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Abstract: Transport coefficients (like diffusion and thermodiffusion) are the key parameters to be studied in
non-equilibrium thermodynamics. For practical applications, it is important to predict them based on the
thermodynamic parameters of a mixture under study: pressure, temperature, composition, and thermody-
namic functions, like enthalpies or chemical potentials. The current study develops a thermodynamic frame-
work for such prediction. The theory is based on a system of physically interpretable postulates; in this re-
spect, it is better grounded theoretically than the previously suggestedmodels for diffusion and thermodiffu-
sion coefficients. In fact, it translates onto the thermodynamic language of the previously developed model
for the transport properties based on the statistical fluctuation theory. Many statements of the previously de-
veloped model are simplified and amplified, and the derivation is made transparent and ready for further
applications. The n(n + 1)/2 independent Onsager coefficients are reduced to 2n + 1 determining parame-
ters: the emission functions and the penetration lengths. The transport coefficients are expressed in terms
of these parameters. These expressions are much simplified based on the Onsager symmetry property for
the phenomenological coefficients. The model is verified by comparison with the known expressions for the
diffusion coefficients that were previously considered in the literature.

Keywords: transport coefficients, diffusion, thermodiffusion, mixture, thermodynamic theory

1 Introduction

The transport coefficients in multicomponent mixtures (diffusion, thermodiffusion, heat conductivity, vis-
cosity) are of major importance for the different areas of engineering and natural science. For practical ap-
plications, it is important to have model expressions making it possible to evaluate these coefficients based
on the thermodynamic properties of a mixture. Modeling is essential, since experimental data are scarce and
difficult to obtain, and only a few experimental values are available for mixtures containing more than two
components [1, 2]. The transport coefficientsmay also be accessed bymolecular dynamics simulations,which
are outside of the scope of the present work (see, e. g., the reviews in [3–5]).

The diffusion coefficients are often obtained by application of the Darken [6], Vignes [7], or more ad-
vanced mixing rules [8, 9] to the coefficients in the dilute solution limits. The last coefficients are calculated
by the famous Einstein–Stokes formula, or theWilke–Chang equation, or theirmodifications [10]. Themixing
rules may be applied to both Fickian and Maxwell–Stefan diffusion coefficients [11]. This approach may only
predictmonotonous dependencies of the diffusion coefficients onmolar fractions,which does not always cor-
respond to the experimental data [12–14] (the thesis [14] contains also a comprehensive review of the different
approaches to the diffusivity modeling). Other approaches involve the group contribution or local composi-
tion models [15–18]; the models based on the Eyring absolute reaction rate concepts (activation energy, free
volume) [19–22]; and direct or indirect correlation with viscosity [23, 24]. The recently proposed “swapping”
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model should also be mentioned [25]. All these models are essentially empirical or semi-empirical. The fully
theoretically grounded expressions for diffusion coefficients exist only for the dilute gases: for the Knudsen
flow [26] and for the flow governed by the kinetic Boltzmann equation [26, 27], although the problems with
the Onsager symmetry may arise in higher approximations [28, 29].

Thermodynamicmodels for the thermodiffusion coefficients are usually based on the concept of the heats
of transport introduced by Denbigh [30, 31]. In the models, these values are identified with the different ther-
modynamicquantities, like specific enthalpies or energies, or their combinationswith somecorrection factors
[32–41] (see also reviews [42–44]). For diluted gas mixtures, the answers, again, are given by the gas kinetic
theory [45]. Recently, a simplified approach to thermodiffusion was suggested specifically for the transport in
porousmedia [46]. The simplification is needed since the experimental determination of the thermodiffusion
coefficients in multicomponent mixtures is a difficult task [47, 48].

In summary, the thermodynamicmodels for diffusion and thermodiffusion coefficients are built indepen-
dently of each other, and they are based on the different physical principles. Non-equilibrium thermodynam-
ics is a unifying theory behind the transport processes in themixtures. This theory, in its general form, proves,
on the basis of the statistical thermodynamics of fluctuations, the symmetry limitations to the transport co-
efficients, but it does not specify their values and their dependencies on the equilibrium thermodynamic
properties [32, 49, 50].

We previously derived expressions for prediction of the transport properties, based on the statistical ther-
modynamics and the fluctuation theory [51, 52]. The matrix of Onsager coefficients was evaluated on the
basis of the traditional thermodynamic variables and the newly introduced quantities, the so-called pene-
tration lengths. The new expressions were successfully applied to the evaluation of the diffusion coefficients
in simple and complex mixtures [12–14]. Moreover, it was possible to evaluate the penetration lengths in-
dependently, by molecular dynamics simulations [53]. Modeling the thermodiffusion coefficients was less
accurate [42]. Themodel required a penetration length for energy; compared with the penetration lengths for
the molecules, this value was more loosely defined, and could not be approximated by any simple depen-
dence. Despite the fundamental background, the developed theory had a number of flaws. The derivations
were long and physically non-transparent. The fundamental property of symmetry of the Onsager transport
coefficients did not automatically follow from the derivation and had to be imposed post-factum.

The present work proposes a unified thermodynamic theory for the diffusion and thermodiffusion co-
efficients (though not applicable to other transport properties, like viscosities). Our goal is not to calculate
specific coefficients, but to provide a framework for thermodynamic modeling. The approach is based upon
but does not fully repeat the assumptions and derivations of the works [51, 52]. Unlike those works, we have
tried to set out the theory on themacroscopic language of thermodynamics, with aminimum reference to the
molecular statistical mechanics. The new description appears to be much simpler conceptually and is based
now on a number of physicallymeaningful postulates. The Onsager property of symmetry of the phenomeno-
logical coefficients is one of these postulates.

We consider a classical discontinuous two-vessel system connected by a conducting element [26, 30]. The
mass and energy balances are obeyed in the system, though the force balance is non-trivial due to interactions
between the fluid and the walls. The system is close to equilibrium, so that the fluxes in it approach the fluxes
under fluctuation, as required by the Onsager symmetry derivation. It is postulated that for such flows the
number ofmolecules emitted fromavessel to the conductor perunit timedependsonlyon the thermodynamic
state of the vessel. This value, called the emission function, serves as a potential for the molecular flow.
Not all the molecules penetrate via the conductor; their fraction reaching the opposite vessel is called the
penetration probability (for the continuous systems, it is transformed to the penetration length). The sets of
emission functions and penetration lengths determine the molecular flow. Similar functions are introduced
for energy flow. The Onsager symmetry relations impose strong limitations on the possible choice of emission
and penetration functions. Thus, the set of independent phenomenological coefficients is reduced to the two
sets of simpler functions. Thenumber of new functions grows linearlywith thenumber of components, unlike
the number of Onsager coefficients growing quadratically. These functions may be obtained from the model
considerations or molecular dynamics simulations. We demonstrate how the diffusion and thermodiffusion
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Figure 1: Scheme of a two-vessel system.

coefficients are expressed in terms of the emission and penetration functions, and how the known results
about diffusion and thermodiffusion may be recovered in the new modeling scheme.

The paper is organized as follows. The next subsection introduces basic designations and background
theoretical concepts of the paper. Section 2 discusses the theory of the flow of the multicomponent Knudsen
gas. This theory is well studied, and all the transport coefficients for the dilute Knudsen gas are known. The
goal of its re-discussion here is to introduce the emission functions and penetration probabilities in a natural
way, which later will be generalized onto arbitrary multicomponent mixtures. This generalization is carried
out in Section 3. We introduce the governing dependencies for the arbitrary multicomponent flow and derive
restrictions on the transport coefficients imposed by the Onsager reciprocal relations. The transition from
the discontinuous to continuous systems (from effusion to diffusion) is also discussed in Sections 2 and 3.
Section 4 compares the results of the developed theoretical frameworkwith the known formulae for diffusion
coefficients in binary mixtures. The thermodiffusion coefficients are also discussed.

1.1 Background knowledge and agreements about designations

In this work, we consider a system of two vessels A and B connected by a pipe, or a tube, or a capillary con-
ducting the flow (Figure 1). For brevity, we will call this element “a conductor.” This is a traditional “discon-
tinuous” system for the study of the flows in non-equilibrium thermodynamics [26, 31]. It serves as a natural
generalizationof a typical one-vessel system (thePVTcell),which is considered in equilibrium thermodynam-
ics. Otherwise, it has all the limitations of a near-equilibrium discontinuous system, like those listed above.
The transfer of the results regarding diffusion and thermodiffusion coefficients from the discontinuous to the
continuous description will be discussed

Any characteristics Z of the fluid in vessel A (B) will be denoted as ZA (ZB), while its average value will be
denoted, simply, by Z.We assume that the differences ΔZ = ZB−ZA are small and the second-order corrections
with regard to ΔZ may be neglected. Each vessel is in equilibrium, but these equilibria may be different for
vessels A and B. The amount of substance in the conductor is small compared with the vessels. We consider a
model two-vessel system, but not a real one, and the walls of the conductor are assumed to be fully reflective.
The force balance between the mixture and the walls of the system and, therefore, the analysis of stresses in
the mixture are not considered. A detailed analysis of the flow interacting with the walls is outside the scope
of the present work (see, e. g., [54, 55]).

The system is saturated by an ordinarymixture of several components. The thermodynamic state is char-
acterized by pressure P, temperature T, and composition. The compositionwill be expressed in terms ofmass
fractions ci or individual component mass densities ρi (i = 1, . . . , n). The molar fractions zi will also be used.
The components in themixture are assumed to be non-reacting andnon-adsorbing on thewalls of the system.
Action of external fields, like gravity, is neglected.

An object of study is the component and energy fluxes in the conductor created by the differences of
thermodynamic parameters between the vessels. For an n-component mixture, there are n mass fluxes and
one energy flux Ji (i = 1, . . . , n + 1). The designations Ji are meant to be used for fluxes per cross-sectional area
H of the conductor, so that the total flows are equal to HJi.
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The entropy production in the system has the form of

dS
dt
= H

n+1
∑
i=1

JiFi.

Here Fi are thermodynamic forces conjugate to the thermodynamic fluxes Ji. Normally, these forces have the
form of ζiΔZi, for some thermodynamic variables Zi, or linear combinations of such values.

The Onsager reciprocal relations read

Ji =
n+1
∑
j=1

LijFj (i = 1, . . . , n + 1).

The matrix of phenomenological coefficients L = [Lij] was proven to be symmetric for the “even” pro-
cesses in simple molecular systems, like diffusion and thermodiffusion [56, 57]:

Lij = Lji (i, j = 1, . . . , n + 1).

We exclude the motion under the action of the magnetic field, where some coefficients may be antisym-
metric [49].

The goal of the present paper is to express coefficients Lij in terms of the physically well-defined values.

2 Knudsen gas revisited
In this section, we revisit the classical theory of transport of the Knudsen gas in the discontinuous system
described above. A Knudsen gas is defined as a dilute gasmixture of non-interactingmolecules. The Onsager
theory for a single-component monatomic gas was described by Waldmann [54] (see also [58]). Our goal is
not to re-discover long known dependencies and formulae, but, using the Knudsen gas as a fully studied
example, to formulate such an approach to transport that may be applicable to more advanced systems. Si-
multaneously, we demonstrate and resolve some difficulties arising under such an extension.

2.1 A single-component gas: The role of the symmetry condition

Initially, the differences of pressure P and temperature T are created between vessels A and B, causing sub-
stance (mass) and energy flows through the conductor. The molecules in the conductor do not interact, so
that all of them that leave vessel A reach vessel B, and vice versa. The energy flow between the vessels is
solely due to the molecular flow.

The general laws for such flows may be represented in the form of

Jm = −ΔΓ, (1)
JE = −ΔE. (2)

Here Γ, E are the amounts of substance and energy emitted for each vessel per unit of time. We will call Γ,
E the emission functions, or the emission expressions. Later we will generalize these expressions onto more
complex cases.

For the Knudsen gas,

Γ = 1
4
ρC, C = (8RT

πM
)

1
2
, (3)

where ρ is density and C is the average molecular velocity. The multiplier 1
4 reflects the fact that not all the

molecules are directed towards another vessel, and that only a projection of their velocity onto the conductor
direction x contributes to the flow.
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A classical monatomic gas is the gas with the heat capacities cV =
3
2R and cP =

5
2R. Waldmann [54]

postulates the energy emission for such gas E to be 1
4C ⋅2P.While themultiplier 1

4C is of the same nature as for
the mass transfer (energy of the Knudsen gas is only transferred with the flowing molecules), the multiplier
2P is less trivial. Waldmann shows that with such a value of E the transport coefficients obey the Onsager
symmetry relations. Moreover, it is easy to demonstrate that this is the only possible value of E retaining the
symmetry. However, the physical interpretation of the energy emission 2P still remains unclear.

Wewill repeat computations for a polyatomic gas and,more generally, for a fluidwith arbitrary thermody-
namic dependencies ρ(P,T), E(P,T). First, we express eqs. (1) and (2) in terms of the pressure and temperature
differences:

Jm = −
C
4
(ρPΔP + (ρT +

ρ
2T
)ΔT) ; (4)

JE = − (EPΔP + ETΔT) . (5)

The heat flux JQ is now defined as

JQ = JE − hJm = −
1
4
[(4EP − hCρP)ΔP + (4ET − hCρT −

hCρ
2T
)ΔT] , (6)

where h is the enthalpy per unit mass. The entropy production in the system is [54]

dS
dt
= H [(−ΔP

ρT
) Jm + (−

ΔT
T2
) JQ] .

Note that the entropy production should be multiplied by cross-section H in order to convert fluxes per
area to total fluxes.

Hence, the fluxes Jm, JQ are conjugate to forces −
ΔP
ρT , −

ΔT
T2 , respectively:

[
Jm
JQ
] = [

Lmm LmQ
LQm LQQ

] [
−ΔPρT
−ΔTT2

] . (7)

Combining eqs. (4)–(7), we obtain

[
Lmm LmQ
LQm LQQ

] =
T
4
[

ρρP CT (ρT +
ρ
2T )

ρ(4EP − hCρP) T (4ET − hCρT −
hCρ
2T )
] .

This matrix is symmetric if the cross-diagonal elements are equal:

EP =
1
4
C(hρP + T

ρT
ρ
+
1
2
) (8)

For the monatomic ideal gas ρ = MP/RT and h = 5RT/2M. Then the last expression gives exactly E =
1
4C ⋅ 2P. For the classical polyatomic gas, with constant heat capacities and h = cPRT/M, eq. (8) results in

E = 1
4M

C ⋅ (cP −
R
2
) ρT = 1

4M
C ⋅ (cV +

R
2
) ρT . (9)

The first addendum in this expression, CcVρT/4M, is due to energy transfer with the molecules, since
cVT is the energy per mole and Cρ/4M is the molecular flow (N = ρ/M is the number of moles). However, the
question remains about the appearance of the second addendum, Cρ/4M ⋅ RT/2 in the last expression. Its
meaning is not transparent, and the expressionwithout it, from thefirst glance, seems tobemore appropriate.

An explanation based on gas kinetic theory is given in Appendix A. The reason is, roughly, that the fast
molecules are emitted more often and carry more kinetic energy than the slow molecules. The addendum
proportional to RT/2 appears from the difference ⟨vx ⋅

mv2
2 ⟩ − ⟨vx⟩⟨

mv2
2 ⟩, where the average is taken over the

velocity vectors with a positive component vx. This example shows that the emission expressions may be
rather non-trivial. More examples are provided below.
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2.2 Generalization

2.2.1 Gas mixture

The theory from Section 2.1 may be generalized into amulticomponent ideal gasmixture. This generalization
is not fully trivial since the entropy involves now the entropy of mixing. For an n-component mixture of non-
interacting species eq. (1) is substituted by n equations

Jm,i = −ΔΓi (i = 1, . . . , n), (10)

while the energy equation becomes

JE = −Δ
n
∑
k=1

Ek . (11)

The entropy production assumes the form [49]

dS
dt
= H

n
∑
i=1

Δ (−μi
T
) Jm,i + HΔ (

1
T
) JE . (12)

Here μi are chemical potentials per unit mass of a component. The mass-based system of variables is more
convenient for the flow problems than the mole-based system, which is more usual in equilibrium thermo-
dynamics. A reason is that in hydrodynamics a momentum balance equation is necessarily formulated in
terms of mass densities. The necessary thermodynamic formula in the mass system of variables is presented
in Appendix B. It is convenient to introduce designations

νi = −
μi
T
; τ = 1

T
. (13)

Equation (12) indicates that Δνi, Δτ are thermodynamic force conjugates, respectively, to the thermody-
namic fluxes Jm,i, JE . In order to determine the matrix of Onsager coefficients, eqs. (10) and (11) are expanded
with regard to Δνi, Δτ:

Jm,i = −
n
∑
j=1

àΓi
àνj

Δνj −
àΓi
àτ

Δτ (i = 1, . . . , n);

JE = −
n
∑
k=1

n
∑
j=1

àEk
àνj

Δνj −
n
∑
k=1

àEk
àτ

Δτ.

It follows from the last two equations that the phenomenological coefficients for this system are

Lij = −
àΓi
àνj
(i, j = 1, . . . n); (14)

Li,n+1 = −
àΓi
àτ
; Ln+1,i = −

n
∑
k=1

àEk
àνi
(i = 1, . . . , n); (15)

Ln+1,n+1 = −
n
∑
k=1

àEk
àτ
. (16)

The symmetry conditions are, therefore,

àΓi
àνj
=
àΓj
àνi
; (17)

n
∑
k=1

àEk
àνi
=
àΓi
àτ
. (18)
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Assume, as above in eq. (3), that the mass emissions for a multicomponent Knudsen gas have the form
of

Γi =
1
4
ρiCi, Ci = (

8RT
πMi
)

1
2
. (19)

Then, as follows from eq. (62) in Appendix B, condition (17) is obeyed automatically, since ρi depend only
on T and νi (with the same number i), and matrix {àΓi/àνj} is diagonal. Condition (18) assumes the form [see
eq. (63)]

à
àνi

n
∑
k=1

Ek = −
Ciρi (cV ,i +

R
2 )

Rτ
.

Substitution of ρi from eq. (61) and integration over νi results in

n
∑
k=1

Ek =
n
∑
k=1

Ciρi (cV ,i +
R
2 )

Miτ
+ A0 (T) . (20)

The arbitrary constant of integration A0(T)may be eliminated, since the energy emission should be zero
if all densities ρi are zeros. Equation (20) should, in principle, be sufficient for the determination of the total
energy emission ∑nk=1 Ek, since only the total emission is required to be known in eq. (11). If, additionally,
individual values Ei have to be found, it may be assumed that each Ei depends on the partial density ρi, but
not on the densities of other components. This assumption is reasonable since the components of the ideal
gas mixture are independent and non-interacting. Then, finally,

Ei =
Ciρi (cV ,i +

R
2 )

Miτ
. (21)

This derivation shows that the energy and the mass emissions are connected to each other. A connection
is given by the Onsager reciprocal relations. The energy emission may be computed on the basis of the mass
emissions.

2.2.2 Penetration probabilities and penetration lengths

Theflowequations for a single-component gas (1) and (2) and for amulticomponent gas (10) and (11) are based
on an inherent assumption that all themolecules that are emitted from vesselA reach vessel B and vice versa.
The conductor conducts all the molecules; no molecule is reflected back and returns to the original vessel,
and no molecule loses or gains energy when interacting with the conductor.

This assumption is not self-evident. It may be true if the conductor is straight and has mirror-reflecting
walls, where the x-component of the molecular velocity and its internal energy remain unchanged in a col-
lision, while the transversal component of the molecular momentum changes its sign. However, most of the
surfaces reflect molecules in a diffuse way, or they are close to that (the accommodation coefficients are close
to unity) [59]. Even in a straight conductor, somemolecules may be reflected and return to the original vessel
that they left. The situation with the energy is even less definite.

If a conductor is tortuous, the probability of back-reflection increases. The theory is often applied to
porous membranes or other media consisting of such capillaries. In order to be able to generalize the consid-
erations to these types of conductors, we introduce the molecular penetration probabilities pi and the energy
penetration probabilities pE,i. We assume that a probability of penetration from A to B is equal to that from
B to A. Otherwise, the conductor would support different equilibrium compositions in the vessels and, thus,
be capable of the mixture separation, which is outside the scope of the present work. The corrected eqs. (10)
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and (11) acquire the form

Jm,i = −piΔΓi (i = 1, . . . , n); (22)

JE = −
n
∑
k=1

pE,kΔEk . (23)

Further computations of the previous subsection are only slightly modified. The expressions for phe-
nomenological coefficients (14) to (16) become

Lij = −pi
àΓi
àνj
(i, j = 1, . . . n); (24)

Li,n+1 = −pi
àΓi
àτ
; Ln+1,i = −

n
∑
k=1

pE,i
àEk
àνi
(i = 1, . . . , n); (25)

Ln+1,n+1 = −
n
∑
k=1

pE,i
àEk
àτ
. (26)

For an ideal gas, the coefficients (24) remain diagonal, and the Onsager symmetry condition holds for
them. The symmetry conditions for coefficientsLi,n+1 andLn+1,i lookmore sophisticated.Wemayassumeagain
that Ei depend only on ρi or νi (with the same i), since in an ideal gas mixture, emissions of the different
components should be independent. Then condition (21) is transformed into

Ei = −∫
pi
pE,i

Ciρi (cV ,i +
R
2 )

Rτ
dνi. (27)

Simplification and integration in eq. (27) are possible if the ratio pi/pE,i is constant or only temperature-
dependent. This condition is reduced to eq. (21) if pi = pE,i (that is, energy is transferred together with the
molecules). More generally, it is reduced to

Ei =
pi
pE,i

Ciρi (cV ,i +
R
2 )

Miτ
.

The multiplier pi/pE,i is a correction to the energy emission necessary to establish the correspondence
between the energy transfer with the substance and the substance transfer due to the energy flow (Soret and
Dufour effects). It may be discussed whether this symmetry is necessarily valid for the Knudsen gas since
the fundamental Onsager derivation of the symmetry property presumes a certain degree of molecular inter-
action. The goal of this work, however, is to generalize the theory to systems of the interacting molecules,
where symmetry of Onsager coefficients is verified by experimental data [60]. If the limiting transition from
interacting to non-interacting systems is, in a way, smooth, then the symmetry should be preserved.

Another problem to be discussed here is the transition between discontinuous and continuous systems.
While in the discontinuous two-vessel systems the fluxes are proportional to the differences ΔΓi, ΔEi, in the
continuous systems, they shouldbeproportional to the spatial derivatives or gradients of these values. Transi-
tion to the derivatives is formally performed by division on the length l of the conductor so that the differences
like ΔΓ/l are substituted by the derivatives àΓ/àx. We introduce the penetration distances λi, λE,i, defined as

λi = pil; λE,i = pE,il. (28)

Physical meanings of these values will be discussed further, in Section 3.3 and Appendix D, for a more
general case. The continuous transport equations corresponding to the discontinuous eqs. (22) and (23) are

Jm,i = −λi
àΓi
àx
(i = 1, . . . , n); (29)

JE = −
n
∑
k=1

λE,k
àEk
àx
. (30)
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2.2.3 Diffusion, heat, and convective fluxes

Equations (29) and (30) have the form of Fourier and Fick equations for the corresponding fluxes. A difference
is, however, that eq. (29) is formulated for the totalmass fluxes.Meanwhile, the Fick law is related to the diffu-
sion fluxes, which are defined as deviations of the individual component fluxes from the average convective
flux. Similarly, the Fourier law is related to the non-convective heat flux, but not the total energy flux. A rea-
son is that the momentum equation is commonly formulated in terms of the convective flux; hence, it should
be separated from other fluxes. Transition to the diffusion and heat fluxes is considered in this subsection.

The convective, diffusion, and heat fluxes are defined as [14, 32, 61]

Jc =
n
∑
i=1

Jm,i; JD,i = Jm,i − ciJc (i = 1, . . . , n); JQ = JE − hJc. (31)

Here ci are mass fractions of the different components. Out of the diffusion fluxes, only n− 1 are independent,
since their sum is equal to zero. We select JD,1, . . . , JD,n−1 as such fluxes.

It is convenient to make vectors (rows) with the fluxes as elements. We introduce vectors JM = (Jm,1, . . . ,
Jm,n, JE)T and JD = (JD,1, . . . , JD,n−1, JQ, Jc)T . Both vectors have a dimension of n+ 1. As follows from eq. (31), they
are connected by the matrix relation

JD = KDMJM ; KDM =
((((

(

1 − c1 −c1 ⋅ ⋅ ⋅ −c1 −c1 0
−c2 1 − c2 ⋅ ⋅ ⋅ −c2 −c2 0
...

...
. . .

...
...

...
−cn−1 −cn−1 ⋅ ⋅ ⋅ 1 − cn−1 −cn−1 0
−h −h ⋅ ⋅ ⋅ −h −h 1
1 1 ⋅ ⋅ ⋅ 1 1 0

))))

)

.

The systems of thermodynamic fluxes correspond to the systems of thermodynamic forces FM , FD. The
correspondence is established via the following expression for the entropy production:

dS
dt
= HJTMFM = HJ

T
DFD.

As follows from eqs. (12) and (13), the vector of thermodynamic forces corresponding to JM is FM =
(Δν1, . . . ,ΔνM ,Δτ)T . It is derived in Appendix C that the thermodynamic forces corresponding to JD are

FD = (Δ (ν1 − νn) , . . . ,Δ (νn−1 − νn) ,Δτ,−
τ
ρ
ΔP)

T
. (32)

That is, the thermodynamic force corresponding to the heat flux is the temperature difference, and the
convective flux is conjugate to the normalized pressure difference, as expected.

The matrices of phenomenological Onsager coefficients relate thermodynamic fluxes and forces:

JM = LMFM , JD = LDFD. (33)

Coefficients in matrix LM are given by eqs. (24), (26) of the previous subsection. Matrix LD is obtained
from LM by the following transformation preserving the symmetry [49, 50]:

LD = KDMLMK
T
DM .

For the coefficients of the matrix LM given by expressions (24)–(26), expressions for the coefficients of
the matrix LD become rather cumbersome. We will present the explicit expressions for the case of a binary
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mixture:

LD,11 = −c
2
2λ1
àΓ1
àν1
− c21λ2
àΓ2
àν2
; (34)

LD,22 = −hλ1 (h
àΓ1
àν1
−
àΓ1
àτ
) − hλ2 (h

àΓ2
àν2
−
àΓ2
àτ
) −

2
∑
i=1

λE,i
àEi
àτ
; (35)

LD,33 = −λ1
àΓ1
àν1
− λ2
àΓ2
àν2
; (36)

LD,21 = LD,12 = h(c2λ1
àΓ1
àν1
− c1λ2
àΓ2
àν2
) − c2λ1

àΓ1
àτ
+ c1λ2
àΓ2
àτ
; (37)

LD,31 = LD,13 = −c2λ1
àΓ1
àν1
+ c1λ2
àΓ2
àν2
; (38)

LD,32 = LD,23 = −h(λ1
àΓ1
àν1
+ λ2
àΓ2
àν2
) + λ1
àΓ1
àτ
+ λ2
àΓ2
àτ
. (39)

In these expressions, we have substituted the penetration probabilities pi with the penetration distances
λi, as discussed in the previous subsection.Wehave also applied the symmetry of theOnsager coefficients, ex-
cluding, asmuch as possible, the termswhere the energy emission function is present. As a result, the energy
emission appears only in the heat conductivity coefficient LD,22. All the other coefficients may be calculated
if the mass emission functions and the molecular penetration distances are known.

More precisely, the roles of the different coefficients are as follows. The diagonal coefficients LD,11, LD,22,
LD,33 are conductivities for diffusion, heat, and convective fluxes with regard to the driving forces Δ(ν1 − ν2),
Δτ, −( τρ )ΔP, respectively. The off-diagonal coefficients express coupling between these fluxes. In particular,
coefficients LD,12 = LD,21 express coupling between heat conduction and diffusion (Soret and Dufour effects).
Other off-diagonal coefficients express coupling with convection: of diffusion (coefficients LD,13 = LD,31) and
of heat conduction (coefficients LD,23 = LD,32).

Coupling between diffusive and convective fluxes, as well as between heat conduction and convection, is
an unexpected property worth discussing. In continuous systems, the corresponding fluxes are not coupled.
The convective fluxes stay separately fromdiffusion and heat conduction. They are independent of thermody-
namic variables or their gradients. A complete discussion of the dependent and independent thermodynamic
forces and fluxes for such systems is presented in [62]. Their transport coefficients (viscosities) are not directly
related to diffusion or heat conductivity coefficients, unless in some specific models. However, diffusion and
heat conduction are coupled. A physical background behind the uncoupling of the convective flow fromother
fluxes is that it is driven by the viscous forces, having a different tensor dimension than other thermodynamic
forces. They are independent according to the Curie principle. Also, the Galilean invariance shows that the
relative diffusion velocities must be independent of the convective velocity.

In discontinuous systems, like the system considered here, there is a fixed system of coordinates related
to the conductor, and the Galilean invariance does not hold. All the fluxes, including the convective flux,
are conditioned by the thermodynamic states of the vessels. If the molecules interact with each other and
with the walls, then a viscous structure of the flow is formed (like the Poiseuille flow in straight cylindrical
capillaries). Nevertheless, the convective and diffusive/heat flows should not be coupled. This was proven,
e. g., in [63] for a more general case of flows in macroporous media (“a conductor consisting of a great many
capillaries”). Although the basic flow equation for flows in porous media (the Darcy law) involves the same
tensor dimensions as equations for diffusion and heat flows, it may still be proven that these equations must
be independent.

The Knudsen gas considered here is a gas of non-interacting molecules. Its dynamic viscosity is not de-
fined, being “a product of zero by infinity” (density by molecular free path). It takes infinite time for the
Knudsen gas to establish a viscous flow structure in the conductor. Therefore, coupling between diffusion
and convection, as well as between heat flow and convection, is still possible. In Section 3.4, we will show
that in discontinuous systems, theremaybe coupling betweendiffusion and convection even for denser fluids
if the viscous structure of the flow is not established or postulated.
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It should be noted, finally, that a tedious exercise of separation of diffusive and convective fluxes is un-
necessary for the Knudsen gas since simple and straightforward description based on eqs. (22) and (23) [or
(29) and (30)] is more advantageous. Here it has been carried out in order to demonstrate coupling and other
arising problems. The derivation is rather general, and later will be generalized to dense mixtures.

2.3 Conclusion

The goal of the present section has been to formulate the theory of Knudsen gas flow in such a way that it
may be extended into more complex systems. The theory of Knudsen gas flow in a discontinuous two-vessel
system may be derived based on the simple eqs. (1) and (2) [or, in the multicomponent case, from eqs. (10)
and (11)]. Key functions for this extension are the emission functions Γi, Ei and the penetration probabilities
pi, pE,i (or the penetration lengths λi, λE,i).

The energy transfer-related parameters Ei, pE,i are needed to determine the heat conductivity coefficient,
while all the other coefficients need only knowledge of themass transfer-related functions Γi, pi. The “trick” is
to utilize Onsager symmetry relations in order to exclude the energy transfer from the off-diagonal coefficients
of the Onsager matrix. Then the transition from discontinuous to continuous systems may be carried out,
simply, by substituting the penetration probabilities with the penetration lengths. If the transition from the
mass and energy fluxes to the diffusion, convection, and heat fluxes is needed, then the transformations
described in Section 2.2.3 may be applied. The problem of coupling between the fluxes, which are commonly
treated as uncoupled for the continuous systems, has been discussed.

Some derivations of this section might be regarded as unnecessary equivalent transformations since the
emission functions for the Knudsen gas are known in advance, while the penetration probabilities are solely
determined by the geometry of the conductor and properties of its walls. However, these derivations become
a necessary part of the theory describing arbitrary mixtures, as demonstrated in the next section.

3 General theory

3.1 Basic assumptions and axioms

In this section, we will generalize the previously described Knudsen gas theory onto arbitrary non-ideal mix-
tures. We will utilize the axiomatic approach, formulating several relatively simple and transparent state-
ments, from which the rest of the theory will be derived.

As in the previous section, we consider a discontinuous system consisting of the two vessels connected
by the conductor. The molecules are emitted from the vessels, while their transfer happens in the conductor.
The total amount of substance transferred from vessel A to vessel B consists of the molecules emitted from
A, apart from those which got reflected in the conductor and returned. The same is valid for transfer from B
to A.

It is convenient to split the process into emission and conduction. The numbers of molecules emitted
from the vessels per unit time depend only on what happens inside the vessels, but not in the conductor.
Since the vessels are in equilibrium, these numbers are equilibrium functions of the thermodynamic states
of the vessels.

Assumption 1. Consider, for definiteness, vessel A. Define values Γi, being masses of species i emitted from
the vessel per unit time. It is assumed that Γi depend only on the thermodynamic state of the vessel: pressure
PA, temperature TA, and partial component densities ρA,i. The same, of course, is valid for vessel B.

It should be stressed that this assumption is only valid for the cases where the vessels may be considered
to be in equilibrium and the conductor does not have a back influence on them. The vessels should be large
enough compared with the conductor volume; and, on the other hand, the conductor should be long enough
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in order to separate the vessels from mutual influence. The system should be very close to equilibrium, so
that the corrections related to the kinetic energy of the directed flow and diffusion fluxes should be of the
secondorder ofmagnitude [62]. These statements are oftenassumed in thebackground for someexperimental
methods of diffusion measurements [14].

As stated above, only part of themolecules emitted fromvesselA reachB and vice versa. The fraction pi of
the molecules leaving A and reaching Bwill be called the penetration probability. The molecules may now be
not only reflected from the conductor walls but also from othermolecules. Hence, the penetration probability
depends on the properties of the conductor, as well as the properties of the mixture in it. The mixture in the
conductor is in a non-equilibrium state, so that, in principle, the probabilities pimaydepend on the gradients
of thermodynamic variables.We assume, however, that the considereddeviations fromequilibriumare small,
so that dependence of pi on the gradients may be neglected.

For any thermodynamic property Z, the average between the values ZA and ZB will simply be denoted by
Z. Then we formulate the following.

Assumption 2. Themass penetration probabilities pi (as well as energy penetration probabilities introduced
below) depend on the average thermodynamic properties between the two vessels: P, T, ρi.

Finally, we assume that the conductor cannot separate the mixtures.

Assumption 3. In the equilibrium state all the values P, T, ρi are equal for vessels A and B.

These three assumptions are sufficient to formulate the mass transfer equations in the form (22). In par-
ticular, assumption excludes the situation where the penetration probabilities are unequal for molecules
moving from A to B and from B to A. This may be demonstrated in the following way. Assume temporarily
that the penetration probabilities in the different directions are not equal; denote them by pAB,i and pBA,i.
Instead of eq. (22), we will obtain an equation

Jm,i = pAB,iΓA,i − pBA,iΓB,i.

In equilibrium the fluxes Jm,i should be zero, which is only possible if ΓA,i ̸= ΓB,i. Therefore, the thermo-
dynamic characteristics of the vessels must also be unequal, in contradiction to Assumption 3.

While the mass transfer equations for dense gases and liquids may still be expressed in the form (22),
the equations for energy transfer must be modified. The reason is that, apart from convective energy transfer
with the moving molecules, there may also be non-convective transfer, where the energy is moving through
the system by passing from one molecule to another via molecular interactions.

The following scheme for energy emission may look excessive and cumbersome from the first glance;
however, this is probably theminimumpossible description suitable for both rarefiedKnudsen gas and dense
liquid. It will be shown that, despite the abundance of the introduced functions, all the transport coefficients
may be defined in terms of mass emission functions and penetration probabilities, apart from the heat con-
ductivity coefficients. The symmetry of the Onsager matrix makes it possible to do so. Moreover, some strong
limitations for the energy emission functions will also be derived.

We assume that the energy emission functionmay be divided into two parts: the energy travelingwith the
emitted molecules and the energy EX,nc propagating in a non-convective way, by interaction of the molecules
in the vessel and molecules emitted from it and the molecules in the conductor, without the mass exchange.
Then we have

EX =
n
∑
i=1

ΓX,iDX,i + EX,nc (X = A,B) .

When amolecule from vessel A (for example) appears in the conductor, its carried energy DA,i is divided.
Part of this energyGA,i keeps the value acquired in the vessel (corresponding to the thermodynamic conditions
in it). Another part gi exchanges energy with other molecules of the conductor. The same is, of course, valid
for the molecules emitted from vessel B. Within the approximation of small differences between the vessels,
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it may be assumed that gi corresponds to the average thermodynamic characteristics in the conductor, that
is, the average between A and B:

DX,i = GX,i + gi (X = A,B) .

The energy flux is also divided into the convective and non-convective flux, similarly to the energy emis-
sion function. The non-convective conduction of energy is governed by the energy penetration probability
pE:

JE,nc = −pEΔEnc.

The convective energy flux consists of the fluxes of preserved energy values Gi and non-preserved values
gi. Since these values are moving with the molecules, the mass penetration probabilities must be involved:

JE,c = −
n
∑
i=1

piΔ(ΓiGi) −
n
∑
i=1

pigiΔΓi.

The total flux is, simply, the sum of the convective and non-convective energy fluxes:

JE = −
n
∑
i=1

piΔ(ΓiGi) −
n
∑
i=1

pigiΔΓi − pEΔEnc. (40)

In the Knudsen limit, only the first addendum remains, and the flux converges to the Knudsen expression
with pE,i = pi. On the contrary, for the dense fluids, the first addendum disappears, since a molecule in the
conductor rapidly acquires the average energy of the surrounding molecules. Formally,

if P → 0, then μi → −∞, νi →∞, and gi → 0, Enc → 0; (41)
if P →∞, then μi →∞, νi → −∞, and Gi → 0. (42)

Assumption 4. The energy flux is described by eq. (40), with the functions obeying the limiting relations (41)
and (42) (with the explanations given above).

The final assumption is related to the fact that the conductors may be different. They may have different
tortuosities, be built from different materials, and, generally, have different selectivities to various molecules
and energies. Each change of the conductor will affect the penetration probabilities, but not the emission
functions. We assume that the variety of conductors is such that any imaginable combination of penetration
probabilities (within obvious restrictions) can be realized without modification of the emission functions.

Assumption 5. For the different discontinuous systems, penetration probabilities pi, pE in eqs. (22) and (40)
may vary arbitrarily, independently of each other and of the emission functions.

3.2 Onsager symmetry and its consequences

As previously, we consider the system of thermodynamic “coordinates” consisting of variables νi = −μi/T
and τ = 1/T. Derivation of expressions for Onsager coefficients is fully similar to Sections 2.2.1 and 2.2.2, with
the only difference that the energy transport eq. (40) is more sophisticated. The resulting expressions for the
Onsager coefficients are

Lij = −pi
àΓi
àνj
(i, j = 1, . . . n); (43)

Li,n+1 = −pi
àΓi
àτ
; Ln+1,i = −

n
∑
k=1

pk
àΓkGk
àνi
−

n
∑
k=1

pkgk
àΓk
àνi
− pE
àEnc
àνi
(i = 1, . . . , n); (44)

Ln+1,n+1 = −
n
∑
k=1

pk
àΓkGk
àτ
−

n
∑
k=1

pkgk
àΓk
àτ
− pE
àEnc
àτ
. (45)
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These expressions may be greatly simplified by the application of the Onsager symmetry relations. As
stated in the Introduction, we assume these relations to be universally valid. The symmetry condition for the
coefficients Lij (i, j = 1, . . . , n) is obtained on the basis of eq. (43):

pi
àΓi
àνj
= pj
àΓj
àνi
. (46)

According to Assumption 5, probabilities pi may vary independently of Γi. Hence, eq. (46) is only possible
if the matrix of coefficients àΓi/àνj is diagonal. In other words, the following statement is proven.

Statement 1. The values of Γi are independent of νj for j ̸= i, i. e.,

Γi = Γi (νi, τ) = Γi (μi,T) .

This result may be expected based on the meaning of the chemical potential as the amount of energy
needed to insert a molecule of species i into the mixture. Emission is inverse to insertion, and that is why it
is correlated to the individual insertion energy of the species.

Equality of the coefficients Li,n+1 and Ln+1,i, accounting for Statement 1, results in an identity:

pi
àΓi
àτ
=

n
∑
k=1

pkΓk
àGk
àνi
+ pi(gi + Gi)

àΓi
àνi
+ pE
àEnc
àνi
. (47)

In the analysis of this expression, let us first vary pE independently of the mass penetration probabilities
pk . This is possible, according to Assumption 5. Identity (47) will be retained only if all àEnc/àνi are equal to
zero. Hence, we have the following statement.

Statement 2. The value of non-convective energy transfer Enc depends only on temperature T.

Now, due to Statement 2, the term pEàEnc/àνi is removed from eq. (47). In the remaining equation, the
probabilities pk may vary independently. Hence, the terms corresponding to the different pl should be equal
independently of each other. Leaving only the terms containing pi, we obtain

àΓi
àτ
= Γi
àGi
àνi
+ (gi + Gi)

àΓi
àνi
=
àΓiGi
àνi
+ gi
àΓi
àνi
. (48)

If, additionally, we select the terms with k ̸= i in eq. (47), then we obtain

Γk
àGk
àνi
= 0.

From the last two equalities, the following statement follows.

Statement 3. Both Gi and gi depend only on νi and τ (or μi and T).

Application of the three statements above results in a strong simplification of the kinetic coefficients.
Equations (43) and (44) are reduced to

Lij = −piδij
àΓi(νi, τ)
àνi
(i, j = 1, . . . n); (49)

Li,n+1 = −pi
àΓi
àτ
; Ln+1,i = −pi

àΓiGi
àνi
− pigi
àΓi
àνi
(i = 1, . . . , n); (50)

eq. (45) remains unchanged, but all the functions Γi, Gi, gi, Enc entering this equation are also greatly simpli-
fied.

The expressions for Onsager coefficients Lij (i, j = 1, . . . n) and Li,n+1 are identical to the expressions for the
Knudsen gas, apart from unknown functions Γi. Moreover, coefficients Ln+1,i may be substituted by Li,n+1. The
only difference with the Knudsen gas coefficients is in the expression for Ln+1,n+1. It is possible to compute all
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the coefficients except for the heat conductivity coefficient based on the two sets of functions, Γi and pi. This
shows that the main assumptions of the proposed theory are rather restrictive.

Equation (48) provides additional information about the energy emission functions. For the dilute gas
(but not necessarily Knudsen), the values of gi become zero, and eq. (48) becomes fully similar to eq. (18) for
the Knudsen gas. In this limit, the values Ek become equal to ΓkGk, and it should be recalled that these values
are only dependent on νk, τ.

In the opposite limit of a dense liquid or gas, the values of Gk become equal to zero. In this limit eq. (48)
is reduced to

àΓi
àτ
= gi
àΓi
àνi
. (51)

From this equation, the value of gimaybe expressed and substituted into eq. (45) for the heat conductivity
coefficient:

Ln+1,n+1 = −
n
∑
k=1

pk (
àΓk
àτ
)
2
/
àΓk
àνk
− pE
àEnc
àτ
.

Thus, in the limit of dense liquid the heat conductivity coefficients are determined by the mass emission
functions, as well as values pE, Enc(τ). Most of the energy emission functions are, again, excluded.

3.3 Penetration probabilities and penetration lengths

According to Section 2.2.2, a transition from penetration probabilities to penetration lengths is necessary in
order to transfer from discontinuous to continuous systems. The probabilities are changed to the lengths as
far as the differences of emission functions in the transport equations are substituted by their derivatives. The
relationship between probabilities and lengths is described by eq. (28) (in particular, λi = pil). In this section,
we discuss the physical meaning of the penetration lengths in more detail.

The introduction of the values λi may look problematic, since it involves the length of the conductor l.
From the first glance, the transport equations for continuous flows in free space should be free of anymemory
about the characteristics of a conductor. Otherwise, different values of diffusion and other coefficients would
not only depend on the characteristics of the molecular motion, but also on geometry and other properties
of a vessel or a pipe where this motion occurs.

This problem does not appear for the Knudsen gas considered in Section 2.2.2. Since the molecules in
this gas do not interact, the molecular resistance to motion is zero, and the molecules move freely as long as
the geometry of the conductor allows them to do so. Thus, the size and the geometry of the conductor deter-
mine themotion. A characteristic size of the conductor l should enter transport coefficients. For example, the
transport equations for the Knudsen gas in a porous medium contain characteristic pore sizes or equivalent
parameters [26].

The situation becomes different for dense gases or liquids. In this case, interaction with other molecules
becomesmore significant than the limitations imposed by geometry of the conductor. The values of λi should
become, in principle, independent of this geometry. At least, this should be valid for “not-so-complex” con-
ductors with reflecting walls. For such ideal conductors, penetration distances become absolute values de-
pending on the molecular structure of the fluid, while penetration probabilities must, in principle, depend
on the conductor length.

Independence of the penetration distances of the properties of a conductor may be explained in the fol-
lowing way. Consider a molecule of species i emitted to the conductor, for example, from vessel A. At the
moment of emission, an x-component of the molecule velocity will be positive and, on average, different
from the velocities of the surrounding molecules in the conductor. Such a molecule will advance forward,
towards the vessel B, until it will “forget” its initial velocity in the interactions with other molecules. After
that moment it will participate in unbiased random walks, where displacements towards vessel A or B will
be equiprobable. Denote by λi an average distance that a molecule travels before forgetting its initial veloc-
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ity. A known random-walk theorem states that a probability pi that the molecule will reach vessel B before
returning to A is equal to λi/l. This is exactly eq. (28).

Stochastic arguments showing that pi are given by the equality λi/l are presented in Appendix D.
The considerations of this section rely upon the concept of “ideal conductor,” which also needs a dis-

cussion. Consider the Knudsen number Kn = λf /l, where λf is a free molecular path between collisions. For
the Knudsen gas, the value of λf is efficiently equal to infinity, which makes the geometry of the conductor a
determining factor. Meanwhile, if λf is finite, it is always possible to select a conductor, whose size l, as well
as thicknessH, will be much larger than λf . It may be expected that the values of λi will also be much smaller
than l (although different from λf ). Most molecules will penetrate liquid or gas saturating the conductor col-
liding with other molecules much more often than with the conductor walls. So, the definition of the values
of λi as distances during which a molecule “forgets” its initial velocity becomes (almost) independent of the
geometry of a sufficiently large conductor, being determined bymolecular interactions. The concept of “ideal
conductor” is not very restrictive, unless for a much-rarefied gas.

3.4 Diffusion and convection

General relations between “mass-energy” and “diffusion-convection-heat” systems of coordinates were dis-
cussed in Section 2.2.3 for the Knudsen gas. This discussion was rather general and remains true for dense
mixtures. In particular, eqs. (34)–(39) for the Onsager coefficients in binary mixtures remain generally valid.
The only equation that needs modification is the equation for the heat conductivity coefficient:

LD,22 = −
2
∑
k=1
[hλk (h

àΓk
àνk
−
àΓk
àτ
) + λk
àΓkGk
àτ
+ λk(gk − h)

àΓk
àτ
] − λE
àEnc
àτ
.

Since the expressions for the transport coefficients remain unchanged, the problem of coupling between
diffusion/heat conduction and convection persists also for this case. Moreover, an explanation given in Sec-
tion 2.2.3 does not work anymore, since it is specifically oriented onto a gas of non-interacting molecules.
The cases of dense gas or liquid require a different analysis, referring to fundamentals of non-equilibrium
thermodynamics.

At the core of the Onsager derivation of the symmetry property for the phenomenological transport coeffi-
cients lies an assumption that the directedflowsand theflowsarising fromfluctuations of the thermodynamic
values around equilibrium are equivalent. The phenomenological coefficients derived from the correlations
between the fluctuations of the different values may as well be applied to describe the directed flows with
well-established pressure, concentration, and temperature gradients [56, 57].

This assumption is validatedwhen small deviations from equilibrium are considered since for such cases
there seems to be no clear boundary or difference between the fluctuations and the directed flow. For the
convective flows, however, such a difference does exist. Consider for example the case where the conductor
is a straight cylindrical capillary. The directed viscous flow of a dense fluid in such a conductor obeys the
Poiseuille law, with a parabolic velocity profile and the no-slip condition on the wall. Meanwhile, the fluctu-
ations aremore chaotic, and themolecular velocities attributed to the convective flowmay be nearly the same
close to the walls and away from them.While the fluctuating flow is close to uniform across the cross-section
of the capillary, the directed flow, most likely, is not.

Decoupling of the viscous and diffusive flows in discontinuous systems is also largely based on the fact
that the diffusion and heat conduction is essentially structure-less, while the viscous flow possesses a certain
structure. This difference is linked to the difference between viscous forces and diffusion for the continuous
systems, where the corresponding laws have different tensor dimensions.

For small deviations fromequilibriumand randomfluctuations in discontinuous systems, however, there
may be not enough time to form the viscous flow structure until the pressure gradient will change. Diffusive
behavior of molecules in fluctuations is the same as in the directed flows, while the convective flux may also
be randomly fluctuating, not differently from the diffusion fluxes. This results in the coupling between the
two kinds of fluxes.
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Thus, coupling between diffusion and convection, as well as heat flow and convection, is a phenomenon
occurring in hypothetical discontinuous systems for small and random deviations from equilibrium. This
coupling disappears when large-scale directedmotion in such systems is considered. For binary systems, the
coefficients LD,31, LD,13, LD,32, LD,23 become zero in a large-scale approximation,while the convective resistance
coefficient LD,33 changes. The terms proportional to ΔP disappear in the expressions for diffusion and heat
fluxes. Other terms and coefficients (diffusion, Soret, Dufour, heat conductivity) remain unchanged and may
be used for both random fluctuations and large-scale directed flow, as well as for both discontinuous and
continuous systems. Similar statements are valid for the general multicomponent systems.

3.5 Conclusion

Wehave developed a theory of transport properties, like diffusion and thermodiffusion coefficients, as well as
heat conductivities, based on detailed consideration of the flows in non-equilibrium discontinuous systems.
The theory may not be applied to computation of viscosities, and, hence, is not universal. However, it covers
a wide range of practically important applications.

Our approach is based on explicitly formulated and physically meaningful assumptions, and generaliz-
ing the case of Knudsen flow onto arbitrary multicomponent gases and liquids. This generalization required
a different energy flow equation and introduction of the arbitrary emission functions and penetration prob-
abilities (or penetration lengths). Application of the Onsager symmetry property makes it possible to reduce
the number of the necessary unknown functions and strongly restrict their dependencies on thermodynamic
variables. As a result, a problem of determination of (n + 1)2 transport coefficients (or n(n + 1)/2, if symmetry
is accounted for) is reduced to 2(n + 1) emission functions and penetration lengths. All the emission func-
tions Γi depend only on temperature and a single reduced chemical potential νi, while the non-convective
heat emission Enc depends only on temperature τ. The penetration lengths may in principle be determined
in molecular dynamics simulation studies [53].

The properties of the transport coefficients are derived based on the Onsager symmetry (which, for this
case, turns out to be rather restrictive) and on the independence of the properties of the conductor and vessels
forming a discontinuous system. We have discussed a major theoretical difficulty: coupling between diffu-
sive/heat and convective flows, which is present in the fluctuating discontinuous, but not in the continuous,
systems, although some new formalisms suggest a possibility for such coupling.

4 Examples

4.1 Ideal emission functions

In this section, wewill present examples of the transport coefficients calculated on the basis of the developed
theory. The first step is to define the mass emission functions Γi. It may be tempting to postulate that they are
equal to 1

4ρiCi, as for the ideal gas case (and as applied in [51, 52]). However, such a form is inconsistent with
Statement 1, since for non-ideal mixtures the values of ρi may not only be dependent on νi, but also on other
potentials νj.

According to eqs. (19) and (61), the values of Γi for gas mixtures of non-interacting molecules have the
form of

Γi = ai (τ) exp(−
Mi
R
νi) , (52)

ai = A
�
iτ

cV ,i
R +

1
2 . (53)

We will apply eq. (52) [with arbitrary ai or with ai in the form of eq. (53)] as a model expression for mass
emission functions. Its thermodynamic meaning becomes evident if it is represented in the equivalent form

Γi = a
0
i (T) fi.
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Here fi are fugacities and multipliers bi are combinations of the molecular velocities and chemical poten-
tials in the reference state. Thus, the ideal model assumes that emissions are proportional to the component
fugacities. This is in correspondence with the equilibrium condition of fugacity equality in the two vessels.

Consider now dense liquids or gases defined by eq. (51). The form (52) of the emission functions imposes
the restrictions on the values gi of the energy transferred with the molecules.

Statement 4. If Γi are defined as in eq. (52) (with arbitrary ai(τ)), then gi depend only on the temperature.
Vice versa, if gi are only dependent on τ, then Γi have the form of

Γi = Φi {ai (τ) exp(−
Mi
R
νi)} ,

where Φi are arbitrary functions.

Proof of the statement, as well as the relation between gi(τ) and ai(τ), is described in Appendix E.
In the following,wewill use only the values of Γi in the form (52), but not in amore general formpresented

in Statement 4, which needs a separate study.

4.2 Diffusion coefficients

4.2.1 General formula

In this section,we analyze expressions for diffusion coefficients in binarymixtures. TheOnsager phenomeno-
logical coefficient for the diffusion of the Knudsen gas LD,11 is given by eq. (34), and this expression may be
used without changes for an arbitrary binary mixture. A relationship between the Onsager and diffusion co-
efficients comes from the definition of the binary diffusive flux. Under constant pressure and temperature,

JD = LD,11
à (ν1 − ν2)
àx
= −ρDàc1
àx
.

Hence, the binary (Fickian) diffusion coefficient is expressed by

D = −ρ−1LD,11
à (ν1 − ν2)
àc1
.

The reduced chemical potentials νi obey the Gibbs–Duhem relation:

c1dν1 + c2dν2 = 0 (P,T = const) .

Hence, the last equation for the diffusion coefficient may be transformed to the form of (see Appendix
B.2)

D = −ρ−1LD,11
1
c2
àν1
àc1
= ρ−1LD,11

R
c1c2M1M2 (

c1
M1
+ c2

M2
)
[1 +M2c1 (

c1
M1
+

c2
M2
)
à ln γ1
àc1
] . (54)

Here γ1 is the activity coefficient. Itmaybe shown that a cumbersomeexpressionM2c1(
c1
M1
+ c2M2
) à ln γ1àc1 is reduced

to a compact form of z1
à ln γ1
àz1

, z1 being the molar fraction of the first component, so that the expression in
square parentheses is a usual thermodynamic correction [10]. The remaining part of the expression may be
attributed as the ideal diffusion coefficient in the mass-related system of variables:

D0 = ρ
−1LD,11

R
c1c2M1M2 (

c1
M1
+ c2

M2
)
.

It may sometimes be more convenient not to consider the flux proportionality to the mass fraction differ-
ence Δc1, but to the difference of themolar fractionΔz1. The diffusionfluxmay correspondingly be represented
in the form

JD = −ρDMS (1 + z1
à ln γ1
àz1
)
Δz1
l
.
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Here DMS is the so-called Maxwell–Stefan diffusion coefficient [14, 63, 64], expressed by

DMS = ρ
−1LD,11

R ( c1M1
+ c2

M2
)

c1c2
.

An advantage of introducing coefficients D0, DMS is that they show a simpler dependence on concentra-
tion than the coefficient D. In particular, the standard Darken and Vignes mixing rules [6, 7] may often be
applied to predict their behavior over the whole range of concentrations [21, 63].

Finally, let us consider the case of ideal emission functions. The formulae of this section are applicable
for this case, while the expression for LD,11 is simplified as follows:

LD,11 =
M1
R
c22λ1Γ1 +

M2
R
c21λ2Γ2. (55)

4.2.2 Ideal gas mixture

Thedeveloped theorymaybe verified for the case of a binarymixture of ideal gases,where the diffusion coeffi-
cient is known from the Chapman–Enskog expansion of the kinetic Boltzmann equation [27]. The Boltzmann
ideal gases may be denser than the Knudsen gas, since their molecules may participate in binary collisions.
However, they still obey the ideal gas law. Itmay then be assumed that the emission functions Γi are still equal
to ρiCi, as in eq. (19). Combination of eqs. (54) and (55), with the activity coefficient equal to unity, results in

D = z2λ1C1 + z1λ2C2. (56)

Here zi are molar fractions.
Equation (56) is to be compared with the expression for the diffusion coefficient obtained in the frame-

work of the gas kinetic theory:

D = 3C12
16Nσ212
; C12 = (

8RT
πM12
)
2
; M12 = (

1
M1
+

1
M2
)
−1
. (57)

This expression is valid if the penetration distances are equal to

λi =
3
4
( Mi
M12
)
1
2

σ212N
. (58)

These results are worth comparing with the elementary molecular theory of diffusion [27]. This theory
represents diffusion as a process of molecular exchange between adjacent molecular layers located at a dis-
tance of the free molecular path λf from each other. The exchange frequency is determined by molecular
velocities Ci, and average molecular migration occurs due to the disbalance of the molecular concentrations
in the neighboring layers. Then eq. (56) for the diffusion coefficient may be recovered, with the values λfi in-
stead of λi (i = 1, 2). Application of the well-known expressions for λfi results in an expression that differs from
the result (57) of the gas kinetic theory only by a numerical coefficient.

The values of λi, as determined by eq. (58), also differ from λfi by a numerical coefficient. This provides a
physical intuition behind eq. (56): Diffusion in ideal gases occurs by the molecular exchange between adja-
cent molecular layers located at a penetration distance from each other.

It should be noted that if λi dependonP,T, but not on themixture composition, then eq. (56) is equivalent
to the Darken rule:

D = z1D (z1 → 1) + z2D (z2 → 1) .

However, this derivation of the Darken rule is of limited validity. For example, it presumes that the mo-
lar density is independent of the composition under constant pressure and temperature. A less restrictive
derivation of the Darken or a similar mixing rule is presented in the next subsection.
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4.2.3 Ideal mixture

Let us now consider an ideal mixture, without the assumption that this is an ideal gas (that is, the ideal gas
equation of state is not necessarily valid). The necessary thermodynamic formulae for this case are discussed
in Appendix B.2. Assume that the emission functions are ideal, as in Section 4.1. Combining eqs. (52) and (68),
we obtain

Γi = bi (P, τ) zi; bi = ai (τ) exp(−
Mi
R
ν0i ) .

The expressions for diffusion coefficients from Section 2.1 may be transformed into

LD,11 =
1
R

c1c2
c1
M1
+ c2

M2

(c2λ1b1 + c1λ2b2) ;

DMS = ρ
−1 (c2λ1b1 + c1λ2b2) ;

D = D0 = ρ
−1 (c2λ1b1 + c1λ2b2)

1

M1M2 (
c1
M1
+ c2

M2
)
2 .

Of these coefficients, DMS is expressed in the simplest way, and behaves the closest to the conventional
Darken rule. This rule becomes valid in assumptions that the penetration distances λi are dependent only
on T, P and that the density may be approximately taken to be constant. Then the linear mixing rule is valid
with regard to the mass fractions, while DMS is the coefficient related to the case where the diffusion flux is
expressed in terms of the molar fraction.

As shown by eq. (69), the density of an ideal liquid is a non-linear function of themass fraction. Addition-
ally, it has been verified in molecular dynamics simulations that the penetration distances may also depend
on the mixture composition [53]. This is reflected in the weak non-linearity of the diffusion coefficients of
nearly ideal mixtures [12]. On the other hand, the dependence of the penetration distances on the concen-
tration in binary mixtures is usually relatively simple [14]. This is probably in correlation with the results of
[65], where the matrix of the Onsager coefficients, at least for some systems, is demonstrated to factorize into
a constant matrix and a scalar function of the mixture thermodynamics. This question needs further investi-
gation.

4.3 The thermodiffusion coefficient: Thermodynamic invariance

Lastly, we present the equations for the thermodiffusion coefficient. This coefficient DT is defined as a coef-
ficient at the temperature gradient in the expression for the diffusion flux JD. Under constant pressure, this
flux is expressed as

JD = −ρ(D
àc1
àx
+ DTc1c2

àT
àx
) .

This expression is to be compared with the Onsager relations (33) in the diffusion system of thermody-
namic coordinates. Again, under constant pressure, the expression for the diffusion flux is

JD = LD,11
à (ν1 − ν2)
àx
+ LD,12
àτ
àx
.

Comparison of the two expressions results in

DT =
T2

ρc1c2
LD,12 −

1
ρc1c2

LD,11
à (ν1 − ν2)
àT
. (59)

Here coefficients LD,11 and LD,12 are given by eqs. (34) and (37). In particular, for ideal emission functions, the
coefficient LD,11 is given by eq. (55), while eq. (37) is transformed into

LD,12 = h(c1λ2
M2
R
Γ2 − c2λ1

M1
R
Γ1) − c2λ1

a�1
a1
Γ1 + c1λ2

a�2
a2
Γ2.
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An important checkpoint of expression (59) for the thermodiffusion coefficient is whether it is invariant
with regard to changes in the reference states of the energy and entropy. In thermodynamics, these funda-
mental quantities are determined within a constant. Although the constant in the definition of the entropy
is formally fixed by the Third Law of Thermodynamics (the Nernst theorem), in practice this determination
is almost never applied, in view of the difficulty to build a continuous path of equilibrium transformation
between a state with zero temperature and a given thermodynamic condition.

Consider the twodifferent systems of thermodynamic variables (“with andwithout the star”) correspond-
ing to the two reference states. Assume that these reference states differ from each other by the energy and
entropy constants u0, s0. Then

μm,k − μ
∗
m,k = u0 − Ts0; νk − ν

∗
k = s0 − u0τ.

Obviously, the transport coefficients should remind invariant under such a transformation. However,
this statement may not hold for some empirical or semi-empirical expressions for the thermodiffusion coeffi-
cients. Manymodels express the thermodiffusion coefficients in terms of the so-called heats of transport [30].
As an example, the expressions suggested by Haase [32] and Kempers [39, 40] express the thermodiffusion
coefficients in terms of the partial molar enthalpies, which are not invariant with regard to the choice of the
reference energy. See also the more detailed discussion in [66].

It may be checked, by cumbersome but routine computations, that all the transport coefficients, includ-
ing the thermodiffusion coefficient (59), are invariant with regard to the change of the energy and entropy
reference states.

5 Conclusion
In this work, we have demonstrated how the diffusion and thermodiffusion coefficients in multicomponent
mixtures may be computed based on their thermodynamic properties. The derivation was based on a gener-
alization of the properties of the Knudsen gas and followed the idea of the potential character of the flow in
the discontinuous systems. Although the approach is not universal and cannot be easily generalized to the
computation of viscosities, it covers a number of practically important cases. As a result, the set of n(n + 1)/2
independent Onsager coefficients was reduced to 2(n+ 1) dependencies: the emission functions and the pen-
etration lengths. These functions have a clear physical significance. The Onsager symmetry property poses a
number of strong limitations on the possible forms of these dependencies. Model expressions for them may
be proposed. As shown in Section 4, relatively simple sets of penetration lengths and emission functions
make it possible to match well-known expressions for diffusion coefficients in binary mixtures.

Acknowledgment: O. Medvedev, M. Bagnoli, F. Montel, G. Galliero, H. Wesselingh, and H. Baghooee are
kindly acknowledged for multiple productive discussions.

Funding: This study was initiated in the framework of the Talent project granted by the Danish Technical
Research Council, grant 25-00-0315.

Appendix A. Kinetic derivation of the energy emission function for
the Knudsen gas
This appendix aims at explaining why the energy emission value has the form of eq. (9), including the term
proportional to RT/2.

Consider the energy emitted with the molecules from vessel A into the conductor per unit of time:

JA,E+ = HEA = HNANAv ⟨vxe⟩+ . (60)
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Here NAv is the Avogadro number, NA is the molar density in vessel A, vx is the x-component of the molecular
velocity, and e is the energy per molecule. Averaging ⟨ ⟩+ is taken over all the molecules for which vx > 0.

The overall energy flux may be found as

JE = JA,E+ − JB,E−.

The value of JB,E− is symmetric to JA,E+ and is calculated by the same rule.
The energy e is a sum of the kinetic and internal energy of the molecule:

e =
m0 (v2x + v

2
y + v

2
z)

2
+ ei.

In the average ⟨vxe⟩+, the multiplier vx is only correlated with the part m0v2x/2 of the expression for the
energy. Therefore,

⟨vxe⟩+ = ⟨vx⟩+ ⟨e⟩ +
m0
2
(⟨v3x⟩+ − ⟨vx⟩+ ⟨v

2
x⟩) .

The value of ⟨e⟩ in this expression is equal to cVT/NAv. Computation of the velocity averages is carried
out over the Maxwell distribution fM (vx) = (

m0
2πkT )

1
2 exp (−m0v2x

2kT ). The result is

⟨vx⟩+ =
1
4
C;

⟨v3x⟩+ − ⟨vx⟩+ ⟨v
2
x⟩ =

1
2
C kT
2m0
=
1
2
C RT
2M
.

Substitution of the last three equations back into eq. (60) results in

EA =
C
4
ρ(cV +

R
2
)T ,

as expected. It should be remarked that the addendum proportional RT/2 comes directly from the aver-
age m0

2 (⟨v
3
x⟩+ − ⟨vx⟩+⟨v

2
x⟩), that is, from the correlation between the velocity and the energy of the emitted

molecules. Faster molecules have, on average, higher energies, which contributes to the energy flux.

Appendix B. Useful thermodynamic expressions

B.1 General formulae

This appendix brings together useful thermodynamic formulae, which are used in other sections. Derivation
of most of them is straightforward but cumbersome.

Consider a vessel of a constant volume, like vesselsA andB in the systemdescribedabove. Thedifferential
of its entropy per unit volume, in variables νi, τ has the form of

dS =
n
∑
i=1

νidρi + τdu.

This shows that νi, τ are derivatives of the entropy with regard to the extensive variables ρi, u, the last
being the internal energy density.

The ideal-gas expressions for chemical potentialsμi arewell known [67]. The reduced chemical potentials
νi are found to be

νi = −
R
Mi

ln ρi − cV ,i ln τ + A0i.
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Here and further in this section Ai, A0i,… are the different constants; the value of τmay be expressed in terms
of the extensive variables as

τ = 1
u

n
∑
i=1

cV ,iρi
Mi
.

Wewill need inverse expressions for extensive variablesmi, u in terms of νi, τ. Straightforward computa-
tions show that

ρi = Aiτ
cV ,i
R exp(−Mi

R
νi) ; (61)

u =
n
∑
i=1

cV ,iAiτ
cV ,i
R −1 exp (−Mi

R νi)
Mi

.

The derivatives of these variables have the form of

àρi
àνj
= −δij

Mi
R
Aiτ

cV ,i
R exp(−Mi

R
νi) = −δij

Mi
R
ρi; (62)

àρi
àτ
=
cV ,i
R

Aiτ
cV ,i
R −1 exp(−Mi

R
νi) =

cV ,i
R

ρi
τ
; (63)

àu
àνi
= −

cV ,iAiτ
cV ,i
R −1 exp (−Mi

R νi)
R

= −
cV ,iρi
Rτ
; (64)

àu
àτ
=

n
∑
i=1

cV ,i (cV ,i − R)Aiτ
cV ,i
R −2 exp (−Mi

R νi)
RMi

=
n
∑
i=1

cV ,i (cV ,i − R) ρi
RτMi

. (65)

Equations (62)–(65) form coefficients of the matrix (d2S)−1 inverse to the matrix of the second entropy
derivatives with regard to its natural variables ρi, u.

B.2 Mass vs molar

In this paper, we prefer the system of thermodynamic variables related to mass densities and mass fractions.
Meanwhile, most of the common equilibrium thermodynamic expressions (e. g., expressions for chemical
potentials of ideal fluids) are formulated in terms of the molar quantities. It is worthwhile to provide a list of
formulae governing the transformations from one system to another.

The relations between mass fractions ci and molar fractions zi are given by

ci =
Mizi
∑nj=1Mjzj

; zi =
ci
Mi

∑nj=1
cj
Mj

. (66)

For the binary mixture, the derivatives with regard to these variables (provided that c2 and z2 also vary
with c1, z1) are related by

à
àz1
= M1M2 (

c1
M1
+

c2
M2
)
2 à
àc1
; Δc1 = M1M2 (

c1
M1
+

c2
M2
)
2
Δz1.

Consider now the chemical potential of the first component in an arbitrary binary mixture:

ν1 = ν
0
1 (P,T) −

R
M1

ln (z1γ1) = ν
0
1 (P,T) −

R
M1

ln c1
M1
+

R
M1

ln( c1
M1
+

c2
M2
) −

R
M1

ln γ1. (67)

Differentiation by c1 under constant P, T, taking into account that c2 = 1 − c1, results in

àν1
àc1
= −

R
M1M2

1
c1 (

c1
M1
+ c2

M2
)
−

R
M1

àγ1
àc1
.
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This is the result used in Section 4.2.
Now we return to eq. (67) and consider it for the case of ideal mixture, γ1 = 1. The value z1 is expressed in

terms of the chemical potentials, and the same is valid for z2:

zi = exp(
Mi
R
(ν0i − νi)) . (68)

Combination with eq. (66) gives

ci =
Mi exp (

Mi
R (ν

0
i − νi))

M1 exp (
M1
R (ν

0
1 − ν1)) +M2 exp (

M2
R (ν

0
2 − ν2))

.

Further, for an ideal liquid the molar volumes Vi are equal to individual molar volumes V0
i (P,T), which

is easily verified by differentiation of eq. (67) by pressure. The total molar volume is equal to

V = z1V
0
1 + z2V

0
2 .

From this equation, with application of eq. (66), it may be derived that

ρ = 1
c1
ρ01
+ c2

ρ02

, ρi0 =
Mi
V0
i
. (69)

Appendix C. Different systems of thermodynamic forces and fluxes
The goal of this appendix is to establish the relations between mass-energy and diffusion-heat-convection
systems of thermodynamic forces and fluxes. The expressions for diffusive JD,i, convective Jc, and heat flux JQ,
in terms ofmass and energy fluxes Jm,i, JE are specified in eq. (31). The vectors of fluxes JM = (Jm,1, . . . , Jm,n, JE)

T

and JD = (JD,1, . . . , JD,n−1, JQ, Jc)
T are conjugate to the corresponding vectors of thermodynamic forces FM , FD:

dS
dt
= HJTMFM = HJ

T
DFD. (70)

The vector FM is equal to (Δν1, . . . ,ΔνM ,Δτ)T . The goal is to calculate vector FD.
Since JM and JD are connected by linear relations, a formal calculation would be possible by application

of straightforward linear algebra. However, such a computation is rather cumbersome. We will show a less
straightforward, but a more elegant way.

Consider the differential of entropy, represented in terms of mass quantities:

ΔS = τΔU + PτΔV +
n
∑
i=1

νiΔmi.

A Gibbs–Duhem relation for such a form of the basic thermodynamic equation is

UΔτ + VΔ (Pτ) +∑miΔνi = 0

or, dividing by the total massm,

uΔτ + 1
ρ
Δ (Pτ) +∑ ciΔνi = 0.

Decomposition of the product Δ(Pτ) gives

hΔτ + τ
ρ
ΔP +∑ ciΔνi = 0. (71)
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Here enthalpy per unit mass h is equal to u + P/ρ.
Consider now the entropy production in the first form (70):

dS
dt
=

n
∑
i=1

Jm,iΔνi + JEΔτ.

Expressing Jm,i as JD,i + ciJc and applying the Gibbs–Duhem relation in the form of (71), we obtain

dS
dt
=

n
∑
i=1

JD,iΔνi − (hΔτ +
τ
ρ
ΔP) Jc + JeΔτ. (72)

A final transformation is obtained by noting that

Je − hJc = JQ;
n
∑
i=1

JD,iΔνi =
n−1
∑
i=1

JD,iΔ(νi − νn).

The last equality is valid, since the sum of diffusion fluxes is zero. Substituting the last two equalities into
eq. (72), we obtain

dS
dt
=

n−1
∑
i=1

JD,iΔ(νi − νn) + JQΔτ − Jc
τ
ρ
ΔP.

The last equality proves that the vector FD of thermodynamic forces conjugate to JD is really given by
eq. (32).

Appendix D. Stochastic substantiation for the relationships
between penetration probabilities and penetration distances
In this appendix, we provide the stochastic arguments proving that a probability pi for a molecule to pass the
conductor from vessel A to vessel B is equal to

pi =
λi
l
.

Here λi is a penetration distance defined as such a distance, after which the molecule “forgets” its initial
velocity and starts unbiased random walks.

Themotion of amolecule in gas or liquid is a randomprocess, which, depending on the fluid density,may
either be represented as a discrete random walk or as a process with continuous trajectories. If a molecule
forgets its initial state, this process is unbiased: Displacements of amolecule towardsA are equiprobablewith
displacements towards B. The unbiased walk starts when a molecule reaches a distance λi from vessel A.

Let us first discuss a discrete random-walk case and consider the simplest model problem of random
walks “by tossing a coin” (as discussed in [68, Chapter 3]). Assume that at each step the particle moves on
+1 or −1 with a probability of 1/2. It starts motion from position I (corresponding to the penetration distance).
Whatwill be theprobability that themolecule reachespositionN (vesselB) before returning to zero (vesselA)?

A solution to this problem is as follows. Let aI be a probability to reach N before zero. After the first step
of the randomwalk, the particle moves to positions I + 1 or I − 1 with equal probability 1/2. The probability of
final achievement of the position N starting from I is just an average of such probabilities from positions I + 1
and I − 1:

aI =
1
2
(aI+1 + aI−1) , or aI+1 − aI = aI − aI−1. (73)
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Thus, numbers aI form an arithmetic progression. Additionally, a0 = 0 and aN = 1. So, the only possible
solution is AI =

I
N , as required.

Consider now an opposite case of a particle motion in liquid, with a random continuous trajectory. The
consideration follows [69, Chapter 10]. Let qt(x,Y) be a transition probability from point x to a set Y during
time t. Such a probability obeys the backward Kolmogorov equation

àqt (x,Y)
àt
= bàqt (x,Y)
àx2
. (74)

Consider now a probability Q(x) of achieving position l (vessel B) before 0 (vessel A). For a reasonably
small t, the integral backward equation has the form of [analogous to eq. (73)]

Q (x) = ∫ qt (x, dy)Q (y) . (75)

Double-differentiating by x and applying eq. (74), we obtain

aà
2Q
àx2
= ∫
àqt (x, dy)
àt

Q(y).

Now, the last equality is integrated between arbitrary times t1 and t2, utilizing the fact that the left-hand
side of the last equation is independent of t:

a (t2 − t1)
à2Q
àx2
= ∫[qt2 (x, dy) − qt1 (x, dy)]Q(y).

Comparison with eq. (75) results in

a (t2 − t1)
à2Q
àx2
= Q (x) − Q (x) = 0.

Thus, à
2Q
àx2 = 0, or Q is a linear function of x equal to zero at x = 0 and unity at x = l. The only solution for

Q(x) is x/l, as required.
Finally, let us consider the case where a particle performs random walks with a discrete step, whose

length distribution is q(ξ ). This distribution is supposed to be an even function of ξ (or, more generally, a dis-
tribution with a zero average). The equation for the probability Q(x) for this case has the form of

Q (x) = ∫ q (ξ )Q (x − ξ ) dξ . (76)

A linear function Q(x) is still a solution of eq. (76). However, there may formally be other solutions with
fast oscillations within the characteristic step length. Additionally, the formal problemsmay arise if q (ξ ) has
long “tales” extending outside the interval [0, l]. Detailed analysis and overcoming these difficulties is outside
of the scope of the present work.

Appendix E. Proof of Statement 4
In this appendixweproveStatement 4 stating that in adensemixture, under ideal emission functions givenby
eq. (52), the energy gi transferredwith amolecule depends only on the temperatureT; and a statement inverse
to it. A basis for the proof is eq. (51), which, depending on a goal, may either be applied as an expression for
gi in terms of Γi, or as a hyperbolic equation for Γi if gi is known.

The direct proof is straightforward. Rewrite eq. (51) in the form of

gi = −
T2 àΓiàT
àΓi
àνi

.
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Substitution of Γi from eq. (52) results in

gi =
RT2

Mi

a�i
ai
. (77)

Since the values ai depend only on temperature, so do gi.
Equation (77)makes it also possible to express ai in terms of gi. This is the first-order differential equation

that may be solved by separation of variables. The solution is

ai = exp(∫
Mgi
RT2

dT) . (78)

Inversely, assume that values gi depend only on the temperature. Then it is possible to express them in
the form (77) [simply, apply ai from eq. (78)]. Equation (51) is then reduced to the form

àΓi
àT
+

R
Mi

a�i
ai
àΓi
àνi
= 0.

This is a hyperbolic equation for Γi(νi,T). Its general solution is

Γi = Φ
�
i (ln ai −

Mi
R
νi) ,

or, equivalently,

Γi = Φi (ai exp(−
Mi
R
νi)) .

This finishes the proof of the statement.

List of designations
a Pre-exponential factor in the ideal emission function
b Multiplier in the expression for the ideal emission function
c Mass fraction
cV Heat capacity at constant volume
cP Heat capacity at constant pressure
C Molecular velocity
DX Energy per unit mass of emitted molecules
D Diffusion coefficient
DT Thermodiffusion coefficient
e Energy of a single molecule
f Fugacity
F Thermodynamic force
g Part of the emitted energy lost in exchange with other molecules
G Preserved part of the emitted energy
h Enthalpy per unit mass
H Cross-section of the conductor
J Flux
k Boltzmann constant
K Transformation matrix between the different systems of thermodynamic variables
l Length of the conductor
L Onsager phenomenological coefficient
L Matrix of the Onsager coefficients
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m0 Mass of a single molecule
mi Mass amounts of individual components
M Molar mass
n Number of components
N Molar density
NAv Avogadro number
p Penetration probability
P Pressure
q Transition probability
Q Probability of achieving a position
R Gas constant
s Entropy of a unit mass
S Entropy
t Time
T Temperature
u Internal energy of a unit mass
v Molecular velocity
V Molar volume
x Distance
z Molar fraction

Greek

γ Activity
Γ Mass emission function
E Energy emission function
Φ Functional dependence
λ Penetration length
μ Chemical potential per unit mass of a component
ν Reduced chemical potential
ρ Density
σ Collision diameter
τ Inverse temperature

Subscripts

A, B Parameters of the corresponding vessel
c Convection
D Diffusion
f Free run
E Energy
m Mass
MS Maxwell–Stefan
nc Non-convective
P, T Partial derivatives with regard to pressure and temperature, respectively (apart from the heat capaci-

ties)
Q Heat
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