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Abstract

This thesis addresses the analysis and design optimization of structures and
periodic materials with desired nonlinear mechanical responses. A special
focus is given to the exploitation of internal contact modeling in topology
optimization as a nonlinear effect.

Firstly, a framework is introduced for evaluating the load carrying capac-
ity of periodic materials under compression. It relies on direct fully nonlinear
continuum mechanics simulations and hence it is applicable for microstruc-
tures with moderate volume fraction and arbitrarily complex topologies.
Failure can be predicted not only due to classical buckling but also pro-
gressive softening. Results are shown for common regular periodic lattice
structures at different volume fractions and a hierarchical lattices with en-
hanced buckling resistance from the literature.

The superior buckling resistance of the hierarchical lattices is further
investigated by an experimental study. For this purpose, physical specimens
of the regular square and triangular lattices together with corresponding
buckling resistance enhanced hierarchical microstructures are tested under
uniaxial compression.

Secondly, a second order consistent framework for finite strain topology
optimization is presented in weak form. It is based on the idea of a simulta-
neous solution of the involved coupled nonlinear equations. Combined with
the methodology from the analysis of the periodic lattices, the optimization
framework is utilized for the design optimization of periodic materials with
desired nonlinear behavior.

Furthermore, a method for contact modeling in topology optimization is
introduced by an adaption of the third medium approach. Is has proven to be
an excellent fit, as both methods employ a void material phase surrounding
solid parts within the design domain. The potential of the method is shown
on optimization examples aiming for a desired load-displacement response.
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Resumé

Denne afhandling adresserer analysen og designoptimeringen af strukturer
og periodiske materialer med ønsket ikkelineært mekanisk respons. Et specielt
fokus er sat p̊a udnyttelsen af selvkontakt i topologioptimering som ikke-
lineær effekt.

Som det første introduceres et program til at evaluere bæreevnen af peri-
odiske materialer under kompression. Det baserer p̊a fuldt ikkelineære kon-
tinummekaniske beregninger og kan dermed anvendes for mikrostrukturer
med moderat volumenfraktion og vilk̊arlig kompleks topologi. Lastgrænsen
kan bestemmes ikke bare for klassisk udknækning, men ogs̊a fremskridende
aftagende stivhed. Der vises resultater for gængse regulære periodiske gitter-
strukturer med forskellige volumenfraktioner og een hierarkisk gitterstruktur
fra litteraturen med forbedret modstandsevne mod udknækning.

Den hierarkiske strukturs overlegne modstandsevne mod udknækning er
undersøgt yderligere med et eksperimental studie. Til dette form̊al bliver
materialeprøver af regulære kvadratiske og trekantede gitterstrukturer og
tilsvarende hierarkiske gitterstrukturer med forbedret modstandsevne mod
udknækning belastet med en-akset kompression.

Som det næste bliver et program til anden ordens topologioptimering un-
der store tøjninger præsenteret p̊a svag form. Det baserer p̊a ideen af simul-
tan løsning af de involverede koplede ikkelineære ligninger. Kombineret med
metodologien fra analysen af periodiske materialer bliver optimeringspro-
grammet anvendt til designoptimeringen af periodiske materialer med øns-
ket ikkelineær opførsel.

Endvidere introduceres en metode til kontakt modellering i topologiopti-
mering ved anvendelsen af third medium metoden. Det har vist sig, at disse
metoder passer fremragende sammen, fordi begge benytter sig af et nul-
densitets materiale, der omgiver solide regioner inden for designomr̊adet.
Metodens potentiale vises ved optimeringseksempeler, hvor der sigtes efter
at opn̊a et ønsket last-forskydnings respons.
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1 Introduction

1.1 Motivation

Architectured cellular materials are used in many applications in our modern
world. Typically, the aim is to take advantage of either their favorable
stiffness to mass ratio, like for the core material of sandwich structures, or
energy absorbing capability to prevent damage of fragile objects or humans.
While these are obvious and excellent applications of such materials, the
design of periodic material microstructures has a potential that can go far
beyond these.

The aim of this project is to utilize topology optimization for design-
ing structures and periodic microstructures with a desired nonlinear macro-
scopic mechanical behavior under large deformations. This could be various
kinds of load-response, like softening, stiffening or other material embedded
mechanisms. Providing an optimization procedure for designing functional
materials of this kind, where desired mechanical properties are implemented
on the microstructure level can possibly transform the way mechanical prod-
ucts are designed.

Many of the desired load-responses combine two or more extremal me-
chanical behaviors, preferably with a sharp transition between the regimes
at a certain loading. This requires a drastic change in the deformation field
at the transition point as can be triggered by nonlinear phenomena like
buckling or internal contact.

The first part of the thesis investigates failure mechanisms of periodic
materials under compression. From this study, insight into buckling and
post-buckling behavior of various microstructures is gained and it provides
a generalized framework for evaluating the compressive stability of periodic
materials with arbitrary geometry.

In the second part, a method for internal contact modeling in topology
optimization is introduced. This allows the optimization to utilize internal
contact as a design feature triggering a change in the mechanical response.
The motivation for a contact-aware optimization is twofold, as it also allows
to prevent undesired collisions.
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2 Chapter 1. Introduction

Topology optimization with internal contact is not only beneficial within
the scope of nonlinear material design, but also for other applications like
transient problems or structures under large deformations in general. Also
the field of compliant mechanism design could benefit from a contact model.

1.2 Thesis structure

This thesis consists of two thematically separated parts reflecting both the
content of the appended papers and the structure of the project in general.
In brief the parts cover:

• Part I deals with the analysis of the compressive stability of two-
dimensional periodic lattices. It is based on the generalized numerical
analysis from paper [P1] and the experimental study of a selection of
lattice structures from paper [P3].

• Part II has a focus on topology optimization of nonlinear structures
and periodic materials. It contains a novel framework for second or-
der topology optimization and a model for internal contact in topology
optimization, both introduced in paper [P2]. Also some initial opti-
mization results for nonlinear periodic material are presented as yet
unfinished work.

Each part is unified within itself with an introduction of the relevant methods
and a presentation of important result. The thesis is ended by a combined
conclusion in Chapter 9, covering both parts.

1.3 Software and implementation

The numerical models developed during this project are implemented using
the GetFEM library [1], a high level finite element framework providing a
great versatility due to automated linearization of any given complete set of
coupled nonlinear equations representing the considered problem.

Equations are passed to the library functions as plain text arguments and
in their weak form, agnostic to any discretization, which also will be reflected
in the way governing equations are presented throughout this thesis. The
linearized systems are solved by the direct solver MUMPS [2].

Built-in meshing capabilities of GetFEM are utilized for simple finite
element meshes, while meshes for complex geometries are generated using
GMSH [3].



Part I

Compressive stability
analysis of periodic 2D

lattices [P1, P3]
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2 Introduction to Part I

Periodic lattices of various geometries have a widespread of applications
within the fields of structural engineering and material science and con-
sequently, their mechanical performance has been studied extensively, both
numerically and experimentally during the past decades [4, 5, 6, 7, 8]. One of
the most popular aspects of these lattice microstructures is their favorable
stiffness to mass ratio, which is addressed in numerous numerical studies
[9, 10, 11, 12, 13]. Other studies focus on properties like compressive stabil-
ity limits and plastic yielding [14, 15, 16] or elastic anisotropy [17, 18]. This
list is not exhaustive but rather provides a number of relevant examples.

Dependent on the actual lattice geometry and the performed study ap-
propriate modeling assumptions are to be made. Beam models provide
a sufficient level of accuracy for geometrically simple lattices with slender
beams [19, 20, 17], while they are insufficient for complex geometries or non-
slender lattices [9]. Also, structures with high volume fraction and certain
kinds of studies require to take account for geometrical nonlinearities [7].

In this work, a numerical analysis of the compressive stability of peri-
odic lattices is performed by the means of direct fully nonlinear continuum
mechanical simulations. This is motivated by the possibility of studying
microstructures with high geometrical complexity subjected to large macro-
scopic strains. Moreover, it takes account for beam thickening and other
finite strain effects [21] and allows to explore the post-failure behavior of
the lattices, as well. Another advantage compared to eigenvalue buckling
analysis is the ability to predict the load carrying capacity of structures
that do not fail due to classical bifurcational buckling but e.g. by progres-
sive softening. However, it requires suitable periodic boundary conditions
that cover the periodicity of the critical modes, which is taken care of by the
introduced periodic cell model. In this context it is important to distinguish
between the terms periodic cell and unit cell. While the first describes the
domain at which boundaries periodicity is imposed, the latter is related to
the lattice design in the sense of the smallest repeated representative of the
periodic lattice. A periodic cell can include several unit cells, as indicated

5



6 Chapter 2. Introduction to Part I

(a) Mechanism (b) Structure

Figure 2.1. Bending-dominated hexagonal (a) and stretching-dominated
triangular (b) lattice. Dots represent pinned joints connecting the lattice
struts.

in Figure 3.2.
A generalized formulation of the boundary condition enables to impose

macroscopic stresses or strains at a misalignment angle relative to the ori-
entation of the periodic cell [22]. This is utilized in the present study to
explore the anisotropically nonlinear response subject to a uniaxial com-
pression applied at various angles.

When comparing lattice structures of different geometries, a useful clas-
sification is provided by the concept of bending- or stretching-dominated
structures. The difference becomes clear, when the structures are interpreted
as strut model with pinned joint connections as illustrated in Figure 2.1.

When a load is applied, a bending-dominated structure behaves like a
mechanism and deforms, and potentially collapses, simply by rotations in
the joints. In a stretching-dominated structure, on the other hand, the struts
will be stressed axially and the structure remains stable for reasonable loads.
Not only are bending-dominated structures less efficient in terms of initial
stiffness relative to the material usage [23], but they are also prone to dif-
ferent failure types as shown in the following study.

The following chapter a framework for the numerical analysis of the load
carrying capacity of periodic lattices under compression is introduced based
on publication [P1] and Chapter 4 presents an experimental study of both
regular and hierarchical lattices based on the manuscript [P3].



3 Numerical analysis of periodic cells

This comparative numerical study analyzes lattices made by a hyperelastic
material described by the following constitutive law between the deformation
gradient F and Kirchhoff stress τ according to [24]:

τ = K ln |F |I +G|F |−2/3dev(FF T ) (3.1)

where K and G are the linear material bulk and shear modulus, respectively,
and I denotes the identity matrix.

3.1 Boundary conditions

In order to apply loadings in terms of homogenized quantities at an arbitrary
angle relative to the periodic cell, the macroscopic, homogenized xy-frame is
separated from the material XY -frame, in which the periodic cell is modeled.
This separation is illustrated in Figure 3.1.

Figure 3.1. Periodic cell represented in the XY frame embedded in a peri-
odic material under homogeneous deformation defined in the xy frame. The
relative rotation between the frames is defined by the angle α. The figure is
taken from [P1].

Any given homogenized deformation of the periodic cell is defined by the
macroscopic strain tensor ε and can be transformed to the material frame
by

E = T Tε T (3.2)

7



8 Chapter 3. Numerical analysis of periodic cells

where T = T (α) is a rotation matrix of the rotation angle α

T (α) =

[
cosα − sinα
sinα cosα

]
. (3.3)

This transformation can be applied to homogenized stress measures, analo-
gously.

These macroscopic states serve as boundary conditions for the local dis-
placement field u on the boundaries Γ and domain Ω of the periodic cell as
illustrated in Figure 3.2. Subscripts L, B, R, T specify the left, bottom,
right and top edge, respectively.

Figure 3.2. Continuum mechanical model of the periodic cell with dimen-
sions h × l, expemplarily with 2 × 2 unit cells with dimensions h0 × l0.
ΓL,ΓB,ΓR,ΓT denote the periodic boundaries of the solid domain Ω. The
figure is taken from [P1].

The microstructure is assumed to be perfectly periodic, and hence dis-
placements can be mapped directly from left to right and from bottom to
top boundaries of the periodic cell. Periodicity constraints are prescribed
using a vector of Langrangian multipliers q

R
and q

T
, defined on ΓR and ΓT .

The equation of linear momentum within the modeling domain can then be
expressed as∫

Ω
τ F−T : ∇δu dV −

∫
ΓR

q
R
· (δu− δuR→L) dY

−
∫

ΓT

q
T
· (δu− δuT→B ) dX = 0,

(3.4)

where F = I + ∇u, which has to be fulfilled for any admissible variation
δu. The subscript R→ L and T → B refers to a mapping operation, where
the concerned quantity on ΓR or ΓT is evaluated at an opposing point on
ΓL or ΓB, respectively.

While satisfying periodicity, the cell can still be deformed by an average



3.1. Boundary conditions 9

strain, in macroscopic xy-frame defined as

ε =

[
∂ux/∂x ∂ux/∂y
∂uy/∂x ∂uy/∂y

]
=

[
εxx εxy
εyx εyy

]
, (3.5)

where (ux, uy) represent the homogeneous displacements of the continuum
in which the periodic cell is embedded. Individual components of ε are
either unknown variables or can be prescribed directly, which causes the
corresponding variational equation to vanish. The following condition is
required to be held by any admissible multiplier variation δq

R
or δq

T∫
ΓR

(
−u+ uR→L + lT Tε

{
cosα
sinα

})
· δq

R
dY

+

∫
ΓT

(
−u+ uT→B + hT Tε

{
− sinα
cosα

})
· δq

T
dX = 0.

(3.6)

The above relations form boundary conditions on u, as they couple the four
scalar components of the homogenized strains to both the displacement field
and the fields of Lagrangian multipliers on the respective boundaries.

The governing equations are completed by a set of variational equations
for the unconstrained strain components of ε yielding the force equilibrium
of the periodic cell, holding for any variations of the concerned components
in δε: ∫

ΓR

(
lT T δε

{
cosα
sinα

})
· q

R
dY

+

∫
ΓT

(
hT T δε

{
− sinα
cosα

})
· q

T
dX − lh δε : P = 0,

(3.7)

where P is the homogenized first Piola-Kirchhoff stress tensor defined in
the global xy-frame. One can see the homogenized first Piola-Kirchhoff
stress as the physical interpretation of the average Lagrangian multiplier
fields on the boundaries, as they are directly multiplied to the variations
of the displacement field in the undeformed configuration in the sense of
tractions. The macroscopic first Piola-Kirchhoff stress tensor is composed
and transformed as follows

P =

[
Pxx Pxy

Pyx Pyy

]
= T

[{
1

h

∫
ΓR
q

R
dY

}
,

{
1

l

∫
ΓT
q

T
dX

}]
T T , (3.8)

where the two sets of braces are to be read as column vectors forming a
second order tensor.

The set of equations in Eq. (3.7) allow to prescribe any desired com-
bination of stress and strain components, generally. A prescribed stress
component is imposed directly via Eq. (3.7), while a prescribed strain com-
ponent is simple treated as a given value throughout all other equations, and



10 Chapter 3. Numerical analysis of periodic cells

the corresponding equation in Eq. (3.7) vanishes as the respective variation
equals zero.

On top of this rather generalized and thus flexible set of the weak form
equations, one can build various loading cases of different kinds. Exemplary,
in publication [P1] a formulation is shown for constraining a fixed ratio
between components of the local Cauchy stress tensor. This special case
will be used in this thesis as further described in the following section 3.3.

Finally, rigid body motion is suppressed by fixing the average displace-
ments of four nodes in the corners of the periodic cell.

3.2 Comparability and evaluation of the results

The aim of this work is not only to present a generalized framework for
studying the compressive stability of individual periodic lattices, but also
provide a basis for a fair comparison of lattices with different volume fraction
V ∗, topology and aspect ratio of the unit cell. This requires a universal
normalization of the stress limits, independent on the lattice type.

In addition, a failure criterion needs to be defined that covers various po-
tential failure types of lattices under elastic compression. Some microstruc-
tures may fail due to classical bifurcational buckling, while others loose their
load carrying capacity through progressive softening.

3.2.1 Stress normalization

In [20], presented stresses are normalized by E/(t/L)3, where E is the mod-
ulus of elasticity of the material and t and L are the thickness and length of
the lattice struts, respectively. This choice of a characteristic stress makes
sense physically, as it is based on the Euler buckling load of a pinned-pinned
bar of the given geometry. However, it does not facilitate the comparison of
different lattice types and is especially not applicable to hierarchical or not
truss-like periodic materials, where t and L can not serve as characteristic
properties. However, for the regular square lattice, the slenderness ratio
can be approximated using the volume fraction, as V ∗ ≈ 2t/L holds for low
volume fraction. This leads to the following suggestion for a dimensionless
stress measure:

σ̄ = σ/
(
E/(V ∗/2)3

)
(3.9)

allowing for a high level of comparability in the presented results and still
resembles the original formulation in the special case of the slender square
lattice.
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3.2.2 Failure criterion

Identification of the actual point of failure is crucial in any study of the
compressive stability. But in this type of nonlinear analysis, where no strict
mathematical failure definition exists, a decision has to be made.

In the case of structures that undergo failure in the sense of classical bi-
furcational buckling, the critical load can be identified either directly by eye,
or numerically as the point of maximum curvature of the load-displacement
path. But since many lattices undergo failure due to progressive softening, a
more universal definition is required, and thus it was chosen to define failure
by a threshold of a tangential stiffness measure. For simplicity, the tangen-
tial stiffness is approximated as ratio of the Frobenius norms of stress and
strain increments, ∆σ and ∆ε, yielding the condition

‖∆σ‖
‖∆ε‖ < ηEV ∗, (3.10)

where η is a chosen threshold parameter of the theoretical upper bound
represented by EV ∗, specifying the failure limit. The threshold value can
be chosen arbitrarily, but it should be noticed that microstructures exists,
where the tangential stiffness is below this threshold initially. Also, individ-
ual failure types differ in the sensitivity for actual threshold values. While
the tangential stiffness drops drastically during classical buckling, the fail-
ure load for progressive softening depends strongly on the threshold. In this
work the threshold is defined as η = 0.1.

3.3 Loading cases

In the previous section, it was shown how arbitrary loadings can be applied
in terms of combinations of stress and strain components. The following
two specific loading scenarios, namely a biaxial load and a uniaxial compres-
sion at different angles are presented, of which the first is a rather classical
way of studying the load carrying capacity, while the second illustrates the
anisotropic character of many periodic materials by considering various load
orientations.

3.3.1 Biaxial loading with fixed stress ratio

Generally, a biaxial loading can be applied at any fixed angular orientation
relative to the symmetry axis in the lattice. The next chapter of this thesis
will present a study of the regular square lattice with a biaxial loading
applied in alignment with the orientation of the lattice struts. This reflects
a usual application of the lattice, but other choices can be made.

The focus of this study is failure under compression, and hence a negative
strain is prescribed in the longitudinal direction, εyy via Eq. 3.6 using an
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incremental scheme. Instead of prescribing the transverse strain directly,
too, the two loading directions are coupled by imposing a fixed ratio of
longitudinal and transverse Cauchy stresses. This is repeated for a series of
ratios, both positive and negative, resulting in both compressive and tensile
stresses σxx. The resulting load-displacement paths correspond to straight

2
10
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(a) Angled view including the strain axis.
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(b) Top view showing only the stress space.

Figure 3.3. Biaxial loading procedure. Failure line (gray) based on individ-
ual stress-strain curves (blue) in two-dimensional normalized stress space.
The red plus signs mark the points of detected failure. The figures are taken
from [P1].

lines, when mapped to the two-dimensional stress space spanned by σxx
and σyy, as illustrated as the blue curves in Figure 3.3. The red markers
indicate the point of failure based on the criterion introduced in Eq. (3.10)
and connecting theses failure points using a fitted curve results in the gray
line, representing the failure line in the sense of an envelope of stable biaxial
stress states.

3.3.2 Rotated uniaxial compression

The second loading case aims at revealing the anisotropic properties of
periodic materials. The investigated lattices are compressed uniaxially at
varying orientation angles α between the macroscopic frame in which the
load is applied and local material frame. This study aims at revealing the
anisotropic properties of periodic materials.

The longitudinal strain component εxx is increased incrementally, while
the longitudinal shear strain is constrained, εxy = 0. This loading case is
illustrated in Figure 3.4 in macroscopic measures. Likewise in the previous
loading case, the responses of individual simulations are evaluated for failure
and a failure envelope is drawn. An illustration in local stress measures is
not trivial, because the uniaxial load will contribute to all stress components,
depending on the angle α. Due to symmetry in the lattice, only a fractional
angle sweep has to be performed.
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space.

Figure 3.4. Uniaxial loading procedure at different angles. Blue lines are
individual stress-strain curves, red plus signs mark the points of detected
failure, which are connected by the gray failure line. The figures are taken
from [P1].

3.4 Results

This chapter presents only a selection of the results from the original publi-
cation [P1]. Considered microstructures are shown in Figure 3.5, where the
shown pictures represent the periodic cells, and the black rectangles indicate
the unit cells.

In the following, results are shown for the regular square lattice at dif-
ferent volume fractions exemplarily, both under biaxial and uniaxial loading
according to the definition of loading cases in the previous section. In ad-
dition, a comparison of the compressive stability under uniaxial loading is
presented, including the three regular lattices and the hierarchical square
lattice, all at V ∗ = 0.3. The hierarchical structure is optimized for max-
imum lowest buckling load under a uniaxial compression aligned with the
material axis in [25], i.e. α = 0◦ or α = 90◦.

For an extended set of results and further details the reader is referred
to the attached publication, which also contains a detailed analysis of the
buckling and post-buckling behavior of the hierarchical square lattice.

3.4.1 Square lattice at different volume fractions

The square lattice is clearly one of the most simple periodic materials. It is
used in a widespread of applications and has been subject to many studies,
most of them assuming long and slender struts like [20], which will serve as
a reference. In regards to the concept of bending- and stretching-dominated
lattices, one can argue, that the square takes a special position. At a first
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(a) (b) (c) (d)

Figure 3.5. Periodic cells and highlighted unit cells of investigated lattice
structures: (a) square lattice structure at volume fraction 0.1, 0,3 and 0.5,
(b) triangular lattice, (3) hexagonal lattice, (d) hierarchical square lattice.
(b)-(d) at a volume fraction of 0.3. The figures are taken from [P1].

glance, the square lattice is characterized as a bending-dominated structure,
but in the special case where the load is aligned with the struts and assuming
perfect symmetry, stretching dominates.

Biaxial loading

Failure against biaxial loading is evaluated for the two lowest buckling modes
for the square lattice using appropriate perturbations. The results are shown
in Figure 3.6 alongside with illustrations of the post failure deformations.

The markers indicate stress states at which failure is detected according
to the criterion in Eq. (3.10) and the failure lines are drawn based on a
polynomial fit as described in Section 3.3. The figure also includes the
results from [20] as a reference solution for the low volume fraction limit.

Mode 1 buckling is a non-symmetric shear deformation, and hence the
failure envelope is composed of two individual failure lines depending on,
which loading direction is considered as major compression direction. Due to
symmetry of the lattice, these lines intersect at the line of equibiaxial stress
states (σXX = σY Y ). The failure lines are almost straight, meaning that
failure depends almost linearly on the secondary loading direction. Also, the
lines are relatively parallel to the plot axis, which indicates that stability
mainly depends on the normal stress in the main compression direction.
Despite the normalization of the presented stresses using Eq. (3.9), failure
occurs a higher normalized stresses for increasing volume fractions, showing
an additional volume fraction effect. While the result of the most slender
lattice with V ∗ = 0.1 is close to the reference solution valid for slender
structures, the nomalized limit for the most dense structure (V ∗ = 0.5) is
almost doubled.
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Figure 3.6. Failure lines of the regular square lattice under biaxial loading
(a) for the two illustrated deformation modes (b,c). Reference solutions for
slender lattices from [20] are included as black dashed failure lines. The
figures are taken from [P1].

This unsymmetric failure mode 1 is critical compared to mode 2 at all
stress ratios and corresponds to the bending-dominated interpretation of
the lattice. In contrast, mode 2 failure is associated to the special case of
the square lattice as a stretching-dominated structure. Due to boundary
conditions, failure of the otherwise critical mode 1 may be restricted. Mode
2 is symmetric and thus independent of the major compressive direction. As
a result, the failure line is shown as a single continuous line. Like mode 1,
failure mode 2 shows a strong and similar additional volume fraction effect
on the failure load.

Mode 1 was obtained by applying a small transverse shear load as a per-
turbation, while targeted geometrical perturbations were applied for mode
2. For a detailed presentation of the perturbations, the reader is kindly
referred to the publication [P1].

Uniaxial loading

The anisotropic failure properties of the square lattice are studied by a
uniaxial load applied at various orientation angles α. This is visualized
in Figure 3.7, where 3.7a shows a color plot of the normalized tangential
stiffness including a contour line at the η = 0.1 failure threshold for the
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most dense square lattice (V ∗ = 0.5) and 3.7b shows the described contour
lines for all three volume fractions.

(a) V ∗ = 0.5
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(b) Failure lines

Figure 3.7. Regular square lattice under uniaxial compression. Normalized
tangent stiffness ‖∆σ‖ /(‖∆ε‖EV ∗), with 0.1 threshold failure line for V ∗ =
0.5 (a) and failure lines for different volume fractions (b). The figures are
taken from [P1].

From the figure it can bee seen, that the compressive failure pattern of
the square lattice is very anisotropic. The highest buckling strengths are
obtained at loadings aligned with the lattice struts (α = 0◦, 90◦, ...) corre-
sponding to the uniaxial special cases of Figure 3.6. Even small deviations
from these angles reduces the critical load significantly. This is explained
by the fact that classical buckling only occurs at aligned loading axis, while
the lattice fails due to progressive softening at any other loading angle.

The comparison of failure lines for different volume fractions shows, that
only the most dense structure has an initial tangential stiffness above the
threshold, while the others only reach the criterion when loaded very close
to α = 0◦ or 90◦.

3.4.2 Different lattices at the same volume fraction

A major goal of this study was the ability to compare periodic materials
of different types. Here, this is done for all lattices from Figure 3.5 at
V ∗ = 0.3, namely the regular square, triangular and hexagonal lattice and
the optimized hierarchical square lattice under uniaxial compression. The
resulting failure lines are shown in Figure 3.8 and a similar comparison of
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the initial homogenized stiffness is shown, too, as another aspect of the
mechanical performance of the lattices.
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(b) Relative initial stiffness

Figure 3.8. Failure lines against uniaxial compression for all investigated
structures with V ∗ = 0.3 (a). Normalized initial stiffness modulus in the
loaded direction of the lattices. The figures are taken from [P1].

The very anisotropic failure line for the regular square lattice is taken
directly from Figure 3.7b and from this comparison it is evident, that the
square lattice is outperformed by all others. Only the hexagonal lattice has a
lower failure load at its least preferred loading direction, when compared to
the favorable direction of the square lattice. However it should be mentioned
here, that the bending-dominated hexagonal lattice fails due to progressive
softening, meaning that its failure envelope is heavily dependent on the
chosen threshold value. In terms of initial stiffness, on the other hand,
the square lattice obtains the highest values of all lattices in its preferred
direction. Just as for the compressive stability, the initial stiffness of the
square is very sensitive to a deviation of this loading direction, resulting in
very low stiffnesses for variations greater than approximately ±5◦.

Both the triangular and the hexagonal lattice have an isotropic stiff-
ness response, with the triangular being more than twice as stiff due to
its stretching-dominated composition. When it comes to failure resistance,
though, the isotropy is lost due to geometrical nonlinearity. This is espe-
cially true for the hexagonal lattice, while the triangular lattice loaded in
the least preferred direction remains at approximately 90% of its maximum
resistance.

The optimized structure outperforms the others greatly in failure re-
sistance, as expected. It is not only much more resistant in the loading
directions is was optimized for, but it also performs well at other load ori-
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entations. Compared to its regular square counterpart it sacrifices on the
initial stiffness in the preferred direction, but it gains stiffness at other an-
gles, resulting in a much more isotropic stiffness response between the perfect
isotropic values of the triangular and hexagonal lattices.



4 Experimental analysis of 2D lattices

The results in the previous chapter have shown how the hierarchical square
lattice structure outperforms all considered regular structures in terms of the
buckling load. With the aim of validating the findings, this chapter presents
an experimental study of the compressive stability of the regular and hierar-
chical versions of both the square and the triangular lattice microstructure.
The hierarchical triangular lattice, which has not been considered in the pre-
vious study, is generated using the optimization procedure from [25], just
like the hierarchical square lattice.

This chapter is based on the manuscript [P3] and the work was initiated
by Keld Christensen during his master thesis [26] under the supervision
of Fengwen Wang and Ole Sigmund. Keld tested several manufacturing
processes and finally fabricated the specimens of the two square lattices
of good quality using the method described below. The triangular lattice
specimens were manufactured by the author using the same method.

4.1 The specimens

The specimens are manually cast from silicone rubber using 3D-printed
molds. Due to limitations on the feature size by the printing quality and the
dimensional restrictions of the print area, the specimens can only contain
a relatively small number of unit cells. The two square lattice structures
are represented by 4 × 4 and the triangular ones by 4 × 2 unit cells. At
the compressed edges, a bar of solid material is added in order to distribute
the forces and stabilize the structures. The lattices are compressed along
the x-direction according to Figure 3.5. Pictures of the four specimens are
provided in Figure 4.1.

The dimensions of the unit cells are chosen as 41× 41mm for the square
and 47.34 × 82mm tor the triangular lattices, resulting in a constant total
height H = 164mm for the interior of all specimens. The additional sup-
porting material has a height of 10mm and the specimens have a thickness
of 45mm to prevent out of plane buckling.

19
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(a) Regular square lattice (b) Regular triangular lattice

(c) Hierarchical square lattice (d) Hierarchical triangular lattice

Figure 4.1. Photographs of the investigated specimens. The pictures are
taken from [P3].
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Displacement values shown in this chapter are normalized by the interior
height, meaning that the expression u/H refers to the normalized prescribed
deformation at top face in the sense of a macroscopic compressive strain.

Even thought all molds were designed based on lattice geometries with a
volume fraction of 0.3, it turned out, that the hierarchical lattice specimens
have a higher weight compared to the regular counterparts due to manu-
facturing tolerances. In order to compensate for this, the geometries of the
hierarchical lattices used in the numerical analysis are dilated uniformly to
a volume fraction of 0.33. While this improves the comparability between
experiments and numerical results, the difference in volume fraction still
impedes the comparison between regular and hierarchical lattices.

4.2 Experimental setup

During the experiment, the specimens are located between two rigid plates
attached to a combined tensile and compression testing machine. The ex-
periments were performed as a displacement-controlled compression, while
measuring the reaction force. A low compression rate of 5mm/min was ap-
plied to eliminate the influence of potential time dependent viscous effects
of the material.

4.3 Numerical analysis

Despite the fact, that the specimens represent two-dimensional lattices with
a constant thickness in the third dimension, 2D simulations neither assum-
ing plane strain nor plane stress predicted the mechanics of the specimens
satisfactory. Hence, the specimens are simulated as three-dimensional struc-
tures, exemplarily illustrated in Figure 4.2. Symmetry in the z-direction is
exploited by modeling only half of the thickness and fixing the displacements
in thickness direction on the backside shown in green. A perfectly sticking
boundary condition is assumed between the specimens and the rigid plates
by fixing the displacements in all three directions at the blue bottom face and
displacements in y- and z-direction at the red top face. Spatially constant
compression is imposed incrementally by the displacement in x-direction on
the top face.

Material modeling

Experiments on a solid material cube were performed in order to deter-
mine the material properties of the silicone rubber. It was found, that the
neo-Hookean material model used in the numerical analysis in the previous
chapter is not capable of predicting the stiffening behavior of the silicone
rubber adequately. Instead, the Mooney-Rivlin material from [27] is applied
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x

z y

Figure 4.2. Exemplary schematic of the 3D Model. Green: symmetry plane
(uz = 0). Blue: fixed boundary (ux = uy = uz = 0). Red: compression
boundary with prescribes compression on ux, (uy = uz = 0).

in its compressible form, which predicts the load response well, as shown in
the manuscript [P3]. The material is defined by the strain energy density
function:

W =
K

2
(|F | − 1)2 + C10

(
Ī1 − 3

)
+ C01

(
Ī2 − 3

)
(4.1)

where Ī1 and Ī2 are the first and second invariant of the isochoric part of
the left Cauchy-Green strain tensor. The initial bulk modulus K, and the
Mooney-Rivlin material coefficients C10 and C01 are determined experimen-
tally. The reader is referred to the manuscript [P3] for further details on the
material properties and the compression test of the solid material specimen.

4.4 Results

The results, both experimental and numerical, are shown as load-displace-
ment curves in Figure 4.3, individually for the four specimens. Experimental
repetitions are shown as a series of colored curves, and the numerical result
is plotted on top as a black line. Illustrations of the deformed structures at
different loading states are presented in Figure 4.4.

For the regular structures there is a good agreement in the load response
prior to buckling. However, the numerical analysis of the regular square
overestimates the buckling load by approximately 10% compared to the
experimental data. For the corresponding triangular lattice, the buckling
load is only overestimated by 2.5%. In both cases, the numerical solution
predicts a lower post-buckling stiffness, than observed experimentally. Based
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(b) Regular triangular lattice structure
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(c) Hierarchical square lattice structure
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(d) Hierarchical triangular lattice structure

Figure 4.3. Experimental and numerical load-displacement curves and de-
tected failure loads for the considered structures. Numerical results are
shown in black. u/H denotes the normalized prescribed displacement in the
x-direction on the top face of the specimens. Note the different scaling of
the axis for regular and hierarchical lattices respectively. The figures are
taken from [P3].
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(a) u/H = −0.02, u/H = −0.05, u/H = −0.05

(b) u/H = −0.02, u/H = −0.05, u/H = −0.05

(c) u/H = −0.12, u/H = −0.16, u/H = −0.15

(d) u/H = −0.12, u/H = −0.15, u/H = −0.15

Figure 4.4. Deformed structures of the considered lattices from the numeri-
cal analysis at moderate compression (left) and post-buckling (middle) with
the undeformed meshes shown in gray, and post-buckling pictures from the
experiment (right). The figures are taken from [P3].
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on the experiments, the buckling load of the regular triangular lattice is
28% higher than the one of the regular square and buckling occurs at higher
compressive strains as well. This is also evident from the deformed structures
at u/H = 0.02, where buckling already occurred for the regular square, but
not for the triangular lattice.

Looking at the results for the hierarchical structures, the numerical re-
sults are a less accurate prediction of the experimental data as for the regular
structures. This can be caused by several reasons. Firstly, the correction
of the volume fraction is done as a uniform dilation of the design, which, of
course, only is an assumption. Also the precision of the printed molds has
a greater impact on the hierarchical structures due to the fine details. And
secondly, the hierarchical structures are compressed to much higher strains
and much higher reaction forces. This alone can lead to less accurate pre-
dictions, especially for a very nonlinear material like the silicone rubber.

For the hierarchical square, the buckling strain is captured reasonably
well, but there is a mismatch between experimental and numerical load
responses, initially. The numerical analysis predicts a significantly lower pre-
buckling stiffness and a buckling load approximately 17% lower compared
to the experimental results. In addition, a stiffening behavior is seen in
the experimental result, which is not captured by the numerical model. A
better agreement is obtained for the hierarchical triangular lattice. Here,
the initial stiffness is predicted well and so is the buckling strain, but again,
the numerical analysis fails at predicting the stiffening behavior from the
experimental load responses. The buckling load based on the numerical
analysis is 9% below the experimental data.

The experimentally obtained buckling loads of the hierarchical struc-
tures are increased by a factor of eight and five compared the their regular
counterparts, respectively for the square and triangular lattice. However,
one has to keep in mind, that the hierarchical specimens have a 10% higher
volume fraction.

When comparing the post-buckling deformations of all four specimens in
Figure 4.4, it can be seen, that the numerical simulations predict the same
individual buckling mode as obtained experimentally. Furthermore, the two
square lattice specimens buckle in a conceptually similar symmetric global
shear mode. In contrast, the triangular lattice specimens loose their load
carrying capacity due to local buckling. The buckling patterns of the two
specimens are generally different from each other, even thought there are
some local similarities.

Drawing conclusions from a direct comparison with results assuming
perfect periodicity from the previous chapter is not trivial. This is because
different constitutive relations are assumed and the boundary effect has
severe influence on the load response due to the relatively small number
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of unit cells in the experimental specimen. This becomes clear from the
deformations of the regular square in Figure 4.4a at u/H = −0.05, where
the limited number of rows restricts a deformation of the critical mode 1 in
Figure 3.6b.

All in all, the numerical analysis was capable to estimate the buckling
strains reasonably well and the corresponding loads deviate from the ex-
perimental values within the range of 2.5 to 17%. The buckling modes are
predicted correctly for all four specimens.



Part II

Topology optimization of
structures and materials
with desired nonlinear

properties [P2]
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5 Introduction to Part II

This part presents the work on topology optimization of structures and pe-
riodic materials with desired nonlinear mechanical behavior based on publi-
cation [P2] and some yet unpublished work on the optimization of periodic
materials.

Chapter 6 introduces a generalized second order topology optimization
framework. Chapter 7 presents a method for internal contact modeling in
topology optimization and shows, how the aforementioned framework can
be adapted for load-displacement path optimization. Finally, in Chapter 8
the presented optimization method is applied to periodic materials using the
theory from the first part of this thesis.

Traditionally, topology optimization problems are solved as first order
optimization problems, where the design variables are updated iteratively
according to the sensitivities, which are the derivatives of the objective func-
tion with respect to the design variables. Typically these problems are solved
in a staggered manner where the mechanical equilibrium and the design sen-
sitivities are solved subsequentially, whereafter an optimization algorithm
updates the design variables while considering the limits of various given
constraints. In this work, a new second order topology optimization frame-
work is defined in a continous manner based on the idea of a simultaneous
solution of the coupled equations for the mechanical equailibrium, adjoint
variables and design optimality. A similar approach for a contineous adjoint
sensitivity analysis formulation has already been derived in [28].

The design of structures with desired nonlinear mechanical response un-
der large deformations is typically formulated as the minimization of an
error function between the target and actual values of a chosen quantity at
a number of points during an incremental loading procedure. It has been
applied for path generating compliant mechanisms, where the output dis-
placement at a given point is controlled relative to a prescribed input load
or displacement at another location [29] or for spring like structures, where
the load-displacement path is controlled directly by the reaction force at the

29
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same location at which displacements are prescribed [30]. Despite the fact,
that different quantities are controlled, the two approaches are equivalent.
Another way to generate a desired path is shown in [31, 32], where snap-
through mechanisms are obtained by one-sided constraints on specific local
deformations.

More recently, the procedure has been applied to compliant mecha-
nisms considering stress constraints [33], multimaterial structures with pro-
grammable mechanical response [34] and both softening and stiffening struc-
tures where constraints on the slope of the load-displacement curves are
included besides the error minimization [35].

The potential of load-displacement path control has been adopted for
the design of periodic materials with desired nonlinear properties as demon-
strated in [36, 37] on the example of a negative Poisson’s ratio structure.

From a broader perspective, topology optimization has been applied to
periodic materials with programmable linear elastic properties [38, 39, 40]
and for a number of other macroscopic material properties. Also, archi-
tectured materials in general have been used in numerous applications for
obtaining nonlinear mechanical responses for different purposes. Among oth-
ers, examples are shown for resilient hierarchical materials [41, 42], energy
absorption [43, 44], negative Poisson’s ratio [45] and desired nonlinear load-
displacement relation [46, 47, 48]. These include microstructures designed
using other optimization techniques, inspired by nature or deterministically.

Internal contact is a scarcely treated research topic within the field of
topology optimization, as classical methods for self-contact are not well-
suited for topology optimization applications. They require the potential
contact interfaces to be defined explicitly, whereas the design and thus the
interfaces are both non-discrete and generally unknown during the optimiza-
tion procedure. While not being impossible, as shown in [49], it is still a
tedious task. Instead, the third medium contact method [50] is applied in
this work. This method is a very good fit for topology optimization, because
it is a formulation exclusively based on continuum mechanics with no need
of explicitly defined contact surfaces, and solving the contact kinematics. In
brief, it relies on a compliant contact medium surrounding the considered
structure, which still can transfer contact stresses under ultimate compres-
sion. And in that perspective it is rather similar to the density based topol-
ogy optimization, where the modeled domain not only contains the solid,
physical structure but also the surrounding void phase.

Other approaches for design optimization with internal contact rely on
predefined contact surfaces within the domain [51, 52] or a level-set method
[53]. External contact with rigid obstacles has been studied for frictionless
contact in [54, 55, 56, 57] and in a frictional setting in [58, 59].



6 Second order finite strain topology
optimization in weak form

6.1 Problem formulation

A general structural topology optimization problem can be defined as the
following minimization problem. The aim is to minimize an objective func-
tion C by the design variable field χ and the problem is constrained by the
mechanical equilibrium equation R i.e.

min
χ

C(χ,u, q) = Cχ(χ) + Cu(u) + Cq(q)

s.t. R(χ,u, q; δu, δq) = 0 ∀δu, δq
(6.1)

Besides the design variables, the residual functional R is a function of the
displacement field u and some traction forces q, and has to be zero for
all admissible variations of those. An exact definition of the mathematical
design variable χ and how it is related to the physical density field ρ is given
in the next section. For now, the derivation of the governing equations is
continued based on the stated dependencies.

The objective function C is split and written as a superposition of three
single variable functions of the design variables, displacements and reaction
tractions, respectively. Assuming the mechanical equilibrium is satisfied,
minimizing the objective function is equivalent to the minimization of the
augmented objective function

C∗(χ,u, q) = C(χ,u, q) +R(χ,u, q; λu,λq) (6.2)

for any adjoint variables λu and λq, respectively in the spaces of δu and
δq. Under optimality, the variation of the objective function equals zero. In
the augmented form this variation can be evaluated as

δC = δC∗ = Cχ,χ(χ; δχ) +R,χ(χ,u, q; λu,λq; δχ)

+ Cu,u(u; δu) +R,u(χ,u, q; λu,λq; δu)

+ Cq,q(q; δq) +R,q(χ,u, q; λu,λq; δq).

(6.3)

Usually, variations of the design variables δχ can be derived, while variations
δu and δq are not straightforward to derive. Hence, the adjoint sensitivity
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analysis method is applied in order to eliminate those from Eq. (6.3) by
solving for multipliers λu and λq that satisfy the adjoint equations

R,u(χ,u, q; λu,λq; δu) + Cu,u(u; δu) = 0 ∀ δu
R,q(χ,u, q; λu,λq; δq) + Cq,q(q; δq) = 0 ∀ δq. (6.4)

After doing so, the remaining variational equations are reduced to

δC∗ = Cχ,χ(χ; δχ) +R,χ(χ,u, q; λu,λq; δχ). (6.5)

To sum up, the design optimality can be expressed by the following
system of coupled nonlinear equations including the mechanical equilibrium,
adjoint equations and design optimality condition

R(χ,u, q; δu, δq) = 0 ∀ δu, δq
R,u(χ,u, q; λu,λq; δu) + Cu,u(u; δu) = 0 ∀ δu
R,q(χ,u, q; λu,λq; δq) + Cq,q(q; δq) = 0 ∀ δq
Cχ,χ(χ; δχ) +R,χ(χ,u, q; λu,λq; δχ) = 0 ∀ δχ

(6.6)

with corresponding unknown variable fields χ, u, q, λu and λq. Assuming
differentiability, the coupled equations in Eq. (6.6) can be linearized and
solved using Newton’s method. Solving Eq. (6.6) by the application of New-
ton’s method, would correspond to a second order optimization scheme en-
suring quadratic converge towards both the optimal design and mechanical
equilibrium, simultaneously. This however, is only valid for initial guesses
sufficiently close to the solution, which is very unrealistic, due to the ex-
tremely nonlinear nature of the design problem. Such an initial guess for χ
would eliminate any practical need for a design optimization.

Different strategies exists for solving nonlinear systems of equations like
the one above. In [60] damping of spatial gradients of χ is introduced.
Here, a similar approach is chosen, where the design optimality condition
is solved within an implicit pseudo-time discretization scheme. Every time
step represents a design iteration and is solved individually using Newton’s
method. The optimality condition δC∗ = 0, the last equation in Eq. (6.6),
is now augmented by a time dependent term

δC∗ +

∫
Ω

{
χ̇δχ+ l2t ∇χ̇ · ∇δχ

}
dΩ = 0, where χ̇ ≈ χ− χold

∆t
. (6.7)

Time derivatives with respect to the pseudo-time t are approximated by
finite difference as shown in the equation by the change in the design variable
field from the previous to the current design iteration and the corresponding
given time step ∆t. The spatial design evolution per time unit is controlled
by lt, a characteristic length-scale.

Introducing damping allows to solve the optimization problem without
loosing second order information and the convex nature of the added time
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Intialize variables χ, u, q, λu and λq

and data χold, ∆t. Set i = 0.

Solve design update i

Newton solve of Eq. (6.6) incl. (6.7)

Newton converged

within 7 iterations?
∆t← ∆t/4

χold ← χ, t ← t+ ∆t
If Newton iterations ≤ 5:

∆t ← 2∆t

i = imax or

∆t > ∆tmax?
i← i+1

Optimization completed

yes
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Figure 6.1. Flow chart of the solution algorithm. The figure is taken from
[P2].

dependency ensures solvability using Newton’s method for sufficiently small
time steps. At time infinity, however, the exact solution of the original
problem is recovered in the sense of a steady state solution.

Based on these features, a practical solving approach is to apply small,
stable time steps ∆t at the beginning of the optimization, and then adjust
the time steps subsequently during the optimization procedure based on
convergence measures of the Newton’s method. As the design converges
towards a minimum, time steps will increase and the solution approaches
the exact, steady state solution of Eq. (6.6).

A schematic of the adaptive time stepping procedure is shown in Fig-
ure 6.1, including detailed information how ∆t is adjusted based on the
convergence of the Newton’s method as an indirect measure of the nonlin-
earity in the design space. In addition, solving the design evolution using
pseudo-time stepping allows to set up another design convergence criteria
by assuming that the design is sufficiently close to the steady state solution
when ∆t exceeds a certain value ∆tmax. Here, the time step functions as an
indirect measure of the design change.
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6.2 Material interpolation and modeling

In density based topology optimization, a field of mathematical design vari-
ables χ controls the physical density ρ, a field of continuous variables ranging
from void (ρ = 0) to solid (ρ = 1) material. Often, it is chosen to define
χ as a bounded variable within the same limits, too. In this work however,
the design variable is defined as an unbound variable (χ ∈ (−∞,∞)), as
it represents a purely mathematical concept. The relation between the two
variable fields is given by the function

ρ(χ) =
1

1 + e−χ
, (6.8)

which maps the design variable to the density, reaching its limits asymp-
totically in a symmetric manner with ρ(0) = 0.5. As a reference, design
variable values of χ = ±7 correspond to ρ ≈ 0.001 and 0.999, respectively,
and values outside of this range can be assumed to be either void or solid,
practically.

Despite the continuous nature of the density field ρ, the aim is to end up
with a practical and manufacturable discrete design, which implies that den-
sities should converge towards their upper or lower limit value. Intermediate
densities should only be present at the the interface between solid and void
regions in the design. This is achieved by penalizing the stiffness of inter-
mediate densities, which results in a less efficient stiffness to material ratio
at these values. Here, this is done using the RAMP material interpolation
function from [61] written as

E
(
χ
)

= E0 + (1− E0)
ρ(χ)

1 + p(1− ρ(χ))
, (6.9)

where E0 is a minimum value to ensure a small remaining stiffness even at
zero density to prevent numerical issues and p is the penalization factor. For
p = 0, the interpolation is linear, while intermediate densities are penalized
for positive values.

Unlike most other topology optimization formulations, design variables
and thus densities in this work are not element-wise constant, but approxi-
mated on linear 4-node elements.

The material is modeled using the well established neo-Hookean material
low according to [24]. With the RAMP function applied, the strain energy
density function can be written as

Ψ(χ,u) = E
(
χ
)(K

2
(ln |F |)2 +

G

2

(
|F |−2/3 ‖F ‖2 − 3

))
, (6.10)

where F is the deformation gradient, and K and G are the bulk and shear
moduli of the solid material, respectively. The corresponding expression for
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the virtual work, which will be a part of the mechanical equilibrium residual
R is given by

Ψ,u(χ,u; δu) = E
(
χ
)
P
(
∇u
)

: ∇δu, (6.11)

with the 1st Piola-Kirchhoff stress tensor

P
(
∇u
)

= K ln |F |F−T +G |F |−2/3 dev(FF T )F−T . (6.12)

With this, the basic formulation for a second order, finite strain topology
optimization framework is completed. An optimization example is shown at
the end of the next chapter after introducing a formulation for internal
contact modeling and a method for load-displacement path optimization.

Further linearization, discretization and solving of Eqs. (6.6) including
(6.7) is performed in an automated manner in GetFEM, according to the
procedure from [1].





7 Contact formulation

The third medium approach for internal contact is based on the idea of a
compliant medium between bodies where contact may occur. This contact
medium facilitates contact by transferring the contact forces when ultimately
compressed. Hence, one of the core aspects of the third medium approach
is the definition of a suitable constitutive relation of the contact medium.
In the original formulation in [50], a special anisotropic material model was
proposed with different behavior in normal and tangential direction relative
to contact. The approach was simplified in [62] by the adoption of the hy-
perelastic Hencky material for the contact medium. In the present work, the
neo-Hookean material from Eq. (6.10) is used both for the solid and void
domain. The two materials have in common, that the load response becomes
infinitely stiff once the elements are compressed ultimately, even for the very
compliant material properties in the void regions of the modeling domain.
This is a consequence of the involved terms proportional to the logarithm of
the determinant of the deformation gradient. Many hyperelastic materials
have this characteristic and it is a key feature when using these as a contact
medium.

Another challenge of the third medium approach is to prevent numerical
instabilities due to distorted or even inverted elements under the compres-
sion or sliding between contact surfaces. This aspect is addressed in the
following section.

7.1 Void regularization

It is well-known, that low-density regions are prone to numerical instabilities
under large deformations. Hence, the practical interpolation approach for
large and small deformation theory from [63], respectively for solid and
void material is widely used within nonlinear topology optimization. In the
present case, however, where the void material functions as contact medium,
consistent modeling of the void phase is required.

Instead, a novel regularization is introduced, ensuring numerical stability

37
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by preventing the elements from distorting and inverting when loaded heav-
ily. Such a regularization changes the constitutive behavior of the material
intrinsically, but since the regularization has to be applied to the void regions
only, it will not affect the mechanics of the solid structure significantly.

The regularization is applied by an augmentation of the given strain
energy function in Eq. (6.10), aiming at penalizing higher order strains.
The corresponding energy function is given by

Φ̃ =
1

2
Hu ..

.
Hu (7.1)

where Hu denotes the Hessian of the displacement field. The augmented
strain energy then leads to

Ψ,u(u; δu) = Ψ,u(u; δu) + k̄rl
2K I(χ) e−5|F | Hu..

.
Hδu (7.2)

where k̄r is a general and dimensionless scaling factor to balance the penal-
ization of undesired bending and warping deformations, l is a characteristic
length and K is the bulk modulus of the solid material. I(χ) is an identifier
function for void material regions formulated as a smooth step from zero to
one at a chosen design variable value under which the regularization shall
be applied. Finally, e−5|F | is an ad hoc scaling to increase the intensity of
the regularization in compressed areas by the negative proportionality of the
determinant of the deformation gradient in the exponent.

If k̄r is chosen too small, the regularization is incapable of preventing
undesired deformations and thus curing the numerical instabilities. On the
other hand, a too high regularization intensity leads to unrealistic results
due to the high bending stiffness of the void material.

7.1.1 Numerical example

After having introduced the internal contact modeling approach and the
regularization of the void material, these methods will be applied to a nu-
merical example. For this porpose the classical C-shape benchmark example
[64] is adapted as illustrated in Figure 7.1 and described by the following
mechanical equilibrium equation written in weak form

R(u, q; δu, δq) =

∫
Ω

Ψ,u(u; δu) dΩ

+

∫
ΓD

{
q · δu+ (u− uD) · δq

}
dΓ ∀δu, δq

(7.3)

where Ψ,u(u; δu) is the augmented virtual strain energy variation from
Eq. (7.2) combined with (6.11). uD is the prescribed average displacement
imposed on ΓD with corresponding Lagrangian multiplier field q as reaction
tractions. In this example, only the vertical component of uD is prescribed
and in the following referred to as uDy.
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Figure 7.1. Schematic of the C-shape with aspect ratio two, a beam thick-
ness H/5 and a buffer of void material at the left edge. Negative vertical
displacements are prescribed on the Dirichlet boundary ΓD.

The illustrated design is a discrete structure with no intermediate density
regions. Instead, Ωs is a domain of completely solid material (E

(
χ
)

= 1)
and Ωv is the void domain (E

(
χ
)

= 0, I(χ) = 1). To ensure fully embedded
contact surfaces the void domain is extended at the open right edge of the
C-shape structure.

The resulting displacement fields are illustrated in Figure 7.2 at differ-
ent prescribed displacements uDy, with the void interior material colored
according to the higher order strain energy from Eq. (7.1). The left col-
umn shows the result without void regularization and the regularization is
applied in the middle column. A reference solution is shown in the right
column with no void and a classical Lagrangian multiplier based contact
model. The load-displacement responses are compared for the simulation
with regularized void and the reference solution in Figure 7.3.

In the left column it can be seen how the unregularized void material
gets squeezed out of the open edge of the solid C-shape even at a small
deflection of the upper beam of uDy = −0.25H. This causes the mesh to
bend and the higher order strain energy Φ increases in theses areas. Already
at uDy = −0.5H, the void elements are heavily distorted and the Newton
solver stops converging. In contrast, the regularization applied in the middle
column ensures regular void elements and thus allows to solve the system
for even higher prescribed displacements. At uDy = −0.6H, one can see the
onset of contact between the upper and lower beam with the compressed
void material between the solid beams functioning as contact medium by
transferring forces. Increasing uDy further results in sliding between the
contact surfaces.

When comparing the simulation with regularized void to the reference
solution, the deformations match well, generally, which also can be seen
from the load responses in Figure 7.3. However, when inspecting the figure
in the middle column for uDy = 0.6H, it becomes evident that the bottom
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(a) uDy = −0.25H

(b) uDy = −0.5H

(c) uDy = −0.6H

(d) uDy = −H

Figure 7.2. Deformed C-shape structures at different prescribed displace-
ment values uDy on ΓD. The void is colored according to the higher order
strain energy Φ. Left: without void regularization, middle: with void regu-
larization, right: without void material.
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Figure 7.3. Load responses to the prescribed deformation measured at ΓD

for the C-shape structure modeled with regularized void material and the
reference solution.

beam already deflects downwards. This indicates transfer of forces through
the void material, while there still is a small gap between the beams in the
reference solution. This minor inaccuracy is also present on the load response
plot. Here, the simulation with regularized void shows a slightly increased
reaction traction due to parasitic forces prior to contact, together with a
less distinct contact point, compared to the reference solution. Other than
that, the third medium approach for contact modeling follows the reference
solution well.

7.2 Load-displacement path control formulation

In the optimization of nonlinear structures and materials one usually aims
for obtaining a specific nonlinear load response. Here this is formulated by a
load-displacement path control, where the goal is to minimize the deviation
between the actual reaction tractions q and some desired average tractions
q∗. The deviation is evaluated at a given number of prescribed displacements
uD, in the following referred to as control points. Such a formulation is also
well-suited to showcase the introduced contact model applied to topology
optimization.

A corresponding objective function can be written as

Cq(q) =
∑
j

∫
ΓD

w〈j〉
∥∥q〈j〉 − q〈j〉∗ ∥∥2

dΓ, (7.4)

where the superscript 〈j〉 denotes values associated with the control point j
in the sense that q= {q〈1〉, q〈2〉, ...} and w〈j〉 are scaling factors allowing to
weight the control points individually. According to the split of the objective
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function in Eq. (6.1), the objective function is potentially a function of the
displacements as well. However, it is not always needed to measure the
mechanical performance of the structure both in terms of reaction tractions
and the displacements. Hence the problem can be simplified by letting

Cu(u) = 0 (7.5)

in this example, again with the compact notation u = {u〈1〉,u〈2〉, ...}. Fi-
nally, the design variable dependent term in the objective function Cχ (χ)
is utilized to control the material usage, and a constraint of the minimum
interface width between solid and void material providing differentiability.
For further details on the actual formulation of these constraints, the reader
is referred to the publication [P2].

So far, there are no interdependencies between control points, neither
in the mechanical equilibria nor in the adjoint problems for solving for the
individual adjoint variables λu

〈j〉 and λq
〈j〉, which can be expressed in the

same compact notation. But nevertheless, the individual subproblems are
getting coupled by the design optimality equation in the last row of Eq. (6.6),
due to the summation term

R,χ(χ,u, q; λu,λq; δχ) =
∑
j

R,χ(χ,u〈j〉, q〈j〉; λu
〈j〉,λq

〈j〉; δχ), (7.6)

as the design obviously has to be optimized with respect to every control
point. A disadvantage of this coupling is that it requires a simultaneous
solution of the coupled equations in Eq. (6.6) with damping Eq. (6.7) for all
subproblems in order to maintain second order design convergence.

7.3 Optimization example

After having introduced the second order optimization framework, the meth-
od for modeling internal contact in topology optimization and a formulation
for load-displacement control, these methods are now combined and demon-
strated on an optimization example.

The optimization aims for a structure, that transitions from an ulti-
mately compliant load response to a high stiffness. Initially separated struc-
tural members are supposed to be coupled at a certain prescribed horizontal
displacement on the Dirichlet boundary ΓD through internal contact. Fig-
ure 7.4a shows the domain together with the initial density distribution. A
horizontal displacement is prescribed on ΓD and defined to be spatially con-
stant by a master degree of freedom. Corresponding vertical displacements
are fixed as illustrated on the figure. Displacements on the homogeneous
Dirichlet boundary ΓDh at the top of the left edge are fixed in both di-
rections. The material usage is limited to a maximum volume fraction of
0.35.
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(a) Problem domain with initial density
distribution.

(b) Optimized design.

(c) Deformations at control point 1, uDx =
0.1L.

(d) Deformations at control point 2, uDx =
0.15L.

Figure 7.4. Problem definitions (a). Optimized density field after 150
iterations (b). Deformed optimized structure at the two control points (c,d).
The figures are taken from [P2].

In order to drive the design evolution towards a contact-utilizing struc-
ture, a non-homogeneous initial design variable field is chosen. This results
in the shown density distribution with two disconnected intermediate den-
sity regions, separated by a groove of even lower density. Contact-utilizing
structures are only one possible conceptual design solution to this problem
and since a homogeneous initial design does not provide adequate nonlin-
earity, an initial design with a slight bias has to be chosen.

The desired stiffening behavior is imposed by two control points, of which
the first is set at u〈1〉Dx = 0.1L, where it is aimed for zero reaction traction,
and the second point is at u〈2〉Dx = 0.15L with a finite positive traction value
q〈2〉∗x = 0.1. All other relevant model parameters are listed in Table 2 in
publication [P2].

After 150 iterations, the design evolution converged to the resulting den-
sity distribution shown in Figure 7.4b. The design consists of two separated
solid regions with a hook shaped contact coupling, respectively connected
to the fixed and loaded boundary region. The upper part of the structure is
a truss like structure with enhanced bending stiffness, preventing the solid
parts from disengaging. The resulting performance is plotted in Figure 7.5
in terms of the load response, both for the initial design and the optimized
structure. The pink cross sign markers on the figure represent the target
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Figure 7.5. Load-displacement response of the initial density distribution,
optimized design and the post-evaluation. Colored dots indicate traction
values at the control points. The deformed state shown in Figure 7.6 is
marked by the asterisk. The figure is taken from [P2].

average traction values and the dotted black lines indicates the deviation of
the actual tractions to these targets, corresponding to the contributions to
the objective function Eq. (7.4).

The response of the initial design is very compliant due to the generally
low density and especially the wide and almost void gap, which disconnects
the loaded region from the rest of the structure. It follows, that the tar-
get is satisfied at the fist control point, initially, while the actual traction
is far from target value at the second control point. In contrast, the load-
displacement curve of the optimized design shows a clear stiffening behavior
for increasing uDx, with a relatively small reaction traction at the first point
and a significantly increased traction value at the second point. However, in
none of the control points the targets are satisfied, as the design only reaches
half of the target traction in the second point. Whenever the optimizer is
incapable of finding a solution that satisfies all target values, a compromise
has to be made between competing requirements. This compromise is where
the weighting factors w〈j〉 are used to prioritize the contact points. In the
current example, the weighting of the first control point is one order of mag-
nitude bigger than for the second point, resulting in a significantly smaller
difference from the target value at the first point, which is in favor of the
optimization converging towards a disconnected, contact-utilizing design.

Figure 7.4c and 7.4d show the deformed structure at uDx = 0.1L and
0.15L corresponding to the two control points. When looking at the vertical
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Figure 7.6. Deformations of the discrete post-evaluation structure with a
body fitted mesh, based on a ρ = 0.5 threshold, at uDx ≈ 0.17L (marked
with an asterisk in Figure 7.5). The figure is taken from [P2].

deflection of the top edge of the deformed mesh at the first point, it becomes
evident, that forces are getting transferred across the interface between solid
regions, which is also proven by the non-zero reaction traction q〈1〉. At uDx =
0.15L, the contact between solid parts of the structure is fully established,
as can be seen from the small remaining low density gab and the extensive
bending of the upper part.

Due to the graded interface of the non-discrete design, the transition
from the compliant pre-contact response to the stiff response after contact
is rather smooth and the contact point is very indistinct. This effect of par-
asitic forces is caused by the remaining stiffness in the intermediate density
of the graded interface in the contact region. From a modeling perspective,
this adds a certain inaccuracy to contact behavior. However, from an opti-
mization point of view, it makes the contact problem differentiable, which
is a huge benefit for a contact-aware optimization.

The effect of the non-discreteness of the design is investigated by a post-
evaluation of a manufacturable, discrete structure with a body fitted mesh
based on the ρ = 0.5 contour line. For this analysis, a classical Lagrangian
multiplier based contact model is applied. The mesh is shown in its deformed
state in Figure 7.6 and the orange curve in Figure 7.5 is the corresponding
load response. It was chosen to present the deformed structure at the reac-
tion traction of the non-discrete design at the second control point. In the
post evaluation, this traction corresponds to a higher prescribed displace-
ment of uDx ≈ 0.17L because the geometrical distance between solid parts
is effectively increased in the discrete structure. The shown state is marked
by the asterisk marker in Figure 7.5.

This geometrical change also causes a shift in the onset of contact to
a significantly higher prescribed displacement uDx, which is even closer to
the second control point than to the first, while contact already occurs prior
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the first control point for the non-discrete design. In addition, the absence
of the graded interfaces leads to a distinct contact point and a significantly
higher post-contact stiffness.

This optimization example has shown the ability of the presented method
to generate nonlinear structures that exploit internal contact. But the post-
evaluation of the discrete structure has also revealed some of the limitations
or inaccuracies that can occur. Most of them are related to the graded
interface in the contact regions and some strategies could be applied to
overcome these issues, like for instance a mesh refinement with simultane-
ous reduction of the minimum interface width during the design evolution.
Another approach could be to use the optimized result as an initial guess
for a subsequent shape optimization.



8 Optimization of nonlinear periodic material

This chapter presents ongoing, yet unpublished work and the results shown
are to be considered as a proof of concept. In brief, the optimization of
nonlinear periodic materials combines the mechanical model of a periodic
cell from Chapter 3, and the optimization framework and solution algorithm
introduced in Chapter 6 including the contact model and load-displacement
path control from Chapter 7.

8.1 Method

For simplicity, zero rotation between the macroscopic and material frame is
assumed (α = 0), which means that everything is defined in the xy-frame
according to Figure 3.1. Periodicity is enforced at the edges of a square de-
sign domain, meaning that the periodic cell is equal to the unit cell and that
any feasible deformation mode has to fit into the periodicity of one unit cell
dimension. No symmetries are imposed in the design domain, that would
constrain the solution space. However, periodic boundary conditions are
applied to the design field as well, in order to ensure continuation between
left and right and top and bottom edges, respectively. The material usage
is controlled by a one-sided volume constraint enforcing an upper bound of
0.4 volume fraction.

Based on the optimization problem from Eq. (6.1), the problem for the
optimization of periodic material can be written as

min
χ

C(χ,u, ε, q̄
R
, q̄

T
)

= Cχ(χ) + Cu(u) + Cε(ε) + Cq̄
R

(q̄
R

) + Cq̄
T

(q̄
T

)

s.t. R(χ,u, ε, q
R
, q

T
, q̄

R
, q̄

T
; δu, δε, δq

R
, δq

T
, δq̄

R
, δq̄

T
) = 0

∀ δu, δε, δq
R
, δq

T
, δq̄

R
, δq̄

T
,

(8.1)

where q
R

and q
T

are Lagrangian multipliers enforcing periodicity on the
right and top boundary, respectively. q̄

R
and q̄

T
are average values of the

47
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multipliers introduced to provide a scalar measure for the objective function.
Other than that, the nomenclature is consistent with the previous chapters.
The complete mechanical equilibrium can be written as

R(χ,u, ε, q
R
, q

T
, q̄

R
, q̄

T
; δu, δε, δq

R
, δq

T
, δq̄

R
, δq̄

T
)

=

∫
Ω

Ψ,u(χ,u; δu) dΩ (8.2a)

+

∫
ΓR

q
R
· (−δu+ δuR→L) dΓ (8.2b)

+

∫
ΓR

(
−u+ uR→L +

{
εxx
εxy

})
· δq

R
dΓ (8.2c)

+

∫
ΓR

q
R
·
{
δεxx
δεxy

}
dΓ (8.2d)

+

∫
ΓR

(q
R
− q̄

R
) δq̄

R
dΓ (8.2e)

+

∫
ΓT

q
T
· (−δu+ δuT→B) dΓ (8.2f)

+

∫
ΓT

(
−u+ uT→B +

{
εyx
εyy

})
· δq

T
dΓ (8.2g)

+

∫
ΓT

q
T
·
{
δεyx
δεyy

}
dΓ (8.2h)

+

∫
ΓT

(q
T
− q̄

T
) δq̄

T
dΓ (8.2i)

where most terms can be recognized from the previous chapters. Equa-
tion (8.2a) is the virtual work equation including the material interpolation
from Eq. (6.11), Eqs. (8.2b,f) express tractions from the enforcement of peri-
odicity, corresponding to the second and third term of Eq. (3.4), respectively.
The average strain equation from Eq. (3.6) is simplified to Eqs. (8.2c,g) due
to the absence of any relative rotation between the imposed loading and
the periodic cell orientation. Equations (8.2d,h) are equivalent to the aver-
age (i.e. homogenized) force equilibrium in Eq. (3.7). Solely the terms in
Eqs. (8.2e,i) are newly introduced and serve for computing the average trac-
tion values q̄

R
and q̄

T
from q

R
and q

T
, respectively, on the corresponding

domain boundaries.

Following the adjoint method, the objective function is augmented by
the mechanical residual equation under equilibrium

C∗(χ,u, ε, q
R
, q

T
, q̄

R
, q̄

T
)

= Cχ(χ) + Cu(u) + Cε(ε) + Cq̄
R

(q̄
R

) + Cq̄
T

(q̄
T

)

+ R(χ,u, ε, q
R
, q

T
, q̄

R
, q̄

T
; λu,λε,λq

R
,λq

T
,λq̄

R
,λq̄

T
)

(8.3)
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with a set of corresponding adjoint variables which can be found from the
variations of the augmented objective:

R,u(χ,u, q
R
, q

T
; λu,λq

R
,λq

T
; δu) + Cu,u(u; δu) = 0 ∀ δu

R,ε(ε, qR
, q

T
; λε,λq

R
,λq

T
; δε) + Cε,ε(ε; δε) = 0 ∀ δε

R,q
R

(u, ε, q
R
, q̄

R
; λu,λε,λq

R
,λq̄

R
; δq

R
) = 0 ∀ δq

R

R,q
T

(u, ε, q
T
, q̄

T
; λu,λε,λq

T
,λq̄

T
; δq

T
) = 0 ∀ δq

T

R,q̄
R

(q
R
, q̄

R
; λq

R
,λq̄

R
; δq̄

R
) + Cq̄

R
,q̄

R
(q̄

R
; δq̄

R
) = 0 ∀ δq̄

R

R,q̄
T

(q
T
, q̄

T
; λq

T
,λq̄

T
; δq̄

T
) + Cq̄

T
,q̄

T
(q̄

T
; δq̄

T
) = 0 ∀ δq̄

T

(8.4)

The set of equations in completed by the optimality condition

δC∗ = Cχ,χ(χ; δχ) +R,χ(χ,u; λu; δχ) = 0 ∀ δχ. (8.5)

Equivalent to the periodic lattice analysis, individual macroscopic aver-
age strain components in ε can be prescribed and the corresponding varia-
tional equation vanishes from Eq. (8.2).

8.2 Numerical examples

In this section a series of initial results are presented. To start with, it was
chosen to define an initial density distribution representing a non-discrete
square lattice unit cell with graded interface as shown in Figure 8.1. The
symmetry of the design is intentionally destroyed by the circular area with
locally reduced density in the marked region. This adds some imperfection
to the design allowing the optimization to utilize nonlinear mechanisms like
buckling.

Similar to the previous optimization example, the following results are
based on a load-displacement path control with two control points. Con-
sequently, all variables in the mechanical equilibrium consists of a variable
set, e.g. u={u〈1〉,u〈2〉} and equivalently for all other variables.

All results are based on a compression of the periodic cell by prescribing
components of the homogenized strain matrix ε. The mechanical perfor-
mance is measured in terms of the average reaction tractions in the objec-
tive by appropriately chosen terms Cq̄

R
(q̄

R
) and Cq̄

T
(q̄

T
). The objective

function employed does not include any dependence on u or ε, i.e.

Cu(u) = Cε(ε) = 0. (8.6)

The design variable dependent objective term Cχ(χ) is used to constrain the
material usage and enforcing a minimum interface width between perfectly
void and solid material as explained previously. The specific loading cases
and remaining objective terms are described for the examples, individually.
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Figure 8.1. Initial density distribution and discretization within the periodic
design domain. The blue color scale is chosen for better visibility of the area
with reduced density marked by the circle.

8.2.1 Softening and stiffening material

The first example aims at two optimizations for a softening and a stiffening
material under incrementally prescribed equibiaxial compression (εxx = εyy).
Control points are defined at -0.05 and -0.1 strain. A path control equiv-
alent to Eq. (7.4) is applied for the average normal tractions q̄

Ty
and q̄

Rx
,

respectively on the top and right boundary:

Cq̄
T

(q̄
T

) =
2∑

j=1

∫
ΓT

w〈j〉
∥∥∥q̄〈j〉

Ty
− q̄〈j〉

Ty∗

∥∥∥2
dΓ

Cq̄
R

(q̄
R

) =

2∑
j=1

∫
ΓR

w〈j〉
∥∥∥q̄〈j〉

Rx
− q̄〈j〉

Ry∗

∥∥∥2
dΓ,

(8.7)

where the asterisk in the subscript denotes target values.

For the softening material, it is aimed for identical target tractions at
both points and in both directions (q̄〈1〉

Rx∗ = q̄〈1〉
Ty∗ = q̄〈2〉

Rx∗ = q̄〈2〉
Ty∗). Effectively,

this means that the goal is a stiff response for compression values below the
first control point, and an ultimately compliant response between the first
and second point.

For the stiffening structure, on the other hand, the target traction at the
first point is zero and it is aimed for some chosen finite value at the second
point, again identical for both directions (q̄〈1〉

Rx∗ = q̄〈1〉
Ty∗ = 0, q̄〈2〉

Rx∗ = q̄〈2〉
Ty∗ 6=

0).

The resulting structures of both optimizations after 300 iterations are
shown in Figure 8.2 both in the undeformed and deformed configuration at
the two control points. A corresponding load-displacement plot can be seen
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(a) Softening material

(b) Stiffening material

Figure 8.2. Optimized designs after 300 iterations. Left column shows the
undeformed designs, the middle and right columns show the displacement
fields at first and second control point, respectively.
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Figure 8.3. Load-displacement response of the initial and optimized design
for both the softening and stiffening material from Figure 8.2, including the
target points indicated by asterisk markers.
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in Figure 8.3, where the target points are indicated by the asterisk markers
and the gray line shows the load response of the initial design.

The softening material is a buckling-utilizing structure, which buckles
right after the first control point. It has an almost constant stiffness for
a compression below the first control point, at which the target value is
satisfied. For higher compression, the structure buckles and resultingly the
response becomes much more compliant, although the second point is not
satisfied completely. However, aiming for identical tractions at -0.05 and
-0.1 compressive strain is also a rather ambitious goal. From the figures
showing the deformed structures it is also evident, that the structure has
not buckled prior to the first control point, while the deformations at the
second point clearly represent a post-buckling state.

On the other hand, the stiffening material, utilizes internal contact as
a stiffening mechanism. The initial square lattice design is still recogniz-
able, but with two of the beams being disconnected from the others. At
a certain compression, the three solid regions are reconnected via contact
both between the two single disconnected beams and between the beams
and the remaining part of the structure, resulting in three individual con-
tact surfaces. Like the first optimization example with internal contact in
section 7.3, none of the two intentionally ambitious target points are satis-
fied, but the load-displacement plot still describes a stiffening behavior with
a smooth transition from a compliant initial response to a rather stiff one
at higher compression. It should be noted, that the design is an impractical
result for a periodic material due to the disconnected microstructure. But
nevertheless it can serve as a proof of concept and the connectivity problem
could be addressed by adding a third control point aiming at a finite stiffness
under tension, for example.

8.2.2 Negative Poisson’s ratio material

Another popular test case for the optimization of nonlinear materials are
auxetic structures, which are materials with a negative effective Poisson’s
ratio. For this, the cell is only compressed uniaxially by prescribing a nega-
tive εyy incrementally, while the horizontal normal strain is fixed (εxx = 0).
The auxeticity is measured in terms of the average reaction traction q̄

Rx
aris-

ing from the constrained strain. It follows, that Cq̄
R

is given by Eq. (8.7)
and Cq̄

T
= 0.

Two different sets of target values are investigated. Target I aims for
a constant negative Poisson’s ratio, meaning a linear load response. While
target II aims at zero average traction q̄

Rx
at the first control point, and

a finite negative traction at the second point. This target response corre-
sponds zero Poisson’s ratio for a compression below the first target point,
and a negative Poisson’s ratio between the two control points. The resulting
designs are shown in Figure 8.4 and the corresponding load responses are
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(a) Linear negative Poisson’s ratio (target I)

(b) Nonlinear negative Poisson’s ratio (target II)

Figure 8.4. Optimized designs after 300 iterations. Left column shows the
undeformed designs, the middle and right columns show the displacement
fields at first and second control point, respectively.
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Figure 8.5. Load-displacement response of the initial and optimized design
for both negative Poisson’s ratio structures from Figure 8.4, including the
target points indicated by asterisk markers.
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presented in Figure 8.5, again with the target values marked by the asterisks
and the response of the initial design shown by the gray line. Please note,
that the secondary axis is flipped compared to the plot in Figure 8.3.

The resulting load-displacement behavior for target I does not reach the
target points, but indeed, it shows an almost perfectly linear relation and
thus a constant negative Poisson’s ratio is obtained. For target II, both de-
sired values are satisfied, but it should be mentioned, that the target traction
at the second control point is reduced by 50% relative to the corresponding
value for target I.

Overall, the optimized designs for the two targets look very similar,
but the small variations in the topologies lead to significantly different
macroscopic mechanical properties. This becomes evident from the load-
displacement plot and also from the deformed structures in the middle col-
umn of Figure 8.4, showing the deformation fields at the first control point.
The central part of the design, which connects the four beams is already
rotated clockwise in the structure for target I, resulting in the desired reac-
tion traction at the boundaries with fixed average strains. This rotation is
first triggered for higher compressions for the target II structure, as it is not
yet present in the middle plot showing the deformations at the first control
point.

It should be noted, that the optimizations only aimed for a negative
Poisson’s ratio in one single direction, but the optimization can be extended
by adding an independent uniaxial compression using εxx and corresponding
objective function Cq̄

T
without a huge effort, as all control points are treated

as individual loading cases. Only the design optimality equation couples the
subsystems.



9 Concluding remarks

This thesis considered the analysis and the design optimization of nonlinear
structures and periodic materials.

In the first part, a framework has been presented for studying the load
carrying capacity of periodic materials under compression. It facilitates the
analysis of periodic microstructural designs of arbitrary geometrical com-
plexity under the possibility to impose homogenized macroscopic stresses
or strains at any rotational orientation relative to the considered lattice
axes. This enables the investigation of the anisotropic nonlinear response
of periodic lattices. Useful dimensionless performance measures have been
introduced and together with a failure criterion, independent on the actual
failure type, a high level of comparability between lattices with different de-
signs and volume fractions has been achieved. The versatility of the method
has been demonstrated by the evaluation of a selection of common regular
lattices, as well as a first-order hierarchical lattice with enhanced buckling
resistance from the literature.

The comparison of regular and hierarchical lattices was backed up by
an experimental analysis of the regular square and triangular lattice, along-
side with their optimized hierarchical counterparts. Experiments have been
carried out as uniaxial compression tests of cast silicone rubber specimens
composed of a small number of unit cells. The results proved the superior
buckling resistance of the considered hierarchical lattices.

The second part addressed the design optimization of structures and pe-
riodic material for desired nonlinear mechanical behavior. A general frame-
work for finite strain topology optimization has been introduced. It has
been presented as a system of coupled nonlinear equations consisting of
the mechanical equilibrium, the adjoint equations and the design optimal-
ity equation in weak form. Further, a solution procedure was proposed for
solving the equations simultaneously using Newton’s method and with an
additional damping on the design update. This allows to maintain the sec-
ond order convergence properties of the developed monolithic solution, as
the design pseudo-time approaches infinity during optimization.

55
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The potential of this approach was demonstrated on optimization ex-
amples of structures with desired nonlinear mechanical behavior using a
load-displacement path control objective. This has been shown both for
structures and for periodic materials based on the theory from the first part
of the thesis. Limitations and capabilities of the yet unfinished work on the
material optimization have been discussed.

Another major contribution of this work was the introduction of a model
for internal contact in topology optimization by an adaptation of the third
medium approach. It has been shown that this contact model is well-suited
for the application in topology optimization due to conceptual similarities.
The third medium approach eliminates the need for explicitly defined poten-
tial contact surfaces and solving the contact problems by classical methods.
Instead, the void material phase functions as a contact medium. A contact-
aware optimization serves two primary goals. At first, it takes account for
undesired internal collisions and thus finds solutions that do not suffer of
those. And secondly, it allows to design structures that actually utilize in-
ternal contact as a nonlinear mechanism to obtain a certain desired load
response. The shown contact examples have also revealed some limitations
like undesired graded interface effects in the contact area and the discon-
nected members in the periodic material design, and possible solutions to
these have been discussed.

Future work

This section lists some ideas that could be implemented to improve or extend
upon different aspects of the presented work:

• The experimental analysis of the hierarchical lattices in Chapter 4
showed a stiffening effect at high compression, which was not predicted
by the numerical simulations. Further investigations on solid material
specimens and analyses of the geometries can be employed to identify
the reason.

• The optimized periodic materials in Chapter 8 showed a high level of
similarity between the initial density distributions and the optimized
design. Other studies have indicated a great dependency on initial
design, too. Reducing this dependency could result in greater design
changes and the method could possibly unfold a higher potential.

• The generality of the periodic material optimization can be exploited
for the design of materials under more complex loading scenarios and
with various desired nonlinear responses. The periodic cell model al-
lows to prescribe any combination of average strains, normal and shear,
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and the optimization framework is easily extended to multiple individ-
ual load cases in the sense of control points.

• In [34] multimaterial optimization is utilized for designing composite
structures with desired nonlinear responses. This can be adopted in
the periodic material optimization, as well.

• Results from the contact-aware optimization can be improved by re-
ducing the effect of the graded interface. Possible solutions have been
mentioned.

• Frictional contact can potentially be mimicked by introducing an aniso-
tropic term to the constitutive law of the void material, which adds
some resistance tangentially to the contact surface.
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a b s t r a c t 

A framework is introduced for benchmarking periodic microstructures in terms of their 

ability to maintain their stiffness under large deformations, accounting in a unified manner 

both for buckling and softening due to geometric and material nonlinearities. The proposed 

framework is applied to three classical 2D lattice microstructures at different volume frac- 

tions as well as to an optimized hierarchical microstructure from the literature. The high 

slenderness of the structure members, often assumed in analyses, is demonstrated not to 

be valid at volume fractions of 10% and above, with the infinitesimal volume fraction solu- 

tions underestimating the actual buckling resistance considerably. The performed analyses 

provide useful and quantitative insight regarding the compressive load carrying capacity 

of materials with a moderately dense periodic microstructure, in a rather universal and 

practical form. 

© 2020 Elsevier Ltd. All rights reserved. 

1. Introduction 

Within structural and material mechanics, lattice structures have important applications in a wide range of length scales 

( Gibson and Ashby, 1997; Helou and Kara, 2018; Mahmoud and A. Elbestawi, 2017; Vyatskikh et al., 2018 ) and have therefore 

been subject of extensive studies, both numerically and experimentally ( Papka and Kyriakides, 1994, 1999a; Triantafillou et 

al., 1989; Zhu and Mills, 20 0 0 ). Typically, numerical studies deal with the evaluation of lattices in terms of stiffness per vol- 

ume fraction ( Bendsøe and Sigmund, 1999; Maskery et al., 2018; Meza et al., 2017; Wang and McDowell, 2004 ), plastic yield 

or compressive instabilities ( Gibson et al., 1989; Michel et al., 2007; Ohno et al., 2002; Tankasala et al., 2017; Triantafyllidis 

and Schraad, 1998; Wang and McDowell, 2005 ), elastic or plastic anisotropy ( Deshpande et al., 2001; Tancogne-Dejean and 

Mohr, 2018; Xu et al., 2016 ), and effective fracture mechanical properties ( Chen et al., 1998; Fleck and Qiu, 2007; Huang and 

Gibson, 1991; Lipperman et al., 2007 ). 

Depending on the geometry of a given microstructure, models of varying complexity may be necessary for investigat- 

ing its response to mechanical loading. For studying, for instance, the load carrying capacity of low volume fraction and 

geometrically simple microstructures, beam element models are often sufficiently accurate ( Deshpande et al., 2001; Hagh- 

panah et al., 2014; Papka and Kyriakides, 1999b; Timoshenko and Gere, 1961 ). Also depending on the kind of the study 

performed, geometrically linear models may be sufficient but often, geometrical nonlinearities are essential ( Papka and Kyr- 

iakides, 1999b; Tankasala et al., 2017 ). Especially at larger volume fraction values, on one hand, beam elements fall short in 
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representing the actual geometry ( Bendsøe and Sigmund, 1999 ). On the other hand, maximum loads become large enough 

for finite strain effects in the microstructure to become essential ( De Pascalis et al., 2011 ). 

Results from analytical or numerical eigenvalue buckling analysis and Bloch wave theory ( Triantafyllidis and 

Schraad, 1998 ) have unquestionably been of immense value for estimating the load carrying capacity and understanding 

the behavior of lattice materials under compressive loads. Nevertheless, microstructures of increased geometrical complex- 

ity, combined with large macro-scale deformations and finite strain effects at the micro-scale, render eigenvalue buckling 

analysis difficult to apply and interpret. Oppositely, direct force or displacement controlled nonlinear continuum mechanics 

simulations are generic, relatively simple to apply, resemble the real system directly and are hence more straightforward to 

interpret. However, they require the application of appropriate perturbations, representative of the real system under consid- 

eration and boundary conditions must be imposed that cover both local and global modes. Direct fully nonlinear continuum 

mechanics simulations are used in the present work to cover hitherto scarcely treated effects in lattice structures, such as 

• resolving the actual deformation fields in joints to avoid simplifications of joint stiffness, 
• finite-strain effects such as beam thickening due to non-zero Poisson ratio ( De Pascalis et al., 2011 ), 
• progressive softening of the structure without a sharp instability point, 
• possibly evolving arbitrary misalignment between applied principal stress axes and lattice symmetry axes ( Li et al., 2018 ), 
• accurate modeling of general hierarchical microstructures. 

Especially for elastomers, that can sustain large strains without undergoing plastic deformation, the aforementioned ef- 

fects become highly relevant already for moderate material volume fractions. 

The proposed generic approach with all geometrical and material nonlinear effects included, becomes increasingly rele- 

vant with recent achievements in manufacturing technology that allow for the design of materials with extremal physical 

properties such as stiffness ( Zheng et al., 2014 ) and buckling resistance ( Thomsen et al., 2018 ). It is also highly relevant in 

connection to the newer trend in lattice material research with focus on exploitation of buckling-like response, rather than 

considering buckling as a failure mode, for instance for energy absorption with recoverability ( Frenzel et al., 2016 ) or for 

achieving radical transitions in material properties based on geometrical changes under loading ( Kochmann, Bertoldi, 2017 ). 

One particular area of interest for the present work is anisotropy. As opposed to linearized elasticity, where the 

anisotropy of any lattice structure is described by a finite number of elasticity constants according to the lattice’s Lau group 

( Clayton, 2011 ), there is in general no simple description for the anisotropically nonlinear response of a lattice structure. 

For defining yield surfaces for lattice structures, for instance, one approach is to provide certain 2D or 3D slices of higher 

dimensional normal and shear stress spaces ( Deshpande et al., 2001; Kocks, 1970 ), while another approach is to investigate 

the response only to uniaxial loading in any orientation ( Tancogne-Dejean and Mohr, 2018 ). The often implicit convention of 

reporting anisotropic yield surfaces in principal stress space, at a fixed orientation with respect to the lattice axes, actually 

covers only a small fraction of the anisotropic behaviour of lattice materials. 

The following section introduces the periodic cell model used in the subsequent studies. Special focus is placed on the 

periodic boundary conditions implemented in the model that allow for a generalised application of a macro-scale stress or 

strain field under large deformations. Other modelling aspects, such as the chosen load cases and the definition of perturba- 

tions are discussed in Section 2 , as well. Section 3 explains the interpretation of the obtained results and their presentation 

in the subsequent Section 4 , in dimensionless form. The provided results cover the evaluation of the nonlinear response of 

square, triangular and hexagonal lattices at three volume fractions up to 50% and comparison with a hierarchical lattice at 

30% volume fraction from the literature, optimized for buckling resistance. The most important findings are summarized in 

the concluding Section 5 . 

2. Numerical method 

Finite strain continuum mechanics provide a sufficiently generic framework for benchmarking periodic microstructures 

of arbitrary geometrical complexity and volume fraction in terms of their nonlinear static response. A periodic cell model is 

hence used in the present study, based on a finite element discretization of a plane strain hyperelastic continuum. Such a 

continuum representation allows to study in a unified manner both simple and complex geometries at both low and high 

volume fraction levels. 

Among all available hyperelastic laws, the specific choice of a finite strain elastic constitutive law at the continuum level, 

might theoretically affect the observed response at the microstructure level. For moderate strains though, the differences 

between many hyperelastic laws are relatively small. For simplicity, the well established compressible neoHookean material 

according to Simo et al. (1985) is used to describe the constitutive behavior at the continuum level. The chosen material 

law results in a relation between the deformation gradient ˜ F and Kirchhoff stress ˜ τ given as 

˜ τ = K ln | ̃  F | I + G | ̃  F | −2 / 3 dev ( ̃  F ˜ F 
T 
) (1) 

with K and G being the initial bulk and shear modulus of the material, respectively. Since all results are presented in di- 

mensionless form, they are independent of the actual scaling of the material stiffness. However, it is important to report the 

adopted initial Poisson ratio ν = 0 . 4 , corresponding to K/G = 14 : 3 , used in the majority of the simulations, unless otherwise 

stated. The choice of a relatively high value is justified as representative for polymeric materials. 

71



G.L. Bluhm, O. Sigmund and F. Wang et al. / Journal of the Mechanics and Physics of Solids 137 (2020) 103851 3 

Fig. 1. Two cases with the same initial material orientation and under the same stress state but with differently evolving material axes due to different 

boundary conditions. 

Fig. 2. Embedding of the periodic cell represented in the XY frame in a lattice material under homogeneous deformation defined in the xy frame. The 

angle α specifies the relative rotation between the two frames that are both defined in the undeformed configuration. 

A plane strain finite element model for the periodic cell is implemented in the GetFEM high-level finite element frame- 

work, which allows for an easy coupling between the discretized displacement field unknown and scalar homogenized strain 

unknowns, presented below. Quadratic isoparametric 9-node quadrilateral and 6-node triangular elements are used for rep- 

resenting the geometry and the displacements field on unstructured meshes. Apart from the otherwise standard numerical 

framework, a new implementation was necessary for applying a generic loading under large deformations in combination 

with the enforcement of periodicity conditions and this is explained in detail below. Moreover, the load cases adopted in 

this study and the types of imperfections imposed are introduced and justified as essential elements of the numerical model. 

2.1. Representative periodic cell model 

Compared to the small deformations case, applying a stress state to the periodic cell of an anisotropic microstructure 

undergoing large deformations is not as trivial. The main difficulty is conceptually illustrated in Fig. 1 , where the same 

microstructure is loaded with the same Cauchy stress components in two cases resulting in different material axes rotations, 

depending on the far field boundary conditions. 

Especially in the context of stability investigations, it is absolutely essential to explicitly choose and state how the load 

frame will evolve compared to the material frame during loading. It is possible for example to define the homogenized 

stress state in a frame that follows a given axis in the material microstructure, whether it is a symmetry or an arbitrary 

axis. 

The periodic cell model employed in this work is defined and numerically implemented in the XY frame shown in Fig. 2 , 

which is typically aligned with some symmetry axis in the material microstructure. However, in order to achieve a fine 

control over the relative rotations between the applied load and deformations, both initially and during loading, the homog- 

enized deformation and stress states acting on the periodic cell are defined in a different frame xy . 

The overall deformation and rotation of the periodic cell is defined by the four components of the macroscopic strain 

tensor defined in the xy frame 

ε = 

[
∂ u x /∂ x ∂ u x /∂ y 
∂ u y /∂ x ∂ u y /∂ y 

]
= 

[
ε xx ε xy 

ε yx ε yy 

]
(2) 

where u = (u x , u y ) is an assumed homogenized displacement field of the continuum that the cell is embedded in. For the 

periodic cell problem defined here, the four components of the tensor ε are assumed as independent problem variables. 

For a rotation angle α from the xy to the XY frame, the corresponding strain components in the XY frame are given by 

the known transformation [
E XX E XY 

E Y X E Y Y 

]
= 

[
c s 

−s c 

][
ε xx ε xy 

ε yx ε yy 

][
c −s 
s c 

]
, (3) 

as linear functions of the four aforestated independent strain variables, with c = cos α and s = sin α. 
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Fig. 3. Continuum mechanical periodic cell model of dimensions h × l , which can include several unit-cells of dimensions h 0 × l 0 , as for example the here 

illustrated 2 × 2 unit-cells. � is the solid domain and �L , �B , �R , �T are its periodic boundaries. 

After imposing a certain deformation state on the periodic cell through a given strain tensor ε , it is straightforward to 

numerically solve the microscale boundary value problem and obtain the homogenized first Piola-Kirchhoff stress compo- 

nents P XX , P XY , P YX and P YY , acting on the cell. They correspond to resultant force components on the sides of the periodic 

cell divided by the corresponding areas in the undeformed state of the cell. These stress components can then be further 

converted to Cauchy stresses in the global frame xy according to the transformation [
σxx σxy 

σxy σyy 

]
= 

1 

| F | 
[

c −s 
s c 

][
P XX P XY 

P Y X P Y Y 

][
c s 

−s c 

]
F T , with F = I + ε , (4) 

which is linear with respect to the input stresses but nonlinear with respect to the components of ε . This expression for the 

Cauchy stress tensor can be used for post-processing purposes or for applying certain constraints on some of its components, 

as will be shown below. 

So far introduced strain and stress quantities define, in the xy frame, the assumed homogeneous deformation and stress 

state of the lattice material, that the considered periodic cell is part of. These act as boundary conditions for the continuum 

mechanical periodic cell model illustrated in Fig. 3 , with the undeformed solid domain � and boundaries �L , �B , �R , �T at 

the left, bottom, right and top, respectively. Since the microstructure is assumed periodic, a one to one mapping between 

left and right as well as bottom and top boundaries of the periodic cell is postulated. 

The deformation of the microstructure is represented through a displacement field ˜ u , defined in �, and periodicity con- 

straints are imposed through vector valued Lagrange multiplier fields �R and �T , defined on �R and �T . Assuming no body 

forces, the balance of linear momentum within the periodic cell domain can then be expressed in weak form as 

∫ 
�

˜ τ : 

(
∇ δ ˜ u 

˜ F 
−1 

)
d V −

∫ 
�R 

�R ·
(
δ ˜ u − δ ˜ u 

R → L 

)
dY −

∫ 
�T 

�T ·
(
δ ˜ u − δ ˜ u 

T→ B 

)
d X = 0 , (5) 

where ˜ τ is given by Eq. (1) and 

˜ F = I + ∇ ̃  u . Eq. (5) has to be fulfilled for any admissible variation δ ˜ u . The mappings R → L 

and T → B denote evaluation of the concerned quantity at a point of the opposite side �L or �B , that corresponds to the 

current integration point on �R or �T , respectively. 

The way the Lagrange multiplier fields are used in Eq. (1) , acting directly on variations of ˜ u in an integral defined in the 

undeformed configuration, implies that �R and �T are tractions in the sense of first Piola-Kirchhoff stresses. Consequently 

the averaging equations (
P XX 

P Y X 

)
= 

1 

h 

∫ 
�R 

�R dY and 

(
P XY 

P Y Y 

)
= 

1 

l 

∫ 
�T 

�T dX (6) 

hold by definition of the first Piola-Kirchhoff stress tensor. 

Periodicity conditions including the superposition of an average strain ε can be expressed in weak form as 

∫ 
�R 

(
− ˜ u + ˜ u 

R → L 
+ l 

[
c s 

−s c 

][
ε xx ε xy 

ε yx ε yy 

](
c 

s 

))
· δ�R dY 

+ 

∫ 
�T 

(
− ˜ u + ˜ u 

T→ B 
+ h 

[
c s 

−s c 

][
ε xx ε xy 

ε yx ε yy 

](
−s 

c 

))
· δ�T dX = 0 , 

(7) 

that has to hold for any admissible variation δ�R or δ�T of the multipliers. Eq. (7) imposes the homogenized strains as a 

boundary condition for the microscale displacements field by coupling the scalar variables ε and the field variables ˜ u , �R 

and �T . This condition has to be complemented with the overall force equilibrium for the periodic cell, expressed in weak 
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form through variations of the independent strain variables εxx , εxy , εyx and εyy . The weak form equation 

∫ 
�R 

(
l 

[
c s 

−s c 

][
δε xx δε xy 

δε yx δε yy 

](
c 

s 

))
· �R dY 

+ 

∫ 
�T 

(
h 

[
c s 

−s c 

][
δε xx δε xy 

δε yx δε yy 

](
−s 

c 

))
· �T dX − lh 

[
δε xx δε xy 

δε yx δε yy 

]
: 

[
P xx P xy 

P yx P yy 

]
= 0 . 

(8) 

has to hold for any of the four variations δεxx , δεxy , δεyx and δεyy . The first Piola-Kirchhoff stress components in the xy 

coordinate system, appearing in Eq. (8) , are considered as given quantities if the corresponding strains are unknown. 

The four scalar equations contained in Eq. (8) allow in principle to prescribe any combination of four strain or stress 

components. For those strain components in ε which are prescribed, the corresponding variations in Eq. (8) are disregarded 

and these components are simply treated as known quantities instead of problem variables. For those first Piola-Kirchhoff

stress components that are prescribed, typically set equal to zero, the prescribed value is accounted for in Eq. (8) . 

Another special case of interest is for a fixed ratio between two components of the Cauchy stress tensor in the xy frame. 

If the ratio σxx /σyy = k is known, for instance, the corresponding condition can, based on Eqs. (4) and (6) , be expressed in 

terms of the Lagrange multiplier fields �R and �T , as 

k = 

(
c + cε xx + sε xy 

h 

∫ 
�R 

�R dY − s + sε xx − cε xy 

l 

∫ 
�T 

�T dX 

)
·
(

c 

−s 

)
(

s + sε yy + cε yx 

h 

∫ 
�R 

�R dY + 

c + cε yy − sε yx 

l 

∫ 
�T 

�T dX 

)
·
(

s 

c 

) (9) 

which can be imposed through the following weak form expression 

l 

∫ 
�R 

[
c s 

][1 + ε xx ε yx 

ε xy 1 + ε yy 

][
c −s 

−ks −kc 

]
�R δε xx dY 

+ h 

∫ 
�T 

[
−s c 

][1 + ε xx ε yx 

ε xy 1 + ε yy 

][
c −s 

−ks −kc 

]
�T δε xx dX = 0 

(10) 

that has to hold for any variation δεxx , instead of the corresponding equation in Eq. (8) . 

So far the periodic cell problem is defined in terms of the three unknown vector fields ˜ u , �R and �T as well as the four 

scalar variables ε xx , ε xy , ε yx and ε yy , and sufficient equations are provided for solving for all unknowns. Different kinds of 

loadings can be implemented by making specific choices about prescribed strain components and possibly replacing some of 

the four equations contained in Eq. (8) with alternative ones, like e.g. Eq. (10) . Since rigid body rotation is already treated in 

the presented equations, the only remaining condition for the periodic cell problem to be complete, is to restrain rigid body 

translations. Restricting two degrees of freedom in 2D, by either fixing an arbitrary node or the average of some chosen 

nodes is a trivial step completing the definition of the periodic cell model. 

2.2. Modeled periodic cell and captured points in Brillouin zone 

A rectangular periodic cell domain � is chosen here for simplicity as it can both represent rectangular and rhombic 

lattices, however, a generalization to oblique periodic cells should be straightforward by redefining the mappings R → L and 

T → B accordingly. As indicated on Fig. 3 , � does not necessarily need to represent an elementary unit-cell in the sense 

of a minimal repeatable unit that defines the microstructure, but it can contain multiple repetitions of the actual unit-cell 

within the modeled periodic cell. This allows to capture buckling modes with different periodicities in the lattice’s Brillouin 

zone. In the present work, a 2 by 2 repetition of the elementary unit-cell captures in most cases all commonly addressed 

lattice buckling modes for the studied microstructures. Moreover, the homogenized strain degrees of freedom εxy and εyx 

allow for capturing modes of infinite period, corresponding to points at the center of the Brillouin zone. 

The periodic homogenization approach adopted here, even if accounting for large deformations, is still limited by the 

separation of scales requirement. Results obtained by means of a periodic cell model are therefore only relevant for situa- 

tions where variations of stresses along a unit-cell length are small. It should be noted that even in the case of a unit-cell 

size small compared to the overall dimensions of a structure, the separation of scales assumption can be violated due to 

stress concentrations ( Poulios and Niordson, 2016 ). In such cases, as well as in cases of a large unit-cell compared to the 

geometry of the structure, one should either use direct simulations of the whole structure as in Wang and Sigmund (2019) , 

or higher-order homogenization methods as in Poulios and Niordson (2016) and Rokoš et al. (2019) . 

2.3. Load cases 

The load carrying capacity of isotropic materials under plane strain conditions can easily be represented in the in-plane 

principal stresses space, based on biaxial loading experiments along the axes of an arbitrary coordinate system. The ap- 

plicability of this simple description does nevertheless not carry over to materials with a periodic microstructure, which 
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Fig. 4. Superposition of random perturbations with different length scales. 

are inherently anisotropic. In this case, the response upon biaxial loading does not only depend on the magnitude of the 

two imposed normal stress components but also on the relative orientation between principal stress and material sym- 

metry axes. In general, different yield surfaces should be expected for different orientations between loading and material 

directions. 

Available investigations of the load carrying capacity of anisotropic materials often implicitly neglect this orientation de- 

pendence. Works accounting for this load orientation dependence typically report yield surfaces in multidimensional stress 

spaces in terms of both normal and shear stress components, as for instance ( Deshpande et al., 2001 ). However, in or- 

der to avoid the often difficult to interpret multidimensional stress spaces, a common simplification is to only consider 

uniaxial loading spanning the entire space of possible load orientations. In this case, yield limits for uniaxial loading are 

either reported through yield surfaces in a polar coordinate system, or through inverse pole figures ( Tancogne-Dejean and 

Mohr, 2018 ). To ensure a simple and practical presentation of the studied 2D lattice structures, the present work considers 

two basic load cases. 

Biaxial loading. In the first case, biaxial loading is applied in a fixed arbitrarily chosen coordinate system, with different 

longitudinal to transverse stress ratios. Since all structures investigated in this study have at least a pair of perpendicu- 

lar symmetry axes XY , an obvious choice is to align the load coordinate system xy with these material principal axes. With 

stability investigations in focus, compression is imposed along one of the loading axes by prescribing the corresponding lon- 

gitudinal strain εyy in Eq. (2) , incrementally. At the same time, a zero longitudinal shear strain condition ε yx = 0 is imposed, 

while the transverse shear strain εxy is set as free, i.e. P xy = 0 . Finally, regarding the loading in the transverse direction x , 

Eq. (10) is employed with different positive and negative values for the Cauchy stress ratio k , resulting in either compressive 

or tensile stresses σ xx , respectively. The resulting loading path corresponds to a straight line in the { σ xx , σ yy } space for a 

coordinate system xy at fixed orientation α = 0 . 

Rotated uniaxial loading. The load orientation effect neglected in the previous load case is investigated by imposing a 

uniaxial load along the x direction of the loading coordinate system xy at varying orientation angles α with respect to the 

material coordinate system XY . In this case, the longitudinal strain εxx is prescribed incrementally and the conditions ε xy = 0 

and P yy = P yx = 0 are imposed. In general, for an arbitrary angle α the uniaxial loading in x direction leads to normal and 

shear stress components σ XX , σ YY and σ XY in the material coordinate system XY , that can not easily be illustrated in a 2D 

diagram as in the previous case. For this load case, yield surfaces are plotted in a polar diagram with the applied stress σ xx 

as the radial coordinate and the orientation angle α as the circumferential coordinate. 

2.4. Perturbations 

In contrast to eigenvalue buckling analysis which is performed on geometrically perfect structures, direct nonlinear anal- 

ysis relies on appropriate perturbations or imperfections in order to capture relevant buckling modes. In the present work, 

three different types of perturbations are applied depending on the microstructure investigated and the type of simulation. 

Targeted geometrical perturbations. A standard way of introducing imperfections in a structure is by perturbing node co- 

ordinates of the computational mesh, resulting in small geometrical changes. These geometrical modifications are typically 

chosen according to some buckling mode of interest, known e.g. from a linear eigenvalue analysis. In this manner, it is also 

possible to trigger one specific buckling mode even if this is not the critical one. For this kind of perturbations, the sever- 

ity of the imposed imperfection is controlled by the amplitude a of the imperfection. This can be converted to a roughly 

estimated characteristic misalignment angle φ = arctan a/l 0 , where l 0 is the unit-cell size. 

Random geometrical perturbations. Proper random geometrical perturbations are essential for enabling multiple buckling 

modes, hence also capturing the most critical ones. Especially when dealing with multiscale structures, it is important that 

imperfections introduced at different length scales are of comparable intensity. Otherwise, the effect of buckling modes in 

some length scales may either be amplified or suppressed compared to modes in other length scales. Fig. 4 illustrates a 

simple but rather generic approach, followed in the present work, for generating random geometrical perturbations. 

In order to introduce imperfections at several wavelengths, different grids of points are defined with spacing d equal to 

each desired length scale. The points of each grid, which are not necessarily nodes of the computational mesh, are then per- 

turbed in X and Y directions by random amounts with a uniform statistical distribution in the interval [ −d / 2 tan φ, d / 2 tan φ] . 

The nodes of the actual mesh of the microstructure are displaced according to a linear interpolation between the surround- 
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ing points on the perturbation grid. By choosing the perturbation amplitude proportional to each wavelength d , as defined 

above, it is ensured that the same characteristic misalignment angle φ is represented in each perturbation grid, independent 

of the length scale. Finally the overall perturbation of the microstructure mesh is obtained by superposition of a number of 

different perturbation grids at different length scales, as conceptually illustrated in Fig. 4 . 

Shear load. Since an overall shearing deformation is a common collapse mode for non-isotropic microstructures under 

compression, it is often convenient to use a small shear load as a perturbation for triggering this kind of collapse. For the 

magnitude of the imperfection to be comparable to the other two cases, one should ensure that the overall shear angle of 

the microstructure under the perturbation load is of the same order as tan φ. 

3. Interpretation and presentation of results 

In a direct nonlinear analysis of a periodic microstructure, quantities of interest such as applied homogenized stress and 

resulting average strain components will often vary in a complex and non-proportional manner. Moreover, the distinction 

between a sharp buckling initiation and a progressively softening response can often be rather diffuse when kinematic and 

material nonlinearities are inherently taken into account. These aspects underline the importance of a systematic analysis 

and presentation of the obtained results, addressed in detail in the present section. 

3.1. Stress normalization 

In order to obtain comparability between calculated stress limits for different microstructures and volume fractions, it is 

necessary to employ a normalization that is independent of the type of the microstructure and compensates for any known 

bounds at the low volume fraction limit. In Haghpanah et al. (2014) , the characteristic stress E /( t / L ) 3 was used as a reference 

value for the normalization of stresses, where E is the material Young’s modulus, t is the thickness and L is the length of 

the lattice struts. This characteristic stress definition is based on the Euler buckling limit of double pinned bars of the given 

slenderness. 

Although this is a valid approach when looking at one specific lattice type, different types of lattices made of struts of the 

same slenderness will in general occupy different volume fractions. This means that t / L is not an appropriate parameter for 

benchmarking different lattices in terms of material utilization. In that sense, instead of the strut slenderness, the material 

volume fraction V 

∗ should actually be used as the basis for defining a characteristic stress. In this fashion, comparability 

is achieved for generic microstructures, even including a multiscale topology, because the volume fraction V 

∗ is always 

unambiguously defined in contrast to the parameter t / L that assumes a truss-like structure. 

Noticing the approximate relation V 

∗ ≈ 2 t / Ll , valid for the low volume fraction regular square lattice studied in 

Haghpanah et al. (2014) , we suggest a reference stress for normalization purposes, defined as 

σ ∗ = E/ (V 

∗/ 2) 3 . (11) 

A high level of universality and comparability of the presented results can then be achieved by reporting dimensionless 

stress quantities 

σ̄ = σ/σ ∗ (12) 

instead of the Cauchy stress components from Eq. (4) . This choice allows for a direct comparison of microstructures of all 

shapes and volume fractions, even though the reference stress σ ∗ has a physical interpretation for the regular square lattice 

only. The adopted normalization compensates for the known volume fraction dependence of buckling limits for stretch 

dominated slender microstructures, which means that any additional dependence of the normalized stress σ̄ on V 

∗ is an 

additional finite volume fraction effect. 

3.2. Definition and use of a collapse criterion 

Central to the present study is the determination of loss of stability of a microstructure under compressive load. In con- 

trast to linear buckling analysis, where such a stability limit is mathematically defined in all cases, the actual nonlinear 

response of a microstructure can transition towards a complete loss of stiffness without going through a bifurcation point. 

Even in cases where a real bifurcation exists, this will typically still be smoothened by the adopted geometrical perturba- 

tions. With practical requirements regarding the load carrying capacity of a microstructure in mind, it is useful to provide a 

universal and practical definition of a point of bucking or failure. Here, the choice is made to define failure by considering 

a threshold for the tangential stiffness measure defined as 

K = 

‖ ̇

 σ‖ 

‖ ̇

 ε ‖ 

≈ ‖ 

�σ‖ 

‖ 

�ε ‖ 

(13) 

where �σ and �ε are respectively increments of the stress and strain tensor within a static load step. The use of the 

Frobenius norm for the definition of this effective tangent stiffness is a natural choice as it is invariant with respect to fixed 

rotations of the chosen frame of reference. 
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Fig. 5. Stress-strain curves in two-dimensional normalized stress space illustrating the biaxial loading procedure on the example of the square lattice. The 

loading paths are straight lines in Cauchy stress space, the red markers indicate the detected buckling points and the gray line is the resulting fitted failure 

line. 

Fig. 6. Stress-strain curves for uniaxial loading at different angles to illustrate the uniaxial loading procedure on the example of the square lattice. The red 

markers indicate the detected failure points. The dashed lines are reconstructed by exploiting the symmetry of the structure. 

Based on the effective tangent stiffness defined above, a practical and generic failure criterion can easily be defined as 

K < ηEV 

∗ (14) 

where EV 

∗ corresponds to the upper Hashin-Shtrikman bound with regard to Young’s modulus, and η is a threshold param- 

eter that specifies the minimum acceptable stiffness as a fraction of the theoretical upper bound. By defining failure at a 

small but non-zero level of stiffness, the adopted criterion encompasses both buckling and softening in a unified manner, 

rather than capturing only classical bifurcation buckling. The exact value of the threshold η is not crucial in case of bifurca- 

tional buckling in which the stiffness of the structure drops drastically from its maximum towards a small residual stiffness. 

Only in cases of progressive softening, there is a significant dependence of the failure line on the chosen threshold value. 

Throughout this work a value of η = 0 . 1 is adopted. 

To illustrate the use of the failure criterion proposed in Eq. (14) , Figs. 5 and 6 show typical simulation results for a 

square lattice and the two load cases described in Section 2.3 . During the simulations, the compressive longitudinal strain 

was incremented until a specified final strain using variable step sizes to ensure a bounded norm of displacement field 

increments. Biaxial loading results at different fixed stress ratios k are shown in Fig. 5 . Using the failure criterion of Eq. (14) , 

the stress state at which failure occurs is found individually for every ratio k and finally a polynomial fit is used to obtain 

the resulting failure line, shown in the figure as a gray solid line. It becomes evident in the plot including the strain axis 

εYY , how the adopted criterion captures the observed kink point along the plotted curves. 

Fig. 6 shows corresponding results for uniaxial loading with the load direction x oriented at different angles α. The 

plotted failure points define a failure line in the polar diagram of uniaxial stresses that describes the anisotropic buckling 

behaviour of the considered square lattice. Exploitation of symmetries in the periodic cell reduces the range of required 

angles significantly. 

77



G.L. Bluhm, O. Sigmund and F. Wang et al. / Journal of the Mechanics and Physics of Solids 137 (2020) 103851 9 

4. Results and discussion 

This section presents results from numerical studies performed according to the methodology described above, applied 

on three very common lattice structures at different volume fractions and one optimized hierarchical structure from the 

literature, all summarized in Table 1 . The table also shows the orientation of each microstructure within the XY frame with 

X corresponding to the horizontal and Y to the vertical direction. For biaxial loading, results are presented in terms of fail- 

ure lines in the two-dimensional principal stress space, obtained according to the failure criterion from Eq. (14) . Results for 

the case of rotated uniaxial loading are plotted in polar coordinates instead, with the radius corresponding to the applied 

stress σ xx and the angle coordinate corresponding to the orientation angle α between the loading direction axis x and the 

microstructure axis X . The normalized tangent stiffness K is shown in this kind of polar diagrams as a colormap plot, com- 

bined with the failure line obtained according to Eq. (14) for η = 0 . 1 . The outer contour of the colormap plots corresponds 

to an arbitrary chosen maximum strain applied during the simulations, and accepts therefore no specific interpretation as 

the failure line does. 

4.1. Square lattice 

The square lattice owes its popularity mainly to its simplicity and has been subject of a large number of investigations, 

with compressive stability limit lines at the limit of small volume fractions, reported in Haghpanah et al. (2014) . The biaxial 

loading results shown in Fig. 7 extend this previous result with failure lines for finite volume fractions for the two most 

critical buckling modes from the aforementioned study. The post-buckling deformation patterns corresponding to the two 

modes are also included in the figure. All failure lines are based on a polynomial fit to the actual data points, which are 

marked on the figure. 

Buckling mode 1. This mode, illustrated in Fig. 7 b, corresponds to shear deformation of the entire periodic cell in the 

sense of either ε yx or ε xy strains, depending on whether x or y is considered as the main compressive loading direction. 

The corresponding two failure lines which intersect on the equibiaxial load path σxx = σyy due to symmetry, define the 

critical inner failure envelope for the structure, with the shear deformation perpendicular to the major compression direction 

being always critical. The fitted failure lines are almost straight with a slight slope, which increases with volume fraction, 

indicating that tensile transverse stresses delay buckling initiation while compressive transverse stresses promote buckling. 

However, especially for slender structures, the effect is not very pronounced and the buckling initiation for this mode mainly 

depends on the longitudinal compressive stress. The failure lines plotted for different volume fractions demonstrate the 

Table 1 

Investigated microstructures with different volume fractions. The slenderness ratio L / t of con- 

stituent bars is based on center to center distances between bar intersections. Unit-cells are 

defined through the black frames in the row for V ∗ = 0 . 3 and the number of unit-cells inside 

the modeled periodic cell are given in parenthesis in the first row. 

Hierarchical Square Triangular Hexagonal 

V ∗ (2 × 2) (2 × 2) (1 × 2) (2 × 2) 

0.1 

L / t ≈ 19.5 33.8 11.3 

0.3 

L / t ≈ 6.1 10.6 3.5 

0.5 

L / t ≈ 3.4 5.9 2.0 
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Fig. 7. Regular square lattice failure lines in two-dimensional stress space (a) for the two illustrated deformation modes (b,c), shown for V ∗ = 0 . 1 . Markers 

represent simulation results, while lines correspond to a polynomial fit. Circle and plus sign markers respectively represent failure of mode 1 and 2. The 

black dashed failure lines are the reference solution from Haghpanah et al. (2014) for the low volume fraction limit. 

strong additional effect of increased volume fractions compared to the theoretical dependence through Eq. (11) , valid only 

for very low volume fractions. For comparison, corresponding results for V 

∗ → 0 from Haghpanah et al. (2014) are included 

in the figure, adapted though to the material properties and the plane strain condition assumed here. The obtained results 

for the lowest volume fraction of 10% are rather close to the included reference results for very slender structures. There 

are however visible differences already at this low volume fraction, especially for the second buckling mode. Deviations are 

partly due to a non-vanishing effect of the strut intersection regions, but also due to geometrical and material nonlinearities, 

accounted for in the nonlinear continuum mechanical model. For the remaining two higher volume fractions, the deviations 

from Haghpanah et al. (2014) are large. 

Buckling mode 2. Although the buckling mode presented above is in general expected to be the most critical one, 

Haghpanah et al. (2014) , boundary conditions may prevent its occurrence so that the second most critical mode shown 

in Fig. 7 c becomes important. For provoking this mode within the nonlinear analysis employed, a targeted geometrical per- 

turbation of corresponding shape was used with an amplitude of 10 −4 l 0 for V ∗ = 0 . 1 and 5 · 10 −4 l 0 for V ∗ = 0 . 3 and 0.5. 

This second buckling mode can occur independent of whether the main compressive load is in X or Y direction and there 

is therefore only one continuous failure line in the whole stress space. As expected, the buckling resistance for this mode is 

always larger compared to the shearing mode described above. A strong presence of finite volume effects is also observed 

in this case with the most dense structure for V ∗ = 0 . 5 being approximately twice as strong as predicted by the low volume 

fraction approximation. The buckling limits of the two modes are closest to each other along the equibiaxial load line but 

still, the limit of mode 2 is 1.5 to 2 times higher than for mode 1. 

Buckling performance for rotated uniaxial loading. Fig. 8 shows results for uniaxial loading of varying orientation according 

to Section 2.3 , demonstrating a strongly anisotropic load carrying capacity. At the left of the figure, the normalized tangent 

stiffness K/ (EV ∗) is shown for V ∗ = 0 . 5 , with the plotted solid contour line corresponding to the failure line defined by the 

adopted threshold value of 0.1. At small loads in direction parallel to the struts, the normalized initial tangent stiffness is in 

the range of 0.6 to 0.7 for all volume fractions. 

The failure lines plotted in Fig. 8 reveal the poor performance of the regular square lattice microstructure in any direction 

other than parallel to the lattice bars. Even for the highest volume fraction of V ∗ = 0 . 5 , it exhibits for load orientation angles 

α between 30 ◦ and 60 ◦ less than 10% of its maximum load carrying capacity which occurs along the lattice bars, i.e. at 

α = 0 ◦ or 90 ◦. At most intermediate load orientations, the structure does not show buckling at all, but instead undergoes 

a shear deformation with continuously decreasing stiffness, eventually hitting the set threshold value. This effect is more 

pronounced for low density structures due to the diminishing bending stiffness. 

The discrete load orientations used for generating these results correspond to intervals of 5 ◦ for angle α from 0 ◦ to 45 ◦

and two additional cases with α = 1 ◦ and 2 ◦. Perturbations were only necessary for α = 0 ◦, when the load is applied in the 

direction of the lattice bars. The latter is a case already contained in the aforementioned biaxial loading case, where the 

global shear mode is critical, hence shear load perturbations are applied here, as well. 
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Fig. 8. Normalized tangent stiffness under uniaxial load, with 0.1 threshold line for the regular square lattice with V ∗ = 0 . 5 (a) and failure lines for different 

volume fractions (b). 

Fig. 9. Failure lines for the triangular structure at different volume fractions under uniaxial load (a), and deformed structures for different loading angles 

α at V ∗ = 0 . 3 (b,c). 

4.2. Triangular lattice 

Another example of a widely used and extensively studied microstructure is the triangular lattice which exhibits an 

isotropic initial stiffness. The nonlinear analysis results shown in Fig. 9 , demonstrate however, how this isotropy is lost due 

to geometrical nonlinearities, with the failure lines illustrating how the buckling performance under uniaxial load varies as 

a function of the load angle. Moreover, a strong finite volume fraction effect on the expected buckling limit is also observed 

here. While all triangular lattice structures with volume fractions below 0.1 are expected to have failure lines very close to 

the one plotted for the 0.1 case, for larger volume fractions the deviations are large. 

Interestingly, the microstructure volume fraction does not only expand the plotted failure lines radially, but it also affects 

their shape. Triangular lattice structures with volume fractions 0.1 and 0.3 exhibit their highest load bearing capacity at 

angles of 0 ◦ and ± 60 ◦, i.e. along directions perpendicular to the lattice bars, while their lowest buckling resistance is 

observed in directions parallel to the lattice bars. However, at V ∗ = 0 . 5 , the lattice has almost isotropic buckling resistance, 
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Fig. 10. Normalized tangent stiffness with 0.1 threshold line for the hexagonal lattice structure at different volume fractions under uniaxial load. 

while at even higher volume fractions, the anisotropy pattern changes further, with the direction parallel to lattice bars 

becoming the strongest, which can be seen from the additional plotted failure line for V ∗ = 0 . 7 . 

Figs. 9 b and c show the post-buckling deformed microstructures for V ∗ = 0 . 3 with 0 ◦ and 30 ◦ rotations, respectively, un- 

der uniaxial loading in the x -direction. Plotting the normalized tangent stiffness is omitted, as for this structure it exhibits 

rather high values in the range of K ≈ 0 . 4 to 0 . 8 in almost the entire region inside the plotted failure lines, with a sharp 

collapse on the failure lines. The presented results were obtained by loading at discrete orientation angles α from 0 ◦ to 30 ◦

at intervals of 3 ◦ and two additional cases with α = 1 ◦ and 29 ◦. In theory, perturbations are only required for loading direc- 

tions of 0 ◦ and 30 ◦, at which the symmetry of the structure would prohibit the occurrence of the otherwise observed non- 

symmetric buckling modes. Nevertheless, the shown results are based on consistently applied random geometrical pertur- 

bations including four wave lengths ranging from 0.2 l 0 to l 0 and a characteristic misalignment angle φ ≈ 0.06 ◦ for V ∗ = 0 . 7 

and φ ≈ 0.02 ◦ for all other cases. Since the critical mode for this structure is known, targeted perturbations could have been 

applied as well. 

4.3. Hexagonal lattice 

The last classical periodic microstructure considered is the hexagonal lattice, which seems to be one of the most studied 

microstructures in the available literature. It is also very widespread in real applications, despite of its well-known low 

shear modulus. Fig. 10 shows the normalized tangent stiffness under uniaxial load in varying orientations for V ∗ = 0 . 3 and 

V ∗ = 0 . 5 , including the corresponding failure lines for the same stiffness threshold as in all previous cases. These lines are 

compared directly to each other in Fig. 11 which also shows post-buckling deformation plots for uniaxial compression at 

0 ◦ and 30 ◦. The results shown for this structure were obtained at the same loading angles as for the triangular lattice but 

without any perturbations. For the uniaxial loading considered here, no crossing of a bifurcation point is expected during 

the loading procedure and therefore both perturbed and unperturbed structures appear to behave in the same manner. 

The plots in Figs. 10 and 11 show the anisotropic failure behavior of the hexagonal structure, with the highest stiff- 

ness and load carrying capacity observed at α = ±30 ◦ and 90 ◦, i.e. in directions parallel to the lattice bars, while stiffness 

and load capacity attain their minimum for uniaxial compression perpendicular to the lattice bars. For increasing volume 

fraction, the failure behavior becomes more isotropic. For V ∗ = 0 . 5 for example, the variation between the maximum and 

minimum failure limit in any direction is just around 25%, while this variation is around 60% for V ∗ = 0 . 3 . However, unlike 

the triangular structure, no radical change in the anisotropy pattern is observed. 

At the volume fraction of 0.1, the hexagonal structure has an initial tangent stiffness below the adopted stiffness thresh- 

old η = 0 . 1 and thus its failure line collapses to a single point, expressing the fact that at the lower volume fraction limit the 

stiffness of this lattice structure vanishes. Independent of the volume fraction, the tangent stiffness decreases gradually with 

increasing load, indicating that the structure in most cases looses its stiffness through a progressive softening rather than 

a sharp buckling collapse. As a consequence, the obtained failure lines for this case depend significantly on the threshold 

value η. 

4.4. Hierarchical microstructure 

In a recent work, periodic microstructures were designed using topology optimization for maximizing the lowest buck- 

ling limit under a single given stress state with principal stresses of fixed ratio and fixed orientation ( Thomsen et al., 2018 ). 

81



G.L. Bluhm, O. Sigmund and F. Wang et al. / Journal of the Mechanics and Physics of Solids 137 (2020) 103851 13 

Fig. 11. Failure lines for the hexagonal structure at different volume fractions under uniaxial load (a), and deformed structures for different loading angles 

α at V ∗ = 0 . 3 (b,c). 

Fig. 12. Hierarchical square unit-cell and closeup view of the discretization. 

As demonstrated by the band-diagrams presented in Thomsen et al. (2018) , the optimization procedure leads to multiple 

buckling modes clustered at the lowest buckling load. This rather uncommon and unexplored situation, naturally raises 

some uncertainty on whether the presence of several simultaneous buckling modes could lead to a more extreme and un- 

usual nonlinear buckling and post-buckling behavior. To address this question, one of the designs from the aforementioned 

work is evaluated in this subsection in the same nonlinear analysis framework used for the three hitherto discussed lattice 

structures. 

The specific design considered, is the one obtained for maximizing buckling resistance of a square lattice under com- 

pressive equibiaxial loading. Fig. 12 shows the geometry and the discretization of the considered microstructure with a 

volume fraction of approximately V ∗ = 0 . 3 . The large number of potential buckling modes due to the hierarchical nature of 

the structure motivates the choice of a random geometrical perturbation that will excite a wide range of buckling modes at 

different wavelengths. The results presented below cover both the unperturbed geometry and the case of a random geomet- 

rical perturbation according to Section 2.4 with a characteristic misalignment angle φ ≈ 0.06 ◦ including four wave lengths 

from 0.2 l 0 to l 0 . 

Buckling resistance for biaxial loading. The hierarchical structure is initially analyzed for its buckling performance under 

biaxial loading along the lattice symmetry axes. Failure lines are obtained both for the original Poisson ratio of 0.4 as well as 

for the case of a Poisson ratio equal to zero and presented in Fig. 13 . Corresponding results from a linear buckling analysis 

according to Thomsen et al. (2018) , but for the material parameters used here, are also included for comparison. Moreover, 

the failure line for the regular square lattice under biaxial loading from Fig. 7 is repeated in Fig. 13 to put the performance 

of the optimized hierarchical structure into perspective. 

A first observation is that the impact of random geometrical perturbations, investigated in the case for ν = 0 . 4 , is only 

visible in the region close to equibiaxial compressive loading, cf. points A. In other regions, the failure lines of the unper- 

turbed and the perturbed geometries coincide. In general, due to the clustering of multiple buckling modes at the critical 

load and the randomness of the perturbations, the shown failure lines do not necessarily correspond to one specific mode, 

but they rather represent the critical inner envelope of all possible modes satisfying the periodic boundary conditions of the 

adopted 2 × 2 periodic cell. 
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Fig. 13. Failure lines for the hierarchical structure and the regular square lattice under biaxial load. The solid yellow line refers to a perfectly symmetric 

structure without perturbation, while the dashed line is obtained by random perturbations. 

Fig. 14. Stress-strain curves for the equibiaxial stress state, marked with A on Fig. 13 , for both the perfectly symmetric and randomly perturbed hierarchical 

structure. The red plus sign denotes the point of failure corresponding to the adopted tangent stiffness criterion. The response curve for the perturbed 

structure has been truncated due to the onset of self-contact not captured by the model. 

A second important observation concerns the actual performance of this microstructure compared to the predictions of 

a linear analysis. To demonstrate the nonlinear effects, the linear analysis from Thomsen et al. (2018) was redone for the 

plane strain condition, adopted here, and for Poisson ratios of ν = 0 . 0 and 0 . 4 , and expressed in terms of true stresses in 

order to obtain comparability with the nonlinear analysis in Fig. 13 . For both investigated Poisson ratios, the linear analysis 

underestimates the buckling strength by approximately 22% for ν = 0 . 4 and 16% for ν = 0 in case of the loading state B. 

Noting that nonlinear effects are much less pronounced for the regular square lattice structure that fails at much lower 

strains, the nonlinear analysis demonstrates an even larger gain in buckling resistance through the optimized hierarchical 

structure, than based on the linear analysis carried out in Thomsen et al. (2018) . Regarding the effect of the material Poisson 

ratio it should also be noted that the additional strengthening predicted by the nonlinear analysis for ν = 0 . 4 compared to 

ν = 0 , is due to thickening of compressed struts members that can only be captured by a nonlinear analysis. 

Figs. 14 and 15 show stress-strain curves for the two load cases marked in Fig. 13 with A and B, respectively. For the 

equibiaxial load case A, shown in Fig. 14 , a comparison between the results for the perfect and perturbed structures demon- 

strates the presence of a distinct instability limit which is not captured with the unperturbed structure. However, for the 

uniaxial load case B, shown in Fig. 15 , no distinct failure limit can be observed. Both the perfect and the perturbed geome- 

tries approach a vanishing stiffness in the same manner. Nevertheless, two distinct postbuckling behaviors can be observed 

in Fig. 15 , with the perturbed structure exhibiting a collapse-like response not captured with the perfect structure. 
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Fig. 15. Stress-strain curves for the uniaxial stress state, marked with B on Fig. 13 , for both the perfectly symmetric and randomly perturbed hierarchical 

structure. The red plus sign denotes the point of failure corresponding to the adopted tangent stiffness criterion. 

Table 2 

Buckling modes for the perfect and perturbed hierarchical structure at different normal stress ratios at the stage of pre- and 

post-buckling. The labels refer to the ones on Figs. 13–15 . 

σ̄XX 

σ̄YY 

Perfect Perturbed 

Pre Pre Post 

1 

A0 A1 A2 

0 

B0 B1 B2 

−1 

C C 

Table 2 provides plots of the deformed hierarchical structure at the detected failure limit, for the three load cases A, 

B and C, labeled in Fig. 13 , as well as post-buckled structures for cases A and B. For the equibiaxial load case A, the dis- 

tinct buckling limits between the perfect structure at A0 and the perturbed structure at a lower level at A1, observed in 

Fig. 14 , are also represented in the distinct buckling modes shown in Table 2 . While a local and symmetric buckling is ob- 

served for the perfect structure, the perturbed one buckles in a global shear mode that could not be otherwise captured for 

the perfectly symmetric geometry. The shear buckling mode captured by the perturbed structure transitions to a localized 

buckling mode A2 in the post-buckling region, corresponding to the abrupt drop in stress observed at the corresponding 
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Fig. 16. Normalized tangent stiffness and 0.1 threshold line under rotated uniaxial loading for the regular square (a) and hierarchical (b) lattice structures 

of the same volume fraction. Note the different scaling of radial axis. 

point in Fig. 14 . For load cases B and C, the observed deformation modes leading to a vanishing stiffness are independent 

of whether perturbations are present or not. As shown in Fig. 15 for load case B though, a perturbed geometry allows to 

capture a subsequent rather abrupt drop in stress at point B2, which corresponds to a switch to a different buckling mode, 

shown in Table 2 . Unlike case B, the initial local buckling that causes the structure to loose its stiffness in load case C, does 

not transition into any other buckling modes for further increased compression. The two examples, shown for cases A and 

B with one buckling mode transitioning into another one, causing more or less abrupt stress drops, is a characteristic of 

hierarchical structures, where buckling can occur at different scales. 

Buckling performance for rotated uniaxial loading. Even though the studied hierarchical structure design is optimized for 

pure equibiaxial load, the results from Fig. 15 show that it also performs well under uniaxial load, at least for loading parallel 

to the unit-cell symmetry axes. The performance of the hierarchical structure under uniaxial loading in different orientations 

is further investigated in Fig. 16 , based on simulations at the same loading angles as for the regular square microstructure. 

The figure actually compares normalized tangent stiffness plots between the hierarchical and the regular square microstruc- 

ture with V ∗ = 0 . 3 , including the corresponding failure lines. The regular square structure might be approximately twice 

as stiff at zero angle, compared to the hierarchical one, but its stiffness diminishes already at a small offset angle, while 

the stiffness of the hierarchical structure is much less affected. Even at an angle of ± 45 ◦, the hierarchical structure has a 

considerable stiffness, being all in all much less anisotropic in terms of stiffness. In terms of buckling limits, the difference 

in anisotropy between the hierarchical and the regular square lattice is even more pronounced. When looking at the plotted 

failure lines, not only the radial scaling between the two graphs differs by a factor of five, but the shape of the failure lines 

shows a radically reduced anisotropy in terms of the compressive stability limit. Once again, it is worth noticing, that this 

structural design was optimized for a different loading case. 

4.5. Comparison of different structures at the same volume fraction 

Extending the comparison performed above to all microstructures at a volume fraction of 0.3, this section provides a 

benchmarking of the considered microstructures under uniaxial loading in any direction. It is chosen to base the comparison 

on the two properties shown in Fig. 17 , namely failure lines according to Section 3.2 , and the initial Young’s modulus in the 

loading direction, describing the stiffness of the structure for infinitesimal loads. 

The failure lines plotted in a common diagram in Fig. 17 make it clear, that the regular square microstructure has the 

worst buckling resistance with the dimensionless limit load not exceeding σ̄XX ≈ 0 . 8 even for loading parallel to the lattice 

bars. At the same time it has the worst buckling resistance anisotropy compared to any of the other structures. In terms 

of initial stiffness, the regular square structure outperforms the other structures only within a very narrow window of load 

orientations, almost parallel to the lattice bars, where a relative Young’s modulus of E x /( EV 

∗) ≈ 0.56 can be reached for the 

considered V ∗ = 0 . 3 . 

The triangular lattice structure, which is known to be initially elastically isotropic, exhibits independent of the direction 

an initial stiffness of E x /( EV 

∗) ≈ 0.39, which is only 30% lower than the maximum stiffness of the regular square lattice 

structure. At the same time, it has the least anisotropic buckling resistance with its minimum occurring at 90 ◦ and ± 30 ◦

still being above σ̄xx ≈ 1 . 
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Fig. 17. Comparison of all investigated structures with V ∗ = 0 . 3 under uniaxial loading. Failure lines for the regular square, triangular, hexagonal and 

hierarchical lattice structures (a), respectively taken from Figs. 8 b, 9 a, 11 a and 16 b and relative initial stiffness for the same four lattice structures (b). E x 
is the initial modulus of elasticity for the microstructure in the load direction x , while E is the initial Young’s modulus of the solid. 

The hexagonal lattice structure is also confirmed to be initially elastically isotropic with a very low stiffness 

E x /( EV 

∗) ≈ 0.15, characteristic for a bending dominated structure. With regard to its buckling resistance, this structure per- 

forms similarly to the triangular one with the lowest failure limit occurring at 0 ◦ and ± 60 ◦ with a value of σ̄XX ≈ 0 . 77 . Of 

course, when comparing buckling performance, one has to keep in mind that due to the progressive softening observed, the 

failure line for the hexagonal structure is strongly dependent on the chosen threshold value η. 

The performance of the optimized hierarchical structure in terms of stiffness and buckling resistance has already 

been commented upon in the previous section through a comparison to the regular square lattice structure. In addition, 

Fig. 17 demonstrates, that in terms of buckling resistance, the hierarchical structure also outperforms all other structures 

considerably. Even if its buckling behavior is not as isotropic as the one of the triangular structure, its weakest direction of 

± 45 ◦ still exhibits a minimum load carrying capacity of σ̄xx ≈ 2 . 2 . With regard to its stiffness, the hierarchical structure is 

considerably less stiff than the triangular lattice structure. In its most compliant direction of ± 45 ◦ a rather low stiffness 

E x /( EV 

∗) ≈ 0.19 is observed which is actually only slightly larger than the one of the hexagonal lattice structure. Apart from 

the hierarchical microstructure investigated here, Thomsen et al., 2018 present other optimized hierarchical structures that 

could possibly lead to even better performance. 

5. Conclusions 

A numerical framework has been presented for the evaluation of the compressive load carrying capacity of periodic 

lattice structures with finite volume fraction and arbitrarily complex geometry. It is based on a periodic cell model that 

includes a generalized implementation of periodic boundary conditions and homogenized strains imposed in an arbitrarily 

rotated frame compared to the lattice symmetry axes. Moreover, suitable dimensionless quantities have been defined for 

ensuring a direct comparability of microstructures with different topologies and qualitatively different responses to com- 

pressive loads. In particular, a tangential stiffness based criterion has been proposed in order to unify the treatment of 

structures softening progressively towards a vanishing stiffness and structures that exhibit an abrupt compressive instabil- 

ity. The choices of appropriate load cases and geometrical perturbations have been discussed, including a simple method 

proposed for generating random perturbations covering a range of wavelengths. 

The presented framework has been applied for the evaluation of the three most common simple lattices in 2D, i.e. square, 

triangular and hexagonal, at three volume fractions, as well as for studying an optimized hierarchical microstructure from 

the literature. The included results enhance the state-of-the-art with stability limits reported for the three classical lattices 

considered, demonstrating the strong effect of finite volume fractions compared to the known limits at infinitesimal volume 

fractions. The choice of analyzing structures of a given volume fraction instead of a given bar slenderness ratio allowed 

the direct comparison of lattices in terms of material utilization. The final comparison between the performance of all four 

considered microstructures at a volume fraction of 0.3, in terms of both compressive stability and initial stiffness, provides 

a very useful overview. At the same time it has verified the much superior buckling resistance of the optimized hierarchical 
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structure, despite its relatively low directional stiffness. Here we remind, that Thomsen et al., 2018 also suggests hierarchical 

hexagonal and triangular structures. 

The hierarchical microstructure treated in this work, has also been used as an example for demonstrating the complexity 

of the nonlinear response of a generic microstructure when finite deformations are accounted for. Plots of the deformed 

structure at overall strains in order of 20% just before buckling have illustrated how severely distorted the geometry can 

be in the pre-buckled state. Moreover, cases of switching between two buckling modes in the post-buckling region have 

provided additional insight in the post-buckling behavior of this structure. 
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Abstract
The present work proposes an extension of the third medium contact method for solving structural topology optimization
problems that involve and exploit self-contact. A new regularization of the void region, which acts as the contact medium,
makes the method suitable for cases with very large deformations. The proposed contact method is implemented in a second
order topology optimization framework, which employs a coupled simultaneous solution of the mechanical, design update,
and adjoint problems. All three problems are derived and presented in weak form, and discretized with finite elements of
suitable order. The capabilities and accuracy of the developed method are demonstrated in a topology optimization problem
for achieving a desired non-linear force–displacement path.

Keywords Nonlinear topology optimization · Third medium contact · Large deformations · Second order optimization · Void
regularization

1 Introduction

In structural topology optimization under large deformations,
it is not uncommon that beam-like members eventually come
into contact.Modeling of self-contact is therefore essential in
order to avoid non-physical self-penetration in the mechan-
ical analysis and thereby extend the accuracy and validity
range of such optimization solutions. Even more than that, a
self-contact aware optimization can lead to radically differ-
ent designs by exploiting the possibility of unilateral contact
between parts of the design in e.g. non-linear mechanism
design.

Applying standard methods for modeling of self-contact
to situations like this, where the actual contact interfaces are a
priori unknown, is in principle possible but also very tedious
[1].Applying the thirdmediumcontactmethod [2,3], instead,
is a very natural and simple choice because density based
topology optimization already involves a void region which
can play the role of the contactmedium. Still, there are impor-
tant technical aspects that require a careful treatment in order
to make the combination numerically stable.

B Gore Lukas Bluhm
glubluh@mek.dtu.dk

1 Department of Mechanical Engineering, Technical University
of Denmark, Nils Koppels Allé, Building 404, 2800 Kgs.
Lyngby, Denmark

The third medium contact method was introduced in [2]
as a purely continuum mechanics based alternative to con-
tact domainmethods [4]. Its main advantage against standard
contact methods, such as augmented Lagrangian and penalty
ones [5,6], is that it avoids an explicit treatment of the contact
kinematics and the implementation of inequality constraints.
However, it comes with the disadvantages of i) parasitic
remote forces transferred between the bodies before the
actual contact, and ii) not permitting large amounts of slid-
ing between the contacting bodies. Due to these limitations,
thirdmedium contact has hitherto not found significant appli-
cations as a replacement to the established contact methods
based on Lagrange multipliers.

When it comes to topology optimization though, the third
medium contact approach is an excellent fit, because density
based topology optimization already employs a void phase
in the a priori unknown regions where contact may actually
occur. By appropriate constitutive modeling, the void phase
can easily be used as the contact medium. At the same time,
the inherent limitation of the method in capturing a sharp
transition from zero to finite contact stresses, turns into an
advantage in topology optimization. The parasitic interaction
of non-contacting parts of the structure due to small but finite
stiffness of the third medium, makes the problem differen-
tiable and hence allows the optimization to drive a design
towards a self-contact state, if this is beneficial for the objec-
tive being optimized.
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The idea of employing third-medium contact methods in
topology optimization for modeling internal and external
contact has so far been unexplored. Nevertheless, traditional
modeling of, mainly external, contact in topology optimiza-
tion has been pursued in a series of papers. Apart from
earlier works in the field, reviewed by Hilding et al. [7],
more recent works within small deformations topology opti-
mization under external contact with rigid obstacles, include
compliance or volume minimization in a frictionless [8,9]
or frictional [10] setting, as well as compliance or contact
pressure minimization in a frictional setting [11]. Regarding
large deformations topology optimization, Luo et al. [12] per-
formed compliance minimization under frictionless contact
with circular rigid obstacles, modeled by means of nonlinear
springs. Fernandez et al. [13] used conventional large defor-
mation contact methods to model external contact between
the optimized design and a prescribed external deformable
solid. Known efforts for accounting for internal contact in
compliance minimization problems are limited to a priori
fixed internal contact interfaces, either without [14] or with
friction [15]. Otherwise, the level set method has also been
successfully used for internal contact, though limited to zero
initial gap and small sliding [16].

Apart from its simplicity, the major advantage of third
medium contact in the context of density based topology
optimization is that it completely eliminates the need for
prescribing potential internal or external contact interfaces.
The main challenge lies in defining a constitutive law for the
contact medium that is numerically stable even at extremely
severe deformations and large sliding. Apart from the cur-
rently employed constitutive laws for the void phase in large
deformation topology optimization [17,18], specialized third
medium constitutive laws from the contact mechanics litera-
ture [2,3] provide a foundation for further developments. The
original model from [2] with an explicitly added anisotropic
stiffness term, has already been simplified in [3], based on
the fact that a highly distorted hyperelastic continuum actu-
ally exhibits the desired anisotropy naturally. In the present
work, a similar neo-Hookean material is used for the contact
medium as the Hencky material used in [3]. In addition, in
order to allow for contact situations with considerable slid-
ing and very distorted elements, the present work proposes
a new void regularization based on penalization of higher
order strains in void elements.

The basic idea can be basically implemented in any den-
sity based topology optimization algorithm accounting for
large strains [18,19], minimizing a given objective func-
tion under a set of given constraints. However, the present
work introduces and uses a new second order topology opti-
mization framework, fully defined in the continuous setting
prior to discretization. The approach is similar to the con-
tinuous adjoint sensitivity analysis by Cho and Jung [20],
and is presented in a rather generalized form before being

Table 1 Notation conventions

A·B = Ai Bi Scalar product

A : B = Ai j Bi j Double contraction

A ..
.
B = Ai jk Bi jk Triple contraction

|A| Determinant of matrix A

‖A‖ = √
A : A Frobenius norm of matrix A

∇A = ∂Ai

∂X j
Spatial gradient of a vector field A

HA = ∂2Ai

∂X j∂Xk
Spatial Hessian of a vector field A

dev(A) 3D deviator operator

〈x〉 = max(0, x) Positive part function

particularized to a specific hyperelastic material law and
the objective function considered in the numerical exam-
ple. The included numerical results were obtained with the
displacement field approximated with quadratic quadrilat-
eral elements and the density field approximated with linear
quadrilateral elements in a structured mesh but the actual
method and its implementation is neither limited to struc-
tured meshes nor bound to a specific element type.

The subsequent Sect. 2 presents some important adap-
tations of the third medium contact method that extend its
applicability to larger amounts of sliding. The topology opti-
mization framework for the present work is introduced in
Sects. 3 and 4 presents an optimization example that exploits
the occurrence of self contact for achieving a desired nonlin-
ear force–displacement response. Important conclusions are
summarized in Sect. 5, while Table 1 summarizes notation
conventions used throughout the present work.

2 Mechanical model

The modeling domain Ω consists of a solid structure sub-
domain Ωs embedded in a void phase subdomain Ωv. A
vector field u defined in the undeformed domainΩ expresses
displacements from the initial to the current deformed con-
figuration. Let also q denote a Lagrange multiplier vector
which can either be a single vector or a vector field over
some part ΓD of the domain boundary ∂Ω . In the former
case, it is used to enforce a Dirichlet boundary condition in
an average sense, while in the latter case, the condition is
enforced at every point of ΓD . Based on these definitions,
the mechanical equilibrium of the system can be expressed
in weak form as

R(u, q; δu, δq) = 0 ∀δu, δq (1)
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with

R(u, q; δu, δq) =
∫

Ω

Ψ,u(u; δu) dΩ

+
∫

ΓD

{
q · δu + (u − uD) · δq

}
dΓ

(2)

where Ψ,u(u; δu) is the virtual variation of the strain energy
density function Ψ due to an infinitesimal displacements
variation δu. This is the usual virtual work expression that
can be rewritten in many equivalent forms of work conju-
gate pairs of strain variations and stresses. Depending on
whether the Dirichlet condition on ΓD is applied in an aver-
age sense or pointwise, uD is either a single vector or a vector
field expressing the prescribed displacement or displacement
field.

2.1 Hyperelasticity

Regarding the strain energy function Ψ , there are many pos-
sible choices for hyperelasticmaterial laws.Most of these are
formulated so that Ψ tends to infinity when the material is
compressed towards zero volume. This property, apart from
representing the actual physical response of any real mate-
rial, is also essential for the third medium contact model
employed here.

A rather common isotropic neo-Hookean material law
according to Simo et al. [21] is adopted in the present work
both for the solid and the void domain, defined through the
strain energy density function

Ψ (u) = K

2
(ln |F |)2 + G

2

(
|F |−2/3 ‖F‖2 − 3

)
(3)

with the deformation gradient F = I + ∇u. The initial bulk
modulus K and shear modulus G depend on the material
domain, being respectively equal to Ks andGs inΩs, and Kv

and Gv in Ωv. These elasticity constants in the void domain
Ωv are very small but finite.

Even if the void stiffness is initially negligible com-
pared to the solid stiffness, the presence of the ln |F |
term in Eq. (3) will eventually lead to an infinite stiff-
ness when the void is compressed to zero volume. This
property is crucial for the present application, because
it results in a compressed void which is stiffer than the
solid phase and can therefore transfer forces between solid
members of the structure. In general, every material law
with this characteristic can serve as a third medium for
modeling contact, in contrast to material laws, like the
otherwise frequently used Saint Venant-Kirchhoff model,
that result in vanishing stresses under ultimate compres-
sion.

The virtual work expression appearing in Eq. (2), results
from Gateaux differentiation of Ψ with respect to the dis-

placements field u. For the hyperelastic strain energy density
from Eq. (3), this operation results in

Ψ ,u(u; δu) = P
(∇u

) : ∇δu (4)

with the 1st Piola–Kirchhoff stress tensor

P
(∇u

) = K ln |F | F−T + G |F |−2/3 dev(FFT )F−T (5)

All equations have been presented in their three dimen-
sional form, however a reduction to plane strain is trivial by
defining the three dimensional deformation gradient as

F = I +
⎡
⎣∇u

0
0

0 0 0

⎤
⎦ . (6)

At the same time, for plane strain problems, P in Eq. (4)
needs to be reduced to its in-plane components.

2.2 Void regularization

In general, the constitutive behavior of the void is not essen-
tial for the mechanical system as long as stresses in the void
are small enough to not affect the deformation of the solid
significantly. Nevertheless, a rigorous modeling of the void
up to large strains is essential for avoiding numerical insta-
bilities of the overall system. This is especially true when the
void is used as the third medium for contact modeling, where
many elements will collapse to almost zero volume.

Figure 1 shows a classical benchmark example for deal-
ing with large deformations in the void region [17,18]. In
the present work, the upper beam is loaded by prescribing
the average vertical displacement within the small region ΓD

through an incremented vertical component uDy in the vector
uD in Eq. (2). The horizontal displacement of the ΓD region
is left free by defining q = {

0, qy
}T and δq = {

0, δqy
}T in

Eq. (2), reducing the formulation to a scalar Lagrange multi-
plier qy , which is just a single additional degree of freedom
in the overall system. The homogeneous Dirichlet condition
on ΓDh can be imposed by restricting the solution space of
u.

The plots in the first column of Fig. 2 show simulation
results for the reference solution with Ks=1 and Gs=6/13
in stress units, and the void elements completely removed.
The second column shows the corresponding results after
including void elements with Kv/Ks =Gv/Gs =10−12. All
results are obtained with a 20×20 discretization of the total
domain Ω with 8-node quadratic quadrilateral elements and
numerical integration with nine Gauss points. Although the
simulation does not break down in the load range shown
in Fig. 2, the deformed void mesh in the second column
has many severely deformed elements which are close to
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L
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tΩs

Ωv

ΓDΓDh

x

y

Fig. 1 C-shape structure with t = 0.1L and a length of ΓD equal to
0.05L

being inverted. At higher load levels, inverted or severely
distorted elements lead to numerical instabilities preventing
the employed Newton algorithm from converging.

Different methods have been successfully applied for
avoiding this kind of degenerate states of the deformed void
[17,18]. The present work proposes a new regularization
which gives excellent control over the void mesh deforma-
tion and at the same time is compatible with the use of the
void as a third medium for contact modeling. The basic idea
is to augment the material strain energy function Ψ with an
energy associated with higher order strains within each finite
element according to an energy density proportional to the
function

Φ̃ = 1

2
Hu ..

. Hu. (7)

where Hu is the Hessian of the displacement field, i.e. the
second order strain tensor. The colorplot shown in the second
column of Fig. 2 illustrates large values of Φ̃ occurring in
regions of severe mesh distortion.

In order to penalize these deformation modes, one could
consider an augmented strain energy function Ψ + kr I Φ̃,
with the regularization scaling constant kr and the void
indicator function I, which would lead to the virtual work
expression

Ψ ,u(u; δu) + kr I Hu ..
. Hδu. (8)

This is a rather non-intrusive approach because it would only
penalize bending and warping deformation modes in void
elements, while it would not penalize homogeneous defor-
mation states even at very severe homogeneous compression
and shearing.

In order to reduce the impact of the regularization term
further, an ad hoc scaling of the higher order term in Eq. (8)
is proposed, leading to the weak form

Higher order strain energy Φ̃

(a) uDy = −0.2H

(b) uDy = −0.4H

(c) uDy = −0.6H

Fig. 2 Deformed C-shape structure for H = L = 1, with no void
material (left), without void regularization (middle) and with void reg-
ularization (right). Solid structure is shown in black, void is colored
according to the higher order strain energy Φ̃ defined in Eq. (7)

Ψ,u(u; δu) = Ψ ,u(u; δu) + kr I e−5|F | Hu ..
. Hδu (9)

to be used, with a slight exploitation in notation, in Eq. (2).
The added negative exponential dependency on the determi-
nant of the deformation gradient is derived from numerical
experiments. It leads to a decaying intensity of the regular-
ization for elements that are not severely compressed, or even
less for elements that are stretched.

The penalization constant kr has force units. In order to
work with a dimensionless quantity with more general valid-
ity, the following scaling relationship is proposed

kr = k̄r L
2Ks. (10)

where L is used as a characteristic length of the structure
and Ks is the elastic bulk modulus of the solid. The dimen-
sionless constant k̄r has to be chosen just large enough to
avoid extreme distortion of void elements. Convergence stud-
ies with regard to the parameter k̄r have led to the value
k̄r = 10−6 used in all numerical examples throughout the
present work. Note that the added Hessian term serves its
purpose of regularizing the deformed element shape, even
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for finite element spaces for u which are not C1 continuous
across element boundaries, as a compatible discretization of
this term would require.

C-shape structure example

The last column in Fig. 2 shows simulation results for
the square C-shape structure with the void regularization
according to Eq. (9) and otherwise the same void mate-
rial parameters as the results of the second column. Before
adding the regularization, the void material was squeezed
out at the open right boundary of the domain, resulting in
a severely bent mesh, especially near the tip of the loaded
beam. With the proposed regularization, all void region ele-
ments remain completely regular, which is also reflected in
the much lower bending and warping energy plotted in the
void region. When looking at the bottom beam at the high-
est load, a barely visible negative vertical deflection for the
case with the regularized void, reveals a stronger parasitic
interaction between the loaded and the unloaded beam. This
weak but still detectable effect is consequence of an added
bending stiffness due to the regularization.

The last load step, shown in Fig. 2c, indicates how more
prone to numerical instabilities the model without void regu-
larization is, compared to themodel with void regularization.
There exist other void regularization schemes in the literature
which are as effective in this benchmark example. For this
reason, the additional potential of the proposed regularization
is further illustrated in a modified version of this example,
that involves contact between the two beams.

Half height C-shape structure example

In the next example, shown in Fig. 3, the height of the C-
shape structure is reduced to half, i.e. H = 0.5L , so that
upon vertical loading of the upper beam, the two horizontal
beams will eventually come into contact. The effectiveness
of the proposed void regularization in modeling self-contact
is demonstrated by imposing a displacement of the upper
beam up to uDy = −H . The structure is discretized with
40 times 20 elements along the length and height directions,
respectively.

In fact, this is a rather challenging contact example,
because contact will occur at the very corner of the upper
beam against the top surface of the lower beam. The first
column of Fig. 3 shows the deformed structure at different
loading states, with no void material and conventional con-
tact modeling with Lagrange multipliers [22], as a reference
solution. The second column shows results with the void
between the two horizontal beams modeled with the void
regularization according to Eq. (9). The void mesh remains
very regular, as was the case in the previous example, but
despite the absence of any inverted elements, the free edge

at the right boundary of the domain folds into a configu-
ration that leads to overlapping. The fact that the expected
contact point is at the boundary of the void domain prevents
the void from acting as a contact medium between the two
beams.

This is easy to overcome simply by extending the void
domain with an additional column of elements at the right
boundary of the domain, as shown in the last columnof Fig. 3.
In fact,when applying the thirdmediumapproach for contact,
it is essential, that every potential contact region is entirely
embedded in the contact medium. With a void domain that
sufficiently embeds the contact region in this case, the reg-
ularized void acts as a contact medium transferring forces
and permitting penetration between the two beams even for
the significant amount of sliding observed at the maximum
imposed displacement uDy = −H . At a moderate displace-
ment of the upper beamwith uDy =−0.2H , both simulations
with the regularized void exhibit no visible deviations from
the reference solution. At the intermediate loading state with
uDy =−0.5H , a barely visible deflection of the lower beam
indicates a small parasitic interaction between the two beams
that have not yet come into contact. At the post contact defor-
mation state with uDy =−H , the result seen in the right hand
side column for the regularizedvoidwith the additional buffer
layer of void is in good agreementwith the reference solution.

A more quantitative comparison is provided in Fig. 4 that
illustrates the obtained load displacement curves for the three
cases from Fig. 3. The two curves for the simulations with
void material coincide until the onset of contact and exhibit
a just slightly larger reaction force compared to the refer-
ence case. Beyond the occurrence of contact, the case with
the appropriately extended void domain follows the refer-
ence solution with a very small deviation even at a significant
amount of sliding. The inset detail view of the transition point
at the onset of contact helps estimating the loss of accuracy
in predicting a sharp transition due to the inherent limitation
of the third medium contact approach, compared to conven-
tional contact modeling.

2.3 Material interpolation

So far, only structures have been treated that involve solid
and void domains clearly delimited by a discontinuous inter-
face. However, density based topology optimization relies
on the concept of a continuous material density varying from
void to solid in a differentiable manner. A graded interface
between the two regions is essential for establishing the sen-
sitivity of an objective functionwith respect to changes of the
design.With this motivation, a material interpolation scheme
is introduced below for representing a transition from solid
to void regions, and the effectiveness of the proposed third
medium contact is also evaluated in this context.
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(a) uDy = −0.2H

(b) uDy = −0.5H

(c) uDy = −H

Fig. 3 Deformations of the C-shape structure with H = 0.5L , with no void material solved using a conventional contact formulation based on
Lagrange multipliers (left), with void regularization (middle) and with void regularization and an additional layer of void material at the open right
hand side boundary (right)
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Fig. 4 Load–displacement responses at ΓD for the three simulations of
the C-shape structure from Fig. 3

The design is described by a continuous design variable
field χ which represents a purely mathematical uncon-
strained quantity, i.e. χ ∈ (−∞,∞). To express material

consumption, χ is mapped to a physical material density ρ

through the function

ρ(χ) = 1

1 + e−χ
, (11)

which results in a density fieldwithin the asymptotic limits of
0 and 1, corresponding to a perfect void and a perfect solid
material, respectively, as illustrated in Fig. 5a. According
to this mapping, the conventional solid to void boundary at
ρ = 0.5 corresponds to χ = 0, while for values of χ in the
order of +10 and −10, respectively, the deviation from a
perfect solid and void material, has no practical significance.

Although the density field is continuous, the aim is never-
theless to achievemanufacturable and discrete designswhere
ρ is either at its upper or lower bound, while intermedi-
ate densities are limited to the interface between solid and
void domains. Usually this is done by penalizing the stiff-
ness of intermediate densities through a convex relationship
betweenmaterial usageρ andmaterial performance, i.e. stiff-
ness for structural topology optimization. The present work
adopts the RAMP material interpolation function by Stolpe
and Svanberg [23] due to its finite initial slope. Expressed in
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(a) Mapping: χ → ρ(χ)
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(b) RAMP (p = 8)

-8 -7 -6 -5 -4
0
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(c) Void indicator at χv =−5
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0

0.5

1

(d) All transition functions

Fig. 5 a Mapping from the design variable to the physical density,
Eq. (11). b RAMP material stiffness interpolation function, Eq. (12). c
Void indicator function, Eq. (13), for activating void regularization. d
Comparison of material density, material stiffness and void regulariza-
tion transition functions

terms of the mathematical design variable χ , this interpola-
tion is represented by the function

E
(
χ

) = E0 + (1 − E0)
ρ(χ)

1 + p(1 − ρ(χ))
, (12)

where p is the penalization parameter and E0 is a small pos-
itive value ensuring minimum stiffness even if the density is
very close to zero. The RAMP interpolation function from
Eq. (12) is applied as scaling to the solidmaterial elastic prop-
erties resulting in the initial bulk modulus K =E

(
χ

)
Ks and

the initial shear modulusG=E
(
χ

)
Gs. A linear interpolation

is obtained for p=0, while increasingly positive values for p
result in an increasing penalization of intermediate densities.
Figure 5b illustrates the RAMP function for the penalization
parameter p=8, used throughout the present work, while the
compound function E

(
χ

)
for the same value of p is shown

in Fig. 5d.
In the context of a continuous material transition from

void to solid, discussed in this subsection, the void indicator
function I, which acts as a switch for the void regularization
introduced in Eq. (9), needs also to be redefined in a differen-
tiable manner. In order to apply the regularization term only
to regions where the design variable χ is below a specified
threshold χv, the following smooth negative step function
between χv − 1 and χv, adopted from [24], can be used.

Iχv

(
χ

) = 6
〈
χv − χ

〉5
[0,1] − 15

〈
χv − χ

〉4
[0,1]

+ 10
〈
χv − χ

〉3
[0,1]

(13)

with

〈χ〉[0,1] =
⎧⎨
⎩
0 if χ < 0
1 if χ > 1
χ if 0 ≤ χ ≤ 1

(14)

Figure 5c illustrates this smooth indicator function for the
threshold value χv = −5, used throughout this work. The
function yields 0 for χ ≥−5 and 1 for χ ≤−6, which means
that the void regularization is completely absent in solid and
intermediate density regions, as also seen in Fig. 5d.

After having introduced a dependence of thematerial elas-
ticity parameters on the design variable χ and after replacing
I in Eq. (9) with the smooth void indicator function from
Eq. (13), the mechanical equilibrium residual according to
Eq. (2) becomes

R(χ, u, q; δu, δq) =∫
Ω

{
E
(
χ

)
Ps(∇u) :∇δu

+ kr Iχv

(
χ

)
e−5|F(∇u)| Hu ..

. Hδu
}
dΩ

+
∫

ΓD

{
q · δu + (u − uD) · δq

}
dΓ ,

(15)

where Ps is the 1st Piola–Kirchhoff stress tensor fromEq. (5)
for the completely solid material, i.e. K =Ks and G=Gs.

Half height C-shape structure with graded interface

Introducing a graded transition from void to solid will
unavoidably affect the structure’s mechanical behavior com-
pared to a discontinuous transition, especially when studying
the contact between solid members. In order to evaluate the
effectiveness of the third medium contact approach with the
proposed void regularization, in the context of a graded void-
solid interface, the last example from the previous subsection
is reevaluated. The domain discretization is now refined by a
factor of two, resulting in 82×40 elements, and the transition
from solid to void, i.e. from χ = −10 to χ = 10, is spread
over two elements, with the transition being linear in terms
of χ . In order to match the previous example, the minimum
stiffness factor in Eq. (12) is set to E0 = 10−12. Figure 6
shows the resulting material density field and the deformed
structure at different loading states.

Figure 7 provides amore quantitative comparison between
themodelwith the discontinuous solid to void transition from
Fig. 3 and the model with the graded transition from Fig. 6.
The upper diagram of Fig. 7 shows the reaction force as a
function of the imposed vertical displacement to the upper
beam for the two investigated cases, while the lower diagram
shows the corresponding curve slopes.
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0 1
ρ

(a) Undeformed

(b) uDy = −0.5H

(c) uDy = −H

Fig. 6 C-shape structure with H = 0.5L and graded interface in its
underfomed state (a) and two deformed states at different load levels
(b, c)

The observed deviations between the two cases are due
to different effects. The interpretation of the original discon-
tinuous interface as the graded interface shown in Fig. 6a,
in combination with the RAMP interpolation applied to the
intermediate density material, leads to a reduced effective
beam thickness due to the lower stiffness of the intermediate
density material at the interface. For this reason, the graded
interface model is in general more compliant than the one
with the discontinuous interface. It is an accepted effect in
topology optimization, that designs with intermediate densi-
ties are in general more compliant than crisp solid and void
designs.

-1-0.8-0.6-0.4-0.20
0
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0.04

0.06

0.08

-1-0.8-0.6-0.4-0.20

-0.2

-0.15

-0.1

-0.05

0

Fig. 7 Load and stiffness response as function of prescribed displace-
ment for the discontinuous void-solid transition (Fig. 3) and the graded
void-solid interface (Fig. 6)

Apart from that, additional effects emerge in the context of
contact modeling. Most significantly due to the finite thick-
ness of the graded interface between solid and void, contact
now occurs prematurely as seen in Fig. 6c and the lower
diagram of Fig. 7. Moreover, the presence of a layer of inter-
mediate density material between the contacting solids adds
some compliance to the contact, resulting in a less sharp
transition from non-contact to contact, as observed e.g. in
the force displacement curves shown.

Despite the presence of the mentioned effects, it is to be
concluded that the overall contact behavior is captured ade-
quately for topology optimization applications. Especially
the inaccuracy of remote interaction of solid members, can
actually be an advantage in the context of optimization,
because it provides information about potential contact inter-
faces in the surroundings that should be avoided or exploited,
depending on the goal of the optimization andmakes the con-
tact problem differentiable.

3 Topology optimization formulation

The method for third medium contact with the void regu-
larization presented above, can in theory be implemented
in every topology optimization framework for finite strains.
This section presents its implementation in a new general-
ized framework,which is basedon thedesignparametrization
fromSect. 2.3, and a discretization-agnostic formulation. The
proposed optimization scheme is entirely defined in the con-
tinuous setting in weak form and is second order consistent.
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3.1 Optimization framework

Consider an optimization problem defined as the minimiza-
tion of an objective function C , i.e.

min
χ

C(χ, u, q) (16)

subjected to the mechanical equilibrium constraint

R(χ, u, q; δu, δq) = 0 ∀δu, δq (17)

corresponding to Eq. (1) but with the residual functionR also
including the dependence on the design variableχ introduced
in Eq. (15).

A simple but still rather general form for the objective
function C is the following additive split in three single vari-
able functions

C(χ, u, q) = Cχ (χ) + Cu(u) + Cq(q). (18)

Minimization of the objective function under the aforestated
mechanical equilibrium constraint, is equivalent to mini-
mization of the augmented objective function

C∗(χ, u, q) = C(χ, u, q) + R(χ, u, q; λu, λq) (19)

for any λu and λq respectively in the spaces of δu and δq. The
optimality condition is based on the variation of the objective
function C which can be evaluated as

δC = δC∗

= Cχ,χ (χ; δχ) + R,χ (χ, u, q; λu, λq; δχ)

+ Cu,u(u; δu) + R,u(χ, u, q; λu, λq ; δu)

+ Cq,q(q; δq) + R,q(χ, u, q; λu, λq; δq).

(20)

Applying the adjoint sensitivity analysis method, the vari-
ations δu and δq are eliminated from Eq. (20) by finding
multipliers λu and λq that satisfy the adjoint equations

R,u(χ, u, q; λu, λq; δu) + Cu,u(u; δu) = 0 ∀ δu

R,q(χ, u, q; λu, λq; δq) + Cq,q(q; δq) = 0 ∀ δq.
(21)

The variation of the objective is thereby reduced to

δC = Cχ,χ (χ; δχ) + R,χ (χ, u, q; λu, λq; δχ). (22)

In total,mechanical equilibrium, adjoint analysis and opti-
mality are expressed by the following system of coupled
nonlinear equations

R(χ, u, q; δu, δq) = 0 ∀ δu, δq

R,u(χ, u, q; λu, λq; δu) + Cu,u(u; δu) = 0 ∀ δu

R,q(χ, u, q; λu, λq ; δq) + Cq,q(q; δq) = 0 ∀ δq

Cχ,χ (χ; δχ) + R,χ (χ, u, q; λu, λq; δχ) = 0 ∀ δχ

(23)

with regard to the unknowns χ , u, q, λu and λq . Assum-
ing that all functions involved in Eq. (23) are differentiable
with respect to the five unknowns, a consistent linearization
of this system of equations is trivial to obtain in order to
apply Newton’s method. Application of Newton’s method
to the fully coupled Eq. (23) corresponds to a second order
optimization scheme and it will lead to quadratic converge,
simultaneously towards the optimal design and mechanical
equilibrium, if the initial guess is sufficiently close to the
solution.

Due to the extremely nonlinear nature of the design prob-
lem though, the initial guess for χ will never be close enough
to the final design for Newton’s algorithm to converge. A
reasonable strategy for dealing with this without losing the
second order information on the system is to add a damping
on the last equation in Eq. (23) and solve the system as an
ODE with an implicit time discretization, where each time
step is solved with Newton’s method. Somewhat similar to
reference [25], but also introducing damping of spatial gra-
dients of χ , the optimality condition δC = 0, appearing in
the last row of Eq. (23), is now substituted with

δC +
∫

Ω

{
χ̇δχ + l2t ∇χ̇ · ∇δχ

}
dΩ = 0 ∀ δχ (24)

where time derivatives are with regard to a pseudo-time t ,
and lt is a characteristic length-scale for the spatial evolution
of the design field χ . Assuming that the design field χold at
pseudo-time t − Δt is known, the design field χ at pseudo-
time t can be found by solving the system

R(χ, u, q; δu, δq) = 0 ∀ δu, δq

R,u(χ, u, q; λu, λq; δu) + Cu,u(u; δu) = 0 ∀ δu

R,q(χ, u, q; λu, λq ; δq) + Cq,q(q; δq) = 0 ∀ δq

Cχ,χ (χ; δχ) + R,χ (χ, u, q; λu, λq; δχ)

+
∫

Ω

{
χ − χold

Δt
δχ

+ l2t
∇χ − ∇χold

Δt
· ∇δχ

}
dΩ = 0 ∀ δχ

(25)

obtained from substituting a backward Euler approximated
version of Eq. (24) into Eq. (23).

It is easy to verify that the steady state solution of Eq. (25)
corresponds to an exact solution of Eq. (23). Hence, the intro-
duced damping constitutes a consistent regularization in the
sense that the exact solution is recovered as the time step Δt
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Intialize variables χ, u, q, λu and λq

and data χold, Δt. Set i = 0.

Solve design update i

Newton solve of Eq. (25)

Newton converged
within 7 iterations?

Δt ← Δt/4

χold ← χ
t ← t + Δt

If Newton iterations ≤ 5:
Δt ← 2Δt

i = imax or
Δt > Δtmax?

i ← i+1

Optimization completed

yes

no

yes

no

Fig. 8 Flow chart of the adaptive time step solution algorithm

approaches infinity. At the same time, the convex term added
to the original optimality equation ensures that, for Δt small
enough, the last row of Eq. (25) will not lead to a diverging
Newton loop. In that sense, Eq. (25) provides a very conve-
nient way to start the optimization with small pseudo-time
increments Δt , that ensure a stable design evolution, and
end it with exceedingly large time steps Δt , that recover the
quadratic convergence rate of the original Eq. (23) towards
its exact optimality solution.

Solution algorithm

Due to its importance for the overall efficiency of the pro-
posed topology optimization framework, the exact adaptive
time stepping algorithm for Eq. (25) is documented schemat-
ically in Fig. 8. The basic idea is to use the convergence
behavior of the Newton loop on Eq. (25) as a measure of the
nonlinearity of the system and adaptΔt accordingly. In prac-
tice this leads to small time steps when rapid design changes
occur and large time steps when design changes are small.

3.2 Application to load–displacement path control

In order to demonstrate the capabilities of the proposed con-
tact modeling approach in topology optimization, the next
section deals with a load–displacement path optimization
problem. For this reason, the general framework introduced
in the previous subsection needs to be applied to this specific
optimization problem.

Assuming a set of prescribed displacements u〈 j〉
D for j =

1, 2, . . . in the mechanical residual Eq. (2), the goal is to

find a design field χ that minimizes the deviation between
the respective reaction tractions q〈 j〉 obtained, and a set of
corresponding prescribed average reactions q〈 j〉∗ . This can be
achieved by minimizing the squared deviation between the
actual and desired tractions through an objective function in
the form

Cq(q) =
∑
j

∫
ΓD

w〈 j〉
∥∥∥q〈 j〉 − q〈 j〉∗

∥∥∥2 dΓ , (26)

where w〈 j〉 are individual weighting factors for each con-
trol point. To maintain the compact notation of the previous
subsection, all variables q〈 j〉 are combined in a set q =
{q〈1〉, q〈2〉, . . .}. The corresponding set of displacement fields
u〈 j〉 are combined in a set u={u〈1〉, u〈2〉, . . .}.

With this notation, the first row of Eq. (25) can express
the mechanical equilibrium at all control points j =1, 2, . . .,
which are otherwise assumed to be independent from each
other, i.e. excluding path dependent mechanical responses.
Corresponding adjoint problems need to be defined for each
control point j . In order to express these in the second and
third row of Eq. (25), sets of the involved adjoint variables
are defined as λu ={λ〈1〉

u , λ
〈2〉
u , . . .} and λq ={λ〈1〉

q , λ
〈2〉
q , . . .}.

So far, there has been no dependence between mechanical
equilibriumor adjoint problems for different control points j .
This is not true anymore when considering the damped opti-
mality equation in the last row of Eq. (25), where the term

R,χ (χ, u, q; λu, λq; δχ)

=
∑
j

R,χ (χ, u〈 j〉, q〈 j〉; λ
〈 j〉
u , λ

〈 j〉
q ; δχ) (27)

couples all subproblems for the various control points
involved in the load–displacement path optimization. As a
consequence, in order to maintain a second order optimiza-
tion scheme, Eq. (25) needs to be solved as a coupled system
of equations involving all variables at the different control
points simultaneously.

Regarding the contributionCu(u) in the objective function
in Eq. (18), there is no need for this kind of contribution in
this specific application. Hence

Cu(u) = 0. (28)

On the contrary, the design field contribution Cχ (χ) in
Eq. (18) is essential both for controlling the width of the
graded void-solid interface and for enforcing material uti-
lization constraints. By observing Fig. 5a, the width of the
void-solid interface for a linearly varying χ from large
negative to large positive values is approximately equal to
2/(ρ′(0) ‖∇χ‖). Enforcing a minimum width of the diffuse
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interface equal to li can therefore be obtained by penalizing
positive values of the quantity

〈
ρ′(0) ‖∇χ‖ − 2/li

〉
, (29)

for example by means of a p-norm over the entire design
domain. This kind of penalization is essential not only for
providing a length-scale for the void-solid interface but also
for obtaining a converged design from Eq. (25), with the
otherwise unbounded design variable χ .

Based on a dimensionless version of Eq. (29) as well as
on an enforced upper bound ρ̄max to the average density ρ̄

over the design domain, i.e. ρ̄ ≤ ρ̄max, an extended function
Cχ is defined as

Cχ (χ, ρ̄, μavg, μmax)

=
∫

Ω

{
ki

〈
ρ′(0) ‖∇χ‖ li/2 − 1

〉n

+ (ρ(χ) − ρ̄) μavg

+ kρ

2
〈 ρ̄

ρ̄max
− 1 − μmax

kρ

〉2 − μ2
max

2kρ

}
dΩ.

(30)

In this expression, ki is a weighting factor and n is a p-norm
exponent for the enforcement of theminimum interfacewidth
li . The equality of the scalar variable ρ̄ to the average of
the field ρ over Ω is enforced through the Lagrangian with
the Lagrange multiplier μavg. The inequality constraint ρ̄ ≤
ρ̄max is enforced through the augmented Lagrangian with
the Lagrange multiplier μmax and the augmentation constant
kρ . The additional equations necessary for solving for the
three new scalar unknowns ρ̄, μavg and μmax are provided
by saddle point conditions of the respective Lagrangians, i.e.

Cχ,ρ̄(ρ̄, μavg, μmax) = 0

Cχ,μavg(χ, ρ̄) = 0

Cχ,μmax(ρ̄, μmax) = 0

(31)

These three equations need to be appended to Eq. (25), lin-
earized and solved simultaneously with all other problem
variables.

With the adaptations presented in the present subsection
so far, the application of the framework to load–displacement
path control is essentially completed. Nevertheless, for more
clarity, the most complex terms involved in the solution of
Eq. (25) are presented in more detail. With Cu,u vanishing
due to Eq. (28), the adjoint equation in the second row of
Eq. (25) actually reads

∫
Ω

{
E
(
χ

) (
∂P〈 j〉

s

∂∇u〈 j〉 : ∇δu

)
: ∇λ

〈 j〉
u

+ krIχv

(
χ

)
e−5|Fj |

(
Hδu − 5

∣∣Fj
∣∣(F−1

j :∇δu
)

Hu〈 j〉) ..
. Hλ

〈 j〉
u

}
dΩ

+
∫

ΓD

δu · λ
〈 j〉
q dΓ = 0 ∀ j, δu

(32)

where Fj = F(∇u〈 j〉).
It should be noted that applying Newton’s method on

Eq. (25) requires linearization of Eq. (32) with respect to
all involved unknowns, which means that the derivative of
the 1st Piola–Kirchhoff stress P with respect to ∇u, appear-
ing in this equation, needs to be differentiated one additional
time with respect to ∇u. This is easy for the adopted hypere-
lastic material law with the resulting expression for P shown
in Eq. (5), but this is not in general the case for any con-
stitutive law. The term in Eq. (32) due to the proposed void
regularization, weighted with kr , is also straightforward to
linearize with respect to ∇u.

For this specific application, the adjoint equation in the
third row of Eq. (25) becomes

∫
ΓD

{
δq · λ

〈 j〉
u

+ 2w〈 j〉(q〈 j〉 − q〈 j〉∗
)

· δq
}
dΓ = 0 ∀ j, δq

(33)

Finally, the damped optimality equation for a design
update froma previous designχold, appearing last in Eq. (25),
is particularized for this application as

∫
Ω

{
n

〈
ρ′(0) ‖∇χ‖ li

2
− 1

〉n−1
ρ′(0) ∇χ

‖∇χ‖ · ∇δχ

+ ρ′(χ)μavg δχ

+
∑
j

(
E ′(χ)

Ps(∇u〈 j〉) :∇λ
〈 j〉
u

+ krI ′
χv

(
χ

)
e−5

∣∣F(∇u〈 j〉)∣∣Hu〈 j〉 ... Hλ
〈 j〉
u

)
δχ

+ χ−χold

Δt
δχ

+ l2t
∇χ−∇χold

Δt
· ∇δχ

}
dΩ = 0 ∀ δχ.

(34)

Despite some lengthy expressions, all involved terms are
differentiable also in this last equation, so that application of
Newton’s method with a consistent tangent matrix is pos-
sible. The model is implemented in the automated finite
element framework GetFEM [26], which performs neces-
sary symbolic linearizations and the numerical assembly of
the discretized system of equations.
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L

H Ω

ΓD

ΓDh

x

y

Fig. 9 Problem domain for designing a stiff coupling with initial clear-
ance. Homogeneous Dirichlet condition region ΓDh has a length 0.1H
and the nonhomogeneous Dirichlet condition region ΓD spans from
0.4L to 0.6L along the bottom edge. Dimensions: L = 52, H = 26

4 Results and discussion

The internal contact enabled topology optimization formu-
lation for load–displacement path control, described in the
previous section, is applied now to design a structure that
switches from a completely decoupled to a high stiffness
connection, within a given displacement interval. Figure 9
shows the problem domain, along with the initial material
density distribution and a discretization with 60×30 square
elements. A small region ΓDh , near the top of the left side
of the domain, is fixed, while a prescribed horizontal dis-
placement is imposed on a region ΓD in the middle of the
bottom side of the domain. The path control problem to be
solved consists in minimizing the reaction force on ΓD for
a horizontal displacement u〈1〉

Dx = 0.1L and at the same time

maximize the reaction force for u〈2〉
Dx =0.15L .

Before applying the method, a suitable discretization
needs to be specified for all unknown fields. The displace-
ment fields u〈 j〉 are approximated with 8-node quadratic
elements. All degrees of freedom within the ΓDh region and
all vertical degrees of freedom within the ΓD region are
removed from the finite element space. Moreover, all hor-
izontal degrees of freedom within ΓD are reduced to a single
master degree of freedom, enforcing a rigid body transla-
tion of this boundary. The finite element space resulting after
these restrictions is used for u〈 j〉, the corresponding adjoint
fields λ

〈 j〉
u and variations δu. Linear 4-node elements are used

for approximating the design field χ and the correspond-
ing variations δχ without any further restrictions. Since χ is
unbounded, it does not suffer by the usual limitation to linear
elements when approximating the density field ρ directly, in
order to ensure density values in the [0, 1] interval. Never-
theless, numerical experiments with quadratic elements for
χ showed an only relatively small accuracy gain. For this
choice of finite element spaces for the different fields, all
terms involved in the the problem domain Ω are assembled
with nine Gauss points in each quadrilateral element. Terms

Table 2 Model parameters for the optimization example

Domain dimension L × H 52 × 26 mm2

Mesh size 60 × 30 –

Solid bulk modulus Ks 5/3 MPa

Solid shear modulus Gs 5/14 MPa

Void/solid stiffness contrast E0 10−12 –

Void regularization scaling k̄r 10−6 –

Max. material vol. fraction ρ̄max 0.35 –

Vol. constr. augm. param. kρ 10−3 –

Control point weights w〈1〉/w〈2〉 104/103 MPa−2

Target tractions q〈1〉∗x /q〈2〉∗x 0 / 0.1 MPa

Transient length scale lt 2 mm

Minimum interface width li 2 mm

Interf. width p-norm weight ki 10−1 –

Interf. width p-norm exponent n 6 –
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∥∥q〈2〉 − q〈2〉
∗
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∥∥q〈1〉 − q〈1〉
∗

∥∥

Fig. 10 Load–displacement response of the initial and optimized
design, together with a post-evaluation analysis with a body fittedmesh.
The colored dots mark traction values at the control points and the aster-
isk indicates the state shown in Fig. 13c

defined on the boundary ΓD are assembled with the corre-
sponding three Gauss points per element edge.

Since vertical displacements on ΓD are already fixed by
restricting the relevant finite element space, the unknown
multipliers q〈 j〉 on ΓD are reduced to just their x component,
written in the formq〈 j〉 ={q〈 j〉

x , 0}T . The same format applies
to the corresponding adjoint variables λ

〈 j〉
q , variations δq, and

target reactions q〈 j〉∗ , which also reduce to scalars.
Based on this discretization, the optimization procedure

from the previous section is applied with a volume constraint
ρ̄max of 35% and two control points j = {1, 2}, illustrated
in Fig. 10. In order to minimize the initial stiffness of the
coupling, a target average traction q〈1〉∗x = 0 is set for the
first control point at u〈1〉

Dx = 0.1L . Requiring a stiff coupling
upon further displacement of the moving part is represented
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Fig. 11 Evolution of objective value and design update time step. The
total objective value C = Cχ + Cq and the contributions of the two
control points to Cq are shown separately

by a high target value q〈2〉∗x = 0.1 for the second control
point at u〈2〉

Dx = 0.15L . The corresponding weightings w〈 j〉
for the objective function Cq according to Eq. (26), are pro-
vided in Table 2. With this kind of objective Cq , a design is
expected where contact onset occurs between the two control
points. All further parameters for this optimization example
are reported in Table 2.

The initial design, shown in Fig. 9, consists of two dis-
connected regions with material density ρ = 0.2, separated
by a stripe of void material with ρ = 10−5. Other non-
uniform starting guesses like this one result in similar albeit
shifted designs, whereas completely uniform initial designs
lack of adequate initial non-linearity to guide the optimiza-
tion towards a contact dominated structure.

After 150 design evolution iterations through the objec-
tive history shown in Fig. 11, the optimization procedure
converges to the design shown in Fig. 12b, in terms of the
physical density ρ. The corresponding field of the underlying
mathematical design variable χ is shown in Fig. 12a. The
performance of the initial and the optimized designs with
respect to the set objective can be evaluated based on the
corresponding load–displacement curves, shown in Fig. 10.
The initial design is very compliant satisfying basically only
the zero reaction force required at the first control point but
being far from the objective at the second control point. The
optimized design exhibits a small but non-zero reaction force
at the first control point and a large reaction force at the sec-
ond control point, which is nevertheless still below the target
traction q〈2〉∗x . This solution represents a compromise between
the two competing requirements at the two control points.
Unless a design exists that can satisfy both target values, a
compromise is to be expected. The larger, by an order ofmag-
nitude, weighting w〈1〉 for the first control point, compared

Mathematical design variable χ(a)

Physical density ρ(b)

Fig. 12 Optimization results after 150 iterations. The mathematical
design variable field χ , shown in a, is interpolated with the bi-linear
finite elements chosen for this field, while the physical density field ρ,
shown in b and actually used in the mechanical simulation, is obtained
through Eq. (11) without any further post-processing.

to w〈2〉, results in a smaller deviation from the reaction-free
objective at the first point compared to the deviation at the
second control point.

As expected, the transition from the approximately decou-
pled to the stiff response is rather smooth and thus there is no
distinct contact point. This is a consequence of the remain-
ing stiffness in the void between the contact surfaces, and
especially in the graded interface, as already has been shown
for the C-shape example from Figs. 6 and 7. This parasitic
interaction, however, is what makes the contact problem dif-
ferentiable, and therefore more suitable for optimization.

After the first approximately 20 iterations, spent on satis-
fying the minimum interface width li constraint (contained
in Cχ ), which is not respected in the initial guess, the objec-
tive function Cq for the two control points dominates the
total objective function C . At that point, the objective of
the second control point starts to decrease at the cost of an
increasing objective for the first control point. During the
whole optimization procedure, the pseudo-time step for each
design update increases by several orders of magnitude. Note
that the larger the value of Δt , the closer Eq. (25) is to the
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(a) Deformed structure at control point 1, uDx = 0.1L.

(b) Deformed structure at control point 2, uDx = 0.15L.

(c) Deformed post-evaluation structure at uDx ≈0.17L.

Fig. 13 Deformations of the optimized structure at the two control
points (a, b). Deformations from post-evaluation with a body fitted
mesh (c), based on a discrete solid/void interface at ρ = 0.5, at the
same load as for the optimized structure at control point 2 (marked with
an asterisk in Fig. 10)

exact (local) optimum fromEq. (23). The ultimately obtained
design contains a truss like structure, typical for compliance
minimization, and a hook like coupling, which involves third
medium contact. Figure 13b, c show the optimized structure
in its deformed state at the first and second control point,
respectively. It can be seen both in Figs. 10 and 13b, that
third medium contact interaction actually occurs prior to the
first control point. Nevertheless, a very clear transition can be
observed, in general, from a practically zero initial stiffness
to an ultimately stiff post-contact response.

It should be noted that, as the load is increased, the slope of
the contact interface in the obtained hook geometry changes

due to the deformation of the structure. Ultimately, at a
sufficiently high load, this geometrical change will lead to
sliding between the two parts and disengagement. The large
deformation aware optimization procedure, employed in the
present work, intrinsically accounts for this effect, com-
pensating for such load-dependent geometrical changes to
prevent a disengagement, at least until the second control
point. This is obviously a design characteristic which can
only be obtained through a large deformation consistentmod-
eling of both solid and contact mechanics, as applied here.

Post-evaluation with body fittedmesh

The design obtained exhibits a graded solid-void interface of
constant width that is perfectly consistent with the prescribed
value li . Nevertheless, the finite size of the interface is the
major source of inaccuracy in the modeling of contact. For
this reason a post-evaluation and comparison with a body
fitted mesh is highly relevant.

In order to investigate the behavior of a corresponding
discrete void and solid structure, which is actually manufac-
turable, a body fitted mesh has been generated with GMSH
[27], based on the interpretation of the contour line ρ =0.5,
i.e. χ = 0, as the external surface of the solid. This body
fitted mesh is shown in Fig. 13c, in its undeformed state,
and in Fig. 13c, in its deformed state under the same load as
the graded density structure at the second control point. Tri-
angular 6-node elements and the Lagrange multiplier based
contact method from [22] were used for the simulations with
this body fitted mesh. The corresponding load–displacement
curve is shown in Fig. 10 alongside the one from the opti-
mized graded density design.

The post-evaluation curve reveals how delayed the onset
of contact actually occurs, being closer to the second control
point rather than the first one. This discrepancy is due to the
presence of the graded density layer between the contacting
solids in the graded density structure, seen in Figures 13a
and 13b. On the other hand, the post-evaluation confirms a
high stiffness of the coupling after onset of contact, which
is actually even higher than predicted by the graded density
representation, again due to a compliant layer of intermediate
density material between the solids in the latter case. Both
effects observed aremainly caused by the remaining stiffness
inside the graded solid-void interface, and as such, they are
expected to decrease with finer discretization and smaller
minimum interface width li .

All in all, the example presented clearly demonstrates that
the proposed method is capable of producing valuable struc-
tural designs that exploit internal contact. These can either
be used as input to shape optimization methods or be further
optimized within the same framework in a multigrid scheme
with subsequent mesh refinements and decreased interface
width li .
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Fig. 14 Optimized design (converged ρ field after 150 iterations) for a
reduced volume fraction ρ̄max = 0.2 and an accordingly reduced target
reaction q〈2〉∗ = 0.05MPa for the second control point.

Fig. 15 Optimized design (converged ρ field after 300 iterations) for
reversed loading direction, i.e. u〈1〉

Dx = −0.1 L, u〈2〉
Dx = −0.2 L and

q〈2〉∗ = − 0.1MPa, and the original volume fraction ρ̄max = 0.35

Additional examples

To illustrate the generality of the proposedmethod, two varia-
tions of the previous example are presented inFigs. 14 and15.
For the first variation, the same properties as in Table 2
are used, except for a stricter upper limit on the material
usage of ρ̄max = 0.2 and a lower target traction value at
the second control point q〈2〉∗ = 0.05MPa, to account for
the reduced volume fraction. The optimization converged
towards the design shown in Fig. 14 with similar but thinner
features as in the original example.

For the second variation, the loading is reversed by pre-
scribing negative displacements u〈1〉

Dx = − 0.1 L and u〈2〉
Dx =

− 0.2 L, and desired traction q〈2〉∗ = −0.1MPa, while main-
taining all further parameters from Table 2. Figure 15 shows
the optimized design for this variation, after 150 iterations,
consisting of two solid blocks, separated by a straight con-
tact interface with orientation perpendicular to the load path
between ΓDh and ΓD .

Computational performance

For the strongly nonlinear optimization examples of the
present work, the computational cost of a single design iter-

ation does not only depend on the number of degrees of
freedom of the system, but also on the number of required
Newton iterations. The occurrence of contact does not affect
the computational cost for a single Newton iteration. Never-
theless, the increased nonlinearity due to contact is likely to
lead to more frequent time step adaptations according to the
scheme of Fig. 8. Thiswill affect the average number ofNew-
ton iterations performed per design update. In quantitative
terms, the optimization shown in Fig. 11 for the first exam-
ple of this section, with 46,294 degrees of freedom in total,
required 26 s of cpu time per design update on average, on
a single Xeon E5-2660 v3 processor. The implementation of
the examplewas done in Pythonwith all computational inten-
sive operations, like vector and matrix assemblies performed
in the underlying C++ library GetFEM [26], and linear sys-
temsolutions performed in theFortrandirect solverMUMPS,
[28].

5 Conclusion

A method for indirect internal contact in finite strain topol-
ogy optimization has been presented, based on the third
medium contact approach. Void regions, which are inher-
ently present in density based topology optimization, were
exploited as the contact medium, circumventing the need for
defining contact surfaces and detecting contact. To this end,
the present work has introduced a new void material regu-
larization which allowed to approximate frictionless contact
between structures with discrete or graded solid-void inter-
face, accommodating considerable amounts of sliding.

In general, the usefulness of including a simple and sta-
ble contact formulation in topology optimization is twofold.
It enables the optimization procedure to utilize contact as a
design feature, as the example shown in the present work, but
it also allows to account for collisions, in cases where con-
tact should be avoided. Hereby it opens up for numerous
potential applications in the design of compliant mecha-
nisms, microstructures of periodic material with extremal
mechanical properties and energy absorbing structures.

The present work has also assessed the limitations of
the proposed approach. The main source of discrepancies
between the proposed third medium contact and graded
density design method, and a body fitted mesh based post
evaluation, was found to be related to the finite width of
the solid-void interface layer. Possible mitigations have also
been discussed.

Besides the contact modeling contribution, this work has
also introduced a new general framework for finite strain
topologyoptimization. Theproposed framework is expressed
entirely inweak form in a discretization agnosticmanner. It is
based on the idea of a simultaneous solving of the fully cou-
pled nonlinear equations for mechanical equilibrium, adjoint
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analysis, and design optimality, providing a second order
consistent optimization scheme. Moreover, it includes a new
method for imposing a length scale for the graded solid-void
interface, which is very essential for third medium contact
modeling, as explained above. The potential of this frame-
work has been demonstrated by the optimization examples
included, and more in depth studies shall follow in future
work.
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Abstract

A recent study on architectured material designs with enhanced buckling strength has numerically demonstrated that
materials with structural hierarchy exhibit significantly improved buckling strength at the cost of small stiffness degra-
dation. Optimized first-order hierarchical materials from this earlier numerical study, along with reference material
designs, are tested in the present work experimentally, subjected to uniaxial compression. For most considered struc-
tures, good agreement between numerical and experimental results is found in terms of initial stiffness. Buckling
strains are also predicted reasonably well by the numerical analysis, while there is a certain deviation in the buckling
load. Post-buckling deformations exhibit an excellent match between the experimentally and numerically obtained
buckling modes.

Keywords: Compressive stability, Stability and bifurcation, Periodic lattice structures, Topology optimization

1. Introduction

Architectured periodic materials are studied exten-
sively and designed for numerous applications due to
their favorable macroscopic material properties. Within
the scope of mechanical properties, examples have,
among others, been shown for programmable linear
elastic properties [1, 2, 3], energy absorption [4, 5],
resilience of hierarchical materials [6, 7], negative
Poisson’s ratio [8, 9, 10] and desired nonlinear load-
displacement relation [11, 12, 13].

This work is concerned with a numerical and exper-
imental analysis of 2D first-order hierarchical periodic
lattices which have been systematically designed for en-
hanced buckling resistance by Thomsen et al. [14] using
topology optimization. Numerical analyses of the reg-
ular and hierarchical square lattice is also available in
[15] and [16], where the lattices are studied under peri-
odic conditions, as well as embedded in a structure of
multiple unit cells which is clamped at one boundary.

In the present work, physical specimens, composed
by a small number of unit cells, are manufactured and
evaluated under uniaxial compression. Experiments are
performed on the optimized hierarchical lattices as well

∗glubluh@mek.dtu.dk

as on the classical 2D regular square and triangular pe-
riodic lattice, all at a theoretical volume fraction of 0.3.
Furthermore, reference solutions are obtained by a se-
ries of 3D nonlinear finite element analyses, based on
the tested specimens’ geometries.

2. Method

This section presents the relevant methods, both for
the numerical and experimental analysis. In addition,
the manufacturing process for the specimens is de-
scribed.

2.1. Manufacturing of the specimens
The specimens for the experiments are made of sili-

cone rubber and cast manually using 3D-printed molds
of PLA. Because the aim is to obtain a perfect extrusion
of the 2D microstructure, the molds are designed with
no taper angle and hence the molds had to be removed
destructively from the specimens after the material was
solidified. Dimensions, total number of unit cells in
each specimen and minimum feature size are limited by
the printing area and the required precision for the 3D-
printed molds. These restrictions led to the choice of
4×4 unit cells for the square lattice microstructures and
4 × 2 for the triangular ones. Furthermore, in the opti-
mization of the hierarchical structures according to [14],
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a minimum length scale was set to account for mold
manufacturability constraints. Pictures of all cast sili-
cone rubber specimens of the present study are shown
in Figure 1.

Despite the different aspect ratios of the square and
triangular lattice unit cells, it was chosen to design the
molds with equal heights to improve comparability. The
unit cell dimensions are chosen as follows: hs = ls =

41mm for the square and ht = 82mm, lt = ht tan(30◦) ≈
47.34mm for the triangular lattices.

At top and bottom faces, a solid supporting structure
of 10mm is added in order stabilize the specimens and
distribute the loads. To avoid the need of restricting out-
of-plane deformations during the experiments, a rela-
tively high thickness of T = 45mm is chosen.

Imperfections. Generally, the specimens turned out to
be of reasonably good quality based on visual inspec-
tions. However, the hierarchical lattice specimens have
a higher weight compared to the regular ones, indicating
an increased volume fraction. In order to compensate
for the difference in weight, the geometries of the hi-
erarchical structures used in the numerical analysis are
dilated uniformly yielding a volume fraction of 0.33.
Due to the complex geometry of the hierarchical lat-
tices, theses are especially prone to imperfections. At
several steps in the manufacturing procedure there is
a risk for different kinds of imperfections of the spec-
imens, as listed below.

• 3D print quality: The minimum length scale of
the design features in the hierarchical structures
are chosen with the precision of the 3D printer in
mind. However, as shown in Figure 2, some of the
thinnest pins for the smallest features show some
variation of the cross-section throughout the thick-
ness. Also, the mentioned difference in volume
fraction between regular and hierarchical lattices
is potentially linked to printing accuracy.

• Casting process: The manual casting of the spec-
imen is a potential source of imperfection as well.
Before the silicone rubber solidified, the molds
were shaken and knocked against a tabletop to help
trapped air bobbles from the mixing procedure to
escape. As a result of the air bobbles seeking up-
wards, some voids showed up on the upper surface
of the specimen. This is especially the case on the
more complex hierarchical structures. It has also
to be assumed, that some air is still enclosed in
the material. Both sorts of defects will weaken the
structure.

• Demolding: The final step in the manufacturing
procedure is to demold the specimens by remov-
ing the molding parts destructively and cutting the
specimens to the desired thickness. Here, the man-
ual cutting results in small deviations from a uni-
form thickness.

• Material properties: Another potential source of
inconsistency between specimens is the raw mate-
rial. The two-component material was mixed for
every specimen individually, which could result in
different mechanical properties due to small varia-
tions in the mixing ratio between hardener and base
material. Also, two different material batches have
been used for the square and triangular lattices, re-
spectively.

2.2. Experimental setup

The experiments were carried out as a uniaxial com-
pression test, where the specimens are placed between
a lower and upper rigid plate mounted on an electrome-
chanical MTS test machine. The uniaxial testing ma-
chine was equipped with a load cell measuring up to
1kN. A displacement controlled compression with a rate
of 5mm/min was applied to reduce the influence of time
dependent viscous effects of the silicone rubber.

2.3. Numerical analysis

Neither the plane strain nor the plane stress 2D as-
sumption were able to predict the behavior of the spec-
imens correctly, and hence the numerical analysis was
carried out based on a 3D model. For efficiency, sym-
metry in the out of plane direction is exploited by mod-
eling half of the structure, only. The structure is sliced at
the half thickness plane in z-direction. Symmetry is en-
sured by prescribing zero z-displacements on the sym-
metry plane by removing the corresponding degrees of
freedom from the model. A schematic of the 3D model
is illustrated in Figure 3, showing the slicing plane in
green.

Perfectly sticking boundary conditions are assumed
at the top and bottom interface between the specimen
and the rigid plates mounted to the test machine. Ac-
cordingly, both y- and z-displacements at the relevant
faces are fixed. On the bottom face, colored blue in Fig-
ure 3, the displacements in x-direction are fixed as well.
On the top face, colored red in Figure 3, a prescribed
x-displacement is imposed using Lagrangian multipli-
ers. The prescribed displacement value is incremented
in several quasi-static load steps in order to simulate the
experimental procedure.
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Figure 1: Photographs of the investigated specimens.
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Figure 2: Imperfections of the 3D printed mold.
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Figure 3: Schematic of the 3D Model. Symmetry plane shown in
green (uz = 0), fully fixed boundary in blue (ux = uy = uz = 0),
compression boundary in red (uy = uz = 0, ux , 0).

(a) Square hierarchical structure.

(b) Triangular hierarchical structure.

Figure 4: Front view of a representative cutout of the hierarchical
meshes.

The regular square and triangular structures are dis-
cretized with 27-node hexahedral elements, while the
hierarchical structures are discretized with a mixture of
18-node prisms for the internal unit cells and 27-node
hexahedrons for the supporting structure at top and bot-
tom. For the regular lattice structures, each strut is dis-
cretized with eight second order elements along its in-
plane thickness. The in-plane meshes used for the hier-
archical structures are shown in Figure 4. In the out of
plane direction z, all structures are modeled with three
second order elements along the half-width T/2. This
means effectively six elements for the entire width, if
symmetry was not exploited. Furthermore, a variable
element size is used in the z-direction with smaller el-
ements close to the free front surface of the structure.
The non-uniformly spaced node coordinates between el-
ements are at z = 0, 10, 17.5 and 22.5mm, with the sym-
metry plane located at z = 0mm.

The silicone rubber material is modeled using the
hyperelastic Mooney-Rivlin material law [17] in com-
pressible form with the following strain energy density
function:

W =
K
2

(J − 1)2 + C10

(
Ī1 − 3

)
+ C01

(
Ī2 − 3

)
(1)

where J = |F| is the determinant of the deformation gra-

dient, Ī1 = tr
(
B̄
)

and Ī2 = 1
2

(
tr
(
B̄
)2 − tr

(
B̄2)) are the first

and second invariant of the isochoric part B̄= J−2/3FT F
of the left Cauchy-Green strain tensor. The bulk mod-
ulus is denoted K, and C10 and C01 are material coef-
ficients of the Mooney-Rivlin material. These material
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properties are determined experimentally as described
in section 2.4

The numerical model is implemented using the finite
element library GetFEM [18] and meshes are generated
using GMSH [19].

Perturbations. For capturing relevant buckling modes
in the nonlinear analysis, the otherwise geometrically
perfect structures need to be perturbed appropriately.
In this work, random geometric perturbations covering
multiple length scales are applied as presented in [15].
Including several length scales is especially important
for multiscale structures in order to facilitate buckling
modes with various periodicities. In the following re-
sults, three length scales of L/2, L/4 and L/8 with a
theoretical maximum amplitude of 0.005 ls/t are used.

2.4. Material properties

In order to determine the material properties of the
silicone rubber for the numerical analysis, a compres-
sion test of a solid cube with a side length of 30mm was
performed. From manual model calibration using a 3D
finite element analysis, a set of parameters is obtained.
Based on the strain energy density function Eq. (1), a
well-suited set of parameters that captures both the ini-
tial stiffness and the characteristic stiffening at higher
compression was found as K = 7.4MPa, C10 = 0.03MPa
and C01 = 0.12MPa. The corresponding linear shear
modulus becomes G = 2(C10 + C01) = 0.3MPa. A
plot comparing both experimental and corresponding
numerical data is shown in Figure 5.
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Figure 5: Load displacement plot of a solid material cube (side length
d = 30mm) showing both experimental repetitions (gray) and numer-
ical data (blue with markers) with fitted material properties.

3. Results

The results for the investigated specimens in terms of
load-displacement curves are shown in Figure 6, indi-
vidually. The numerical result is shown as a black line,
while the colored curves show the experimental repeti-
tions.

A generally good agreement is seen for the pre-
buckling stiffness of the regular lattices, while the post-
buckling stiffness is underpredicted by the numerical
analysis for both cases. Compared to the experimental
data, the numerical analysis overestimates the buckling
load of the regular square by approximately 10%. The
buckling load of the regular triangular lattice is overes-
timated by 2.5%. Comparing the experimental results,
the regular triangular lattice has a the buckling load 28%
higher relative to the regular square. Also, buckling oc-
curs at higher compressive strains, as is evident from
the deformations in Figure 7. Looking at the deforma-
tions at u/H = 0.02, buckling has already occurred for
the regular square, while the triangular lattice is in a
pre-buckling state. In terms of the unidirectional initial
stiffness, the regular triangular lattice is approximately
20% less stiff compared to the square lattice.

For the hierarchical structures, which generally can
withstand a higher compression, the experimentally ob-
tained responses are predicted less accurately by the nu-
merical analysis. This can be caused by the much higher
macroscopic strains and the resulting higher reaction
forces, which is generally harder to predict, especially
for very nonlinear materials. Also, the correction of the
volume fraction is a potential source of inaccuracies, as
the uniform dilation of the design only is a rough as-
sumption.

The buckling strains for both hierarchical lattice spec-
imens are captured reasonably well. However, there is
an initial mismatch between experimental and numeri-
cal effective stiffness for the hierarchical square. The
numerical analysis underestimates the stiffness and pre-
dicts a lower buckling load at approximately 17% below
the experimental results. Moreover, in the experiments,
the hierarchical square structure exhibits a stiffening be-
havior for increasing compression, which the numerical
model does not capture. For the hierarchical triangular
lattice, there is a better agreement between numerical
and experimental results. In this case, the initial stiff-
ness is predicted well, but again, the numerical analysis
is not capable of predicting the experimentally observed
stiffening behavior. The numerical analysis underesti-
mates the buckling load by 9%.

Despite the observed moderate deviations between
numerical and experimental results, both methods
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(a) Regular square lattice structure
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(b) Regular triangular lattice structure
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(c) Hierarchical square lattice structure
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(d) Hierarchical triangular lattice structure

Figure 6: Load-displacement curves for the considered lattices. The numerical result is shown as a black curve, the experimental results are colored.
Note the different scaling of the axis.
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(a) u/H = −0.02, u/H = −0.05, u/H = −0.05

(b) u/H = −0.02, u/H = −0.05, u/H = −0.05

(c) u/H = −0.12, u/H = −0.16, u/H = −0.15

(d) u/H = −0.12, u/H = −0.15, u/H = −0.15

Figure 7: Deformed structures of the specimens: Numerically obtained deformations at moderate compression (left) and post-buckling state
(middle), and pictures of post-buckling state from the experiment (right).
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demonstrate very clearly how superior the hierarchical
lattice specimens are compared to their regular counter-
parts. Their buckling load is increased by a factor of ap-
proximately eight and five, for the square and triangular
lattice specimens, respectively. Here, it is necessary to
mention that part of this strengthening is ofcourse due
to the slightly higher volume fraction of the hierarchi-
cal specimens, due to the manufacturing inaccuracies
discussed earlier. Still, with the additional 10% in vol-
ume fraction for the hierarchical structures in mind, the
numerically and experimentally reproduced increase in
buckling strength is remarkable.

It is well-known from [14], that the buckling en-
hanced hierarchical structures have a reduced stiffness
compared to their regular counterparts. The exper-
imental and numerical results of the present work
demonstrate a stiffness reduction in the order of 17%
for the hierarchical square structure compared to its
regular counterpart, despite the 10% higher volume
fraction. Moreover, the hierarchical triangular structure
has approximately the same initial stiffness as the
regular triangular lattice, despite the 10% additional
volume fraction. In total, the observed moderate loss in
uniaxial stiffness in both cases is rather low compared
to the large gain in buckling strength.

The deformed structures are illustrated in Figure 7 at
different loading states. It is evident, that the numerical
simulations predict the same post-buckling deforma-
tions as obtained experimentally, for all four specimens
individually. Also, both square lattice specimens
deform in the same symmetric global shear mode.
The triangular lattice specimens, on the other hand,
undergo local buckling, with conceptually different
buckling patterns between the hierarchical and the
regular variant. Despite the fact, that the modes of the
hierarchical and regular triangular lattices are different,
they share some local similarities.

4. Conclusion

An experimental study was carried out for investigat-
ing the compressive load carrying capacity of two regu-
lar and two first-order hierarchical periodic lattice speci-
mens. Corresponding nonlinear 3D finite element anal-
yses were performed for comparison. The numerical
analyses predicted the buckling strains reasonable well,
but the corresponding buckling loads are overestimated
for regular and underestimated for the hierarchical lat-
tices, all within an error range of 2.5% to 17%. The un-
derestimation for the hierarchical lattices is linked to a

stiffening behavior in the experimental results, which is
not adequately captured by the numerical analysis. Pos-
sible explanations have been discussed. It has also been
demonstrated that the numerical models are capable of
predicting the experimentally observed buckling modes,
remarkably accurately both for regular and hierarchical
lattices.

Due to manufacturing inaccuracies, the hierarchical
structures had an approximately 10% higher volume
fraction than the regular ones. Nevertheless, the pre-
sented experimental and numerical results, leave no
doubt about the superior buckling strength of the hi-
erarchical lattices compared to their regular counter-
parts. The load carrying capacity is higher by a factor of
five and eight, respectively for the triangular and square
specimens. As expected, the cost of the enhanced buck-
ling resistance is a moderate reduction in terms of the
macroscopic uniaxial initial stiffness.
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