Determine the influence of
material parameters on the crack tip susceptibility.

The parametric study shows that crack tip flipping is likely to
occur only for certain materials as the parameter span that shows
flipping is fairly narrow. This is, however, not surprising as sys-
tematic and repeated flipping is rarely encountered in experiments.
From the simulation results it is found that the initial void volume
fraction and the strain hardening both are parameters that strongly
affect the crack tip flip, but they have opposite effects: Increasing f0
will delay the crack tip flip, while increasing N will promote the
crack tip flip. However, if either parameter becomes too small or too
large the crack tip flip is absent. In these cases a slant fracture,

Fig. 7. Left: The DENT specimen at increasing tensile (and torsional) displacement colored by effective plastic strain. Right: Contours for void volume fraction f ¼ 0:026 with
transparent geometry. The planes with stronger shading are due to “copy þ rotate þ paste” of the computational domain, in order to show not only the computational domain,
which is merely one-quarter of the real domain.

Table 3
Load cases for the influence initial void fraction f0. Other model parameters are as
given in Table 1.

f0 Crack propagation mode Fig.

0.004 Cup-Cup followed by Slant �45� 8a
0.008 Cup-Cup followed by Slant �45� 8b
0.01 Flip (centered, Reference Case) 8c
0.012 Flip (late) 8d
0.02 Slant þ45� across ligament 8e
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perhaps with a leading cup-cup fracture morphology, will occur
because damage evolves so fast (or so slow) that only the first positive torsional load (or the second negative torsional load) will

markedly affect the damage level in the ligament.

Fig. 8. Crack surfaces at end of simulation (D ¼ 0:025) for different initial void volume fractions f0. Other model parameters are as given in Table 1.

Fig. 9. Normalized tensile force for different initial void volume fractions f0. All other
parameters are as given in Table 1. The vertical dotted line indicates the event where
the imposed torsional loading changes sign.

Fig. 10. Normalized torque for different initial void volume fractions f0. All other pa-
rameters are as given in Table 1. The vertical dotted line indicates the event where the
imposed torsional loading changes sign.
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Compared to the strain hardening and the void volume fraction,
initial yield strain sy has a somewhat weaker effect, although

increasing the value will indeed delay the crack tip flip. Stated
differently, the initial yield strain will affect the timing of crack tip
flipping and only outside a relatively large interval will it prevent
crack tip flipping from happening.

All torque curves presented indicate a change of slope that
corresponds to the change in sign of the prescribed torsional
deformation. It seems remarkable that the crack tip flip is not
directly visible in the torque curves, but this result is consistent
with the experimental results of Jensen (2015). It has been noticed
that many of the torque curves experience a small bump in the
response (near D=H ¼ 0:033), however, this part is related to the
fracture of the ligament itself and not the crack tip flipping.

The tensile force curves consistently show a (small)

Table 4
Load cases for the influence of initial yield stress sy=E. Other model parameters are
as given in Table 1.

sy=E Crack propagation mode Fig.

0.001 Flip (early) 11a
0.002 Flip 11b
0.003 Flip (centered, Reference Case) 8c
0.004 Flip (late) 11c
0.005 Slant þ45� across ligament 11d

Fig. 11. Crack surface morphology for different initial yield strains sy=E. Other model parameters are as given in Table 1.

Fig. 12. Normalized tensile force for different initial yield strains sy=E. All other pa-
rameters are as given in Table 1. The vertical dotted line indicates the event where the
imposed torsional loading changes sign.

Fig. 13. Normalized torque for different initial yield strains sy=E. All other parameters
are as given in Table 1. The vertical dotted line indicates the event where the imposed
torsional loading changes sign.
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characteristic feature when crack tip flipping takes place. For
example, the curves corresponding to f0 ¼ 0:01 and f0 ¼ 0:012 in
Fig. 9 show a drop near D=H ¼ 0:024, and these are the only cases

with crack tip flipping for varying f0. It can be seen that the tensile
force recovers when flipping occurs, and carefully going through
the experimental work of Jensen (2015) this effect was also
observed in the measured curves.

Topics for future work include parametric studies changing
parameters what were held constant in this work. Also, an inves-
tigation of how the dimensionless groups (possibly) interplay with
each other would advance the understanding of crack tip flipping.
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a b s t r a c t 

The fracture surface morphology that results from mode I tearing of ductile plate metals depends heavily 

on both the elastic-plastic material properties and the microstructure. Severe tunneling of the advancing 

crack tip (resulting in cup-cup, or bath-tub like fracture surfaces) can take place in a range of materials, 

often of low strength, while tearing of high strength metals typically progress by the shear band fail- 

ure mechanism (slanting). In reality, however, most fracture surfaces display a mixture of morphologies. 

For example, slant crack propagation can be accompanied by large shear lips near the outer free plate 

surface or a complete shear band switch - seemingly distributed randomly on the fracture surface. The 

occasionally observed shear band switch of mode I slant cracks, related to ductile plate tearing, is far 

from random as the crack can flip systematically from one side to the other in roughly 45 ° shear bands. 

This "flipping" action of a slanted crack remains to be fully understood, and the present study serves to 

share details on the phenomenon by exploiting X-ray tomography scanning to access the plate interior 

and the very crack tip. Throughout, the focus is on a crack tip where the flip is underway. Extensive 

growth of single edge cracks under mode I loading is achieved in a purpose build test set-up. Here, con- 

sidering a 4 mm plate of normal strength / high strain hardening steel which has been found to display 

successive flipping of the slant crack face. While undergoing a shear band switch, such that the flipping 

mechanism is active, the plate tearing test is interrupted and the crack tip extracted for further investi- 

gation. The conducted X-ray tomography scans reveal the failure process ahead of the advancing crack tip 

to resemble the ductile slant crack growth governed by local thinning and moderate crack tip tunneling. 

However, small shear lips form at the outer free plate surface, well behind the 45 ° slant (tunneling) crack 

tip, as the flipping action engages. Upon further loading, the shear lips subsequently grow to form a set 

of secondary crack fronts at an angle to the primary tunneling slant crack. Eventually, these secondary 

crack fronts catch up on the primary slant crack front and overtake the growth to complete the shear 

band switch. Once the crack slants, an out-of-plane action occurs due to the loss of symmetry in the 

system. It is this out-of-plane action which is believed to set-off the flipping mechanism. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

The micro-mechanisms governing ductile plate tearing have 

been established through decades of research ( Tvergaard, 1990; 

Benzerga and Leblond, 2010; Pineau et al., 2016 ). It is well 

known that ductile failure generally is governed by the process 

of void nucleation and growth to coalescence at the micron-level 

( Needleman, 1972; Gurson, 1977; Tvergaard, 1981, 1982a, b; Fleck 

and Hutchinson, 1986; Koplik and Needleman, 1988; Thomason, 

1990; Benzerga, 2002; Liu et al., 2003; Scheyvaerts et al., 2006; 

Barsoum and Faleskog, 20 07a,b; Tvergaard, 20 08, 20 09; Leblond 

and Motlet, 2008; Nielsen and Tvergaard, 2011 ). Intermetallic in- 

∗ Corresponding author. 

E-mail address: kin@mek.dtu.dk (K.L. Nielsen). 

clusions are typically responsible for the nucleation of microvoids 

which grow to coalesce and eventually form microcracks. In the 

end, it is the formation of such microcracks (or the lack thereof) 

and their linkages ahead of the advancing crack tip that deter- 

mines the crack tip shape and propagation mode. For example, 

different tearing modes, leading to different crack surface mor- 

phologies (such as cup-cup, cup-cone, or slanting), have been ob- 

served for extensive crack growth in plate metals and the under- 

lying micro-mechanisms are often considered known. This despite 

of Morgeneyer et al. (2014) recently demonstrating new insight to 

the localization process at the very tip of a mode I tearing crack 

in a thin aluminum alloy (2198) sheets by focusing high-resolution 

in-situ synchrotron X-ray laminography on the phenomenon. Their 

study indicates that plastic flow localization can precede signifi- 

cant damage evolution and that a burst of nucleating damage sets 

http://dx.doi.org/10.1016/j.ijsolstr.2017.04.014 

0020-7683/© 2017 Elsevier Ltd. All rights reserved. 
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in at a later stage for Al 2198. Slant crack propagation within 45 °
angled shear bands often occurs in high strength material, whereas 

a cup-cup (bath-tube like) failure is typically found in low strength 

/ high strain hardening alloys ( Pardoen et al., 2004 ). Despite such 

insight, the interplay between tearing modes remains to be fully 

understood and nowhere is a conclusive answer to; what makes the 

crack choose one tearing mode over the other, found. In fact, the re- 

ality is that a mixture of the propagation modes typically develops 

on the fracture surface of same plate such that transitional crack 

surface morphology appears. 

In addition to the established tearing modes (cup-cup, cup- 

cone, and slanting), strong evidence exists that a portion of the 

observed transitional crack surface morphology belongs to an over- 

looked tearing phenomenon nicknamed "crack tip flipping" in El- 

Naaman and Nielsen (2013) . The phenomenon is strongly tied to 

slant crack propagation, where two equally active shear bands 

travel, within a heavily strained region in front of the leading 

crack tip, such that plastic flow and failure eventually localize 

in one shear band - leaving the other band inactive. The crack 

thereby propagates in a 45 ° tilted manner (known as crack slant- 

ing, see also Mathur et al., 1996; Besson et al., 2003; Nielsen and 

Hutchinson, 2012 , for numerical results). From time to time, how- 

ever, the propagating crack can switch to the former inactive shear 

band whereby it flips the 45 ° tilted orientation to the opposite 

side. Gruben et al. (2013) observed such occasional switches under 

mode I tearing of dual-phase steel, whereas Rivalin et al.(2001); 

Simonsen and Törnqvist (2004), Zheng et al. (2009); El-Naaman 

and Nielsen (2013) have observed successive flipping of the slanted 

crack in a very systematic manner. Rivalin et al. (2001) conducted 

a number of tearing experiments on pipeline steel, including both 

high-speed dynamic tests and quasi-static tests. Clearly, their spec- 

imens exhibited the flipping mechanism when subject to high 

crack growth rates (Fig. 7b in their paper). Zheng et al. (2009) car- 

ried out an extensive quasi-static analysis of large welded pan- 

els (of 3 mm wall thickness, AA6061 Aluminum) and observed a 

slant fracture surface alternating at angles ± 45 ° approximately 

every 60 mm, but within the heat affected zone of the welded 

joint. Simonsen and Törnqvist (2004) , and later El-Naaman and 

Nielsen (2013) , studied extensive crack propagation in plate metal 

(steel and aluminum) and found cracks propagating by the flipping 

mechanism in a stable and controlled manner (easily traced by the 

naked eye), with the crack extending many plate thicknesses. What 

causes the crack to flip remains to be fully understood, but it is ob- 

vious that once localization into one of the two shear bands takes 

place, the symmetry of the mode I tearing experiment is lost, and 

a slight out-of-plane deflection of the plate occurs. It is this mode 

III type loading of the crack that is believed to fertilize the flip- 

ping mechanism (see also Felter and Nielsen, 2017; Nielsen and 

Hutchinson, 2017 ). 

El-Naaman and Nielsen (2013) extracted an isolated flip on the 

fracture surface of a completed tearing test and polished a num- 

ber of cross-sections perpendicular to the growth direction to shed 

light on the steps involved in the flipping process. From this first 

study, it became evident that the flipping occurs in a symmet- 

ric manner as the fracture surface poses 180 ° rotational symmetry 

about the crack growth direction. Moreover, their study revealed 

the flipping to rely on the formation of shear lips near the outer 

free plate surface. Once formed, these shear lips grow upon loading 

and eventually merge to form an active shear band to the oppo- 

site side (thereby completing the flip). This initial study, however, 

was conducted on an already completed flip and, hence, do not 

reveal any details on the crack advance mechanism. For example, 

one question that arises is; how do the shear lips interact with the 

primary slant crack face? 

The present study focuses on the initiation of the flipping ac- 

tion and aims to share details on the evolution of the shear lips, 

by relying on X-ray tomography scanning to achieve a look into 

the processes at play as the shear lips initiate and grow to over- 

take the leading crack tip. To do so, a slanted crack where a flip 

is underway, rather than an already completed flip, is considered 

by interrupting a plate tearing experiment just as the flip becomes 

visible on the outer free plate surface. The study, here, takes as off- 

set the plate tearing set-up developed in El-Naaman and Nielsen 

(2013) . While interrupted, the test is stopped, and the plate un- 

loaded, to extract samples of the crack tip for further X-ray to- 

mography scanning. Compared to the process of cutting and pol- 

ishing cross-sections successively along the growth direction (as in 

El-Naaman and Nielsen, 2013 ), a much refined sequence of cross- 

sections are created by used of X-ray tomography, and moreover; 

the cross-sections are available in multiple views (see for example 

Figs. 2–6 ). Thus, the combination of focus on a flip underway and 

the use of X-ray tomography allow unseen details of the flipping 

process to be brought out and individual features at the plate in- 

terior to be accurately traced. For example, it becomes clear that 

the primary slant crack face propagates by moderate crack tip tun- 

neling, and that the very tip shows no sign of flipping at a state 

where the phenomenon becomes obvious to an observer watch- 

ing the propagating crack on the outer free plate surface. It is, 

instead, the shear lips that govern the flip as they form well be- 

hind the leading tip, then grow and overtakes the primary slant 

crack face - thus altering the apparent orientation of the slanting 

crack. 

The paper is structured as follows. The experimental procedure 

including details on the plate tearing experiments, the X-ray to- 

mography scanning, and data analysis are outlined in Section 2 . Re- 

sults and the discussions hereof are presented in Section 3 , while 

Section 4 gives the concluding remarks. 

2. Experimental investigation 

2.1. Mode I tearing experiments and sample preparation 

Mechanical testing of mode I tearing in 4 mm normal strength 

non-alloy structural steel (EN 10025, see Table 1 ) plates is under- 

taken to form the basis for a close inspection of the crack tip when 

undergoing a shear-band switch (referred as the flipping mecha- 

nism). The experiments take as off-set the test set-up discussed 

in El-Naaman and Nielsen (2013) (initially developed by Simonsen 

and Törnqvist, 2004 ), where the crack is allowed to grow roughly 

30 plate thicknesses without reaching the far boundaries. Thus, 

no pre-cracking of the plate was conducted since the crack initia- 

tion has no effect on the subsequent flipping mechanism once the 

crack has propagated several plate thicknesses. Care was taken that 

extensive crack propagation was achieved for all samples investi- 

gated by X-ray tomography. Details on the material can be found 

in Table 1 (fitted by El-Naaman and Nielsen, 2013 ), and a further 

examination regarding fractographs of the final fracture surface can 

be found by El-Naaman and Nielsen (2013) . Selected areas on the 

fracture surface all bear the signs of void growth to coalescence. In 

fact, the fracture surface shows no sign of severely smeared dim- 

ples (/voids) as a result of intense shearing. 

The test set-up and plate specimen (in gray) are illustrated in 

Fig. 1 a. Here, the plate is loaded in combined tension and in-plane 

bending (with mode II contributions from the weight of the rig 

balanced out). All mechanical tests are carried out using a standard 

MTS Flextest hydraulic machine equipped with a 100 kN load cell. 

The force, the piston displacement (measured by an MTS LVDT), 

and the time is recorded during testing. In addition, to measure 

the crack advance, a grid was applied to the un-deformed speci- 

mens along the expected crack path, where after timed still pho- 

tographs were taken, against a contrasting background, continu- 

ously throughout each test. The crack length for a specific force 
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Table 1 

Mechanical properties of the normal strength steel considered. 

Parameters Notation Value Origin 

Young’s modulus E 210 [GPa] Estimated 

Poisson ratio ν 0.3 Estimated 

Yield stress (0.2% strain) σ 0.2 256.7 [MPa] From uni-axial tension data 

Peak Stress σ peak 512.3 [MPa] From uni-axial tension data 

Yield stress σ y 160.6 [MPa] From fitting; σ
σy 

= ( εE/ σy ) N 

Strain hardening N 0.203 

Fig. 1. Experimental plate tearing test set-up. (a) Schematic of the mechanical grips and test specimen (single edge crack specimen, in gray), (b) measured force-displacement 

curve, and (c) measured force versus crack extension. All measurements are made for normal strength steel with the crack growing either normal or transverse to the rolling 

direction of the sheet (see also El-Naaman and Nielsen, 2013 ). The dimensions are; L 0 =250 mm, L 1 =350 mm, L 2 =313, w=200 mm, and a=50 mm. 

or displacement is extracted by relating the data. A representative 

set of test results is displayed in Fig. 1 b and c (see also El-Naaman 

and Nielsen, 2013 , for more details on the mechanical tests). 

In the investigation of the crack tip flipping mechanism, it is 

important to realize that the flip takes place in a very stable man- 

ner and, hence, can easily be traced on the free plate surface by 

the naked eye. Thus, the tearing test was stopped once crack tip 

flipping is evident to the operator, and the plate is unloaded, to 

extract samples of the crack tip for further investigation by X-ray 

tomography scanning. 

2.2. X-ray tomography and measuring procedure 

The X-ray tomography scanning experiment was performed us- 

ing a commercial Zeiss Xradia 410 versa system equipped with a 

reflection tungsten target X-ray source with a pre-voltage range 

from 40 kV to 150 kV and a maximum power of 10 W. Throughout, 

a high voltage of 150 kV is employed to ensure that the X-ray pen- 

etrates the long side of the sample (approximate 12 mm of steel). 

The sample was mounted using a grip in one end, away from the 

measuring area, such that undisturbed 360 ° access to the sample 

was obtained. Each tomography scan is acquired with at least 3201 

projections covering the 360 ° rotation of the sample. The recon- 

struction of scan data relies on a Feldkamp, Davis and Kress al- 

gorithm ( Feldkamp et al., 1984 ), based on filtered back-projection 

algorithm. To bring out the details of the flipping mechanism, the 

present work employs three different settings for the tomography 

measurements, these are; i) a large field view measurement with a 

voxel size of 20.4 μm (using 3201 projections), ii) an intermediate 

field view measurement with voxel size of 4.0 μm (using 6401 pro- 

jections), and iii) a high resolution measurement with voxel size of 

1.2 μm (using 4001 projections). 
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Fig. 2. 3D perspective of the flipping crack with the global coordinate system defined by the three zero-planes. Origo is located at the leading crack tip (indicated by the 

black dot) and the positive x 1 -axis is in the crack propagation direction. 

2.3. Data analysis 

To visualize the crack tip features in focus, the data gener- 

ated from the X-ray tomography scanning are approached in three 

different ways; i) images were extracted as cross-sectional views 

( Figs. 3–6 ) using the Software Package “XRControler” developed by 

Zeiss as part of the X-ray tomography system. This allows easy 

comparison of different planar cross-sections, as well as a com- 

parison to images from conventional Scanning Electron Microscopy 

published in the literature. ii) to give a three-dimensional view of 

the flipping crack tip, image analysis of the raw scanning data was 

carried out using the MATLAB Software package (see Figs. 7–10 a). 

In these images, additional 2D median filtering (8-by-8 neighbors) 

of cross-sections in the x 2 x 3 -plane (see Fig. 2 ) is added, where after 

a black-and-white image is generated by identifying the edges us- 

ing a Sobel method (threshold 0.7). 1 This post-processing of data 

was found to bring out the morphology of the fracture surfaces 

more clearly without compromising the data. iii) to help the in- 

terpretation of results a much less detailed approach was taken 

by manually recording the location of the most essential features 

(being the primary crack surface and shear lips) in the individ- 

ual cross-sections (in the x 2 x 3 -plane). By connecting these essen- 

tial features with straight lines, and collecting a number of cross- 

sections, the 3D reconstructions displayed in Figs. 8b–10b were 

created. 

3. Results and discussion 

Results are presented in the following for a number of X-ray to- 

mography scans completed on one particular crack tip where a flip 

is underway. In light of this, it is worth to mention that the X-ray 

scans presented in this study are not time resolved, and thus the 

interpretation of results are strongly tied up on the time history of 

the crack flipping seen on the outer free plate surface – which is 

easy to trace and indeed time resolved. Moreover, the early study 

1 The n -by- m neighbors and the threshold were gradually increased to ensure as 

little loss of details as possible. 

by El-Naaman and Nielsen (2013) serves as a “temporal resolu- 

tion” as it reveals the fracture surface morphology for the com- 

pleted flip. In the present study, the mechanical test of the plate 

has been interrupted at the very beginning of the flip, and the ex- 

tracted sample holds thereby the key to the initial configuration 

of the flipping crack tip. Results are presented for the three dif- 

ferent tomography scanning settings with voxel size; 20.4 μm (in 

Fig. 4 ), 4.0 μm (in Figs. 3 , 5 , and 8 –10 ), and 1.2 μm (in Figs. 6–7 ), 

corresponding to increased level of details as the resolution is ap- 

proximately 100 μm, 20 μm, and 6 μm, respectively. 

Fig. 2 displays the large view scan in full 3D with the cross- 

sectional planes of main interest defined. Here, displaying the 

zero-planes with origo at the very crack tip. Throughout the study, 

the coordinate axes remain fixed such that; the crack propagates 

along the positive x 1 -axis, the x 2 -axis is the through-thickness 

direction, and the plate is loaded along the x 3 -axis. Moreover, 

as tomography scanning essentially reveals changes in density, 

black/dark regions indicates "air" and bright colors indicate dense 

material in Figs. 3–6 . 

A series of cross-sections from the investigated crack tip is 

shown in Fig. 3 . Here considering the x 2 x 3 -plane to mimic con- 

ventional cross-sectional views of cracked metal plates reported in 

the literature from either optical- or electro-microscopy. The crack 

propagates away from the reader (along the x 1 -axis), such that 

Fig. 3 a and f are cross-sections near the crack tip and far be- 

hind the crack tip, respectively. Compared to physically cutting 

and polishing samples a much refined sequence of cross-sections 

is created by employing X-ray tomography - essentially one cross- 

sectional image is obtained for every 4.0 μm (at intermediate res- 

olution). Thus, the evolution of the individual features is easy to 

trace in the crack growth direction when going through the full 

set of scanning images, and only a very small sub-set of the cross- 

sectional scans is presented here. From Fig. 3 it is, first and fore- 

most, noticed that all cross-sections in the x 2 x 3 -plane pose 180 °
rotational symmetry about the growth direction. Thus, not only 

does that surface morphology of the completed flip display this 

characteristic (as discussed by El-Naaman and Nielsen, 2013 ), but 

the present tomography scans reveal that the fracture process itself 

shows the same behavior. 
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Fig. 3. Cross-sectional view of the flipping crack ( x 2 x 3 -plane) with the crack growing perpendicular to the cross-section and away from the reader. Here, near tip orientation 

of the slant crack in (a) and the evolution of this slant primary crack in (b) and (c), to the initiation of the flipping action in (d) and the evolution of the flip in (g) to (h). Far 

behind the crack tip a slant crack exists in (i). The X-ray tomography results are shown for a resolution of ∼ 20 μm, and the images corresponds to cross-sections located at 

(a) ∼ −80 μm, (b) ∼ −360 μm (c) ∼ −640 μm, (d) ∼ −800 μm, (e) ∼ −880 μm, (f) ∼ −960 μm, (g) ∼ −1160 μm, (h) ∼ −1360 μm, and (i) ∼ −1680 μm relative to the coordinate 

system defined by the zero-planes specified in Fig. 2 . 

Fig. 3 a shows severe thinning of the plate material as well as a 

small slant crack initiated at mid-thickness; this being the very tip 

of the primary slant crack face. Through Fig. 3 b and c, the width of 

this slanted primary crack face increases, but remains confined to 

the interior of the plate such that crack tip tunneling takes place. 

As a key feature of the flipping mechanism, the crack face makes 

a roughly 90 ° kink on each side, closer to the free surface (see 

Fig. 3 d), and two small additional protrusions evolve through Fig. 

3 e–g. By linking these X-ray scans to the history of the flipping 

crack observed on the outer free plate surface, the protrusions are 

the evolving shear lips, and their early appearance at the interior 

of the plate (see Fig. 3 d and e) indicates, as well, tunneling of these 

secondary cracks faces. Thus, it is worth to notice that the slant- 

ing crack, when undergoing a flip, consists of two types of leading 

edges; i) one being the leading edge of the primary slant crack, 

and ii) one being the leading edge of the evolving shear lips (re- 

ferred to as secondary crack faces), which connect to the outer free 

plate surface. Moreover, it is important to realize that the shear 

lips are not only trailing behind the tip of the primary slanted 

crack face, but these will eventually catch up and form a slanted 

crack face to the opposite side - thereby completing the flip. Thus, 

the leading edge of the shear lips must be traveling at a greater 

speed than the leading edge of the primary slanted crack face. In 

fact, there is no evidence of the primary slant crack stops prop- 

agating when the shear lips start growing - rather is the oppo- 

site the case. By comparing the current tip shape of the primary 

slant crack to the feature on the fracture surface for the completed 

flip in El-Naaman and Nielsen (2013) , the tunneling of the primary 

crack tip for the completed flip extends much further before the 

shear lips covers the entire surface. 

Through Fig. 3 e–g, the width of the primary crack face contin- 

uously increases despite the overall crack face now being kinked 

such that the slanted primary crack face exists well behind the 

leading crack tip (see Fig. 3 h–f). This clearly demonstrates that the 
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Fig. 4. Cross-sectional overview of the crack propagation in the x 1 x 2 -plane with 

a resolution of the X-ray tomography scan of ∼ 100 μm. Here, showing the in- 

tense thinning region governing the crack growth. Cross-sections are located at (a) 

∼ 469 μm, (b) zero x 1 x 2 -plane, and (c) ∼ −632 μm relative to the coordinate system 

defined by the zero-planes specified in Fig. 2 . 

investigated sample indeed holds the very initiation of the flipping 

mechanism. 

The severe thinning of this particular steel becomes very ob- 

vious when considering the cross-sections of the large field view 

scan in Fig. 4 (100 μm resolution). Here, considering planar cross- 

sections in the x 1 x 2 -plane at three different levels along the load- 

ing direction ( x 3 -axis). The dashed lines define the outer contour 

in the individual cross-sections. Fig. 4 a and c display cross-sections 

above and below the zero-plane, respectively, with the zero-plane 

taken to be the plane where the leading crack tip has advanced 

the furthest (see also Fig. 2 where black indicates "air" and bright 

colors indicate dense material). From Fig. 4 b it is seen that the 

zero-plane only bears sign of one evolving crack face (the pri- 

mary slant crack face). This has to do with the flip being in an 

early state such that the shear lips near the outer free plate sur- 

face (observed in Fig. 3 ) have not yet intersected the zero-plane. 

However, by lowering (or lifting) the plane for this cross-sectional 

view along the x 3 -axis, the primary crack face is found to connect 

to the shear lips (secondary crack faces) located on the left hand 

(or right hand) side. To add details to this co-existence of the sec- 

ondary and the primary crack faces, additional scans at intermedi- 

ate (20 μm) and high (6 μm) resolution are performed. Similar to 

Fig. 4 , these results are depicted in Figs. 5 and 6 as cross-sectional 

views in the x 1 x 2 -plane. Fig. 5 displays cross-sections at five dif- 

ferent levels along the loading direction ( x 3 -direction), with Fig. 5 a 

being the top plane, Fig. 5 c the zero-plane, and Fig. 5 d the bottom 

plane. As for the low resolution scan, Fig. 5 c indicates that only 

the primary crack face exists at the zero-plane, whereas; by mov- 

Fig. 5. Cross-sectional view of the crack propagation in the x 1 x 2 -plane with a res- 

olution of the X-ray tomography scan of ∼ 20 μm. Here, displaying the location and 

evolution of shear-lips. Cross-sections are located at (a) ∼ 428 μm, (b) ∼ 344 μm (c) 

zero x 1 x 2 -plane, (d) ∼ −376 μm, and (e) ∼ −488 μm relative to the coordinate sys- 

tem defined by the zero-planes specified in Fig. 2 . 

ing the cross-sectional view along the x 3 -axis towards the top (or 

bottom) it becomes clear that the primary crack face connects to 

the secondary crack face near the outer free plate surface (dashed 

lines). In particularly, this is evident from Fig. 5 a and e (also notice 

that Fig. 5 a and e are essential each other mirror). The connection 

of the primary and secondary crack faces is, however, somewhat 

doubtful in Fig. 5 b and d, and the question is if the connection be- 

tween the two crack faces is really there? To shed light on this, a 

high resolution scan (6 μm) was performed for one of the shear 

lips (see Fig. 6 ). From these results it is clear, that the secondary 

and primary crack face connects near the outer free plate surface 

( Fig. 6 a and b), but also that the connection is interrupted when 

moving closer to the zero-plane ( Fig. 6 c and d). In fact, Fig. 6 d 

clearly displays two separate crack faces. This has to do with the 

three dimensional nature of the flipping crack tip. The shear lips 

(being the secondary crack faces) are largest near the outer free 

plate surface and, thus, intersect with cross-sectional x 1 x 2 -planes 

closer to the zero-plane. 

To bring out the three-dimensional nature of the flipping crack, 

the raw data from the X-ray tomography scanning have been ex- 

ploited to obtain both automatically and manually reconstructed 
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Fig. 6. Cross-sectional view of the crack propagation in the x 1 x 2 -plane with a res- 

olution of the X-ray tomography scan of ∼ 6 μm. Here, displaying details of the 

evolution of a shear-lip. Relative to the cross-section in (a), the remaining cross- 

sections are located at; (b) ∼ 48 μm (c) ∼ 152 μm, and (d) ∼ 212 μm. 

3D images. Fig. 7 depicts an automatically generated (using image 

analysis and filtering, see Section 2.3 ) reconstruction of the shear 

lip based on the high-resolution scan (6 μm). Here, showing a part 

of the primary slanted crack face and the co-existing secondary 

crack face that grows near the outer free plate surface. The dashed 

lines indicate crack edges visible to an observer on the outer free 

plate surface, while solid lines indicate the leading edge of the pri- 

mary and secondary crack faces. In Fig. 7 a, the shear lip is shown 

in perspective, while it is rotated in Fig. 7 b so that the crack prop- 

agates toward the reader. The zero plane ( x 1 x 2 -plane) that holds 

the leading crack tip lies above the current scanning region (in the 

positive x 3 -direction) and it is, thus, not part of Fig. 7 . However, by 

comparing Figs. 6 and 7 b it is obvious that by lowering the cross- 

sectional x 1 x 2 -plane from the zero-plane, in negative x 3 -direction, 

the secondary crack face will first intersect the plane (and thereby 

appear first) at the outer free plate surface, but without connection 

to the primary slant crack face in that particular x 1 x 2 -plane (just as 

it was noticed from Figs. 4–6 ). By continuously lowering the plane 

of view, the secondary crack face grows and eventually connects 

to the primary slant crack face. It is also obvious from the three 

dimensional view in Fig. 7 a that the curved crack visible on the 

outer free plate surface (dashed lines) is, in fact, the evolving shear 

lip (bear in mind that the history of the surface crack are easy 

to trace and indeed time resolved). Thus, the flipping mechanism 

truly initiates by the formation of small shear lips well behind the 

tunneling primary slant crack tip. Naturally, the shear lips propa- 

gate in an angle to the primary crack with the leading edges of 

the shear lip and the primary crack face intersecting at one point 

that defines the fracture surface morphology of the completed flip 

(studied in El-Naaman and Nielsen, 2013 ). 

For a more complete overview of the crack tip flipping mech- 

anism, Figs. 8–10 illustrate both automatically and manually gen- 

Fig. 7. X-ray tomography results with a resolution of ∼6μm, showing one shear- 

lip close to the outer free surface within the thinning region. The perspective in (a) 

correlates with that of Fig. 8 and the crack growth direction is indicated by ˙ a (to the 

right and towards the reader), whereas (b) correlates with Fig. 9 , whereby the crack 

propagates toward the reader (the coordinate system defined by the zero-planes in 

Fig. 2 is maintained). 

erated reconstructions of the scanning data for intermediate reso- 

lution (20 μm). Fig. 8 display the crack tip in perspective, whereas 

Figs. 9 and 10 give a front and a top view, respectively. For the 

crack tip considered it is clear that the majority of the crack face 

(the primary crack) remains slanted in the x 2 x 3 -plane, whereas 

two shear lips (secondary crack faces) have formed near the outer 

free plate surface (see Fig. 8 ). The crack growth direction is along 

the x 1 -axis, about which the flipping mechanism poses 180 ° rota- 

tional symmetry (also seen from cross-sectional views in Fig. 3 ). 

Moreover, it is clear from Fig. 8 that, at this state of the flip, the 

primary slant crack face propagates by moderate tunneling, with 

the tunnel extending approximately one plate thickness into the 

plate interior ahead of the visible crack on the outer free plate 

surface (see Fig. 10 ). This tunneling effect is to a wide extend gov- 

erned by the severe thinning of the plate that takes place in front 

of the leading crack tip (see Figs. 5 and 8 a). It is well known that 

with the localized thinning of the plate that takes place in frac- 

ture process zone comes an elevated stress triaxiality level at mid- 

thickness of the plate, which, in turn, drives the void growth to 

coalescence process. This inherent behavior of the explored ductile 

steel may also be the reason for the fairly sharp, and well defined, 

leading crack tip. 

Compared to the established plate tearing modes (cup-cup, cup- 

cone, and slanting), where the formation of micro-cracks and their 

linkage takes place at the leading edges of the crack, the crack 
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Fig. 8. (a) X-ray tomography results with a resolution of ∼20μm (intermediate), 

showing in perspective the flipping crack tip and outer surfaces that define the 

thinning region. The crack growth direction is indicated by ˙ a (to the right and to- 

wards the reader). (b) Reconstruction of the flipping crack tip based on manual 

analysis of the individual cross-sections. 

tip flipping mechanism set itself apart by being affected by an 

event (the formation of shear lips) well behind the leading tip. 

In fact, the established tearing modes eventually reach stationarity 

(no changes to the near-tip stress/strain field), whereby all parts 

of the leading edge maintain the same velocity. However, it is ob- 

vious from the present study that this cannot be the case during 

crack tip flipping. The crack tip stress and strain changes as the 

shear lips evolve and once a flip is completed - a new can begin. 

What drives the “flipping” action is yet to be fully under- 

stood, but the out-of-plane deflection that develops due to loss 

of symmetry when slanting of the crack occurs, and any restric- 

tion on this deflection, is the prime suspects (see also Nielsen 

and Hutchinson, 2017 ). Once the failure process localizes into a 

shear band, and crack slanting occurs, an asymmetry in the near- 

tip stress/strain fields arise, and an out-of-plane deflection devel- 

ops. This gives rise to combined mode I - mode III loading on the 

crack tip and thereby inducing an asymmetry in the fields (effec- 

tive stress, stress triaxiality and Lode parameter) which govern the 

void nucleation/growth mechanism in ductile failure. 

4. Concluding remarks 

An experimental investigation of the crack tip flipping mecha- 

nism, observed for mode I slanted crack propagation in plate met- 

als, has been conducted using X-ray tomography. The focus is on 

Fig. 9. (a) Front view ( x 2 x 3 -plane) of the X-ray tomography results with a resolu- 

tion of ∼20μm (intermediate), showing the flipping crack tip and outer surfaces that 

define the thinning region. The crack grows toward the reader. (b) Reconstruction 

of the flipping crack tip based on manual analysis of the individual cross-sections. 

one particular crack tip where the flip is underway, and in that 

sense contrasts the initial study in El-Naaman and Nielsen (2013) , 

were an already complete flip was investigated. Thus, the present 

study sheds light on the very initiation of the flipping and yields 

new insight into the changes of the leading crack front as the shift, 

from one 45 ° slant orientation to the opposite, takes place. The key 

findings of the study are: 

• Initiation of the flipping is governed by the formation of shear- 

lips at the outer free plate surface, and all experimental results 

indicate that these secondary crack faces developed simulta- 

neously such that the flipping poses 180 ° rotational symmetry 

about the growth direction ( x 1 -axis) - both on the final frac- 

ture surface and as the flip progresses. Thus, the initiation of 

the flip depend on an event that takes behind the leading tip, 

as the shear-lips form long before the leading crack tip show 

any sign of flipping. 

• During flipping the crack tip consists of two types of leading 

edges; i) one being the leading edge of the primary slant crack 

face that holds the very crack tip, and ii) one being the leading 

edge of the evolving shear-lips. Initially, the leading edges of 

the shear-lips are small compared to the primary slant crack, 

but upon loading, the shear-lips will grow and eventually take 

over to define the new orientation of the propagating crack. It 

is worth noticing that; since the shear-lips are responsible for 

forming a slanted crack to the opposite side, these necessarily 

have to travel at a greater speed than the leading edge of the 
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Fig. 10. (a) Top view ( x 1 x 2 -plane) of the X-ray tomography results with a resolution of 20μm (intermediate), showing the flipping crack tip and outer surfaces that define 

the thinning region. (b) Reconstruction of the flipping crack tip based on manual analysis of the individual cross-sections. 

primary crack. Relating the results in Fig. 10 b to that of Fig. 5 in 

El-Naaman and Nielsen (2013) no evidence is found to supports 

that the leading edge of the primary crack face stops evolving 

when the shear-lips initiate. 

• The flipping process contrasts slant crack propagation, where the 

crack remains oriented in one 45 ° shear-band and stationary 

stress/strain fields develop in the vicinity of the tip (no changes 

are seen by an observer traveling with the crack tip). Such sta- 

tionarity cannot exist once the flipping action kicks-in as the 

near-tip fields naturally will change continuously as the shear- 

lips develop and the flip progresses. Moreover, once the crack 

has completed the flipping process, the subsequent slant crack 

propagation is typically limited to few (or even a fraction of) 

plate thicknesses before new shear-lips form and a new flip 

evolves. 

The final stage of the flipping remains to be brought out. For 

example, details on the late stage of the crack front, when the 

shear-lips catch up with the leading slant crack tip, are unknown. 

However, from the present study it has become clear that the 

shear-lips eventually take over the leading slant crack and com- 

plete the flip. The crack tip, hereafter, continues to grow in this 

new orientation before shear-lips again initiate a flip to the oppo- 

site side. Creating an X-ray tomography in situ investigation while 

the entire flipping takes place seems a natural extension of the 

work presented, but despite the very stable nature of the flipping 

action, this poses significant challenges. 
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a b s t r a c t 

A novel numerical framework for analyzing self-similar problems in plasticity is developed 

and demonstrated. Self-similar problems of this kind include processes such as stationary 

cracks, void growth, indentation etc. The proposed technique offers a simple and efficient 

method for handling this class of complex problems by avoiding issues related to tradi- 

tional Lagrangian procedures. Moreover, the proposed technique allows for focusing the 

mesh in the region of interest. In the present paper, the technique is exploited to analyze 

the well-known wedge indentation problem of an elastic–viscoplastic single crystal. How- 

ever, the framework may be readily adapted to any constitutive law of interest. The main 

focus herein is the development of the self-similar framework, while the indentation study 

serves primarily as verification of the technique by comparing to existing numerical and 

analytical studies. In this study, the three most common metal crystal structures will be 

investigated, namely the face-centered cubic (FCC), body-centered cubic (BCC), and hexag- 

onal close packed (HCP) crystal structures, where the stress and slip rate fields around the 

moving contact point singularity are presented. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Self-similarity exists in a broad range of elastic–plastic problems, where history dependence precludes direct solution 

methods. Such problems include geometrically self-similar indentation, as well as problems in void growth and phase trans- 

formation. The analysis of such problems often relies on cumbersome (traditional) Lagrangian procedures. But why not 

exploit the self-similar nature of the solutions to such problems when developing the computational framework? The first 

steps toward this were made in the early works by Hill and Storåkers (1990) , Bower et al. (1993) , Storåkers and Lars- 

son (1994) and Biwa and Storåkers (1995) where frameworks for the exploitation of self-similarity in indentation problems 

were developed. Their methods started from the well-known analogy between a flat punch and a stationary crack so de- 

formation induced by a non-flat indenter with rather arbitrary axi-symmetric geometries, could be analyzed by cumulative 

superposition of stationary flat punch solutions, for elastic and power law creeping solids. However, as discussed by Saito 

and Kysar (2011) and in more detail below, the proper analogy for a non-flat indenter is with a quasi-statically propagating 

crack. Drugan and Rice (1984) and Drugan (1986) explained that for elastic–plastic materials that satisfy the maximum plas- 

tic work inequality, the asymptotic fields for stationary and quasistatically propagating cracks are different in both isotropic 
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and anisotropic materials. Furthermore the asymptotic fields may change as a consequence of large rotations and deforma- 

tions. Hence, care must be taken with such methods, especially for anisotropic materials. 

In the present work, a general computational framework specialized for geometrically self-similar problems in elastic–

plastic solids is developed. The framework does not, as the previously mentioned self-similar methods, rely on reference 

solutions nor is it restricted to specific material laws. As an example, the framework is applied to wedge indentation of 

elastic–plastic single crystals. 

For more than three decades, investigations have shown both analytically and numerically, that the material behavior 

during indentation involves complex elastic–plastic deformation with finite strains and rotations. The early studies were 

closely related to crack growth which shares similarities to the indentation problem. For example, the boundary value prob- 

lem of a stationary crack tip is analogous to that of a flat punch indentation. Likewise, the boundary value problem of a 

quasi-statically closing crack is analogous to that of a nearly-flat wedge indenter where the contact point singularity (e.g. 

the point where the indenter loses contact with the surface as it impinges into a material) moves quasistatically along the 

surface. 

Analytical investigations of the asymptotic behavior around a singular point in the crack tip and wedge indentation fields 

have been conducted by e.g. Drugan et al. (1982) , Drugan and Rice (1984) , Drugan (1986) ; 2001 ), Rice (1987) and Saito and 

Kysar (2011) based on an extension of slip line theory that assumes a linear elastic, ideally plastic behavior (rather than 

the rigid, ideally plastic behavior typically associated with slip line theory) and also can account for the elastic and plastic 

anisotropy of the crystal mechanical response. The governing partial differential equations are hyperbolic so the analytical 

solution is obtained via the method of characteristics. As a consequence, the deforming domain is divided into sectors within 

which deformation is either elastic or is ideally plastic on a well-defined set of slip systems. The sectors are separated by 

different types of discontinuities on sector boundaries, depending on the specific problem at hand. 

For indentation (or cracks), the asymptotic solutions near the contact point (or crack tip) singularities consist of angular 

sectors centered at the singular point. The stress state in both plastically and elastically deforming regions can be read- 

ily calculated. Special attention must be paid to the boundaries between the angular sectors that consist of radial lines 

emanating from the singular point. If the singular point is stationary the solutions admit stress and velocity discontinu- 

ities across the radial sector boundaries. However, singular points, and hence sector boundaries, that move quasistatically 

through elastic–plastic materials that obey the maximum plastic work inequality have solutions that admit velocity dis- 

continuities but not stress discontinuities ( Drugan, 1986; Drugan and Rice, 1984 ). Thus, the asymptotic fields associated 

with stationary and quasistatically moving singularities are quite different. Saito and Kysar (2011) , Saito et al. (2012) and 

Sarac and Kysar (2017) showed that asymptotic fields for flat punches and nearly-flat wedge indenters have significant dif- 

ferences, with related experimental analyses ( Kysar et al., 2010; Sarac et al., 2016 ). These studies were heavily inspired 

by Rice (1987) and Kysar (2001a,b) where the differences with regard to cracks were reported, with related experimental 

analyses of stationary cracks ( Bastawros and Kim, 20 0 0; Crone and Shield, 20 01 ) as well as quasistatically growing cracks 

( Kysar, 20 0 0; Kysar and Briant, 2002 ). Rice et al. (1990) was among the first to confirm the distinct material behavior in 

the vicinity of both a stationary and quasi-static crack tip through numerical analysis, with other studies by Mesarovic and 

Kysar (1996) and Kysar (2001a,b) . 

Recently, Saito et al. (2012) conducted numerical studies of the wedge indentation process confirming the analytical 

predictions by Saito and Kysar (2011) . However, these investigations ( Rice et al., 1990; Saito et al., 2012 ) are based on tra- 

ditional incremental Lagrangian frameworks that suffer from numerical difficulties such as developing contact interfaces as 

well as problems with modeling a moving singularity due to the incremental procedure (not to mention the problem of 

maintaining sufficient mesh resolution over the span where the contact point moves). Obviously, such numerical issues are 

undesired and compromise accuracy of results. Thus, the main goal of the present study is to develop a general numerical 

framework specialized for self-similar problems in plasticity that avoids the numerical issues of the traditional procedures. 

In the following, self-similarity is referred to as a process where the fields, such as stress and strain fields, do not change 

for an observer continuously changing magnification of the view at a problem dependent rate. For example, considering 

wedge indentation, the fields beneath the indenter remain of identical shape, but change magnitude when the indenter 

impinges deeper into the material. To verify the numerical procedure, results of wedge indentation into the face-centered 

cubic (FCC) crystal structure will be compared to the analytical and numerical work of Saito and Kysar (2011) and Saito 

et al. (2012) . Additionally, in order to demonstrate the capability of the developed framework, new results are presented for 

body-centered cubic (BCC) and hexagonal close-packed (HCP) crystal structures and compared to the analytical results in 

Saito and Kysar (2011) . 

The paper is divided into the following sections: the wedge indentation problem, analytical solutions, and material model 

are outlined in Section 2 , self-similarity and the numerical framework are derived in Section 3 , verification and results are 

presented in Section 4 , and finally some concluding remarks are given in Section 5 . Index notation, including Einstein’s 

summation convention, is used throughout and the notation ( . ) signifies a time derivative. 

2. Indentation with a nearly flat wedge indenter 

Quasi-static wedge indentation is chosen as the benchmark problem for the numerical framework developed as both 

analytical and numerical results exist for comparison ( Saito and Kysar, 2011; Saito et al., 2012 ). Saito et al. (2012) consid- 

ered indentation into a single metal crystal with a nearly flat wedge indenter such that, φ, (cf. Fig. 1 ) approaches 0 °. Here, 
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Fig. 1. Wedge indentation in a rate dependent single crystal. Inside the self-similar history dependent domain (SS domain) the developed numerical 

framework is applied, whereas outside this domain, the material is treated as being linear elastic. 

Table 1 

Model parameters. 

Parameter Significance Value 

τ 0 / E Yield strain ∼ 1 e −5 

ν Poisson ratio 0.3 

m Strain rate-sensitivity exponent 0.02 

˙ γ0 Reference slip rate 0 . 001 s −1 

˙ c Magnification rate 0 . 1 s −1 

φ Indenter angle 0.038 °

friction between the indenter and the material is neglected and an elastic, ideally plastic single crystal with a very low 

critical resolved shear stress equal on all slip systems is assumed (see model parameters in Table 1 ). The proposed numer- 

ical framework is not limited to such extreme conditions, but this configuration ensures the conditions required for the 

analytical solutions developed by Saito and Kysar (2011) . Additionally, this set-up allows for a two-dimensional (2D) plane 

strain analysis under a small strain assumption by employing effective in-plane slip systems that combine deformation on 

symmetric pairs of out-of-plane slip systems into an effective in-plane deformation. A detailed description and discussion 

of the effective slip systems can be found in Section 2.2 . 

A detailed study of the analytical solutions can be found in Saito and Kysar (2011) based on the extension of slip line 

theory that assumes linear elastic and ideally plastic behavior. Here, the FCC, BCC, and HCP crystal structures are treated for 

the 2D plane strain case. Saito and Kysar (2011) derived an analytical solution for a moving contact point singularity based 

on the assumption that stress discontinuities cannot exist in the deformation fields under these conditions (see Drugan and 

Rice, 1984 ). Following Rice (1987) , the analytical investigation by Saito and Kysar (2011) showed that the asymptotic de- 

formation fields consist of angular sectors centered at the singular point; the angular sectors can deform either elastically 

or plastically. The angular sectors are separated by radial rays emanating from the singular point that coincide either with 

the slip direction or the slip plane normal of the effective in-plane slip system. As described by Rice (1987) , if the radial 

ray coincides with a slip direction, dislocations operate in glide shear along the ray and if the radial ray coincides with 

the slip plane normal dislocations operate in kink-shear mode. If the contact point singularity is stationary with respect to 

the crystal, the stress fields can admit stress jumps across the radial rays. However, if the contact point singularity moves 

quasistatically relative to the crystal, the angular sectors and sector boundaries move through the crystal as well. Under 

this condition, the stress fields do not admit discontinuities across the radial sector boundaries, but velocity discontinuities 

across the radial sector boundaries are allowed ( Drugan and Rice, 1984 ). 

The solution by Saito and Kysar (2011) for the asymptotic fields associated with the contact point singularity of a nearly- 

flat wedge impinging into an FCC crystal is reproduced in Fig. 2 a. The solution consists of four elastically deforming angular 

sectors separated by three plastically deforming radial rays. By adopting the slip systems in Table 2 , it is seen that the glide 

shear is related to slip systems (1) and (3), and the kink shear is related to slip system (2). The asymptotic solution for the 

BCC crystal is shown in Fig. 2 b, having only three sectors separated by two plastically deforming rays (glide shear). 

Saito and Kysar (2011) showed that the asymptotic solution for the stresses in the vicinity of the moving contact point 

singularity for the FCC and BCC crystals are described according to Eqs. (1) –(3) with C 1 = 

√ 

3 / 2 , C 2 = 

√ 

3 , and C 3 = 

√ 

3 / 2 for 
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Fig. 2. Sector structure for asymptotic fields beneath the contact point singularity (a) with kink shear sector boundary (FCC) and (b) without kink shear 

sector boundary (BCC) ( Saito and Kysar, 2011 ). The parameter α = 54 . 7 ◦ for both the FCC and BCC crystal structures. 

FCC, and C 1 = 3 / 4 , C 2 = 3 / 2 , and C 3 = 3 / 4 for BCC. 

σ11 − σ22 

2 τ0 

= C 1 sin (2 θ ) (1) 

σ11 + σ22 

2 τ0 

= C 2 θ (2) 

σ12 

τ0 

= C 3 [1 − cos (2 θ )] (3) 

where σ ij is the stress tensor, τ 0 is the critical resolved shear stress, and θ is the angle depicted in Fig. 2 . 

The analytical solutions of the stress field are presented in Figs. 7 a and 9 a for the FCC and BCC structures, respectively. 

The stress distribution is plotted as a function of the angle θ with θ = 0 at the undeformed surface in front of the moving 

contact point and θ = −π at the indenter surface going in a clockwise direction (see Fig. 2 ). Additionally, the analytical 

stress trajectory and yield surface are presented in Figs. 7 b and 9 b for the FCC and BCC structures, respectively. The yield 

surfaces are adopted directly from Table 2 through Table 4 in Saito and Kysar (2011) . The last crystal structure of interest in 

this paper is the HCP structure. Saito and Kysar (2011) determined that the asymptotic solutions for the HCP crystal must 

include at least one plastic angular sector, unlike the FCC and BCC structures in which all angular sectors are elastic. Hence, 

an analytical solution of the stress field has not yet been derived for the HCP crystal (cf. Fig. 11 b). 
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Table 2 

Effective slip systems for plane strain model. 

Effective slip system no. (1) (2) (3) 

FCC 

Angle to [101] in ( ̄1 01) plane 54.7 ° 0 ° −54 . 7 ◦

Crystallographic slip system (a) (111)[1 ̄1 0] (11 ̄1 )[101] ( ̄1 1 ̄1 )[0 ̄1 ̄1 ] 

Crystallographic slip system (b) (111)[0 ̄1 1] ( ̄1 11)[101] ( ̄1 1 ̄1 )[ ̄1 ̄1 0] 

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

√ 

3 2 √ 
3 

√ 

3 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 
2 √ 
3 

√ 

3 2 √ 
3 

BCC 

Angle to [010] in ( ̄1 01) plane [ °] 54.7 ° 0 ° −54.7 °
Crystallographic slip system (a) ( ̄1 ̄2 ̄1 )[1 ̄1 1] (101)[ ̄1 ̄1 1] ( ̄1 2 ̄1 )[111] 

Crystallographic slip system (b) – (101)[1 ̄1 ̄1 ] –

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

1 2 √ 
3 

1 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 1 
√ 

3 1 

HCP 

Angle to [11 ̄2 0] in (0 0 01) plane [ °] 60 ° 0 ° −60 °
Crystallographic slip system (a) (10 ̄1 0)[1 ̄2 10] (1 ̄1 00)[ ̄1 ̄1 20] (01 ̄1 0)[2 ̄1 ̄1 0] 

Crystallographic slip system (b) – – –

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

1 1 1 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 1 1 1 

2.1. Material model 

The plane strain study of indentation in single crystals is performed in a small strain setting. Thus, the total strain, εij , 

is determined from the displacement, u i , such that; ε i j = (u i, j + u j,i ) / 2 and furthermore the total strain is decomposed into 

the elastic part, ε e 
i j 
, and the plastic part, ε p 

i j 
( ε i j = ε e 

i j 
+ ε p 

i j 
). When the strain field (and its decomposition) are known, the 

stress field can be determined from the relationship; σi j = L i jkl (ε kl − ε p 
kl 
) , where L i jkl is the elastic stiffness tensor. 

To determine the plastic part of the total strains for a single crystal, a summation over all slip systems, α, is performed 

according to 

˙ ε p 
i j 

= 

∑ 

α

˙ γ (α) P (α) 
i j 

, P (α) 
i j 

= 

1 

2 

(
s (α) 

i 
m 

(α) 
j 

+ m 

(α) 
i 

s (α) 
j 

)
(4) 

where P (α) 
i j 

is the Schmid tensor, ˙ γ (α) is the slip rate, and s (α) 
i 

and m 

(α) 
i 

are the unit vectors defining the slip direction and 

the slip plane normal, respectively (see Fig. 3 ). To determine the slip rate on each slip system, the following visco-plastic 

power law slip rate relation proposed by Hutchinson (1976) is adopted 

˙ γ (α) = ˙ γ0 sgn 

(
τ (α) 

)( | τ (α) | 
g (α) 

)1 /m 

(5) 

where τ (α) = σi j m 

(α) 
i 

s (α) 
j 

is the resolved shear stress and g ( α) is the slip resistance. The slip resistance g (α) = τ (α) 
0 

since only 

elastic, ideally plastic materials are considered in the present study. 

The visco-plastic law in Eq. (5) , implies that the rate-sensitivity of the material response increases for an increasing rate- 

sensitivity exponent, m , and vice versa, (N.B. The slip plane normal is denoted by unit vector m i whereas the rate-sensitivity 

exponent is denoted by the scalar m ). Thus, for m → 0, the constitutive material model approaches the rate-independent 

material response. 

For the self-similar indentation problem dimensional analysis dictates that the indentation solution is governed by the 

following parameters 

˙ γ (α) 
(

x i 
a 

)
= F 

(
τ0 

E 
, 

˙ a 

a ̇ γ0 

, φ, m, ν

)
. (6) 

2.2. Effective slip systems 

The reason for choosing a 2D plane stain model is mainly for verification purposes of comparing the results of the 

computations to the existing analytical solution, but also because many detailed experiments are conducted under nominally 

plane strain conditions in single crystals. However, the numerical framework in Section 3 can equally well be exploited for 

three-dimensional (3D) boundary value problems. 

[P14]. JUUL ET AL. (2017) 259



672 K.J. Juul et al. / Journal of the Mechanics and Physics of Solids 112 (2018) 667–684 

Fig. 3. Crystallographic orientation of the specimen relative to the wedge indenter, and the effective slip systems for the FCC, BCC, and HCP crystal struc- 

tures, respectively. 

To ensure 2D plane strain deformation of single crystals, it is necessary to choose the plane of plane strain to coincide 

with a mirror symmetry plane in the crystal (see e.g. Rice, 1987; Kysar et al., 2005; Niordson and Kysar, 2014 ). Here, follow- 

ing Rice (1987) , the ( ̄1 01) plane is chosen as the mirror symmetry plane for the plane strain deformation in the FCC and 

BCC crystals. The specimen geometry and the external loading must also have mirror symmetry about the crystallographic 

mirror plane. In that way the plastic slip systems can be grouped into mirrored pairs ; both members of a pair share the same 

magnitude of resolved shear stress. Each of the two slip systems within a mirrored pair will then activate with the same 

slip rate, assuming the critical resolved shear stress is the same on both slip system. In this way the 12 slip systems from 

the FCC {111} 〈 110 〉 family of slip systems reduces to 6 mirrored pairs of slip systems. For three of the mirrored pairs, the 

out-of-plane components of the plastic slip on one slip system will counteract that of the other slip system within the pair. 

The other three mirrored pairs do not have mutually canceling out-of-plane deformations, so the experiments and analyses 

are performed under conditions of small scale yielding ( Rice, 1968 ) so that the elastically deforming region surrounding the 

plastic zone suppresses the out-of-plane deformation, and hence the activation, of these other three mirrored pairs. 

Based on the crystal structure (see Fig. 3 ), three mirrored pairs of slip systems combine to form three effective plane 

strain slip systems in an FCC crystal, with each particular effective slip system denoted by α (the two underlying slip systems 

paired into the effective slip system are denoted αa and αb ). 

260 CHAPTER .I- APPENDED PUBLICATIONS



K.J. Juul et al. / Journal of the Mechanics and Physics of Solids 112 (2018) 667–684 673 

Referring to Fig. 3 , effective slip system 1 has unit slip direction s (1) 
i 

oriented at an angle of θ1 = tan 

−1 ( 
√ 

2 ) ≈ 54 . 7356 ◦

relative to the specimen x 1 -axis. Effective slip system 2 has unit slip direction s (2) 
i 

oriented at an angle of θ2 = 0 ◦ relative 

to the specimen x 1 -axis. Effective slip system 3 has unit slip direction s (3) 
i 

oriented at an angle of θ3 = π − tan 

−1 ( 
√ 

2 ) ≈
125 . 2644 ◦ relative to the specimen x 1 -axis. In the FCC crystal, effective slip systems 1 and 3 consist of a pair of coplanar 

slip systems whereas effective slip system 2 consists of a collinear pair of slip systems. In Kysar et al. (2005, 2010) and Saito 

and Kysar (2011) , the mirror plane was chosen equivalently to be (110), but the effective plane strain slip systems were 

oriented at the same respective angles for the orientation used herein. 

Now considering a BCC crystal with crystallographic orientation of the specimen rotated by 90 ° relative to that of the 

FCC crystal, as illustrated in Fig. 3 . A BCC crystal has 24 different slip systems of type { 1 ̄1 0 }〈 111 〉 and { 11 ̄2 }〈 111 〉 ( Hirth and 

Lothe, 1992 ). By choosing the ( ̄1 01) plane as the mirror symmetry plane for the plane strain deformation there are 12 

mirrored pairs of slip system of which 6 pairs are capable of inducing a plane strain deformation state. One of the mirrored 

pairs consists of ( ̄1 2 ̄1 )[111] and ( ̄1 ̄2 ̄1 )[1 ̄1 1] . Since s (α) 
i 

and m 

(α) 
i 

for both slip systems lie within the ( ̄1 01) plane, both slip 

systems individually admit plane strain plastic deformation with s (1) 
i 

oriented such that θ1 = tan 

−1 ( 
√ 

2 ) ≈ 54 . 7356 ◦ and s (3) 
i 

oriented such that θ3 = π − tan 

−1 ( 
√ 

2 ) ≈ 125 . 2644 ◦ relative to the specimen x 1 -axis. Another mirrored pair of slip systems 

consists of (101)[ ̄1 ̄1 1] and (101)[1 ̄1 ̄1 ] , which when activated in tandem produce an effective plain strain plastic slip system 

oriented such that θ2 = 0 ◦. 

The remaining four mirrored pairs can be activated in tandem to form four effective in-plane slip systems, two of which 

have s (α) 
i 

parallel to s (1) 
i 

and the other two of which have s (α) 
i 

parallel to s (3) 
i 

. However, the resolved shear stresses on these 

slip systems are smaller than that of effective slip systems 1 and 3 so these have been neglected in this analysis. 

Lastly, for the HCP crystal, effective slips systems are not required when oriented such that the basal plane is the plane 

of deformation since three in-plane slip systems exist for this configuration. The method for determining the effective slip 

systems are adopted from Rice (1987) and Niordson and Kysar (2014) . The individual crystallographic slip systems and the 

corresponding effective slip systems are summarized in Table 2 and the orientation of the wedge indenter is shown in Fig. 3 . 

The s (α) 
i 

and m 

(α) 
i 

of the individual crystallographic slip systems, in general, have components in the out-of-plane direc- 

tion. In order to simplify the analytical and numerical analyses, Rice (1987) showed it convenient to treat each mirrored 

pairs of slip systems as an effective in-plane slip system with unit effective in-plane unit slip direction S (α) 
i 

and unit effec- 

tive in-plane unit slip plane normal as M 

(α) 
i 

. It is then necessary to scale the values of the critical resolved shear stress and 

the reference plastic strain rate for the effective slip systems. 

To that end τ 0 and ˙ γ0 are defined as the critical resolved shear stress and reference plastic strain rate, respectively, 

on the individual crystallographic plastic slip systems. Then S (α) 
i 

is substituted for s (α) 
i 

and M 

(α) 
i 

is substituted for m 

(α) 
i 

in 

Eq. (4) when calculating the resolved shear stresses. Finally, the effective critical resolved shear stresses and the effective 

reference plastic strain rates are scaled, respectively, with dimensionless scaling parameters λ( α) and β ( α) to calculate the 

effective critical resolved shear stress, τ (α) 
0 

, and the effective reference strain rate, ˙ γ (α) 
0 

for each of the effective in-plane 

slip systems according to 

τ (α) 
0 

= λ(α) τ0 , and ˙ γ (α) 
0 

= β(α) ˙ γ0 (7) 

where the values of λ( α) and β ( α) for each effective slip system for FCC, BCC and HCP are listed in Table 2 . 

3. Self-similarity and the numerical framework 

3.1. Self-similar relation 

In the context of plasticity, self-similarity may be defined as solutions to a boundary value problem where field quantities 

remain unchanged in shape, and only the spatial extent of the solution scales with time or deformation. Such solutions may 

be encountered in indentation, void growth, and stationary crack problems to name a few. 

The governing equation to be derived in the following holds for any history dependent self-similar solution and as such 

can be exploited to address a wide range of problems. Here, considering indentation, self-similarity is obtained when the 

indentation rate, defined as ˙ a /a = ˙ c , is constant, where a is the half contact length (i.e. the distance from the center of the 

indentation to the contact point singularity) and ˙ a is the contact point velocity, as illustrated in Fig. 1 . 

Before the self-similar method is described further, two different coordinate systems applied in the derivation will be 

defined. The first is the reference coordinate system, x i , that describes the position of all material points at time t = 0 and 

the second is the self-similar coordinate system in which coordinates of material points change with time. The axes of the 

self-similar coordinate system expand and stretch accordingly with the evolution of the self-similar field. There exists a 

family of self-similar coordinate systems, all related by scaling factors, but a specific self-similar coordinate system where 

the coordinates are normalized with the half contact length, a , according to ξi = x i /a is employed here. Thus, the contact 

point singularity is located at ξi = (1 , 0) . 

During indentation, self-similarity may be recognized by an observer who changes magnification in proportion to the 

indentation contact length, as this is the only characteristic length in the problem. Thus, any field quantity, f , must have 

the functional dependence f ( ξ i ). Under self-similar conditions, the only time dependence in the problem enters through the 
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Fig. 4. Development of self-similarity through time in (a) the reference coordinates with the basis vectors ( g 1 , g 2 ), and in (b) the self-similar coordinate 

system with the stretched basis vectors ( G (t) 
1 

, G (t) 
2 

) . 

evolution of the characteristic length, a . Thus, the time rate of change of any field quantity in the self-similar coordinate 

system can be expressed through the following self-similar relation 

˙ f = 

d f 

d t 
= 

∂ f 

∂ξi 

∂ξi 

∂t 
= − ˙ a 

a 
ξi 

∂ f 

∂ξi 

= − ˙ c ξi 

∂ f 

∂ξi 

(8) 

where ˙ c can be viewed as the magnification rate. 

This constitutes a relation between time varying and spatially varying quantities, enabling a numerical framework spe- 

cialized for self-similar problems along the same lines as those first laid out by Dean and Hutchinson (1980) for steady-state 

problems where the stationary field translates. 

To establish a better understanding of the self-similar problem, the self-similarly expanding field solution (constant mag- 

nification rate, ˙ c ) is analyzed (see Fig. 1 ). By integrating ˙ a /a = ˙ c with respect to time, t , an explicit relation between the half 

contact length, a 0 , at t = 0 , and the current half contact length, a , at time, t , can be obtained; a = a 0 e ̇
 c t . From this relation, 

it is seen that the contact length grows exponentially over time. Hence, it follows that any length quantity related to the 

indentation process must evolve exponentially in time as there are no further independent length quantities. This is illus- 

trated in Fig. 4 , where the basis related to the reference coordinate system, x i , is given by ( g 1 , g 2 ) such that the contact point 

at time t = 0 is located at ( a 0 , 0). As indentation progresses, the basis in a self-similar coordinate system will be stretched 

according to ( G 

(t) 
1 

, G 

(t) 
2 

) = ( g 
1 
, g 

2 
) a 0 e ̇

 c t , maintaining the contact point (singularity) at ξi = (1 , 0) . It then follows from the 

relation between bases (or equivalently the relation for the exponentially increasing contact length) that a material point 

and its history in the indentation process can be tracked according to ξi = (x i /a 0 ) e 
− ˙ c t in the self-similar coordinate system. 

The coordinates of a material point, x i , in the self-similar coordinate system, ξ i , therefore diminish with time. 

With a suitable relation established between time derived and spatially derived quantities, a numerical integration tech- 

nique similar to that of Dean and Hutchinson (1980) can be adopted. However, in contrast to the integration lines from 

Dean and Hutchinson (1980) , which represent the material flow in a predefined direction, the integration technique here is 

based on spatial integration along lines starting far away in the elastic region, going towards the origin of the self-similar 

field (in this case the indenter tip), carrying the history dependence of material points (see illustration of a integration line 

in Fig. 1 ). As a consequence of the integration lines being located radially around the indenter tip, it is convenient to express 

the self-similar relation, Eq. (8) , in a self-similar polar coordinate system with the origin located at the tip of the indenter. 

The self-similar expression can thus be expressed as ˙ f = − ˙ c ρ∂ f/∂ ρ where ρ is defined as the radial distance to a point on 

the integration line. This self-similar relation will be employed in the development of the numerical framework. 

3.2. Numerical framework 

The self-similar finite element model developed in the present study is a novel approach to handle this class of problems, 

inspired by the early work of Dean and Hutchinson (1980) for steady-state problems. The self-similar condition established 
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Fig. 5. Right hand side of the domain used for numerical simulations. The dashed arrows indicate the direction of gradually increasing element size. The 

boundary of the domain is sufficiently far away from the contact point to have negligible influence on the results (the boundary is clamped). 

Fig. 6. Stress distribution around the right hand side contact point, ξi = (1 , 0) , in FCC crystal for the stress components (a) σ 11 / τ 0 , (b) σ 22 / τ 0 and (c) 

σ 12 / τ 0 . 
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Fig. 7. Stress distribution for FCC around the right hand side contact point projected as (a) angular distribution, and (b) stress trajectory with the thick 

line representing the yield surface. The lines represent the analytical solution while the markers indicate the numerical results. 

in Section 3.1 states that any time derived quantity, ˙ f , in the constitutive model can be directly related to a spatial derivative 

through the magnification rate, ˙ c , according to the relation 

˙ f = − ˙ c ρ∂ f/∂ ρ . Thus, any quantity of interest at a given material 

point, ρ∗, can be evaluated by integrating along a self-similar line, starting far away from the origin of the self-similarity 

(in this case indenter tip) in the elastic zone, ρ0 , and ending at the point of interest closer to the indenter tip, ρ∗ (see 

integration path in Fig. 1 ). The point of interest, ρ∗, will then contain the load history of all points further away from the 

indenter tip. The self-similar integration procedure is performed with a classical forward Euler integration scheme. 

As in Dean and Hutchinson (1980) , the displacement field, u i , is determined from the conventional principle of virtual 

work (PWV) for a quasi-static self-similar problem 

∫ 
V 

L i jkl ε kl δε i j d V = 

∫ 
S 

T i δu i d S + 

∫ 
V 

L i jkl ε 
p 

kl 
δε i j d V (9) 

where T i = σi j n j is the surface traction with n j denoting the unit outward normal vector, V is the volume, and S is the 

bounding surface. Using the finite element method, the PVW is discretized using a 2D 8-node isoparametric elements with 

reduced Gauss integration (2 × 2 Gauss points). 

The procedure for obtaining the self-similar solution is very similar to the one suggested by Juul et al. (2017) for a single 

crystal visco-plastic steady-state model, however, the integration is now carried out along lines emanating from the center 

of the self-similar field. The pseudo-algorithm for the self-similar procedure is as follows (superscript n refers to the iterative 

step): 
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Fig. 8. Stress distribution around the right hand side contact point, ξi = (1 , 0) , in BCC crystal for the stress components (a) σ 11 / τ 0 , (b) σ 22 / τ 0 and (c) 

σ 12 / τ 0 . 

1. The plastic strains from the previous iteration, ε p(n −1) 
i j 

, are used to determine the current displacement field, u (n ) 
i 

, from 

the PVW in Eq. (9) ( ε p(n −1) 
i j 

= 0 in the first iteration). 

2. The total strains, ε (n ) 
i j 

, are determined from the displacement field, u (n ) 
i 

. 

3. The slip on each slip system and the plastic strain field are determined by the self-similar integration procedure. 

(a) First the spatial derivatives of the slip and total plastic strains are determined by applying the self-similar relation 

( ∂ f/∂ ρ = − ˙ f / (ρ ˙ c ) ) 

∂γ (α) 

∂ρ
= − ˙ γ (α) 

0 

ρ ˙ c 
sgn 

(
τ (α) 

)( | τ (α) | 
g (α) 

)1 /m 

(10) 

∂ ε p 
i j 

∂ρ
= 

∑ 

α

∂γ (α) 

∂ρ
P (α) 

i j 
. (11) 

(b) Secondly, the current slip γ ( α)( n ) on each slip system and the current plastic strains, ε p(n ) 
i j 

, are determined by per- 

forming the self-similar integration 

γ (α)(n ) = 

∫ ρ∗

ρ0 

∂γ (α) 

∂ρ
d ρ, and ε p(n ) 

i j 
= 

∫ ρ∗

ρ0 

∂ε (p) 
i j 

∂ρ
d ρ. (12) 

4. The current stresses σ (n ) 
i j 

are then determined by applying the elastic constitutive relation; σi j = L i jkl (ε kl − ε p 
kl 
) . 

5. Steps 1 through 4 is repeated, continuously feeding the new plastic field into the right hand side of Eq. (9) , until con- 

vergence is obtained. Convergence is evaluated by comparing the displacement and stress field of the current iteration 

with the previous iteration. 
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Fig. 9. Stress distribution for BCC around the right hand side contact point projected as (a) angular distribution, and (b) stress trajectory with the thick 

line representing the yield surface. The lines represent the analytical solution while the markers indicate the numerical results. 

It should be noticed that the numerical framework is an iterative procedure (in contrast to the traditional incremental 

procedures), directly bringing out the self-similar state of the problem. 

The stability of the self-similar framework is found to be very robust to various parameters, and even for very low rate- 

sensitivity exponents convergence will be obtained without any special approach to the problems. However, this version 

of the framework also relies on the modifications suggested by Niordson (2001) and Nielsen and Niordson (2012a ), where 

substeps between the Gauss points are introduced in the spatial integration procedure which increases the stability of the 

framework. 

4. Results 

The established numerical framework for self-similar problems is applied to the wedge indentation process to verify the 

solution for the stress and slip rate fields around the moving contact point (see also Saito et al., 2012 ). The mesh is scaled 

around the contact point, such that the mesh is very fine in the vicinity of the contact point where a detailed view is 

desired, while the mesh is gradually coarser when moving away from the point of interest in order to save computational 

time (see illustration in Fig. 5 ). 

4.1. Stress fields 

In this part, the stress distribution will be presented for the FCC, BCC, and HCP crystal structures as contour plots, angular 

variation around the moving contact point singularity, and as the stress trajectory in stress space. The contour plots are 
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Fig. 10. Stress distribution around the right hand side contact point, ξi = (1 , 0) , in HCP crystal for the stress components (a) σ 11 / τ 0 , (b) σ 22 / τ 0 and (c) 

σ 12 / τ 0 . 

presented in the self-similar coordinate system, ξ i , such that the contact point is always located at the coordinate ξi = (1 , 0) 

(the contact point singularity). 

Fig. 6 presents contour plots of the stress components for the FCC crystal structure. According to Drugan and Rice (1984) , 

stress discontinuities are not admissible across a quasi-statically moving surface in a plastically deforming material, which 

is also confirmed by the continuous stress distributions. Upon further inspection of the stresses, it is seen that some stress 

contour lines appear as rays emanating from the contact point. This is in accordance with the asymptotic solutions in 

Eqs. (1) –(3) . Moreover, it is noticed that the asymptotic solution breaks down some distance from the contact point as the 

field is no longer independent of the radius from the contact point. 

To investigate the angular variation of the stresses around the contact point, the stresses have been extracted along an 

arc around the contact point using an inverse isoparametric mapping scheme. The extracted numerical values (markers) 

are plotted together with the analytical solution (lines) in Fig. 7 . Here, the vertical lines represent the sector boundaries 

shown in Fig. 2 a. It is seen that there is a good agreement between the analytical and numerical results both in terms of 

the angular development but also the magnitude. Furthermore, it is seen that the stress components satisfy the boundary 

conditions in terms of σ12 = 0 and σ22 = 0 at θ = 0 (the free undeformed surface) and σ12 = 0 at θ = −180 ◦ (the frictionless 

indenter surface). 

Lastly, the stress trajectory is plotted in Fig. 7 b, starting in the vicinity of (0, 0) which is at the free surface (θ = 0) 

going in clockwise direction ending at the indenter surface. The elastic sectors (I–IV) are indicated on the stress trajectory 

according to Fig. 2 a. The stress trajectory shows that the stresses start in an elastic region at the undeformed surface, then 

as θ → −54 . 7 ◦, the stresses develop into a state where the trajectory touches the yield surface at a point corresponding to 

a radial sector boundary undergoing glide shear (i.e. a radial ray of plastically deforming material). Afterwards, the material 

again becomes elastic until a second radial sector boundary (this time undergoing kink shear) is encountered at θ = −90 ◦

where the stresses just reach the yield surface and then become elastic again. At θ = −125 . 3 ◦, the final radial sector bound- 

ary is encountered (glide shear) and the stress trajectory goes back to the initial point where the material behavior is 
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Fig. 11. Stress distribution for HCP around the right hand side contact point projected as (a) angular distribution, and (b) stress trajectory with the thick 

line representing the yield surface. Here, only the numerical solution is presented. 

elastic. The fact that the material behaves elastically close to the indenter surface, indicates large stress triaxiality which is 

also confirmed by the stress component in Fig. 7 a, where σ11 = σ22 ( Saito et al., 2012 ). 

Fig. 8 presents contour plots of the stresses for the BCC structure. Comparing to the solution for FCC ( Fig. 6 ) similar 

features are observed for all stress components. Moreover, a similar asymptotic nature of the stresses only being dependent 

on the angle in the immediate vicinity of the moving contact point singularity is also valid. The stress components plotted 

along an arc around the contact point is shown in Fig. 9 a for the BCC crystal, along with the analytical solutions from 

Eqs. (1) –(3) . Again, the numerical solution is seen to be in good agreement with the analytical solution. In addition, the 

stress trajectory is presented in Fig. 9 b for the BCC structure. Here, recall that it is expected to see one sector less than for 

the FCC structure as the analytical solution does not predict the existence of a radial sector boundary at θ = −90 ◦ ( Saito and 

Kysar, 2011 ). Starting in the vicinity of (0, 0) and moving in the clockwise direction, the first radial sector boundary (glide 

shear) is encountered. At the top horizontal line of the yield surface, it is noticed that the numerical solution is, in fact, 

close to the yield surface, even though this should not be the case for the BCC structure. This can be explained by the fact 

that a rate dependent model has been employed in the numerical model which results in a sector boundary at θ = −90 ◦

being activated because of the stress trajectory is very close to the yield surface ( Saito and Kysar, 2011 ). By employing a rate 

independent model in the framework this should be avoidable. Lastly, the second radial sector boundary (also glide shear) 

is encountered and the material goes back to being elastic, approaching the initial state. 

Finally, the HCP crystal is considered. The shape of the stress contours for the HCP structure ( Fig. 10 ) have minor differ- 

ences in the details but are overall similar to the stress contours for the FCC and BCC crystals. For the HCP structure ( Fig. 11 ), 

none of the asymptotic solutions considered by Saito and Kysar (2011) were admissible, indicating the existence of at least 
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Fig. 12. Slip rate around the right hand side contact point, ξi = (1 , 0) , in FCC crystal for the slip systems (a) | ̇ γ (1) | / ̇ c , (b) | ̇ γ (2) | / ̇ c , (c) | ̇ γ (3) | / ̇ c , and (d) 

˙ γ ( tot ) / ̇ c ( ̇ γ (tot) = 

∑ α | ̇ γ (α) | ). 

one angular plastic sector. The angular stress distribution in Fig. 11 a shows similarities to the FCC and BCC structure but the 

curves are less smooth. Moreover, the numerical solution for the HCP structure still comply with the boundary conditions 

in terms of σ12 = 0 and σ22 = 0 at θ = 0 (the free surface) and σ12 = 0 at θ = −180 ◦ (the frictionless indenter surface). The 

stress trajectory in Fig. 11 b starts in the vicinity of (0, 0), and moves in the clockwise direction. From the numerical solution, 

the trajectory approaches the vertex in the upper left corner, then continue on the yield surface, going towards the upper 

right vertex and subsequently towards the vertex to the right of the starting point. This indicates that the material behaves 

plastically within certain sectors as predicted by Saito and Kysar (2011) . 

4.2. Slip rate fields 

The slip rate for the FCC, BCC, and HCP crystal structure will be presented in the following as contour plots near the 

moving contact point singularity (the same normalization of the axes as for the stresses is used). The main goal of this 

part is to bring forward the discontinuities expected in the slip rate. These discontinuities were not directly seen in the 

previous results of the stress field since stress discontinuities are not admissible for a moving contact point singularity 

( Drugan and Rice, 1984 ). It should be noticed that the analytically proven discontinuities ( Drugan and Rice, 1984; Rice, 

1987; Saito and Kysar, 2011 ) will appear as rays with a finite width in the field of interest due to the rate dependent 

material model employed. 

Fig. 12 displays the normalized slip rate on the three effective slip systems for the FCC structure as well as the total slip 

rate (the sum ˙ γ (tot) = 

∑ α | ̇ γ (α) | ). According to Fig. 2 a, a glide shear discontinuity should be observed at θ = −125 . 3 ◦ on slip 

system (1) which is also the case ( Fig. 12 a). The numerical predictions also holds for the two other analytical prediction by 

Saito and Kysar (2011) for slip system (2) which shows a kink shear ray at θ = −90 ◦ ( Fig. 12 b) and lastly a glide shear ray 

on slip system (3) at θ = −54 . 7 ◦ ( Fig. 12 c). The glide shear ray in Fig. 12 a is of particular interest as it is seen that the ray is 

reflected at the displacement symmetry boundary ( ξ1 = 0 ), into a kink shear ray at θ = −125 . 3 ◦. A better illustration of this 
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Fig. 13. Slip rate around the right hand side contact point, ξi = (1 , 0) , in BCC crystal for the slip systems (a) | ̇ γ (1) | / ̇ c , (b) | ̇ γ (2) | / ̇ c , (c) | ̇ γ (3) | / ̇ c , and (d) 

˙ γ ( tot ) / ̇ c ( ̇ γ (tot) = 

∑ α | ̇ γ (α) | ). 

is shown in Fig. 12 d, where the sum of the slip rates on all systems is presented. It is seen that the kink shear ray arising 

from slip system (1) at point B is intersecting the kink shear ray on slip system (2) at point C. From a geometric point of 

view, these two rays should intersect on a line of θ = −64 . 7 ◦, which is confirmed by the numerical results. Upon further 

inspection of the line OC, only slip system (1) contributes to plastic deformation below the line of θ = −64 . 7 ◦, whereas all 

slip systems contribute to the deformation above the line. The observations for both the stress and the slip rate fields are 

consistent with the results obtained by Saito et al. (2012) for the FCC crystal. 

In Fig. 13 , the same results are presented for the BCC crystal structure. Since the BCC structure has slip systems identical 

to the FCC crystal, the same angles are observed (obviously, there is a change in the magnitudes, as the effective parameters 

are different). For slip system (1) ( Fig. 13 a), the glide shear ray is again observed at θ = −125 . 3 ◦, and at θ = −54 . 7 ◦ for 

slip system (3) ( Fig. 13 c). Moreover, the contour plot in Fig. 13 b shows a kink shear ray at θ = −90 ◦ similar to the one for 

the FCC structure, which according to the analytical solution should not exist. This is ascribed to the rate dependent model 

activating the kink shear due to the stress trajectory being very close to the yield surface (see Fig. 9 b). Additionally, a small 

feature at approximately θ = −120 ◦ in Fig. 13 b is not part of the analytical solution and its magnitude changes with the 

rate-sensitivity, m (the same feature is in fact seen for the FCC crystal in Fig. 12 b, however, it is much smaller). For the 

BCC crystal a kink shear ray is also seen to emanate from the displacement symmetry boundary ( Fig. 13 d) perpendicular to 

the glide shear ray in slip system (1), making this system solely responsible for the plastic deformation below the OC line. 

Furthermore, it is also here observed that a kink shear ray, is reflected of the displacement symmetry boundary, and that it 

intersects the kink shear ray on slip system (2) on a θ = −64 . 7 ◦ line in accordance with the geometrical expectation. 

Lastly, the slip rate fields are presented for the HCP structure ( Fig. 14 ) which deviate slightly from the FCC and BCC 

structures due to the difference in slip systems. Even though an analytical solution was not established for the HCP crystal, 

it is clear that the discontinuities coincide with the slip systems, where slip system (1) creates a glide shear ray at θ = 

−120 ◦, a kink shear ray is formed on slip system (2) at θ = −90 ◦, and finally another glide shear ray is formed at θ = −60 ◦

on slip system (3). Besides the discontinuities related to the slip systems, an additional feature is observed in Fig. 14 c at 
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Fig. 14. Slip rate around the right hand side contact point, ξi = (1 , 0) , in HCP crystal for the slip systems (a) | ̇ γ (1) | / ̇ c , (b) | ̇ γ (2) | / ̇ c , (c) | ̇ γ (3) | / ̇ c , and (d) 

˙ γ ( tot ) / ̇ c ( ̇ γ (tot) = 

∑ α | ̇ γ (α) | ). 

approximately θ = −80 ◦. Similarly to the unexpected feature in Fig. 13 b, this feature is expected to be an artifact of the 

rate dependency. As for the FCC and BCC crystal structures, a kink shear ray for slip system (1) reflects of the displacement 

symmetry boundary, however, it is much less pronounced for the HCP crystal. This kink shear ray should intersect the kink 

shear ray that emanates from slip system (2) at an angle of θ = −67 ◦ (based on geometrical observations), however, the 

intersection is only vaguely observable from Fig. 14 d. 

5. Concluding remarks 

A novel numerical framework for self-similar problems in plasticity has been developed. The framework is specialized to 

this class of problems and eliminates a number of issues encountered when employing traditional Lagrangian procedures. 

Moreover, the framework readily enables focusing the mesh for high resolution of field solutions in the regions of interest. 

Main focus in the presented work is on the development and verification of the self-similar framework. The verification 

is conducted by applying the newly developed framework to wedge indentation in a 2D small strain setting for single 

crystal plasticity, where both analytical ( Saito and Kysar, 2011 ) and numerical ( Saito et al., 2012 ) results exist for comparison. 

The framework, however, is general and holds for any self-similar problem in plasticity (also in 3D and with appropriate 

extensions for finite strains). The key findings are: 

• The stress distribution in the vicinity of the contact point singularity corresponds to the analytical predictions by Saito 

and Kysar (2011) both qualitatively and quantitatively for the FCC and BCC crystal structure. Furthermore, the stress field 

for FCC is similar to the numerical results of Saito et al. (2012) showing the same qualitative features. 

• Numerical simulation indeed reveals discontinuities in the slip rate corresponding to the predictions of Saito and 

Kysar (2011) . Based on the analytical results both glide shear and kink shear sector boundaries exist for the FCC struc- 

ture and this gives rise to three discontinuity lines emanating from the contact point singularity. The sector boundaries 

readily fall out by applying the new numerical framework. 
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• For the HCP crystal structure, an analytical expression was not constructed as the asymptotic solutions by Saito and 

Kysar (2011) were not admissible, implying that at least one plastic sector exists (only elastic sectors exist for FCC and 

BCC). The numerical results for the HCP crystal confirmed the existence of such sectors by having part of the stress 

trajectory remaining on the yield surface. Furthermore, both glide shear and kink shear discontinuities are predicted by 

the numerical model for the HCP crystal. 

For the BCC crystal, only glide shear discontinuities should exist according to analytical solutions, giving two sector 

boundaries. However, the numerical solutions also predict a third sector boundary corresponding to a kink shear disconti- 

nuity. The authors believe that this has to do with the rate dependent material model for which the kink shear discontinuity 

appears because the stress trajectory is very close to the yield surface. 
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a b s t r a c t 

The active plastic zone that surrounds the tip of a sharp crack growing under plane strain 

Mode I loading conditions at a constant velocity in a single crystal is studied. Both the 

characteristics of the plastic zone and its effect on the macroscopic toughness is investi- 

gated in terms of crack tip shielding due to plasticity (quantified by employing the Suo, 

Shih, and Varias set-up). Three single crystals (FCC, BCC, HCP) are modelled in a steady- 

state elastic visco-plastic framework, with emphasis on the influence of rate-sensitivity 

and crystal structures. Distinct velocity discontinuities at the crack tip predicted by Rice 

[Rice J.R., 1987. Tensile crack tip fields in elastic-ideally plastic crystals. Mech. Mater. 6, pp. 

317–335] for quasi-static crack growth are confirmed through the numerical simulations 

and highly refined details are revealed. Through a detailed study, it is demonstrated that 

the largest shielding effect develops in HCP crystals, while the lowest shielding exists for 

FCC crystals. Rate-sensitivity is found to affect the plastic zone size, but the characteristics 

overall remain similar for each individual crystal structure. An increasing rate-sensitivity 

at low crack velocities monotonically increases the crack tip shielding, whereas the op- 

posite behaviour is observed at high velocities. This observation leads to the existence 

of a characteristic velocity at which the crack tip shielding becomes independent of the 

rate-sensitivity. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

The active plastic zone that surrounds a crack tip has a significant influence on the fracture toughness (a composition of 

plastic dissipation and the work of separation), and it is the primary condition for obtaining stable crack growth. The near 

tip plastic zone acts as a shield against the elastic far field, which follows the well-known 

√ 

r -singularity in the stresses, and 

in this way plasticity increases the toughness of the material both by dissipating energy and by lowering the near tip stress 

field. The active plastic zone, that surrounds the crack tip, will follow the tip during growth and create a wake of residual 

plastic strains as the material elastically unloads on the trailing edge. In the regions of unloading, close to the crack face, 

reversed plastic straining can occur. This results in continued yielding of the material, but in the opposite direction. A wide 

range of parameters, that describes both the material and the loading, have an influence on the development of the near 

tip plastic zones, and thus also on the macroscopic fracture toughness. In particular, the strain hardening of the material, 

governing plastic deformation, is known to influence the energy dissipation and thereby affects the energy required for the 

crack to advance. Thus, the strain rate hardening, that follows from rate-sensitivity, must be expected to share a similar 
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effect on the shielding and the material toughness. The effect of the viscous behaviour was brought out in e.g. Nielsen and 

Niordson (2012a ) for a Mode I crack travelling at steady-state in an isotropic material. Their study revealed a significant 

increase in the crack tip shielding for slowly growing cracks compared to a fast growing crack. Moreover, the study of 

Nielsen and Niordson (2012a ) showed that in-between what is characterised as a slowly and a fast growing crack, a velocity 

leading to the rate-independent toughness can be determined. 

Published studies on fracture toughness mainly considers isotropic materials (see e.g. Dean and Hutchinson, 1980; Hui, 

1983; Suo et al., 1993; Tvergaard, 1997; Wei and Hutchinson, 1999; Nielsen and Niordson, 2012a ). However, single crystals 

have been in focus due to their brittle to ductile transition temperature (see e.g. Roberts et al., 1993; Tarleton and Roberts, 

2009 ) as-well as their distinct crack tip plastic fields (see e.g. Rice, 1987; Rice et al., 1990; Ortiz et al., 1992 ). Both static, 

quasi-static and dynamic cases ranging over both analytical and numerical calculations have been pursued. The effort in 

these studies has been put on determining and proving the existence of specific characteristics of the material behaviour in 

the vicinity of the crack tip. In single crystals, the crack tip characteristics reveal themselves as angular sectors separated by 

either stress or velocity discontinuities (depending on whether the crack is static or growing quasi-statically). The numerical 

quasi-static case performed by Rice et al. (1990) is based on a traditional Lagrangian framework with a crack growing 

though a transient phase until steady-state is achieved. Here, accepting a sparse discretization of the domain of interest 

to make the computations feasible. However, this has been improved significantly in the present study by adopting the 

steady-state approach by Dean and Hutchinson (1980) which directly brings out the field of interest and allows focusing 

the computational effort. Moreover, by combining the computational framework with the SSV-model proposed by Suo et al. 

(1993) , a direct comparison of the crack tip shielding for various crystal structures can be conducted in a rigorous manner. 

The goal of the present study is to analyse quasi-static crack growth in rate-sensitive single crystals (FCC, BCC, HCP) 

under Mode I loading. In this way, the study has two parts; I) The first part is an investigation of the characteristics of the 

plastic zone surrounding the crack tip for the different crystallographic structures. This enables comparison to the work of 

Rice (1987) and Rice et al. (1990) , but also sheds new light on the problem as the true steady-state is obtained within a 

modified boundary layer framework. The effect of rate-sensitivity on the plastic zones will be brought out; II) The second 

part of the study investigates the macroscopic crack tip shielding under the assumption that the failure of the material 

is controlled by cleavage cracking. The analysis of the shielding is based on the SSV-model by Suo et al. (1993) , which 

facilitates an energy based fracture criterion evaluated by the J-integral. The effect of rate-sensitivity is of primary concern 

as the viscous behaviour significantly influences the plastic field. 

The paper is divided into the following sections: The modified boundary value formulation is presented in Section 2 , the 

material model and the numerical formulation are presented in Section 3 , validation and results are presented in Section 4 , 

and at last some concluding remarks are given in Section 5 . Index notation including Einstein’s summation convention is 

used, and the notation ( ̇ ) signifies a time derived quantity. 

2. Problem 

The study is conducted under small scale yielding and treated as quasi-static i.e. the effect of inertia is neglected. A Mode 

I far field loading is applied on the outer boundary of the discretized material domain (illustrated in Fig. 1 ) according to the 

modified boundary layer formulation ( Dean and Hutchinson, 1980 ), whereby the far field loading is controlled by the stress 

intensity factor K I 

σi j = 

K I √ 

2 π r 
f i j (θ ) (1) 

where r and θ are polar coordinates related to the crack tip position and f ij ( θ ) are dimensionless mode functions. By intro- 

ducing a reference plastic zone size parameter, R 0 , depending on a reference stress intensity factor, K 0 , as 

R 0 = 

(
K 0 

τ0 

)2 

, and K 0 = 

√ 

E�tip 

1 − ν2 
(2) 

the energy release rate at the crack tip, �tip (microscopic fracture energy), can be used as a local linear elastic fracture 

criterion ( J tip = �tip ) facilitated by modelling the SSV domain as will be described in Section 3.3 . The macroscopic fracture 

energy, J ss , is related to the stress intensity factor K I , applied at the boundary (see Fig. 1 ), through a relation similar to 

Eq. (2) . 

The crack growth problem is analysed in the 2D plane strain steady-state framework suggested by Dean and Hutchinson 

(1980) , whereby the crack propagates at a constant velocity, ˙ a . The numerical procedure iterates directly on the stationary 

condition where the stress and strain field becomes constant to an observer that follows the crack tip. 

The 2D plane strain case is of special interest as these studies allow for detailed experimental investigations (see e.g. 

Kysar et al., 2005; Dahlberg et al., 2014 ). In order to analyse a material with a 3D crystallographic structure in a 2D plane 

strain setting, it is necessary to invoke effective slip systems by combining the out-of-plane slip systems to equivalent in 

plane slip systems (particularly for the FCC and BCC structures). A description of the effective slip systems can be found in 

Section 2.1 . 

The single crystal structures investigated belongs to the three families most commonly found in metals; the face centered 

cubic (FCC), the body centered cubic (BCC), and the hexagonal close packed (HCP). It should be mentioned, however, that 
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Fig. 1. Mode I crack growth at steady-state in rate-sensitive crystal plastic material. The SSV domain provide an elastic strip embedded in the steady-state 

domain (SS domain). The crack is loaded with an elastic K I far field. 

Table 1 

Material properties. 

Parameter Significance Value 

τ 0 / G Yield strain 0.001 

ν Poisson ratio 0.3 

N Strain hardening exponent 0–0.2 

m Strain rate-sensitivity exponent 0.01–0.1 

˙ γ0 Reference slip rate 0.002 

�tip Near tip fracture energy 1 J/m 

2 

cleavage cracking is not equally likely in all crystal structures. It is rather unlikely for cleavage to occur in an FCC crystal 

since ample slip systems for ductile behaviour exist at all temperatures for this particular crystal structure. At low temper- 

atures, cleavage can occur in BCC crystal as only a limited number of active slip systems exist. Cleavage is also likely to be 

observed in HCP crystals as few slip systems are active ( Anderson, 2005 ). 

Since the material model is based on an elastic visco-plasticity theory, a definition of the active plastic zone that engulfs 

the crack tip is required. The quantity utilized in the present work is based on the absolute value of the accumulated slip 

rate, ˙ 	 = 

∑ 

α | ̇ γ (α) | , as suggested by Rice et al. (1990) . The material properties adopted for the study can be found in 

Table 1 . 

2.1. Effective slip systems 

To create a 2D plane strain deformation of the single crystals specific orientations are required, such that any out of 

plane action from one slip system is cancelled by one or more other slip systems (see e.g. Rice, 1987; Kysar et al., 2005; 

Niordson and Kysar, 2014 ). By considering the symmetry plane ( ̄1 01) for plane strain deformation in FCC and BCC crystals, 

crystallographic slip systems can be combined pairwise into equivalent so-called effective slip systems where the pair is 

activated equally with respect to the slip such that out-of-plane actions cancel out. In FCC crystals, three such effective 

slip systems exist which are denoted ( α), while the two crystallographic slip systems combined into each effective slip 

system are denoted ( αa ) and ( αb ). This can be envisioned by for example having an equal amount of slip on the (111) 

plane in the [1 ̄1 0] and [0 ̄1 1] direction (see Fig. 2 ) which effectively corresponds to slip in the [1 ̄2 1] direction. For BCC 

crystals, only one effective slip system is constructed as the other crystallographic slip systems are already in the plane 

of interest. This effective slip system is constructed from Fig. 2 by having an equal amount of slip on the (101) plane in 

the [ ̄1 ̄1 1] and [1 ̄1 ̄1 ] direction corresponding to slip in the [0 1 0] direction. For an HCP crystal, oriented such that the basal 

plane (0 0 01) is in the plane of the deformation, no effective slip systems are needed and existing prismatic crystallographic 

slip systems are modelled directly. The parameters and method for determining the effective slip systems are adopted from 
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Fig. 2. FCC and BCC crystal structure with the crack front along the [10 ̄1 ] direction in the (010) crack plane ( Rice, 1987 ). 

Table 2 

Crystallographic slip systems and the corresponding effective slip systems. 

Effective slip system no. (1) (2) (3) 

FCC crystal 

Angle to [101] in ( ̄1 01) plane 54.7 ° 0 ° −54 . 7 °
Crystallographic slip system (a) (111)[1 ̄1 0] (11 ̄1 )[101] ( ̄1 1 ̄1 )[0 ̄1 ̄1 ] 

Crystallographic slip system (b) (111)[0 ̄1 1] ( ̄1 11)[101] ( ̄1 1 ̄1 )[ ̄1 ̄1 0] 

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

√ 

3 2 √ 
3 

√ 

3 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 
2 √ 
3 

√ 

3 2 √ 
3 

BCC crystal 

Angle to [101] in ( ̄1 01) plane [ °] 35.3 ° 90 ° −35 . 3 ◦

Crystallographic slip system (a) (121)[1 ̄1 1] (101)[ ̄1 ̄1 1] ( ̄1 2 ̄1 )[ ̄1 ̄1 ̄1 ] 

Crystallographic slip system (b) – (101)[1 ̄1 ̄1 ] –

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

1 2 √ 
3 

1 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 1 
√ 

3 1 

HCP crystal 

Angle to [11 ̄2 0] in (0 0 01) plane [ °] 60 ° 0 ° −60 ◦

Crystallographic slip system (a) (10 ̄1 0)[1 ̄2 10] (1 ̄1 00)[ ̄1 ̄1 20] (01 ̄1 0)[2 ̄1 ̄1 0] 

Crystallographic slip system (b) – – –

β(α) = 

s (αa ) 
i 

m (αa ) 
j 

+ s (αb) 
i 

m (αb) 
j 

s (α) 
i 

m (α) 
j 

1 1 1 

λ(α) = 

τ (α) 

τ (αa ) = 

τ (α) 

τ (αb) 1 1 1 

Rice (1987) and Niordson and Kysar (2014) . Table 2 presents the individual crystallographic slip systems, the corresponding 

effective slip systems, and the crack orientation used in the analysis (also illustrated in Fig. 3 ). In Table 2 , β( α) is the effective 

parameter, describing the relation between the slip on the crystallographic slip systems and the corresponding effective slip 

system, ensuring equivalent deformation. The parameter λ( α) gives the relation between the resolved shear stress on the 

crystallographic slip systems and the corresponding effective slip system. The scaling of the resolved shear stress and slip, 

when utilizing the effective systems, can thereby be expressed as the initial slip resistance, τ 0 , and the reference strain rate, 

˙ γ0 , multiplied by λ( α) and β ( α) (see Table 2 for specific values), respectively. Hence, each effective slip system will have its 

own value of the slip resistance and reference strain rate according to 

τ (α) 
0 

= λ(α) τ0 , and ˙ γ (α) 
0 

= β(α) ˙ γ0 . (3) 

As will be shown from the numerical results (see Section 4 ), the added corrections to the individual effective slip systems 

severely influence the appearance of the plastic zone that travels with the propagating crack tip. 

3. Numerical framework 

3.1. Rate-sensitive material model 

A small strain formulation is employed where the total strain, εij , is determined from the displacement, such that ε i j = 

(u i, j + u j,i ) / 2 , which is decomposed into an elastic part, ε e 
i j 
, and a plastic part, ε p 

i j 
( ε i j = ε e 

i j 
+ ε p 

i j 
). Based on the strain field, 

the stress field is determined from the elastic relationship; σi j = L i jkl (ε kl − ε p 
kl 
) , where L i jkl is the elastic stiffness tensor. 

The total plastic strain rate, ˙ ε p 
i j 
, in a single crystal is determined by summation over all slip systems, α, according to 

˙ ε p 
i j 

= 

∑ 

α

˙ γ (α) P (α) 
i j 

, P (α) 
i j 

= 

1 

2 

(
s (α) 

i 
m 

(α) 
j 

+ m 

(α) 
i 

s (α) 
j 

)
(4) 
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Fig. 3. Mode I crack growth in single crystal with three and four Miller indices representing FCC/BCC and HCP, respectively. The sharp crack front is along 

the [10 ̄1 ] /[0 0 01] direction and the three effective slip systems are oriented as shown for FCC, BCC and HCP crystal structures. 

where P (α) 
i j 

is the Schmid orientation tensor, ˙ γ (α) is the slip rate on a specific slip system, and s (α) 
i 

and m 

(α) 
i 

are two unit 

vectors defining the slip direction and the slip plane normal, respectively (see Fig. 3 ). The slip rate on each slip system, α, 

is based on the visco-plastic power law slip rate relation proposed by Hutchinson (1976) 

˙ γ (α) = ˙ γ0 sgn 

(
τ (α) 

)( | τ (α) | 
g (α) 

)1 /m 

(5) 

where τ (α) = σi j m 

(α) 
i 

s (α) 
j 

is the resolved shear stress and g ( α) is the slip resistance evolving during plastic straining (the 

elasticity is assumed isotropic i.e. effects of elastic anisotropy are ignored). The relationship between the slip resistance, 

g ( α) , and the plastic straining is given by the power law relation; g (α) = τ0 (1 + G | γ (α) 
acc | /τ0 ) 

N , where G is the shear modulus 

and γ (α) 
acc = 

∫ | ̇ γ (α) | d t is the accumulated slip on slip system ( α). It is evident from the slip resistance function that only 

self-hardening is considered in this study i.e. the hardening on a slip system is solely a result of slip on the system itself. 

Latent hardening, where slip on one system can affect another system, is neglected for simplicity. Furthermore, the role 

of twinning, which may be of importance in some metals (e.g. Mg and TiAl alloys), is not treated, however, for a more 

comprehensive study of these specific alloys the effect should be included. 

According to Eq. (5) , the rate-sensitivity of the material response increases as the rate-sensitivity exponent, m , increases 

and vice versa. This also implies that for m → 0, the constitutive material model approach the response of the rate- 

independent material. 

3.2. Steady-state approach 

The present study analyses the plastic zone that surrounds the tip of a sharp cleavage crack, growing at constant velocity, 

to bring out its effect on the material toughness (the shielding ratio). In doing so, a steady-state framework is an ideal choice 

as it directly brings out details on the crack tip conditions in a frame translating with the moving crack tip. In addition, the 

numerics also have the benefit of avoiding to explicitly model the transient period from crack initiation to steady-state 

growth. The steady-state finite element model employed in the present study is based on the early work of Dean and 

Hutchinson (1980) . The steady-state condition for a continuously growing crack is described as the condition where the 

field quantities that surrounds the crack tip remains unchanged relative to an observer located at the crack tip. The steady- 

state condition states that any time derived quantity, ˙ f , in the constitutive model can be related to a spatial derivative 
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through the velocity, ˙ a , along a streamline, according to the relation 

˙ f = − ˙ a ∂ f/∂ x 1 (the minus sign is due to material flow 

in the negative x 1 -direction as illustrated in Fig. 1 ). Thus, any incremental quantity at a given material point ( x ∗1 , x 
∗
2 ), can be 

evaluated by integrating along a streamline, starting upstream in the elastic zone well in front of the crack tip ( x 0 
1 
, x ∗

2 
) and 

ending at the point of interest downstream ( x ∗
1 
, x ∗

2 
) (see e.g. Juul et al., 2017 ). The point of interest ( x ∗

1 
, x ∗

2 
) will then contain 

the load history of all upstream points. The streamline integration procedure is performed with a classical forward Euler 

integration scheme. 

In the adopted steady-state framework, the displacement field, u i , is determined based on the conventional principle of 

virtual work (PWV) for quasi-static problems ∫ 
V 

L i jkl ε kl δε i j d V = 

∫ 
S 

T i δu i d S + 

∫ 
V 

L i jkl ε 
p 

kl 
δε i j d V (6) 

where T i = σi j n j is the surface traction. The volume analysed is denoted V , and S is the bounding surface, with n j denoting 

the unit outward normal vector. 

The implementation of the virtual work principle follow a procedure similar to the one suggested by Nielsen and Niord- 

son (2012a ) for an isotropic visco-plastic steady-state model with the exception that kinematic relations for a single crys- 

talline material is employed here. This implementation procedure also slightly deviate from the work of Dean and Hutchin- 

son (1980) , as this is a time dependent model. For a time dependent model, the history dependence will enter through the 

plastic strain instead of through the stresses as in the original procedure (the plastic strains are streamline integrated rather 

than the stresses). The virtual work principle in Eq. (6) has been discretized using a quadratic 8-node isoparametric element 

with reduced Gauss integration (2 × 2 Gauss points). The pseudo algorithm for the rate-sensitive steady-state procedure in 

single crystals is as follows ( n refers to the iterative step): 

1. The plastic strain from the previous iteration, ε p(n −1) 
i j 

, is used to determine the current displacement field, u (n ) 
i 

, from the 

principle of virtual work in Eq. (6) . 

2. The total strain, ε (n ) 
i j 

, is determined based on the displacement field, u (n ) 
i 

. 

3. The slip and plastic strain fields are determined by the streamline integration procedure. 

(a) First the spatial derivative of the slip (on the individual slip planes) and total plastic strains are determined by utiliz- 

ing the steady-state relation ( ∂ f/∂ x 1 = − ˙ f / ̇ a ) 

∂γ (α) 

∂x 1 
= − ˙ γ0 

˙ a 
sgn 

(
τ (α) 

)( | τ (α) | 
g (α) 

)1 /m 

(7) 

∂ ε p 
i j 

∂x 1 
= 

∑ 

α

∂γ (α) 

∂x 1 
P (α) 

i j 
(8) 

(b) Secondly, the current slip γ ( α)( n ) on each system and the current plastic strains, ε p(n ) 
i j 

, are determined from the spatial 

derivatives by performing the streamline integration 

γ (α)(n ) = 

∫ x ∗1 

x 0 
1 

∂γ (α) 

∂x 1 
d x 1 , and ε p(n ) 

i j 
= 

∫ x ∗1 

x 0 
1 

∂ε (p) 
i j 

∂x 1 
d x 1 . (9) 

4. The current stress field σ (n ) 
i j 

is determined using the elastic constitutive relation. 

5. Step 1 through 4 is repeated by feeding the newly found plastic strain into the right hand side of the PWV in Eq. (6) until 

convergence is obtained. 

The iterative procedure is initiated by using the purely elastic solution to the problem i.e. γ (α) = 0 for the first step. The 

numerical stability of the steady-state algorithm has been found to be very sensitive to various parameters, and especially for 

low rate-sensitivity exponents, m , difficulties with obtaining convergence is encountered. In order to improve the numerical 

stability of the algorithm, changes have been made to the original procedure by Dean and Hutchinson (1980) . The changes 

follow the suggestion by Niordson (2001) and Nielsen and Niordson (2012a ), where subincrement between Gauss points are 

introduced in the streamline procedure. 

The steady-state model for single crystals has proven difficult to validate as limited literature exists on the topic. Thus, 

besides comparing to the analytical and numerical results of Rice (1987) ; Rice et al. (1990) , the model has been compared 

to a strict plane strain isotropic model developed separately. By systematically adding more slip systems a field matching 

the isotropic model prediction was achieved. 

3.3. The SSV model 

Suo et al. (1993) presented a framework (the SSV-model) for cleavage cracking surrounded by pre-existing dislocations. 

This model has been chosen as it offers a simple and very robust method to evaluate the crack tip shielding. The SSV-model 

is based on the assumption that no dislocations are emitted from the crack front. This statement requires that the dislocation 
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Fig. 4. Velocity discontinuities and angle of secondary plastic zone at a steadily moving crack tip creating angular sectors for FCC and BCC crystals according 

to Rice (1987) . 

spacing is much larger than the lattice constant, whereby the probability for a pre-existing dislocation to blunt a major part 

of the crack tip is minor. When no dislocations are emitted from the crack tip, the crack will propagate by atomic separation, 

and thereby remain infinity sharp. Within this region, where no dislocations are present, the material will therefore behave 

elastically. When relating this to the numerical steady-state procedure, this means that the crack is embedded within a thin 

material strip of height 2 D (see Fig. 1 ), which behaves elastically (the influence of the SSV domain geometry is investigated 

in Tvergaard, 1997 ). As the crack tip is embedded in an elastic zone, linear elastic fracture mechanics applies, and the energy 

release rate can be evaluated by the J-integral following the procedure of Shih et al. (1986) . When applying the J-integral 

(within the elastic SSV domain), the corresponding fracture criterion is J tip = �tip , where �tip denotes the energy release rate 

required for the crack to advance. It should be mentioned that the SSV-model is not valid if the length of the separation zone 

at the crack tip becomes comparable to the magnitude of the elastic strip, D . Thus, the SSV-model is only valid for materials 

in which fracture is dominated by cleavage or atomic separation (see detailed discussion in e.g. Wei and Hutchinson, 1999 ). 

The height of the SSV domain can either be regarded as a material fitting parameter ( Suo et al., 1993 ) or it can be estimated 

using dislocation theory ( Beltz et al., 1996; Lipkin et al., 1996 ). 

Based on the problem presented in Section 2 , the crack tip shielding ratio, J ss / J tip , is governed by the dimensional analysis 

conducted by Wei and Hutchinson (1999) , where J ss is the remotely applied energy release rate. This dimensional analysis 

states that the shielding ratio at steady-state is given by 

J ss 

J tip 

= F 

(
˙ a 

R 0 ˙ γ0 

, 
R 0 

D 

, 
τ0 

G 

, N, m, ν

)
(10) 

where the quantity ˙ a / (R 0 ˙ γ0 ) will be denoted ζ , to represent a dimensionless velocity. The parameter groups identified in 

Eq. (10) are therefore of key interest in developing a parametric understanding of crack growth in single crystals. 

4. Results 

The mesh employed in the model contains 102,400 elements and is gradually scaled in two directions to obtain a very 

fine mesh in the vicinity of the crack tip where details are required. Approximately 19,0 0 0 of the 102,400 elements are 

concentrated within a region comparable to the plastic zone size in order to give a detailed solution. 

4.1. Active plastic zones in single crystals 

The first part of the results concerns the active plastic zone in the vicinity of the crack tip. These fields have previously 

been studied by Rice (1987) and Rice et al. (1990) for quasi-static crack growth, both analytically and numerically. In Rice 

(1987) , analytical results showed that distinct zones, involving unloading and reloading to the yield point, takes place in the 

vicinity of the crack tip (see Fig. 4 ). These zones are seen as angular sectors which are separated by discontinuities in the 

velocity field at very specific locations related to the crystal orientation. The angles separating the sectors are characterized 

by being either perpendicular or parallel to the slip systems. The original analysis by Rice (1987) relies on perfectly plastic 

material behaviour ( N → 0), in the rate-independent limit ( m → 0), under Mode I loading condition. Rice (1987) presented 

analytical results for crack growth in the [101] direction with the crack plane orthogonal to the [010] direction, for both the 

FCC and BCC crystal structures. These crystal structures prove to have the same angular locations of the discontinuities since 

the effective slip systems in FCC and BCC crystal structures are perpendicular to each other. 

In a later study, Rice et al. (1990) conducted a numerical investigation of the FCC structure in a quasi-static setting, 

validating the analytical results, by analysing the near tip plastic zone of a propagating crack. Direct comparison to the 

numerical results of Rice et al. (1990) , is unfortunately not possible as the propagation velocity in that particular analysis 

is unknown. Despite this, the results can still be compared qualitatively. To improve on these early results and bring out 

the effect of rate-sensitivity, the active plastic zones for steady-state growth are presented in Figs. 5 –7 for FCC, BCC, and 

HCP crystal structures, respectively. Here, the zones are shown for different rate-sensitivity exponents, m , and a constant 

growth velocity of ζ = ˙ a / (R 0 ˙ γ0 ) = 10 0 0 . The criterion for plasticity in the vicinity of the crack tip has been adopted from 
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Fig. 5. Accumulated slip rate, ˙ 	, for steady-state crack growth in perfectly plastic single crystal showing the plastic region, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 1 , (black region) 

and a region of highly concentrated plastic straining, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 20 0 0 , (white region) in an FCC crystal for constant crack velocity ζ = 10 0 0 with (a) 

m = 0 . 01 , and (b) m = 0 . 05 . 

Fig. 6. Accumulated slip rate, ˙ 	, for steady-state crack growth in perfectly plastic single crystal showing the plastic region, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 1 , (black region) 

and a region of highly concentrated plastic straining, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 20 0 0 , (white region) in a BCC crystal for constant crack velocity ζ = 10 0 0 with (a) 

m = 0 . 01 , and (b) m = 0 . 05 . 

Rice et al. (1990) , and it is based on the accumulated slip ( ˙ 	 = 

∑ 

α | ̇ γ α| ). However, it should be mentioned that in the 

results of Rice et al. (1990) , ˙ 	 is normalized by τ 0 / G , whereas here it is normalized by ζ ˙ γ0 τ0 /G in order to obtain non- 

dimensionality and comparable fields across a large velocity span. 

In contrast to Rice et al. (1990) , who relied on a crack growing transiently until it reaches steady-state, the results in 

Figs. 5 –7 provide detailed steady-state results for the plastic zone. Moreover, the purpose build framework allows the com- 

putational effort to be focused on the crack tip such that highly refined discretization can be employed. 

Comparing the findings of Rice et al. (1990) (numerical results for the FCC crystal), to the results presented in Fig. 5 a 

reveals a striking match. Similar features, consisting of two large active plastic features, B © and D ©, and a plastic wake, A ©, 

are observed. The expected velocity discontinuities illustrated by the white regions (zones of largely concentrated plastic 

straining), correspond to the prediction by Rice (1987) (see Fig. 4 ) with discontinuities at 54.7 ° and 125.3 ° and moreover, 

the size of the plastic features are of the same order of magnitude. The plastic feature denoted B © is, however, some- 

what longer compared to feature D © in the present results. One possible explanation of this could be that the solution in 
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Fig. 7. Accumulated slip rate, ˙ 	, for steady-state crack growth in perfectly plastic single crystal showing the plastic region, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 1 , (black region) 

and a region of highly concentrated plastic straining, ˙ 	G/ (ζ ˙ γ0 τ0 ) ≥ 20 0 0 , (white region) in an HCP crystal for constant crack velocity ζ = 10 0 0 with (a) 

m = 0 . 01 , and (b) m = 0 . 05 . 

Rice et al. (1990) , remains to fully reach the steady-state. In their corresponding field for a stationary crack, Rice et al. 

(1990) demonstrates a much different appearance of features B © and D © (where feature B © is almost absent), thus the fea- 

tures will have to evolve significantly and become constant before the steady-state is reached. Another significant difference 

between the two studies is the level of refinement as the adopted steady-state approach allows focusing the discretization. 

E.g. both the feature C © and protrusion on the leading edge of feature D © (vaguely visible in Rice et al., 1990 ) stands out very 

clearly. By increasing the rate-sensitivity (see Fig. 5 b), the active plastic zones increases in size, however, their characteristics 

remain similar, with the exception that the inclination of feature B © seems to be diminishing with increasing rate-sensitivity 

exponent, m (both for slowly and fast growing cracks). 

Fig. 6 presents similar, but new, results for the BCC crystal structure. Nowhere is a numerical comparison basis found, 

but according to Rice (1987) , identical regions and velocity discontinuities, as for the FCC crystal, should be observed in the 

BCC crystal. This is confirmed in Fig. 6 a for low rate-sensitivity exponent, m . Comparing the active plastic region for the FCC 

and BCC cases reveal large similarities, however, the two active plastic features, B © and D ©, are slightly larger for the BCC 

structure, while the wake, A ©, is approximately the same size. The difference in magnitude can be explained by the effective 

slip systems found in Table 2 . Only the 90 ° plane in a BCC crystal is an effective plane which has higher effective resistance 

to slip due to the scaling from Eq. (3) . On the other hand, all planes for the FCC crystal are effective planes and thereby get 

a higher effective resistance to slip, resulting in a smaller plastic zone. Besides the difference in magnitude, the development 

of the small active plastic feature at C © is not seen for the BCC crystal structure at low rate-sensitivity. However, at larger 

rate-sensitivity, this feature becomes evident and a larger similarity to results for the FCC crystal structure shows (compare 

Figs. 5 b and 6 b). 

Lastly, the results for an HCP crystal structure is presented in Fig. 7 . The results for the HCP crystal show a very different 

magnitude of the active plastic zones compared to both the FCC and BCC crystals. Comparing the results for low rate- 

sensitivity exponent, m , in Fig. 7 a to the corresponding FCC crystal results ( Fig. 5 a), the feature C © has now become much 

more dominant and the wake, A ©, has also increased significantly in magnitude. As for the difference between the FCC and 

BCC crystals, the change in the plastic zone for the HCP crystal is tied to the corrections of the slip systems according to 

Eq. (3) (or the lack hereof). The HCP crystal structure has three active slip systems in the 2D plane meaning that creating 

effective systems are not needed and thus no corrections on the slip systems are imposed. Unfortunately, analytical results 

are yet to be developed for the HCP crystal structure, and a basis for comparison is missing. However, from the findings 

in Fig. 7 a it is seen that the location of the velocity discontinuities obeys the conditions of being either perpendicular or 

parallel to the slip systems (as for both FCC and BCC crystals). When comparing to the discontinuities of the FCC and BCC 

crystals, an additional discontinuity is seen at feature C ©, while the features B © and D © are closer together (smaller angle 

between discontinuities) due to the 60 ° angle between active planes in the HCP crystal. 

By increasing the rate-sensitivity exponent, m , the active plastic zones grow, just as for FCC and BCC crystals. However, 

due to the existence of the more significant plastic feature C ©, the three zones which stay disjunct for low rate-sensitivity 

now merge into one (the same tendency is expected for FCC and BCC crystals, however, a larger rate-sensitivity exponent, 

m , would be required). Common for all crystals are that changes in the velocity influence the magnitude of the plastic zone, 

but the proportions between the individual features remain largely unchanged. 
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Fig. 8. Crack tip shielding ratio vs. inverse of dislocation free region (SSV), D , for single crystal with parameters; N = 0 . 10 and velocity (a) ζ = 10 , and (b) 

ζ = 10 0 0 . 

4.2. Crack tip shielding ratio in single crystals 

The SSV-model is now introduced to investigate the shielding effect of the plastic zones for the individual crystal struc- 

tures. The following studies are conducted under what is referred to as fast and slow crack growth, where the dimensionless 

crack velocity is ζ = 10 0 0 and ζ = 10 , respectively (recall that ζ = ˙ a / (R 0 ˙ γ0 ) ). It should be noted that the fast growing crack 

is not reaching velocities where dynamic effects become important and thus it can still be handled as quasi-static crack 

growth where inertia effects are neglected. 

Fig. 8 presents the shielding ratio as a function of the height of the elastic (dislocation free) SSV-region for both a slowly 

( Fig. 8 a) and a fast ( Fig. 8 b) growing crack under Mode I loading. Here, displaying results for the both FCC, BCC, and HCP 
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Fig. 9. Crack tip shielding ratio vs. inverse of dislocation free region (SSV), D , for single crystal with parameters; m = 0 . 01 and velocity (a) ζ = 10 , and (b) 

ζ = 10 0 0 . 

crystal structures. Common for both the fast and slowly growing crack, in all crystal structures, is the increase in crack tip 

shielding as the SSV region becomes thinner ( R 0 / D increases). Comparing the three different crystal structures it is found 

that the largest shielding ratio occurs for HCP crystals, while the lowest is found for FCC crystals. This is in good agreement 

with the correction parameters stated in Table 2 , where the FCC crystal structure will exhibit the largest resistance against 

plastic deformation and thereby the smallest plastic zone to shield the crack tip. In contrast, the HCP crystal has the lowest 

resistance (no correction imposed, as effective systems are not required), and thereby a large plastic zone, that gives rise to 

a large shielding effect (consistent with previous observations in Figs. 5 –7 ). The BCC crystal structure has only one effective 

slip system, providing additional resistance, and therefore exhibits a crack tip shielding between the FCC and HCP crystal. 

The effect of varying the hardening exponent, N , for a constant rate-sensitivity exponent, m , is brought out in Fig. 9 . Here, 

a limited difference between the slow and fast cracks is found since the rate-sensitivity exponent, m , is maintained fairly 
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Fig. 10. Crack tip shielding ratio as function of velocity for constant SSV domain size R 0 /D = 80 with hardening exponent (a) N = 0 . 10 , and (b) N = 0 . 20 . 

low. Regardless of the crack velocity, the same tendency as previously observed, regarding the highest shielding ratio for 

HCP crystals and the lowest for FCC crystals, still holds. For both the slow ( Fig. 9 a) and the fast crack ( Fig. 9 b) a decreasing 

hardening exponent, N , results in an increasing crack tip shielding due to more plastic deformation. 

Another interesting observation, when comparing the fast and slowly growing cracks, regardless of the crystal structure, 

is the influence of the rate-sensitivity on the shielding ratio. For the slowly growing crack ( Fig. 8 a), the shielding is mono- 

tonically increasing with increasing rate-sensitivity exponent, m , while the opposite effect of a monotonically decreasing 

shielding is seen for the fast growing crack ( Fig. 8 b). The monotonic increase (decrease), for the low (high) velocity, natu- 

rally implies that the lines for different rate-sensitivities must intersect at one uniquely defined velocity (in accordance with 

the findings of Nielsen and Niordson (2012a ) for isotropic materials). This behaviour is related to the rate dependency intro- 

duced through Eq. (5) and it is not specific to isotropic nor single crystalline materials. The phenomenon can be explained 
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by the same statement as Nielsen and Niordson (2012a ) put forward which is based on the time aspect of the rate-sensitive 

model. Stress build-up or relaxation of the material occurs in the vicinity of the crack tip depending on the combination 

of velocity and rate-sensitivity. At low velocities, the material is given time to relax during the crack growth resulting in 

larger plastic strains i.e. more plastic dissipation and thus a larger shielding. In the opposite case where high velocities pre- 

vail, the relaxation is limited and leads to higher stresses (less plasticity) in the vicinity of the crack tip and thus lower 

shielding. This behaviour is largely dependent on the rate-sensitivity exponent, m , which will make the effect more or less 

pronounced. 

To investigate the phenomena of a characteristic velocity, the uniquely defined intersection of the curves is further inves- 

tigated in Fig. 10 , where the shielding ratio is displayed as function of the dimensionless velocity, ζ = ˙ a / (R 0 ˙ γ0 ) , for all three 

crystal structures. Clearly, it is common for all that a characteristic crack growth velocity exists (for fixed height of the SSV 

domain, R 0 / D , and hardening exponent, N ), at which the shielding becomes independent of the rate-sensitivity exponent, m . 

This despite that the plastic zones may vary for different rate-sensitivities at this velocity. The existence of this characteristic 

velocity, however, opens up for the possibility of studying the rate-independent response using a rate-dependent model (see 

also discussion in Nielsen et al., 2012b ). 

From Fig. 10 it is noticed that the characteristic velocity for the BCC and HCP crystals are very close, with the BCC crystal 

having a slightly larger value, whereas the characteristic velocity for the FCC crystal is significantly larger. Moreover, it is 

worth mentioning that the characteristic velocity for the HCP crystal in Fig. 10 a (low hardening), is slightly off compared 

to the intersection in Fig. 10 b (high hardening). A less distinct intersection of the curves is generally observed when the 

amount of plasticity is increasing in the problem as the large plastic zone tends to give difficulties in obtaining convergence. 

5. Concluding remarks 

The active plastic zone that travels with a steadily growing crack in various single crystals have been analysed in detail. 

The crack is modelled in a steady-state framework where it is subject to Mode I loading in a rate-sensitive material setting. 

In accordance with Rice (1987) , distinct sectors that divide the domain near the crack tip have been identified for the three 

most commonly encountered crystal structures in metals (FCC, BCC, and HCP). The size and shape of the plastic zone signif- 

icantly affect the macroscopic fracture toughness of the material (the crack tip shielding ratio) as investigated by applying 

the SSV model ( Suo et al., 1993 ). The main focus is on the effect of rate-sensitivity as-well as the effect of changing the 

crystal structures. The key findings are: 

• Numerical simulation of single crystal indeed reveal discontinuities corresponding to the analytical results of Rice (1987) , 

which are either perpendicular or parallel to the slip systems. Comparing results for low and high rate-sensitivity reveals 

that the active plastic zone changes in size, but the characteristics remain largely unchanged. The active plastic zone is 

very similar for the FCC and BCC crystal structures, while the HCP crystal structure differs substantially. This is linked 

to the scaling factors that affect plastic flow on the effective slip systems in the adopted 2D plane strain setting. The 

magnitude of the active plastic zone is smallest for the FCC crystal and largest for the HCP crystal. 
• The shielding ratio is smallest for the FCC crystal and largest for the HCP crystal, consistent with the magnitude of the 

plastic zones for the two different crystal structures. Generally, the shielding ratio is observed to increase with R 0 / D . As 

R 0 / D increases, the SSV domain decreases in height, which in turn result in more plastic dissipation that contributes to 

the crack tip shielding. The shielding ratio also increases for a decreasing hardening exponent, N , by the same argument, 

namely that the plastic dissipation is increasing. 
• At low velocities, increasing rate-sensitivity leads to a monotonically increasing crack tip shielding ratio, whereas the 

opposite is observed for high velocities. This monotonically increase/decrease in the response lead to the finding of a 

characteristic velocity at which the shielding ratio becomes independent of the rate-sensitivity. The BCC and HCP crystal 

structures are found to have similar characteristic velocities (the BCC structure is slightly larger than the HCP structure), 

whereas the FCC crystal structure has a significantly larger characteristic velocity. 
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TAGGEDPA B S T R A C T

Elastic and elastic-plastic results are obtained for a semi-infinite slanted through-crack propagating in a symmetrically
loaded plate strip with the aim of providing theoretical background to commonly observed plate tearing behavior.
Were it is not for the slant of the crack through the thickness of the plate, the problem would be mode I, but due to the
slant the local conditions along the crack front are a combination of mode I and mode III. A three-dimensional formula-
tion for steady-state crack propagation is employed to generate distributions of effective stress, stress triaxiality and
Lode parameter through the plate in the plastic zone at the crack tip. The distribution of the mode I and mode III stress
intensity factors along the crack front are obtained for the elastic problem. The out-of-plane bending constraint
imposed on the plate significantly influences the mixed mode behavior along the crack front. The solution is examined
for clues as to why propagating slant cracks sometimes undergo a transition and flip about 90° to propagate with the
opposite slant orientation.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

TaggedPUnder conditions in which a plate is loaded symmetrically with a
symmetrically located flat crack, the initial crack advance is also usu-
ally symmetric and locally mode I along the crack front. Extensive
tearing of metallic sheets and plates has been studied in recent years
with the aim of understanding and characterizing extensive failure
modes in large plate structures under a wide variety of loading
scenarios [1�3]. For plates of ductile metal alloys, a symmetrically
loaded cracked plate frequently undergoes a transition as it advan-
ces such that its leading edge becomes slanted at approximately 45°
to the plate middle surface [4]. When this happens, conditions along
the crack front are no longer pure mode I. In particular, a strong
mode III component develops which produces out-of-plane asym-
metry and plate bending. Among other factors, the transition to the
slant crack is due to shear localization that occurs ahead of the crack.
More remarkably, when the transition to a slanted crack occurs, it is
often observed that the crack front flips back and forth from C45° to
¡45° as the crack advances with a regular period that is usually at
least several times the plate thickness [5�8]. The mechanics of this
flipping mechanism is not understood other than the general realiza-
tion that it is tied to shear localization occurring in the fracture pro-
cess. The analysis and results presented in this paper are motivated
by slant crack propagation phenomena with the aim of providing

TaggedPsome relevant theoretical background. While the flipping process is
inherently non-steady, the steady-state solution can give insight as
to why flipping might be triggered.

TaggedPFig. 1a displays the three-dimensional (3D) plate geometry con-
sidered in this paper. The infinite plate strip of thickness t and height
2H has a semi-infinite crack with slant angle bS which intersects
the plate mid-surface at the plate symmetry line ðx2 D0; x3 D0Þ.
The tractions on the lateral faces of the strip plate are zero as
are the tractions on the crack faces. The boundary conditions along
the bottom and top edges of the plate are taken to be

s12 x1;¡H; x3ð ÞDs13 x1;¡H; x3ð ÞD0;

u2 x1;¡H; x3ð ÞD¡D;

u3 x1;¡H;0ð ÞD0

ð1Þ

s12 x1;H; x3ð ÞDs13 x1;H; x3ð ÞD0;

u2 x1;H; x3ð ÞDD ;

u3 x1;H;0ð ÞD0

ð2Þ

TaggedPFor the numerical finite element model introduced below, the
length of the plate strip, 2L, is taken to be finite but sufficiently long
to simulate steady-state propagation conditions with the crack tip
located at the halfway point of the length.

TaggedPThe geometry and boundary conditions on the top and bottom
edges are consistent with the existence of a steady-state solution.
The condition u3ðx1; §H;0ÞD0 imposed at the center of the plate
on the bottom and top edges restrains the middle surface plate
from out-of-plane displacement along this line. It will produce a
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TaggedPconcentrated line force/per length in the x3-direction along the cen-
terline of the top and bottom edges when out-of-plane bending
occurs. This is an important constraint, which together with the
thickness to half-height ratio t/H, plays a central role influencing
mode III conditions at the crack front. In combination, the boundary
conditions effectively clamp the plate against out-of-plane rotation
on the bottom and top edges while at the same time allowing local
shearing on the edges. Thus, for an uncracked plate of initially uni-
form isotropic material, as well as for the plate strip far ahead of the
crack, these boundary conditions admit a uniform uniaxial tensile
stress state (s22 > 0, other components zero) with associated verti-
cal strain e22 DD=H. Far behind the crack tip the stresses completely
are relaxed in the elastic problem.

TaggedPAfter the 3D steady-state formulation and its numerical imple-
mentation is introduced, the first problems addressed will be those
for a linear elastic material. Results for the through-thickness distri-
bution of the mode I and mode III elastic stress intensity factors for
the slanted crack will be presented which illustrate the role of the
out-of-plane bending. The last sections of the paper present the
results for the steadily growing elastic-plastic slant crack, having
first made contact with mode I results for the flat crack ðbS D0Þ
obtained by Sobotka and Dodds [9].

2. 3D steady-state formulation and numerical implementation

2.1. Constitutive model (J2-flow material)

TaggedPJ2-flow plasticity theory is adopted as a material model in the
present analysis with the current stress field determined from the
incremental constitutive law: _sij D Lijkl _ekl. Here, Lijkl is the elastic
stiffness tensor during elastic unloading (se <s max

e or _se <0), or the
instantaneous moduli based on the von Mises surface during plastic
yielding (se Ds max

e and _se >0). The Mises effective stress is s2
e D3=2

sijsij with sij as the Cauchy stress deviator. A power hardening law is
chosen for the stress-strain response in uni-axial tension such that;

eD
se

E
for se�sY

sY

E
se

sY

� �1=N

for se >sY

8>><
>>:

ð3Þ

where E is Young's modulus, sY is the initial yield stress, and N is the
power hardening exponent. Poisson ratio is n. A small strain model

TaggedPformulation with the total strain field determined from the current
displacements, eij D ðui;j Cuj;iÞ=2, is used. The strain is decomposed
into an elastic, eEij, and plastic, epij, contributions such that eij D eEij C epij.
Thus, the plastic strain field can be determined through the elastic
stress-strain relation as: epij D eij¡ME

ijklskl (exploited in the steady-
state procedure below), once the current stress field is known. Here,
with ME

ijkl being the isotropic elastic compliance tensor. The material
parameters used in the present study are; sY=ED0:004, nD0:3 and
ND0:1 matching those used in Sobotka and Dodds [9].

2.2. Steady-state formulation and numerical procedure

TaggedPDean and Hutchinson [10] and Parks et al. [11] define steady-
state for a crack, propagating at a constant velocity, as the condition
for which the stress and strain fields surrounding the advancing
crack tip remain unchanged to an observer moving with the tip.
Thus, any time rate of change, _f , can be related to the spatial deriva-
tive through the crack tip velocity, _a, along the x1-direction, so that;
_f D¡ _a @f

@x1
. An incremental quantity, in a given material point, x�i , can

thereby be evaluated by streamline integration along the negative
x1-direction, which starts well in front (upstream, x1 D x10 � 0,
x2 D x�2, and x3 D x�3) of the active plastic zone and ends at the point of
interest; xi D x�i . In the steady-state, the deformation history at x�i is
contained in all upstreammaterial points.

TaggedPIn the following, a steady-state solution is approximated by using
a numerical finite element procedure similar to that of [10�14]. The
conventional principle of virtual work for quasi-static steady-state
problems readsZ
V

deijLEijklekldV D
Z
S

duiTidSC
Z
V

deijLEijkle
p
kldV ð4Þ

where eij is the total strain, epij is the plastic strain tensor, LEijkl is the
elastic stiffness tensor, ui is the displacement vector, and Ti is the
surface traction vector. The numerical framework is based on Eq. (4),
which in 3D is discretized by 20-node isoparametric solid elements
using full Gauss quadrature for the integration. The basis of the
numerical steady-state procedure is summarized below (iterated
quantities are indicated by the superscript "n"):

TaggedP1) Based on the plastic strains from the previous iteration, epðn¡1Þ
ij ,

solve Eq. (4) to obtain the current displacement field, uðnÞ
i .

Fig. 1. a) 3D geometry of the problem at hand and a representative surface S associated with evaluation of the average energy release rate in Eq. (5). Only the upper half of the
domain with proper rotational boundary conditions to mimic the full plate is considered in the numerical simulations, b) representative mesh employed in the elastic-plastic
simulations (here for KR=ðsY

ffiffi
t

p ÞD1, t=HD0:01, and bS D45B).
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TaggedP2) Compute the total strain, eðnÞij , from the current displacement
field uðnÞ

i .
TaggedP3) Determine the stress field outside of the steady-state domain:

sðnÞ
ij D LEijkle

ðnÞ
kl , and inside of the steady-state domain:

s nð Þ
ij D

Z x�1

x10

@s nð Þ
ij

@x1
dx1; with;

@s nð Þ
ij

@x1
D Lijkl

@e nð Þ
ij

@x1

TaggedP4) Compute the plastic strain field inside the steady-state domain
using the elastic relationship: epij D eij¡ME

ijklskl.
TaggedP5) Repeat Steps 1 through 4 until satisfactory convergence is

achieved. Convergence in both the displacement field and the
stress field is here considered.

TaggedPThe iterative steady-state procedure is carried out by taking
appropriate differences between Gauss points on the same stream-
line, by assuming a linear variation in the total strain field between
the neighboring integration points. This enables easy division of the
interval into smaller subincrements (never less than 100). For initia-
tion of the procedure, the algorithm is fed the elastic solution of
the corresponding boundary value problem. Thus, epð0Þij D0 in the first
iteration (nD1).

TaggedPTo model the plate geometry in Fig. 1a only the upper half of the
plate is considered, while appropriate rotational symmetry has been
enforced to account for a slant propagating crack. In comparison to
modeling the full plate, this approach has proven efficient and with
no effect on the results presented. For the elastic-plastic simulations,
the through-thickness direction is discretized by 20 elements (grad-
uate finer towards the free surfaces), and with a fine discretization
in the x2x3-plane near the crack tip covering a domain of
0.25�0.5 times the reference value, (KR/sY)2, that approximately
scales the plastic zone height. The fine discretized near tip domain of
24 by 24 elements is refined towards the slant crack surface. The
total mesh consists of 70,640 20-node 3D elements and 298,591
nodes (see Fig. 1b). A similar mesh is used for the elastic calculations,
but here with the elements push toward the crack tip such that a
very fine resolution of the crack face displacement is obtained.

TaggedPThe current three-dimensional steady-state model has been vali-
dated against a recent study on crack growth in thin sheet metals by
Sobotka and Dodds [9], as well as corresponding 2D models [14,15],
which are known to agree well with the predictions made in earlier
papers [10,12,16].

3. Stress intensity factors for a slant crack in an elastic plate strip

TaggedPThe geometry for the elastic slant crack problems is that in
Fig. 1a. This problem is studied first to provide basic elastic results
for the strip plate problem. Although the iteration process required
for steady-state elastic-plastic problems is not needed for the linear
elastic problems, the same formulation without iteration can be
employed to generate the elastic results. The elastic problems also
serve to guide the choice of finite element mesh. The plate material
is assumed to be uniform and isotropic with Young's modulus E and
Poisson's ratio n.

TaggedPThe 3D J-integral is a useful tool for the elastic problems, espe-
cially as a check on the accuracy of the numerical results. Let S be
any surface within the plate (see Fig. 1a) that surrounds the crack
front with outward pointing unit normal n. The surface S intersects
the lateral traction-free faces of the plate on both sides and inter-
sects both traction-free crack faces behind the crack front. With
W Dsijeij=2 as the elastic energy density of the plate material, the
3D J-integral provides the energy release rate G averaged over the
crack front as

G tD
Z
S
Wn1¡Tiui;1
� �

dS ; with Ti Dsijnj ð5Þ

TaggedPUsing techniques similar to those employed originally by Rice
[17], one can readily show that the integral is surface-independent
in the sense that the integral is the same for all such S [18]. The fact
that the crack faces and the lateral plate surfaces are traction-free
with no x1-component of n is essential to this property.

TaggedPConsider a surface S which far ahead of the crack front is pla-
nar with normal nD ð1;0;0Þ, extending from the bottom edge to
the top edge, and far behind the crack front is also planar with nor-
mal nD ð¡1;0;0Þ extending from the bottom and top edges to the
crack faces. Between these two planar surfaces, take the surfaces of
S to coincide with the bottom and top planar edges. The integrand
of Eq. (5) vanishes for all the planar surfaces making up this S
except for the plane far ahead of the crack. Far ahead of the crack
tip the stress state is uniaxial tension, s1 D ED=H, leading to the
result from (5): GD ED2

=HDs21H=E. Next, shrink S down to a cir-
cular cylindrical surface connecting the two lateral faces of the
plate with the straight crack front as the center of the cylinder. At
every interior point along the crack front the singular fields are
a combination of the singular fields for plane strain mode I and
for mode III. The stress intensity factors of these fields, KI(s) and
KIII(s), vary with position salong the front. By shrinking the cylinder
S down to zero radius and asserting surface-independence, one
obtains from (5)

GD 1
t

Z t=2cosbS

¡t=2cosbS

1¡n2
E

KI sð Þ2 C 1Cn
E

KIII sð Þ2
� �

ds ð6Þ

where s is position along the front measured from the plate mid-
plane. The 3D corner singularity [19] where the crack front intersects
the lateral faces of the plate does not alter this result which depends
on the distribution of the intensity factors through the interior of
the crack front.

TaggedPIn the numerical simulations, the elastic stress intensity factor
distribution is evaluated by fitting the local finite element displace-
ments near the crack front to the displacement fields associated
with the plane strain mode I and mode III singularity fields. No effort
was made to characterize or capture the amplitude of the corner sin-
gularity. More sophisticated techniques for evaluating the intensity
factors could be used, but this method proved satisfactory for pres-
ent purposes where the main objective for the elastic problem is to
understand the role of the out-of-plane bending constraint on the
mode I and mode III contributions.

TaggedPFig. 2 presents the distribution of the mode I stress intensity fac-
tors over the range of plate thickness to half-height, 0.01 � t/H � 0.5,
for the flat crack (bS D0). The problem is mode I and the intensity
factor is normalized by KR D

ffiffiffiffiffiffi
GE

p
Ds1

ffiffiffiffi
H

p
. The distribution is sym-

metric with respect to the mid-surface of the plate. Note that the
variation of KI/KR through the thickness is very small, not more than
about 3%. The strip with the smallest height, t=HD0:5, flattens the
distribution. Our numerical method is not expected to accurately
capture the details of the distributions very near the crack faces
where the corner singularity influences the distribution. Also shown
is the plot of the ratio GI=G as a function of t/H where the average GI

is evaluated numerically using the distribution KI in Eq. (6). The
close agreement between GI and Gis an indicator of the accuracy of
the numerical method.

TaggedPFig. 3 presents the distribution of the mode I and III stress
intensity factors over the same range of thickness to plate half-
height for the slant crack (bS D45o). The intensity factors are
again normalized by KR Ds1

ffiffiffiffi
H

p
. Each distribution is symmetric

with respect to the mid-surface of the plate; KI(s) is maximum at
the mid-surface while KIII(s) is maximum at the faces. The strip
plate with the smallest height considered, t=HD0:5, produces the
largest mode III stress intensity factor and component average GIII .
This implies that increasing the strip height, thereby relaxing the
out-of-plane bending constraint, lowers the mode III contribution
in the elastic case.
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TaggedPAs already emphasized, the numerical method is not expected to
accurately capture the details of the distributions very near the crack
faces where the corner singularity influences the local distribution.
Plots of the individual mode I and mode III contributions to the
energy release rate on the right hand side of Eq. (6), labeled as GI

and GIII , respectively, are shown in the lower part of Fig. 3. The sum
of these two components constitutes the numerical evaluation of G
based on the integral in Eq. (6). Thus, results for the sum of GI and
GIII in Fig. 3 demonstrate again that surface-independence is accu-
rately met except for the smallest half-heights where it begins to be
eroded. The accompanying out-of-plane shearing displacement,
D3 Du3ð¡r;0C ;0Þ¡u3ð¡r;0¡;0Þ, normalized by the prescribed strip
separation, DDs1H=E, is presented as a function of ¡x1=H in Fig. 4.
The out-of-plane contribution to KIII would be positive if D3> 0 and
vice versa. Relaxation of the mode III component by out-of-plane
bending is consistent with the negative sign ofD3.

TaggedPVariations of the two contributions to the average energy
release rate, GI and GIII , and their sum are shown in Fig. 5 as
a function of the slant crack angle from bS D0o to bS D45o.
These have been computed using the numerical technique just
described. The sum of the computed rates is again compared
to the prescribed value, GDs2

1H=E revealing the same level of
accuracy noted for the 45° slant crack. These results reinforce the
earlier assertion that the out-of-plane bending of the strips with
the greatest height provides the largest relaxation of the mode III
contribution.

TaggedPThe following elementary approximate calculation for the two
energy release rate contributions provides further insight. Assume
that at each point along the crack front the only displacement contri-
bution of order

ffiffiffi
r

p
to the relative displacement of the crack faces is

u2, where r is the perpendicular distance from the front. That is,
ignore the asymmetry of the slant crack with respect to the plate
mid-surface x3 D0 by ignoring the out-of-plane contribution of u3
to the crack face displacement such that the only contribution has
the form u2 D cðsÞ ffiffiffi

r
p

. With

u
0
2;u

0
3

h i
D cðsÞ ffiffiffi

r
p

cosðbSÞ; sinðbSÞ
	 
 ð7Þ

as the associated components of displacement in local axes aligned
with the crack front, one can easily show by enforcing (6) that

GI D G

cosðbSÞ2 C 1¡nð ÞsinðbSÞ2
cosðbSÞ2

GIII D G

cosðbSÞ2 C 1¡nð ÞsinðbSÞ2
1¡nð ÞsinðbSÞ2

ð8Þ

TaggedPThe dependency on the slant crack angle is shown in Fig. 6 for
several values of n. The curves for t=HD0:01 and nD0:3 from Fig. 5
are also included in the figure. While this approximation provides
no information on the position-dependence of the stress intensity
factors along the crack front, it does clearly capture the trend of their
contributions to the average energy release rate.

4. Steady-state, elastic-plastic results for the flat crack bS D 0o

TaggedPThe numerical method described in Section 2 has been applied to
the mode I flat crack with bS D0o primarily to provide a base of com-
parison with the slant crack and to make contact with the prior 3D
results for this problem given by Sobotka and Dodds [9]. The dimen-
sionless load parameter used here is the same as that employed in
[9]: with KR Ds1

ffiffiffiffi
H

p
as the measure of applied load, the load

parameter is KR=ðsY
ffiffi
t

p Þ. The plastic zone (where the effective stress
satisfies se � sY) is shown in Fig. 7 for two values of the dimension-
less load, the lower level for a case with the plastic zone diameter
less than one-half the plate thickness and the higher level having a
plastic zone about ten times the thickness. These zones are in close
accord with the corresponding zones for steady-state growth pre-
sented in [9]. Note that the zone is fairly uniform in shape through
most of the thickness with a slight decrease in size just inside the
free surfaces for the smaller of the two zones with KR=ðsY

ffiffi
t

p ÞD1,
similar to the zone presented for this loading in [9]. Moreover, the
shape of this smaller zone is similar to the 3D zone reported for
monotonic loading in small scale yielding by Nielsen and Gundlach
[20], apart from the existence of the reloading wake for the growing
crack.

TaggedPIt is worth recording that the shape of the smaller of the two
zones in Fig. 7 is quite different from the depiction of such zones pre-
sented in a number of texts on fracture. The standard depiction has
the zone significantly expanding in size as it approaches the free sur-
faces. To our knowledge, the textbook depictions are not based on
numerical simulations but rather are qualitative based on the idea
that a plane strain zone exists in the center region of the plate
(which is correct) and a plane stress-like zone exists at the surfaces
(which is not correct). While the state of stress on the surface is
plane stress, plasticity at the surface is nevertheless subject to the
3D constraint of the surrounding elastic region. Only when the plas-
tic zone becomes considerably larger than the plate thickness, as in
the case of the larger zone in Fig. 7, can the outer region of the zone
be characterized as plane stress.

TaggedPSobotka and Dodds [9] present an array of detailed results on the
stress and strain distribution at the tip of a 3D crack making contact
with 2D results for mode I for both plane strain and plane stress. The
focus in this paper will be on distributions near the crack tip of

Fig. 2. Flat crack, bs¼0� , for elastic problem (Poisson's ratio,nD0:3), showing a) the
through-thickness distribution of mode I stress intensity factor, and b) the numerical
evaluation of the average energy release rate using Eq. (6) normalized by the imposed
average energy release rate: GD ED2

=H.
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TaggedPthe three invariants of stress. Figs. 8 and 9 give contour plots of the
distribution of the Mises effective stress, the triaxiality, T Dsm=se,
with sm Dskk=3 as the mean stress, and the Lode parameter,

LD 2sII¡sI¡sIII

sI¡sIII
; ð9Þ

where (sI � sII � sIII) are the principal stresses. These plots are for
values at the free surface (x3 D t=2) and at the mid-surface (x3 D0).
The loading in Fig. 8 is KR=ðsY

ffiffi
t

p ÞD1, while that in Fig. 9 is
KR=ðsY

ffiffi
t

p ÞD5, in both cases for t=HD0:01.

TaggedPThe significant difference between the effective stress contours in
Figs. 8 and 9 are consistent with the remarks made above. When the
plastic zone is small compared to the plate thickness, the effective
stress distribution is much closer to the plane strain distribution
than the plane stress distribution even at the plate surface. Only
when the zone is large compared with the thickness, as in Fig. 9, is
the distribution similar to the 2D plane stress distribution, at least at
distances from the tip greater than t.

TaggedPTo interpret the distribution on the Lode parameter in Figs. 8
and 9, one should note that LD0 corresponds to a shearing stress

(a)

(c)

(b)

Fig. 3. Slant crack, bs D45B , for elastic problem (Poisson's ratio,nD0:3), showing a) the through-thickness distribution of mode I stress intensity factor, and b) the through-
thickness distribution of mode III stress intensity factor, and c) the numerical evaluation of the average components of the energy release.

Fig. 4. Out-of-plane deflection at mid-thickness for the elastic problem (nD0:3).
Fig. 5. Numerical results for the elastic problem (nD0:3) for the average mode I and
III components of the energy release rate as dependent on the slant angle, bs, and t/H.
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TaggedPstate (i.e., a shear stress in some axes orientation plus hydrostatic
tension or compression), while LD §1 corresponds to axisymmet-
ric stressing (i.e., LD¡1 corresponds uniaxial stress in some orien-
tation plus hydrostatic tension or compression while LD1
corresponds equi-biaxial stress in some orientation plus hydro-
static tension or compression). For the smaller of the two plastic
zones in Fig. 8e and f, the Lode parameter directly ahead of the
crack tip across the central region is approximately Lffi0.5 and
then becomes Lffi1 at the surface. Across the entire crack front, LD
0 along rays approximately § 35o to the crack plane. For the
smaller zone, the triaxiality is largest in a relatively broad region
ahead of the crack tip both in the interior and at the surface. It is
also significant that the triaxiality is almost as large along rays at §
45o to the crack plane as directly ahead of the tip. For the larger
plastic zone, in Fig. 9e and f, Lffi0 in a fairly broad region ahead of
the tip. The Lode parameter ahead of the crack tip, Lffi 0, is consis-
tent with a state of plane strain tension (s11 Ds22=2 , s33 D0) with
triaxality, T D1=

ffiffiffi
3

p
, which is very close to the computed values

Tffi0.6. For a material susceptible to the void mechanism of failure,
these conditions are favorable for out-of-plane shear failure on one
or other of the planes at § 45o to the plate mid-surface.

5. Steady-state elastic-plastic results for the slant crack with
bS D45o

TaggedPThree-dimensional views of the active plastic zone at four levels
of the normalized load parameter, KR=ðsY

ffiffi
t

p Þ, are shown in Fig. 10

TaggedPfor the 45° slant crack. First and foremost one sees that the size of
the plastic zone roughly scales with (KR/sY)2 such that for the lowest
load intensity (KR=ðsY

ffiffi
t

p ÞD1), the diameter of the plastic zone is
roughly 0.4t and about 8t when KR=ðsY

ffiffi
t

p ÞD5. In addition, a thin
active plastic zone is observed close to the crack surfaces in the
wake behind the advancing crack tip where a small amount of
reverse plastic flow occurs. All-in-all, this behavior is similar to that
for the corresponding flat crack. However, the slanting asymmetry
develops in the active plastic zone due to the mode III contribution
discussed previously. In particular, the asymmetry is obvious for the
lowest values of the normalized load parameter (KR=ðsY

ffiffi
t

p ÞD1 or 2,
see Fig. 10a and b), while it diminishes somewhat when the load
parameter is increased (see Fig. 10c and d). Thus, when the plastic
zone size is smaller than the plate thickness a significant slanting
asymmetry arises, whereas when the plastic zone is much larger
than the plate thickness there is relatively little through-thickness
variation. Similar behavior is also observed in the contour plots of
the three stress invariants presented in Figs. 11 and 12 for the
larger value of normalized load. For, KR=ðsY

ffiffi
t

p ÞD5 the free
surface contours are hard to distinguish from the contours plotted at
x3 D t=3 (compare Fig. 12a,c and e to Fig. 12b,d and f). The effective
stress, stress triaxiality and Lode parameter all remain roughly
constant through thickness except very near the crack tip which
Fig. 12 does not resolve. By contrast, for the lowest normalized load,
KR=ðsY

ffiffi
t

p ÞD1 in Fig. 11, a fairly significant through-thickness varia-
tion exists. At the free surface (Fig. 11a,c and e), a clear downward
pointing trend is seen in all parameters of interest. To help interpret

Fig. 6. Approximate results of Eq. (8) for average energy release rate components based
only on the assumption of no out-of-plane crack face displacement contribution to the
stress intensities compared with the numerical results for t=HD0:01 and nD0:3.

Fig. 7. Active plastic zone for a flat crack propagating at steady-state. Here with
the loading corresponding to a) KR=ðsY

ffiffi
t

p ÞD1, and b) KR=ðsY
ffiffi
t

p ÞD5. Axes are
normalized by the sheet thickness.

Fig. 8. Contour plot at x3 D t=2 (free surface, plots; a, c, e) and at x3 D0 (plots; b, d, f).
Here, showing; a-b) normalized von Mises stress (se/sy), c-d) Stress triaxiality, and
e-f) Lode parameter, (KR=ðsY

ffiffi
t

p ÞD1, t=HD0:01, and bS¼0�).
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TaggedPthese figures, note that the free surface contours are the view of the
surface seen from the left in Fig. 10a, and similarly for the distribu-
tions at x3 D t=3. The effective stress contour has a kidney shape, but
with one part situated downward along the x2-axis and the other
lobe along the growth direction of the x1-axis with a slight down-
ward bend. In a similar fashion, the slant crack tip emits a ray of
increasing stress triaxiality in a roughly ¡45° angle, and the Lode
parameter is zero (shearing stress states) along two rays that meet
up near the crack tip, one being roughly in the crack growth direc-
tion, and one angled downwards. The downward trend in the vari-
ous fields, and the asymmetry, gradually weakens as one moves
along the crack front into the plate, as is evident from Fig. 11b,d
and f.

TaggedPFor a ductile plate that fails by the void growth mechanism, the
downward pointing trend of the contours near the free surface sug-
gests that the crack is encouraged to alter its direction of propaga-
tion. It is well known that void growth develops most rapidly in high
triaxiality regions undergoing plastic deformation, and these are the
conditions in the downward pointing region near the slant crack tip.
The fact that the Lode parameter is nearly zero in this downward
pointing region as well further favors shear localization. These
results nicely support a recent X-ray tomography study presented
by Nielsen and Gundlach [20], where crack tip flipping is observed
to start as shear-lips where the slant crack intersects the free sur-
face. Upon further loading, the initiated flip crack grows and over-
takes the parent slant crack until the crack face flips completely
to the opposite 45° orientation. Moreover, the finding that the

Fig. 9. Contour plot at x3 D t=2 (free surface, plots; a, c, e) and at x3 D0 (plots; b, d, f).
Here, showing; a-b) normalized von Mises stress (se/sy), c-d) Stress triaxiality, and
e-f) Lode parameter, (KR=ðsY

ffiffi
t

p ÞD5, t=HD0:01, and bS¼0�).

Fig. 10. Active plastic zone for a 45° slant crack propagating at steady-state with the
loading corresponding to a) KR=ðsY

ffiffi
t

p ÞD1, b) KR=ðsY
ffiffi
t

p ÞD2, c) KR=ðsY
ffiffi
t

p ÞD3, and d)
KR=ðsY

ffiffi
t

p ÞD5. Axes are normalized by the sheet thickness.

Fig. 11. Contour plot at x3 D t=2 (free surface, plots; a, c, e) and at x3 D t=3 (plots; b, d,
f). Here, showing; a-b) normalized von Mises stress (se/sy), c-d) Stress triaxiality, and
e-f) Lode parameter, (KR=ðsY

ffiffi
t

p ÞD1, t=HD0:01, and bS D45B).
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TaggedPthrough-thickness variation within the active plastic zone heavily
depends on the normalized load parameter also suggests that the
flipping mechanism (driven by the asymmetry) may be restricted to
a specific range of plate thicknesses dependent on the material yield
stress. When the plastic zone becomes large compared to the sheet
thickness, the driving force for the flipping becomes small due to the
loss of the downward trends in the distributions noted in connection
with Fig. 12. In the early experimental study of the phenomenon by
El-Naaman and Nielsen [7], thin sheets of different thicknesses were
tested without clear evidence of flipping. Only when thicker plates
(tffi 4mm for plates of moderate strength steel) were tested was
reproducible flipping observed.

TaggedPThe near tip out-of-plane deflection for the elastic-plastic
case is presented in Fig. 13 for thickness to plate half-height
t=HD0:01, representing the plate strip with the least out-of-plane
bending constraint. A clear shift in the direction of the out-of-plane
plate deflection is observed as the load intensity increases, with
the purely elastic case presenting a negative deflection (as dis-
cussed in the previous section) and the most heavily loaded
(KR=ðsY

ffiffi
t

p ÞD5) elastic-plastic case showing a strongly positive
deflection. When the plastic zone becomes larger than the plate
thickness, plastic shear ahead of the crack front overrides the ten-
dency seen for the elastic slant crack for the out-of-plane deflec-
tion to reduce the mode III contribution. The significant positive
crack face mode III displacement just behind the crack tip for the
two higher loadings is evident in Fig. 13. This shearing explains
why the Lode parameter is zero on the extended plane ahead of the
crack (see Fig. 12e and f).

TaggedPA competition between the far-field elastic response and the near
tip plasticity is at play here. One sees this trend with the reduction
of the load intensity in Fig. 13. In fact, for the lowest load intensity
(i.e., KR=ðsY

ffiffi
t

p ÞD1, when the size of the plastic zone compares to
the plate thickness), the plate is found to deflect in the negative out-
of-plane direction near to the crack tip while becoming positive
direction some distance downstream from the crack tip. For
these plate strips with substantial height (e.g. t=HD0:01), the load
level KR=ðsY

ffiffi
t

p ÞD2 appears to roughly mark the transition above
which the plate no longer displays a negative near-tip out-of-
plane deflection. Interestingly, in the plate tearing experiments by
Simonsen and T€ornqvist [6] and by El-Naaman and Nielsen [7],
where an edge crack in large steel and aluminum plates is observed
to flip repeatedly, the normalized load parameter KR=ðsY

ffiffi
t

p Þ is esti-
mated to be about 1.9 for two sets of the steel plates and 1.3 for
the aluminum plates.

TaggedPFig. 14 shows the role of the out-of-plane bending constraint via
variations in the plate thickness to half-height, t/H, for fixed load
intensity, KR=ðsY

ffiffi
t

p ÞD1. For low values of t/H, corresponding to a
limited constraint on the deflection, the plate displays negative
out-of-plane deflection close to the crack tip, while the deflection
becomes positive further downstream. By contrast, as the constraint
on the out-of-plane deflection intensifies with larger t/H, D3 remains
negative and attains a negative plateau. Increasing the out-of-plane
bending constraint of the plate reduces the positive mode III plastic
shearing contribution.

Fig. 12. Contour plot at x3 D t=2 (free surface, plots; a, c, e) and at x3 D t=3 (plots; b, d, f).
Here, showing; a-b) normalized von Mises stress (se/sy), c-d) Stress triaxiality, and e-f)
Lode parameter, (KR=ðsY

ffiffi
t

p ÞD5, t=HD0:01, and bS D45B).

Fig. 13. Out-of-plane deflection for the elastic-plastic problem with t=HD0:01.

Fig. 14. t=HD0:1. Out-of-plane deflection for fixed KR=ðsY
ffiffi
t

p ÞD1 and varying t/H.
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6. Conclusions

TaggedPThe 3D formulation for steady-state growth of slant cracks in sym-
metrically loaded elastic-plastic plate strips has been used to gain
insight into the propagation behavior of slant cracks. The steady-state
formulation permits generation of behavior in the plastic zone for a
crack that has undergone extensive crack advance without the neces-
sity of computing the transient growth to reach steady-state. New
results for the elastic problem are a byproduct of the study in the
form of distributions of mode I and mode III stress intensity factors
along the crack front. The study also makes contact with the earlier
3D steady-state study for elastic-plastic behavior for mode I flat
cracks by Sobotka and Dodds [9]. The primary results are for the 45°
slant crack in the form of distributions of the three stress invariants
within the plastic zone and the role of the out-of-plane bending con-
straint on these stress distributions. The results are examined with a
focus on identifying clues for the tendency of slant cracks in certain
plate tearing tests to flip back and forth between § 45o. While crack
tip flipping is a non-steady process, the steady-state solution provides
insights into the onset of the advance of a flipping crack.

TaggedPThe numerical results reveal that for the plate strips with the
least out-of-plane bending resistance (t=HD0:01) there is a range of
loading as measured by KR=ðsY

ffiffi
t

p Þ in which conditionsmay be favor-
able to crack tip flipping. In the acute angle corner where the slant
crack intersects the plate surface the stress distribution appears to
be consistent with initiation of a re-oriented shear crack in a the flip-
ping direction. These conditions involve relatively high effective
stress and triaxiality with a Lode parameter, Lffi0, associated with
shearing states. If KR=ðsY

ffiffi
t

p Þ is much greater than 2, the plastic zone
begins to become so large compared to the thickness that these
favorable conditions disappear. Estimates for three sets of tests for
which periodic flip-flop was observed gave KR= sY

ffiffi
t

p� � ffi 1:9 for two
sets of moderate strength steel plates and KR= sY

ffiffi
t

p� � ffi 1:3 for one
set of aluminum plates. There was no clear evidence of flipping for
a set of thinner aluminum plates with higher values of KR=ðsY

ffiffi
t

p Þ.
TaggedPThe experimental plates just mentioned had heights comparable

to the highest strip plates in the theoretical study and thus can be
considered to have relatively low resistance to out-of-plane bending.
The numerical simulations for the strip plates show that constrain-
ing the out-of-plane deformation by considering strips with less
height, i.e., larger t/H, reduces the crack tip contribution due to plas-
tic shearing ahead of the slant crack. While the Young's modulus has
not been varied in our numerical studies, it is expected that increas-
ing the elastic modulus will have a constraining effect on the out-of-
plane bending displacement similar to the effect of decreasing the
height of the strips. In experiments with aluminum and steel plates
the increase of modulus associated with the steel plates was the
apparent reason for the larger flipping frequency of the steel plates
relative to the aluminum plates (see Fig. 1 in [7]). Thus, the authors
speculate that the plate height becomes an influential factor in the
flipping process due to its influence on the out-of-plane constraint.

TaggedPIt is important to bear in mind that a small strain formulation
has been employed in the present paper which is not capable of

TaggedPcapturing necking within the plastic zone ahead of the crack tip.
Thus, the present study does not shed light on any influence sheet
necking might have on distribution of the stresses in the plastic zone
and any role this might have in the flipping mechanism.
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A B S T R A C T

The present study investigates a sequence of failure events related to steady-state tearing of large-scale ductile
plates by employing the micro-mechanics based Gurson-Tvergaard-Needleman (GTN) model. The fracture
process in front of an advancing crack is approximated by a series of 2D plane strain finite element models to
facilitate a comprehensive study of mixed mode fracture behavior as well as a parameter study of the cohesive
energy and tractions involved in the process. The results from the conducted GTN model simulations are used to
define cohesive zone models suitable for plate tearing simulations at large scale. It is found that mixed mode
loading conditions can have a significant effect on the cohesive energy as well as relative displacement (in
reference to pure mode I loading), while peak traction is practically unaffected. Specifically, increasing mode II
contribution leads to monotonic increase of the cohesive energy. In contrast, the effect of mode III is more
complicated as it leads to reduction of the mixed mode cohesive energy (in reference to pure mode I loading) at
low to medium levels of mode mixity ratios (0–0.3). However, increasing mode III contribution beyond the mode
mixity ratio of 0.3, reverses this trend with cohesive energy potentially exceeding the pure mode I level when at
mode mixity ratio of 0.6 or higher. This behavior cannot be captured by the interactive cohesive zone models
that rely on a simple rotational sweep of mode I traction-separation relation. Depending on the shear mode
contribution, i.e., mode II or mode III, these models can lead to overly conservative (mode II) or unconservative
(mode III) prediction of the crack growth resistance.

1. Introduction

The main focus of the present work is on determination of the co-
hesive zone model parameters that can be used to approximate the
complex ductile fracture process evolving in large-scale plate tearing
under mixed mode loading conditions. When the tearing crack in a
large-scale plate has advanced several plate thicknesses, under mono-
tonic loading, and the failure process ahead of the crack tip has reached
a steady-state propagation, the energy dissipation proceeds through a
sequence of events which includes: i) local thinning that takes place
some distance ahead of the crack tip; ii) shear localization that subse-
quently develops on a smaller scale inside the thinning region closer to
the tip, and; iii) final separation that advances the crack (see also dis-
cussion in Nielsen and Gundlach, 2017; Nielsen and Hutchinson, 2017).
This complex plate tearing process is driven by the mechanism of void
nucleation and growth to coalescence and it can be captured by the
micro-mechanics based Gurson-Tvergaard-Needleman material model
in a full 3D framework (Felter and Nielsen, 2017). To accurately re-
present the complexity of the plate tearing process, a through-thickness

resolution that scales with the dominant void spacing (e.g. ∼ 100 μm) is
required (see also Xue et al., 2010; Nielsen and Hutchinson, 2012).
Such resolution is presently only possible for coupon specimens and
small components. Thus, engineers rely heavily on the phenomen-
ological alternatives, such as cohesive zone models embedded in shell
elements, to ensure computation times that are short enough for in-
dustrial applications (see also discussion in Li and Siegmund, 2002;
Woelke et al., 2017).

When modeling failure in thin-walled structures using shell ele-
ments, one needs to consider constraints related to the plane stress
condition, which is an inherent assumption in shell mechanics.
Maintaining a plane stress state within a shell element requires that its
in-plane dimensions are larger than the thickness. Since the height of
the localized neck is on the order of sheet thickness, only a single ele-
ment can be used to represent necking and failure. This is, of course, not
sufficient to capture the detailed geometry of local thinning. To address
this deficiency, cohesive zone models can be employed to represent the
effects that cannot be captured by large shell elements. In this case, the
cohesive zone must take over as soon as through-thickness localization
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starts and describe the remaining part of the fracture process.
Tvergaard and Hutchinson (1992) studied the relation between ductile
crack propagation and the cohesive zone parameters that govern the
fracture process. An interesting conclusion in their work is that in plane
strain, it is the peak traction and the cohesive energy that primarily
control the tearing response, whereas the shape of the traction-se-
paration relation is of minor importance. In a later work, Nielsen and
Hutchinson (2012) made an attempt to design a cohesive traction-se-
paration relation for extensive crack propagation in tough ductile plates
where the tearing energy and the peak traction were direct outcomes of
the underlying micro-mechanics. Here, by considering a cross-section of
the plate with the normal along the crack growth direction, modeled in
2D plane strain, a detailed micro-mechanical study of the slant failure
was performed using the shear extended GTN modeling framework
(Gurson, 1977; Tvergaard, 1990; Nahshon and Hutchinson, 2008). In
this approach, the cohesive zone takes over once the peak traction of
the plate cross-section has been reached and both the localization
process and final failure were treated in a rigorous, but phenomen-
ological, manner. Thus, the cohesive zone model reflects the actual
micro-mechanics that lead to crack propagation once the fracture pro-
cess has settled into a steady-state (Scheider and Brocks, 2006). Despite
only treating mode I loading, the traction-separation relation proposed
by Nielsen and Hutchinson (2012) has been successfully applied by
Woelke et al. (2013, 2015) to investigate large-scale plate tearing. By
adopting the micro-mechanics based traction-separation relation, a
near perfect match to experimentally measured load-deflection curves
was obtained for the macroscopic structural response. As an aside,
Woelke et al. (2015) concluded that for plane stress conditions, the
shape of the traction-separation relation is also important for accurate
prediction of crack growth resistance. However, these considerations
were limited to pure mode I loading, whereas real life structures often
encounter mixed mode loading. A common practice in modeling mixed
mode loading with cohesive zone relies on essentially a rotational
sweep of the normal mode I traction-separation relation, T δ( )n , into the
tangential separation (between fracture surfaces) space such that the
traction curves become T δ( )t1 and T δ( )t2 in pure mode II or pure mode
III, respectively (see Eq. (1)). The work of separation is thus tradi-
tionally assumed to be unchanged between modes (Li and Siegmund,
2002) and mode mixity is calculated as∫= = ⎛⎝ ⎞⎠ + ⎛⎝ ⎞⎠ + ⎛⎝ ⎞⎠T λ dλ λ δ

δ
δ
δ

δ
δ

Γ ( ) , with 
λ n t t

0 0

2
1

2
2

20

(1)

Here, Γ0 is the work of separation (equal for all modes), δn is the normal
separation, δt1 and δt2 are the tangential separations of the fracture
surfaces related to mode II and mode III separation, respectively. The
present study will show that this approach does not represent reality in
ductile plate tearing under mixed mode loading. It will be demonstrated
that after peak traction is reached, the work of separation depends on
mode mixity. The goal of the current study is twofold: i) to highlight the
effects of mode mixity on the overall cohesive energy as well as other
parameters defining the traction-separation relation, and; ii) to develop
a new mixed mode traction-separation relation that readily fits into the
framework of combining plane stress shell elements with cohesive zone
modeling without sacrificing the accuracy for mixed mode loading.
Details of the traction-separation relations will be developed through
micro-mechanics modeling, which in turn will form the basis for
guidelines on how parameterized traction-separation relations can be
constructed without compromising accuracy. The employed modeling
framework has been adopted from Nielsen and Hutchinson (2012), but
with modifications to take out-of-plane actions into account.

The paper outlines the constitutive relations and finite element
model in Section 2. The problem formulation is described in Section 3,
after which the cohesive zone model is defined in Section 4 by identi-
fying key parameters to be extracted from the micro-mechanics based
numerical simulations. Results are given in Section 5 with focus on

improving accuracy within the field of cohesive zone modeling of large-
scale plate tearing. Conclusions are listed in Section 6.

2. Model: constitutive relations and finite element formulation

2.1. Material description

The undamaged (matrix) material in this study is assumed to follow
a true stress-logarithmic strain power hardening relation described as:

= ⎧⎨⎪⎩⎪
<≥( )ε

σ σ

σ σ

, for 

, for 

σ
E M y

σ
E

σ
σ

N
M y

1/

M

y M
y

where σy is the initial yield stress, E is the Young's modulus, and N is the
hardening exponent. To account for the softening effect of the damage
that evolves during severe plastic straining, the material is assumed to
be governed by void growth to coalescence and to follow the flow rule
for a porous ductile GTN material (Gurson, 1977) with the yield surface
modified by Tvergaard (1981).
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Here, =σ s s3 /2e ij
ij is the effective macroscopic Mises stress, with= −s σ G G σ /3ij ij ij

kl
kl being the stress deviator where Gij and Gij are the

co- and contravariant component of the metric tensor, respectively,
associated with the deformed geometry. The microscopic stress in the
matrix material is denoted σM , whereas q1 and q2 are fitting parameters
introduced by Tvergaard (1981), and f * is a function of the porosity
that takes void coalescence into account. Tvergaard and Needleman
(1984) suggested the following phenomenological model to accelerate
the damage increase once micro-voids link up in the coalescence pro-
cess:

= ⎧⎨⎩
≤+ − >−−f

f f f

f f f f f
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U C
F C

where f is the accumulated damage (or porosity), fC and fF are the
critical and final porosity, respectively. The ultimate damage, fU , is
defined as q1/ 1.

The development of damage in the material is partly controlled by
void growth and partly a shear contribution, such that the total rate of
damage reads:= +f f f˙ ˙ ˙

growth shear

where a damage contribution from nucleating voids is omitted for
clarity of results in the present study. Void growth follows from plastic
incompressibility and can be expressed as:= −f f G η˙ (1 ) ˙growth

ij
ij
p

where η̇ij
p is the increment of the plastic strain tensor. It is known,

however, that evolution of the damage predicted by the GTN model
stops if the stress triaxiality goes to zero, e.g. for a pure shear loading
case. In order to investigate the effect of shear damage, the shear ex-
tension introduced by Nahshon and Hutchinson (2008) will be con-
sidered as part of the analysis. The governing equation for the shear
contribution to total damage is:

= σf k fω
s η

σ
˙ ( )

˙
shear ω

ij
ij
p

e (2)

where = −σω J σ( ) 1 (27 /(2 ))e3
3 2. Here, J3 is the third invariant of Cauchy

stress deviator and kω is the amplification factor for the shear con-
tribution, which typically lies in the range of [0; 3] (see also Tvergaard
and Nielsen, 2010). It is worth mentioning that the Nahshon-Hutch-
inson extension is purely phenomenological and it is, therefore, only
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considered as a supplement to the GTN model in this analysis. When=k 0ω , the material model reduces to the GTN model. It should also be
stressed, that =k 0ω unless stated otherwise. All material parameters
are listed in Table 1 (see also Tvergaard, 1990, for further details).

2.2. Finite element formulation

The analyses are carried out in a finite strain setting, which has been
embedded in a quasi-static framework using a total Lagrangian for-
mulation. The incremental expansion of the principle of virtual work
reads:∫ ∫+ =τ δη τ u δu V T δu S( ˙ ˙ )d ˙ d

V
ij

ij
ij

i
k

k j S
i

i, ,

where τij is the Kirchhoff stress tensor, ηij is the Lagrangian strain
tensor, ui is the displacement field and Ti are the tractions. Here, the
Lagrangian strain tensor is given as; = + +η u u u u( )ij i j j i i

k
k j

1
2 , , , , , and the

relation between the rate of strains and the rate of Kirchhoff stresses is
given by:=τ L η˙ ˙ij ijkl

kl

where Lijkl is the incremental modulus. The incremental computational
procedure follows that of Tvergaard (1990).

3. Problem formulation

3.1. Model description

The considered boundary value problem is inspired by the work of
Nielsen and Hutchinson (2012) who examined a crack propagating at
steady-state through a large-scale plate subjected to pure mode I
loading. The plate tearing process is illustrated in Fig. 1, where the
plate dimensions in the x1- and x2-direction are much larger than the
out-of-plane plate thickness (dimension in the x3-direction). In the 2D
set-up employed, a section with the normal along the crack growth
direction, i.e., the x1-x3-plane, is imagined cut from the full 3D plate and

the deformation experienced by this section is assumed to be plane
strain ( =η 022 ). As the plastic flow localizes, and all subsequent de-
formation takes place in this region (see Fig. 1C), the domain above and
below the thinning region elastically unloads and this enforces a con-
straint on the deformation along the x2-direction leading to a near tip
plane strain condition (see also Nielsen and Hutchinson, 2017). The
section considered maintains an initial aspect ratio of =L W/ 30 0
throughout, and this ensures that the complete localization process is
captured, see Fig. 2. The adopted set-up is an approximation as no
gradients can develop in the crack growth direction.

The present study covers both mode I-mode II loading and mode I-
mode III loading and thus, two different sets of boundary conditions are
employed for the geometric model, see Eqs. (3) and (4). In order to
capture the material softening beyond onset of local thinning, pre-
scribed displacements are employed in all the computations. For the
mode I-mode II load case, prescribed displacements in the x1- and
x2-direction are enforced according to (see also Fig. 2a):= ∈ − == − ∈ − = −∈ ∈ − =∈ − − ∈ − = −
u x L x W W Δ
u x L x W W Δ
u x L L x W W Δ
u x L L x W W Δ

( /2, [ /2, /2])
( /2, [ /2, /2])
( [9 /19, /2], [ /2, /2])
( [ 9 /19, /2], [ /2, /2])

I

I

II

II

1 1 0 3 0 0

1 1 0 3 0 0

2 1 0 0 3 0 0

2 1 0 0 3 0 0 (3)

For the mode I-mode III load case, prescribed displacements in the
x1- and x3-direction are enforced according to (see also Fig. 2b):= ∈ − == − ∈ − = −∈ = =∈ − − = = −
u x L x W W Δ
u x L x W W Δ
u x L L x Δ
u x L L x Δ

( /2, [ /2, /2])
( /2, [ /2, /2])
( [ /4, /2], 0)
( [ /4, /2], 0)

I

II

III

III

1 1 0 3 0 0

1 1 0 3 0 0

3 1 0 0 3

3 1 0 0 3 (4)

The chosen boundary conditions attempt to mimic the deformation
inside the plate section that contains a tearing crack, imposed by global
displacements of a large-scale plate. As a result, curvature continuity
between the plate section that contains the crack and the remainder of
the plate structure (not modelled explicitly) is achieved. Thereby,
plastic flow localization near the top or bottom strip is avoided.

The amount of shear (mode II or mode III) contributing to the total
load is varied to investigate the influence of the mode mixity on the
cohesive traction-separation relation. Results will be presented for
mode mixity ratios of Δ /ΔII I (mode I-mode II) and Δ /ΔIII I (mode I-mode
III) within the range from 0 to 0.6.

The computations are carried out using a modified isoparametric 8-
node plane strain element employing reduced integration (2×2 Gauss
points). The element is modified by expanding the nodal degrees of
freedom from two degrees of freedom to three degrees of freedom per
node. It is worth mentioning, that the shape function structure is un-
changed as the element has no extension in the out-of-plane direction.
Thus, the shape functions are only defined in 2D, in the original co-
ordinate system. This also means, that the Jacobian matrix is

Table 1
Material properties.

Parameters Notation Value

Young's modulus E 210 GPa
Poisson's ratio ν 0.3
Yield stress σy 630MPa
Hardening exponent N 0.1
Initial porosity f0 [0.005; 0.01; 0.02]
Critical porosity fC 0.15
Final porosity fF 0.4
Gurson fitting parameters q1, q2 1.5, 1.0
Nahshon-Hutchinson shear parameter kω [0.0; 1.0; 2.0; 3.0]

Fig. 1. Sequential fracture process governing crack advance in a ductile metal plate subject to mode I loading, (A) onset of local thinning, (B) severe local thinning,
(C) intensification of shear localization, and (D) slant failure.
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unchanged since the partial derivatives with respect to the element's
out-of-plane axis is zero. However, the strain-displacement matrix is
changed when introducing the additional degree of freedom as addi-
tional terms in the displacement gradient vector are needed. This finite
element formulation provides the ability to analyze the model dis-
placements along all three axes, and thus enables conducting the mode
mixity investigation without the need for full 3D analysis. The plane
strain condition is maintained by constraining the strain component
along the crack growth direction to zero ( =η 022 ), although the strain
will still have a non-zero elastic and an equal and opposite plastic strain
contribution.

Fig. 3 illustrates the discretized models. A fine mesh is introduced in
the middle region as this is where the local thinning and subsequent
slant fracture develops. The elements are initially quadratic in shape
and have a side length of =L W /63e 0 adopted from Nielsen and
Hutchinson (2012). In the bottom and top regions a coarser dis-
cretization is used as the deformation remains nearly homogeneous
during loading. In these regions, the largest elements have a side length
of =L W /7e 0 . While the GTN model solution is inherently mesh de-
pendent, this only affects the cohesive energy related to the shear lo-
calization which is a second order contribution to the cohesive energy
(see Fig. 4 and discussion in Nielsen and Hutchinson, 2012).

An imperfection zone, controlled by a small drop in the initial yield
stress (see Eq. (5)), is embedded in all models in a ∘45 band stretching
across the center of the plate. The imperfection ensures that only one
active shear band will develop, within the fracture process zone, which
otherwise may be symmetric (Nielsen and Hutchinson, 2012).

= ⎡⎣ − + ⎤⎦− − ≤ ≤ − ++( )( )σ σ π

x b x x b

1 1 cos

for ( ) ( )

y
IZ

y
β x x

b2 2

3 1 3

1 3

(5)

where =β 0.001 such that the yield stress is 0.1% lower in the middle of
the band, while the width of the imperfection zone is controlled by b
(chosen to W /50 ). The imperfection zone is illustrated in Fig. 2. It is
worth to notice that the initial ∘45 inclination of the softer band is a
choice (with practically no influence on the peak traction and tearing
energy), and the single active shear band will form independently. That
is, rather than pre-defining the crack path as in the work of Besson et al.
(2013), the damage is free to develop.

4. Outlining the cohesive zone model for ductile plate tearing

Fig. 4 displays a representative traction-separation relation, ex-
tracted from the 2D model setup. The onset of local thinning and the
point of intensified shear localization are designated as two key de-
formation stages that identify the cohesive zone model. The peak
traction occurs at the onset of local thinning, which in combination
with the point of intensified shear localization (here defined as the
deformation state where the damage evolution severely intensifies and
coalescence is first initiated, =f fC) determines the associated cohesive
energy (this is in line with the key parameters identified by Tvergaard
and Hutchinson, 1992).

Since large shell elements cannot capture the details of the plate
thinning and shear localization, cohesive zone is used to represent the
deformation after peak traction has been reached. Under mode I plane
strain tension condition, one can readily derive the peak traction and
corresponding displacement for the cohesive zone model using the
Considère condition (see also Nielsen and Hutchinson, 2012). The
majority of the energy that goes into the ductile fracture process is
dissipated during the local thinning (denoted ΓI in Fig. 4) and identified
to be the area under the traction-separation relation between the peak
traction and the intensification of the shear localization. By taking the
deformation beyond the intensification of the shear localization, da-
mage will intensify in a narrow region, eventually leading to a complete
loss of load carrying capacity. The energy going into this last part of the
tearing process is minor (denoted ΓII in Fig. 4), and it is the only part
that will be influenced by the inherent mesh dependency of the GTN
model (see Section 2). Thus, the cohesive energy, computed from the
simulated traction-separation relations, is; = +Γ Γ ΓI II0 , and constitutes
the energy required for complete separation. A simple bi-linear trac-
tion-separation relation, described in Appendix A, is uniquely defined
by the peak traction, the point where the load carrying capacity di-
minishes (here corresponding to the intensification of the shear loca-
lization), and the cohesive energy, Γ0 (the area under the traction-se-
paration relation). Thus, the focus of the micro-mechanical modeling
approach is on accurate determination of these key parameters.

Under mixed mode loading, the cohesive traction-separation rela-
tion has to take into account all load contributions (also illustrated in
Fig. 2). Thus, effective quantities are introduced for each of the two

Fig. 2. Illustrations of the two mode mixity models; (a) and (b) show the plate section with imperfection zone and imposed boundary conditions for the mode I-mode
II and the mode I-mode III load case, respectively. Throughout the analyses, the initial ratio =L W/ 30 0 is kept constant.

R.G. Andersen et al. European Journal of Mechanics / A Solids 71 (2018) 199–209

202

306 CHAPTER .I- APPENDED PUBLICATIONS



load cases (mode I-mode II and mode I-mode III) such that the dis-
placements and the forces are computed as:= + = + −− −F F FΔ Δ Δ and  for mode I mode III II I II I II I II

2 2 2 2

and = + = + −− −F F FΔ Δ Δ and  for mode I mode IIII III I III I III I III
2 2 2 2

where ΔI is the prescribed displacement applied, corresponding to a
mode I, which results in a force of FI etc. That is, the total cohesive
energy is calculated from the effective quantities as:∫= − −FΓ dΔI II I III0 Δ

Δ
/

peak

failure

which naturally accounts for changes to the cohesive energy that ori-
ginates from changes to both the necking zone and the shear band or-
ientation (if any) for the various loading cases. Recall that no restriction

is put on the shear band and that it can form with any inclination angle.

5. Results

The load-deformation history for the 2D plate section is evaluated
when subjected to mode I-mode II loading, and subsequently to mode I-
mode III loading. The part of the simulated load-deflection curve re-
levant to the cohesive zone modeling of large-scale plate tearing is then
extracted and cohesive traction-separation relations are determined
based on the procedure laid out in Section 4. The key parameters, i.e.,
the peak traction, Tpeak, the point of intensified shear localization, δs,
and the cohesive energy, Γ0, are determined for a range of mode mixities
and three values of initial porosity, i.e., =f 0.0050 , =f 0.010 , and=f 0.020 .

5.1. Shear related predictions by the GTN model

Both modes II and III introduce an overall shear component to the
loading on the plate section. To address shear damage and softening,
the Nahshon-Hutchinson shear extension is used in the analyses (see Eq.
(2)). In relation to this, it is also important to point out that the stress
triaxility for the results presented throughout is moderate and
resembles that of plane strain tension (being ≈σ σ/(3 ) 0.6k

k
e ), and that

the σω ( )-function introduced by Nahshon and Hutchinson (2008) takes
values close to one when the deformation is well into the plastic regime
(see also discussion in Nielsen and Tvergaard, 2010).

Figure 5 presents the cohesive energy as function of the shear am-
plification parameter, kω, which scales the shear damage contribution
(see Eq. (2)). Results are shown for; i) the pure mode I loading, ii) a
mode I-mode II load case with =Δ /Δ 0.3II I in Fig. 5a and with=Δ /Δ 0.6II I in Fig. 5b, and iii) a mode I-mode III load case with=Δ /Δ 0.3III I in Fig. 5a and with =Δ /Δ 0.6III I in Fig. 5b. All results are
shown for two distinct values of initial porosity, i.e., =f 0.0050 and=f 0.020 (for comparison, the cohesive energy at different mode mixity
ratios are depicted in Figs. 8 and 12 for =k 0ω ). The shear damage

Fig. 3. Discretization details; (a) shows the inner square section of the plate, where the fine mesh has been employed, together with the top and bottom regions,
where a coarser mesh is adequate. (b) shows the discretized plate section considered in the present work where the side length of the elements is taken to be=L W /63e 0 in the fine region.

Fig. 4. Illustration of the energy contributions, with ΓI being the cohesive en-
ergy contribution that governs the plate thinning process, and ΓII being the
energy contribution going into the subsequent shear localization and fracture.
The cohesive energy is; = +Γ Γ ΓI II0 .
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contribution has an equally strong influence on all loading configura-
tions considered. This is tied to the fact that the ω-function takes values
close to one in all cases. That is, the shear parameter also influences the
pure mode I load case and a nearly linear decrease in the cohesive
energy is predicted for increasing shear parameter, kω. Moreover, the
slope on all the curves in Fig. 5 is close to equal although the energy
levels are different. Taking the pure mode I case as baseline it is found
that introducing mode I-mode II mixity leads to an increase in cohesive
energy for all considered values of kω and mode mixity ratios. In ad-
dition, the distance between comparable curves is nearly constant, as
shown in both Fig. 5a and b. This is an important finding, since it ba-
sically shows that adding in-plane shear loading (i.e. mode II) to mode I
tensile deformation increases the cohesive energy. This will be further
discussed in Section 5.2. The effect of mode I-mode III is equally pro-
nounced for a moderate mode mixity ratio ( =Δ /Δ 0.3III I ), except that
the cohesive energy is reduced in reference to pure mode I, i.e., the
opposite trend to what was found for mode I-mode II interaction.

However, cohesive energy reduction is completely reversed at high
mode mixity ratio ( =Δ /Δ 0.6III I ) and the mixed mode energy curve
closely follows the pure mode I case. This behavior is related to changes
in the amount of the energy dissipated in the cohesive zone, vs. outside
of it, as will be further discussed in Section 5.3.

Another important observation related to the numerical aspect of
this study is that the σω ( )-function is nearly constant in all analyzed
cases. This indicates that neglecting the shear damage contribution by
setting =k 0ω will not qualitatively change the results.

5.2. Mode I-mode II

The peak traction, related to the onset of local thinning (and where
the cohesive elements start governing the response), is evaluated for the
various ratios of Δ /ΔII I and presented in Fig. 6. The analyses indicate
approximately parabolic decrease in the peak traction for all considered
values of initial porosity. While the peak traction gradually decreases
with increasing levels of mode II contribution, the drop is not sig-
nificant, i.e., below 4% in reference to pure mode I for the largest mode
II contribution ( =Δ /Δ 0.6II I ). Thus, it is reasonable to consider the peak
traction unaffected by the mode II loading in the development of a
parametric cohesive zone model for large-scale plate tearing. Moreover,
it is evident from Fig. 6 that the negligible effect of the mode II con-
tribution on peak traction holds for a range of porosities encountered in
engineering materials.

Another important point on the traction-separation relation is
where the shear localization intensifies. This point is defined by a
traction, Ts, and a relative displacement, δs, defined as the far boundary
displacement that develops during the deformation between the onset
of necking (i.e. at the attainment of peak traction) and the in-
tensification of the shear localization. Both the relative displacement
and traction are depicted in Fig. 7 as function of the mode mixity ratio
(here normalized by the corresponding values for the pure mode I load
case). The displacement at intensified shear localization increases sig-
nificantly with increasing mode mixity ratio Δ /ΔII I . Moreover, the effect
is found to be reinforced by increasing the initial porosity - particularly
for the high mode mixity ratios. That is, the separation that develops
within the cohesive zone has its low point for the pure mode I load case
while the added mode II increases the separation by 30–45%, de-
pending on the initial porosity, and yields a more ductile overall re-
sponse prior to the final material separation. In similar fashion, though
opposite trend, the traction at intensified shear localization decreases
by 10–12% for increasing mode mixity ratio. This follows the trend for

Fig. 5. Development of the cohesive energy for various values of kω for pure
mode I loading as well as for a) = =Δ /Δ Δ /Δ 0.3II I III I and b)= =Δ /Δ Δ /Δ 0.6II I III I . Results are shown for two extreme values of the initial
porosity, f0.

Fig. 6. Development of the peak traction for various mode mixity ratios of
Δ /ΔII I . Results are shown for three values of initial porosity, f0.
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the peak traction, but the decrease is much greater.
The cohesive energy is presented in Fig. 8 as a function of the mode

mixity ratio Δ /ΔII I , and normalized by the energy level for that of the
pure mode I load case. It is found, that the cohesive energy increases
with the mode mixity ratio, which is basically caused by a restricted
damage evolution. This increase in cohesive energy is consistent with
the results shown in Fig. 7. Since the peak traction remains essentially
unchanged, and the drop in traction at intensified shear localization is
moderate, the change in cohesive energy is tied to the trends observed
in the relative displacement δs. The additional energy needed for the
mixed mode I-mode II fracture is expanded by double curvature
bending, and dispersion of plastic localization, as the plate section
complies with the prescribed boundary conditions. The observations
hold for all values of the initial porosity although the overall energy
level decreases for increasing initial porosity. The additional energy

going into a mode I-mode II fracture, when compared to the pure mode
I load case, reaches a level of just below 20% for the lowest value of the
initial porosity ( =f 0.0050 ) and 35% for the highest values of the initial
porosity ( =f 0.020 ), when considering the largest mode mixity ratio=(Δ /Δ 0.6)II I . This is a significant difference, which is very con-
sequential for both understanding of mixed mode fracture, but also for
development of more accurate interactive cohesive zone models for
large-scale plate tearing.

Small sensitivity of the peak traction to mode mixitiy suggests that
simple cohesive models based on a commonly applied rotational sweep
of the traction-separation relation (see Eq. (1)), would be appropriate
(see Fig. 6). However, increasing contributions of mode mixity have
significant effects on both cohesive energy and separation at failure,
which cannot be captured with simple rotational mode interaction
models. The additional energy dissipated through double curvature
bending of the plate section during mode I-mode II loading is simply not
accounted for in the pure mode I traction-separation relation. A simple
bi-linear traction-separation relation (see Appendix A) fit to the mode I
load case and swept into the mode mixity space (dotted lines) is shown
in Fig. 9 together with the cohesive relation obtained in this study (bold
lines). The latter sweep is found by plotting the traction-separation
relations for each simulated load case where the location in the mode
mixity space is controlled by the mode mixity ratio, Δ /ΔII I . It is evident
from Fig. 9 that the two approaches lead to very different cohesive
models and that the relations diverge significantly as the mode mixity
ratio increases.

5.3. Mode I-mode III

The mixed mode I-mode III load case is subsequently considered,
and the peak traction is first evaluated in Fig. 10 for various ratios of
mode mixity (Δ /Δ )III I . The analyses indicate that the peak traction re-
duces gradually with increasing mode III contribution, but this reduc-
tion is below 1% and can be neglected.

Variation of the displacement, δs, and the traction, Ts, at intensified
shear localization are shown in Fig. 11. As previously, the results are
normalized with the corresponding values for the pure mode I load
case. Compared to the mode I-mode II load case, the effect of increasing
mode III contribution is more complicated. The displacement first de-
creases by 3–8% to reach a minimum in the interval ∈Δ /Δ [0.25; 0.3]III I
depending on the initial porosity. In fact, the minimum is attained at

Fig. 7. Development of the (a) displacement, δs, and (b) traction, Ts, at in-
tensification of the shear localization for various mode mixity ratios of Δ /ΔII I
and for three values of initial porosity. The displacements and tractions are
normalized with displacement and traction, respectively, for the pure mode I
load case being =δ [0.1162; 0.0975; 0.0749]s

0 and =T [1.2647; 1.2969; 1.3115]s
0 for=f [0.005; 0.01; 0.02]0 , respectively.

Fig. 8. Development of the cohesive energy for various mode mixity ratios of
Δ /ΔII I for three values of the initial porosity, f0. The energies are normalized
with the value for the pure mode I load case, in this case=σ WΓ /( ) [0.5178; 0.4339; 0.3291]I y0, 0 for =f [0.005; 0.01; 0.02]0 , respectively.
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larger mode mixity for increasing initial porosity. After reaching a
minimum for δs, further increase of the mode mixity ratio results in an
increase of the relative displacement, which eventually becomes larger
than that of the pure mode I load case (except for the highest initial

porosity considered here). The predicted traction has a similar beha-
viour; a decrease to a minimum at ∈Δ /Δ [0.2; 0.3]III I depending on the
value of the initial porosity is observed and followed by an increase that
leads to the level for pure mode I loading. The variation in traction at
intensified shear localization is, however, much more moderate at a
level below 3%.

Fig. 12 presents the normalized cohesive energy as a function of the
mode mixity ratio Δ /ΔIII I . Introducing mode III loading results in a
decrease of the cohesive energy for moderate levels of mode mixity
ratios <(Δ /Δ 0.3)III I . For higher ratio, the energy level increases. In
fact, the trend shows that the energy level for high mode mixity ratios
eventually will exceed that of the pure mode I load case. The variation
in the cohesive energy level is not surprising considering the variation
in the traction and the relative displacement at intensified shear loca-
lization. It is noted that the cohesive energy is tied directly to these
quantities and as the traction levels remain nearly constant, the change
in energy level follows the change in relative displacement. This be-
havior is fundamentally different from that of the mode I-mode II load
case, where a steadily increasing trend was seen. This is caused by the
shear banding mechanism, which is basically a self-constituting mode
III. The mode III displacement is initially constrained (at low mode
mixity), but eventually, increasing mode III loading overcomes this
initial constraint encouraging transverse shear displacement (at high
mode mixity). In other words, at low mode mixity ratios, the two halves
of the plate above and below the shear band want to displace in the
direction of the prescribed mode III loading, but the pure mode I

Fig. 9. Comparing the rotational sweep of the mode I curve with the micro-mechanics based mode mixity curves. Dotted lines are the sweep of the pure mode I bi-
linear traction-separation relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the results obtained in this study for a
varying mode mixity ratio of Δ /ΔII I , here shown for =f [0.005, 0.01, 0.02]0 .

Fig. 10. Development of the peak traction for various mode mixity ratios of
Δ /ΔIII I . Results are shown for three values of initial porosity, f0.
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loading constrains them, thereby maintaining a high energy. This was
also shown by Nielsen and Hutchinson (2012), who investigated two
different sets of boundary conditions; i) =Δ 0III , and ii) ΔIII unspecified,
and with the conclusion that an increased energy level was present for=Δ 0III . A slight prescribed mode III will release this constraint and
lower the energy level. At the other extreme, the self-constituting mode
III will be overruled and the parts are forced to displace at large mode
mixity ratios, causing the energy level to rise. This mechanism is also
evident when the reaction force acting perpendicular to the large-scale
plate surface, is investigated. This reaction force is zero at mode mixity
ratio that yields the lowest cohesive energy.

The above analysis provides a fundamental insight into the mixed
mode fracture behavior in large ductile plates. In addition, the para-
metric studies conducted here offer valuable lessons for formulation of
accurate, mixed mode cohesive traction-separation relations. The co-
hesive relation in the mode I-mode III space is depicted in Fig. 13,

where the mode I cohesive energy is swept into the mode mixity space
(dotted lines) and the simulated curves from this study is depicted in
bold lines. A concave trend is observed in the cohesive traction-se-
paration relation, which is related to the decrease in separation when
shear localization intensifies for mixed mode loadings. This observation
holds for all considered values of the initial porosity. As the loading
becomes dominated by the mode III, the cohesive relation again mat-
ches the rotational mode I sweep but the trend suggests that a deviation
will emerge to the opposite side - comparable to the results for the
mode I-mode II load case (see Fig. 9).

6. Concluding remarks

Fundamental aspects of mixed mode ductile fracture behavior have
been investigated, with a specific focus on the key parameters defining
the mixed mode cohesive zone model, suitable for large-scale ductile
plate tearing simulations. This work can be considered a natural ex-
tension of Nielsen and Hutchinson (2012), where only mode I was
considered. Two distinct mode mixities have been investigated, i.e.,
mode I-mode II and mode I-mode III, at different mode mixity ratios
and for three typical values of the initial porosity. The study is based on
a finite strain, quasi-static finite element Fortran code implemented
with a special 2D plane strain element that can account for out-of-plane
deformation and which facilitates studying the two sets of loading
conditions. The study has employed the Gurson-Tvergaard-Needleman
material model as well as the shear extension to this classical model
proposed by Nahshon and Hutchinson (2008).

Initial part of the study has been aimed at investigation of the effect
the Nahshon-Hutchinson shear extension of the GTN model under
mixed mode loading conditions. While the shear extension does have a
significant influence on the cohesive energy, this influence is constant
for all mode mixity ratios investigated (including pure mode I). This
indicates that for all load scenarios, the traditional GTN model is sui-
table for the analyses defining the relationships between individual
modes. However, it is emphasized that the shear extension is necessary
for accurate determination of the cohesive energy.

For simplicity, a bi-linear traction-separation relation has been
chosen as reference, as it is easily related to characteristics of the
traction-separation relations predicted by the micro-mechanical mod-
eling. The key parameters of the cohesive zone model are: i) the onset of
local thinning which gives the peak traction, Tpeak, ii) the point of

Fig. 11. Development of the (a) displacement, δs, and (b) traction, Ts, at in-
tensification of the shear localization for various mode mixity ratios of Δ /ΔIII I
and for three values of initial porosity. The displacements and tractions are
normalized with displacement and traction, respectively, for the pure mode I
load case being =δ [0.1162; 0.0975; 0.0749]s

0 and =T [1.2647; 1.2969; 1.3115]s
0 for=f [0.005; 0.01; 0.02]0 , respectively.

Fig. 12. Development of the cohesive energy for various mode mixity ratios of
Δ /ΔIII I for three values of the initial porosity, f0. The energies are normalized
with the value for the pure mode I load case, in this case=σ WΓ /( ) [0.5178; 0.4339; 0.3291]I y0, 0 for =f [0.005; 0.01; 0.02]0 , respectively.
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intensified shear localization, δs, and iii) the cohesive energy, Γ0. The
numerical analyses have shown that the peak traction is approximately
equal for all load cases, but depends on the initial porosity. Only a slight
decrease in peak traction (though never above 4%), was observed when
increasing the mode mixity. On the other hand, the relative displace-
ment at the point of intensified shear localization is dependent not only
on the load case, but also on the mode mixity ratio. For the mode I-
mode II load case, the displacement increases monotonically for an
increasing mode mixity ratio, suggesting an increased ductility in re-
ference to pure mode I case. In the case of the mode I-mode III loading,
the relative displacement decreases initially at a relatively low mode
mixity ratio of 0.3, and then increases again when mode III contribution
grows. It should be noted that, since the cohesive traction remains
approximately constant until intensification of shear localization, a
direct relationship can be established between displacement and co-
hesive energy for different mode mixities. Even more importantly, the
results show that a commonly applied cohesive zone model that relies
on a rotational sweep of mode I traction-separation relation, cannot
reproduce the observed trends in behavior. Specifically, using the ro-
tational sweep to analyze mode I-mode II loading condition will lead to
overestimated crack growth, and the error becomes larger with

increasing mode II contribution. On the other hand, crack growth under
mode I-mode III conditions at moderate mode mixity ratio will be un-
derestimated by the cohesive zone model relying on the rotational
sweep.

These findings clearly show that mixed mode ductile fracture be-
havior of large-scale plates is quite complicated and caution is war-
ranted when simulating ductile tearing of large-scale plates with co-
hesive zone models. Some of the most common methodologies
employed today to address these problems, may be inadequate, de-
pending on the objective of the analyses.
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Appendix A. Bi-linear cohesive relation

Figure A.14 presents the bi-linear traction-separation relation chosen as reference in the present study. In this illustration, Tpeak is the peak
traction, Γ0 is the cohesive energy, and δs defines the separation at the intensification of the shear localization.

Fig. 13. Comparing the rotational sweep of the mode I curve with the micro-mechanics based mode mixity curves. Dotted lines are the sweep of the pure mode I bi-
linear traction-separation relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the results obtained in this study for a
varying mode mixity ratio of Δ /ΔIII I , here shown for =f [0.005, 0.01, 0.02]0 .
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Fig. A.14. The bi-linear traction-separation relation employed as basis for parameterizing the micro-mechanics based numerical results.
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a b s t r a c t

Void coalescence at severe shear deformation has been studied intensively under mono-
tonic loading conditions, and the sequence of micro-mechanisms that governs failure has
been demonstrated to involve collapse, rotation, and elongation of existing voids. Under
intense shearing, the voids are flattened, such that the void volume diminishes, whereafter
the flattened crack-like voids rotate and elongate until interaction with neighboring micro-
voids dominates the material response and coalescence sets in. Eventually, this leads to a
complete loss of load carrying capacity. The severe shear loading, imposed at the far
boundary, is in an early state of the deformation associated with significant stretching of
parts of the void surface, while other parts remain practically un-deformed. A largely
uneven distribution of the strain hardening, therefore, evolves along the void circumfer-
ence and, thus, one cannot expect the void to return to its original shape in the case where
the far-field loading is reversed. The present numerical work aims to investigate the evo-
lution of micro-voids subject to constant tension and large amplitude cyclic shearing. The
far-field loading, the void shape, and the void growth are monitored, and the calculations
are pushed to coalescence and complete loss of load carrying capacity. The initially circular
cylindrical voids are predicted to develop protrusions in the shearing plane with normal in
the direction of the applied tensile load. These protrusions evolve during repeated cyclic
shearing and spread towards neighboring voids - eventually being responsible for void
coalescence.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Structural failure under conditions, where the number of repeated load cycles is extremely low, is a problem of consid-
erable practical interest. For example, the severe in-plane motion experience during an earthquake can enforce a large
amplitude shearing component, which in combination with the existing loads on the structure, gives rise to so-called
Ultra-Low-Cycle-Fatigue failure (ULCF failure). Typically, the number of load cycles to failure is Nf < 100 (or even below
10). Existing research into the topic is directed by field observations and experimental investigations Iwai et al. [11],
Hop- perstad et al. [9,10], Kanvinde and Deierlein [14], Kanvinde et al. [13], Nip et al. [26], Hofmann et al. [8], as well as
the development of models to predict when ULCF failure sets in Kuroda [17], Brocks and Steglich [3], Steglich et al. [29],
Tateishi et al. [30], Liu et al. [22], Jia and Kuwamura [12], Kiran and Khandelwal [15], Mbiakop et al. [23], Lacroix et al.
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[18]. Compared to monotonic loading, the underlying micro-mechanics that governs ULCF failure has, however, received
much less attention.

Focus is here on the case where void growth is responsible for the rapid degradation of the material under cyclic loading
and only a few corresponding studies, of the micro-mechanics at play, can be found in the literature. In fact, a void growth to
coalescence mechanism under large amplitude cyclic shearing remains to be brought out. The evolution of ductile damage
under cyclic loading is termed ‘‘ratcheting of the porosity”, (referring to a gradual increase in the mean porosity), and is dis-
cussed in the early works by Gilles et al. [6], Devaux et al. [5]. The effect essentially reveals itself by a considerably lower
strain-to-fracture for a given load level, if it is reached under cyclic conditions rather than monotonically (for fixed stress
triaxiality) (see also [16,28]. The well-established micromechanics based Gurson model [7,31] cannot predict this effect,
and in an attempt to get a foot on the issue Lacroix et al. [18] recently proposed an improved version of the model by
Leblond-Perrin-Devaux (the LPD model, see [20]). In their line of arguments, Lacroix et al. [18] boil it down to the fact that
the assumption of positive proportional straining, assumed for the original LPD, cannot be true for cyclic load cases (an
assumption originally made to facilitate analytical time-integration of the straining). Instead, Lacroix et al. [18] suggest mak-
ing use of numerical integration to circumvent this short-coming of the LPD model. Even after several load cycles, their
improved model set-up predicts the radial variation in the average strain of the void surface accurately for high-stress tri-
axiality loading (T ¼ 3). However, the prediction is less promising at lower levels of triaxiality as an inconsistency develops
close to the free void surface. This inconsistency can well be ascribed the assumption of spherical voids in their model that
starts to break down. In nearly parallel studies, Mbiakop et al. [23], Kiran and Khandelwal [15] show that spherical voids
grow significantly away from their initial shape at various combinations of Lode parameter and moderate stress triaxiality.
In most cases, the void shape remains fairly spherical but develops a ring-band of highly localized plastic flow at the void
surface (most clearly visible in Fig. 16 of [23]). This severely deformed ring band region continues to intensify through
the repeated cycles and, in the present work, will be demonstrated to give rise to void coalescence.

The objective of the present study is to show results on the void coalescence mechanism that takes place when large
amplitude cyclic shearing dominates, rather than focusing on constant triaxiality cyclic loading. The void coalescence under
intense monotonic shearing was first brought out in Tvergaard [32,33], and has been shown to distinguish itself significantly
from the established void coalescence mechanism at high triaxiality loading, where necking of the intervoid ligaments gov-
erns coalescence. Tvergaard [32] showed that, under intense shearing, the micro-voids collapse to form self-contact of the
internal void surfaces, whereafter the voids rotate and elongate until interaction with neighboring voids yields coalescence
and associated loss of load carrying capacity (see also [34,25,4,24]). However, the questions in focus are now; how will the
severely shear-deformed void evolve if the large amplitude shearing is repeatedly reversed? And, how will its evolution affect the
overall material response?

The paper is structured as follows. The problem of interest is presented in Section 2, while the constitutive model and
numerical framework are briefly summarized in Section 3. Results are presented in Section 4 with a focus on the rapid mate-
rial degradation, the void shape evolution, the void growth, and the void coalescence mechanism. A parametric study and

Nomenclature

A0 half void spacing in x1-direction
B0 half void spacing in x2-direction
E Young’s modulus
Nf cycles to failure
n strain hardening exponent
R0 initial void radius
T Stress triaxiality
_ui; _ui;j displacement increment and displacement gradient increment, respectively
xk Cartesian coordinates
a scaling factor on tensile component
D0 prescribed shear amplitude
_eij; _ePij; _eEij total, elastic, and plastic strain increments, respectively
Lijkl instantaneous moduli
X shearing frequency
Re far-field effective Mises stress
Rij far-field stress components
Rm far-field mean stress
re von Mises stress
rij Cauchy stress components
ry initial yield stress
q mass density
m Poisson ratio
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discussion of findings are presented for the key quantities that govern ULCF failure at loadings dominated by constant ten-
sion and large amplitude cyclic shearing. The concluding remarks can be found in Section 5.

2. Problem formulation

The boundary value problem considered is a version of that originally studied in Tvergaard [32,33], where coalescence of
microvoids under intense low triaxiality shearing was analyzed. Where previous studies focus on monotonic loading, the
current work addresses loading conditions comprising a cyclic shear component, R12, and a constant normal stress, R22

(see Fig. 1a). The prescribed far-field average normal stress is kept at a level; R22 ¼ arY , where rY is the yield stress and
0 < a � 1 such that the far-field average stress of the tensile component alone remains positive and below the yield stress.
Thus, the void growth originating from this constant loading alone is negligible, while the cyclic shear component will drive
the void growth to coalescence. It is also worth noting that, for the large amplitude shearing considered, stationarity in the
far-field tensile stresses prevails after the maximum shear amplitude is reached, such that the subsequent cyclic shearing
takes place at constant mean tensile stress.

As in Tvergaard [32,33], plane strain conditions are assumed such that the discretely modeled voids initially take a cir-
cular cylindrical shape with radius R0. The voids are assumed empty and arranged in a periodic array with the void spacing
2A0 in the x1-direction, and 2B0 in the x2-direction (throughout, the aspect ratio B0=A0 ¼ 4 remains fixed, see Fig. 1a). The
domain is subject to periodic boundary conditions enforced along the left (x1 ¼ �A0) and right (x1 ¼ A0) edges such that;
u1ð�A0; x2Þ ¼ u1ðA0; x2Þ and u2ð�A0; x2Þ ¼ u2ðA0; x2Þ (with zero stretch in the x1-direction). The loading of the unit cell is
applied at the top (x2 ¼ B0) and the bottom (x2 ¼ �B0) of the volume according to

_u1 ¼ _UI; _u2 ¼ _UII; for x2 ¼ B0 ð1Þ

_u1 ¼ � _UI; _u2 ¼ � _UII; for x2 ¼ �B0 ð2Þ
where _UI ¼ D0X cosðXtÞ is the periodic incremental component, in the x1-direction, defining the cyclic shearing with max-
imum shear amplitude D0 and the frequency X. In Eqs. (1) and (2), the stretch in the x2-direction is continuously adjusted
through _UII so that the far-field average normal stress is kept constant at R22 ¼ ary (whereby a ¼ 0 gives zero stress triax-
iality). The far-field average stresses applied to the unit cell are calculated as the volume average of the top row of elements
furthest from the void. In this way;

Fig. 1. (a) Schematic of the 2D void configuration considered in this study (throughout, B0=A0 ¼ 4). Only the shear component, R12, will be imposed as cyclic
loading, whereas the tension remains at constant level; R22 ¼ arY , with rY being the initial yield stress and 0 < a � 1, (b) a representative mesh employed
in the analysis.
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Rij ¼ 1
V top row

Z
V top row

rijdV ð3Þ

with rij being the Cauchy stresses. The determination of the average far-field stresses, Rij, subsequently allows the calcula-
tion of the far-field effective Mises stress, Re, the mean stress, Rm ¼ Rii=3, and the stress triaxiality, Rm=re.

3. Model: constitutive relations and finite element formulation

The problem presented in Section 2 is targeted by the commercial finite element code Abaqus/Explicit [1]. A brief sum-
mary of the constitutive material model is given below along with details on, and reasoning for, the chosen finite element
procedure.

3.1. Constitutive material model - J2 flow plasticity

A conventional isotropic J2-flow plasticity model is employed to describe the matrix material that surrounds the dis-
cretely modeled voids (see Fig. 1). Thus, the model takes as off-set the von Mises yield surface and the incremental total
strain is taken to be; _eij ¼ ð _ui;j þ _uj;iÞ=2. The model is based on an updated Lagrangian (finite strain) formulation such that
all integrations are carried out in the deformed state, and rely on an additive decomposition of the total strain increment;
_eij ¼ _eEij þ _ePij, where _eEij is the elastic part and _ePij is the plastic part. The stress–strain relationship is; _rij ¼ Lijkl _ekl, where Lijkl
are the instantaneous moduli [1]. For simplicity, the uni-axial tension curve of the material is approximated by a power-
law hardening curve

e ¼ r=E; for r < rY

rY=Eðr=rYÞn; for rP rY

�
ð4Þ

with rY being the initial yield stress, E being Young’s modulus, and n being the strain hardening exponent. The stress quan-
tity, r, in Eq. (4) is identified as the von Mises stress; re ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=2sijsij

p
, with sij being the Cauchy stress deviator. All material

parameters are listed in Table 1.

3.2. Numerical framework - Explicit analysis

Abaqus/Explicit is employed to take advantage of the Arbitrary Lagrangian-Eulerian (ALE) method that updates the mesh
configuration according to the underlying material deformation, but without creating a completely new mesh for each
sweep. The repeated cyclic shearing of the discrete void inflicts severe local plastic straining on the void surface and hence
highly distorted elements will develop unless the mesh is continuously monitored and adjusted. The advantages of the ALE
algorithm is the relatively low computational cost. Compared to ordinary re-meshing, the ALE procedure is much cheaper to
apply and hence makes it possible to perform mesh adjustments in each iteration. Moreover, the ALE algorithm is easy to
automatize as it makes use of the already existing mesh. All of the Abaqus default options are employed for the ALE proce-
dure [1], except that the ALE smoothing remains inactive on the boundary of the domain (along x1 ¼ �A0) to ensure period-
icity in the deformation field. The ALE method is employed in the fine mesh region seen in Fig. 1, which has a total extension
in the x2-direction of B0=4.

The domain shown in Fig. 1 is discretized by four node isoparametric 2D-plane strain elements with reduced Gauss inte-
gration (one Gauss point in the center and default hourglass controls). The time integration is carried out with a standard
forward Euler procedure by lumping the mass matrix, to decouple the system of equations, and thereby lower the compu-
tational cost of each increment. The approach is known to accurately approximate the static solution under slow loading, and
it is not the intention to enter the regime where material inertia plays a significant role. Thus, the far-field deformation rate
is maintained low to avoid such effects (maximum kinetic energy is 3 orders of magnitude lower than the total energy), and
with no sudden prescribed changes to limit stress waves emanating from the far-field boundary.

Table 1
Material properties.

Parameters Notation Value

Density q 7850 kg/m3

Young’s modulus E 210 GPa
Poisson ratio m 0.3
Yield stress ry 420 MPa
Yield strain ey 0.002
Hardening exponent n [5;10;20]
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4. Results

The micro-mechanism that leads to void coalescence at combined tension and large amplitude cyclic shearing is first
demonstrated through a reference case in Figs. 2–5. The shearing amplitude is here; D0=ð2A0Þ ¼ 0:1 (with 2A0 being the void
spacing in the x1-direction, see Fig. 1), while the applied tension is kept constant with a ¼ 0:6. Figure 2 displays details for
the loading history, while the evolution of the void volume versus the number of loading cycles is shown in Fig. 3. The curves
should be held together with the void shape evolution in Figs. 4 and 5. The cyclic fluctuation in the shear stress component,
displayed in Fig. 2a, is for the reference case confined to the interval R12=rY 2 ½�0:803;0:723�, with a peak of
jRmax

12 j=rY ¼ 0:803. The peak stress level is attained at the start of the second full cycle (owing to strain hardening of the
matrix), whereafter the maximum shear stress level gradually drops until a complete loss of load carrying capacity occurs.
The drop will be shown to directly link to the reduction in cross-sectional area of the ligaments between voids, as voids grow
toward each other, in combination with the diminishing strain hardening capacity that develops with the accumulated plas-
tic straining. It is worth to notice the analogy with the Considère Condition for uni-axial (or plane strain) tension, stating
that; @r=@e ¼ r, and renders localization possible when the stress level, r, reaches the strain hardening capacity, @r=@e.
As depicted in Fig. 2b, the far-field average mean stress quickly develops to a plateau, essentially before reaching the max-
imum shearing amplitude, and the subsequent cyclic shearing takes place at this constant value. Thus, the far-field stress
triaxiality will fluctuate as the average von Mises stress is primarily determined by the cyclic shear stress component (no
dependence of hydrostatic tension, see Fig. 2c). By reversing the shear deformation, unloading of the unit cell takes place
such that the shear stress component (and the average von Mises stress) becomes close to zero (see Fig. 2a and c), while
the far-field stress triaxiality temporarily becomes large (see Fig. 2d). This severe fluctuation in stress triaxiality is, however,
limited to the unloading period and it is seen to coincide with the plateaus predicted for the void volume evolution (compare
Figs. 2 and 3). Thus, the applied hydrostatic tension only prevent the void from closing during unloading, while it is the sub-
sequent shear deformation that makes the void grow further in size. It is worth to notice that it is only when the overall
plastic loading again prevails, and the stress triaxiality has come to a nearly constant level (see Fig. 2d), that the void again
grows in size.

A sequence of deformed void shapes are given in Figs. 4 and 5, showing the deformation history over multiple cycles (see
Fig. 4), and a detailed sequence that follows the evolution of the localization process for a single cycle (see Fig. 5), respec-
tively. For the reference case (a ¼ 0:6), the void only remains approximately circular during the very first loading cycle (ren-
dering the assumption of e.g. [18], valid) whereafter it significantly deforms by following the collapse and rotation

Fig. 2. Far-field loading history for the reference case, showing; (a) the normalized average shear stress component (R12=rY ), (b) the normalized mean
stress (Rm ¼ Rii=3), (c) the normalized average von Mises stress, and (d) the average stress triaxiality.
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Fig. 3. Evolution of void volume versus the number of loading cycles for the reference case (R0=ð2A0Þ ¼ 0:1; n ¼ 10; a ¼ 0:6, and D0=ð2A0Þ ¼ 0:1). The
domain aspect ratio remains fixed at; B0=A0 ¼ 4.

Fig. 4. Void shape evolution throughout the deformation history, here with overlaid contours of the effective plastic strain in the range [0;5]. Figure labels
correspond to the positions marked in Fig. 3.

Fig. 5. Void shape evolution through a single representative loading cycle, here with overlaid contours of the effective plastic strain in the range [0;5].
Figure labels correspond to the positions marked in Fig. 3.
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mechanism demonstrated by Tvergaard and co-workers under monotonic loading. Upon repeated cyclic shearing, plastic
flow localizes in the ligament between voids and distinct protrusions start to form on the void surface in the shearing plane
(with normal along the tensile loading direction, see Fig. 4d). This has to do with the largely uneven plastic straining on the
void surface, while the top and bottom of the void is nearly un-strained. Eventually, the localized region reduces to a narrow
band and this takes up the majority of the cyclic shear deformation (see Fig. 4d). The localization process and the first sign of
the evolving protrusion are depicted in Fig. 5. After the first cycle, the void has flattened and rotated slightly and takes a
navette-like shape (see Fig. 5a). Over the following half shearing cycle (Fig. 5b-d), the void grows, but retains the navette-
like shape with slightly more defined corners (see Fig. 5d). During the remaining half cycle, the deformation gradually con-
fines to a band, stretching across the ligament such that the void deviates from the navette-like shape as protrusions start
emerging (see Fig. 5f). In the subsequent cycles, the protrusions continue to develop toward the neighboring voids as the
plastic localization intensifies. Void coalescence sets in when the combined effect of cyclic thinning of the ligament (due
to the shearing), that induces an increased stress level and severe accumulated plastic strains, and the associate reduction
in strain hardening capacity (due to accumulated plastic straining) is such that the tensile load can take over and control
rapid void growth. The process is highly dependent on (i) the shearing amplitude; the larger the amplitude, the more flat-
tened the void becomes in each cycle and the earlier the protrusions develop, (ii) the applied tensile load; the larger the load,
the earlier it can take over the void growth process as the ligaments thin by the evolving protrusions. On the other hand, if

Fig. 6. (a) Evolution of void volume versus the number of loading cycles for various levels for tensile load, and (b) load hysteresis for two distinct cases of
applied tensile load, with DI being the displacement of the far-field boundary (D0=ð2A0Þ ¼ 0:1; n ¼ 10, and R0=ð2A0Þ ¼ 0:1). The domain aspect ratio remains
fixed at; B0=A0 ¼ 4.
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the combination of shearing amplitude and tension develops the void shape change too slowly, failure of the material will be
absent due to the employed isotropic hardening (see also [19]). The material surrounding the void will instead harden
(expanding the yield surface) so that it eventually reaches a level where the reversed loading of any material point is con-
fined to the interior of the yield locus - yielding elastic deformation only and stopping the void growth. Though of practical
interest, further analysis of this transition is omitted in the present study.

The effect of the applied far-field tensile load (R22 ¼ arY ) is evident from Fig. 6, showing the evolution of the void volume
versus the number of loading cycles for fixed shearing amplitude, matrix strain hardening, and void size. For the lowest val-
ues of tension considered, ratcheting of the mean void volume is observed, but its development saturates before a complete
loss of load carrying capacity is reached (for the number of cycles simulated). Significant deformation of the voids and the
development of distinct protrusions that largely thin the ligaments is faced in these cases and plastic loading remains active.
The transition from the failure mode, due to assumed isotropic expansion of the yield surface, is not reached, but it is the
highly localized deformation (and element distortion) near the tip of the protrusions that eventually terminates these cal-
culations. On the other hand, additional opening of the void is obtained by increasing the tensile loading, and the void
growth is much more pronounced in each cycle. In fact, failure is reached within two load cycles for the highest level of ten-
sion considered and this directly links to the limited thinning of the intervoid ligament needed before the tensile load can
take over and yield rapid void growth. The cyclic shear stress component is depicted in Fig. 6b for the two distinct cases of
constant tension (a ¼ 0:6 and 1:0). It is clear that the load hysteresis shrinks with the number of loading cycles for both load
cases and the load carrying capacity, eventually, drops to zero when void coalescence sets in. The higher the tensile load, the
more rapid the hysteresis shrinks. This is also evident from Fig. 7, where the load history is displayed for a range of a-values.
The lowest values (a ¼ 0:4 and 0:5) do not yield coalescence within the number of cycles simulated, whereas a ¼ 1:0 barely
reaches 1:5 cycles before failure.

The evolution of the void volume for two distinct cases of tensile loading (a ¼ 0:8 and 1:0) is illustrated in Fig. 8, but now
for three different amplitudes of shearing; D0=ð2A0Þ ¼ ½0:1;0:2;0:3�. The general trend is that for increasing shearing ampli-
tude, the ratcheting intensifies and the void grows faster. In particular, this is clear from the highest tensile load applied as
coalescence sets in within the very first cycle for the two largest shearing amplitudes considered. Moreover, it is worth to
notice that whenever unloading takes place, a plateau in the void volume evolution exists. This contrasts the prediction
for lower tensile loads (low a). In such cases, ratcheting of the mean porosity takes place, but the void volume fluctuates
when increasing the shearing amplitude (results are not included in this analysis).

The effect of strain hardening on the void volume growth rate, for the specified load case, is shown in Fig. 9. Here, con-
sidering strain hardening exponents in each end of the interval that represents most steel and aluminum alloys (i.e., n ¼ 5
and 20). It is seen that an increase in strain hardening capability lowers the void volume growth rate (averaged over cycles).

Fig. 7. Loading history for the curves presented in Fig. 3 (with D0=ð2A0Þ ¼ 0:1;R0=ð2A0Þ ¼ 0:1 and n ¼ 10). The domain aspect ratio remains fixed at;
B0=A0 ¼ 4.
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That is, coalescence cannot be reached for the highest strain hardening (n ¼ 5) within the few load cycles simulated, whereas
coalescence sets in much earlier in the case of a low strain hardening matrix (n ¼ 20). These findings are in-line with above
predictions where it was concluded that it is the combined effect of cyclic thinning of the ligament, that induces an increased
stress level and severe accumulated plastic strains, and the associated reduction in strain hardening capacity that governs
coalescence. An increase in strain hardening simply gives a slower evolution of the protrusions that are responsible for
the ligament thinning, thus making high strain hardening materials withstand the cyclic shearing better. From Fig. 9 it is,
moreover, evident that the increase in tensile load fertilizes more rapid void growth independent of the strain hardening
capability.

From Fig. 10 it is no surprise that the initial void size will affect the material response, and hence the evolution of damage
upon loading. But, it is interesting to see that it is, in fact, the smallest voids that display the most rapid relative increase, and
coalescence after substantial growth, whereas materials with initially large voids show a much slower increase in the void
volume, but coalescence earlier. This is again a testimony to that the protrusions, evolving from the void surface and thinning
the ligament, are the features controlling the void coalescence mechanism under combined tension and large amplitude cyc-
lic shearing. The increase in void volume that comes with the protrusion is small compared to an already large void, and thus
little relative growth will be detected, whereas it can be substantial for smaller voids. Moreover, the protrusions have to

Fig. 8. Evolution of void volume versus the number of loading cycles for varying shear amplitude; D0=ð2A0Þ 2 ½0:1;0:2;0:3�, and two distinct levels of tensile
loading (void size and strain hardening remains fixed at; R0=ð2A0Þ ¼ 0:1 and n ¼ 10, respectively). The domain aspect ratio remains fixed at; B0=A0 ¼ 4.

Fig. 9. Evolution of void volume versus the number of loading cycles for varying strain hardening of the matrix material; n ¼ 5 and 20, and three levels of
tensile loading (initial void size and shearing amplitude remains fixed at; R0=ð2A0Þ ¼ 0:1 and D0=ð2A0Þ ¼ 0:1, respectively). The domain aspect ratio remains
fixed at; B0=A0 ¼ 4.
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extend much further for the small void in order to thin down the ligament sufficiently, which in turn gives the larger increase
in void volume and late coalescence.

5. Concluding remarks

The shear coalescence mechanism brought out by Tvergaard [32,33], where voids flatten and rotate before interacting,
has been in focus. But, rather than applying monotonic shearing as far-field conditions for the voided material, combined
tension and large amplitude cyclic shearing are considered (essentially yielding constant far-field mean stress). Early on
in the deformation, the originally circular cylindrical voids are shear-deformed and take a navette-like shape, where severely
localized deformation evolves at the corners of the navette such that protrusions spread toward neighboring voids upon
repeated cyclic shearing. It is these distinct features that are responsible for cyclic thinning of the ligament between voids.
The thinning, and the associated severe accumulated plastic straining, induces an elevated stress level which in combination
with the lowered strain hardening capacity allows the tensile load to take over and invoke rapid void growth. This cyclic void
coalescence mechanism is fertilized by; (i) lowering the strain hardening of the matrix material surrounding the voids since
here protrusions evolve faster, whereas materials with large strain hardening capability better sustain the large amplitude
cyclic shear load as the protrusion evolves at a lower rate, (ii) increased tensile loading which allows the localization in the
ligaments, and thereby rapid void growth, to set in earlier, (iii) large initial voids give early coalescence as the intervoid liga-
ments need to thin less compared to small voids spaced further apart relative to the void radius (keeping the spacing 2A0

constant, see Fig. 1), (iv) increased shearing amplitude yields intensified void growth. The latter somewhat contradicts
the material response expected when keeping in mind the usual void growth to coalescence mechanism (governed by neck-
ing of ligament under monotonic tensile loading), where high stress triaxiality leads to more rapid void growth. But, the
average stress triaxiality drops by increasing the shearing amplitude and still the mean void volume grow faster. This
cements that the present cyclic void coalescence mechanism distance itself from the usual void growth to coalescence
mechanism.

The present description of ultra low cycle fatigue, in terms of J2 flow theory with isotropic hardening, is possible only
because the protrusions from the void develop so rapidly that the stresses in the ligaments increase substantially during
cycles. However, at much smaller load amplitudes, before the protrusions develop, the isotropic expansion of the yield sur-
face would increase the flow stress so that after some cycles there would be no more plasticity during the subsequent cycles.
This unrealistic effect can be avoided by using kinematic hardening, where the yield surface moves in stress space rather
than expanding, thus representing a bauschinger effect. A much improved model of hysteresis loops observed in experi-
ments can be obtained by using a nonlinear kinematic hardening model [2,21,27], which combines kinematic and isotropic
hardening, using several material parameters to obtain a realistic description of cyclic plasticity observations.
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Fig. 10. Evolution of void volume versus the number of loading cycles for varying initial void size; R=ð2A0Þ ¼ ½0:05;0:1;0:2�, and three levels of tensile
loading (shearing amplitude and strain hardening remains fixed at; D0=ð2A0Þ ¼ 0:1 and n ¼ 10, respectively). The domain aspect ratio remains fixed at;
B0=A0 ¼ 4.
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a b s t r a c t 

Ductile plate tearing, where the crack propagates multiple plate thicknesses, is targeted by the micro- 

mechanics based Gurson-Tvergaard-Needleman (GTN) model. The focus is on extracting detailed infor- 

mation on the fracture process that governs ductile crack initiation from a blunt pre-crack until the crack 

reaches steady-state propagation in order to enhance accuracy of the traditionally used cohesive zone 

traction-separation relations. The aim is to facilitate an accurate representation of the tearing process 

within the cohesive zone modeling framework as such simplistic models are largely exploited by engi- 

neers worldwide. Unfortunately, accuracy in the representation of crack propagation is often sacrificed 

for computation speed, but the present work allows correlating the cohesive zone modeling to a much 

more accurate, though computational expensive, micro-mechanics based (full 3D) model response. In the 

modeling of large-scale plate tearing, shell elements are typically employed to represent the engineering 

scale of the structure while the cohesive zone represents the micro-scale in terms of crack initiation and 

growth process. Thus, the cohesive zone essentially has to take over at the onset of the first localization 

(thinning far ahead of the crack tip). Calibration of the cohesive zone parameters has earlier been made 

in accordance with experimental observations such that the overall response of the system is well re- 

produced. But, the present work takes the calibration of the cohesive zone one step further and exploits 

details from a large-scale GTN model calculation. The goal is to match the response from the GTN model 

with the much less computation demanding cohesive zone modeling approach by incorporating knowl- 

edge of the loading history for individual cross-sections, in front of the pre-crack, through which the 

tearing crack propagates. The full 3D micro-mechanics based model set-up allows tracking of key param- 

eters, such as peak traction and tearing energy, which goes into the cohesive traction-separation relation. 

The dependency on distance from the crack initiation site of the cohesive zone parameters is determined 

- from crack initiation to steady-state propagation - and followed up by a discussion on how to construct 

a traction-separation relation for ductile plate tearing. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

The micro-mechanics based modeling framework developed 

from the pioneering work by Gurson (1977) ; Tvergaard (1981) ; 

Tvergaard and Needleman (1984) (the GTN material model) facil- 

itates a rather accurate prediction of the ductile failure process 

governed by void nucleation and growth to coalescence. Combining 

this micro-mechanics based material model with the finite element 

method it constitutes a powerful computational tool. However, the 

modeling approach suffers one significant drawback as it is inher- 

ently mesh dependent and the localization of damage depends on 

∗ Corresponding author. 

E-mail address: rgra@mek.dtu.dk (R.G. Andersen). 

the size of the finite elements (see Besson et al., 2003 ). In fact, 

for the model to stay true to the underlying micro-mechanics, the 

element size must be on the order of the dominant void spacing 

(say ≈ 100μm). This makes the GTN model computational costly 

and typically considered impractical to real-life engineering pur- 

poses. This despite, the GTN model is known to capture the long 

complex sequence of events that comprises the tearing process of 

thin plates ( Mathur et al., 1996; Besson et al., 2003; Nielsen and 

Hutchinson, 2012; Felter and Nielsen, 2017 ). Here, a plate is con- 

sidered thin when its thickness is much smaller than the in-plane 

dimensions such that the far-field boundary enforces little con- 

straint on the out-of-plane deflection for material near the fracture 

process zone. As the tearing crack evolves, through-thickness lo- 

cal plate thinning first occurs some distance ahead of the leading 

crack front and stretches roughly one plate thickness above and 
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below the crack face ( Pardoen et al., 2004 ). In this way, the size 

of the plastic zone, r p , traveling with a tearing crack tip at steady- 

state will be greater than the plate thickness ( r p > t ), whereas r p < t 

may be the case during the crack initiation where the crack tip is 

subject to a high level of through-thickness constraint. The thin- 

ning process (related to necking under uni-axial tension) intensi- 

fies in the region close to the crack tip and fertilize localization in 

shear bands immediately in front of the tip. In the case where one 

of the shear bands becomes dominant, the crack slants to propa- 

gate in a roughly 45 ° orientation. On the micro-level, the mech- 

anisms of void nucleation and growth to coalescence eventually 

lead to material separation ( Xue and Wierzbicki, 2008; Morgeneyer 

and Besson, 2011; Hickey and Ravi-Chandar, 2015; Benzerga et al., 

2016 ). 

To circumvent the numerically costly GTN modeling approach, 

the engineers typically rely on much less costly methods to rep- 

resent fracture and crack propagation, but in the adoption of 

such methods also the simulation largely loses the link to the 

underlying mechanics. The present work will focus on the reestab- 

lishment of this link and tighten the connection to the underly- 

ing mechanics when engineers choose to employ cohesive zone 

modeling in combination with shell modeling to represent crack 

initiation and growth in plate structures. As discussed in Nielsen 

and Hutchinson (2012) , the shell elements surrounding the co- 

hesive zone are capable of correctly describing the elastic-plastic 

loading/unloading up to the point where local thinning initiates in 

front of the crack, whereafter the cohesive traction-separation re- 

sponse has to take over. The onset of thinning for a plate cross- 

section, in the path of the crack, is set by the peak traction in 

the traction-separation relation and hence the cohesive elements 

must represent the softening part of the material behavior. That is, 

the cohesive energy has to consist of the energy going into both 

forming the local plate thinning, the shear banding, and the cre- 

ation of new fracture surfaces. Nielsen and Hutchinson (2012) de- 

veloped a 2D modeling framework, incorporating the GTN model, 

to determine such details for a steadily growing tearing crack (also 

recently extended to mode mixity in Andersen et al., 2018) . By iso- 

lating a single cross-section, subject to separation by the tearing 

crack, a state of plane strain along the crack growth direction can 

be enforced on the section, and both the peak traction and en- 

ergy dissipation can be estimated. The present work extends the 

effort in Nielsen and Hutchinson (2012) to include the crack initi- 

ation process and the associated dependency on the distance from 

the crack nucleation site of cohesive zone parameters by expand- 

ing the model to 3D. The starting point is the experimental setup 

by Simonsen and Törnqvist (2004) , where a large-scale plate is 

subjected to combined tension and in-plane bending (mode I) un- 

der which the crack propagates several ( > 10) plate thicknesses. 

A corresponding large-scale plate tearing simulation by the GTN 

model is here presented and the flat to slant transition is neatly 

demonstrated (without any shear extensions to the GTN model). 

The reader should bear in mind, that the aim with the present 

work is not to compare the numerical results with existing exper- 

imental work, but rather is it to focus on the micro-macro bridg- 

ing. The associated energy dissipation and traction level for various 

cross-sections in front of the tearing crack are extracted from the 

micro-mechanics based calculation and conveyed to the cohesive 

zone parameters. The key questions are now; how will the overall 

model response for a cohesive zone setup compare to the GTN model 

prediction? And; how will the predictions compare to related findings 

in Nielsen and Hutchinson (2012) and in Woelke et al. (2015) for 

cohesive traction-separation relations applicable to tearing of ductile 

materials? 

To a first order, the cohesive elements are controlled by two key 

parameters; the peak traction and the cohesive energy ( Tvergaard 

and Hutchinson, 1992; Cornec et al., 2003; Wang and Ru, 2016 ), 

while the shape of the traction-separation separation offers some 

control of the crack extension. As the near-tip condition changes 

from crack initiation to crack growth, one must also expect a 

dependency on the distance from the crack nucleation site of 

the traction-separation relation. Several authors (see e.g. Schwalbe 

et al., 2013 , and references therein) have reported the existence of 

varying parameters for the peak traction and cohesive energy as a 

function of distance to the crack growth. Schwalbe et al. (2013) dis- 

cuss the possibility of splitting the numerical model into two re- 

gions with different cohesive parameters; first region, where the 

crack initiates, governed by parameters for a flat crack and the sec- 

ond region governed by parameters for a slanted crack. Woelke 

et al. (2015) took as starting point the peak traction and en- 

ergy level estimated in Nielsen and Hutchinson (2012) for steady- 

state propagation and manually fit the cohesive zone parameters 

for the crack initiation process to match the experimental results 

by Simonsen and Törnqvist (2004) . In fact, a constant level (or 

steady-state) for the cohesive zone parameters is only reached 

after the crack has propagated approximately seven plate thick- 

nesses. This is tied to the change in stress state in the vicinity 

of a propagating crack; as it initiates from a pre-crack a condition 

of plane strain exists in the through-thickness direction (making 

the crack to initiate in the plate center), while the near-tip con- 

dition changes to plane stress (through thickness) at steady-state. 

The change in stress state and its impact on the ductile damage 

development is also evident from the 3D model simulation, em- 

ploying the GTN material model, that serves as the backbone in 

the current study. Figure 1 presents the deformed plate where the 

tearing crack has propagated to reach steady-state. The high reso- 

lution employed in the finite element calculation allows the tear- 

ing crack to initiate in the center of the plate (at the blunt pre- 

crack) due to elevated levels of stress triaxiality, while it evolves 

into a slanting crack after roughly one plate thickness of propaga- 

tion. As in the study by Woelke et al. (2015) , the local thinning and 

crack front evolution are fully developed after roughly seven plate 

thicknesses of propagation. It is the effect of such details that the 

present work aims to bring into cohesive zone modeling. 

In Section 2 , the problem at hand is described in details, after 

which the constitutive relations and details regarding the numeri- 

cal framework are presented in Section 3 . The approach to link the 

two modeling frameworks (cohesive vs. micro-mechanics based) is 

laid out in Section 4 , and the results are presented in Section 5 . 

Conclusions are given in Section 6 . 

2. Problem formulation: The plate tearing setup 

Large-scale plate tearing is considered such that the crack de- 

velops from a blunt pre-crack and grows several plate thicknesses 

into the plate under mode I far-field loading. The geometry con- 

sidered is the same as in the experimental work by Simonsen 

and Törnqvist (2004) and Fig. 2 shows a schematic overview 

of the setup. A direct comparison to the experimental findings 

of Simonsen and Törnqvist (2004) is, however, not in focus. The in- 

plane dimensions of the plate are denoted W and H as the width 

and height, respectively, and the out-of-plane thickness is denoted 

t . The thickness, t , is here much smaller than the in-plane dimen- 

sions in order to limit the constraint on the out-of-plane deflec- 

tion originating from the far-field boundary. This is to mimic a free 

standing plate, though small scale yielding is not valid due to the 

extent of the plastic deformation (see e.g. Simonsen and Törnqvist, 

2004; Woelke et al., 2015 ). Moreover, it is not the intention to en- 

ter a range of plate thicknesses where the microstructure becomes 

important and, thus, the plate is considered sufficiently thick to 

approximate the material as initially homogeneous. The blunt pre- 

crack is defined by the initial length, L pc , and radius, r pc . The re- 

spective values are listed in Table 1 . 
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Fig. 1. 3D solid model calculation, employing the GTN material model, of extensive ductile tearing showing the development from flat to slant crack growth. The mesh 

consists of 1,0 02,80 0 elements with the element size in the fracture zone being on the order of 400 μ × 150 μm × 150 μm corresponding to 64 elements through thickness. 

Fig. 2. Schematic of the problem considered: Large-scale pre-cracked plate described by Simonsen and Törnqvist (2004) , where H, W , and t is the height, width, and 

thickness, respectively, of the plate. The points A and B act as hinges around which the surfaces a and b , respectively, rotate. The origin of the coordinate system coincides 

with the notch in the undeformed state, and from here the crack growth is denoted x c . 

Table 1 

Plate dimensions. 

Parameters Notation Value 

Width W 0.58 m 

Height H 0.6 m 

Thickness t 0.01 m 

Pre-crack radius r pc 2.5 mm 

Length of pre-crack L pc 0.15 m 

The plate is subjected to a monotonic increasing displacement 

of surface a and b , which allows the gradual growth of the crack 

over a distance of several plate thicknesses ( x c > 10 t ). The exter- 

nal load is applied by a coupling between hinge A and the sur- 

face a in Fig. 2 (respectively, hinge B and surface b ), such that the 

two surfaces rotate around their respective hinge, i.e., clockwise for 

surface a and counter-clockwise for surface b . The hinges A and 

B are fully fixed and cannot translate. The coupling moreover en- 
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Table 2 

Material properties. 

Parameters Notation Value 

Density ρ 2700 kg/m 

3 

Young’s modulus E 70 GPa 

Poisson’s ratio ν 0.3 

Yield stress σ y 210 MPa 

Yield strain εy 0.003 

Hardening exponent N 0.05 

GTN fitting parameters q 1 , q 2 1.5, 1.0 

Initial void volume fraction f 0 0.014 

Critical void volume fraction f C 0.2 

Final void volume fraction f F 0.4 

sures that the relative displacement between nodes on both sur- 

face a and b remains zero throughout the computations. In this 

way, the applied load mimics that of the Simonsen and Törnqvist 

(2004) setup when assuming the fixture infinitely stiff and the 

plate fully clamped. The results presented in this work are based 

on the force, F y , and corresponding displacement, �y , of the upper 

left corner of the plate (i.e., point (x, y, z) = (−L pc , H/ 2 , 0) ). Thus, 

the moment around hinge A is converted into a force which acts 

in the y -direction. 

3. Model: constitutive relations and finite element formulation 

3.1. General material parameters 

The elastic-plastic material in the present study follows a power 

law hardening relation given by: 

ε = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

σ

E 
, for σ < σy 

σy 

E 

(
σ

σy 

)1 /N 

, for σ ≥ σy 

where ε is the macroscopic true strain, σ is the macroscopic true 

stress, σ y is the yield stress, E is Young’s modulus, and N is the 

hardening exponent. The material considered resembles a ductile 

aluminum and values for the various material parameters are listed 

in Table 2 . The material reflects the aluminum used by Simonsen 

and Törnqvist (2004) , but no attempts have been made to fit the 

actual material response. The material in Table 2 and the afore- 

mentioned constitutive relation are governing the plastic strain 

hardening of both the 3D solid model and the 2D plane cohesive 

zone enriched model discussed in the following. 

3.2. 3D solid model - the micro-mechanics based model 

The main purpose for the 3D solid model is to facilitate a 

micro-mechanical basis from which the governing parameters of a 

cohesive zone traction-separation relation can be determined, and 

in this way allows the cohesive zone to make a strong link to the 

sequence of failure mechanisms involved in ductile plate tearing. 

The GTN material model for a porous material (developed in Gur- 

son, 1977 ; Tvergaard, 1981 ; Tvergaard and Needleman, 1984) is 

considered for this purpose in the 3D modeling of plate tearing. 

Here, employing a rate-independent formulation such that the ma- 

terial yield surface is given by: 

φ(σ, f ∗, σy ) = 

σ 2 
e 

σ 2 
M 

+ 2 q 1 f 
∗ cosh 

(
q 2 
2 

σkk 

σM 

)
−

(
1 + ( q 1 f 

∗) 2 
)

where the void volume fraction f ∗ is adopted to accelerate the 

damage evolution when void coalescence sets in: 

f ∗ = 

{ 

f, for f ≤ f C 

f C + 

f̄ U − f C 
f F − f C 

( f − f C ) , for f > f C 

Fig. 3. Mesh used in a) the 3D solid model with 64 elements through the thick- 

ness in the fracture process zone (only the white part is considered while rota- 

tional symmetry is applied at y = 0 ), and b) the 2D plane model here shown for a 

cohesive element length of L Coh 
e /t = 1 . 

For clarity of results, void nucleation is not taken into account in 

this work and moreover are the recent shear extensions to the Gur- 

son model omitted (e.g., Nahshon and Hutchinson, 2008 ; Tvergaard 

and Nielsen, 2010; Nielsen and Tvergaard, 2010 ; Dæhli et al., 2018) . 

All GTN related material parameters are listed in Table 2 . 
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Fig. 4. Traction-separation relation employed in the 2D plane model for; a) δ1 / δ2 ≈ 0 and b) δ1 / δ2 � = 0. The initial stiffness is K Coh = 100 E/h, T peak is the nominal peak traction, 

and 	 is the cohesive energy. The displacements δ1 and δ2 determines where the degradation of the cohesive element starts and where the cohesive element completely 

loses the load carrying capacity, respectively. 

The 3D solid model is based on 20 node hexahedral elements 

and all integration are evaluated by reduced Gaussian quadrature 

(i.e., 2-by-2-by-2 Gauss points). The mass matrix is, however, com- 

puted using full integration (3-by-3-by-3 Gauss points), whereafter 

the mass matrix is lumped following the HRZ-scheme. An explicit 

dynamic framework, including material inertia, is adopted as it 

makes the model very suited for parallel computing. The time inte- 

gration is carried out by a standard Newmark’s method with β = 0 

( Newmark, 1959 ) and implemented into an in-house code written 

in Fortran 2008 using MPI for multiple processor communication. 

A fine resolution of the fracture process zone is accomplished 

by using 64 elements across the plate thickness (an element size 

of approximately ≈ 150μm in the z -direction) in front of the pre- 

crack as well as in the entire region where the crack propagation 

is expected (see Fig. 3 a). The crack is, however, not confined to 

grow in any specific direction. Along the x -axis the element size 

is ≈ 400μm. Transition layers, around the high-resolution region 

where fracture takes place, are used in all three spatial directions 

to achieve coarsening of the mesh and reduce the overall number 

of elements. Due to the symmetry in geometry and rotational sym- 

metry of the typical tearing surfaces (cup-cup, slanting, flipping) 

only the upper half of the plate is considered. This is possible by 

exploiting the rotational boundary conditions discussed in Nielsen 

(2008) ; Felter and Nielsen (2017) . The final 3D solid model con- 

sists of 1,0 02,80 0 elements (see Fig. 3 a) and the loading is applied 

sufficiently slow to neglect the effect of material inertia such that 

quasi-static conditions can be assumed. In this case, the simula- 

tion consists of 8,40 0,0 0 0 time steps with a total simulation time 

of 0.016 seconds. One calculation is on the order of 12 days on 640 

cores (32 × dual Intel Xeon E5-2680v2 CPU’s with 10 cores). 

From the early study by Mathur et al. (1996) it is well known 

that two shear bands develop inside the plate near the crack tip 

as the crack propagates (see also Nielsen and Hutchinson, 2012; 

Felter and Nielsen, 2017; Andersen et al., 2018 ). Thus, a small per- 

turbation in the yield stress is used to favor one shear band over 

the other. The perturbation is introduced in a plane inclined 45 ° to 

the xz -plane (see Fig. 2 ) in the undeformed configuration and ex- 

tends one half plate thickness along the x -axis (the crack growth 

direction). The initial yield stress is lowered by 1% for the ele- 

ments in this region. It is important to emphasize that the imper- 

fection band only acts as a trigger to ensure one active shear band 

and thus the subsequent crack propagation is not controlled in any 

way. 

3.3. 2D plane model - the phenomenological model 

The phenomenological model takes as off-set a 2D plane frame- 

work to represent the engineering scale of the problem at hand, 

while the tearing process is modeled by cohesive elements with 

an initial out-of-plane thickness equal to the plate thickness. The 

employed traction-separation relations are illustrated in Fig. 4 and 

the key parameters are; the peak traction, T peak , cohesive energy, 

	, and the separations, δ1 and δ2 . It is these parameters which will 

be linked to the underlying mechanics governing the plate tearing 

process. 

The commercial finite element software, Abaqus ( Dassault Sys- 

témes Simulia Corp, 2016 ), is employed to create the 2D plane 

model enriched by cohesive elements. A static analysis is consid- 

ered and finite strain, plane stress elements (CPS4) are used to dis- 

cretize the structure (see Fig. 3 b). This element type has four nodes 

and full integration is chosen. Initially quadratic shaped elements 

surround the cohesive zone which is modeled with zero-thickness 

elements of type COH2D4. The constitutive thickness of the cohe- 

sive elements is equal to one (default in Abaqus, see Dassault Sys- 

témes Simulia Corp, 2016 ) and the stacking direction for the cohe- 

sive elements is parallel to the y -axis (see Fig. 2 ). The damage evo- 

lution within the cohesive elements is controlled by the quadratic 

maximum stress criterion ( Dassault Systémes Simulia Corp, 2016 ). 

To limit the number of elements a degradation of the mesh resolu- 

tion is introduced in the y -direction. For comparison with the 3D 

solid model one calculation with the phenomenological 2D plane 

model takes on the order of 5 minutes on one core (Intel Core i7- 

5600U CPU @ 2.60GHz). 

4. Acquisition of micro-mechanics based data and linking of 

models 

As discussed by Woelke et al. (2015) , the cohesive zone param- 

eters must be expected to depend on the distance from the pre- 

crack. To determine this dependency, data is here extracted from 

the 3D solid model, which employs the GTN material model, as 

this set-up automatically deals with the changing stress state - 

from crack initiation to steady-state propagation. The data extrac- 

tion from the 3D solid model calculation is facilitated by grouping 

elements in so-called “bins” along the growth path of the crack. 

Here being the center line of the plate due to the applied far-field 

mode I loading (see Fig. 5 a). In this way, each bin essentially acts 

as a plate cross-section (much like the 2D section considered in 

Nielsen and Hutchinson, 2012; Andersen et al., 2018 ) from which 

detailed information on the traction history, the elongation, and 

the energy dissipation can be evaluated. Each individual bin has 

a width equal to the plate thickness, t , the height is denoted 2 h 

and stretches 1.3 plate thicknesses across both the lower and upper 

part of the plate such that the entire region influenced by the local 

thinning, that precedes crack growth, is covered by the bins. The 

length of each bin, l , in the crack growth direction (along the x - 

axis) corresponds to the element size in this direction ( ≈ 400μm). 

This yields approximately 500 bins in total along the crack with 

the adopted discretization of the plate (see Fig. 3 a). The fine reso- 

lution allows for a detailed investigation of the conditions experi- 

enced by the material. 
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Fig. 5. a) The pre-crack for the 3D solid model. The peak traction and cohesive energy are extracted from bins along the crack propagation direction with height 2 h , length 

l , and plate thickness t . b) the pre-crack for the 2D plane model with the embedded cohesive zone. The length of the cohesive elements is denoted L Coh 
e and further, the 

cohesive elements are assumed to have initial zero-thickness (in the y -direction). 

The cohesive zone parameters described in Section 3.3 are here 

defined as (mimicking Nielsen and Hutchinson, 2012 ); i) the nom- 

inal peak traction, T peak , determined as where the sum of vertical 

force acting on the top face of each bin reaches its maximum value 

(computed from the element internal forces and divided by the ini- 

tial area). At this point, the local thinning is said to initialize and 

thus the cohesive zone must take over the deformation as the sur- 

rounding shell elements cannot capture the thinning, and ii) the 

cohesive energy, 	, determined from the plastic dissipation within 

the bin and essentially mimics intensification of the thinning, the 

shear band development, and the creation of new fracture surfaces. 

iii) the two separations, δ1 and δ2 , which will be subject to a para- 

metric study in the following as major numerical instabilities was 

experienced in the 2D plane model when pushing for a high ratio 

of δ1 / δ2 which unfortunately is suggested from the data extracted 

from the GTN model calculation. In principle, the separations δ1 

and δ2 should be determined such that the traction-separation re- 

lation resembles the load-deflection curve extracted from the indi- 

vidual bins in the 3D solid model calculation. Nielsen and Hutchin- 

son (2012) ; Andersen et al. (2018) suggest a high ratio of δ1 / δ2 to 

conform with the localization of damage into shear bands. 

Moreover, the developed traction-separation relation starts at 

(T , δ) = (0 , 0) with an initially high stiffness ( K 

Coh = 100 E/h, 

where K 

Coh is the elastic stiffness and h is the constitutive thick- 

ness for the cohesive element) to avoid numerical stability issues. 

The opening associated with this high initial stiffness is concluded 

negligible in the results. 

5. Results 

Figures 6 and 7 presents the dependency on the distance from 

the crack nucleation site of the peak traction and cohesive en- 

ergy, as a function of the crack growth, extracted from the bins 

introduced in the 3D solid model. The crack length is here nor- 

malized with the initial plate thickness, the peak traction is nor- 

malized with the Considére criterion in plane strain ( T Consid ̀e re = 

2 √ 

3 
( 2 √ 

3 

NE 
σ y 

) N e −N σy being the nominal traction), and the cohesive 

energy is normalized with the steady-state energy found from a 

corresponding 2D plane strain steady-state model presented in 

Andersen et al. (2018) . In this case, the values for the Considére 

criterion and steady-state energy are T Consid ̀e re ≈ 267 × 10 6 N / m 

2 

and 	0 ≈ 574 × 10 3 N / m 

2 , respectively. From Figs. 6 and 7 , a tran- 

sient phase related to the crack initiation is clearly observed before 

a steady-state level is reached. The peak traction starts at a level 

just above half the level set by the Considére criterion. From here it 

increases rapidly as the crack propagates through the plate and af- 

ter the crack has advanced a couple of plate thicknesses, the peak 

traction level reaches a steady-state level just below the Consid- 

ére criterion. As soon as the peak traction reaches the steady-state 

Fig. 6. The 3D dependency on the distance from the crack nucleation site 

of the peak traction normalized with the Considére condition ( T Consid ̀e re ≈
267 × 10 6 N / m 

2 ) as a function of the crack propagation normalized with the plate 

thickness, t . Input A is highlighted with circles for L Coh 
e /t = 1 . 

Fig. 7. The 3D dependency on the distance from the crack nucleation site of the 

cohesive energy normalized with the 2D steady-state energy level ( 	0 ≈ 574 ×10 3 

N/m 

2 ) as a function of the crack propagation normalized with the plate thickness, 

t . Input A is highlighted with circles for L Coh 
e /t = 1 . 
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Fig. 8. Overall response of the plate for; a) δ1 / δ2 ≈ 0 and b) δ1 /δ2 = 1 / 2 for the 

different sets of input data. The element size in the cohesive zone is L Coh 
e /t = 1 . 

level, it remains at this level up until 12 plate thicknesses of crack 

growth simulated in the 3D solid model. The cohesive energy at 

initiation starts at a level just below half of the plane strain steady- 

state energy level. From here it increases drastically to a level of 

around 80% of the steady-state energy level. This level is observed 

already after the crack has propagated just one half plate thickness, 

whereafter the level steadily increases from 80% to 90% of the en- 

ergy predicted by the 2D plane strain code. The 90% steady-state 

level is reached after around seven plate thicknesses. This is con- 

sistent with the findings in Woelke et al. (2015) , who suggested 

that the steady-state energy should be reached after seven plate 

thicknesses. However, the starting point (crack initiation) for both 

the peak traction and the cohesive energy is significantly lower 

in the work by Woelke et al. (2015) (compared to Fig. 5 in their 

work). The pre-crack radius obviously affects the initial peak trac- 

tion level, but the present work includes no attempt to quantify 

this. 

The overall response from the 3D solid model simulation is 

used as reference. In all figures, a thick solid curve is represent- 

Fig. 9. Convergence study comparing the overall response of the plate with the 2D 

plane model in which the cohesive element length, L Coh 
e , increases from L Coh 

e /t = 0 . 1 

(1 mm) to L Coh 
e /t = 5 (50 mm). Input A is used as basis for the cohesive traction- 

separation relation. Two different cohesive zone appearances are considered, with 

a) bi-linear relation ( δ1 / δ2 ≈ 0), and b) tri-linear relation ( δ1 /δ2 = 1 / 2 ). 

ing this response. The overall response increases nearly linear in 

the beginning and flattens out due to plastic deformation before 

reaching a peak. The post-peak response, where the crack propa- 

gates, performs a nearly linear decrease. 

Besides the response of the 3D solid model, three different in- 

terpretations of how to realize the peak traction and cohesive en- 

ergy, respectively, are presented in Figs. 6 and 7 , and used in the 

following analysis as input to the cohesive traction-separation re- 

lation. Their interpretation will be laid-out through the results sec- 

tion, while the origin of the different inputs is as follows: 

• Input A: The predicted dependency on the distance from the 

crack nucleation site of the peak traction and cohesive energy is 

taken directly from the 3D solid model with the specific values 

circled in Figs. 6 and 7 transferred to the 2D plane model, en- 

riched by a cohesive zone with an element length of L Coh 
e /t = 1 

(corresponding to 10 mm). The cohesive zone values are ex- 

tracted at the midpoint of each cohesive element such that the 

specific values at x c /t = 0 . 5 are used as input to the first cohe- 
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Fig. 10. Overall response of the plate for an increasing ratio of δ1 / δ2 , which changes 

the appearance of the tri-linear cohesive relation (see Fig. 4 ). The element size in 

the vicinity of the cohesive zone is L Coh 
e /t = 1 and input A is used as basis for the 

cohesive traction-separation relation. 

sive element closest to the pre-crack, the values at x c /t = 1 . 5 

are used as input to the second cohesive element, etc. 

• Input B: The steady-state level for both the peak traction and 

cohesive energy, predicted by the 3D solid model after 12 plate 

thicknesses of crack growth, is used in all cohesive elements. 

• Input C: The steady-state level for the peak traction is based on 

the plane strain Considére condition and the cohesive energy 

is determined from a micro-mechanics based 2D plane strain 

model ( Andersen et al., 2018 ). 

The focus is first to investigate the influence of the different in- 

puts (A, B, and C) and in particular to bring out the effect of the 

transient phase observed until steady-state is reached. Initially, the 

traction-separation relation integrated into Abaqus is employed, 

where the damage evolution is energy controlled with linear soft- 

ening, after reaching the peak traction. This corresponds to a ratio 

of δ1 / δ2 ≈ 0 (see Fig. 4 a) when the small strain at peak traction is 

disregarded. The overall response of the 2D plane model is pre- 

sented in Fig. 8 a for the different inputs described above. In this 

analysis, an element size of L Coh 
e /t = 1 is chosen within the cohe- 

sive zone along the x -direction. The thin solid curve is generated 

by the raw data highlighted with circles in Figs. 6 and 7 , and cor- 

responds to input A, i.e., the dependency on the distance from the 

crack nucleation site of the peak traction and cohesive energy pre- 

dicted in the 3D solid model simulation. The thin dashed line dis- 

plays the overall response using input B, while the remaining curve 

gives the response for input C. It is clear from Fig. 8 a, that the peak 

level obtained in the 2D plane model simulation is not reaching 

the same level as the 3D solid model analysis when using input 

A. In fact, the peak of the overall response is off by approximately 

14%, while the total dissipated energy, quantified by the area un- 

der the curve, is largely underestimated. This, in turn, yields too 

low crack resistance for the 2D plane model. The rapid decrease 

in the post-peak response may be caused by the fact that once 

the peak traction in the cohesive element is reached, the degra- 

dation of the cohesive element starts and the traction level de- 

creases. This puts a larger stress on the neighboring cohesive el- 

ement and the peak traction is thereby reached at an early state 

afterward and without much plastic dissipation in the surrounding 

shell elements. To circumvent this, an attempt is made to eliminate 

the transient phase from the dependency on the distance from the 

crack nucleation site of the peak traction and the cohesive energy 

Fig. 11. Parameter study for the 2D plane model, displaying; a) peak traction vari- 

ation and b) cohesive energy variation. For both figures, the ratio δ1 /δ2 = 1 / 2 is 

employed together with the element size of L Coh 
e /t = 1 and input A is used as basis 

for the cohesive traction-separation relation. 

(input B). This increases the peak of the overall response slightly, 

however, the post-peak response is essentially unchanged. In a fi- 

nal attempt to lift the post-peak response, the “theoretical” value 

for the Considére condition is used in combination with the cohe- 

sive energy from a 2D plane strain steady-state model (input C). 

The peak in overall response now approaches the 3D solid model 

response, but the agreement is still not satisfactory as the post- 

peak response is largely underestimated. 

The underestimation in the overall material response is tied to 

the energy dissipation in the plate material surrounding the co- 

hesive zone being too little. To increase the load carrying capac- 

ity of the plate and thereby shorten the fracture process zone, the 

appearance of the traction-separation relation is changed from a 

bi-linear relation ( Fig. 4 a) to a tri-linear relation ( Fig. 4 b) by set- 

ting δ1 /δ2 = 1 / 2 (see also Cornec et al., 2003 ). The investigation 

of different sets of input is subsequently repeated, but now with 

the tri-linear traction-separation relation. The overall responses are 

depicted in Fig. 8 b. The added plateau in the relation has a sig- 

nificant effect on the overall response for the 2D plane model. By 
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Fig. 12. Overall response from the 3D solid model and the 2D plane model, re- 

spectively. In the latter, input A is employed, although the energy dependency on 

the distance from the crack nucleation site is up-scaled by 10% and the peak trac- 

tion dependency is up-scaled by 3%. Furthermore, δ1 /δ2 = 1 / 2 is employed together 

with the element size of L Coh 
e /t = 1 . 

employing input A, the overall peak force is closer to that of the 

3D solid model as the decrease in the post-peak response is not 

as distinct for the tri-linear case. But, changing to input B yields 

an increase in overall peak force, while the post-peak response is 

very similar to that of input A since the steady-state conditions are 

equal in the two sets of input. The overall response using input C 

yields a slight overshoot of the peak but is found to match the 3D 

solid model response rather well in the post-peak response. This 

suggests, that the 2D plane strain estimation of the steady-state 

level made through the Nielsen and Hutchinson (2012) framework 

is reasonable, but also that the dependency on the distance from 

the crack nucleation site of the peak traction and cohesive energy 

that stems from the crack initiation, and well predicted in the 3D 

solid model, is important (also reported in Woelke et al., 2015 ). A 

combination of the inputs A-C might thus match the overall re- 

sponse from the 3D solid model. 

Before making an attempt to combine the inputs it is impor- 

tant, however, that a mesh-independent solution is ensured in the 

2D plane model. A mesh convergence study is presented in Fig. 9 a 

for the bi-linear relation ( δ1 / δ2 ≈ 0, Fig. 4 a) and in Fig. 9 b for the 

tri-linear relation (in this case δ1 /δ2 = 1 / 2 , Fig. 4 b). Input A is 

used in both studies. The elements surrounding the cohesive zone 

are always initially quadratic in shape, i.e., have the dimension 

L Coh 
e × L Coh 

e . The total number of elements increases from 153 el- 

ements for the coarsest mesh to just above 270 0 0 elements for 

the finest mesh, both including the cohesive elements. The num- 

ber of cohesive elements increases from 9 elements to 431 ele- 

ments going from the coarse to the fine mesh, respectively. Figs. 9 a 

and 9 b show that the mesh size has a minor effect on the over- 

all response (also evident in Woelke et al., 2015 ). Only a small 

increase in the load is observed as the cohesive element length, 

L Coh 
e , decreases. This relates to the discretization of the fracture 

process zone as smaller cohesive elements have the capability to 

describe this zone in more details. For an element length smaller 

than L Coh 
e /t = 1 , the difference between the responses is at a neg- 

ligible level. However, for a ratio of δ1 /δ2 = 1 / 2 a large deviation 

is observed for the largest element size considered in this study. 

In this case, the discretization is far from capable of capturing the 

deformation history sufficiently accurate. 

The initial investigation (recall Fig. 8 ) revealed a large change 

in the overall response when changing the appearance of the 

traction-separation relation going from the bi-linear relation 

( δ1 / δ2 ≈ 0 in Fig. 4 a) to the tri-linear relation ( δ1 / δ2 > 0 in Fig. 4 b). 

To further investigate this dependency, Fig. 10 presents a study for 

different values of the ratio δ1 / δ2 in the tri-linear relation. The 

cohesive element size remains fixed at L Coh 
e /t = 1 , while the ra- 

tio is investigated in the range of 0 ≤ δ1 / δ2 ≤ 2/3 (see also Fig. 4 ). 

Input A is employed throughout. It is seen from Fig. 10 that the 

large change arises when introducing the plateau in the traction- 

separation relation ( δ1 / δ2 > 0), but that the change gradually de- 

creases for increasing ratios. In fact, above δ1 /δ2 = 1 / 2 little differ- 

ence between curves is observed. However, the increase in δ1 / δ2 

allows a better representation of the overall response from the 

3D solid model and the load-deflection curves coming from the 

individual bins in the 3D solid model suggest high ratios to be 

used. However, increasing the ratio above 2/3 has proven to give 

numerical issues in the adopted commercial software and the ra- 

tio δ1 /δ2 = 1 / 2 is therefore employed in the following parametric 

study. 

Bearing in mind Fig. 8 , where the 2D plane model combined 

with input C essentially only overshoot the part of the overall re- 

sponse that has to do with crack initiation an effort is now made 

to combine findings for an even better match between models. 

Throughout, a tri-linear relation with δ1 /δ2 = 1 / 2 is used (based 

on Fig. 10 ) along with a cohesive element size of L Coh 
e /t = 1 (based 

on Fig. 9 ). First consider Figs. 6 and 7 ; i) it is here obvious that the 

peak traction extracted from the 3D solid model is not reaching the 

corresponding value for the Considére condition (used in input C), 

and in a similar fashion; ii) the cohesive energy level predicted for 

steady-state in the 3D solid model does not reach the correspond- 

ing value obtained from a 2D plane strain steady-state model (used 

in input C). To counteract the overshoot found from using input C 

(recall Fig. 8 b), the following study circles around input A as this 

will mimic the crack initiation process through the dependency on 

the distance from the crack nucleation site of the peak traction and 

cohesive energy level. Focus is on the effect of the level of the peak 

traction and the cohesive energy, and the above observations set 

an upper bound on the parameters to be considered, namely that; 

i) the Considére condition acts as upper bound for the steady-state 

peak traction, and ii) the 2D plane strain model prediction serves 

as upper bound for the steady-state cohesive energy. 

Results from upscaling the peak traction in input A is found in 

Fig. 11 a, where the up-scaled quantities are denoted by ( ̂ ) . The 

dependency on the distance from the crack nucleation site of both 

the peak traction and energy level is here maintained, while only 

the peak traction level is up-scaled. Even a rather small change 

to the peak traction is found to have a significant influence on 

the overall response, and the 2D plane model setup starts to ap- 

proach that of the 3D solid model - both in terms of load level 

and the displacement where the peak force is attained. The upper 

bound value (an up-scale of 3%) is, however, not enough to make 

the curves match. 

To further compensate the largely underestimated overall load- 

deflection curve, the energy going into the cohesive zone is up- 

scaled. However, a much less pronounced effect is here found 

when up-scaling the energy (still maintaining the dependency on 

the distance from the crack nucleation site) and keeping the peak 

traction as predicted by the 3D solid model ( Fig. 6 ). As seen from 

Fig. 11 b an up-scale of 10% yields only a slightly elevated over- 

all response, while the overall peak force is increased and delayed 

(also seen when up-scaling the peak traction). 

From the analysis above it is obvious that the influence from 

the up-scaled peak traction is more significant on the overall re- 

sponse when compared to the influence of the up-scaled cohesive 

energy. Moreover, the dependency on the distance from the crack 

nucleation site of both the peak traction and cohesive energy prior 

to steady-state is important as it prevents the initial overshoot in 
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Fig. 13. Comparison of the crack growth between the 3D solid model and the 2D 

plane model. The 2D plane model is investigated with input A and an up-scaled 

input A. The final displacement of the upper right corner is �y /t = 2 . 14 for the 3D 

solid model and �y /t = 2 . 25 for the 2D plane model. For this investigation, δ1 /δ2 = 

1 / 2 has been employed together with the element size of L Coh 
e /t = 1 . 

the load-deflection curve (seen from Fig. 8 b). Up-scaling either the 

peak traction or the cohesive energy brings the overall response in 

the desired direction to match the 3D solid model, and with this in 

mind Fig. 12 depicts the overall response from the 3D solid model 

together with the overall response from the 2D plane model where 

the peak traction dependency is up-scaled by 3% and the cohe- 

sive energy dependency is up-scaled by 10%. The dependency on 

the distance from the crack nucleation site remains equal to that 

of Figs. 6 and 7 (extracted from the 3D solid model). The overall 

responses for the 3D solid model and the 2D plane model now 

match reasonably well, with only a small underestimation by the 

2D plane model. 

Fig. 13 presents the associate crack growth versus the applied 

force needed to propagate the crack. Here comparing the 3D solid 

model prediction to that of the 2D plane model where input A is 

up-scaled by 3% for the peak-traction dependency and by 10% for 

the cohesive energy dependency. A reasonable match is found be- 

tween the 2D plane model and the 3D solid model. In comparison, 

the force as a function of crack propagation is also depicted for the 

2D plane model employing input A without any corrections. 

6. Concluding remarks 

A full 3D Gurson model simulation of ductile plate tearing at 

engineering scale has been conducted with the focus to extract de- 

tailed knowledge on the complex sequence of events that controls 

material separation within the fracture process zone. Key param- 

eters are tracked from the first local thinning, through crack ini- 

tiation, to crack propagation at steady-state. The new insight into 

the fracture process allows a subsequent calibration of a cohesive 

traction-separation relation fit for thin plate structures modeled by 

shell elements. It is widely known that the tearing process evolves 

from initiation to steady-state and the present study relates this 

dependency on the distance from the crack nucleation site to the 

change in the cohesive zone parameters in a rigorous manner. 

Boiling the description of the individual cohesive elements down 

to three controlling parameters (being; i) the cohesive traction- 

separation relation appearance, ii) the peak traction, and iii) the 

cohesive energy), the key findings for each are; 

i) Changing from a bi-linear relation to a tri-linear traction- 

separation relation has a great influence on the overall load- 

deflection curve. This is attributed the plateau in the tri- 

linear relation which forces large energy dissipation in the sur- 

rounding elastic-plastic shell elements. This is demonstrated 

in Fig. 10 , where the overall load-deflection curves are seen 

to lift when increasing the ratio δ1 / δ2 (only to saturate for 

δ1 / δ2 > 0.5). This contrasts the conclusion in Tvergaard and 

Hutchinson (1992) where a negligible influence of the shape for 

the traction-separation relation was observed. However, this is 

consistent for the range of δ1 / δ2 they considered. 

ii) The peak traction estimated from the 3D solid model simu- 

lation appears too low compared to the Considére condition 

in plane strain. The deviation is approximately 3% and by up- 

scaling the peak traction dependency by this factor the 2D 

plane model simulation approaches the overall load-deflection 

curve from the 3D model significantly. The misfit can partly be 

assigned the fact that the initial porosity, present in the 3D 

solid model simulation, is not accounted for in the 2D plane 

model (nor the Considére criterion) and this will make the 3D 

solid model underestimate the Considére level. Another factor 

worth investigating in a future study would be the possibility 

of shear stresses acting on each side of the individual bins to 

be responsible for the underestimated peak traction. Due to the 

three dimensional nature in the plate tearing problem (the bins 

do not remain planar) the shear state on each face may not be 

equal and, hence, an additional tensile component is needed to 

ensure equilibrium. This is, however, neglected in the present 

study. 

iii) The cohesive energy determined by introducing the bins are 

likewise too low compared to the steady-state cohesive energy 

computed from a simplified 2D plane strain model. Here, an 

up-scaling of the extracted dependency of 10% is required be- 

fore the same overall energy level is reached. Up-scaling the co- 

hesive energy lifts the overall response, but not as significant 

as observed with the peak traction. The lack of cohesive energy 

may be due to the fact that not all deformation of each individ- 

ual bin is in the plane of the bin. 

A noticeable observation to make is that the steady-state 

plateau in both the peak traction and the cohesive energy pre- 

dicted by the 3D solid model is in rather good agreement with 

that of Nielsen and Hutchinson (2012) . In fact, the steady-state co- 

hesive zone parameters has to be scaled to this level for the 2D 

plane model to match the overall load-deflection curve reasonably 

well, while the dependency on the distance from the crack nucle- 

ation site of the individual parameters, from initiation to steady- 

state, can be taken from the 3D solid model calculation presented 

in this work. However, the parameter set, i.e., the ratio of δ1 / δ2 , 

the peak traction, and the cohesive energy is not unique and other 

combinations can lead to similar predictions. 

In the greater content, the engineers can extract the depen- 

dency on the distance from the crack nucleation site of the in- 

dividual cohesive zone parameters (for example the peak traction 

and cohesive energy) from the present work, and are urged to keep 

in mind that a ductile tearing crack that has propagated less than 

seven plate thicknesses has yet to reach steady-state and that this 

has to be reflected by the cohesive zone model. 
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A B S T R A C T

A numerical investigation of wedge indentation, with a nearly flat indenter, into a monazite
(LaPO4) single crystal is carried out to obtain the asymptotic field solution associated with the
moving contact point singularities. The crystal orientation is such that plane strain conditions
prevail, under the assumption of small scale yielding, as out-of-plane deformations are eliminated
due to out-of-plane mirror symmetry of the crystal, specimen and loading state. The plastic de-
formation in such a 2D study can be described in terms of effective in-plane slip systems com-
prised of crystallographic slip systems with equal and opposite out-of-plane deformation and
rotation. The numerical simulations are conducted within a framework specialized for self-si-
milar problems and adopts a visco-plastic single crystal material model. The detailed numerical
investigation of the monazite single crystal reveals that the effective slip systems lead to a non-
symmetric in-plane deformation field, which is consistent with the absence of in-plane mirror
symmetries of the crystal. Interestingly, the non-symmetric deformation field results in one
contact point singularity travelling at a greater speed than the other. The deformation near the
moving contact point singularities are found to be divided into two angular sectors separated by a
boundary of glide shear type. The slip rates on the individual systems reveal that one slip system
dominates at both contact points, whereas the other slip system shows negligible activity. Thus,
only one slip system gives rise to a discontinuity in the slip rate field.

1. Introduction

Naturally occurring monazite may be recognized as a reddish-brown phosphate mineral. Monazite is usually found in small
isolated crystals and contains rare earth metals such as cerium, lanthanum, and neodymium. A particular interest in the lanthanum
phosphate (LaPO4) monazite material exists due to its relatively low hardness, high-temperature stability, and compatibility with
common structural oxide ceramics, while exhibiting weak bonding to other oxide elements. These special mechanical properties
make monazite an ideal material for fiber reinforced ceramic matrix composites. For example, monazite coated fibers have proven to
hinder destructive damage mechanisms by enabling crack deflection. Furthermore, the high-temperature stability eliminates the
problem of oxidation which is commonly observed during fiber pullout for interface materials used in ceramic matrix composites
(Davis et al., 2003; Ruggles-Wrenn et al., 2009).

Investigation of the asymptotic slip solution field near moving singular points (such as growing cracks and wedge indentation),
based on slip-line theory that assumes linear elastic, perfectly plastic material behaviour, dates back to the 1980s (Drugan et al.,
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1982; Drugan and Rice, 1984; Drugan, 1986; Rice, 1987; Mesarovic and Kysar, 1996; Drugan, 2001; Kysar, 2001a; b; Saito and Kysar,
2011). The early studies predict that the deforming domain near a moving contact point singularity can be divided into sectors
separated by glide or kink shear discontinuities. The deformation, within each sector, will be governed by either purely elastic or
active plastic deformation on a number of slip systems. The fundamental properties of asymptotic fields, in relation to both fracture
and wedge indentation in single crystals, have been investigated experimentally by a number of authors (Bastawros and Kim, 1998;
Kysar, 2000; Crone and Shield, 2001; Kysar and Briant, 2002; Kysar et al., 2010; Saito and Kysar, 2011; Saito et al., 2012; Dahlberg
et al., 2014, 2017; Sarac et al., 2016; Juul et al., 2018; Sarac and Kysar, 2018). However, existing studies are limited to the three most
common crystal structures being FCC, BCC, and HCP. In fact, only few studies investigate the details of the deformation in more
special crystal configurations such as the monazite crystal (monoclinic structure). The existing numerical investigations of monazite
have focused mainly on determining anisotropic elastic parameters, thermal conductivity (Feng et al., 2013), and radiation resistance
(Grechanovsky et al., 2013). Furthermore, the deformation mechanisms (experimentally observed active slip systems and twinning)
of polycrystalline monazite have been investigated by Hay and Marshall (2003) and Hay (2005, 2008).

The aim of the present study is to investigate the deformation field, and the associated asymptotic fields in the vicinity of moving
contact singularities for wedge indentation (i.e. the point where the indenter continuously comes into contact with new surface
material), with a nearly flat indenter, into an elastic, perfectly plastic monazite single crystal. The results will serve as foundation for
understanding the properties of monazite measured in indentation as the asymptotic solution reveals how dislocation activity can be
linked to the formation of kink shear sector boundaries.

The paper is divided into the following sections: The wedge indentation problem is outlined in Section 2. The material model,
derivation of the in-plane effective slip systems and the yield surface of monazite are presented in Section 3. The numerical fra-
mework is presented in Section 4, and results are presented in Section 5. Concluding remarks are given in Section 6. Throughout,
index notation, including Einstein's summation convention, is used and a superimposed dot, ( ), signifies the time derivative.

2. Wedge indentation with a nearly flat indenter

Wedge indentation into a monazite single crystal is simulated along the lines of Saito et al. (2012) and Juul et al. (2018) with a
nearly flat indenter such that the indenter angle, ϕ, is close to zero degrees (see Fig. 1). Thus, a small strain assumption is valid.
Furthermore, the indentation is performed under the assumption of negligible friction between the rigid indenter and an elastic,
perfectly plastic material with a very low yield resistance (model parameters are listed in Table 1). The study is performed under such
conditions to investigate the asymptotic field in the vicinity of the moving contact points as well as to ensure a direct comparison to
work existing on more common crystal structures (Saito and Kysar, 2011; Saito et al., 2012; Juul et al., 2018).

In a corresponding numerical study, Juul et al. (2018) compared results for the FCC and BCC crystal structures to the analytical
predictions of Saito and Kysar (2011), which are based on an extension of slip line theory that assumes a linear elastic, perfectly
plastic material behavior. Good agreement was found for this comparison. Following Rice (1987), the analytical investigation by
Saito and Kysar (2011) showed that the asymptotic deformation fields consist of angular sectors centered at the moving contact point
singularity, with the sectors deforming either elastically or plastically. The angular sectors are separated by radial rays, emanating
from the moving contact point, that coincide either with the slip direction or the slip plane normal of the slip systems. As described by
Rice (1987), if the radial ray coincides with a slip direction, dislocations operate in glide shear along the ray, and if the radial ray

Fig. 1. Wedge indentation in a rate-sensitive single crystal. The developed numerical scheme, exploiting the self-similar properties, is applied inside
the elastic-plastic domain, whereas the material is treated as linear elastic outside this domain.
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coincides with the slip plane normal, dislocations operate in kink-shear mode. As the contact point singularity moves quasistatically
relative to the crystal, the angular sectors and sector boundaries move correspondingly through the crystal, hence, velocity dis-
continuities across the radial sector boundaries exist under these conditions (Drugan and Rice, 1984). Both glide shear and kink shear
sector boundaries have been identified experimentally (Bastawros and Kim, 1998; Crone and Shield, 2001; Kysar and Briant, 2002;
Kysar et al., 2010).

The driving force behind the present study is that such analytical solutions do not currently exist for the monoclinic crystal
structure of monazite, but it is expected that the asymptotic solution near the moving points is governed by the same characteristics
as the analytical solutions for FCC and BCC crystals. To bring out the angular sectors and sector boundaries for monazite crystals, the
stress and slip rate distributions near the moving contact point singularity are analyzed in detail (see Section 5). Due to the velocity
discontinuities, that are expected in the present study, spikes of highly localized slip rate emanating from the contact points are also
investigated.

3. Monazite single crystals

3.1. Material model

The wedge indentation study is conducted in a plane strain setting with a small strain formulation, where the displacement field,
ui, provides the total strain, ij, through the relation; u u( )/2ij i j j i, ,= + . The total strain is decomposed into an elastic part, ij

e, and a
plastic part, ij

p, such that ij ij
e

ij
p= + . When the elastic strain field is known, the stress field can be determined by; ij ijkl kl

e= L , where
ijklL is the elastic stiffness tensor.
The elastic strains, required for the calculation of stresses, are determined by obtaining the plastic strains through summation over

all slip systems, :

P P s m m s, 1
2

( ).ij
p

ij ij i j i j
( ) ( ) ( ) ( ) ( ) ( ) ( )= = +

(1)

Here, Pij
( ) is the Schmid tensor, ( ) is the slip rate, and si

( ) andmi
( ) are the unit vectors defining the slip direction and the slip plane

normal, respectively (slip direction and normal are illustrated in Fig. 2b). The slip rate on the individual slip systems, denoted by
superscript, , is determined by employing the visco-plastic power law slip rate relation proposed by Hutchinson (1976).

sgn( )
m

( )
0

( )
( )

0
( )

1/

=
(2)

where m sij i j
( ) ( ) ( )= is the resolved shear stress, 0

( ) is the critically resolved shear stress, and m is the rate sensitivity exponent (not
to be confused with the slip normal mi

( )). The present study concerns the rate independent limit and thus the rate sensitivity
exponent is pushed towards this limit (m 0).

3.2. In-plane slip systems for the 2D study

The monazite material is monoclinic in crystal structure and belongs to the P n2 /1 space group. The primitive monoclinic lattice
structure is characterized accordingly in the so-called second setting (Donnay, 1943; Matthies and Wenk, 2009), with lattice para-
meters; a 0.6825nm= , b 0.7057nm= , c 0.6482nm= , and 103.21= ( bc ab 90= = ) as sketched in Fig. 2a (Hirth and Lothe, 1968;
Hay, 2008). The low symmetry and large lattice parameters, compared to common metals with FCC and BCC structures, make the
characterization of the material deformation somewhat more complex. For the monoclinic crystal structure the slip plane normal,
given by the Miller-index representation (hkl), is associated with the non-orthogonal basis of the reciprocal lattice vectors and the slip
direction is given by the Miller-index representation [hkl] associated with the non-orthogonal basis of the lattice vectors.

Plane strain conditions in a single crystal can be achieved by choosing the plane of deformation such that it coincides with a
mirror symmetry plane in the crystal (see e.g. Rice, 1987; Crone et al., 2004; Kysar et al., 2005; Niordson and Kysar, 2014). Moreover,
it is a requirement that the specimen geometry and the external loading also possess mirror symmetry with respect to the crystal
mirror symmetry plane. Complying with these conditions, the slip systems can be arranged into mirrored pairs, such that each slip
system of the pair has an identical resolved shear stress. The mirrored pair of slip systems are then assumed to active in equal amounts

Table 1
Model parameters.

Parameter Significance Value

E/0 Yield strain 4.5e 5

ν Poisson ratio 0.3
m Strain rate-sensitivity exponent 0.02
0 Reference slip rate 0.001s 1

c Indentation rate 0.5s 1

ϕ Indenter angle 0.038
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when at the critical resolved shear stress. Any out-of-plane plastic deformation of one slip system is counteracted by the other slip
system of the pair. Hence, the net deformation state of the mirrored pair can be described by a single effective in-plane slip system.

Hay (2008) presents findings of active slip systems in monazite and 12 slip systems of interest are identified as possible candidates
to form mirrored pairs of slip systems. These slip systems are summarized in Table 2. The identified slip systems, however, do not
reflect the possible difference in slip resistance along opposite directions of slip. However, based on the discussion of this issue by Hay
(2008), the difference is assumed negligible in the present work.

Figure 2 a presents the definition of the crystallographic orientation in three dimensional space (a Cartesian orthonormal basis).
Here, the crystallographic orientation of the monazite is chosen such that the (010) plane is the mirror symmetry plane for the plane
strain deformation (see Fig. 2c). When interpreting Fig. 2, one should be aware of the following:

1. The lattice vector b is parallel to the [010] direction, the x2 -axis and the (010) plane normal.
2. The lattice vector c is parallel to the [001] direction and the x3 -axis.

Fig. 2. Monazite crystal structure showing (a) the monoclinic crystal system, (b) the 2D representation of the slip in the x x1 3-plane, (c) the crys-
tallographic orientation of the in-plane slip systems relative to the indenter, and (d)–(f) represent the in-plane slip systems.

Table 2
Active slip systems in monazite at room
temperature (identified by Hay, 2008).

Slip System

1 (010)[001]
2 (010)[100]
3 (100)[010]
4 (100)[001]
5 (110)[001]
6 (110)[110]
7 (110)[110]
8 (110)[001]
9 (011)[011]
10 (011)[100]
11 (011)[011]
12 (011)[100]
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3. The lattice vector a is parallel to the [100] direction and the (010) × (001) direction, thus, the lattice vector is oriented in the x x1 3
-plane (mirror plane) at the angle β with respect to the x3 -axis (clockwise rotation).

4. The reciprocal lattice vector represented by the (100) plane normal is parallel to the x1 -axis.
5. The reciprocal lattice vector represented by the (001) plane normal is parallel to the direction [100] × [010].

For monazite single crystals, in the chosen configuration, three in-plane slip systems can be identified. Two being effective slip
systems (mirrored pairs of crystallographic slip systems), and one being a crystallographic slip system in itself. The first in-plane slip
system (Fig. 2d) is comprised of the two crystallographic slip systems (011)[100] and (011)[100] that are equivalent to the effective slip
system (001)[100]. The second in-plane system (Fig. 2e) is the crystallographic slip system (100)[001]which coincides with the third in-
plane slip system (Fig. 2f), constructed from the crystallographic slip systems (110)[001] and (110)[001] which gives the effective slip
system (100)[001]. It is seen that the first in-plane slip direction is at an angle of 103.21 with respect to the x3 -axis, while the second
and the third in-plane slip directions (one crystallographic and one effective) are parallel to the x3 -axis. The three in-plane slip
systems are summarized in Table 3 by in-plane unit vectors SI

A( ) and MI
A( ), which are the rescaled projections of si

( ) andmi
( ) onto the

x x1 3 mirror symmetry plane, respectively. Here, the superscript represents the in-plane slip systems and the subscript represents in-
plane index notation. Lower case letters represent the actual slip systems and upper case letters represent the in-plane systems.
Furthermore, the in-plane unit vectors si

( ) and mi
( ) will be substituted for SI

A( ) and MI
A( ), respectively, in the numerical analysis

(Section 5).

3.3. Yield surface

Yielding is assumed to be governed by the Schmid law through the resolved shear stress

m s i jfor , {1,2,3}ij i j
( ) ( )

0= ± (3)

with the superscript ( ) omitted on the critically resolved shear stress since this value is assumed equal for all crystallographic slip
systems.

Considering plane strain loading in the mirror symmetry plane of the monazite crystal as (010), the stress tensor has no out-of-
plane shear ( 012 32= = ) and Eq. (3) reduces to

s m s m s m( ) 2
21

( )
3
( )

3
( )

1
( )

13 1
( )

1
( ) 11 33

0+ + = ±
(4)

showing that there is no dependence on the out-of-plane normal stress 22.

Table 3
In-plane slip systems of monazite.

In-plane slip system (A) no. (1) (2) (3)

Mirrored pair of slip systems
( )
( )

(011)[100]
(011)[100]

(100)[001] (110)[001]
(110)[001]

s
s
s
s

i
( )

1
2
2

( )

=
0.9735

0
0.2285

0
0
1

0
0
1

m
m
m
mi

( )
1
2
3

( )

=
0. 1703
0. 6666
0. 7257

1
0
0

0.7281
0.6855

0

s
s
s
si

( )
1
2
3

( )

=
0.9735

0
0.2285

– 0
0
1

m
m
m
mi

( )
1
2
3

( )

=
0.1703
0.6666

0.7257

– 0.7281
0.6855

0

In-plane slip system (A) (001)[100] (100)[001] (100)[001]

S S
SI

A
A

( ) 1
3

( )
=

0.9735
0.2285

0
1

0
1

M M
MI

A
A

( ) 1
3

( )
=

0. 2285
0. 9735

1
0

1
0

Angle to (100) in the (010) plane: A( ) −13.21° 90° 90°

A
A

A
( ) 0

( )

0
2
( )= =

1.3415 1 1.3735

A sI
A mJ

A sI
A mJ

A

SI
A MJ

A
( )

( ) ( ) ( ) ( )

( ) ( )=
+ 1.4909 1 1.4561
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Based on the geometric constraints governing the in-plane slip direction vector, slip plane normal vector, and the definition of the
in-plane angle A( ) (with a positive rotation defined counter clockwise, see Fig. 2b), the relations S Mcos( )A A A

1
( ) ( )

3
( )= = and

S Msin( )A A A
3
( ) ( )

1
( )= = permit Eq. (4) to be expressed as

tan(2 )
2 cos(2 )

.A
A

A13
( ) 11 33

( )
0
( )= ±

(5)

Here, A( )
A

0
( )

0
= is the ratio of slip resistance on the effective slip system (A) and the crystallographic slip system. For the FCC and the

BCC crystal structures, Rice (1987); Niordson and Kysar (2014); Juul et al. (2017, 2018) have discussed the scaling ratios associated
with slip system properties that are needed for the response of the effective slip systems and the crystallographic slip systems to
coincide under plane strain conditions. In the present study, scaling of the critically resolved shear stress and scaling of the reference
strain rate will be sufficient and result in the following relations

, and .A A A A
0
( ) ( )

0 0
( ) ( )

0= = (6)

The scaling ratios for each of the effective slip systems are listed in Table 3, which also include expressions for the two quantities
based on slip system unit vectors (both effective and crystallographic unit vectors). As seen from Table 3, the scaling ratios of the two
effective in-plane slip systems (1) and (3) are larger than unity (being the scaling factor for effective slip system (2)). The expression
for the yield surface in Eq. (5), normalized with the critically resolved shear stress, allows for a convenient representation of the yield
criterion in a two dimensional stress space with abscissa ( )/(2 )11 33 0 and ordinate /13 0 (also discussed by Kysar et al., 2005). The
yield surface thereby reveals itself as three sets of parallel lines, oriented at the angle 2 A( ) with respect to the ( )/(2 )11 33 0 -axis,
the distance A( ) (perpendicular to the parallel lines) from the origin in normalized stress space. The inner envelope described by the
parallel lines of the slip systems (1) and (2), and the outer envelope described by parallel lines of slip systems (1) and (3) form yield
surfaces with the vertices listed in Table 4. An illustration of the yield surface is shown in Fig. 3 where it forms a parallelogram with
the vertices A, B, C and D in normalized stress space. In case of the two sets of parallel slip systems (one effective and one crys-
tallographic), the scaling factor (2) results in the lowest critically resolved shear stress, such that plastic deformation will take place
on in-plane slip system (2) for the elastic, perfectly plastic material considered. Thus, the effective in-plane slip system (3) (having the
highest slip resistance) is assumed inactive in the present study and only slip system (1) and (2) are included in the numerical analysis
(obviously this argument would not suffice in the case of a hardening solid).

Table 4
Vertices of the inner and outer envelope that make-up the yield surface of monazite
(see Fig. 3).

Vertex ( )/211 33 0 /13 0

A 1.0022 1
B −5.0277 1
C −1.0022 −1
D 5.0277 −1
E 0.2505 1.3735
F −5.7794 1.3735
G −0.2505 −1.3735
H 5.7794 −1.3735

Fig. 3. Outer envelope (dashed line) and inner envelope (full line) that make-up the yield surface of monazite, depicted in normalized stress space
(( )/(2 )11 33 0 , /13 0). Each set of parallel line segments belong to the slip system indicated by the number in parentheses and is oriented the angle
2 A( ) (see Table 3) with respect to the ( )/211 33 0 -axis. Coordinates of the vertices A - G (the intersect of the line segments) are listed in Table 4.
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4. Numerical framework

4.1. Self-similarity

The present work employs a numerical framework developed for self-similar problems, where the features of the field quantities
remain unchanged, while the fields change in size over time. This framework was first presented in Juul et al. (2018) and employed to
wedge indentation in FCC, BCC, and HCP single crystals with excellent results. It has the great advantages over conventional temporal
finite element approaches in that: 1) the contact point remains stationary relative to the finite element mesh (avoiding discrete nodal
contact events) and thus inherently captures the continuously increasing contact area, and 2) a highly refined mesh can easily be
focused at the contact points as they do not move in this computational framework.

For wedge indentation, the self-similar condition is achieved when the indentation rate, a a c/ = (with a being the half contact
length and a being the contact velocity), is constant. However, compared to the study of Juul et al. (2018), indentation in a monazite
crystal is slightly different due to the non-symmetric nature of the monoclinic structure. The FCC, BCC, and HCP crystals, all studied
in Juul et al. (2018), gave rise to a symmetric displacement field, such that the distance from the indenter tip to the moving contact
point singularity on both sides of the indenter tip are equal. However, this is not the case for monazite. Due to the monoclinic crystal
structure, the displacement field will not remain symmetric and, thus, the velocity of the contact points to the left and right of the
indenter tip will be different. Therefore, it is necessary to introduce individual contact lengths (and velocities) for the left and right
contact points, respectively. These will be denoted ar and al as illustrated in Fig. 1. To satisfy the condition a a c/ = , that ensures a
self-similar solution, the quantities a and a will then have to be treated as the average values such that; a a a( )/2r l= + and
a a a( )/2r l= + .

The self-similar development of the solution in indentation can be recognized by an observer changing the magnification of the
view at a rate related to the indentation process, such that the field quantities appear constant in both shape and size. This note-
worthy characteristic of self-similar problems ties to the fact that only one independent characteristic length exists. Thus, the only
time dependence in the problem enters through the evolution of this characteristic length, a (see discussion in Juul et al., 2018). The
time rate of change of any field quantity can thereby be related to a corresponding spatial derivative in the self-similar coordinate
system through the relation

f c f
i

i
=

(7)

where c is the indentation rate and i is a self-similar coordinate system, where the coordinates of the material points change with
time. Based on this key relation between time and spatial derivatives, it is possible to obtain the history dependence through spatial
integration when solving the problem. The numerical scheme for the spatial integration is adopted from Juul et al. (2018). Here, the
integration lines are also located radially around the indenter tip (see Fig. 1), making it convenient to express the self-similar relation
(Eq. (7)) in a self-similar polar coordinate system with the origin located at the tip of the indenter. The self-similar relation thereby
transforms into

f c f=
(8)

where ρ is the radial distance to a point on the integration line.

4.2. Numerical implementation

The self-similar relation in Eq. (8) is applied to the material model outlined in Section 3.1. Thus, all time derivatives are

Fig. 4. Domain used for numerical simulations. The dashed arrows indicate the direction of gradually increasing element size. The boundary of the
domain is sufficiently far away from the contact point to have negligible influence on the results (the far boundary is clamped).
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transformed into corresponding spatial derivatives through the indentation rate, c, and the distance to the indenter tip, ρ. A quantity
of interest at the material point, *, can be envisioned to lie on a line that ends on the indenter tip and its deformation history is
accounted for by spatial integration along that line toward the tip. Essentially, the integration starts in the elastic region (say point 0)
far from the indenter tip, and ends at the point of interest, * (see Fig. 1). Thus, the point of interest, *, obtains the history through

Fig. 5. Stress distribution, around the moving contact points in wedge indented monazite, for the components; (a) /11 0, (b) /22 0, and (c) /13 0.
The contours are plotted in the self-similar coordinate system; x a/i i r= , where a a/ 1.04r l .

Fig. 6. Wedge indentation into a monazite single crystal showing left and right contact points and the associated angular paths.

K.J. Juul et al. International Journal of Plasticity 112 (2019) 36–51

43

364 CHAPTER .I- APPENDED PUBLICATIONS



information stored in points further away from the indenter tip. This integration method ensures that the elastic-plastic material
response of the material is captured and also allows for potential elastic unloading.

Other than this tailored history integration, the framework adopted from Juul et al. (2018), relies on the conventional principle of
virtual work (PVW) for a quasi-static problem to determine the displacement field, ui;

V T u S Vd d d .
V ijkl kl ij S i i V ijkl kl

p
ij= +L L (9)

Here, T ni ij j= is the surface traction (nj denotes the unit outward normal vector), V is the volume of the domain, and S is the
boundary of the domain. The PVW is solved by employing the finite element method with 2D 8-node isoparametric elements using
reduced Gauss integration (2 2× Gauss points).

The implementation of the self-similar framework follows Juul et al. (2018), and the pseudo-algorithm is as follows:

1. Determine the displacement field, ui
n( ), by use of the plastic strains from the previous iteration, ij

p n( 1) (n is the iterative step).
2. Determine the total strains, ij

n( ) from the current displacement field, ui
n( ).

3. Initiate spatial integration scheme to determine the slip and plastic strains.
(a) The spatial derivatives are determined by applying the self-similar relation in Eq. (8) to the rate equations in the constitutive law.

c g
sgn( )

m( )
0
( )

( )
( )

( )

1/

=
(10)

Pij
p

ij

( )
( )=

(11)

Fig. 7. Angular stress distribution for monazite around the left contact point at a radius of; (a) r a0.15 l= , (b) r a0.25 l= , (c) r a0.35 l= , and (d)
r a0.45 l= away from the contact point.
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Fig. 8. Angular stress distribution for monazite around the right contact point at a radius of; (a) r a0.15 r= , (b) r a0.25 r= , (c) r a0.35 r= , and (d)
r a0.45 r= away from the contact point.

Fig. 9. Stress trajectory for monazite around the left contact point at a radius of; (a) r a0.15 l= , (b) r a0.25 l= , (c) r a0.35 l= , and (d) r a0.45 l= away
from the contact point.
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(b) The current slip, n( )( ), and plastic strains, ij
p n( ), are determined through spatial integration

d , and d .n
ij
p n ij

p
( )( )

( )
( )

( )

0

*

0

*

= =
(12)

4. The stresses ij
n( ) are updated through the relation; ij ijkl kl

e= L .
5. Repeat step 1 through 4, until convergence is obtained. Here, convergence is determined based on the displacement and stress
fields.

The iterative framework is initiated by using the elastic solution ( 0( ) = ) in the first iteration. Moreover, the implementation of the
framework relies on the modifications to the spatial integration suggested by Niordson (2001) and Nielsen and Niordson (2012). To
stabilize the evolution of related field quantities, substeps are introduced as additional points of evaluation in regions with steep
gradients between the Gauss points. As the total strain components, ij, are unknown between the Gauss points it is necessary to
interpolate the strains. In the present paper, it was chosen to interpolate the strain components by assuming a linear variation
between the Gauss points. This modification has proven to be particularly important when approaching the rate independent limit
(m 0).

5. Results

The effective in-plane slip systems of the monazite crystal, derived in Section 3.2, are oriented non-symmetrically with respect to
the external loading causing a non-symmetric in-plane deformation field and thus the entire domain needs to be modelled. The mesh
is constructed such that the contact points are located in a finely meshed region, in order to achieve sufficient resolution of the
results, while the mesh gradually becomes coarser when moving away from the contact point singularities (see domain in Fig. 4). For
the results presented in this study there is a total of 87,120 elements in the entire domain, where approximately 60,000 of the
elements are located in the “Fine mesh” region (see Fig. 4). Furthermore, it should be noticed that the rate-dependent model,
employed in the current study, cannot predict actual discontinuities but rather rays with a very narrow, but finite, width. However,
the rays will be denoted as discontinuities in the following.

5.1. Stress fields

The stress distribution for the wedge indented monazite crystal is first presented as contour plots in Fig. 5. Details on the stress
quantities in the vicinity of the moving contact point singularities are then extracted along different angular paths (see Figs. 7 and 8),
and lastly the stresses very near the contact points are presented as stress trajectories (see Figs. 9 and 10). The contour plots are
presented in a self-similar coordinate system, i, such that the right contact point singularity is always located at the coordinate

Fig. 10. Stress trajectory for monazite around the right contact point at a radius of; (a) r a0.15 r= , (b) r a0.25 r= , (c) r a0.35 r= , and (d) r a0.45 r=
away from the contact point.
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(1,0)i = . For the parameters chosen in this study, the monazite material has been found to have a hardness of H 5.2 0, by dividing
the sum of vertical reaction forces acting on the indenter by the projected contact area.

In contrast to the effective slip systems investigated by Saito et al. (2012) and Juul et al. (2018) (for FCC, BCC, and HCP crystals),
the stress distribution for monazite shows no symmetry with respect to the vertical indentation axis (see Fig. 5). This observation is
directly linked to the non-symmetric orientation of the slip systems, with respect to the indenter, and this drives the two contact
points to different locations relative to the center axis, 3. In fact, the ratio of the distance to the two contact points is found to be
a a/ 1.04r l . Thus, the left contact point is located the closest to the 3-axis which implies that it travels at a lower velocity compared
to the right contact point. Upon inspection of the stress contours, in the immediate vicinity of the contact points, it is seen that stress
rays emanate from these characteristic points similarly to the FCC, BCC and HCP cases. This suggests that an asymptotic solution
should exist close to the contact points in line with the predictions of Saito and Kysar (2011) for FCC and BCC crystals. In analogy, the
asymptotic solution of the tangential stress distribution is expected to be independent of the distance in the immediate vicinity of the
contact point while it is expected to break down further away.

To establish the asymptotic solution numerically, the angular variation of the stresses near the contact points are extracted by
employing inverse isoparametric mapping (Murti et al., 1988; Lim et al., 1992) within the finite element mesh (the angular paths are

Fig. 11. Slip rate, around the moving contact points in wedge indented monazite, for the slip systems; (a) c/(1) , (b) c/(2) , and (c) c/(tot) . The
contours are plotted in the self-similar coordinate system; x a/i i r= , where a a/ 1.04r l .
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illustrated in Fig. 6). The stress quantities are extracted at four different radii to confirm that the paths are within a region with small
radial variations (similar to the observations for FCC and BCC crystals). The stress quantities are presented in Figs. 7 and 8 for the left
and right contact point, respectively. Upon inspection of the angular stress variation, at the four different radii, it is seen that the
results gradually changes when increasing the radius. However, the region r a0.25< is considered to be governed by the asymptotic
solution due to the relatively small variation. From Figs. 7 and 8 it is also worth to notice that the stress components satisfy the
boundary conditions as 013 33= = at 0= (at the free surface) and 013 = at 180= (at the frictionless indenter surface).
Comparing the stresses of the left (Fig. 7) and the right (Fig. 8) contact points, it is found that the 13 components reaches ap-
proximately the same maximum magnitude. However, the right contact point reaches a higher level of 11, whereas the 33 component
is similar to the left contact point.

The stress trajectories for different radii are plotted in Figs. 9 and 10 for the left and right contact point, respectively, starting at
the star marker which is at the free surface ( 0)= , and moving to the indenter surface ( 180 )= . Comparing the stress trajectory
at the four different radii, it is seen that the characteristics of the trajectories gradually change, and again the two radii closest to the
contact point are reasonably similar (inside the region r a0.25< where the asymptotic solution is assumed valid). For the left contact
point (Fig. 9), it is observed that the stress trajectory moves in a counter clockwise direction towards the yield surface, whereafter it
stays on the yield surface before it reenters the elastic region and returns to the region in stress space where it started. For the right
contact point (Fig. 10), the stress trajectory moves in opposite direction (clockwise direction) towards the yield surface and then
remains on the yield surface approaching the vertex. However, before reaching the vertex, the stress state again reenters the elastic
region and approaches the starting point. Based on the stress trajectory extracted for both contact points, which only reaches the part
of the yield surface related to slip system (2), it is expected to observe a slip rate discontinuity on slip system (2) only. This will be
investigated in the following study of slip rates. Also notice that the stress trajectory stays on the yield surface in a small region due to
finite width of the ray caused by the rate dependent model.

5.2. Slip rate fields

The slip rate fields for the wedge indented monazite is first presented as contour plots, to give an overview of the activity of the

Fig. 12. Angular slip rate distribution for monazite around the left contact point at a radius of; (a) r a0.15 l= , (b) r a0.25 l= , (c) r a0.35 l= , and (d)
r a0.45 l= away from the contact point. The dashed lines indicates the potential location of the slip rate discontinuity on slip system (1) ( 76.79 ) and
slip system (2) ( 90 ).
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various slip planes in the vicinity of the moving contact points (see Fig. 11), and secondly as angular plots of the slip rate near the left
and right contact points (see Figs. 12 and 13, respectively) to share details on the activity. The main goal is to bring out the
discontinuities expected in the slip rate field, demonstrated by Drugan and Rice (1984); Rice (1987); Saito and Kysar (2011); Juul
et al. (2018) for FCC and BCC crystals.

Figure 11 displays the normalized slip rate on the two slip systems as well as the total slip rate (the sum A
A(tot) ( )= ). Even

though an analytical solution has not been established for monazite, discontinuities are expected in the slip rate field and the first
signs of a discontinuity on slip system (2) for both contact points have already revealed themselves when the stress trajectory was
investigated. By examining the slip rates, it is seen that the slip intensifies on slip system (1) along a ray emanating from the right
contact point along 103.21= (suggesting a kink shear ray), however, the ray never reaches the contact point and the stress
trajectory close to the contact point does not reach the yield surface for slip system (1). Thus, this is not a discontinuity related to the
asymptotic solution. Instead the very limited activity on slip system (1) is an artifact of the far field conditions. When inspecting the
activity on slip system (2) it is seen that a discontinuity arises at 90= (forming a glide shear ray), which is evident at both the left
and right contact point corresponding to the predictions from the stress trajectory. Furthermore, by comparing the slip rate on slip
system (2) at the two contact points it is seen that they are within the same order of magnitude (see Fig. 11a). From the total slip rate
in Fig. 11c, the interaction between slip system (1) and (2) is obvious in the right half of the domain (even though the activity on slip
system (1) is not related to the asymptotic solution).

The angular variation of the slip rates near the two contact points is investigated closer in the following by using the same inverse
isoparametric mapping scheme employed for the corresponding plots of the stress quantities (see the angular path in Fig. 6). The slip
activity indicates the location of the sector boundaries as it divides regions into either elastic or plastic regions. The slip rates are
presented in Figs. 12 and 13 for the left and right contact point, respectively. Inspection of the left contact point in Fig. 12 reveals two
spikes in the slip rates, however, the spike on slip system (1) is of negligible magnitude as was also observed in Fig. 11a, and hence it
should not be interpreted as evidence of a discontinuity. On slip system (2), the predicted discontinuity is clearly seen at 90= ,
and this discontinuity maintains its orientation at the different radii of data extraction indicating that the asymptotic solution
stretches far into the domain even though its theoretical validity is expected only to hold near the contact point.

For the right contact point (in Fig. 13), the same clear spike is seen for slip system (2) at 90= , as expected. For slip system (1)

Fig. 13. Angular slip rate distribution for monazite around the right contact point at a radius of; (a) r a0.15 r= , (b) r a0.25 r= , (c) r a0.35 r= , and (d)
r a0.45 r= away from the contact point. The dashed lines indicates the potential location of the slip rate discontinuity on slip system (1) ( 103.21 )
and slip system (2) ( 90 ).
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a spike is again observed, but its magnitude is very low and is not oriented at the expected angle. This also supports the previous
conclusions, stating that a discontinuity on slip system (1) emanating from the contact point does not exist. At the largest radius of
data extraction, the activity on slip system (1) starts to increase, however, the spike is still not located at the expected angle and is not
related to the asymptotic solution which is in focus here.

6. Concluding remarks

Numerical simulations of 2D wedge indentation in an elastic, perfectly plastic monazite single crystal have been carried out. The
main focus in the numerical analysis was to investigate the material behaviour in the immediate vicinity of the moving contact point
singularities. The variations in the deformation, stress, and slip rate fields lead to the following key findings:

• Indentation in the monazite crystal reveals a non-symmetric deformation field. This is seen by the contact length and velocity of
the left and right contact points being different. For the monazite crystal, with the given parameters, the right contact point travels
faster than the left contact point, with a constant ratio of a a/ 1.04r l , between the contact lengths.
• The stress distribution in the vicinity of the contact point singularities exhibits a non-symmetric field around the indenter. By
investigating the angular variations in the stress field it is seen that, in the immediate vicinity of the contact points, an asymptotic
field exists independent of the distance to the singularity. This is in-line with the findings of Saito and Kysar (2011) for FCC and
BCC crystals. The stress trajectory for the monazite shows regions where the path reaches the yield surface, implying the existence
of two elastic sectors.
• The numerical simulation reveals the existence of discontinuities in the slip rate, similar to those predicted by Saito and Kysar
(2011) for FCC and BCC crystals. For the monazite crystal, a discontinuity parallel to slip system (2), causing glide shear, was
predicted at both contact points with the activity on slip system (2) being on the same order of magnitude. Slip system (1) was
essentially found to be inactive near the contact points and did not indicate any discontinuities.
• For the parameters chosen in this study, the monazite material has been found to have a hardness of H 5.2 0.

Based on numerical calculations, a sector structure for the monazite material, similar to the analytical structure predicted by Saito
and Kysar (2011) for FCC and BCC, is suggested in Fig. 14. Here, the material behaviour is divided into two elastic sectors around
each contact point.
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A B S T R A C T

The size effect in wedge indentation of an FCC single crystal is investigated. Conventional plasticity fails to
describe the mechanical response of crystalline materials at the micron level due to the accumulation of
Geometrically Necessary Dislocations (GNDs) which experiments have shown to introduce a size-dependent
increase in the apparent yield stress and subsequent hardening. GND-densities scale with the gradient of plastic
deformation and their effect on the mechanical response is here modelled by adopting a dissipative strain
gradient single-crystal plasticity theory. Numerical solutions to the classical wedge indentation problem are
obtained from a purpose-built Finite Element model accounting for finite strains. A special 2D plane strain set-
up, with three effective in-plane slip systems, is adopted to comply with state-of-the-art experimental results. The
indentation process is modelled for a nearly flat wedge as well as a wedge with an included angle of 90 . The
distribution of slip and the GND-densities are investigated and compared to conventional plasticity predictions.

1. Introduction

The growing interest in size effects on material behaviour is partly a
result of developments within materials science, where micron-scale
coatings now play a major role in the manufacturing industry. This has
led to a request for more accurate predictions of material behaviour on
such small scales. Since the early 1990s, several experimental in-
vestigations on metals have confirmed the general trend that ‘smaller is
stronger’; a size-dependence that conventional plasticity fails to cap-
ture. Indentation experiments show a significant increase in the mea-
sured material hardness on the micron scale (Stelmashenko et al., 1993;
Ma and Clarke, 1995). The mechanism behind this size effect is the
generation of so-called Geometrically Necessary Dislocations (GNDs)
that accommodate lattice curvature (Ashby, 1970), and thus accumu-
late in areas with large strain gradients. An early formulation of the
isotropic Strain Gradient Plasticity (SGP), using a minimum number of
additional constitutive variables of dimension length, was proposed by
Fleck et al. (1994) to account for size effects, and the theory was further
developed in what is now a vast body of research that includes Fleck
and Hutchinson (1997, 2001), Gudmundson (2004) and Fleck and
Willis (2009). Although most of the literature focus on so-called higher
order theories, employing higher order boundary conditions associated
with plastic flow (Gao et al., 1999; Evers et al., 2004; Kuroda and
Tvergaard, 2006), theories that retain the structure of a conventional

boundary value problem have also been proposed (see e.g. Acharya and
Bassani, 2000; Huang et al., 2000). A corresponding research track in
higher order Strain Gradient Crystal Plasticity (SGCP) theory includes
Gurtin (2002), Bardella (2006, 2007), Gurtin et al. (2007), Borg (2007)
among others.

The finite strain gradient crystal plasticity theory here developed is
a generalization of the small strain framework of Niordson and Kysar
(2013), which is based on the mathematical foundation laid out for the
isotropic theory by Fleck and Willis (2009). The finite strain formula-
tion is described within an updated Lagrangian framework, as inspired
by the finite strain generalization of the theory by Fleck and Hutchinson
(2001) developed in Niordson and Redanz (2004) and the general-
ization of the theory by Gudmundson (2004) to finite strains by
Niordson and Tvergaard (2019).

The objective of the present study is to model size-effects in micron
scale wedge indentation into an FCC single crystal, in terms of; i)
hardness, and ii) slip and GND fields. Analyses are carried out for two
wedge geometries; a nearly flat indenter with an included wedge angle
of 170 and an indenter with an included angle of 90 . The problem is
investigated within a 2D plane strain setting that fits a specific class of
orientations for FCC single crystals. Results are discussed in relation to
the recent work of Bittencourt (2018) treating strain gradient plasticity.

The paper is structured as follows: The material model is outlined in
Section 2, the numerical solution method in Section 3, the model setup,

https://doi.org/10.1016/j.euromechsol.2019.02.008
Received 28 August 2018; Received in revised form 6 February 2019; Accepted 11 February 2019

∗ Corresponding author.
E-mail addresses: jullyn@mek.dtu.dk (J. Lynggaard), kin@mek.dtu.dk (K.L. Nielsen), cn@mek.dtu.dk (C.F. Niordson).

European Journal of Mechanics / A Solids 76 (2019) 193–207

Available online 18 February 2019
0997-7538/ © 2019 Elsevier Masson SAS. All rights reserved.

T

[P22]. LYNGGAARD ET AL. (2019) 375



including the effective slip systems and the wedge indentation problem,
is defined in Section 4, results are presented and discussed in Section 5
leading to the concluding remarks in Section 6.

2. Material model

The material model employed is analogous to that of Niordson and
Kysar (2013), but here including only dissipative gradient effects. The
model is developed in detail in the finite strain context employing an
updated Lagrangian approach in a Cartesian coordinate system.

Plastic deformation is assumed to occur due to slip, ( ), on a
number of slip systems ( ), with current slip plane normals mi

( ) and slip
directions si

( ). Slip plane normals and slip directions in the undeformed
configuration are denoted mi

( )0 and si
( )0, respectively. In terms of a

multiplicative decomposition of the deformation gradient =F F Fij ik
e

kj
p,

which splits into an elastic part and a plastic part, respectively, the
plastic velocity gradient is given by

= = =L F F F F F s m F s m( )ij
p

ik
e

kl
p

lm
p

mj
e

ik
e

k m mj
e

i j
1 1

( )

( ) ( )0 ( )0 1

( )

( ) ( ) ( )

(1)

of which the symmetric part constitutes the plastic strain rate given by

= µij
p

ij
( )

( ) ( )

(2)

with the Schmid orientation defined by

= +µ s m s m1
2

( )ij i j j i
( ) ( ) ( ) ( ) ( )

(3)

It is worth to notice from Eq. (1) that the crystallographic base
vectors are updated based on the elastic deformation gradient, as will
be specified in Section 3 (see also Peirce et al., 1983). The slip rate on
an individual slip system ( ) is assumed to follow the power-law rela-
tion

=e
e

m
( )

0
( )

( )

0
( )

(4)

where e
( ) is an effective resolved shear stress, 0

( ) is the initial slip
resistance, 0

( ) is the reference slip rate, e
( ) is the effective plastic slip

rate, and m is the slip rate hardening exponent. The material is here
assumed to be elastic-perfectly plastic, implying that the slip resistance,

0
( ), is constant and does not develop with slip.

The principle of virtual work for the strain gradient crystal plasticity
theory can be written as (see Gurtin, 2002; Niordson and Kysar, 2013)

+ +

= +

q s V

T u r S

( ) d

( )d

V ij ij i i

S i i

( ) ( ) ( )
( )

( ) ( )
,
( )

( ) ( )
(5)

where, V and S here denote the current deformed volume and surface of
the body, respectively. The Cauchy stress ij is work conjugate to the
total strain rate, ij, which is taken as the sum of the elastic strain rate,

ij
e, and the plastic strain rate, ij

p. The Schmid stress is given by
= µij ij

( ) ( ). The micro-stress, q( ), is work conjugate to the slip rate,
( ), and the higher order stress, ( ), is work conjugate to the slip rate

gradient resolved onto the slip direction, si i
( )

,
( ). On the right hand side

of Eq. (5), the conventional traction vector, Ti, is work conjugate to the
displacement rate, ui, and r ( ) denotes the higher order tractions that
are work conjugate to the slip rates, ( ).

The strong form of the equilibrium equations (in the absence of
body forces), consistent with the above principle of virtual work, are
given by

= 0ij j, (6)

=q s 0i i
( ) ( )

,
( ) ( )

(7)

in the volume V and

=T ni ij j (8)

=r s ni i
( ) ( ) ( ) ( ) (9)

on the surface S in the current configuration.
Following Fleck and Hutchinson (2001) and Gudmundson (2004)

for isotropic plasticity, and Bardella (2006) and Borg (2007) for crystal
plasticity, an effective slip quantity is defined incrementally from the
slip rate and the slip rate gradient according to

= + L s( ) ( ) ( )e D i i
( ) 2 ( ) 2 ( )

,
( ) ( ) 2

(10)

where LD denotes a so-called dissipative length parameter. A visco-
plastic potential for each of the slip systems is defined as

=[ ] [ ]d .e e e e
( ) ( )

0
( ) ( ) ( )e

( )

(11)

The visco-plastic potential enables the identification of the dis-
sipative stress quantities upon investigation of the variation of the po-
tential = e e

( ) ( ) through

= +q si i
( ) ( ) ( ) ( )

,
( )

(12)

showing that the micro-stress, q( ), and the higher-order stress, ( ), are
given by

= =q L sand ( ) .e

e

e

e
D i i

( )
( )

( )
( ) ( )

( )

( )
( ) 2

,
( ) ( )

(13)

By substituting Eq. (13) into Eq. (10), the following expression is
obtained for the effective stress

= +q
L

( ) ( ) 1 ( ) .e
D

( ) 2 ( ) 2
2

( ) 2

(14)

3. Solution method and the numerical framework

To solve for the slip rate fields, ( ), Minimum Principle I of Fleck
and Willis (2009) is used as formulated by Niordson and Kysar (2013)
for crystal plasticity. For considerations regarding the finite strain for-
mulation please refer to Niordson and Tvergaard (2019); Nielsen and
Niordson (2019) in the contect of isotropic gradient plastcity. Higher
order equilibrium is satisfied by the minimizing field among all kine-
matically admissible (non-zero) fields, ( )*, for

=H s µ V r Sinf [ ] d d .
V e ij ij S

( ) ( )* ( ) ( )* ( ) ( )*
T( )* (15)

Here, =sij ij ij kk denotes the deviatoric part of the Cauchy
stresses. Stationarity results in the variational statement

+ = +q s V s µ V r S( )d d d .
V i i V ij ij S

( ) ( ) ( ) ( )
,
( ) ( ) ( ) ( ) ( )

(16)

Note here that all terms related to energetic contributions are left
out in this study and further work is needed on the finite strain for-
mulation to account for such effects.

A forward Euler time-stepping algorithm is employed, where for
each time increment the slip rate fields are obtained iteratively based
on the discretized versions of Eq. (16) for each slip system as laid out in
Niordson and Kysar (2013). For each time increment, the slip rate fields
are determined based on the stress state at the start of the increment, sij,
and the current crystallographic bases vectors, which are updated ac-
cording to

=s F si ij
e

j
( ) ( )0

(17)

=m m Fi j ji
e( ) ( )0 1 (18)
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with Fij
e and Fij

e 1 denoting the elastic deformation gradient and its in-
verse, respectively (see Eq. (1) e.g. Peirce et al., 1983). A dicretized
finite element solution for the slip rate field is obtained based on four
node quadrilateral elements with bilinear shape functions. The slip rate
and its gradients are interpolated by

= =
= =

M Mand
N

N
N i

N
i
N

N
( )

1

12
( )

,
( )

1

12

,
( )

(19)

for each slip system ( ), with MN being a matrix containing the 12
shape functions (3 for each of the 4 nodes). Further details on the so-
lution method can be found in Niordson and Kysar (2013) for the
corresponding small strain problem. In the present finite strain context
it is of key essence that the slip rate fields are solved in the deformed
configuration based on the stress deviator field before the next dis-
placement increment, along with boundary conditions for either the slip
rate field, ( ), or the surface work conjugate, r ( ).

Having solved for the slip rate fields, the nodal displacement in-
crements are subsequently determined based on the principle of virtual
work, specialized for = 0( )

=V T u Sd d .
V ij ij S i i (20)

Following McMeeking and Rice (1975), the conventional principle
of virtual work is rewritten in a reference frame (see also Niordson and
Tvergaard, 2019)

=P u V T u Sd d
V ij j i S i i,

0
0 0 (21)

where Pij is the first Piola-Kirchhoff stress and Ti
0 is the nominal traction

vector. The incremental form simply reads

=P u V T u Sd d .
V ij j i S i i,

0

0 0 (22)

With the goal of formulating the elastic constitutive relation in

terms of the Jaumann rate of the Kirchhoff stress, ij , the following
identity for the increment of the first Piola-Kirchhoff stress is employed
(see Hill (1959) and McMeeking and Rice (1975))

= +P uij ij kj ik ik jk ik j k, (23)

to express the principle of virtual work as

=u u V T u S(2 ) d d
V ij ij ij ik kj k j k i S i i, ,

0

0 0 (24)

as obtained by McMeeking and Rice (1975).

Employing the hypo-elastic constitutive relation = L ( )ij ijkl kl kl
p ,

where Lijkl is the isotropic elastic stiffness tensor, this leads to

= +L u u V L T u S( (2 ))d ( )d
V ijkl kl ij ij ik kj k j k i S ijkl kl

p
ij i i, ,

0

0 0

(25)

which serves as a basis for a finite element dicretization where eight
node quadrilateral elements are used to interpolate displacements. Note
that the right hand side of Eq. (25) includes the visco-plastic con-
tributions that are known before each time increment from the solution
of Minimum Principle I of Fleck and Willis (2009).

Displacement rates and strain rates are interpolated according to

= =
= =

u N D E D,i
n

i
n n

ij
n

ij
n n

1

16

1

16

(26)

Where Ni
n contains the nodal shape functions and = +E N N( )ij

n
i j
n

j i
n1

2 , , .
This leads to the following discretized version of Eq. (25) for a single
element

=

+
= L E E E E N N V D

L E T N S

16 ( (2 ))d

( )d
M V ijkl ij

M
kl
N

ij ik
M

kj
N

k j
M

k i
N M

S ijkl kl
p

ij
N

i i
N

1 , .

0
e

e (27)

4. Problem formulation

The wedge indentation problem investigated is illustrated in Fig. 1.
The material domain consists of a single crystal material, with a Face-
Centered Cubic (FCC) crystal structure. Elastic deformations are

Fig. 1. Schematic of the problem, where δ is the indentation depth, ϕ is the angle between the wedge sides and horizontal, ac
0 is the initial flat contact length, ac is the

projected contact length projected on the x1-axis in the deformed configuration (here for a sink-in indentation), r0 is the domain radius, and F is the reaction force
between the indenter and the domain. The domain is of unit thickness, t. Bottom right is the direction of the three effective in-plane slip systems ( ) illustrated.
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approximated as isotropic. For specific crystal orientations, a state of
plane strain prevails well inside the crystal and thus, a 2D model set-up
is adopted. The geometric requirement is that no out-of-plane plastic
deformations occur during the indentation as will be discussed in Sec-
tion 4.1. The wedge is assumed rigid and full friction is assumed, such
that a material point which comes into contact will follow the path of
the wedge. The angle between the wedge and the undeformed indenter
surface is denoted ϕ and the wedge is modelled with an initial flat tip
area, a tc

0 , where t is the thickness of the material domain considered, to
regularize the numerical solution upon initial contact. The level of in-
dentation is quantified by the nominal indentation distance, δ. As the
indentation progresses, the contact length between the wedge and the
material domain will increase and the total contact length projected on
the x1-axis in the deformed configuration is denoted ac. Fig. 1 illustrates
the contact length in a situation where the material experiences “sink-
in”, but the case of “pile-up” is captured appropriately by the model as
well (see discussion on “sink-in” and “pile-up” in Section 5). A suffi-
ciently large semi-circular region of radius r0 is modelled to suppress
boundary effects. The wedge is pressed into the domain at an increasing
rate such that the indentation rate normalized by the current contact is
constant, = =a/ constantv c . The macroscopic hardness of the domain
material is defined as the applied force, measured by the total reaction
force on the wedge, divided by the projected contact area in the de-
formed configuration, =H F a t/( )c , where t is the thickness of the ma-
terial domain considered.

The GND densities are evaluated in the deformed configuration
according to

=
b

s1 ,GND i i
( )

,
( ) ( )

(28)

where b is the Burgers vector. In the results presented, this density is
normalized by a reference density defined as

=
b a2

.
c

0
( ) 0

( )

(29)

The input parameters used in this study are listed in Table 1. The
material parameters were chosen to represent single crystal aluminum
which is known to have an FCC crystal structure that is nearly elasti-
cally isotropic.

The employed Finite Element mesh is depicted in Fig. 2 and is
constructed to have the highest resolution closest to the indenter. The
initial contact length covers the four top elements closest to

=x x( , ) (0,0)1 2 . The mesh size was chosen to minimize the numerical
errors while maintaining a reasonable computational time. In the nu-
merical model, the contact length in the deformed configuration is only
updated when a new node in the Finite Element mesh comes into
contact with the wedge. This discrete update of the contact length will
lead to vertical drops in the hardening curves that scale with mesh size
(as seen in the results).

4.1. Single crystal effective slip systems

A planar FCC single crystal oriented along the (110) plane subject to
a line loading along the < >110 direction is considered. Following Rice
(1987), three pairs of slip systems can be identified as three effective
edge slip systems that give rise to plane strain deformation for such
conditions (see Fig. 1). This setting has been investigated in a number of
theoretical and experimental studies including Rice (1987); Kysar et al.
(2007); Zhang et al. (2014); Niordson and Kysar (2013); Kysar and Gan
(2016); Juul et al. (2018b); Lewandowski and Stupkiewicz (2018).

By denoting the effective slip systems ( ) and the paired crystal-
lographic slip systems as a( ) and b( ), all effective slip parameters can
be calculated with respect to the crystallographic slip parameters ac-
cording to Table 2. The assumption of simultaneous slip implies that;
slip in one of the effective slip systems ( ) occurs as a consequence of
simultaneous slip in the correspondingly paired crystallographic slip

systems a( ) and b( ).
In Table 2, the ( ) factor defines the ratio between the slip on the

crystallographic slip systems and the effective slip systems, s mi j
( ) ( ) is

the effective deformation tensor and +s m s mi
a

j
a

i
b

j
b( ) ( ) ( ) ( ) is the sum of

the pairwise crystallographic deformation tensors. The ratio ( ) is in-
dependent of whether it is calculated based on the reference or the
current crystallographic basis vectors. From this, the reference slip rate
for the effective slip systems can be calculated from the crystallographic
reference slip rate 0 as

= .0
( ) ( )

0 (30)

Let the ratio between the resolved shear stress in the effective slip
systems and crystallographic slip systems be defined as

= = .a b
( )

( )

( )

( )

( ) (31)

This implies that the initial slip resistance in the effective slip sys-
tems can be calculated from the crystallographic input value 0 as

=0
( ) ( )

0. The following relation between the two ratios holds (see
Niordson and Kysar (2013)):

= 2.( ) ( ) (32)

To find an expression for the ratio between the crystallographic
dissipative length parameter, LD, and the effective dissipative length
parameter, LD

( ), the crystallographic effective slip rate is considered.
Using the same quadratic definition for both the effective slip and the
crystallographic slip system ( a), as in Eq. (10), yields

= + L s( ) ( ) ( ) .e
a a

D i
a

i
a( ) 2 ( ) 2

,
( ) ( ) 2

(33)

Multiplying through with ( )( ) 2 and using =e
a

e
( ) ( ) ( ),

=a( ) ( ) ( ), and =i
a

i
( )

,
( )

,
( ), the following expression for the

effective slip rate must hold

= + L s( ) ( ) ( ) .e D i i
a( ) 2 ( ) 2

,
( ) ( ) 2

(34)

Comparing Eqs. (10) and (34) one finds

=s µ si i
a

i i,
( ) ( ) ( )

,
( ) ( )

(35)

where the following definition =L L µ/D D
( ) ( ) is used. Due to plane

strain conditions, = 0,3
( ) , and it can be shown that

= = =µ L
L

s s s sD

D
i

a
i i

b
i

( )
( )

( ) ( ) ( ) ( )
(36)

where the last expression results from symmetry considerations.1

Table 1
Model input parameters.

Parameter Symbol Value

Geometry Domain radius r0 1 mm
Wedge angle ϕ 5 , 45
Initial contact length ac

0 2.659 μm
Youngs modulus E 76 GPa
Poissons ratio ν 0.333333
Initial slip resistance 0 100 MPa

Material data Reference slip rate 0 10 3 s−1

The visco-plastic exponent m 0.02
Indentation rate v s4 10 3 1

Dissipative length parameter L a/D c
0 0, 1, 2, 4, 8, 16

1 Note the exponent misprint in Niordson and Kysar (2013) in their equation
equivalent to Eq. (36).
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5. Results

All results are expressed in dimensionless form. Lengths are nor-
malized with respect to the initial contact length, ac

0, which in an ex-
perimental setup may be interpreted as a measure of the tip radius of an

imperfect wedge indenter. For comparison, the results for conventional
crystal plasticity, with =L 0D , are also shown. Two wedge angles are
considered; a nearly flat wedge with = 5 (included angle of 170°) and
a wedge with = 45 (included angle of 90°).

Fig. 2. Employed Finite Elemenet mesh with 50 elements throughout the domain radius, 50 elements along the periphery and a factor of 200 in height difference
between the smallest and largest elements. (a) in full size and (b) ×50 zoom around =x x( , ) (0,0)1 2 being the first region in contact with the indenter.

Table 2
Crystallographic and effective slip tensors as well as the relation between crystallographic and effective slip system parameters.

Effective slip system ( ) (1) (2) (3)

Angle to x1-axis 54. 7 0 54. 7
Reference effective slip system tensor si

( )0 1
2

0

3
3

1
0
0

1
2

0

3
3

Reference effective slip plane normal mi
( )0 2

1
0

3
3

0
1
0

2
1
0

3
3

Reference crystallograhic slip system tensor si
a( )0 1

2
1

1
2

1
0
0

1
2

1

1
2

Reference crystallographic slip plane normal mi
a( )0 6

3
0

1
3

0
1
2

3
3

6
3

0

1
3

Reference crystallographic slip system tensor si
b( )0 1

2
1

1
2

si
a(2 )0 1

2
1

1
2

Reference crystallographic slip plane normal mi
b( )0 6

3
0

1
3

0
1

2

3
3

mi
a(2 )0

= =
+Si

a mj
a si

b mj
b

si mj
a

( )
( )0

0
( ) ( )0

0
( )

( )0 ( )0
( )

( )

3 2 3
3

3

= = =a b
( ) ( )

( )
( )

( )
2
( )

2 3
3

3 2 3
3

= =µ s s
LD
LD i

a
i

( )
( )

( )0 ( )0
3

2
3 3

2
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5.1. Mesh convergence

Mesh convergence is analyzed by considering the macroscopic
hardness for seven different mesh resolutions (see Table 3). The mac-
roscopic hardness as a function of indentation depth is displayed in
Fig. 3 for conventional plasticity ( =L 0D ) and an included wedge angle
of 170 . The hardness curves display distinct vertical drops (related to
new nodal contacts), and the most reliable hardness values are found
just after these drops. By considering only these points on the hardness
curve, the hardness values seem to be nearly constant after a transient
state of around =a/ 0.5c

0 . For the more refined meshes, the predicted
hardness level is well captured at lower indentation levels. This, how-
ever, comes at the cost of a higher overall computational time. When
refining from Mesh No. 5 to Mesh No. 6 and 7, the gain in numerical
accuracy is minor and, therefore, mesh no. 5 is used in the remaining
analyses.

5.2. Results using a nearly flat wedge indenter

For conventional plasticity, the macroscopic hardness using a nearly
flat indenter with an included angel of 170 ( = 5 ) is found to be
H/ 6.830 . The total slip is shown in Fig. 4 for six different indentation
depths. Here, calculating the total slip as the sum of the absolute slip on
the individual effective slip systems as

= + +| | | | | | ,
T

0

(1)

0
(1)

(2)

0
(2)

(3)

0
(3) (37)

where

=
G

.0
( ) 0

( )

(38)

Aside from a transient build-up phase (related to the flat part of the

indenter tip and the initial coarse discretization of the contact area), the
response of the conventional plasticity model shows a field with a self-
similar development, i.e. the shape of the field remains constant but
increases in size in proportion to the current contact length. This effect
is expected, since, besides from the initial contact length, there is only
one independent dimensional parameter in the system (for a more de-
tailed discussion on self-similar behaviour in relation to indentation see
Juul et al., 2018a, b). Once the field exhibiting self-similarity has
evolved in the current numerical set-up, a constant hardness level with
indentation depth is maintained as can be seen in Figs. 3 and 6 and
Fig. 13 for conventional plasticity. The plastic slip and the GND-den-
sities for the individual effective slip systems are shown in Fig. 5 at a
contact length of =a a/ 15c c

0 . Here it is found that the largest con-
tribution to the total slip develops on slip systems (1) and (3), which are
also seen to be mirrored versions of each other around the mirror plane
at =x 01 . This is due to their mutual symmetry around this plane (see
Fig. 1), and thus the field plots for effective slip system (3) has been
omitted in the following. Since the effective slip system (2) shares the
symmetry plane =x 01 with the indentation (see Fig. 1), the slip and
GND-density fields for effective slip system (2) are also symmetric
around this plane. Another observation from Fig. 5 is that most of the
plastically deforming domain is dominated by one of the effective slip
systems in different regions and large slip gradients can be seen near the
slip region interfaces (also seen from Juul et al., 2018b). The large slip
gradients along these interfaces lead to narrow bands with high abso-
lute values of GND-density, as seen in Fig. 5 (e) and (f).

When introducing a length scale, i.e. going from conventional to
strain gradient plasticity, the self-similar field evolution no longer ex-
ists, as the system now depends on a material length parameter which
does not scale with the indentation depth. This means that the solution,
in terms of field shape and magnitude, now depends on the current
contact length. The hardness curves for five different length parameters
are shown in Fig. 6 together with the conventional plasticity curve. In
the figure, a clear increase in hardness can be seen for the strain gra-
dient solutions. For each length parameter, the hardness curves con-
verge towards the conventional curve, as the contact length increases
relative to the material length parameter and the size effect becomes
smaller. Another important observation is that the curves converge half
as fast when the length parameter is doubled. This means that any
hardness readings on a curve with length parameter LD at a contact
length ac, will be identical to a reading on a curve with length para-
meter L2 D at a contact length of a2 c. Thus, the hardness curves should
fall on top of each other if the first axis of the plot is normalized by the
length parameter. This is demonstrated in Fig. 7, where the curves are

Table 3
Mesh parameters for convergence study. Mesh no. 5 is the mesh used
throughout the subsequent analysis.

Parameter mesh no. 1 2 3 4 5 6 7

Elements along diameter 20 30 50 80 100 120 150
Elements along

periphery
10 16 30 40 50 50 70

Total no. of elements 82 208 622 1400 2162 2662 4602
Init. contact length

a /10c
0 3mm

10.58 7.653 5.325 3.228 2.659 2.128 1.532

Fig. 3. Mesh convergence of hardness curves showing the hardness as a function of the indentation depth for the seven different mesh resolutions listed in Table 3.
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seen to predict a nearly identical indentation response after the tran-
sient period.

In the following field plots a length parameter of =L a/ 16D c
0 is used.

The first axis in these field plots are set to have a total range of a a6 /c c
0 so

that it depends on the contact length in the deformed configuration for
an easy comparison between different indentation levels. The total slip
for four different contact lengths (indentation depths) is shown in
Fig. 8. It is seen that as the contact length increases, the shape of the
total slip field becomes closer to the one predicted by conventional
crystal plasticity (compare results to Fig. 5). Note that all four plots
differ significantly from the conventional plasticity predictions in lo-
cations where total slip gradients are large. This is even more clear
when studying the individual slips and GND-densities for the effective
slip systems. These are shown for =a a/ 6c c

0 in Fig. 9, for =a a/ 12c c
0 in

Fig. 10 and for =a a/ 24c c
0 in Fig. 11. When comparing both the total

slip and the individual slips for the plots including a length parameter
with the results from conventional plasticity in Fig. 5, it is seen that the
slip predictions for the gradient enhanced model are more smooth in
appearance as gradients are penalized energetically. This also has the
effect that significant regions of multi slip exist in contrast to results for

conventional plasticity (compare to Fig. 5), and it is predominantly
observed for large ratios of material length parameter to contact length,
due to larger size effects. If only considering the slip activity on effec-
tive slip system (1) (Figs. 9–11 (a)), the slip zones become more con-
centrated around the indentation tip and more detailed in appearance
as the deformed contact length increases. Considering instead effective
slip system (2) (Figs. 9–11 (b)), the values for the gradient enhanced
predictions were found to be far less than that of conventional crystal
plasticity, with slip values far below one for contact lengths of

=a a/ 12c c
0 and below. The narrow bands with high values of GND-

density that were found for conventional plasticity are no longer ob-
served in the gradient enhanced material (Figs. 9–11 (c) and (d)). As a
result of the smoother slip transitions, the GND-densities are markedly
reduced, by a factor of more than ten, and the regions with highest
GND-accumulations are observed to be wider and less focused. When
comparing the densities for effective slip system (1) at the different
contact lengths, it is clear that the zones with positive values of the
GND-density are almost non-existent for =a a/ 6c c

0 , but they expand as
the contact length increases. It is also worth to notice that the regions

Fig. 4. Total slip /T
0 for conventional plasticity ( =L 0D ) at different contact lengths showing a self-similar evolution after a short transient state.
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with the highest absolute GND-density moves towards the indentation
tip as the contact length increases. Smaller GND-densities are linked to
a harder macroscopic material response, so the observed GND-densities
match the increase in macroscopic hardness that is apparent in Fig. 6.

Similar findings have recently been reported in Bittencourt (2018),
considering both an energetic and a dissipative length parameter for a
HCP-like single crystal. The slip activity on the individual effective
systems agrees (especially in the conventional limit), but a direct
comparison should be made with care as different weights are put on
the effective slip systems for the FCC crystal considered in the present
study (see Table 2).

5.3. Results using a wedge indenter of 90 included angle

Now considering the same input parameters, but changing the in-
cluded wedge angle to 90 ( = 45 ), the total slip, individual slips, and

GND-densities for conventional plasticity are shown in Fig. 12. From
these field plots, it can be observed that slip is much higher when
compared to what was obtained with the nearly flat indenter - by a
factor of about 20. However, the slip distributions display essential si-
milarities to the results obtained with the nearly flat indenter. The slip
systems (1) and (3) are again the most dominant. The shape of the slip
zone underneath the sharp indenter appear to be similar to that of the
nearly flat indenter, but it is greatly distorted in the x2-direction due to
the larger material deformations. This is also reflected in the slip gra-
dients, for which the most notable differences are seen. The sharp lines
with large slip gradients are not as well defined for the 90 wedge,
leading to GND-density plots that appear more smeared out, with the
maximum GND-densities less than 10 times larger, and not about 20
times larger as in the case for the slip quantities.

The macroscopic hardness curves for different length parameters are
depicted in Fig. 13. When compared to Fig. 6, for the nearly flat

Fig. 5. Total slip /T
0, individual effective slip | |/( )

0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for conventional plasticity ( =L 0D )

at an indentation length =a a/ 15c c
0 and with = 5 .
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indenter, it is clear that the hardness measurements are generally larger
for the sharp indenter compared to the nearly flat indenter. For the
conventional plasticity analysis, a hardness of H/ 8.340 is found for
the 90 indenter (a 22% increase from the nearly flat indenter). More-
over, the increase in hardness, when introducing a length parameter, is
even greater for the sharp indenter.

For the 90 wedge, a pile-up effect may occur around the wedge,
where material builds up above the original domain surface =x 02 in
the zones just around the wedge. This effect is attributed to the material
strain hardening for elastic/plastic materials (also described in
McElhaney et al., 1997), and thus, gradient hardening affects the pile-
up.

The total slip for four different contact lengths, when using a length
parameter of =L a/ 16D c

0 , is shown in Fig. 14. As it was also observed
with the nearly flat indenter, it can be seen that the total slip converges
towards the solution for conventional plasticity as the indentation
contact length increases. Furthermore, it is observed that the pile-up
effect that the conventional model exhibits are also seen when in-
troducing the length parameter when the contact length is =a a/ 12c c

0

and above. However, for =a a/ 6c c
0 and below the pile-up changes to

sink-in, where material not in contact with the wedge is deformed
below the original surface. This effect can be directly related to the
increase in gradient hardening on smaller scales (see also Bittencourt,
2018). It was found that at a length parameter of =L a/ 2D c

0 and
=L a/ 1D c

0 , as well as in the conventional plasticity analysis ( =L 0D ),
the pile-up effect started even before the first contact length update
(first new nodal contact).

The slip and GND-densities for the individual effective slip systems
are plotted in Figs. 15–17 for =a a/ 6c c

0 , 12, and 24. Similar effects as
for the nearly flat indenter can be observed. The change in slip becomes
smoother by introducing the length parameter effects which in turn
results in lower and more smeared out GND-density fields. The zones
with the highest accumulation again seem to be located further away
from the indenter tip for smaller contact lengths. For the 90 indenter,
effective slip systems (1) and (3) still give the highest contributions to

Fig. 6. Hardeness curves for different dissipative length parameters
=L a/ [1,2,4,8,16]D c

0 and for conventional plasticity ( =L 0D ) showing size-ef-
fects on macroscopic hardness for = 5 .

Fig. 7. Hardness curves with contact length normalized with respect to the
length parameter for = 5 showing overlapping of the curves.

Fig. 8. Total slip /T
0 at different current contact lengths with a dissipative length parameter of =L a/ 16D c

0 and = 5 .
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Fig. 9. Individual effective slip | |/( )
0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for =a a/ 6c c

0 , =L a/ 16D c
0 and with = 5 .

Fig. 10. Individual effective slip | |/( )
0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for =a a/ 12c c

0 , =L a/ 16D c
0 and with = 5 .
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Fig. 11. Individual effective slip | |/( )
0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for =a a/ 24c c

0 , =L a/ 16D c
0 and with = 5 .

Fig. 12. Total slip /T
0, individual effective slip | |/( )

0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for conventional plasticity at

contact length =a a/ 15c c
0 and with = 45 .
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the total slip, but in contrast to the results for the nearly flat indenter,
effective slip system (2) has a notable contribution to the total slip even
for the smallest indentation contact lengths.

6. Conclusion

Size-effects related to wedge indentation into an elastic-perfect
plastic Face Cubic Centered single crystal material has been in-
vestigated, and the macroscopic hardness, the associated plastic slip,
and the densities of Geometrically Necessary Dislocations (GNDs) are
reported based on a newly developed strain gradient crystal plasticity
framework accounting for finite strains. The numerical framework is
based on the numerical small-strain framework of Niordson and Kysar
(2013) in an updated Lagrangian formulation, with size effects in-
troduced through a single dissipative length parameter, LD. Three ef-
fective slip systems, which are 57. 4 apart, are exploited to model the

plane strain conditions of a specific crystal orientation. Special atten-
tion is on the evolution in plastic slip and GND distributions with in-
creasing contact length for different length parameters, LD, - ranging
from =L a/ 16D c

0 to the conventional limit =L 0D (no gradient effects).
Furthermore, the development of the macroscopic hardness with in-
dentation depth is investigated as a function in contact length. The
study is conducted for both a nearly flat wedge and a 90 wedge. The
main conclusions are;

• The gradient based model, and the associated strain gradient hard-
ening, results in smeared-out plastic slip fields compared to the
conventional plasticity model predictions, with increasingly smooth
transitions between different slip regions, for increasing length
parameter, LD. Moreover, the GND density is predicted to be lower
and to accumulate further away from the indentation tip when
employing the gradient based model. This is tied to the extra cost in
terms of energy for developing plastic slip gradients. Thus, the effect
is most significant at the smallest scales of indentation (high value of
L a/D c), and the cost of plastic slip gradients becomes less influential
for large indentations where the strain gradient based model pre-
dictions eventually converge toward conventional plasticity pre-
dictions.

• The gradient based model captures the trend in terms of size de-
pendence of hardness at small scales (large length parameter) ob-
served in experiments. The increase in hardness is linked to the
predicted changes in GND density fields, where lower densities are
predicted for small indentations as the material offers increased
plastic resistance due to the energetic cost of developing large GND
densities. Hence, it also naturally follows that the effect of slip
gradient hardening is further amplified for the 90 indenter relative
to the flat indenter as larger slip gradients (and thereby larger GND
densities) are needed to accommodate the deformation imposed on
the material around the indenter.

• For the 90 indenter, pile-up is predicted throughout the entire in-
dentation process for conventional plasticity as well as for the lower

Fig. 13. Hardness curves for the dissipative length parameters
=L a/ [1,2,4,8,16]D c

0 and for conventional plasticity ( =L 0D ) showing size-ef-
fects on macroscopic hardening for = 45 .

Fig. 14. Total slip /T
0 at different contact lengths with a dissipative length parameter of =L a/ 16D c

0 and = 45 .
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Fig. 15. Individual effective slip | |/( )
0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for =a a/ 6c c

0 , =L a/ 16D c
0 and with = 45 .

Fig. 16. Individual effective slip | |/( )
0
( ) and GND-densities /( )

0
( ) (with the individual slip as a faded overlay) for =a a/ 12c c

0 , =L a/ 16D c
0 and with = 45 .
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considered length parameters. However, for =L a/ 4D c
0 , sink-in is

predicted in the beginning of the indentation, which later evolves
into pile-up as the indentation proceeds. For the length parameter of

=L a/ 16D c
0 this transition occurred when the contact length reaches

approximately =a a/ 7c c
0 , and it is caused by the relative decrease of

the gradient hardening with increasing indentation. It is expected
that the shift from sink-in to pile-up could be captured in an ex-
perimental setup on sufficiently small scales.

• For the nearly flat wedge, the plastic slip and GND densities are
dominated by effective slip system (1) and (3) at all scales (though
most significant at the smallest scales). In contrast, the slip system
(2) has significant contributions to the GND densities for the 90
indenter at all scales (this is in line with Bittencourt, 2018).
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A B S T R A C T

The fracture toughness for a mode I/II crack propagating in a ductile material has been subject to
numerous investigations. However, the influence of the material hardening law has received very
limited attention, with isotropic hardening being the default choice if cyclic loads are absent. The
present work extends the existing studies of monotonic mode I/II steady-state crack propagation
with the goal to compare the predictions from an isotropic hardening model with that of a ki-
nematic hardening model. The work is conducted through a purpose-built steady-state frame-
work that directly delivers the steady-state solution. In order to provide a fracture criterion, a
cohesive zone model is adopted and embedded at the crack tip in the steady-state framework,
while a control algorithm for the far-field, that significantly reduces the number of equilibrium
iterations is employed to couple the far-field loading to the correct crack tip opening. Results
show that the steady-state fracture toughness (shielding ratio) obtained for a kinematic hard-
ening material is larger than for the corresponding isotropic hardening case. The difference be-
tween the isotropic and kinematic model is tied to the non-proportional loading conditions and
reverse plasticity. This also explains the vanishing difference in the shielding ratio when con-
sidering mode II crack propagation as the non-proportional loading is less pronounced and the
reverse plasticity is absent.

1. Introduction

The influence of plastic deformation on fracture toughness has been the motivation of a large number of studies in the literature
(see e.g. Varias and Shih [1], Tvergaard and Hutchinson [2], Suo et al. [3], Cleveringa et al. [4], Tvergaard [5], Nielsen et al. [6],
Nielsen and Niordson [7], Jiang et al. [8], Juul et al. [9]). The common goal has been to achieve a better understanding of the
underlying mechanics that affect the toughness of ductile materials by gaining insight into the role of crack tip plasticity. Factors such
as rate-dependency [10], work hardening [11], strain gradients [12,13], dynamic lattice effects [14], material property mismatch
[15,16], or micro structure evolution [17] affect the fracture properties and determine the extent of crack propagation.

Except for the recent study of mode I cracks by Martínez-Pañeda and Fleck [18], the majority of the published studies of crack
growth under monotonic loading confine their focus to isotropic hardening materials, despite the crucial impact of the plastic
material response on the shielding ratio. In fact, plastic deformation and the associated dissipation of energy is known to be the main
contributor towards enhancing the fracture resistance beyond crack initiation. The far-field loading drives this process and despite
being monotonic at the far boundary the conditions experienced by the material passing by the crack tip are very different. It is well
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documented that material entering the active plastic zone near a steadily growing mode I crack will either exit into an unloading
wake or experience reverse plastic loading close to the new fracture surface. Thus, any Bauschinger effect originating from kinematic
hardening must have an important influence. Though reversed plasticity does not take place in mode II crack growth, non-propor-
tional loading for material at a distance from the crack face will be demonstrated in the results of the present study. The present study
is further motivated by the fact that kinematic hardening effects are expected to play an increasing role in modern structural ma-
terials. Composite, multiphase or refined microstructures influence the work hardening response, enhancing kinematic hardening
[19,20].

The main goal of the present study is to investigate how the choice of hardening model influences the fracture toughness of a
steadily growing crack under monotonic mode I, mode II, and mixed mode I/II far-field conditions. In plate tearing steadily growing
cracks are encountered when the crack has propagated multiple plate thicknesses. In fact, steady-state is typically reached after crack
growth on the order of seven plate thicknesses [21,22]. Hence, this state can dominate a significant part of the crack path in shell-like
structures such as ships, air planes, and cars. To focus the effort on the part of the propagation path taking place under steady-state
conditions, the framework first proposed by Dean and Hutchinson [23] has been adopted and extended to kinematic hardening
plasticity. The material steady-state fracture toughness, composed by the energy going into material separation as-well as energy
dissipated in the surrounding material, is evaluated by introducing the cohesive traction-separation relation proposed by Tvergaard
and Hutchinson [2]. This allows for an analysis of the ratio between the external energy applied to the system and the energy
specified for the fracture process (referred to as the shielding ratio). Attention is focused on the change in fracture properties when
shifting from isotropic hardening to kinematic hardening. Thus, the stress evolution for material points in the vicinity of the crack tip
is of particular interest as any deviation from proportional loading will be treated differently in the two types of hardening models.

Throughout this paper, the two types of material hardening and their differences are studied for various conditions of the near tip
fracture process (in terms of cohesive zone parameters). Furthermore, the origin of these differences is traced by mapping out the
energy dissipation in the vicinity of the propagating crack. In the present study, the material is assumed to be governed by linear
hardening. This is chosen to ensure a constant tangent modulus, thus clearly bringing out the essential differences in predictions for
steady-state fracture toughness between the isotropic and kinematic hardening models.

The paper is divided into the following sections: The modified boundary value problem is presented in Section 2, the material
model, interface model, the algorithm controlling the far-field loading, and the numerical formulation are presented in Section 3, the

Nomenclature

B[ ] strain-displacement matrix for Q8 elements
B[ ]c strain-displacement matrix for cohesive elements
N[ ] shape function matrix

e effective back stress
ij back stress components
ij deviatoric back stress

material state parameter
n enforced normal crack tip opening

n normal crack separation
n
c critical normal crack separation
t enforced tangential crack tip opening

t tangential crack separation
t
c critical tangential crack separation
ij kronecker delta

( ). time derivative
µ proportionality coefficient
a crack propagation speed

0 fracture energy
peak traction
non-dimensional crack separation

ijklL isotropic elastic stiffness tensor
ijklM elastic compliance tensor

Poisson’s ratio
traction energy potential

e von Mises stress
y initial yield stress
ij Cauchy stress components
ij local Cauchy stress components

sij local deviatoric stress
ij
p plastic engineering strain components

ij total engineering strain components

C far-field scaling factor
E Young’s modulus
Et tangent modulus
F von Mises yield surface
f arbitrary field quantity
fij dimensionless mode functions
K0 reference stress intensity factor
KI mode I stress intensity factor
KII mode II stress intensity factor
Kss far-field stress intensity factor for steady-state

crack growth
Le min, minimum element length
Lijkl tensor of instantaneous moduli
N1 upper crack tip node
N2 lower crack tip node
NBC random boundary node
Qt additional degree of freedom in control algorithm
Qn additional degree of freedom in control algorithm
r , polar coordinates related to crack tip position
R0 reference plastic zone size
S bounding surface
Sc Interface surface
sij deviatoric stress
ti surface tractions
Tn normal crack face traction
Tt tangential crack face traction
ui displacement field
V bounding volume
w energy dissipation density
xi Cartesian coordinates
xi downstream coordinate
xi

0 upstream coordinate in history independent region
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results are presented in Section 4, and lastly some concluding remarks are stated in Section 5. Throughout, index notation, including
Einstein’s summation convention, is used and a superimposed dot, ( ). , denotes the time derivative.

2. Mixed mode boundary layer problem

The steady-state crack propagation study is carried out for mode I/II loading conditions under the assumption of small-scale
yielding. To model the continuously growing crack, the steady-state framework presented by Dean and Hutchinson [23] is coupled
with a cohesive zone description of fracture, employing the traction-separation law proposed by Tvergaard and Hutchinson [2]. The
problem, commonly known as the modified boundary layer problem, is modeled in a 2D plane strain setting as illustrated in Fig. 1
(the considered material properties are collected in Table 1). The domain is constructed large enough such that boundary effects do
not affect the solution, and the stress intensity factors, KI and KII , can be employed to characterize the stress-field. The mode I/II
loading condition is imposed as a far-field condition according to the elastic solution presented by Williams [24] and dictates that the
stress field has the form;

= +
r

K f r K f r1
2

( ( , ) ( , )),ij I ij
I

II ij
II

(1)

where r and are polar coordinates related to the crack tip position, f r( , )ij are dimensionless mode functions, and KI and KII are the
stress intensity factors representing the mode I and II contributions, respectively. Throughout this work, it is assumed that the crack
propagates in a straight line (along the x1-direction in Fig. 1). This assumption, common to other mixed-mode crack propagation
analyses (see e.g. Tvergaard [5]), constitutes an approximation under mode II dominated loading conditions.

The steady-state fracture toughness is quantified by the so-called crack tip shielding ratio, K K/ss 0, which is the stress intensity
factor for steady-state crack growth, Kss, normalized by the stress intensity factor for crack initiation, K0. The reference stress
intensity factor, K0, is defined as;

=K E
10

0
2 (2)

where E is Young’s modulus, is Poisson’s ratio, and 0 is the fracture energy (work of separation of the cohesive zone model).
Moreover, any length quantity in the present study is normalized by the reference plastic zone size, R0;

=R K1
3 y

0
0

2

(3)

where y is the initial yield stress of the material.

Fig. 1. Mode I/II crack growth at steady-state with an embedded cohesive zone in the path of the crack.
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3. Constitutive relations and modeling

3.1. Traction-separation relation

The traction-separation relation employed is adopted from Tvergaard and Hutchinson [11,2]. Accordingly, the traction energy
potential is defined as;

=( , ) ( )dt n n
c

0 (4)

where ( ) is the traction shown in Fig. 2 as a function of the non-dimensional measure of separation, . The non-dimensional crack
separation is defined as; = +( / ) ( / )n n

c
t t

c2 2 , where n and t denote the actual separation in the normal and tangential direc-
tions, respectively, and the quantities with superscript c denote the corresponding critical values. Thus, as illustrated in Fig. 2, the
bond between two nodes completely breaks at = 1. From the traction energy potential, the normal and tangential tractions in the
fracture process zone are given as;

= = = =T T( ) and ( ) .n
n

n

n
c t

t

n
c

t
c

t

t
c (5)

Finally, the work of separation per unit area of interface (the fracture energy) is defined as;

= +1
2

(1 )n
c

0 1 2 (6)

where denotes the peak traction (cohesive strength) shown in Fig. 2.

3.2. Constitutive models

The framework relies on an infinitesimal strain formulation (both for the isotropic and kinematic model). The small strain
formulation has been chosen because previous finite strains studies have shown that the crack propagates at relatively small de-
formations [11] for the selected values of the cohesive strength. This is also seen in the work by e.g., Wei and Hutchinson [12],
Martínez-Pañeda and Fleck [18] where finite strain results are precisely reproduce by a small strain framework. In the infinitesimal
strain formulation, the total strains, ij, are determined from the displacement gradients; = +u u( )/2ij i j j i, , . The total strains consist of
an elastic part, ij

e, and plastic part, ij
p, which for an additive split gives the following relationship; = +ij ij

e
ij
p. Subsequently, the

stress field in the rate-independent model is determined from the tensor of instantaneous moduli, Lijkl, and the total strain as;

= L .ij ijkl kl (7)

Throughout this work, the material behavior is assumed to be governed by linear hardening such that the tangent modulus, Et ,

Table 1
Material properties.

Parameter Significance Value

E/y Yield strain 0.003
Peak normal traction 0.3–5.3σy

Poisson’s ratio 0.33
E E/ t Tangent modulus 10–100

1 Shape parameter 0.15
2 Shape parameter 0.5

Fig. 2. Traction separation relation governing the cohesive zone.

K.J. Juul et al. Engineering Fracture Mechanics 207 (2019) 254–268

257

396 CHAPTER .I- APPENDED PUBLICATIONS



remains constant and given as a fraction of Young’s modulus, E. The tangent modulus, Et , enters the instantaneous moduli, Lijkl, in Eq.
(21).

3.2.1. Isotropic hardening
The isotropic model does not consider the Bauschinger effect, as the yield surface expands isotropically in all directions (see

Fig. 3a) while maintaining its origin in stress space. The von Mises yield criterion, employed in the present study, takes the form

= =F s s( ) 3
2

( ) 0,ij ij ij e max
2

(8)

where sij is the deviatoric stress and e is the von Mises stress. In the context of an incremental formulation, the active plastic zone can
be evaluated by integrating the total stress in time (Eq. (7)), followed by an evaluation of the criterion for plasticity;

= =
< <

1, for ( ) and 0
0, for ( ) or 0

e e e

e e e

max

max

where = 1 indicates a material point governed by plastic loading and = 0 indicates a material point governed by elastic unloading
(applied in Eq. (21)).

3.2.2. Kinematic hardening
For kinematic hardening, where the yield surface translates in stress space (see Fig. 3b), the yield condition reads;

= =F s s( , ) 3
2

( ) 0,ij ij ij ij y
2

(9)

where symbols with ( ) denote stress quantities related to the local origin of the translating yield surface, representing the well-
known Bauschinger effect. The origin of the translating yield surface, tracked through the back stress, ij, is used to establish the local
stress;

=ij ij ij (10)

in the yield function, Eq. (9), through the deviatoric stress, sij. The translation of the yield surface is modeled through an evolution
law. Several evolution laws exist in the literature, ranging from simple models to very sophisticated models including effects such as
ratchetting and shakedown [25]. For fracture problems under monotonic loading, reversed loading is expected in the wake of the
leading active plastic zone, but repeated cyclic loading is not taking place which means that ratchetting and shakedown are not
relevant to the present study. Consequently, the well-known evolution law by Ziegler [26] is chosen, as it includes all the necessary
features. Thus, the back stress evolves as;

= µ( )ij ij ij (11)

where µ is a proportionality coefficient which is defined as;

=µ
s3

2
ij ij

y
2 (12)

in the present study. For kinematic hardening, where the yield surface translates but maintain its size, the criterion for plasticity is
therefore evaluated according to;

Fig. 3. Evolution of yield surface for (a) isotropic hardening and (b) kinematic hardening [34].
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0, for or 0 ,e y kl kl

e y kl kl

3.3. Steady-state framework

The fracture toughness at steady-state, Kss, can be approximated with traditional incremental numerical methods by computing
the crack growth resistance curve. However, such methods often suffer from convergence issues and are inefficient as they are forced
through the transient regime of a problem before reaching the steady-state. To avoid such issues, a steady-state framework is em-
ployed, leading to accurate predictions of the steady-state fracture toughness at a fraction of the computational cost. The steady-state
framework presented builds upon an extension of the procedure suggested by Dean and Hutchinson [23] to account for a kinematic
hardening law.

The pivotal step is to utilize the nature of a steady-state problem to determine the history dependent field quantities. The steady-
state condition is noticed for an observer located at the tip of a continuously growing crack when the field quantities that surrounds
the crack tip are no longer subject to changes. Any time derived quantity, f , in the constitutive equations are then transformed into
spatial derivatives, through the crack propagation speed, a, in the direction of the material flow (negative x1-direction, see Fig. 1)
according to the relation;

=f a f
x

.
1 (13)

Thus, any total quantity at a given material point (x x,1 2 ), is evaluated through spatial integration, starting upstream in the un-
deformed elastic material ahead of the crack tip (x x,1

0
2 ), and following a streamline (material flow line) until it reaches the point of

interest (x x,1 2 ) downstream (see e.g. Juul et al. [9,27]). Thus, the loading history at a given material point (x x,1 2 ) is retrieved from
all the upstream points along the streamline, representing earlier states.

The steady-state framework is based on the conventional principle of virtual work (PWV) for quasi-static problems;

+ = +V T u S t u S Vd d d d
V ijkl kl ij S i i c S i i V ijkl kl

p
ij

c
L L (14)

where =t ni ij j is the surface traction, Ti is the traction from the traction-separation law, and ijklL is the isotropic elastic stiffness
tensor. The volume analyzed is denoted V S, c is the interface (cohesive) surface, and S is the bounding surface, with nj denoting the
unit outward normal vector.

The algorithm employed for the spatial integration procedure is outlined below, where it is seen that the main difference is in the
integration of the back stress in step 4 (m refers to the iteration number):

1. Use the plastic strains, ij
p m( 1), to determine the current displacement field, ui

m( ) ( ij
p m( 1) is assumed to be zero in the first

iteration).
2. Determine the total strain, ij

m( ), from the displacement field, ui
m( ).

3. Determine the total stress field outside the streamline domain:
(i) Stresses can be determined directly from the total strain ( = 0ij

p m( ) ):

=ij
m

ijkl kl
m( ) ( )L (15)

where ijklL is the elastic stiffness tensor.
4. Determine the stresses inside the streamline domain:

(i) Determine the spatial derivative of the stress:

=
x

L
x

ij
m

ijkl
m kl

m( )

1

( )
( )

1 (16)

where Lijkl is the tensor of instantaneous moduli.
(ii) Determine the spatial derivative of the back stress (only for kinematic hardening):

= =
x

µ
x

µ
x

s
x

( ) with 3
2

ij
m

ij ij
m m ij

y

ij
m( )

1

( )

1

( )

1
2

( )

1 (17)

(iii) Perform spatial integration along streamlines:

= =
x

x
x

xd and dij
m

x

x ij
m

ij
m

x

x ij
m

( )
( )

1
1

( )
( )

1
1

1
0

1

1
0

1

(18)

5. Determine the plastic strain field, =ij
p m

ij
m

ijkl kl
m( ) ( ) ( )M , in the streamline domain, with ijklM being the elastic compliance tensor.

6. Repeat 1–5 until solution is converged.
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In the algorithm, the following constitutive tensors have been applied which include the elastic stiffness tensor,

=
+

+ +E
1

1
2

( )
1 2

,ijkl ik jl il jk ij klL
(19)

the elastic compliance tensor,

= + +
E
1 1

2
( ) ,ijkl ik jl il jk ij klM

(20)

and the isotropic tensor of instantaneous moduli,

=L E E
E E

s s3
2

/ 1
/ (1 2 )/3

,ijkl ijkl
t

t

ij kl

e
2L

(21)

where it should be noted that in the tensor of instantaneous moduli, s s /ij kl e
2 is substituted with s s /ij kl y

2 for the kinematic hardening
model.

The numerical stability of the steady-state algorithm is in general better than for incremental frameworks, although, certain
problems can arise in areas with steep gradients such as at the crack tip. In order to limit such stability issue of the algorithm a minor
change has been made to the original procedure by Dean and Hutchinson [23] following the suggestion by Niordson [28] and Nielsen
and Niordson [7], where a sub-increment procedure between Gauss points has been introduced in the spatial integration scheme.

3.4. Cohesive elements and traction-separation relation

The implementation of the cohesive zone builds upon the standard case presented by e.g. del Busto et al. [29]. However, for the
steady-state framework, minor modifications are introduced when building both the stiffness matrix and the right-hand side of the
equation system. When discretizing the virtual work principle in Eq. (14), the nonlinear part of the contribution from the cohesive
elements is moved to the right-hand side and acts as a force term. Hence, the discretized system reads;

+

= + +
( )B B V B B S U

N t S B V B T T S

[ ] [ ][ ]d [ ] [ ]d { }

[ ] { }d [ ] [ ]{ }d [ ] ({ } { })d
V

T
S c

T T
c c

S
T

V
T p

V c
T

c

{ }
{ }

lin act
c

ini
L

L (22)

where T{ }/ { }ini is the initial slope of the traction-separation curve in the region < 1 (see Fig. 2), Ti
lin is the corresponding traction

predicted if a linear curve with the initial slope is followed, and Ti
act is the traction obtained from the actual curve in Fig. 2. The

standard strain-displacement and shape function matrices, B B[ ], [ ]c and N[ ], are given in the work by del Busto et al. [29]. The
partition of the cohesive contribution is necessary for the steady-state framework because the equations are no longer expressed on
incremental form. However, the partition also entails a considerable reduction in the computational cost as the system matrix only
needs to be built and factorized once, with subsequent iterations relying solely on back-substitution.

In the present study, the equation system is discretized using quadratic 8-node isoparametric elements evaluated through ×2 2
Gauss points and quadratic 6-node isoparametric cohesive elements evaluated through 8 Gauss points.

Fig. 4. Illustration of linked nodes in the control algorithm.
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3.5. Control algorithm for the boundary layer problem

The far-field required to drive crack propagation in an elastic-plastic solid is generally unknown and, thus, to efficiently study the
steady-state fracture toughness (the shielding ratio) it is necessary to implement a scheme to control the applied far-field loading such
that the energy needed for steady-state crack propagation is provided. For this purpose, several techniques have been proposed in the
literature. In the present study, the idea employed by Segurado and LLorca [30] and Martínez-Pañeda and Fleck [31] is adopted as it
offers fast and stable convergence while at the same time lending itself nicely to implementation in the developed numerical scheme.
The technique is here generalized to treat problems with mode mixity. The key idea behind the procedure is to link the loading
history to a monotonically increasing parameter that is not affected by potential instabilities. For the present investigation of steady-
state crack growth such a parameter could be the crack tip opening displacements (normal and tangential separation) as such
quantities should be non-decreasing at all times during loading – or, more precisely, kept fixed in the steady-state framework
(schemes with other or more parameters included can also be found in Segurado and LLorca [30]).

Once suitable monotonically increasing parameters have been chosen, a connection between these parameters and the load at the
outer far boundary must be established. The connection is introduced through; (i) two constraint equations (see Eq. (23)) that ensure
the prescribed crack tip opening, (ii) a global equilibrium equation which ensures that the loading on the crack tip, enforced by the
constraint equations, is balanced out by the loading on the outer far boundary, and (iii) a set of geometrical constraints that ensure a
smooth distribution of the far-field loading according to the elastic solution by Williams [24]. The two additional constraint equations
are introduced by adding two additional degrees of freedom, Qn and Qt , to the system (with corresponding right-hand sides, n and

t). The desired crack tip opening, n and t, is then enforced through the following displacement constraints;

= =u u u uand ,N N
t

N N
n1

( )
1
( )

2
( )

2
( )1 2 2 2 (23)

where N1 and N2 refers to the two nodes located at the crack tip on each side of the crack plane (see Fig. 4). In the case of a pure mode
I loaded crack, the enforced tip displacements are; =n n

c and = 0t , while the pure mode II crack is analyzed by enforcing; = 0n
and =t t

c. Here, n
c and t

c are the critical normal and tangential separation, respectively, related to the cohesive traction-separation
relation (see Section 3.4).

The constraint equations in Eq. (23) introduce reaction forces at the crack tip that drive the opening. This is, however, artificial
and does not resemble crack growth under far-field mode I/II loading. To ensure proper far-field loading of the crack tip, a coupling to
the outer far boundary is created through two global equilibrium considerations such that the reaction force at the crack tip becomes
zero. This is enforced by adding the following contributions to the system matrix, K, for a given node m;

+ =K N m u Q(( ) , ) 0BC
m

t1
( ) (24)

+ =K N m u Q(( ) , ) 0BC
m

n2
( ) (25)

where N( )BC i refers to the global degrees of freedom of an arbitrary node, NBC, on the outer far boundary (see Fig. 4). The coupling
ensures that the chosen node on the far boundary, NBC, will displace according to the prescribed crack tip opening, as dictated by
equilibrium, i.e. the far-field becomes an outcome of the equilibrium solution. Finally, a set of geometric constraints are defined to
ensure that the displacement of all the nodes at the outer boundary is consistent with the displacements of the arbitrary node, NBC.
The geometric constraint is determined from the elastic far-field solution to the boundary layer problem presented in Section 2. In
terms of the displacement field, the elastic far-field of node m, at the outer far boundary, reads;

= +

=

u r C K f r K f r
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(26)

where =C µ r1/(2 ) /(2 )m m( ) and f are displacement mode functions. Thus, the stress intensity factors, KI and KII , corresponding to a
known displacement, ui

m( ), of a given node, m, on the outer far boundary can be determined by inverting Eq. (26), such that;
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(27)

That is, the K-field applied to the outer far boundary can be linked to the displacement of the arbitrary node, NBC, and subsequently to
the remaining nodes on the outer far boundary. In this way, the multi-point geometric constraint is stated as;
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The multi-point geometric constraint is enforced directly on the stiffness matrix. In combination with the constraint equation in
Eq. (23) this ensures a distributed loading on the outer far boundary according to the K-field required to enforce the prescribed crack
tip displacements ( n and t).

4. Results

Two types of analyses are conducted to gain better insight into how the hardening model affects the fracture toughness at steady-
state crack growth in an elastic-plastic solid. First, the shielding ratio, K K/ss 0, for various fracture process zone conditions (controlled
by the cohesive zone) is investigated to quantify the differences between isotropic and kinematic hardening predictions (Section 4.1).
Results are obtained for pure mode I, pure mode II and mixed-mode steady-state crack propagation. Secondly, the origin of the
notable differences observed in the shielding ratio is investigated through the energy dissipation density in the isotropic and kine-
matic hardening materials (Section 4.2). The energy dissipation density is investigated in an attempt to identify which regions of the
active plastic zone in the vicinity of the crack tip that primarily controls shielding by adding to the steady-state fracture toughness.
This investigation is conducted by tracing material points traveling along the crack path (in the x1-direction) at different distances
from the crack face.

The study employs a mesh with a total of 310,000 elements in the entire domain, where approximately 60,000 of the elements are
located in the region of the main plastic zone. Furthermore, the critical normal and tangential separation will be related to the mesh
such that; = = L0.2n

c
t
c

e,min, where Le,min is the minimum element length in the domain.

4.1. Crack tip shielding ratio

To quantify the differences between isotropic and kinematic hardening, the shielding ratio, K K/ss 0, is studied by employing the
cohesive zone model presented in Section 3.1. The cohesive zone model ensures that the energy release rate required for crack
propagation is identical for both the isotropic and kinematic material while the far-field is scaled accordingly.

The crack tip shielding ratio, K K/ss 0, is presented as a function of the normalized peak traction, / y, in Fig. 5 for a pure mode I

Fig. 5. Shielding ratio for a mode I loaded crack ( =K 0II ) propagating in isotropic and kinematic hardening materials, respectively, at various peak
tractions, , and tangent modulus, Et .
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crack ( =K 0II ) for both isotropic (dashed lines) and kinematic hardening (solid lines). For low hardening ( =E E/100t ) it is seen that
the shielding ratio is almost identical for the two materials as hardening has limited influence on the predicted stress level (close to
perfectly plastic). That is, the yield surface remains close to identical for the two types of material hardening. However, a significant
shift is seen for the isotropic model when the strain hardening is increased to =E E/20t , while the effect in the kinematic model is
small. Similarly, by choosing an even higher hardening, =E E/10t , an even greater shift is seen for the isotropic material, whereas the
shift for the kinematic material is much less pronounced. It is important to notice that for fixed strain hardening and peak traction in
the cohesive zone, the kinematic material always predicts either an equal or greater shielding ratio compared to that of the isotropic
material model. Furthermore, it is seen that shield ratio for the kinematic hardening solid appears to be unbounded for peak tractions
larger than 2.9, 3.2 and 4.4 times the yield stress for = =E E E E/100, /20t t and =E E/10t , respectively.

The shielding ratio for a pure mode II loaded crack ( =K 0I ) is presented in Fig. 6. Contrary to the pure mode I crack, a much less
significant effect is observed when changing from an isotropic to a kinematic hardening model. As expected, the curves are almost
identical for the case of =E E/100t (and essentially coincides in the figure), but the difference in the predicted shielding ratio remains
limited when increasing the strain hardening. When compared to the mode I study, it is also observed that similar values of the
steady-state fracture toughness are attained for significantly lower cohesive strengths. The reason for this is that the stress triaxiality
close to the crack tip is significantly smaller in mode II, promoting plastic deformation at lower load levels, as specified in terms of the
stress intensity factor. Furthermore, as discussed by Tvergaard [5], values in closer agreement between mode I and mode II would be
attained if the crack was allowed to grow along its preferred path.

Finally, the shielding ratio is studied for the mixed mode case where =K KI II . Fig. 7 reveals a shielding ratio for mixed mode
conditions which is located between the pure mode I and pure mode II predictions. However, it should be noted that the contribution
from each mode in an elastic-plastic solid relies on the crack tip conditions and is therefore not directly reflected by the far-field mode
mixity.

4.2. Active plastic zones and energy dissipation

The investigation of steady-state fracture toughness showed a larger shield ratio for kinematic hardening solids, independently of
the loading mode. To assess the influence on the material behavior in the vicinity of the crack tip, the plastic zone is presented in
Fig. 8 for both isotropic and kinematic hardening for the mode I case with tangent modulus =E E/20t and peak traction =/ 3.5y .
As expected, the plastic zone is significantly larger in the kinematic hardening case to accommodate the larger dissipation.

The different energy dissipation levels in the two hardening models are investigated through the plastic zone shapes and the
associated energy dissipation densities by applying identical far-field loading conditions (equal energy input to the system) in the two
models. A direct consequence of this study is that the energy at the crack tip depends on the energy dissipation in each model, i.e. the
fracture criterion is not identical. For this study, the cohesive elements are removed from the model i.e. the crack plane is now
represented by a line of single nodes rather than dual nodes such that crack tip opening does not take place and the crack remains
perfectly sharp. The level of hardening remains fixed at =E E/20t . Furthermore, in the study of the plastic zones, any length quantity
is normalized by Irwin’s approximation of the plastic zone size Rp, identical to Eq. (3), but with the far-field, K, instead of the
initiation threshold K0 (similarly, is computed from the far-field, K).

The active plastic zones for pure mode I and mode II loading are presented in Fig. 9. For a mode I crack (see Fig. 9a), the effect of
the kinematic model is most pronounced close to the crack tip – especially on the downstream side (left in Fig. 9) of the primary

Fig. 6. Shielding ratio for mode II loaded crack ( =K 0I ) propagating in an isotropic and a kinematic hardening material, respectively, at various
peak tractions, , and tangent modulus, Et .

K.J. Juul et al. Engineering Fracture Mechanics 207 (2019) 254–268

263

402 CHAPTER .I- APPENDED PUBLICATIONS



Fig. 7. Shielding ratio for mixed mode I/II loaded crack ( =K KI II ) propagating in an isotropic and kinematic hardening material, respectively, at
various peak tractions and tangent modulus.

Fig. 8. Active plastic zones for isotropic and kinematic hardening with =E E/20t and =/ 3.5y for pure mode I.

Fig. 9. Active plastic zones for isotropic and kinematic hardening in the absence of the cohesive zone with =E E/20t . Here for; (a) pure mode I, and
(b) pure mode II. The horizontal lines illustrate the paths along which the energy dissipation density has been extracted. The paths 1, 2, 3, and 4 are
located at the heights; =x R/ 0.05, 0.15, 0.3, 0.7p2 , respectively.
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active plastic zone where the material experiences reversed loading. The isotropic model is dominant, in terms of the width of the
active plastic zone, further away from the crack face on the upstream side (right in Fig. 9). For the mode II loaded crack (see Fig. 9b),
no significant differences between the plastic zone for the isotropic and kinematic hardening models are observed, consistent with the
shielding ratio study. This is largely tied to the nature of a mode II loaded crack tip as reversed loading is absent and the non-
proportionality is less severe compared to the mode I crack.

To further investigate the differences between the two hardening models, the energy dissipation density, w, is extracted along the
four horizontal paths illustrated in Fig. 9. On each path, the energy dissipation density is evaluated as;

=w
x

x
d
d

d ,ij
ij
p

1
1

(29)

according to the streamline integration scheme. The energy dissipation density is presented in Fig. 10 for mode I loading. Here, it is
seen that energy dissipation density continuously grows from the onset of the plastic zone until the steady-state level is reached far
behind the crack tip. Common to all paths is that the kinematic hardening entails a larger energy dissipation density. The largest
difference is seen closest to the crack plane (path 1) in the unloading region immediately behind the crack tip where the kinematic
model dissipates more energy than the isotropic model. The kinematic model continues to have the largest dissipation density for
path 2 and 3 albeit the difference becomes progressively smaller when moving away from the crack plane as the loading becomes less
complex and less severe, affecting both the level of plasticity and the non-proportionality. The trend is, however, inverted for path 4
as the isotropic solution here displays the largest dissipation density. Nevertheless, the magnitude of the energy dissipation density in
this region is comparably low and has little influence on the overall dissipation.

To identify possible sources of the difference in the energy dissipation density for a mode I loaded crack, the translation of the
kinematic yield surface is investigated. The translation of the kinematic yield surface is represented by the effective back stress;

= 3 /2 .e ij ij (30)

In Fig. 11 it is seen that for path 1 and 2 (see Fig. 9a), the yield surface continues to translate in stress space as reversed plasticity
takes place behind the crack tip. Ultimately, the effective back stress profile reaches a short unloading plateau further behind the
crack tip. This continued movement of the kinematic yield surface causes additional dissipation when compared to the isotropic
model. As non-proportional loading or reversed plasticity takes place the kinematic hardening solid experiences a greater change to
the yield surface normal (larger curvature compared to the expanded isotropic yield surface) and hence the plastic strain increment
undergoes a larger change in direction (or magnitude). In fact, this observation is partially supported by Tvergaard [32], investigating

Fig. 10. Mode I energy dissipation density in the absence of the cohesive zone for isotropic and kinematic hardening, and the difference between the
models, with =E E/20t .
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sheet metal necking using a kinematic hardening model. Here, the kinematic hardening was observed to promote localization (similar
to corner theories, see Mear and Hutchinson [33]) due to the curvature of the kinematic yield surface. This suggests that non-
proportional loading has a significant impact in a kinematic model. For path 3 and 4, it is seen that the back stress reaches a constant
value directly due to the absence of reversed plasticity in these regions. This observation, combined with less severe non-pro-
portionality of the loading in this region, supports the smaller difference in dissipation density observed in Fig. 10.

In contrast to the mode I loaded crack, the difference in the dissipation density is negligible when comparing an isotropic and a
kinematic hardening material for a mode II loaded crack. Fig. 12 shows results along the four paths shown in Fig. 9b. For path 1, the
dissipation density is slightly higher for isotropic hardening, whereas for path 2, 3, and 4 the energy dissipation density is slightly
higher for the kinematic model. Thus, for the mode II crack, differences are marginal and no distinct region is observed where one
model clearly dominates.

The effective back stress along the four paths in Fig. 9b is shown in Fig. 13. Here it is seen that the yield surface translates in the

Fig. 11. Effective back stress for a mode I crack in the absence of the cohesive zone for kinematic hardening with =E E/20t .

Fig. 12. Mode II energy dissipation density in the absence of the cohesive zone for isotropic and kinematic hardening, and the difference between
the models, with =E E/20t .
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stress space until the crack tip is reached and remains stationary (constant e) behind the crack. That is, no reversed plasticity is
predicted for the mode II loaded crack, effectively eliminating one source of additional energy dissipation in the kinematic hardening
model relative to the mode I analysis. In addition, the non-proportional loading is expected to be much less severe for the mode II
crack, rationalizing the similar steady-state fracture toughness predictions obtained with isotropic and kinematic hardening models,
respectively, (recall Fig. 6).

5. Concluding remarks

A steady-state framework combined with a cohesive zone model has been developed for the purpose of studying the difference in
cracks propagating in either isotropic or kinematic hardening materials. The study focuses on the plastic zone size, the evolution of
the strain energy dissipation density, and the shielding ratio for mode I, mode II and mode I/II cracks. The main findings are:

• The shielding ratio is generally largest for the kinematic hardening material compared to an isotropic hardening material. The
effect is most significant for a mode I crack whereas the effect is very limited for a mode II crack. Under mixed mode loading
conditions, the shielding ratio falls between that of the two pure modes.

• The active plastic zone for a mode I crack is slightly larger for a kinematic hardening material in the central half of the active
plastic zone, whereas the isotropic hardening material has a larger plastic zone in the exterior half of the active plastic zone, for
identical far-field loading. For the mode II crack, there is no significant difference in the plastic zone shapes.

• The largest difference in energy dissipation density between the isotropic and kinematic hardening material for a mode I crack is
observed close to the crack face, behind the crack tip, in the region of reverse loading. For the mode II crack, a very small
difference in the dissipation density is observed. The dissipation density is slightly larger close to the crack face for isotropic
hardening whereas further away from the crack face the kinematic model becomes dominant. The difference is, however, very
small.

The main sources of the larger energy dissipation for kinematic hardening is attributed to the stronger path dependence associated
with a larger curvature of the yield surface (sensitivity to non-proportional loading) and the reverse loading prone to initiate
plasticity sooner than for the isotropic hardening material (smaller yield surface). The large differences observed in mode I conditions
between isotropic and kinematic predictions imply that fracture toughness estimations from R-curve modeling are very conservative.
This could have important implications in damage tolerant design in the aerospace or energy sectors, among others.
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a b s t r a c t 

Assisted flipping of a slant mode I dominated tearing crack, where the crack tip flipping mechanism is 

made to engage by imposing a slight mode III, has recently been studied in Felter and Nielsen (2017) 

[Assisted crack tip flipping under Mode I thin sheet tearing, Europ. J. Mech. A/Solids, 64;2017:58–68]. In 

the previous study, the Gurson–Tvergaard–Needleman model was used in its original form to limit the 

model parameter space and facilitate a search for a set of parameter that allows flipping of the slant crack 

face to occur. It is well known that the adopted version of the Gurson model can predict the shear bands 

that travel in front of a mode I tearing crack and these are essential features to slant crack propagation —

let alone the experimentally observed crack tip flipping phenomenon. In fact, assisted crack tip flipping 

was achieved with this numerical model set-up, but only within a very narrow parameter window. The 

present work adopts a phenomenological shear extended Gurson model that allows for a study of the 

J3 dependency in ductile fracture at engineering scale in an attempt to widen this parameter window. 

By running series of large-scale computations, where a ductile tearing crack propagates multiple plate 

thicknesses, the authors can demonstrate tearing modes for various combinations of strain hardening, 

initial void volume fraction, and shear parameter. The shear damage contribution is found to shift the 

engagement of the crack tip flipping mechanism toward lower values of the initial void volume fraction 

for all levels of strain hardening considered. 

© 2019 Elsevier Ltd. All rights reserved. 

1. Introduction 

Conclusive insight into the mechanics that controls the so- 

called “crack tip flipping mechanism” related to slant crack 

propagation in ductile metal plates subject to mode I loading (see 

e.g. Rivalin et al., 2001; Simonsen and Tornqvist, 2004; Zheng 

et al., 2009; Gruben et al., 2013 ) remains to be revealed. Key 

findings that have been obtained through recent years of research 

include: (i) The crack tip flipping mechanism evolves in a stable 

and controlled manner which is easily traced by the naked eye on 

the outer free surface of a test specimen. (ii) Tested steel plates 

yield a higher frequency of the flipping compared to aluminum 

plates of the same plate dimensions. (iii) The constraints on the 

plate influence the flipping frequency and a lower frequency is 

observed when the constraints are relaxed. (iv) The formation of 

shear-lips initiates the crack tip flipping at the outer free surface, 

behind the leading crack tip. (v) The fracture surface shows a 

180 ◦ rotational symmetry about the crack growth direction. (vi) 

∗ Corresponding author. 

E-mail address: kin@mek.dtu.dk (K.L. Nielsen). 

While the flip is underway, recent research suggests that the crack 

tip consists of two evolving edges being the leading edge of the 

primary slant crack and the leading edge of the shear-lips. (vii) 

The shear-lips eventually overtake the slant crack face orientation 

to complete the flip (see e.g. El-Naaman and Nielsen, 2013; Nielsen 

and Gundlach, 2017 , for further details). In this way, the flipping 

phenomenon is truly three dimensional and the mechanics in- 

volved span multiple length scales. Moreover, crack tip flipping 

largely contrasts the established tearing modes (slanting, cup-cup, 

or cup-cone, see Noel et al., 2018 ), where the orientation of the 

crack front remains stationary during steady-state propagation. 

Therefore, the modelling of the crack tip flipping phenomenon 

poses a significant challenge. 

The numerical challenge of modelling the crack tip flipping 

mechanism is recognized in Nielsen and Hutchinson (2017) in a 

recent numerical study of a symmetrical mode I loaded plate strip 

of elastic-plastic material containing a propagating slant crack. 

The study relies on a 3D steady-state code tailored to reveal the 

crack tip conditions, under the assumption of small strains, and 

rather than focusing on modeling the crack flipping mechanism, 

the intention was to search for clues as to why a slant crack will 

https://doi.org/10.1016/j.ijsolstr.2019.04.021 

0020-7683/© 2019 Elsevier Ltd. All rights reserved. 
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flip its orientation. A clear out-of-plane action was observed for 

the plate once the crack slants, breaking the symmetry of the 

problem, and thereby giving rise to a significant mode III loading 

on the crack tip (also influenced by the constraint imposed on 

the plate). This asymmetry also manifests itself in the plastic zone 

ahead of the crack tip and the stress distribution, in the acute 

angle corner where the slant crack intersects the plate outer free 

surface, appears to be consistent with initiation of a re-orientated 

shear crack in the flipping direction. Moreover, a competition 

between the elastic far-field and the near-tip elastic-plastic field 

unfolds during slant crack propagation such that a purely elastic 

solution displays an out-of-plane action to one side, whereas a 

plate dominated by the plastic response displays an out-of-plane 

action to the other side. 

The out-of-plane action induced by the propagating slant crack 

has long been speculated to control the crack tip flipping. Thus, 

in a recent attempt to determine whether (or not) a small out- 

of-plane action is capable of making the crack flip, Felter and 

Nielsen (2017) adopted the traditional Double Edge Notched Ten- 

sion (DENT) test with overlaid twisting of the specimen. The im- 

posed twist adds an additional mode III loading on the crack that 

already propagates in one, roughly 45 ◦, shear bands. The idea 

was to assist the slanted crack to flip — if possible — and to 

study the combination of material parameters that allow the flip- 

ping phenomenon to engage. The flipping of a slant tearing crack, 

modelled by the original Gurson–Tvergaard–Needleman (GTN) 

model ( Gurson, 1977; Tvergaard, 1982; Tvergaard and Needleman, 

1984; Tvergaard, 1990; Besson, 2010 ), was achieved, but only for 

a fine-tuned parameter set. This puts thrust behind the present 

work as a deeper insight into what determines this parameter set 

is crucial in order to predict naturally occurring crack tip flipping 

in full-scale engineering structures. The aim of the present study is 

two-fold: (i) Determine the parameter window that allows assisted 

crack tip flipping to evolve when accounting for the known J3 de- 

pendency in ductile failure. (ii) Link the findings to the naturally 

occurring crack tip flipping mechanism by extracting knowledge 

on when this intriguing phenomenon can be expected to emerge 

in large-scale plate tearing. The model setup, and material param- 

eters, known to produce flipping in Felter and Nielsen (2017) is 

taken as offset. This circumvents parameter tuning with the com- 

putationally demanding 3D model, but it also implies considering 

an aluminum-like material in the numerical model. Thus, the com- 

parison to existing steel samples can only be made qualitative. 

After the shear extended Gurson model is introduced and the 

adopted numerical procedure is laid out (see Section 2 ), the prob- 

lem formulation and model set-up is presented (see Section 3 ). 

The model is based on the traditional Double Edge Notched Ten- 

sion (DENT) test with a slight mode III superimposed in terms 

of a twisting motion at the far boundary. Results are presented 

(see Section 4 ) before the concluding remarks are reached (see 

Section 5 ). 

2. Constitutive relations 

A brief description of the constitutive material model, the fi- 

nite strain elastic-plastic formulation, and the numerical frame- 

work is presented in the following, while details can be 

found in Tvergaard (1990) , Nahshon and Hutchinson (2008) and 

Felter and Nielsen (2017) . General tensor notation is adopted for 

the presentation such that sub-/super-scripted indices denote co- 

/contra-variant components, respectively, while incremental quan- 

tities are marked by ( ̇ ) , and () , j denotes covariant differentiation 

in the reference frame. 

2.1. Constitutive material model 

The shear extended Gurson model proposed by Nahshon and 

Hutchinson (2008) is adopted in the following to represent the 

long sequence of micro-mechanics events that lead to ductile fail- 

ure in metal plates. One should bear in mind, however, that the 

Nahshon–Hutchinson model accounts for the void shearing effect 

in a phenomenological fashion. The damage evolution reads; 

˙ f = (1 − f ) G 

i j ˙ ηp 
i j 

+ k ω fω (σ ) 
s i j ˙ ηp 

i j 

σe 
, (1) 

where s ij is the deviatoric part of the Cauchy stress tensor, σ ij , 

which determines the von Mises stress; σe = 

√ 

3 s i j s i j / 2 . The con- 

travariant components of the metric tensor for the deformed frame 

is G 

ij , and the plastic strain increments are denoted ˙ ηp 
i j 

. 

The first term in Eq. (1) represents growth of existing voids, 

whereas the second term mimics the mechanism of void soften- 

ing in shear. The shear term essentially increases the damage pa- 

rameter f (controlled by a single new constant parameter, k ω ) such 

that the Gurson yield surface shrinks even under shear dominated 

loading conditions ( Tvergaard and Nielsen, 2010 ). This is purely 

phenomenological as voids tend to collapse under intense shearing 

(thereby diminishing their volume), and shear certainly restricts 

void growth rather than promotes it ( Barsoum and Faleskog, 2007; 

Tvergaard, 20 08; 20 09; Dahl et al., 2012; Nielsen et al., 2012; Liu 

et al., 2016 ). Thus, the parameter f should be considered a damage 

parameter when large contributions of shear exist. 

Nahshon and Hutchinson (2008) originally defined the shear 

term to vanish in axisymmetric loading conditions and to yield 

maximum contribution in all cases of pure shear plus hydrostatic 

tension/compression. The stress state weighting function, ω( σ ), in 

Eq. (1) is defined as 

ω(σ ) = 1 −
(

27 J 3 

2 σ 3 
e 

)2 

(2) 

where; J 3 = 

1 
3 G 

i j s k j s il s 
lk , is the third invariant of the Cauchy stress. 

It is worth to notice that ω( σ ) ∈ [0, 1] with symmetry around shear 

cases ( J 3 = 0 ). Thus, the shear extended model is consistent with 

existing versions of the Gurson model, based on the mechanics 

of void growth under axi-symmetric loading, but it cannot distin- 

guish between generalized tension and generalized compression. 

This is a choice made by Nahshon and Hutchinson (2008) due 

to the lack of evidence in favor of one over the other. In a 

very recent numerical study, however, Dæhli et al. (2018) clearly 

demonstrates damage evolution to be favored under generalized 

tension, whereas damage evolution under generalized compression 

is retarded. Dæhli et al. (2018) takes the Nahshon-Hutchinson 

shear extension as off-set, but proposes to change the stress state 

weighting function to; ω(σ ) = 

1 
2 (1 + 

27 J 3 
2 σ 3 

e 
) , where ω( σ ) ∈ [0, 1]. 

In relation to plate tearing it is important to realize that; (i) Both 

models put equal weight on plane strain conditions (dominating 

the fracture process zone, see Andersen et al., 2019 ), (ii) The condi- 

tions in the acute angle corner where the flip initiates are the same 

on both sides of the plate due to the 180 ◦ rotational symmetry. 

The material yield surface remains that of the classical Gurson–

Tvergaard–Needleman model, such that; 

� = 

σ 2 
e 

σ 2 
M 

+ 2 q 1 f 
∗ cosh 

(
q 2 
2 

σ k 
k 

σM 

)
−

[
1 + (q 1 f 

∗) 2 
]

(3) 

where initial plastic yielding requires � = 0 and 

˙ � > 0 , whereas 

continued plastic loading takes place when � = 0 and m i j 

� 

σ ij / H ≥ 0. 

In the last expression H is the hardening modulus, 
� 

σ ij is the (co- 

rotational) Jaumann rate of the Cauchy stress, and m ij is the 
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yield surface normal. In Eq. (3) , σ M 

is the reference stress in 

the matrix material surrounding the voids, q 1 and q 2 are the 

Tvergaard constants, while f ∗ accounts for accelerated void growth 

due to void coalescence. The adopted coalescence model is that 

of Tvergaard and Needleman (1984) which reads; 

f ∗( f ) = 

{
f for f ≤ f c 
f c + ( f ∗U − f c ) 

f− f c 
f f − f c 

for f > f c . 
(4) 

Here, f c determines the critical level of damage where accelerated 

void growth sets in due to coalescence and final fracture is reached 

at; f ∗ = f ∗
U 

= 1 /q 1 . 

Throughout, the matrix material true stress/strain response un- 

der uni-axial tension is approximated by a power-law model to 

limit the number of model parameters; 

ε = 

{ σM 

E 
for σM 

≤ σY 

σM 

E 

(
σM 

σY 

)1 /N 
for σM 

> σY 

, (5) 

where σ Y is the initial yield stress, and N is the strain hardening 

exponent. 

2.2. Numerical modeling procedure 

The FE-code developed through the work presented 

in Felter and Nielsen (2017) is employed. The numerical method is 

derived from the dynamic form of the principle of virtual work in 

Eq. (6) (in line with Mathur et al., 1994; 1996 ). Thus, a transient 

analysis is conducted, but with a low loading rate to approximate 

the static solution (by limiting the kinetic energy of the system, 

see also Felter and Nielsen, 2017 , for details). Hence, it is not 

the intention to enter the regime where inertia will affect the 

response. The principle of virtual work reads; ∫ 
V 

τ i j δηi j d V = 

∫ 
S 

T i δu i d S + 

∫ 
V 

ρ
∂ 2 u 

i 

∂t 2 
δu i d V (6) 

with 

ηi j = 

1 

2 

(
u i, j + u j,i + u 

k 
i u k, j 

)
(7) 

Here, ηij is the total Lagrangian strain, τ ij holds the contravariant 

components of the Kirchhoff stress tensor, and ρ is the mass 

density. The integration in Eq. (6) is carried out in the reference 

configuration such that V and S denote the volume and surface, 

respectively, of the undeformed body. 

The dynamic formulation has the advantage that the system of 

equations decouples when lumping the mass matrix. Hence, the 

modelling approach becomes very suitable for parallel computing. 

The in-house code is developed in Fortran 2008 with OpenMPI for 

the parallel execution on any given number of cores ( Gabriel et al., 

2004 ). The finite element mesh is partitioned by exploiting the 

software package METIS ( Karypis and Kumar, 1999 ), such that only 

a portion of the full problem runs on the individual cores. The 

downside of the adopted explicit approach is that the stable time 

step is set by the wave speed in the material and the smallest 

element length (the Courant conditions). Throughout, no artificial 

mass scaling has been applied and the time integration is carried 

out by a standard Newmark β-method. 

3. Problem formulation and model set-up 

3.1. Parametric initial boundary value problem 

The initial boundary value problem considered was first an- 

alyzed in Felter and Nielsen (2017) . The aim was to investigate 

how a slight out-of-plane mode III type loading can influence the 

fracture surface of a tearing crack propagating under dominant 

far-field mode I. The traditional Double Edged Notched Tension 

Table 1 

Material properties. 

Parameters Notation Value 

Young’s modulus E 70 GPa 

Mass density ρ 2700 kg/m 

3 

Poisson’s ratio ν 0.3 

Yield stress σ y 210 MPa 

Yield strain εy 0.003 

Hardening exponent N [0.05–0.1] 

Initial void volume fraction f 0 [0.002–0.03] 

Critical void volume fraction f c 0.2 

Final void volume fraction f f 0.4 

Nahshon–Hutchinson shear parameter k ω [1–3] 

Tvergaard parameter #1 q 1 1.5 

Tvergaard parameter #2 q 2 1.0 

(DENT) test is considered, in which the loading of the top/bottom 

boundary is a combination of tension and a slight torque (see 

Fig. 1 ). The applied torque is small but sufficient to make the crack 

choose one shear band over the other and the tearing crack will 

thereby start propagating in a slant manner. Once the crack has 

propagated some distance through the ligament and developed a 

slant, the twisting motion is reversed such that the top/bottom 

boundaries rotates in opposite directions. In this way, Felter and 

Nielsen (2017) modelled the first (assisted) flip of a tearing crack 

by tuning the material properties. 

As discussed in Felter and Nielsen (2017) , dimensional analysis 

dictates the model response to be governed by the following di- 

mensionless groups 

� = F 

( 

H 

b 
, 

B 

b 
, 

t 

b 
, 

r 

b 
, 

˙ 

˙ �/b 
, 

˙ �√ 

E/ρ
, 
σy 

E 
, ν, f 0 , N, k ω 

) 

(8) 

with the first four parameter groups specifying the specimen 

dimensions, group five determines the mode mixity ratio (twist vs. 

tension), and the sixth group ties to material inertia. All of these 

will remain fixed in the present study to allow a direct comparison 

with the study in Felter and Nielsen (2017) and without entering 

the regime where material inertia becomes important. The ma- 

terial properties, in terms of yield stress, Young’s modulus, and 

Poisson’s ratio is taken to approximate aluminum (see Table 1 ), 

and only the remaining three parameter groups, being: (i) the 

initial void volume fraction f 0 , (ii) the strain hardening N , (iii) 

and the shear amplification factor k ω , respectively, will be subject 

to changes in this study. The main focus is on widening the 

parameter window for assisted crack tip flipping and, in this way, 

gain a parametric understanding of the underlying mechanism 

that governs naturally occurring crack tip flipping in large plates. 

Throughout, the tensile loading rate is prescribed such that the 

final displacement of the top boundary ends at �/H = 0 . 056 , 

whereas the twisting motion (see Fig. 1 ) is composed of two 

parts: (i) first the torsion is in the positive direction, (ii) followed 

by a twist in the opposite (negative) direction at double rate 

(see Fig. 1 ). The change between the two twisting directions is 

denoted “changeover” in Table 2 . The relative rotation between 

the top and bottom boundaries is on the order of one degree at 

the “changeover” and, thus, it is worth noting that the applied 

rotation is larger than the out-of-plane deflection expected to 

drive naturally occurring flipping during tearing of large plates. 

3.2. Numerical model set-up 

The problem outlined in Section 3 possesses two rotational 

symmetries which have been exploited in the following to limit 

the computational cost. Thus, only one quarter of the original 

problem is considered by imposing proper rotational boundary 

conditions (see also Nielsen, 2008; 2010; Felter and Nielsen, 2017 ). 
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Fig. 1. (a) Truncated geometry and loading applied as twisting and translation motion, respectively, on both the upper and lower part, and (b) Simulation domain taking 

advantage of rotational symmetries to reduce the computational effort. Hatched surfaces indicate anti-symmetric boundary conditions and dotted surfaces are controlled by 

rigid body motion (see also Felter and Nielsen, 2017 ). 

Table 2 

DENT Specimen dimensions and loading. 

Geometry Notation Value 

Plate height H 0.045m 

Plate width B 0.080m 

Plate thickness t 0.003m 

Ligament width b 0.040m 

Notch radius r 0.0 0 05m 

Prescribed deformation Notation Value 

Max tensile displacement �max 0.0025 m 

Tensile displacement rate ˙ � 0.278 m/s 

Torsional displacement rate ˙ θ (dependent quantity) 

Proportional loading 1 ˙ �/ ̇ θ 1 mm/deg 

Proportional loading 2 ˙ �/ ̇ θ −0.5 mm/deg 

Changeover 1 → 2 �change / �max 0.38 

It is, however, worth to notice that the imposed boundary con- 

ditions put no constraint on the symmetric thinning of the plate 

ahead of the crack tip nor does it constrain the subsequent asym- 

metric localization into a single shear band. The unconstrained 

development of a single shear band (resulting in crack slanting) 

is crucial for studying the interplay between the two shear bands 

that co-exists ahead of an advancing tearing crack ( Mathur et al., 

1996 ). The DENT specimen considered (see Fig. 1 ) is discretized 

using 20-noded isoparametric elements with reduced Gauss in- 

tegration (2 × 2 × 2 Gauss points), except for when calculating 

the mass matrix which requires full integration (3 × 3 × 3 Gauss 

points). 

Specific actions have been taken for the Gurson modelling; (i) 

as damage develops, the material loses stress carrying capacity 

and the Gurson yield surface shrinks to a point in stress space. 

This can cause the numerics to break down. To accommodate 

this numerical issue, the damage evolution is turned off when 

a Gauss point reaches f = 0 . 99 f f , while the element is removed 

from the simulation, and residual forces are ramped down, when 

two Gauss points in the same element reach this limit (see also 

Tvergaard, 1982 ). (ii) The inherent mesh dependency in the Gurson 

model must be kept in mind, and it is treated here by having 

roughly the same element size throughout the entire domain, 

where the crack will initiate and propagate. This avoids favoring 

a specific growth direction or favoring specific failure modes by 

the meshing. As demonstrated in Besson (2010) and Nielsen and 

Hutchinson (2012) , the softening effect related to damage localiza- 

tion and failure in shear bands (governing crack slanting) is mesh 

sensitive when employing the GTN model. In line with the early 

2D studies, a too coarse discretization will not allow the shear 

localization to take place, which has been observed to yield a flat 

crack surface morphology in the present 3D model. On the other 

hand, the slant crack emerges when refining the mesh with the 

localization band intensifying with diminishing element size. In 

all simulations 32 elements are used through the plate thickness 

and 70,376 elements are used in total. The initial element size 

is L e x × L e y × L e z = 160 × 94 × 100 μm in the fracture process zone. 

With an average number of time steps in the order of 3,0 0 0,0 0 0, 

one simulation requires roughly 15 h on a cluster with 200 cores 

(10 nodes of dual Intel Xeon E5-2680v2 with 10 cores). 

4. Results 

The crack tip flipping phenomenon can be demonstrated by 

taking as starting-point the reference case with initial void volume 

fraction f 0 = 0 . 01 , shear damage parameter k ω = 0 , and strain 

hardening N = 0 . 05 (also considered in Felter and Nielsen, 2017 ). 

In this case, flipping of the primary slant crack face is predicted 

to engage roughly midway through the half ligament of the DENT 

specimen (see Fig. 2 ). The crack propagation initiates from the 

pre-existing notch in the specimen and first slants into a +45 ◦

orientation, due to the overlaid positive twisting motion at the 

far boundary. The crack subsequently flips its orientation to the 

other side ( −45 ◦) when the twisting motion is reversed. This 

has to do with the combined effect of the rate at which damage 

develops (driven by f 0 and k ω ), the extent of the fracture process 

zone, and the thinning region immediately in front of the crack 

(determined by the strain hardening, N ) (also discussed in Nielsen 

and Hutchinson, 2012; Andersen et al., 2019 ). In the reference case 

(with N = 0 . 05 ), thinning of the plate takes place early due to the 

low strain hardening and the initial damage thereafter develops to 
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Fig. 2. Fracture surface morphology for various combinations of initial porosity, f 0 , and shear parameter, k ω , using the Nahshon–Hutchinson shear extension to the Gurson 

model. Here, with the computational domain rotated to display the entire lower part of the DENT specimen. 

Fig. 3. Parameter window displaying the fracture surface morphology for various combinations of initial void volume fraction, f 0 , and shear amplification, k ω , using the 

Nahshon–Hutchinson extension. Here, keeping the strain hardening constant at N = 0 . 05 . In the table, “F” indicates a clear flip on the fracture surface, “-” indicate slanting 

oriented −45 ◦, and “+” indicate a slant oriented +45 ◦ according to (a). Simulations associated with a “∗” displayed some irregularities on the fracture surface. 

Fig. 4. Parameter window displaying the fracture surface morphology for various combinations of initial void volume fraction, f 0 , and shear amplification, k ω , using the 

Nahshon–Hutchinson extension. Here, keeping the strain hardening constant at N = 0 . 1 . In the table, “F” indicates a clear flip on the fracture surface, “-” indicate slanting 

oriented −45 ◦, and “+” indicate a slant oriented +45 ◦ according to (a). Simulations associated with a “∗” displayed some irregularities on the fracture surface. 

propagate a slant crack some distance before the reversed twisting 

motion assists the crack to flip. This sequence of events is strongly 

influenced by the damage related material properties — by taking 

the initial void volume fraction too high, the damage evolution 

will becomes so intense that the reversed twisting motion cannot 

make the already slanted crack flip. 

4.1. The interplay between material parameters 

The interplay between the initial void volume fraction, f 0 , 

the shear damage parameter, k ω , and the strain hardening, N , is 

evident when comparing Figs. 2–4 . By keeping the strain harden- 

ing exponent constant, Fig. 2 clearly displays the change in the 

fracture surface morphology for changing damage parameters. By 

comparing the different fracture surfaces to that of the reference 

case ( f 0 = 0 . 01 , k ω = 0 , and N = 0 . 05 ), it is clear that the distinct 

features related to the flip midway on the half ligament vanish 

when increasing (or lowering) the initial void volume fraction 

(keeping k ω = 0 and N = 0 . 05 ). This is explained by; increasing 

the void volume fraction to f 0 = 0 . 02 , the damage evolution 

ahead of the already slanted crack becomes too intense to be 

influenced by the slight reversed twisting motion and, hence, the 

crack will remain slanted to one side. In contrast, by lowering the 

initial void volume fraction to f 0 = 0 . 006 , the damage evolves too 

slowly from the pre-existing notch to form a slant crack before 

the twisting motion is reversed. Therefore, it is only after the 

reverse in the twisting motion that the localization process (and 

the related damage development) gets sufficient time to develop 
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Fig. 5. (a) Normalized tensile force and (b) normalized torque, respectively, for 

different initial void volume fractions, f 0 . Here, using the original Gurson model 

( k ω = 0 ) and a strain hardening of N = 0 . 05 . The vertical dotted line indicates the 

event where the superimposed twisting motion is reversed. 

the shear band (oriented at −45 ◦). The slant crack will, thereby, 

develop to the opposite (negative) side with no visible trace of a 

flip. Fig. 2 clearly depicts the transition from one fracture surface 

morphology to the other. 

The importance of the damage growth rate is also illustrated in 

Fig. 2 by the case of low initial void volume fraction ( f 0 = 0 . 006) . 

By increasing the shear damage parameter to k ω = 2 , the damage 

evolution is amplified to an extent where the crack slants to a 

+45 ◦ orientation and maintains this configuration throughout the 

ligament (reversed twisting motion is insufficient). Thus, it is only 

in a favorable combination of the initial void volume fraction and 

shear damage parameter that flipping can occur when driven by 

a small out-of-plane action. This is also evident from Figs. 3 and 

4 , where the parameter window that yields crack tip flipping is 

shown for two levels of material strain hardening ( N = 0 . 05 and 

N = 0 . 1 ). The crack tip flipping mechanism is found to engage 

only in a rather narrow band across the parameter window such 

that; little contribution from the shear damage is required to 

yield flipping for a high initial void volume fraction, whereas the 

shear damage contribution becomes an important factor when the 

initial void volume fraction is low. This is the case for both levels 

of strain hardening considered, but the narrow parameter band 

Fig. 6. (a) Normalized tensile force and (b) normalized torque, respectively, for dif- 

ferent scaling parameters, k ω , using the Nahshon-Hutchinson extension. Here, with 

N = 0 . 05 and f 0 = 0 . 006 , respectively. The vertical dotted line indicates the event 

where the superimposed twisting motion is reversed. 

favoring crack tip flipping shifts towards the southeast corner of 

the window for increasing strain hardening. 

The shift of the parameter band favoring crack tip flipping is 

tied to the delayed thinning of the plate in front for the crack 

tip when increasing the strain hardening. Recall that the twisting 

motion remains unchanged and, hence, the plate thinning that 

governs damage evolution is less pronounced when the twisting 

motion is reversed for high values of strain hardening. Thus, for 

fixed shear damage parameter, a higher initial void volume fraction 

is required to accumulate sufficient damage for the shear band to 

develop a +45 ◦ orientation before the twisting motion is reversed. 

This is in line with the findings for the low strain hardening case; 

taking the initial void volume fraction too high and the reversed 

twisting motion will be insufficient to flip the crack face, whereas 

taking it too low and a −45 ◦ oriented slant crack will develop 

only after the twisting motion is reversed. The crack tip flipping 

mechanism only engages on the DENT specimen ligament in the 

narrow parameter band in between these two extremes. 

4.2. Crack tip flipping and the overall response of the plate 

The overall structural response of the plate, in terms of applied 

tensile force and applied torque as a function of elongation of the 

specimen, is depicted in Fig. 5 for the case of fixed shear damage 
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Fig. 7. Cross-sections of fractured specimens where the crack tip flipping mechanism has engaged (fractured specimens seen from above). Here, comparing selected cross- 

sections for two set of material parameters; (b) N = 0 . 05 , f 0 = 0 . 01 , k ω = 0 , and (c) N = 0 . 05 , f 0 = 0 . 0061 , k ω = 1 , to the isolated flip captured on a 4 mm steel edge crack 

specimen in El-Naaman and Nielsen (2013) . (d) Displays light optical micrographs of polished cross-sectional cuts. 

parameter (k ω = 0) and varying initial void volume fraction, f 0 . 

All load-elongation curves essentially initiate with the same slope, 

while the peak load and the related specimen elongation is some- 

what affected by the initial void volume fraction. By increasing the 

initial void volume fraction, the peak load drops and it is attained 

earlier in the deformation. This, in turn, yields lower overall energy 

dissipation, taken as the area underneath the curve, as damage 

and the subsequent fracture more rapidly evolves (as expected). 

It is worth to notice that the curve for intermediate initial 

void volume fraction ( f 0 = 0 . 01) displays a slight drop in the 

load carrying capacity shortly after the twisting motion has been 

reversed (indicated by the dotted line), but that the plate regains 

hardening as the slope on the load-elongation curve subsequently 

becomes less steep. This distinct feature on the load-elongation 

curve is seen for all parameter combinations where the crack tip 

flipping engages, but it is, unfortunately, too weak to be obvious 

from corresponding experimental observations ( Jensen, 2015 ). In 

a similar fashion, the crack tip flipping action is not immediately 

identifiable from the applied torque that results from the enforced 

twisting motion. It is, however, noticed that the overall elongation 

at which the peak torque is attained drops for increasing initial 

void volume fraction. This cannot only be assigned lower fracture 

resistance due to easier damage development, but it is also tied 

to the out-of-plane deflection associated with slant crack propa- 

gation (quantified in Nielsen and Hutchinson, 2017 ). For example, 

a slanted crack will develop a naturally occurring out-of-plane 

deflection in the direction of the applied twisting motion for the 

case of high initial void volume fraction ( f 0 = 0 . 02 ). Thereby, the 

prescribed twist and the plate response support each other, which 

in turn makes the resulting applied torque lower. In fact, it is 

worth to notice that the peak torque for the case of high initial 

void volume fraction is reached before the twisting motion is 

reversed and that the torque, moreover, drops to the lowest value 

predicted when the twisting motion is reversed. This indicates that 

the naturally occurring out-of-plane deflection now counteracts 

the prescribed (reversed) twisting motion and the crack maintains 
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Fig. 8. Fracture surfaces displaying flipping (fractured specimens seen from above). Here, comparing the fracture surfaces for; (a) the isolated flip captured on a 4 mm steel 

edge crack specimen in El-Naaman and Nielsen (2013) (SEM analysis), to two set of material parameters; (b) N = 0 . 05 , f 0 = 0 . 01 , k ω = 0 , and (c) N = 0 . 05 , f 0 = 0 . 006 , 

k ω = 1 , The crack grows from right to left. 

an orientation of +45 ◦. This contrasts the case of low initial void 

volume fraction where the applied torque continues to build up 

until the twisting motion is reversed. The development of the 

shear bands are here postponed and the out-of-plane deflection 

does not come naturally. In fact, the torque is found only to drop 

slightly below zero after the twisting motion has been reversed. 

All cases which yield crack tip flipping displays a response that 

somewhat interpolates between these two extremes. For cases that 

yield crack tip flipping, the peak torque is attained shortly before 

the twisting motion is reversed, indicating a developed slant frac- 

ture and natural out-of-plane deflection, whereas the subsequent 

dip of the torque to the negative side is less pronounced. 

Similar observations are made when keeping the initial void 

volume fraction fixed while varying the shear damage parameter 

(see Fig. 6 ). In the case of a large contribution from the shear 

damage ( k ω = 2 ), the peak torque is reached before the twisting 

is reversed, which again is tied to the developed slant crack that 

naturally deflects out-of-plane. Moreover, the largest negative 

torque is also here predicted for the case where the crack main- 

tains an orientation of +45 ◦. The drop in load carrying capacity 

is also observed in Fig. 6 for cases where the crack tip flipping 

mechanism engages. 

4.3. The fracture surface morphology 

Figs. 7–9 present the fracture surface morphology of specimens 

simulated with different combinations of initial void volume 

fraction, f 0 , shear damage parameter, k ω , and strain hardening, N . 

The series of images compare the model predictions for assisted 

crack tip flipping to a naturally occurring flip observed in normal 

strength steel (see El-Naaman and Nielsen, 2013 ). Fig. 7 a displays 

a macro-scopic 3D view of the specimen made transparent to 

visualize the orientation of the cross-sections first considered. In 

an early experimental study of crack tip flipping, El-Naaman and 

Nielsen (2013) published a series of cross-sections, cut from a 

large plate, polished and inspected through a light-optical micro- 

scope in order to underline that the fracture surface morphology 

poses 180 ◦ rotational symmetry about the crack growth direction. 

This characteristic of the fracture surface is also evident from the 

present study, independent of the model parameter set, for all 
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Fig. 9. Fracture surfaces displaying flipping (fractured specimens seen from above). Here, comparing the fracture surfaces for three set of material parameters; (a) N = 0 . 1 , 

f 0 = 0 . 03 , k ω = 0 , b) N = 0 . 1 , f 0 = 0 . 014 , k ω = 1 , and (b) N = 0 . 1 , f 0 = 0 . 01 , k ω = 2 , The crack grows from right to left. 

simulated specimens where crack tip flipping engaged. Fig. 7 b- 

c shows two different cases, one without the shear extension 

( k ω = 0 ) and one with the shear extension ( k ω = 1 ), and both 

display the following sequence when considering cross-section at 

different position along crack growth direction: (i-ii) A shear-lip is 

found on the fracture surface close to the outer free surface, while 

the primary crack face remains slanted in +45 ◦. (iii-iv) The shear 

lips have grown to become major parts of the fracture surface. 

(v-vi) The shear-lips continuously grow and eventually merge to 

overtake the crack face orientation and complete the flip. This 

sequence is also evident from the fractographs in Fig. 8 for the 

scanning electron microscope images of the normal strength steel 

samples from El-Naaman and Nielsen (2013) . The crack grows from 

right to left and the images clearly demonstrate that the shear-lips 

connect to the outer free surface visible to an observer on each 

side of the plate and the shear-lips eventually merge in the center 

of the plate whereafter the orientation of the slanted crack has 

flipped from propagating in one 45 ◦ shear band to the other. 

The predicted fracture surface morphology for the two cases 

in Fig. 8 b and c differs only slightly from each other, and both the 

extent of the tunneling of the crack tip and the configuration of 

the shear-lips are very similar. In fact, when measuring the length 

of the flip, from where the shear-lips become visible on the outer 

free surface to the point where the two shear-lips merge at the 

plate center, the distance is nearly identical in both simulations. 

In fact, the distance is predicted to be on the order of one plate 

thickness in the simulations, which contrasts the experimental ob- 

servation for the normal strength steel sample in El-Naaman and 

Nielsen (2013) where the distance is longer. A number of param- 

eters can influence this discrepancy and Fig. 9 presents additional 

fracture surfaces where flipping has engaged in different cases 

of high strain hardening (N = 0 . 1) . By comparing the fracture 

surfaces, it is found that the appearance of the predicted fracture 

surface morphology approaches that of the naturally occurring 

flip for low values of initial void volume fraction, f 0 , and a large 

contribution from the shear damage parameter, k ω (see Fig. 9 c). 

Moreover, it can also be seen that the position of the assisted 

flip is largely dependent on the material parameters. As discussed 

earlier, this is tied to the interaction of the out-of-plane action 

(the applied twisting motion), the thinning of the fracture process 

zone (determined by N ), and the damage growth rate (set by 

f 0 and k ω ). Thus, the prescribed out-of-plane action set by the 

prescribed loading (the ratio between tension and twist, ˙ �/ ̇ θ ) 

most certainly will influence the fracture surface morphology, but 

the loading ratio remains fixed in the present study to limit the 

model parameter space. 

4.4. The mechanism of assisted crack tip flipping 

The cross-sections in Fig. 7 and the fractographs in Figs. 8 and 

9 present a still picture (not time-resolved) of the flipping mech- 

anism, and only by holding findings from a number of sources 

together can details be revealed on the progression of the crack 

tip flipping mechanisms (see discussion in Nielsen and Gund- 

lach, 2017 ). The present model set-up, however, allows for a 

direct investigation of how the crack propagation progresses when 

the assisted crack tip flipping mechanism evolves. Fig. 10 shows 

the flipping in action by two series of associated stages; the 
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Fig. 10. Progression in crack propagation and damage evolution for a parameter set ( N = 0 . 05 , f 0 = 0 . 01 , k ω = 0 ) displaying crack tip flipping. (a-d) Shows a transparent 

specimen with eroded elements displayed in the undeformed configuration to ease visualization, and the corresponding crack propagation as seen on the outer free surface. 

first (left) column displays a transparent plate with the eroded 

elements mapped to the undeformed configuration, whereas 

the second (right) column shows the corresponding deformed 

stages of the plate visible to an observer. At first, the tearing 

crack initiates from the blunted pre-crack by transitioning from 

flat to slant propagation (also discussed by Hickey and Ravi- 

Chandar, 2016 ). This transition is tied to the change in the near-tip 

conditions as the initiating crack is largely controlled by plane 

strain (through the plate thickness) whereas the subsequent 

steady-state propagation is governed by through-thickness plane 

stress conditions ( Woelke et al., 2015 ). Subsequently, the as- 

sisted crack tip flipping progresses by the following sequence of 

events (see Fig. 10 ); (a) after the crack has slanted to propagate 

in a +45 ◦ shear band, the reversed twisting motion makes the 

opposite ( −45 ◦) shear band intensify and elements are eroded 

in this perpendicular plane. (b-c) The element erosion in the 

secondary shear band continuously intensify as the out-of-plane 

action, resulting from the twisting motion, becomes larger and a 

band of intense plastic deformation indicates the crack kinking 

in the acute angle corner where the slant crack face meets the 

outer free surface. For an observer following the crack on the 

outer free surface, this is easily traced and the reorientation 

of the crack gradually develops. (d) Once the intense localiza- 

tion on the outer free surface reaches the second shear band it 

connects to a now visible crack that has formed on the −45 ◦

oriented shear band. Finally, the band of intense plastic localiza- 

tion erodes to connect the two cracks visible on the outer free 

surface, leaving behind the fracture surface morphology depicted 

in Figs. 8 and 9 . The predicted sequence of events, seen on the 

outer free surface matches the experimental observations made in 

El-Naaman and Nielsen (2013) and Nielsen and Gundlach (2017) , 

though with the exception of the delayed erosion of the localiza- 

tion band connecting the two visible cracks (one on each shear 

band). Related experimental findings suggest the crack tip flipping 

mechanism to initiate by the formation of shear lips behind the 

leading crack tip, whereas the simulation results in Fig. 10 b-c show 

the crack tip flipping mechanism to engage at the crack tip. In 

the simulations, two new, reoriented, crack face essentially evolve 
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towards the free plate surface while simultaneously advancing the 

crack tip and it is only after the crack has propagated additional 

plate thicknesses that the localization band erodes to connect the 

two primary slant surfaces. This significant delay in the erosion of 

the localization band on the outer free surface suggests that it may 

be an artifact in the modelling approach rather than part of the 

crack tip flipping mechanism. It was observed that the elements 

are severely distorted in this part of the mesh and, hence, the 

elements deform significantly before being eroded (while carrying 

little load). Thus, a slight change to the element erosion strategy 

may give a more correct representation of the evolution of the 

crack tip flipping mechanism. Along the same lines, an even finer 

mesh could help intensify damage in the localization band on the 

outer free surface and erode a more narrow region, but the em- 

ployed element size is a trade-off for reasonable computation cost. 

5. Conclusion 

A deeper understanding is achieved for the conditions that fa- 

vor the crack tip flipping mechanism occasionally observed when 

a slant tearing crack propagates under mode I far-field loading in 

ductile metal plates. Rather than simulating computational costly 

large-scale plate tearing, the present work focuses attention on a 

double edge notched tension (DENT) set-up with an overlaid twist- 

ing motion to mimic the out-of-plane action seen in large-scale 

plate when the tearing crack slants. The model set-up has enabled 

covering a relatively large portion of the material parameter space 

and a clearer picture of the conditions that fertilize the naturally 

occurring crack tip flipping mechanism is brought out. It is demon- 

strated that the crack tip flipping mechanism engages only when 

the interaction between the damage growth rate (set by damage 

parameters; k ω and f 0 ), the local through thickness plate thin- 

ning governing the fracture process zone (determined by the strain 

hardening, N ), and the out-of-plane deflection act in synergy. The 

two shear bands traveling with the crack tip ( Mathur et al., 1996 ) 

is key to the crack tip flipping mechanism and rather than flip- 

ping its orientation the propagating crack will remain slant to one 

side if one shear bands dominate the fracture process zone im- 

mediately ahead of the tip. Figs. 3 and 4 compile the essence of 

the findings and it shows that crack tip flipping only engages in 

a narrow parameter band. By making the damage growth rate too 

intense (for fixed strain hardening and twisting motion) the shear 

band becomes too dominant and the crack remains slant to one 

side, whereas the development of a slanted crack only takes place 

after the twisting motion has been reversed if the damage (thus 

the shear bands) evolves too slow. 

The present work considers only one loading path set by the 

ratio of tension versus twisting, ˙ �/ ̇ θ and the “Changeover” (see 

Table 2 ), and the path does not necessarily mimic the actual de- 

flection of a large-scale plate. Changes to the loading path most 

certainly will affect the predicted fracture surface morphology and 

possibly shift the narrow parameter band in Figs. 3 and 4 , where 

flipping engages. But, it does not change the fact that the interplay 

between the out-of-plane action and the development of the shear 

bands has to be just right to get the flipping mechanism going. 
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A B S T R A C T

The tearing of ductile metal plates can take place in three distinctly different modes: cup-cup, cup-cone, and
crack slanting, but they are often observed in combination. It is well established that all tearing modes are
governed by nucleation, growth, and coalescence of voids at the micron scale. What controls the shift between
different tearing modes is, however, unclear and a micro-mechanics-based investigation is launched here to shed
light on the issue. The present work takes as a starting point the hypothesis that the volume fraction, (average)
size, and distribution of second phase particles, which act as void nucleation sites, are the key microstructural
parameters that determine the tearing mode. In accordance with this hypothesis, the plates are modeled here by
embedding randomly distributed void nucleation sites in a homogeneous matrix material. A parameter study is
performed, and by adjusting the number, size and distribution of the nucleation sites in the fracture process zone,
a shift in the tearing mode is achieved: a low number of small (relative to the plate thickness) randomly dis-
tributed particles link up in a void-by-void-type failure, whereas bigger particles, or a large number of small
particles, can facilitate multiple void interactions. The present work also demonstrates that, for plates with
intermediate or low volume fraction of nucleation sites, the localization of deformation in a macroscopic band
precedes the microscopic localization that eventually links the voids. However, the two modes of plastic flow
localization occur simultaneously for large volume fractions.

1. Introduction

Intermetallic inclusions are often deemed responsible for the nu-
cleation of the micro-voids that, upon loading, grow to coalesce and
eventually form the micro-cracks leading to material separation in
ductile plate tearing. Distinct crack surface morphologies such as
slanting, cup-cup, and cup-cone are observed for extensive crack
growth in metal plates; see Fig. 1. The nucleation, growth, and coa-
lescence of voids have been studied in great detail, and with the in-
creasing computational resources, the chain of events are now being
linked in ever more complex numerical analyses (see e.g. the reviews by
Tvergaard, 1990; Benzerga and Leblond, 2010, and the references
therein). An understanding of the interplay between different me-
chanisms and length scales is, however, still in a maturing stage and key
details remain to be unraveled and exploited for the creation of new
and better materials. It is reported in the literature that plates fabri-
cated from high-strength age-hardened aluminum alloys (Irwin et al.,
1958; Knott, 1973; Li and Siegmund, 2002), and high-strength steels
(Broek, 1986) exhibit slanted crack growth, while plates fabricated

from low-strength metals such as stainless steel, mild steel, 6082-O and
NS4 aluminum alloys, brass, bronze, lead, and zinc systematically show
a cup-cup fracture profile (Pardoen et al., 2004), for several different
plate thicknesses. Despite this insight, the transition between the
tearing modes remains to be fully understood, and nowhere is a con-
clusive answer found to the question: why does a propagating crack
choose one tearing mode over the others?

The current approach to ductile plate tearing in the literature, based
on Gurson-like porous plasticity finite element (FE) models with a
homogeneous material distribution in the entire fracture process zone
(FPZ), cannot provide an unambiguous answer to the above question.
For a sufficiently fine discretized plate with a homogenized porosity
distribution, the crack propagates in a 45° orientated shear band for a
wide range of material properties (Mathur et al., 1996; Felter and
Nielsen, 2017; Andersen et al., 2018a). In fact, lowering the initial
porosity and/or increasing the hardening capacity of the plate material
while keeping the mesh unchanged can lead to a shift from slant to flat
crack propagation. However, this shift is merely an artifact of the dis-
cretization; often one can make the crack slant again upon further mesh
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refinement. Besson et al. (2003) presented a detailed 2D study on the
effect of discretization, and demonstrated that the mesh type has a great
influence on the Gurson model's ability to describe slant crack propa-
gation (see also Nielsen and Hutchinson, 2012).

It is well established that void nucleation becomes more and more
difficult with decreasing second phase particle size (e.g Gurland, 1972;
Lewandowski et al., 1989; Dighe et al., 2002), and that the presence of
different families of particles with different sizes and/or void nuclea-
tion resistances have profound effects on void nucleation (e.g Marino
et al., 1985; Bron et al., 2004; Asserin-Lebert et al., 2005). In the pre-
sent work, the non-homogeneous distribution of the damage related
microstructure is accounted for in terms of the spatial distribution,
number and size of second phase particles, i.e. the void nucleation sites.
The hypothesis is that a large number of closely packed nucleation sites
will facilitate multiple void interaction, whereas fewer nucleation sites
will link up in a void-by-void fashion. Therefore, changing the spatial
distribution, number and/or size of the void nucleation sites in a metal
plate, while keeping all other mechanical properties and loading con-
ditions unchanged, is expected to lead to a change in the fracture sur-
face morphology. Related to this is the discussion on the sequence of
localized deformations at different length scales (also introduced in
Tekoğlu et al., 2015). One important finding of the present paper is
that, macroscopic band formation does not necessarily occur simulta-
neously with, but it can precede, microscopic localization at stress
triaxialities below 1, unlike the conclusions arrived at in Tekoğlu et al.,
2015.

The paper is structured as follows. The problem formulation and
modeling assumptions are laid out in Section 2, and the numerical
methods are presented in Section 3. Results are given in Section 4,
which is followed by a discussion and concluding remarks in Section 5.

2. Problem formulation

The schematic in Fig. 2a shows a ductile plate that tears under mode
I loading. The dimensions of the plate in the x x2 3-plane are much larger
than its thickness in the x1-direction, W. All the cross sections perpen-
dicular to the crack growth direction (the x3-direction in Fig. 2a) ex-
perience the same deformation history at steady state, such that: (1) a
local thinning first develops far ahead of the crack tip, while the regions
outside the thinning zone unload elastically, (2) the local thinning in-
tensifies and damage develops, (3) plastic deformation further localizes
in deformation bands contained in the local thinning region, and (4) a
macro-crack propagates in the deformation bands through coalescing
voids, which finally leads to fracture of the cross section. The mode I
tearing problem considered here is similar to that investigated in
Nielsen and Hutchinson (2012); Andersen et al. (2018b), where large-

scale 3D steady-state plate tearing is boiled down to an approximate 2D
plane strain setup. The elastic unloading domain above and below the
thinning region essentially restricts the deformation in the FPZ such
that a plane strain condition can be assumed near the crack tip (an
assumption supported in a recent full 3D study by Andersen et al.,
2018a). Thus, in the 2D plane strain setup, a cross section in the
x x1 2-plane with an initial aspect ratio of H W/0 0 is imagined to be cut
from the plate, and loaded in tension along the x2-direction to mimic a
far-field mode I loading (see Fig. 2b). The difference in the present work
is that, rather than restricting the analysis to a homogeneous porous
material as in Nielsen and Hutchinson (2012); Morgeneyer et al.
(2014); Andersen et al. (2018b), a population of “discrete void nu-
cleation sites” which represents the second phase particles in a real
material, are embedded into the FPZ that evolves in the region specified
by its initial height, h0, in Fig. 2b. The idea of modeling second phase
particles as void nucleation sites has been successfully implemented in
the previous literature, see e.g. Srivastava et al. (2014); Osovski et al.
(2015); Morgeneyer et al. (2016); Srivastava et al. (2017). The elastic
unloading domain above and below the FPZ (the light gray regions in
Fig. 2b) is assumed to be non-porous and deforms by J2-flow plasticity.
In this way, the adopted setup allows microstructural parameters such
as the spatial distribution, number, and relative size (with respect to the
plate thickness) of the second phase particles to enter the analysis. In
Fig. 2b, for example, the number of randomly distributed void nu-
cleation sites, Np, is equal to 50 and all nucleation sites have the same
radius, Rp. A background porosity, which has been introduced to allow
neighboring sites to eventually coalesce, is allowed to nucleate between
nucleation sites. In this way, the background porosity represents a
secondary population of particles with a much smaller average size than
the primary population located in the nucleation sites, which is typical
for metallic alloys. The Gurson—Tvergaard—Needleman (GTN) porous
plasticity model is employed to predict the porosity evolving from the
void nucleation sites as well as the macroscopic material separation that
develops across the plate thickness. The FE model corresponding to this
2D framework enables a comprehensive parameter study of the changes
in the fracture surface morphology when the damage related micro-
structural parameters are varied, see Section 3.

3. Model: constitutive relations and finite element formulation

The FE calculations in this paper are performed by using the com-
mercial software ABAQUS/Explicit, version 2016. In this section, the
constitutive relations and the FE formulation are only briefly in-
troduced and the reader is referred to ABAQUS (2016) for further de-
tails.

3.1. Constitutive relations

Nucleation, growth, and coalescence of voids in the FPZ are ac-
counted for by the GTN porous plasticity model (see e.g. Tvergaard,
1981), which is based on the pioneering work of Gurson (1977). In the
notation of ABAQUS, the yield surface for the GTN model is given by:

= + + =q q f q p q f2 cosh 3
2

(1 ( ) ) 0.
y

2

1
*

2
y

3
* 2

here, q is the effective von Mises stress for the Cauchy stresses; [ ]y m
pl is

the yield stress of the fully dense matrix material as a function of the
equivalent plastic strain in the matrix, m

pl; the hydrostatic pressure is p;
and q1, q2, and q3 are fitting parameters introduced by Tvergaard
(1981). The three fitting parameters, respectively, account for the in-
teraction between voids, void shape changes, and the effect of stress
triaxiality on void growth during loading. Finally, f f[ ]* is a function of
the void volume fraction, f, and is given by:

Fig. 1. Schematic showing cross sections of cracked plates with the crack
growing toward the reader: (a) the slanted crack growth, (b) the cup-cup crack
growth (or bath tub), and (c) the cup-cone crack growth (or double slant).
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where fc and fF are the two values of the void volume fraction that
correspond to the onset of void coalescence and to the total loss of stress
carrying capacity at a material point, respectively. Once all the material

points in an element fail (with f fF), the element is automatically
removed from the mesh by ABAQUS/Explicit (see Section 3.2 for details
on the element formulation).

In the GTN model, the total change in the porosity, f , equals the
sum of the change due to newly nucleating voids, fnucl, and that due to
growth of the existing voids, fgr, such that: = +f f fnucl gr. In ABAQUS/
Explicit, void nucleation is strain controlled, =f A [ ]m

pl
m
pl

nucl , and the
probability density function, A [ ]m

pl , represents a Gaussian bell dis-
tribution for the nucleation strain:
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where N and sN are, respectively, the mean value and the standard
deviation for the distribution, and fN is the total volume fraction of the
nucleated voids. The assumption of a Gaussian bell distribution for void
nucleation indirectly accounts for the fact that the critical strain for
void nucleation is a function of the size, shape, and orientation of the
second phase particles giving birth to voids. The growth of existing
voids occurs through the (incompressible) plastic deformation of the
surrounding matrix material, and the void growth equation directly
follows from the conservation of mass in the matrix: =f f(1 )gr kk

pl .
For = =f f 0* , the material is fully dense, and the GTN yield surface is
identical to the von Mises yield surface.

In the present study, it is assumed that the undamaged material,
both in the matrix and at the nucleation sites, follows a true stress-
logarithmic strain power hardening relationship described as:

=
<

( )
E if

if
N

0

0 00

where 0 is the initial yield stress, E is Young's modulus, N is the
hardening exponent, and = E/0 0 .

3.2. Finite element (FE) formulation

The FE calculations are conducted using the commercial software
ABAQUS/Explicit, in a finite strain setting. Fig. 3 shows a typical FE mesh
for the plate tearing problem described in Section 2. Before applying the
load, the aspect ratio of the plate section is =H W/ 40 0 for all the calcu-
lations, where H0 is the initial height of the plate section andW0 the initial
plate thickness. The domain specified by the initial height, =h H /20 0 ,

Fig. 2. Schematic illustrating (a) a ductile plate under mode I loading, and (b) a 2D plane strain FE model for the plate in the undeformed configuration. Void
nucleation sites in the fracture process zone (with a height of h0) represent the second phase particles in a real material.

Fig. 3. Schematic showing the boundary conditions and a typical mesh for the
2D plane strain FE model for a ductile plate under mode I loading. Void nu-
cleation sites have an initial circular shape with a radius of Rp, as shown in the
magnified view at the right. Mode I loading is imposed on the plate by pulling
the top and bottom boundaries in the vertical direction, while letting them
remain traction free in the horizontal direction. Moreover, the horizontal dis-
placements of the two nodes located at the top-left and bottom-left corners are
fixed, so that the top and bottom parts of the plate do not move in the hor-
izontal direction with respect to one another once the crack starts to propagate.
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where the FPZ will evolve, is finely discretized by using square elements
having a normalized edge length of =L W/ 10e 0

3. The mesh size gradu-
ally increases outside the FPZ, toward the top and bottom boundaries,
where an unstructured mesh containing both quadrilateral and triangular
elements is accepted. In the domain of the FPZ, there is a total of Np void
nucleation sites, two of which are visible in the magnified view given in
Fig. 3. The void nucleation sites have a circular shape with radius

=R kLp e, where k is an integer assumed to be the same for all the nu-
cleation sites in a plate. It is assumed that the individual void nucleation
sites are non-overlapping and do not intersect the cross-section bound-
aries. The adopted fine mesh allows a large number of non-overlapping
void nucleation sites in this zone: for k 9, =N 100p non-overlapping
nucleation sites can easily be randomly distributed. The quadrilateral
elements in the mesh, including those in the FPZ, are of type CPE4R (four-
noded, bilinear, reduced integration with hourglass control), while the
triangular elements are of type CPE3 (three-noded, linear); see ABAQUS
(2016) for detailed element properties.

The plate is assumed to be non-porous in the undeformed config-
uration, with uniform mechanical properties throughout, representing a
typical aluminum alloy: Young's modulus, =E 70 GPa; Poisson ratio,

= 0.3; density, = 2700 kg/m3; initial yield stress, = 3000 MPa; and
a power-law hardening exponent, =N 0.1. The elastic unloading re-
gions above and below the FPZ are taken to remain non-porous during
the entire loading history, whereas two different sets of porous plasti-
city parameters are required inside the FPZ: one for the void nucleation
sites (superscript “ns”) and one for the matrix (superscript “m”) sur-
rounding them. In this study, all the parameters in both sets are taken to
be the same ( = = 10N

ns
N
m 2, = = ×s s (1/3) 10N

ns
N
m 2,

= =f f 10c
ns

c
m 2, = = ×f f 5 10F

ns
F
m 2) except for the total volume

fraction of the nucleated voids, = ×f 8 10N
ns 3, =f 10m

N
5.

In the present work, the intention is not to enter the regime where
the inertia effect will become important. Even so, the explicit (but not
the implicit) solver of ABAQUS is used for two reasons: i) it auto-
matically removes failed elements and allows the simulation to re-
present the separation of the plate cross section, and ii) the dynamics
helps to stabilize element failure, and by exploiting mass lumping
(HRZ), the calculations are easily parallelized. The price to pay for
these advantages is that great care must be taken to perform the ana-
lyses at sufficiently low deformation rates that the model response can
be considered quasi-static. It is, here, worth mentioning that even for
very low deformation rates, such convergence has been hard to achieve
for some of the microstructures considered; for convergence, the kinetic
energy in the system has to be much lower than the traditional 10% of
the total energy in the system. In fact, the material parameters as well
as the mesh size introduced above are chosen in a such way that they
allow distinguishing between different crack surface morphologies,
while the total CPU time of one FE calculation for a single plate is less
than 24 h. The FE calculations are performed on an HP Z420 work-
station, running four central processing units in parallel. The effect of
material parameters on the results is further discussed in Section 5.

4. Results

The main goal of this study is to investigate the effects of the spatial
distribution, number, Np, and the relative size, =R kLp e, of the second
phase particles (acting as void nucleation sites) in relation to the frac-
ture surface morphologies observed in plate tearing. The intervals for
these key parameters, considered in the FE calculations, are:
N {10,25,50,75,100}p and k {3,6,9,15,18}, while all other material and
geometrical parameters remain fixed. All possible N kp combinations
are analyzed, and three realizations with different spatial distributions
of nucleation sites are considered for each combination (in all 75 FE
calculations are conducted). The results are presented below, by
starting first with the detailed results for the two extreme cases with

= =N k10, 3p (Figs. 4 and 5) and = =N k100, 18p (Figs. 6 and 7), for
which the fracture surface morphologies are distinctly apart. Attention

is hereafter focused on the transition between the different fracture
surface morphologies (Figs. 8–11).

Fig. 4 shows the distribution of the void volume fraction in the FPZ at
different stages of the deformation history (Fig. 4a–d), together with the
corresponding curve of engineering stress versus engineering strain
(Fig. 4e), for a plate with = =N k10, 3p . The engineering stress is simply
calculated by dividing the total reaction force in the x2-direction at the top
(or bottom) boundary by the initial surface area, = = F W( / )i

n i
22 1 2 0 ,

while the ratio between the prescribed displacement at the boundary and
the initial height of the plate section gives the engineering strain,

=E H H/22 0. The asterisk (*) symbols on the stress-strain curve in Fig. 4e
indicate the deformation stages depicted in Fig. 4a–d. The onset of void
nucleation coincides with the onset of plastic deformation, and nucleation
starts simultaneously at all nucleation sites in the FPZ. The void volume
fraction rapidly develops at the nucleation sites and the total amount is
already two orders of magnitude larger in the nucleation sites compared
to the background porosity of the surrounding matrix material at the very
first plastic strain increment. Upon further loading, the peak load is
reached and diffuse thinning starts (see Fig. 4a). The void volume fraction
of all the nucleation sites subsequently intensifies as the thinning de-
velops, leading to failure through void coalescence at the length scale of
elements. The diffuse thinning is at some point interrupted by localization
of deformation in two roughly 45 shear bands reaching out from a single
nucleation site located in the neck (see Fig. 4b).1 It is noteworthy that the
nucleation sites appear as discrete holes after removing the failed ele-
ments from the mesh. A comparison of Fig. 4b-d reveals that only the
nucleation site, from which the shear bands emanate, enlarges after the
onset of localized deformation, while the development of the other nu-
cleation sites (nearly) stops. This is tied to the elastic unloading taking

Fig. 4. Developed void volume fraction in the fracture process zone for a plate
with = =N k10, 3p , at (a) the onset of diffuse thinning, (b) the onset of mac-
roscopic localization, (c) an intermediate deformation stage between the onset
of macroscopic localization and final failure, and (d) the final failure. (e)
Variation of the normalized engineering stress /22 0 with the engineering
strain E22 for the plate.

1 Throughout the results, attention is focused on the developed void volume
fraction as this is a clear indicator of plastic flow localization in the current
model setup, see Appendix.
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place outside the localization bands. The fracture surface morphology
thus largely resembles the cup-cup mode as the top and bottom half plates
no longer fit together. In fact, this observation is consistent for different
realizations of randomly distributed void nucleation sites (see Fig. 5).

Fig. 5 shows the void volume fraction for two additional realizations
of randomly distributed void nucleation sites (plate P2 in Fig. 5b and
plate P3 in Fig. 5c). Here, all material parameters are kept constant and

=N 10p , =k 3. The deformation and the complex sequence of events
leading to fracture for P2 and P3 are the same as for P1; thinning is visible
for all three plates, and they all have a cup-cup-like fracture surface
morphology. The main difference in the fracture process of the three
plates appear to be that, unlike in P1, the crack developed through more
than one nucleation site in P2 and P3. However, the stress-strain curves
for the three plates largely overlap until the onset of localized deforma-
tion (indicated by an asterisk (*) in Fig. 5c), and even the onset of loca-
lized deformation matches up for P1 and P3. In contrast, P2 falls short of
reaching the overall strain predicted for P1 and P3, but this is tied to the
less pronounced development of the necking region.

Detailed results for the extreme case of a large number of big void
nucleation sites ( =N 100p and =k 18) are presented in Fig. 6. As in any
other case analyzed, the void nucleation starts at the onset of plastic
deformation. However, in contrast to the case of a few small void nu-
cleation sites ( =N 10p , =k 3), the deformation quickly localizes in a
macroscopic shear band at the onset of thinning, connecting multiple
nucleation sites (see Fig. 6a). The tearing crack thereby propagates
through the failure of the elements located in the most energetically
favorable shear bands, and this leads to an overall slanted fracture
surface morphology (see Fig. 6b). It is apparent from Fig. 7 that
changing the realization of randomly distributed void nucleation sites

while keeping all other material properties fixed (including =N 100p ,
=k 18) does not affect the overall fracture surface morphology, al-

though it shifts the location of the crack. Moreover, the stress-strain
response is represented by (nearly) overlapping curves. In fact, the
curves largely coincides with the response of P1 (with =N 10p , =k 3)
until the onset of localized deformation (see Fig. 7d).

Fig. 8 shows the developed void volume fraction in the FPZ at the
final step of fracture for four different plates all with small void nu-
cleation sites ( =k 3), while the total numbers in each plate are =N 25p
(in Fig. 8a), =N 50p (in Fig. 8b), =N 75p (in Fig. 8c), and =N 100p (in
Fig. 8d), respectively. Considering the plates with =N 10p given in
Fig. 5 as well, a gradual shift in the fracture surface morphology, first
from cup-cup (Figs. 4, 5 and 8a) toward cup-cone (Fig. 8b and c), and
later toward slanted (Fig. 8d) can be observed when increasing the
number of randomly distributed void nucleation sites. Companion re-
sults for four different plates with big void nucleation sites ( =k 18) are
shown in Fig. 9. Only the location of the crack is here shifted by
changing the random distribution, whereas all the plates display a
slanted fracture surface morphology. In fact, among 15 plates with

=k 18 and N {10,25,50,75,100}p analyzed in this study, including those
for which the results are not shown here, the crack is predicted to be
clearly slanted for 12, clearly cup-cone for 1, and a mixture of the three
morphologies for the remaining 2. It is also noteworthy that the amount
of diffuse thinning as well as the value of the macroscopic fracture
strain decrease with increasing Np, for both =k 3 and =k 18.

Additional results are presented in Figs. 10 and 11 to further clarify
the effect of the size of the void nucleation sites on the fracture surface
morphology, by keeping the realization of the random distribution the

Fig. 5. Developed void volume fraction in the fracture process zone for three
plates with = =N k10, 3p at the final failure: (a) plate P1, (b) plate P2, and (c)
plate P3. Plate P1 is also shown in Fig. 4. All the material parameters for these
three plates are the same, the only difference being the the spatial distribution
void nucleation sites. (d) Variation of the normalized engineering stress /22 0
with the engineering strain E22 for the three plates.

Fig. 6. Developed void volume fraction in the fracture process zone for a plate
with = =N k100, 18p at the (a) onset of macroscopic localization, and (b) final
failure. (c) Variation of the normalized engineering stress /22 0 with the en-
gineering strain E22 for the plate.
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same for all the plates. The focus is kept on the two extreme cases in
terms of the number of nucleation sites, with =N 10p for Fig. 10 and

=N 100p for Fig. 11, while the size range is k [3,6,9,15,18]. For the
plates in Fig. 10 (Fig. 11), the spatial distribution of the nucleation sites
is also the same as the plate shown in Fig. 4 (Fig. 6). For =k 3, the
fracture surface morphology is of a cup-cup type both for =N 10p
(Fig. 4) and =N 100p (Fig. 11a). For larger k values, the fracture surface
morphology shifts to a cup-cone form for =N 10p , and the material
separation takes place through the same set of interacting nucleation
sites (see Fig. 10). For =N 100p , on the other hand, the fracture surface
morphology shifts to a slant-like form for small void nucleation sites

and remains slanted thereafter (see Fig. 11). As would be expected, the
diffuse thinning region fades out and the fracture strain decreases with
increasing k for both =N 10p and =N 100p .

5. Discussion and conclusions

The FE framework adopted in this study allows the effects of the
size, number, and spatial distribution of second phase particles to enter
the analysis of ductile plate tearing by embedding discrete void nu-
cleation sites in the FPZ. The results show that two local shear bands

Fig. 7. Developed void volume fraction in the fracture process zone for three
plates with = =N k100, 18p at the final failure: (a) plate P4, (b) plate P5, and
(c) plate P6. Plate P4 is also shown in Fig. 6. All the material parameters for
these three plates are the same, the only difference being the spatial distribution
of the void nucleation sites. (d) Variation of the normalized engineering stress

/22 0 with the engineering strain E22 for the plates P4, P5, P6 and the plate P1
(with = =N k10, 3p ) shown in Fig. 4.

Fig. 8. Developed void volume fraction in the fracture process zone for four
different plates. The size of the void nucleation sites is the same for all the four
plates ( =k 3), while their number is different: (a) =N 25p , (b) =N 50p , (c)

=N 75p , and (d) .

Fig. 9. Developed void volume fraction in the fracture process zone for four
different plates. The size of the void nucleation sites is the same for all the four
plates ( =k 18), while their number is different: (a) =N 10p , (b) =N 25p , (c)

=N 50p , and (d) =N 75p .

Fig. 10. Developed void volume fraction in the fracture process zone for four
different plates. The spatial distribution and the number of the void nucleation
sites are the same for all the four plates ( =N 10p ), while their size is different:
(a) =k 6, (b) =k 9, (c) =k 15, and (d) =k 18.

Fig. 11. Developed void volume fraction in the fracture process zone for four
different plates. The spatial distribution and the number of the void nucleation
sites are the same for all the four plates (), while their size is different: (a) =k 3,
(b) =k 6, (c) =k 9, and (d) =k 15.
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emanate from each void nucleation site as soon as the void volume
fraction in the nucleation site reaches approximately 0.1%. The two
local shear bands are perpendicular to each other, one aligned at 45
and the other at 45 with respect to the loading direction, and the
plastic strain in the local shear bands is only slightly larger than that in
the surrounding matrix at this early stage of deformation; just enough
to make the shear bands apparent. Upon further monotonic loading,
plasticity increases everywhere in the plate, but intensifies the most in
the local shear bands spreading out from the void nucleation sites. At
some point during the loading, an interaction between the individual
void nucleation sites sets in. The mechanism through which this in-
teraction takes place depends greatly on the size, number, and spatial
distribution of the nucleation sites, as well as on the porosity in the
matrix surrounding the sites.2 The interaction mechanisms between
void nucleation sites can be classified into three distinct types: The
existing local ± 45 shear bands spreading out from several nucleation
sites interact with one another in such a way as to form a global loca-
lized deformation band extending over all these nucleation sites; see
e.g. Fig. 6. New shear bands form to connect neighboring void nu-
cleation sites; see e.g. Fig. 12a and b. This mechanism is also known as
the “void sheeting mechanism”, where two existing large voids are
linked by a shear localization band in which new voids can originate
from secondary particles (see e.g. Cox and Low, 1974). Neighboring
void nucleation sites merge with one another through local necking of
the ligament situated between them; see e.g. Fig. 12c and d.

Mechanism is active only if a macroscopic localization band can
evolve due to the interaction between the nucleation sites in the FPZ,
and this is most likely to be the case if the number or size (or both) of
the void nucleation sites is large enough. If active, mechanism sets in
early in the deformation history, with no or negligible diffuse thinning
of the plate (see e.g. Fig. 7). In contrast, if the FPZ contains only a few
small void nucleation sites, a macroscopic localization band cannot be
achieved yielding a transient in the fracture surface morphology. In
such plates, the interaction between nucleation sites, if it ever takes
place, is postponed until after considerable diffuse thinning of the FPZ
has developed. The plate shown in Fig. 4 is a good example of the case
where no interaction takes place between nucleation sites, and the
crack spreads by the growth of a single nucleation site captured in the
diffuse necking zone. A fracture process involving only a single void has
recently been reported in an experimental study by Noell et al. (2018),
for tensile testing of a sheet specimen fabricated from a high-purity
(99.999%) polycrystalline aluminum. Depending on the spatial dis-
tribution, however, more than one void nucleation site might be in-
volved in crack propagation, joining together through mechanism
(see Fig. 5b and c). For intermediate levels of both the number and size
of the void nucleation sites, even if there exists a 45 path extending
over some nucleation sites, the path is usually not long enough to ex-
tend the entire plate thickness. The tearing crack can thereby propagate
either through two intersecting global 45 shear bands, leading to a cup-

cone morphology (see Fig. 8b), or by a combination of all three micro-
mechanisms (see Fig. 8d). Clear examples of mechanism are only
observed between void nucleation sites located in close proximity,
which reveals that the interaction between void nucleation sites in re-
lation to plate tearing predominantly occurs via shear bands.

An issue that is closely related to the crack tearing mechanisms is
the question of whether macroscopic localization occurs prior to mi-
croscopic localization, or whether the two occur simultaneously. In
macroscopic localization, in either a normal band or a shear band, the
softening giving rise to localized deformation is linked to the nucleation
and growth of the voids. In microscopic localization, however, the
softening is due to the coalescence of the voids where plastic strain is
confined in the ligaments connecting neighboring voids. Tekoğlu et al.,
2015 addressed this question by modeling an infinite planar band
containing a doubly periodic array of initially spherical voids, em-
bedded between two semi-infinite blocks of uniform, void-free material,
in a three-dimensional FE setting. In Tekoğlu et al., 2015 it was con-
cluded that; macroscopic localization precedes microscopic localization
(or void coalescence) at stress triaxilities larger than 1, as microscopic
localization requires additional plastic straining in the deformation
band. At lower stress triaxiality, however, the two modes of plastic flow
localization occur simultaneously. In the present FE simulations of
steady-state ductile tearing, the stress triaxiality is approximately 0.6 in
the FPZ and it is clearly observed that macroscopic localization will
precede microscopic localization. Only if failure takes place by the first
mechanism, as discussed above, will the localized deformation in a
macroscopic shear band occur simultaneously with the onset of void
coalescence.3 However, this is the case only when the number and/or
size of the nucleation sites are large enough. For intermediate config-
urations of the damage related microstructure, macroscopic localization
precedes microscopic localization, which usually takes place through
void sheeting (mechanism ), and rarely through coalescence of
neighboring nucleation sites (mechanism ). With decreasing number
and/or size of nucleation sites, the additional plastic straining in the
localization band required to trigger microscopic localization increases,
and the separation between the two modes of localization becomes
increasingly clear. As discussed in Tekoğlu et al., 2015, in their FE
model: i) the voids are highly aligned, which possibly advances void
coalescence, and ii) the outer blocks are void free, which postpones
macroscopic localization; the combination of both effects leads to si-
multaneous occurrence of the two modes at stress triaxialities below 1.
If these two restrictions are removed, as is the case for the present FE
framework, macroscopic localization precedes microscopic localization
even at triaxiality values as low as 0.6, except if the strain hardening
capacity of the material is very low (in the present study, due to a large
volume fraction of void nucleation sites).

In essence, what determines the fracture surface morphology is the
strain hardening capacity of the plate material. This study emphasizes

Fig. 12. (a) Onset of void sheeting and (b) separation
of the matrix trough void sheeting between two void
nucleation sites. (c) Onset of coalescence and (d)
internal necking of the ligament between two void
nucleation sites. The plate in (a,b) is also shown in
Fig. 5c, and the one in (c,d) is also shown in Fig. 8d.

2 Note again that the background porosity in the matrix represents the pre-
sence of a secondary population of particles with much smaller sizes compared
to the primary population of particles represented by the nucleation sites, see
Section 2. In this study, the focus is on the primary population, and therefore
the volume fraction of the secondary particles is assumed to be very small.

3 It is worth noting that void coalescence within the elements inside a nu-
cleation site, which occurs prior to macroscopic localization, is not the micro-
scopic localization discussed here. The formation of a hole at a void nucleation
site through coalescing voids simply mimics void nucleation at a particle,
which, in reality, occurs either via brittle fracture of the particle, or the se-
paration of the interface between the particle and the surrounding matrix.
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the fact that the strain hardening capacity of a material depends not
only on the strain hardening exponent of the matrix, but also on the
volume fraction and spatial distribution of the second phase particles,
as well as on the ease of void nucleation at particle sites. Increasing the
volume fraction of void nucleating particles would lower the hardening
capacity of a material, the effect being more pronounced for easily void
nucleating particles. The material parameters in this study are chosen in
such a way to cover a broad spectrum of hardening capacities, by only
changing the number, Np, size, Rp, and spatial distribution of the void
nucleation sites, while keeping the remaining parameters the same. At
one end of the spectrum stand the plates with a low number of small
nucleation sites, for which the hardening capacity is large and the crack
predominantly propagates in a cup-cup morphology. At the other end
are the plates with a large number of big nucleation sites, whose low
hardening capacity forces the crack to slant. At these extremes of the
spectrum, the crack profile depends mainly on the volume fraction of
the nucleation sites; in the intermediate range, however, the spatial
distribution is as important as the volume fraction.

The present study investigates only the effects of the size, number,
and spatial distribution of second phase particles on the crack profile,
while assuming all the remaining mechanical and geometric parameters
to be the same for all the cases analyzed. Employing, for example, a
different set of material parameters could lead to a different fracture
surface morphology for specific N Rp p combinations, especially for

intermediate values. Although the general trends discussed above are
expected to stand their ground, the mechanical properties of the matrix
and the particles as well as the shape of the particles would affect when
the transition form one crack morphology to another occurs. It will be,
therefore, important to address this issue in the future. In fact, an at-
tempt into this direction has been made in a recent work presented in
Kaçar et al. (2017), which shows that the crack profile shifts from
slanted to cup-cup with increasing matrix strain hardening capacity, in
accordance with experiments.

Finally, it is worth noting that although the presented FE framework
is suitable for the qualitative analyses performed in this study, a
quantitative comparison with experiments would require a more ad-
vanced ductile fracture model accounting for the effects of parameters
such as void shape, anisotropic mechanical properties, kinematic
hardening, etc.
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Appendix

Rather than considering the equivalent plastic strain, the evolution of damage is used as an indicator of localization throughout the present work.
This choice is motivated by the fact that the localized deformation regions are clearly visible in both contour plots: compare Figs. A-1a and A1-b, or
Figs. A1-c and A1-d. All four figures correspond to the onset of macroscopic localization, Figs. A1-a and A1-b for a plate with = =N k10, 3p , and
Figs. A1-c and A1-d for a plate with = =N k100, 18p .

Fig. A-1. Developed (a,c) void volume fraction and (b,d) equivalent plastic strain in the fracture process zone at the onset of macroscopic localization. The plate in
(a,b), with = =N k10, 3p , is also shown in Fig. 4, and the plate in (c,d), with = =N k100, 18p , is also shown in Fig. 6.
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A B S T R A C T

Size effects in a strain hardening porous solid are investigated using the Gurson-Tvergaard (GT) model enriched
by a constitutive length parameter, as proposed by Niordson and Tvergaard [C.F. Niordson, V. Tvergaard, A
homogenised model for size effects in porous metals, J. Mech. Phys. Solids (2019)]. The results are compared
with unit cell calculations of regularly distributed voids embedded in a strain gradient enhanced matrix material.
The strain gradient plasticity theory proposed by Fleck and Willis [N.A. Fleck, J.R. Willis, A mathematical basis
for strain gradient plasticity theory. Part II: tensorial plastic multiplier, J. Mech. Phys. Solids 57 (2009)
1045–1057], extended to finite strains, is adopted for the cell model, consistent with the gradient enriched
Gurson model. The gradient model allows for a material length parameter to enter the constitutive framework
for dimensional consistency, while the enriched GT model has the same length parameter introduced through
prefactors of the usual q1 and q2 factors. The continuum model featuring size-dependent Tvergaard-constants is
used to investigate a strain hardening material with the strain gradient plasticity enriched cell model as re-
ference. The two models are compared for three triaxialities, three initial void volume fractions, and three
hardening exponents. The enriched GT model captures the effect of elevated yield point and suppressed void
growth with increasing length parameter for all the cases investigated. The agreement between the models is
good until severe void distortion or plastic flow localisation between neighbouring voids. The response curves
and void growth curves for the enriched GT model deviate from those of the cell model at high axial strains. Void
shape plots, which are only available for the cell model, show that the length parameter influences the shape of
the void which in turn has impact on the material response curves and the void evolution. This is not captured by
the enriched GT model as the voids are accounted for solely through a volume fraction parameter.

1. Introduction

Size effects in metal plasticity, exhibiting the general trend that
smaller is stronger due to hardening associated with strain gradients,
have been confirmed in many experiments. Fleck et al. (1994) showed a
size effect in torsion of thin copper wires, with the onset of yielding
delayed for diminishing specimen size. Stelmashenko et al. (1993) and
Ma and Clarke (1995) have shown that material hardness increases
with decreasing indentation size, while Stölken and Evans (1998)
documented size effects in bending. Following the work of Ashby
(1970), the apparent flow stress is known to be influenced by both
statistically stored dislocations, created during homogeneous strain,
and geometrically necessary dislocations which are related to plastic
strain gradients. To account for the strain gradient effect, a number of
phenomenological theories of plasticity have been developed. One such
theory, proposed by Fleck and Hutchinson (1997), includes higher

order stresses that are work conjugate to plastic strain gradients.
Gudmundson (2004) presented a thermodynamical consistent frame-
work and constitutive laws extending the theory presented by Fleck and
Hutchinson (1997). The contribution by Gudmundson (2004), was later
reformulated mathematically by Fleck and Willis (2009) and the var-
iational structures of both rate-dependent (visco-plastic) and rate-in-
dependent versions was laid out. In the present paper, the visco-plastic
formulation of the Fleck-Willis theory is used to perform cell model
studies of a discrete void in a gradient enhanced strain hardening ma-
trix. The strain gradient plasticity framework has been implemented
numerically by Nielsen and Niordson (2013, 2014), and extended to
finite strains in a visco-plastic setting by Niordson and Tvergaard
(2019).

For porous, ductile media, the voids and their evolution affect ma-
terial behaviour. In gradient hardening materials, a small void will
generate large gradients, and the void evolution will not be correctly
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captured by classic plasticity theories. Wen et al. (2005) put forth an
extension to the Gurson-Tvergaard (GT) model (Tvergaard, 1981, 1982)
by accounting for dislocation hardening based on the theory of plasti-
city introduced by Gao and Huang (2001). In this theory, Taylor's dis-
location hardening model and the density of geometrically necessary
dislocations are linked to non-local plasticity. Monchiet and Bonnet
(2013) extended the GT model to account for strain gradient effects on
cavity growth. Dormieux and Kondo (2010) introduced effects of in-
terface stresses at the cavity surface to the GT model. The interface
effect was found to be controlled by a parameter depending on the
cavity size, which also affected the macroscopic yield strength of the
media. Monchiet and Kondo (2013) extended this to account for non-
spherical voids.

Niordson and Tvergaard (2019) investigated size-effects in a porous
metal based in cell model analyses of axi-symmetric loading states.
They proposed that conventional yield surfaces for porous metals can
be extended to account for size-effects by introducing an effective void
volume fraction smaller than the actual void volume fraction, and a
decreased mean stress sensitivity. The aim of the present paper is to
verify the applicability of this proposal to the GT model. The conven-
tional GT model accounts for the presence of voids solely through the
void volume fraction, f. To account for size-effects originating from
strain gradient effects, Niordson and Tvergaard (2019) proposed to
introduce two size dependent parameters, Q1 and Q2, as prefactors of
the void volume fraction and the mean stress, respectively, in the yield
condition. A parametric study with this representation of size effects in
an extended GT model is presented and the predictions are compared
with corresponding unit cell model predictions, where a discrete void is
embedded in a finite strain gradient matrix material of the Fleck-Willis
type.

The paper is structured as follows. The work is outlined in Section 2.
The material models are presented in Section 3, the gradient cell model
in Section 3.1, and the enriched GT model in Section 3.2. The results are
presented and discussed in Section 4, while the work is concluded in
Section 5.

2. Problem formulation

Material porosity is modelled using two different approaches. One
has voids represented discretely, while the other is based on a homo-
genised yield function of the Gurson-Tvergaard type.

The discrete model is a unit cell with matrix material governed by
the gradient theory by Fleck and Willis (2009) in a finite strain gen-
eralisation, and a discretely modelled embedded void (Section 3.1). The
cell model approximates an array of voids arranged in a layered hex-
agonal pattern (see e.g. Niordson and Tvergaard, 2019). Due to sym-
metry, only half of the cell is modelled with the hexagonal cell ap-
proximated by an axi-symmetric unit cell model as shown in Fig. 1b.
Fig. 1a shows one cylinder with three planes of voids. The initial void
plane distance is 2Hc, the initial in-plane void distance is 2Rc, and the
initial void radius is denoted R0. The initial void volume fraction is
thereby given as

=f R
R H
2

3
.

c c
0

0
3

2 (1)

The discretely modelled void is initially spherical, but changes
shape upon loading, and the shape is characterised by the aspect ratio
given by

= +
+

S R
R

A

B

0

0 (2)

where A is the displacement in axial direction of the node at the
boundary between the discrete void and the matrix aligned with the
x1-axis, while B is the displacement in radial direction of the node at
the boundary between the discrete void and the matrix aligned with the

x2-axis (see Fig. 1b). Thus, >S 1 means the void is prolate, and <S 1
corresponds to an oblate void. For a spherical void, S = 1. The nu-
merical analyses are carried out using the finite element method with a
mesh consisting of 480 elements, with 24 elements discretising one
quarter of the circumference of the void, whereas 20 graded elements
are employed in the radial direction. To determine the displacement
field, eight-node, isoparametric, axi-symmetric elements are used,
whereas for the plastic strain rate field, the corresponding four node
elements are used (see also Section 3.1).

The homogenised model is a single point model representing a
homogeneous continuum governed by the gradient enriched GT model
as proposed by Niordson and Tvergaard (2019), where the porosity is
represented by a void volume fraction denoted by f (see Section 3.2).
The gradient enriched GT model is solved directly by forward Euler
integration of an imposed stress/strain history. The strain gradient
plasticity cell model has been used as benchmark for investigation of
the enriched GT model in a parametric study. The investigated para-
meter space is given in Table 1.

In both models, a Rayleigh-Ritz method is employed to ensure a
constant ratio, ρ, of transverse to axial true stresses for each increment
of the analyses with a prescribed tensile displacement. The stress
triaxiality is related to the stress ratio through

Fig. 1. a) Voids are assumed periodically arranged in hexagonal cylinders,
which are modelled as circular through axi-symmetric boundary conditions.
The voids are assumed to be placed in equally spaced planes. The shaded area
indicates the unit cell approximation. b) the unit cell model approximation.

Table 1
Values for the parametric study of the gradient enriched GT model. The stress
state triaxiality from Eq. (3) is denoted by T, while n is the hardening exponent
in Eq. (8), f0 is the initial void volume fraction in Eq. (1), and LD is the intrinsic
length parameter.

Varied parameter Fixed parameters Length scales, L R/D c

T 1, 2, 3 n = 0.1
f0 = 0.0104

0a, 0.05, 0.1, 0.25, 0.5

n 0.05, 0.1, 0.2 T = 2
f0 = 0.0104

0, 0.05, 0.1, 0.25, 0.5

f0 0.0052, 0.0104, 0.042 T = 2 n = 0.1 0, 0.05, 0.1, 0.25, 0.5

a The simulation has been carried out with an intrinsic length scale of
= 10LD

Rc
4, which is considered sufficiently small for the material to be referred

to as a conventional material.
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= + =T 1
3

1 2
1

with .22

11 (3)

3. Material models

3.1. Strain gradient plasticity model

The strain gradient plasticity model is based on the visco-plastic
strain gradient plasticity theory proposed by Gudmundson (2004) in
the context of the mathematical formulation in terms of minimum
principles as proposed by Fleck and Willis (2009). Here, the model
presentation is kept brief and the reader is referred to Niordson and
Tvergaard (2019) and Nielsen and Niordson (2013) for details on the
finite strain extension. The theory accounts for internal elastic energy
storage due to elastic strain and for dissipation due to the plastic strain
rate, ij

p and its spatial gradient, ij k
p
, . The principle of Virtual Work

(PVW) in Cartesian components is expressed by

+ + = +q s V T u t S( ( ) )d ( )d
V ij ij ij ij ij

p
ijk ij k

p
S i i ij ij

p
, (4)

where ij and =sij ij ij kk
1
3 are the Cauchy stress tensor and the

stress deviator, respectively. The micro-stress, qij, is work conjugate to
the plastic strain rate, ij

p, and ijk is a higher order stress, work con-
jugate to the plastic strain rate gradient, ij k

p
, . The outward unit normal

to the surface S is ni. The right hand side of the PVW includes the
conventional traction, =T ni ij j work conjugate to the boundary dis-
placement rate, ui, and the higher order traction, =t nij ijk k , work
conjugate to the plastic strain rate, ij

P. Balance laws for the stress
quantities follow directly:

= 0ij j, (5)

=q s 0ij ij ijk k, (6)

where, the first set of equations are the conventional equilibrium
equations in the absence of body forces, and the second set are the
higher order equilibrium equations.

3.1.1. Constitutive equations
The rate-dependent visco-plastic formulation employs a visco-

plastic potential to account for plastic dissipation as follows

=E E E E E[ , ] [ , ]dP P E
c

P P P
0

P

(7)

Here, c is the gradient enhanced effective stress, related to the
current matrix flow stress through = ( )E[ ]c F

p E mp

0
, with 0 denoting

the reference strain rate, and m denoting the rate-sensitivity exponent.
For the strain hardening material in this paper, the matrix flow stress is
given by the isotropic power law

= + E
E

1
/F y
p

y

n

(8)

where y is the initial matrix material yield stress. A gradient enhanced
effective plastic strain rate is introduced by

= +E L( ) 2
3

p
ij
p

ij
p

D ij k
p

ij k
p2 2

, , (9)

and the associated work conjugate gradient enhanced effective stress is
given by

= +q q
L

3
2

1
c ij ij

D
ijk ijk

2
2 (10)

where LD is a dissipative constitutive length parameter that enters for
dimensional consistency. The dissipative stress quantities are given by

= =q
E

L
E

2
3

, .ij
D

c
ij
p

p ijk
D

D c
ij k
p

p
2 ,

(11)

The superscript D refers to dissipative quantities.

3.1.2. Solution method
The incremental boundary value problem is solved using the Finite

Element Method based on the two minimum principles set forward by
Fleck and Willis (2009) (see Niordson and Tvergaard (2019) for details
on the finite strain formulation). A forward Euler integration scheme is
employed throughout Minimum Principle I, which for the time de-
pendent solutions includes the visco-plastic potential, and reads

= +H E E s V t Sinf ( [ , ] )d d .
V

p p
ijk
E

ij k
p

ij ij
p

S ij ij
p

,
ij
p (12)

The superscripts E refers to the energetic contributions Assuming
that the current state of stress, ij, and the plastic deformation, ij

P, are
known everywhere in the volume, the plastic strain rate field, ij

p, for
each time step is found by requiring Eq. (12) stationary through

+ = +q V s V t Sd ( )d d .
V ij

D
ij
p

ijk
D

ij k
p

V ij ij
p

ijk
E

ij k
p

S ij ij
p

, ,

(13)

Equation (13) is solved by an iterative procedure. This problem is
taken to be purely dissipative and ijk

E is zero. The dissipative stress
quantities, qij

D and ijk
D are found from Eq. (11). Once the plastic strain

rate field is determined, Minimum Principle II (Eq. (14))

=J u L V T u S[ ] 1
2

( )( )d d .i V ijkl ij ij
p

kl kl
p

S i i (14)

is used to calculate the corresponding displacement field in an updated
Lagrangian setting following McMeeking and Rice (1975). The in-
crementation of the Fleck and Willis theory is conducted using a for-
ward Euler integration scheme built into an in-house FORTRAN code.
For details on the finite strain implementation, the reader is referred to
Niordson and Tvergaard (2019) and Nielsen and Niordson (2013).

3.2. The gradient enriched Gurson model

The basis for the gradient enriched continuum model is a finite-
strain formulation of the Gurson-Tvergaard model, which describes the
behaviour of a porous elastic-plastic solid as dilating, pressure sensitive
plastic flow of a solid with the yield condition =f( , , ) 0ij M (see
Gurson, 1977; Tvergaard, 1982). Here, ij is the average macroscopic
Cauchy stress tensor, M is the equivalent tensile flow stress of the
matrix material, and f is the current void volume fraction. The Gurson
model used here is time-independent while the gradient model is visco-
plastic. Comparison is reasonable as the rate sensitivity exponent is
taken to be very small. Niordson and Tvergaard (2019) recently pre-
sented a simple method for transforming a conventional yield surface
for a porous material so that it accounts for size-effects. In the context of
the GT model their proposal is to introduce two size-dependent para-
meters, Q1 and Q2, as prefactors to the conventional Tvergaard para-
meters q1 and q2, so that the yield condition reads:

= + + =Q q f
Q q

Q q f2 cosh
2

[1 ( ) ] 0e

M

kk

M

2

2 1 1
2 2

1 1
2

(15)

where = s s(3 /2)e ij ij
1/2 is the macroscopic equivalent stress,

=sij ij ij kk
1
3 is the macroscopic Cauchy stress deviator, and ij is the

Kronecker delta. The gradient enriched Q1 and Q2 factors are given by:

+ +
+

( ) ( )
Q 0.364

1 1.8 10
0.636,

L
R

L
R

1 2D
V

D
V (16)

+ ( )
Q 1

1 1.8 L
R

2 3/2D
V (17)

In order to capture the evolution of size-effects with void volume
fraction, the ratio of the material length scale to void size is taken to
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develop with the cubic root of the inverse void volume fraction as
follows:

=L
R

L
R

f
f

.D

V

D

0

0
1/3

(18)

Here, the intrinsic length parameter is LD, R0 is the initial void ra-
dius corresponding to the initial void volume fraction, f0, and Rv is the
current void radius corresponding to a current void volume fraction, f,
assuming spherical voids. Eq. (18) shows how the current void radius,
RV , relates to the void growth. It should be noted that for LD = 0, the
prefactors (Q1 and Q2) become one and the yield condition reduces to

that of Gurson (1977) modified by Tvergaard (1981, 1982) through the
Tvergaard-constants, here taken to be q1 = 1.5 and q2 = 1.

The incremental relationship between the microscopic equivalent
plastic strain and the microscopic equivalent stress is =h d /dM M M

P ,
with microscopic equivalent plastic strain, M

P , in the matrix varying
according to the equivalent plastic work expression

= f(1 ) .ij ij
P

M M
P (19)

Combining the plastic work expression and the incremental re-
lationship between microscopic stress and strain, gives the following
expression for M

Fig. 2. Finite element results for f0 = 0.0104 and n = 0.1 with stress triaxialities T = 1, 2 and 3 (from the top down.) The left column shows the macroscopic true
axial stress-logarithmic axial strain response. The logarithmic strain is given as = + eln(1 )11 11 , where e11 is the engineering strain. The right column shows the void
volume fraction as function of logarithmic axial strain. The solid lines are the results for the enriched Gurson model, and the cell model results are displayed through
the dashed lines. The five length parameters are LD

Rc
= 0, 0.05, 0.1, 0.25 and 0.5.
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= h
f(1 )

.M M
ij ij

P

M (20)

The matrix material satisfies the plastic incompressibility condition.
However, the presence and growth of voids are associated with volume
changes, thus the trace of the plastic deformation rate becomes non-
zero. In this work, neither void nucleation nor coalescence is considered
and the porosity growth rate is taken only to be dependent on the

plastic deformation rate through

=f f(1 ) .kk
P (21)

Following Bishop and Hill (1951) and Gurson (1977) normality
locally within the matrix implies macroscopic normality. Thus, the
plastic strain rate tensor must be normal to the yield surface according
to

= .ij
P

ij (22)

The plastic multiplier, , is determined by substituting Eqs. (20)
and (21) into the consistency condition during plastic straining. The
current void radius is a function of f, hence evolution of the parameters
Q1 and Q2 must be accounted for in the consistency condition, which
then reads f Q Q( , , , , )ij M 1 2 = 0, with Q1 and Q2 being functions of f.
By solving for , Eq. (22) can be written as

= = +
H

n n n
s1 , with 3

2
,ij

P
ij kl kl ij

ij

M
ij (23)

where H is given by

= + +

+

H h
f

f f
Q q

Q
f

Q q
Q
f

(1 )
3 (1 ) 1M kk
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kk
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1
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(24)

= Q q Q q f
Q q1

2
sinh

2
kk

M
1 1 2 2

2 2

(25)

= Q q
Q q

Q q fcosh
2

( )kk

M
1 1

2 2
1 1

2
(26)

= e

M

2

2 (27)

The total strain increment is given by = +ij ij
E

ij
P, with the elastic

rate of deformation taken to be

= +
E E

1
ij
E

ij ij kk (28)

with, ij denoting the Jaumann stress rate. For the single-point model,
there is no distinction between the deformed and reference configura-
tion which allows for the rigid body rotations to be omitted. The spin
tensor is zero and the incremental Cauchy stress may therefore be used
directly. Adding the elastic and plastic rate of deformation, and in-
verting, gives the following relation between the stress and strain in-
crement

=ij ijkl ij (29)

with ijkl

= µM Mijkl ijkl ij klL (30)

where ijklL is the elastic stiffness tensor. Mij and μ are given by

= =
+

M n µ
H n n

, 1 .ij ijkl kl
ijkl ij kl

L
L (31)

It is important to note that the parameters Q1 and Q2 enter the
hardening modulus in Eq. (24), and complicates the implementation of
the enriched GT model. However, it will be discussed in Section 4.4 that
the effect of omitting the variation of Q1 and Q2 with f is minor. The
enriched GT model is solved with a forward Euler integration scheme.

4. Numerical results and discussion

Solutions based on the gradient enriched GT model are presented
through a parametric study and compared to corresponding predictions

Fig. 3. Aspect ratio of the void as function of logarithmic axial strain for
f0 = 0.0104 and n = 0.1 with stress triaxialites: (a) T = 1, (b) T = 2 and (c)
T = 3.
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from the unit cell model. Throughout the parameters =E/ 0.005y ,
= 0.3 and =m 0.01 are used. The strain rate sensitivity parameter, m,

enters the cell model only, and care has been taken that visco-plastic
effects are very limited (see also 20). The enriched GT model is run with
a step size of /1000 , where = E/y0 , to match the results from the
Fleck and Willis governed cell model. The loading rate in the cell model

is equal to the reference strain, 0. The influence of the stress state
triaxiality, T, the matrix material strain hardening, n, and the initial
void volume fraction, f0 will be studied in this section. Finally, the ef-
fect of neglecting the effect of the derivatives of Q1 and Q2 in the con-
sistency condition will be discussed.

Fig. 4. Deformed meshes and contours of Ep for f0 = 0.0104 and n = 0.1 at 11 = 0.118 for three triaxialities, from top to bottom: T = 1, 2 and 3, at two measures of
logarithmic axial strain. The left column shows results at LD

Rc
= 0 and the right column at LD

Rc
= 0.1. The initial radius, R0, is 0.25.
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4.1. Effect of triaxiality

To investigate the effect of stress triaxiality, the hardening exponent
is kept constant at n = 0.1 and the initial void volume fraction at
f0 = 0.0104. The triaxialities investigated are T = 1, 2 and 3, which
corresponds to ρ-values of 0.4, 0.625 and 0.727 (see Eq. (3)). The re-
sponse curves and void growth curves for a conventional material are
presented alongside results from simulations of materials with four
different length parameters: L

R
D
c

= 0.05, 0.1, 0.25 and 0.5 in Fig. 2. The
conventional material is modelled with an intrinsic length parameter
approaching zero. A small intrinsic length parameter corresponds to a
microstructure where plastic gradient effects play little part such that
the effective plastic strain in Eq. (9) equals the von Mises equivalent
strain. In contrast, a larger intrinsic length parameter gives rise to

greater gradient contributions. It should be noted that increasing the
intrinsic length parameter corresponds to a material with smaller voids,
but of the same initial void volume fraction (void are smaller and lo-
cated closer together). The response curves show the true axial stress as
a function of logarithmic axial strain, while the void growth curves
show the relative void volume fraction as a function of logarithmic axial
strain. It is seen that the gradient enriched GT model captures the in-
creased gradient hardening reflected in all response curves, as well as
predicts suppressed void growth with increasing length parameter seen
for all void growth curves. For the lowest stress triaxiality considered
(T = 1), the results from the enriched Gurson model fit well with the
results from the cell model and only a small variation in gradient
hardening is predicted. At this stress state, the stresses in axial direction
are sufficiently large compared to those in the radial direction to

Fig. 5. Finite element results for f0 = 0.0104 and T = 2 with hardening exponents n = 0.05, 0.1 and 0.2 (from the top down). The left column shows the macroscopic
true axial stress-logarithmic axial strain response. The right column shows the void volume fraction as function of logarithmic axial strain. The solid lines are the
results from the enriched Gurson model, and the cell model results are displayed through the dashed lines. The five length parameters are LD

Rc
= 0, 0.05, 0.1, 0.25 and

0.5.
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develop localisation in the intervoid ligaments, and the material will
experience only strain and gradient hardening. Little void growth oc-
curs for these simulations, and the voids are merely stretched along the
main straining axis for the values of logarithmic axial strain presented
here. The void shape evolution curves from the cell model simulations
presented in Fig. 3 show the shape parameter, S, plotted against loga-
rithmic axial strain (see Eq. (2)). Recall that for >S 1 the void is prolate
and for <S 1 the void is oblate. Fig. 3a shows that the voids grow into a

prolate shape for all the materials simulated under T = 1 loading con-
ditions. At the state of deformation considered, the unit cell is not
stretched sufficiently for localisation and material softening to occur.

For the higher triaxiality, T = 2, a greater effect of the gradients is
predicted. The enriched Gurson model captures the yield point for all
unit cell simulations. Moreover, materials with large intrinsic length
parameters =( )0.25 and 0.5L

R
D
c

, matches both the response curves and
the void growth curves. For such large length parameters, the material
does not soften nor does it experience significant void growth. The void
shape curves in Fig. 3b prove that the voids grow to a prolate shape and
the material behaviour resembles that of a conventional material under
low stress triaxiality loading conditions. For the conventional material
subject to T = 2, however, both material softening and extensive void
growth occurs, and the gradient enriched GT model deviates from the
cell model results at high axial strains. The void shape curve for L

R
D
c

0
in Fig. 3b shows that the void rapidly grows oblate at the axial strain
where the material begins to soften. The oblate shape indicates that the
void growth occurs in the radial direction and the voids deform towards
coalescence. The enriched GT model will not capture this as it in-
corporates neither void shape changes nor a localisation criterion.

The response curves and void growth curves for the highest triaxi-
ality, T = 3, are a continuation of the development found for T = 2. The
conventional material undergoes localisation rapidly and the enriched
GT model results deviate from those of the cell model. The materials
with the two highest intrinsic length parameters =( )0.25 and 0.5L

R
D
c

also here exhibit the same behaviour as materials subject to low stress
triaxiality loading, and neither significant void growth nor material
softening will initiate at the deformation state considered. Fig. 3c shows
that voids in a material with insufficient gradient hardening subject to a
high stress triaxiality will grow oblate and soften the material through
void coalescence.

Deformed meshes and contour plots of the gradient enhanced ef-
fective plastic strain, Ep, is shown in Fig. 4 as obtained by the cell model
analyses. The results illustrate the limitations of the gradient enriched
Gurson model. Fig. 4 presents results for both the conventional material
and the gradient hardening material with intrinsic length parameter
L
R

D
c

= 0.1 for the three different stress triaxialities. It is seen that the
voids are more prone to grow oblate at high triaxiality, which is in
agreement with results from Koplik and Needleman (1988). Budiansky
et al. (1982) studied void shape evolution for a linearly viscous material
and found that the void equator lengthens more rapidly than the mer-
idians for a void in a high triaxiality stress field. Gradient hardening,
however, affects the void growth for micron scale voids and hence the
void shape is affected. Fig. 4 shows the difference in void evolution for
the conventional material and the material with intrinsic length para-
meter L

R
D
c

= 0.1. The conventional material does not experience gradient
hardening and significant void growth takes place. For the material
with intrinsic length parameter L

R
D
c

= 0.1, gradient hardening is suffi-
cient to restrict void growth almost entirely. The void is stretched along
the main straining axis and shortened along the equator, growing into a
prolate shape. The unit cell is strained accordingly and the relative void
volume fraction will therefore not change significantly. For T = 3, the
void in the conventional material matrix grows to an oblate shape,
while the void in the gradient hardening in the material with an in-
trinsic length parameter L

R
D
c

= 0.1, becomes prolate.

4.2. Effect of the strain hardening exponent

Results for three values of the strain hardening exponent, n, are
presented in the following: n = 0.05, 0.1 and 0.2. The stress triaxiality
is kept constant at T = 2 and the initial void volume fraction constant at
f0 = 0.0104. The results for the conventional material, L

R
D
c

0, are pre-
sented alongside results from the same four length parameters as for the
investigation of stress triaxiality presented in Section 4.1. The response

Fig. 6. Aspect ratio of the void as function of axial strain for f0 = 0.0104 and
T = 2 with different hardening exponents. (a) n = 0.05; (b) n = 0.1; (c)
n = 0.2.

I. Holte, et al. European Journal of Mechanics / A Solids 75 (2019) 472–484

479

444 CHAPTER .I- APPENDED PUBLICATIONS



curves and void growth curves are given in Fig. 5, while the void shape
curves are presented in Fig. 6. The same quantities as for the triaxiality
results in Fig. 2 are plotted for consistency. The strain hardening ex-
ponent largely influences the peak of the response curves, and the re-
sults for the different values of n can therefore not be compared di-
rectly. The simulations for n = 0.2 are therefore taken to twice as large
axial strain compared to the other simulations. The response curves in
Fig. 5 show that the enriched Gurson model captures the yield point for
all configurations of strain hardening and gradient hardening. The
trend of a rising response curve with increasing hardening exponent is
also captured. For n = 0.05, the strain hardening is small and the re-
sponse curves only show little hardening. The spread in the curves is
due to gradient hardening, which is seen to have a small effect for this
low value of n. For materials with large intrinsic length parameters

=( )0.25 and 0.5L
R

D
c

softening is not observed at the state of de-
formation considered. The void growth curves show that the relative
void volume fraction is nearly constant throughout the simulations,

while the void shape curves show that the voids become prolate (see
Fig. 6a). The gradient effects are the same here as for the results from
the triaxiality study. The response curve for the conventional material
with n = 0.05 follow that of the cell model well until an abrupt change
in load carrying capacity of the materials is observed. The logarithmic
axial strain at localisation, i.e. the abrupt change in load bearing ca-
pacity, corresponds to the strain at which the void shape rapidly grows
oblate in Fig. 6a.

Materials with the highest hardening exponent, n = 0.2, shows the
greatest effect of the gradient hardening. The response curves and void
growth curves have a larger spread when compared to those from si-
mulations with n = 0.05 and 0.1. This indicates the synergy effect be-
tween strain hardening and gradient hardening related to Eq. (9). The
materials that do not undergo sufficient gradient hardening to impede
the void growth experience extensive hardening before a sudden and
rapid material softening. This is not captured well by the enriched GT
model, which suggest that the effect of gradient hardening on the void

Fig. 7. Deformed meshes and contours of Ep for f0 = 0.0104, T = 2 and n = 0.2 for three different intrinsic length parameters. The top row shows results for LD
Rc

0,

the middle row for LD
Rc

= 0.05 and the last row for LD
Rc

= 0.5. The columns represent axial strain of, from left to right: 11 = 0.118, 0.223 and 0.318.
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shape evolution is prominent. The void shape curves in Fig. 6c provide
further insight on this. It is seen that voids in all the materials with
n = 0.2 become prolate at low axial strains which indicates that the
hardening in the material matrix is sufficient to delay excessive void
growth in the radial direction. The conventional material experiences
the least amount of hardening at lower deformation levels as compared
to larger values of L

R
D
c
. The other materials show increased hardening

with increasing length parameter. High stresses are required to main-
tain plastic flow in a material with a large hardening exponent, and the
localisation will be dramatic making the subsequent softening abrupt.
The matrix material is carrying high stresses that will be released at the
onset of localisation and the void will grow in the radial direction
changing the shape. When comparing Fig. 5 for n = 0.2 and Fig. 6c for
the conventional material and the material with the lowest length
parameter, is it seen that the curves peak at the same value of loga-
rithmic axial strain. Representing the effect of the voids through a

single parameter, namely the void volume fraction, f, is not sufficient to
capture these combined effects, and the enriched GT model will
therefore not accurately represent both the response and void growth
curves of the cell model. The materials with larger intrinsic length
parameter and thereby increased gradient hardening will not undergo
extensive void growth nor localisation and the gradient enriched
Gurson model therefore captures both the response curves and the void
growth curves well.

The effect of gradient hardening on the void evolution can be seen
in Fig. 7 for the highest value of strain hardening. Deformed meshes and
contour plots of Ep are depicted for both the conventional material and
the materials with smallest and largest intrinsic material length para-
meters =( )0.05 and 0.5L

R
D
c

are presented for three different values of
logarithmic axial strain. For the conventional material, localisation is
seen to have initiated at an intermediate axial strain value, while severe
deformation is predicted in the transverse void ligament at the highest

Fig. 8. Finite element results for T = 2 and n = 0.1 with initial void volume fraction f0 = 0.51%, 0.0104 and 0.042 (from the top down.) The left column shows the
macroscopic true axial stress-logarithmic axial strain response. The right column shows the void volume fraction as function of logarithmic axial strain. The solid
lines are the results from the enriched Gurson model, and the cell model results are displayed through the dashed lines. The five length parameters are LD

Rc
= 0, 0.05,

0.1, 0.25 and 0.5.
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value of axial strain. For the material with the lowest intrinsic length
parameter, = 0.05L

R
D
c

, the void is seen to develop in a more restrained
manner. At the intermediate axial strain, the void has grown, but still
has a prolate shape. For the largest axial strain, the void has returned to
a spherical shape, indicating that the void growth occurs mainly in the
transverse direction and that localisation has initiated. The material
with the highest amount of gradient hardening exhibits only little void
growth, but also stretching in conjunction with the unit cell itself.

4.3. Effect of the initial void volume fraction

Keeping the triaxiality constant at T = 2 and the hardening ex-
ponent at n = 0.1, the effect of the initial void volume fraction is in-
vestigated. Three initial porosities are considered: f0 = 0.0052 0.0104
and 0.042. For a square unit cell, given in Fig. 1b with H

R
c
c

= 1, this
corresponds to initial void radii: Rv = 0.2, 0.25 and 0.4, respectively.
The response curves and void growth curves for the three f0-values for a
conventional material are presented in Fig. 8 together with four ma-
terials with length parameters. The void shape evolution is presented in
Fig. 9.

The response curves in Fig. 8 show that increasing f0 decreases the
yield point, which corresponds well with results from Niordson and
Tvergaard (2019). For the two materials with most gradient hardening,
the material does not soften for either value of f0 at the state of de-
formation considered. The void growth curves show that the relative
void volume fraction is essentially constant through the simulation for
the materials with intrinsic length parameters L

R
D
c

= 0.25 and 0.5. This
indicates that the effect of gradient hardening surpasses the effect of f0.
However, f0 has an effect on both the response curves and the void
growth curves for all materials considered independent of length
parameter. For an initial void volume fraction of 0.0052, the conven-
tional material undergoes localisation which is not captured by the
enriched Gurson model. The void shape curve for this material shows
that the void grows oblate at an accelerated speed at the value of axial
strain corresponding to localisation in Fig. 8. Increasing f0, gives a
larger spread in the response curve yield point indicating that for large
voids, gradient hardening has a more prominent effect on the material
behaviour than softening.

The material response curves for the largest initial void volume
fraction, f0 = 0.042, exhibits a great dependence on the intrinsic length
parameter. The conventional material along with the material with the
smallest intrinsic length parameter, = 0.05L

R
D
c

, both soften extensively.
It is seen that the voids in the conventional material and the material
with the smallest intrinsic length parameter grow to an oblate shape.
The connection between oblate voids and material softening corre-
sponds well with the results presented for both the investigation of
triaxiality and the strain hardening exponent. It is discovered that in-
creasing the initial void volume fraction leads to suppressed relative
void growth rate. This seems to be contradictory to previous results,
where material softening was an effect of an increasing void volume
fraction due to void growth. Deformed meshes and the contours of Ep

are presented in Fig. 10 for all three values of f0 with L
R

D
c

= 0.05 at two
values of logarithmic axial strain. These meshes provide an explanation
for the suppressed void growth with increasing initial void volume
fraction. Although the growth for f0 = 0.042 seems to be considerably
more than for the other two values of f0, the relative void evolution is
not. The deformed meshes in Fig. 10 are from the material with the
lowest intrinsic length parameter, which only undergoes localisation for
the largest initial void volume fraction. The size of the discrete void
makes the transverse ligament too small to sustain the loads. The plastic
flow will localise, as shown in Fig. 10, while the void is stretched in
conjunction with the unit cell, making the void volume fraction nearly
constant while the material softens. Increasing the gradient hardening
will suppress this effect such that the material will not undergo loca-
lisation.

4.4. Approximation of the consistency condition for the enriched Gurson
model

For all previous figures, the full effect of Eq. (24) has been ac-
counted for. The effect of neglecting Q1 and Q2 is investigated in the
following by running simulations with an approximation of the con-
sistency condition where Q1 and Q2 are omitted. The results are pre-
sented in Fig. 11 for simulations with T = 2, n = 0.1 and f0 = 0.0104.

Fig. 9. Aspect ratio of void as function of axial strain for T = 2, n = 0.1 with
different initial void volume fractions. (a) f0 = 0.0052; (b) f0 = 0.0104; (c)
f0 = 0.042.
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The increment size is /1000 , where = E/y0 . As must be expected, an
increasing discrepancy between results for increasing length parameters
is seen. Essentially, the hardening modulus, H, from Eq. (24), exhibits
the largest difference with and without accounting for Q1 and Q2 when
LD increases until the length parameter becomes large enough for the
results to fall on top of each other. For L

R
D
c

0, the results will coincide as
the gradient effects are small and the material approaches that of the
conventional Gurson-Tvergaard model, which does not incorporate a

length parameter. Q1 and Q2 will approach unity and the response
curves in Fig. 11 will fall on top of each other for materials with length
parameters approaching zero. For large length parameters, i.e. small
void sizes, both Q1 and Q2 will approach the lower bound value, and Q1
and Q2 will approach zero, according to the analyses by Niordson and
Tvergaard (2019). For L

R
D
c

= 0.25 and above, Q1 and Q2 have been found
to have a negligible effect on the material response.

We conclude that all though the rigorous inclusion of the derivatives

Fig. 10. Deformed meshes and contours of Ep for n = 0.1, T = 2 and LD
Rc

= 0.05 for three different initial void volume fractions at two different measures of

logarithmic axial strain: (a–b) f0 = 0.0052 (R0=0.2); (c–d) f0 = 0.0104 (R0=0.25); (e–f) f0 = 0.042 (R0=0.4).
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of Q1 and Q2 in the yield condition is needed for a self-consistent fra-
mework, the simpler framework where they are neglected provides a
reasonable approximation, that could potentially be simpler to imple-
ment in existing computational frameworks for porous metal plasticity.

5. Conclusion

The present work has investigated a gradient enriched strain hard-
ening Gurson-Tvergaard model incorporating an intrinsic length para-
meter tied to the void size in a ductile material model, as proposed by
Niordson and Tvergaard (2019). The length scale parameter enters the
constitutive equations through prefactors of the usual q1 and q2 para-
meters. The enriched GT model was modelled as a single point re-
presenting a porous continuum. A cell model incorporating a discrete
void in a strain gradient plasticity governed matrix was used as
benchmark for the simulation. A parametric study of stress triaxiality,
strain hardening exponent and initial void volume fraction has been
carried out. Three values of all the parameters in the study have been
investigated for five values of the intrinsic length parameter. The en-
riched Gurson model is found to capture the elevated yield point and
suppressed void growth with increasing gradient hardening for all
parameters investigated. The length parameter influenced the void
shape evolution, which is not captured by the enriched Gurson model as
the voids are accounted for solely through the damage parameter f, the
void volume fraction. Void shape was found significant for the material
response as the region between the voids perpendicular to the main
straining axis is of greater importance than the void volume itself, i.e.
oblate voids can withstand less axial stress than prolate voids due to the
size of the intervoid ligaments. A material with sufficient gradient
hardening will not be affected by such effects as the gradients inhibit
void evolution and thereby localisation, overall softening and coales-
cence.
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Abstract Cohesive zone traction-separation relations,
and the related phenomenological parameters, for
steady-state ductile plate tearing, are strongly tied to
the micro-mechanics governing the void nucleation
and growth process leading to localized deformation
and micro-crack formation. The effects of such local
variations on the damage evolution and cohesive zone
parameters, respectively, are brought out in this study.
A 2D plane strain model setup, first considered in
Nielsen and Hutchinson (Int J Impact Eng 48:15–23
(2012)], is adopted, but here by discretely modeling a
finite number of finite-size void nucleation sites dis-
tributed randomly in the plate material. It is found that
the heterogeneous material conditions, resulting from
the nucleation process, strongly affect the localization
of damage and fracture, which influence the cohesive
energy. By considering a number of realizations of the
random distribution for each material configuration,
it is concluded that: (i) the peak force in the cohe-
sive traction-separation relation is, essentially, unaf-
fected by the heterogeneity coming into play through
the damage-related microstructure, while (ii) the cohe-
sive energy decreases when either increasing the num-

R. G. Andersen (B) · K. L. Nielsen
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Denmark
e-mail: rgra@mek.dtu.dk
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ber or the size of the nucleation sites. The cohesive
energy is found to be in the range of those previously
reported for homogeneous materials, but a direct com-
parison should bemadewith caution. The results imply
that care should be taken if the actual material config-
uration diverges from a homogeneous microstructure
such aswhen considering very thin plates and for plates
with a few void nucleation sites.

Keywords Ductile failure · Gurson model · Micro-
mechanics · Size effect · Finite element method

1 Introduction

A homogenized continuum finite element model must
be approached with care when imperfections in a mate-
rial have a significant influence on the response of the
structure. The heterogeneity originating from the dis-
crete events of void nucleation and growth to coales-
cence is no exception to this. In a recent study, Srivas-
tava et al. (2017) showed that discrete void nucleation
events can alter the crack growth path in ductile metals.
They engineered the damage-related microstructure of
a metal plate, within a micro-mechanics based numeri-
cal framework, and obtained amuch-improved fracture
toughness of the engineered material by tailoring the
crack path (see a related study in Osovski et al. 2019).
Srivastava et al. (2017) exploited the fact that the duc-
tile crack tip follows the path where localization is the
easiest (i.e., requiring the least amount of energy). A
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similar approach to increasing the fracture toughness
forAl/NiTi compositeswas taken byZhao et al. (2019),
where a local pre-stress state was deliberately intro-
duced near the inclusions within the matrix to divert
the propagating tearing crack. This interaction between
nucleation sites is rarely dealt with, and the local (at
times intense) variation in stress/strain is homogenized
by adopting a continuum framework such as the classi-
calGursonmodel (Gurson 1977;Gologanu et al. 1997).
Nonetheless, the class ofGurson typemodels facilitates
a micro-mechanics based approach to link the under-
lying damage event to the failure of a structure on the
engineering scale.

In recent years, cohesive traction-separation rela-
tions suited for ductile plate tearing have been based
on the predictions of the Gurson model by homoge-
nizing the material. These phenomenological models
have further been used to predict the response of struc-
tures on the engineering scale (seeWoelke et al. 2015).
In a first study, Nielsen and Hutchinson (2012) consid-
ered amode I crack propagating under steady-state duc-
tile plate tearing and developed a simplified 2D plane
strain framework that allows the key parameters for the
cohesive zone relation to be extracted. The cohesive
traction-separation relation must engage at peak trac-
tion, related to the Considère condition when the plate
cross-section starts to thin and the post-localization
has to be accounted for through the energy going into
the traction-separation relation. The appearance of the
traction-separation relation can, in practice, be approx-
imated by a tri-linear relation with an initial slope of
nearly infinite stiffness. Then, a subsequent nearly flat
part connects the peak traction to a point identified
as the onset of secondary (shear) localization within
the thinning region (failure occurs in a slant manner).
Finally, a decreasing part that governs the intensifica-
tion of the secondary (shear) localization and the asso-
ciated loss of load-carrying capacity (fracture) (see the
discussion in Cornec et al. 2003). The 2D setup was
later used in Andersen et al. (2018) to investigate the
effect of mode mixity within a specialized numerical
model that allows for combinations of mode I/II and
mode I/III. A minor change to the peak traction was
observedwhen increasing themodemixity,whereas the
relative displacement at the point of secondary (shear)
localization and the cohesive energy depend on both the
load case and the mixity ratio. The cohesive traction-
separation relations extracted from2Dplane strainGur-
son calculations have recently been compared to full 3D

simulations accounting for the crack propagation from
initiation to steady-state (see Andersen et al. 2019). A
near-perfect agreement between the 2D and 3D simula-
tion results was obtained at steady-state, cementing the
validity of the 2D approach to a rather complex ductile
fracture problem.

Random distributions of void nucleation sites within
the fracture process zone largely determine both the
fracture toughness and the roughness of the fracture
surfaces (Srivastava et al. 2014). In fact, it is easy to
imagine that randomly distributed nucleating voids,
which affect the micro-mechanics of failure, can also
trigger the transition between different fracture surface
morphologies (see Pardoen et al. 2004;Noell et al. 2018
for comprehensive reviews). For example, a substan-
tial amount of nearby-lying nucleation sites give rise
to multiple void interaction, while a few widespread
nucleation sites will link-up through the void-by-void
mechanism (Tvergaard and Hutchinson 2002). The 2D
plane strain setup considered in Nielsen and Hutchin-
son (2012) was further exploited in Tekoğlu and
Nielsen (2019) to demonstrate the transition between
fracture surface morphologies as the size and the num-
ber of void nucleation sites change. Here, by consid-
ering various realizations of a random distribution of
the nucleation sites. The fracture surface morphology
is largely tied to the type of interaction between the
void nucleation sites. Essentially, the morphology is
determined by the overall strain hardening capacity of
the plate material, taking into account the number and
size of the void nucleation sites, and not only the strain
hardening of the matrix material. Tekoğlu and Nielsen
(2019) have investigated a large spectrum of materi-
als spanning both plates with a high overall hardening
capacity (with few small nucleation sites),where cracks
predominantly propagate in a cup-cup morphology,
and plates with a low overall hardening capacity (with
many large nucleation sites) that typically display slant
crack propagation. The present work takes up the study
inTekoğlu andNielsen (2019)with the aim to reveal the
effects of introducing discrete void nucleation sites in
thin plate tearing under mode I on the cohesive energy
and peak force, and to relate the governing micro-
mechanisms to the tearing energy. The numerical
framework fromTekoğlu andNielsen (2019) is adopted
to extract cohesive zone relations for steady-state duc-
tile tearing in line with Nielsen and Hutchinson (2012).

The2Dapproximation of themode I tearing problem
is outlined in Sect. 2, along with the details on how
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the cohesive traction-separation relation is identified.
The constitutive relations and finite element framework
are presented in Sect. 3, and the results for the energy
dissipation, the peak force, and the appearance of the
traction-separation relation are given in Sect. 4. Section
5 summarizes the main findings of this study.

2 Problem formulation and cohesive zone
identification

2.1 Problem formulation

Steady-state plate tearing under far-field mode I load-
ing of a homogeneous, though porous, metal plate was
first addressedwithin a 2D plane strain setup in Nielsen
and Hutchinson (2012). Here, following the line of
argument that as plastic flow localization and thinning
in the plate cross-section takes place far ahead of the
leading crack tip (Considère-like thinning), the mate-
rial above and below the thinning region unloads. This
enforces a plane strain condition for the cross-sections
in the fracture process zone with surface normal vec-
tors along the crack growth direction (an assumption
later validated by Andersen et al. 2019) in 3D sim-
ulations. Nielsen and Hutchinson (2012) used the 2D
model setup to extract information about the peak force
at the onset of the thinning (the primary localization),
the energy going into developing the thinning and the
fracture, as well as knowledge on the onset of the (sec-
ondary) shear localization. The present study adopts a
similar 2D plane strain framework but allows for dis-
crete modeling of randomly distributed void nucleation
sites to bring out the effect of material heterogeneity.
The setup is an approximation as the tearing process
for such heterogeneous, or dual-phase like,metal plates
never settles into steady-state at the very tip. However,
the 2D model setup is expected to give a first indica-
tion of the trends for the key parameters going into
cohesive traction-separation relations which could be
obtained if the same comprehensive parameter study
was conducted in a 3D setting. Figure 1a presents a
schematic of the plate tearing process with the 2D
cross-section of the fracture process zone highlight-
ing various stages during a monotonically increasing
mode I loading ((1)–(4)). It is assumed that extensive
crackgrowthhas takenplace such that the cut-out cross-
section is located at a distance away from the crack
initiation region which holds the transient history. The

2D section has the initial width, W0, corresponding to
the plate thickness, and the total height, H0, is suffi-
ciently large to engulf the thinning region that devel-
ops in the plate. The thinning spans approximately the
region denoted by h0, and complete elastic unloading
above and below this domain takes place once the thin-
ning initiates. Throughout all of the analyses, the initial
aspect ratio of the domain is kept constant such that:
H0/W0 = 4 and h0/W0 = 2. The loading is applied
on the top and bottom edges of the 2D section. Here,
monotonically increased by prescribing boundary dis-
placements along the x2-direction tomimic the far-field
mode I loading condition.

The grey domains in Fig. 1b, located above and
below the region of interest, is taken to be composed
of a homogeneous J2 flowmaterial (to reduce the com-
putational cost), while only the fracture process zone
is enriched by discrete and randomly distributed void
nucleation sites (representing second phase particles).
Figure 1b shows one realization of the model with the
number of nucleation sites being Np = 50, while all
nucleation sites share the same size of; Rp/Le = 15.
Each nucleation site is modeled by prescribing a Gaus-
sian bell distribution of the amount of damage that
can nucleate (see Table 1 for the material parame-
ters, and Osovski et al. 2015; Morgeneyer et al. 2016;
Srivastava et al. 2017 for related studies). The nucle-
ation sites are circular in shape with an initial radius
of Rp/Le, where Le is the edge length of the ini-
tially square-shaped finite elements used in the frac-
ture process zone (see Sect. 3 for the details on the
finite element model). The damage-related microstruc-
ture is created such that no nucleation sites overlap
for Rp/Le ≤ 9 nor can they intersect the boundaries
of the cross-section (for all values of Rp/Le consid-
ered).Ahomogeneously distributed backgroundporos-
ity is moreover allowed to nucleate in the domain sur-
rounding the discrete nucleation sites (also governed
by the Gurson model, see Sect. 3) to allow the crack to
propagate between the nucleation sites. The nucleation
parameters of the background porosity is kept small
such that the crack path is not affected by the pres-
ence of the background porosity. Both types of nucle-
ating voids are governed by strain-controlled nucle-
ation (see Sect. 3). In this way, the model setup allows
the size, Rp/Le (with Rp/Le ∈ [3, 6, 9, 15, 18]), the
number, Np (with Np ∈ [10, 25, 50, 75, 100]), and
the distribution of second phase particles to enter the
prediction of the cohesive zone parameters suited for
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(a) (b)

Fig. 1 a Schematic of the plate tearing process with different
locations of the 2D plane strain cross-sections. b One realization
of a plate with Np = 50 and Rp/Le = 15. The fracture pro-
cess zone with discrete nucleation sites, highlighted in blue, has
the height of h0/W0 = 2 and the height of the total domain is

H0/W0 = 4. Prescribed boundary conditions are applied at the
top/bottom boundaries. The left upper and lower nodes are con-
strained in the x1-direction to prevent the two parts from moving
freely after separation

tearing of thin plates. Consider a 1 mm thick metal
plate and the interval of size and number of void
nucleation sites corresponds to inclusion sizes in the
range Rp = 3.75µm−22.5µm and area fraction of
0.022–7.95 %. All combinations of the damage-related
microstructure parameters are considered for three real-
izations of the random distribution of discrete nucle-
ation sites. Throughout, the plate material is assumed
to be non-porous initially before the deformation and
with the mechanical properties summarized in Table 1.

2.2 Cohesive traction–separation relation

The material separation process, here governed by the
micro-mechanics leading to failure, is typically imple-
mented into a cohesive element through a traction–
separation relation when dealing with large-scale shell
element based models. In the case of plate tearing,

Table 1 Material properties

Parameters Notation Value

Density ρ 2700 kg/m3

Young’s modulus E 70 GPa

Poisson’s ratio ν 0.3

Yield stress σ0 300 MPa

Strain hardening exponent N 0.1

Gurson fitting parameters q1, q2, q3 1.5, 1.0, 2.25

Void volume fraction that
can potentially nucleate

f nsN , f mN 8 × 10−3, 1 × 10−5

Mean strain for nucleation εnsN , εmN 1 × 10−2

Standard deviation for

mean strain snsN , smN (1/3) × 10−2

Critical void volume
fraction

f nsC , f mC 1 × 10−2

Void volume fraction at
failure

f nsF , f mF 5 × 10−2

The superscripts “ns” refers to the “void nucleation sites”, and
“m” to the “matrix” material surrounding the nucleation sites
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the traction–separation relation holds the information
about the separation after the peak force is attained and
material softening is initiated, covering extensive thin-
ning, secondary localization, and complete loss of load-
carrying capacity (fracture). The adopted 2D model-
ing framework allows approximating this response by
extracting the force-displacement curves for the cross-
section considered. By relating the simulation response
to a tri-linear traction–separation relation, it is possible
to identify: (i) the peak force (Fpeak), i.e., the maxi-
mum force reached for the cross-section. This essen-
tially coincides with the prediction of the Considère
criterion (see the discussion in Nielsen and Hutchinson
2012). The peak force is extracted at �x2/H0 = N ,
with N being the strain hardening exponent in the
matrix material (the Considère strain) to facilitate a
comparison basis between the various material config-
urations under investigation in this study. The choice
was made due to difficulties in determining the peak
force from a nearly flat response curve subject to
minor fluctuations. (ii)The point of secondary localiza-
tion (Fsec.loc., �sec.loc.) is considered where the cross-
section shows a great loss in load-carrying capacity.
This is quantified as the point where the slope on the
normalized curves takes the value of ≤ −12 (a value
estimated to match all calculations performed), and
both the force and separation is recorded at that point.
(iii) The cohesive energy (�0) is determined as the area
underneath the force–displacement curve extracted for
the cross-section. It is worth to mention that these key
parameters unambiguously define the tri-linear cohe-
sive relation. The tri-linear relation, thereby, starts out
with a nearly vertical inlet from zero traction and zero
separation until the peak force is reached, with almost
zero separation. The inlet is followed by a linear part
that connects the peak force to the point of the sec-
ondary localization, after which the force drops to zero
at some final separation set by the cohesive energy (see
Fig. 2).

3 Material and finite element model

3.1 Gurson material model

The material in the fracture process zone of the 2D
cross-section is assumed to be governed by theGurson–

Tvergaard–Needleman (GTN) material model. The
yield surface for the GTNmaterial model is as follows:

� =
(

σe

σM

)2
+ 2q1 f

∗ cosh
(
3q2
2

σm

σM

)
− (1 + q3( f

∗)2)

where σe = √
3si j si j/2 is the effective macroscopic

von Mises stress with si j being the deviatoric part of
the Cauchy stress tensor, σM is the instantaneous yield
stress of the fully dense matrix material, σm = σkk/3
is the mean stress, f ∗ is the effective void volume frac-
tion, andq1,q2, andq3 are fitting parameters introduced
by Tvergaard (1981). The effective void volume frac-
tion, f ∗, takes into account the coalescence criterion
based on a critical void volume fraction, fC , and a final
void volume fraction, fF . When f = fC is reached,
the effective void volume fraction accelerates in the
following manner:

f ∗ =
{
f , for f ≤ fC

fC + f̄F− fC
fF− fC

( f − fC ) , for f > fC

with f̄ F = (q1+
√
q21 − q3)/q3,which reduces to f̄ F =

1/q1 when q3 = q21 .
The total void volume fraction, f , evolves due to

contributions fromnucleation andgrowthof voids: ḟ =
ḟnucl + ḟgrowth. Nucleation of voids is strain-controlled
such that ḟnucl is given as:

ḟnucl = fN

sN
√
2π

exp

⎡
⎣−1

2

(
ε
pl
M − εN

sN

)2
⎤
⎦ ε̇

pl
M

where ε
pl
M is the microscopic equivalent plastic strain

in the matrix material, εN is the microscopic mean
strain for nucleation, sN is the standard deviation, and
fN is the void volume fraction that can potentially
nucleate. The void growth contribution is controlled
by the change in plastic strains following: ḟgrowth =
(1 − f )ε̇ pl

kk .
The matrix material follows the uni-axial stress-

strain behavior:

σ =
⎧⎨
⎩
Eε for ε < ε0

σ0

(
ε
ε0

)N
for ε ≥ ε0
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Fig. 2 Cohesive energy is defined from peak force to fracture
(left figure). This is transferred to a cohesive traction–separation
relation (right figure) controlling the behavior of the cohesive

element. Here, T is traction and δ is separation. The appearance
of the relation is governed by the peak force, Fpeak, and cohesive
energy, �0

where E is the Young’s modulus, ε0 the initial yield
strain, and N the strain hardening exponent. All mate-
rial parameter values are listed in Table 1.

3.2 Finite element model

Thefinite elementmodel is generated inAbaqus/Explicit
and is schematically shown in Fig. 1b. The element type
chosen to discretize the fracture process zone is the
bilinear element type CPE4R with four nodes, reduced
integration, governed by the assumption of plane strain.
The fracture process zone in the middle of the 2D
cross-section consists of initially square-shaped ele-
ments with an edge length of Le/W0 = 1/800 in the
undeformed configuration (along the x1-direction). The
top and bottom regions, where the material is governed
by J2 flow theory, are discretized freely (i.e., by using
both quadrilateral CPE4R and three-node linear CPE3
elements; see ABAQUS (2016) for detailed element
properties). Thereby, the element size increases from
the finely meshed fracture process zone towards the
top and bottom boundaries. The finite element simula-
tions are carried out in a dynamic framework but the
loading is assumed to be quasi-static by controlling the
deformation rate and ensuring the kinetic energy to be

much lower than 10 % of the total energy in the sys-
tem. The CPU time for each simulation is less than 24
hours when performed on four central processing units
in parallel on an HP Z420 workstation.

4 Results: Cohesive zone parameters

Figure 3 depicts the force-displacement curves for a
wide span of plate materials with very different con-
figurations of the damage-related microstructure. The
displacement is the total elongation of the 2D cross-
section normalized with the height H0, and the force
is calculated as the sum of the nodal forces, along x2,
on the top boundary (

∑n
i Fi ) normalized with the ini-

tial yield stress and the initial surface area in the x1-
x3-plane (see Fig. 1). In one end of the spectrum of
materials investigated here is the case with a few small
nucleation sites (Np = 10 and Rp/Le = 3) that with-
stand severe plastic deformation even after the peak
force is attained (yielding large cohesive energy). In
contrast, a material with little to none post-peak duc-
tility, due to strong interactions between many large
nucleation sites, stands in the other end (Np = 100 and
Rp/Le = 18). Between these two extremes is a well
of configurations that display intermediate post-peak
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Fig. 3 Representative normalized force-displacement curves for
various values of number (Np) and size (Rp/Le) of void nucle-
ation sites

ductility where the micro-mechanics governing local-
ization and failure cannot be tied to a specific mecha-
nism (see discussion inTekoğlu andNielsen 2019). The
distinct shift in the force-displacement curves signals
that a strong dependency exists on the damage-related
microstructure, and the implications for the cohesive
traction–separation relation await to be revealed. A first
glimpse of the dependency is presented in Fig. 4, where
the fracture morphology is shown for the three plates
whose stress-strain curves are depicted in Fig. 3. The
fracture morphology varies significantly between the
different configurations of the size and number of the
nucleation sites. The procedure outlined in Sect. 2.2
is pursued in the following to extract knowledge on
the key parameters for the cohesive traction–separation
relation when dealing with heterogeneous nucleation
events during plate tearing.

4.1 The peak force

Figure 5 shows the peak force for a fixed size of
the nucleation sites versus the number of sites (Fig.
5a) and for a fixed number of sites versus size (Fig.
5b). It is clear that the mean peak force is essentially
unaffected by the discrete event of void nucleation,
and the largest decrease in the peak force is on the
order of 0.2 % between the various material config-
urations. The lack of variation is due to the interac-
tion of nucleation sites being tied to the plastic strain-
ing that follows from the post-localization deforma-

Fig. 4 Fracture surface morphology for three parameter sets
corresponding to the ones shown in Fig. 3: a Np = 10, Rp/Le =
3, b Np = 50, Rp/Le = 6, and c Np = 100, Rp/Le = 18

tion (thinning), while the material largely responds as
if it is homogeneous prior to the thinning (also justify-
ing the modeling assumption in Sect. 2). In fact, com-
paring the model prediction to that of the Considère
condition for a non-porous homogeneous cross-section
subject to plane strain tension, given by; Tmax/σy =
2/

√
3

(
2NE/(

√
3σy)

)N
exp−N , yields nearly coin-

ciding predictions. The difference is on the order of
0.1% (based on the average value predicted), with the
numerical model predicting higher values. This devia-
tion is assigned to small inertia effects associated with
the use of an explicit dynamic formulation. Nonethe-
less, it is seen from Fig. 5 that the mean peak force
decreases as the number of nucleation sites increases
while keeping the size of the nucleation site fixed and
that the same holds when increasing the size while
keeping the number of sites fixed. The largest decrease
in mean peak force is predicted in the cases with many
large nucleation sites. Three realizations for the random
distribution are considered for eachmicrostructure con-
figuration (giving a total of 75 simulations), allowing
both amean and a standard deviation for themodel pre-
dictions to enter into the results (see Fig. 5). Despite
the standard deviation being of substantial dispersion
for the largest nucleation sites considered, the results
in Fig. 5 clearly demonstrate statistical evidence for a
lower peak force when either increasing the number or
size of the nucleation sites, although the variation is
insignificant.
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(a)

(b)

Fig. 5 Peak force as a function of a number (Np) and b size
(Rp/Le) of void nucleation sites. The interval of confidence
shown is 3σ , with the standard deviation being σ . The Consid-
ère force for a corresponding, non-porous, homogeneous cross-
section is: FConsidère/(σy A0) = 1.452

4.2 The cohesive energy

The trend for the cohesive energy is much more pro-
nounced when compared to that of the peak force
predictions as the model shows a significant drop in
the mean energy going into material separation when
increasing either the number or size of the nucleation
sites. For example, the mean cohesive energy drops
from �0/(σyW0) ≈ 0.258 to 0.035, when increasing
the number of sites from 10 to 100, while keeping the
size constant at Rp/Le = 18 (the largest sites con-
sidered). The rather low cohesive energy predicted for
such large nucleation sites is tied to an early interac-

tion between sites which allows localization across the
entire cross-section to take place shortly after the peak
force is attained. As seen in Fig. 4c, this results in
a limited thinning of the plate. Tekoğlu and Nielsen
(2019) categorized the interaction between the individ-
ual void nucleation sites into three different mecha-
nisms: I local ±45◦ shear bands near the void nucle-
ation sites interact to form a global localization, II
new shear bands are created through “void sheeting”

where neighboring voids interact, and III neighbor-
ing void nucleation sites merge by internal necking
of the ligament connecting them (see Figs. 6 and 12
Tekoğlu and Nielsen (2019) for contour plots showing
the threemechanisms and, additionally, the discussions
in Bron et al. (2004) and Buljac et al. (2018)). The
predicted drop in the mean cohesive energy is associ-
ated with the shift from failure by mechanism II to
failure by mechanism I . The void sheeting mecha-
nism (mechanism II ) is prevailing in the case of a few
large nucleation sites, which leads to a slant fracture
at an angle lower than 45◦, whereas mechanism I
sets in when the number of nucleation sites is large,
allowing existing 45◦ local shear band that emanate
from the individual sites to coalesce and form global
localization at an angle of 45◦ across the entire plate
thickness (see Figs. 4c and 9 in Tekoğlu and Nielsen
2019). Consistent slant fracture is predicted for all real-
izations of the random distribution with large nucle-
ation sites, which, in turn, results in the rather nar-
row interval of confidence (using 3σ with σ being
the standard deviation) seen in Fig. 6a. In contrast,
the interval of confidence is somewhat larger for the
case of small nucleation sites (Rp/Le = 3). This
has to do with the fracture surface morphology being
much less well-defined and with, essentially, all of the
three mechanisms identified by Tekoğlu and Nielsen
(2019) coming into play. In these cases, the linking
of nucleation sites requires pronounced thinning of
the plate, yielding a higher mean cohesive energy due
to severe plastic deformation when the crack opens.
It is important to emphasize that for this case where
Rp/Le = 3, despite that the mean cohesive energy
displays a drop for an increasing number of nucleation
sites, the interval of confidence is too wide to form a

statistical basis for a general conclusion. In addition,
it is worth to mention that the cohesive energy can-
not be negative as indicated by the interval of confi-

dence in Fig. 6, e.g. for Rp/Le = 18. The indicated
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(a)

(b)

Fig. 6 Cohesive energy as a function of a number (Np) and b
size (Rp/Le) of void nucleation sites. The interval of confidence
shown is 3σ , with the standard deviation being σ

negative energy is merely an outcome of the statistical
analysis.

Keeping a fixed number of nucleation sites and
increasing their size (see Fig. 6b) also yield a consistent
drop in the mean cohesive energy within the parameter
interval considered. This is despite overlapping inter-
vals of confidence (using 3σ ). Thus, a plate material
with a few small nucleation sites displays the highest
mean cohesive energy, while the energy is lowest in
the case of many large sites. Recall that this shift in
the mean cohesive energy is tied strongly to the thin-
ning of the plate prior to fracture and, thus, the overall
strain hardening capacity - also discussed in Nielsen
and Hutchinson (2012) for homogeneous porous plate

materials. The change in the plate thinning is realized
by consulting Fig. 11 in Tekoğlu and Nielsen (2019).
In fact, a shift in the failure mechanism clearly occurs
when increasing the size of the nucleation site while
keeping the distribution and number of sites fixed.
Small nucleation sites give rise to severe thinning and

failure by a mixture of mechanisms I through III ,
while large sites primarily link up by mechanism I .
For an intermediate size of the nucleation sites, a mix-
ture of mechanisms I and II is obtained. In addition,
comparable energy levels are observed when consult-
ing the predicted level for the mean cohesive energy in
Fig. 6 to that of the homogeneous porous plate material
considered in Nielsen and Hutchinson (2012). A direct
comparison between the two studies, however, should
be made with care as the damage in the fracture pro-
cess zone is very different. The highest value for the
cohesive energy in Fig. 6 is predicted for the case with;
Rp/Le = 3 and Np = 10, which is slightly higher
than for the homogeneous porous material in Nielsen
and Hutchinson (2012). However, the general decrease
in energy level, when accounting for nucleation sites,
underlines that great care must be taken for plate mate-
rials that either diverges from a homogeneous initial
configuration (e.g., in thin plates) or are prone to sig-
nificant discrete nucleation events.

4.3 Secondary localization and loss of load-carrying
capacity

The displacement at the onset of the secondary localiza-
tion, where the material rapidly loses its load-carrying
capacity, is reported in Fig. 7. The displacement at this
point displays a similar dependency on the damage-
related microstructure as the cohesive energy. This is
not surprising as the area under the force-displacement
curve, which defines the cohesive energy, is strongly
related to the displacement at the secondary local-
ization. Despite the somewhat large standard devia-
tions, especially for the smallest nucleation sites, the
displacement at the onset of the secondary localiza-
tion increases for the diminishing size of the nucle-
ation sites—for all cases considered—as this leads to
higher post-peak ductility, severe diffuse thinning, and
postponed secondary localization. Essentially, smaller
particles give rise to a higher overall strain harden-
ing capacity. On the other hand, the case with many
large sites shows a low overall strain hardening capac-
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itywith secondary localization and rupture shortly after
the peak force is attained. The force level at the onset
of the secondary localization is depicted in Fig. 8 and
it is found to be much less influenced by the damage-
related microstructure. The interval of confidence is
wide for nearly all configurations, but the tendency is
that the force drops with decreasing size of the nucle-
ation sites (see Fig. 8a). In fact, the shift in post-peak
ductility with respect to changes to the damage-related
microstructure is clearly brought out in Fig. 8. There
exists a threshold on the number of sites (this is depen-
dent on the size of the nucleation sites) where the force
at the secondary localization essentially takes the value
of the peak force attained at the primary localization
set by the plate thinning. Thus, the secondary localiza-
tion occurs simultaneously with, or shortly after, the
primary localization (a related discussion on micro-
scopic versus macroscopic localization can be found
in Tekoğlu et al. 2015; Tekoğlu and Nielsen 2019).

The fairly large dispersion in the predictions for
the force at the onset of the secondary localization,
when considering different random distributions, is
highlighted by Fig. 9. Here showing the curves for
three realizations of randomly distributed nucleation
sites when Rp/Le = 3 and Np = 100. A close-up
of the load-displacement curves reveals fluctuations in
the curve at the point (automatically) identified with
the onset of the secondary localization (see also Sect.
2.2).

5 Concluding remarks

The presentwork demonstrates the connection between
the damage-related microstructure and the parameters
going into a cohesive traction–separation relation. Con-
sequently, a link is created between the underlying
micro-mechanics and the otherwise phenomenological
parameters. Plate materials with randomly distributed
discrete void nucleation sites, of various sizes and num-
bers, have been analyzed, and the main results of the
analyses are summarized below.

(i) The peak force is virtually unaffected by chang-
ing the number, size, and distribution of the dis-
crete nucleation sites (see Fig. 5). The main
effect on the peak force relates to the material
softening originating from the nucleated dam-
age. The peak force predicted for the various

(a)

(b)

Fig. 7 Strain at secondary localization as a function of a number
(Np) and b size (Rp/Le) of void nucleation sites. The interval
of confidence shown is 3σ , with the standard deviation being σ

heterogeneous materials all display low stan-
dard deviations yielding a firm statistical basis
for this conclusion. Moreover, the model pre-
dictions for the heterogeneous materials closely
agree with similar calculations for homogeneous
porous plate materials (see Nielsen and Hutchin-
son (2012), meaning that the Considère crite-
rion for plane strain tension accurately approx-
imates the peak force. Thus, accounting for
the damage-related microstructure in modeling
large-scale plate structures, e.g., using shell ele-
ments, requires no special attention regarding the
constitutive modeling of the material that sur-
rounds the cohesive zone.
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(a)

(b)

Fig. 8 Force at secondary localization as a function of a number
(Np) and b size (Rp/Le) of void nucleation sites. The interval of
confidence shown is 3σ , with the standard deviation being σ . The
Considère force for a corresponding, non-porous, homogeneous
cross-section is: FConsidère/(σy A0) = 1.452

(ii) The cohesive energy depends highly on both the
number and size of the discrete nucleation sites.
An increase in either one causes a decrease in the
mean cohesive energywhich, in turn, leads to the
reduction in the overall strain hardening capac-
ity of the plate material. Despite the partially
overlapping interval of statistical confidence, the
trends are clear from Fig. 6. The strong depen-
dency of the cohesive energy on the number and
size of the nucleation sites suggests that varia-
tions in the tearing mechanism can develop as
the crack propagates in large plates. Thus, man-

Fig. 9 Zoom in on the overall response approaching fracture
where the asterisks denote the onset of secondary localization
according to the procedure employed. Model parameter set here
is Np = 100 and Rp/Le = 3

ufacturers must ensure tight control over the size
and number of nucleation sites to achieve a plate
material with a uniform fracture surface mor-
phology resulting from large-scale plate tearing.
Along the same lines, the modeling of large-
scale plate tearing must take into account any
variation in the damage-related microstructures,
occurring along the crack path, to accurately pre-
dict failure. The standard deviation for the cohe-
sive energy displays a rather large dispersion
and, thus, an attempt to reduce this dispersion
has been made by including more realizations.
By adding two more realizations, giving a total
of five, for Rp/Le = 6 and all values of Np

did, however, not provide the desired reduction.
Three realizations for each material configura-
tion are, therefore, used throughout the present
study.

(iii) The onset of secondary localization, in terms of
the displacement, follows the trend for the cohe-
sive energy and displays a substantial drop when
increasing the number and/or size of the nucle-
ation sites (see Fig. 7). The force at the sec-
ondary localization is, on the other hand, only
slightly lower than the peak force and displays
a weak dependency on the size and number of
nucleation sites (see Fig. 8). Interestingly, there
exists a threshold on the number of sites (depend-
ing on their size) for which the secondary local-
ization coincides with, or occurs shortly after,
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the primary localization (see Fig. 8 or Tekoğlu
et al. 2015, for a related discussion). Thus, infor-
mation on the force at the secondary localiza-
tion (even an estimate) is suggested to be used
in combination with the cohesive energy when
creating the microstructure dependent traction–
separation relation in Fig. 2 for a given plate
material.

Nielsen and Hutchinson (2012) separated the cohe-
sive energy into two parts, one originating from the
diffuse thinning and the other related to the secondary
localization into shear bands. A similar distinction
between energies has not been possible for the current
setup as the point of final separation displays a sig-
nificant standard deviation (Fig. 3 indicates this large
scatter). Nonetheless, the study demonstrates that the
parameters going into the cohesive traction–separation
relation require to be tuned when the damage-related
microstructure diverges from a homogeneous configu-
ration.
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A B S T R A C T

Size effects in metal plasticity are widely accepted, and different theoretical approaches to
handle the phenomenon are developing in the literature. The present work considers the
Fleck and Willis (2009b) framework, and creates a new gradient enhanced rate-independent
crystal plasticity FE-implementation. The study considers both energetic and dissipative gradient
hardening and strengthening, and adopts a general form of the gradient enhanced effective slip
rate. Monotonic and cyclic shearing of an infinite crystal slab containing a single slip system
at an angle of 90◦ to the loading direction is a first benchmark case. A second case considers
combined shear and tension in 2D of a constrained HCP single crystal. The HCP crystal is
loaded in its basal plane by a so-called butterfly deformation path that inflicts repeated loading
and unloading of the three crystallographic slip systems. Finally, the evolution and interaction
of multiple plastic zones are demonstrated by considering a notched tensile sample. A direct
comparison to visco-plastic (rate-dependent) simulations confirms that the proposed crystal
plasticity framework forms a rate-independent limit for the gradient enhanced Fleck–Willis
theory. The model response also reduces to that of conventional crystal plasticity in the limit
of zero length parameters.

1. Introduction

Rate-independent crystal plasticity inherits a non-uniqueness problem in determining which (and how many) slip systems will be
active for specific loading scenarios. Let 𝑠(𝛼)𝑖 be the slip direction, 𝑚(𝛼)

𝑖 the slip plane normal, and 𝛾 (𝛼) the increment of crystallographic
slip on slip system ‘‘𝛼’’. When employing a Schmid-like description of the macroscopic plastic strain increment, �̇�𝑝𝑖𝑗 , in conventional
crystal plasticity, such that

�̇�𝑃𝑖𝑗 =
∑
𝛼

𝜇(𝛼)
𝑖𝑗 �̇� (𝛼) , with 𝜇(𝛼)

𝑖𝑗 = 1
2

(
𝑠(𝛼)𝑖 𝑚(𝛼)

𝑗 + 𝑠(𝛼)𝑗 𝑚(𝛼)
𝑖

)
, (1)

Taylor (1938) noted that plastic incompressibility requires five linearly independent slip systems. However, the choice of active
slip systems becomes non-unique if more than five slip systems simultaneously reach their individual activation stress (critical
resolved shear stress). This issue, combined with the fact that the plastic strain increments, and thereby the increment of slip,
is based on increments of the stresses, are at the root of the problem in conventional rate-independent crystal plasticity. Pierce
et al. (1982) cemented the implication of this issue in their seminal work on non-uniform deformation in single crystals, where
the loss of uniqueness was observed in the slip system configuration required to produce the deformation at shear localization. The
problem was further underpinned in Pierce et al. (1983), where the same authors demonstrated the capacity of a corresponding rate
sensitive (visco-plastic) formulation to extend the parameter window in which a solution exists. In contrast to the rate-independent
formulation, the corresponding conventional rate sensitive crystal plasticity formulation lets the slip rate depend on the current stress
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state — thus, relating increments of slip to a material state variable. This circumvents the problem of non-uniqueness and allows for
a unique slip system configuration to be determined for any number of ‘‘potentially active’’ slip systems1 (Roters et al., 2010, presents
an overview of widely used approaches). Adopting (and accepting) rate sensitivity in the material response has been a successful
way to generate a number of interesting studies published in the literature. In an early study, Pan and Rice (1983) considered
the questionable formation of yield surface vertices. They, too, demonstrated that even a slight rate sensitivity (approaching the
rate-independent limit) allows for a slip system configuration to be determined uniquely, which is otherwise non-unique in the
rate-independent formulation.

A great effort has been put into formulating (and re-formulating) conventional crystal plasticity in relation to various numerical
set-ups in order to allow for co-existing elastic and elastic–plastic domains while circumventing the uniqueness problem (Cuitino and
Ortiz, 1992; Borja and Wren, 1993; Anand and Kothari, 1996; Schröder and Miehe, 1997; Schmidt-Baldassari, 2003; Einav, 2012;
Forest and Rubin, 2016). To pin down a particular solution (a unique set of active slip systems) in rate-independent plasticity, the
published approaches either make use of special (additional) constitutive assumptions or rely on sophisticated numerical algorithms.
As discussed by Schmidt-Baldassari (2003), this tends to blur the picture, and the various add-on can, at times, make it hard to
distinguish between constitutive behavior and numerical peculiarities.

The present work takes a new approach to develop a rate-independent crystal plasticity framework, based on known constitutive
behavior and numerics, by taking as a starting point the Fleck and Willis gradient plasticity theory (Fleck and Willis, 2009b). The
following work is a first step on the way, and future investigations will cement if the uniqueness-problem has been fully overcome.
To this end, the 2D finite element implementation presented in this work allows repeated loading and unloading of multiple slip
systems to develop independently. The underlying idea of the proposed modeling approach is that the trial field (discussed in Nielsen
and Niordson, 2013, 2014, 2019) for the slip on the individual systems, being determined from the Minimum Principle I, is driven by
the current stress state. Once the field shape has been obtained, only the magnitude of the slip is determined from the kinematics in
a subsequent solution step where also the increment of the displacement field is determined. That is, the slip field shape is tied to a
material state variable, while the actual size of the slip increment for a specific material point is related to the surrounding material
deformation and history through the incorporated material length parameter. In the Fleck and Willis gradient crystal plasticity, the
Minimum Principle I, that delivers the trial field, states

𝐻 = inf
�̇�(𝛼)∗ ∫𝑉

(
𝜏𝐹 [𝛾 (𝛼)𝑒 ]�̇� (𝛼)∗𝑒 + 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 �̇� (𝛼)∗,𝑖 − 𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 �̇� (𝛼)∗

)
d𝑉 − ∫𝑆 𝑟(𝛼)�̇� (𝛼)∗d𝑆, (2)

where 𝜏𝐹 [𝛾
(𝛼)
𝑒 ] is the current flow stress on slip system ‘‘𝛼’’, 𝜉𝐸(𝛼) is the energetic higher order stress with 𝑟(𝛼) being the related

higher order tractions, 𝑠(𝛼)𝑖 is the slip plane direction, 𝜇(𝛼)
𝑖𝑗 is the Schmid orientation tensor (see Eq. (1)), and 𝑠𝑖𝑗 is the Cauchy stress

deviator. The trial field for the slip increment on slip system ‘‘𝛼’’ is denoted �̇� (𝛼)∗ with its gradient enhanced effective value being
�̇� (𝛼)∗𝑒 . The present work demonstrates that the proposed rate-independent crystal plasticity implementation readily allows for (i)
co-existence of elastic and active slip regions, with increasing slip activity, (ii) multiple slip regions to co-exist and merge, and (iii)
complete, or temporarily, elastic unloading of plastic zones. In fact, the overall material response and the plastic slip activity is
directly comparable to that of a corresponding rate sensitive (visco-plasticity) formulation in the limit of zero rate sensitivity.

The paper is structured as follows: The material model is laid out in Section 2 and the related finite element framework is
presented in Section 3. The benchmark cases are outlined in Section 4, while Section 5 presents the results and compares the
proposed rate-independent solution procedure directly to its rate sensitive (visco-plastic) counterpart. Some concluding remarks are
given in Section 6.

2. Material model: Crystal plastic version of the Fleck–Willis theory

The material model builds upon the work by Niordson and Kysar (2014) which takes as a starting point the work presented
in Gurtin et al. (2007), Borg (2007), Fleck and Willis (2009b). The present work is restricted to a small strain formulation and, thus,
the total strain rate, �̇�𝑖𝑗 =

1
2

(
�̇�𝑖,𝑗 + �̇�𝑗,𝑖

)
, is decomposed into an elastic part, �̇�𝐸𝑖𝑗 , and a plastic part, �̇�𝑃𝑖𝑗 , such that �̇�𝑖𝑗 = �̇�𝐸𝑖𝑗 + �̇�𝑃𝑖𝑗 . Here,

the plastic strain rate originates from the crystallographic slip rate, �̇� (𝛼), on the individual slip systems denoted by ‘‘𝛼’’ (see Eq. (1)).
In Cartesian components, the gradient enhanced virtual work principle (Niordson and Kysar, 2014) can be written as

∫𝑉 𝜎𝑖𝑗𝛿�̇�𝑖𝑗 +
∑
𝛼

(
𝑞(𝛼) − 𝜏(𝛼)

)
𝛿�̇� (𝛼) +

∑
𝛼

𝜉(𝛼)𝑠(𝛼)𝑖 𝛿�̇� (𝛼),𝑖 d𝑉 = ∫𝑆 𝑇𝑖𝛿�̇�𝑖 +
∑
𝛼

𝑟(𝛼)𝛿�̇� (𝛼)d𝑆 (3)

from which the governing equilibrium equations (the strong form) can be identified as

𝑞(𝛼) − 𝜏(𝛼) − 𝜉(𝛼),𝑖 𝑠(𝛼)𝑖 = 0 (Higher order equilibrium) (4)

𝜎𝑖𝑗,𝑗 = 0 (Conventional equilibrium). (5)

1 Note that all slip systems are active in a visco-plastic model, while the current stress state determines the magnitude of the slip rate.
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Here, 𝜎𝑖𝑗 is the symmetric Cauchy stress tensor, 𝜏(𝛼) = 𝜎𝑖𝑗𝜇
(𝛼)
𝑖𝑗 are the Schmid stress on the individual slip systems, while 𝑞(𝛼) and 𝜉(𝛼)

are the slip system related micro-stress and higher order stress, respectively. The right-hand side of Eq. (3) includes both conventional
tractions, 𝑇𝑖 = 𝜎𝑖𝑗𝑛𝑗 , and higher order tractions, 𝑟(𝛼) = 𝜉(𝛼)𝑠(𝛼)𝑖 𝑛𝑖, with 𝑛𝑖 being the outward unit normal to the surface, 𝑆, that bounds
the volume, 𝑉 . The difference between the Schmid stress, 𝜏(𝛼), and the micro-stress, 𝑞(𝛼), follows from a non-homogeneous higher
order stress field as its gradient enters the higher order equilibrium (see Eq. (4)). This is built into the theory in order to mimic the
effect of movement and/or storage of geometrically necessary dislocations (GNDs). The higher order stress, here, decomposes into
an energetic part, 𝜉𝐸(𝛼), and a dissipative part, 𝜉𝐷(𝛼), such that 𝜉(𝛼) = 𝜉𝐸(𝛼) + 𝜉𝐷(𝛼). In contrast, the micro-stress, 𝑞(𝛼), is assumed to
have a dissipative part only, 𝑞(𝛼) = 𝑞𝐷(𝛼). Assuming a quadratic free energy, such that

𝛹 = 1
2

(
𝜀𝑖𝑗 − 𝜀𝑃𝑖𝑗

)𝑖𝑗𝑘𝑙
(
𝜀𝑘𝑙 − 𝜀𝑃𝑘𝑙

)
+
∑
𝛼

1
2
𝐺
(
𝐿𝐸

)2 (𝑠(𝛼)𝑖 𝛾 (𝛼),𝑖

)2
(6)

the energetic part of the higher order stress can then be derived as 𝜉𝐸(𝛼) = 𝜕𝛹∕𝜕(𝛾 (𝛼),𝑖 𝑠(𝛼)𝑖 ) = 𝐺(𝐿𝐸 )2𝑠
(𝛼)
𝑖 𝛾 (𝛼),𝑖 . The conventional stresses

are given by 𝜎𝑖𝑗 = 𝜕𝛹∕𝜕𝜀𝐸𝑖𝑗 = 𝑖𝑗𝑘𝑙
(
𝜀𝑘𝑙 − 𝜀𝑃𝑘𝑙

)
, with 𝑖𝑗𝑘𝑙 being the isotropic elastic stiffness tensor. The shear modulus is denoted 𝐺

and the energetic length parameter is 𝐿𝐸 . By employing a generalized version of the gradient enhanced stress and strain, such that

𝜏𝜇∕(𝜇−1)𝑒 =
(
𝑞(𝛼)

)𝜇∕(𝜇−1) + (
𝐿−1
𝐷 𝜉𝐷(𝛼))𝜇∕(𝜇−1) (7)

and

�̇�𝜇𝑒 =
((

�̇� (𝛼)
)2)𝜇∕2

+
((

𝐿𝐷 �̇�
(𝛼)
,𝑖 𝑠(𝛼)𝑖

)2
)𝜇∕2

. (8)

the dissipative quantities can be derived as

𝑞𝐷(𝛼) = 𝜇𝐴
𝜏(𝛼)𝐶

�̇� (𝛼)𝑒

�̇� (𝛼) , with 𝜇𝐴 =
(|�̇� (𝛼)|

𝛾𝑒(𝛼)

)𝜇−2
(9)

𝜉𝐷(𝛼) = 𝜇𝐵
𝜏(𝛼)𝐶
�̇�𝑒

(𝐿𝐷)2�̇�
(𝛼)
,𝑖 𝑠(𝛼)𝑖 , with 𝜇𝐵 =

⎛⎜⎜⎝
|𝐿𝐷 �̇�

(𝛼)
,𝑖 𝑠(𝛼)𝑖 |
�̇� (𝛼)𝑒

⎞⎟⎟⎠

𝜇−2

(10)

where the gradient of the slip, 𝛾 (𝛼), on slip system ‘‘𝛼’’ is denoted 𝛾 (𝛼),𝑖 , and 𝐿𝐷 is identified as the dissipative length parameter. The
gradient enhanced reference stress on the individual slip system is denoted 𝜏(𝛼)𝐶 . It is worth to notice that for 𝜇 = 2, Eqs. (7)–(10)
reduced to the quadratic form treated by Niordson and Kysar (2014) (although in a visco-plastic version). Bardella (2007, 2010)
further discusses the motivation and consequences of different constitutive assumptions related to both the energetic and dissipative
contributions (quadratic and non-quadratic).

To complete the theoretical framework, two minimum principles can subsequently be formulated such that: Minimum principle
I governs the evolution of the slip rate field, and Minimum principle II governs the displacement field (and the size of the slip
increment for the rate-independent formulation). Minimum principle I and II were first derived by Fleck and Willis (2009b)
for isotropic materials under a small strain assumption, and the two minimum principles have recently been developed in a
corresponding finite strain setting in Nielsen and Niordson (2019). The principles are given below for both a rate-independent
and a visco-plastic formulation of crystal plasticity.

2.1. Rate-independent formulation

By taking the strong form of the higher order equilibrium in Eq. (4) as a starting point, Niordson and Kysar (2014) stated the
minimum principle I for the Fleck–Willis theory in a crystal visco-plastic setting. The Minimum principle I for the corresponding
rate-independent version can be written as

𝐻 = inf
�̇�(𝛼)∗ ∫𝑉

(
𝜏𝐹 [𝛾 (𝛼)𝑒 ]�̇� (𝛼)∗𝑒 + 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 �̇� (𝛼)∗,𝑖 − 𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 �̇� (𝛼)∗

)
d𝑉 − ∫𝑆 𝑟(𝛼)�̇� (𝛼)∗d𝑆 (11)

where 𝜏𝐹 [𝛾
(𝛼)
𝑒 ] is the current flow stress on slip system ‘‘𝛼’’ that follows the hardening relation outlined in Section 2.3. Based on the

current stress field, the slip rate is determined from Eq. (11) to within a plastic multiplier, such that �̇� (𝛼) = 𝜆(𝛼)�̇� (𝛼)∗. This is achieved
by rendering stationarity of Eq. (11) whereby the following variational statement can be discretized by the finite element method

∫𝑉 𝑞𝐷(𝛼)𝛿�̇� (𝛼)∗ + 𝜉𝐷(𝛼)𝑠(𝛼)𝑖 𝛿�̇�
(𝛼)∗
,𝑖 d𝑉 = ∫𝑉 𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 𝛿�̇� (𝛼)∗ − 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 𝛿�̇� (𝛼)∗,𝑖 d𝑉 + ∫𝑆 𝑟(𝛼)𝛿�̇� (𝛼)∗d𝑆. (12)

It is worth to notice that, the slip field is obtained independently of the stress increment within the rate-independent formulation
and thus Eq. (12) delivers only a trial field (scaled to unity). Moreover, the fact that Eq. (12) only depends on the total stresses, and
not their increments, allows decoupling the search for a slip fields on the individual slip systems. The actual size of the slip field is

[P28]. NIELSEN (2021) 469
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obtained from Minimum principle II in a subsequent step together with the displacement increment. The Minimum principle II can
be written as

𝐽 [�̇�𝑖, 𝜆(𝛼)] = 1
2 ∫𝑉 𝑖𝑗𝑘𝑙

(
�̇�𝑖𝑗 −

∑
𝛼

𝜇(𝛼)
𝑖𝑗 �̇� (𝛼)

)(
�̇�𝑘𝑙 −

∑
𝛼

𝜇(𝛼)
𝑘𝑙 �̇�

(𝛼)

)
+
∑
𝛼

ℎ[𝛾 (𝛼)]
(
�̇� (𝛼)

)2d𝑉 − ∫𝑆 �̇�𝑖�̇�𝑖 + �̇�𝑖𝑗
∑
𝛼

𝜇(𝛼)
𝑖𝑗 �̇� (𝛼)d𝑆 (13)

The strain hardening is here denoted ℎ[𝛾 (𝛼)], which can include both self-hardening and latent hardening. However, only
self-hardening are considered in this work and thus ℎ[𝛾 (𝛼)] = 𝑑𝜏𝐹 ∕𝑑𝛾 (𝛼).

2.2. Visco-plastic formulation

Following Niordson and Kysar (2014), the minimum principle I for a visco-plastic single crystal material can be derived as

𝐻 = inf
�̇�(𝛼)∗ ∫𝑉

(
𝛷[𝛾 (𝛼)𝑒 , �̇� (𝛼)∗𝑒 ] + 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 �̇�∗𝑖 − 𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 �̇� (𝛼)∗

)
d𝑉 − ∫𝑆 𝑟(𝛼)�̇� (𝛼)∗d𝑆 (14)

where the visco-plastic potential is given by 𝛷[𝛾 (𝛼)𝑒 , �̇� (𝛼)𝑒 ] = 𝜏𝐶
�̇�0
𝑚+1

(
�̇�𝑒
�̇�0

)𝑚+1
such that 𝜏𝐶 [𝛾𝑒, �̇�𝑒] = 𝜏𝐹 [𝛾𝑒]

(
�̇�𝑒∕�̇�0

)𝑚. The slip rate
hardening exponent is denoted 𝑚 and the reference slip rate is �̇�0. Rendering stationarity of Eq. (14) yields an expression similar
to Eq. (12), but with the stresses now related to the increments of slip through the visco-plastic relation for the reference stress
𝜏𝐶 [𝛾𝑒, �̇�𝑒]. Thus, in the visco-plastic version, the minimum principle I delivers the actual slip rate field, �̇� (𝛼), rather than only a trial
field. The corresponding displacement rate is determined from minimum principle II that can be written as

𝐽 [�̇�𝑖] =
1
2 ∫𝑉 𝑖𝑗𝑘𝑙

(
�̇�𝑖𝑗 −

∑
𝛼

𝜇(𝛼)
𝑖𝑗 �̇� (𝛼)

)(
�̇�𝑘𝑙 −

∑
𝛼

𝜇(𝛼)
𝑘𝑙 �̇�

(𝛼)

)
d𝑉 − ∫𝑆 �̇�𝑖�̇�𝑖d𝑆 (15)

It is worth to notice that latent hardening is cumbersome to treat in the visco-plastic setup since the individual slip systems
will interact through the slip rate. Thus, the variational statement in Eq. (12) will have to be fulfilled in a nested loop to ensure
simultaneous solution on all slip systems (contrasting the rate-independent model). The displacement field is determined in a
subsequent step once a solution that obeys Eq. (14) is found for all slip system.

2.3. Strain hardening relation

Only self-hardening is considered in this work. The individual slip systems follow a linear hardening relation in both the rate-
independent and the visco-plastic model, such that 𝜏𝐹 [𝛾

(𝛼)
𝑒 ] = 𝜏(𝛼)𝑌 + ℎ(𝛼)𝛾 (𝛼)𝑒 . Here, 𝜏(𝛼)𝑌 is the initial yield stress and ℎ(𝛼) is the slip

hardening on slip system ‘‘𝛼’’. Approximately zero strain hardening is dealt with throughout and the hardening modulus is set to
ℎ(𝛼) = 10−6𝐸 in 1D calculations and ℎ(𝛼) = 10−3𝐸 in the 2D calculations, where 𝐸 is Young’s modulus. It is worth mentioning that
the simplified hardening relation is chosen for clarity of the work while the implementation of either of the models put no limitation
to the choice of the hardening relation.

3. Rate-independent crystal plastic finite element framework

Niordson and Hutchinson (2011) demonstrated in an early study that the visco-plastic model lends itself nicely to numerical
implementation, whereas untraditional numerics are required to treat the corresponding rate-independent model. The following
finite element implementation and solution procedure are inspired by the numerical framework for isotropic materials laid out
in Nielsen and Niordson (2013, 2014, 2019) and a similar two-step solution procedure is adopted in the following. The current
formulation focuses on small strains and small deformations.2 A conventional finite element interpolation is used, such that

�̇�𝑖 =
𝑁𝐼𝐼∑
𝑛=1

𝑁 (𝑛)
𝑖 �̇� (𝑛) and �̇� (𝛼) =

𝑁𝐼∑
𝑛=1

𝑀 (𝑛)�̇� (𝛼)∗(𝑛) , (16)

where the displacement field is discretized by quadratic shape functions, 𝑁 (𝑛)
𝑖 , whereas linear shape functions, 𝑀 (𝑛), are employed

to describe the slip rate field. Here, 𝑈 (𝑛) and �̇� (𝛼)(𝑛) are the quantities of the two fields at the nodes of the finite element mesh. The
number of degrees of freedom for the element displacement field and the slip rate field are denoted 𝑁𝐼𝐼 and 𝑁𝐼 , respectively. By
discretizing Eqs. (12)–(13), the two step solution procedure progresses as follows for the rate-independent crystal plastic formulation
(see also Fig. 1 for an illustration):

Step 1. Consider a deformation state where the plastic strain history are known such that the stresses can be evaluated through
the elastic relationship. The slip rate field associated with the individual slip systems can then be evaluated by requiring stationarity
of Minimum principle I (see Eq. (12)). By adopting the generalized version of the gradient enhanced slip rate (see Eq. (8)) and the

2 A corresponding finite strain version should take as a starting point the present work combined with the work by Lynggard et al. (2019) and Nielsen and
Niordson (2019).
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Fig. 1. Schematic of the 2-step solution procedure used to identify the slip regions in a 2D setup. The (known) stress field, 𝜎𝑖𝑗 , from the previous increment feeds
to minimum principle I which delivers a unit trial field for the slip rate for each slip system. Image analysis on each field is conducted to identify potentially
active slip regions whereafter the non-local yield criterion is evaluated. A plastic multiplier is enforced when 𝛷(𝛼)

𝐻(𝑘) > 0, whereafter minimum principle II is
solved and field variables are updated when all 𝜆(𝛼)(𝑘) > 0.

associated stress quantities (see Eqs. (9)–(10)), the discretized version of Eq. (12) for the rate-independent formulation can be written
as

∫𝑉𝑒
𝜏(𝛼)𝐹

�̇� (𝛼)∗𝑒

(
𝜇𝐴𝑀

(𝑛)𝑀 (𝑚) + 𝜇𝐵𝐿
2
𝐷𝑠

(𝛼)
𝑖 𝑠(𝛼)𝑗 𝑀 (𝑛)

,𝑖 𝑀 (𝑚)
,𝑗

)
d𝑉𝑒 ⋅ �̇�

(𝛼)∗
(𝑚) = ∫𝑉𝑒

(
𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 𝑀 (𝑛) − 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 𝑀,𝑖

)
d𝑉𝑒 + ∫𝑆𝑒

𝑟(𝛼)𝑀 (𝑛)d𝑆𝑒 (17)

which conveys to the corresponding system for the visco-plastic model by replacing the flow stress, 𝜏𝐹 , with visco-plastic relation
for the effective stress, 𝜏𝐶 . The non-linear system of equations in Eq. (17) closely resembles the system obtained in Nielsen and
Niordson (2013, 2014, 2019) for an isotropic solid and, thus, the same iterative solution procedure is employed. The trial slip field
for the individual slip systems can be obtained separately in the rate-independent model as their interactions are dealt with in the
subsequent Step 2 (see Fig. 1). In contrast, the individual treatments are only the case in the visco-plastic model when omitting
latent hardening.

Despite continuously normalizing the trial field to unity (such that �̇� (𝛼)(𝑚)∕|�̇� (𝛼)(𝑚)|max
) while iterating on the solution to Eq. (17), the

field can take values different from zero even in (inactive slip) regions which must be governed by elasticity. Thus, all regions of
noticeable slip activity cannot be declared active at this stage in the solution procedure. Instead, the concept of ‘‘potentially active’’
slip regions is introduced and a search for these are conducted by image analysis before entering into Step 2. The search progresses
as follows: classical connected-component-labeling is used to determine which elements belongs to regions of noticeable slip activity
(typically using min(|�̇� (𝛼)∗|) > 10−3 − 10−4 as threshold),3 denoted ‘‘potentially active’’, and a multiplier is only assigned to the slip
system if it furthermore obeys 𝛷(𝛼)

𝐻(𝑘) > 0, with 𝛷(𝛼)
𝐻(𝑘) being the value of the Minimum Principle I integrated within that specific

‘‘potentially active’’ slip region.

𝛷(𝛼)
𝐻(𝑘) = −

(
∫𝑉 𝑝𝑙(𝑘)

(
𝜏𝐹 [𝛾 (𝛼)𝑒 ]�̇� (𝛼)∗𝑒 + 𝜉𝐸(𝛼)𝑠(𝛼)𝑖 �̇� (𝛼)∗𝑖 − 𝑠𝑖𝑗𝜇

(𝛼)
𝑖𝑗 �̇� (𝛼)∗

)
d𝑉 𝑝𝑙(𝑘) − ∫𝑆𝑝𝑙(𝑘)

𝑟(𝛼)�̇� (𝛼)∗d𝑆𝑝𝑙(𝑘)
)

≥ 0 (18)

Minimum Principle I, in this way, constitutes a non-local yield criterion (see also Danas et al., 2012). The total number of ‘‘potentially
active’’ slip zones is denoted ‘‘𝐾 ’’. It is, however, worth to notice that, in general, there can exist a number of multipliers within
a given region of the material domain as the plastic multiplier is tied to a specific slip system. Whether or not the individual slip

3 The threshold value must be small compared to the convergence criterion related to the iterative solution for (17).
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system can be regarded as active is determined through the plastic multiplier obtained from Minimum principle II in the subsequent
Step 2. Bear in mind that the intermediate image analysis of the trial field is conducted independently for the individually slip
systems and is only required in the rate-independent model (see also Fig. 1).

Step 2. Based on the slip rate (trial) field obtained in Step 1, the subsequent Step 2 determines the incremental displacement
field. The presentation, here, focuses on the rate-independent formulation as this second step also determines the plastic multipliers
assigned to the individual slip system. Rendering stationarity of Minimum Principle II (Eq. (13)) and partitioning the material
domain into ‘‘potentially active’’ (elastic–plastic) and ‘‘inactive’’ (elastic) regions, such that 𝑉 = 𝑉 𝑝𝑙 + 𝑉 𝑒𝑙 (bounded by the surface
𝑆 = 𝑆𝑝𝑙 + 𝑆𝑒𝑙), yields

𝐾∑
𝑘=1

∫𝑉 𝑝𝑙(𝑘)

[
𝑖𝑗𝑘𝑙

(
�̇�𝑖𝑗 −

∑
𝛼

𝜇(𝛼)
𝑖𝑗 𝜆(𝛼)(𝑘) �̇�

(𝛼)∗

)(
𝛿�̇�𝑘𝑙 −

∑
𝛼

𝜇(𝛼)
𝑘𝑙 𝛿𝜆

(𝛼)
(𝑘) �̇�

(𝛼)∗

)
+
∑
𝛼

ℎ[𝛾 (𝛼)𝑒 ]𝜆(𝛼)(𝑘)
(
𝛾𝑒

(𝛼)∗)2 𝛿𝜆(𝛼)(𝑘)

]
d𝑉 𝑝𝑙(𝑘)

+∫𝑉 𝑒𝑙
𝑖𝑗𝑘𝑙 �̇�𝑖𝑗𝛿�̇�𝑘𝑙d𝑉 𝑒𝑙 = ∫𝑆 �̇�𝑖𝛿�̇�𝑖d𝑆 +

𝐾∑
𝑘=1

∫𝑆𝑝𝑙
�̇�𝑖𝑗

∑
𝛼

𝜇(𝛼)
𝑖𝑗 𝛿𝜆(𝛼)(𝑘) �̇�

(𝛼)∗d𝑆𝑝𝑙(𝑘) (19)

which holds for any kinematically admissible variation of the displacements field, 𝛿𝑢𝑖, and any admissible variation in the plastic
multipliers, 𝛿𝜆(𝛼)(𝑘). A finite element discretization of Eq. (19) then gives two discrete systems of equations (similar to isotropic gradient
plasticity, see Nielsen and Niordson, 2013, 2014), given by

∫𝑉𝑒 𝑖𝑗𝑘𝑙𝐵
(𝑛)
𝑖𝑗 𝐵(𝑚)

𝑘𝑙 d𝑉𝑒 ⋅ �̇� (𝑚) −
∑
𝛼 ∫𝑉𝑒 𝑖𝑗𝑘𝑙𝐵

(𝑛)
𝑖𝑗 𝜇(𝛼)

𝑘𝑙 �̇�
(𝛼)∗d𝑉𝑒 ⋅ 𝜆

(𝛼)
(𝑘) = ∫𝑆𝑒

�̇�𝑖𝑁
(𝑛)
𝑖 d𝑆𝑒 (20)

−
∑
𝛼 ∫𝑉𝑒 𝑖𝑗𝑘𝑙𝐵

(𝑚)
𝑖𝑗 𝜇(𝛼)

𝑘𝑙 �̇�
(𝛼)∗d𝑉𝑒 ⋅ �̇� (𝑚) +

∑
𝛼

∑
𝛽

∫𝑉𝑒 𝑖𝑗𝑘𝑙𝜇
(𝛽)
𝑖𝑗 �̇� (𝛽)∗𝜇(𝛼)

𝑘𝑙 �̇�
(𝛼)∗d𝑉𝑒 ⋅ 𝜆

(𝛼)
(𝑘) +

∑
𝛼 ∫𝑉𝑒 ℎ[𝛾

(𝛼)
𝑒 ]

(
𝛾 (𝛼)𝑒

)2d𝑉𝑒 ⋅ 𝜆(𝛼)(𝑘)

=
∑
𝛼 ∫𝑆𝑒

�̇�𝑖𝑗𝜇
(𝛼)
𝑖𝑗 �̇� (𝛼)∗d𝑆𝑒 (21)

The finite element volume is denoted 𝑉𝑒 and the finite element surface is 𝑆𝑒, while 𝐵(𝑛)
𝑖𝑗 = (𝑁 (𝑛)

𝑖,𝑗 +𝑁 (𝑛)
𝑗,𝑖 )∕2. The plastic multipliers

are denoted 𝜆(𝛼)(𝑘), with ‘‘𝛼’’ referring to the current slip system displaying noticeable slip activity within the ‘‘potential active’’ slip
region with number ‘‘𝑘’’ (𝑘 = 1, 2,… , 𝐾). Once the system of equations in Eq. (21) is solved, then the requirement 𝜆(𝛼)(𝑘) > 0 is
considered (see Fleck and Willis, 2009b). In the case 𝜆(𝛼)(𝑘) < 0, the slip system is termed ‘‘inactive’’ (elastic) in that particular region
and the multiplier is removed from the system of equations. The system of equations is hereafter solved again. The repeated solving
of Eq. (21) is continued until each slip system satisfies 𝛷(𝛼)

𝐻(𝑘) > 0 and 𝜆(𝛼)(𝑘) > 0 for all ‘‘potentially active’’ slip region, after which the
slip systems are declared active and the incremental solution is updated.

3.1. Visualizing the 2-step solution procedure for the rate-independent model

Imagine deforming the material until reaching the stress field in Fig. 1 (on the left). The subsequent increment then enables
visualizing the 2-step solution procedure as well as the strategy for handling several slip systems with (potentially) multiple active
slip regions (see Fig. 1). Starting from the left in Fig. 1, the known stress field, 𝜎(𝑛−1)𝑖𝑗 , from the previous increment acts as driving
force for determining the trial slip field, �̇� (𝛼)∗, (solving Eq. (17)). The trial fields thereby ties to a material state variable (and not
on the increments hereof). The equation solving for a trial field solution for the individual slip systems decouples and enables
individual identification of potentially active slip regions through image analysis.4 A raster image of the trial field solution is first
prepared based on the irregular mesh used for the FE calculations, whereafter connected component labeling identifies the potentially
active slip regions. In Fig. 1, the image analysis identifies two slip regions for slip system one and three, respectively, and four
regions for slip system two. Once identified, the non-local yield criterion from Eq. (18) determines if a plastic multiplier must be
assigned to the individual slip regions. For the iteration depicted in Fig. 1, only the slip regions associated with slip system one and
three have 𝛷(𝛼)

𝐻(𝑘) > 0 for 𝑘 = 1, 2, while 𝛷(2)
𝐻(𝑘) < 0 for 𝑘 = 1, 2, 3, 4. In Step 2, the Minimum principle II is enriched by the multipliers

and solved (and resolved) through Eq. (19) until 𝜆(𝛼)(𝑘) ≥ 0 for all ‘‘𝑘’’ and ‘‘𝛼’’. The obtained plastic multiplies allow for updating the
slip field, plastic strain, and stress field, whereafter the next load increment can begin.

Unique to the propose solution procedure for the rate-independent model is that drift from equilibrium typically shows in the
non-local yield criteria, either by 𝛷(𝛼)

𝐻(𝑘) drifting from zero such that 𝛷(𝛼)
𝐻(𝑘) ≫ 0, or by temporarily unloading of individual slip

regions. Typically, the issue is resolved by dividing the deformation into additional increments. To enable efficient finite element
modeling, future work should focus on (i) improving the solution procedure for the trial field (e.g. solving Eq. (17) efficiently), and
(ii) improving the staggered 2-step approach either to ensure equilibrium or by a one-step correction with the residual from the
previous load increment.

4 Basically, determining what is foreground and background in the ‘‘image’’ corresponding to |𝛾 (𝛼)∗|, with background determined by |�̇� (𝛼)∗| < 10−3 − 10−4.

472 CHAPTER .I- APPENDED PUBLICATIONS



Journal of the Mechanics and Physics of Solids 148 (2021) 104286

7

K.L. Nielsen

Fig. 2. (a) Schematic of a material slab constrained between rigid platens subject to shear deformation (prescribed by 𝛥(𝑡) along the 𝑥1-direction). Constrained
plastic flow is enforced at the interface between the slab and the platens (𝛾 (𝛼) = 0 at 𝑥2 = [0,𝐻]). (b) Definition of slip system ‘‘𝛼’’ and its orientation given by
𝜃(𝛼). The slip direction is 𝑠(𝛼)𝑖 and the slip normal is 𝑚(𝛼)

𝑖 .

Table 1
Material properties.

Parameter Significance Value

𝜎𝑌 ∕𝐸 Initial yield strain 0.001
𝜈 Poisson ratio 0.3
ℎ(𝛼)∕𝐸 Slip hardeninga 10−6
𝑚 Slip rate hardening exponent 0.01
�̇�0 Reference slip rate 0.001

aUses for numerical stability.

4. Benchmark cases: loading, unloading, and slip zone interactions

The new gradient enhanced rate-independent crystal plasticity framework has been implemented in both a 1D and 2D finite
element model allowing for a demonstration of the procedure. The focus is on the three benchmark cases summarized below and,
unless anything else is stated, the material properties collected in Table 1 are used.

4.1. Shearing of a constrained infinite slab modeled in 1D

The first benchmark case considers shear loading of an infinite slab of a homogeneous material constrained between two rigid
platens (see Fig. 2). A single slip system is modeled with an orientation such that the slip direction is along the 𝑥2-axis (𝜃(𝛼) = 90◦).
This crystal configuration is highly artificial but it serves to demonstrate the material response in a wide parameter space and to
illustrate the key features readily accounted for by the proposed modeling procedure. Micro-hard boundaries that prohibit the
penetration of dislocations (zero slip) are enforced at the top (𝑥2 = 𝐻) and bottom (𝑥2 = 0) interface of the domain, while
shear loading is prescribed by the deformation history, 𝛥(𝑡), at the top boundary (see Fig. 2). Both monotonic and cyclic shearing
are prescribed to demonstrate the model’s capacity to handle changes in the yielding condition (loading versus unloading). For
comparison to the new rate-independent model, the imposed deformation rate is �̇�∕(𝐻�̇�0) = 1 in the corresponding visco-plastic
model. The setup maps out the influence of the individual model parameters and serves as a baseline for comparison to existing
model results in the literature.

4.2. Combined shear and tension modeled in 2D

Following a butterfly deformation path, combined shear and tension is enforced onto a constrained infinite slab of material
resembling an HCP single crystal. The setup composes the second benchmark case. The crystal orientation is such that the
deformation occurs in the basal plane of the HCP crystal inflicting plane strain deformation. Thus, three crystallographic slip
systems are included in the analyses, as illustrated in Fig. 3(a). The deformation is prescribed through 𝛥1(𝑡) and 𝛥2(𝑡) according
to the butterfly deformation path in Fig. 3(b) where the arrows indicate the deformation direction. Micro-hard boundaries that
prohibit the penetration of dislocations (zero slip) are enforced at the top (𝑥2 = 𝐻) and bottom (𝑥2 = 0) interface of the domain
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Fig. 3. Schematic of an infinite 2D domain, representing an HCP crystal in its basal plane, constrained between rigid platens and subject to a combined tension
and shear (prescribed 𝛥1(𝑡) along the 𝑥1-direction and 𝛥2(𝑡) along the 𝑥2-direction). Constrained plastic flow is enforced at the interface between the slab and
platens (𝛾 (𝛼) = 0 at 𝑥2 = [0,𝐻]). (b) A butterfly deformation path is testing loading and unloading of the systems (suggested by Forest and Rubin, 2016). The
arrows indicates the loading direction.

Fig. 4. (a) Schematic of a notch plane strain tension sample of height 2𝐻 , width 2𝑊 , and notch radius 𝑅. The sample has 𝐻∕𝑊 = 3 and 𝑅∕𝑊 = 0.5. (b) Finite
element mesh with the deformation prescribed at top and bottom (𝛥2 = ±𝛥 at 𝑥2 = ±𝐻) where also the plastic slip is constrained (𝛾 (𝛼) = 0 at 𝑥2 = ±𝐻). (c) The
Slip system configuration resembling an HCP single crystal oriented such that the deformation takes place in the basal plane (plane strain condition).

modeled in 2D plane strain. For comparison to the new rate-independent model, the imposed deformation rates are �̇�1∕(𝐻�̇�0) = 1
and �̇�2∕(𝐻�̇�0) = 1 in the corresponding visco-plastic model.

4.3. Tensile loading of a notched sample

The third benchmark case focuses on a notched sample subject to 2D plane strain tension. The half domain height is 𝐻 , the
half domain width is 𝑊 , and the notch radius is 𝑅, with 𝐻∕𝑊 = 3 and 𝑅∕𝑊 = 0.5 (see Fig. 4). A far-field tensile load is applied
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Fig. 5. The effect of the energetic and dissipative length parameters shown by (a) the stress–strain response comparing the results from the proposed rate-
independent model to that of a corresponding visco-plastic formulation (homogeneous material slab of height 𝐻), and the evolution of slip across the material
slab for (b) 𝐿𝐷∕𝐻 = 1∕2 and (c) 𝐿𝐸∕𝐻 = 0 (𝜏𝑌 = 𝜎𝑌 ∕

√
3, 𝛾𝑌 = 2𝜏𝑌 (1 + 𝜈)∕𝐸 and ℎ(𝛼) = 10−6𝐸).

by prescribing the displacement at the top and bottom boundaries (�̇�2 = ±𝛥 at 𝑥2 = ±𝐻), while the domain is constrained to
contract along the same boundaries (�̇�1 = 0 at 𝑥2 = ±𝐻). Moreover, micro-hard boundaries are enforced at the top and bottom
(�̇� (𝛼) = 0 at 𝑥2 = ±𝐻). The material resembles an HCP single crystal oriented such that plane strain deformation takes place in the
basal plane (see Fig. 4(c)). For comparison to the new rate-independent model, the imposed deformation rate is �̇�∕(𝐻�̇�0) = 1 in the
corresponding visco-plastic model.

5. Results

5.1. Material response and slip activity in a constrained layer subject to shear

Shearing deformation of a homogeneous slab (one 90◦ slip system) yields a single slip region that spans the entire material
domain. The appearance and evolution of slip, however, change dramatically with the length scale. The material response and
related slip are presented in Figs. 5–7 for monotonic shearing and in Fig. 8 for cyclic shearing.

The overall load–deflection curves in Fig. 5(a) display an increase in the apparent yield stress when increasing the dissipative
length parameter, and a further increase is obtained when 𝜇 < 2. In contrast, the apparent yield stress decreases for 𝜇 > 2. The

[P28]. NIELSEN (2021) 475



Journal of the Mechanics and Physics of Solids 148 (2021) 104286

10

K.L. Nielsen

Fig. 6. The effect of the energetic length parameter on the effective hardening (𝐻𝑒𝑓𝑓 ∕𝐺 = 3∕(𝐺∕𝐺𝑡 −1)) for fixed 𝜇 = [1.5, 2, 3] and two values of the dissipative
length parameter (𝐿𝐷∕𝐻 = [1∕50, 1∕2]).

𝜇-parameter, however, only affects the strengthening and only when 𝐿𝐷 > 0, while the subsequent hardening of the material is
unaffected (see also the discussion in Nellemann et al., 2017). Furthermore, Fig. 5(a) shows that the energetic length parameter,
𝐿𝐸 , gives rise to additional hardening of the material and that the material response only depends on 𝜇-parameter when 𝐿𝐷 > 0 (in
line with Eqs. (7)–(8)). Thus, the 𝜇-parameter only has a small effect on the effective hardening but the 𝜇-parameter re-distributes
the slip as shown in Fig. 5(b) due to a local increase in hardening. The dependence on 𝜇 and 𝐿𝐸 is further demonstrated in Fig. 6
showing the effective hardening 𝐻𝑒𝑓𝑓∕𝐺 = 3∕(𝐺∕𝐺𝑡 − 1), with 𝐺 being the shear modulus and 𝐺𝑡 being the tangent shear modulus
extracted from the last part of the overall stress–strain response (adopted from Niordson and Legarth, 2010).

The interplay between the 𝜇-parameter and the dissipative length parameter on the shear response if mapped out in Fig. 7. Here,
showing the apparent yield stress as a function of dissipative length parameter in Fig. 7(a) and as a function of the 𝜇-parameter in
Fig. 7(b). A non-linear relationship between the apparent yield stress and the dissipative length parameter exists for small 𝐿𝐷∕𝐻
values. In contrast, the dependence on the dissipative length parameter is almost linear for 𝐿𝐷∕𝐻 ⪆ 0.3. Niordson and Legarth
(2010) reports the same trend for isotropic materials. Fig. 7 further shows that the dependence on 𝐿𝐷 is little affected by the 𝜇-
parameter. However, the changes in the distribution of slip across the material domain are dramatic when diverging from a quadratic
formulation (𝜇 ≠ 2). For the case with 𝐿𝐸 = 0, Fig. 5(c) shows the effect on the distribution of slip at maximum deformation for
various combinations of 𝐿𝐷 and 𝜇-parameter.5

5.2. Cyclic loading and unloading of a single slip system

Repeated elastic–plastic loading and unloading is readily accounted for in the new rate-independent modeling procedure by
evaluating the non-local yield criteria (Eq. (18)) in each increment. This key feature is demonstrated by considering cyclic shearing
of a constrained homogeneous material slab with a single slip system located at 90◦ (see Fig. 2). Two shearing cases are modeled
where cyclic shear takes place (i) around zero mean strain (see Fig. 8a), and (ii) at a non-zero mean strain (see Fig. 8b). Fig. 8 shows
the load–deflection curves at various length scales including an approximate conventional response (𝐿𝐷∕𝐻 = 1∕50 and 𝐿𝐸 = 0).
The cyclic response curves show that (i) the material transitions to an elastic stage when unloading occurs, and hereafter follows
an elastic response until subsequent yielding. (ii) Subsequent yielding occurs either at a stress level corresponding to |𝛴12| = |𝛴max

12 |
(isotropic hardening for 𝐿𝐷 > 0), or at a stress level |𝛴12| = |𝛴max

12 − 2𝜏𝑌 | (kinematic hardening for 𝐿𝐸 > 0). Here, 𝛴max
12 is the

highest value of 𝛴12 obtained throughout the deformation history. (iii) the cyclic hysteresis is a closed loop due to the perfectly
plastic material response. The findings are consistent for all combinations of the length parameters (energetic and dissipative) and
loading scenarios. Fig. 8 focuses on the quadratic formulation (𝜇 = 2) since additional calculations (not presented here) for the
cyclic loading has shown little effect of the 𝜇-parameter. However, convergence is harder to achieve in Step 1 of the procedure
when 𝜇 = 3 (see Eq. (17)) and more increments were required to circumvent this issue (elaborated in Section 6).

Comparing the rate-independent model results to that of a corresponding visco-plastic model (𝑚 = 0.01) yields a nearly perfect
match between curves (see Fig. 8). The match was intended by Fleck and Willis (2009a,b) and important, bearing in mind that the
visco-plastic versus the rate-independent model implementations are very different.

5 This weak coupling between the distribution of slip and the apparent yield stress might help matching the gradient (crystal and isotropic) plasticity theory
by Fleck and Willis (2009b) to experimental findings (see also El-Naaman et al., 2016).
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Fig. 7. Strengthening effect of the dissipative length parameter (with 𝐿𝐸 = 0) shown by a) the apparent yield stress as function of the dissipative length
parameter for fixed 𝜇 = [1.5, 2, 3], and (b) the apparent yield stress as function of 𝜇 for three values of the dissipative length parameter, 𝐿𝐷∕𝐻 = [1∕50, 1∕4, 1∕2].

5.3. Combined shear and tension modeled in 2D under plane strain conditions

Forest and Rubin (2016) considers a so-called biaxial butterfly test to demonstrate a corresponding rate-independent crystal
plasticity formulation (without gradient effects). Fig. 3 illustrates a related test setup, where a constrained infinite material slab is
subject to combined shear and tension according to the deformation path in Fig. 3(b). The material resembles an HCP single crystal,
and the domain is modeled within a 2D plane strain finite element framework (see Section 4.2 for details).

Fig. 9 shows the stress response, corresponding to the butterfly deformation path, obtained with the new rate-independent
model for two distinct length scales and zero conventional strain hardening (ℎ(𝛼) = 10−6𝐸). Fig. 9(a) shows the stress path for
an approximate conventional material (𝐿𝐷∕𝐻 = 1∕50), and Fig. 9(b) shows the effect of including gradient strengthening at a small
scale (𝐿𝐷∕𝐻 = 1∕2). The solution by a corresponding visco-plastic model is shown for comparison, and nearly coinciding stress
responses are obtained. The new rate-independent model, thereby, readily (i) activates independent slip on the three individual
slip systems, (ii) accounts for multiple slip systems acting together and even in opposite directions (negative versus positive slip),
and (iii) takes care of the changes in the yielding conditions as the complex butterfly loading progresses. The strategy for handling
multiple slip systems is described in Section 3 and visualized in Fig. 1.
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Fig. 8. Cyclic shearing for (a) large amplitude and zero mean strain and (b) small amplitude and prescribed mean strain, showing results for conventional
plasticity as well as the effect of the dissipative and energetic length parameter (𝜏𝑌 = 𝜎𝑌 ∕

√
3, 𝛾𝑌 = 2𝜏𝑌 (1 + 𝜈)∕𝐸 and ℎ(𝛼) = 10−6𝐸).

5.4. Load–deflection response and slip in a notched tensile sample

The 2D finite element implementation of the new rate-independent modeling procedure is demonstrated on a notched tensile
sample considering the irregular mesh in Fig. 4(b). The material resembles an HCP single crystal orientated such that plane strain
deformation takes place in its basal plane (see Fig. 4(c)). Fig. 10(a) shows the load–deflection response for four different length
scales using a quadratic formulation (𝜇 = 2) and a nearly perfectly plastic material (𝑁 = 10−3𝐸) along with the total slip field
at 𝛥∕(𝐻𝜀𝑌 ) = 4 (see Fig. 10(b–e)). A direct comparison between the rate-independent model and the corresponding visco-plastic
model yields nearly coinciding results. The load–deflection response shows a gradual transition from initial yielding until the load-
carrying capacity reaches the plateau set by the zero conventional strain hardening. The gradual transition reflects a development
in the slip activity, which starts at the notch on both sides of the sample, whereafter the active slip regions evolve and connect the
two notches. Fig. 11 shows the evolution in the active slip region, the slip on system one (𝛼 = 1) (see Fig. 4), and the total slip given
by 𝛾tot =

∑
𝛼 |𝛾 (𝛼)| for 𝐿𝐷∕𝐻 = 0.2. Three deformation stages are considered. As the tensile load increases, two independent slip

region becomes active (one at each notch, see Fig. 11(a)), for both slip system one (𝛼 = 1) and slip system three (𝛼 = 3), whereas
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Fig. 9. Cyclic stress response corresponding the prescribed butterfly deformation path. Here, showing the solution from both the visco-plastic model and the
new rate-independent model. Two distinct length scale are considered representing a structure (a) on the conventional scale with 𝐿𝐷∕𝐻 = 1∕50, and (b) on the
micron scale with 𝐿𝐷∕𝐻 = 1∕2. Throughout, a quadratic formulation is used (𝜇 = 2), 𝐿𝐸 = 0, and ℎ(𝛼) = 10−6𝐸.

slip system two (𝛼 = 2) remains inactive. The fact that the slip on system one is positive and the slip on system three is negative
(not shown here) is readily accounted for and requires no special attention. Upon further loading, the active slip regions merge and
evolve, as depicted in Fig. 11(b–e). The merging of active slip regions requires a shift from two (or more) plastic multipliers, 𝜆(𝛼)(𝑘), to
one multiplier, and this is readily accomplished by the image analysis adopted to identify slip regions. Only two active slip regions
(belonging to 𝛼 = 1 and 3) exist in the final deformation state, and the total slip has intensified between the notched in bands along
the direction of the crystallographic slip systems (glide slip).

6. Concluding remarks

The proposed solution procedure, suitable for finite element modeling, extends the gradient enhanced crystal visco-plasticity
model by Niordson and Kysar (2014) to rate-independent crystal plasticity. The work takes as a starting point the size-dependent
plasticity theory by Fleck and Willis (2009b), and finds great inspiration in the modeling techniques for corresponding isotropic
materials (Nielsen and Niordson, 2012, 2014, 2019). The new rate-independent crystal plasticity framework readily accounts for

[P28]. NIELSEN (2021) 479



Journal of the Mechanics and Physics of Solids 148 (2021) 104286

14

K.L. Nielsen

Fig. 10. (a) Load–deflection response for the notched sample for increasing dissipative length parameter showing coinciding curves for the visco-plastic model
and the new rate-independent implementation. Total slip field 𝛾tot∕𝛾𝑌 =

∑
𝛼 |𝛾 (𝛼)|∕𝛾𝑌 where 𝛾𝑌 = 𝜎𝑌 ∕(𝐸∕(2(1 + 𝜈))), showing results for four length parameters

(b) 𝐿𝐷∕𝑊 = 0.1, (c) 𝐿𝐷∕𝑊 = 0.2, (d) 𝐿𝐷∕𝑊 = 0.4, and (e) 𝐿𝐷∕𝑊 = 0.8 at 𝛥∕(𝐻𝜀𝑌 ) = 4. Throughout, a quadratic formulation is used (𝜇 = 2), 𝐿𝐸 = 0, and
ℎ(𝛼) = 10−3𝐸.

(i) the evolution of slip in individual active slip regions and how the region expands into the surrounding elastic material (that
gradually becomes plastic). (ii) Co-existing and merging of active slip regions and unequal development of slip in individual slip
regions. (iii) Repeated loading and unloading of slip systems. Moreover, the proposed method readily accounts for (iv) co-existence
of slip systems with either identical or different orientations (see also in Nielsen, 2019), and (v) no special action is required to
distinguish between positive and negative slip on a given slip system.

The proposed solution method forms a rate-independent limit for the corresponding visco-plastic (rate sensitive) model
by Niordson and Kysar (2014). Thus, the model handles the abrupt activation of slip systems when yielding occurs rather than
the smooth transition modeled by the visco-plastic version. Furthermore, conventional rate-independent crystal plasticity acts as
the limit case for the proposed framework when 𝐿𝐷 → 0 and 𝐿𝐸 = 0. The limit case is, however, hard to reach in these types of
implementations (also discussed in Nielsen and Niordson, 2012, 2019). Similar to the visco-plastic version, the new rate-independent
crystal plasticity model suffers from convergence issues for the trial slip field when 𝐿𝐷 → 0 and 𝑁 → 0, as well as for increasing
𝐿𝐸 (see also Niordson and Legarth, 2010).
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Fig. 11. Notched sample at three stages of deformation (a, d, g) 𝛥∕(𝐻𝛾𝑌 ) = 2, (b, e, h) 𝛥∕(𝐻𝛾𝑌 ) = 3, and (c, f, i) 𝛥∕(𝐻𝛾𝑌 ) = 4. The results show (a–c) The active
slip regions detected by the image analysis for slip system 𝛼 = 1, (d–f) The slip, 𝛾 (1)∕𝛾𝑌 , for 𝛼 = 1, and (g–i) The total slip 𝛾tot∕𝛾𝑌 =

∑
𝛼 |𝛾 (𝛼)|∕𝛾𝑌 . Throughout,

𝛾𝑌 = 𝜎𝑌 ∕(𝐸∕(2(1 + 𝜈))), ℎ(𝛼) = 10−3𝐸, and 𝐿𝐷∕𝑊 = 0.2.
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