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Abstract. We consider computed tomography (CT) with uncertain measurement
geometry, with a focus on the case where the view angles are uncertain and
where estimation of these angles improves the reconstruction. We propose a new
reconstruction model and a corresponding algorithm that has an additional view-angle
estimation component, allowing us to determine the angles solely from the measured
CT data. A key component of our approach is that we quantify the uncertainty
of the view angles via a model-discrepancy formulation, allowing us to take the
uncertainty into account in the image reconstruction. This approach generalizes
in a straightforward way to other cases of uncertain geometry. Our method is
computationally efficient since we can utilize a block-structure of the computational
problem for estimation of both the CT image and the view angles under the assumption
that the view angles are independent. The joint image/angle reconstruction problem
is non-convex which leads to difficulties in recently proposed algorithms, and we
demonstrate numerically that our method seems to avoid these difficulties. Simulations
show that our method, with a total variation (TV) prior that reflects our phantoms,
is able to achieve reconstructions whose quality is similar to ones obtained with the
correct view angles (the ideal scenario).

Keywords: Computed Tomography, View Angle Estimation, Uncertainty Quantification,
Block Representation, Alternating Updates.

Submitted to: Inverse Problems



Computed Tomography with View Angle Estimation using Uncertainty Quantification 2

1. Introduction

In this paper, we consider Computed Tomography (CT) where – in addition to
reconstructing an X-ray attenuation image of an object – estimation of certain
parameters of the measurement geometry leads to an improved reconstruction. We focus
on the important case of uncertain view angles, but our approach will also work for other
types of uncertainties in the measurement geometry. In the standard models for CT the
view angles of the set-up are assumed to be known exactly, but in practice they may only
be known with a limited accuracy. For specific applications, such as nano and micro
X-ray tomography [21, 32] or motion impaired CT [17], this uncertainty in the view
angles is important to take into account to improve the quality of the reconstruction.
The goal in this paper is to study a new method for simultaneous image reconstruction
and view angle estimation solely from measured CT data with no machine or object
calibration.

The generic version of the discretized CT reconstruction model takes the form

b = R(θ)x+ e, (1)

where b ∈ Rm is the measured (noisy) CT data, x ∈ Rn is the unknown X-ray
attenuation coefficients (CT image) that we want to reconstruct, and e ∈ Rm is the
measurement noise. The CT forward model – or forward projection – is represented by
the matrix R(θ) ∈ Rm×n, which is parameterized by the vector θ ∈ Rq that represents
the geometry – here the view angles. Specifically, we consider CT geometries where each
position of the source is defined by a single angle given by the view angles in θ. This
includes 2D parallel- and fan-beam as well as 3D cone-beam with a fixed axis rotation.
Any other parameter of the measurement geometry is assumed to be known with high
accuracy and are therefore not parameterized explicitly in the forward model. In the
case that other parameters are uncertain these can be added to the parameterization θ.
For more details on the physical and mathematical models of CT see e.g., [5, 16].

1.1. Previous work

The CT problem in (1) can be handled in many different ways. Direct inversion methods
[16] are fast, but may perform poorly with increasing measurement noise or uncertainty
in the parameters of the scan, e.g., in the view angles. Variational methods can
incorporate prior information via regularization terms, see, e.g., the survey [3]. These
methods are robust toward measurement noise because of the regularization techniques.
Techniques such as Tikhonov regularization [22, 29] or total variation (TV) [25, 26] are
used for the image reconstruction problem. However, these methods do not take the
uncertainty of the view angles into account, which means that good performance is not
guaranteed if the view angles are only known with limited accuracy.

View angles and other scan parameters can be estimated by attaching markers
to the scanned object that can then be tracked during the measurement process. In
addition to being time-consuming to attach, these markers are made of a material with
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a high X-ray absorption, which can obscure areas of interest in the scanned object
and create artefacts in the reconstruction [27]. Alternatively, marker-free view angle
estimation approaches that are based only on the measured CT data have been studied
analytically for specific geometries in e.g., [2, 7, 9]. This has – along with a number of
practical methods – led to a large body of work on estimating view angles and other scan
parameters in CT such as [2, 7, 9, 17, 20, 31, 33]. These methods can be categorized
into two groups: i) estimating the view angles directly from the CT data followed by a
reconstruction, and ii) jointly estimating the view angles and image reconstruction.

Methods such as [9] that first estimate the view angles based purely on the CT data
and then reconstruct the CT image are computationally efficient, but they suffer from
error propagation since any errors introduced in the view angle estimation propagate
to the reconstruction. Jointly estimating the view angles and CT image, e.g., via
Bayesian sampling methods [20], avoid this error propagation, but these methods can
be computationally expensive due to the sampling-based nature of the approach.

A popular approach for joint estimation is the so-called projection matching (PM)
methods. Here, given a reconstruction, the view angles are estimated by matching the
measured projections with ones obtained from the forward model. Different approaches
for finding the matching projections have been proposed and investigated such as cross-
correlation [33] or joint optimization using, e.g., exhaustive search [21], gradient-based
methods [31] or derivative-free methods [17]. In general, the goal of projection matching
using joint optimization is to obtain the best fitting view angles by comparing the
distance of the forward model projection with the CT data in some metric (typically a
2-norm data-fit). This leads to a non-linear problem and depending on the regularization
it can be a non-convex problem with many local minima, often leading to inaccuracies
in the view angle estimation [31].

In our previous work [24], we proposed a CT reconstruction method that takes
potential uncertainty in the view angles into account using a model-discrepancy term
based on the approximation error approach (AEA) [13]. This approach worked well,
but was lacking in two major areas which we address in this paper: i) we assumed
that the model discrepancy followed a Gaussian distribution and hence the quality of
the reconstruction was limited by this assumption and ii) the uncertainty in the view
angles is marginalized in the likelihood and hence even if the correct distribution of the
model discrepancy term is known, the quality of the reconstruction is impacted by the
marginalization of the uncertainty.

1.2. Our contribution

To address the above-mentioned issues, we propose a new CT reconstruction method
that estimates the view angles in addition to reconstructing the CT image. A key
contribution of our method is that we are able to quantify the uncertainty of the view
angles and incorporate this into the image reconstruction with acceptable computational
overhead. The uncertainty is quantified by utilizing a model-discrepancy term, which is
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used to estimate the view angles as well as to incorporate any remaining uncertainty in
the likelihood for the CT data. We summarize our contributions as follows:

• We propose a new CT reconstruction method with a view-angle estimation
component that uses uncertainty quantification.

• We quantify the uncertainty of the view angles and take this into account in the
image reconstruction.

• We achieve a fast and computationally efficient angle estimation procedure by
utilizing a block-structure in the computational problem by assuming the view
angles are independent.

• We show numerically that our method gives reconstructions of similar quality to
ones obtained with the exact view angles.

• We show numerically that our method is robust towards the choice of the
regularization parameter on the TV prior.

• We show numerically that our algorithm seems to avoid the difficulties associated
with the non-convexity of the joint image/angle reconstruction problem, found in
other recent methods.

1.3. Structure of paper

Our paper is structured as follows. In Section 2 we summarize our previous work
in [24], where we derive a CT reconstruction method that takes uncertainty in the
view angles into account by marginalization. In Section 3 we propose our new method
which additionally estimates the view angles and the associated uncertainty by jointly
estimating the view angles and the CT image in an iterative procedure. In Section 4
we present simulated numerical results that show the performance of our method and
finally Section 5 is the conclusion.

2. Review of CT algorithm with marginalized view angle uncertainty

In this section we summarize our previous work in [24] to arrive at a statistical model
for the CT problem (1), where the view angles are known with a limited accuracy
and are marginalized in the likelihood. The tool that we used here is the Bayesian
framework, and for more details we refer to [34]. We assume that the measurement noise
e is independent identically distributed zero-mean Gaussian with standard deviation σ.
Furthermore, the view angles θ are mutually independent. The CT model with uncertain
view angles is then given by

b = R(θ)x+ e, θ ∼ πangles(·), e ∼ N (0, σ2I), (2)

where we assume that θ follows a pre-defined distribution πangles with mean µθ, which
is chosen as the nominal view angles of the scanner. The distribution πangles reflects the
uncertainty of the choice of µθ.
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To avoid working with a distribution of forward models R(θ), θ ∼ πangles(·), we
reformulate (2) using a fixed forward model R(µθ) and obtain the modified CT model

b = R(µθ)x+ η + e, η ∼ πdiscrep(·), e ∼ N (0, σ2I), (3)

where the so-called model-discrepancy term η is given by

η(θ,x) = R(θ)x−R(µθ)x. (4)

It can be advantageous to use the model (3) instead of (2) because the uncertainty in
the view angles is moved to η while the forward model R(µθ) is fixed. If we ignore
that η depends on x and consider η as independent additive noise then (3) becomes a
standard CT image reconstruction model with two additive noise terms.

Representing model uncertainty as a model-discrepancy term has been successfully
applied to many imaging applications, such as fine-to-coarse mesh approximation in
diffuse optical tomography [1], unknown domain boundaries in electric impedance
tomography [19], unknown scattering in both diffuse optical tomography and
quantitative photoacoustic tomography [15, 23], truncation errors in magnetic particle
imaging [4], and uncertain sound speed in photoacoustic tomography [28]. The idea of
a model-discrepancy term was originally proposed in [14] where η was modelled as a
Gaussian process and was later adapted to Bayesian inverse problems in [12, 13] and
named the Approximation Error Approach (AEA).

2.1. Gaussian approximation of model discrepancy

The distribution πdiscrep may not have a closed-form expression, so we approximate
it by a simple distribution. Gaussian approximation of the model discrepancy have
been shown experimentally to be useful for this application [24] and many other
applications [1, 4, 6, 10, 12, 13, 15, 18, 19, 23, 28]. Hence, we simplify the model (3)
by approximating the distribution πdiscrep conditioned on x by a Gaussian distribution,
i.e., η|x ∼ N (µη|x,Cη|x) with mean and covariance depending on x.

Given a reconstruction x̂ one can generate samples of the model discrepancy
η|x = x̂ by drawing samples θs following the prior distribution πangles, and evaluating
the model discrepancy

ηs
x̂ = R(θs) x̂−R(µθ) x̂, s = 1, . . . , S. (5)

The sample mean and covariance of the model discrepancy are then given by

µ̃η|x̂ =
1

S

S∑
s=1

ηs
x̂, (6)

C̃η|x̂ =
1

S − 1

S∑
s=1

(ηs
x̂ − µ̃η|x̂)(η

s
x̂ − µ̃η|x̂)

T . (7)
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2.2. CT image reconstruction

To arrive at a good reconstruction we choose a method based on a variational
formulation. Variational methods require a data-fitting term that incorporate the
forward model and regularization terms that incorporate prior information about the CT
image, see e.g., the survey [3]. For our purpose the data-fitting term is derived through
the likelihood function associated with the model (3) using the Gaussian approximation
of the model discrepancy in Section 2.1. Letting ν = η+ e we marginalize with respect
to ν to arrive at the likelihood

π(b|x) =
∫
Rm

π(b,ν|x)dν=
∫
Rm

π(b|x,ν)π(ν|x)dν = πν|x(b−R(µθ)x|x). (8)

The interested reader is referred to [12] for more details on marginalization of
uninteresting variables in Bayesian inverse problems.

By taking the negative logarithm and using the Gaussian distributions for η|x and
e, we obtain the closed-form expression of the negative log-likelihood

− log π(b|x) ∝ 1

2
∥Lν|x(b−R(µθ)x− µη|x)∥22, (9)

where Lν|x is the Cholesky factor of the combined inverse covariance (Cη|x + σ2I)−1.
Combining this with total variation (TV) regularization, which can work well for large-
scale CT problems [25, 26], we arrive at the CT image reconstruction problem

xMD-TV = argmin
x≥0

1

2
∥Lν|x(b−R(µθ)x− µη|x)∥22 + λTV(x), (10)

where λ > 0 denotes the regularization parameter, and the TV term is defined as

TV(x) = ∥∇x∥2,1 ≡
n∑

i=1

∥[∇x]i∥2 , (11)

in which [∇x]i denotes the discrete gradient of x at the ith pixel using reflexive boundary
conditions. The non-negativity constraint represents the fact that the attenuation
coefficients x cannot be negative.

The optimization problem in (10) can be solved efficiently by the stochastic primal-
dual hybrid gradient (SPDHG) algorithm [8] due to the block structure of the problem
in (10) according to the assumption that the view angles are independent. Note that
the method proposed in [24] is not restricted by this assumption. If it is not valid, we
lose the block structure of Lν|x and then we need to replace SPDHG by other solvers in
order to handle the large and dense matrix Lν|x. We refer to our previous work in [24]
for more details on efficient computation of the solution to (10).

3. New CT algorithm with View Angle Estimation

In the previous section we defined a CT reconstruction method which takes view angle
uncertainty into account by marginalization. Therefore, the quality of the reconstruction
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from (10) is limited by the discrepancy between the nominal view angles and the true
view angles at which the data were acquired. If the view angle uncertainty is too large
then – even if we take the view angle uncertainty into account – we can not obtain
satisfactory results. To overcome this limitation and obtain a better reconstruction,
we have to estimate the view angles in addition to the image reconstruction. In this
section, we propose a new method with added view angle estimation based only on the
measured CT data. The proposed way to estimate the view angles in the next subsection
is inspired by the work in [19].

3.1. View angle estimation

First of all, we consider how to estimate the view angles θ, more specifically the mean
µθ and the associated uncertainty according to the CT model (2), given the measured
CT data b and an obtained reconstruction x̂. To achieve this, we assume that the view
angles follow a Gaussian distribution θ ∼ N (µθ, diag(δ)), where diag(δ) denotes the
variance.

Recall that the distribution of ν = η + e conditioned on x is approximated by
a Gaussian distribution, i.e., ν|x ∼ N (µη|x,Cη|x + σ2I). This provides a natural
connection between x and θ. With the Gaussian approximation and assuming that
e is independent of η as well as θ, we have a joint Gaussian distribution[

θ

ν|x̂

]
∼ N

([
µθ

µν|x̂

]
,

[
diag(δ) CT

νθ|x̂
Cνθ|x̂ Cν|x̂

])
, (12)

where µν|x̂ = µη|x̂ because the mean measurement noise is zero, Cνθ|x̂ = Cηθ|x̂ because
the measurement noise is independent of θ, and Cν|x̂ = Cη|x̂ + σ2I.

The joint distribution provides a closed-form expression (shown below) for the
conditional parameters – i.e., mean and variance – of the view angles given the
reconstruction x̂, through the combined model-discrepancy and noise term ν|x̂. This is
in contrast to determining the conditional parameters, e.g., from π(θ|b,x), which would
require a distributional prior on x. This, in turn, requires sampling-based methods
that are unfeasible for large-scale CT. Moreover, deriving the conditional parameters
provide natural uncertainty estimates of the view angles that can be used in the image
reconstruction from Section 2 – a feature which is not present in, e.g., projection
matching methods which only provide a single point estimate through optimization.

To derive the conditional parameters according to the joint distribution we need
an estimate of the combined model discrepancy and measurement noise term ν. Given
a reconstruction x̂ the combined term can be estimated by ν̂ = b −R(µθ)x̂. Given ν̂

the conditional mean of θ is given by
µθ|ν=ν̂ = µθ +CT

νθ|x̂(Cη|x̂ + σ2I)−1(ν̂ − µν|x̂),

= µθ +CT
ηθ|x̂(Cη|x̂ + σ2I)−1(b−R(µθ) x̂− µη|x̂). (13)

Furthermore, the conditional covariance is given by
Cθ|ν=ν̂ = diag(δ)−CT

νθ|x̂(Cη|x̂ + σ2I)−1Cνθ|x̂,
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= diag(δ)−CT
ηθ|x̂(Cη|x̂ + σ2I)−1Cηθ|x̂. (14)

Equations (13) and (14) are then used to estimate the view angles – including estimates
of the uncertainty – given a candidate CT reconstruction x̂.

The mean µη|x̂ ∈ Rm and the covariance matrix Cη|x̂∈Rm×m can be approximated
by the sample mean and sample covariance defined in (6) and (7), respectively.
Furthermore, the cross-covariance matrix Cηθ|x̂ ∈ Rm×q of the view angles θ ∈ Rq

and the model-discrepancy term η|x̂ ∈ Rm can be approximated by the sample cross-
covariance

C̃ηθ|x̂ =
1

S − 1

S∑
s=1

(ηs
x̂ − µ̃η|x̂)(θ

s − µ̃θ)
T (15)

with sample mean

µ̃θ =
1

S

S∑
s=1

θs, (16)

where θs follows the assumed prior distribution N (µθ, diag(δ)).
The quality of the conditional mean and variance estimates depend heavily on the

reconstruction x̂ both for estimating ν̂ and for the sampled mean and covariances in
(6), (7) and (15). For this reason, we cannot expect the conditional mean (13) to be
close to the true underlying view angles if the estimate of x̂ is poor. A similar argument
holds for the conditional covariance in (14).

To illustrate this point, Figure 1 shows estimated view angles using the conditional
mean and 99% confidence intervals calculated from (13) and (14), respectively, using a
reconstruction x̂ from solving (10) and from the ground truth CT image x̄. The object
is the Shepp-Logan phantom and the number of samples is S = 100. For comparison,
Figure 1 also shows the mean and 99% confidence intervals from the prior distribution
N (µθ, diag(δ)). Note that (13) and (14) yield estimates of the view angles that are
closer to the ground truth with smaller uncertainty (variance) compared to the prior.
Furthermore, we see that even when using a reconstruction x̂ rather than the ground
truth x̄ it is possible to estimate the view angles.

However, the variance does not capture the true uncertainty of the estimated view
angles when using the reconstruction rather than the ground truth. This suggests that
the conditional mean can be used to update the current estimate of the view angles, but
the conditional covariance is too aggressively reduced when using x̂ rather than x̄ and
therefore can not be fully trusted. To avoid this issue we add a relaxation parameter
α ∈ [0, 1] to the term that reduces the variance, to take into account that we are using an
estimated CT image and not the ground truth, as assumed by the model. The relaxed
conditional covariance is therefore

Cα
θ|ν=ν̂ = diag(δ)− αCT

ηθ|x̂(Cη|x̂ + σ2I)−1Cηθ|x̂. (17)

When α = 1 we fully trust the conditional covariance, i.e., Cα
θ|ν=ν̂ = Cθ|ν=ν̂ and when

α = 0 we do not update the covariance, i.e., Cα
θ|ν=ν̂ = diag(δ). According to our
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Figure 1. The dependence of the view angle estimation on the reconstruction. The
quality of the angle estimate is shown by its deviation (in degrees) from the true view
angles including 99% confidence intervals on the y-axis for each of the 90 view angles
indicated on the x-axis. Top: example of reconstruction using (10) (left) and exact
CT image (right) used to calculate the conditional mean and covariance shown below.
Bottom: The deviation from the true view angles of the mean and confidence intervals
according to the prior (left) and the conditional mean and covariance calculated from
(13) and (14), respectively, using x̂ (middle) and x̄ (right).

numerical tests we found that α = 0.5 was a good choice for this parameter and hence
we fix α = 0.5 in all our tests. We may get even better results by tuning α.

3.2. Block representation of covariance matrices

In this paper we consider CT geometries where in each projection, the position of the
source is defined by a single independent angle that needs to be estimated. Therefore the
elements of θ are assumed mutually independent and the mean and covariance defined
in (13) and (14) can be computed element-wise.

Our work can immediately be extended to estimation of other parameters in the
measurement geometry that have independent realizations for each projection. The
importance of this independence can be seen in the block-structure of the estimated
covariance matrices as illustrated in Figure 2 where we use the CT set-up in Table
1 with the Shepp-Logan phantom. Note that the colormap here is in log-scale. The
matrix C̃ηθ|x̂ ∈ Rm×q is very rectangular (“tall and skinny”) and therefore it is difficult
to display it properly; hence the left image in Figure 2 shows the sum of the absolute
values of the covariance between ηi and θj. This amounts to plotting ∥C̃ηiθj |x̂∥1 for
each pair of ηi and θj which is done here for i, j = 1, 2, 3, 4, 5. This confirms that there
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Figure 2. Left: The matrix C̃ηθ|x̂ ∈ Rm×q is difficult to show because it is very
rectangular (“tall and skinny”), and therefore we show the sum of the absolute values
of the sample covariance between ηi and θj , which is identical to ∥C̃ηiθj |x̂∥1, shown
here for i, j = 1, 2, 3, 4, 5. Right: Zoom of the top-left 5×5 submatrix of the computed
conditional covariance from (14). Note that the colormap in both images is in log-scale.

is little covariance between ηi and θj when j ̸= i due to the independence of the view
angles.

The conditional covariance Cθ|ν=ν̂ from (14) has diagonal elements that are much
larger than the off-diagonal elements. Therefore the computation of the conditional
mean and covariance according to (13) and (17) is carried out element-wise as follows(

µθ|ν=ν̂

)
i
= µθi + cTηiθi|x̂(Cηi|x̂ + σ2I)−1

(
bi −R(µθi) x̂− µηi|x̂

)
, (18)(

Cθ|ν=ν̂

)α
ii
= δi − αcTηiθi|x̂(Cηi|x̂ + σ2I)−1cηiθi|x̂, (19)

for i = 1, . . . , q. Here, µθi = (µθ)i and cηiθi|x̂ ∈ Rp is the ith column vector of the
cross-covariance

Cηθ|x̂ =

 cη1θ1|x̂
. . .

cηqθq |x̂

 ∈ Rp×q, (20)

and (Cηi|x̂ + σ2I)−1 is the sub-matrix of the ith block in

(Cη|x̂ + σ2I)−1 =


(Cη1|x̂ + σ2I)−1

. . .
(Cηq |x̂ + σ2I)−1

 . (21)

The smaller covariance sub-matrices can be approximated by the sampling the model
discrepancy for each view angle, i.e., for each i = 1, . . . , q we sample

ηs
i = R(θsi ) x̂−R(µθi) x̂, s = 1, . . . , S, (22)

where θsi follows the assumed prior distribution N (µθi , δi). We then calculate the blocks
of the sample mean and covariance

µ̃ηi|x̂ =
1

S

S∑
s=1

ηs
i , (23)
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C̃ηi|x̂ =
1

S − 1

S∑
s=1

(ηs
i − µ̃ηi|x̂)(η

s
i − µ̃ηi|x̂)

T , (24)

as well as the cross-covariance vector

c̃ηiθi|x̂ =
1

S − 1

S∑
s=1

(ηs
i − µ̃ηi|x̂)(θ

s
i − µ̃θi)

T . (25)

with sample mean

µ̃θi =
1

S

S∑
s=1

θsi . (26)

Similarly, as we show in [24], the data-fitting term in (10) can be split into q data-fitting
terms arriving as the image reconstruction model

xMD-TV = argmin
x≥0

1

2

q∑
i=1

∥Lνi|x(bi −R (µθi)x− µ̃ηi|x)∥
2
2 + λTV(x), (27)

where the Cholesky factor Lνi|x is obtained by Cholesky factorization of the inverse
covariance (C̃ηi|x̂ + σ2I)−1. This provides a block representation on both the image
reconstruction and view angle estimation problem.

3.3. Alternating scheme for image reconstruction and view angle estimation

The quality of the CT image reconstruction introduced in Section 2 depends on how
close the nominal view angles µθ are to the true underlying view angles that generated
the CT data, as well as the corresponding variances δ. Similarly, the quality of the view
angle estimates and corresponding variances introduced in this section depends on how
close the reconstruction is to the ground truth that generated the CT data. Hence, to
take advantage of this relationship we propose an alternating scheme (CT-VAE) shown
in Algorithm 1, where we reconstruct the CT image using (10) and estimate the view
angles using the conditional mean and variance in (13) and (17) alternately.

The optimization problem with respect to the reconstruction x in line 13 is solved
by using a stochastic primal-dual hybrid gradient algorithm [8]. For more details on
solving the CT problem see [24]. Note that line 13 can be replaced by other effective
reconstruction methods. The sampling and computation of the conditional mean and
covariances in lines 2–7 as well as 8–11 can be carried out in parallel for each i = 1, . . . , q.
Note that different number of samples SVA and SCT may be used when sampling the
model discrepancy term for the view angle estimation step and image reconstruction
step respectively.

4. Numerical Experiments

In this section, we show simulated numerical experiments to illustrate the performance
of our method on a CT problem where the view angles are only known with a limited
accuracy. All simulation tests were run in MATLAB using the ASTRA toolbox [30]
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Algorithm 1: Computed Tomography with View Angle Estimation (CT-
VAE)

Input : Measured CT data b, CT matrix R(·), noise variance σ2, number of
outer iterations K, regularization parameter λ > 0, relaxation
parameter α ∈ [0, 1], initial reconstruction x0, mean of view angles
θ0 and variance of view angles δ0.

Output: Final reconstruction xK , mean of view angles θK and variance of
view angles δK .

1 for k = 1, 2, . . . , K do
// View angle estimation step

2 for i = 1, 2, . . . , q do
3 Sample ηs

i = R(θsi )x
k −R(θki )x

k, θsi ∼ N (θki , δ
k
i ), s = 1, . . . , SVA.

4 Calculate µ̃ηi|xk , C̃ηi|xk and c̃ηiθi|xk from (23), (24) and (25).
5 θk+1

i = θki + c̃Tηiθi|xk(C̃ηi|xk + σ2I)−1(bi −R(θki )x
k − µ̃ηi|xk).

6 δk+1
i = δki − αc̃Tηiθi|x̂(C̃ηi|x̂ + σ2I)−1c̃ηiθi|x̂

7 end

// Image reconstruction step
8 for i = 1, 2, . . . , q do
9 Sample ηs

i = R(θsi )x
k −R(θk+1

i )xk, θsi ∼ N (θk+1
i , δk+1

i ), s = 1, . . . , SCT.
10 Calculate µ̃ηi|xk from (23).
11 Calculate the Cholesky factor Lνi|xk of (C̃ηi|x̂ + σ2I)−1 from (24).
12 end
13 xk+1 = argmin

x≥0

1

2

q∑
i=1

∥Lνi|xk(bi −R(θk+1
i )x− µ̃ηi|xk)∥22 + λTV(x)

14 end

for computing the matrix-free forward and back projections, i.e., multiplication with
R(θ) ∈ Rm×n and its transpose. The CT matrix is obtained by the line model and it
represents discretized line integrals parameterized by the view angles θ ∈ Rq. That is,
letting f be the continuous version of the CT image x, the discretization satisfies

(R(θi)x)l ≈ (Rf)(θi, sl) =

∫
R
f(sl

−→v (θi) + t−→v ⊥(θi)) dt, (28)

where sl with l = 1, · · · , p is the position of the lth pixel on the detector and θi with
i = 1, · · · , q are the view angles, and thus m = qp. Moreover, −→v (θ) = (cos θ, sin θ) is the
direction of the view angle θ and −→v ⊥(θ) = −→v (θ + π/2) is the perpendicular direction
in which the X-ray is attenuated. The sub-matrix R(θi) ∈ Rp×n represents a single
projection at view angle θi. In our simulations we use a fan-beam geometry and the
nominal view angles µθ are chosen as equidistant in [0◦, 360◦). We generate the noisy
CT data according to

b = R(θ̄)x̄+ ē, (29)
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Table 1. The physical and discretization parameters in the simulated CT experiments.

Parameter Value
Scan geometry Fan-beam
Reconstruction domain size 50 cm × 50 cm
Source to center distance 50 cm
Source to detector distance 100 cm
Detector length 130 cm
Image pixels n = 1282

Detector pixels p = 128

Number of view angles q = 90

View angle standard deviation
√
δ = 1◦

where x̄ is either MATLAB’s Shepp-Logan phantom or the “grains” phantom from AIR
Tools II [11], which consists of piece-wise constant Voronoi cells. The true underlying
view angle θ̄i is a realization from the uniform distribution U(µθi − 2

√
δi, µθi +2

√
δi) for

each i = 1, . . . , q to avoid inverse crime. The prior for each view angle θi is N (µθi , δi)

and therefore the true view angles fit within a 95% confidence interval of the prior, but
are drawn from a different distribution. Finally the measurement noise ē is a realization
from N (0, σ2I) with σ = 0.005∥R(θ̄)x̄∥2/

√
m. The physical parameters of the CT

model are summarized in Table 1. We note in particular that the image reconstruction
problems here are under-determined since n = 1282 and m = pq with p = 128 and
q = 90, which could not be dealt with in [24].

We use SVA = SCT = 100 samples, but note that different number of samples could
be used when sampling the model discrepancy in the two stages, i.e., for the view angle
estimation (line 2) and image reconstruction (line 9). We set K = 10 outer iterations
and relaxation parameter α = 0.5. We apply the SPDHG algorithm [8] to solve the
minimization problem for reconstructing x (line 13), and stop the inner iterations when
the relative change in x is small, i.e., when ∥xl − xl−1∥2/∥xl∥2 < 10−5 where l is the
iteration index for the inner loop. We found no significant difference in reconstruction
quality when using 10−5 and a smaller relative error 10−6 (which was used in [24]). We
compare a reconstruction x to the ground truth x̄ using relative error (RE) defined as
∥x− x̄∥2/∥x̄∥2 and compare the view angles θ to the true underlying view angles θ̄ by
the mean absolute difference

∑q
i=1 |θi − θ̄i|/q or direct numerical difference θi − θ̄i.

To benchmark the performance of our method, we compare the reconstruction
obtained from our new method CT-VAE with the ones obtained from our previous
algorithm MD-TV [24] from (10). We also compare with a classical non-negative TV
regularized reconstruction using the nominal view angles µθ (L2-TV) as well as the true
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underlying view angles θ̄ (L2-TV-opt), obtained from solving the optimization problems

xL2-TV = argmin
x≥0

1

2σ2

q∑
i=1

∥bi −R(µθi)x∥22 + λTV(x), (30)

xL2-TV-opt = argmin
x≥0

1

2σ2

q∑
i=1

∥bi −R(θ̄i)x∥22 + λTV(x). (31)

Here, xL2-TV-opt represents the optimal reconstruction obtainable with the non-negative
TV prior, since in (31) the true underlying view angles θ̄ are used.

Finally, since our method also estimates the view angles in the CT problems, at the
end of this section we also compare our view angle estimation results with the projection
matching method proposed in [31] that solves for the best-matching projections using a
gradient descent method.

4.1. Comparison of reconstructions

Figure 3 shows the best reconstructions obtained by selecting the optimal regularisation
parameter that gave rise to the lowest relative error RE from our new method CT-
VAE, our previous method MD-TV, as well as the L2-TV and L2-TV-opt methods.
The images all have the same colormap. Comparing CT-VAE and L2-TV-opt with
L2-TV and MD-TV, we see that the last two look visually inferior and have a larger
relative error than the first two. Note especially the sharper white boundary in the
Shepp-Logan phantom and the sharper edges in the grains phantom. In particular, our
method provides reconstructions that are very similar to the benchmark reconstruction
obtained with the true view angles (L2-TV-opt) both in terms of visual quality and
relative error. Especially, with respect to the relative error our method performs the
same or even slightly better than L2-TV-opt.

Our numerical experiments show that for the uncertain view angle CT problem
(2) our method outperforms the methods that do not use view angle estimation, and it
can provide reconstructions with the same quality as the ones obtained using the true
view angles. Furthermore, there is also a difference in the value of the regularization
parameter λ, where L2-TV and MD-TV both require more regularization – i.e., larger
λ – to avoid artefacts from reconstructing with the nominal view angles. Due to the
larger λ, we can clearly see that the reconstructions from L2-TV are over-regularized.

In Figure 4 we compare the reconstruction quality in terms of relative error with
respect to varying regularization parameters. We can see that in terms of relative error
our method provides comparable results to the benchmark (L2-TV-opt) reconstructions
except for really small regularization parameters. In particular, our method and L2-TV-
opt have the same optimal regularization parameter. The reason is that any remaining
uncertainty in the view angle estimate is dealt with by the image reconstruction step
from Section 2 and therefore additional regularization from the prior is not needed.
Furthermore, Figure 4 shows that our method always provides reconstructions with lower
relative errors compared to L2-TV and MD-TV. In the case with small regularization
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Figure 3. Best reconstructions obtained by selecting the optimal regularization
parameter in terms of relative error for our method (CT-VAE) in Algorithm 1 compared
to our previous method MD-TV (10) in [24], L2-TV (30) and L2-TV-opt (31) for the
Shepp-Logan phantom (top) and the grains phantom (bottom).

parameters the reconstructions are under-regularized, i.e., covered by artefacts caused
by the measurement noise and view angle uncertainty, and those artefacts would have a
strong effect on the results of the conditional mean and covariance and leads to poor view
angle estimates. On the other hand, when we use very large regularization parameters,
the reconstructions are so over-regularized that the uncertainty in the view angles is
negligible, therefore all four methods end up with the same relative errors. From these
results it is also evident that joint estimation of the view angles and CT image provides
better reconstructions with lower relative error compared to reconstruction obtained
using the nominal view angles.

4.2. View angle estimation

In addition to reconstructing the CT image, our new method CT-VAE also estimates
the view angles using the conditional mean (13) and covariance (17). In Figure 5 we
show these estimates of the view angles obtained from our method and compare with
the prior mean and covariance. It is obvious that for both the Shepp-Logan and the
grains phantoms the estimated view angles are significantly closer to the true underlying
view angles compared with the prior. In the prior, the errors in the mean of the view
angles are in the range [0, 2.5◦], but using our method the range of the errors is reduced
to [0, 0.15◦]. Furthermore, the variance estimates accurately reflect the distance from
the true underlying view angles, i.e., the true view angles lie within a 99% confidence
interval in the figure.

In Figure 6 we can also compare the average angle error
∑q

i=1 |θKi − θ̄i|/q from the
conditional mean (13) in terms of varying quality of reconstruction. This is achieved by
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Figure 4. Comparison of relative error vs regularization parameter for the Shepp-
Logan phantom (left) and the grains phantom (right) for our method (CT-VAE) in
Algorithm 1 compared to our previous method MD-TV (10) in [24], L2-TV (30) and
L2-TV-opt (31).

Figure 5. Deviation in degrees from the true view angles and 99% confidence interval
for the prior (left), and CT-VAE estimates for the Shepp-Logan (middle) and grains
(right) phantoms. The scale on the y-axis is the same in all three figures.

varying the regularization parameter for the TV prior. Here we see that the smallest
angle error is obtained at around the same regularization parameters that provide the
best CT reconstruction (smallest relative error) and that the angle error is the same for
a large range of regularization parameters. The average angle error of the nominal view
angles is

∑q
i=1 |µθi − θ̄i|/q = 0.90◦, hence even for the largest and smallest regularization

parameters the estimated view angles are closer to the true underlying view angles than
the nominal view angles. This shows that the angle estimation of our method is robust
towards the quality of the CT reconstruction. Essentially, if the reconstruction is not
heavily over- or under-regularized, we are able to obtain a good angle estimate. Finally,
we remark that if the true view angles are given as input to our algorithm, the view
angle estimation stays close to the original input.
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Figure 6. The angle estimation error
∑q

i=1 |θKi − θ̄i|/q from CT-VAE vs the
regularization parameter λ in reconstructing x.

4.3. Convergence history

Here we consider the convergence history of our method and compare the computational
work of different parts of the algorithm. For this purpose we use the unit of an epoch
defined as the work involved in one multiplication with R(·) or its transpose, since the
computation is dominated by the forward and back projections as discussed in [24].

Figure 7 shows the convergence history of our method in terms of relative errors for
the CT reconstruction and angle estimation errors. We note that the horizontal lines of
no change in relative error happen when sampling the model-discrepancy in Algorithm
1 (lines 3 and 9), since this does not change x but requires forward evaluations of R(·).
The beginning of the horizontal lines is where a new outer iteration starts. In our tests,
we set SVA = SCT = 100, i.e., 100 samples of the model discrepancy in both the view
angle estimation step and the image reconstruction step, and it requires 200 epochs in
each iteration. When we apply SPDHG to solve the reconstruction problem in line 13
it takes less than 100 epochs to reach the stopping criterion. Comparing the number
of epochs, it is clear that the sampling step is the most time-consuming part in our
algorithm. Finally, we see that for both phantoms the relative error and the angle error
levels off after at most 10 iterations.

4.4. Number of model-discrepancy samples

Figure 8 shows the convergence history of x for varying number of samples SVA = SCT.
We see that the relative error of the final reconstruction does not improve when using
more than 100 samples, so we use that in our experiments. If we use fewer than 100
samples the covariances are no longer accurately estimated by the sample covariances
(24) and (25). This leads to the term c̃Tηiθi|x̂(C̃ηi|x̂ + σ2I)−1c̃ηiθi|x̂ in the conditional
covariance estimate (17) to sometimes become larger than δi and thus giving a covariance
estimate that is negative. Since S = 100 was found to be a good sample size in [24] for
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Figure 7. The convergence history of the CT-VAE method.

Figure 8. The convergence history of x for varying number of samples SVA = SCT.
Note that we use log-scale for epochs (x-axis) in these plots.

this particular problem, we do not explore the sample size selection further.

4.5. Comparison with projection matching using gradient descent

We conclude by comparing our method with the projection matching scheme proposed
in [31]. The proposed scheme solves the non-linear least-squares optimization problem

min
θ,x>0

1

2σ2
∥b−R(θ)x∥22 + λTV(x). (32)

The algorithm to solve (32) is based on variable projection and essentially alternates
between an image reconstruction step and a gradient step for the view angles. Hence,
this alternating scheme is similar to our method, and the main difference lies in how
the reconstruction and the view angles are estimated. For our implementation of the
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Figure 9. The convergence history of our method CT-VAE and the projection
matching method with gradient descent methods PM-GD.

projection matching scheme, we use SPDHG for the image reconstruction step and a
simple gradient step with line search for the view angle estimation step.

In Figure 9 we compare the convergence history of our method with the projection
matching scheme using gradient descent (PM-GD). We see that both in terms of relative
error vs epochs and angle error vs epochs our method provides better results except in
the first few iterations where our method spends computational work sampling the
model discrepancy. Furthermore, we see that our method reaches a lower relative error
and angle error compared with PM-GD. To further investigate why our method yields
a lower final relative error, in Figure 10 we plot the objective function (32) with respect
to θi given the CT reconstruction x0 as well as the angle estimates from our method and
the projection matching scheme. Note that the objective function is highly non-convex
with many local minima. It is therefore clear that unless the initial mean of the view
angles are close to the true view angles, the projection matching scheme can get stuck
in local minima, whereas our method avoids these issues.

5. Conclusion

We propose a new model and a corresponding algorithm for CT reconstruction with an
added view angle estimation component, in order to handle uncertain angles (other
geometric uncertainties can be handled in a similar way and are in some cases a
straightforward extension of this work). We show numerically that our method is
able to outperform gradient descent-based projection-matching methods for the joint
image/angle reconstruction problem. In particular, our method, with a TV prior that
reflects our phantoms, is able to provide reconstructions that are of similar quality as
ones obtained with the exact view angles, which is the best-case scenario. Furthermore,
our method is able to run on large-scale CT problems because of an inherent block-
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Figure 10. Comparison of the values obtained in the first angle estimation step θ1

given the initial CT reconstruction x0 for our method (CT-VAE) and the projection
matching scheme from [31] with gradient descent (PM-GD) for the Shepp-Logan
example with λ = 0.021. The objective function used for the projection matching
scheme (32) is shown in grey to illustrate the non-convexity of the objective.

structure in our CT model. At this time, we can demonstrate numerically that our
method converges; it is a topic of future research to prove this rigorously. Furthermore,
our method can potentially be utilized to calibrate the CT system in practice.
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