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Abstract 
We derive a model for relative permeabilities under two-phase flows in porous media, where 
the phases may partly mix with each other, and one of the phases may be immobile. Particular 
cases are the bubble formation in an oil reservoir when the pressure falls below the bubble 
point, or, similarly, condensation and droplet precipitation in a gas-condensate reservoir. The 
dependencies for the relative permeabilities on the saturation are derived based on a pore-level 
model of the porous medium, represented as a capillary network. Distribution of the bubbles 
or droplets in the network is computed with the application of a method similar to the 
fundamental statistical physics. Model formula for the conductivities of single capillaries, 
depending on the numbers of bubbles or droplets in them, are converted to the relative 
permeabilities of the whole lattice by application of the effective medium formalism. We 
establish universal correlations between the micro-characteristics of the porous medium, 
constituting our model, and the parameters in the Corey-Brooks dependencies for relative 
permeabilities: exponents and limiting saturations. In this way, it is also possible to extend the 
standard Corey-Brooks formula onto the saturation ranges where one of the phases is immobile. 
A comparison with the available experimental data indicates the good performance of the 
model. The experimental data may be fitted by variation of a single parameter, and the data 
from similar rocks have similar parameter values, which indicates the physical soundness of 
the model. 

Article Highlights 
 

• A novel stochastic model for relative permeabilities under gas liberation or 
condensate precipitation has been developed 

• The model matches available experimental data with the only adjustment parameter 
• The parameters of the traditional Corey model for relative permeabilities are matched 

with micro-characteristics of the porous medium. 
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1. Introduction 
Relative permeabilities are a critical input for models and simulations used for describing the 
two-phase and multiphase flows in porous media on the basis of the Buckley-Leverett or a 
similar model. In particular, reliable relative permeability data are essential for evaluating and 
optimizing production from petroleum reservoirs (Dake, 1994).  

In order to apply the relative permeabilities in various reservoir simulators, their dependencies 
on phase saturations are required. Commonly, the empirical Corey-Brooks formula is applied 
(Brooks & Corey, 1964), in the simplified form of the power-law. Other formulae have also 
been suggested (Chierici, 1984; Corey & Rathjens, 1956). 

For the two-phase flows, the empirical formulae for relative permeabilities are commonly 
restricted onto the saturation interval between the limiting saturations where both phases are 
mobile. Outside this interval, the Corey-Brooks dependencies cannot be applied, since the 
values become indefinite or meaningless. This does not pose any serious problem for 
immiscible phases (like oil and water under waterflooding or a water-based method of 
enhanced oil recovery) since for such flows; the saturations very rarely become smaller than 
the irreducible or residual values. However, for the partly miscible flows, like, e.g., gas-oil 
flows where gas may dissolve in oil or be liberated from it, this may be a severe limitation.  

Consider, for example, the production of an oil reservoir by depletion. When the pressure falls 
below a bubble point, the gas may be liberated in the form of separate bubbles in the porous 
space (Dake, 1994). The bubbles form an immobile gas phase, which plugs the separate paths 
for oil, and the relative permeability for oil is correspondingly reduced. Similarly, if the 
pressure falls below the dew point underproduction of a gas-condensate reservoir, the 
precipitated condensate droplets may form an immobile liquid phase plugging the gas flow 
(Kalla et al., 2014). Reduction of permeability may be rather significant (Pope et al., 1998) and 
should somehow be accounted for in the models for relative permeabilities. However, to the 
best of our knowledge, there has been a scarcity of studies conducted with regards to relative 
permeabilities for such cases where phase transitions (condensation and evaporation) may take 
place. 

Another challenge is to relate the dependencies for relative permeabilities to the structure of 
the porous space and peculiarities of the phase distribution in it. One approach for this is the 
application of the percolation theory in the form of an effective medium (Kirkpatrick, 1973b), 
r-chains (Selyakov & Kadet, 1996), and others. Sahimi (2011), Ghanbarian, Hunt, Skinner, & 
Ewing, (2015); Hunt, Ewing, & Ghanbarian, (2014), and Bedrikovetsky (1993) have given 
thorough literature reviews. Few works are related to the application of a similar process of 
drying in porous media, but not for calculation of the relative permeabilities (Prat, 2002; I N 
Tsimpanogiannis, Yortsos, Poulou, Kanellopoulos, & Stubos, 1999; Woo, 2019). An 
alternative approach to obtaining the relative permeabilities is direct modeling of the pore space 
or its approximation by a network model, and numerical computation of the relative 
permeabilities based on the hydrodynamic rules (Blunt & King, 1991; Mogensen & Stenby, 
1998). This approach will not be considered in the present work. 

The bond percolation models and other capillary network models usually assume that a single-
phase occupies each capillary in the network. They utilize the pore size distribution to count 
for the effect of pore structure on the effective permeability. However, none of them have 
considered that condensation may occur in the form of the droplets, and, similarly, evaporation 



will result in the bubbles appearing randomly in the different capillaries of the network. A 
possibility for the simultaneous presence of the different phases in the same capillary of their 
simultaneous flow, or for blocking of one or both of them, has not been considered in the 
literature to a sufficient extent to model the relative permeabilities for the partly miscible flows. 
Each capillary might contain both phases, and one, or two, or none of them might be mobile, 
although with restricted mobility. This is the situation that we would like to describe in the 
present work. 

In this study, we investigate the effect of gas liberation and condensate precipitation on the 
relative permeabilities. The porous medium is modeled by a regular lattice of capillaries 
(bonds). Random distribution of the bubbles or droplets in the lattice is described by the 
formalism borrowed from the classical statistical physics (Honerkamp, 2012; Kubo, 1965; 
Landau & Lifshits, 1980). An alterantive hypothesis, about a correlated distribution of the 
bubbles is not studied, so that only the simplest possible model is considered. Upon an 
assumption about the conductivity of a single capillary containing a certain amount of bubbles 
or droplets, the theory of effective medium is applied to calculate the conductivity of the whole 
lattice. Then the conductivity of the lattice is determined from the distribution of the 
conductivities of the differently plugged lattice bonds. The resulting relative permeabilities are 
compared with the Brooks-Corey dependencies. Universal and relative simple correlations 
between the parameters of the two models have been obtained. In this way, the parameters of 
the Brooks-Corey model (critical saturations and exponents) were correlated with the model 
microscopic parameters of the porous medium, and these dependencies were extended onto the 
regions of immobile phases. Sensitivity of the model to the different parameters has been 
studied. Finally, the model has been compared with the experimental data available in the 
literature. It has been demonstrated that the model is in agreement with the data; moreover, the 
data from similar rocks may be approximated on the basis of the similar model parameters. In 
this way, the physical adequateness of the model has been demonstrated. 

2. Theory  
2.1 Assumptions of the model 
In this study, we represent the porous medium as a lattice. The lattice contains a large number 
𝑁𝑁 of cylindrical capillaries of length 𝐿𝐿 and radius 𝑟𝑟. It is assumed to be regular, with the 
coordination number 𝑍𝑍. Such lattices are often considered as models for a porous medium in 
the percolation and effective medium theories. We consider the problem of percolation by 
bonds so that the porosity of the sites is neglected.  

In the described lattice, consider, as an example, the following isothermal process. Initially, the 
pressure exceeds the bubble point, and the liquid (oil) saturating the porous medium contains 
dissolved gas. Then the pressure decreases, and after crossing the bubble point, some portion 
of the gas liberates from the liquid. We assume that the gas appears in the form of bubbles. The 
number of bubbles 𝑀𝑀, and therefore, the saturation 𝑆𝑆𝑔𝑔 of the gas grows as pressure decreases. 
The described process serves as an example, and other processes where gas liberation occurs, 
like an increase of the temperature, or the processes where liquid condensation occurs, like 
condensate precipitation in a gas-condensate reservoir, may be described in a similar way. 

Our goal is to build a model for the evolution of the oil relative permeability under such a 
process. The model will be based on the following assumptions.  



The bubbles are assumed to appear randomly at the different capillaries, even if these 
capillaries already contain previously formed bubbles. This is the simplest possible 
assumption; an alternative assumption about the correlated distribution would be much more 
difficult to handle. This assumption corresponds to the heterogeneous nucleation of the bubbles 
on the randomly distributed formation sites. It should be remarked that the concept of the 
“bubble” is relative in our treatment. It is only used to put some discrete measure on the amount 
of the liberated gas. In fact, the present treatment may be applied independently of the process 
(decreasing the pressure, or rising the temperature, or…). However, the uncorrelated 
appearance of the bubbles is a limitation of the model, as discussed in section 4. 

The maximum number of the bubbles in a capillary will be denoted by 𝑚𝑚𝑀𝑀. If the volume of a 
bubble is 𝑣𝑣𝑏𝑏 and the volume of a capillary is 𝑣𝑣𝑐𝑐, the maximum number of the bubbles in the 
capillary cannot exceed 𝑣𝑣𝑐𝑐/𝑣𝑣𝑏𝑏.  For the sake of simplicity, it may be assumed that 𝑚𝑚𝑀𝑀 = 𝑣𝑣𝑐𝑐/𝑣𝑣𝑏𝑏. 
Otherwise, the shape-factor 𝛼𝛼 could be introduced: 𝑚𝑚𝑀𝑀 = 𝛼𝛼𝑣𝑣𝑐𝑐/𝑣𝑣𝑏𝑏. If, for example, the radius 
of a bubble is equal to that of a capillary, and the capillary is cylindrical, then 𝑚𝑚𝑀𝑀 = 𝐿𝐿/2𝑟𝑟, so 
that 𝛼𝛼 = 2/3. The bubbles may coalesce, which may also change the shape factor.  

The gas saturation may be expressed in terms of the total number of bubbles 𝑀𝑀, or of the 
average number of bubbles in a single capillary  〈𝑚𝑚〉: 

𝑆𝑆𝑔𝑔 =
𝑀𝑀

𝑁𝑁 𝑚𝑚𝑀𝑀
=
〈𝑚𝑚〉
𝑚𝑚𝑀𝑀

 (1) 

2.2 Statistical distribution of the bubbles in the capillaries 
Upon the assumptions formulated above, we can define 𝐷𝐷(𝑁𝑁,𝑀𝑀, 𝑐𝑐2, 𝑐𝑐3, . . , 𝑐𝑐𝑚𝑚𝑀𝑀) as the number 
of arrangements of the bubbles, such that exactly 𝑐𝑐𝑖𝑖 capillaries contain 𝑖𝑖 bubbles, where 𝑖𝑖 =
0,1,2, … ,𝑚𝑚𝑀𝑀. The value of 𝑀𝑀 should be larger than ∑ 𝑖𝑖𝑐𝑐𝑖𝑖

𝑚𝑚𝑀𝑀
𝑖𝑖=2 . The number of capillaries 

containing exactly one bubble is  

𝑐𝑐1 = 𝑀𝑀 −  �𝑖𝑖𝑐𝑐𝑖𝑖

𝑚𝑚𝑀𝑀

𝑖𝑖=2

(2) 

The number of capillaries with no bubbles in them is 

𝑐𝑐0 = 𝑁𝑁 − 𝑐𝑐1 −�𝑐𝑐𝑖𝑖 =
𝑚𝑚𝑀𝑀

𝑖𝑖=2

𝑁𝑁 −𝑀𝑀 + �(𝑖𝑖 − 1)𝑐𝑐𝑖𝑖

𝑚𝑚𝑀𝑀

𝑖𝑖=2

(3) 

2.2.1 The case of two bubbles 
For simplicity, let us consider the case where the capillary can contain at most two bubbles: 
𝑚𝑚𝑀𝑀 = 2. The number of arrangements to be calculated is then 𝐷𝐷(𝑁𝑁,𝑀𝑀, 𝑐𝑐2). For each 
arrangement, the numbers of the capillaries containing one or no bubbles are, according to Eqs. 
(2) and (3) 

𝑐𝑐1 = 𝑀𝑀 − 2𝑐𝑐2;  𝑐𝑐0 = 𝑁𝑁 −𝑀𝑀 + 𝑐𝑐2 (4) 

In order to calculate 𝐷𝐷(𝑁𝑁,𝑀𝑀, 𝑐𝑐2), first, we arrange 𝑐𝑐2 capillaries filled by the two bubbles 
among 𝑁𝑁 possible places. This may be carried out by 𝐶𝐶(𝑁𝑁, 𝑐𝑐2) ways, where 𝐶𝐶(𝑁𝑁, 𝑐𝑐2) is a 
combination number: 



𝐶𝐶(𝑁𝑁, 𝑐𝑐2) =
𝑁𝑁!

𝑐𝑐2! (𝑁𝑁 − 𝑐𝑐2)!
(5) 

Each of the rest  𝑐𝑐1 = 𝑀𝑀 − 2𝑐𝑐2 bubbles occupies a separate capillary. Although each capillary 
has a place for two bubbles, we count it just once, since a position of the bubble in the capillary 
is not fixed. Thus, the distribution of the 𝑐𝑐1 bubbles can be produced by 𝐶𝐶(𝑁𝑁 − 𝑐𝑐2, 𝑐𝑐1 = 𝑚𝑚−
2𝑐𝑐2) ways. 

The total number of ways to arrange the bubbles is thus equal to 

𝐷𝐷(𝑁𝑁,𝑀𝑀, 𝑐𝑐2) =  𝐶𝐶(𝑁𝑁, 𝑐𝑐2)𝐶𝐶(𝑁𝑁 − 𝑐𝑐2, 𝑐𝑐1) =
𝑁𝑁!

𝑐𝑐2! (𝑀𝑀 − 2𝑐𝑐2)! (𝑁𝑁 −𝑀𝑀 + 𝑐𝑐2)!
 (6) 

The symmetric way to express this quantity is 

𝐷𝐷(𝑁𝑁,𝑀𝑀, 𝑐𝑐2) =
𝑁𝑁!

𝑐𝑐2! 𝑐𝑐1! 𝑐𝑐0!
 (7) 

It should be noticed, however, that in this equation, the values of 𝑐𝑐𝑖𝑖 are not independent but 
connected by relations (4), also involving the total number of bubbles 𝑀𝑀. 

2.2.2 The most probable values 
Let us determine the most probable values of 𝑐𝑐𝑖𝑖 or, rather, the fractions 𝑥𝑥𝑖𝑖 = 𝑐𝑐𝑖𝑖/𝑁𝑁. The number 
of pores and bubbles are usually very large. Following the classical approach of statistical 
mechanics (Kubo, 1965). we substitute factorials by the Stirling approximation:  

𝐴𝐴! ≈ √2𝜋𝜋𝐴𝐴 �
𝐴𝐴
𝑒𝑒
�
𝐴𝐴

 

Then Eq. (6) is after transformations reduced to 

𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2) ≈ 1
2𝜋𝜋𝜋𝜋�

1
𝑥𝑥2(〈𝑚𝑚〉−2𝑥𝑥2)(1−〈𝑚𝑚〉+𝑥𝑥2)

× 1

𝑥𝑥2
𝑁𝑁𝑁𝑁2(〈𝑚𝑚〉−2𝑥𝑥2)𝑁𝑁(〈𝑚𝑚〉−2𝑁𝑁2)(1−〈𝑚𝑚〉+𝑥𝑥2)𝑁𝑁(1−〈𝑚𝑚〉+𝑁𝑁2)

 (8)
Here 〈𝑚𝑚〉 = 𝑀𝑀/𝑁𝑁 is the average number of bubbles in each capillary. The values in the 
denominator are fractions of unity raised to very large powers proportional to 𝑁𝑁. These are the 
functions with sharp maxima or minima. Therefore, their product 𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2) has a sharp 
maximum at some 𝑥𝑥2. Deviations from this value of 𝑥𝑥2 are highly improbable. We take the 
most probable of 𝑥𝑥2, corresponding to the maximum of 𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2), as the real fraction of 
the capillaries filled by two bubbles. 

It is convenient to find the maximum of the logarithm of 𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2), equal to: 

𝑙𝑙𝑛𝑛𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2) ≈ − ln(2𝜋𝜋𝑁𝑁) − ln�𝑥𝑥2(〈𝑚𝑚〉 − 2𝑥𝑥2)(1 − 〈𝑚𝑚〉 + 𝑥𝑥2)�
−𝑁𝑁[𝑥𝑥2 ln(𝑥𝑥2) + (〈𝑚𝑚〉 − 2𝑥𝑥2) ln(〈𝑚𝑚〉 − 2𝑥𝑥2) + (1 − 〈𝑚𝑚〉 + 𝑥𝑥2) ln(1 − 〈𝑚𝑚〉 + 𝑥𝑥2)] (9)

 

The last three terms are proportional to 𝑁𝑁, while the first two have a lower order with regard 
to 𝑁𝑁. Hence, in the limit of large 𝑁𝑁, only the last terms matter: 

𝑙𝑙𝑛𝑛𝐷𝐷(𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2)
≈ −𝑁𝑁(𝑥𝑥2 ln(𝑥𝑥2) + (〈𝑚𝑚〉 − 2𝑥𝑥2) ln(〈𝑚𝑚〉 − 2𝑥𝑥2)
+ (1 − 〈𝑚𝑚〉 + 𝑥𝑥2)𝑙𝑙𝑛𝑛(1 − 〈𝑚𝑚〉 + 𝑥𝑥2)) 



Differentiating and finding equating the derivative to zero, we find the most probable value 
of 𝑥𝑥2:  

𝑥𝑥2 =  
〈𝑚𝑚〉

2
+

1 −�−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉 + 1
6

 (10) 

Correspondingly, the values of 𝑥𝑥1 and 𝑥𝑥0 are expressed by: 

𝑥𝑥1 =
�−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉 + 1 − 1

3
 (11) 

𝑥𝑥0 = 1 −
〈𝑚𝑚〉

2
+

1 −�−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉 + 1
6

 (12) 

In the future computations, we will neglect the fact that the values of 𝑥𝑥𝑖𝑖 may deviate from the 
most probable values estimated by eq. (10), (11) and (12) and only use these averages. 

2.2.3 Generalization onto multiple bubbles 
The same procedure, as described in the previous subsection, is applied for the derivation of 
the expression for the number of arrangements 𝐷𝐷�𝑁𝑁,𝑀𝑀, 𝑐𝑐2, … , 𝑐𝑐𝑚𝑚𝑀𝑀� with an arbitrary value of 
𝑚𝑚𝑀𝑀. As previously, transfer to the variables 𝑥𝑥𝑖𝑖 = 𝑐𝑐𝑖𝑖

𝜋𝜋
, application of the Stirling approximation 

and neglect of the lower-order terms results in 

𝑁𝑁−1𝑙𝑙𝑛𝑛𝐷𝐷�𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚𝑀𝑀� ≈ −𝑙𝑙𝑛𝑛��(𝑥𝑥𝑖𝑖)𝑥𝑥𝑖𝑖
𝑚𝑚𝑀𝑀

𝑖𝑖=0

� (13) 

The most probable values of 𝑥𝑥𝑖𝑖 are found by maximization of 𝑙𝑙𝑛𝑛𝐷𝐷�𝑁𝑁, 〈𝑚𝑚〉, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚𝑀𝑀� under 
conditions Eqs. (2) and (3). This can be achieved by the method of Lagrange multipliers. The 
Lagrangian function of the problem has the form of  

ℒ�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 ,Λ1,Λ2� = 𝑓𝑓�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� −�Λ𝑖𝑖𝐺𝐺𝑖𝑖(𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀)
2

𝑖𝑖=1

 

Here 

𝑓𝑓�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = −𝑙𝑙𝑛𝑛 ��(𝑥𝑥𝑖𝑖)𝑥𝑥𝑖𝑖
𝑚𝑚𝑀𝑀

𝑖𝑖=0

� ; 

𝐺𝐺1�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 1 −�𝑥𝑥𝑚𝑚𝑀𝑀

𝑚𝑚𝑀𝑀

𝑖𝑖=0

= 0; 

𝐺𝐺2�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 〈𝑚𝑚〉 −�𝑖𝑖𝑥𝑥𝑚𝑚𝑀𝑀

𝑚𝑚𝑀𝑀

𝑖𝑖=0

= 0 (14) 

Functions  𝐺𝐺1,𝐺𝐺2 are the transformed equality constraints from Eq. (4); and Λ1,Λ2 are the 
Lagrange multipliers. Equating ∇ℒ to zero reduces the problem of finding the most probable 
values of 𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 to solving 𝑚𝑚𝑀𝑀 + 3 equations for  𝑚𝑚𝑀𝑀 + 3 unknowns 𝑥𝑥𝑚𝑚 (𝑚𝑚 =
0, … ,𝑚𝑚𝑀𝑀),Λ𝑖𝑖(𝑖𝑖 = 1, .2): 



∇𝑥𝑥0,…,𝑥𝑥𝑚𝑚𝑀𝑀 ,Λ1,Λ2ℒ�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 ,Λ1,Λ2� = 0 ↔

⎩
⎨

⎧∇𝑓𝑓�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� −�𝜆𝜆𝑖𝑖∇𝐺𝐺𝑖𝑖�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 0
2

𝑖𝑖=1

𝐺𝐺1�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 𝐺𝐺2�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 0

(15) 

This system may only be solved numerically for each particular value of 𝑚𝑚𝑀𝑀 > 2 and each 
value of 〈𝑚𝑚〉. The solution depends only on these values. According to Eq. (1), 〈𝑚𝑚〉 is 
proportional to gas saturation 𝑆𝑆𝑔𝑔. Thus, the distribution 𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 depends on the gas 
saturation only. 

2.3  Computation of the relative permeabilities 
2.3.1 The effective medium theory  
In order to estimate relative permeability on the basis of the obtained distribution 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚, 
we use the effective medium theory (Kirkpatrick, 1973). This theory makes it possible to 
evaluate effective conductivity 𝑔𝑔𝑒𝑒 of an element in a lattice, where the site conductivities are 
distributed according to some law 𝐹𝐹(𝑔𝑔). Then the conductivity of the whole lattice is 
approximated by a homogeneous lattice consisting of the elements 𝑔𝑔𝑒𝑒. The value of 𝑔𝑔𝑒𝑒 is found 
from a transcendental equation(Bedrikovetsky, 1993). 

�
𝑔𝑔𝑒𝑒 − 𝑔𝑔

𝑔𝑔 + �𝑍𝑍2 − 1� 𝑔𝑔𝑒𝑒
∙ 𝐹𝐹(𝑔𝑔).𝑑𝑑𝑔𝑔 = 0 (16) 

In our case 𝐹𝐹(𝑔𝑔) is a discrete distribution. If a capillary contains 𝑚𝑚 bubbles, its hydraulic 
conductivity to oil will be denoted by 𝑔𝑔𝑜𝑜,𝑚𝑚. The fraction of such capillaries is the 𝑥𝑥𝑚𝑚(𝑆𝑆𝑔𝑔) found 
in the previous section. Thus, the effective medium equation (16) is reduced to 

�
𝑔𝑔𝑜𝑜,𝑒𝑒 − 𝑔𝑔𝑜𝑜,𝑚𝑚

𝑔𝑔𝑜𝑜,𝑚𝑚 + �𝑍𝑍2 − 1�𝑔𝑔𝑜𝑜,𝑒𝑒

∙ 𝑥𝑥𝑚𝑚�𝑆𝑆𝑔𝑔� = 0
𝑚𝑚𝑀𝑀

𝑚𝑚=0

, (17) 

and similarly for gas conductivity 

�
𝑔𝑔𝑔𝑔,𝑒𝑒 − 𝑔𝑔𝑔𝑔,𝑚𝑚

𝑔𝑔𝑔𝑔,𝑚𝑚 + �𝑍𝑍2 − 1�𝑔𝑔𝑔𝑔,𝑒𝑒

∙ 𝑥𝑥𝑚𝑚�𝑆𝑆𝑔𝑔� = 0
𝑚𝑚𝑀𝑀

𝑚𝑚=0

, (18) 

where 𝑔𝑔𝑔𝑔,𝑚𝑚 are conductivities of the capillaries containing 𝑚𝑚 bubbles. 

2.3.2 The particular formula for pore hydraulic conductivities 
In order to compute the relative permeabilities with the formulated model, particular 
expressions for the pore conductivities 𝑔𝑔𝑜𝑜,𝑚𝑚, 𝑔𝑔𝑔𝑔,𝑚𝑚 are required.  

Assume that the fluid behavior in the capillary is determined by the two flow threshold values, 
𝑚𝑚𝑜𝑜 and 𝑚𝑚𝑔𝑔. If the number of bubbles is smaller than 𝑚𝑚𝑜𝑜, the oil in the capillary can flow, 
probably, with reduced conductivity. Gas starts flowing if the number of bubbles exceeds 𝑚𝑚𝑔𝑔. 
If 𝑚𝑚𝑜𝑜 < 𝑚𝑚𝑔𝑔, neither fluid flows if the number of bubbles in between the flow thresholds. 
Otherwise, if 𝑚𝑚𝑜𝑜 > 𝑚𝑚𝑔𝑔, both fluids can flow between these thresholds. 



The oil conductivities 𝑔𝑔𝑜𝑜,𝑚𝑚 decreases with the number of bubbles 𝑚𝑚, becoming zero at 𝑚𝑚 =
𝑚𝑚𝑜𝑜. Similarly, the gas conductivity 𝑔𝑔𝑔𝑔,𝑚𝑚 increases with the number of bubbles becoming zero 
at 𝑚𝑚 = 𝑚𝑚𝑔𝑔 and turning into a maximum conductivity 𝑔𝑔0 at 𝑚𝑚 = 𝑚𝑚𝑀𝑀. In the following sample 
computations, we assume the following dependencies: 

𝑔𝑔𝑜𝑜,𝑚𝑚 = �𝑔𝑔
0 �1 −

𝑚𝑚
𝑚𝑚𝑜𝑜

�
𝑃𝑃𝑜𝑜

,   𝑚𝑚 ≤ 𝑚𝑚𝑜𝑜;

0, 𝑚𝑚 > 𝑚𝑚𝑜𝑜

(19a) 

 

𝑔𝑔𝑔𝑔,𝑚𝑚 = �𝑔𝑔
0 �

𝑚𝑚 −𝑚𝑚𝑔𝑔

𝑚𝑚𝑀𝑀 −𝑚𝑚𝑔𝑔
�
𝑃𝑃𝑔𝑔

,   𝑚𝑚 ≥ 𝑚𝑚𝑔𝑔;

0, 𝑚𝑚 < 𝑚𝑚𝑔𝑔

(20a) 

Here 𝑃𝑃𝑜𝑜, 𝑃𝑃𝑔𝑔 are exponents defining the shapes of dependencies. It is expected that 𝑃𝑃𝑔𝑔 < 1 and 
𝑃𝑃𝑜𝑜 > 1 since the gas may start flowing with a relatively high rate just after the threshold is 
crossed, while for oil the rates close to the threshold are small; in other words, the dependence 
of 𝑔𝑔𝑜𝑜 on 𝑚𝑚 is likely to be convex, while for the gas, it is concave.  

It is convenient to express the conductivity in terms of the fraction 𝑓𝑓 = 𝑚𝑚
𝑚𝑚𝑀𝑀

,  rather than of the 

number of bubbles in the capillary. The fractional thresholds are defined as  𝑓𝑓𝑜𝑜 = 𝑚𝑚𝑜𝑜
𝑚𝑚𝑀𝑀

 and 𝑓𝑓𝑔𝑔 =
𝑚𝑚𝑔𝑔

𝑚𝑚𝑀𝑀
: 

𝑔𝑔𝑜𝑜,𝑚𝑚

𝑔𝑔0
= ��1 −

𝑓𝑓
𝑓𝑓𝑜𝑜
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,   𝑓𝑓 ≤ 𝑓𝑓𝑜𝑜;

0, 𝑓𝑓 > 𝑓𝑓𝑜𝑜
(19b) 

𝑔𝑔𝑔𝑔,𝑚𝑚

𝑔𝑔0
= ��

𝑓𝑓 − 𝑓𝑓𝑔𝑔
1 − 𝑓𝑓𝑔𝑔

�
𝑃𝑃𝑔𝑔

,   𝑓𝑓 ≥ 𝑓𝑓𝑔𝑔;

0, 𝑓𝑓 < 𝑓𝑓𝑔𝑔

(20b) 

With known values 𝑔𝑔𝑜𝑜,𝑚𝑚, 𝑔𝑔𝑔𝑔,𝑚𝑚, equations (17) and (18) are solved for each saturation 𝑆𝑆𝑔𝑔, so 
that the values 𝑔𝑔𝑜𝑜,𝑒𝑒(𝑆𝑆𝑔𝑔), 𝑔𝑔𝑔𝑔,𝑒𝑒(𝑆𝑆𝑔𝑔) are determined. Then the relative permeabilities are found as 

𝑘𝑘𝑟𝑟𝑜𝑜�𝑆𝑆𝑔𝑔� =
𝑔𝑔𝑜𝑜,𝑒𝑒�𝑆𝑆𝑔𝑔�
𝑔𝑔𝑜𝑜,𝑒𝑒(0) ; 𝑘𝑘𝑟𝑟𝑔𝑔�𝑆𝑆𝑔𝑔� =

𝑔𝑔𝑔𝑔,𝑒𝑒�𝑆𝑆𝑔𝑔�
𝑔𝑔𝑔𝑔,𝑒𝑒(1)  (21) 

Fig. 1 illustrates the steps needed to compute relative permeabilities for both oil and gas phases.  

For some values of 𝑆𝑆𝑔𝑔, equations (17), (18) do not have a solution between zero and maximum 
possible conductivity 𝑔𝑔0. The least values of saturation, for which a meaningful solution exists, 
corresponding to the critical saturations beyond which one of the phases is immobile. 
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Fig. 1 Flowchart illustrating the process to compute relative permeabilities for oil and gas phases 

It should be remarked that the permeabilities for gas and oil determined by formulae (19) to 
(21) are, in a way, symmetric with regard to each other. Although they were described by 
introducing the gas bubbles in the oil-filled pores, starting from the condensate droplets in the 
gas capillaries would result in the same final expressions. In the following, we are mainly 
concentrating on the analysis of the gas relative permeability, since the oil relative permeability 
behaves similarly. 

In the works Bagudu, McDougall, & Mackay (2018), Firoozabadi & Kashchiev (1996), 
Firoozabadl, Ottesen, & Mikkelsen (1992), Kashchiev & Firoozabadi(1993), Li & Yortsos 
(1995a), Ioannis N. Tsimpanogiannis & Yortsos(2002, 2004) and Yortsos & Parlar(1989), the 
following qualitative picture of the gas bubble formation and flow was described. A gas bubble 
is formed in a pore, starting growing from a number of nucleation sites. Until it has filled the 
whole pore, oil may still flow out, displaced by gas, and withdrawn from the system while the 
gas remains inside the pore. When the gas bubble fills the whole pore, it may enter the 
neighboring pores via the pore throats, becoming mobile and, eventually, uniting with the gas 
bubbles in these pores. In terms of introduced threshold values 𝑓𝑓𝑜𝑜, 𝑓𝑓𝑔𝑔 this situation is described 
as 𝑓𝑓𝑜𝑜 = 0 and 𝑓𝑓𝑔𝑔 = 1, correspondingly. As we will show below, this is not in agreement with 
the values fitted to the relative permeability data. The reasons for that discrepancy are discussed 
in Section 4. It will also be shown that the values of 𝑃𝑃𝑜𝑜 and 𝑃𝑃𝑔𝑔 may be set to unity, and still 



provide a good approximation of the experimental data. They are considered for the future 
possible extension of the model. 

3. Results and discussion 

3.1 Effect of the different model parameters 
The gas relative permeability is determined by four parameters: 𝑓𝑓𝑔𝑔, 𝑍𝑍,𝑃𝑃𝑔𝑔 and 𝑚𝑚𝑀𝑀. The 
sensitivity to these parameters is essential to determine in order to have an idea about the 
physical behavior of the model.  

We consider a case of high coordination number 𝑍𝑍 = 24,  as was found for chalk rock 
characterized by multiple connectivity (Mogensen & Stenby, 1998; Patsoules & Cripps, 1983). 
In the first example, the maximum number of  bubbles per capillary will be fixed at 𝑚𝑚𝑀𝑀 = 10, 
and the shape-factor 𝑃𝑃𝑔𝑔 to be 0.25. The gas bubble threshold 𝑓𝑓𝑔𝑔 will vary, assuming values 0.2, 
0.4 and 0.8. For each value of 𝑓𝑓𝑔𝑔the relative permeability is calculated as a function of gas 
saturation, as illustrated in Fig. 2a. It can be seen that the effect of the fractional gas threshold 
is significant. Any change in the threshold will change the critical saturation and the shape of 
the dependence. A smaller value of 𝑓𝑓𝑔𝑔 corresponds to a critical gas saturation closer to the 
critical saturation predicted by the theory of effective medium alone.  

In the next series of calculations, 𝑓𝑓𝑔𝑔 is set to 0.4, and the sensitivity to the coordination number 
is investigated. The value of the coordination number, 𝑍𝑍, can vary significantly, from between 
4 and 8 for Berea sandstones (Chatzis, Morrow, & Lim, 1983) to between 14 and 30 for chalk 
(Patsoules and Cripps, 1983). The coordination numbers of 6,9 and 24 were thus selected for 
the present analysis. The results are shown in Fig. 2b. For large values of 𝑍𝑍, the pores in the 
formation are more connected. Hence, more pores need to be plugged in order to cut the flow. 
As a result, higher relative permeabilities and lower critical gas saturation are observed.  

For the rest of the study, constant values of 𝑍𝑍 are considered: 𝑍𝑍 = 6 for sandstones and 𝑍𝑍 = 24 
for carbonates, respectively.  
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Fig. 2 Sensitivity of the gas relative permeability to the parameters: (a) 𝑓𝑓𝑔𝑔; (b)  𝑍𝑍; (c )  𝑃𝑃, and (d)  𝑚𝑚𝑀𝑀, 

The effects of parameters 𝑃𝑃𝑔𝑔 and 𝑚𝑚𝑀𝑀 on the gas relative permeabilities are presented in Fig. 2 
c and d, respectively. Both parameters affect only the shape of the dependence. The effect of 
𝑃𝑃𝑔𝑔 is insignificant, as far as 𝑃𝑃𝑔𝑔 < 1. The effect of 𝑚𝑚𝑀𝑀 may probably be neglected. These 
effects may be connected, to some extent. For example, some calculations (not shown here) 
indicate that 𝑃𝑃𝑔𝑔 may be more important for large values 𝑚𝑚𝑀𝑀, corresponding to long capillaries 
with a small diameter. It should be remarked that 𝑓𝑓𝑔𝑔 cannot be selected separately from 𝑚𝑚𝑀𝑀, 
since, according to the model, 𝑓𝑓𝑔𝑔 ∙ 𝑚𝑚𝑀𝑀 should be an integer. However, this is not a principal 
limitation, since in practical situations, the values of 𝑓𝑓𝑔𝑔 and 𝑚𝑚𝑀𝑀 will always express the 
average values for a given disordered porous medium. 

Since the value of 𝑃𝑃𝑔𝑔 does not affect the results much; in the rest of the study, it will be fixed 
to unity. 

3.2 Comparison with the Brooks-Corey model 
In this section, the model is compared with the traditional power law-relative permeability 
correlations (Corey, 1977). The oil and gas permeabilities may be expressed in the form of 

𝑘𝑘𝑟𝑟𝑔𝑔 = �
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�
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(22) 

Here 𝑆𝑆𝑔𝑔,𝑐𝑐𝑟𝑟, 𝑆𝑆𝑜𝑜,𝑐𝑐𝑟𝑟 are critical saturations; and 𝑛𝑛𝑜𝑜, 𝑛𝑛𝑔𝑔 are exponents determining shapes of 
permeabilities. Unlike for the standard Brooks-Corey relative permeabilities, we do not apply 
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the values of permeabilities at the residual saturations, like in the standard dependencies, e.g., 
for oil and water, since our goal is to approximate the permeabilities also in the regions where 
one of the phases is not flowing. 

The Brooks-Corey model is one of the most widely used relative permeability models 
(Behrenbruch et al., 2018; Corey, 1977). Comparison with our model makes it possible to 
understand the physical meaning of the parameters constituting the Brooks-Corey model; to 
extend it onto the gas liberation problems, outside the residual saturation limits; and, hopefully, 
to become capable of evaluating the Brooks-Corey parameters for a given structure of the 
porous medium. 

The sample plots of the relative permeabilities produced by our model and by the Corey-Brooks 
formulae are shown in Fig. 3 a and b, for chalk and sandstone, respectively. It can be seen that 
the agreement between the models is reasonable though not perfect. A characteristic average 
deviation is within 2%. 
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Fig. 3  Comparison between the Brooks-Corey model and this work. (a) chalk rock (Z=24); (b) sandstone rock (Z=8) 

The sample computations presented in Fig. 4a shows that the critical gas saturation is linearly 
dependent on the gas bubble threshold ratio 𝑓𝑓𝑔𝑔. For a typical sandstone with the coordination 
number 𝑍𝑍 = 6, the critical gas saturation ranges from 0.15 to 0.55, while for the typical 
limestone with the coordination number 𝑍𝑍 = 24, the range is from 0.02 to 0.3. The slope and 
the intercept of this linear dependence may be represented as universal quadratic functions of 
𝑍𝑍−1 (Fig. 4b and c). A linear dependence would also provide a reasonable approximation, but 
the quadratic dependence is much more precise.) A combination of these observations makes 
it possible to relate the value of critical saturation 𝑆𝑆𝑔𝑔,𝑐𝑐𝑟𝑟 approximately, as a function of the 
model parameters 𝑓𝑓𝑔𝑔, 𝑍𝑍: 
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Fig. 4  Critical gas saturation 𝑆𝑆𝑔𝑔,𝑐𝑐𝑟𝑟 as a function of the coordination number Z and the gas bubble threshold ratio 𝑓𝑓𝑔𝑔. a) 
Dependence of 𝑆𝑆𝑔𝑔,𝑐𝑐𝑟𝑟 on 𝑓𝑓𝑔𝑔 for different values of 𝑍𝑍; b), c) Dependences on 𝑍𝑍 of the slope and intercept for the linear 
approximation of the dependences plotted in a). 

The value of 𝑛𝑛𝑔𝑔 may also be expressed as a universal function of 𝑍𝑍 and 𝑓𝑓𝑔𝑔. Under constant 𝑓𝑓𝑔𝑔, 
the dependences of 𝑛𝑛𝑔𝑔 on 𝑍𝑍−1 are approximately linear, within the region of interest (Fig. 5a): 

𝑛𝑛𝑔𝑔 ≈ 𝑙𝑙�𝑓𝑓𝑔𝑔� +
𝑡𝑡�𝑓𝑓𝑔𝑔�
𝑍𝑍

 

The dependences 𝑙𝑙(𝑓𝑓𝑔𝑔) and 𝑡𝑡(𝑓𝑓𝑔𝑔) are shown in Fig. 5 b and c. Within a reasonable accuracy, 
they are fitted by the quadratic functions: 
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𝜆𝜆0 = 1.19; 𝜆𝜆1 = −0.35; 𝜆𝜆2 = 2.45; 𝜏𝜏0 = 0.27; 𝜏𝜏1 = −0.46; 𝜏𝜏2 = −6.07 
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Fig. 5   The Brooks-Corey exponent 𝑛𝑛𝑔𝑔 as a function of the coordination number Z and the gas bubble threshold ratio 𝑓𝑓𝑔𝑔. a) 
Dependence of 𝑛𝑛𝑔𝑔 on 𝑍𝑍 for different values of 𝑛𝑛𝑔𝑔; b), c) Dependences on 𝑍𝑍 of the slope and intercept for the linear 
approximation of the dependences plotted in a). 

In this way, the Corey-Brooks approximations for the relative permeabilities may be 
determined if the geometry of the porous medium (the value of 𝑍𝑍) and the physics of 
condensation (𝑓𝑓𝑔𝑔) are known. 

3.3 Comparison with experimental data 
In this study, three data sets from the literature have been chosen for the model verification: 
The data on a carbonate rock by Afidick, Kaczorowski, and Bette (1994) and by Gravier et al. 
(1986); and the data for a sandstone reservoir rock by Chen, Wilson, and Monger-McClure 
(1999). 

 Gravier et al. (1986) studied the effect of precipitation of the condensate droplets from gas 
condensate on the relative permeability for gas. The experiment was conducted on eight 
samples from a Middle Eastern retrograde condensate gas carbonate field using a ternary 
pseudoreservoir fluid of methane/pentane/nonane. Afidick, Kaczorowski, and Bette (1994) 
studied the performance loss of the Arun gas condensate limestone field due to the droplet 
condensation using the well-test data. Chen, Wilson, and Monger-McClure (1999) measured 
the effect of condensation on the effective permeability of the two North Sea reservoirs with 
the properties characteristic of the sandstone reservoirs experimentally.  

Assume that the irreducible water saturations are constant for all the data points from a single 
experiment. The pores filled with immobile water will not contribute to the relative 
permeability to any of the phases if it is normalized to the permeability at the irreducible water 
saturation. Thus, the data may be normalized in such a way that 𝑆𝑆𝑐𝑐 + 𝑆𝑆𝑔𝑔 = 1 and 𝑘𝑘𝑟𝑟𝑔𝑔𝜋𝜋 =
𝑘𝑘𝑟𝑟𝑔𝑔/𝑘𝑘𝑟𝑟𝑔𝑔𝑚𝑚𝑚𝑚𝑥𝑥

. 

After normalizing the data, the model was fitted using 𝑍𝑍 = 24 for the carbonate reservoirs and 
8 for the sandstone. The value of 𝑓𝑓𝑔𝑔 was the only fitting parameter. The value of 𝑃𝑃𝑔𝑔 was set to 
be unity. Thus our model was able to fit the experimental data with fewer parameters than the 
Brooks-Corey model; this would be equivalent to obtaining the exponents in the Brooks-Corey 
model out of the values of the critical saturation. The results are presented in Fig. 6-8. 

It can be seen that the model fits experimental data with reasonable accuracy. In all of the cases, 
the value of 𝑓𝑓𝑔𝑔 lies between 0.2 and 0.5. Moreover, the same value of 𝑓𝑓𝑔𝑔  may be used to give 
the best fit for all the cores from a specific study (e.g., the value of 0.4 for the study of Gravier 
et al. (1986)). This is seen from the last plot in Fig. 6i, where all the data are compared with a 
single model plot. This comparison indicates that our model really reflects the physical 
mechanisms behind the formation of the relative permeability for a given geometry of the 
porous space. For the cores of the same origin, with similar pore space geometries, the relative 
permeabilities may be obtained with the same parameters for our model. This is valid for both 
chalk and sandstone rocks. 

The value of coordination number equal to 24 is related to the specific pore structure of 
carbonates, as previously reported in the literature (Patsuoles and Cripps, 1983; Mogensen and 
Stenby, 1998). However, this value is unusual for the pore network simulations and capillary 
micromodels. A question may arise, whether a more traditional value of the coordination 



number may be used for fitting. We have re-fitted the experimental data with the value of 𝑍𝑍 =
6 (the dashed line in Fig. 6i). The accuracy of fitting did not change much (10.3% against 
10.8%), most of which may be attributed to scattering of the experimental data. However, such 
an important parameter as the value of the gas residual saturation was not captured by the new 
fitted curve. The physics behind the relative permeabilities in chalks is better captured when a 
more interconnected porous space is assumed. 

While most of the experimental works provide only gas relative permeabilities, the work of 
Afidick, Kaczorowski, and Bette (1994) contains also few measured points for the liquid 
relative permeability. This has made it possible to produce the liquid relative permeability 
curve for this data, with the same values of 𝑍𝑍,𝑓𝑓𝑔𝑔, and a newly fitted value of 𝑓𝑓𝑜𝑜 = 0.6 (Fig. 7). 
The fit is satisfactory, but a limited number of reported experimental points does not allow us 
to make more definite conclusions. 
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Fig. 6   The model adjusted to the data by Gravier et al. (1986). A carbonate rock (𝑍𝑍 = 24) Plots (a) to (h) are for 
the cores 1 to 8, respectively. The plot (i) presents all the cores together. 
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Fig. 7  The model adjusted to the data by Afidick, Kaczorowski, and Bette (1994). Carbonaceous rock (𝑍𝑍 = 24). 
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b) 

 
Fig. 8  The model adjusted to data for cores from reservoirs A (a) and B (b), by Chen, Wilson, and Monger-McClure (1999). 
A sandstone rock (𝑍𝑍 = 8). 

4. Limitations of the model 
The proposed model has a number of limitations. As shown above, these limitations still allow 
the model to predict the behavior of the relative permeabilities and to relate them with the 
microscopic geometrical parameters. This validates the application of the model. However, its 
limitations still have to be formulated explicitly, in order to be able to spread the model onto 
more complex cases. 

The equal pore sizes, equal numbers of nucleation sites in each pore, and a regular lattice are 
common assumptions in the percolation models, balancing their simplicity and realism. Some 
of these assumptions may probably be relaxed. E.g., stochastic pore size distribution 
Bedrikovetsky (1993) and Selyakov & Kadet (1996) may be more adequate, although more 
difficult to implement. 

We consider percolation by bonds, not by sites. The volumes of sites have been neglected. 
According to studies (Kashchiev & Firoozabadi, 1993; Ioannis N. Tsimpanogiannis & Yortsos, 
2002), nucleation always happens in sites. The subsequent filling of the porous medium 
involves filling of the sites. Thus, it is an assumption that has to be overcome in future studies. 

In the studies of Li & Yortsos (1995b) and Ioannis N. Tsimpanogiannis & Yortsos (2002), 
considering the nucleation process in micromodels, it has been observed that the bubbles may 
grow after formation, while new bubbles are unlikely to be formed. This is a different picture 
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of gas liberation than ours. It should be remarked that the concept of “bubble” in our paper is 
conditional. The number of bubbles is, simply, the measure of how much gas has appeared in 
a capillary. Since the geometry of a realistic capillary is random, this gas will appear randomly 
in different places. We assume that its appearance is totally random. This is, probably, an 
oversimplification. However, this is partly confirmed by the fact that, as discussed in Li & 
Yortsos (1995b) and Yortsos & Parlar (1989), the nucleation of the bubbles or droplets is 
heterogeneous. There are certain points around which the new phase is formed. One may 
assume that the points of growth of the bubbles or droplets are also randomly distributed. This 
is, probably, an inaccurate assumption for the regular pore network models where the 
experiments of Bora, Maini, & Chakma (2000), El Yousfi, Zarcone, Bories, & 
Lenormand(1997), Mackay, Henderson, Tehrani, Danesh (1998), and Nejad & Danesh (2005) 
were carried out. However, for natural porous media, this assumption may hold.  

An indirect confirmation of the validity of our model would be independence of the relative 
permeabilities and, in particular, of the critical saturations, on the dynamics of the process. It 
has been detected in the experiments of Firoozabadl et al. (1992), Jr, Agaev, & Palatnik (2004), 
Li & Yortsos (1995a), and Moulu (1989) that the critical saturation is dependent on the pressure 
decline rate. Such a dependence, obviously, contradicts our model. On the other hand, in the 
experiments analyzed in section 3, the relative permeabilities were found to be functions of the 
saturation only. In experimental works of Bagudu et al. (2018) and Kamath & Boyer (1995), it 
has also be found that the critical gas saturations are independent or almost independent of the 
pressure decline rate and the nucleation fraction. These observations are valid for the low-
permeable natural porous media (Bagudu et al., 2018). Our model is obviously valid for the 
latter quasi-equilibrium liberation process, while a less equilibrium situation described in(Du 
& Yortsos, 1999; X. Li & Yortsos, 1994, 1995b; Xuehai Li & Yortsos, 1993; Satik & Yortsos, 
1996; I N Tsimpanogiannis et al., 1999; Ioannis N. Tsimpanogiannis & Yortsos, 2004; Yortsos 
& Parlar, 1989 and others) cannot be described by this model. In particular, one might assume 
that the proposed model may somehow describe the behavior of the foamy oils. However, this 
behavior is very complex and rate-dependent (B. Maini, 1996; B. B. Maini, 1999; Smith, 1988), 
so that application of the model here requires much care. 

Finally, we apply very simplified assumptions about conductivities of separate capillaries for 
the gas and liquid flow. The picture of such flow may be rather complicated (see e.g. (Wang, 
Andersen, & Shapiro, 2020). Considering more detail is outside the scope of the present paper. 

5. Conclusions 
A new model for relative permeabilities under gas liberation or condensate precipitation in 
porous media has been developed. It is based on the methods of statistical physics and 
percolation theory. The porous medium is modeled as a capillary lattice. The gas liberation 
occurs in the form of separate bubbles, while oil precipitates in the form of the droplets. 
Distribution of the bubbles or the droplets in the capillaries is computed by the methods of 
statistical physics. The conductivity of a lattice is computed by the theory of effective medium. 

The theory makes it possible to evaluate the relative permeabilities based on a relatively small 
number of the parameters, like the coordination number of the lattice or the critical fraction of 
the bubbles. A simple universal correlation between these parameters and the critical gas 
saturation is established.  



We show that the simple power dependencies (the Corey-Brooks model) may be used for fitting 
the physically meaningful dependencies derived in the framework of our model with a 
reasonable (although not absolute) accuracy. The comparison makes it possible to spread the 
Corey-Brooks dependencies outside the regions where both phases are mobile. 

Comparison with available experimental data shows a good fit between the data and the model. 
Only the value of the critical bubble fraction needs to be fitted. For the cores of the same origin, 
this value varies insignificantly, which shows that the model captures, basically, the physics of 
the process. 
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