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Abstract

In this paper, the propagation of tunnelling cracks in composite laminates subjected to uniaxial force-

controlled and strain-controlled cyclic loading is analysed considering both interacting and non-interacting 

cracking scenarios. Glass fibre reinforced polymer laminates with layup are used in the 

analysis. For non-interacting cracks, a strain-controlled test under a single strain value is found to be 

sufficient to produce the slope of the Paris-Erdogan law type curve relating the crack front growth rate

(CGR) with the energy release rate (ERR), but within a limited range of ERR. Whereas, a force-controlled

test is found more suitable when characterising the variation of the CGR at a certain ERR value. For closely 

spaced cracks, commonly seen crack interaction scenarios are identified and the CGR of the crack front is

investigated for both loading control modes. It is experimentally found that the CGR decreases when 

volume averaged stresses are reduced ahead of the crack front due to shielding effect at high crack densities. 

A relationship between these two parameters is presented. It is further found that the CGR of two collinear 

crack fronts growing towards each other for coalescence do not influence each other. But when the two 

crack fronts are not collinear the CGR of the crack fronts is significantly affected after they have grown 

past each other.
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1. Introduction

Tunnelling cracking due to the combination of transverse tensile and in-plane shear stresses is one 

of the initial fatigue damage modes emerging in multi-directional composite laminates when subjected 

to cyclic loading, resulting in a considerable stiffness reduction [1, 2, 3, 4, 5, 6, 7]. Several attempts 

have been made to build models to predict and experimentally characterise the growth of tunnelling

cracks in terms of crack density evolution plots [8, 9, 10, 11]. Although crack density is helpful in 

providing the residual stiffness of a composite laminate through a macro-mechanical model (e.g. [12]), 

crack density itself offers little support in building the models themselves as it is an averaged parameter 

to characterise the damage state. The crack density does not provide information such as location of 

cracks, length of individual cracks and local spacings between cracks. The key learnings from a crack 

density plot are mainly limited to its initial rate of rise in crack density [13] and its saturation value,

i.e., the maximum crack density as a function of stress level [4, 6, 11] and the laminate layup sequence 

[4, 6]. Here the crack density, although can be considered a derived damaged state, is not a material 

property. This is because the crack density evolution is dependent on the applied loads and the laminate 

thickness, where for thicker laminates the evolution is found to be lower than thinner laminates under 

the same applied volume averaged stress levels [14, 11]. 

A typically crack growth model can be the result of fits to the experimental data or the prediction 

from basic material properties. For the latter, a macro-mechanical damage model would require an 

input from micro-scale observations, since damage in composite laminates is multi-scale with damage 

initiating at the micro-scale [15]. Thus in order to thoroughly study growth of tunnelling cracks for 

providing meaningful inputs to a mechanics-based damage model, rigorous localised observations are 

required as the local cracking scenarios, especially for interacting cracks, are very complex. In this 

paper, the growth of tunnelling cracks under interacting and non-interacting scenarios is explored in 

laminates subjected to strain and force-controlled cyclic loading, presenting key observations to form 

the basis of a future mechanics-based damage model. 

The complex nature of this particular damage mode comes from the fact that a composite laminate 

suffers from the growth of multiple tunnelling cracks, which do not appear at the same instant [16]. A

crack initiated (e.g., from a defect) within a ply will initially propagate in all directions in the plane 

parallel to the fibre direction but after it has reached the interface with the neighbouring ply, it will 

only grow along the fibre direction, forming a tunnelling crack [17]. Thus, the growth of tunnelling

cracks can be characterised into three stages: initiation, isolated propagation and interaction [17]. An 

isolated tunnelling crack achieves a steady-state condition if the crack is long enough, i.e., about two 

twice the ply thickness for cracks initiating at specimen edges and four times the ply thickness for 

cracks initiated internally from within the laminate [18, 19, 14]. The crack front shape would be such 

that the local energy release rate (ERR) at a point along the crack front is identical to the local fracture 



3
energy corresponding to the local mode-mixity at that point [20], e.g., the steady state crack front is 

found to be nearly parabolic for free surface channelling cracks [21]. Especially in a multi-

directional laminate, the propagation of tunnelling cracks occurs under mixed mode [11, 22, 23]. 

Further, crack interaction can be associated with two tunnelling cracks that are less than four times the 

ply thickness away from each other, where their stress fields interact [14, 11]. This particular 

phenomenon is also termed as shielding effect. Little evidence is found on experimentally

characterising the various interactive damage scenarios a composite laminate can observe. Further,

most of the experimental observations are made from uniaxial cyclic testing in which the tunnelling

cracks mostly initiate from the free edges of the specimen [24, 17]. But for a thorough characterisation 

for the growth of tunnelling cracks, it is quite important to also account for cracks initiating and 

growing away from free edges, i.e., in the bulk material.

Moreover, investigations on the propagation of tunnelling cracks are more commonly studied for 

force-controlled cyclic loading [4, 11, 25, 1, 5, 7, 17, 22, 14] than for strain-controlled cyclic loading 

[6]. A major difference is that as tunnelling cracks evolve, they cause a decrease in the stiffness of the 

laminate, which for strain-controlled experiments implies that the applied forces need to reduce as 

well. This then leads to a decreased growth rate for the cracks subjected to strain-controlled loading. 

In contrast, for the stress-controlled experiments, a constant crack front growth rate is expected for 

non-interacting cracks growing under steady-state conditions. The literature lacks a thorough 

comparison between the tunnelling crack growth behaviour under the two control modes. One such 

study by Li et al. [26] compared crack saturation under strain and force-controlled cyclic loading where 

they noted that saturation occurs in both the control modes, with force-control exhibiting a large 

variation in the crack saturation values. Quaresimin et al. [11] presented a comprehensive comparison 

for the growth of non-interacting single tunnelling cracks in uniaxial planar laminates and tubular 

specimens. They also numerically studied the growth of interacting cracks by evaluating the minimum 

crack spacing required for considering a crack non-interacting. Similarly, Tong et al. [25, 17] measured 

the crack growth rate as function of crack spacing for interacting cracks in the ply of a quasi-

isotropic laminate. Both studies were limited to just force-controlled cyclic loading. In addition, other 

cracking situations were not investigated, such as the influence on the crack front growth rate (CGR) 

of two crack fronts growing towards each other and either belonging to two collinearly or non-

collinearly arranged cracks.

In conclusion, there is not enough literature on the comparison of crack growth behaviour under 

the two test control modes, especially for interactive cracking scenarios. As an example, the CGR of a 

crack growing in-between two closely placed cracks can be expected to exhibit different trends under 

strain-control and under force-control cyclic loading. In the former, not only the crack of interest

experiences the shielding effect due to the two closely placed neighbouring cracks, but also 
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experiences the global reduction in applied forces as the damage increases. Characterising such 

complicated crack growth behaviour will certainly prove to be beneficial in benchmarking any 

potential crack propagation model. 

A characterisation of the growth of tunnelling cracks is deemed to be an important step in damage 

modelling, especially for building macro-mechanical damage models which predict the actual growth 

of damage and relates it to actual measurable material properties, e.g., stiffness properties. The lack of 

characterisation of the growth of tunnelling cracks may lead to questionable performance of the 

damage models under complex situations. This often can be seen through simplifying assumptions or 

lack of sufficient benchmarking. Li et al. [27], for example, used a unit cell approach to predict the 

stiffness degradation due to tunnelling cracking. Although the finite element (FE) analysis based model 

relies on the crack opening displacements (CODs), it simplifies the problem by assuming that the 

cracks are uniformly spaced in a layer and the crack spacing of individual off-axis plies in a multi-

directional laminate are exact multiples of each other. Tunnelling cracking are known to have an

irregular crack spacing [28] and thus may lead to inaccuracy in predicting the ERR and CODs of a 

crack if not taken into account. 

Glud et al. [9] presented a stochastic damage model to predict the crack density evolution, where 

the model only accounts for cracks growing from the edges of the specimen with no more than one 

crack being present along a crack path. In the same paper, the authors discussed that their model faces 

the challenge of predicting the crack density evolution when a crack path or a fully grown crack is a 

result of multiple initiating cracks away from the edges and coalescing with each other. Here, two or 

more cracks are considered to be coalesced when they are in-line and grow towards each other, causing 

their crack fronts to meet and thus end up being one single longer crack. There are examples of models 

that allow cracks to grow only from the edges of the laminate and/or accommodate only one crack 

along a crack path [29, 30, 31]. Contemporaneous with Glud et al. [9], Carraro et al. [8] presented a 

stochastic model to predict crack density evolution by also including the possibility for initiating the 

cracks from within the laminate and not only restricting the initiation to the edges. But the paper does 

not explicitly address the condition under which coalescence of cracks takes place and whether the 

predictions agree with experimental observations. None of the models mentioned above explicit ly 

present the performance of their crack propagation model in comparison with experimentally observed 

crack growth. Instead, they opt for presenting the crack density evolution predictions directly without 

complicated cracking scenarios. This can be considered as an important pre-requisite to the prediction 

of crack density evolution. 

In this paper, the fatigue growth of tunnelling cracks under uniaxial strain-controlled cyclic loading 

and force-controlled cyclic loading is characterised. First, the ERR of non-interacting tunnelling cracks 
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under cyclic strain and force-controlled modes are compared. Later, commonly seen tunnelling cracks 

interaction scenarios in experiments are identified. Here, especially, a relationship is presented for the 

average stress state existing between two closely placed cracks and the CGR of a third crack in between 

the two. The presentation of the analysis is provided through the flowchart shown in Fig 1. As seen in 

Fig 1, the study on the growth of tunnelling cracks under the two control modes is divided into three 

sections: the crack density evolution, growth of non-interacting cracks and the growth of interacting 

cracks.

Figure 1: Summary of the analysis in this study. is the equivalent ERR. and are the fitting material constants of the 

Paris-Erdogan type of law.

2. Specimens, material system and test procedures

Rectangular glass fibre reinforced polymer (GFRP) uniaxial specimens with a layup of

were manufactured using a vacuum infusion process with a cure cycle of 19 

hours at 40 + 5 hours at 75 . The unidirectional (UD) fabric manufactured by Devold AMT 

with an area weight of 637 g/m2 was held together with backing fibres along 45o, -45o and 90o. 

Araldite LY1568 CH epoxy resin and Aradur 3489 CH hardener were used for the polymeric 

matrix component. Two different specimen sizes were investigated, where the smaller of the two 

was 25 mm wide and 250 mm in length according to the ASTM D3479 standard for fatigue testing

of composite materials [32]. The larger specimen type was 50 mm wide and 380 mm in length.  

Because tabs were installed on both types of uniaxial coupon specimens, the actual gauge zone 
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lengths were 130 mm and 260 mm for the smaller and the larger specimen types, respectively. 

Thus, the gauge area of the larger uniaxial specimen was four times the gauge area of the smaller 

uniaxial specimen. The wider specimen was used to also consider cracks initiating in the bulk 

material to characterise the crack interaction scenarios. However, in this paper, no distinction is 

made between the cracks initiating at the edges and in the bulk material in the upcoming analysis.

The thickness of each ply was approximately 0.5 mm. The elastic properties of the unidirectiona l 

ply and the multi-directional (MD) laminate, measured using ASTM standards D3039 and D7078

are given in Table 1 [33, 34]. Here the symbols , and indicate the in-plane

shear modulus, and , respectively.

UD ply

Property

Units GPa GPa GPa - -

Average 40.3 12.2 4.6 0.3 0.1

Standard 

Deviation
0.7 0.2 0.2 0.01 0

laminate

Property

Units GPa GPa GPa - -

Average 22.6 18.3 6.2 0.3 0.2

Standard 

deviation
0.1 0.4 0.2 0.02 0.03

Table 1: Elastic properties of the UD ply (1-along fibre direction; 2-normal to fibre direction) and the MD laminate (t tensile; c 
compressive). See Fig 2a for definition of the x and y directions.

Two types of cyclic tests were carried out: uniaxial strain-controlled and uniaxial force-

controlled. The test matrix is shown in Table 2. For the force-controlled test, the forces were 

applied such that a similar volume averaged stress existed for the 25 mm wide and the 50 mm 

wide specimens. The strain-controlled tests were carried out using a cascade control algorithm 

with the strain constituting the outer control loop and the force forming the inner control loop as 

described by Moncy et al. [35]. Here, the strain signal was acquired through a real time image 

point tracking technique using a digital image correlation (DIC) setup by Gesellschaft für 

Optische Messtechnik, (GOM). The DIC system comprised two Dalsa Falcon2 FA-80-12M1H 

Charged Coupled Device (CCD) cameras with a resolution of 12 megapixels and equipped with 
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a F2.8/50mm Titanar lens each. The images captured by the cameras were used to measure strains 

along the and the direction by the identification of point markers glued on the surface of the 

specimen (see Fig 2a).

Two orthogonal contactless extensometers were established on the surface of the specimen

with the help of the point markers by use of GOM Aramis DIC software. The measured strains

were exported to an MTS FlexTest60 servo-hydraulic PID controller. The measuring volume for 

the 3D deformation measurements using the two DIC cameras was 185 mm 140 mm 125 

mm, see Fig 2a. It was possible to achieve an image sampling frequency of approximately 116 

Hz with a latency of 28-35 milliseconds, since the specimen was illuminated by an external white 

light source. This reduced the shutter time of the cameras to 2-4 ms. A MTS planar biaxial testing 

machine with 250 kN force capacity was used for the testing, but only a single axis was operated 

for the uniaxial test configuration.

Specimen 

width

Number 

of tests

Specimen

labels (kN) (kN) ( (

Frequency 

(Hz)

25 mm 2 25d, 25e 8.03 6.57 - - 3

25 mm 3 25a, 25b, 25c - - 3300 2700 3

50 mm 2 50d, 50e 16.06 13.14 - - 3

50 mm 3 50a, 50b, 50c - - 3300 2700 3

Table 2: Uniaxial force and strain-controlled testing matrix.

The same white light source was also used for a MATLAB based image enhancement 

technique to visually enhance the tunnelling cracks in the images captured by an Olympus OM-

DE M5 Mark II digital camera, as described by Glud et al. [24]. Here additional four point markers

were used on the flip side of the uniaxial specimen for motion compensation (see Fig 2b). Further,

the motion compensated image was normalised with an undamaged image of the laminate taken 

prior to the cyclic test [24]. However, unlike in the earlier study [24], the crack detection was 

done manually through a semi-automated MATLAB program by selecting the cracks of interest 

to be studied. The manual intervention was deemed necessary to characterise the growth of 

tunnelling cracks under various crack interaction scenarios. Images were captured at variable 

interval (i.e., every 10 cycles for the first 1000 cycles; every 100 cycles until 10,000 cycles; every 

200 cycles until 100,000 cycles; and every 1000 cycles then on).



8

                              

(a)                                         (b)

Figure 2: (a) Set-up for strain-controlled cyclic loading using a real-time image point tracking method. (b) Point 
markers for the white light imaging technique [24] to visually enhance the tunnelling cracks in the images captured

by a digital camera.

In order to compare the average state of damage of layer between the two different sized 

uniaxial specimens, the average global crack density is calculating through [14, 8, 11, 36],

Where, is the length of the crack and is the area in which the cracks are being counted. 

By such a definition, the combined length of the cracks are converted to an average crack density 

that corresponds to uniformly spaced full-width cracks [36]. Here, the post-processed images 

were imported in the semi-automatic crack counting MATLAB program, where an area of the 

specimen was selected for manually counting the cracks. In this program, the start and the end 

locations of the cracks were manually selected. The locations of the selected cracks were stored, 

and once all the cracks were marked up, the average crack density was calculated for that 

particular image. Then the next image (same area in the same specimen, recorded later in the 

cyclic experiment) was imported. The previously counted crack field was overlaid on this image 

and it was only needed to select the new cracks and the extensions in the cracks which were 

previously marked. Further, in order to characterise the various crack interaction scenarios, the 

user can analyse smaller regions of interest, such as to measure local crack spacing, etc. 
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3. Experimental results

In this section, the experimentally observed crack density along with the non-interacting 

and the interacting crack front growth behaviour are compared under uniaxial strain and force-

controlled cyclic loading.

3.1. Off-axis tunnelling cracking in a multi-directional laminate

Through the digital image processing technique described in [24], the growth of tunnelling

cracks was manually tracked (see Fig 3). Henceforth, each of the layers are referred to as the 

thin layers and the two layers combined as the thick layer. The cracks in the thin layer were 

found to be much clearer than the cracks in the thick layer, with the thick layer cracks (farther

from the laminate surface) appearing blurred in many instances. Hence, the analysis in this study

is limited to the observations from the thin layer only. Although cracks also developed in the 

backing layer (see Fig 3), they have not been included in this study due to their non-homogenous 

distribution, i.e., the bundles were separated by large resin pockets. For the 25 mm wide uniaxial 

specimen, most cracks started from the free-edges (see Fig 3a). For the 50 mm wide specimen, 

there were a comparatively higher number of cracks which started from the bulk laminate (see

Fig 3b).

Figure 3: Cracks in the thin off-axis layer, thick off-axis layer and backing layer visually enhanced with 

motion compensation following normalisation with an undamaged reference image.

3.2. Crack density evolution

Under strain-control, the thin layer of the multi-directional laminate recorded fairly similar 

between the 25 mm and the 50 mm wide specimens, although there were some specimen-
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to-specimen variation in the , especially after cycles (see Fig 4a). Further, the

difference in for saturation was larger for the force-controlled tests than for the data from 

the strain-controlled tests (see Fig 4a and 4b). This was also found in another study [26]. Here, 

for reference, the saturation value for can be compared between the tests from their 

respective last data points. Interestingly, the 50 mm wide specimens recorded a comparatively 

lower for saturation than the 25 mm wide specimens under both control modes. 

(a)                                                                (b)

Figure 4: (a) Crack density evolution under uniaxial strain-controlled loading ( ) and (b) under 

uniaxial force-controlled loading ( 146 MPa) in the thin 60 layer of laminate. The 

accuracy on the achieved strain under cyclic strain-controlled loading is presented in Appendix B.

3.3. Growth of non-interacting tunnelling cracks

Using the semi-automated MATLAB algorithm, the crack fronts of isolated cracks were 

tracked until no other crack front was less than four times the ply thickness distance away from 

them. In Fig 5, the crack extension, , is plotted against the number of cycles under both control

modes. For strain-controlled tests, the 25 mm wide and the 50 mm wide uniaxial specimens 

experienced similar crack growth indicating that both the differently sized specimens were truly 

under the same global strain state (see Fig 5a). In these tests, the non-interacting crack fronts 

which were tracked earlier in the crack propagation history were growing faster than the crack 

fronts tracked later in the test (see Fig 5a). This was primarily due to the reduction in the applied 

load for maintaining the strain level as the increased (see Fig 6).
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(a)               (b)

Figure 5: Crack front growth for non-interacting cracks under (a) strain-controlled loading (

) and (b) force controlled loading ( 146 MPa). Here, is the thickness of the ply.

Figure 6: Evolution of peak forces in a typical strain-controlled ( ) and force-controlled cyclic 

loading ( 146 MPa). Forces are from 25 mm wide specimens. 

3.4. Growth of interacting tunnelling cracks

A commonly seen interacting cracking scenario comprises two cracks with their individua l 

crack front extensions, and , growing in opposite directions (towards each other) between 

two more neighbouring cracks (see Fig 7). In this local configuration formed by four cracks, the 

two neighbouring cracks are separated by a distance from each other measured in the direction 

perpendicular to the tunnelling crack planes (i.e., in the direction). When , both the 

oppositely growing cracks are in-line with each other which will lead to crack coalescence. When 

, the two crack fronts will eventually propagate past each other. Furthermore, the distance 
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between the two crack fronts in the cracking plane (the direction) is introduced in this paper as

. Note that is taken positive when the crack fronts have grown past each other and negative 

when the crack fronts have not yet grown past each other.

Figure 7: A typical crack interaction scenario with two cracks bounded by two more neighbouring cracks 

growing past each other with their individual crack front extensions and . Note that , the 

distance between the crack fronts, is taken positive when the crack fronts have grown past each other 

It was found that when , the distance between the crack fronts was related to the 

number of load cycles in a linear manner until coalescence under both the control modes (see Fig 

8).

Figure 8: Overlap distance between crack fronts of two in-line cracks under strain and force-control 

when . The uncertainty in the measurement is presented through the data from specimen 25e. The 

arrows indicate the direction in which the data evolved. (Red markers Force-control and Black markers 

Strain-control).
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When , was again fairly linear until , as was also observed in the case of 

coalescence ( ). But after passing by each other, it was found that the growth rate for the 

crack fronts was drastically reduced (see Fig 9). But, the rate of was fairly unaffected even after 

the two crack fronts had passed by each other for the case where the values of , and 

associated with that crack configuration was comparatively larger (e.g., a crack system from 

specimen-25b in Fig 9). 

Figure 9: Distance between two crack fronts under strain and force-control when . The thick 

arrow at the top of the figure indicate the direction in which the data evolved.

4. Analysis of crack interaction

In this section, a relationship between the average stress ahead of the crack front and the crack 

front growth rate is presented, especially addressing the phenomenon observed in Fig 9 where the crack 

front growth rate experienced a drastic reduction after the crack fronts crossed over each other between 

two other closely placed surrounding cracks. 

In case the crack under consideration is propagating under a steady-state condition between two 

long closely spaced cracks (see Fig 10), the averaged CODs far behind the crack front can be calculated 

through an interaction function (see Equations 2 and 3) [12, 37, 9]. It assumed that the crack front 

propagates in a steady-state manner between two long closely placed cracks, when the distances and 

remain the same until very far away ahead and behind the crack front of the middle crack. 

This is considered to be equivalent to the steady state-crack growth behaviour of a non-interacting 

crack, but under an applied stress field equal to the reduced stress field between the two neighbouring 
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long cracks. The steady-state propagation of non-interacting cracks is discussed in more detail in 

Section 5. 

and are the normalised tangential and normal average respectively for non-

interacting cracks of the ply. Here, and were calculated using the GLOB-LOC approach 

where the CODs are described by two power-laws which are heavily dependent on the stiffness and the 

thickness of the surrounding plies or sub-laminates [12, 38, 37]. The parameters and   are the 

ply level transverse normal and shear stresses which are derived from classical laminate theory (CLT) 

for the applied force. As the CLT calculated stresses correspond to the stresses from an undamaged 

laminate, the two ply level stresses have been provided with subscript 0 here to represent virgin ply 

stresses. The terms and are interaction functions which can be 

represented simply as , with and being the dimensionless interaction constants needed to 

be determined. The interaction constants and took values 1.31 and 0.82 for pure and pure 

respectively, by fitting a hyperbolic tangent function to plots of interaction functions 

  and against  (see Fig 11).  Here, is the normalized 

local crack density. Further, is the local crack density which here is defined by the reciprocal of the 

distance between two cracks i.e. in Fig 10, can either be or depending on crack 

spacing of interest. In this work, the local crack spacing is represented by the common notation and 

not distances or for consistency, unless explicitly required. 

A 3D FE analysis on cross-ply laminates was used to determine interaction constants and 

(see Fig 12). Two types of periodic unit cell were constructed with one being loaded under pure uniaxial 

normal strain and the other being loaded under pure in-plane shear strain (see Fig 12). For the former 

unit cell, the corresponding uniaxial displacement along the direction was given as 

; whereas, for the latter unit cell, the faces normal to the and the directions were 

provided with displacements and , respectively. Here, and 

are the required normal strain in the direction and shear strain in the plane respectively. 
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Figure 10: Evolution of a crack between two closely placed neighbouring cracks. 

(a) (b)

Figure 11: Interaction function parameter shown as a function of local crack density under (a) pure 

tensile and (b) pure shear loading cases for various cross-ply laminates. The dashed lines are Equations 2 and 3,

with the points being numerical values obtained from 3D FE models.

The 3D FE analysis was carried out using the commercial FE software ABAQUS with the pre- and 

processor CAE using 8-noded linear brick elements with reduced integration and hourglass control 

(C3D8R). The length of the ply along the direction was and the width was constant at 

mm. The ply thickness was 0.5 mm. Only half of the laminate was modelled as a symmetry boundary 

condition was applied to the mid-ply. The crack in the cracked ply was located at the centre of the model.  
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(a)      (b)

Figure 12: Boundary conditions for calibrating the interaction constants and under (a) pure uniaxial 

loading (prescribed normal displacement in the direction) and (b) pure shear loading with a crack where 

displacements and are applied on faces along and directions respectively.

The ply with the crack had 25 elements through its thickness (i.e., along the direction). Moreover, 

this cracked ply had variable seeding through its thickness with the smallest element being 0.005 mm 

thick and situated at the interface between this and the neighbouring ply. It is this interface where the 

edge of the tunnelling crack running along the width (i.e., along ) lies. Along the edges of the FE 

model in the direction, a variable seeding was employed with the smallest element of length 0.005 

mm at the crack face. And along the edges in the direction, the length of the elements was 0.1 mm. 

The interactions functions when multiplied with and provide the CODs of the crack faces 

  and respectively due to the stress shielding effect. The average stresses between 

two closely spaced cracks can be calculated through stress reduction factors and 

described by Varna [39], as seen in Equations 4 and 5. 

Here, and for the ply were calculated by dividing and with 

coefficients and , respectively. Further, for a multi-directional symmetric and balanced laminate, 

Varna [39] provided analytical expressions to also calculate the coefficients and for cracks in the 

central layer and in symmetrically located non-central layers. In the current layup configuration 

, the plies are the centrally located layers and the plies are the symmetrically 

located non-central layers.

The average stresses between two closely placed cracks in the ply calculated by the use of 

Equation 4 are compared with 3D FE analysis predictions, see Fig. 13. A 3D FE model inspired by [20]

was subjected to a uniaxial normal strain 10,000 and the average normal stress in the transverse 

direction of the thick ply was calculated by averaging the stresses extracted along 30 

equidistant vertical paths, in the plane perpendicular to the crack plane (see Fig 13a). In the cracked 
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ply, 25 elements were again used through the thickness with each element having a thickness of 0.02 

mm. Along the edges in the direction, again the smallest element with a length of 0.005 mm were at 

the crack faces in the variable node seeding assigned. The element along the directions and along the 

crack length had a length of 0.2 mm. Again, C3D8R type of elements were employed. The predictions 

using Equation 4 compared well to the 3D FE predictions (see Fig 13b). 

(a)

(b)

Figure 13: (a) 3D FE model to calculate the volume average stressed in the -60 thick ply between two 

neighbouring cracks seperated by a distance . (b) Comparison of the Equation 4 prediction and the 3D 

FE analysis predictions from the thick -60 ply.

In order to investigate whether the CGR is reduced due to reduction in the average stresses between 

two closely placed cracks, crack interaction scenarios such as those shown in Fig 10 were 

experimentally identified using the semi-automatic crack counting MATLAB program. For the same
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local crack density defined by spacing , the average stress between the cracks is 

expected to be same under force-control but is expected to decrease with the increase in the global crack 

density of the ply under strain-control. In Fig. 14, the CGR is plotted against calculated 

through Equation 4, where the experimentally measured was used to calculate the CODs using 

Equations 2 and 3. The distances and were measured using the semi-automatic MATLAB crack 

counting algorithm in which the local cracking configuration was zoomed in to accurately measure the 

distances. The CGR was seen to increase as increased between two neighbouring cracks. The 

force-controlled tests which had a higher force exerted than the strain-controlled tests (e.g. see Fig 6),

generally experienced a higher CGR. For the same dimensions and from Fig 10, a lower 

ahead of the crack front was associated with a lower CGR, see e.g. mm in Fig 14. 

For the same , a variation was observed in the distance between different pairs of tunnelling 

cracks. But in general, a lower distance was associated with a lower CGR. 

Figure 14: CGR plotted against the average transverse normal stresses existing between two closely placed 

cracks for various under both strain-controlled (black symbols) and force-controlled cyclic loading

(red symbols). Here, the definition of can be seen in Fig 10. 

Further, it is known that the variations in the CGR of non-interacting cracks for a constant 

applied stress level can be described using a two-parameter Weibull distribution [14]. In this case, 

Weibull distribution fitted the CGR data from force-controlled tests better than the strain-

controlled test (see Fig 15). This is because, the applied stress level in a strain-controlled test was

not constant. The variation in the crack growth at a constant applied stress level for non-interacting 

crack in the force-controlled tests can also be appreciated in Fig 5b. Also, a corresponding larger 
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variation in the crack density evolution plots under force-controlled cyclic loading was also seen 

previously in Fig 4b. 

Figure 15: Weibull distribution fit for CGR obtained from uniaxial force-controlled ( 146 MPa) and 

strain-controlled cyclic loading ( ).

5. Description of the cyclic crack  propagation under strain and force-control

In this section, the CGR of a non-interacting crack front from strain-controlled and force-controlled 

cyclic loading are compared. Tunnelling cracks are considered to be non-interacting when they are at 

least four times the ply thickness away from each other for an internal crack [14, 11]. The steady state 

ERR expression developed for Mode I cracking in layered materials [18, 40, 19] motivated the use of 

the energy balance approach by Quaresimin et al. [11] to calculate the total average steady state ERR

for a mixed mode crack (see Equation 6).

The energy balance approach makes use of normal and tangential CODs, and , far 

behind the crack front along with the normal and shear stresses, and , far ahead of the 

crack front. Here, the crack front is considered to be far from the edges of the specimen and there 

should exist a zone far ahead of the crack front (in the plane of the crack) where the stresses are 

constant, i.e., independent of the distance from the crack front. Likewise, there should also be a zone 

behind the crack front where the CODs are uniform, i.e., independent of the distance from the crack 

front. Further, Mikkelsen et al. [20] found that the energy balance approach compared well with other 

numerical approaches, e.g., J-integral of the crack front. Following Mikkelsen et al. [20], the steady 

state ERR is split into two parts denoted Mode I and Mode II, although the mode partitioning cannot 
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be rigorously defended. Here the first term and the second terms in Equation 6 are called as and 

respectively (see Equations 7 and 8).

Further, the propagation of tunnelling cracks are represented through an equivalent ERR where two 

Paris-Erdogan like scatter bands cover the whole mode-mixity (MM) range [23]. Here the mode-mixity 

is taken as . If the MM is less than a critical MM*, then the propagation of a 

tunnelling crack is taken to be governed by Mode I ERR only [23]. When MM is greater than MM*, 

then the tunnelling crack propagation is assumed to be governed by a mixed-mode or primarily Mode 

II (if Mode II>>Mode I) ERR (see Equation 9).

The steady state ERR of a non-interacting crack in the ply of the layup configuration 

calculated through Equations 7 and 8 were compared with 3D FE analysis predictions 

found in [41]. Here, and were calculated under a uniaxial strain of 6667 . The calculated 

values of and were found to be in good agreement with the 3D FE analysis (see Fig 16). As an 

example, the error at for was 4.2% and the error at for was 4.6%.

Figure 16: Comparison between the ERR predicted by Equation 7 and 8 for non-interacting cracks with 3D FE 

predictions as a function of in . 3D FE analysis data is taken from [41].

In a strain-controlled cyclic test, due to the gradually changing applied forces, the ERR is expected 

to decrease with the increase in even for non-interacting cracks. In order to use the energy 
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balance approach for steady state crack propagation (see Equation 6), the entire cyclic test was divided 

into smaller cyclic intervals so that the forces within that cyclic interval was considered to be fairly 

constant. This constant force within an interval , i.e. , was determined by averaging all peak forces

of the sinusoidal load history within that cyclic interval. Thus, in Fig 17, each steady-state and 

data point was calculated using Equations 7 and 8 considering an equivalent force-controlled test with 

force cyclically loaded for cycles. 

Figure 17: ERR for a non-interacting crack for specimen-25a tested under uniaxial strain-controlled cyclic 

loading.

Using this method, the and terms of for a non-interacting isolated cracks were found to 

decrease with the increase in under strain-controlled cyclic loading (see Fig 17 and 18). In 

contrast for the force-controlled tests, and were predicted to be fairly constant (see Fig 18). Here, 

the ERR of a non-interacting crack is plotted until the number of cycles corresponded to . 

Furthermore, due to the faster nature of crack growth with the force-controlled test, the ERR of a non-

interacting crack spanned for lesser number of cycles than for strain-controlled tests. 
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Figure 18: ERR for a non-interacting crack as a function of number of cycles with strain-control (SC) and 

force-control (FC) cyclic loading plotted until .

Finally, a Paris-Erdogan type-law was fitted to the growth data of non-interacting tunnelling cracks 

i.e. where and (see Fig 19). The unit of is 

(mm/cycle)/(kJ/m2)n and is dimensionless. Here, unlike for Fig 17 and 18, the steady-state was 

calculated under the average peak force existing between two crack growth data points in the crack 

front growth plot (see Fig 20). The CGR in Fig 19 was calculated between every two consecutive data 

points of the crack extension data from Fig 5. Also, the CGR was assumed to be linear between these 

two points, under the application of a constant amplitude cyclic loading with peak force equal to . 

Using this technique, the when plotted against the CGR fell under a single scatter band for the strain-

controlled tests. Fig 19 shows the characteristics of the scatter with the 5 percentile, 50 percentile and 

the 95 percentile prediction lines.  Further, the data from the two differently sized specimens fell under 

the same scatter band for the strain-controlled tests, implying that the 25 mm wide and the 50 mm wide 

specimens were indeed under similar cracking conditions. As a result of the Paris-Erdogan type of law,

a strain-controlled cyclic test at a single strain value was found to show an increase in the CGR, which 

was associated with the corresponding increase in .
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Figure 19: as a function of under uniaxial strain-controlled and force-controlled cyclic testing.

Figure 20: Description of the average force acting on the specimen between points 1 and 2 for 

calculating in strain-controlled tests, such that the crack grows linearly from point 1 to point 2 under an 

equivalent force-controlled cyclic test with peak force .

  

6. Discussion

In this section observations such as the lower with wider uniaxial specimens, and 

the reduction in the crack growth with reducing crack spacing are discussed. Further, the 
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advantages associated with both strain-controlled and force-controlled cyclic loading are outlined. 

Finally, recommendations are made for modelling crack growth behaviour in any potential damage 

model.   

6.1. Lower in larger uniaxial specimens

The from the 50 mm wider specimens were found to be lower than the 

from regularly sized 25 mm wide uniaxial test specimen, especially after cycles, for both 

strain-controlled and force-controlled cyclic tests (see Fig 4). Though the existence of a scaling 

effect cannot be rigorously defended with the presented test data, the from the larger 

specimens may also be attributed to the error induced in the manual counting process. But minimal 

human error is expected based on the error bars shown for a measurement from specimen 25e 

in Fig 8.

The corresponding stiffness reduction plot is shown in Fig A1 from Appendix A. Here, the 

GLOB-LOC model which made use of a thermos-elastic constitutive stiffness matrix to predict 

stiffness degradation was plotted as well [12]. The experimentally obtained crack density evolution 

in the thick and the thin layer was used as an input to the GLOB-LOC model. With all other 

parameters held fixed, a higher should result in a larger stiffness reduction [11]. But it was

seen that under force-control, although the in the thin layer of the 50 mm wide specimens 

were lower than the 25 mm wide specimens, the wider specimens underwent comparatively larger 

stiffness reduction. It should be noted that the crack density evolution from the thick layer was not 

part of the studies in this paper as the cracks appeared blurred. There may be a substantial 

contribution from the cracking in the thick layer towards the stiffness reduction. Thus, studying 

the growth of tunnelling cracks in the thick layer as well, is certainly seen as a future work.

Furthermore, the variability in the stiffness degradation for the strain-controlled tests was

higher than for the force-controlled experiments, unlike with the variability observed in the 

plots, where the variability in of strain-controlled tests were lower (see Fig 4 and Fig A1).

6.2. Advantages of a strain-controlled and a force-controlled testing

Unlike force-controlled cyclic tests, where at least a minimum of three tests at three different 

stress levels would be required to produce sufficient data for fitting an expression similar to the

Paris-Erdogan law, a single strain-controlled test specimen should be able to produce the same

(see Fig 19). This potentially reduces the amount of calibration tests that a damage model would 

require to describe the characteristics of tunnelling crack propagation for a certain material 

system. But it should be noted that the fitting parameters for the Paris-Erdogan type of law for
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force-controlled tests from three stress levels placed sufficiently far apart from each other would

cover a larger range in their plot than with a single strain-controlled test. 

Further, the advantage with force-controlled tests lies in the proper definition of the variation

associated with CGR of non-interacting cracks for a constant ERR using the Weibull distribution 

(see Fig 15). 

6.3. Reduction in the crack  growth rate with lower 

It was found that when two crack fronts grow towards each other between two more 

neighbouring cracks, the two crack fronts seem to not feel each other irrespective of whether they 

coalesce or grow past each other. Here, the reduction in the distance between the crack fronts

was found to be very linear until coalescence or crossing over (see Fig 8 and 9 respectively). But 

by taking the example of coalescence, it should be noted that, since a strain-controlled cyclic test

also experiences a global reduction in the forces with increasing damage, it may also slow of 

tunnelling cracks which are especially tracked for a long time (e,g., see data from specimen 50a 

in Fig 8). This may cause an artificial sense that the two crack fronts growing towards each other 

may be interacting. 

Further, when in Fig 7 and 9, where the two oppositely growing crack fronts between 

two more neighbouring cracks propagate past each other, it was found that the rate at which the 

crack front distance increased, , reduced considerably. This was primarily due to the entrance 

of the crack fronts from a higher averaged stress regions defined by to lower averaged 

stress regions defined by and . Previously it was seen in 

Fig 14, that a lower average stress corresponded to a lower CGR. But after crossing each other, if 

and were found to be still small, i.e., the local crack 

spacing is still large, the crack front growth rate remained fairly unaffected as the stress reduction 

was not significant (e.g., see data from specimen 25b in Fig 9).

6.4. Considerations for a potential damage model

Taking the example of a complex local crack configuration seen in Fig 7, when the two crack

fronts are far away from each other or when the two crack fronts grow past each other ( ), 

both the crack fronts in reality grow individually under the condition described in Fig 10 Thus, it 

is important that a damage model predicts crack growth under the condition where a single crack 

is growing between two long neighbouring cracks as complex cracking situations can potentially 

be reduced to this simple case. The ERR computation here can simply depend on the neighbouring 

cracks and not on cracks ahead of the crack front, irrespective of whether the cracks are aligned

with each other or not. Here, the crack front extension for the central crack is a function of 
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both and (see Fig 14). In a more general analysis, would depend on the volume averaged 

stress state ahead of the crack front defined by 

7. Summary and conclusions

In this paper, the propagation of tunnelling cracks in laminates subjected to uniaxial force-

controlled and strain-controlled cyclic loading are compared for both an interacting and a non-

interacting cracking scenario. The strain-controlled cyclic test was conducted using a real time digital 

image point tracking method implemented through a cascade architecture which resulted in a high

accuracy contactless strain-controlled cyclic test. The growth of tunnelling cracks was monitored with

a digital image processing routine on MATLAB using white lights for visually enhancing the cracks. 

Firstly, for non-interacting cracking scenarios, cyclic testing only at a single strain level was found 

to be enough for producing a Paris-Erdogan law type of expression for a limited ERR range, where it 

was shown that an increase in the CGR led to an increase in the ERR. Whereas, cyclic testing at a 

single force level is still necessary to provide a more robust information on the variation associated 

with CGR at a certain ERR.

Secondly, the interacting cracking scenarios are studied for commonly seen local cracking 

configurations where a crack growing between two neighbouring longer cracks was found to be the 

main local cracking configuration affecting the CGR. Complicated interacting cracking scenarios can 

potentially be reduced down to this simple cracking scenario. Here, it was observed that a reducing

average stress between two cracks led to a reduction in the CGR for a third crack propagating between 

them as well. Further, no effect to the crack growth was found when two crack fronts grew towards 

each other until coalescence and when they were also between two closely placed neighbouring cracks

themselves. In a similar configuration where instead of coalescing, the two crack fronts were expected 

to grow past each other, initially no effect was found on the crack front growth rate until the point their 

crack fronts grew and past by each other. As soon as the crack fronts grew and past by each other, their 

crack growth rate reduced drastically as they moved from a higher average stress region to a lower 

average stress region.

Finally, both the 25 mm wide and the 50 mm wide specimens exhibited similar crack density 

evolution under strain-controlled cyclic loading but showed a larger variation in the crack density 

evolution under force-controlled cyclic loading. 
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Appendix A: Stiffness degradation under uniaxial strain and force-control

Figure A1: Stiffness degradation prediction by the GLOB-LOC model compared with experimentally 

observed stiffness degradation.
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Appendix B: Accuracy of the strain control program

The accuracy of the strain controlled tests is shown in Table B1 and were found to be quite 

acceptable as the maximum average error between the mean peak achieved strain and the required 

peak strain of the cyclic loading was 1.55%. 

Specimen Mean peak strain ( ) Standard deviation in the 
peak strain ( )

25a 6038 90
25b 6066 87
25c 6093 161
50a 6088 95
50b 6068 89
50c 6052 105

Table B1: Performance of the real time digital point tracking active strain control program [35].
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Abstract

A multi-scale stochastic crack density evolution model for structural composite material applications is 

presented, as currently none of the available models in the literature have demonstrated their capabilities 

for structural fatigue propagation problems. The damage model proposed in this work utilizes a multi-scale 

stress based crack initiation criterion along with a triple unit cell approach with inputs from the GLOB-

LOC model to determine the crack-front growth rate. Biaxial cruciform specimens under strain-controlled

cyclic loading are used to calibrate the crack initiation SN curve and the Paris-Erdogan type of law required

for crack growth. Additionally, uniaxial force-controlled cyclic tests are used to calibrate the stochastic

parameters associated with crack initiation and crack growth. The performance of the damage in predicting 

the crack-front growth is compared with both experiments and extensive 3D finite element analysis, where 

good agreement was found. The damage model is provided with a crack element discretisation scheme

which allows for multiple collinear cracks to initiate and coalesce. The model also accounts for the growth 

of damage outside the primary representative volume element (RVE) window. The crack density prediction 

of the model is compared with experimental measurements from cruciform specimens, where the model is 

found to be conservative in its prediction for the crack saturation level, mainly due to the damage initiation 

criteria and the boundary conditions applied to the RVE.

Keywords: Tunnelling cracks, Crack density evolution, Multi-axial fatigue, Cruciform specimens, Damage 

mechanics

_____________________________________________________________________________________
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1. Introduction

Multi-directional composite laminates subjected to cyclic loading leads to a progressive damage 

evolution involving tunnelling cracks, delaminations and fibre breakages [1, 2, 3]. Considerable interest 

has been shown for the study of the growth of tunnelling cracks, because it is associated with large stiffness 

reduction of the laminate [4, 5, 6, 7, 8, 1, 9]. There exists several formulations which relate the stiffness 

degradation with the crack density evolution [10, 11, 12, 13, 14, 15, 16]. The global crack density evolution,

for the ply in the laminate, is a volume averaged impression of this damage state, defined by

the ratio of to , where is the length of the crack in the measuring area [17, 18]. But 

modelling crack density evolution to predict the stiffness degradation is not a simple task, as multi-

directional composite laminates are highly anisotropic. Furthermore, the pristine anisotropy of an un-

cracked laminate is altered due to the tunnelling cracks. As an example for the alteration in anisotropy, the 

growth of tunnelling cracks was found to produce variation in the extension-shear coupling coefficients of 

an orthotropic laminate [10]. 

Damage due to tunnelling cracks involves a crack multiplication process, where not all cracks appear 

at the same time. At lower crack density, the spacing between the cracks are highly non-uniform, but

becomes more uniform with increasing crack density. At a high crack density, the minimum distance 

between the cracks is found to be approximately equal to the thickness of the cracked ply i.e. the cracked 

ply attains absolute crack saturation [19]. In a typical asymptotic crack density evolution plot, the crack 

density initially increases due to the initiation and growth of non-interacting cracks. But later the evolution 

slows down reaching a crack saturation as lesser new cracks initiate and the growth of existing cracks 

reduces, due to a stress shielding effect. Here, the saturation depends on the applied load level and may not 

be the absolute saturation. 

Following initiation, tunnelling cracks grow in all directions perpendicular to the fibre plane, until it 

reaches the interface with the next neighbouring ply. After reaching the interface, the crack grows along 

the fibre direction. A crack which initiates from within the bulk material of the laminate has two crack-

fronts, whereas a crack which initiates from a free-edge (e.g., in a rectangular uniaxial coupon specimen)

has only one crack-front. The growth of these crack-fronts heavily depends on the local crack condition 

surrounding the crack-front [20]. Here, the local crack condition is defined as the local spacing of the crack-

front from the neighbouring cracks. When the crack-front of interest is far away from other cracks, the 

stress field perturbation is not very strong, and the crack-front can be categorized as a non-interacting crack-

front. Through finite element (FE) analysis it was found that there exists a threshold distance between the 

cracks, which is four times the ply thickness, below which there is stress shielding induced by the two 
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parallel cracks, causing a reduction of the stresses in between [21, 18]. A reduction in the stresses between 

two parallel cracks leads to a reduced Crack-front Growth Rate (in this work denoted as CGR) of a third 

crack in between the two parallel cracks [20]. There exists several stress analysis methods which are 

available in literature, such as the shear lag and the variational models which can be used to determine the 

stress state between closely placed tunnelling cracks [22, 23, 24, 6, 25, 26, 5]. 

The CGR is a complex process especially when cracks are interacting. Examples include coalescence 

of multiple cracks, crossing of two oppositely growing crack-fronts in-between two other longer

neighbouring cracks etc. (see Fig 1) [20].  Also, the energy release rate (ERR) associated with the growth 

of a crack-front not only depends on the local cracking scenario, but also depends on the type of loading. 

The ERR is constant and steady-state for a force-controlled cyclic test for a crack which is at least four 

times the ply thickness long [21].  But the ERR reduces in a strain-controlled cyclic test, due to the reduction 

in the applied forces with increasing damage in order to maintain the strain levels [20]. 

Figure 1: Examples of local crack interaction scenarios [20].The blue arrow denotes the direction of the crack 

front propagation.

Further, there is statistical nature associated with initiation and growth of tunnelling cracks. Here, the 

load cycles to crack initiation and the CGR for a constant stress level and ERR respectively is known to 

follow a Weibull distribution [27, 21]. In fact various stochastic based models are available in the literature

to predict the crack density evolution at least at the coupon scale [28, 29, 27, 30, 31, 32, 33, 34, 21]. Huang 

et al. [30] presented a strength based statistical model to predict crack density evolution, where the local 

stress field is calculated using 3D FE analysis based on a unit cell approach proposed by Li et al. [14]. The 

model relies on FE analysis, which can be time consuming for a large structure, and can predict crack 

density only for fully grown edge-to-edge cracks. Sun et al. [35] used Monte-Carlo simulation to generate 
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a probability density function (PDF) for the crack spacing to predict the crack multiplication process in 

cross-ply laminates. Vinogradov et al. [28] presented a probabilistic model accounting for the randomness 

associated with the distribution of micro-damage in a laminate. Here, the specific surface energy is 

compared to the ERR calculated through a combination of variational stress analysis and an energy based 

finite fracture criterion to compute damage.  Carraro et al. [29] presented a stochastic model which defined 

a Local Hydrostatic Stress (LHS) and a Local Maximum Principal Stress (LMPS) as the driving forces for 

the initiation of cracks. The discretization of the model seemed to allow initiation of multiple collinear 

cracks, but the methodology used for coalescence of cracks was not largely addressed.  Jagannathan et al.

[36] used a strength based criterion and the Smith Watson Topper (SWT) parameter for tunnelling crack 

initiation, along with the stress intensity factor for crack propagation in a stochastic model to predict crack 

density evolution. The model is restricted to crack initiation from the free-edges. 

None of the above models a) explicitly exhibit the performance of their model in predicting the crack 

density evolution of a structure, b) present strategies for a structural implementation, where damage outside 

their usual representative volume element (RVE) is also accounted for in the crack density prediction, and 

c) explicitly demonstrate the performance of their CGR model. The damage model presented in this paper 

attempts to addresses these research gaps by presenting a model which can have the potential of scaling to 

a larger structure.

This work expands on a previously proposed stochastic damage model by Glud et al. [27]. The model 

required a SN curve for crack initiation as input, as well as a Paris-Erdogan type of curve for the CGR from 

two equivalent laminates. The model adopted the LHS and LMPS crack initiation modes proposed by 

Carraro et al. [37]. This model also extended the GLOB-LOC approach for predicting crack opening 

(COD) for a tunnelling crack [38, 39, 40, 41]. Finally, the ERR associated with the growth 

of a crack-front was calculated though the energy balance approach [18]. Though the model prediction was 

respectable, the model was restricted to uniaxial coupon specimens, where the cracks could initiate only 

from the free-edges. But even in uniaxial specimen, cracks can initiate in the bulk material of the laminate,

which the authors acknowledged as a drawback of the model. Further, the ERR of a crack-front was pre-

calculated using an ERR scaling factor assuming crack doubling. Here, crack doubling refers to the 

consideration that a new crack would initiate in between two existing long cracks. Thus, the model does 

not account for realistic local cracking scenarios, where the ERR of a crack-front would constantly change 

as the local spacing would itself vary around the crack-front. This is either due to initiation of a new crack 

or growth of existing closely placed cracks. Further, the commonly seen cracking scenarios e.g. coalescence 

of cracks, were not implemented. 

A summary of the extension for the proposed damage model includes:
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i. A new and improved crack element discretisation scheme.

ii. Consideration for the influence of damage outside the primary model RVE.

iii. Explicitly calculating the ERR of the crack-fronts based on the changing local crack spacing.

iv. Allowing for the formation of multiple collinear cracks which can coalesce.

v. Interacting behaviour of cracks based on the experimental observations by Moncy et al. [20].

vi. Avoiding the usage of equivalent laminates for calibrating the crack initiation SN curve and the 

Paris-Erdogen type of law. 

The paper initially presents the material system and the specimen types used as a demonstration for the

calibration of the model. The new discretisation scheme is presented next, followed by the crack initiation 

criteria and the improved crack growth model. Considering a case study, the performance of the crack 

growth model and the crack density prediction itself are compared with the experimental results from 

cruciform specimens under two different biaxial strain states. Finally, a parametric evaluation of the model 

presents the sensitivity of the model prediction to the various model parameters. 

2. Model Description

2.1. General description

The description of the model is provided in Fig 2, including the sections of the model which has 

been improved. The model setup includes the definition of the RVE in terms of crack elements and initiation 

elements. Later, the biaxial strain history, the material and the layup parameters are provided. In a multi-

scale modelling scheme, the local strain state measured from the structure can be envisioned to be used for 

the RVE to determine the local crack density at that structural location. Depending on the applied global

strain state , and at the time step , the stress field in the cracked ply are computed. Here, the 

influence of the cracks on the stress perturbation is taken into account as well. The calculated stress field is 

used to determine the total probability of failure of the crack elements at time step . The probability of 

failure is further used to determine the number of initiated cracks , and a new crack initiation module 

is proposed to facilitate the crack initiation process for the new crack element discretisation scheme. Next,  

an improved crack growth calculation process is used to explicitly determine the growth of the individua l 

crack-fronts depending on the local crack spacing surrounding the crack-front. Finally, the global crack 

density is calculated. Depending on the step size and the number of cracked plies requested for the 

simulation, the model runs until the required number of cycles have been simulated. For calibrating the 

model, a SN curve for crack initiation, a Paris-Erdogan type of law for crack growth along with the 
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stochastic parameters associated with the Weibull distribution for crack initiation and crack growth are 

needed. 

Figure 2: Description of the model from [27], with improvements marked for the current model.
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2.2. Element discretisation scheme

Figure 3: Illustration of the RVE for computing the crack density evolution. Here, is along and is normal 

to the ply fibre direction.

A RVE of size mm in which the crack density must be computed contains crack 

elements (see Fig 3). For an angled ply, the dimension is given by , where is the ply angle. 

Each crack element can contain only a single crack. The size of this crack element is user defined through 

specifying dimensions and . The total number of crack elements is . 

Each column of crack elements (along ) comprises of a single crack path of length L. The crack path is 

assumed to be at the centre of the elements it passes through. The number of crack paths in a model is 

. In order to compute , each crack element is further divided into initiation elements. The total 

number of initiation elements is . An initiation element should be small enough to consider 

the stress state in the element to be fairly constant. 

The main RVE in which the crack density prediction is taking place is assumed to be periodic about 

the left and the right boundaries (see Fig 3 and 4). This implies that the damage in terms of the crack location 

to the left and the right of the main RVE is identical to the main RVE. Though, the modelling framework 

also provides the opportunity of having different cracking patterns in the left and the right windows, it is 

not within the scope of the present paper.

2.3. Stochastic nature of crack initiation and crack growth

The stochastic nature associated with crack initiation is assumed to be identical to what was 

presented in [27], where the failure probability of each crack element depends on the LHS and the LMPS 

initiation criterion. The same fibre-matrix unit cell model which was used in [27] is again used to determine 

the local stress concentration factors required to calculate LHS and LMPS. Here, the amount of load cycles 

to crack initiation for the LHS and the LMPS damage modes follows a Weibull distribution under a constant 

stress level (see Equation 1) [27, 21],
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is the number of cycles to crack initiation for the damage mode , where or LMPS. 

Further, is the shape parameter and is the LHS or the LMPS responsible for crack initiation, and 

are fitting constants to the crack initiation SN curve . A short description on the

calculation of the total probability of failure using is provided in Appendix A.

Further, even though the growth of an initiated crack is modelled using a Paris-Erdogan type of law 

, there is a statistical nature associated with the at a certain which follows a 

Weibull distribution as well (see Equation 2) [21, 27]. The detailed interpretation of can be found in 

[42], but a short description is presented in Section 2.5 ahead. Finally and are the power law 

constants.

Here, is the shape parameter and is the scale parameter. 

2.4. Damage initiation criteria

The authors would like to emphasize here that the initiation criteria described so far are not enough 

to accurately model crack initiation. This is because, the initiation of cracks depends on various factors, 

such as the stress state in the ply, the local micro-structure, defects and the local fracture toughness, which 

are not necessarily covered by the crack initiation SN curves and the probability of failure. Thus, additional 

crack initiation criteria are included in the model based on experimental observations. The crack initiation 

methodology implemented in this work is just to facilitate the crack multiplication process, which primarily 

concerns with initiation of cracks at different times. The flowchart for the crack initiation criteria is shown 

in Fig 5. 

The total probability of failure of the laminate , does not provide the location of the cracks 

explicitly. Thus, in this model, the first non-interacting cracks for each crack path is initiated with the help 

of the crack initiation sequence shown in Fig 3 (see sequence of letter ). The first non-interacting cracks 
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were chosen such that no neighbouring cracks are present for at least distance away from the crack 

along the coordinate, where is the thickness of the cracked ply. During the simulation, there are two 

crack element groups created i.e. interacting and non-interacting crack elements (see Fig 4). The crack 

elements which are within distance on each side of a crack are assumed to qualify for being categorised 

as an interacting crack element. Thus, when all the cracks paths have initiated their first non-interacting 

cracks, the next non-interacting cracks are initiated from randomly chosen non-interacting crack elements. 

The set for the non-interacting and interacting crack elements constantly updated after each time step.  

When there are no non-interacting crack elements left, the next cracks are initiated from the 

interacting crack elements. Here, similar to Equation A1, the probability of failure for the individual crack 

element is used as a measure for determining the most probable regions where a crack can initiate (see, 

Equation 3). Depending on the total number of elements to initiate, the crack elements with the highest 

probability of failure at time step are identified and cracked. 

Further, each crack path is allowed to initiate multiple cracks. But the maximum number of 

allowable cracks that could initiate in a crack path , is defined by the parameter . This is 

because, there is also a randomness associated with the number of initiated cracks attaining a certain 

coalesced crack length. Therefore, the total number of initiated cracks in the RVE, , at load step is

given by,

Figure 4: Illustration of the interacting and the non-interacting group of crack elements. In this pictorial 

representation, it is assumed that two crack elements next to the cracks are classified as interacting crack elements.
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Figure 5: Flowchart for the crack initiation rules.

2.5. Crack-front propagation

An improved crack-front growth calculation scheme is implemented in the model which determines 

the growth of a crack-front explicitly by measuring the local crack spacing on each side of the crack-front 

(see Fig 6). 
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Figure 6: Flowchart to determine the length of cracks in each crack element.

For explicitly calculating the ERR of a certain crack-front, a triple unit cell approach is used by 

accounting for the position of the crack between two closely placed neighbouring cracks. Consider a three 

crack configuration labelled as crack 1, 2 and 3, where it is required to determine the ERR for a crack-front

of crack 2 located in between cracks 1 and 3 at location (see Fig 7). Three unit cells are defined 

here by their local crack density and are labled as ,   and , when they are located 

on the side, the side and ahead of the crack-front of crack 2 respectively. Unlike the global crack 

density , the local crack density is the reciprocal of the distance between two closely placed 

cracks. Further, the local crack density can be normalised as . Under strain-control, the three 
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unit cells are subjected to the same stain state i.e. . When

, the resulting local forces applied to the unit cells are not equal i.e. .

Figure 7: Description of the triple unit cell model.

Using the triple unit cell approach and based on the energy balance approach [18], the total steady 

state ERR for crack 2, taking into account the unsymmetrical position of crack 2 between cracks 1 and 3 is 

given in Equation 5.

The CODs for crack 2 and the stresses existing between cracks 1 and 3 at location are assumed 

to be taken far behind and the far ahead of the crack-front respectively. Though it cannot be rigorously 

defended, the steady state is split into two terms, here denoted as and (see, Equations 6 and 7).

The CODs and for an un-symmetrically located 

crack between two other neighbouring cracks can be computed using the double periodic approach 

proposed by Loukil et al. [43]. A short description is provided in Appendix B. Further, the stresses at 

location i.e. and [44]
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for the average stress existing between two cracks i.e. and , with the shear 

lag expression, as proposed by Glud et al. [27]. A short description of the methodology is given in Appendix 

C. It should be noted that unlike in [27], the stress-reduction factors and used in 

this work are revised expressions taken from [44] instead of [41]. Here, and  are the ply level 

stresses derived from classical laminate theory (CLT) under the application of forces .

Further, as described by Glud et al. [42], propagation of off-axis cracks can be represented by two 

main mechanisms either Mode I or Mode II dominated. The Mode I and Mode II dominated damages 

were assumed to be related to the LHS and the LMPS condition respectively. They further proposed an 

equivalent ERR, where it was found that there exists a critical mode-mixity MM* where all the 

data below and above MM* can be represented by two scatter bands (see Equations 8 and 9). Here

for MM MM*          

for MM

Finally, based on the experimental observation by Moncy et al. [20], when multiple collinear cracks 

were present along the same crack path, the crack-fronts were allowed to coalesce freely. The two crack-

-front propagation (see Fig 1 for illustration). 

Similarly, when two crack-fronts were heading towards each other, but were not collinear, they were 

-front propagation as well until they crossed over each 

other (see Fig 1 for illustration). Thus, the ERR for a crack-front was only calculated based on the cracks 

presented exactly on each side of the crack-front.

2.6. Implementation of the crack propagation model

Consider a crack of interest (COI) with a crack- -

is required to be computed. Here the required for the triple unit cell method described in section 2.5 

is defined by the crack spacing ahead of crack-front 1. The crack-front is assumed to be at the interface 

between the cracked and the un-cracked crack element (see Fig 8a). This assumption is also considering 

that the un-cracked crack element already might have a crack, but the length of the crack is not equal to .

This is because a crack element is considered cracked only when the length of the crack it holds is equal to 

. The is measured by taking the reciprocal of the distance between the nearest left and right cracks 

along the coordinate in the row ahead of the crack-front 1. This is shown by the pink coloured crack 

elements in Fig 8a. Here, the model also accounted for the damage outside the main RVE window. When 
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there are no cracks present in front of the crack-front (see, e.g. the pink marked crack elements ahead of 

crack-front 2 in Fig 8b),  the crack-front was assumed to be non-interacting i.e. .

(a)

(b)

Figure 8: Determination of the local crack density for the triple unit cell method to calculate the ERR for (a) 

crack-front 1 and (b) crack-front 2 of the same crack. (Pink elements are used to determine the crack spacing for 

stresses far ahead of the crack front and Blue elements are used to determine the two crack spacings for COD far 

behind the crack front.)
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Similarly, the unit cells for the CODs defined by crack densities and were measured 

by taking the reciprocal of the distance between the COI and the nearest right and left cracks, but along the 

row before the crack-fronts, i.e. the blue coloured crack elements in Fig 8a-b. The authors acknowledge 

that the CODs should vary along the length of the crack, depending on the variation of the local spacing 

along the crack length. But for computational efficiency and simplicity, it was assumed that the CODs,

which were calculated along the row of crack elements before the crack-front, held true for the entire crack 

length. 

3. Case of study

3.1. Material system

Glass fibre reinforced polymer (GFRP) laminates which comprised of a non-crimp unidirectional 

(UD) fabric from Devold AMT with Araldire LY568 CH epoxy and Aradur 3489 CH hardener as the resin 

mixture were used to manufacture test specimens. The area weight of the fabric was 637 g/m2 and it was 

held together with backing fibres orientated in directions and 90 . The laminates were manufactured 

using vacuum infusion with a cure cycle of 19 hours at 40 + 5 hours at 75 . The laminate layup sequence 

was . The ply level material properties were measured using the ASTM standards [45, 46]

(see, Table 1).

Property E1t E2t G12

Units GPa GPa GPa - -

Average 40.3 12.2 4.6 0.3 0.1

Standard 

deviation
0.7 0.2 0.2 0.01 0.0

Table 1 : Material property of the UD ply in its local coordinate system (t-tensile, c-compressive).

3.2. Specimen design

Two types of specimens were manufactured for this study standard uniaxial rectangular 

specimens and biaxial cruciform shaped specimens. The former comprised of two different sizes i.e. 25 mm 

wide uniaxial specimens according to ASTM D3479 [47] and 50 mm wide uniaxial specimens. The 25 mm 

wide uniaxial specimens were 250 mm in length whereas the 50 mm wide specimens were 380 mm in 

length. Here, two different sizes of uniaxial specimens was used to account for both cracks which initiate 

in the bulk material as well as cracks which initiate from the free-edges [20]. With the use of tabs, the gauge 
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zone area of the 50 mm wide uniaxial specimens were four times the gauge zone area of the 25 mm wide 

specimens with effective lengths 260 mm and 130 mm respectively. 

The cruciform specimen used for this study, comprised of a circular gauge zone (see Fig 9). 

Extensive 3D FE analysis was carried out, where it was found that the current specimen design offered one 

of the smallest variations in the ply level stress state as a function of different biaxial loading ratios and 

layup sequence [48]. Both the uniaxial rectangular specimens and the cruciform profiles were extracted 

from laminate plates by water jet cutting. The layup sequence for the biaxial cruciform specimen was 

and at the gauge zone and the arms respectively. The cruciform 

specimens were manufactured by adhesively bonding three laminates of using an epoxy 

based SikaPower-1200 adhesive. Here, the first and the third laminate comprised of a tapering for the gauge 

zone. This thickness tapering was achieved through a milling process.

Figure 9: Illustration of the cruciform specimen geometry.

3.3. Testing methodology

Two types of testing were conducted to generate input data required for calibrating the damage model. 

Force-controlled uniaxial cyclic testing of rectangular specimens according to ASTM D3479 standard [47]

was conducted to generate the model inputs for the Weibull distribution parameters associated with crack 

initiation and crack growth. Furthermore, strain-controlled biaxial cyclic testing was conducted on 

cruciform specimens to generate the SN curve associated with crack initiation and a Paris-Erdogan type of 

law for crack growth. The crack initiation SN curve and the Paris-Erdogan type of law were generated 

under two ply level stress condition i.e. the LHS and the LMPS condition. The applied strain ratio in the 
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gauge zone of the cruciform specimen was selected such that the local stress ratio in the ply of an un-

cracked laminate was 0.15 and 1 for the LHS and the LMPS condition respectively. Though 

a higher is preferably for the LMPS condition, it was decided to test at in order to not introduce

significant compressive forces in the loading direction as no anti-buckling fixture (e.g. as shown in [49]) 

was used in this work.

But unlike the original model [27] where the model calibration was conducted on two equivalent 

laminates due to inability to freely generate the desired with a uniaxial rectangular specimen, here a 

biaxial test was adopted so that the same laminate layup sequence for which the prediction was being made 

can instead be used for calibration. Further, the Weibull distribution shape parameter for the LHS and the 

LMPS damage condition was assumed to be the same unlike in [27] i.e. and 

in Equations 1 and 2 respectively. The test matrix for the uniaxial test and the biaxial test are 

shown in Tables 2 and 3 respectively.

Force-controlled uniaxial cyclic tests

Specimen 

width

Number 

of tests (kN) (kN)

Frequency 

(Hz)

25 mm 2 8.03 6.57 3

50 mm 2 16.06 13.14 3

Table 2: Force-controlled uniaxial cyclic test cases for determining and associated with crack initiation and 

crack growth respectively.

Strain-controlled biaxial cyclic tests

Test type
Number

of tests ( ) ( ) ( ) ( )

Frequency 

(Hz)

BT1 1 0.5 1375 1125 687.5 562.5 0.15 1

BT2 2 0.5 1650 1350 825 675 0.15 1,2

BT3 2 0.5 1925 1575 962.5 787.5 0.15 2

BT4 1 -0.646 1650 1350 -1065.9 -872.1 1 2

BT5 2 -0.646 2200 1800 -1421.2 -1162.8 1 1,2

BT6 2 -0.646 2750 2250 -1776.5 -1453.5 1 1,2

Table 3: Strain-controlled biaxial cyclic test cases for determining the crack initiation SN curve and the Paris-

Erdogan type of law associated with crack initiation and crack-front growth prediction respectively.
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The tests were conducted in a MTS planar biaxial testing machine with four servo-hydraulic 

actuators, each with a 250 kN force capacity, for both the uniaxial and the biaxial testing (see Fig 10).

For the former, only one axis of the testing machine was operated. Here, force was measured by actuator 

mounted load cells and the strains were measured by a real time (RT) image point tracking method using a 

Gesellschaft für Optische Messtechnik, (GOM) digital image correlation (DIC) system, ARAMIS 12M. 

For the strain measurement, four uncoded black and white point markers were placed on the surface of the 

gauge zone (see Fig 10d). Using the two Dalsa Falcon2 FA-80-12M1H Charged Coupled Deivice (CCD) 

cameras, the and strains were measured by constructing two virtual extensometers between two 

markers aligned along the direction and the direction respectively with the help of GOM Aramis 

software (see Fig 10d). The sampling frequency for the images was 116 Hz for which external white lights 

were used to enable such an acquisition frequency.

The strain-controlled biaxial testing was conducted using a cascade control architecture especially 

developed for cyclic testing of a cruciform specimen, where strain formed the outer control loop and force 

formed the inner control loop. Further details about the cascade architecture and the RT image point 

tracking parameters can be found in Moncy et al. [50]. 

A white light image processing technique as described in Glud et al. [51], was used to visually 

enhance the tunnelling cracks in the images acquired by an Olympus OM-DE M5 Mark II digital camera 

with a resolution of 16 megapixels. Here, with the help of the external white light, the images of the cracked 

laminates were normalised with the image of the un-cracked laminate, captured before initiation of cyclic 

loading. Such a normalisation removes the un-cracked regions and only displays the cracks. This further 

requires motion compensation which was established using four more point markers on the back face of the 

specimen (see Fig 10c). 

3.4. Setup of the 3D FE models for stress state comparison

The stress-state existing between two long cracks derived using the GLOB-LOC model (i.e., 

Equations C1-C4) were compared with a 3D FE analysis prediction for the ply under the application 

of uniaxial . Three different local crack densities were analysed i.e. = 0.1, 0.5, and 1.0. The 

development of the 3D FE model on Abaqus CAE for this purpose is described in [20].
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Figure 10: (a) The 4 250 kN MTS planar biaxial testing machine; (b) DIC camera system for RT image point 

tracking, a digital camera and white light sources; (c) point markers for motion compensation and (d) point markers 

for strain measurement.

3.5. Setup of the 3D FE models for ERR prediction comparison

A 3D FE analysis was performed to corroborate the ERR predictions obtained with Equations 5-7 

using the triple unit cell approach. Two approaches both utilising 3D FE analysis were adopted in the

Abaqus CAE FE analysis software to calculate and a) by numerically generating the stresses and 

n input to Equations 5-7; and b) by J-integral approach (see Fig 11). The first 

method, can provide and terms of , but the J-integral approach cannot provide the two terms 

separately [52]. Thus, it was decided to instead use a cross-ply laminate for the comparison.
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The cross-ply laminate is subjected to relevant boundary conditions using displacements for inducing a 

pure uniaxial and pure shear strain state (see Fig 12). Then the total predicted by the J-integral approach

is equivalent to the and terms respectively. 

When a 3D FE model was used to generate the stresses and the COD inputs for Equations 5-7, three 

3D FE models were required for each (i.e., , and ), whereas the J-integral 

approach required only one FE model (see Fig 11). The former was supplied with 8-node linear brick 

elements (C3D8R), whereas the latter had 20-node quadratic brick elements (C3D20R). The dimension of 

the FE model along the direction depended on in evaluation for the energy balance approach, but 

only on for the J-integral approach. The dimension of the model along the direction was 10 mm 

and 30 mm respectively for the energy balance and the J-integral approach respectively. 

Figure 11: Outline of the 3D FE models for the energy balance approach (left) and the J-integral approach 

(right). 

The cracked ply had 25 elements and 15 elements for the energy balance approach and the J-integral 

approach, respectively. For the J-integral approach, the was calculated by averaging the J-integral 

values from seven contours. Only half the laminate was modelled as a symmetry boundary condition was 

imposed at the mid-plane of laminate. The thickness of the cracked ply was taken as 0.5 mm.
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Figure 12: Boundary conditions (BC) applied to the 3D FE models.

3.6. Calibrating the model

A Paris-Erdogan type of law in the form of and an crack initiation SN curve 

of the form for each damage mode ( and ) was required as an input to 

the damage model for crack initiation and crack growth prediction. But unlike in [27], the determination of 

calibration plots are not straightforward with biaxial cruciform specimens. Firstly it is difficult to 

experimentally measure the applied biaxial forces acting on the gauge zone, as the applied forces are shared 

with the gauge zone and the neighbouring arms of the specimen [48]. Thus, the magnitude of the force 

applied to the gauge zone is unknown. Secondly, under strain-control, because the applied forces are 

decreasing with increasing damage, the ERR for even non-interacting crack-fronts are not constant [20]. 

Hence, a method to determine the biaxial forces applied is provided here first, followed by the method to 

determine the calibration plots.

3.6.1. Determination of the applied forces to the gauge zone of the cruciform specimen

A MATLAB based analysis tool was developed, which made use of the thermo-elastic constitutive 

expression as a function of global crack density and which was proposed by Lundmark et al. [40] to 

determine the applied forces on the biaxial gauge zone. Using the experimentally obtained global crack 

density of all layers as an input, the constitutive expression was used to calculate the stiffness 

reduction in the biaxial zone. With the help of the calculated stiffness reduction and the peak strains data 



22

extracted from the RT image point control method, the approximate biaxial force loading history applied 

to the gauge zone was calculated. Experimentally was calculated through a dedicated semi-

automatic manual crack counting script in MATLAB as described in [20].

3.6.2. Determination of the Paris-Erdogan type of law

In [20], a force averaging method was proposed to determine the steady state of a crack-front 

under strain-control. Using a crack-front extension against number of cycles plot, the steady state 

between two consecutive crack-front growth data points was calculated based on an equivalent constant 

amplitude force-controlled cyclic loading under the application of the peak force . Here, is 

the average biaxial force existing between the two consecutive crack-front growth data points during the 

strain-controlled testing. Due to the equivalent force-controlled loading, it was further assumed that the 

growth of the crack-front between these two data points was steady state. Next, the same was applied 

to all the three unit cells in Fig. 7 such that . Here only non-interacting crack-fronts 

were considered.

3.6.3. Determination of the crack initiation SN curve

Similarly, a semi-automatic MATLAB analysis tool was also developed to detect the load cycles

to crack initiation at which cracks of length initiate. If the initiated crack was between two closely 

placed neighbouring cracks, the MATLAB tool was further equipped to measure the local crack spacing by 

locally cropping into the region of interest to acquire more accurate measurements. Here, the ply level 

stresses and far ahead of the crack-front was calculated using Equation C1-

C4 under the application of the instantaneous biaxial forces measured as described in Section 3.6.1.

3.7. Model input parameters

The model was used to predict the crack density evolution in the and - layers of

laminate using the discretisation listed in Table 4. For simplicity, the same parameter 

was used for each path i.e. 0.0433 1/mm, where a maximum of three elements were allowed to initiate. The 

dimensions and were selected in relation the diameter of the circular gauge zone (see Fig 13). The size 

of the RVE was chosen to be slightly larger than that the gauge zone, to allow cracks to initiate outside the 

gauge zone and make its way into the gauge zone. The thickness of the ply was defined as 0.5 mm.
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Layer (mm) (mm)
(mm) (mm) (1/mm)

Thin 

(60)
60 120 4200 10 42,000 0.0433

Thick

(-60)
60 60 1020 10 10,200 0.0433

Table 4. Discretisation parameters of the model.

Figure 13: Illustration of the main RVE window and copy windows on each side of the main window 

when calculating the crack density evolution in the off-axis ply of the main RVE window.
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4. Results

4.1. Experimental characterisation

4.1.1. Tunnelling cracks in cruciform specimens

Figure 14: Tunnelling cracks under biaxial loading condition BT2.
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Figure 15: Tunnelling cracks under biaxial loading condition BT5.

Tunnelling cracks were found to be more visible in the 0 and the 60 ply than in the -60 ply as -

60 cracks appeared to be smeared out (see Fig 14 and 15). Thus, the calibration in this work is carried out 

only from the 60 ply. But it should be noted that the crack density from the -60 ply was still used to 

determine the biaxial forces, as described in Section 3.6.1. When subjected to BR = 0.5, all the layers 

experienced cracking, but under BR = -0.646, the 0 ply did not show cracking. Two sets of cracking was 

observed cracks initiating in the gauge zone and cracks initiating outside the gauge zone, but making its 

way into the gauge zone (see Fig 14). Darker regions around the biaxial gauge zone were observed, which 

were a result of delaminations at the tapering and at the adhesive interface (see example Fig 15). Finally, 

cracks were also observed in the backing fibres (see example Fig 15). 

4.1.2. Determination of parameters and 

As a stain controlled test cannot describe and associated with crack initiation and crack 

growth respectively for non-interacting cracks [20], force-controlled uniaxial tests were carried out. The 

initiated cracks, which were at least long were identified and fitted with a Weibull distribution. Here 

the parameter was found to be 1.068 (see Fig 16a). Similarly, the non-interacting crack-fronts were 
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re fitted to a Weibull distribution as well, resulting in the taking 

value were 1.069 (see Fig 16b).

(a)     (b)

Figure 16: (a) Determination of and (b) through uniaxial force-controlled cyclic tests.

4.1.3. Determination of parameters , , and 

The parameters , , and were calibrated from the mean line (see Fig 17a-b) and are 

listed in Table 5. An increase in and applied stresses generally lead to an increase in the CGR and an 

early crack initiation respectively for both the damage mode types (LHS or LMPS).   

[MPa] log10

67.17 -0.04 8.49

236.95 -0.13 3.31

Table 5: Calibration parameters , , and .
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Figure 17: (a) Paris-Erdogan type of law for BR = 0.5 and BR = -0.646. (b) Crack initiation SN curve for BR=0.5 

and BR=-0.646. The calibration was conducted using observed cracks in the 60 ply. (**Many long tunnelling 

cracks appeared within the first 10 cycles, before the 1 st image was captured.)

4.1.4.Comparison of the triple unit cell method with 3D FE analysis

The ply level stress predictions and for the different local crack densities 

were in very good agreement with 3D FE analysis described in Section 3.4 (see Fig 18). 
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Figure 18: Stress field and between closely placed cracks predicted by Equations C1-C4

and 3D FE model.

Secondly, the ERR prediction from the triple unit cell method is compared with 3D FE analysis for 

a cross ply laminate with the layup configuration for varying local crack density as 

described in Section 3.5. Here the crack-front for which the ERR was calculated was at the centre of the 

neighbouring cracks. The model prediction for and compared well with the 3D FE model, when both 

the approaches used the energy balance method (see, Fig 19). For , the difference between the FE and 

model predictions decreased with the increase in the crack density, whereas the opposite was observed for 

.

Figure 19: Comparison of and predicted by the analytical triple unit cell approach with the prediction from 3D 

FE analysis. The latter also uses the triple unit cell approach but relies on 3D FE analysis to calculate the stresses 

and the CODs.
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Finally, the triple unit cell model predicted and is also compared against 3D FE predictions 

for the case, when the central crack is not centrally located between the two neighbouring two cracks (see

Fig 20). The location of the crack is described through the parameter . Again, and predicted 

by the triple unit cell model, compared well with both the types of 3D FE predictions (see, Fig 20).

Figure 20: Comparison of and predicted by the triple unit cell approach versus 3D FE analysis when cracks 

are not centrally located between two other neighbouring cracks.

4.2. Model prediction

4.2.1. Crack growth prediction

To demonstrate the capabilities of the proposed model to predict crack growth, the growth in the 

crack-front ( ) predicted by the triple unit cell approach is compared with experimentally observed growth 

(see Fig 21). An example crack-front growth is taken from each of the six biaxial strain-controlled cyclic 

tests (see Table 3). The CGR prediction was generated three times to demonstrate the stochastic behaviour 

of the crack growth model. The model prediction for were quite good compared with the experimental 

observations. Moreover, the same cannot be regenerated if the simulation was repeated even with the 

same influencing conditions i.e. local crack density and applied loading. 
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(a) (b)

(c) (d)

(e) (f)

Figure 21: Comparison of the model prediction for the growth in crack-front with experimental observations 

under loading conditions (a) BT1 (b) BT4 (c) BT2 (d) BT5 (e) BT3 and (f) BT6.
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4.2.2. Crack density evolution prediction as a function of the biaxial strain state

The overall prediction of the model was found to be non-conservative at the initial cycles where 

the model under predicted the crack density with the set parameters in Section 3.7 for the thin layer (see 

Fig 22). Whereas, especially, at larger biaxial strain states, the prediction was found to be quite satisfactory 

for the thick layer (see Fig 23). In addition, an overall conservatism was observed in the crack saturation 

prediction. In general the model captures the trend of an increasing crack density evolution with increasing 

applied loads. 

Figure 22: Crack density prediction in the ply of . (Dashed line here represents model 

prediction and the lines with markers represent experimental data).

Figure 23: Crack density prediction in the - ply of . (Dashed line here represents 

model prediction and the lines with markers represent experimental data).
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4.3. Effect of parameters , and the size of the RVE

The parameter currently in the model is a user-defined input which is not calibrated from 

experiments. Thus, the effect of parameter on the prediction is investigated here through a parametric 

study. With an increase in , the crack saturation increased and thus found to be a major influencing 

parameter in the performance of the model (see Fig 24a). 

(a) (b)

Figure 24: (a) Influence of parameter on the model prediction and (b) number of initiation elements 

per crack elements on the prediction for the crack density evolution in the ply.

The influence of the number of initiation elements in a crack element is also investigated, where 

a negligible effect was found (see Fig 24b). Further, an increase in also implies an increase in the number 

of the total initiation elements which increased the computational time. 

Finally, an increase in the RVE size decreased the crack density evolution prediction for the same 

cycle (see Fig 25). Interestingly, there appears to be a threshold after which the size of the RVE does not 

have any significant effect on the prediction. An increase in the size of the RVE also increased the 

computational time, when all the other parameters were kept constant. 
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Figure 25: Influence of the size of the RVE on the prediction for the crack density evolution in the ply.

5. Discussion

The proposed model demonstrates the possibility of a scalable damage model where the prediction 

of the crack density evolution does not only depend on the damage in the primary RVE, but also outside 

the RVE (see Fig 8). Further, the model explicitly calculates the ERR of the crack fronts, taking into account 

the varying local crack spacing that the crack front experiences during fatigue damage evolution. Here, the 

comparison of the crack propagation model predictions with 3D FE predictions and experimental results 

suggest that the model is quite robust in its predictions (see Figs 19-21). The model also allows for 

coalescence of cracks, where the consideration is inspired from experimental observations [20]. Finally, a 

cruciform specimen was used to calibrate the damage model to avoid using equivalent laminates for model 

calibration. According to the authors, this is also the first time where crack density evolution from a 

cruciform specimen has been presented in the literature. 

Limitations were observed when comparing the model prediction for the crack density evolution 

with the experimental data. Here, the assumption of copy windows having the same damage as the main 

RVE is not very accurate for cruciform specimens. This is because the laminate in the region of the 

cruciform specimen at the location of the copy windows (see, Fig 13) are in reality is a combination of 

empty spaces and cruciform arms which are three times thicker than the main window which experience

lower stresses than the biaxial gauge zone in general [48]. 

Additionally, the top and the bottom boundaries of the RVE currently have not been specified with 

copy windows or windows which could influence the main RVE damage. This is important as these 

boundaries act as entry points for cracks to enter into the main window. The addition of more cracks may
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mean a higher crack density prediction at the initial number of cycles, where the model currently under 

predicts the crack density, but at the same may lead to faster stress shielding effects, in turn slowing down 

the growth of cracks at high crack densities. Further, the effect of unwanted damage modes such as 

delaminations outside the gauge zone and stress concentrations at the corners formed by the adjacent arms 

are not taken into account (see Fig 26a-b). 

Furthermore, measured strains from the RT point tracking method is assumed to be the total 

mechanical strain and the effect of the thermal strains induced due to the usage of external white sources 

have not been taken into account in the model.

Finally, an accurate representation of the damage initiation process is a prerequisite for a successful 

model. The initiation condition used in this model is based on a crack initiation SN curve derived from local 

LHS and LMPS as the driving forces, the Weibull distribution parameters associated with load cycles to 

crack initiation and some damage initiation criteria. Such an approach was used to facilitate the crack 

multiplication process. The damage initiation criteria was found to majorly influence the crack density 

prediction, where especially parameter needs special attention. It is recommended that parameter be 

experimentally calibrated such that it is not only a function of the stress levels, but also depend on the local 

fabric architecture and manufacture defects. This is because a non-crimp fabric with backing fibres presents 

a very complex unidirectional fabric architecture that can influence damage in other plies [53, 54].

Manufacturing defects such as voids were seen in the gauge zone, which can influence the crack density 

prediction (see Fig 27) [55]. Thus, the damage initiation criteria here are still too simplistic, and a more 

robust crack initiation criteria is needed.
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(a)

(b)

Figure 26: (a) Damage outside the gauge zone under BR = 0.5 for test BT2. (b) Damage outside the gauge 

zone under BR = -0.646 for test BT5.
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Figure 27: Presence of voids in the gauge zone of a cruciform specimen.

6. Conclusions

An extension of an existing stochastic fatigue damage model by Glud et al. [27] to predict crack 

density evolution is presented which may have a potential to be implemented for fatigue damage 

propagation in a structural application. The structure can be discretis , where the crack 

density is estimated based on the local biaxial strain state provided to each RVE and the interaction between 

the neighbouring RVE This work focuses on the calculation behind one of those RVE. 

The model utilizes a stress based crack initiation criterion and an energy balance approach for crack 

growth calculations. The GLOB-LOC model is used to determine the inputs for the energy balance 

approach. The crack growth model implemented in this work utilises a triple unit cell approach for ERR 

computation. Here, the model predictions compares well with 3D FE predictions and experimental 

observations even in complicated cases where the crack is not centrally located between two other cracks 

at high crack densities. 

In order to calibrate the model, strain-controlled biaxial cyclic tests were conducted at two different 

biaxial strain states using a cruciform shaped specimen, along with uniaxial force-controlled cyclic tests on 

two sizes of straight-sided specimens. The former was required to generate a SN curve for the load cycles

to crack initiation and a Paris-Erdogan type of law for crack growth. While the latter was used to 

characterize the shape parameter of the Weibull distribution associated with the cycles to crack initiation 

and CGR. The discretisation of the model is done in such a way that it allows for initiating multiple collinear 

cracks, which can coalesce to form longer cracks. Further, the ERR is regularly recomputed based on the 

changing local crack spacing around the crack-front. 

The model prediction is found to be fairly good for the individual crack growth predictions using 

the triple unit cell approach. Whereas the crack density evolution prediction is generally found to be 

conservative at high crack densities. The model prediction is especially found to be dependent on the choice 
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of parameter which is the number of cracks that should initiate to achieve a certain length at coalescence. 

According to the authors, needs experimental characterisation. Finally, the damage initiation criteria

were found to have a significant effect on the crack density prediction, and is an aspect which requires 

further work.
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Appendix A: Probabilistic expressions for crack initiation

The total probability of failure at time step for the all the initiation elements using weakest link 

principal within the RVE is given by [27, 56],

The survival probability of each initiation element at time step for the damage mode 

or is given by,

Here, is the equivalent number of cycles given as,
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s

The GLOB-LOC approach as described in detail by Lundmark et al. [13, 39, 38] is used to 

determine the CODs of the crack 2 (see Fig 7). The CODs of an interacting crack can be calculated through 

the hyperbolic tangent interaction function , where or for tangential 

and normal COD respectively (see Equations B1 and B2) [38, 27]. Here, is a calibration coefficient. 

  and are the average-normalised tangential and the normal COD of a non-interacting 

crack, where and are the tangential and the normal CODs of an interacting crack. The values of 

and are 1.31 and 0.82 for the material system used in this work [20]. Through the GLOB-LOC 

approach, two power law expressions are used to analytically calculate   and .  The COD of 

crack 2 is then given by [43], 

Appendix C: Determination of stresses between closely placed cracks

The shear lag theory in combination with the GLOB-LOC approach is used to determine the local 

ply level stresses and far ahead of the crack-front at location (see, 

Equations C1-C4) [27, 24].
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and are shear lag constants which can be derived as,

Here, and are stress reduction factors proposed by Varna [44], where  

and can be calculated by dividing and with coefficients and 

respectively. Varna provided analytical expressions for calculating the coefficients and in [44].
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Abstract

Tunneling crack growth in off-axis plies of a multi-direction glass-fiber reinforced polymer (GFRP) laminate 

was used as a case study for a multi-scale testing framework. Tunneling cracks were observed and compared 

for three types of specimens during cyclic loading tests. Here, two scaling methods were used to compare 

using uniaxial, biaxial cruciform, and sub-structural beam specimens.

The crack density evolution was compared between the beam specimen and two biaxial cruciform specimens

that shared a common applied strain state. The crack growth rates were compared between biaxial cruciform 

specimens and uniaxial rectangular specimens that had matching mode mixities and energy release rates.

The results showed that tunneling cracks grew differently in the different length scales under the same 

nominal conditions.  These differences show that additional investigations are required for accurately scaling 

tunneling crack growth predictions between length scales.

Keywords: Multi-scale testing, composite laminates, cruciform specimen, tunneling cracks, fatigue testing, 

composite beam, uniaxial specimen



1 Introduction

Preventing fatigue failure is a primary design driver for many fiber reinforced polymer (FRP) 

composite structures, such as wind turbine blades [1] and aircraft components [2]. While FRPs offer 

advantages over other materials, their heterogeneous and anisotropic nature can exacerbate challenges related 

to fatigue life prediction. While fatigue in metallic materials typically involves the initiation and propagation 

of a single crack, fatigue damage in composites involves more complex mechanisms [3] that prevent a simple 

fatigue characterization of laminated composites, such as tunneling cracks, ply delamination, and fiber

breakage. possible combinations of fiber, matrix, and layup, 

along with a high sensitivity to manufacturing processes [4], meaning that each variation of a laminate 

requires its own material characterization and structural certification [5][6].  

The standard approach for design against fatigue failure in a composite structure utilizes a 

combination of different tests known as the building block approach [5] or the testing pyramid [4]. At the 

top of the testing pyramid, shown in Figure 1, wind turbine blade certification requires full-scale testing in 

both flapwise and edgewise loading [7], [8] and aircraft certification requires realistic multi-axial loading 

scenarios for aircraft components.  However, full scale testing is expensive and the costs are only increasing 

with the growing physical size of the tested structures [9]. Consequentially, performing smaller scale sub-

structural, sub-component, [10] and material tests before certifying the full structural product is seen as a 

cost effective testing strategy to minimize the number of full scale tests.  Smaller scale specimens can be 

optimized for the investigation of specific damage mechanisms by selecting appropriate loading 

configurations to promote the specific mechanism and by selecting geometry to facilitate instrumentation.  

Critical sub-structures, sub-components, and details, like bond-lines, reinforcement components, and 

sandwich panels can be tested independently from the rest of the structure so that their damage mechanisms 

can be specifically activated and observed. At the base of the testing pyramid, high quantities of material 

tests are performed on relatively low cost coupons to capture the stochastic nature of the elastic, fracture,  

and fatigue behaviors of the composite material.  These meso-scale coupon tests support the determination 

of S-N curves, Goodman diagrams, stiffness degradation plots, and other phenomenological material 

summaries that are utilized in structural-scale design.  As these material properties are dependent on the 

properties and interactions of the composite constituent materials, micro-scale testing can be used to 

characterize the most fundamental mechanics of the composite material for application to higher length 

scales.  



Numerical modelling is usually carried out in tandem with experimental testing, as it provides 

additional results, insight, and thus more confidence in a certain design of a structure.  Modelling can aid in 

the translation of mechanical analyses between scales: for example, micro-scale modelling of the fiber/matrix 

interface predicts macroscopic properties like material fatigue limit [11], macroscale modelling of tunneling

cracks predicts stiffness degradation [12], sub-component modelling simulates the detailed progression of 

multiple damage types [13], and full-scale modelling incorporates numerous fatigue damage modes to predict 

the load-carrying capacity and expected fatigue life of the structure [14].  This combination of testing and 

modelling provides a framework for the design of a composite structure [15].

However, experimental investigations of these models are often carried out on only a single scale 

and the accuracy of the model predictions for other length scales are not checked. Results from one scale 

cannot always be transferred directly to another, as scaling effects can influence fatigue performance [16],  

[17] by causing a disparity between the damage mechanisms observed at the coupon scale and those present 

in the larger component.  Volume scaling effects for some parameters have been linked to the distribution of 

initial defects throughout the material, with larger components containing more material flaws [16], and 

thickness scaling effects are included in fracture mechanics models, with energy release rates linearly 

increasing with ply thickness.  Composite properties are also known to be sensitive to manufacturing 

processes and curing profiles [18], which may vary between the coupons and the actual structures.  

Challenges with load application can cause stress concentrations in smaller scale coupons that do not exist 

in the structure. Also, complex load interaction on the full scale is not always captured in the coupon testing.  

These issues can lead to a poor connection between the length scales, resulting in the requirement of 

Figure 1 Composite structure testing pyramid.



additional safety factors to ensure a conservative design [7].  To reduce this uncertainty, research is trending 

towards multi-scale testing and modelling to better understand the behavior of damage mechanisms 

throughout the testing pyramid.  There are many damage mechanisms that occur during fatigue loading; this 

paper focuses on the propagation of tunneling cracks as a case study to investigate the benefits and challenges 

associated with multi-scale testing using specimens of different length scales.

Tunneling cracks are one of the earliest developing fatigue damage modes for laminated composites 

loaded in tension, and though they are not a critical damage mode themselves, tunneling cracks significant ly 

contribute to stiffness degradation [19] [22] and can lead to other failure modes like delamination [3], [23]

and fiber breakage [24], [25]. The thermoelastic properties of the material decay during the entire crack 

or some 

layups and loadings [12].  Because this degradation can have significant effects on structural performance 

[26], [27], a variety of models have been developed for predicting changes in material properties [12], [19], 

[28] [30].  The development of tunneling cracks is divided into three stages: initiation and transient growth, 

non-interacting steady state growth, and interacting growth and saturation [31]. Initiation can occur at the 

fiber-matrix boundary [32], at defects [33], or in the matrix region [34]. After initiation, the cracks experience 

transient growth to the ply boundaries, then spanning the thickness, propagate parallel to the direction of the

fibers in the ply.  Under a constant force amplitude, a tunneling crack will attain a steady state growth 

condition once its length exceeds 3-4 times the ply thickness [35]. Models for tunneling cracks [36] [39]

predict crack density evolution, which is calculated as the sum of the length of cracks divided by the 

observation area. Eventually, the cracks will grow close enough that their stress fields interact and their 

growth rate slows [31].  These interacting cracks approach a saturation point, where further damage tends to 

take place via other mechanisms, such as interply delamination [31].  

A main objective of multi-scale modelling is to link from a structural response to the underlying 

micromechanics, and in the case of tunneling cracks, modelling micro-scale crack front extension can be 

used to predict the effective elastic properties of a material, the remaining useful fatigue life, and the 

instantaneous load capacity of a structure.  However, the cited models from the literature are validated against 

experimental data from material scale coupon testing and have not been extensively applied on higher/larger 

length-scales.  When scaling up the crack growth models to the structural scale, the complications from size 

effects, edge effects, manufacturing processes, and multi-axial load effects are introduced. To facilitate 

accurate data transfer between scales, experimental and modelling methods should be designed to eliminate 

these effects or account for their influence on the data. Creating the connections between the various length 

scales is an important issue in the multi-scale approach, as well as developing the methods to validate the 



transfer of data and models via these connections. Therefore, the research questions posed in the present 

paper are:

1. Will the tunneling crack density in a structure with a multiaxial stress state evolve in the same 

manner as in a smaller specimen subjected to a similar in-plane biaxial stress state?

2. Will the crack front growth rate of a tunneling crack in a biaxially loaded laminate be the same as 

a tunneling crack in a uniaxially loaded laminate with the same mode-mixity and energy release 

rate? 

2 A multi-scale testing framework for tunneling cracks

In order to study the growth of tunneling cracks at the different length scales, three different 

specimens were selected for this work representing the length scales: 1) a thin-walled sub-structural beam, 

2) a biaxial cruciform specimen, and 3) a uniaxial rectangular specimen. In this section, two multi-scale 

testing methods are introduced for exchanging relevant information between the specimens and thus length 

scales. The alignment of critical parameters is important in each scaling method to ensure that the cracking 

conditions are identical between the specimens. Starting top-down, the first approach uses strain as the 

critical parameter to perform size-scaling between the sub-structural beam and the cruciform specimen. The 

second approach adopts mode-mixity and energy release rate as the critical parameters to perform scaling 

between the biaxial cruciform specimen and the uniaxial specimen.  These two multi-scale methods are 

evaluated by comparing the crack density evolution and the crack growth rate of a single non-interacting 

crack front, respectively.

2.1 Representing fatigue cracks from a sub-structure with a cruciform specimen using strain 

matching

The first scaling method utilizes biaxial cruciform specimens to simulate a strain field from the sub-

structural beam specimen, which was used as a simplified representation of a large composite structure. The 

conceptual flow chart for downsizing from the beam to the smaller cruciform specimen is shown in Figure 

2.  This method evaluates the specimens by measuring crack density, which is an area averaged damage 

parameter often used for characterizing the damage due to tunneling cracks [40], as per equation 1,

(1)

Where, is the length of the crack measured in the area . This crack density parameter is 

treated as an equivalent number of equally-spaced full-width cracks [40].  Crack density evolution is 



physically controlled by the growth of the individual cracks within the area of interest, which depend on 

material properties, laminate layup, lamina thickness [38], and ply-level stress states [19], [41]. Therefore, 

these parameters were deemed to be critical when scaling specimens with the goal of reproducing the crack 

density evolution. By using an identical material and layup, the primary concern of the multi-scale test 

became replicating the ply-level stress state [42].  However, as stress cannot be directly measured and is not 

derivable in a multi-axial state, strain is better suited to be the common parameter between the specimens. 

Figure 2 A multi-scale testing for reproducing the local damage of a structure on a biaxial coupon specimen.

Strain matching, i.e., adjusting the applied loads on the cruciform specimen so that the resulting 

strain state in its gauge section is identical to the strain state in the beam, is an effective methodology because 

strain can directly be measured on both length scales. Well established strain measurement methods such as 

extensometer and strain gauge measurements have been augmented in recent decades with fiber brag 

gratings, video extensometers, and full-field digital image correlation. However, controlling a multi-axia l 

strain field bec

degradation affects the relationships between the applied boundary conditions and the achieved strains.  

Therefore, a feedback signal is required to adjust for errors in the strain field.  

Once the achieved strains have been measured in the beam specimen, they can be used as the target 

strains for a cruciform specimen.  By using the same layup and replicating the strain state history, the 

cruciform can ideally replicate the tunneling crack growth that occurred in the structure.  This relatively 



simple scaling method relies on accurate measurement and application of strains, as well as replicating the 

material architecture of the laminate.  

2.2 Representing a crack  in a biaxial cruciform specimen with uniaxial coupon specimen 

through mode-mixity and energy release rate

The second method scales from a damage state exposed to biaxial loading in a cruciform specimen to

equivalent uniaxial loadings for the same damage growth/state. Although uniaxial specimens are by definition 

limited to uniaxial loading, the ply stress states in a multi-directional laminate are still multi-axial in nature.  

This feature was utilized in this scaling method by designing an equivalent uniaxial specimen to replicate

the local damage growth conditions within a biaxial specimen [43]. Tunneling crack growth is driven by the 

energy release rate (ERR) and mode-mixity at the crack front, and are adopted as controlling parameters for 

the second set of multi-scale tests. Because both the ERR and mode-mixity are dependent on the ply 

orientation and load biaxiality, specimen layups and loading can be altered for the uniaxial specimen to 

produce the target mode-mixity and energy release rate that occurs under a desired biaxial loading.

During steady state growth, the crack front adjusts its shape until the local energy release rates match 

the fracture energies at all points along the crack front [44].  The fracture energy at any point on the crack 

front is a function of the local mode-mixity [45].  The ERR of steady-state cracks can be calculated by energy 

accounting method for orthogonal cracks [46], [47] and for cracks in oblique directions [42], [45]. For an 

off-axis tunneling crack of height 2 , as shown in Figure 3, the steady-state ERR averaged across the ply 

thickness is given by equation 2 [42]

(2)

Where is the position variable in the thickness direction, is the normal stress far ahead of the 

crack front, and is the normal crack opening displacement far behind the crack front. Similarly, is the 

shear stress and is the tangential crack opening displacement. Following the studies [42], [45], the first 

integral expression is assumed to be the Mode I energy contribution and the second integral expression is 

assumed to be the Mode II ERR. Assuming constant through-thickness stresses and for the case of 

in-plane loads, the approximate form of average Mode I and Mode II ERR can be written as,

    

(3)

(4)



Where and represent average normal and tangential crack opening displacements, respectively,

and are given by,

(5)

(6)

An overbar denotes an average value. Therefore, the total average ERR can be written as 

. The average mode-mixity is defined as the phase angle of the average Mode I and Mode II stress intensity 

factors  [44],

(7)

For orthotropic linear elastic materials, the average Mode I and Mode II stress intensity factors are 

related to the corresponding average ERR by [48]

(8)

Where  and are the non-dimensional parameters defined in terms of engineering elastic 

constants [49], [50] as,

(9)

(10)

Here er direction, the -direction in Figure 3, is the 

-plane direction, the -direction and is the in-plane shear modulus. 

and , respectively. 



Figure 3 Recreation of the ERR and the mode-mixity of a non-interacting crack front from the cruciform specimen into the 

uniaxial straight-sided specimen.

3 Materials and Methods

The three types of specimens were manufactured using the same material systems to facilitate  

accurate comparisons in the two multi-scaling methods.  In this section, the selected material systems and 

specimen designs are presented first, followed by descriptions of the applied test methods.  

3.1 Material systems

All of the specimens were manufactured using Devold AMT non-crimp E-glass fiber fabric infused 

with Huntsman epoxy resin into a layup of the form . The non-crimp fabric had an area weight 

of 640 g/m2, with backing fibers oriented at 90° and ±45° accounting for 9.5% of the mass. The symmetric 

and balanced layup configuration ensured that there was neither bend-twist nor extension-shear coupling in 

the laminate. A 0 ply was placed between the off-axis plies so that both the and off-axis plies were 

subjected to the same constraining effect from the neighboring plies. The matrix comprised Araldite LY1568 



CH epoxy resin and Aradur 3489 CH hardener. After infusion, the approximate thickness of a ply in the 

laminate was 0.5 mm. The elastic properties for the UD plies were measured using ASTM standards D3039 

and D7078 [51], [52] and are included in Table 1.  

Table 1 Elastic properties of the glass/epoxy non-crimp fabric UD ply in its local coordinate system

Property E11 (GPa) E22 (GPa) G12 (GPa)

UD 40.3 ± 0.7 12.2 ± 0.2 4.6 ± 0.2 0.27

3.2 Specimen design and manufacturing

The fatigue behavior of composite materials is known to be dependent on the manufacturing 

processes, so the beam, cruciform, and uniaxial coupons were fabricated using the same manufacturing 

technique.  Vacuum assisted resin transfer molding (VARTM) was used to infuse the hand-placed fabrics

with epoxy, which was then cured for 19 hours at 40°C and then 5 hours at 75°C.  

3.2.1 Sub-structural beam specimen 

The sub-structural beam specimen shown in Figure 4 was 1.05 m long, with an external cross-section 

of 200mm wide by 140 mm tall. Tunneling crack growth was monitored in a designated gauge zone where 

a uniform strain state was anticipated. The uniform strain state in the gauge zone was achieved by varying 

the cross-section along the length of the beam, adding reinforcement of variable thickness to three of the 

beam walls, as shown in Figure 4. The wall of the beam containing the gauge zone was not reinforced in 

order to avoid ply drops, which could lead to delamination in the gauge zone. The beam was designed as a 

single piece to avoid damage initiation at bond lines between separately infused pieces. The dry fabric was 

wrapped around a foam mandrel and placed into 1.5 m long polyurethane foam mold with an aluminum plate 

lid. Further details regarding the beam specimen geometry, design, and manufacturing are presented in [53].

Figure 4 Sub-structural beam specimen with three reinforced walls (in red) and the constant strain gauge zone (in 
green). Dimensions are in mm



3.2.2 Cruciform specimens

The cruciform specimens, shown in Figure 9, had four orthogonal arms that were loaded to create a

planar biaxial stress states in the central circular gauge zone. Moncy et al. [54], [55] used finite element (FE) 

analysis to study the response of the cruciform specimen while changing the material anisotropy. Here, both 

the laminate layup configuration and biaxial load ratio were found to affect the uniformity of the stress and 

strain fields in the gauge zone of the cruciform specimen. Further, a cruciform specimen geometry with a 

circular gauge zone (see Figure 9) was selected, which through numerical analysis was shown to be one of 

the most appropriate specimen that can generate a uniform stress state in its gauge zone for many of the

applied biaxial strain ratios. 

Two reinforcement cruciform profiles water-jet cut from composites plates were bonded to the center 

profile, as depicted in Figure 5 using a SikaPower-1200 adhesive. A taper of 20° was milled into the 

reinforcement profiles around the center circle in order to reduce stress concentrations in the transition 

between the gauge zone and reinforced arms. The specimens were manufactured with two different stacking 

sequences using and for comparison with the beam specimen and uniaxial specimens, 

respectively.

Figure 5 Graphical representation for adhesively bonding three cruciform specimen profiles using SikaPower-1200.

3.2.3 Uniaxial Specimens

The uniaxial specimens were cut from a composite plate with the layup sequence , 

where = 50° was chosen as the equivalent ply angle for the cruciform specimen according to the 



method described in order to obtain the same average mode-mixity at the tunneling crack front [56]. The geometry 

of the specimen is shown in Figure 6, with a length and width of 400 x 80 mm. The wide specimen geometry, 

which exceeds the ASTM D3039 standard width [51], was chosen to allow off-axis tunneling cracks to grow 

from the edges and attain a steady state growth condition. Tabs covering a length of 80 mm were glued on 

either end of the specimen.

Figure 6 Straight-sided uniaxial specimen used for determining the ERR and mode-mixity of non-interacting cracks

3.3 Crack detection and measurement

The primary method adopted to compare the damage state of the three specimen types was optical 

imaging of tunneling crack growth. The translucent nature of glass fiber / epoxy laminates allowed for the 

inspection of cracking in the sub-surface plies using trans-illuminated white light imaging (TWLI). The 

TWLI technique [57] consists of backlighting the area of interest using a lamp of sufficient power to penetrate 

through the laminate. When a crack occurs in the ply, the discontinuity in the lamina results in a visible crack 

on the surface that can be captured using high-resolution cameras.  Cracks near the front surface are the most 

visible, while cracks in deeper plies become increasingly blurred and difficult to detect. The cameras used 

in the different experiments are listed in Appendix A. White LED lamps were used for the backlighting in 

all tests. While some tunneling cracks are very clear, others are difficult to detect in the raw images because 

of interference from the fabric stitching of each ply. This problem was addressed by normalizing all of the 

images against an image of the uncracked laminate taken prior to the cyclic loading, thereby removing the 

uncracked region of the images and highlighting any changes that occurred during the cyclic loading [57].  

A motion compensation algorithm was used to align the images prior to the normalization [57]. A set of 

adhesive motion tracking markers were attached to the specimens within the crack counting region to assist 

the motion compensation algorithm. The MATLAB code for performing the motion compensation and 

normalization was provided by Glud et al. [57].  Another MATLAB program from Moncy et al. [58] was 

used to process images and store crack data, but left the crack identification as a manual task for the user.

This program was also capable of measuring the growth of non-interacting crack fronts. Here, the growth of 

isolated cracks were tracked by locally zooming into the region of interest in the crack field to acquire 



accurate measurements of the location of the crack fronts. The tracking continued until the crack front was 

found to be within an interacting distance (four times the ply thickness) away from the neighboring cracks

in the direction perpendicular to the tunneling crack plane. 

3.4 Testing procedure: Sub-structural beam to cruciform specimen

The first multi-scale test matched the normal strains in the and directions, and , of the 

cruciform specimen to the measured and of the sub-structural beam during cyclic 

loading. The maximum and minimum strains in the beam gauge zone were recorded for every cycle and

processed into an input file that was then used to control the loading of the biaxial cruciform specimen.  

3.4.1 Sub-structural beam testing

The sub-structural beam was tested in a cantilever loading fixture, pictured in Figure 7. A 50 kN 

vertical actuator with swivel head and base applied a tip load and two 25 kN horizontal actuators, also with 

a swivel head and base, applied a tip moment so that a near-constant strain was generated in the gauge zone 

(see Figure 7 and Figure 8). The cyclic test was run in displacement control, with the actuator displacement 

commands intermittently updated based on the achieved strain amplitude. This indirect strain control 

approach was used to maintain a constant strain amplitude despite a gradually reducing stiffness of the beam 

degraded throughout the fatigue test. The first loading consisted of 50,000 cycles with a max strain of 2000 

.  This was followed by a further 50,000 cycles with a max strain o These tests were conducted 

Figure 7  Sub-structural beam in a cantilever loading fixure.



with a load ratio of R=0.1, where R= . Both tests were run at 1 Hz with intermittent stops for 

capturing images and updating the displacement commands. 

The test was conducted using the MTS Multi-Purpose Elite PID control software on a MTS FlexTest

100 controller, which recorded the LVDT displacements of the three actuators and the forces of their

respective load cells.  A pair of orthogonal strain gauges were mounted in the gauge zone, oriented in the 

longitudinal and transverse direction of the beam as shown in Figure 8. The longitudinal normal strain, 

was used to update the actuator displacements during testing, while the transverse normal strain, was

passively recorded. A DSLR camera was focused on a 50x50 mm unpainted crack observation window, 

shown in Figure 8. A triggered LED lamp was placed at the root opening and a mirror was mounted inside 

of the beam so that the reflected lamp would backlight the crack counting window. Further information 

regarding the load application, load updating, and controls system can be found in [53], [59] . 

3.4.2 Biaxial coupon testing

An MTS built planar biaxial testing machine with four orthogonal actuators, each with a capacity of 

250 kN, was used to apply planar biaxial forces to a cruciform specimen, as shown in Figure 9. The 

cruciform specimen was loaded with biaxial strain-controlled cyclic loading to recreate the strain state in the 

Figure 8 Schematic for load application to the beam.



beam . The planar biaxial testing machine was run using a cascade control architecture presented 

by Moncy et al. [60], where the outer control loop of the architecture used a strain feedback signal and the 

inner control loop used a force feedback signal. The strains were measured using real time digital image 

point tracking with a 12 megapixel stereo DIC system. The real time digital image point tracking used four 

point markers at the boundaries of the gauge zone, which are visible in Figure 10(a). An external white LED 

lamp was used to illuminate the surface. The normal strains and were measured by virtual 

extensometers within the DIC software, converted from digital to analog signals, and then fed back to the 

controller via analog connection. The utilization of a non-contact biaxial strain control technique provided

an obstruction-free view of the gauge zone for observing the growth of the tunneling cracks. Details on the 

real time digital image point tracking parameters for the cruciform specimen can be found in [60]. The strain 

histories and ere applied to the cruciform specimen by using profile 

loading with a frequency of 2 Hz. During the 100,000 applied load cycles, images for crack density 

measurements were captured in the gauge zone from the back side of the specimen using a DSLR camera. 

The lighting used to illuminate the front surface for digital point tracking in Figure 10(a) also provided the 

backlighting for the TWLI crack imaging in Figure 10(b). 

Figure 9 The biaxial testing setup and the cruciform specimen used for the two multi-scale comparisons.



(a) (b)

Figure 10 (a) Point markers used for biaxial strain control.  (b) Digital image processing for crack enhancement on the front and 

flip side of the specimen respectively.

3.5 Testing procedure: Biaxial to uniaxial specimens

The second multi-scale test used the mode-mixity and energy matching approach to compare biaxial 

and uniaxial specimens.  The biaxial specimen was loaded in strain control and the calculated forces in the 

gauge zone were used to determine the loading to be used for the uniaxial specimen. The ERR and mode-

mixity were then calculated and compared for the two types of specimens.

3.5.1 Biaxial coupon testing

For comparison with the uniaxial rectangular specimen, the biaxial cruciform 

specimens were tested using the same set-up as described in Section 3.4.2 with only difference being the 

applied biaxial strain magnitudes. Here, two cruciform specimens were loaded for 100,000 cycles at a 

frequency of 2 Hz with a constant biaxial strain amplitude of and , i.e.  

. The R ratio for strains along loading and the loading direction is 0.1 and 10 

respectively.   

3.5.2 Uniaxial coupon testing

The uniaxial tension-tension cyclic loading tests were performed on a servo hydraulic Instron 250

kN test machine under load control. In order to match the ERR of tunneling cracks in biaxial cruciform 

specimens, the uniaxial tests were conducted at four different maximum applied load levels, = 23 kN, 

24kN, 25kN and 26 kN, under a constant load ratio of R= = 0.1. These uniaxial loads were 

scaled from biaxial forces based on the method described by Bangaru et al. [43]. All the tests were performed 

at a frequency of 2 Hz for 100,000 cycles. Two extensometers were mounted on both the edges of the test 



specimen covering a gauge length of 80 ± 2.5mm to measure strain along the loading direction, i.e., the 

global x-axis in Figure 6. Figure 11 shows the setup of the uniaxial test campaign.

Figure 11 Tension-tension cyclic loading test-setup used for tunneling cracks visualization for uniaxial rectangular specimens.

3.5.3 Procedure for calculating the ERR from biaxial forces

The ERR of a non-interacting tunneling crack front in the biaxial cruciform specimen with the layup 

was calculated using super-position of stress intensity factors with the assumption of linear 

elastic fracture mechanics. The Mode I and Mode II stress intensity factors were directly related to the global 

biaxial forces per unit width, and , through the following equations [43] as,

(11)

(12)

Where is half the thickness of the tunneling crack in the thick ply, is the total thickness of the 

laminate, , , and are non-dimensional stress intensity factor functions that depend on the lamina 

properties, orientation of cracking ply, and constraining effect from the neighboring plies. From the 

calculated and , the corresponding , and were obtained using the equations (2), (3), and (4). 

Subsequently, the average mode-mixity is obtained by equation (7).

A similar approach was also followed to obtain the ERR from and the equivalent uniaxially 

loaded specimen, , through the equations,



(13)

(14)

The non-dimensional stress intensity factor function values are listed in Table 2 for both the biaxial 

and the uniaxial laminates [43].

Table 2 Stress intensity factor function values.

Loading Laminate layup Ply angle

Biaxial

Uniaxial - -

3.5.4 Procedure for calculating the forces and in cruciform specimens 

When loading a cruciform specimen, not all the forces applied to the arms of the specimen were 

transferred to the gauge zone of the specimen because of load-sharing between the gauge zone and the adjacent 

arms. Thus, the biaxial forces responsible for the propagation of a non-interacting crack in the gauge zone of 

the specimen were unknown. The biaxial forces and were needed to determine the force that should 

be applied to the rectangular uniaxial specimen [43]. Thus, the forces applied to the gauge zone of the 

cruciform specimen were approximated theoretically using equation (15),

(15)

Unlike with classical laminate theory (CLT), is the thermoelastic constitutive relationship 

proposed by Lundmark et al. [61] that determines the reduction in the stiffness as a function of the measured 

crack density in the gauge zone. Thus, the calculated forces in the biaxial gauge zone, and were found 

using the experimentally measured biaxial strain state and the experimentally measured crack density 

evolution from all the damaged layers, all as an input to equation (15).  



4 Results

The results for the comparison between the beam and cruciform specimen are presented first, 

followed by the results for the comparison between the cruciform and uniaxial specimens.

4.1 Sub-structural beam to cruciform specimen testing

The strain history plot in Figure 12 contains results from the strain gauges on the beam and the virtual 

extensometers on the cruciform specimen. The strain history was divided into three sections for analysis

based on the target beam strains.  The cruciform overshoots marked in Section II and III show where the 

cruciform specimens were subjected to strains that exceeded those that occurred in the beam. In contrast,  

when the beam was subjected to peak strains higher than the target strain, marked as beam overshoots in 

Section I, the overshoot strains were recorded in the strain history and replicated in the cruciform loading.  

In Section II, the average maximum strain was 2024 for the cruciform specimens and 2003 for the 

beam specimen, while the strain range was 1745 for the cruciform specimens and 1711 for the beam.  

This difference increased in Section III, where the average maximum strains were 3057 and 3061 for 

the two cruciform specimens and 2980 for the beam specimen. While the strain ranges were 2968 and 

2976 for the two cruciform specimens and 2817 for the beam. tal 

point tracking was approximately 60 [60], while the bea 1   

Figure 12 Strain histories compared between beam and cruciform specimens along the and directions.



In Figure 13, the crack density evolution curves are plotted for the beam gauge zone and the two 

biaxial cruciform specimens from the 60 ply of the laminate.  There was a step increase in crack density at

the start of Section II, following a beam overshoot (replicated in the cruciform specimens), and another 

increase at the start of Section III, where the target strain loading was increased. The beam crack density was 

lower than both cruciform specimens throughout the test. At the end of each of the Sections I, II, and III, the 

crack density of cruciform specimen 1 was respectively 51%, 27%, and 31% higher than the beam. The crack 

density of cruciform specimen 2 was respectively 227%, 100%, and 52% higher than the beam, and 116%, 

57%, and 16% higher than cruciform specimen 1.

Figure 13 Crack density evolution measured from the beam and the two cruciform specimens.



4.2 Biaxial cruciform specimen to uniaxial coupon specimen testing

4.2.1 Comparison between the crack  patterns

Figure 14 Crack patterns observed in the cruciform (top) and uniaxial (bottom) specimens.

In the uniaxial specimens, the first cracks in the thin layer (i.e. 30 ply for cruciform specimens and 

50 ply for uniaxial specimens) initiated from the first loading cycle. But for the cruciform specimens, the 

first cracks within the gauge zone did not initiate until very late in the cyclic loading history e.g. 5,000 cycles

in Figure 14. It should be noted that this paper does not address crack initiation and only concerns with crack 

growth. Large variations were observed between the cracking patterns of the cruciform specimens with layup 

and the uniaxial specimens with layup . Here, focusing on the thin layer, 

the uniaxial specimens developed many short cracks distributed over the entire gauge zone, while the biaxial 

specimens developed fewer but longer cracks growing within the gauge zone (see Figure 14). Further, the 

crack field in the gauge zone of the cruciform specimens gauge comprised cracks that initiated inside and 

outside of the gauge zone. Both these types of cracks were included into the crack front growth study

irrespective of their initiation location, because once a crack front entered the biaxial gauge zone it grew in 

a strain controlled environment. 



4.2.2 Comparison between ERR and the mode-mixity for a non-interacting crack

The biaxial forces and in the gauge zone that were calculated according to Section 3.5.4, 

showed an expected varying force history for a strain controlled loading. These biaxial force histories were

further divided into four regions, as shown in Figure 15. Each of these regions were used for the calculation 

of the uniaxial load level for conducting the equivalent uniaxial cyclic force controlled tests. Such a 

division of the regions was necessary because the forces in the strain controlled cyclic loading were not 

constant. In Regions I, III and IV, the loads were fairly constant, but major changes in forces occurred in 

Region II. 

Figure 15 Gauge zone forces in the cruciform specimen calculated using the thermoelastic expression proposed by Lundmark et al.  

[61].

  In each of the four regions, the average forces and were calculated in order to compute the 

and of a non-interacting crack front within their respective regions. In other words, the entire biaxial 

force history was converted into four equivalent force-controlled cyclic tests with constant average peak 

forces and . The calculated and for each of the four regions of the biaxial force history were

then compared with the calculated and from the corresponding uniaxial force controlled cyclic tests. 

This approach was only used to confirm the selection of angle and the load for the uniaxial specimen. 



The of non-interacting cracks from the thin layer were 0.18 kJ/m2, 0.17 kJ/m2, 0.16 kJ/m2 and 

0.15 kJ/m2 for Region I, II, III and IV loading respectively in the uniaxial specimen. The corresponding  

of non-interacting cracks from the thin layer in the cruciform specimen had a maximum error of 7% 

based on the and loadings applied to each of the four regions. The of non-interacting cracks were 

59 for uniaxial specimen, whereas the corresponding of non-interacting cracks in the cruciform specimen 

were between 59 to 61 . 

Figure 16 Crack growth history for a single crack in the biaxial specimen

The force averaging method proposed in [58] was further used to determine of a non-interacting 

crack front under biaxial strain control between two consecutive crack growth data points as shown in Figure 

16. To summarize the force averaging method, consider a typical plot of the crack front growth, , as a 

function of the number of cycles (see Figure 16). Here, the crack front growth, can be divided into smaller 

cyclic intervals of equivalent biaxial force controlled cyclic loading to compute the existing within that 

interval. As an example, it was assumed that the crack front growth observed between data points 1 and 2 in 

Figure 16 was a result of an equivalent constant-amplitude biaxial force-controlled cyclic loading with peak 

forces and of the sinusoidal loading function. Here, and are the average forces 

taken from Figure 15 but existing within the cyclic interval covering the two data points in Figure 16. The 

corresponding crack front growth rate was assumed to be constant within their respective intervals. When 

applied to a uniaxial strain controlled cyclic loading, the force averaging resulted in a Paris-Erdogan type of 

law with just tests conducted at only one strain level [58]. There it showed that an increase in the 

increased the crack front growth rate. 



Under uniaxial force controlled cyclic loading, the crack front growth rate of cracks detected in the 

thin layer was found to increase with the increase in the uniaxial loading amplitude (see Figure 17). Here,  

and 23 kN corresponded to Region I, II, III and IV respectively. In most 

cases, the experimentally measured crack front growth rate for the cruciform specimens were lower than the 

uniaxial tests. Further, data for the non-interacting crack fronts in the cruciform specimen were found only 

in Regions I, II and III of the biaxial force history of Figure 15, because by the time Region IV arrived, the 

crack density was high enough that the crack fronts mostly started to interact with each other.

Figure 17 Crack growth rate and ERR data for the four uniaxial specimens and two cruciform specimens. For the cruciform 

specimen, the peak cyclic strains were and .

5 Discussion

5.1 Comparison of crack  density evolution between beam and cruciform specimens

Overall, there were several successes in this first iteration of the shared strain-state multi-scale 

testing method.  The strain sharing method worked well, as the peak-valley strains were exported from the 

beam test and loaded in to the cruciform test without much difficulty. Both the beam and cruciform tests 

produced high quality images of the crack fields in the 60° ply closest to the surface i.e. in the thin layer.  

Despite variations in the cameras, image capture settings, specimen geometry, and lighting, the cracks were 

clear in this ply and comparable for all the specimens.  The problems discovered in these tests also provided 



valuable practical experience for the improvement of future multi-scale tests and the identification of future 

work in section 5.3.  

The first research question posed in this paper was whether the crack density evolution in the beam 

was similar to the cruciform specimens.  The beam and both cruciform specimens showed the same general 

growth patterns, though a quantitative replication of crack density evolution was not achieved. In this set of 

tests, the variation between the cruciform specimens prevents any definitive conclusions from being made 

about the general method, other than that the next set of tests should address the causes of this variation.  The 

suspected reasons for the variation in crack density evolution fit into three categories: stochastic behavior,  

strain measurement and strain control, and specimen design.

There is always a stochastic element in experiments and in specimen manufacturing. Variations in 

fiber volume fraction may have affected material properties, or void content from the plate infusion process 

may have created additional crack initiation points. The largest relative difference in crack density evolution 

occurred in Section I where crack initiation was prevalent. Additionally, delaminations were observed in 

parts of the cruciform arm reinforcement at the adhesive interface, which could have affected the transfer of 

loads into the gauge zone. To quantify and account for the stochastic variation, future tests should include a 

larger quantity of beam specimens and cruciform specimens.

As this scaling method relied on strain matching, errors in measuring either the beam or cruciform 

strains could cause variations in the crack density evolution.  The strain history used to control the cruciform 

specimen may have over-represented the beam strains by assuming that the measured strains on the beam 

surface were constant through the laminate thickness.  However, the FE model in [53] found that there was 

an undetermined bending from applied load of the cantilever beam and a bending from the brazier 

effect [62] during beam deformation. The effect of the resultant curvatures is that the maximum strain was

observed at the surface, but the subsurface plies where the tunneling cracks occurred could actually have 

lower strains.  Thermal strains were also not unaccounted for, as the cruciform specimens were subjected to 

a constant light source that caused a temperature increase before the reference strains were off-set, meaning 

that the thermal strains caused by this heating would not have been captured by the virtual extensometers.  

In contrast, the lights used in the beam test were connected to a trigger that was only activated during 

measurements, minimizing the specimen temperature change.  The difference in these thermal strains and 

bending curvatures may have affected the through thickness strains on the specimens, even though their total 

surface strains were matched within 100 of the beam strains, except for the noted overshoots in Figure 

12.  The overshoots were caused by a loss of signal in the digital point tracking system, which is described 

in [60]. It is expected that these few cycles of high strain caused a greater increase in crack density than the 

20-80 error that occurred throughout the rest of the test.  



The differences between the two specimen geometries must also be considered. The cruciform 

specimens had a 40x40 mm gauge zone that was closely bordered by tapers, reinforcement, and corners.  The 

strain state differed between these regions and cracks that were initiated outside the gauge zone could grow 

into the gauge zone. mm of buffer 

from the side walls and several hundred millimeters on the ends. So, cracks that grew into the inspection 

window from the outside likely initiated under similar strain conditions to the gauge zone, not at stress 

concentration or free edges.  

5.2 Comparison of crack  front growth rates

The second research question posted in this paper was whether the growth of tunneling cracks seen 

in biaxially loaded laminates can be recreated in a uniaxially loaded laminate by usage of an equivalent 

laminate layup and accordingly scaling the biaxial forces to uniaxial forces. Even though it was numerically 

proved by Bangaru et al. [43], it can be certainly seen that achieving it experimentally is not an easy task. 

The reasons behind this can be primarily attributed towards the differences in the cracking pattern and 

limitation of the knowledge of the actual applied biaxial forces to the gauge zone of the cruciform specimen . 

Both these reasons have been discussed below. 

5.2.1 Differences in the cracking pattern

The difference in the cracking pattern observed between the uniaxial and the biaxial coupon 

specimens indicates that the local architecture formed by the layup angles may also play an important role 

on the initiation and the growth of tunneling cracks (see Figure 14). The backing bundles associated with a 

particular off-axis ply angle seem to have a direct influence on the propagation of tunneling cracks in the 

off-axis ply [63].

Additionally, imperfections in the form of voids within the off-axis fiber bundles were found to 

effect the tunneling crack propagation for the case of in [63]. Further, it should be 

noted that the numerical demonstration of biaxial to uniaxial load scaling was performed for an assumed 

crack which spans through the entire thickness of the ply [43]. But such an assumption may only be valid for 

pre-preg laminates and not for laminates made of non-crimp fabric with backing fibers where the local fabric 

architecture is very complex. As seen in the study by Bangaru et al. [63], inconsistent through-the-thickness 

cracking behavior was observed through X-Ray CT scans e.g. crack branching along the depth of the fiber

bundle with the formation of new short cracks, and cracks of varying height within the same ply (also see 

Figure 18). Further, cracks were not only confined to the fiber bundles, but also were found in the pure matrix 

material between the fire bundles. Here, the behavior of the types of tunneling cracks differ in their local 

crack plane which has been studied in detail in [63]. Further, apart from the stiffness of the constraining 

layers, since the ERR also directly scales with the height of the crack [47], the cracks of varying heights will 



have different ERR and that is expected to influence their crack growth rates. Since the material used was 

the same for the current study and the off-axis angle is close to the investigated ply angle   

in [63] all of this may consequently explain the large number of short cracks 

distributed throughout the ply as seen in Figure 14. Further, the microscale observations clearly show that 

the tunneling cracking of a fabric is different from that of a laminate consisting of more uniform fibre 

distribution (e.g. laminates made by the use of pre-pregs). The modelling of tunneling crack in fabrics-based 

composites might need to include the fibre bundle architecture into account. However, for the biaxial case 

of the continuous long cracks needs further investigation by looking at the cracks internally within 

each off-axis bundle.

Figure 18 X-Ray CT images of off-axis tunneling cracks in +60° bundle with three different observed scenarios a) single crack 

branching into a short additional crack b) crack penetrating into resin rich region between adjacent UD bundles and c) multiple 

cracks of varying heights within the same layer.

5.2.2 Sensitivity of ERR to forces

A potential source for the error in calculated ERR and the mode-mixity between the biaxially loaded 

cruciform and uniaxially loaded rectangular specimen can be attributed to the approximation of the actual 

biaxial forces in the gauge zone of the cruciform specimen using the thermoelastic constitutive expression 

presented by Lundmark et al. [64]. Here, the measured crack density and the measured biaxial strains were 



required as an input to estimate the reduction of the stiffness in the gauge zone and subsequently the biaxial 

forces applied to the gauge zone. In comparison, the ERR and the mode-mixity for a non-interacting crack 

from a rectangular uniaxial specimen were calculated based on the actual forces measured directly through 

the load cells. Although the thermoelastic expression uses the crack density of each cracked ply as an input 

to determine the stiffness, it should be noted that the expression also depended on the crack opening 

displacements which were calculated using the GLOB-LOC model proposed by the same authors [61], [64]

[66]. Here, the GLOB-LOC model does not account for inter-ply crack interaction when determining the 

crack opening displacements. In reality, the cracks in other plies also affect the crack opening displacements 

of the cracked ply [67]. Further, the same crack density was assumed for the two 60° plies because only one 

ply was visible in the TWLI images as the other 60° was too far away from the photographed surface to 

capture a clear image.

Additionally, a small error can be attributed to the application of the above approximated biaxial 

gauge zone forces onto the uniaxial specimen. This is because, the desired force values that were selected to 

match the ERR on the uniaxial specimens, were rounded off to the nearest integer for the four regions i.e. 26 

kN, 25 kN, 24 kN and 23 kN, respectively. 

5.2.3 Difference in the CGR growth rate measurements

front growth rates was the use 

of two different techniques for calculating the growth rates of non-interacting crack fronts. As the uniaxial 

specimen was loaded with a constant force amplitude, the steady state ERR associated with the growth of a 

crack front was constant. This allowed for the CGR of the cracks in the uniaxial tests to be calculated by 

simply taking the slope of a typical crack front extension versus number of cycle plot (such as Figure 

16). In contrast, for the cruciform specimen, the ERR associated with the growth of the crack front was not 

constant. This was because of the variable forces during the history of the constant strain amplitude test. As 

a result, the cruciform specimen calculated ERR values were averaged between two consecutive data points

rather than taking the slope of the entire plot. This approach of measuring over small increments made the 

crack measuring process more sensitive to human error and can contribute to the large scatter for the

cruciform specimen CGR data points shown in Figure 17.

5.3 Suggestions for future work

Based on the results and discussion of the beam and cruciform tests, future implementations in the 

strain matching multi-scaling method can be improved by:

1. Increasing the number of tested specimens to account for specimen variation.



2. Accounting for the variation in strain through the thickness of the laminate caused by bending 

curvatures and .

3. Accounting for thermal strains caused by continuous lighting for the real time point tracking 

control.

4. Refinement of the amplitude control and minimization of overshoots in the cruciform control.

5. Identifying how many of the cracks were generated within the gauge zones of the cruciform and 

beam specimens and how many originated from outside.

Also, future iterations for matching the ERR and the mode-mixity between a biaxial cruciform 

specimen and a uniaxial straight-sided rectangular specimen can be improved by:

1. Designing the cruciform specimen so that the load sharing between the adjacent arms is 

negligible. This will allow for expected forces responsible for the crack growth in its gauge zone

to be found without relying on a model.

2. Characterizing the effect of the changing local fabric architecture on the crack initiation and 

growth behavior as a result of the variation in the layup sequence, especially due to backing 

fibers.

3. Incorporating the variation in the heights of the tunneling cracks within the ply into future 

damage models. This is because models generally assume that tunneling cracks have a height 

equal to the ply thickness, which may only be valid for pre-preg laminates, but not for more 

complicated fabric architecture such as the one used in this work. Future models which predict 

the growth of tunneling cracks should therefore account for the bundle geometry explicitly. 

6 Conclusions

A case study of a multi-scale testing framework was presented by comparing the growth of tunneling

cracks in a sub-structural beam specimen, a biaxial cruciform specimen, and a uniaxial rectangular specimen.  

The maximum cyclic strains from a region of the sub-structural beam specimen were replicated on two 

biaxial cruciform specimens.  The variation in crack density results between all three specimens suggested

that a larger quantity of both cruciform specimens and beam specimens should be used in future test 

campaigns to capture the stochastic variation of the specimens.  The method of transferring strain histories 

between the beam and cruciform tests was a successful first iteration, though a few points of improvement 

were noted regarding the capture and replication of strains.  A second method used load scaling to align ERR

and mode-mixity of a non-interacting crack front between the cruciform specimen and the uniaxial

rectangular specimen with an equivalent ply angle. Higher crack front growth rates were found in the uniaxial 



specimens over the same range of ERR. This may be because the gauge zone forces in the biaxial specimen 

(used to calculate the ERR) could not be directly measured and were instead calculated using a theoretica lly 

derived constitutive relationship. Despite attaining the similar average mode-mixities, variation in CGR may 

be attributed to the complex fabric architecture, where different heights of the tunneling cracks along the 

thickness direction of the off-axis bundles were observed. Both scaling methods were first iterations that 

confirmed the challenges of multi-scale testing and demonstrated the need for validating models at multiple 

length scales. The information obtained from these multi-scale tests can offer insight into the refinement and 

implementation of future multi-scale tests and models.
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Appendix A

Table A Camera and image specifications.

Beam Cruciform Uniaxial

Make Nikon Olympus Nikon

Model D3X OM-DE M5 Mark II D7500

Lens Manuf. Nikon Olympus Tokina

Lens Nikkor 105mm M. Zuiko Digital 14-42 

mm

100mm fixed macro

Measurement 

window size

50x50mm 60mm diameter 80x80mm

Resolution 6048 x 4032 pixels 4608 3456 pixels 3712 X 5568 pixels

Scale 46 pixels/mm 51 pixels/mm 59 pixels/mm

Aperture f/32 f/18 f/8

Exposure 1/200 1/800 sec 1/125

ISO 200 100 100

Format TIF JPG JPG
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ABSTRACT

The usage of cruciform specimen for planar biaxial coupon testing is evaluated using finite element 
analysis. Nine cruciform designs made up of a multidirectional laminate are simulated under a biaxial 
loading state to test the uniformity of the local stress state and the global strain state in the off-axis layer 
and on the surface of the biaxial zone respectively. The learnings from this analysis though valid for the 
current loading condition is a step towards finding a possible ‘one for all material configuration’ 
cruciform specimen design in the future, which in turn can simplify the task of sizing of the cruciform 
specimens made up of composite materials.  

1 INTRODUCTION

Currently, uniaxial rectangular specimens are majorly used to characterize the fatigue properties of 
composite materials [1]. Even though these specimens prove to be a cheap and fast method for fatigue 
characterization, the experimental results obtained from them need to be taken with a certain amount of 
reservation due to the inherent drawbacks of these specimens, such as the free edge effects [2]. It has 
been shown, for example, that the free edges in the uniaxial rectangular specimens act as initiators for 
matrix cracking [2], which in turn speed up the initiation and propagation of other damage mechanisms, 
such as delaminations [3]. Such a damage initiation and propagation from the edges may cause a 
reduction in the specimen lifetime which may not be representative to the lifetime of large structures or 
components made up of the same material system under the same loading conditions. Consequently, test 
specimens in which the damage evolution and the fatigue lifetime better represent reality are needed.

Additionally, the loads applied to uniaxial rectangular specimens during fatigue tests do not 
necessarily generate a realistic local state of stress if compared with the one that a structure might 
experience during operational loading conditions. Furthermore, in structures made of multidirectional 
composite laminates, the local stress states are always multiaxial due to the intrinsic anisotropy of the
material (internal multiaxiality); however, more complex local multiaxial stress states can also be
created by the externally applied multiaxial loading (external multiaxiality) as well [4]. Nevertheless, 
when testing uniaxial rectangular specimens, the multiaxiality in the laminate stress state is only caused 
by material anisotropy as the test loads are applied in a single direction. Hence, in order to study the 
fatigue behaviour of composite structures with the help of experiments at the coupon scale, it is 
necessary to design specimens to which it is also possible to apply multiaxial external loads. 

So far, two types of specimens have been developed with which external multiaxiality can be 
induced. These are cruciform-shaped specimens and tubular specimens [4]. In tubular specimens,  
multiaxiality can be induced by either a combination of internal/external pressure and axial 
tension/compression or torsion and axial tension/compression [4]. The fundamental challenges with the 
tubular specimens are the premature failure due to the end tabbing [5] and the limitation on the allowable 
thickness of the specimens due to the increase in the variation of the through-the-thickness radial stresses
with the increase in the laminate thickness [6].  Cruciform specimens, on the other hand, have a constant 
through-the-thickness strains in addition to offering a more straightforward way of inducing an in-plane 
biaxial stress state. But designing an appropriate cruciform specimen on its own is a very challenging 
task due to premature failure caused by stress concentrations (e.g. damage initiation from the corners 
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where adjacent arms meet) and the generation of a fairly uniform stress/strain field in the biaxial zone 
[8]. Hence, there is a need to find a cruciform specimen design made of composite laminates in which 
the stress concentrations are minimized and the uniformity in the strain/stress fields in the biaxial zone 
is maximized. The lack of a standard for planar biaxial fatigue testing of composite materials using 
cruciform specimens further emphasis the challenge. 

A suitable cruciform design should (i) achieve a fairly uniform stress state in the biaxial zone, (ii) 
prevent premature failure of the specimens such as breakage of the arms due to stress concentrations, 
(iii) maximize the biaxial zone size and (iv) reduce the load transfer between the adjacent arms and the 
biaxial zone. The presented work will mainly address requirements (i), (iii) and (iv) by comparing nine 
cruciform designs while evaluating (ii) but not addressing it. This work is a part of a multi-departmenta l 
collaborative effort at the Technical University of Denmark (DTU) to study fatigue damage at 3 length 
scales – structural, macro and micro scale. The cruciform specimen is primarily used in the macro length 
scale.

2 METHODS

In this study, nine cruciform designs are analysed considering three types of external features and 
three biaxial zone shapes, see Fig. 1.  The cruciform designs are compared to each other by using a finite 
element analysis in order to evaluate their usage for multiscale modelling and fatigue testing of 
composite materials under a planar biaxial global strain state. 

Figure 1: Nine cruciform specimens considered in this study. Dimensions in mm.

The primary task of this work is to categorize the external cruciform features into three types, see 
Fig. 1. ‘Type 1’ is a thickness tapered cruciform specimen with an inner corner radius cut at the 
intersection of the adjacent arms. The thickness tapering joins the arms to the biaxial zone with a certain 
taper angle.  This is one of the most extensively studied cruciform specimen designs both numerically 
and experimentally [7-13]. The inner corner radius is hypothesized to reduce the load sharing between 
the adjacent arms and the biaxial zone or decouple them but generally the cruciform specimen suffers 
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from stress concentrations at this location. ‘Type 2’ is also a thickness tapered cruciform specimen but 
instead of the inner corner radius cut, slots are used in the arms to achieve the same goal of decoupling
of the adjacent arms with the biaxial zone[14]. Such a type of specimen is commonly used for metals 
but their usage is limited in composites due to the manufacturing challenges to have the slots. Finally, 
‘Type 3’ specimens are quite similar to ‘Type 2’ specimens but the thickness tapering is achieved in two 
steps rather than a single [15].

Moreover, along with the three external cruciform features, three of the most common biaxial zone 
shapes are also analysed: rhombus [16, 17], circle [11, 15] and square [7-10, 12-14], see Fig. 1. The 
square-shaped gauge zone has the largest biaxial zone size with the rhombus-shaped gauge zone being 
the smallest. A large biaxial zone according to requirement (iii) for a suitable cruciform specimen is
desirable; in turn making the square-shaped biaxial zone instantly a good candidate. But the selection 
would also depend on the uniformity of the stress/strain state in the biaxial zone.

On the other hand, the layup configuration evaluated in the biaxial zone of the cruciform specimens 
is [0 0 ] , see Fig. 1. Such a layup configuration was chosen to study the growth of transverse 
matrix cracking for different off-axis ply angles, . For the current study, = 60°. A symmetric layup 
is necessary to make sure that the laminate response to the extension forces in the biaxial zone is in-
plane.  In addition, the arms are assumed to be three times thicker than the biaxial zone and the tapering 
from the arms to the biaxial zone is achieved with a taper angle of 20°. Moreover, a GFRP material 
property is used, whose material properties are presented in Table 1.

GPa GPa GPa GPa GPa GPa
39 14 14 5.4 5.4 5.4 0.3 0.3 0.3

Table 1. Material properties used in the FE analysis

Figure 2: Boundary and loading conditions.
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3 RESULTS

The following three sub-sections provide a brief comparative overview on the strain state uniformity (in 
the global co-ordinate system), the stress state uniformity (in the material co-ordinate system) and the 
load sharing experienced by the nine cruciform specimens with their biaxial zones subjected to the same 
global strain state using the methods described in the previous section.

3.1 Comparing the global strain state on the surface of the biaxial zone.

The strains obtained from finite element analysis in the biaxial zone were normalized by the required 
strain, see Fig. 3, according to the following equation:

=
|

|
                                                                       (1)

where = or represents the global directions, | are the strains obtained from the
finite element model and | are the required global strains (i.e., = 5000 strain and =

2500 strain in the present case). The normalization of the numerically obtained strains provides a more 
in-depth knowledge on the areas of the biaxial zone where the required strain state is achieved. Thus, 
ideally, at the center of the specimen should be one. In order to have a common legend for the nine 
contour plots, the normalized strain field was limited to the range of 0.8 to 1.2 (see Fig. 3) for an unbiased 
comparison of the strain field in the biaxial zone. 

As seen in Fig. 3, the square-shaped biaxial zone has in general the worst strain field uniformity of 
the required strain state among the three shapes; whereas, the rhombus (Type 1) and circle (Type 1) 
shapes have the best strain field uniformity. Moreover, within the external feature types, Type 1 has, in 
general, a better strain field uniformity of the required strain state than the Type 2 and Type 3.

Figure 3. and distribution on the surface of the nine evaluated cruciform specimens.

3.2 Comparing the local stress state in the off-axis 60° ply.

Due to the anisotropic nature of composite materials and the complex shape of the cruciform
specimen, it is important to evaluate the stress distribution in the off-axis layers (which in the current 
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layup configuration are the 60° and 60° plies). Features like the fillet corners and the slot tips can act 
as stress raisers, potentially leading to the premature failure of the specimen.

The local stress state of a particular layer obtained from the finite element analysis was normalized 
by the expected local stress of the same layer calculated from the required global strain state using 
Classical Laminate Theory (CLT). The normalization is as follows:

= |

|
                                                                       (2)

where = 11 or 22 represents the local coordinate system directions, | are the finite element 
determined stresses and | are the CLT determined stresses. It is expected that should be one
at the center of the biaxial zone, which is also observed in Fig. 4. The normalized stress for all the nine
designs was plotted again in the same range of 0.8 to 1.2 for providing an unbiased comparison in their 
stress state.

As shown in Fig. 4, the distribution in the local stress state is more uniform with the circular and the 
rhombus-shaped biaxial zones; whereas, the square-shaped biaxial zone proved to have the poorest
uniformity in its local stress state. It is observed from the finite element analysis that the nature of the
stress state uniformity in the biaxial zone can be attributed to its proximity to geometrically induced 
stress raisers to a large extent, if not completely. As an example, the square-shaped biaxial zone, due to 
its larger size, is much closer to the cruciform specimen corners (where the adjacent arms meet) as 
compared to the circular and the rhombus-shaped gauge zone with the latter being the farthest. These 
corners which act as stress raisers contribute to the non-uniformity of the square-shaped biaxial zone 
more when compared with the other two biaxial zone shapes. In general, the Type 1 specimens have 
their stress concentrations at the inner corner radius; whereas in Type 2 and Type 3 specimens, the stress 
concentration shifted to the tip of the slots.

Figure 4. and distribution in the = 60° ply of the nine cruciform specimen designs. 

3.3 Load sharing between adjacent arms.

Not all the applied forces are directed towards the biaxial zone as some are also ‘shared’ by the 
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adjacent arms. This sharing implies that the application of extension loads on two opposite arms lead to 
an extension in the direction of the force not only in the biaxial zone, but also in the immediate area 
around the biaxial zone towards the adjacent arms. Cruciform designs with the least amount of load 
sharing is a requirement for testing systems limited on loading capacities as it provides us with the 
flexibility of testing different multiaxial loading ratios and material systems (with various different fiber 
orientations) on the same testing system. A lower load sharing also ensures that most of the loads are 
used to generate the required strain state in the biaxial zone and higher stresses are not observed in areas 
outside the biaxial zone, especially in the arms.

From the finite element analysis, it is seen that the load sharing between the adjacent arms was less
in Type 3 specimens than in Type 1 and Type 2 specimens, see Fig. 5.  In general it is inferred that the 
specimens with the slots required less forces to create the required global strain state in the biaxial zone 
as compared to the specimens with the inner corner radius fillet. The least force was required by the
Type 3 specimen with square-shaped biaxial zone and the most force was required by the Type 1 
specimen with rhombus-shaped biaxial zone.

Figure 5. Forces required to recreate the global strain state of = 5000 strain and =
2500 strain in the biaxial zone.

4 CONCLUSIONS

For the required global multiaxial strain state of = 5000 strain and = 2500 strain, nine 
cruciform specimens with a biaxial zone made of a [0 0 ] laminate, where = 60°, were 
compared using a linear elastic finite element analysis in order to evaluate their uniformity in the global 
strain state and the local stress state. Additionally, the complex shape of the cruciform geometry 
demanded that the areas of stress concentrations be looked upon as well. 

It was found that the circular and the rhombus-shaped biaxial zones had a better uniformity in both
the global strain state and the local stress state when compared with the square-shaped biaxial zone. 
Among these two best shapes, the rhombus-shaped biaxial zone requires much higher forces as 
compared to the circular-shaped biaxial zone to recreate the required strain state within the same type. 
The square-shaped biaxial zone required the least forces, implying that it has the least load sharing 
between the biaxial zone and the adjacent arms. However, even though the square-shaped biaxial zone
has the largest biaxial zone size and requires the least forces to recreate a strain state, it still remains an 
unfavorable design due to the comparatively higher non-uniformity of the stress state in the biaxial zone
as mentioned earlier. 

Moreover, in general, the adjacent arm decoupling or reduction in load sharing was better in Type 2 
and Type 3 specimens when compared with Type 1 specimens. However, the usage of slots in Type 2 
and Type 3 specimens caused the highest stress concentration at the slot tips. The stress concentrations 
at the slot tips can be a potential sight for splitting cracks to originate under the application of a transverse 
load to the 0° fiber, thus limiting their usage for biaxial testing. In comparison, the Type 1 specimens 
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were found to have the highest stress concentrations at the inner corner radius fillet.

5 ON-GOING AND FUTURE WORK

In order to conclude on a suitable cruciform designs which fits the ‘one for all material configuration’ 
requirement, much more investigations are required. The future work includes taking into consideration 
more possible cruciform shapes for analyzing the uniformity in their stress/strain states under more 
biaxial loading conditions and addressing the stress concentrations (e.g. at the inner corner radius fillet) 
presented in this work.
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