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4VNNBSZ
h?Bb S?. i?2bBb BMp2biB;�i2b [mB2i xQM2 bvbi2Kb 7Q` Qmi/QQ` +QM+2`ibX h?2 ;Q�H Bb
iQ T`QpB/2 xQM2b Q7 bBH2M+2 +HQb2 iQ i?2 �m/B2M+2 Q7 Qmi/QQ` +QM+2`ib- BM Q`/2` iQ
bmTTQ`i +QKKmMB+�iBQM Q` KBiB;�i2 i?2 2tTQbm`2 iQ H�`;2 bQmM/ H2p2Hb Q7 i?2 bi�zX
h?2 bm;;2bi2/ bQHmiBQM Bb � +QmTH2/ bvbi2K Q7 �M �+iBp2 +QMi`QHH2` 7Q` i?2 `2/m+iBQM Q7
HQr 7`2[m2M+v bQmM/ �M/ � T�bbBp2 2H2K2Mi 7Q` i?2 b?B2H/BM; Q7 ?B;? 7`2[m2M+v bQmM/X
am+? +QmTH2/ bvbi2Kb �`2 FMQrM �b �+iBp2 MQBb2 #�``B2`b #mi i?2 +QM/BiBQMb �i �M
QT2M �B` +QM+2`i `2[mB`2 M2+2bb�`v �/�Ti�iBQMbX h?2 /2p2HQTK2Mi Q7 i?2 #`Q�/#�M/
[mB2i xQM2 bvbi2K Bb /BpB/2/ BMiQ i?`22 T�`ib r?B+? +�M #2 b22M �b � bi2T@rBb2 ;mB/2
iQr�`/b i?2 7mHHv +QmTH2/ bvbi2K- r?BH2 2�+? bi2T T`QpB/2b BMbB;?ib BM Bib QrM }2H/ Q7
`2b2�`+?X h?2b2 bi2Tb +Qp2` KmHiB+?�MM2H �+iBp2 MQBb2 +QMi`QH 7Q` Qmi/QQ` +QM+2`ib- �
+QmTH2/ #`Q�/#�M/ [mB2i xQM2 bvbi2K 7Q` Qmi/QQ` +QM+2`ib- �M/ � KQ/2H #�b2/ pB`im�H
b2MbBM; i2+?MB[m2 rBi? i?2 ;Q�H iQ BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 � [mB2i xQM2 bvbi2K
BM i?2 �+im�H [mB2i xQM2- #2vQM/ i?2 +QMi`QH KB+`QT?QM2bX

JmHiBTH2 ZmB2i wQM2 avbi2Kb ?�p2 #22M i2bi2/ BM@bBim- #�b2/ QM Tm`2 �+iBp2 +QM@
i`QH �M/ �b +QmTH2/ #`Q�/#�M/ bvbi2K �i /Bz2`2Mi Qmi/QQ` +QM+2`ib �b T�`i Q7 i?2
>Q`BxQMkyky T`QD2+i JPLA*�X
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3FTVNÆ
.2MM2 T?X/X@�7?�M/HBM; mM/2`bǠ;2` bvbi2K2` K2/ biBHH2 xQM2` iBH m/2M/Ǡ`b FQM+2`i2`X
J´H2i 2` �i bF�#2 xQM2` K2/ biBH?2/?2/ i¤i T´ Tm#HBFmKb�`2�H2i iBH m/2M/Ǡ`b FQM@
+2`i2` 7Q` �i mM/2`biǠii2 FQKKmMBF�iBQM 2HH2` �7#Ǡ/2 2FbTQM2`BM;2M iBH ?ǠD2 Hv/@
MBp2�m2` 7Q` T2`bQM�H2ibX .2M 7Q`2bH´2/2 HǠbMBM; 2` 2i bvbi2K bQK FQK#BM2`2i 2M
�FiBp +QMi`QHH2` iBH `2/mFiBQM �7 H�p7`2Fp2Mi Hv/ Q; 2i T�bbBpi 2H2K2Mi iBH �7bF¤`KMBM;
�7 ?ǠD7`2Fp2Mi Hv/X a´/�MM2 FQ#H2/2 bvbi2K2` 2` F2M/i bQK �FiBp2 biǠD#�``B2`2`- K2M
7Q`?QH/2M2 mM/2` 2M m/2M/Ǡ`b FQM+2`i F`¤p2` MǠ/p2M/B;2 iBHT�bMBM;2`X l/pBFHBM;2M �7
#`2/#´M/biǠDxQM2bvbi2K2i 2` QT/2Hi B i`2 /2H2- bQK F�M b2b bQK 2M i`BMpBb p2DH2/MBM;
KQ/ /2i 7mH/i FQ#H2/2 bvbi2K- K2Mb ?p2`i i`BM ;Bp2` BM/bB;i BM/2M 7Q` bBi 2;2i 7Q`bFM@
BM;b72HiX .Bbb2 i`BM /¤FF2` KmHiBF�M�H �FiBp biǠDFQMi`QH iBH m/2M/Ǡ`b FQM+2`i2`- 2i
FQ#H2i #`2/#´M/b biBHH2 xQM2bvbi2K iBH m/2M/Ǡ`b FQM+2`i2` Q; 2M KQ/2H#�b2`2i pB`im2H
b2MbQ` i2FMBF K2/ /2i K´H �i 7Q`#2/`2 v/2Hb2M �7 2i biBHH2 xQM2 bQK 2` TH�+2`2i B
�7bi�M/ iBH FQMi`QH KBF`Q7QM2`M2X

avbi2K2i 2` m/pBFH2i Q; i2bi2i i2tiBi BM@bBim B ~2`2 m/2M/Ǡ`b FQM+2`i2` bQK 2M /2H
�7 >Q`BxQMkyky@T`QD2Fi2i JPLA*�X
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1SFGBDF
h?Bb i?2bBb r�b bm#KBii2/ iQ i?2 h2+?MB+�H lMBp2`bBiv Q7 .2MK�`F U.hlV BM T�`@
iB�H 7mH}HHK2Mi Q7 i?2 `2[mB`2K2Mib 7Q` i?2 /2;`22 Q7 .Q+iQ` Q7 S?BHQbQT?v US?X.XV BM
1H2+i`QMB+b �M/ *QKKmMB+�iBQMX h?2 rQ`F T`2b2Mi2/ BM i?Bb i?2bBb r�b +QKTH2i2/
#2ir22M J�v Rbi- kyRd �M/ CmM2 R8i?- kykR �i i?2 �+QmbiB+ h2+?MQHQ;v :`QmT Q7
i?2 .2T�`iK2Mi Q7 1H2+i`B+�H 1M;BM22`BM;- .hl- mM/2` i?2 bmT2`pBbBQM Q7 �bbQ+B�i2
S`Q72bbQ` 6BMM hX �;2`FpBbi- �bbQ+B�i2 S`Q72bbQ` CQM�b "`mMbFQ; �M/ �bbQ+B�i2 S`Q@
72bbQ` 17`ûM 62`M�M/2x@:`�M/2X h?2 T`QD2+i r�b 7mM/2/ DQBMiHv #v .hl 1H2+i`B+�H
1M;BM22`BM; �M/ i?2 1m`QT2�M lMBQM >Q`BxQM kyky `2b2�`+? �M/ BMMQp�iBQM T`Q;`�Kb
mM/2` ;`�Mi �;`22K2Mi LQX djkj8yX

EQM;2Mb GvM;#v- di? CmHv kykR

.�MB2H SH2r2
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"DLOPXMFEHFNFOUT
A rQmH/ HBF2 iQ i?�MF Kv K�BM bmT2`pBbQ` 6BMM hX �;2`FpBbi 7Q` BM /2Ti? /Bb+mbbBQMb BM
r22FHv K22iBM;b- �M/ `2;mH�` bmTTQ`i �M/ �/pB+2X A +QMiBMm2 iQ i?�MF Kv +Q bmT2`pB@
bQ`b CQM�b "`mMbFQ; �M/ 17`2M 62`M�M/2x :`�M/2 7Q` p�Hm�#H2 /Bb+mbbBQMb �M/ T�T2`
`2pB2rbX A �K p2`v ;`�i27mH 7Q` i?2 +QHH�#Q`�iBQM rBi? 6BHBTTQ 6�xB rBi? r?QK A bT2Mi
?�H7 � v2�` BM r22FHv QMHBM2 K22iBM;bX A rQmH/ �HbQ HBF2 iQ i?�MF CQ`/�M *?22`- aǠ`;2M
G�m;2b2M- "�biB�M 1TT- S2i2` _Bb#v �M/2`b2M- J2H�MB2 LQH�M- L�/B� C�M2 G�`b2M-
>2M`BF >pB/#2`;- E2`biBM GmM/BM; aKBi?- �M/`2r EBM;- .�MB2H :2`i LB2Hb2M- u�pB2x
>2`M�M o�x[m2x- L�BK J�MbQm`- J�Mm2H >�?K�M- a�Km2H �`im`Q o2`#m`; _B2xm-
_Q#2`iQ :�H2�xxB �M/ hQ#B�b J�v BM mMB7Q`K `�M/QK Q`/2`- 7Q` bmTTQ`i- +QHH�#Q`�@
iBQM �M/ 2MHB;?i2MK2MiX aT2+B�H i?�MFb ;Q iQ 6`�Mx J�`B� >2m+?2H- .B2;Q *�pB2/2x
LQx�H �M/ JBM?Q aQM; 7Q` +HQb2 T�`iM2`b?BT �M/ BMi2Mb2 Q{+2 b?�`BM;X G�bi #mi MQi
H2�bi- A �K p2`v i?�MF7mH iQ Kv 7�KBHv �MM2bQ}2- aBH�b- 1HHBQi �M/ EH�`�- BM i?2 Q`/2`
Q7 /2+`2�bBM; ?2B;?i- 7Q` i?2B` i`2K2M/Qmb T�iB2M+2X
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-JTU PG QVCMJDBUJPOT
S�S1_ � .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳ� [mB2i xQM2 bvbi2K-
QTiBKBx2/ 7Q` H�`;2 Qmi/QQ` 2p2Mib- #�b2/ QM KmHiB+?�MM2H 6tGJa �L*-Ǵ BM R98i?
�m/BQ 1M;BM22`BM; aQ+B2iv AMi2`M�iBQM�H *QMp2MiBQM- �1a kyR3- kyR3

S�S1_ " .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳhrQ _2�H qQ`H/ h2bib Q7
�+iBp2 LQBb2 *QMi`QH BM PT2M �B` *QM+2`ibXǴ mMTm#HBb?2/ K�Mmb+`BTi- kykR

S�S1_ * .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳ�M �+iBp2 LQBb2 "�``B2`
7Q` GQ+�H ZmB2i wQM2b BM PT2M �B` *QM+2`ibXǴ mMTm#HBb?2/ K�Mmb+`BTi- kykR

S�S1_ . .X SH2r2- 6X hX �;2`FpBbi- 1X 62`M�M/2x@:`�M/2- �M/ CX "`mMbFQ;-
ǳ�M�HvbBb Q7 JQ/2H "�b2/ oB`im�H a2MbBM; h2+?MB[m2b 7Q` �+iBp2 LQBb2 *QMi`QH-Ǵ BM
S`Q+22/BM;b Q7 BMi2`@MQBb2 kyky- kyky

S�S1_ 1 .X SH2r2- 6X 6�xB- �M/ 6X hX �;2`FpBbi- ǳ� JQ/2H "�b2/ _2KQi2 JB@
+`QT?QM2 h2+?MB[m2XǴ mMTm#HBb?2/ K�Mmb+`BTi- kykR
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��L" �/p�M+2/ �+iBp2 LQBb2 "�``B2`

�L" �+iBp2 LQBb2 "�``B2`

�L* �+iBp2 LQBb2 *QMi`QH

�a1 �+QmbiB+ aQ7i 1/;2

.6h .Bb+`2i2 6Qm`B2` h`�Mb7Q`K

1aJ 1[mBp�H2Mi aQm`+2 J2i?Q/

66h 6�bi 6Qm`B2` h`�Mb7Q`K

>EA >2HK?QHix EB`+??Qz AMi2;`�H

AG AMb2`iBQM GQbb

GJa G2�bi J2�M a[m�`2

J"_Jh JQ/2H "�b2/ _2KQi2 JB+`QT?QM2 h2+?MB[m2

L6*@>P� L2�` 6B2H/ *QKT2Mb�i2/ >B;?2` P`/2` �K#BbQMB+b

Sq. SH�M2 q�p2 .2+QKTQbBiBQM

Zw ZmB2i wQM2

Zwa ZmB2i wQM2 avbi2K

_Jh _2KQi2 JB+`QT?QM2 h2+?MB[m2

a>. aT?2`B+�H >�`KQMB+b .2+QKTQbBiBQM

a>a aT?2`B+�H >�`KQMB+b aQm`+2 .2+QKTQbBiBQM

oa" oB`im�H aQmM/ "�``B2`b

q6a q�p2 6B2H/ avMi?2bBb
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� *OUSPEVDUJPO �
RXR "�+F;`QmM/ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk � #`Q�/#�M/ [mB2i xQM2 bvbi2K X X X X X X X X X X X X X X X X X X X X X X k
RXj �+iBp2 LQBb2 *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X X X X X X j
RX9 oB`im�H a2MbBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8
RX8 a+QT2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d
RXe ai`m+im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d

� $POUSJCVUJPOT �
kXR JmHiB@+?�MM2H �L* BM Qmi/QQ` +QM+2`ib X X X X X X X X X X X X X X X X X N
kXk �M �+iBp2 MQBb2 #�``B2` 7Q` Qmi/QQ` +QM+2`ib X X X X X X X X X X X X X X X RR
kXj � KQ/2H #�b2/ pB`im�H b2MbBM; i2+?MB[m2 X X X X X X X X X X X X X X X X X Rj
kX9 amKK�`B2b Q7 BM+Hm/2/ T�T2`b X X X X X X X X X X X X X X X X X X X X X X X R8

� .FUIPET ��
jXR �+iBp2 LQBb2 *QMi`QH X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj

jXRXR G2�bi J2�M a[m�`2 �H;Q`Bi?K X X X X X X X X X X X X X X X X X X X k8
jXRXk *�mb�HBiv *QMbi`�BMi X X X X X X X X X X X X X X X X X X X X X X X X ke
jXRXj LQ`K�HBb�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
jXRX9 _2;mH�`Bb�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
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jXk aQmM/ 6B2H/ 1ti`�TQH�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X k3
jXkXR SH�M2 r�p2 /2+QKTQbBiBQM X X X X X X X X X X X X X X X X X X X X X k3
jXkXk aT?2`B+�H ?�`KQMB+b /2+QKTQbBiBQM X X X X X X X X X X X X X X X X kN
jXkXj aT?2`B+�H ?�`KQMB+b #�b2/ 2ti`�TQH�iBQM X X X X X X X X X X X X X jR
jXkX9 aT?2`B+�H ?�`KQMB+b #�b2/ bQm`+2 KQ/2HHBM; X X X X X X X X X X X jk
jXkX8 1[mBp�H2Mi aQm`+2 J2i?Q/ X X X X X X X X X X X X X X X X X X X X X jj
jXkXe a+�ii2`BM; +QKT2Mb�iBQM X X X X X X X X X X X X X X X X X X X X X X j9
jXkXd aQHpBM; BMp2`b2 T`Q#H2Kb X X X X X X X X X X X X X X X X X X X X X X je
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9XR amKK�`v Q7 *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X jd
9Xk am;;2biBQMb 7Q` 7mim`2 rQ`F X X X X X X X X X X X X X X X X X X X X X X X X j3
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��� #BDLHSPVOE
h?2 rQ`H/ ?2�Hi? Q`;�MBx�iBQM ?�b 2tT`2bb2/ +QM+2`MR, Ai Bb 2biBK�i2/ i?�i � #BHHBQM
vQmM; T2QTH2 rQ`H/rB/2 �`2 �i `BbF Q7 ?2�`BM; HQbb /m2 iQ mMb�72 HBbi2MBM; T`�+iB+2bX
�`QmM/ 9yW Q7 RkĜj8 v2�`b QH/ T2QTH2- BM KB//H2@ �M/ ?B;?@BM+QK2 +QmMi`B2b �`2
2tTQb2/ iQ TQi2MiB�HHv /�K�;BM; bQmM/ H2p2Hb �i +Hm#b- /Bb+Qi?2[m2b- �M/ #�`bX �MQi?2`
Q++�bBQM r?2`2 T2QTH2 �`2 2tTQb2/ iQ ?B;? bQmM/ H2p2Hb Bb BM Qmi/QQ` +QM+2`ibX q?BH2
i?2 �m/B2M+2 2MDQvb i?2 HQm/ KmbB+ pQHmMi�`BHv- bi�z- HBF2 7QQ/ �M/ /`BMF b2`p2`b- b�72iv
;m�`/b- �M/ ?2�Hi? T2`bQM�H- KB;?i #2 2tTQb2/ iQ HQm/ KmbB+ 7Q` K�Mv ?Qm`b- r?BH2
+QKKmMB+�iBQM 7Q` i?2K Bb 2bb2MiB�HX AM Qmi/QQ` +QM+2`i 2MpB`QMK2Mib KQ`2 bT�+2 Bb
;2M2`�HHv �p�BH�#H2 �M/ 7QQ/ #QQi?b 7Q` 2t�KTH2 �`2 Q7i2M TH�+2/ �i � 7m`i?2` /Bbi�M+2
7`QK i?2 �m/B2M+2X h?Bb i?2bBb +QMbB/2`b +�b2b r?2`2 /Bbi�M+BM; Bb MQi �M QTiBQMX h?2
;Q�H Bb i?2 /2p2HQTK2Mi Q7 � bvbi2K i?�i Bb +�T�#H2 iQ +`2�i2 � ZmB2i wQM2 UZwV-
BM r?B+? bQmM/ Bb `2/m+2/ i?`Qm;?Qmi i?2 �m/B#H2 bT2+i`mK- +HQb2 iQ i?2 �m/B2M+2X
"2bB/2b i?2 TQi2MiB�H Q7 KBiB;�iBM; i?2 ?�`K iQ ?2�Hi?- � ZmB2i wQM2 avbi2K UZwaV
+�M �HbQ #2 mb2/ iQ BM+`2�b2 +QK7Q`i- 7Q` 2t�KTH2- #v `2/m+BM; i?2 bQmM/ H2p2H �i
� `2bi�m`�Mib i2``�+2 +HQb2 iQ i?2 bi�;2 Q7 �M QT2M@�B` +QM+2`iX am+? +QM/BiBQMb �`2
;Bp2M �i hBpQHB- *QT2M?�;2MǶb QH/2bi �Kmb2K2Mi T�`F- r?B+? Bb TH�+2/ /B`2+iHv BM i?2
?2�`i Q7 i?2 +BivX h?2 hBpQHB +�b2 r�b i?2 Q`B;BM 7Q` i?2 BMBiB�iBQM Q7 �M 1l T`QD2+i
+�HH2/ JPLA*�X JPLA*� Bb � /2KQMbi`�iQ` T`QD2+i iQ T`2b2Mi i2+?MB+�H bQHmiBQMb
BM � b2`B2b Q7 TBHQi 2p2Mib BMBiB�i2/ #v kN T�`iM2`b 7`QK N /Bz2`2Mi 1m`QT2�M +QmMi`B2bX
h?2 HQ+�H Zwa Bb � S?. T`QD2+i i?�i Bb DQBMiHv 7mM/2/ #v i?2 JPLA*� T`QD2+i �M/
i?2 h2+?MB+�H lMBp2`bBiv Q7 .2MK�`F U.hlVX �MQi?2` i�bF rBi?BM JPLA*� r�b
i?2 KBiB;�iBQM Q7 bQmM/ T`QT�;�iBQM 7`QK � bi�;2 BM m`#�M Qmi/QQ` +QM+2`ib iQr�`/b
i?2 `2bB/2MiB�H �`2�bX h?Bb i�bF r�b i�+FH2/ #v 7m`i?2` irQ S?. T`QD2+ib (e- d) BM
i?2 b�K2 `2b2�`+? ;`QmT- i?2 �+QmbiB+ h2+?MQHQ;v :`QmT U�*hV Q7 .hlǶb 1H2+i`B+�H
1M;BM22`BM; /2T�`iK2MiX

h?2 �ii2Mm�iBQM Q7 #`Q�/#�M/ MQBb2 Qmi/QQ`b Bb +?�HH2M;BM;X h?2 QMHv 2z2+iBp2
bQHmiBQM bQ 7�` Bb �M �+iBp2 LQBb2 "�``B2` U�L"V- r?B+? K�F2b mb2 Q7 � T�bbBp2 2H2@
K2Mi iQ b?B2H/ ?B;? 7`2[m2M+B2b �M/ �M �+iBp2 MQBb2 +QMi`QHH2` iQ +�M+2H HQr@7`2[m2M+v
bQmM/X �L"b ?�p2 #22M BMp2biB;�i2/ bBM+2 i?2 NyiB2b- �M/ K�Mv Tm#HB+�iBQMb �`2
�p�BH�#H2X >Qr2p2`- i?2 �TTHB+�iBQM Q7 �M �L" iQ �+?B2p2 � HQ+�H Zw BM QT2M@�B`

RrrrXr?QXBMi

https://www.who.int/pbd/deafness/activities/MLS_Brochure_English_lowres_for_web.pdf


� � *OUSPEVDUJPO

+QM+2`ib Bb � bT2+B�H +�b2X � +QmTH2 Q7 `2[mB`2K2Mib QMbBi2 /2i2`KBM2 �M/ +QMbi`�BM
i?2 +QM};m`�iBQM Q7 bm+? � bvbi2K �M/ Bib T2`7Q`K�M+2X � K�DQ` ;Q�H Q7 i?Bb i?2bBb Bb
iQ T`QpB/2 2MQm;? BMbB;?ib bQ i?�i bQK2 ~2tB#BHBiv Bb T`QpB/2/ 7Q` i?2 /2bB;M Q7 HQ+�H
ZwabX Aib bBx2- 7Q` 2t�KTH2- p�`B2b �++Q`/BM; iQ i?2 �TTHB+�iBQMX � bTQi Q7 k K2 Bb
bm{+B2Mi iQ +Qp2` irQ T2QTH2 i�HFBM;- 8y K2 +�M +Qp2` � i2Mi- r?B+? Bb Q7i2M mb2/
7Q` ?QmbBM; bi�z Q` ?2�Hi? 7�+BHBiB2b BM i?2 2p2Mi �`2�- �M/ jyy K2 7Q` 2t�KTH2- +�M
T`QpB/2 bBH2M+2 7Q` � +QmTH2 Q7 7QQ/ #QQi?b �M/ T2QTH2 BM #2ir22MX �MQi?2` /2bB;M
T�`�K2i2` Bb i?2 i`�MbBiBQM `�M;2 BM i?2 7`2[m2M+v bT2+i`mK- 7`QK �+iBp2 +QMi`QH �i
HQr 7`2[m2M+B2b iQ T�bbBp2 +QMi`QH �i ?B;? 7`2[m2M+B2bX h?2 H�`;2` i?2 7`2[m2M+v `�M;2
�M �+iBp2 +QMi`QHH2` �+ib QM- i?2 bK�HH2` i?2 T�bbBp2 2H2K2Mi +�M #2 �M/ pB+2 p2`b�X
.2i2`KBMBM; i?2 7`2[m2M+v `�M;2b Q7 i?2 BM/BpB/m�H +QMi`QH 2H2K2Mib +�M #2 b22M �b �
imMBM; FMQ# 7Q` i?2 /2bB;M Q7 � HQ+�H ZwaX � T�`iB+mH�` 7Q+mb BM i?Bb i?2bBb Bb QM i2bi@
BM; Zwab BM `2�H@rQ`H/ 2tT2`BK2MibX h?2 `2�H rQ`H/ +QM/BiBQMb �z2+i i?2 T2`7Q`K�M+2
Q7 � Zwa �M/ +?�HH2M;2b i?2 �+[mBbBiBQM Q7 K2�bm`2K2Mi /�i� �M/ `2bmHibX

��� " CSPBECBOE RVJFU [POF TZTUFN
h?2 Zwa #2HQM;b iQ i?2 7�KBHv Q7 �L"b �M/ +QMbBbib Q7 � T�bbBp2 MQBb2 #HQ+FBM;
2H2K2Mi �M/ �M �+iBp2 MQBb2 +QMi`QHH2`X � KQ/2H Q7 i?2 Zwa Bb b?QrM BM 6B;X RXRX
S�bbBp2 MQBb2 #�``B2`b �`2 mb2/ rQ`H/rB/2 7Q` i?2 `2D2+iBQM Q7 bi`22i MQBb2X h?2B` 27@

'JHVSF ���� � KQ/2H Q7 i?2 ZwaX � bK�HH bBx2 T�bbBp2 #�``B2`- 2ti2M/2/ rBi? � `QQ7- �M/
b2+QM/�`v bQm`+2b QM i?2 bm`7�+2 Q7 i?2 #�``B2`- +HQb2 iQ i?2 2/;2bX

72+iBp2M2bb /2T2M/b K�BMHv QM i?2 #�``B2`Ƕb ?2B;?i #mi �HbQ QM Bib r2B;?i- K�i2`B�H-



��� "DUJWF /PJTF $POUSPM �

�M/ 2/;2 bi`m+im`2X q?BH2 i?2 bim/v Q7 T�bbBp2 MQBb2 #�``B2`b ?�b � HQM; ?BbiQ`v- i?2
+QmTHBM; rBi? K2�Mb Q7 �+iBp2 +QMi`QH �`Qb2 }`bi BM i?2 MBM2iB2b Q7 i?2 H�bi +2Mim`vX �
72r i2Mb Q7 bim/B2b ?�p2 #22M Tm#HBb?2/ bBM+2 i?2M- r?B+? BM+Hm/2 � +QmTH2 Q7 BM@bBim
2tT2`BK2MibX h?2 K�BM KQiBp�iBQM BM i?2b2 bim/B2b Bb i?2 2ti2MbBQM Q7 i?2 +QMi`QHH�#H2
7`2[m2M+v `�M;2 iQr�`/b HQr 7`2[m2M+B2bX q?BH2 T�bbBp2 #�``B2`b T`QpB/2 � p2`v bB;@
MB}+�Mi `2/m+iBQM Q7 MQBb2 BM i?2B` b?�/Qr `2;BQM- i?2v �`2 HBKBi2/ �i HQr 7`2[m2M+B2b
r?2M i?2 /BK2MbBQMb Q7 i?2 #�``B2` #2+QK2 bBKBH�` iQ i?2 r�p2H2M;i?b Q7 i?2 MQBb2X
h?2 �TTHB+�iBQM Q7 �+iBp2 +QMi`QH BM i?2 +QMi2ti Q7 �L"b Bb i?2`27Q`2 +QKT�`�#H2 iQ
BM+`2�bBM; i?2 ?2B;?i Q7 � T�bbBp2 #�``B2`X h?2 +QmTHBM; Q7 i?2 2H2K2Mib H2�/b iQ i?2
[m2biBQM Q7 r?2`2 iQ QTiBK�HHv TH�+2 i?2 +QMi`QH HQm/bT2�F2`b �M/ +QMi`QH b2MbQ`b- BM@
+Hm/BM; i?2B` MmK#2`b �M/ bT�+BM;X h?2 mM/2`HvBM; B/2� Bb i?�i i?2 mMr�Mi2/ bQmM/
}2H/ BM i?2 b?�/Qr `2;BQM Bb i?2 `2bmHi Q7 /Bz`�+iBQM r?2M i?2 HBM2 Q7 bB;?i #2ir22M
i?2 MQBb2 bQm`+2b �M/ i?2 Zw Bb #HQ+F2/ #v i?2 #�``B2`X "2+�mb2 /Bz`�+iBQM Q++m`b
QM i?2 2/;2 Q7 i?2 #�``B2`- i?2 ;Q�H Kmbi #2 iQ +�M+2H i?2 mMr�Mi2/ bQmM/ }2H/ �i
i?2 2/;2 Q` +HQb2 iQ i?2 2/;2- r?B+? Bb i?2 T`BM+BTH2 Q7 i?2 �+QmbiB+ aQ7i 1/;2 U�a1V
bvbi2K BMi`Q/m+2/ BM (3)X � +?`QMQHQ;B+�H `2pB2r Q7 �L"b Bb T`QpB/2/ BM i?2 +?�Ti2`
kX h?2 7Q+mb BM i?Bb i?2bBb ?�b #22M QM i?2 �+iBp2 +QMi`QHH2` �M/ i?2 +QmTHBM; rBi? �
T�bbBp2 2H2K2MiX h?2 T�bbBp2 2H2K2Mi Bib2H7 Bb MQi bT2+B}+�HHv BMp2biB;�i2/X

��� "DUJWF /PJTF $POUSPM
�+iBp2 +QMi`QH Q7 bQmM/ ?�b � HQM; ?BbiQ`v �M/ ?�b bm++2bb7mHHv 2Mi2`2/ i?2 #mbB@
M2bb �M/ +QMbmK2` K�`F2ibX h?2 KQbi FMQrM �M/ �++2Ti2/ �TTHB+�iBQM Bb i?2 �+iBp2
bmTT`2bbBQM Q7 MQBb2 BM ?2�/T?QM2bX h?2 mM/2`HvBM; �M/ QMHv T`BM+BTH2 Bb i?2 bmT2`@
TQbBiBQM Q7 �M BMp2`i2/ bQmM/ }2H/ Q` �MiB@bQmM/ }2H/ rBi? i?2 mMr�Mi2/ bQmM/ }2H/X
h?2 �MiB@bQmM/ +�M+2Hb i?2 mMr�Mi2/ bQmM/ i?`Qm;? /2bi`m+iBp2 BMi2`72`2M+2X 6B;X
RXk b?Qrb i?2 KQbi bBKTH2 +�b2 r?2`2 � +QMi`QH HQm/bT2�F2` +�M+2Hb i?2 bQmM/ Q7 �
MQBbv HQm/bT2�F2` BM 7`22 }2H/ �M/ +`2�i2b � xQM2 Q7 [mB2i �`QmM/ i?2 +QMi`QH b2MbQ`X
�T�`i 7`QK ?2�/T?QM2b- �+iBp2 LQBb2 *QMi`QH U�L*V Bb �TTHB2/ 7Q` i?2 `2/m+iBQM Q7
MQBb2 7`QK 2t?�mbi 2M;BM2b Q7 +QMbi`m+iBQM p2?B+H2b- i`�Mb7Q`K2` MQBb2- bi`22i MQBb2-
MQBb2 BM +�` �M/ �B`+`�7i +�#BMb- MQBb2 BM p2MiBH�iBQM bvbi2Kb �M/ MQBb2 i?`Qm;? QT2M
rBM/QrbX � /2i�BH2/ `2pB2r Q7 i?2b2 �TTHB+�iBQMb +�M #2 7QmM/ BM (N)X

� +`m+B�H 2H2K2Mi Q7 �M �+iBp2 +QMi`QHH2` Bb i?2 +QMi`QH }Hi2`X h?2b2 }Hi2`b +�M #2
+QKTmi2/ �b i?2 �M�HviB+ bQHmiBQM iQ i?2 BMp2`b2 T`Q#H2K i?�i /2b+`B#2b i?2 +QMi`QH
b+2M�`BQ (Ry- RR)X h?Bb }Hi2` +�M #2 mb2/ �b � }t2/ bQHmiBQM BM i?2 +QMi`QHH2`X Ai Bb
�HbQ TQbbB#H2 iQ +QKTmi2 i?2b2 }Hi2`b BM �M Bi2`�iBp2 HQQT- r?B+? +QMiBMmQmbHv mT/�i2b
i?2 }Hi2` r2B;?ib BM bK�HH bi2TbX h?Bb �TT`Q�+? Bb r2HH FMQrM �b �/�TiBp2 �+iBp2
MQBb2 +QMi`QHX h?2 }t2/ }Hi2` �TT`Q�+? Bb QMHv �TTHB+�#H2 r?2M i?2 T`BK�`v T�i?b
�`2 iBK2@BMp�`B�Mi Q` p�`v rBi?BM � iQH2`�#H2 �KQmMi QMHvX h?2 /2;`�/�iBQM Q7 }t2/
}Hi2` +QMi`QH ?�b #22M bim/B2/ BM (Rk) QM i?2 2t�KTH2 Q7 Qmi/QQ` bQmM/ }2H/ +QMi`QH
QM � H�`;2 b+�H2- �M/ BM (Rj) QM i?2 2t�KTH2 Q7 bQmM/ xQM2b BMbB/2 � +�`X "Qi? bim/B2b
?�p2 b?QrM i?�i i?2 +QMi`QH T2`7Q`K�M+2 +�M #2 +QMbB/2`�#Hv /2;`�/2/ �M/ 2p2M #2



� � *OUSPEVDUJPO

'JHVSF ���� h?2 #�bB+ T`BM+BTH2 Q7 �+iBp2 MQBb2 +QMi`QHX � +QMi`QH bQm`+2 +�M+2Hb i?2 bQmM/ Q7
� MQBbv bQm`+2 �i �M 2``Q` b2MbQ`X � [mB2i xQM2 bm``QmM/b i?2 2``Q` b2MbQ`X u2HHQr BM/B+�i2b
?B;? MQBb2 `2/m+iBQM- #Hm2 BM/B+�i2b HQr `2/m+iBQMX

2HBKBM�i2/ r?2M i?2 i2KT2`�im`2 Q7 �B` +?�M;2bX �/�TiBp2 +QMi`QH �`+?Bi2+im`2b �`2
bmT2`BQ` r?2M2p2` i?2 T`BK�`v T�i?b +?�M;2 bB;MB}+�MiHvX �/�TiBp2 �L* Bb i?2`27Q`2
Q7i2M mb2/ �M/ Bb �HbQ +?Qb2M �b i?2 +Q`2 i2+?MB[m2 BM i?Bb i?2bBbX

h?2 �TTHB+�iBQMb Q7 �L* +�M #2 +�i2;Q`Bb2/ �b ;HQ#�H �M/ HQ+�H- r?B+? `272`b iQ
i?2 �ii2Mm�iBQM Q7 i?2 Qp2`�HH T`BK�`v }2H/ Q` � bK�HH `2;BQM BM BiX h?2 #2bi +QM/B@
iBQMb 7Q` ;HQ#�H +QMi`QH �`2 ;Bp2M r?2M i?2 b2+QM/�`v bQm`+2b �`2 TH�+2/ +HQb2 iQ i?2
T`BK�`v bQm`+2X AM �M B/2�H +�b2- i?2 b2+QM/�`v bQm`+2 ?�b B/2MiB+�H T`QT2`iB2b �b i?2
T`BK�`v bQm`+2- �M/ #Qi? �`2 T2`72+iHv +QHHQ+�i2/X �M 2t�KTH2 Q7 HQ+�H +QMi`QH Bb i?2
�TTHB+�iBQM BM ?2�/T?QM2b, h?2 T`BK�`v MQBb2 bQm`+2b �`2 7�` �M/ KQbiHv /Bbi`B#mi2/
BM i?2 rQ`H/ QmibB/2 i?2 ?2�/T?QM2b- HBF2 +�`b �M/ +QMbi`m+iBQM K�+?BM2b 7Q` 2t�KTH2X
h?2 b2+QM/�`v bQm`+2b �`2 /B`2+iHv HQ+�i2/ �i i?2 2�`b Q7 � HBbi2M2`- r?2`2 i?2 Zw Bb
r�Mi2/X Ai Bb �HbQ TQbbB#H2 iQ +�i2;Q`Bb2 �L* rBi? `2bT2+i iQ i?2 TH�+2 Q7 BMi2`p2MiBQMX
h?2b2 �`2 �++Q`/BM; iQ (N), M2�` i?2 bQm`+2- �i i?2 `2+2Bp2`- �M/ �HQM; i?2 T`QT�;�iBQM
T�i?X 1t�KTH2b 7Q` i?2 }`bi irQ r2`2 �H`2�/v ;Bp2MX h?2 H�bi +�i2;Q`v BM+Hm/2b �L"
7Q` 2t�KTH2- r?B+? �`Bb2 BM #2ir22M i?2 bQm`+2 �M/ i?2 `2+2Bp2`X

�MQi?2` +H�bbB}+�iBQM Q7 �L* i2+?MB[m2b Bb i?2 /Bz2`2MiB�iBQM Q7 +QMi`QH Ǵ�i �
TQBMiǴ �M/ ǴQp2` bT�+2Ǵ- �HbQ FMQrM �b aT�iB�H �L*X *H�bbB+ �L* �H;Q`Bi?Kb KBM@
BKBb2 i?2 K2�M b[m�`2 T`2bbm`2 �i bBM;H2 Q` KmHiBTH2 2``Q` b2MbQ`b- TQBMib BM bT�+2X
h?2 #2bi �ii2Mm�iBQM Q7 bQmM/ Bb �+?B2p2/ �i i?2 b2MbQ`b- �M/ i?2 2ti2M/ Q7 i?2 Zw
#2vQM/ i?2 b2MbQ` HQ+�iBQMb /2T2M/b QM KmHiBTH2 T�`�K2i2`b- HBF2 i?2 +QKTH2tBiv Q7
i?2 T`BK�`v }2H/ �M/ i?2 MmK#2` �M/ HQ+�iBQMb Q7 b2+QM/�`v bQm`+2b �M/ 2``Q` KB+`Q@
T?QM2bX h?2 QTiBK�H +QMi`QH Q7 bQmM/ /Bbi�Mi iQ i?2 2``Q` b2MbQ`b `2[mB`2b- i?2`27Q`2-
+�`27mH +QMbB/2`�iBQMb �M/ KB;?i #2+QK2 bm#@QTiBK�H r?2M i?2 +QM/BiBQMb +?�M;2X
�L* Qp2` bT�+2- BM +QMi`�bi- �BKb �i i?2 �ii2Mm�iBQM Q7 bQmM/ BM � r?QH2 `2;BQMX h?2
+QM+2Ti Bb #�b2/ QM i?2 >2HK?QHix EB`+??Qz AMi2;`�H U>EAV- r?B+? �TT`QtBK�i2Hv
bi�i2b i?�i � bQmM/ }2H/ BM � bQm`+2@7`22 `2;BQM +�M #2 /2b+`B#2/ #v i?2 T`2bbm`2
�M/ i?2 T`2bbm`2 ;`�/B2Mi QM i?2 #QmM/�`v Q7 i?2 `2;BQM �M/ i?2B` BMr�`/b TQBMiBM;
MQ`K�H +QKTQM2Mib (R9)X h?2 >EA Bb �TTHB2/ �b T�`i Q7 q�p2 6B2H/ avMi?2bBb Uq6aV



��� 7JSUVBM 4FOTJOH �

#�b2/ bQmM/ }2H/ `2T`Q/m+iBQM bvbi2Kb 7Q` 2t�KTH2kX _2;�`/BM; bT�iB�H �L*- 2tT2`@
BK2Mib r2`2 +QM/m+i2/ BM �M �M2+?QB+ +?�K#2` (R8)X AM T`�+iB+2- i?Bb Bb +�``B2/ Qmi
rBi? � }MBi2 MmK#2` Q7 TQBMib- r?B+? /B`2+iHv b2ib i?2 mTT2` HBKBi Q7 i?2 +QMi`QHH�#H2
7`2[m2M+v `�M;2X J�Mv b2MbQ`b �M/ bQm`+2b �`2 biBHH M22/2/- K�FBM; i?2 i2+?MB[m2
Q7i2M BM72�bB#H2 +QM+2`MBM; +Qbi �M/ +QKTmi�iBQM�H 2zQ`iX

h?2 >EA �HbQ H2�/b iQ r�p2 /QK�BM i2+?MB[m2b- r?B+? /2+QKTQb2 i?2 bQmM/ }2H/
BMiQ � HBM2�` +QK#BM�iBQM Q7 bT?2`B+�H ?�`KQMB+bX h2+?MB[m2b ?�p2 #22M BMi`Q/m+2/
�M/ BMp2biB;�i2/ i?2Q`2iB+�HHv (ReĜR3)X h?2 M2+2bb�`v �KQmMi Q7 TQBMib bi�vb i?2 b�K2X
"mi i?2 +QKTmi�iBQM�H 2zQ`i +�M #2 +QMbB/2`�#Hv `2/m+2/ #2+�mb2 i?2 KQ/2b �`2 /2@
+QmTH2/- r?B+? K2�Mb i?�i i?2 Qz@/B�;QM�Hb BM +H�bbB+ KmHiB@+?�MM2H +QMi`QH bvbi2K
K�i`B+2b /Q MQi M22/ iQ #2 +QKTmi2/ �MvKQ`2X AM Q`/2` iQ `2/m+2 i?2 MmK#2` Q7
bQm`+2b �M/ b2MbQ`b- (RN) T`QTQb2b +QKT`2bbBp2 b2MbBM; i2+?MB[m2b iQ 2tTHQBi bT�`b2
T`QT2`iB2b Q7 i?2 T`BK�`v }2H/X h?2 MmK#2` Q7 b2MbQ`b +�M �HbQ #2 `2/m+2/ r?2M
+QMi`QH QMHv �BKb �i � ?Q`BxQMi�H TH�M2 7Q` 2t�KTH2c i?2M- i?2 bvbi2K `2/m+2b iQ +B`@
+mH�` �``�vb Q7 bQm`+2b �M/ b2MbQ`bX h?2 M2+2bb�`v bi2Tb 7Q` bT�iB�H �L* �`2 }`bi iQ
�M�Hvb2 i?2 bQmM/ }2H/- i?2M bvMi?2bBb2 Q` `2+QMbi`m+i i?2 b2+QM/�`v }2H/- �M/ }M�HHv
iQ `2T`Q/m+2 i?2 b2+QM/�`v }2H/ �M/ bmT2`BKTQb2 Bi iQ i?2 T`BK�`v }2H/X aT�iB�H
�L* +QK#BM2b i?Bb r�v i?`22 }2H/b Q7 `2b2�`+?, bQmM/ }2H/ �M�HvbBb- bvMi?2bBbf`2+QM@
bi`m+iBQM �M/ `2T`Q/m+iBQMc �M/ �/QTib `2H�i2/ i2+?MB[m2b- HBF2 q6a (ky) �M/ L2�`
6B2H/ *QKT2Mb�i2/ >B;?2` P`/2` �K#BbQMB+b UL6*@>P�V (R9)X �MQi?2` `2H�i2/ }2H/
Bb i?2 +QM+2Ti Q7 KmHiB@xQM2b- r?2`2 KmHiBTH2 HBbi2M2`b �`2 2tTQb2/ iQ /Bz2`2Mi bQmM/
}2H/b BM 2M+HQb2/ 2MpB`QMK2Mib K�BMHv (kR-kk)X

h?2 rQ`F BM i?Bb i?2bBb Bb #�b2/ QM TQBMi@rBb2 �/�TiBp2 +QMi`QH 2KTHQvBM; i?2
6tGJa �H;Q`Bi?K- r?B+? rBHH #2 /Bb+mbb2/ BM +?�Ti2` k �M/ `2pB2r2/ BM +?�Ti2` jX

��� 7JSUVBM 4FOTJOH
AM TQBMi@rBb2 �+iBp2 +QMi`QH �TTHB+�iBQMb i?2 #2bi +QMi`QH T2`7Q`K�M+2 Bb �+?B2p2/ �i
i?2 2``Q` b2MbQ`bX >Qr2p2`- �b /Bb+mbb2/ �#Qp2- r?2M � bm{+B2Mi MmK#2` Q7 TQBMib QM
� bm``QmM/BM; #QmM/�`v �`2 +QMi`QHH2/- Bi Bb TQbbB#H2 iQ �+?B2p2 bBH2M+2 i?`Qm;?Qmi �
`2;BQM- r?B+? Bb 2tT2`BK2Mi�HHv p2`B}2/ (R8)X h?2 /`�r#�+F Bb i?�i K�Mv b2+QM/�`v
bQm`+2b �M/ b2MbQ`b �`2 M22/2/- i?2 MmK#2` BM+`2�b2b rBi? i?2 bBx2 Q7 i?2 `2;BQM �M/
i?2 K�tBKmK 7`2[m2M+v i?�i Bb iQ #2 +QMi`QHH2/X qBi? � bK�HH MmK#2` Q7 +QKTQM2Mib
�M/ BM +QKTH2t �+QmbiB+ +QM/BiBQMb- i?2 bm++2bb Q7 +QMi`QH #2vQM/ i?2 2``Q` b2MbQ`b
7�/2b KQ`2 Q` H2bb [mB+FHvX hQ BHHmbi`�i2 r?�i Bb bi�i2/- BK�;BM2 i?2 7QHHQrBM; irQ
2ti`2K2 +�b2bX AM � /Bzmb2 }2H/- � bBM;H2 +?�MM2H +QMi`QHH2` �+?B2p2b � Zw rBi? �
KBMBKmK Q7 Ry /" �ii2Mm�iBQM QMHv rBi?BM � `�/Bmb Q7 RfRy Q7 i?2 r�p2H2M;i? �`QmM/
i?2 2``Q` b2MbQ` (kj)X PM i?2 Qi?2` ?�M/- Bi Bb TQbbB#H2 iQ �+?B2p2 � +QMbB/2`�#H2
`2/m+iBQM Q7 MQBb2 BM � 7`22 }2H/ QM i?2 �tBb i?�i +QMM2+ib i?2 T`BK�`v �M/ b2+QM/�`v
bQm`+2bX h?2 `2/m+iBQM Q7 MQBb2 Bb BM/2T2M/2Mi Q7 i?2 r�p2H2M;i? BM i?Bb +�b2 #mi �
7mM+iBQM Q7 i?2 /Bbi�M+2 iQ i?2 2``Q` b2MbQ`bX h?2 T`BM+BTH2 Bb b?QrM BM };m`2 RXjX
k?iiTb,ffrrrX�FXim@#2`HBMX/2fK2Mm2f`2b2�`+?fT`QD2+ibfr2HH2M72H/bvMi?2b2fT�`�K2i2`f2Mf

https://www.ak.tu-berlin.de/menue/research/projects/wellenfeldsynthese/parameter/en/
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'JHVSF ���� LQBb2 `2/m+iBQM Qp2` bT�+2X � +QMi`QH bQm`+2b U`2/ +B`+H2V +�M+2Hb i?2 bQmM/ Q7 �
MQBb2 bQm`+2 Ur?Bi2 +B`+H2VX h?2 2``Q` b2MbQ` HQ+�iBQM Bb b?QrM U`2/ +`QbbV �M/ i?2 �KQmMi Q7
MQBb2 `2/m+iBQM BM /"- /2MQi2/ rBi? AGX h?2 bT�iB�H /Bbi`B#miBQM Q7 MQBb2 `2/m+iBQM Bb b?QrM
7Q` Ryy >x UiQTV �M/ R F>x U#QiiQKVX h?2 +QMiQm` Q7 KBMBKmK Ry /" `2/m+iBQM Q7 MQBb2 Bb
b?QrM- r?B+? K�`Fb i?2 2/;2 Q7 i?2 ZwX h?2 H2M;i? Q7 i?2 Zw QM i?2 t@�tBb Bb i?2 b�K2 7Q`
#Qi? 7`2[m2M+B2b- rBi? �TT`QtBK�i2Hv 8 K H2M;i?X

h?2 Zw #2+QK2b p2`v bK�HH r?2M i?2 2``Q` b2MbQ`b �`2 +HQb2 iQ i?2 b2+QM/�`v
bQm`+2bX AM bQK2 +�b2b- � H�`;2` Zw KB;?i #2 M22/2/ r?BH2 i?2 bvbi2K ?�b iQ #2
+QKT�+i- K2�MBM; i?�i i?2 bQm`+2b �M/ b2MbQ`b ?�p2 iQ #2 +HQb2X am+? � +�b2 Bb
;Bp2M 7Q` � HQ+�H Zwa BM QT2M@�B` +QM+2`ibX hQ bQHp2 i?2 /BH2KK�- pB`im�H b2MbBM;
i2+?MB[m2b +�M #2 �TTHB2/X qBi? i?2b2 i2+?MB[m2b- i?2 QTiBK�H Zw Bb +`2�i2/ �i i?2
i�`;2i �`2� /B`2+iHvX h?Bb Bb /QM2 #v T`2/B+iBM; i?2 `2bB/m�H bQmM/ }2H/ �i i?2 i�`;2i
�`2� 7`QK K2�bm`2K2Mib Q7 `2KQi2 T?vbB+�H KB+`QT?QM2bX h?2 T`2/B+i2/ bB;M�Hb +�M
#2 `2;�`/2/ �b K2�bm`2/ rBi? pB`im�H b2MbQ`b- r?B+? Bb i?2 Q`B;BM Q7 i?Bb i2`KX h?2
pB`im�H b2MbQ` HQ+�iBQMb #2+QK2 i?2 bm#D2+i Q7 QTiBKBb�iBQM- r?B+? H2�/b iQ QTiBK�H
+QMi`QH �i i?2b2 HQ+�iBQMbX oB`im�H b2MbBM; Bb BMp2biB;�i2/ BM i?Bb i?2bBb H�biX .Bz2`2Mi
i2+?MB[m2b r2`2 /2p2HQT2/ �M/ Tm#HBb?2/ bBM+2 i?2 Nyi? #mi Q7 bT2+B}+ +?�HH2M;2 Bb
i?2B` �TTHB+�iBQM BM Qmi/QQ` +QM+2`ib �M/ 7Q` H�`;2 b+�H2 +QMi`QH bvbi2KbX JQbi Q7
i?2 i2+?MB[m2b `2Hv QM bQK2 FBM/ Q7 BMBiB�HBb�iBQM- HBF2 i?2 K2�bm`2K2Mi Q7 i`�Mb72`
7mM+iBQMb 7`QK i?2 T`BK�`v �M/ b2+QM/�`v bQm`+2b iQ i?2 pB`im�H 2``Q` b2MbQ`bX am+?
BMBiB�H K2�bm`2K2Mib �`2 2t2+mi2/ BM T`�+iB+2 #v TH�+BM; T?vbB+�H KB+`QT?QM2b �i i?2
pB`im�H b2MbQ` HQ+�iBQMbX PM+2 �HH i?2 M2+2bb�`v K2�bm`2K2Mib �`2 +QKTH2i2/- i?2b2
KB+`QT?QM2b �`2 `2KQp2/X h?2 +QMb2[m2M+2 Bb i?�i +?�M;2b BM i?2 �+QmbiB+ +QM/BiBQMb-
HBF2 i?2 i2KT2`�im`2 Q7 �B`- rBHH BMi`Q/m+2 2``Q`, h?2 K2�bm`2/ 2MiBiB2b /2pB�i2 7`QK
`2�HBiv- �M/ i?Bb rBHH �z2+i i?2 T2`7Q`K�M+2 Q7 +QMi`QHX aQ �i H2�bi irQ +?�HH2M;2b
+QK2 �HQM; rBi? i?2 �TTHB+�iBQM Q7 pB`im�H b2MbBM;- i?2 2zQ`i Q7 BMBiB�H K2�bm`2K2Mib
�M/ � M2r bQm`+2 Q7 2``Q`X LQi2 i?�i �HbQ TQBMi@rBb2 �L* �H;Q`Bi?Kb i?�i �+i QM
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i?2 2``Q` b2MbQ`b KB;?i bmz2` 7`QK +?�M;BM; +QM/BiBQMbX h?2 6tGJa �H;Q`Bi?K 7Q`
2t�KTH2 M22/b iQ K2�bm`2 i?2 b2+QM/�`v T�i?b iQ i?2 T?vbB+�H 2``Q` b2MbQ`b BM �/p�M+2X
.2i�BHb rBHH #2 /Bb+mbb2/X AM bK�HH b+�H2 �L* �TTHB+�iBQMb- Bi KB;?i #2 TQbbB#H2 i?�i
BMBiB�H K2�bm`2K2Mib �`2 2�bv iQ +QM/m+i- #mi QM � H�`;2 b+�H2 rBi? K�Mv pB`im�H
b2MbQ` HQ+�iBQMb- i?Bb +�M #2+QK2 +QKTH2t �M/ i2/BQmb- �b ?�b #22M /2KQMbi`�i2/ #v
>2m+?2H 2i �HX (Rk)X AM i?Bb i?2bBb- � KQ/2H@#�b2/ pB`im�H b2MbBM; i2+?MB[m2 Bb i?2`27Q`2
T`QTQb2/- BKTH2K2Mi2/ �M/ i2bi2/ BM H�#Q`�iQ`v 2tT2`BK2MibX h?2 +`m+B�H 2H2K2Mi
BM i?Bb K2i?Q/ Bb � bQmM/ }2H/ 2ti`�TQH�iBQM i2+?MB[m2X h?2 pB`im�H 2``Q` bB;M�H Bb
2ti`�TQH�i2/ pB� � KQ/2H Q7 i?2 T`BK�`v �M/ b2+QM/�`v bQm`+2b �M/ i?2 T`QT�;�iBQM
Q7 bQmM/ BM bT�+2X AMBiB�H K2�bm`2K2Mib +�M i?2`27Q`2 #2 QKBii2/X

��� 4DPQF
h?Bb i?2bBb +Qp2`b i?2 /2bB;M- BKTH2K2Mi�iBQM �M/ `2�H@rQ`H/ i2bib Q7 �/�TiBp2 �+iBp2
+QMi`QH bvbi2Kb �M/ � #`Q�/#�M/ Zwa 7Q` i?2 �TTHB+�iBQM BM Qmi/QQ` +QM+2`ibX AM@
p2biB;�iBQMb �`2 /BpB/2/ BMiQ i?`22 bm#@bi2Tb r?B+? �HbQ /2i2`KBM2 i?2 bi`m+im`2 Q7
i?Bb i?2bBb, 6B`bi- �M �/�TiBp2 �+iBp2 MQBb2 +QMi`QHH2` Bb BMp2biB;�i2/ �b � bi�M/�HQM2
bQHmiBQM 7Q` i?2 �ii2Mm�iBQM Q7 HQr@7`2[m2M+v bQmM/ BM Qmi/QQ` +QM+2`ibX .2bB;M �b@
T2+ib �`2 T`2b2Mi2/ BM T�T2` �- �M/ `2�H@rQ`H/ i2bib QM � H�`;2 �M/ bK�HH b+�H2 �`2
T`2b2Mi2/ BM T�T2` "X a2+QM/- i?2 +QmTHBM; Q7 �M �+iBp2 MQBb2 +QMi`QHH2` rBi? � T�b@
bBp2 2H2K2Mi Bb BMp2biB;�i2/ BM T�T2` *- r?B+? 7Q+mb2b QM i?2 BKT�+i Q7 i?2 T�bbBp2
2H2K2Mi QM i?2 �+iBp2 +QMi`QH T2`7Q`K�M+2 �M/ i?2 72�bB#BHBiv Q7 bm+? � bvbi2K BM
i?2 +QMi2ti Q7 Qmi/QQ` +QM+2`ibX h?B`/- � KQ/2H@#�b2/ pB`im�H b2MbBM; i2+?MB[m2 Bb
T`QTQb2/- rBi? i?2 ;Q�H iQ �+?B2p2 QTiBK�H +QMi`QH BM i?2 Zw �`2�X � T`2@bim/v Bb
T`2b2Mi2/ BM T�T2` .- r?B+? BMp2biB;�i2b i?2 �TTHB+�#BHBiv Q7 bQmM/ }2H/ 2ti`�TQH�iBQM
i2+?MB[m2b BM �/�TiBp2 �L* �TTHB+�iBQMbX S�T2` 1 T`QpB/2b BM@/2Ti? BMbB;?ib �#Qmi
i?2 KQ/2H@#�b2/ pB`im�H b2MbBM; i2+?MB[m2 Bib2H7 �M/ T`2b2Mib `2bmHib 7`QK H�#Q`�iQ`v
2tT2`BK2MibX

�HH Qmi/QQ` 2tT2`BK2Mib r2`2 +QM/m+i2/ �b T�`i Q7 i?2 >Q`BxQMkyky T`QD2+i JPL@
A*�- r?B+? �BK2/ iQ /2KQMbi`�i2 K�bbBp2 �TTHB+�iBQMb Q7 AQh �M/ `2H�i2/ i2+?MQHQ;B2b
BM H�`;2 m`#�M 2p2Mib iQ bmTTQ`i b2+m`Biv �M/ KBiB;�i2 MQBb2 TQHHmiBQMX

��� 4USVDUVSF
h?Bb i?2bBb Bb T`2b2Mi2/ BM � T�T2`@#�b2/ 7Q`K�iX Ai +QMi�BMb �M BMi`Q/m+iBQM BM
+?�Ti2` R- TQBMib �i i?2 b+B2MiB}+ +QMi`B#miBQMb BM T�`iB+mH�` BM +?�Ti2` k- r?2`2 �HbQ
bmKK�`Bb2b �`2 T`QpB/2/ Q7 �HH +QMi�BM2/ T�T2`b �M/ K�Mmb+`BTib- i?2 mM/2`HvBM; b2i
Q7 K2i?Q/b �`2 T`2b2Mi2/ i?�i 7Q`K i?2 #�bBb Q7 i?Bb rQ`F BM +?�Ti2` j- �M/ +HQb2b rBi?
bm;;2biBQMb 7Q` 7mim`2 rQ`F BM 9X h?2 `2H�i2/ T�T2`b �`2 �ii�+?2/ BM i?2 �TT2M/BtX
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h?2 b+B2MiB}+ +QMi`B#miBQMb �`2 QmiHBM2/ BM i?Bb +?�Ti2`X h?2v �`2 bm#/BpB/2/ BMiQ
i?`22 b2+iBQMb �++Q`/BM; iQ i?2B` bT2+B}+ }2H/ Q7 `2b2�`+?, KmHiB@+?�MM2H �L* 7Q`
Qmi/QQ` +QM+2`ib- �+iBp2 MQBb2 #�``B2`b 7Q` Qmi/QQ` +QM+2`ib- �M/ KQ/2H@#�b2/ pB`im�H
b2MbBM;X h?2 +QMi`B#miBQMb �`2 7`�K2/ #v � `2pB2r Q7 i?2 `2H�i2/ HBi2`�im`2- i?2 bT2+B}+
FMQrH2/;2 ;�Tb �`2 B/2MiB}2/- �M/ Bi Bb /2TB+i2/ ?Qr i?2b2 ;�Tb �`2 }HH2/ rBi? i?2
`2b2�`+? +QM/m+i2/X GBi2`�im`2 `2pB2rb �`2 �HbQ BM+Hm/2/ BM i?2 `2H�i2/ T�T2`b- bQ
i?�i i?2b2 Qp2`H�T iQ bQK2 2ti2MiX

��� .VMUJ�DIBOOFM "/$ JO PVUEPPS DPODFSUT
1tT2`BK2Mib `2H�i2/ iQ KmHiB@+?�MM2H �L* Qmi/QQ`b �`2 `�`2Hv Tm#HBb?2/- M2Bi?2` 7Q`
}t2/ }Hi2` MQ` �/�TiBp2 +QMi`QHX h?2 K�BM �TTHB+�iBQMb �`2 �L"b 7Q` i?2 `2D2+iBQM
Q7 bi`22i MQBb2 �M/ oB`im�H aQmM/ "�``B2`bb Uoa"bV- KQbiHv �TTHB2/ 7Q` i?2 b?B2H/BM;
Q7 i`�Mb7Q`K2` MQBb2 Q` �+iBp2 rBM/Qrb (N)X �L"b �`2 /Bb+mbb2/ BM i?2 M2ti b2+iBQM
#2+�mb2 i?2 +QmTHBM; rBi? � T�bbBp2 2H2K2Mi M22/b Bib T�`iB+mH�` �ii2MiBQMX oa"b
+�M #2 mM/2`biQQ/ �b � #�``B2` i?�i #HQ+Fb i?2 T`QT�;�iBQM Q7 bQmM/ rBi?Qmi �z2+i@
BM; bB;?i �M/ �B`~QrX h?2v +�M #2 BKTH2K2Mi2/ BM T`�+iB+2 �b HBM2�` �``�vb- TH�M�`
�``�vb Q` j@/BK2MbBQM�H �``�vb +Qp2`BM; i?2 #QmM/�`v Q7 � j@/BK2MbBQM�H ZwX h?2
i2`K b22Kb iQ ;Q #�+F iQ kyy8 (k9)X � oa" �z2+ib K�BMHv i?2 BM+B/2Mi T�`i Q7 i?2
T`BK�`v bQmM/ }2H/X *QMi`B#miBQMb Q7 T`BK�`v MQBb2 7`QK i?2 bB/2b Q7 � k@/BK2MbBQM�H
TH�M�` #�``B2` 7Q` 2t�KTH2- Q` 7`QK i?2 b?�/Qr bB/2 Q7 i?2 #�``B2` �`2 H2bb +QMi`QH@
H�#H2 �M/ HBKBi2/ iQ i?2 b2MbQ` HQ+�iBQMb �M/ � bK�HH `2;BQM �`QmM/ rBi? /2T2M/2M+2
QM i?2 r�p2H2M;i?- �b b?QrM BM (kj) 7Q` /Bzmb2 }2H/bX h?2Q`2iB+�H �M/ 2tT2`BK2Mi�H
`2bmHib ?�p2 #22M T`2b2Mi2/ BM � p2`v +QMbBbi2Mi b2`B2b Q7 �`iB+H2b #2ir22M RNN8 �M/
kyy9- b22 (k8-ke-keĜjR)X h?Bb b2`B2b +QKT`Bb2b i?2 BMp2biB;�iBQM Q7 �+iBp2Hv +QMi`QHH2/
�+QmbiB+ b?�/Qrb 7Q` MQBb2 Q7 /Bz2`2Mi bQm`+2 /Bbi`B#miBQMb- � #`Q�/ `�M;2 Q7 7`2[m2M@
+B2b- BM 7`22 }2H/ �M/ mM`2bi`B+i2/ bT�+2bX >Qr2p2`- 2tT2`BK2Mib r2`2 +QM/m+i2/ BM
i?2 H�#Q`�iQ`v QMHvX 6m`i?2` 2tT2`BK2Mib �`2 b?QrM BM (R8) �M/ (jk) 7Q` j@/BK2MbBQM�H
#�``B2`b- 2t2+mi2/ BM �M �M2+?QB+ +?�K#2` �M/ � ǴMQ`K�H `QQKǴX aQK2 Qmi/QQ` 2tT2`@
BK2Mib �`2 Tm#HBb?2/ BM +QMDmM+iBQM rBi? i`�Mb7Q`K2` MQBb2 `2D2+iBQM- KQbiHv �TTHB2/
�i i?2 QT2MBM; Q7 �M 2M+HQbm`2 (jj- j9) �M/ rBi? i?2 ;Q�H iQ ?BM/2` i?2 T`QT�;�iBQM
Q7 MQBb2 ;HQ#�HHvX h?2 MmK#2` Q7 bQm`+2b �M/ b2MbQ`b BM+`2�b2b i?2 +QKTmi�iBQM�H 27@
7Q`i 7Q` i?2 +QMi`QHH2` 2tTQM2MiB�HHv- r?2M +H�bbB+ 7mHHv +QmTH2/ KmHiB@+?�MM2H +QMi`QH
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Bb �TTHB2/X aQK2 bim/B2b BMp2biB;�i2/ i?2`27Q` i?2 72�bB#BHBiv Q7 /2+2Mi`�HBb2/ +QMi`QH
bvbi2Kb- r?B+? +QMbBbi Q7 KmHiBTH2 bBM;H2 +?�MM2Hb �L* +2HHbX (j8) ?�b b?QrM BM MmK2`@
B+�H bBKmH�iBQMb i?�i i?2 bi2�/v bi�i2 T2`7Q`K�M+2 Q7 �M �+iBp2 MQBb2 +QMi`QHH2` +�M
#2 +QMbB/2`�#Hv /2;`�/2/ BM /2+2Mi`�HBb2/ bvbi2KbX (je) ?�b b?QrM BM +QMi`�bi- i?�i
BM �M BM?2`2MiHv bi�#H2 +QM};m`�iBQM- Bi Bb TQbbB#H2 iQ �+?B2p2 i?2 b�K2 T2`7Q`K�M+2
�b Q7 � +QmTH2/ bvbi2K rBi? 2p2M 7�bi2` +QMp2`;2M+2X .2+2Mi`�HBb2/ bvbi2Kb #2+QK2
mMbi�#H2 r?2M i?2 /Bbi�M+2 #2ir22M i?2 bBM;H2 +?�MM2H +2HHb #2+QK2b iQQ b?Q`i BM
`2H�iBQM iQ i?2 /Bbi�M+2 #2ir22M � +QMi`QH bQm`+2 �M/ �M 2``Q` b2MbQ`X

�MQi?2` }2H/ Q7 KmHiB@+?�MM2H �L* Qmi/QQ`b �`Qb2 `2+2MiHv- r?B+? +�M �HbQ #2
B/2MiB}2/ �b oa"bX Pmi/QQ` bQmM/ }2H/ +QMi`QH #�b2/ QM }t2/ }Hi2`b ?�b #22M �TTHB2/
BM H�`;2@b+�H2 `2�H@rQ`H/ 2tT2`BK2Mib (Rk- jd)X h?2 ;Q�H BM i?2b2 bim/B2b Bb iQ ?BM/2`
i?2 `�/B�iBQM Q7 i?2 bQmM/ Q7 � +QM+2`iǶb bQmM/ bvbi2K BMiQ +HQb2 #v `2bB/2MiB�H �`2�bX
h?Bb �TT`Q�+? Bb `2;�`/2/ � HQr 7`2[m2M+v T`Q#H2K �M/ �M �``�v Q7 bm#rQQ72`b Bb
i?2`27Q`2 mb2/ �b b2+QM/�`v bQm`+2bX � +`m+B�H 2H2K2Mi BM i?2b2 BMp2biB;�iBQMb Bb i?2
/2;`�/�iBQM Q7 +QMi`QH T2`7Q`K�M+2 /m2 iQ +?�M;BM; +QM/BiBQMb- BM/m+2/ #v rBM/ �M/
i2KT2`�im`2 bT2+B}+�HHvX h?Bb T`QD2+i Bb +HQb2Hv `2H�i2/ iQ i?2 rQ`F BM i?Bb i?2bBbX
h?2 K�BM /Bz2`2M+2 Bb i?�i i?2 i?2bBb �i ?�M/ Bb 7Q+mb2/ QM HQ+�H [mB2i xQM2b �M/
K�F2b mb2 Q7 �/�TiBp2 �L* i2+?MB[m2bX 1MpB`QMK2Mi�H Bbbm2b �`2 i?2`27Q`2 i�+FH2/
BKTHB+BiHvX PM2 Tm#HB+�iBQM Bb �p�BH�#H2- BM r?B+? �/�TiBp2 �L* Bb �TTHB2/ iQ +QMi�BM
i?2 `�/B�iBQM Q7 HQr@7`2[m2M+v bQmM/ 7`QK i?2 K�BM bi�;2 (j3)X AM i?Bb �TT`Q�+? Bb
� bBM;H2 +?�MM2H �/�TiBp2 +QMi`QHH2` mb2/ iQ /`Bp2 i?2 b2+QM/�`v �``�v rBi? � bBM;H2
`272`2M+2 bB;M�HX h?2 b2+QM/�`v �``�v Bb +QM};m`2/ BM i?2 b�K2 r�v �b i?2 T`BK�`v
�``�v- bm+? i?�i i?2 K�BM `�/B�i2/ 2M2`;v Bb 7Q+mb2/ QM i?2 �m/B2M+2 �M/ `�/B�iBQM
Q7 bQmM/ iQ i?2 bB/2b Bb � T`BQ`B `2/m+2/X h?2 QM �tBb `�/B�iBQM Q7 bQmM/ Bb i`2�i2/
#v K2�Mb Q7 �+iBp2 +QMi`QH rBi? i?2 b2+QM/�`v �``�vX lT iQ Re /" �ii2Mm�iBQM r2`2
�+?B2p2/ BM �M QT2M �B` +QM+2`i �i 7`2[m2M+B2b #2HQr Ryy >x Qp2` � H�`;2 `2;BQMX

6Q` +QKTH2i2M2bb- �MQi?2` �TTHB+�iBQM Q7 oa"b �`2 �+iBp2 rBM/Qrb- iQ #HQ+F MQBb2
7`QK 2Mi2`BM; � `QQK #mi F22T i?2 �B`~Qr �+iBp2 (jN)X �+iBp2 rBM/Qrb �`2 MQi i`2�i2/
BM i?Bb i?2bBb #2+�mb2 i?2 Zw Bb +`2�i2/ BMbB/2 �M 2M+HQbm`2X 6m`i?2` �TTHB+�iBQMb Q7
KmHiB@+?�MM2H �L* Qmi/QQ`b �`2 `2H�i2/ iQ �L"bX h?2b2 �`2 /Bb+mbb2/ BM i?2 M2ti
b2+iBQM #2+�mb2 i?2 +QmTHBM; rBi? � T�bbBp2 2H2K2Mi M22/b Bib T�`iB+mH�` �ii2MiBQMX

h?2 ;�T BM i?2 b+B2MiB}+ HBi2`�im`2 Bb +QMbB/2`2/ iQ #2 i?2 H�+F Q7 /Q+mK2Mi2/
`2�H@rQ`H/ �TTHB+�iBQMbX Sm#HB+�iBQMb �#Qmi HQ+�H Zwab #�b2/ QM �L* BM Tm#HB+ �`2
MQi �i �HH �p�BH�#H2X h?Bb ;�T Bb }HH2/ �b 7QHHQrb, S�T2` � BMp2biB;�i2b KmHiB@+?�MM2H
�L* BM 7`22 }2H/ +QM/BiBQMb BM i?2 H�#Q`�iQ`v- p�HB/�i2b i?2 i?2Q`2iB+�H /2bB;M- �M/
Bb i?2 T`2@bim/v 7Q` irQ `2�H@rQ`H/ 2tT2`BK2Mib i?�i r2`2 2t2+mi2/ bm#b2[m2MiHv �i
irQ TBHQi 2p2Mib Q7 i?2 JPLA*� T`QD2+iX h?2 `2H�i2/ 2p2Mib r2`2 i?2 E�TT� 6mim`2
62biBp�H kyRN BM hQ`BMQ UE66V �M/ i?2 _QbFBH/2 aQmM/ amKKBi BM kyRN U_aaVX h?2b2
2tT2`BK2Mib �`2 T`2b2Mi2/ BM S�T2` " rBi? i?2 �BK iQ p2`B7v i?2 72�bB#BHBiv Q7 bm+?
�TTHB+�iBQMb �M/ mM/2`bi�M/ i?2 bT2+B}+ +?�HH2M;2b Q7 `2�H@rQ`H/ �TTHB+�iBQMbX
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��� "O BDUJWF OPJTF CBSSJFS GPS PVUEPPS DPODFSUT
h?2 #`Q�/#�M/ Zwa 7Q` QT2M �B` +QM+2`ib BM i?Bb i?2bBb b?�`2b K�Mv �bT2+ib rBi? �
+H�bbB+ �L" 7Q` i?2 `2D2+iBQM Q7 bi`22i MQBb2X h?Bb b2+iBQM bi�`ib i?2`27Q`2 rBi? � `2pB2r
Q7 �L" `2H�i2/ `2b2�`+?X 6B;X kXR b?Qrb � ivTB+�H 2tT2`BK2Mi�H b2imT Q7 �M �L" rBi?
� KmHiB +?�MM2H �+iBp2 MQBb2 +QMi`QHH2`X �H`2�/v i?2 p2`v }`bi bim/v #v Ab2 2i �HX (9y)
T`2b2Mi2/ i?2 KQbi 7mM/�K2Mi�H T`QT2`iB2b Q7 bm+? � #�``B2`X h?2 bvbi2K mM/2`
BMp2biB;�iBQM r�b bBKBH�` iQ 6B; kXR #mi BM � bBM;H2 +?�MM2H +QM};m`�iBQMX h?2 b2imT
Bb [mB+FHv /2b+`B#2/ #2+�mb2 Bi `2T`2b2Mib � p2`v #�bB+ bvbi2K 7Q` i?2 BMp2biB;�iBQM
Q7 �L"bX � HQm/bT2�F2` r�b mb2/ �b �M mMr�Mi2/ bQmM/ bQm`+2 +HQb2 iQ i?2 #�``B2`
�M/ QM i?2 ;`QmM/- QM2 b2MbQ` +HQb2 iQ i?Bb bQm`+2 r�b mb2/ iQ +�Tim`2 i?2 `272`2M+2
bB;M�H 7Q` i?2 �+iBp2 +QMi`QHH2`- QM2 HQm/bT2�F2` �b � +QMi`QH bQm`+2 r�b TH�+2/ QM i?2
mTT2` 2/;2 Q7 i?2 #�``B2`- �M/ �M 2``Q` b2MbQ` r�b BMbi�HH2/ BM jy +K /Bbi�M+2 U+�b2
AV �M/ Rj8 +K /Bbi�M+2 U+�b2 AAV iQ i?2 +QMi`QH bQm`+2X .Bz`�+iBQM Q7 bQmM/ �`QmM/
i?2 #�``B2` r�b +�H+mH�i2/ rBi? EB`+??Qz@6`2bM2H i?2Q`vX h?2 `2/m+iBQM Q7 MQBb2 r�b
i?2M +QKTmi2/ 7Q` �+iBp2 +QMi`QH QM � K2�bm`2K2Mi TH�M2 �i 98 +K �#Qp2 i?2 ~QQ`
BM i?2 b?�/Qr `2;BQM Q7 i?2 #�``B2`X 1tT2`BK2Mib r2`2 +QM/m+i2/ BM � b2KB@�M2+?QB+
+?�K#2` �M/ i?2 #�``B2` r�b 2ti2M/2/ iQ i?2 bB/2b Q7 i?2 +?�K#2` iQ �TT`QtBK�i2
BM}MBi2 H2M;i?X h?2 #2bi `2bmHib r2`2 �+?B2p2/ rBi? i?2 2``Q` b2MbQ` +HQb2 iQ i?2
K2�bm`2K2Mi TH�M2- rBi? mT iQ Rk /" �i 7`2[m2M+B2b #2HQr Rk8 >xX �#Qp2 Rk8 >x-
Ab2 2i �HX /2i2+i2/ �M BM+`2�b2 BM bQmM/ T`2bbm`2- 2bT2+B�HHv r?2M i?2 2``Q` b2MbQ` r�b
+HQb2` iQ i?2 ZwX

(9R) BMp2biB;�i2/ � bBKBH�` bvbi2K #mi rBi? KmHiBTH2 +QMi`QH �M/ 2``Q` b2MbQ`bX
h?2 +QMi`QH bQm`+2b BM i?Bb +�b2 r2`2 TH�+2/ �b � HBM2�` �``�v QM i?2 #`B;?i bB/2 Q7
i?2 #�``B2` �M/ i?2 2``Q` b2MbQ`b QM i?2 2/;2 Q7 i?2 #�``B2`X PKQiQ 7QmM/ i?�i �+iBp2
+QMi`QH rQ`Fb 2z2+iBp2Hv r?2M i?2 2``Q` b2MbQ`b �`2 b2T�`�i2/ rBi? ?�H7 i?2 r�p2H2M;i?
Q7 i?2 K�tBK�H 7`2[m2M+v iQ #2 +QMi`QHH2/ �M/ r?2M i?2 +QMi`QH HQm/bT2�F2` �``�v Bb
+HQb2 iQ i?2 bQm`+2b Q7 i?2 mMr�Mi2/ MQBb2X � p2`v bBKBH�` 2tT2`BK2Mi r�b 2t2+mi2/

'JHVSF ���� � ivTB+�H b2imT Q7 �M �L"X
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BM �M �M2+?QB+ +?�K#2` rBi? � +�`T2i QM i?2 K2i�H ;`B/ (9k)X h?2M- /m`BM; i?2 M2ti
irQ v2�`b- (9j) �M/ (99) T`2b2Mi2/ i?2 }`bi BM@bBim 2tT2`BK2MibX (9j) BMp2biB;�i2/ �M
�L" BM � `B+2 T�//v rBi? � KmHiB@+?�MM2H �+iBp2 MQBb2 +QMi`QHH2`X h?2 +QM};m`�iBQM
Bb Qi?2`rBb2 bBKBH�` iQ i?2 H�#Q`�iQ`v 2tT2`BK2Mib �#Qp2X h?2 K�BM /Bz2`2M+2 Bb i?�i
i?2 T2`7Q`K�M+2 +QmH/ #2 K2�bm`2/ BM 7�` /Bbi�M+2b #2ir22M ky K �M/ 3y KX PKQiQ
K2�bm`2/ � e /" `2/m+iBQM Q7 T2`BQ/B+ MQBb2 �`QmM/ Rk8 >x �i � 8y K /Bbi�M+2X (99)
BMp2biB;�i2/ �M �L" 7Q` Bib T2`7Q`K�M+2 BM i?2 b?�/Qr `2;BQM �M/ i?2 MmK#2` �M/
HQ+�iBQMb Q7 +QMi`QH bQm`+2b �M/ 2``Q` b2MbQ`X � 72r bT2+B}+ +QM};m`�iBQMb r2`2 i2bi2/X
h?2 +QMi`QH bQm`+2b r2`2 TH�+2/ QM i?2 #`B;?i bB/2 Q7 i?2 #�``B2` �i /Bz2`2Mi ?2B;?ibX
h?2 ?B;?2bi T`Q/m+2/ i?2 #2bi `2bmHibX (3) BMi`Q/m+2/ i?2 7Q`bi /2+2Mi`�HBb2/ bvbi2K-
r?B+? K2�Mb i?�i K�Mv bBM;H2@+?�MM2H +2HHb r2`2 BMbi�HH2/ QM i?2 2/;2 Q7 � T�bbBp2
#�``B2`X h?2b2 +2HHb miBHBb2/ � 722/#�+F@#�b2/ �+iBp2 +QMi`QH �TT`Q�+? BM � Tm`2Hv
�M�HQ; K�MM2`X � 722/#�+F �L* bvbi2K /Q2b MQi M22/ � `272`2M+2 bB;M�H- r?B+?
�HbQ K2�Mb i?�i MQ `272`2M+2 KB+`QT?QM2b �`2 M22/2/X �M 2``Q` b2MbQ` Bb BMi2;`�i2/
BMiQ 2�+? +2HH +HQb2 iQ i?2 +QMi`QH bQm`+2X � 9y K HQM; �+iBp2 MQBb2 #�``B2` r�b i?2M
BKTH2K2Mi2/ �M/ i2bi2/ QT2M@�B` rBi? � }t2/ �M/ � KQpBM; MQBb2 bQm`+2 U� i`m+F
T�bbBM; #vVX "2+�mb2 i?2 bQmM/ Bb /B`2+iHv +�M+2HH2/ �i i?2 2/;2 Q7 i?2 #�``B2` i?Bb
i2+?MB[m2 Bb +�HH2/ i?2 �a1 bvbi2KX h?2 �a1 bvbi2K r�b }M�HHv BMbi�HH2/ �HQM; irQ
`Q�/b BM C�T�MR,kX �MQi?2` 2tT2`BK2Mi r�b 2t2+mi2/ #v (jj)- r?Q i2bi2/ � #�``B2`
7Q` i?2 bmTT`2bbBQM Q7 i`�Mb7Q`K2` MQBb2 QM i?2 `QQ7iQT Q7 � #mBH/BM; BM >mM�MX �HbQ-
i?Bb bvbi2K r�b � KmHiBTH2 bBM;H2@+?�MM2H +QMi`QHH2`X �MQi?2` �TT`Q�+? i?�i �BKb
iQ BKT`Qp2 i?2 �a1 �TT`Q�+? Bb +�HH2/ i?2 �/p�M+2/ �+iBp2 LQBb2 "�``B2` U��L"VX
LmK2`B+�H �M/ 2tT2`BK2Mi�H `2bmHib �`2 Tm#HBb?2/ BM (98) �M/ (9e) BM i?2 C�T�M2b2
H�M;m�;2X � `2pB2r BM 1M;HBb? Bb T`QpB/2/ BM (N)X h?2 ��L" 2KTHQvb bBM;H2@+?�MM2H
+2HHb #�b2/ QM 722/@7Q`r�`/ �L*X _272`2M+2 b2MbQ`b �`2 TH�+2/ p2`v +HQb2 iQ i?2
+QMi`QH HQm/bT2�F2`b QM iQT Q7 i?2 #�``B2`X 1``Q` JB+`QT?QM2b �`2 TH�+2/ BM i?2
i�`;2i `2;BQMb �M/ QMHv mb2/ 7Q` i?2 BMBiB�HBb�iBQM Q7 i?2 bvbi2KX PM+2 i?2 +QMi`QH
bvbi2K ?�b +QMp2`;2/ iQ � bi2�/v@bi�i2- i?2 2``Q` KB+`QT?QM2b �`2 `2KQp2/ �M/ i?2
bvbi2K QT2`�i2b rBi? }t2/ }Hi2`bX

h?2 /2b+`B#2/ 2tT2`BK2Mib �#Qp2 ?�p2 b?QrM i?�i i?2 MQBb2 `2/m+iBQM +�T�#BHBiv
Q7 �M �L" �i HQr 7`2[m2M+B2b +�M #2 +QMbB/2`�#Hv BM+`2�b2/ i?`Qm;? �+iBp2 +QMi`QH-
2bT2+B�HHv BM i?2 b?�/Qr `2;BQM Q7 i?2 T�bbBp2 #�``B2` �M/ r?2M i?2 2``Q` b2MbQ`b
�`2 +HQb2 iQ i?2 ZwX h?2 K�tBK�H b2T�`�iBQM Q7 bQm`+2b �M/ b2MbQ`b BM i?2 `2bT2+iBp2
�``�vb Bb bm;;2bi2/ iQ #2 bK�HH2` i?�M ?�H7 i?2 r�p2H2M;i? Q7 i?2 ?B;?2bi 7`2[m2M+v i?�i
Bb iQ #2 �ii2Mm�i2/- r?B+? +QM7Q`Kb rBi? }M/BM;b `2H�i2/ iQ oa"b (9d)X h?2 TH�+2K2Mi
Q7 i?2 +QMi`QH bQm`+2b �M/ b2MbQ`b r�b +QKT�`2/ 7Q` /Bz2`2Mi +QM};m`�iBQMbX h?2 K�BM
}M/BM;b �`2 i?�i +QMi`QH bQm`+2b +HQb2 iQ i?2 T`BK�`v bQm`+2b T`Q/m+2 #2ii2` MQBb2
`2/m+iBQM- r?B+? +QM}`Kb i?2 ;2M2`�H T`QT2`iB2b Q7 �+iBp2 MQBb2 +QMi`QH, � +QMi`QH
bQm`+2 +HQb2 iQ � MQBb2 bQm`+2 +�M �+?B2p2 ;HQ#�H MQBb2 `2/m+iBQM (Ry)X

o2`v mb27mH BMbB;?ib �`2 T`QpB/2/ BM i?2b2 bim/B2b- #mi � HQ+�H #`Q�/#�M/ Zwa �T@
THB2/ BM QT2M@�B` +QM+2`ib Bb 2tTQb2/ iQ �M/ +QMbi`�BM2/ #v bQK2 bT2+B}+ +QM/BiBQMb,

R?iiTb,ff;QQX;HfK�TbfLQuE3.u�D`w_�N68N
k?iiTb,ff;QQX;HfK�Tbfkh2_`dqG:TC`s.>#�

https://goo.gl/maps/NoYK8DYAjrZRa9F59
https://goo.gl/maps/2TeRr7WLGpJrXDHbA


��� " NPEFM CBTFE WJSUVBM TFOTJOH UFDIOJRVF ��

h?2 T�bbBp2 2H2K2Mi M22/b iQ #2 bK�HH iQ `2/m+2 Bib pBbm�H BKT�+i- �M/ iQ T`2p2Mi
`2~2+iBQMb #�+F iQ i?2 �m/B2M+2X � bK�HH bBx2 �L" +QMb2[m2MiHv �HHQrb 7Q` /Bz`�+iBQM
�`QmM/ i?2 H�i2`�H 2/;2b- r?B+? rBHH /2;`�/2 Bib T2`7Q`K�M+2 �M/ �z2+i i?2 b?�T2 Q7
i?2 T`BK�`v }2H/ BM i?2 b?�/Qr `2;BQMX G�ii2` +�M �z2+i i?2 T2`7Q`K�M+2 Q7 i?2
�+iBp2 +QMi`QHH2` BM i?2 ZwX � K�DQ` �/p�Mi�;2 7Q` Zwab BM +QM+2`i 2MpB`QMK2Mib Bb
i?�i � MQBb2@7`22 `272`2M+2 bB;M�H Bb �p�BH�#H2 7`QK i?2 bQmM/ i?�i Bb iQ #2 �ii2Mm�i2/
Ĝ i?2 QmiTmi Q7 i?2 bQmM/ 2M;BM22`Ƕb KBtBM; +QMbQH2X GQ+�H #`Q�/#�M/ Zwab Q` HQ@
+�H �L"b �M/ i?2B` �TTHB+�iBQM BM Qmi/QQ` +QM+2`ib �`2 MQi T`2b2Mi BM i?2 b+B2MiB}+
HBi2`�im`2X � #`Q�/#�M/ HQ+�H Zwa Bb i?2`27Q`2 BMp2biB;�i2/ BM T�T2` *X Aib /2bB;M-
BKTH2K2Mi�iBQM �M/ � i2bi BM � `2�H@rQ`H/ +QM+2`i- � 6`B/�v@_Q+F +QM+2`i �i hBpQHB
:�`/2M BM *QT2M?�;2M- �`2 T`2b2Mi2/X

��� " NPEFM CBTFE WJSUVBM TFOTJOH UFDIOJRVF
Ai Bb b?QrM i?`Qm;? i?2 rQ`F Q7 T�T2`b �@* i?�i +H�bbB+ TQBMi@rBb2 +QMi`QH +�M �+?B2p2
�M mb27mH �KQmMi Q7 bQmM/ �ii2Mm�iBQM BM i?2 Zw- rBi? � HBM2�` �``�v Q7 b2+QM/�`v
bQm`+2bX "mi r?2M i?2 b2+QM/�`v T�i? Bb Km+? b?Q`i2` i?�M i?2 T`BK�`v T�i?- i?2 Zw
Kmbi #2 +HQb2 iQ 2``Q` b2MbQ`b �M/ i?2 `2/m+iBQM Q7 bQmM/ Bb bm#@QTiBK�H +QKT�`2/
rBi? i?2 `2/m+iBQM �i i?2 2``Q` b2MbQ`X h?2 i?B`/ T�`i Q7 i?Bb i?2bBb Bb i?2`27Q`2
/2/B+�i2/ iQ pB`im�H b2MbBM; i2+?MB[m2bX h?2 ;Q�H Q7 i?2b2 i2+?MB[m2b Bb iQ 2biBK�i2
i?2 2``Q` bB;M�H �i � HQ+�iBQM `2KQi2 7`QK � T?vbB+�H b2MbQ`X h?Bb 2``Q` Bb +QMbB/2`2/
iQ #2 K2�bm`2/ rBi? � pB`im�H 2``Q` b2MbQ`X h?2 pB`im�H 2``Q` `2TH�+2b i?2 T?vbB+�HHv
K2�bm`2/ 2``Q` BM i?2 QTiBKBb�iBQM �H;Q`Bi?Kb- bQ i?�i QTiBK�H +QMi`QH Bb �+?B2p2/ �i
i?2 pB`im�H b2MbQ` BMbi2�/X 6B;m`2 kXk b?Qrb � #�bB+ b+?2K2 Q7 bm+? � +QMi`QH bvbi2KX

'JHVSF ���� a+?2K�iB+ Q7 pB`im�H b2MbBM; rBi? 6tGJa #�b2/ mT/�iBM; Q7 i?2 +QMi`QH }Hi2`bX
h?Bb };m`2 Bb i�F2M 7`QK T�T2` 1
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GBm �i �HX (93) /BpB/2/ pB`im�H b2MbBM; i2+?MB[m2b BMiQ irQ +H�bb2b, *H�bb A +QKT`Bb2b
�HH i2+?MB[m2b i?�i `2[mB`2 T?vbB+�H b2MbQ`b iQ #2 HQ+�i2/ �i i?2 pB`im�H HQ+�iBQMb
/m`BM; �M BMBiB�HBb�iBQM bi�;2- r?BH2 +H�bb AA `2HB2b QM bQK2 FBM/ Q7 2biBK�iBQM i2+?MB[m2
iQ T`2/B+i i?2 T`2bbm`2 �i i?2 pB`im�H HQ+�iBQMX *H�bb A i2+?MB[m2b +QKT`Bb2 i?2 oB`im�H
JB+`QT?QM2 �``�M;2K2Mi (9N)- i?2 _2KQi2 JB+`QT?QM2 h2+?MB[m2 U_JhV (8y)- i?2
�/�TiBp2 GJa pB`im�H KB+`QT?QM2 i2+?MB[m2 (8R)- � KQpBM; pB`im�H b2MbBM; �H;Q`Bi?K
(8k)- � E�HK�M }Hi2` pB`im�H b2MbBM; �TT`Q�+? (8j)X Pi?2` i2+?MB[m2b 2tBbi- r?B+? �`2
+QMbB/2`2/ iQ #2 /2`Bp�iBp2b Q7 i?2 K2MiBQM2/ QM2b- HBF2 i?2 2{+B2Mi �/�TiBp2 GJa
pB`im�H KB+`QT?QM2 K2i?Q/ (89)X AM i?2b2 pB`im�H b2MbBM; bi`�i2;B2b- i2KTQ`�`v b2MbQ`b
�`2 mb2/ iQ K2�bm`2 Q` 2biBK�i2 2MiBiB2b i?�i �`2 M22/2/ 7Q` i?2 +QMi`QH HQQT- HBF2
i`�Mb72` 7mM+iBQMb- r2B;?ib Q` 2biBK�iBQM }Hi2`bX am+? K2i?Q/b +�M #2 p2`v �++m`�i2
BM i?2 2biBK�iBQM Q7 i?2 bQmM/ }2H/ �i i?2 pB`im�H b2MbQ`b #mi 2``Q` Bb BMi`Q/m+2/
r?2M i?2 �+QmbiB+ +QM/BiBQMb +?�M;2X h?2 i`m2 K2�bm`2b rBHH i?2M /2pB�i2 7`QK i?2
K2�bm`2/ QM2b �M/- �b � +QMb2[m2M+2- /2;`�/2 i?2 T2`7Q`K�M+2 Q7 i?2 +QMi`QHH2` �b
b?QrM BM (88)X h?Bb Bbbm2 #2+QK2b bB;MB}+�Mi r?2M i?2 /Bbi�M+2 #2ir22M i?2 pB`im�H
�M/ T?vbB+�H 2``Q` b2MbQ`b Bb H�`;2X �MQi?2` /`�r#�+F Bb i?�i BMBiB�H K2�bm`2K2Mib +�M
#2 2ti2MbBp2 r?2M K�Mv pB`im�H b2MbQ`b �`2 miBHBb2/ �M/ Bi KB;?i 2p2M #2 BKTQbbB#H2
iQ `2+Q`/ i?2 T`BK�`v T�i? i`�Mb72` 7mM+iBQMb BM �/p�M+2- r?B+? Bb 2bb2MiB�H 7Q` bQK2
Q7 i?2 i2+?MB[m2bX

�b MQi2/ �#Qp2- *H�bb AA K2i?Q/b `2Hv QM bQK2 7Q`K Q7 2biBK�iBQM i2+?MB[m2 iQ
2ti`�TQH�i2 i?2 bQmM/ T`2bbm`2 �i i?2 pB`im�H b2MbQ` HQ+�iBQMb 7`QK QM2 Q` KmHiBTH2
K2�bm`2K2Mib rBi? T?vbB+�H b2MbQ`bX 1biBK�iBQM Q7 i?2 pB`im�H 2``Q` bB;M�H mbBM; �
KQ/2H KB;?i BKTHv i?�i T�`�K2i2`b Q7 i?2 KQ/2H +�M #2 mT/�i2/ /m`BM; +QMi`QH rBi?
`2H�iBp2 2�b2X lT/�iBM; i?2 pB`im�H b2MbQ` HQ+�iBQMb- 7Q` 2t�KTH2- +QmH/ 2M�#H2 i?2
[mB2i xQM2 iQ KQp2X 6m`i?2`KQ`2- mT/�iBM; i?2 bT22/ Q7 bQmM/- B7 BM+Hm/2/ BM i?2
KQ/2H- +QmH/ #2 mb2/ iQ ?2HT +QKT2Mb�i2 7Q` +?�M;2b BM �B` i2KT2`�im`2X "Qi? +�M
BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 �M �+iBp2 MQBb2 +QMi`QHH2` �M/ BM+`2�b2 Bib bi�#BHBivX

*H�bb AA K2i?Q/b �`2 i?2 6Q`r�`/ .Bz2`2M+2 S`2/B+iBQM h2+?MB[m2 T`QTQb2/ #v
(8e)- r?B+? Bb � TQHvMQKB�H }iiBM; �TT`Q�+? i?�i 2biBK�i2b i?2 pB`im�H 2``Q` pB� irQ
KB+`QT?QM2b �TTHvBM; HBM2�` T`2/B+iBQM Q` i?`22 KB+`QT?QM2b �TTHvBM; [m�/`�iB+ T`2@
/B+iBQMX h?Bb K2i?Q/ BKTHB+BiHv `2�+ib iQ +?�M;BM; +QM/BiBQMb- #2+�mb2 i?2 TQHvMQ@
KB�Hb �`2 +QMbi�MiHv mT/�i2/- #mi Bi b?Qrb ;2M2`�HHv TQQ` 2tT2`BK2Mi�H T2`7Q`K�M+2
�b /Bb+mbb2/ BM (8R)X h?2 aPh.6 KQpBM; pB`im�H b2MbBM; K2i?Q/ Bb � +H�bb AA i2+?@
MB[m2- r?B+? /2T2M/b QM i?2 /Bbi�M+2 #2ir22M i?2 pB`im�H �M/ T?vbB+�H b2MbQ`b QMHv
�M/ /Q2b MQi M22/ BMBiB�HBb�iBQM K2�bm`2K2Mib #mi Bb `2bi`B+i2/ iQ /Bzmb2 bQmM/ }2H/bX
h?2 6BMBi2 1H2K2Mi "�b2/ oB`im�H a2MbQ` J2i?Q/ T`QTQb2/ #v (8d) 2KTHQvb � }MBi2
2H2K2Mi KQ/2H Q7 � /m+iX Ai KB;?i #2 TQbbB#H2 iQ mT/�i2 KQ/2H T�`�K2i2`b #mi Mm@
K2`B+�H K2i?Q/b i2M/ iQ #2 +QKTmi�iBQM�HHv /2K�M/BM;- 2bT2+B�HHv r?2M �TTHB2/ iQ
H�`;2@b+�H2 j. T`Q#H2KbX Ai Bb �HbQ TQbbB#H2 iQ +H�bbB7v aT�iB�H �L* �b pB`im�H b2MbBM;
i2+?MB[m2b- r?2M `272`2M+2 b2MbQ`b �`2 mb2/X oB`im�H b2MbQ`b �`2 MQi M22/2/- #2+�mb2
i?2 Zw Bb i�`;2i2/ �b � r?QH2X am+? i2+?MB[m2b �`2 MQi +QMbB/2`2/ ?2`2 /m2 iQ i?2B`
T`�+iB+�H BM72�bB#BHBivX "�b2/ QM i?Bb `2pB2r Q7 i?2 HBi2`�im`2- Bi Bb 7QmM/ i?�i � KQ/2H@
#�b2/ pB`im�H b2MbBM; i2+?MB[m2 i?�i Bb #Qi? b+�H�#H2 �M/ �/�Ti�#H2 BM `2�H@iBK2 Bb
biBHH KBbbBM;X h?2`27Q`2- bm+? � i2+?MB[m2 Bb T`QTQb2/ BM T�T2`b .@1 �M/ rBHH #2 `2@
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72``2/ iQ �b i?2 JQ/2H "�b2/ _2KQi2 JB+`QT?QM2 h2+?MB[m2 UJ"_JhVX Ai ?�b #22M
7QmM/ i?�i i?2 J"_Jh +�M �+?B2p2 i?2 b�K2 T2`7Q`K�M+2 �b i?2 _Jh BM 7`22 }2H/
+QM/BiBQMb- rBi? i?2 �/p�Mi�;2 i?�i BMBiB�H K2�bm`2K2Mib +�M #2 QKBii2/X 6`22 }2H/
HBF2 +QM/BiBQMb �`2 TQbbB#H2 BM Qmi/QQ` +QM+2`i 2MpB`QMK2Mib rBi? ~�i i2``�BM- 7Q` HQr
7`2[m2M+B2b- �M/ r?2M i?2 bQm`+2b �`2 TH�+2/ QM i?2 ;`QmM/- r?B+? Bb KQbiHv i?2 +�b2
7Q` i?2 bm#rQQ72`bX

��� 4VNNBSJFT PG JODMVEFE QBQFST
S�T2` � h?Bb p2`v }`bi T�T2` /2b+`B#2b i?2 /2bB;M- BKTH2K2Mi�iBQM �M/ i2bi Q7 �M
�+iBp2 MQBb2 +QMi`QHH2` i?�i Bb +�T�#H2 iQ +`2�i2 � xQM2 Q7 bBH2M+2 BM 7`22 }2H/X h?2
i�`;2i xQM2 Q7 bBH2M+2 Bb /2}M2/ �b ≈ 2 K2 rBi? �i H2�bi Ry /" �p2`�;2 MQBb2 `2/m+iBQM
7Q` 7`2[m2M+B2b mT iQ jyy >xX 1tT2`BK2Mi�HHv BMp2biB;�i2/ �`2 7m`i?2`KQ`2 i?2 p2`iB+�H
2ti2M/ Q7 i?2 Zw �M/ i?2 `Q#mbiM2bb Q7 i?2 +QMi`QHH2` �;�BMbi /Bbim`#�M+2 �i i?2 2``Q`
KB+`QT?QM2bX

S�T2` � bi�`ib rBi? �M BMi`Q/m+iBQM Q7 i?2 7mM/�K2Mi�H BMp2`b2 T`Q#H2K- r?B+?
/2b+`B#2b � ;2M2`�H MQBb2 +QMi`QH T`Q#H2K BM 7`22 }2H/ bBKBH�` iQ >�Mb2M 2i �HX (Ry)X h?Bb
i2+?MB[m2 r�b �TTHB2/ iQ BMp2biB;�i2 i?2 T`QT2`iB2b Q7 KmHiB@+?�MM2H +QMi`QH BM 7`22
}2H/ BM k.- QM � ?Q`BxQMi�H TH�M2X h?2 b�K2 i2+?MB[m2 r�b �HbQ �TTHB2/ BM � T�`�K2i2`
bim/v iQ /2i2`KBM2 i?2 bvbi2K +QM};m`�iBQM i?�i Bb M22/2/ iQ +`2�i2 i?2 Zw- rBi?
i?2 T`QT2`iB2b /2}M2/ �#Qp2X AMp2biB;�i2/ �`2 i?2 MmK#2` �M/ /Bbi�M+2b #2ir22M
i?2 +QMi`QH bQm`+2b- i?2 MmK#2` �M/ /Bbi�M+2b #2ir22M i?2 2``Q` b2MbQ`b- �M/ i?2
b2T�`�iBQM Q7 i?2 +QMi`QH bQm`+2 �``�v iQ i?2 2``Q` b2MbQ` �``�v r?B+? +�M #2 `2;�`/2/
i?2 H2M;i? Q7 i?2 b2+QM/�`v T�i?X Ai ?�b #22M 7QmM/ i?�i � HBM2�` �``�v Q7 +QMi`QH
bQm`+2b rBi? 8y +K /Bbi�M+2 #2ir22M i?2 bQm`+2b Bb +�T�#H2 iQ �+?B2p2 i?2 �BK2/ ;Q�H
r?B+? +QM7Q`Kb rBi? }M/BM;b 7`QK PKQiQ 2i �HX �M/ 1HHBQii 2i �HX (9R-9d)X h?2 p2`iB+�H
2ti2Mi Q7 i?2 Zw r�b > 10 /" AMb2`iBQM GQbb UAGV- �p2`�;2/ Qp2` 7`2[m2M+v- mT iQ
jy +K �#Qp2 �M/ #2HQr i?2 2``Q` b2MbQ` �``�v �M/ mT iQ jyy >xX 1tT2`BK2Mib �M/
bBKmH�iBQMb r2`2 Qp2`�HH �;`22BM; r2HHX Ai Bb �HbQ b?QrM BM i?2 T�T2` i?�i � T2`BQ/B+
/Bbim`#�M+2 Q7 9 b2+QM/b H2M;i? +QmH/ b2p2`2Hv �z2+i i?2 +QMi`QHH2` �M/ i?�i � HQr2`
bi2T bBx2 bm++2bb7mHHv K�/2 i?2 bvbi2K `Q#mbi �;�BMbi b?Q`i i2`K T2`BQ/B+ /Bbim`#�M+2bX
6B;X kXj b?Qrb i?2 Zw BM i?2 ?Q`BxQMi�H TH�M2 U�V �M/ i?2 p2`iB+�H TH�M2 U#V K2�bm`2/
BM � 7mHHv �M2+?QB+ +?�K#2`X

S�T2` " h?2 b2+QM/ T�T2` `2TQ`ib irQ i2bib Q7 KmHiB@+?�MM2H �+iBp2 MQBb2 +QMi`QH
bvbi2Kb BM i?2 `2�H rQ`H/ Ĝ BM bBimX "2bB/2b i?2 Tm`TQb2 Q7 /2KQMbi`�iBM; T`QiQivT2b
rBi?BM i?2 JPLA*� T`QD2+i- i?2 ;Q�H r�b iQ BMp2biB;�i2 i?2 72�bB#BHBiv- i?2 T2`7Q`@
K�M+2- �M/ +?�HH2M;2b Q7 �L* �TTHB+�iBQMb BM Qmi/QQ` +QM+2`ibX hrQ bvbi2Kb r2`2
i2bi2/ BM BM/2T2M/2Mi +QM+2`i 2p2MibX h?2 }`bi r�b i?2 E�TT� 6mim`2 62biBp�H UE66V
BM hQ`BMQ BM kyRN- i?2 b2+QM/ � +QM+2`i �i i?2 _QbFBH/2 aQmM/ amKKBi BM kyRN U_aaVX
h?2 ;Q�H �i i?2 E66 r�b iQ +`2�i2 � bK�HH �M/ HQ+�H Zw Q7 � +QmTH2 Q7 b[m�`2 K2i2`bX
h?2 bvbi2K 7QHHQr2/ i?2`27Q`2 i?2 bi`�i2;v Q7 T�T2` �- rBi? �``�vb Q7 +QMi`QH bQm`+2b
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	B
 	C


'JHVSF ���� h?2 K2�bm`2/ AG BM i?2 ZmB2i wQM2 7Q` Ryy@jyy >x- #H�+F +B`+H2b BM/B+�i2 +QMi`QH
bQm`+2b- #H�+F +`Qbb2b 2``Q` b2MbQ`b- `2/ /Qib K2�bm`2K2Mi TQBMiX U�V BM � ?Q`BxQMi�H TH�M2-
U#V BM i?2 p2`iB+�H TH�M2 �i x = 7.5 +KX 6B;m`2b �`2 i�F2M 7`QK T�T2` �X

�M/ 2``Q` b2MbQ`b BM b?Q`i /Bbi�M+2X PM2 Q7 i?2 K�BM +?�HH2M;2b r�b i?2 2biBK�iBQM
Q7 i?2 T2`7Q`K�M+2 K2�bm`2 AGX h?2 AG +�M #2 2�bBHv �+?B2p2/ r?2M �TT`QT`B�i2 i2bi
bB;M�Hb +�M #2 TH�v2/ #�+F i?`Qm;? i?2 K�BM bQmM/ bvbi2KX h?Bb Bb MQi i?2 +�b2
/m`BM; +QM+2`ib r?2`2 KmbB+ Bb TH�v2/ #�+FX h?2 T�T2` BMi`Q/m+2b � i2+?MB[m2 #�b2/
QM K2�bm`2K2Mib Q7 MQM@bi�iBQM�`v KmbB+ bB;M�Hb �M/ +QM}`Kb ;QQ/ 2biBK�iBQM `2@
bmHib 7Q` HQr �M/ KB/ 7`2[m2M+B2bX 6m`i?2`KQ`2- Bi ?�b #22M 2tT2`BK2Mi�HHv p�HB/�i2/
i?�i i?2 +QMi`QHH2` r�b bi�#H2 /2bTBi2 Q7 K�bbBp2 /Bbim`#�M+2 7`QK i?2 K�BM bi�;2
Q7 i?2 72biBp�H +HQb2 #v- rBi? p2`v bB;MB}+�Mi AG BM 2p2M 8y +K /Bbi�M+2 iQ i?2 2``Q`
b2MbQ`bX h?2 T2`7Q`K�M+2 Q7 i?2 bvbi2K r�b �HbQ T2`+2Bp2/ �b p2`v bB;MB}+�Mi QMbBi2-
BM k K /Bbi�M+2 iQ i?2 2``Q` KB+`QT?QM2b- #v `�M/QK T2QTH2 �M/ i?2 `2pB2r2`b Q7 i?2
JPLA*� T`QD2+i r?2M brBi+?BM; i?2 +QMi`QHH2` QM �M/ Qz 7Q` /2KQMbi`�iBQMX h?2
K2�bm`2/ AG Bb b?QrM BM 6B;X kX9X

h?2 _aa 2tT2`BK2Mi miBHBb2/ � H�`;2 b+�H2 �L* bvbi2KX h?2 +QM+2`i i?2`2 r�b
BMBiB�i2/ rBi? i?2 bT2+B}+ ;Q�H iQ i2bi H�`;2 b+�H2 �/�TiBp2 MQBb2 +QMi`QH i2+?MB[m2bX
h?2 �/p�Mi�;2- +QKT�`2/ iQ i?2 2tT2`BK2Mib �i i?2 E�TT� 72biBp�H- r�b i?�i 2MQm;?
iBK2 r�b �p�BH�#H2 iQ TH�M �M/ 2t2+mi2 K2�bm`2K2Mib #27Q`2 i?2 +QM+2`iX h?2 AG
2biBK�iBQM i2+?MB[m2 7`QK �#Qp2 +QmH/ #2 p�HB/�i2/ �;�BM BM /B`2+i +QKT�`BbQM rBi?
2biBK�i2b 7`QK #27Q`2 i?2 +QM+2`i- rBi? bi�iBQM�`v MQBb2 bB;M�Hb- �M/ /m`BM; i?2 +QM@
+2`iX 6m`i?2`KQ`2- i?2 H�`;2 b+�H2 bvbi2K r�b 2tT2`BK2Mi�HHv BMp2biB;�i2/ BM i?`22
/Bz2`2Mi +QM};m`�iBQMb- r?B+? rBHH #2 �##`2pB�i2/ #v i?2 MmK#2` Q7 i?2 +QKTQM2Mib
BM i?2 7QHHQrBM;- 7Q` 2t�KTH2- 1 × 10 × 7 Ui?2 MmK#2` Q7 T`BK�`v bQm`+2b × i?2 MmK@
#2` Q7 b2+QM/�`v bQm`+2b × i?2 MmK#2` Q7 2``Q` b2MbQ`bVX h?2 +QM};m`�iBQMb r2`2
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'JHVSF ���� AG �+?B2p2/ �i i?2 E66X h?2 };m`2 Bb i�F2M 7`QK T�T2` "X

U�V RtRtj3- U#V RtRytd- U+V RtRytRy �M/ �`2 b?QrM BM 6B;X kX8X �HH i?2 `2bmHib +QM@

	B
 	C


	D


'JHVSF ���� avbi2K +QM};m`�iBQMb �i i?2 _aaX T`BK�`v bQm`+2b U#H�+FV- b2+QM/�`v bQm`+2b
U#Hm2V- p�HB/�iBQM b2MbQ`b U;`2vV- 2``Q` b2MbQ`b U`2/V �V RtRt9y- #V RtRytd �M/ +V RtRytRyX
h?2 };m`2 Bb i�F2M 7`QK T�T2` "

7Q`K rBi? i?2Q`v- i?2v �`2 i?2`27Q`2 2tT2+i2/ #mi p�HB/�i2/ BM T`�+iB+2 �M/ KQ`2
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bT2+B}+�HHv BM Qmi/QQ` +QM+2`ibX Ai Bb b?QrM i?�i #2ii2` `2/m+iBQM Q7 MQBb2 +�M #2
�+?B2p2/ rBi? BM/2T2M/2Mi +QMi`QH bQm`+2b BMbi2�/ Q7 � KQMQ /`Bp2M �``�v 2p2M r?2M
i?2 T`BK�`v �M/ b2+QM/�`v �``�vb �`2 +QM};m`2/ i?2 b�K2 r�vX Ai Bb �HbQ b?QrM
i?�i � /Bbi`B#mi2/ b2i Q7 +QMi`QH KB+`QT?QM2b `2~2+ib i?2 Qp2`�HH `2/m+iBQM Q7 MQBb2 BM
i?2 r?QH2 ZwX h?Bb Bb � mb27mH BMbB;?i #2+�mb2 i?2 bT�iB�HHv �p2`�;2/ AG BM i?2 Zw
+�M #2 BM72``2/ 7`QK i?2 T2`7Q`K�M+2 �i i?2 2``Q` b2MbQ`b- r?B+? Bb �M �/p�Mi�;2 7Q`
KQMBiQ`BM; Tm`TQb2bX h?2 H�bi i2bi ?�b b?QrM i?�i � #mHF Q7 2``Q` b2MbQ`b rBi? i?2
b�K2 MmK#2` Q7 b2MbQ`b �b b2+QM/�`v bQm`+2b �+?B2p2b H�`;2 AG �i i?2 b2MbQ`b #mi i?2
AG 7�/2b rBi? /Bbi�M+2 iQ i?2 b2MbQ`b 7Q` i?2 `2bi Q7 i?2 ZwX h?2 bT�iB�HHv �p2`�;2/ AG
r�b BM i?2 `�M;2 Q7 8 iQ R8 /" mT iQ Rky >x 7Q` +�b2 U�V- Ry iQ R8 /" 7Q` +�b2 U#V �M/
U+V �i i?2 p�HB/�iBQM KB+`QT?QM2b �M/ +QMbi�MiHv ky /" �i i?2 +QMi`QH KB+`QT?QM2b
Q7 +�b2 U+VX

S�T2` * h?2 i?B`/ T�T2` Bb �#Qmi i?2 M2ti bi2T iQr�`/b � #`Q�/#�M/ Zwa 7Q`
Qmi/QQ` +QM+2`ibX �M �+iBp2 MQBb2 +QMi`QH bvbi2K Bb +QmTH2/ rBi? � T�bbBp2 2H2K2Mi
iQ �+?B2p2 MQBb2 `2/m+iBQM BM i?2 r?QH2 �m/B#H2 bT2+i`mKX am+? � +QmTH2/ Zwa Bb
/2bB;M2/ �M/ i2bi2/ BM �M Qmi/QQ` +QM+2`i- � Ǵ6`B/�v@_Q+FǴ +QM+2`i �i hBpQHB :�`/2M-
�M �Kmb2K2Mi T�`F BM *QT2M?�;2MX "2bB/2b K2�bm`BM; i?2 T2`7Q`K�M+2 Q7 i?2 bvbi2K-
�MQi?2` F2v �bT2+i Q7 i?2 i2bi r�b iQ 2tT2`B2M+2 �M/ BMp2biB;�i2 i?2 +?�HH2M;2b Q7
bm+? � +QKTH2t b2iiBM;- �+QmbiB+�HHv #mi �HbQ Q`;�MBx�iBQM�HX h?2 ;Q�H ?2`2 Bb iQ
+`2�i2 � bK�HH xQM2 Q7 [mB2i +HQb2 iQ i?2 �m/B2M+2- #B; 2MQm;? iQ +Qp2` irQ T2QTH2 BM
+QMp2`b�iBQMX � T?QiQ Q7 i?2 T`QiQivT2 Bb b?QrM BM 6B;X kXeX Ai +�M #2 b22M BM 6B;X

'JHVSF ���� h?2 ?v#`B/ ZwaX G27i, i?2 T`QiQivT2 �b j. KQ/2HX _B;?i, i?2 T?vbB+�H T`QiQivT2
BMbi�HH2/ BM hBpQHBX h?2 j. KQ/2H iQ i?2 H27i /Q2b MQi b?Qr i?�i i?2 #Qt Bb K�/2 Q7 irQ
2H2K2MibX h?2 /BpBbBQM Bb p2`iB+�H �M/ +2Mi2`2/- r?B+? +�M #2 b22M BM i?2 T?QiQ QM i?2 `B;?iX
h?2 T?QiQ Bb i�F2M 7`QK T�T2` *

kXe i?�i i?2 T�bbBp2 2H2K2Mi Bb � #Qt rBi? � `QQ7- �M/ i?2 #Qt b2`p2b �HbQ �b +�#BM2i
7Q` i?2 7Qm` bm#rQQ72`bX
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AM Q`/2` iQ BMp2biB;�i2 i?2 T2`7Q`K�M+2 Q7 i?2 +QmTH2/ bvbi2K- � *PJaPG KQ/2H
r�b +`2�i2/ iQ Q#i�BM i`�Mb72` 7mM+iBQMb i?�i `2~2+i i?2 +QM/BiBQMb Q7 i?2 2p2Mi- BM
� bBKTHB}2/ K�MM2`- �M/ �++QmMib 7Q` i?2 2z2+i Q7 i?2 Zwa +QMbi`m+iBQM QM i?2
T`BK�`v �M/ b2+QM/�`v }2H/bX h?2 KQ/2H Bb � j. KQ/2H �M/ +�M i?2`27Q`2 BM+Hm/2
H�i2`�H /Bz`�+iBQM 2z2+ibX

� T�`iB+mH�` +?�HH2M;2 BM i?2 Qmi/QQ` 2tT2`BK2Mi r�b iQ 2biBK�i2 i?2 BMb2`iBQM
HQbb Q7 i?2 T�bbBp2 2H2K2Mi #2+�mb2- /m2 iQ p2`v bi`B+i iBK2bHQib- K2�bm`2K2Mib +QmH/
MQi #2 2t2+mi2/ rBi?Qmi i?2 2H2K2MiX � i2+?MB[m2 r�b 2bi�#HBb?2/- r?B+? T`Q/m+2/
`2bmHib bBKBH�` iQ r?�i r�b Q#i�BM2/ BM bBKmH�iBQMbX h?Bb i2+?MB[m2 mb2b i?2 �p2`�;2
Q7 � b2i Q7 /Bbi`B#mi2/ KB+`QT?QM2b QmibB/2 i?2 Zw �b i?2 `272`2M+2 7Q` i?2 2biBK�iBQM
Q7 AGX

Ai ?�b #22M b?QrM i?�i � bK�HH Zwa +�M �+?B2p2 MQBb2 `2/m+iBQM BM i?2 r?QH2
�m/B#H2 bT2+i`mK #mi i?2 i`�MbBiBQM `�M;2 BM i?2 7`2[m2M+v /QK�BM- r?2`2 �+iBp2
+QMi`QH 7�/2b Qmi �M/ i?2 2z2+i Q7 i?2 T�bbBp2 2H2K2Mi 7�/2b BM- r�b +`BiB+�H BM i?2
2tT2`BK2MibX AMb2`iBQM HQbb /`QTb #2HQr Ry /" #2ir22M jyy >x �M/ R F>x �i i?2
2``Q` b2MbQ`b �M/ #2ir22M 3y �M/ 9yy >x �i � b2i Q7 p�HB/�iBQM b2MbQ`b BM 8y +K
/Bbi�M+2 iQ i?2 2``Q` b2MbQ`bX "mi i?2b2 `2bmHib �`2 +QMbB/2`2/ �b � ;QQ/ bi�`iBM;
TQBMi- bBM+2 i?2 T2`7Q`K�M+2 Q7 �+iBp2 +QMi`QH +�M #2 KQp2/ BMiQ i?2 Zw pB� pB`im�H
b2MbBM; i2+?MB[m2b �M/ i?2 AG 7`QK T�bbBp2 +QMi`QH +�M #2 2ti2M/2/ iQr�`/b HQr2`
7`2[m2M+B2b #v �/DmbiK2Mi Q7 i?2 T?vbB+�H +QMbi`m+iBQM @ i?2 T�bbBp2 2H2K2MiX

"2bB/2b K2�bm`BM; i?2 T2`7Q`K�M+2 Q7 i?2 +QmTH2/ bvbi2K- �MQi?2` bm#D2+i Q7
BMp2biB;�iBQM Bb i?2 2z2+i Q7 i?2 T�bbBp2 2H2K2Mi QM i?2 �+iBp2 +QMi`QH T2`7Q`K�M+2X
h?Bb r�b bT2+B}+�HHv BMp2biB;�i2/ #�b2/ QM +QKTmi2` bBKmH�iBQMbX .Bz`�+iBQM �`QmM/
i?2 2/;2b Q7 i?2 T�bbBp2 2H2K2Mi BM+`2�b2b i?2 +QKTH2tBiv Q7 i?2 T`BK�`v }2H/ BM i?2
Zw �M/ +?�M;2b i?2`27Q`2 i?2 +QM/BiBQMb 7Q` �+iBp2 +QMi`QHX AM +QKT�`BbQM iQ �+iBp2
+QMi`QH rBi?Qmi � T�bbBp2 2H2K2Mi- Bi Bb b?QrM i?�i �+iBp2 +QMi`QH Bb T�`iHv /2;`�/2/
#mi �HbQ bmTTQ`i2/ �i bQK2 7`2[m2M+B2b- bT�iB�HHv �p2`�;2/ Qp2` i?2 Zw- rBi? ±8
/" 7Q` 7`2[m2M+B2b �#Qp2 �TT`QtBK�i2Hv Ryy >xX h?Bb �HbQ bmTTQ`ib i?2 /2+BbBQM Q7
�TTHvBM; pB`im�H b2MbBM; i2+?MB[m2b Q` iQ 7m`i?2` 2ti2M/ i?2 T�bbBp2 2H2K2MiX q?2M
H�`;2 AG Bb �+?B2p2/- � /`QT Q7 8 /" KB;?i #2 M2;H2+i�#H2X

S�T2` . h?2 7Qm`i? T�T2` BMp2biB;�i2b bQmM/ }2H/ `2+QMbi`m+iBQM i2+?MB[m2b rBi?
i?2 ;Q�H iQ }M/ i?2 `B;?i +�M/B/�i2 7Q` � T`QTQb2/ KQ/2H #�b2/ pB`im�H b2MbBM; K2i?Q/X
h?2 +QM+2Ti Q7 i?Bb K2i?Q/ Bb [mB+FHv BMi`Q/m+2/ �b i?2 KQiBp�iBQM 7Q` i?2 BMp2biB@
;�iBQMX Ai 7QHHQrb � `2pB2r Q7 i?`22 i2+?MB[m2b 7Q` bQmM/ }2H/ `2+QMbi`m+iBQMX h?2
}`bi Bb #�b2/ QM SH�M2 q�p2 .2+QKTQbBiBQM USq.V- i?2 b2+QM/ QM aT?2`B+�H >�`@
KQMB+b .2+QKTQbBiBQM Ua>.V �M/ i?2 i?B`/ Bb i?2 1[mBp�H2Mi aQm`+2 J2i?Q/ U1aJV-
r?B+? KQ/2Hb i?2 bQmM/ bQm`+2b �M/ ;`QmM/ `2~2+iBQMb rBi? b2ib Q7 KQMQ@TQH2bX �HH
i2+?MB[m2b �`2 bi�i2/ �b BMp2`b2 T`Q#H2Kb- r?B+? �`2 bQHp2/ rBi? i?2 ℓ1@ �M/ ℓ2@MQ`K
`2;mH�`Bb�iBQM 7Q` +QKT�`BbQMX aiBHH �BKBM; �i HQ+�H Zwab 7Q` Qmi/QQ` +QM+2`ib- `2bmHib
b?Qr i?2 `2+QMbi`m+iBQM �++m`�+v rBi?BM � `�/Bmb Q7 i?`22 K2i2`b �`QmM/ i?2 T?vbB@
+�H b2MbQ`X h?2 T2`7Q`K�M+2 K2�bm`2 Bb i?2 MQ`K�HBb2/ K2�M b[m�`2 2``Q`- r?B+? Bb
BMp2`b2Hv `2H�i2/ iQ i?2 K�tBK�H �+?B2p�#H2 AG Q7 �M �+iBp2 +QMi`QHH2`, � MQ`K�HBb2/
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K2�M b[m�`2 2``Q` Q7 @ky /" HBKBib i?2 �+iBp2 +QMi`QHH2` �i K�tBK�H ky /" AG- 7Q` 2t@
�KTH2X h?2 Ǵb2MbQ`Ǵ Bb � b2i Q7 e9 K2�bm`2K2Mi TQBMib- �``�M;2/ QM i?2 bm`7�+2 Q7 �
bT?2`2 rBi? Ry +K `�/BmbX h?Bb +?QB+2 r�b KQiBp�i2/ #v i?2 �p�BH�#BHBiv Q7 � T?vbB+�H
bT?2`B+�H KB+`QT?QM2 �``�v rBi? i?2 b�K2 /BK2MbBQMb �M/ MmK#2` Q7 b2MbQ`bX PM2
Q7 i?2 +QM};m`�iBQMb Bb b?QrM BM 6B;X kXdX h?Bb };m`2 b?Qrb � +QM};m`�iBQM r?2`2
9 bQmM/ bQm`+2b r2`2 KQ/2HH2/ rBi? e KQMQTQH2b 2�+? �i � /Bbi�M+2 Q7 k K 7`QK i?2
bT?2`B+�H b2MbQ`X h?2 ;`22M TH�M2 `2T`2b2Mib i?2 ;`QmM/ �M/ 7m`i?2` b2ib Q7 KQMQTQH2b
#2HQr i?2 ;`QmM/ `2T`2b2Mi BK�;2 bQm`+2bX h?2 #Hm2 /Qib �`2 ;`B/b Q7 KQMQTQH2b- �HbQ
+�HH2/ 2[mBp�H2Mi bQm`+2bX h?2 7�+i i?�i i?2 2[mBp�H2Mi bQm`+2b U#Hm2V �`2 �bb2K#H2/

'JHVSF ���� � +QM};m`�iBQM i?�i r�b mb2/ BM T�T2` .- 7Q` i?2 BMp2biB;�iBQM Q7 bQmM/ }2H/
`2+QMbi`m+iBQM i2+?MB[m2bX _2/ /Qib, KQMQTQH2b `2T`2b2MiBM; i`m2 bQmM/ bQm`+2b- #Hm2 /Qib,
KQMQTQH2b i?�i r2`2 mb2/ BM i?2 KQ/2H K�i`B+2b 7Q` i?2 `2+QMbi`m+iBQM Q7 i?2 bQmM/ }2H/
`2KQi2- #H�+F /Qib, i?2 bT?2`B+�H b2MbQ` �``�v- ;`22M TH�M2, � `2~2+iBp2 ;`QmM/X h?2 bQm`+2b
#2HQr i?2 ;`QmM/ `2T`2b2Mi BK�;2 bQm`+2b Q7 i?2 bQmM/ bQm`+2b �#Qp2 i?2 ;`QmM/X h?2 };m`2
Bb i�F2M 7`QK T�T2` .X

�`QmM/ i?2 bQmM/ bQm`+2b- b?Qrb i?�i T`BQ` FMQrH2/;2 �#Qmi i?2 HQ+�iBQMb Q7 i?2
bQmM/ bQm`+2b Bb mb2/X

Ai Bb +QM+Hm/2/ BM T�T2` . i?�i i?2 1aJ �M/ i?2 Sq. i2+?MB[m2 �+?B2p2 HQr
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`2+QMbi`m+iBQM 2``Q` r?2M i?2 bQmM/ bQm`+2b �`2 7�` �r�v 2p2M rBi? ;`QmM/ `2~2+@
iBQMb T`2b2Mi �M/ K2�bm`2K2Mi MQBb2 �//2/X h?2 ℓ@R MQ`K `2;mH�`Bb�iBQM T2`7Q`K2/
bmT2`BQ` 7Q` /Bbi�Mi bQm`+2b rBi? i?2 Sq.X h?2 `2+QMbi`m+iBQM �++m`�+v 7Q` +HQb2
bQmM/ bQm`+2b rBi? ;`QmM/ `2~2+iBQMb �M/ K2�bm`2K2Mi MQBb2 T`2b2Mi r�b +`BiB+�HHv
HQr 7Q` �HH i2+?MB[m2bX h?2 KQbi T`QKBbBM; `2bmHib MQM2i?2H2bb r2`2 ?2`2 �+?B2p2/
rBi? i?2 1aJ 7Q` #Qi? MQ`KbX h?2 �/p�Mi�;2 Q7 i?2 ℓ@k MQ`K `2;mH�`Bb�iBQM Qp2` i?2
ℓ@R MQ`K- Bb i?2 Km+? HQr2` +QKTmi�iBQM�H 2zQ`iX

S�T2` 1 h?2 }7i? �M/ H�bi T�T2` /2`Bp2b �M/ BMp2biB;�i2b i?2 KQ/2H #�b2/ pB`im�H
b2MbBM; i2+?MB[m2 BM /2Ti?- i?2Q`2iB+�HHv �M/ 2tT2`BK2Mi�HHvX "2+�mb2 i?2 K2i?Q/ Bb
`2H�i2/ iQ i?2 _Jh (8y)- Bi Bb +�HH2/ i?2 J"_JhX

AM T�T2` 1- i?2 Bbbm2 Q7 H�`;2 `2+QMbi`m+iBQM 2``Q` Bb �//`2bb2/ }`bi- r?B+? r�b
7QmM/ 7Q` bQm`+2b +HQb2 iQ i?2 K2�bm`2K2Mi �``�v �M/ BM i?2 T`2b2M+2 Q7 ;`QmM/
`2~2+iBQMb �M/ K2�bm`2K2Mi MQBb2X h?2 MQ`K�HBb2/ K2�M b[m�`2 2``Q` r�b ;`2�i2`
i?�M @Ry /" BM i?2 7`2[m2M+v `�M;2 Ry iQ kyy >x 7Q` �HH 2ti`�TQH�iBQM i2+?MB[m2bX �HbQ-
T?�b2 KBbK�i+?2b Q7 ;`2�i2` i?�M Ny /2;`22b Q++m``2/- r?B+? pBQH�i2b i?2 bi�#BHBiv
+`Bi2`BQM Q7 �+iBp2 �/�TiBp2 +QMi`QH- b?QrM BM (83)X JQiBp�i2/ #v (8N)- i?2 1aJ r�b
mT;`�/2/ iQ � bT?2`B+�H ?�`KQMB+b #�b2/ bQm`+2 KQ/2HHBM; �TT`Q�+? rBi? i?2 ;Q�H
iQ BM+`2�b2 i?2 bQmM/ bQm`+2 �M/ +QMb2[m2MiHv i?2 bQmM/ }2H/ KQ/2HHBM; �++m`�+vX
qBi? ?B;?2` Q`/2`b Q7 bT?2`B+�H ?�`KQMB+b- Bi Bb TQbbB#H2 iQ KQ/2H i?2 /B`2+iBpBiv
T�ii2`M Q7 � bQm`+2 �M/ mM+2`i�BMiB2b �#Qmi i?2 bQm`+2bǶ +2Mi2` HQ+�iBQMb +�M #2 T�`iHv
+QKT2Mb�i2/- �HbQ b?QrM BM (8N)X 6m`i?2`KQ`2- i?2 `2+QMbi`m+iBQM �++m`�+v +QmH/
#2 BM+`2�b2/ r?2M K2�bm`2K2Mib Q7 i?2 T?vbB+�H b2+QM/�`v T�i? i`�Mb72` 7mM+iBQMb
�`2 T`QpB/2/- BMbi2�/ Q7 QMHv mbBM; i?2 K2�bm`2/ iQi�H bQmM/ }2H/ �b BMTmi iQ i?2
`2+QMbi`m+iBQM �H;Q`Bi?KX h?Bb K2�Mb i?�i 7m`i?2` �//BiBQM�H FMQrH2/;2 �#Qmi i?2
BM?2`2Mi T?vbB+b Bb T`QpB/2/- r?B+? BM+`2�b2b i?2 �++m`�+v Q7 `2+QMbi`m+iBQMX LQi2
i?�i i?2 b2+QM/�`v T�i? i`�Mb72` 7mM+iBQMb ?�p2 iQ #2 K2�bm`2/ �Mvr�v 7Q` i?2B`
�TTHB+�iBQM BM i?2 BMpQHp2/ 6tGJa �H;Q`Bi?KX

h?2 J"_Jh r�b }M�HHv i2bi2/ BM �M �M2+?QB+ +?�K#2` �M/ `2bmHib �`2 T`2b2Mi2/
BM i?2 Q`/2` Q7 BM+`2�bBM; +QKTH2tBiv, � bBM;H2 +?�MM2H bvbi2K rBi? QM2 T`BK�`v bQm`+2-
QM2 +QMi`QH bQm`+2- QM2 T?vbB+�H 2``Q` b2MbQ` �M/ QM2 pB`im�H 2``Q` b2MbQ` URtRtRtRV-
�M/ M2ti- � KmHiB@+?�MM2H bvbi2K URtjtjkt9V- �M/ � KmHiB@+?�MM2H bvbi2K BM i?2
T`2b2M+2 Q7 rQQ/2M ~QQ` T�M2HbX

Ai Bb b?QrM i?�i i?2 J"_Jh b?Qrb p2`v bBKBH�` T2`7Q`K�M+2 �b i?2 _Jh BM
7`22 }2H/ +QM/BiBQMbX AM +QKT�`BbQM rBi? i?2 6tGJa #Qi? i2+?MB[m2b ?�/ `2/m+2/
T2`7Q`K�M+2 - 2bT2+B�HHv �i HQr 7`2[m2M+B2bX h?2 KmHiB@+?�MM2H +�b2 rBi? i?2 `2~2+@
iBp2 ~QQ` TH�i2b ?�b b?QrM i?�i i?2 J"_Jh b2p2`2Hv bmz2`b r?2M i?2 bQmM/ }2H/
+QKTH2tBiv BM+`2�b2b �M/ QMHv i?2 bQm`+2b �`2 KQ/2HH2/X >Qr2p2`- AG Q7 Ry@ky /"
r�b biBHH �+?B2p2/ 7Q` 7`2[m2M+B2b mT iQ jyy >xX Ai ?�b #22M b?QrM i?�i ?B;?2` Q`/2`b
Q7 bT?2`B+�H ?�`KQMB+b 7Q` i?2 bQm`+2 KQ/2Hb +�M BM+`2�b2 i?2 T2`7Q`K�M+2 �i ?B;?
7`2[m2M+B2b #mi i?2v �HbQ /2;`�/2/ i?2 AG �i HQr 7`2[m2M+B2bX h?Bb T?2MQK2MQM Bb
`2H�i2/ iQ i?2 +QM/BiBQM MmK#2` Q7 i?2 bvbi2K r?B+? rQmH/ `2[mB`2 QTiBK�H `2;mH�`@
Bb�iBQM iQ #2 i`2�i2/X h?2 +QM/BiBQM MmK#2` Bb H�`;2 �i HQr 7`2[m2M+B2b #2+�mb2 Q7
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i?2 bK�HH `�/Bmb Q7 i?2 bT?2`B+�H 2``Q` b2MbQ` �``�vX h?2 bT2+B}+ KQ/2HHBM; Q7 ;`QmM/
`2~2+iBQMb r�b rBi?Qmi bm++2bb �M/ Bb H27i 7Q` 7mim`2 `2b2�`+?X
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h?Bb b2+iBQM /2b+`B#2b K2i?Q/b �M/ i2+?MB[m2b i?�i 7Q`K i?2 #�bBb Q7 i?2 `2b2�`+?
+QM/m+i2/ BM i?Bb i?2bBbX q?2M2p2` �TTHB2/- i?2b2 K2i?Q/b �`2 �HbQ /2b+`B#2/ BM i?2
T�T2`b #mi 7`QK � `�i?2` bmT2`}+B�H T2`bT2+iBp2 r?2M i?2 i2+?MB[m2 Bb +QMbB/2`2/ r2HH
2bi�#HBb?2/X h?2 2tT2`i `2�/2` KB;?i DmKT iQ i?2 T�T2`b BM i?2 �TT2M/Bt /B`2+iHvX
Ai Bb rQ`i? K2MiBQMBM; ?2`2 i?�i i?2 7QHHQrBM; K�i? Bb +QMbB/2`2/ BM i?2 7`2[m2M+v
/QK�BM mMH2bb bi�i2/ Qi?2`rBb2X ai�M/�`/ MQi�iBQM Bb mb2/ 7Q` K�i`B+2b �M/ p2+iQ`b-
rBi? i?2 QMHv 2t+2TiBQM i?�i i`�Mb72` 7mM+iBQMb �`2 �Hr�vb /2MQi2/ #v +�TBi�HBb2/
H2ii2`bX h?2 +B`+mK~2t /2MQi2b 2biBK�i2/ 2MiBiB2b- � iBH/2 /2MQi2b K2�bm`2/ 2MiBiB2b-
�M/ � #�` /2MQi2b �p2`�;2 7Q` /2i2`KBMBbiB+ T�`�K2i2`b �M/ i?2 K2�M 7Q` T`Q#�#BHBbiB+
T�`�K2i2`bX h?2 bmT2`b+`BTi ·H /2MQi2b i?2 +QKTH2t +QMDm;�i2 i`�MbTQb2 �M/ ·∗ i?2
+QKTH2t +QMDm;�i2X

��� "DUJWF /PJTF $POUSPM
�/�TiBp2 �L* Bb i?2 F2v i2+?MQHQ;v BM i?Bb i?2bBb �M/ Bb #�b2/ QM �/�TiBp2 }Hi2`
i?2Q`vX o2`v +QKT`2?2MbBp2 BMi`Q/m+iBQMb BMiQ i?2 }2H/ 2tBbi (83- eyĜe9) �M/ K�Mv
/Bz2`2Mi �H;Q`Bi?Kb ?�p2 #22M bm++2bb7mHHv �TTHB2/ BM T`�+iB+2 7Q` i?2 Tm`TQb2 Q7 �+iBp2
+QMi`QH Q7 MQBb2X h?2 K2MiBQM2/ `272`2M+2b �`2 i?2 K�BM bQm`+2 Q7 `272`2M+2 BM i?2
7QHHQrBM; b2+iBQMb �M/ rBHH QMHv #2 bi�i2/ �;�BM r?2M i?2 bQm`+2b b?�HH #2 T�`iB+mH�`Hv
2KT?�bBb2/X

h?2 K�BM +H�bb Q7 �/�TiBp2 }Hi2`b Bb #�b2/ QM i?2 G2�bi J2�M a[m�`2 UGJaVX q2HH
FMQrM i2+?MB[m2b �`2 i?2 }Hi2`2/ `272`2M+2 GJa �H;Q`Bi?K U6tGJaV- i?2 _2+m`bBp2
G2�bi a[m�`2 �H;Q`Bi?K U_GaV- �{M2 S`QD2+iBQM �H;Q`Bi?Kb U�SV �M/ ai�i2 aT�+2 BK@
TH2K2Mi�iBQMb (e8Ĝed)X �HH Q7 i?2b2 �BK �i +QMp2`;BM; iQ i?2 QTiBKmK rBi? i?2 H2�bi
K2�M b[m�`2/ 2``Q`X h?2 6tGJa Bb QM2 Q7 i?2 KQbi rB/2Hv mb2/ �H;Q`Bi?Kb #2+�mb2
Bi Bb `2H�iBp2Hv 2�bv iQ BKTH2K2Mi- �M/ Bi Bb +QKTmi�iBQM�HHv 2{+B2Mi +QKT�`2/ iQ i?2
Qi?2` �H;Q`Bi?KbX >Qr2p2`- �HbQ i?2 6tGJa �H;Q`Bi?K T`Q/m+2b � +QKTmi�iBQM�H #m`@
/2M B7 �TTHB2/ BM KmHiB@+?�MM2H +QM};m`�iBQMb- r?B+? Bb #2+�mb2 �HH TQbbB#H2 T�i?b BM
#2ir22M i?2 +QMi`QH bQm`+2b �M/ 2``Q` b2MbQ`b ?�p2 iQ #2 i�F2M BMiQ �++QmMiX aT�`b2
�/�Ti�iBQM i2+?MB[m2b ?�p2 #22M BMi`Q/m+2/ iQ `2/m+2 i?2 +QKTmi�iBQM�H 2zQ`i- 7Q`
2t�KTH2- #v mT/�iBM; i?2 }Hi2` r2B;?ib �i � HQr2` `�i2X �MQi?2` +H�bb Q7 i2+?MB[m2b
i?�i i`B2b iQ `2/m+2 i?2 +QKTmi�iBQM�H 2zQ`i �`2 bm#@#�M/ }Hi2`BM; �H;Q`Bi?Kb (e3-eN)X
h?2b2 �`2 `2H�i2/ iQ KmHiB@`�i2 }Hi2`BM;- r?2`2 i?2 +QKTH2tBiv Bb `2/m+2/ #v QT2`�i@



�� � .FUIPET

BM; �i � HQr2` b�KTH2 `�i2 BM bm#@#�M/bX h?2 T`2bmK�#Hv KQbi BKTQ`i�Mi +H�bb Q7
HQr 2zQ`i i2+?MB[m2b �`2 #HQ+F@#�b2/ 7`2[m2M+v@/QK�BM BKTH2K2Mi�iBQMb (dy)X h?2
+QKTmi�iBQM�HHv 2tT2MbBp2 +QMpQHmiBQMb BM i?2 iBK2 /QK�BM #2+QK2 bBKTH2 KmHiBTHB@
+�iBQMb BM i?2 7`2[m2M+v /QK�BMX q?2M p2`v HQM; �/�TiBp2 }Hi2`b �`2 �TTHB2/- Bi Bb �HbQ
TQbbB#H2 iQ T�`iBiBQM i?2 �/�TiBp2 }Hi2`b BMiQ bK�HH2` #HQ+Fb- r?B+? +�M 7m`i?2` `2/m+2
i?2 +QKTmi�iBQM�H 2zQ`iX h?2b2 i2+?MB[m2b �`2 +�HH2/ S�`iBiBQM2/ "HQ+F 6`2[m2M+v
.QK�BM �/�TiBp2 6BHi2` US"6.�6V (dRĜdj)X

�MQi?2` +H�bb Q7 �/�TiBp2 �H;Q`Bi?Kb �`2 �/�TiBp2 722/#�+F �H;Q`Bi?KbX h?2b2
KBMBKBb2 i?2 2``Q` #v }Hi2`BM; i?2 K2�bm`2/ 2``Q` /B`2+iHvX �M �/p�Mi�;2 Bb i?�i �
`272`2M+2 bB;M�H Bb MQi M22/2/- #mi i?2 T2`7Q`K�M+2 Bb KQbiHv BM72`BQ` iQ 722/@7Q`r�`/
�TTHB+�iBQMbX q?2M `272`2M+2 bB;M�Hb �`2 �p�BH�#H2- 722/@7Q`r�`/ bi`m+im`2b b?QmH/ #2
+?Qb2M (Ry)X 622/@7Q`r�`/ +QMi`QH }Hi2`b +�M #2 �TTHB2/ 7Q` /Bz2`2Mi Tm`TQb2b HBF2
2+?Q +�M+2HH�iBQM- bvbi2K B/2MiB}+�iBQM �M/ #2�K7Q`KBM;X h?2 7Q+mb ?2`2 rBHH #2 QM
i?2 �+iBp2 +�M+2HH�iBQM Q7 bQmM/X

� 722/@7Q`r�`/ +QMi`QHH2` K�F2b mb2 Q7 6A_ }Hi2`b iQ +`2�i2 +QMi`QH bB;M�Hb u
i?�i +�M+2H i?2 bQmM/ Q7 i?2 mMr�Mi2/ T`BK�`v bQmM/ }2H/ d �i QM2 Q` KmHiBTH2 2``Q`
b2MbQ`bX 6B;m`2 jXR b?Qrb i?2 #�bB+ BKTH2K2Mi�iBQM Q7 i?2 6tGJa �H;Q`Bi?K- r?B+? Bb
rB/2Hv mb2/ 7Q` �+iBp2 MQBb2 +QMi`QHX h?2 +QMi`QH bB;M�H Bb TH�v2/ #�+F #v i?2 b2+QM/�`v
bQm`+2b- �M/ i?2 `2bmHiBM; bQmM/ T`QT�;�i2b iQr�`/b i?2 2``Q` b2MbQ`bX h?2 �+QmbiB+�H
T`QT2`iB2b Q7 i?2 b2+QM/�`v bQm`+2b- Q7 i?2 �+QmbiB+ T�i?b #2ir22M i?2 bQm`+2b �M/
i?2 b2MbQ`b- �M/ Q7 i?2 2``Q` b2MbQ`b �`2 ;2M2`�HHv +QK#BM2/ BM i?2 b2+QM/�`v T�i?
i`�Mb72` 7mM+iBQM K�i`Bt S ∈ CNe×Nc - rBi? Ne i?2 MmK#2` Q7 2``Q` b2MbQ`b �M/ Nc

i?2 MmK#2` Q7 +QMi`QH bQm`+2bX h?2 b2+QM/�`v }2H/ �i i?2 2``Q` b2MbQ`b +�M i?2`27Q`
#2 /2b+`B#2/ �b i?2 T`Q/m+i Q7 i?2 +QMi`QH bB;M�Hb �M/ i?2 b2+QM/�`v T�i?b y = Su-
r?2`2 u Bb i?2 T`Q/m+i Q7 � `272`2M+2 bB;M�H �M/ i?2 b2i Q7 +QMi`QH }Hi2`b u = wxX h?2
`2bB/m�H bQmM/ }2H/ �i i?2 2``Q` b2MbQ`b Bb i?2M 2tT`2bb2/ �b i?2 bmK Q7 i?2 T`BK�`v
�M/ b2+QM/�`v }2H/,

e = d + y = d + Su = d + Swx = Px + Swx. UjXRV

'JHVSF ���� "HQ+F /B�;`�K Q7 i?2 6tGJa �H;Q`Bi?KX h?2 6tGJa Bb QM2 Q7 i?2 KQbi rB/2Hv
mb2/ 722/ 7Q`r�`/ +QMi`QH �`+?Bi2+im`2bX
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����� -FBTU .FBO 4RVBSF BMHPSJUIN
h?2 #HQ+F M�K2/ ǴGJaǴ /2MQi2b i?2 H2�bi K2�M b[m�`2 �H;Q`Bi?K- r?B+? +QKTmi2b
i?2 mT/�i2 Q7 i?2 +QMi`QH }Hi2`bX h?2 GJa Bb �M QTiBKBb�iBQM i2+?MB[m2 i?�i KBMBKBb2b
� [m�/`�iB+ +Qbi 7mM+iBQM- i?2 K2�M b[m�`2 2``Q`

J2 = ||e||22 = ||d + y||22 = ||d + Swx||22. UjXkV

h?2 b[m�`2/ 2``Q` Bb bBKTH2 iQ bQHp2 #2+�mb2 Bi 7Q`Kb � +QMp2t QTiBKBb�iBQM T`Q#H2K
r?B+? ?�b � mMB[m2 bQHmiBQM (d9)X h?2 QTiBKBb�iBQM T`Q#H2K +�M #2 bi�i2/ �b

wopt = min
w

||d + Swx||22. UjXjV

PMHv � bBM;H2 `272`2M+2 bB;M�H Bb +?Qb2M 7Q` i?2 `2pB2r T`2b2Mi2/ ?2`2 #2+�mb2 i?2
KmHiBTH2 `272`2M+2 bB;M�H +�b2 Bb KQ`2 +QKTH2t iQ bQHp2X h?2 ;`�/B2Mi #2+QK2b �
/2`Bp�iBp2 rBi? `2bT2+i iQ � +QKTH2t K�i`BtX Ai Bb bi`�B;?i7Q`r�`/ iQ 2ti2M/ i?2
`2bmHib iQ KmHiBTH2 BM/2T2M/2Mi bBM;H2@+?�MM2H `272`2M+2 bvbi2KbX 1[X jXj +�M i?2M
#2 bQHp2/ rBi? i?2 JQQ`2@S2M`Qb2 Tb2m/QBMp2`b2X

wopt = S†P UjX9V
= (SHS)−1SHP. UjX8V

h?2 H2�bi K2�M b[m�`2 bQHmiBQM BM 1[X jX8 Bb mMB[m2- 2p2M r?2M S Bb `�MF /2}+B2MiX
.Bz2`2Mi MQ`Kb ?�p2 #22M �TTHB2/ iQ KBMBKBb2 i?2 +Qbi 7mM+iBQM- �b r2HH �b KBt2/
MQ`Kb (d8)c #mi /Bz2`2Mi MQ`Kb +`2�i2 � MQM@[m�/`�iB+ T2`7Q`K�M+2 bT�+2 BM r?B+?
HQ+�H KBMBK� 2tBbiX Ai Bb- i?2`27Q`2- /B{+mHi iQ 7Q`2b22 B7 i?2 �H;Q`Bi?K +QMp2`;2b iQ �
HQ+�H Q` i?2 ;HQ#�H KBMBKmK- b22 a�v2/ kyy3 b2+iBQM 3Xj (ek)X q2 biB+F iQ i?2 ℓ2@MQ`K
BM i?2 7QHHQrBM;X h?2 bQHmiBQM Q7 1[X jX8 Bb �M�HviB+ �M/ +�M #2 +QKTmi2/ Q|BM2
#�b2/ QM 2biBK�i2b Q7 i?2 T`BK�`v �M/ b2+QM/�`v T�i? i`�Mb72` 7mM+iBQM K�i`B+2bX AM
T`�+iB+2 i?Qm;?- i?2 T`BK�`v T�i? i`�Mb72` 7mM+iBQM K�i`Bt KB;?i #2 iBK2@p�`vBM;- Q`
Bi Bb Q7 ;`2�i 2zQ`i iQ K2�bm`2 i?2 BMpQHp2/ i`�Mb72` 7mM+iBQMbX �M Bi2`�iBp2 �TT`Q�+?
Bb i?2`27Q`2 Q7i2M mb2/ BM T`�+iB+2 #�b2/ QM i?2 ai22T2bi .2b+2Mi �H;Q`Bi?K-

w(N + 1) = w(N) − µ∇J2(N) UjXeV
= w(N) − µ(Sx(N))He(N). UjXdV

L Bb � #HQ+FrBb2 iBK2 BM/2t- �M/ µ Bb � bi2T bBx2 7�+iQ`X h?2 i2`K 7Q` i?2 ;`�/B2Mi
BM 1[X jXd Bb Q#i�BM2/ 7`QK i?2 iBK2 /QK�BM /2`Bp�iBQM Q7 i?2 ;`�/B2MiX Sx(N))H Bb
i?2 i`�MbTQb2/ +QKTH2t +QMDm;�i2 Q7 i?2 }Hi2`2/ `272`2M+2 bB;M�H Fx = Sx �M/ i?2
KmHiBTHB+�iBQM rBi? i?2 7QHHQrBM; 2``Q` i2`K 7Q`Kb � +`Qbb@+Q``2H�iBQMX 1[X jXd bi�i2b
i?�i � bK�HH T�`i Q7 i?2 +`Qbb@+Q``2H�iBQM #2ir22M i?2 2``Q` �M/ i?2 }Hi2`2/ `272`2M+2
bB;M�H Bb mb2/ iQ mT/�i2 i?2 }Hi2` r2B;?ibX h?Bb Bb i?2 bBKTH2bi 7Q`K Q7 i?2 6tGJa
�H;Q`Bi?KX hvTB+�H �/DmbiK2Mib �`2 /2b+`B#2/ BM i?2 7QHHQrBM;X
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����� $BVTBMJUZ $POTUSBJOU

h?2 mT/�i2 2[m�iBQM jXd mT/�i2b i?2 +QKTH2t +Q2{+B2Mi Q7 i?2 +QMi`QH }Hi2`b 7Q` � bBM@
;H2 7`2[m2M+v QMHv #mi Bb �TTHB2/ iQ �HH 7`2[m2M+B2b #BMb BM � 7`�K2 Q7 � .Bb+`2i2 6Qm`B2`
h`�Mb7Q`K U.6hV BM T`�+iB+2X h?2 #HQ+FrBb2 +`Qbb@+Q``2H�iBQM BM i?2 7`2[m2M+v /Q@
K�BM ?�b � +B`+mH�` T`QT2`ivX h?2 i2`K BM 1[X jXd +�M i?2`27Q`2 +QMi�BM �`i27�+ib-
r?B+? Bb T`2p2Mi2/ BM T`�+iB+2 #v �TTHvBM; � +�mb�HBiv +QMbi`�BMiX h?2 KQbi bi`�B;?i@
7Q`r�`/ i2+?MB[m2 Bb iQ �TTHv 6�bi 6Qm`B2` h`�Mb7Q`Kb U66hbV Q7 /Qm#H2@H2M;i?- r?B+?
�HHQr 7Q` +miiBM; Qmi +B`+mH�` 2z2+ib BM i?2 iBK2 /QK�BMX 6B;X jXk b?Qrb i?2 �TTHB+�@
iBQM Q7 i?2 +�mb�HBiv +QMbi`�BMi BM i?2 7`2[m2M+v /QK�BMX h?2 +QMb2[m2M+2 Q7 mbBM;
i?2 +�mb�HBiv +QMbi`�BMi Bb i?�i QM2 �//BiBQM�H T�B` Q7 � 7Q`r�`/ �M/ �M BMp2`b2 66h Bb
M22/2/- r?B+? �`2 i?2 KQbi 2tT2MbBp2 QT2`�iBQMb BM i?2 +QMi`QH HQQT BM i2`Kb Q7 +QK@
Tmi�iBQM�H 2zQ`iX Ai Bb �HbQ TQbbB#H2 iQ QKBi i?2 +�mb�HBiv +QMbi`�BMiX q?2M MQM@+�mb�H
+QKTQM2Mib b?Qr mT BM i?2 mT/�i2 i2`K- #Qi? bi`�i2;B2b rBHH +�mb2 �M 2``Q`, r?BH2
i`mM+�iBQM rBHH `2bmHi BM HQr2` +QMi`QH 2zQ`i- QKBiiBM; i?2 +QMbi`�BMi rBHH BM+`2�b2 i?2
2zQ`i #2+�mb2 MQM@+�mb�H +QKTQM2Mib �// 2M2`;v iQ i?2 +QMi`QH }Hi2`bX h?2 +�mb�HBiv
+QMbi`�BMi Bb ;2M2`�HHv �TTHB2/ BM i?Bb rQ`FX

'JHVSF ���� "HQ+F /B�;`�K Q7 i?2 6tGJa rBi? 2tTHB+Bi ;`�T?B+ �++QmMi Q7 i?2 +�mb�HBiv +QM@
bi`�BMiX h?2 /B�;`�K Bb `2T`2b2Mi2/ BM i?2 iBK2 /QK�BM- BM/B+�i2/ rBi? i?2 bm#b+`BTi t- i?2
+�mb�HBiv +QMbi`�BMi Bb �TTHB2/ BM i?2 7`2[m2M+v /QK�BM 7`�K2/ rBi? � #Hm2 #QtX α `2T`2b2Mib
� MQ`K�HBb2/ bi2T bBx2 7�+iQ` �M/ Bb ;Bp2M BM 1[X jXNX
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����� /PSNBMJTBUJPO
"2bB/2b i?2 ;`�/B2Mi /2b+2Mi- Qi?2` Bi2`�iBp2 �H;Q`Bi?Kb �`2 FMQrM 7`QK i?2 �`2� Q7
QTiBKBb�iBQM (de)- r?B+? �`2 bm++2bb7mHHv �TTHB2/ BM T`�+iB+2X h?2 L2riQM K2i?Q/-
7Q` 2t�KTH2- BM+Hm/2b i?2 >2bbB�M K�i`Bt BM i?2 /2MQKBM�iQ` Q7 i?2 mT/�i2 i2`K
−(∇2J2)−1∇J2- r?B+? Bb i?2 b2+QM/ /2`Bp�iBp2 Q7 i?2 +Qbi 7mM+iBQMX h?Bb H2�/b iQ i?2
KQ/B}2/ mT/�i2 2[m�iBQM

w(N + 1) = w(N) − µ(/B�;
(
FH(N)F(N)

)
+ λI)−1FH(N)e(N), UjX3V

r?2`2 F = Sx Bb i?2 }Hi2`2/ `272`2M+2 bB;M�H K�i`Bt- �M/ /B�; BM/B+�i2b i?�i QMHv i?2
/B�;QM�H +QKTQM2Mib Q7 i?2 K�i`Bt �`2 +QMbB/2`2/X λ Bb � `2;mH�`Bb�iBQM 7�+iQ`- �M/ I
i?2 B/2MiBiv K�i`BtX L2riQMǶb �H;Q`Bi?K Bb `2H�i2/ iQ i?2 2t�+i H2�bi@b[m�`2b bQHmiBQM
BM 1[X jX8 �M/ +�M BM/22/ +QMp2`;2 iQ i?2 QTiBK�H bQHmiBQM BM QM2 bi2TX h?Bb +�M
#2 2�bBHv p2`B}2/ rBi? λ = 1- F = Sx �M/ 1[X jXRX AM T`�+iB+2 K2�bm`2K2Mi MQBb2
Bb T`2b2Mi �i i?2 2``Q` b2MbQ`b- �M/ i?2 b2+QM/�`v T�i? 2biBK�i2 +QMi�BMb 2``Q`- bQ
i?�i � µ < 1 ?�b iQ #2 +?Qb2M- r?B+? bHQrb /QrM i?2 +QMp2`;2M+2 Q7 i?2 �H;Q`Bi?K
iQ i?2 QTiBK�H bQHmiBQMX 1[X jX3 Bb +�HH2/ i?2 MQ`K�HBb2/ 6tGJa �H;Q`Bi?KX h?2
MQ`K�HBb�iBQM i2`K Bb

α(N) = µ(/B�;
(
FH(N)F(N)

)
+ λI)−1. UjXNV

LQi2 i?�i α Bb � /B�;QM�H K�i`Bt �M/ i?2`2rBi? �MQi?2` 2t+2TiBQM 7`QK bi�M/�`/
MQi�iBQMX

����� 3FHVMBSJTBUJPO
� rB/2Hv mb2/ �/�Ti�iBQM Q7 i?2 +Qbi 7mM+iBQM Bb � T2M�Hiv QM i?2 +QMi`QH r2B;?ib-
H2�/BM; iQ � `2;mH�`Bb2/ QTiBKBb�iBQM T`Q#H2K rBi? i?2 `2;mH�`Bb�iBQM 7�+iQ` β,

min
w

{
||Px + Swx||22 + β||w||22

}
. UjXRyV

h?2 `2;mH�`Bb2/ H2�bi b[m�`2b bQHmiBQM Bb

wopt = (SHS + βI)−1SHP, UjXRRV

r?B+? H2�/b iQ i?2 H2�Fv 6tGJa �H;Q`Bi?K- r?2M mb2/ BM +QMDmM+iBQM rBi? L2riQMǶb
K2i?Q/,

w(N + 1) = (I − βα(N))w(N) − α(N)FHe(N). UjXRkV
1[X jXRk bi�i2b i?2 mM+QMbi`�BM2/ H2�Fv 6tGJaX h?2 +�mb�HBiv +QMbi`�BMi +�M #2
�TTHB2/ �++Q`/BM; iQ i?2 b+?2K�iB+ b?QrM BM 6B;X jXkX 6Q` i?2 +�mb�HBiv +QMbi`�BMi
#�b2/ QM ?QKQKQ`T?B+ BMp2`b2 }Hi2`BM; (dd)- Bi Bb `272``2/ iQ 1HHBQii (83) b2+iBQM 8XeX

h?2 H2�F�;2 7�+iQ` K�F2b i?2 bvbi2K `Q#mbi �;�BMbi K2�bm`2K2Mi MQBb2 �i i?2
2``Q` b2MbQ`b �M/ 2``Q` BM i?2 b2+QM/�`v T�i? 2biBK�i2bX Ai +QMbi`�BMb i?2 QmiTmi Q7
i?2 }Hi2` r2B;?ib �M/ bKQQi?b i?2 +QMi`QH bQm`+2 2zQ`i (d3)X Ai Bb �HbQ BMi`Q/m+BM; �
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#B�b �M/ /2;`�/2b- i?2`27Q`2- i?2 T2`7Q`K�M+2 Q7 i?2 +QMi`QHH2`X h?Bb #2+QK2b Q#pBQmb
r?2M Bi Bb �bbmK2/ i?�i i?2 `272`2M+2 bB;M�H Bb x2`Q- r?B+? +�mb2b i?2 }Hi2` +Q2{+B2Mib
iQ 7�/2 iQr�`/b x2`QX h?2 H2�F�;2 i2`K β Bb ?2`2 � +QMbi�Mi 7�+iQ`- BM/2T2M/2Mi Q7
i?2 7`2[m2M+vX Ai Bb Q7i2M imM2/ 2tT2`BK2Mi�HHv- r?B+? ?�b �HbQ #22M /QM2 BM i?2
2tT2`BK2Mib `2H�i2/ iQ i?Bb i?2bBbX �b �M �Hi2`M�iBp2- i?2 Gv�TmMQp imMBM; i2+?MB[m2
?�b #22M T`QTQb2/ (dN) iQ +?QQb2 i?2 H2�F�;2 �M/ i?2 bi2T bBx2 7�+iQ`bX "Qi? 7�+iQ`b
�`2 iBK2@p�`vBM; BM i?Bb i2+?MB[m2X

��� 4PVOE 'JFME &YUSBQPMBUJPO
6Qm` bQmM/ }2H/ `2+QMbi`m+iBQM i2+?MB[m2b �`2 `2pB2r2/ BM i?Bb b2+iBQM r?B+? �`2 mb2/
BM i?2 T�T2`b . iQ 1X h?2b2 i2+?MB[m2b �`2 �HbQ T`2b2Mi2/ BM i?2 T�T2`b #mi rBi? 72r2`
/2i�BHbX

����� 1MBOF XBWF EFDPNQPTJUJPO
h?2 Sq. i2+?MB[m2 Bb mb2/ iQ KQ/2H `2p2`#2`�Mi bT�+2b- HBF2 `QQKb (3yĜ3k)X Ai Bb
�bbmK2/ i?�i � /Bzmb2 bQmM/ }2H/ +�M #2 KQ/2HH2/ #v i?2 bmT2`TQbBiBQM Q7 � }MBi2
b2i Q7 TH�M2 r�p2bX h?2 i2+?MB[m2 Bb /2`Bp2/ BM i?2 7QHHQrBM;X G2i p #2 � T`2bbm`2 �i
� HQ+�iBQM r BMbB/2 � bQm`+2 7`22 /QK�BM ΩX p +�M i?2M #2 �TT`QtBK�i2/ #v � b2`B2b
Q7 TH�M2 r�p2b 7Q` � +QMbi�Mi 7`2[m2M+v ω (3j) rBi?

p(ω, r) ≈
Nj∑

j=1
xjejkj ·r + n(ω, r), UjXRjV

r?2`2 xj Bb i?2 ji? +QKTH2t +Q2{+B2Mi Q7 i?2 ji? TH�M2 r�p2 �M/ n Bb �//BiBp2 :�mbbB�M
MQBb2X h?2 r�p2MmK#2` p2+iQ` k TQBMib BM i?2 /B`2+iBQM Q7 i?2 TH�M2 r�p2b- �M/ r Bb
i?2 TQbBiBQM p2+iQ` Q7 i?2 Q#b2`p�iBQM TQBMi BM j. *�`i2bB�M +QQ`/BM�i2bX h?Bb b2`B2b
+�M #2 2tT`2bb2/ BM K�i`Bt 7Q`K-

p = Hx + n. UjXR9V

H ∈ CNe×Nj +QMi�BMb i?2 TH�M2@r�p2 #�bBb 7mM+iBQMb �M/ `2H�i2b i?2K iQ i?2 Q#b2`p2/
T`2bbm`2b p ∈ CNe×1 �i i?2 TQBMib ri BM j. bT�+2 rBi? Hij = ejkjri ,

H =

⎡

⎢⎢⎢⎢⎣

ejkH
1 r1 ejkH

2 r1 ejkH
3 r1 ... e

jkH
Nj

r1

ejkH
1 r2 ejkH

2 r2 ejkH
3 r2 ... e

jkH
Nj

r2

... ... ... ... ...

ejkH
1 rNe ejkH

2 rNe ejkH
3 rNe ... e

jkH
Nj

rNe

⎤

⎥⎥⎥⎥⎦
UjXR8V

h?2 p2+iQ` x ∈ CNj +QMbBbib Q7 +QKTH2t TH�M2 r�p2 +Q2{+B2Mib �M/ n ∈ CNe×1 Bb i?2
+QKTH2t MQBb2 p2+iQ` /`�rM 7`QK � :�mbbB�M T`Q+2bb rBi? � /2}M2/ p�`B�M+2X 1ti`�T@
QH�iBQM Q7 � bQmM/ }2H/ Bb 2t2+mi2/ �b 7QHHQrbX � b2i Q7 Ne /Bbi`B#mi2/ K2�bm`2K2Mib
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BM bT�+2 Bb i�F2M- pB`im�HHv BM bBKmH�iBQMb �M/ rBi? T?vbB+�H KB+`QT?QM2b BM `2�HBivX
h?2 *�`i2bB�M +QQ`/BM�i2b Q7 i?2 b2MbQ` HQ+�iBQMb �`2 mb2/ iQ +QMbi`m+i H 7Q` i?2
7`2[m2M+B2b Q7 BMi2`2biX h?2 +Q2{+B2Mi p2+iQ` x +�M i?2M #2 7QmM/ #v bQHpBM; i?2
BMp2`b2 T`Q#H2K

x = H†p, UjXReV
r?2`2 ·† /2MQi2b i?2 hBF?QMQp `2;mH�`Bb2/ Tb2m/QBMp2`b2X .Bz2`2Mi `2;mH�`Bb�iBQM
i2+?MB[m2b �`2 /Bb+mbb2/ BM i?2 HBi2`�im`2X h?2 7�+i i?�i i?2 bQmM/ }2H/ BM �M Qmi/QQ`
+QM+2`i Bb KQbi HBF2Hv bT�`b2- K2�MBM; i?�i Bi Bb +�mb2/ #v QMHv � 72r bQm`+2b �M/
i?2B` `2~2+iBQMb- ;Bp2b `Bb2 iQ i?2 B/2� Q7 mbBM; `2;mH�`Bb�iBQM i2+?MB[m2b i?�i T`QKQi2
bT�`bBivX h?2`27Q`2- �//BiBQM�HHv iQ i?2 H2�bi@b[m�`2b �TT`Q�+? Uℓ2@MQ`KV- i?2 ℓ1@MQ`K
?�b #22M mb2/ �M/ +QKT�`2/ BM T�T2` . 7Q` bQmM/ }2H/ `2+QMbi`m+iBQM �M/ rBHH #2
`2pB2r2/ BM b2+iBQM jXkXdX qBi? i?2 Q#i�BM2/ +Q2{+B2Mib p2+iQ` x Bi Bb TQbbB#H2 iQ
T`2/B+i i?2 T`2bbm`2b p̃ BM �`#Bi`�`v HQ+�iBQMb rR ∈ Ω rBi?

p̃ = HRx. UjXRdV

LQr�FQrbFB 2i �HX T`QpB/2/ �M 2biBK�i2 Q7 i?2 KBMBKmK MmK#2` Q7 TH�M2 r�p2b
i?�i �`2 M22/2/ iQ �TT`QtBK�i2 � bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb >2HK?QHix 2[m�iBQM
BM i?2 j. /QK�BM Ω rBi? i?2 +?�`�+i2`BbiB+ `�/Bmb αω, Nj ≈ ([kαω] + 1)2 (39)X 6Q`
2t�KTH2- ≈ 100 TH�M2 r�p2b �`2 `2+QKK2M/2/ 7Q` i?2 `2T`2b2Mi�iBQM Q7 � bQmM/ }2H/
BM � bT?2`B+�H /QK�BM rBi? `�/Bmb R K �M/ 7Q` 7`2[m2M+B2b mT iQ 8yy >xX � H�`;2
MmK#2` Q7 TH�M2 r�p2b H2�/b iQ BHH@TQb2/ K�i`B+2b BM T`�+iB+2 r?2M i?2 MmK#2` Q7
T?vbB+�H K2�bm`2K2Mib Ne < Nj X h?2`27Q`2- i?2 BMp2`b2 T`Q#H2K BM 1[X jXRe ?�b iQ
#2 `2;mH�`Bb2/ rBi? hBF?QMQp Uℓ2@MQ`KV Q` G�bbQ Uℓ1@MQ`KV- b22 b2+iBQM jXkXdX

����� 4QIFSJDBM IBSNPOJDT EFDPNQPTJUJPO
h?2 b2+QM/ bQmM/ }2H/ 2ti`�TQH�iBQM i2+?MB[m2 Bb /B`2+iHv `2H�i2/ iQ Sq.X h?2 a>.
r?B+? Bb `2H�i2/ iQ i?2 bT?2`B+�H 6Qm`B2` i`�Mb7Q`K- Bb �M 2bi�#HBb?2/ K2i?Q/ 7Q` bQmM/
}2H/ �M�HvbBb �M/ `2+QMbi`m+iBQM (38Ĝ33)X h?2 a>. Bb i?2 bQHmiBQM iQ i?2 >2HK?QHix
2[m�iBQM BM j.- BM bT?2`B+�H +QQ`/BM�i2bX h?2 +QQ`/BM�i2 bvbi2K Bb b?QrM BM 6B;X jXjX
� TQBMi BM bT�+2 +�M #2 /2i2`KBM2/ rBi? i?2 i`BTH2i (r, φ, θ)- rBi? r i?2 `�/B�H /Bbi�M+2
iQ i?2 Q`B;BM- θ ∈ [0, π] i?2 x2MBi? �M;H2- �M/ φ ∈ [−π, π) i?2 �xBKmi? �M;H2X h?2
TQH�` +QQ`/BM�i2b �`2 `2H�i2/ iQ i?2 *�`i2bB�M +QQ`/BM�i2b rBi?

x = r sin θ sin φ r =
√

x2 + y2 + z2

y = r sin θ cos φ θ = tan−1(
√

x2 + y2/z)
z = r cos φ φ = tan−1(y/z).

h?2 >2HK?QHix 2[m�iBQM BM bT?2`B+�H +QQ`/BM�i2b Bb UqBHHB�Kb (38) 1[X eXkV

δ2p

δr2 + 2
r

δp

δr
+ 1

r2
δ2p

δθ2 + 1
r2 tan θ

δp

δθ
+ 1

r2 sin2 θ

δ2p

δφ2 + k2p = 0. UjXR3V
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'JHVSF ���� h?2 j /BK2MbBQM�H bT?2`B+�H +QQ`/BM�i2 bvbi2KX h�F2M 7`QK �;k;�2?- ** "u@a�
9Xy- pB� qBFBK2/B� *QKKQMb

oB� b2T�`�iBQM Q7 p�`B�#H2b i?2 bQHmiBQM iQ 1[X jXR3 Bb Q#i�BM2/

p(r, θ, φ) =
∞∑

n=0

n∑

m=−n

Bmnh(2)
n (kr)Y m

n (θ, φ), UjXRNV

r?2`2 Y m
n (θ, φ) �`2 i?2 bT?2`B+�H ?�`KQMB+b /2b+`B#BM; i?2 �M;mH�` /2T2M/2M+v- h(2)

n

�`2 i?2 bT?2`B+�H >�MF2H 7mM+iBQMb Q7 i?2 b2+QM/ FBM/ `2T`2b2MiBM; i?2 `�/B�H /2T2M@
/2M+v �M/ Bnm ∈ C �`2 i?2 +Q2{+B2Mib Q7 i?2 i`�Mb7Q`KX h?2 bT?2`B+�H >�MF2H
7mM+iBQMb �`2 /2}M2/ �b

h(2)
n (kr) = Dm(kr) − jvm(kr), UjXkyV

r?2`2 Dm �`2 i?2 bT?2`B+�H "2bb2H 7mM+iBQMb �M/ vm i?2 bT?2`B+�H L2mK�MM 7mM+iBQMb-
r?B+? �`2 �HbQ THQii2/ BM 6B;X jX9 h?2 bT?2`B+�H L2mK�MM 7mM+iBQMb p�MBb? iQ BM}MBiv
�i i?2 Q`B;BM Q7 i?2 bT?2`2 �b b?QrM BM 6B;X jX9 U#VX h?Bb HBKBib i?2 a>. BM T`�+@
iB+2 r?2M i?2 bQmM/ }2H/ Bb iQ #2 `2+QMbi`m+i2/ +HQb2 iQ i?2 bQm`+2X h?2 bT?2`B+�H
?�`KQMB+b Q7 /2;`22 n �M/ Q`/2` m �`2 2tT`2bb2/ rBi?

Y m
n (θ, φ) =

√
(2n + 1)

4π

(n − m)!
(n + m)!P

m
n (cos(θ))ejmφ, UjXkRV

r?2`2 P m
n �`2 i?2 �bbQ+B�i2/ G2;2M/`2 TQHvMQKB�Hb- i?2 bQHmiBQM iQ i?2 G2;2M/`2

/Bz2`2MiB�H 2[m�iBQMX h?2 a>. Bb �TTHB2/ BM i?Bb i?2bBb 7Q` i?2 `2+QMbi`m+iBQM Q7 �
bQmM/ }2H/ �i HQ+�iBQMb `2KQi2 7`QK � bT?2`B+�H KB+`QT?QM2 �``�v- r?B+? Bb /2b+`B#2/
M2tiX

https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
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	B
 	C


'JHVSF ���� h?2 bT?2`B+�H "2bb2H 7mM+iBQMb U�V �M/ L2mK�MM 7mM+iBQM U#V mT iQ KQ/2 m = 4

����� 4QIFSJDBM IBSNPOJDT CBTFE FYUSBQPMBUJPO
�M BMi2`BQ` /QK�BM T`Q#H2K Bb 7�+2/ r?2M i?2 bQm`+2b i?�i +�mb2 i?2 bQmM/ }2H/ Q7
BMi2`2bi �`2 HQ+�i2/ QmibB/2 i?2 `2;BQM i?�i Bb #QmM/2/ #v � b2i Q7 K2�bm`2K2Mib Q`
i?2 KQbi /Bbi�Mi TQBMib Q7 `2+QMbi`m+iBQM UqBHHB�Kb +?�Ti2` dXkVX h?2 bQHmiBQM BM 1[X
jXRN i?2M +QMbBbib Q7 i?2 bT?2`B+�H "2bb2H 7mM+iBQMb QMHv- r?B+? �`2 }MBi2 �i i?2 Q`B;BM,

p(r, θ, φ) =
∞∑

n=0

n∑

m=−n

Bmnjn(kr)Y m
n (θ, φ). UjXkkV

q?2M KB+`QT?QM2b �`2 mb2/ iQ b�KTH2 i?2 bQmM/ }2H/ QM i?2 bm`7�+2 Q7 � bT?2`2-
r?B+? Bb +2Mi`2/ �i i?2 Q`B;BM- i?2 K2�bm`2/ T`2bbm`2b p +�M #2 /2b+`B#2/ �b � HBM2�`
+QK#BM�iBQM Q7 bT?2`B+�H ?�`KQMB+b- r?B+? +�M #2 2tT`2bb2/ BM K�i`Bt 7Q`K �M/ bQHp2/
7Q` � b2i Q7 +Q2{+B2Mib b pB� i?2 Tb2m/QBMp2`b2

b = H†p, UjXkjV

rBi?

H =

⎡

⎢⎢⎣

j0(kr1)Y 0
0 (θ1, φ1) j1(kr1)Y −1

1 (θ1, φ1) ... jN (kr1)Y N
N (θ1, φ1)

j0(kr2)Y 0
0 (θ2, φ2) j1(kr2)Y −1

1 (θ2, φ2) ... jN (kr2)Y N
N (θ2, φ2)

... ... ... ...
j0(krNe)Y 0

0 (θNe , φNe) j1(krNe)Y −1
1 (θNe , φNe) ... jN (krNe)Y N

N (θNe , φNe)

⎤

⎥⎥⎦

UjXk9V
ri = a Bb ?2`2 i?2 `�/Bmb Q7 i?2 K2�bm`2K2Mi bT?2`2- r?B+? Bb +QMbi�MiX _2+QMbi`m+iBQM
+�M i?2M #2 2t2+mi2/ �b 7QHHQrb

p̃R = HRb, UjXk8V
r?2`2 i?2 bm#b+`BTi R /2MQi2b �M �/�TiBQM Q7 i?2 `�/B�H /2T2M/2Mi p2+iQ` �M/ K�i`Bt
2H2K2Mib �++Q`/BM; iQ i?2 `2KQi2 HQ+�iBQMb �i r?B+? `2+QMbi`m+iBQM Bb r�Mi2/X b Bb
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i?2 p2+iQ` Q7 i?2 +Q2{+B2Mib Bmn �M/ p̃R i?2 p2+iQ` Q7 `2+QMbi`m+i2/ T`2bbm`2b �i i?2
`2KQi2 HQ+�iBQMb rRX

AM T`�+iB+2- 1[X jXkk Kmbi #2 i`mM+�i2/ �i /2;`22 N ,

p(r, θ, φ) =
N∑

n=0

n∑

m=−n

Bmnjn(kr)Y m
n (θ, φ). UjXkeV

h?2 `2+QKK2M/2/ Q`/2` Q7 i`mM+�iBQM 7Q` i?2 `2+QMbi`m+iBQM Q7 � bQmM/ }2H/ Bb N > kr
�M/ N > krR,max- r?2`2 k Bb i?2 r�p2MmK#2`- r i?2 `�/Bmb Q7 i?2 K2�bm`2K2Mi
bT?2`2- �M/ rR,max i?2 /Bbi�M+2 iQ i?2 7�`i?2bi `2+QMbi`m+iBQM TQBMiX � HQr2` N
rBHH bB;MB}+�MiHv BM+`2�b2 i?2 `2+QMbi`m+iBQM 2``Q` (3d)X q?BH2 i?2 Q`/2` Q7 i?2 bT?2`@
B+�H ?�`KQMB+b /2+QKTQbBiBQM HBKBib i?2 /Bbi�M+2 7`QK i?2 K2�bm`2K2Mi bT?2`2 7Q`
�++m`�i2 `2+QMbi`m+iBQM- �MQi?2` �bT2+i #2?�p2b BM i?2 QTTQbBi2 K�MM2`X "2+�mb2
i?2 K�;MBim/2b Q7 i?2 bT?2`B+�H "2bb2H 7mM+iBQMb p�MBb? iQ x2`Q rBi? kr → 0 �M/
n > 0- i?2 2Mi`B2b BM i?2 K�i`Bt jXk9 rBHH /2+`2�b2 iQ p2`v bK�HH p�Hm2b �M/ TQi2M@
iB�HHv �KTHB7v K2�bm`2K2Mi MQBb2 �i i?2 KB+`QT?QM2b /m2 iQ i?2 BMp2`bBQMX h?2 /2+�v
Q7 i?2 bT?2`B+�H "2bb2H 7mM+iBQMb Bb bi22T2` 7Q` ?B;?2` Q`/2`b- �M/ i?2 i`mM+�iBQM Q7
i?2 Q`/2` +�M i?2`27Q`2 #2 #2M2}+B�H iQ `2/m+2 i?2 b2MbBiBpBiv Q7 i?2 /2+QKTQbBiBQM
iQ K2�bm`2K2Mi MQBb2X �MQi?2` �bT2+i i?�i /2i2`KBM2b i?2 bm++2bb Q7 i?2 a>. Bb �
bm{+B2MiHv /2Mb2 bT�iB�H b�KTHBM;- K2�MBM; i?�i i?2 K2�bm`2K2Mi bT?2`2 ?�b � bm7@
}+B2Mi MmK#2` Q7 KB+`QT?QM2b iQ �pQB/ bT�iB�H �HB�bBM;X h?2 `2[mB`2K2Mi Q7 N > kr
�M/ N > krR,max /2i2`KBM2b �HbQ i?2 K�tBK�H 7`2[m2M+v iQ #2 `2+QMbi`m+i2/ rBi?
HQr 2``Q`, f < Nc/(2πr)X

����� 4QIFSJDBM IBSNPOJDT CBTFE TPVSDF NPEFMMJOH
a>. ?�b �HbQ #22M mb2/ BM T�T2` 1 7Q` i?2 KQ/2HHBM; Q7 +QKTH2t bQmM/ bQm`+2bX h?2
bT?2`B+�H ?�`KQMB+b bQm`+2 KQ/2HHBM; i2+?MB[m2 rBHH #2 +�HH2/ aT?2`B+�H >�`KQMB+b
aQm`+2 .2+QKTQbBiBQM Ua>aV BM i?2 7QHHQrBM;X h?2 bvbi2K K�i`Bt Bb +QMbi`m+i2/ HBF2
b?QrM BM 1[bX jXkk @ jXk8 rBi? i?2 /Bz2`2M+2 i?�i i?2 bT?2`B+�H "2bb2H 7mM+iBQM Bb
`2TH�+2/ rBi? i?2 bT?2`B+�H >�MF2H 7mM+iBQMX h?Bb H2�/b iQ �M mT/�i2 Q7 i?2 bvbi2K
K�i`Bt

Ha>a =

⎡

⎢⎢⎣

h0(kr1)Y 0
0 (θ1, φ1) h1(kr1)Y −1

1 (θ1, φ1) ... hN (kr1)Y N
N (θ1, φ1)

h0(kr2)Y 0
0 (θ2, φ2) h1(kr2)Y −1

1 (θ2, φ2) ... hN (kr2)Y N
N (θ2, φ2)

... ... ... ...
h0(krNe)Y 0

0 (θN , φN ) h1(krNe)Y −1
1 (θNe , φNe) ... hN (krNe)Y N

N (θNe , φNe)

⎤

⎥⎥⎦

UjXkdV
�MQi?2` /Bz2`2M+2 Bb i?�i i?2 i?2 Q`B;BM Q7 i?2 `272`2M+2 +QQ`/BM�i2 bvbi2K Bb MQi �i
i?2 +2Mi2` Q7 bT?2`B+�HX KB+`QT?QM2 �``�v- BMbi2�/ Bi Bb �i i?2 Q`B;BM Q7 i?2 bQmM/
bQm`+2b i?�i �`2 iQ #2 KQ/2HH2/X h?2 K�i`Bt jXkd Bb �M 2t�KTH2 7Q` i?2 KQ/2HHBM; Q7
� bBM;H2 bQm`+2 rBi? � b2i Q7 bT?2`B+�H ?�`KQMB+b KQ/2bX 6Q` i?2 J"_Jh BM T�T2` 1
i?Bb K�i`Bt Bb 2ti2M/2/ iQ KQ/2H KmHiBTH2 bQmM/ bQm`+2b bBKmHi�M2QmbHvX AM i?Bb +�b2
Bb i?2 K�i`Bt jXkd 2ti2M/2/ BM Bib `Qrb- r?B+? K2�Mb i?�i i?2 b�K2 b2i Q7 +Q2{+B2Mib
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Bb mb2/ iQ KQ/2H �HH bQmM/ bQm`+2bX am+? �M �bbmKTiBQM Bb #�b2/ QM i?2 7�+i i?�i
�HH bQm`+2b BM i?2 2tT2`BK2Mi �`2 Q7 i?2 b�K2 ivT2 Q7 HQm/bT2�F2` �M/ /`Bp2M #v i?2
b�K2 ivT2 Q7 TQr2` �KTHB}2`X h?2 /BK2MbBQMb Q7 i?2 bvbi2K K�i`Bt +?�M;2b i?2M
iQ Ha>a ∈ CNeNs×Nm - rBi? Ns i?2 MmK#2` Q7 `2�H bQm`+2b �M/ Nm = (N + 1)2

i?2 MmK#2` Q7 bT?2`B+�H ?�`KQMB+b KQ/2bX h?Bb bi`�i2;v `2[mB`2b i?�i �HH TQbbB#H2
i`�Mb72` 7mM+iBQMb �`2 K2�bm`2/ 7`QK i?2 bQm`+2b iQ i?2 b2MbQ`b Q` i?�i QMHv QM2 `2�H
bQm`+2 2tBbibX h?2 bBKmHi�M2Qmb K2�bm`2K2Mi Q7 +QMi`B#miBQMb 7`QK �HH bQm`+2b M22/b
iQ #2 T`2+2/2/ rBi? � KmHiB@+?�MM2H bvbi2K B/2MiB}+�iBQM �TT`Q�+? iQ b2T�`�i2 i?2
bQm`+2 +QMi`B#miBQMbX

q?2M 2�+? 2[mBp�H2Mi bQm`+2 ?�b Bib QrM +Q2{+B2Mib- i?2 bvbi2K K�i`Bt ?�b i?2
/BK2MbBQMb Ha>a ∈ CNe×NmNs X h?Bb p2`bBQM Bb �HbQ mb2/ BM T�T2` 1- �M/ Bb +�HH2/
i?2 J@J"_JhX

����� &RVJWBMFOU 4PVSDF .FUIPE

h?2 2[mBp�H2Mi bQm`+2 K2i?Q/ U1aJV Bb � +QKKQM i2+?MB[m2 iQ KQ/2H bQmM/ `�/B�iBQM
�M/ b+�ii2`BM; T?2MQK2M� (3N)X h?2 #�bB+ B/2� Bb i?�i �M �`#Bi`�`v bQmM/ }2H/ +�M #2
KQ/2HH2/ #v i?2 bmT2`TQbBiBQM Q7 KQMQTQH2bX *QKTH2t bQmM/ bQm`+2b 7Q` 2t�KTH2 +�M
#2 KQ/2H2/ rBi? � b2i Q7 TQBMi bQm`+2b QM Q` rBi?BM �M 2Mp2HQTBM; #QmM/�`vX q?BH2
� HQm/bT2�F2` BM 7�` /Bbi�M+2 KB;?i #2 bm{+B2MiHv KQ/2HH2/ rBi? � KQMQTQH2- i?2
b�K2 HQm/bT2�F2` +HQb2 #v +�M #2 bB;MB}+�MiHv mM/2`@KQ/2HH2/ rBi? � bBM;H2 KQMQTQH2
/m2 iQ Bib b?�T2 �M/ +QMb2[m2MiHv +QKTH2t `�/B�iBQM T�ii2`MX h?2 1aJ Bb mb2/ BM
T�T2` . iQ KQ/2H i?2 T`BK�`v �M/ b2+QM/�`v bQm`+2b- �M/ i?2 �++m`�+v Q7 bQmM/
}2H/ `2+QMbi`m+iBQM rBi? i?2 1aJ Bb +QKT�`2/ rBi? i?2 Sq. �M/ a>.X LQi2 �HbQ
i?�i i?2 1aJ �M/ i?2 a>a �`2 +HQb2Hv `2H�i2/ #2+�mb2 � bT?2`B+�H ?�`KQMB+b bQm`+2
/2+QKTQbBiBQM Q7 /2;`22 x2`Q Bb 2[mBp�H2Mi iQ i?2 KQMQTQH2 KQ/2HX

h?2 ;Q�H rBi? i?2 1aJ Bb iQ }i i?2 +QKTH2t r2B;?ib Q7 � b2i Q7 KQMQTQH2b- +�HH2/
2[mBp�H2Mi bQm`+2b- iQ � b2i Q7 T?vbB+�H K2�bm`2K2MibX h?2 r2B;?ib +�M #2 Q#i�BM2/
�b i?2 bQHmiBQM Q7 �M BMp2`b2 T`Q#H2K p2`v bBKBH�` iQ r?�i r�b /2b+`B#2/ BM b2+iBQM
jXkXR 7Q` i?2 Sq.X h?2 bvbi2K K�i`Bt Bb i?2M +QMbi`m+i2/ rBi? KQMQTQH2b �b #�bBb
7mM+iBQMb BMbi2�/ Q7 TH�M2 r�p2bX AM 7`22 }2H/ HBF2 +QM/BiBQMb- i?Bb ?�b i?2 �/p�Mi�;2
i?�i i?2 /2+�v Q7 bQmM/ T`2bbm`2 rBi? /Bbi�M+2 7`QK i?2 bQm`+2b Bb i�F2M BMiQ �++QmMiX
h?2 KQMQTQH2b �`2 /2b+`B#2/ rBi? i?2 7`22 }2H/ :`22MǶb 7mM+iBQM H1aJ

ij = 1
4πrij

ejkrij X
rij = ||ri − rj ||2 Bb i?2 2m+HB/2�M /Bbi�M+2 Q7 �M 2[mBp�H2Mi bQm`+2 iQ � K2�bm`2K2Mi
TQBMiX JmHiBTH2 bi`�i2;B2b �`2 TQbbB#H2 iQ +QM};m`2 i?2 bvbi2K K�i`Bt H1aJX AM T�T2`
. r2`2 �HH 2[mBp�H2Mi bQm`+2b /Bbi`B#mi2/ BM i?2 +QHmKMb- r?B+? H2�/b iQ � K�i`Bt Q7
i?2 /BK2MbBQM H1aJ ∈ CNe×Nq UMmK#2` Q7 2``Q` b2MbQ`b × MmK#2` Q7 2[mBp�H2Mi



�� � .FUIPET

bQm`+2bV BM i?2 �M�HvbBb bi�;2,

H1aJ = 1
4π

⎡

⎢⎢⎢⎣

1
r1,1

ejkr1,1 1
r1,2

ejkr1,2 1
r1,3

ejkr1,3 ... 1
r1,Nq

ejkr1,Nq

1
r2,1

ejkr2,1 1
r2,2

ejkr2,2 1
r2,3

ejkr2,3 ... 1
r2,Nq

ejkr2,Nq

... ... ... ... ...
1

rNe,1
ejkrNe,1 1

rNe,2
ejkrNe,2 1

rNe,3
ejkrNe,3 ... 1

rNe,Nq
ejkrNe,Nq .

⎤

⎥⎥⎥⎦

UjXk3V
AM i?2 2ti`�TQH�iBQM bi�;2 Bb H1aJ ∈ CNR×Nq - rBi? NR i?2 MmK#2` Q7 2ti`�TQH�iBQM
TQBMibX 6B;X kXd b?Qrb ;`B/b Q7 2[mBp�H2Mi bQm`+2b �b mb2/ 7Q` bBKmH�iBQMb BM T�T2` .X

PM2 Q7 i?2 K�BM [m2biBQMb- r?2M /2�HBM; rBi? i?2 1aJ- Bb iQ /2i2`KBM2 i?2
MmK#2` �M/ HQ+�iBQMb Q7 i?2 2[mBp�H2Mi bQm`+2b- r?B+? H2�/b iQ i?2 7QHHQrBM; +?�HH2M;2b,
q?2M � /2Mb2 ;`B/ Q7 KQMQTQH2b Bb TH�+2/ �`QmM/ i?2 `2�H bQm`+2- i?2 bvbi2K K�i`Bt-
r?B+? `2H�i2b i?2 b2i Q7 T?vbB+�H K2�bm`2K2Mib iQ i?2 2[mBp�H2Mi bQm`+2b- #2+QK2b BHH@
+QM/BiBQM2/ (3N)X �HbQ- � rB/2 ;`B/ Q7 2[mBp�H2Mi bQm`+2b BM +QK#BM�iBQM rBi? � /2Mb2
;`B/ Q7 T?vbB+�H K2�bm`2K2Mi KB+`QT?QM2b `2bmHib BM �M BHH@+QM/BiBQM2/ K�i`Bt �i HQr
7`2[m2M+B2b #2+�mb2 Bi Bb /B{+mHi iQ /BbiBM;mBb? i?2 bK�HH T?�b2 /Bz2`2M+2b �i +HQb2 #v
b2MbQ`b BM i?2 T`2b2M+2 Q7 K2�bm`2K2Mi MQBb2X AHH@ +QM/BiBQM2/ BMp2`b2 T`Q#H2Kb �`2
ivTB+�HHv bQHp2/ #v �TTHvBM; `2;mH�`Bb�iBQM- 7Q` 2t�KTH2- rBi? hBF?QMQp `2;mH�`Bb�iBQM
miBHBbBM; i?2 ℓ2@MQ`K Q` G�bbQ `2;mH�`Bb�iBQM miBHBbBM; i?2 ℓ1@MQ`K (Ny- NR)X .Bz2`2Mi
`2;mH�`Bb�iBQM b+?2K2b ?�p2 /Bz2`2Mi T`QT2`iB2bX h?2 ℓ2@MQ`K- 7Q` 2t�KTH2- Bb T`QM2
iQ K2�bm`2K2Mi MQBb2 r?B+? Bb b?QrM BM T�T2` .X h?2 ℓ1@MQ`K- BM +QMi`�bi- ?�b
/2MQBbBM; T`QT2`iB2b FMQrM 7`QK #�bBb Tm`bmBi /2MQBbBM; (Nk)X � bB;MB}+�Mi �/p�Mi�;2
Q7 i?2 ℓ2@MQ`K Bb i?�i Bi Bb 2�bBHv �TTHB2/ BM T`�+iB+2 pB� i?2 `2;mH�`Bb2/ Tb2m/QBMp2`b2-
r?B+? Bb � +HQb2/@7Q`K bQHmiBQMX h?2 +QKTmi�iBQM�H 2zQ`i Bb Km+? HQr2` +QKT�`2/ iQ
ℓ1@MQ`K `2;mH�`Bb�iBQM- r?B+? Bb bQHp2/ Bi2`�iBp2HvX .Bz2`2Mi i2+?MB[m2b �`2 T`QTQb2/
7Q` i?2 TH�+2K2Mi Q7 i?2 2[mBp�H2Mi bQm`+2b HBF2 `�M/QKBb2/ b2ib (Nj) Q` #v mbBM; �M
�mtBHB�`v bm`7�+2 (N9)X � `2;mH�` j@/BK2MbBQM�H ;`B/ Q7 2[mBp�H2Mi bQm`+2b Bb mb2/ BM
T�T2` .- �M/ i?2 irQ /Bb+mbb2/ `2;mH�`Bb�iBQM b+?2K2b �`2 �TTHB2/ 7Q` +QKT�`BbQMX

����� 4DBUUFSJOH DPNQFOTBUJPO
� T?vbB+�H bT?2`B+�H K2�bm`2K2Mi �``�v r�b mb2/ BM i?2 2tT2`BK2Mib Q7 T�T2` 1- i?2
1B;2MKBF2 2KjkX h?2 b2MbQ` Bib2H7 �+ib �b � b+�ii2`BM; Q#D2+i- r?B+? �z2+ib i?2 `2bmHib
�i 7`2[m2M+B2b rBi? r�p2H2M;i?b bBKBH�` iQ i?2 /BK2MbBQMb Q7 i?2 bT?2`2X "2+�mb2 i?2
2z2+i Q7 � `B;B/ bT?2`2 +�M #2 �M�HviB+�HHv /2b+`B#2/- Bi Bb TQbbB#H2 iQ /2+QKTQb2 i?2
K2�bm`2/ bQmM/ }2H/ BMiQ i?2 BM+B/2M+2 }2H/ �M/ i?2 b+�ii2`2/ }2H/X h?2 T`BM+BTH2 Bb
T`2b2Mi2/ M i?2 7QHHQrBM; #�b2/ QM _�7�2Hv (N8) �M/ 62`M�M/2x@:`�M/2 (33)X

G2i pt- pi �M/ ps #2 i?2 iQi�H- i?2 BM+B/2Mi- �M/ i?2 b+�ii2`2/ bQmM/ }2H/b �`QmM/
� `B;B/ bT?2`2X h?2 iQi�H bQmM/ }2H/ Bb i?2 bmK Q7 i?2 BM+B/2Mi �M/ b+�ii2`2/ QM2-
r?B+? Bb i?2 ;2M2`�H �bbmKTiBQM 7Q` i?2 �M�HvbBb Q7 b+�ii2`BM; T`Q#H2Kb,

pt(r) = pi(r) + ps(r). UjXkNV



��� 4PVOE 'JFME &YUSBQPMBUJPO ��

�++Q`/BM; iQ 1[X jXkk i?2 BM+B/2Mi }2H/ +�M #2 /2b+`B#2/ rBi?

pi(r, θ, φ) =
∞∑

n=0

n∑

m=−n

Bmnjn(kr)Y m
n (θ, φ). UjXjyV

h?2 b+�ii2`2/ bQmM/ }2H/ ?�b iQ #2 /2b+`B#2/ �b �M 2ti2`BQ` /QK�BM T`Q#H2K �++Q`/BM;
iQ 1[X jXRN rBi?

ps(r, θ, φ) =
∞∑

n=0

n∑

m=−n

Cmnh(2)
n (kr)Y m

n (θ, φ). UjXjRV

AM Q`/2` iQ +QK#BM2 i?2 irQ 2tT`2bbBQMb- � #QmM/�`v +QM/BiBQM Bb �TTHB2/- r?B+?
BKTHB2b i?�i i?2 `�/B�H +QKTQM2Mi Q7 i?2 T�`iB+H2 p2HQ+Biv QM i?2 bm`7�+2 Q7 i?2 `B;B/
bT?2`2 Bb x2`Q- r?B+? Bb �HbQ FMQrM �b i?2 L2mK�MM #QmM/�`v +QM/BiBQM

δpt(r)
δr

∣∣∣∣
r=a

, UjXjkV

rBi? a i?2 `�/Bmb Q7 i?2 bT?2`B+�H �``�vX lbBM; 2[m�iBQMb jXkN- jXjy- jXjR �M/ jXjk
H2�/b iQ

pt(r, θ, φ) =
∞∑

n=0

n∑

m=−n

Bmn

(
jn(kr) − j′

n(ka)
h′

n(ka)hn(kr)
)

Y m
n (θ, φ) UjXjjV

Ai Bb MQr TQbbB#H2 iQ +QKTmi2 i?2 +Q2{+B2Mib Bmn �M/ rBi? i?2b2- i?2 BM+B/2Mi }2H/-
2tT`2bb2/ pB� i?2 7QHHQrBM; bi�i2K2Mi r?2`2 i?2 T`2bbm`2b pt �`2 K2�bm`2/ rBi? i?2
`B;B/ bT?2`B+�H KB+`QT?QM2 �``�v

pi(r, θ, φ) = (ka)2j
∞∑

n=0

n∑

m=−n

h′
n(ka)jn(kr)Y m

n (θ, φ)
∫

θ

∫

φ
pt(a, θ, φ)Y m

n (θ, φ)∗dθdφ.

UjXj9V
h?2 /Qm#H2 BMi2;`�H BM 1[X jXj9 Bb �HbQ +�HH2/ � bT?2`B+�H r�p2 bT2+i`mK- r?B+? Bb
Q7i2M /2MQi2/ rBi? Pmn �M/ r?B+? +�M #2 bQHp2/ BM T`�+iB+2 rBi?

Pmn(a) ≡
∫

θ

∫

φ
p(a, θ, φ)Y m

n (θ, φ)∗dθdφ UjXj8V

Pmn(a) = 4π

Ne
YHpt. UjXjeV

h?2 i2`K 4π
Ne

Bb � b�KTHBM; i2`K �b � `2bmHi Q7 MmK2`B+�H BMi2;`�iBQMX Ai Bb bT2+B}+
7Q` � mMB7Q`K b�KTHBM; rBi? KB+`QT?QM2b 2[m�HHv /Bbi`B#mi2/ QM i?2 bm`7�+2 Q7 i?2
bT?2`2- b22 �HbQ _�7�2Hv (3d) +?�Ti2` jXeX AM i?2 +�b2 Q7 � ;2M2`�H b�KTHBM; b+?2K2-
i?2 Tb2m/Q@BMp2`b2 Q7 i?2 bT?2`B+�H ?�`KQMB+b K�i`Bt ?�b iQ #2 mb2/X



�� � .FUIPET

����� 4PMWJOH JOWFSTF QSPCMFNT
AHH TQb2/ BMp2`b2 T`Q#H2Kb +�M #2 bQHp2/ pB� KBMBKBb�iBQM miBHBbBM; ℓ1@MQ`K �M/ ℓ2@
MQ`K `2;mH�`Bb�iBQM-

x1 = min
x

(
||Hx − p||22 + λ||x||1

)
UjXjdV

x2 = min
x

(
||Hx − p||22 + λ||x||22

)
. UjXj3V

h?2 +?Qb2M p�`B�#H2b ?2`2 �`2 `2H�i2/ iQ i?2 bQmM/ }2H/ +QMbi`m+iBQM +�b2b BM i?Bb
+?�Ti2`- 7Q` 2t�KTH2- �b mb2/ BM 1[X jXR9X 1[X jXjd +�M �HbQ #2 bi�i2/ �b � +QMbi`�BMi
QTiBKBb�iBQM T`Q#H2K rBi? BM2[m�HBiv +QMbi`�BMi-

x1 = min
x

||x||1, bm#D2+i iQ ||Hx − p||22 ≤ ϵ. UjXjNV

h?2 ℓ2@MQ`K ;Bp2b i?2 bQHmiBQM rBi? i?2 H2�bi K2�M b[m�`2 2``Q`- r?B+? Bb T`QpB/2/
�b +HQb2/@7Q`K bQHmiBQM,

xℓ2 = (HHH + λI)−1HHp. UjX9yV
h?2 +QMbi�Mi λ BM UjXj3V Bb i?2 hBF?QMQp `2;mH�`Bb�iBQM 7�+iQ`- r?B+? �//b � +QMbi�Mi
p�Hm2 iQ i?2 /B�;QM�H 2H2K2Mib Q7 i?2 K�i`Bt T`Q/m+i HHHX 6Q` � M2�` bBM;mH�`
K�i`Bt- i?2 +QM/BiBQM MmK#2` /2+`2�b2b i?Bb r�v- r?B+? BKT`Qp2b i?2 `Q#mbiM2bb Q7
i?2 BMp2`bBQM �;�BMbi K2�bm`2K2Mi MQBb2X aQK2 K2i?Q/b �BK iQ T`QpB/2 �M �miQK�iB+
+?QB+2 7Q` λ- HB+2 G@+m`p2 �M/ ;2M2`�HBb2/ +`Qbb p�HB/�iBQM- #mi i?2b2 K2i?Q/b /Q MQi
�Hr�vb T`Q/m+2 mb27mH `2bmHib �M/ i?2`27Q`2 r�b λ /2i2`KBM2/ 2tT2`BK2Mi�HHv BM �HH
2tT2`BK2Mib BM i?Bb i?2bBb (Ne)X

ℓ1@MQ`K KBMBKBb�iBQM Bb �HbQ FMQrM �b +QKT`2bbBp2 b2MbBM; �M/ ?�b #22M bm++2bb@
7mHHv �TTHB2/ BM �+QmbiB+b (3R- 33)X _2;mH�`Bb�iBQM rBi? i?2 ℓ1@MQ`K ?�b /2MQBbBM;
T`QT2`iB2b (Nk)- Bi +�M `2+QMbi`m+i bB;M�Hb 7`QK � 72r b�KTH2b- r?B+? Bb �HbQ +�HH2/ bm#@
Lv[mBbi b�KTHBM;- �M/ B/2MiB7v KmHiB@+?�MM2H bvbi2Kb 7`QK � 72r K2�bm`2K2Mib (Nd)X
h?2 2tTHQBi�iBQM Q7 bT�`bBiv TH�vb � K�DQ` `QH2 BM i?2b2 �TTHB+�iBQMbX h?2 +QMbi�Mi ϵ BM
UjXjNV Bb �M BM2[m�HBiv +QMbi`�BMiX � ;QQ/ +?QB+2 7Q` i?Bb +QMbi�Mi ?�b #22M bm;;2bi2/
iQ #2 ℓ2@MQ`K Q7 i?2 K2�bm`2K2Mi MQBb2 (3R)X A7 +?Qb2M iQQ bK�HH- i?2 bQHmiBQM x1 rBHH
+QMi�BM MQBbv +QKTQM2Mib- B7 +?Qb2M iQQ H�`;2- i?2 bQHmiBQM rBHH bmTT`2bb +QKTQM2Mib
Q7 HQr p�Hm2- 7Q` 2t�KTH2- TH�M2 r�p2b rBi? HQr �KTHBim/2 r?2M �TTHB2/ BM i?2 Sq.X
h?2 ℓ1@MQ`K KBMBKBb�iBQM ?�b #22M bQHp2/ rBi? i?2 *os HB#`�`v BM J�iH�# 7Q` i?2
2tT2`BK2Mib BM T�T2` .X
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h?2 K�BM +QM+HmbBQMb /`�rM 7`QK i?2 `2bmHib Q7 i?Bb i?2bBb �`2 bmKK�`Bb2/ BM i?2
7QHHQrBM; �M/ B/2�b 7Q` 7mim`2 rQ`F T`2b2Mi2/X

��� 4VNNBSZ PG $POUSJCVUJPOT
h?2 �TTHB+�iBQM Q7 KmHiB+?�MM2H �+iBp2 MQBb2 +QMi`QH bvbi2Kb BM Qmi/QQ` +QM+2`ib ?�b
T`Qp2M iQ #2 72�bB#H2 QM � bK�HH �M/ H�`;2 b+�H2X q?2M i?2 H2M;i? Q7 i?2 b2+QM/�`v
T�i?b Bb QMHv � 72r 7`�+iBQMb bK�HH2` i?�M i?2 T`BK�`v T�i?b- H�`;2 b?�/Qrb Q7 bBH2M+2
�`2 T`Q/m+2/X Ai Bb i?2`27Q`2 TQbbB#H2 iQ �TTHv +H�bbB+ TQBMi@rBb2 +QMi`QH �H;Q`Bi?Kb
r?B+? �+?B2p2 QTiBK�H +QMi`QH �i i?2 +QMi`QH b2MbQ`bX h?2 b2MbQ`b +�M #2 /Bbi`B#mi2/
i?`Qm;?Qmi i?2 Zw Q` TH�+2/ �i i?2 7`QMi�H 2/;2 Q7 i?2 xQM2 �M/ biBHH T`Q/m+2 bBKBH�`
`2bmHibX h?2 �/p�Mi�;2 Q7 +H�bbB+ +QMi`QH �H;Q`Bi?Kb Bb i?�i MQ �//BiBQM�H bQm`+2b Q7
2``Q` �`2 BMi`Q/m+2/ BM +QKT�`BbQM rBi? pB`im�H b2MbBM; i2+?MB[m2b �M/ i?�i BMBiB�H
K2�bm`2K2Mib �`2 �HbQ MQi M22/2/ X � HQ+�H Zwa- r?B+? ?�b Bib Zw +HQb2 iQ i?2 2``Q`
b2MbQ`b �M/ i?2 T`BK�`v bQm`+2b 7�` �r�v HQb2b Bib 2z2+i 7�bi rBi? /Bbi�M+2 iQ i?2
2``Q` b2MbQ`bX q?2M Bi Bb MQi TQbbB#H2 iQ BM+`2�b2 i?2 H2M;i? Q7 i?2 b2+QM/�`v T�i?b-
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ABSTRACT
As part of the bigger EU project MONICA (Horizon2020) a local quiet zone system is being developed. This
system provides a zone of quiet close to loud outdoor concerts in order to support communications or minimize
the noise exposure of staff. Because the noise sources are the loudspeakers of the venue’s PA system an ideal
reference signal can be obtained from the sound engineers mixing console, which can be used to apply methods
of feedforward active noise control. This paper presents a real time application of the multichannel filtered
reference least mean square algorithm (MCFxLMS), shows how it has been designed, implemented and tested
under laboratory conditions.

1 Introduction

Exposure to excessive noise levels is known to have
a negative impact on quality of life. One important
noise source is outdoor amplified concerts in urban
spaces. This problem, and problems concerning safety,
is addressed in the large EU project MONICA. One
subproject is about the design and implementation of
a local quiet zone system that is placed close to an
audience area. The challenge might be obvious as it
is about the insertion of silence into an area that is
optimized for high sound pressure levels. The purpose
of such zones is to support communications and health
incident treatments or to minimize the noise exposure
of, e.g. staff. A prototype of the system will be tested
at Tivoli’s "Friday-Rock" in Copenhagen.

The quiet zone system will be implemented with ac-

tive control at low frequencies, and aided by passive
means at high frequencies. This paper will focus on
the active part, which makes use of the multi-channel
FxLMS algorithm (MCFxLMS), that is widely used in
active control but needs to get adapted to its specific
task. First of all, it will be simulated how noise cancel-
ing performs generally under free-field conditions, and
using the same methods, it will be investigated how the
number of components of active control, the control
speakers and error microphones, can be minimized un-
der practical constraints. It will then be shown how the
MCFxLMS is implemented, and its performance has
been measured and will be compared with the results of
the free-field simulations. Of special interest will be the
robustness of the system against disturbances into the
error microphones. Such disturbances can cause audi-
ble artifacts in the control speakers and even instability
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of the algorithm. In chapter 2.3.3 it will be discussed
how a filtered reference signal and small convergence
factor can stabilize the system.

The Tivoli Case This paragraph will give a quick
overview about the conditions in Tivoli, because these
influence the parameters of the system under test. Fig-
ure 1 shows the expected spot of the quiet zone system
at the side of the Front of House tent (FoH) at the
“Friday-Rock” concert venue in Tivoli. The distance to
the stage’s main speaker arrays and subwoofer stacks
is about 50m. The loud speakers of the venue are the
sources of the unwanted noise, also called the primary
sources in "control" terminology.

Fig. 1: Friday-Rock Concert Area with the expected spot for
the quiet zone system. The distance to the main stage
is about 50m.

The local quiet zone area is supposed to be big enough
to cover at least the heads of two speaking people with
different height. A volume of 2m width and 75cm
depth and height has been set for this purpose.

Passive Active Separation The separation of the
quiet zone system in an active and a passive part re-
quires a decision on where to set the crossover fre-
quency. The effect of the passive barrier has been stud-
ied roughly in a 2D simulation in Comsol and might
need to get adjusted later on. Based on these simu-
lations, the crossover frequency has been defined as
300Hz. So the frequency range of interest for the active
control are low frequencies up to 300 Hz. This range
will determine the simulations and measurements in
the next sections.

2 Methods

2.1 Active Noise Canceling in Free-field

The underlying method, used for the simulations in
section 3 is quickly derived here. It also forms the basis
for the derivation of the FxLMS algorithm, because
both methods are based on least mean square (LMS)
error minimization. The derivation of the following
method is based on Hansen and Snyder [1] and can be
studied in details there.

Fig. 2: The sum of primary and control sources in an error
position.

Noise canceling is based on superposition of a pressure
with another of the same amplitude but opposite phase
(180 deg). In figure 2 it is shown how the resulting
pressures of m primary noise sources with strength
qp,m and n control sources with strength qc,n sum up in
designated points in space, the error sensing locations,
where cancellation is supposed to happen pe(ri):

pe(ri) =
Np

Â
m=1

qp,mzp,m(ri)+
Nc

Â
n=1

qc,nzc,n(ri), (1)

with

pp,m(ri) = qp,mzp,m(ri) (2)

and the monopole radiation transfer-functions

zp,m(ri) =
jwr0e jk|ri�rp,m|

4p|ri � rp,m|
(3)
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and appropriately for pc,n(ri) and zc,n(ri).

Equation 1 can be expressed in matrix form:

p(ri) = zzzT
ppp(ri)qqqppp + zzzT

ccc (ri)qqqccc (4)

where qqqppp and qqqsss are the vectors containing the primary
source strengths and control source strength respec-
tively, and zzzppp and zzzccc the vectors of monopole radiation
transfer-functions from equation 3.

Equation 4 can then be expanded for multiple error
sensing locations:

pppeee = ZZZpppqqqppp +ZZZcccqqqccc (5)

where pppeee is the vector containing the error locations.

The residual pressures pe(ri) in the error sensing lo-
cations are subscripted with an e for "error", because
total cancellation is generally desired and any residual
pressure here is regarded as error. When the primary
source strengths are known, it is possible to calculate
the optimal control source strengths by minimizing the
error in the error sensing locations with the least mean
square method.

The cost function of the LMS is the mean square error:

J =
Ne

Â
i=1

|pe(ri)|2 = pppH
eee pppeee (6)

where H is the complex conjugate of the matrix. The
cost function J is now derived with respect to the con-
trol source strengths and set to 0, in order to find the
vector of optimal control source strengths, which re-
sults in the smallest possible pressures in the error lo-
cations.

∂J
∂qqqccc

= 0 (7)

In order to solve equation 7 J has to be substituted by 6.
Then 7 is derived with respect to qqqccc, separately for the
real and imaginary parts and finally recombined and
solved for qqqccc. A detailed derivation can be studied in
Hansen and Snyder [1]. The result is:

qqqc,opt =�(ZZZH
ccc ZZZccc)

�1ZZZH
ccc ZZZpppqqqppp (8)

which is reduced to the convenient form

qqqc,opt =�AAA�1
ppp bbbppp (9)

with
AAAppp = ZZZH

ccc ZZZccc (9a)

and
bbbppp = ZZZH

ccc ZZZpppqqqppp (9b)

The optimal source strengths qqqc,opt from equation 9 can
now be inserted into equation 5 to calculate the total
pressure in any point in space. From here the insertion
loss of the active control system can be calculated,
which will be used throughout the paper to quantify the
performance of the system. The averaged insertion loss
ILavg is the difference of the spatially averaged primary
sound field and total pressure field. It can be expressed
as the following ratio:

ILavg = 10⇤ log10
✓

ÂN
i=1 kptot,o f f ,ik2

ÂN
i=1 kptot,on,ik2

◆
, (10)

where ptot,o f f ,i denotes the total sound pressure with
active control switched off, which are only the contri-
bution of the primary sources.

2.2 Adaptive Active Noise Control

The previous section is a good fundament to understand
the principles of adaptive noise canceling because the
same least mean square minimization approach is the
origin of many algorithms in adaptive filter theory. This
chapter will provide basic insights into the widely used
FxLMS algorithm and some of its specific properties
and lead over to its actual multi channel implementation
which has been used to measure the performance of the
system in an anechoic chamber.

2.2.1 FxLMS

The derivation of the LMS approach for active noise
canceling in the previous chapter can be directly trans-
lated into the signal processing domain of adaptive
filters. Figure 3 shows the basic scheme of the LMS
algorithm for the single input/single output case.

The contribution of the primary noise source at the
error location D(z) is then expressed with
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Fig. 3: The fundamental scheme of the single channel LMS
algorithm in frequency domain.

D(z) = X(z)P(z), (11)

where X(z) is a reference signal which is the origin of
the noise, propagating through the primary path P(z).
In the Tivoli case comes the reference signal from the
mixing engineer’s console, will then be played back
through the PA loudspeakers and propagate to the error
microphone position. In that sense is the reference
signal the origin of the noise signal and will also be
used to synthesize the optimal control source signal
Y (z) with

Y (z) = X(z)W (z), (12)

where W (z) is the adaptive filter, that will be estimated
by the LMS algorithm.

The optimal control signal Y (z) is then played back
through the control loudspeakers (the secondary
sources), propagates through the acoustic path to the
error microphone (the secondary path S(z))

Y 0(z) = Y (z)S(z), (13)

and there cancel the disturbant noise D(z). The residual
signal is the error E(z).

E(z) = D(z)+Y 0(z) (14)

The FxLMS algorithm is an extension of the classic
LMS and filters the reference signal with an estimate
of the secondary path in order to stabilize the process,
because specific conditions of the secondary path can

cause instability. This effect becomes obvious if we
look at the following scenario. In order to perfectly
cancel the primary noise at the error location, the prod-
uct of the optimal filter W (z) and the secondary path
S(z) has to equal the negative primary path transfer-
function:

P(z) =�Wopt(z)S(z), (15)

which leads to

Wopt(z) =�P(z)
S(z)

. (16)

Because the inverse of the secondary path transfer func-
tion is inherent in the optimal control filter, notch filter
properties in the secondary path can cause severe am-
plification of the control signal. This problem can be
solved by pre-filtering the reference signal with an es-
timate of the secondary path, which will be measured
here, before operating active control. Figure 4 shows
the basic FxLMS scheme.

Fig. 4: The fundamental scheme of the single channel FxLMS
algorithm in frequency domain. Ŝ(z) is an estimate of
the secondary path transfer function S(z) and R(z) =
X(z)Ŝ(z)

The task of the LMS algorithm is now to iteratively up-
date the adaptive filter W (z), to converge to its optimum
and reduce the error E(z) to a minimum. The deriva-
tion of the filter update process is based on the same
idea as presented in the previous chapter 2.1. The mean
square error is minimized by derivation with respect to
the adaptive filter coefficients. The general optimiza-
tion scheme is based on the stochastic properties of the
signals and mostly executed in time domain.

J(n) = E
⇥
(d(n)�wwwT (n)r̂rr(n))2⇤ , (17)
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with r̂(n) = ŝssT (n)xxx(n), the reference signal filtered
with an estimate of the secondary path. The practical
procedure is to look at the instantaneous values instead
which leads to the classic filtered reference LMS, the
FxLMS algorithm:

J(n) = e2(n) = (d(n)�wwwT (n)r̂rr(n))2 (18)

and

∂J(n)
∂www

= 2e(n)
∂e(n)

∂www
= 2e(n)r̂rr(n) (19)

In the final step is the error gradient inserted into the
steepest descent algorithm - a potion of the error gradi-
ent is used to update the filter:

www(n+1) = www(n)�µ ∂J(n)
∂www

(20)

becomes

www(n+1) = www(n)�µe(n)r̂rr(n). (21)

µ is a convergence factor, which determines the step-
size used to converge to the optimal solution wwwopt . This
factor is of specific importance because it is a tuning
knob for the performance of the FxLMS algorithm.
It is directly related to the convergence speed of the
system but does also affect the stability and robustness
properties as will be shown later.

2.2.2 Multichannel FxLMS

The multichannel case has to account for every path in
between the control sources and error microphones in
order to compensate the sound pressure contribution
from each secondary source in every error microphone.
Figure 5 shows the controller architecture for two sec-
ondary sources and two error microphones. The filter
update algorithm for the multichannel case looks like
an extension of the single channel case:

www(n+1) = www(n)�µR̂RRT eee(n), (22)

where R̂RR is the cross-correlation matrix of the filtered
reference signals, which is inferred from an estimate
of the secondary path transfer functions. It has to be

mentioned that the vectors of equation 22 contain the
subvectors of the corresponding multi-channel compo-
nents, e.g.:

eee(n) = [eeeT
1 (n)eee

T
2 (n)...eee

T
L (n)]

T . (23)

For a detailed derivation is the reader referred to Elliot
[2] and Kuo and Morgan [3].

Fig. 5: Multichannel controller architecture with 2 reference
signals, 2 control sources and 2 error microphones.

2.3 MCFxLMS - Implementation

Figure 5 shows the physical scheme of an active con-
troller with 2 reference signals, 2 control sources and 2
error sensors. 2x2x2 convolutions are needed to calcu-
late the filtered reference signals and the same number
of cross-correlations have to be computed to calculate
the error gradient. Because the computational effort
increases exponentially with the number of channels,
it has been chosen to perform the filter update process
block based in the frequency domain. Equation 22 can
be directly transferred to:

wwwmk(n+N) = wwwmk(n)�µ IFFT

(
L

Â
l=1

R⇤
lmk(k)El(k)

)

(24)
with M control sources, L error sensors and K reference
signals. Rlmk(k) is the complex frequency spectrum
of the kth reference signal, filtered with the secondary
path estimate between the mth secondary source and
the lth error location. So this describes the filter update
process for only one of the subvectors of equation 22.
Additional adjustments had to be done in order to get
the MCFxLMS running on standard hardware, a laptop
computer with multi-channel Firewire audio interface.
Some of them will be described in the following sec-
tions.
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2.3.1 Entry Delays

If the primary sources are far away from the secondary
source array, adaptive filters with many taps are needed
to take care for the delays introduced due to the long
distance. Such long adaptive filters result in large com-
putational effort, what is an issue, especially in mul-
tichannel applications. It turns out, that the first part
of the adaptive filters contains no information if the
primary noise sources are further away from the er-
ror locations than the secondary sources. This part of
the filters can be replaced with a simple delay instead
of calculating the delay by convolution. In figure 6 it
might be easy to see hat such initial range of zeros must
be the difference of the smallest distance of all primary
sources to the error microphone and the smallest dis-
tance of all secondary sources to the error location -
here measured in time.

Fig. 6: estimation of the initial period of zeros in the adaptive
filter, which can be replaced by a simple delay.

Dtw = Dtp,min �Dts,min (25)

For the sake of correctness it has to be said that a safety
margin should be added because the entry delay will
change according to changes of the surrounding condi-
tions. A change of speed of sound for example, due to
a change of air temperature can result in smaller entry
delays. Another interesting aspect is that the adaptive
filters of a multichannel system try to compensate for
the contributions of all secondary sources. This results
in components in the adaptive impulse response that
are recursively reflected into the future - so these com-
ponents would show up in the initial delay section if

cut too sharp. A more detailed explanation is omitted
due to the constraint size of this document.

Also the secondary path impulse responses can be short-
ened by an initial delay. This delay is simply the short-
est distance of all secondary sources to the closest error
location.

2.3.2 Partitioned Adaptive filters

Even that the adaptive filters can get shortened by the
entry delays, the final length is also determined by the
latest arriving component of the primary noise, which
could be a reflection of one of the noise sources at a
distant surface. This can again result in the need for
long adaptive filters. A real time system is, on the
other hand, constraint by latency to ensure causality
of the adaptation. It might be intuitively clear that a
control signal, that arrives later at the error location,
than its correlated disturbance, is not able to cancel the
disturbance. So it can happen that the I/O latency of
the audio processing system has to be shorter than the
adaptive filter length. In that case, the adaptive filter
has to be partitioned into blocks of the size of the I/O
buffer of the system.

Such process is well described as partitioned convolu-
tion (see e.g. Wefers [4]) and has also specifically been
applied to active control by Qiu and Hansen [5].

2.3.3 Robustness

The robustness of a quiet zone system is critical be-
cause a non-robust system can become instable and
produce high sound power outputs in the secondary
sources. Stability analysis is mostly conducted with
regard to the convergence factor. Another important
aspect of robustness is that additional noise sources in
the proximity of the error microphones can perturb the
measured error signal. In case that parts of such addi-
tional noise is correlated with the reference signal, the
filter adaption will be affected and may result in audible
artifacts, or even destabilize the system. Three adjust-
ments are introduced in the following, which increase
the robustness of the adaptive controller.
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A lowpass filtered reference signal To limit the
impact of additional noise in the error microphones,
the correlation of such with the primary noise has to
be minimized. This can be easily achieved by filtering
the reference signal with a low-pass filter. Since the
system has to run in real time a linear phase filter has
been chosen and the resulting group delay compensated
by delaying the error signal appropriately. By low-pass
filtering the reference signal, the correlation with the
higher frequencies of the error signal is eliminated and
that way the impact on the filter update process.

Convergence Factor The convergence factor µ de-
termines the rate of convergence to the optimal filters
on the one hand and fluctuations during convergence
and the excess error on the other. The excess error is
the residual error after convergence in steady state. The
greater the step size of the iterative least mean square
minimization process, the faster will the algorithm con-
verge, if constrained by stability, but the greater will be
the excess error, as the iterative process will proceed
after convergence and step back and forth across the
actual optimum. Assuming that the conditions of the
propagation paths change slowly over time, e.g. due to
changes in temperature of air, there is no need for fast
tracking of changes. That way, the convergence factor
can be kept small, what keeps the excess error small
and reduces the tracking of additional noise in the error
microphones.

3 Simulations

Due to practical reasons, related to the Tivoli case, it
has been decided to have error microphones only in
a single array at the edge of the quiet zone. The sec-
ondary sources are also restricted to one aligned array
close to the zone. The only tunable parameter is the
density of these components, the separation distance in
between the individual elements. A simulation will be
shown based on the method derived in chapter 2.1. The
number of components N (secondary sources and error
sensors) will be increased sequentially from 1 to 20 in
2m quiet zone width, and that way the separation dis-
tance decreases with 2

N m from 2 to 0.1m. The impact
on the spatially averaged insertion loss is plotted in 7,
for the frequency range 100-300 Hz.

The Tivoli case and the related measurement system
define the base parameters of the simulation experi-
ment, like the size of the quiet zone, with 2m width and

67.5cm depth. Two noise sources are inserted in 2.77m
distance from the secondary sources, in line of sight
with the system components. See figure 8. The choice
for the positions of the primary sources is owed to the
constraint size of the anechoic chamber.

In Figure 7 it can be seen that the Insertion loss in-
creases slowly above the number of 3 error sensors
and control sources. Even that 3 components seem to
be the best choice, 4 have been finally chosen for the
measurements.

Fig. 7: The spatially averaged IL with increasing component
density, in the frequency range of 100-300 Hz. More
than 3 control sources and error sensors result only
in a small increase of insertion loss.

Figure 8 shows the insertion loss in the zone, achieved
with chosen number of 4 control sources and 4 error
sensors. The slight offset of 7.5cm in between the
zone and the error sensor array is there because the
microphone array used to measure the performance
could not get closer. This way is the simulation system
coherent with the measurement setup. The MCFxLMS
uses only one reference signal because the two noise
sources are identical.

4 Measurements

4.1 The Test Setup

The test setup is a 1x4x4 (Reference Signal/Control
Source/Error Mic) multichannel active noise control
system, based on the results of the parameter study of
section 3. The system is tested under laboratory con-
ditions in an anechoic chamber. Due to the size of the
chamber, the primary noise sources had to be placed
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Fig. 8: The performance of a 1x4x4 active noise canceling
system with a component density of 2/m. Crosses
denote error sensor positions, circles primary and
control source positions

Fig. 9: The measurement Setup in the Anechoic Chamber.
Only the outer two speakers in the distant array are
used as primary sources.

significantly closer to the zone. The setup matches ex-
actly the simulation setup and can be reviewed in figure
8. The dimensions of the quiet zone are of final size.
The control and primary sources are of the same type
of custom built mid range speakers, simply because
of their availability at the time of the measurements.
These speakers roll off below 100 Hz and thats why
simulations and measurements care about the range
100-300 Hz only. The author expects at least the same
performance for frequencies below 100 Hz because
phase mismatches play a minor role here. Figure 10
shows the measurement system and its components in
a signal flow chart.

Appropriate to the simulations in section 3, the inser-
tion loss of the system has been measured in the quiet
zone area and, to get an idea of the vertical extend of
the zone in a surface of the same size, perpendicular to
the zone.

Fig. 10: Components and signal flow chart of the measure-
ment setup.

The microphone array used to measure is an 6x10 mi-
crophone array, manufactured be B&K, with a separa-
tion distance of 7.5 cm. In order to cover the quiet zone
area, the array had to be moved 4 times for each planes.
The exact measurement locations are displayed as red
points in the data plots.

The measurement is divided into two parts. Part 1
measures the IL of the active control system without
any additional disturbance. Part 2 will measure the
performance of the system under stress. The effect of
adjusting the convergence factor will be demonstrated.

4.2 Measurement I

Measurement I has been executed by the following
steps:

1. Record the sound pressures of all measurement
points for 25s, without secondary sources. Band-
pass filtered white noise has been used with cut
off frequencies at 100 and 300Hz.

2. Run the system with adaptive control and fix the
filters in steady state.

3. Record the sound pressures of all measurement
points, with secondary sources and the steady state
filters without adaption.

4. Average and correct the recordings in frequency
domain.

5. Calculate the IL point-wise and spatially averaged,
according to equation 10.

Figure 11 shows the insertion loss, measured in the
horizontal plane.
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Fig. 11: The measured insertion loss in the horizontal zone
of quiet. The red dots are the measurement position.
Black circles indicate the control source positions,
black crosses the error microphones.

Figure 12 shows the insertion loss, measured in the
vertical plane. The measurement area is slightly offset
in the y-direction and begins directly in the plane of the
error microphones. These two facts result in a small
error if the spatially averaged IL is directly compared
with the horizontal plane measurements.

Fig. 12: The measured insertion loss in the vertical zone of
quiet. The red dots are the measurement position.
Black circles indicate the control source positions,
black crosses the error microphones.

4.3 Measurement II

It will be shown how disturbances into the error mi-
crophones can have an impact on the adaptive process

and result in audible artifacts. The adaptive process is
based on the cross correlation of the filtered reference
signal with the error signal, R⇤(w)E(w), see equation
24. When peripheral noise is recorded by the error mi-
crophones which correlates with the filtered reference
signals, R, the adaptive process is affected. In order
to prevent or minimize such perturbations it has been
suggested to filter the reference signal and reduce the
convergence factor µ . The effect of small convergence
factors will be presented here.

An additional noise source, a loudspeaker, is placed
in 50 cm distance to the error microphone array and
closest to the first sensor. The additional noise signal is
a cluster of three sinusoids with 150 Hz,227 Hz and 290
Hz, which is within the 100-300 Hz band of interest.
The disturbance will be played back for four seconds,
when the filters are in steady state.

Figure 13 shows how the adaptive system is affected
by the disturbance. After ca. 25 seconds, the filter is
in steady state, the disturbance signal is played back,
which can be well seen in the measured error E1. The
controller signal Y1 follows, which means that the
adaptive filters are affected and when the disturbance is
switched off after 4 seconds, the controller signal does
not to converge back to its optimum. The convergence
factor was fixed at 0.005.

Fig. 13: The plot shows how a periodic disturbance signal of
four seconds can cause a permanent change in the
adaptive filters. The convergence factor is fixed at
0.005.

Figure 14 shows how a very small convergence factor of
0.0001 can prevent the system to react on disturbances.
There is no effect visible in any of the controller signals
Y. Y1 is the only plotted here.

5 Discussion

Simulations and measurements have shown, with high
agreement, that an active noise canceling system with
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Fig. 14: The plot shows how a very small convergence factor
can prevent the system to react on disturbances.

four control sources and 4 error microphones provide
a spatially averaged insertion loss of 13 dB for fre-
quencies up to 300 Hz, in close distance to the control
source array and in line of sight with the noise sources.
The vertical extend of the zone is quiet promising, be-
cause insertion losses of up to 10 dB are still achieved
in 30cm above the zone. So a horizon of 10dB IL is
provided within ca. 60cm height. The situation is com-
plex and has to be tested under real world conditions.
The steady flow of wind noise for example could cause
problems. Also not considered have been reflections of
the noise sources, which might enter the zone from the
sides, and finally the inclusion of the passive barrier.
Both aspects will effect the performance and should be
included in future investigations in order to optimize
the design of the system for its specific applications.
One aspect has not been mentioned yet. The highest
insertion loss is produced in the error sensor positions.
The integration of remote microphone methods can
significantly increase the insertion loss in the zone by
virtually moving the error sensors into the zone. Multi-
ple methods are available here like reviewed in Moreau
et al. [6].

Robustness is of very high importance. Audible arti-
facts would frustrate the acceptance of such a system.
Lowering the convergence factor might be a solution
but it also slows down the tracking behavior of the sys-
tem with respect to changes of acoustic conditions. It
is a tradeoff and the optimal convergence factor has to
be determined in regard to the specific application of
the quiet zone system.
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Applications of Active Noise Control for
Open-Air Concerts
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ABSTRACT

This paper reports two applications of multichannel active noise control for open-air concerts. The goal

was the investigation of the feasibility and real-world challenges. The first is a system that creates a small

and contained quiet zone close to the audience and the second created a large quiet zone over 300

m2 behind the audience. Because the classic FxLMS active noise control algorithm was used in these

experiments, one of the main questions is how the controller performs in the actual quiet zone behind the

control sensors. Different configurations regarding the number and locations of the control microphones

were therefore experimentally investigated. These produced similar results in the quiet zone, which

indicates flexibility about the placement of sensors and consequently for the design of systems applied in

real-world applications. Of particular challenge are restrictions and regulations that follow with outdoor

events, which complicate the collection of measurement data. For example, customized techniques

were needed to estimate the noise reduction from data measured during the live performances. These

techniques are described in depth.

Keywords: FxLMS, multi-channel, active-noise-control, local-quiet-zones

1 INTRODUCTION
As part of the EU project MONICA1, the goal is to create a quiet zone (QZ) close to the audience of an
open-air concert. The motivation is to reduce sound at locations where communication is necessary, while
a concert’s sound system projects music with high sound pressure levels into the close-by audience area.
Such locations can be food and drink booths, health facilities, and the whereabouts of security personnel.
The present paper demonstrates applications of multi-channel adaptive active noise control (ANC) in
outdoor concerts and specifically investigates the challenges of such real-world applications and related
limitations.

The documentation of ANC experiments outdoors is still limited and mainly concerns construction
machine exhausts, street noise rejection and transformer noise blocking, see Lam et al. (2021). Most
similar to the systems under investigation here are the ones used for the blocking of transformer noise.
These systems consist of arrays or grids of control sources and control sensors and make use of active
control techniques to minimize the pressure at the sensors. Qiu (2019) introduces this subject as virtual
sound barriers (VSB). Experimental results have been presented in a very consistent series of articles
between 1995 and 2004, see Wright and Vuksanovic (1996, 1997, 1999a,b); Wright and Atmoko (2001a,b);
Wright et al. (2004). This series comprises the investigation of actively controlled acoustic shadows for
noise of different source distributions, a broad range of frequencies, in free field and unrestricted spaces.
However, experiments were only conducted in the laboratory. Tao et al. (2015) presented experiments of
a decentralized VSB, with the purpose to block the emission of transformer noise through an aperture to
the outside. Decentralised means that the multi-channel controller is not fully coupled, instead, multiple
single-channel cells are applied. The advantage is that the computational effort can be dramatically
reduced but some care has to be taken regarding the distancing of the controllers and sensors. When the
single-channel cells are too close, the stability of the controllers can be affected.

The described applications so far apply ANC techniques that minimize the sound field at points, the
error sensor locations. For completeness, it is mentioned that another class of techniques specifically
aims at attenuating sound over a region. Such techniques have been applied to achieve echo cancellation

1www.monica-project.eu



Buchner et al. (2004); Buchner and Spors (2008); Schneider and Kellermann (2011), room equalization
Schneider and Kellermann (2012) and de-reverberation Betlehem and Abhayapala (2005); Talagala et al.
(2014), as well as the creation of multiple sound zones Abhayapala and Wu (2009); Wu and Abhayapala
(2011); Betlehem and Teal (2011) and active noise control Spors and Buchner (2007). Following this path,
Zhang (2019) developed a wave domain feedback ANC algorithm to eliminate the need for a reference
sensor array and proposed a wave domain FxLMS algorithm with l1-norm constraint for ANC in sparse
noise fields. No experimental results related to wave domain ANC are published so far to the knowledge
of the author at the time of writing. With the same goal in mind, the reduction of sound throughout a
region, with point-wise active control was tested in experiments in Epain and Friot (2007) and Zou and
Qiu (2007). These experiments were conducted in an anechoic chamber and a ”normal room”. One
major challenge for real-time and real-world applications of spatial ANC techniques is that the QZ has to
be typically surrounded by control sources and sensors, which makes the application often unfeasible,
particularly for large QZs.

Recently, outdoor sound field control based on fixed filters has been applied in large-scale real-world
experiments presented by Heuchel et al. (2018) and Heuchel et al. (2020). The latter work similarly
points out that experiments related to outdoor sound field control are rarely published, neither for fixed
nor adaptive control. A crucial element in the two mentioned publications is the degradation of control
performance due to changing conditions, induced by wind and temperature. A detailed investigation of
these phenomena was then provided in a related article Caviedes-Nozal et al. (2019a). The experiments
in the present paper are based on adaptive signal processing instead, which tackle environmental issues
implicitly. One publication has been found in which adaptive ANC is applied to confine the radiation of
low-frequency sound from the main stage of open-air concerts, which is Frick and Nüesch (2017). In this
approach, a single channel adaptive controller is used to drive the control source array as a single source.
A crucial aspect is that the sound system’s subwoofer array and the control source array are configured the
same way, such that their directivity patterns are matched. This way, the main energy of the sound system
can be focused on the audience area. The propagation of sound on the main axis (stage – audience) on the
other hand, can be hardly treated this way and is therefore controlled with the control source array, placed
behind the audience.

This paper investigates the performance of multi-channel ANC systems in two outdoor concerts, at
the Kappa Future Festival 2019 in Torino (KFF) and the Roskilde Sound Summit in 2019 (RSS). Section
2 provides a short overview over state of the art ANC techniques, presents the specific implementation
of the FxLMS algorithm, which was used during the experiments, introduces the configurations of the
active noise controllers and the sound systems of the KFF and the RSS, and explains how the performance
measure insertion loss (IL) was computed in simulations and especially for experiments based on data
measured during the concert. Section 3 presents the results from simulations and measurements, which
are then discussed in section 4 and conclusions are provided in section 5.

2 METHODS
2.1 Active Noise Control
Active noise control is based on the superposition principle. The goal is to superimpose the inverted
version of an unwanted sound field in a target area, the QZ. This is done by estimating the optimal control
signal for one or multiple control loudspeakers. The control loudspeakers create the secondary sound field,
which destructively interferes with the unwanted primary sound field, which can be perfectly eliminated
under ideal conditions. In practice, these conditions might be time-varying and disturbances limit the
performance of the controller so that good cancellation can often be achieved at lower frequencies only,
as shown in Heuchel et al. (2018). One way to overcome this problem is the application of adaptive ANC
algorithms. These adapt continuously to the changing conditions. The main family of adaptive algorithms
is based on the least mean square (LMS) algorithm, which minimizes the mean square sound pressure
measured at error sensors. The result is a set of filter coefficients that are used to synthesize the optimal
signals for the control loudspeakers. A derivation of these algorithms is omitted but the interested reader
is referred to the vast amount of literature for example Kuo and Morgan (1996), Elliot (2001) and Hansen
et al. (2012). An important detail nonetheless is the acoustic path from the control speakers to the error
sensors, which is called the secondary path. This path is mostly present in active noise control problems
and introduces a delay that needs to get compensated. This leads to the FxLMS algorithm, where ”Fx”
relates to the filtered reference signal – the reference signal that has been filtered with an estimate of the
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secondary path. Fig. 1 shows a block diagram of the algorithm.

Figure 1. Block diagram of the 3x3x3 channel FxLMS algorithm (3 primary sources, 3 control sources,
3 error sensors). The quiet zone surrounds the error sensors (pink). x (reference signal); f̂x (filtered
reference signal); d (primary noise signal); y (control speaker signal); ye (secondary sound field at the
error sensors); e (residual sound field or the error signal); S (secondary path transfer function matrix); P
(primary path transfer function matrix).

The FxLMS algorithm has proven to be stable and robust against disturbances and secondary path
modelling errors if its step size is sufficiently small and leakage is applied, see e.g. Elliot (2001) page 149
and Fraanje et al. (2007). A further advantage is that the computational cost is relatively low compared
to other LMS derivates like the Recursive Least Square algorithm (RLS), Affine Projection algorithms
(AP) described in Sayed (2008), or Kalman filter based approaches suggested by Lopes and Piedade
(2000); Ophem and Berkhoff (2013); Liebich et al. (2017). However, also the FxLMS algorithm produces
a computational burden if applied in multi-channel configurations. All possible paths in between the
control sources and error sensors have to be taken into account. Therefore, a configuration with Nr
reference signals, Nc control sources and Ne error sensors roughly requires Nr ⇥Nc ⇥Ne convolutions and
cross-correlations to update the filter coefficients. To reduce this burden, sparse adaptation techniques
have been introduced, as well as sub-band filtering algorithms Morgan and Thi (1995); Park et al. (2001)
and block-based frequency-domain implementations, see e.g. the review by Yang and Yang (2018). The
partitioning of the adaptive filter into smaller blocks can further reduce the computational effort when long
control filters are needed, which is the Partitioned Block Frequency Domain Adaptive Filter (PBFDAF),
presented by Sommen (1989), Soo and Pang (1990) and Páez Borrallo and Otero (1992). The control
filter is cut into smaller blocks in time, and blockwise updated in the frequency domain. The active
controller that has been used in the presented experiments is a multi-channel PBFDAF FxLMS algorithm,
normalized and with optional leakage factor.

2.1.1 Secondary source and error sensor placement
A multi-channel ANC controller can achieve total cancellation in the error sensors when the same number
of error sensors and control sources is used, as shown in Elliot (2001), section 4.2.3. The limiting factor
in practice is then the signal to noise ratio (SNR), where the noise is measurement noise at the error
sensors. However, the reduction of sound in the QZ relies on the acoustic shadow of silence behind the
error sensors. The shape and extent of this shadow depend, among other aspects, on the number of control
sources and error sensors and their placement. Consequently, the placement of these components is of
great importance. Good results have been achieved with optimizing the control source and error sensor
locations using genetic algorithms, as for example presented in Montazeri et al. (2003). But optimization
requires an accurate model of the primary sound field. When the model deviates from reality the result
will not be optimal in practice. Therefore, in complex acoustic conditions, it can be sufficient to determine
the optimal QZ system configuration via a parameter study. Practical limitations might even simplify such
a study by constraining the degrees of freedom. For example, when a QZ System is installed close to an
audience, it has to be compact in its size to reduce the occupation of space for paying audience, and the
size of the control sources sets the minimum possible distance between the sources. A parameter study
was executed in a previous study and validated in laboratory experiments, Plewe et al. (2018). This study
was also the basis for the system configurations used in the experiments presented here.
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2.2 Setup – Kappa Future Festival
Fig. 2 shows the final system configuration, that has been used at the KFF. It was originally planned as a
four by four channel system as used in Plewe et al. (2018) but needed to be cut down to a 2 by 2 system
due to practical limitations. The QZ System consists of 2 stacks of one d&b V-Sub subwoofer and a V12

Figure 2. Schematic of the Quiet Zone System configuration at the KFF. The primary source sub-woofer
array of the stage with each source in endfire configuration (red circles). The QZS’s secondary sources
(blue), three error sensors (first row), three validation sensors (second row).

top-piece in 1.5 m distance. The subwoofers have a cardioid directivity pattern. The stacks were lifted by
0.5 m from the ground. The error sensors were placed at a 1.5 m distance to the sources at 1.25 m height,
which also satisfies findings from Nelson and Yoon (2000), who stated that equal distances between
sources and sensors result in better conditioning of the secondary path transfer function matrices, which
increases the system’s robustness against disturbance. The distance between the subwoofer stacks was
mainly determined by recommendations in the manufacturer’s manual, where it is stated that a minimum
distance of 60 cm should be kept. The width of the cabinets is 70 cm, which makes a minimum separation
of 1.3 m from centre to centre. All speakers were individually powered with a d&b D80 4-channel
power amplifier as a two-channel system. The subwoofer array in front of the stage consisted of the
same speaker type but each was configured as an end-fire array so that the directivity deviates from the
secondary sources’ pattern. Also, note that two line-speaker-arrays to the left and right of the stage (L/R)
are not shown in Fig. 2. The sub-woofer array determines the primary field below ⇡ 100 Hz, above it
is governed by the line-arrays. Two reference signals were obtained from the sound engineers mixing
console located at ”REGIA”. Further two reference signals were obtained by splitting the powered output
of one subwoofer of the primary array and a low-frequency driver of a V12 within the left line-array.
These signals were then reduced to a line-audio level with a custom-made ”amplifier sniffer”, and then
captured with a commercial audio interface, connected to the control computer. These signals were
retrieved as a backup solution, in case strong non-linearities would have been present in the signal chain,
which can degrade the performance of a linear controller as shown in Lumpert (2019). The error sensors
were G.R.A.S.2 free-field microphones Type 46AC, amplified with the B&K3 CCLD signal conditioner
Nexus™ Type 2690. The validation microphones were B&K free-field microphones, amplified with the
CCLD signal conditioner type 2694-A. The controller at the KFF operated with a block length of 64
samples at an audio sample rate of 3 kHz. The length of the control filters was 512 samples. Fig. 3 shows
the ANC system of the KFF in action.

2.3 Setup – Roskilde Sound Summit
At the RSS, the secondary source array is configured the same way as the sound system’s primary
array. These are made of 10 d&b V-Sub subwoofers with 2 m separations. Because only subwoofers
were employed, control is limited to the subwoofers’ frequency range, rolling off from ⇡ 100 Hz. The
secondary source array has a distance of 18 m from the primary array and in further 18 m from the

2www.grasacoustics.com/
3www.bksv.com/en
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Figure 3. The ANC at the Kappa Future Festival in Torino in 2019. Left: View from behind with view
to the main stage. Right: close up to the ANC system. Only two of the three stacks where used in the
presented experimental results.

secondary array starts the quiet zone region covered with 38 error sensors. These are separated by 4 m
and staggered from row to row with a 2 m distance. Fig. 4 shows the setup at the RSS from a bird’s eyes
view. The error and validation microphones were B&K free-field microphones amplified with three B&K

Figure 4. Schematic of the QZS at the Roskilde Sound Summit (RSS) 2019. Red circles indicate
primary subwoofers, blue circles secondary subwoofers and white circles error and validation
microphones. All locations of sources and sensors are not exact in this photo. The background-photo is
copied from Google Maps™.

CCLD signal conditioners type 2694-A. A single channel reference signal was achieved from the sound
engineers mixing console during the concert or generated internally in the controller’s processing unit, an
Apple Macbook Pro™, during tests and experiments before the concert. A signal sniffer was not used
in these experiments. The controller at the RSS operated with a block length of 32 samples at an audio
sample rate of 1.5 kHz. The length of the control filters was 512 samples. Fig. 5 shows the ANC system
of the RSS in action.

2.4 Online and offline estimation of IL
The insertion loss (IL) is chosen as a performance measure, which describes the amount of noise reduction
that is achieved when the controller is active. The basic definition in the single-channel case is

IL = 10log10

 
Ŝdd

Ŝee

!
, (1)

where Ŝdd and Ŝee are the power spectral densities (PSD) of the primary noise d and the measured error e
respectively on the example of a single sensor location. The PSDs, are estimated with Welch’s method in
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Figure 5. The ANC system at the Roskilde Sound Summit in 2019. View from the stage’s perspective.

the frequency domain with

Ŝdd =
1
N

N

Â
i=1

|d̃i|2 and Ŝee =
1
N

N

Â
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|ẽi|2. (2)

N is the number of frequency bins that are averaged, obtained from successive frames of discrete Fourier
transforms (DFT). It is straightforward to estimate the IL when ideal test signals can be played back
through the sound system, like stationary noise or sine-sweeps. This was possible in the RSS experiment.
Before the concert, a pink noise reference signal x was played back via the primary source array to capture
d. Then, the same pink noise reference was played back additionally through the secondary sources, but
filtered by the control filter in steady-state W•, to capture the residual sound-field e, according to Fig. 1
and

d = Px (3)
e = d+ye = Px+SW•x. (4)

W• 2 CNc⇥Nr is the control filter matrix to drive the Nc control sources with Nr reference signals. The
infinity index indicates that this control filter is in steady-state, which is the optimum with respect to the
applied configuration. x 2 CNr⇥1 is the reference signal vector. At the KFF was Nr = 2, the stereo signal
from the sound engineers mixing console and at the RSS was Nr = 1, because the primary subwoofer
array was fed with a mono mix of the original stereo reference. As an alternative to using pink noise as a
test signal, it is possible to playback exponential sine-sweeps Farina (2007).

During the KFF it was not possible to playback any measurement signals. The reference signal here
was therefore the music of the concert performance. This causes challenges because the non-stationary
property of the reference signal can significantly decrease the SNR and introduce an error when the PSDs
of the primary noise d and the total field e are estimated at different times. Imagine that strong bass sound
is present during the estimation of Ŝee, while only little bass is played during the estimation of Ŝdd . The
IL in Eq. 1, which is the ratio of the PSDs, would decrease. This will be shown in section 3. Another
strategy was therefore chosen for the online computation of the IL during the concert. First, the primary
paths were estimated via H1 estimator (Shin and Hammond (2008)), defined as:

P̂ =
E[d̃xH ]

E[xxH ]
. (5)

E[·] denotes the statistical expectation so that Eq. 5 becomes the ratio of a cross-correlation matrix
2 CNe⇥Nx and an auto-correlation matrix 2 CNr⇥Nr with Ne the number of error microphones. It is in
practice computed by averaging a fixed number of frequency bins obtained from successive Fast Fourier
Transforms (FFT). Then, the primary noise estimate at all sensors can be computed via convolution at
any time with the controller on, with d̂ = P̂x. In Eq. 5 it is critical when the reference signals in x are
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partly correlated. This will cause an over-estimation of the primary noise field d̂. This aspect will be
addressed in section 3 related to the experimental results. With d̂ at hand, the IL can be computed with an
H2 estimator on the example of one of the sensors, with

IL = 20log10

 �����
E[d̂d̂⇤]

E[ẽd̂⇤]

�����

!
, (6)

where ·⇤ denotes the complex conjugate. The H2 estimator extends the ratio with the complex conjugate
of the denominator. While the H1 estimator reduces the measurement noise captured by the recording
microphones, the H2 estimator reduces the noise in the input signal. The ”input signal” in Eq. 6 is the
denominator E[ẽd̂⇤]. This method has been verified by applying it to measurements without control. e is
then replaced with the measured primary field d̃ and the IL of Eq. 6 is then expected to be overall zero, as
shown in the next section. Note that using the term IL might be confusing in this case, it is really the error
between the measured and estimated primary field computed as a ratio.

When the primary path can be measured in advance via sine-sweep recordings, the estimate P̂p can be
replaced with the measured version P̃. This technique would also solve the problem of having correlated
reference signals. A drawback is that P̃ can be considerably affected when the conditions between
measurement and application have changed. This is the case when the temperature of air changes but also
when the sound system configuration gets changed after the sine-sweep measurements were executed.

In simulations, the control filter W• is computed by running the whole control loop offline, in contrast
to computing it as the analytic solution. The primary and secondary path transfer function matrices were
modelled with monopoles at the locations of the true sources. Ground reflections were added with a small
and constant absorption factor of 0.25, and the obtained secondary path transfer functions were weighted
with the magnitude spectrum of the measured secondary path transfer functions. White noise is added to
the simulation with 24 dB SNR with respect to the average sound pressure at the error sensors. The IL in
simulations is computed for the same locations, where error and validation sensors were placed in the
experiments. The IL is presented as the spatial mean IL with standard deviation STDIL for the sets of
error sensors and validation sensors separately, according to

IL =
1
N

N

Â
i=1

ILi and STDIL =

s
1
N

N

Â
i=1

(ILi � IL)2, (7)

with N = Nc for IL at the control sensors and N = Nv for IL at the Nv validation sensors. It can be seen
this way how the optimal noise control performance at the error sensors deviates from the performance in
the actual accessible QZ. Note that IL is here computed for the point-wise ILs in dB. The mean on the
squared entities before the logarithm has shown no difference.

3 RESULTS
Results from experiments at the KFF and the RSS are presented in this section. IL is shown for the
designated QZs, the estimation of the IL will be verified itself, and different configurations of error sensors
are presented in relation to the RSS experiment.

3.1 Kappa Future Festival
Initial measurements of the primary and secondary paths were executed in the evening before the start of
the festival in mild climatic conditions. The experiments themselves were executed during the event under
a heavy inflow of sound from other stages close by and at 34 �C air temperature. Before showing the
actual performance of the system, the quality of the reference signals is discussed and the IL estimation
technique validated. First, the quality of the reference signals was investigated and the sniffer signal of a
V12 was chosen as reference to compute P̂. The challenge of having to cope with correlated reference
signals, like the console references, was prevented that way. In fact, the two console reference signals
were very coherent for frequencies up to 250 Hz, as shown in Fig. 6 (a). The coherence between the V12
sniffer reference and the console references are shown in Fig. 6 (b). Very high coherences up to 200 Hz,
for the sniffer signal with respect to the left, right and summed console references respectively, indicates
that similar results for the computation of the IL are to be expected at low frequencies, disregarding which
reference is used. The blue line in Fig. 6 (b) is the coherence between the left console reference and the
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(a) (b)

Figure 6. (a) Coherence between the console reference signals, (b) coherence between the sniffer signal
and the console reference signals. console left (blue), console right (orange), console sum (green)

V12 sniffer signals. The overall high coherence shows that the sniffer signal is linearly related to the left
console reference. It also shows that only low electrical noise is present in the sniffer signal and that low
non-linearities are present, which would result in a drop of coherence otherwise. Interesting is the big
drop in coherence with respect to the right console reference (orange). It should be expected that the
coherence here is similar to the coherence between the two console references in plot (a), as the result of
stereo effects in the music signal. The origin of the deviation of the plot (a) from (b) orange is unclear but
does not matter for further results because the deviation occurs above 250 Hz, where IL has not achieved
anyway.

Next, the IL estimation technique shown in Eq. 6 is verified based on a section where no control
was applied. This could be called the ”IL without control”, which should be naturally zero dB. So the
measured error ẽ in Eq. 6 is replaced with the measured primary field d̃ and the estimate d̂ is computed
for the same section. Fig. 7 shows both, the IL for the experiments in (a) and the ”IL without control” in
(b). Every deviation from zero in the plot (b) must stem from an estimation error in P̂, computed with Eq.

Figure 7. The IL estimations for the KFF. Orange represents the mean IL at the error sensors, blue
represents the mean IL at the validation sensors. Left: The measured mean IL in the error microphones
(orange), the measured mean IL in the validation microphones (blue), the simulated mean IL in the error
microphones (orange dotted), the simulated mean IL in the validation microphones (blue dotted). Right:
The ”IL without control”, estimated for a section without control for the purpose of validating the IL
estimation technique. The ”IL without control” is expected to be zero.

5. The error wiggles around zero up to 1 kHz with approximately ± 2 dB and a few peaks going close
and beyond 4 dB at higher frequencies. This indicates high accuracy in the insertion loss estimation.

The measured IL has a similar shape as the simulated one but falls off earlier on the frequency axis.
Many sources of uncertainty can be the cause of this deviation. One of the reasons is the high variance
of the SNR onsite, due to the music from other stages. In contrast, the added noise in simulations has a
constant variance according to 24 dB SNR. Another reason is high uncertainty in the estimation of the
system component’s parameters. The estimated locations of the primary sources e.g. might have an error
of a few meters and their directivity patterns deviate from reality. Nonetheless, the main degrading effect
on the IL in the error sensors is here the SNR because the number of control sources equals the number
of control sensors, which makes it a well-determined control system. A larger SNR would increase the
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IL at the error sensors but not necessarily in the validation sensors. While control is optimal at the error
sensors, it is not in close vicinity and might be dominated by other means. Here, the SPL of the primary
field drops very slowly with distance around the error sensors because the sources are in ⇡ 70 m distance,
the secondary field on the other hand decays fast because the sources are very close.

3.2 Roskilde Sound Summit
At the RSS, the sound system consisted of a pair of broadband d&b V12 loudspeakers and an array of
10 d&b VSub subwoofers. The secondary sources were placed in 18 m distance to the primary array
with the same configuration. The QZ was an area of approximately 300 m2. 38 microphones covered the
QZ on an approximately regular grid and were split into error and validation microphones in different
configurations.

The overall system configurations are denoted with ”number of primary sources” ⇥ ”number of
secondary sources” ⇥ ”number of error sensors”. The primary source array was always driven with a
single reference signal and is therefore considered a single source. The secondary array was driven as
a single source in one case and will also be denoted as a single source in this case. All sources of the
secondary array were driven independently otherwise, as a multi-channel array. The configurations are:
(a) 1x1x38, (b) 1x10x7 and (c) 1x10x10, as shown in Fig. 8. The number of validation microphones is
always the rest of the sensors, which also means that there were no validation microphones in case (a).
The distribution of the error sensors in case (b) was chosen with the Latin Hypercube Sampling technique,

(a) (b)

(c)

Figure 8. System configurations at the RSS, primary sources (black), secondary sources (blue),
validation sensors (grey), error sensors (red) a) 1x1x38, b) 1x10x7 and c) 1x10x10

as suggested by Caviedes-Nozal et al. (2019b). The technique aims at sampling the space uniformly, such
that the space is optimally spanned. Configuration (c) uses the 10 closest microphones as error sensors to
provide a large QZ without sensors. Note that the validation microphones are only used for the purpose of
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investigation and documentation of results and could be removed otherwise. The three configurations
also represent the three possible conditions of a multi-channel system: over,- under- and well determined.
The achieved ILs are shown in Fig. 9. Plot a) to c) are based on pink noise measurements from which

(a) (b)

(c) (d)

Figure 9. IL achieved at the RSS. IL in validation microphones (blue), variance in validation
microphones (blue shaded), IL in control microphones (red), a) 1x1x38, b) 1x10x7, c) 1x10x10 and d)
1x10x7 estimated during the live concert

the PSDs Ŝdd and Ŝee could be directly estimated with Eq. 2 and then the IL with Eqs. 1 and 7. Plot d)
is obtained from measurements during the performance with Eq. 6, where the estimate d̂ is computed
via convolution of the recorded reference and the primary path obtained from sine-sweep measurements
before the concert.

As expected, the system performs worst when the secondary source array is driven as a single source.
Still, the IL is considerable with a mean of 15 dB at frequencies between 40 and 50 Hz and is similar to
what has been measured in Frick and Nüesch (2017). It is expected that a single error sensor in the middle
of the QZ area, or a distributed set of a few sensors can achieve similar performance, as shown in Frick
and Nüesch (2017). Plot (b) shows that a distributed set of control microphones has caused very similar
IL in the control and validation microphones. Such behaviour is very valuable in practice because the
performance in the error sensors can be directly used to infer the system’s performance in the overall QZ
area. Plot (c) shows that larger IL is achieved in the error sensors than in the validation sensors. This is a
fundamental property of ANC applications: The secondary field is optimized to cancel the primary field
in the control sensors. Beyond the control sensors decreases the match between the fields and the control
performance drops. One of the reasons is that the secondary field decays faster with distance because the
secondary sources are closer than the primary sources. The advantage is, compared to configuration (b),
that the QZ can be free of sensors and is therefore accessible for people.

Finally, Fig. 9 (d) shows the IL achieved with the configuration 1x10x7 during the live performance.
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Compared with plot (b), the IL is ⇡ 2 dB lower in between 50 Hz and 120 Hz and approximately 5 dB
at 30-40 Hz. The IL goes below 0 dB above 200 Hz because the reference signal was lowpass filtered.
Therefore decreases the SNR with frequency when using the H1 estimator in Eq. 5. The error signal
ẽ in the denominator contains the full-range recording of the music, in which only low frequencies are
attenuated by control and the denominator contains the estimate of the primary field d̂ which is based on
the lowpass filtered reference. The IL above 200 Hz is therefore to be neglected.

4 DISCUSSION
In both experiments, it could be seen that the IL is largest in the error sensors and drops in the validations
sensors, which represent the QZ. This is a general drawback of control algorithms that minimize the
pressure at error sensors. Optimal control is achieved where the error sensors are located, locations that
are not accessible by people due to the presence of microphones. The attenuation of noise outside the error
microphones can be seen as an acoustic shadow behind an array or grid of error sensors. The reduction
of noise in these shadow regions can still be considerable at lower frequencies if all sources and sensors
are in the line of sight but the performance drops significantly in complex environments. Elliott et al.
(1988) has shown that the contour of � 10 dB noise reduction in a sphere around the error sensors is
approximately at a distance 1/10 of the wavelength to the sensor in diffuse fields. This clearly constitutes
the worst-case in open-air environments with a few reflective surfaces nearby. A couple of methods do
exist, which have been reviewed by Moreau et al. (2008), that move the zone of optimal performance away
from the error sensors. Adding a virtual sensing technique would improve the active control performance
in the QZ and is recommended for future applications. A challenge is nonetheless, that most techniques
require initial measurements with sensors in the QZ. In large scale experiments like the RSS, this can
require considerable effort and therefore, a model-based virtual sensing technique is proposed in Plewe
et al. (2020) and Plewe et al. (2021).

The correlated reference signal problem has been touched upon. A multi-channel system with multiple
correlated inputs is an ill-conditioned system for which no unique solution exists. This problem is well
known as the non-uniqueness problem in multi-channel system identification, as for example described
in Thune and Enzner (2013). Such a system of equations can be solved with the least mean square
algorithm, which gives the solution with the smallest mean square error. Many techniques were developed
to overcome the problem of non-uniqueness in order to find the true system. This includes decorrelation
and pre-whitening of the input signals, but these techniques overshoot the scope of this paper. The FxLMS
also suffers from correlated reference signals which manifests in slower convergence, like reported in
Ninagawa et al. (2004) and Bai and Elliott (2004). Slow convergence is not an issue in the presented cases
here.

A technique has been introduced, to estimate the IL online – from measurements during the concert.
This technique applies in sequence H1 estimation to get an estimate of the primary path while measurement
noise in the measured primary field gets suppressed and then H2 estimation to compute the IL and
simultaneously reduce the measurement noise in the measured error signal. This reminds of the unbiased
Hw estimator described in Shin and Hammond (2008) and also known as total least squares estimator,
where measurement noise can be suppressed in both, the input and the output. It might be possible to
derive a compact form of a Hw estimator to compute the IL from performance data.

The test of ANC systems in the real world was impaired by the conditions of the event. It was for
example not possible to evaluate how much the active noise controller has disturbed the audience area.
The placement of additional microphones in the audience area was forbidden due to safety regulations at
the KFF. It can only be said that no noticeable effect was perceived by a few project partners at the KFF
that have been asked about and that there were no complaints from the audience. A more sophisticated
investigation of the subject was executed at another outdoor test. There, a listening test was conducted
as part of a large scale test with fixed filter control and is documented in Brunskog et al. (2019). In
this test people in the audience area were asked to determine if the control sources are audible or not.
It was remarkable that no noticeable effect was perceived in the audience area, in a large scale control
application. In large scale configurations the secondary path is much longer so that more energy has to be
radiated by the control sources. Another aspect that limits the radiation of sound into the audience area is
the fact that cardioid subwoofers were used.

Of specific challenge can be the measurement of the primary path transfer functions. In large scale
settings, this can be of enormous effort, materialistically and with respect to working hours. Furthermore
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are the measured primary paths exposed to changes in the conditions. The impact of a change of
temperature has been discussed in Heuchel et al. (2020) but a further danger is that the sound system
configuration gets changed after the transfer function measurements. This was the case at the KFF for
example. All these changes corrupt a fixed pre-calculated solution for the control filters and emphasize the
benefit of adaptive control techniques, which do not depend on primary path measurements. Nonetheless,
it is of value to compute the Wiener solution for the evaluation of the active noise control performance.
The analytic solution, also called the Wiener solution, is the solution to the inverse problem that governs
the control process, and which the controller is supposed to solve iteratively. With the Wiener solution, it
is possible to compute the misadjustment, which shows how close the active controller is to its optimum,
see Elliot (2001) chapter 2.6.3. In practice this solution is often biased, for example, due to the choice of
regularization or changes of conditions. Specifically, at the KFF the computation of the Wiener solution
was challenging because the sound system configuration has changed after the measurement of the primary
paths. It is therefore not clear if the optimum was actually reached in the experiments, it could only be
confirmed that the control filters have reached some kind of steady-state when the filters stopped changing.
It is therefore unclear if the IL in Fig. 9 (d) is lower than in plot (b) because of an estimation error in P̂p
or because the control filter has not converged to the Wiener solution.

5 CONCLUSION
Applications of a small scale and a large scale ANC system in outdoor concerts have been presented. A
large QZ of 300 m2 was achieved at the RSS with 10-15 dB IL outside the error microphones. A small QZ
with 10 to 20 dB IL was achieved in 50 cm distance from the error sensors at the KFF. How fast the IL in
the QZ drops, with distance to the error sensors, depends on the ratio of the secondary path length and the
length of the primary path. This is true for free field like conditions and aligned components, the primary
sources, the secondary sources, and the error sensors. The depth of a QZ can therefore be determined
through the placement of the error sensors with respect to the control sources. These insights are not new
but were here validated in practice. The IL at the error sensors was general superior as expected. It is
therefore attractive to apply virtual sensing techniques, which control optimally at non-physical (virtual)
sensors.

Practical challenges were addressed: The prohibition of microphones in the audience area can hinder
the collection of data. The sound system settings can change after initialization, which has consequences
for algorithms that rely on primary path measurements. Complex acoustic conditions challenge the
development of accurate simulations, and massive time-varying disturbances at the error and validation
sensors corrupt and limit the control performance. Three IL estimation techniques were described, of
which one can be used for the estimation of IL from measurements during the concert.
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Frick, C. and Nüesch, P. (2017). A study on parameterization and implementation of subwoofer arrays
for active noise control in event noise management. In PRoceedings of the Institute of Acoustics,
volume 39.

Hansen, C. H., Snyder, S., Qiu, X., Brooks, L., and Moreau, D. (2012). Active control of noise and
vibration, volume I+II. Taylor & Francis, 2nd editio edition.

Heuchel, F. M., Caviedes-Nozal, D., Agerkvist, F. T., and Brunskog, J. (2018). Sound field control for
reduction of noise from outdoor concerts. 145th Audio Engineering Society International Convention,
AES 2018.

Heuchel, F. M., Caviedes-Nozal, D., Brunskog, J., Agerkvist, F. T., and Fernandez-Grande, E. (2020).
Large-scale outdoor sound field control. The Journal of the Acoustical Society of America, 148(4):2392–
2402.

Kuo, S. and Morgan, D. (1996). Active Noise Control System - Algorithms and DSP Implementations.
Wiley.

Lam, B., Gan, W.-S., Shi, D., Nishimura, M., and Elliott, S. (2021). Ten questions concerning active
noise control in the built environment. Building and Environment, 200(May):107928.

Liebich, S., Fabry, J., Jax, P., and Vary, P. (2017). Time-Domain Kalman Filter for Active Noise
Cancellation Headphones. In 25th European Signal Processing Conference.

Lopes, P. A. and Piedade, M. S. (2000). The Kalman filter in Active Noise Control. European Signal
Processing Conference, 2015.

Lumpert, E. D. (2019). Sound Field Control using Nonlinear Transducers. PhD thesis, Technical
University of Denmark.

Montazeri, A., Pshtan, J., and Kahaei, M. (2003). Optimal Placement of Loudspeakers and Microphones in
an Enclosure Using Genetic Algorithm. Proceedings of 2003 Ieee Conference on Control Applications,
1:135–139.

Moreau, D., Cazzolato, B., Zander, A., and Petersen, C. (2008). A review of virtual sensing algorithms
for active noise control. Algorithms, 1(2):69–99.

Morgan, D. R. and Thi, J. C. (1995). A Delayless Subband Adaptive Filter Architecture. IEEE Transactions
on Signal Processing, 43(8):1819–1830.

Nelson, P. A. and Yoon, S. H. (2000). Estimation of acoustic source strength by inverse methods: Part I,
conditioning of the inverse problem. Journal of Sound and Vibration, 233(4):639–664.

13/15



Ninagawa, T., Kajikawa, Y., and Nomura, Y. (2004). Multi-channel active noise control system using
the perturbation method with correlation removal filter. In 2004 12th European Signal Processing
Conference, pages 921–924.

Ophem, S. V. and Berkhoff, A. P. (2013). Multi-channel Kalman filters for active noise control. The
Journal of the Acoustical Society of America, 133(April 2013):2105–2115.
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ABSTRACT

The design, implementation, and test of a local quiet zone system for open-air concerts in a real-world

experiment are reported. The goal is to produce a small and contained zone of silence close to loud open-

air concert environments. Of special interest is the coupling of an active controller utilizing the FxLMS

algorithm and a passive element in order to provide silence throughout the whole audible spectrum. Such

coupling has been investigated as ”active noise barriers” during the last decades. Most of these studies

focus on street noise rejection, where long barriers are deployed. In this study, we look at smaller barriers

in width and height and look more closely at local effects due to the coupling. The passive element can

both degrade and support the performance of the active controller in the quiet zone around the control

sensors. The quiet zone system has been tested in real-world conditions at an open-air concert in the

amusement park Tivoli in Copenhagen.

Keywords: FxLMS, multi-channel, active-noise-control, active-noise-barriers, local-quiet-zones

1 INTRODUCTION
Communication among a few people close to the audience of an open-air concert can be challenging.
At food booths and close-by staff facilities, this problem becomes severe since there is no escape from
such massive sound exposure, while communication is essential. Staff like food and drink servers, safety
guards, and health personal, e.g., need to communicate during the concerts or might simply be exposed to
loud noise for many hours. In Plewe et al. (2018) a multi-channel active noise control (ANC) system was
designed and tested in the laboratory with the goal to produce a local quiet zone (QZ) of approximately
2 m2 with an average attenuation of at least 10 dB for frequencies up to 350 Hz. 2 m2 are sufficient to
cover 2 people in conversation. Subsequently, in Plewe et al. (2021a), two multi-channel ANC systems
were tested in outdoor concerts, on a small and large scale to investigate the feasibility and challenges
of such real-world ANC applications. The present paper is the next step towards a QZ, in which sound
is attenuated in the whole audible spectrum. This is achieved by adding a passive element. It has been
found that the insertion of a passive element changes the conditions for the active controller, which is
specifically investigated. This paper reports the implementation and a real-world test of a broadband
Quiet Zone System (QZS) close to the audience of an open-air concert.

Broadband noise control outdoors is challenging due to the complex and time-varying acoustical
conditions of a real-world scenario. It has been shown that physical noise barriers can effectively block
broadband noise but a limit towards low frequencies is determined by the size of the barrier, Qiu (2019)
(chapter 1.2). Active noise control on the other hand is effective at low frequencies and this leads to a
combination of active and passive elements in order to cover the whole audible frequency range. The
coupling of these is known as active noise barriers (ANB) and has been studied during the last three
decades with a focus on street noise rejection. The amount of related literature is manifold. For a general
introduction, it is again referred to Qiu (2019). In the following, the focus is on practical implementations
and real-world tests. Experiments under laboratory conditions were executed by Ise et al. (1991), Omoto
and Fujiwara (1993) and Guo and Pan (1997). These experiments investigate semi-finite noise barriers,
which are approximated in the laboratory by extending the barriers to the sidewalls of the anechoic
chambers. Documented real-world experiments are presented by Duhamel et al. (1998) and Omoto
et al. (1997) with the goal to reduce noise in large zones far away from the wall. Ohnishi et al. (2000)
implemented a 40 m long ANB and tested it in open-air with a fix and a moving noise source (a truck
passing by). Zou et al. (2014) tested a barrier on a rooftop in Hunan for the suppression of transformer



noise. One of the major concerns in these studies is the placement of control sources and error sensors,
which is reviewed in more depth in section 2.3. Here, the main concern is the attenuation of music from an
open-air concert in a small and locally constrained region close to the audience. This type of application
can be distinguished from the street noise rejection barriers by three main aspects: 1) the passive barrier is
small and allows for diffraction around the lateral edges, 2) the source of the unwanted sound field can
be directly retrieved from the sound engineers mixing console, and 3) the targeted zone of quiet is small
and close to the control loudspeakers. It might be a requirement that the QZ does not exceed a certain
range. The following content presents how the QZS has been designed and finally tested under real-world
conditions, in a ”Friday-rock” concert in Tivoli, Copenhagen’s oldest amusement park. The installation of
the QZS in Tivoli is shown in Fig. 1. It is further shown how the passive barrier affects the active control

Figure 1. The QZS at a Friday Rock concert in Tivoli in 2019. White circle: QZS, Blue Circle: stage

performance in the acoustic shadow region of the barrier and a series of real-world challenges are depicted,
which affected the collection of measurement data and made it necessary to develop custom techniques
for the evaluation of the data. The estimation of the noise reduction performance of an active controller
has already been addressed in Plewe et al. (2021a). A technique for the estimation of the noise reduction
due to the passive element will be emphasized here. The experiment was part of the Horizon2020 project
MONICA1, which had the goal to demonstrate massive applications of IoT and related technologies in
large urban events with the purpose to support security and mitigate noise pollution.

This paper is structured as follows. The active control system is described in section 2.1, the passive
element is presented in section 2.2, and the coupling of both in section 2.3. Simulation techniques and the
development of a numerical model in COMSOL™ are described in section 2.5, the experimental setup is
presented in 2.4, and results are shown in section 3.

2 METHODS
This section introduces the principles and the design of the active controller, the passive element, and the
coupling of both which is the QZS. The term hybrid will be used for this coupled system, which is not to
be confused with hybrid methods of active control, where different adaptive algorithms are combined or
hybrid control systems that comprise discrete and continuous-time elements. The mathematical notation
makes use of boldface capital letters for matrices, boldface small letters for vectors, and normal face for
scalars. ·̃ is overall used to indicate measured entities, ·̂ denotes estimates, and · denotes a spatial average
or the average over frequencies, as will be stated.

2.1 Active Noise Control
Active control is based on the superposition principle. The goal is to superimpose the inverted contribution
of an unwanted sound field in a target area, the zone of quiet. This is done by estimating the optimal
control signal for one or multiple control loudspeakers. The control loudspeakers create the secondary
sound field, which destructively interferes with the unwanted primary sound field, which can be perfectly
eliminated under ideal conditions. In practice, these conditions might be time-varying and disturbances
corrupt the control performance so that good cancellation can often be achieved at lower frequencies only,
shown in Heuchel et al. (2018). One way to overcome this problem is the application of adaptive control
algorithms. These adapt continuously to the changing conditions. The main family of adaptive algorithms

1www.monica-project.eu
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is based on the least mean square (LMS) algorithm, which minimizes the mean square sound pressure
measured at error sensors. The result is a set of filter coefficients that are used to synthesize the optimal
control signals for control loudspeakers, that cancel the sound at the error sensor locations. For details
and derivations of these algorithms the reader is referred to the vast amount of literature, for example
Kuo and Morgan (1996), Elliot (2001) and Hansen et al. (2012). An important detail, however, is the path
from the control loudspeakers to the error sensing locations, which is called the secondary path. This path
is mostly present in active noise control problems and introduces a delay that needs to get compensated.
This leads to the family of FxLMS based algorithms, where ”Fx” relates to the filtered reference signal –
the reference signal that has been filtered with an estimate of the secondary path. See Fig. 2 for a block
diagram of the algorithm.

Figure 2. Block diagram of the FxLMS algorithm. The quiet zone surrounds the error sensors. e:
residual sound field or error, d: primary sound field at the error sensors, u: control signal, y: secondary
field at the error sensors, W: control filters, S: secondary path transfer function matrix, P: primary path
transfer function matrix, x: reference signals, fx: filtered reference signals, least mean square algorithm
(LMS).

The FxLMS algorithm has been tested with regard to its application in outdoor concerts in Plewe et al.
(2018) and Plewe et al. (2021a). In Plewe et al. (2018) it is described how the specific configuration of the
multi-channel active control system was determined, in relation to the number of control sources and error
sensors and their placements. The system was designed to reduce the average pressure over space and
frequency in a region of 2 m2 with at least 10 dB up to 350 Hz. The result was a system with linear arrays
of four control sources and four error sensors as shown in Fig. 5. The spacing of the array elements is 0.5
m, which corresponds to ⇡1/2 of the wavelength at 350 Hz. The same proportion was also suggested as
minimum for effective control by Omoto and Fujiwara (1993) and for the cancellation of oblique incident
plane waves in Elliott et al. (2018). For comparison, in a diffuse field the contour-line of minimal 10 dB
sound reduction around an error sensor is approximately at a distance of 1/10 of a wavelength, shown in
Elliott et al. (1988). In Plewe et al. (2021a) ANC systems were tested and demonstrated in real-world
applications – open air concerts – as part of the MONICA project. Besides good performance in the
QZ regions, these systems have especially proven to be robust against massive disturbance at the error
sensors. The same configuration that was used in Plewe et al. (2018) has been chosen as starting point for
the development of the present QZS. It consists of four control sources and 4 error sensors. Nonetheless,
the presence of a passive element changes the acoustic conditions in the quiet zone area for the active
controller and also sets practical limitations for the control source locations. The coupling of the two
elements and related issues are discussed in section 2.3.

The optimal control filter weights can be analytically computed when the primary path and secondary
path transfer functions are known. The basic principle is quickly reviewed, because it is applied in
simulations for the computation of the optimal control filters Wopt . The following math is presented in
frequency domain. The residual sound field during control e is the sum of the primary and secondary
sound fields d and y at the error sensors. Both fields can be resolved into a product of the primary and
secondary paths P and S with the reference signals x, leading to

e = d+y = Px+SWx. (1)

A cost function is then defined as the mean square error with a penalty on the control filters and then
minimised. The result is a normal equation, which can be solved for the optimal control filters Wopt with
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the regularised pseudo-inverse of the secondary path matrix S according to

Wopt =�(SHS+l I)�1SHP. (2)

Here ·H denotes the transposed complex conjugate, I the identity matrix and l the Tikhonov regularisation
factor. The same approach can be used in practice for fixed filter active control of sound, as shown in
Heuchel et al. (2020), on the example of large-scale outdoor experiments. The regularisation factor l is
the result of penalizing the squared filter weights in cost function. In this way it is possible to smooth the
control source contributions and to protect the control source signals from clipping in practice. For the
simulations in section 2.5, the transfer function matrices are obtained from a COMSOL model, which
includes the passive element. With the obtained control source strengths it is possible to solve Eq. 1 and
finally to compute the performance measure insertion loss (IL), which will be introduced in section 2.6.

2.2 Passive Noise Control
The main scope of this paper is about active control and the coupling with a passive element. The design
and optimization of the passive element itself is not investigated in depth. Its shape is simple and subject
to practical limitations.

The dimensions of the passive control element have been determined by considering the geometric
conditions. The optimal geometry of such a barrier for a local spot of silence depends mainly on the
angle of incidence of the sound waves from the primary noise sources and their reflections on close-by
surfaces. It might be intuitively clear that a construction that completely surrounds the silent zone is the
best and most general solution but the goal here is to keep the open-air experience. The passive element
is therefore shaped and placed to mainly form an obstacle in the direct path between the QZ and the
primary noise sources. The idea to integrate the secondary loudspeakers into the construction has further
influenced the design. Fig. 3 shows the prototype installed in Tivoli. The box is of dimensions 2:2:0.5 m

Figure 3. The hybrid QZS. Left: the prototype as 3D model. Right: the physical prototype installed in
Tivoli. The 3D model to the left does not show that the box is made of two separate elements. The
division is vertical and centered, what can be seen in the photo on the right.

(w:h:d) and extended with a roof of 1.2 m in an angle of 45 degrees away from the primary sources. For a
centered primary source behind the ”screen”, the passive element will look like a barrier of approximately
2:3 m (w:h). This corresponds approximately to the wavelengths of the frequencies 110 Hz and 170 Hz,
where the effect of the passive element is expected to fade towards lower frequencies. Diffraction around
an obstacle occurs for wavelength similar to the dimensions of the obstacle. This means that the active
controller has to take over from at least 170 Hz to prevent gaps in the spectrum of noise reduction. In the
Tivoli experiment, the primary sources are neither close to the barrier nor centered behind it. It is thus
expected that the lower limit of passive control is higher so that the active controller should act at even
higher frequencies.
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2.3 Hybrid Noise Control
When passive and active control elements are combined, the question is where to put the secondary
sources and error sensors. Several combinations have been investigated and some tested in experiments.
Ise et al. (1991) has shown an experiment with one secondary source attached to the top of the barrier and
one error sensor in two different positions behind, Omoto and Fujiwara (1993) and Guo and Pan (1997)
have shown experiments with arrays of secondary sources in front of the barrier and error microphones on
top of the passive element. Then, Duhamel et al. (1998) tested outdoors a barrier with control sources in
front of the wall and error microphones behind and Ohnishi et al. (2000) implemented a 40 m long active
noise barrier with all sensors and control sources integrated into the edge of the barrier. This approach
is called the Acoustic Soft Edge Barrier (ASE). This system employs a decentralised active controller,
which means that the control sources are driven by independent single channel controllers. This way is the
computational effort in comparison with a fully coupled multi-channel controller reduced. Some care has
to be taken because the stability can be impaired when the single channel cells are too close, as discussed
in Tao et al. (2016). Nakashima and Ise (2004) investigated active noise barriers numerically in 2D and
based on feedback control. He compared 6 different cases of secondary source distributions with the ASE
approach and found that additional secondary sources on the barrier’s surface improve the performance.
The error sensors were placed at 25 mm distance to each control source because the active controllers
employ feedback control. Niu et al. (2007) and Berkhoff (2005) also investigated the sensor placement
and found that error sensors close to the quiet zone give the best performance. Berkhoff (2005) shows this
more indirectly by putting virtual error sensors into the quiet zone far away. Virtual sensing is a technique
that is used to predict a sound field at a location remote from the physical error microphones.

The optimal coupling of control sources with a passive barrier needs to be specifically investigated,
which means that the passive element should be included in the optimization routine. The optimization of
a coupled system could be executed by means of numerical techniques like the finite element method.
Unfortunately, such a strategy is computationally complex when large domains in 3 dimensions need
to be simulated. Furthermore, the design of a QZS is also constrained by very practical issues. For
example, when a QZS is installed close to an audience, it has to be compact in its size to reduce the
occupation of space for paying audience. Or, for a durable system, it is further necessary to protect the
active components from rain and other climatic impacts, and in a concert application, the active noise
controller has to handle very low frequencies of high sound pressure levels from the sub-woofers of the
sound system. Therefore, secondary sources that have an appropriate volume and power to provide enough
energy at these frequencies are needed, which requires large loudspeaker cabinets. These constraints led
to a practical solution, where the secondary sources are integrated into the passive element, which then
also acts as a loudspeaker box, see Fig. 3. The same four-channel configuration as in Plewe et al. (2018)
was chosen with slight modifications. The two middle loudspeakers were moved upwards, towards the
upper edge of the box. This follows the same idea which is the origin of most ANB designs. The active
controller is supposed to treat the diffraction of sound around the edges of the barrier. Note that the upper
edge is still covered by the roof and therefore not a true upper edge.

2.4 Setup and Materials
The QZ System installation in Tivoli is described in this section, as well as the infrastructure and conditions
of the concert environment. Fig. 4 shows the concert area from a bird’s eye view and a photo with a view
towards the stage from the QZS’s perspective. The QZS is placed at a 50 m distance to the stage at the
right side of the Front of House (FoH) mixing console. The locations of the sound system’s main left
and right loudspeaker arrays are indicated with red dots. Not shown is a sub-woofer array in front of the
stage, which consists of 8 L-Acoustics SB28 double 18” with a lowpass cutoff frequency at 60 Hz. The
sub-woofer array determines therefore the primary field below ⇡ 60 Hz. Above, it is governed by the two
hanging line arrays. Three additional delay-line loudspeakers are marked with yellow dots. What can not
be seen is the complex environment with buildings and many kinds of reflective surfaces.

Additionally to four error microphones, three more were installed to evaluate the performance of the
QZS. These were placed inside the QZ area at a distance of 50 cm from the error sensor array and will be
called validation sensors in the following. Further three were placed in 5 m distance to the QZS, to the
left, in front, and to the right, during a slot of 30 min where the playback of measurement signals was
allowed. These microphones will be called outside microphones. Two of them needed to be removed from
the audience area during the concert and were instead placed in 1m distance to the QZS, safe from the
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Figure 4. The open-air concert area at Tivoli. Left: A top view from Google maps. The setup of the
parameter study is indicated: the Quiet Zone Region (blue circle), the mono-pole primary sources (red
dots), and additional primary sources which were neglected in simulations (yellow dots). The photo on
the right shows a concert from the perspective of the QZS location.

audience. Fig. 5 shows all microphone locations. The error sensors were G.R.A.S. free-field microphones

Figure 5. QZS configuration: secondary sources (loudspeaker symbol), error sensors (red), validation
sensors (green), outside sensors far (orange), outside sensors close (pink) All sensors were in
approximately 1.5 m height, as well as the outer secondary sources. The two inside loudspeakers were at
1.75 m height. The orange sensor locations were used during initialisation, the pink ones during the
concert performance. The yellow point denotes the origin of the xy-plane.

of the type 46AC 1/2”, amplified with the B&K CCLD signal conditioner Nexus™ Type 2690. The
validation and outside microphones were B&K free-field microphones, amplified with the CCLD signal
conditioner type 2694-A. The controller was implemented in Matlab™ on a Macbook Pro. A two-channel
reference signal was retrieved from the mixing console. All signals were captured and played back with a
Ferrofish A32 Dante audio interface.

2.5 Simulations Model
To get an estimate of the performance of the QZS, a model was created in COMSOL Multiphysics™

utilizing the boundary element method (BEM). The setup configuration in simulations is similar to
Fig. 4 but simplified, which makes it easier to analyse the results. The delay-line loudspeakers of the
sound system were neglected, as well as the acoustically complex environment. Disregarding these
sources introduces uncertainty into the investigation and deviation from measurements is expected. The
four secondary sources were placed as monopoles on the boundary of the QZS box and the error and
validation sensors were measurement points in the model with their locations according to Fig. 5. The
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minimum mesh size used in the COMSOL™ model is 1/7 of the wavelength and it was re-meshed for
every frequency. Frequencies ranged from 16 Hz to 1 kHz in steps of one-third octaves. The material
property of the passive element and the ground is assumed to be sound hard. This is done by adding image
sources to COMSOL™’s background-pressure-field-node and mirroring the domain on the xy-plane at
z = 0. All sources are defined as monopoles in the ”background pressure field node”. Figures 6 and 7
show the model in action for a simplified setup with a single primary source of 500 Hz, from a bird’s eye
view and from a close-by frontal view respectively.

Figure 6. COMSOL™ simulation of the QZS’s passive element from a top view. The left loudspeaker
array of the sound system is at approximately 50 m distance to the barrier (white box), 14 m off-axis and
in 4 m height. The source is defined as a monopole of 500 Hz in COMSOL’s background-pressure-field.
The ground is sound hard. The sound pressure level (SPL) is represented as colour in dB. The SPL is
shown in the xy-plane at z = 1.5 m (ground). Strong interference patterns are the result of ground
reflections.

Figure 7. COMSOL™ simulation of the QZS’s passive element (box with roof), in frontal view. A
monopole source of 500 Hz has been placed at 50 m distance on the centre axis of the barrier at 4 m
height and represents the right loudspeaker array of the sound system. The ground is sound hard. The
sound pressure level (SPL) is represented as colour in dB. The SPL is shown in the xy-plane for z = 0 m
(ground) and in the xz-plane for y = 0 m, crossing the centre of the QZS.

The transfer functions between all sources and the measurement points, which correspond to the error
and validation sensor locations, were then computed. This was done with and without the barrier and then
used to calculate the IL, for passive control, active control and the hybrid system, which is presented in
the following sections.
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2.6 Performance Measure – Insertion Loss
The IL is defined here as the ratio of the squared sound pressures of the sound field without control and
with control, which are the primary field and the residual field,

IL = 10log10

✓
||d||2

||e||2

◆
. (3)

The IL denotes a spatial average in the following if not stated otherwise and the spatial average is computed
for the set of error microphones or validation microphones individually. The explicit computation of IL in
practice is manifold. During the experiments, it was for example not possible to measure the primary sound
field without the passive element, which is needed to compute the IL of the passive element. It is therefore
needed to find individual solutions for the computation of IL in real-world experiments, for the active
controller, the passive controller, the hybrid controller and for simulations and experiments. Different
techniques for the estimation of IL have their own challenges. Two different estimation techniques are
compared, which will be called online and offline, relating to the necessary estimation of the primary
paths based on measured data during the concert and before the concert respectively. These techniques
were already used, verified and documented in Plewe et al. (2021a) for the estimation of the active control
performance in an online and offline manner. All variants are quickly reviewed in the following and the
estimation of IL from the passive element is introduced, as well as from simulations.

2.6.1 Insertion Loss from Simulations
The workflow for the computation of IL in simulations was organized like follows. All transfer functions
from sources to measurement points were computed for frequencies in the range 16 Hz to 1 kHz at the
centre frequencies of 3rd-octave bands, with and without the barrier. The upper frequency is determined
by computational limits. Then, the optimal control filters Wopt were computed in Matlab™ according to
Eq. 2. It is then possible to compute the IL for the passive element ILp, for active control with the box
removed ILa, for the hybrid system ILh and for active control in presence of the passive element ILac. The
subscript ac denotes active contribution, which refers to what the active controller contributes to ILh. ILac
can be computed via the transfer function estimates from COMSOL™ directly or with ILac = ILh � ILp.
The deviation

DILa = ILa � ILac (4)

shows the effect of coupling, which can be interpreted as the passive element influencing the active system.
All IL are expressed with the following equations on the example of the validation microphone locations,
indicated by the subscript v. The subscript 1 or 0 denotes with or without the passive element.

ILa,v = 10log10

✓
||Pv,0x||2

||Pv,0x+Sv,0Wopt,0x||2

◆
(5)

ILp,v = 10log10

✓
||Pv,0x||2

||Pv,1x||2

◆
(6)

ILh,v = 10log10

✓
||Pv,0x||2

||Pv,1x+Sv,1Wopt,1x||2

◆
(7)

ILac,v = 10log10

✓
||Pv,1x||2

||Pv,1x+Sv,1Wopt,1x||2

◆
= ILh,v � ILp,v (8)

2.6.2 Insertion Loss from Experiments
In order to evaluate the performance of a QZS in an open-air concert, it is needed to include all aspects
that might influence the performance. The audience for example will affect the primary field and cause
a disturbance at the error and validation sensors, and the music signal from the mixing console is an
unpredictable reference signal. The estimation of the QZS’s IL needs to be based on data obtained during
the concert. In Plewe et al. (2021a), a technique was suggested and experimentally validated for the
estimation of IL from an active controller operating in an open-air concert. This technique is also used
here and will therefore be quickly reviewed. Additionally challenging is that the primary field cannot
be measured without the QZS, which would be needed to measure the full impact of the hybrid system.
Quickly removing such a big system is practically not possible. It is therefore needed to estimate the
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primary field from measurements in the presence of the system. The primary path transfer functions
P̂e and P̂v to the error and validation sensors respectively, were estimated via H1 estimator (Shin and
Hammond (2008)), defined as:

P̂e,1 =
E[d̃e,1xH ]

E[xxH ]
and P̂v,1 =

E[d̃v,1xH ]

E[xxH ]
. (9)

d̃e,1 and d̃v,1 are the measured primary noise contributions (the music) at the error sensors and validation
sensors in presence of the QZS, with the controller switched off. x 2 C2⇥1 is the stereo reference signal
retrieved from the sound engineer’s mixing console. With P̂e and P̂v it is possible to compute the primary
field with d̂e = P̂ex and d̂v = P̂vx at any time, with the controller switched on. This is needed because of
the non-stationary character of the reference signal. It has to be mentioned here that the multi-channel H1
estimator in Eq. 9 works well for stationary uncorrelated reference signals but the music signal from the
mixing console is in fact non-stationary and the left and right channels are partly correlated. ILac can now
be computed via H2 estimator with

ILac = 10log10

0

@ 1
Ne

Ne

Â
i=1

�����
E[d̂⇤

e,id̂e,i]

E[d̃⇤
e,iêe,i]

�����

2
1

A . (10)

·⇤ denotes the complex conjugate. The classic H2 estimator is used to estimate a transfer function between
the input and the output signal of a system, which is affected by noise in the input signal. The ratio of
output and input is expanded with the complex conjugate of the nominator, which is the output signal. The
main source of disturbance in Eq. 10 is in the measured residual field ẽe, because the measurement noise
in d̂e has been eliminated via estimation of P̂e with the H1 estimator. The H2 estimator eliminates the
measurement noise in ẽe. Eq. 10 gives ILac, the noise reduction the active controller achieves in presence
of the passive element. The difference to active control with a removed passive element is investigated in
section 3.4 based on simulations.

As an alternative, the primary paths P̃e,1 and P̃v,1 could be measured with sine sweeps in the morning
of the concert day offline, Farina (2007). The QZS system was already installed. It has, however, been
found that P̂e,1 and P̂v,1, estimated during the concert, were more accurate than their measured versions
P̃e and P̃v. This can be seen, when primary field estimations based on P̂·,1 and P̃v are compared with the
measured primary field without control. The superior quality of the online estimates compared with the
offline estimates is not surprising. The measured transfer functions deviate from reality due to changes in
air temperature between morning and evening and the presence of many people during the concert, in
contrast to no people in the morning.

ILp was also estimated with the described online and offline techniques. Here, it might be expected
that the estimation of ILp is more accurate when based on sweep measurements because ILp does not
depend on changing acoustic conditions. The comparison seems to reveal the opposite and the results are
therefore shown and discussed later. According to Eq. 6 does ILp depend on P̃e,0 and P̃v,0. Once again, 0
denotes the absence of the passive element. Due to the presence of the passive element neither could be
measured. Instead, it was chosen to use additional microphones outside the quiet zone area, the outside
microphones. The offline measurement of the primary paths utilized the outside microphones in 5 m
distance, the orange set in Fig. 5. The distance was chosen in order to reduce the impact of reflections
from the QZS construction. ILp,v for example is then calculated with respect to the averaged outside
microphones with

ILp,v,offline =10log10

✓
Nv

No

||P̃ox||2

||P̃vx||2

◆
, (11)

where P̃o 2 CNo⇥Nx and P̃v 2 CNv⇥Nx denote the primary path transfer function vectors with respect to
the outside microphones (o) and the validation microphones (v) respectively. In fact is Nv = No in the
presented experiment. Nx = 2 is the number of reference signals, which are the stereo signals from the
sound engineer’s mixing console. The reference signal vector can be set to ones x = [1,1]T . Eq. 11
only shows the computation of the IL for the validation microphones. The same technique is used for
ILp,e,offline at the error microphones.
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(a) (b)

Figure 8. The contribution of active control to the total IL of the QZS: ILac. From experiments (blue),
from simulations (red). a) ILac at the error sensors b) ILac at the validation sensors. Simulations are not
shown for the error sensors as this IL is infinite per definition.

For the online estimation of the passive IL, during the concert, the distributed set of microphones
needed to be removed from the audience area and were therefore placed closer to the QZS, the pink set
in Fig. 5. The primary source contributions were then measured at all microphones while the active
controller was switched off. With Eq. 9 were then the related primary path transfer functions computed
and finally ILp,online with Eq. 11. The described procedure is rather a rough estimation of the passive IL
and should be considered with care.

3 RESULTS
This section presents results from experiments and simulations for ILac, ILp, and ILh. Simulations are
without added noise and form therefore a good benchmark for comparison.

3.1 Results from active control
Fig. 8 shows ILac from experiments at Tivoli and simulations using the COMSOL™ model. Experimental
results are estimated with Eq. 10 and simulations with Eq. 8. ILac is large at low frequencies but with a
big drop of approximately 10 dB between 50 Hz and 120 Hz. This drop is the result of a comb filter effect,
which stems from the phase lag between the two primary sources at the error sensors. The fundamental
frequency f0 of the comb filter can be read off from the first drop and is approximately 80 Hz in the error
microphones. The same frequency is approximately achieved when f0 is computed via the difference
of distances between the primary sources and the error sensors Dd, with f0 =

c
(2Dd) . c is the speed of

sound. Such a drop does not necessarily mean that the noise reduction capabilities of the controller are
reduced. Notches in the magnitude spectrum of the primary field reduce the SNR and consequently the
maximal achievable IL. Elliot (2001), section 3.3.2, shows that the SNR sets the fundamental limits of the
controller’s performance. This means that the drop in IL is actually caused by silence.

Next, the experimental ILac drops to 0 dB towards low frequencies at all sensors, which is due to the
natural roll-off of the control sources’ responses. ILac is otherwise large in the error microphones with
10 dB < ILac < 26 dB, for frequencies up to 250 Hz. ILac in the validation microphones drops early in
the frequency spectrum with zero and even negative IL above 90 Hz. This result deviates slightly from
simulations but also these show a rather poor performance. The worse performance in the validation
region is more or less expected since the modelling of the acoustic conditions in Tivoli is more complex
than assumed in simulations. Complex sound fields are harder to shape with a few aligned control sources,
which leads to a larger mismatch of the primary and secondary fields beyond the error sensors. Finally, an
increase in ILac occurs at frequencies above 2 kHz. The active controller does not work in this region so
that the increase indicates a bias in the estimates.

It is summarised for the performance of the active controller, that large reduction of noise is achieved
with up to 26 dB at the error sensors and that the IL at the validation microphones is rather poor with
maximal 12 dB below 100 Hz.
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(a) (b)

Figure 9. The IL of the passive element. Offline estimation (blue solid), online estimation (blue dashed),
simulations (red); a) ILp in the error sensors, b) ILp in the validation sensors.

3.2 Results from passive control
Fig. 9 shows ILp for simulations and measured data. ILp,online shows larger noise reduction compared
with ILp,offline for frequencies above approximately 150 Hz. Comparing with simulations indicates that
online estimation is more correct, because of the better fit at the error sensors. The IL in the evaluation
sensors does also seem to fit better with ILp,online up to 400 Hz, apart from a steep notch at approximately
200 Hz. Above 400 Hz decays the simulated IL at the error and validation sensors, which might be a local
cancellation and could rise again with higher frequencies. The further trend can not be investigated due to
the limited frequency range in simulations.

As estimated in section 2.2, a rise of ILp is expected from around 110 and 170 Hz for a centred primary
source behind the wall. While the right line-array of the sound system is approximately centred, the left
primary source is off-centre with approximately 30 degrees. With the angle increases the frequencies
at which the barrier is expected to act. The simulations show the first rise to happen at around 130 Hz
- 140 Hz, which approximately conforms to theory. Further findings are the strong peak at 1.1 kHz in
ILp,online at the error sensors and strong ripples below 100 Hz in all experimental results. These ripples
are presumably the result of complex interference patterns in a rather complex sound field. The second
peak, that shows up in all experimental results at ⇡ 80 Hz, could be induced by the comb filter effect on
the primary field. The comb filter effect averages out when averaging the distributed outside microphones.
The validation microphones, however, are very close to each other and have therefore the comb filter
notches at very similar frequencies. The result are notches in the averages of the validation and error
microphones respectively, which consequently amplify the IL computed with Eq. 6. This can be seen as a
drawback of the applied IL estimation technique.

ILp reaches a minimum of 5 dB in simulations and experiments when the online technique is trusted
to reflect reality, from approximately 150 Hz in all sensors. A minimum of 10 dB IL might be reached
above 1 kHz in the validation microphones but the results have to be treated with care because a bias was
detected in Fig. 8 at frequencies above 2 kHz.

It is finally remarkable that better noise reduction is achieved at the validation microphones (in
experiments), compared to the error microphones, that are closer to the barrier. The online estimated
passive IL will be used in the following because of the better fit with simulated data.

To sum up, it can be stated that an IL of roughly estimated 5-10 dB is achieved from 200 Hz by means
of passive control at the error and validation sensors.

3.3 Results hybrid control
The estimation of ILh from the contributions of the passive and active elements is straight forward, they
are simply added ILh = ILac + ILp,online. But note that it is not ILa, which means that a coupled system
can not be designed by adding the IL from independent active and passive control. Fig. 10 shows the
estimates of ILh from experiments and simulations. The simulated ILh at the error sensors are infinite by
definition and therefore not included.
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(a) (b)

Figure 10. The IL of hybrid control. From experiments (blue), from simulations (red), a) ILh in the
error sensors, b) ILh in the validation sensors.

Large reduction of noise is achieved at the error sensors, almost overall with more than 10 dB, but in
the frequency band between 300 Hz and 1 kHz ILh drops below 10 dB, which belongs to the most critical
frequency band for voice-based communication Monson et al. (2014). In the validation microphones, ILh
drops already from 90 Hz to even negative values around 100 and 180 Hz, which means that the sound
pressure is here increased, compared to no control. In contrast to ILh in the error sensors, is a minimum
of 10 dB ILh in the validation sensors reached again from approximately 500 Hz. The simulations differ
greatly from experiments in the region 90 to 300 Hz and above 500 Hz. It can be concluded that a
reference margin of 10 dB IL in the whole spectrum is almost reached at the error sensors, while the drop
from 300 Hz might need to be treated by redesign of the control elements, which will be discussed. The
IL in the QZ on the other hand suffers from large variance which might be insufficient in terms of sound
reduction. The adjustment of the control elements is recommended but is less easy compared to the error
microphone locations, which will also be discussed in section 4.

3.4 The impact of the passive element on active control
The effect of the passive element on ILa is investigated in this section. It is assumed that the passive
element affects the performance of pure active control, especially in the quiet zone area. Fig. 11 shows
the degradation of IL, denoted DILa, due to the insertion of the passive element. Data from simulations
without added measurement noise is used to make investigations easier. The difference between the two
plots in Fig. 11 is that in (a) only the three validation sensor locations are averaged, and in (b) a dense grid
of points in the 2D quiet zone area of 2⇥1 m at 1.5 m height is averaged. The grid points are separated
by 5 cm in the x and y-direction. The goal is to reduce the effect of local interference issues. It can be
seen that DILa wiggles strongly around zero with up to ±6 dB, with increasing variance towards higher
frequencies. When DILa is positive, the active control performance is degraded, when DILa is negative,
the insertion of the passive element actually supports the active controller. DILa differs comparing both
plots, but still follows a similar trend. This indicates that DILa at the validation microphone locations
is a reasonable approximation of DILa in the whole quiet zone area, in the presented configuration.
Nonetheless, the large variance in plot (b) also indicates that the validation points in the QZ should be
chosen with care. Fig. 12 shows the distribution of IL degradation in the QZ. It is the average IL for
frequencies from 16 Hz to 1 kHz in third-octave bands. It can be seen that ILa over frequency is rather
decreased in plot c), where a positive value means degradation of active control due to the presence of the
passive element. This means that the noise-reducing ability of active control is mainly decreased in the
frequency range up to 1 kHz.

4 DISCUSSION
It has been shown that a significant reduction of the music from the stage was achieved at the error
sensors of the QZS throughout the whole audible spectrum but with a critical drop below 10 dB of IL
between 300 Hz and 1 kHz. Nonetheless, the tuning of a passive element at frequencies above 300 Hz
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(a) (b)

Figure 11. The spatially averaged degradation of active control due to the presence of the passive
element: DILa = ILa � ILac (blue) and the standard deviation of DILa (blue shaded); a) DILa at validation
sensors, b) DILa over a grid in the 1 m ⇥ 2m QZ.

Figure 12. DILa, the frequency averaged degradation of ILa due to the presence of the passive element
in 2 m2 behind the error sensor. The frequency range is 16 Hz to 1kHz in third octave bands. a) ILa, b)
ILac, c) DILa = ILa � ILac
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is straightforward. The sidewalls of the passive element or its roof, for example, can be extended to
better shield against unwanted sound from the sides and above. Critical is the reduction of music at the
validation microphones, which are in only 50 cm distance to the error microphones. The IL below 80
Hz is still above 10 dB but is expected to decay quickly with further distance, as shown in Plewe et al.
(2018). Above 400 Hz is again a minimum of 10 dB IL achieved but almost no reduction is achieved
between 80 and 400 Hz with even amplification of primary sound around 100 Hz. In practice, it is the area
around the validation microphones that is of interest, because no sensors prevent people from entering
this area. Improvement of performance here can be achieved by extending the dimensions of the passive
element, as described above. But in contrast, the IL from active control, at a distance to the error sensors
is harder to control. The amount of noise reduction here depends on how well the control sources can fit a
secondary field to the primary field, but even if well fit, the secondary field will decay faster with distance
to the error sensors than the primary field. Increasing the distance of the control sources and sensors
would help to increase the QZ behind the error sensors but this will occupy more space and also increase
the sound power output of the control sources, which could then contaminate the audience area. The
subject ”primary field contamination” is an important aspect that could not be experimentally investigated
because the placement of microphones within the audience was prohibited. A subjective listening test was
executed in another experiment with multi-channel active control outdoors, based on fixed filter control,
and as part of the MONICA project. Test subjects, even close to the control sources, were not able to
clearly evaluate if the control sources were active or not. The test is reported in Brunskog et al. (2019).

It has further been shown that the passive element affects the performance of the active controller in the
QZ. The degradation of the active control performance by the passive element can be critical, especially
in the frequency range where the transition from active to passive control occurs. The degradation can
also be negative, which means the active control performance beyond the error sensors is increased. As
said above, it is difficult to control the shadow of noise reduction behind the error sensors. The best way
to overcome this problem is to directly include the QZ area in the controller’s minimization routine. ILac
in the QZ becomes controllable then. This can be done by placing virtual sensors in the QZ. A couple of
such methods exist, which have been reviewed by Moreau et al. (2008) and Liu et al. (2009) up until 2009.
A novel and model-based technique is proposed in Plewe et al. (2020) and Plewe et al. (2021b), which
eliminates the effort of typical initial measurements. Another way of treatment is to apply sound field
control techniques, which aim to fit the secondary field over a larger region instead of few error sensors.
Wave Field Synthesis and Wave Domain based techniques were presented in Spors and Buchner (2007,
2008); Zhang et al. (2015, 2016, 2018). These techniques are still theory and no experimental results have
been published so far. They also require large amounts of secondary sources and error sensors.

Finally, insights have been presented about challenges in the execution of the real-world experiments
in Tivoli. The estimation of the hybrid IL needed to be customized. It has been shown how the IL was
determined without a chance for measurements in absence of the passive element. The here estimated
passive IL is a site-specific result. Standardized techniques are available to compute the insulation
capability of semi-finite noise barriers in-situ as shown in Garai and Guidorzi (2013), but such a measure
is of minor use for the QZS, mainly because it is open to the sides, and results from in-situ measurements
would differ greatly from the achieved IL in a real-world application like Tivoli.

5 CONCLUSION
Hybrid ANC including a passive screen for open-air concerts has been presented and evaluated. A
broadband reduction of music from the main sound system in a local QZ was achieved. The IL at the
error sensors was 15-25 dB up to ⇡250 Hz and ⇡10 dB at higher frequencies, which is a very significant
reduction of sound. The performance at the error sensors is considered good. A slight drop below 10 dB
IL at frequencies between 300 Hz and 1 kHz can be treated by adjusting the size of the passive element,
which has mainly blocked the direct path from the sound system.

The IL at three validation sensors in 50 cm distance to the error sensors was 10-18 dB up to 80 Hz
and ⇡10 dB above 400 Hz. Between 80 Hz and 400 Hz the IL dropped severely with even negative IL.
This drop is the result of the natural faster decay of the secondary field compared to the primary field. The
depth of the QZ can be easily increased when the error sensors are moved to a farther distance from the
secondary sources but this might not always be possible. The application of virtual sensing techniques
has been recommended to increase the active control performance at the validation microphones. The
area around these microphones is the actual QZ, because the access of this region is not hindered by the
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presence of microphones in a real application when the validation microphones are removed.
It has further been shown that the IL in the QZ beyond the error sensors is not the sum of IL due to

a pure active controller and a passive control element. The passive element affects the complexity of
the primary field which degrades and also supports the active controller in the transition range, where
the active controller and the passive element operate at the same time. It is not trivial to control this
degradation of IL because the area outside the error sensors is not directly controllable with classic ANC
algorithms that minimize the sound pressure at the dedicated error sensor locations. The application of
virtual sensing techniques would also help here.

Lastly, a customized technique has been introduced for the estimation of IL, which can be used when
the playback of appropriate measurement signals is not possible, or when the primary field can not be
measured with the QZS removed.
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ABSTRACT
The performance of active noise controllers based on adaptive filters like the Filtered Reference
Least Mean Square algorithm (FxLMS) is optimal in small zones around the error sensor
locations. These locations provide the maximal possible reduction of noise but are not accessible
by people due to the presence of the sensors. Virtual sensing algorithms can be applied to move
the optimal zone of control away from the error sensors. Such methods have been investigated
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during the last three decades and the most of them rely on initial transfer-function estimation
with physical sensors in the virtual locations. This paper investigates how additional physical
knowledge about the inherent physics of an active noise control application can be used to
derive models, that can extrapolate an arbitrary number of e.g. virtual error sensor signals. A
denser grid of error sensors leads to a more homogeneous reduction of noise in a target area
and can extend the frequency range of controllability to higher frequencies. The idea of the
model based remote microphone technique (MBRMT) is introduced, which is the motivation
for this study, and three models for sound-field extrapolation are investigated that could be
integrated into the MBRMT.

1. INTRODUCTION

Active noise control based on adaptive filters minimises the error at locations of a set of error
sensors. Consequently is the best performance in terms of noise reduction given in places that are not
accessible by people. Virtual sensing methods have been developed to overcome this limitation, see
[1] for a review of virtual sensing methods. These methods minimise the error in virtual error sensing
locations that are remote from the physical sensors. All methods rely on measured or estimated
transfer functions, which are then fixed and do not adapt to changing acoustic conditions like a change
of air temperature or people entering the virtual error sensing locations. If the conditions change the
performance of active control will decrease and the algorithms might diverge. A model that can
extrapolate the virtual microphone signals from a set of physical measurements might be able to
adapt to changes of the acoustic conditions. Furthermore, the need of measuring transfer functions
to the virtual error locations becomes obsolete. This can save massive e↵ort in case many virtual
microphones are needed. A dense grid of virtual error sensors can produce a more homogeneous
quiet zone area and extend the performance of active control to higher frequencies. The idea of the
model based remote microphone technique (MBRMT) will be introduced as the motivation for this
paper. The MBRMT makes use of sound field reconstruction in order to predict the sound pressure in
remote locations. The focus of this paper will then be on the analysis of three reconstruction methods
in order to understand their limitations for the application in active control.

The important parameter of sound-field reconstruction is here the accuracy in predicting the
level and phase of a pressure in remote locations. The range in which a minimum accuracy can be
guaranteed is of special interest for active control where errors can destabilise the control algorithm.
When accurate predictions can be obtained far away from the measurement array, then is the
placement of the virtual sensors more flexible. With the virtual sensors moves the actual zone of
quiet. While an error in the reconstruction of the pressure level will decrease the insertion loss of
active control, so can phase errors of > | ± ⇡2 | cause divergence of the ANC algorithms which needs
to be avoided [2].

The reconstruction methods compared here are utilising plane wave decomposition (PWD), the
spherical harmonic decomposition (SHD) and the equivalent source method (ESM). These methods
are well known and will be quickly reviewed in section 2. All three decompose a set of measurements
into a set of basis functions by posing an inverse problem. The obtained coe�cients will then be
used to predict the sound pressure in remote locations. The inverse problems might be ill-posed,
presumably under-determined in the most cases, since there will be most likely fewer measurements
available than basis-functions in the models. Solution to these inverse ill-posed problems can be
found via e.g., a regularized least squares inversion (LS), or via sparse reconstruction methods, such
as compressive sensing (CS). LS and CS are quickly reviewed in section 2.



2. METHODS

2.1. Model Based Remote Microphone Technique - Contribution
This section presents the idea of the MBRMT. This method is based on the remote microphone

technique (RMT), which has been presented the first time by A. Roure in 1999 [3]. The RMT
minimises the error in locations remote from a set of physical sensors. To do this it is needed
to measure the secondary paths between the virtual sensors and control sources Gvu and between
the physical sensors and control sources Gpu. Also the primary paths are needed from the virtual
and physical sensors to the primary noise sources: Gvn and Gpn. The matrices Gxx contain the
multi-channel transfer-functions. With these measurements it is possible to construct a matrix M1
that transforms the estimated primary noise contribution at the physical sensors dp to the respective
contribution at the virtual sensors dv. ep is the error at the physical sensors, ev the error at the virtual
sensors, u the control signal and yp and yv the contribution of the secondary sources at the physical
and virtual sensors appropriately.

dv =M1dp, with M1 = GvnG�1
pn

and dp = ep �Gpuu. (1)

Figure 1: The scheme of the The Remote Microphone Technique

The estimated virtual error ev = dv + Gvuu and the virtual secondary path Gvu are then used to
update the controller’s filter coe�cients with the FxLMS update equation at each frequency !, the
block index L and a single control signal u for simplicity.

w(!, L + 1) = w(!, L) � �FH

x
ev(!, L), (2)

with Fx = Gvu(!)u(!, L), the filtered control signal, also called filtered reference. This equation
is the most basic block based FxLMS algorithm in frequency domain. Its derivation and numerous
derivatives can be studied in [2,4]. Note that for the measurement of all involved transfer functions it
is needed to place physical sensors temporarily at the virtual locations during an initialisation stage.
The e↵ort of measuring these transfer-functions can be huge, especially when many physical and
virtual error sensors are involved. The access to the primary sources might even be restricted or
impossible [5].

The MBRMT replaces the matrix M1 with a reconstruction method that predicts the contribution
of the primary noise in remote locations dv. The estimate of the virtual error can then be obtained
with ev = dv + yv. yv is not yet available and can be predicted via extrapolation from yp = Gvuu. Then
becomes ev = dv + yv and Gvu,i j = yv,i/uj. Figure 2 shows the structure of the MBRMT. Here the
matrices M1 and M2 represent extrapolation algorithms.



Figure 2: The Model Based Remote Microphone Technique. M1 and M2 represent prediction

algorithms. The virtual secondary path Gvu and the virtual error ev are used to update the control

filter coe�cients w(L + 1) according to the FxLMS algorithm shown in Equation 2.

2.2. Extrapolation via plane wave decomposition
A pressure p in location r in a source free domain ⌦ can be approximated by a series of plane

waves for a constant frequency !, see also [6].

p(!, r) ⇡
NX

j=1

Xje
jk jr + n(!, r), (3)

where Xj is the jth complex coe�cient of the jth plane wave and n is additive Gaussian noise. The
wave number vector k indicates the direction of the plane waves and r is the position vector of the
observation point in 3D Cartesian coordinates. This series can be expressed in matrix form.

p = Hx + n (4)

H contains the plane-wave basis functions in the rows with direction k j and relates them to the
observed pressures pi 2 CM in the points ri in 3D space with Hi j = e

jk jri . The vector x 2 CN

consists of complex plane wave coe�cients and ni = Ae
j�i is the noise vector with A a constant scalar

according to the chosen signal-to-noise-ratio (SNR) and a randomised phase �i. The solution for x
can be found via the inverse of the matrix with

x = H�1p. (5)

The inversion of the matrix H is typically not possible due to the miss-match of the number of basis
functions and measurement points. Details about the inversion will be addressed in section 5. With
the obtained coe�cients vector x it is possible to predict the pressure p̃ in arbitrary locations rR 2 ⌦
with

p̃ = HRx. (6)

2.3. Extrapolation via spherical harmonics decomposition
The spherical harmonics decomposition or spherical Fourier transform is an established method

for sound field analysis [7–9]. When microphones are used to sample the sound-field on the surface
of a sphere, centered at the origin, it is possible to describe the measured pressures pi as a linear
combination of spherical harmonics with

pi(r, ✓, �) =
1X

n=0

nX

m=�n

Bmn jn(kr)Ym

n
(✓, �), (7)



where Y
m

n
(✓, �) are the spherical harmonics describing the angular dependency, jn is the spherical

Bessel function representing the radial dependency and Bnm 2 C the coe�cients of the transform.

Y
m

n
(✓, �) =

s
(2n + 1)

4⇡
(n � m)!
(n + m)!

P
m

n
(cos(✓))e jm� (8)

In order to compute the coe�cients Bnm Equation 7 can be written in matrix form and the solution
expressed via inversion

bj = Y�1p, (9)

with the spherical harmonics matrix

Y =

2
66666666666664

Y
0
0 (✓1, �1) Y
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1 (✓1, �1) Y

0
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N
(✓1, �1)

Y
0
0 (✓2, �2) Y

�1
1 (✓2, �2) Y

0
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N

N
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... ... ... ... ...
Y

0
0 (✓Q, �Q) Y

�1
1 (✓Q, �Q) Y

0
1 (✓Q, �Q) ... Y

N

N
(✓Q, �Q)

3
77777777777775

(10)

and bj,nm = Bmn jn(kr). Also here will the inversion most likely not be possible and requires the pseudo
inverse, e.g. Reconstruction can then be executed as follows

p̃R = YRb, (11)

with b the vector of the coe�cients Bmn = bj,nm/ jn(kr).

2.4. Extrapolation via Equivalent Source Method
The equivalent source method (ESM) is closely related to the plane wave decomposition method.

Instead of plane waves, monopoles are chosen as basis functions which has the advantage that the
decay of sound pressure with distance from the sources is taken into account with H

ESM
i j
= 1

4⇡ri j

e
jkri j .

ri j = ||ri � r j||2 is the euclidean distance of an equivalent source to a measurement point. This
way further physical knowledge is utilised and better reconstruction is expect. The locations of the
equivalent sources are placed in a regular grid surrounding the sound sources. The sound sources are
represented with multiple monopoles to extend their size according to the size of a membrane of a
PA loud-speaker. Furthermore is a sound source always centered in between the grid of equivalent
sources so that the results represent the worst case of the chosen configuration, see Figure 3. The ESM
can be represented in matrix form like Equation 4 and the coe�cients can be computed via inversion.

2.5. Inverse Problem
Ill posed inverse problems can be solved via minimisation utilising the `1-norm and `2-norm with

x`1 = arg min
x
||x||1, subject to ||Hx � p||2  ✏ (12)

and

x`2 = arg min
x
||Hx � p||2 + �||x||2. (13)

In case of a sparse distribution of noise sources it might be beneficial to pose an `1-norm minimisation
problem while in some cases the `2-norm could lead to better results, as will be shown.
`1-norm minimisation is also known as compressive sensing [9,10] and `2-norm minimisation can

be expressed as pseudo inverse. The constant ✏ in Equation 12 is an inequality constraint. A good
choice for this constant has been experimentally investigated for the specific cases presented here and
is ✏ = 20

p
nT n/M for all three extrapolation methods. The constant � in Equation 13 is the Tikhonov



regularisation factor which was di↵erent for each extrapolation method. The constant � = 1
p

nT n/M
has been chosen, which is an average that works well for all methods presented here. The `1-norm
minimisation has been solved with the CVX library in Matlab. Equation 13 is a Least Mean Square
approach which has been computed with the closed form regularised pseudo inverse

x`2 = (H⇤H + �I)�1H⇤p, (14)

where ⇤ indicates the complex conjugate transposed.

3. RESULTS

In the following the accuracy of the reconstructing methods ESM, PWD and SHD is presented
as sound-field plots and as the point-wise normalised mean square error (NMSE) in the xy-plane in
which the spherical array is placed. The NMSE

✏NMS E = 10 log10

 |pm � pr|2
|pm|2

!
(15)

is related to the amount of noise reduction in the case of active noise control. pm is the measured
sound-field and pr the reconstructed. If perfect reconstruction is possible with ✏NMS = �1, the
maximum reduction of noise that is possible with active control is achievable. E.g. infinite reduction
in a single channel active control setup without noise. Contour lines are added that indicate the region
of stability in which adaptive control is stable when all other conditions are ideal, for example with
G̃pu = Gpu. In order to save space only the maximum phase error of all frequencies is shown, so the
contour indicates only that there is a stability issue for at least one frequency.

������tan�1
 
Re(

pm

pr

)/ Im(
pm

pr

)
!������ = |��| <

⇡

2
. (16)

The reconstruction accuracy is shown for two di↵erent scenarios which are related to a specific
active noise control problem where the primary noise consists of sources far away (50m) and the
control speakers are close to the quiet zone area (2m). This project has been presented in [11]. It
is the sound-field of the primary noise sources that is to be reconstruct and the sound field of the
secondary sources respectively. A simple scenario is shown first, where the sound source is a single
source in space, which is represented by a collection of monopoles to slightly extend its shape. Ground
reflections are neglected. Figure 3 shows the more complex setup, which will be presented next, with
enlarged sound sources, ground reflections and grids of equivalent sources. The grid density increases
slightly with distance to account for increasing uncertainty in estimating the exact source locations
the further away the sources are. Measurement noise is added with 35 dB SNR, which is realistic
when the sound to be reconstructed is coming from the loud-speakers of a concert venue. The order
of the SHD is manually truncated at N = 2 resulting in (N + 1)2 = 9 modes. The measurement with
64 microphones supports SHD up to order 7 but the noise level of 35 dB contaminates the modes
above order 2. The manual truncation reduces the impact of noise and leads to better results when the
`2-norm is used.



Figure 3: Example of a simulation configuration with 4 extended sound sources in 2m distance from

the origin; spherical measurement array (black dots), monopoles representing the sound sources (red

dots), sources of the ESM (blue dots), the ground with absorption coe�cient 0.25 (green surface), the

set of sources below the ground represent ground reflections

The following figures 4 and 5 show the sound-fields and the NMSE of reconstruction for a single
extended source in 50m distance.



Figure 4: Normalised SPL of the true and reconstructed sound-fields of a single sound source in 50m

distance, 35dB SNR, f = 10:10:200 (start:step:end)

Figure 5: Reconstruction Error (NMSE) for a single sound source in 50m distance, 35dB SNR,

contours indicate the region of stability |��| < ⇡/2, f= 10:10:200 (start:step:end)

It can be seen that the ESM and PWD method with `1-norm and ESM with `2-norm provide
stability with respect to active control throughout the whole presented area. PWD and SHD produce a
very small region of stability in which active control would be possible at all with large reconstruction
error. Figures 6 and 7 show the results for a source in 2m distance.



Figure 6: Normalised SPL of the true and reconstructed sound-fields of a single sound source in 2m

distance, 35dB SNR, f = 10:10:200 (start:step:end)

Figure 7: Reconstruction Error (NMSE) for a single sound source in 2m distance, 35dB SNR, contours

indicate the region of stability |��| < ⇡/2, f= 10:10:200 (start:step:end)

Here shows the ESM method with `2-norm much better performance and the PWD with `1-norm
performs worse on the other hand. It is harder to synthesise the curved sound field of a close
sound source with a limited number of plane waves than a nearly plane sound field from a source
far away. The ESM with `2-norm performs better for a close source because in the particular case
presented here it is beneficial to fit more equivalent sources to the large sound source (modeled by 6



monopoles). The `1-norm minimises the number of equivalent sources resulting in only a few active
coe�cients that represent the sound source worse. This specific result depends on the chosen grid
of equivalent sources. When the grid covers a bigger volume with equivalent sources further away is
the performance of the `2-norm decreased and similar to `1. Such a case is represented in Figure 8
where a wide and dense grid of equivalent sources has been used. When measurement noise is very
low then `1-norm and `2-norm perform very well and equally well. Plots with noiseless results are
omitted here.

Figure 8: Coe�cients of the ESM basis functions (equivalent sources) for the `1-norm (left) and

`2-norm (right), points in gray scale are the coe�cients, red points represent the sound source.

Figures 9 and 10 present more complex scenarios where 4 sound sources are placed in 50m and 2m
distance respectively. Moreover are ground reflections included, see Figure 3 for the configuration.
The sound-field plots showing the true and reconstructed sound fields are omitted because of space
limitations.

Figure 9: Reconstruction Error (NMSE) for 4 sound sources in 50m distance, 35dB SNR, contours

indicate the region of stability |��| < ⇡/2, f=10:10:200 (start:step:end)



Figure 10: Reconstruction Error (NMSE) for 4 sound sources in 2m distance, 35dB SNR, contours

indicate the region of stability |��| < ⇡/2, f=10:10:200 (start:step:end)

The PWD with `1-norm handles the distant array of sources slightly better than a single source.
Multiple sources in a distant linear array produce a more plane sound field that is easier to fit for the
PWD method. The ground reflections just shape another plane wave with lower level which can be
fitted well, too. The ESM and PWD with `1-norm show good reconstruction in the overall presented
region while SHD and PWD with `2-norm produce large errors even close to the measurement
sphere. Close sources with ground reflections are hard to handle by all the methods. The ESM
based reconstructions seem to produce a longer corridor of stable reconstruction on the x axis, in line
of sight with the sound source array, but with a NMSE of only ⇡ �10dB. Note that the region of stable
reconstruction with respect to active control always surrounds the measurement array. The symmetry
of the contour lines is corrupted by the noise.

4. DISCUSSION

The results have shown that reconstruction of sources far away is possible in a bigger area with a
NMSE < 20dB. The same is true for multiple sources in a linear array and with ground reflections.
It could further be validated that reflections on close by objects could be fitted as well, when the
main source is far away. These simulations were omitted because of space limitations. Note that the
results presented are bound to a specific scenario of active noise control on which the choice for the
presented source configuration is based. Randomly distributed sources have not been investigated
e.g. and might produce worse results. On the other hand might a di↵erent shape of the sound source
arrays produce better results. A curved array in 2m distance has shown some improvement with the
ESM e.g. Also these results are omitted.

Moreover is the sampling of the sound field a critical element. While a spherical measurement
array might be best suited for the SHD method so can a di↵erent sampling scheme support one of
the others. Compressive sensing e.g. relies on incoherent measurements, so a randomised sampling
could improve the reconstruction accuracy.

The grid size of the ESM a↵ects the accuracy of reconstruction. A wide grid of sources can account
for reflections and unexpected noise sources but the performance using the `2-norm will su↵er when
noise is present. At the same time can the `1-norm lead to worse results for close sources, when the
sources are large. `1 minimises the number of active coe�cients while many would be needed to
synthesize large sound sources.

The SHD has generally shown minor performance. When very low measurement noise is present,



the SHD can show better reconstruction and even outperform the PWD. Simulations with low noise
are omitted because noise is generally present in realistic scenarios of active noise control.

5. CONCLUSIONS

Good reconstruction is achievable for sources far away with the ESM and PWD method. Therefore
are these valid candidates for the integration into the MBRMT. On the other hand are close sound
sources hard to fit by all methods when ground reflections and noise are present. Therefore are
the investigated methods finally critical for the application in the MBRMT since the prediction of
the contribution of the close secondary sources in the virtual error sensing location is an important
element of the MBRMT. The sampling scheme of the measurement array and the secondary source
configuration can still be optimised and might lead to better reconstruction, also for close sources.

Apart from that is the utilisation of the `1-norm recommended when noise is present and the
sources are far away. The `2-norm seems to work better for close sources but su↵ers like the `1-
norm when noise and ground are present. Note that the computation of the `1-norm minimisation
is computationally much more expensive than the `2-norm which can be applied via pseudo-inverse.
The computational e↵ort is critical for ANC applications.
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ABSTRACT

In active noise control applications, virtual sensing techniques are often used to move the quiet zone (QZ)
away from the physical error sensors. Most of these techniques require the initial placement of sensors in
the QZ to estimate the necessary parameters needed for the control loop. The effort of initialisation can
be significant and, once completed, the conditions might change and introduce errors in the estimates.
A model-based virtual sensing technique is therefore proposed. In contrast to existing techniques, the
proposed method is scalable with respect to the size of the QZ and the distance of the QZ from the
physical error sensors. The technique is introduced in this paper, its strengths and weak points are
discussed, and encouraging results from experiments in the laboratory are presented.

Keywords: active-noise-control, remote-microphone-technique, control, remote-sensing

1 INTRODUCTION
This paper introduces a model-based virtual sensing technique for active noise control. Basic active noise
control achieves high noise reduction at the location of a physical error sensor, which also means that
this location is occupied by the sensor. Virtual sensing, in contrast, makes use of remote microphones to
predict the sound field at a location where control is desired but where a physical microphone cannot be
located. Such prediction can be regarded as measuring with a ”virtual sensor”, which is the origin of the
term. Multiple such techniques were developed throughout the last three decades. Moreau et al. (2008)
and Liu et al. (2009) provide reviews of the methods developed up until 2009. Liu et al. (2009) divided
these methods into two classes: Class I comprises all techniques that require physical sensors to be located
at the virtual locations during an initialisation stage, while class II relies on estimation techniques or
prediction of the pressure at the virtual location. Methods that are included in Class I comprise those
reported in, Elliott and David (1992); Roure and Albarrazin (1999); Cazzolato (2002); Pawelczyk (2004);
Petersen et al. (2007, 2008); Zou and Yu (2013). In these virtual sensing strategies, temporary sensors are
used to measure or estimate entities that are needed for the control loop, like transfer functions, weights
or estimation filters. Such methods can be very accurate in the estimation of the sound field at the virtual
sensor locations but error is introduced when the acoustic conditions change. The true measures will
then deviate from the measured ones and, as a consequence, degrade the performance of the controller as
shown in Zhang et al. (2021). This issue becomes significant when the distance between the virtual and
physical error sensors is large, as will be demonstrated in the present article. Another drawback is that
initial measurements can be extensive when many virtual sensors are utilised and it might be impossible
to record the transfer functions related to the sources of the unwanted sound field in advance, which is
essential for some of the techniques.

As noted above, Class II methods rely on some form of estimation technique to extrapolate the sound
pressure at the virtual sensor locations from one or multiple measurements with physical sensors. Figure
1 shows a typical scheme of such a control system. Estimation of the virtual error signal using a model
might imply that parameters of the model could be updated during control with relative ease. Updating
the virtual sensor locations, for example, could enable the quiet zone to move. Furthermore, updating
the speed of sound, if included in the model, could be used to help compensate for changing acoustic
conditions, for example, due to changes in air temperature. Both could improve the performance of an
active noise controller and increase its stability. Moving quiet zones can allow noise reduction to be



Figure 1. Schematic of class II virtual sensing techniques with FxLMS based updating of the control
filters.

maintained even when the listener is moving. This has been shown in Elliott et al. (2018) on the basis
of the remote microphone technique proposed by Roure and Albarrazin (1999) (RMT), and in Moreau
et al. (2009) based on the RMT, the adaptive LMS virtual microphone technique proposed by Cazzolato
(2002) (ALMS-VMT), and the Stochastically Optimal Diffuse Field virtual sensing method proposed
by Moreau et al. (2009) (SOTFD). The RMT and the ALMS-VMT are class I techniques and, therefore,
movement of the virtual sensor is achieved by interpolating between a grid of fixed virtual sensors, which
require an initial set of calibration measurements. The SOTDF moving virtual sensing method is a class
II technique, which depends on the distance between the virtual and physical sensors only and does not
need initialisation measurements. All experiments have shown significant improvement of noise reduction
at a listener’s ear, but the performance of class I based techniques degrades with changing conditions
as shown in Moreau et al. (2009). This problem can be compensated when the grid density of the fixed
virtual sensors gets increased, which can lead to a large number of initial measurements, especially in
large scale applications. The SOTDF moving virtual sensing method is robust against changing conditions
but restricted to diffuse sound fields. Further class II methods are the Forward Difference Prediction
Technique proposed by Cazzolato (1999), which is a polynomial fitting approach that estimates the virtual
error via two microphones applying linear prediction or three microphones applying quadratic prediction.
This method implicitly reacts to changing conditions, because the polynomials are constantly updated, but
it shows generally poor experimental performance as discussed in Cazzolato (2002). The Finite Element
Based Virtual Sensor Method proposed by Berkhoff and Hekman (2019) employs a finite element model
of a duct. It might be possible to update virtual sensor locations and the speed of sound but numerical
methods tend to be computationally demanding, especially when applied to large-scale 3D problems.
Based on this review of the literature, it is suggested that a model-based virtual sensing technique that is
both scalable and adaptable in real-time is still missing. Therefore, such a technique is proposed in this
paper and will be referred to as the model-based remote-microphone technique (MBRMT).

The MBRMT relies on the estimation of the primary and secondary sound fields at the virtual error
sensors, from which the virtual error signal can be predicted. Plewe et al. (2020) introduced the concept of
the method and presented a preliminary investigation of three different prediction techniques with respect
to their application in the MBRMT. This simulation study showed that the plane wave decomposition
(PWD) and the spherical harmonic decomposition (SHD) can extrapolate a sound field from measurements
using a spherical microphone array, with a useful level of accuracy, only at a close distance from the array.
This means that a virtual sensor needs to be close to the array. The advantage of this approach is that no
additional knowledge about the acoustic conditions, such as the source locations or properties of reflective
surfaces, is needed. It is thus possible to extrapolate complex and time-varying sound fields, e.g. due to
moving noise sources. In contrast, the equivalent source method (ESM), which is based on a monopole
source model, can very accurately predict the sound field at a greater distance between the virtual and
physical sensors in the free field. However, in this case, the locations of the noise and control sources are
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required and complex acoustic conditions will corrupt the accuracy of this method.
In contrast to Plewe et al. (2020) the present paper investigates the MBRMT in depth. A spherical

harmonics based source modelling technique is used for sound field extrapolation and this naturally
lends itself to the modelling of more complex sound sources. Increased prediction accuracy can be
achieved, as shown in Caviedes-Nozal et al. (2019), who presented results of non-adaptive large scale
sound field control experiments with source modelling based on spherical harmonics. Furthermore, the
adaptability of the MBRMT to changing temperature is investigated and experimental results are shown
for single and multi-channel control systems with and without ground reflections. The FxLMS algorithm
with physical sensors at the virtual locations and the Remote Microphone Technique (RMT) Roure and
Albarrazin (1999), which relies on measured transfer functions, are used for comparison. For the purpose
of validating the theoretical results in Plewe et al. (2020), a spherical microphone array on a rigid sphere
(Eigenmike em32) is used as the physical error sensor. Another benefit of using the Eigenmike is its
size, which makes it easy to install in experiments and applications. Its drawbacks will be presented and
discussed.

This paper is organised as follows. The MBRMT is derived in section 2 and the performance measure
insertion loss IL is introduced to provide insights into the robustness of the method. Results are presented
in section 3 for single and multi-channel configurations under anechoic conditions and with ground
reflections. The modelling error and its impact on the performance of control are specifically investigated,
as well as errors in the secondary path estimation.

2 METHOD
Prior to introducing the MBRMT, it is worth commenting on the nomenclature used in the following
exposition for clarity. Matrices and vectors that consist of transfer functions are denoted by capital bold
letters, and signal vectors with lower-case bold symbols. Scalars are in italic. Capped symbols represent
estimates and symbols with a tilde are measured quantities. Unless stated otherwise, all derivations in this
work are performed in the frequency domain but the frequency dependency is omitted for convenience.

The MBRMT estimates the error êv at virtual sensors, arranged remotely from the physical sensors that
measure the error ẽp. The virtual secondary path Ŝv is then estimated and both êv and Ŝv are finally used by
a classic FxLMS algorithm to minimise the pressure at the virtual sensor locations. The signal processing
chain is shown as a block diagram in Figure 2. Note that the blocks with the M matrices represent
model-based extrapolation, rather than transfer function matrices. The introduction of M matrices relates
the MBRMT to the RMT and simplifies the block diagram. Details are explained in the following. The
estimated virtual error is the sum of the estimated primary source contributions d̂v and the estimated
control source contributions ŷv at the virtual sensor locations, denoted by the subscript v,

êv = d̂v + ŷv. (1)

In the block-diagram it can be seen that the entities d̂v and ŷv are linear transformations of the primary
and secondary source contributions d̂p and ŷp, respectively, at the physical sensors, indicated with the
subscript p. These transformations are executed with the matrices

M̂1 = ĤvpĤ
†
pp and (2)

M̂2 = ĤvsĤ
†
ps, (3)

where † denotes the pseudo-inverse operator and the H matrices represent the model matrices that are used
to estimate the soundfields at the physical and virtual sensors. The first subscript denotes virtual/physical
and the second subscript denotes primary/secondary. So, for example, Ĥps contains the models of the
secondary path transfer functions to the physical sensors. Their explicit construction is explained in
section 2.1. The estimates of the virtual primary paths P̂v and virtual secondary paths Ŝv are consequently
computed with

P̂v = M̂1P̂p = ĤvpĤ
†
ppP̂p and

Ŝv = M̂2S̃p = ĤvsĤ
†
psS̃p.

(4)
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Figure 2. Block-diagram of the Model Based Remote Microphone Technique. The blue area frames
operations in the acoustic domain. Red represents measured entities during initialisation. The M matrices
represent the model used for prediction. The dashed arrows indicate that W and P̂p are updated and the
input signal is not subject to convolution. Dashed frames indicate the formation of P̂v and Ŝv, which are
used in practice.

While S̃p is measured during initialisation, P̂p is obtained online with the H1 estimator (Shin and
Hammond (2008)), on the example of a system with a single reference signal:

P̂p =
E[x⇤d̂p]

E[x⇤x]
=

E[x⇤(ẽp � ŷp)]

E[x⇤x]
=

E[x⇤(ẽp � S̃pwx)]
E[x⇤x]

. (5)

E[·] denotes the expected value and is approximated by averaging a fixed number of bins obtained from
subsequent DFTs. ·⇤ denotes complex conjugate. Averaging increases the robustness of the estimation
against disturbances at the physical error sensors and reduces the effect of measurement noise. In the next
step, Eq. 1 is expanded as

êv = d̂v + ŷv (6)

= M̂1d̂p +M̂2ŷp (7)

= M̂1P̂px+M̂2S̃pwx (8)

= P̂vx+ Ŝvwx. (9)

with ŷp = S̃pwx and w the control filter vector. With the estimates êv and Ŝv, the FxLMS algorithm is
applied to iteratively achieve the best possible approximation of the optimal control filters ŵopt (see Elliott
(2001)) with the update equation

w(N +1) = w(N)�l (Ŝvx(N))H
êv(N), (10)

where N is the block-time index, indicating that Eq. 10 is computed block-wise in the frequency domain.
l is the step-size factor. Leakage was not applied during the experiments to prevent the bias that is caused
by the leakage term (see Elliott (2001) chapter 3.4.7). Note that ŵopt is also called the Wiener solution to
the inverse problem that describes the control problem. In practice, the steady-state of the control filters
in Eq. 10 will deviate more or less from the Wiener solution, for example, due to the excess error Elliott
(2001) chapter 2.6.3.
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The RMT is related to the MBRMT. The main difference is that the matrix M̂2 is not present in the
RMT, and M̃1 is constructed from measurements of P̃p and P̃v with

M̃1 = P̃vP̃
†
p. (11)

M̃1 is therefore denoted with Tilde. In practice, a causality constraint was applied here by computing Eq.
11 with zero-padded double-length FFTs and truncating the inverse Fourier transform of M1, see Elliott
(2001) (Fig. 2.16). The ALMS-VS method is also related to the MBRMT because it utilises matrices
similar to M1 and M2. Instead of transfer functions, these contain real-valued gains in the time-domain for
the computation of d̂v and ŷv from d̂p and ŷp respectively, and they are estimated using physical sensors
at the virtual locations and the LMS algorithm, which makes it a class I technique. Another interesting
approach is the extension of the ALMS-VS by Zou and Yu (2013). Here, M1 and M2 are adapted online,
which is more robust against changing conditions, as shown in the related paper. It still required to take
measurements of the virtual secondary paths in advance. The RMT, however, is used for comparison
because it is able to achieve perfect cancellation of the noise at the virtual sensors under ideal conditions.

2.1 Sound Field Extrapolation
As indicated in the introduction, two categories of sound field extrapolation techniques were distinguished
with regard to their application in the MBRMT. The first makes use of prior knowledge of the sources
and aims to model the primary and secondary fields accurately in order to extrapolate these at the virtual
sensor locations. The second category does not depend on prior knowledge. The PWD and SHD for
example require a set of physical measurements only and no additional information about the sources or
the environment is needed. This can be of great benefit when the sound fields of interest are complex,
which makes their modelling a challenge. On the other hand, such methods have shown poor performance
already at a short distance from the physical microphones, as presented in Plewe et al. (2020). The focus
in the present paper is on the source modelling techniques since they provide higher accuracy for the
prediction of a sound field at a farther distance from the physical sensors.

Sound fields can be synthesized by summing the contributions of the sound sources that generate the
sound field and effects of the environment, like reflection, diffraction, and scattering. These effects can
also be modelled via sources, for example with image sources to account for reflections and equivalent
sources at the edge of obstacles for diffraction. The simplest source model is a monopole, which
radiates sound omnidirectionally from a point in space. For small sources at a large distance, and for
sufficiently low frequencies, such a model can be in good agreement with the field of the real source.
Further knowledge can be added to increase the model accuracy when the source is more complex. For
example, the directivity of a source can be shaped with multipoles or spherical harmonics expansion.
The dimensions of a source can be extended via a set of distributed monopoles on or within an enfolding
surface, which is known as the equivalent source method.

A source modelling technique based on spherical harmonics has been chosen for sound field extrapo-
lation in the MBRMT, which will be abbreviated with SHS in the following. The degree of the SHS is an
important and tunable parameter of the MBRMT. Higher orders can increase the overall model accuracy
but can also introduce robustness issues, which are related to the condition number of the model matrices,
as shown in Caviedes-Nozal et al. (2019). The degree of the source model in the MBRMT is indicated
with a preceding L#, e.g. ”MBRMT L1” for the MBRMT with first-degree source model. An exhaustive
derivation of this technique is omitted here, it is referred to Williams (1999) instead.

Next, it will be shown how the model matrices are constructed. It is possible to assign spherical
harmonics coefficients to every source in the model independently. This way causes the number of
columns in the model matrices to grow fast for multi-channel systems, source models of higher-order and
additional modelling of reflections, for example. The number of physical measurements, which determine
the rows of the system matrices, is easily exceeded and this makes the system under-determined. Two
cases are considered in the following. The simplest, which has already been proven to work in practice in
Caviedes-Nozal et al. (2019), assigns all sources the same set of coefficients, which means that all sources
are assumed to have the same directivity pattern, phase and gain. The second case assigns independent
coefficients to each source, which has shown, in simulations, to be a benefit when image sources are
included in the model matrices.

The construction of the model matrix of the primary path to the physical sensors Ĥpp is shown as an
example. Ĥpp 2 CNeNq⇥Nm , with Ne the number of physical error sensors, Nq the number of sources used
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in the model, which is here equivalent with the number of real sources, and Nm = (L+1)2 the number of
spherical harmonics from an expansion of degree L.

Ĥpp =

2

66666666664

h0(kr1,1)Y 0
0 (q1,1,f1,1) h1(kr1,1)Y�1

1 (q1,1,f1,1) ... hN(kr1,1)Y N
N (q1,1,f1,1)

h0(kr2,1)Y 0
0 (q2,1,f2,1) h1(kr2,1)Y�1

1 (q2,1,f2,1) ... hN(kr2,1)Y N
N (q2,1,f2,1)

... ... ... ...
h0(krNe,1)Y 0

0 (qNe,1,fNe,1) h1(krNe,1)Y
�1
1 (qNe,1,fNe,1) ... hN(krNe,1)Y N

N (qNe,1,fNe,1)
h0(kr1,2)Y 0

0 (q1,2,f1,2) h1(kr1,2)Y�1
1 (q1,2,f1,2) ... hN(kr1,2)Y N

N (q1,2,f1,2)
h0(kr2,2)Y 0

0 (q2,2,f2,2) h1(kr2,2)Y�1
1 (q2,2,f2,2) ... hN(kr2,2)Y N

N (q2,2,f2,2)
... ... ... ...

h0(krNeNq)Y 0
0 (qNeNq ,fNeNq) h1(krNeNq)Y

�1
1 (qNeNq ,fNeNq) ... hN(krNeNq)Y N

N (qNeNq ,fNeNq)

3

77777777775

(12)

with Y m
l a spherical harmonics function of degree l and order m and hl the spherical Hankel function of the

second kind and of order l. The triplets (ri, j,qi, j,fi, j) are the polar coordinates of the error sensors with
respect to the origin of the model sources. q 2 [0,p] is the zenith angle and f 2 [�p,p) is the azimuth
angle. Note, that a simple monopole is a subset of the SHS, as it is analytically the same as the spherical
harmonic function of degree 0.

In the second case, where all real sources can be modelled with their individual coefficients, the
coefficients of all model-sources are stacked in the rows, resulting in a matrix of dimensions Ĥpp 2
CNe⇥NqNm . It can now easily be seen that when a sound field is modelled with source-models of degree
2, at least Nq(2 + 1)2 microphones are needed to avoid an under-determined system matrix. This
implementation will be abbreviated as MMBRMT (Multi-MBRMT).

2.2 Theoretical derivation of the insertion loss
The performance of an ANC system can be expressed in terms of insertion loss (IL). The expression for
the IL, in relation to the proposed MBRMT, is mathematically derived in this section. The analytical
description of the IL can be used to infer the impact of a specific uncertainty or disturbance in the signal
processing chain. The IL is defined as

IL = 10log10

✓
||Sdd ||
||See||

◆
(13)

= 10log10

✓
||Pvx||2

||Pvx+Svwx||2

◆
, (14)

where Sdd 2 CNe⇥1 is the power spectral density of dv, and See is the power spectral density of e
•
v , the

residual sound field at the virtual locations with control in steady state. e
•
v is the sum of the primary and

secondary field at the virtual sensors

e
•
v = dv +yv (15)
= Pvx+Svw•x, (16)

with w• the control filter at steady state. The latter is iteratively computed with the FxLMS update equation
10, the estimate of the virtual error in Eq. 6 and the measured physical error ẽp = Ppx+Spwx+np, where
np is measurement noise captured by the physical microphones. N is the time-block dependency. Eq. 10
becomes

w(N +1) =
�
I�µ|x|2Ŝ

H
p M̂

H
2 (M̂1(Sp(N)� Ŝp)+M̂2Ŝp)

�
w(N)�µ|x|2Ŝ

H
p M̂

H
2 M̂1Pp(N). (17)

The derivation is similar for the RMT and for a step-wise derivation the reader is referred to Roure and
Albarrazin (1999). The measurement noise np is eliminated by the H1 estimator. If it is assumed that Pp
and Sp vary only slowly with time, Eq. 17 is of the form

www(N +1) = Aw(N)+b, (18)

a non-homogeneous matrix difference equation of first order, which converges to

w• = (I�A)�1
b, (19)
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if the absolute value of the greatest eigenvalue of A is less than or equal to 1, see Cull et al. (2005).
Assuming stability, Eq. 17 converges to

w• =�
�
Ŝ

H
p M̂

H
2 (M̂1(Sp � Ŝp)+M̂2Ŝp)

��1
Ŝ

H
p M̂

H
2 M̂1Pp. (20)

Now it is possible to compute the residual primary noise at the virtual error sensors with

e
•
v = Pvx+Svw•x (21)

= Pvx�Sv
�
Ŝ

H
p M̂

H
2 (M̂1(Sp � Ŝp)+M̂2Ŝp)

��1
Ŝ

H
p M̂

H
2 M̂1Ppx. (22)

If there is no error in the secondary path estimate (Sp � Ŝp) = 0, Eq. 22 reduces to

e
•
v = Pvx�Sv

�
Ŝ

H
p M̂

H
2 M̂2Ŝp

��1
Ŝ

H
p M̂

H
2 M̂1Ppx (23)

= Pvx�Sv(M̂2Ŝp)
†
M̂1Ppx (24)

= Pvx�Svwoptx, (25)

where wopt = Ŝ
†
vP̂v = S

†
vPv is the short form of the optimal Wiener solution, reported in Eq. 20. Further-

more, if all model matrices are exact models of reality and Sv is a square matrix, such that the system is
fully determined, Eq. 24 reduces to

e
•
v = Pvx�M̂1Ppx = 0, (26)

which describes perfect cancellation at the virtual sensors. When the system is over-determined, with
more virtual error sensors than secondary sources, the inversion of (M̂2Ŝp) via the pseudo-inverse will
result in the least-squares solution and the mean square error of the residual sound field will be greater
than zero. The advantage of an over-determined system is that the control effort gets smoothed and
reduces possible strong interference patterns around the error sensors as mentioned in Elliott (2001). The
IL can now be computed by inserting Eq. 22 into 14:

IL = 20log10

 
||Pvx||

||Pvx�Sv
�
ŜH

p M̂
H
2 (M̂1(Sp � Ŝp)+M̂2Ŝp)

��1
ŜH

p M̂
H
2 M̂1Ppx||

!
. (27)

Eq. 27 is used in section 3.4.1 to investigate the impact of changing conditions on the performance of the
MBRMT.

3 EXPERIMENTS
The choice for the experimental setup is motivated by the specific application of local quiet zones close to
an open-air concert, which follows the path of Plewe et al. (2018). The distance between the physical and
virtual sensors is 2 m, which is sufficient to prevent contact between people in the QZ and the physical
microphones.

Experiments were executed in the anechoic chamber of the Technical University of Denmark. Figure
3 shows a photo of the experimental setup when a reflecting floor is included. The control system consists
of three Dynaudio BM15A as secondary sources and a 32 channel Eigenmike em32 as a physical error
sensor at a 2 m distance. In a single-channel configuration, a B&K free-field microphone was used as an
error sensor. One Dynaudio BM15A was used as the primary source at a 6 m distance to the error sensors
and 4 B&K free-field microphones were used at the virtual locations, for the initialisation of the RMT, as
control microphones for the FxLMS and for the validation of the performance of the MBRMT and the
RMT. This set of sensors will be referred to as validation microphones in the following. The controller’s
processing unit was an Apple Macbook Pro running MATLAB (2019). Signals were captured and played
back with an RME Fireface UCX audio interface connected to the laptop. The audio sample rate used for
the experiments was 3 kHz, leakage was not applied to prevent the bias that is introduced with the leakage
term, see Elliott (2001).

The Eigenmike itself constitutes a scattering object for wavelengths similar to and smaller than the
diameter of the rigid sphere and therefore scattering compensation was applied, for the MBRMT only.
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Figure 3. Measurement Setup in configuration 1x3x32x4 with reflecting floor. Primary source (black),
secondary sources (blue), error microphone provided by em32 Eigenmike (red), evaluation mics at virtual
locations (pink)

(a) (b) (c)

Figure 4. Experimental setup configurations. Primary source (black circle), control sources (blue
circles), physical error sensors (red crosses), virtual error sensors (pink crosses). (a) 1x1x1x1 in free field
(b) 1x3x32x4 in free field, (c) 1x3x32x4 with floor. All components are located at 1.22 m height when no
floor is present. The secondary sources are placed on the ground when the rigid floor is present.

This technique decomposes the measured field into its scattered and incident components, which is
described in Fernandez-Grande (2016), and disregards the scattered one. The RMT does not depend on
capturing the incident sound field, it is the transfer functions between the physical and virtual sensors that
matter. The Eigenmike was not used for the FxLMS, which used the validation microphones as physical
sensors directly. The scattering compensation has finally shown very low improvement for this set of
experiments but should become significant when spherical arrays with a larger radius are used.

The specific configurations of the control system are denoted in the following with Np ⇥Nc ⇥Ne ⇥Nv,
the number of primary sources, secondary sources, error sensors and virtual sensors, respectively. Figure
4 shows diagrams of the configurations that were used.

Experimental results are shown in the following for the MBRMT in different system configurations
and compared to the FxLMS and the RMT.

3.1 Single-channel control in free-field
Fig. 5 presents the IL for the single-channel configuration in Fig. 4 (a). The physical microphone for
the MBRMT and the RMT is of the same type as the validation microphone. It will be replaced with the
Eigenmike in the multi-channel experiments. It can be seen that the MBRMT L0 and the RMT show a
very similar performance with a slope downwards to low frequencies, starting at around 300 Hz. Above
300 Hz the character of the IL is more erratic, with alternating steep peaks and troughs. The low-frequency
slope is believed to be the result of truncating non-causal components in the M matrices, which would
be needed to achieve perfect cancellation. This theory is supported by the analysis of the error in the
transfer function estimates P̂v and Ŝv presented and discussed in section 3.4. Understanding how large the
actual modelling error is in the MBRMT remains an open question. It seems that the truncation error is at
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Figure 5. IL achieved in experiments with configuration 1x1x1x1 in free-field condition. FxLMS (blue),
RMT (red), MBRMT L0 (yellow)

least larger. The comb filter effect above 300 Hz is the effect of a one-sample phase lag at 48 kHz, that
was introduced to compensate for the group delay resulting from lowpass filtering, in a computationally
efficient manner. It will be shown in section 3.4 that the IL is also degraded without the one-sample
lag for the MBRMT but not for the RMT, indicating that the decay at high frequencies is the result of
modelling error.

Both virtual sensing techniques perform much worse than the FxLMS with ⇡10-20 dB less IL. While
the FxLMS is limited by the SNR, the MBRMT and the RMT are limited by estimation errors. The
FxLMS might be affected by the same non-causality issues but the FxLMS can compensate for level
and phase errors as long as the system is stable. The virtual sensing techniques cannot compensate for
estimation errors because the virtual error signal is assumed to be correct and is the subject of minimisation.
Higher orders of the MBRMT are not shown, because no benefit is expected for a single channel system.

3.2 Multi-channel in Free-field
Figure 6 presents results from the 1x3x32x4 configuration in free-field condition. The FxLMS, the RMT

(a) (b)

Figure 6. IL achieved in experiments with configuration 1x3x32x4 in free-field. (a) FxLMS (blue), RMT
(red), MBRMT L0 (yellow); (b) MBRMT L0 (yellow), MBRMT L1 (purple), MMBRMT L0 (green)

and the MBRMT L0 show very similar performance. One of the reasons is that the IL of the FxLMS has a
lower limit because the system is over-determined. The underlying system of equations cannot be solved
exactly and the solution is computed that minimises the least mean square error. This error typically
increases with frequency, at lower frequencies for symmetric system configurations. The second reason
for the good match of all techniques is that the IL of the RMT is increased at low frequencies, compared
with the single-channel case. It seems that the approximation error mentioned in the previous section has
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decreased here. The drop of IL of the MBRMT L0, below 80 Hz and between 110 and 180 Hz, indicates
the presence of a source modelling error and is discussed in depth in section 3.4. Plot (b) compares the
MBRMT L0 with MBRMT L1 and MMBRMT L0. It can be seen that increasing the order of the SHS
fails completely, but assigning all independent coefficients (phase and gain for L0) to each model source,
as done with the MMBRMT, increases the IL at higher frequencies. This is remarkable because better IL
is achieved around 450 Hz in comparison with the FxLMS. This should generally not be possible and
indicates that the FxLMS has not yet fully converged at these frequencies. The main conclusion that can
be drawn from these results is that the MBRMT is a very competitive algorithm for multi-channel systems
in free field and that independent coefficients for the sources can significantly improve its performance.

3.3 Reflections
To investigate the effect of reflections on the control performance achievable with the various control
strategies, wooden boards were placed on the metal grid of the anechoic chamber to introduce ground
reflections, as shown in Figure 3. All sources and sensors are still at 1.22 m height, apart from the
secondary sources, which were placed on the ground instead to eliminate reflections in the secondary
paths. So the focus is on reflections in the primary paths. This makes the results easier to interpret:
Ground reflections interfere with the direct sound of a source and cause steep notches in the related
transfer functions. The consequence is a reduced signal to noise ratio around these notches, which limits
the achievable IL. The same configuration 1x3x32x4 is used as before, where the distances between the
secondary sources and between the virtual error sensors are 30 cm instead of 60 cm, see Fig. 4 (c). This is
due to practical reasons and does not significantly change the results at the sensors. Results are shown in
Fig. 7. With the floorboards present, all techniques deviate from the FxLMS again. The RMT shows a

(a) (b)

Figure 7. IL achieved in experiments with configuration 1x3x32x4 and wooden boards on the ground.
(a) FxLMS (blue), RMT (red), MBRMT L0 (yellow); (b) MBRMT L0 (yellow), MBRMT L1 (purple)

lower IL of ⇡ 10 dB between 70 and 150 Hz. The MBRMT L0 deviates up to 15 dB from the FxLMS.
Still, it is a minimum of 15 dB achieved in the frequency range of 80-200 Hz.

Two significant performance drops can be seen in all techniques at ⇡420 Hz and ⇡1200 Hz. This
results from the comb filter caused by destructive interference of the direct part from the primary field
and its floorboard reflections. This is easily verified by computing the path difference between the direct
path and the path of the image source, which is indeed half the wavelength of 420 Hz and 1.5 times the
wavelength of 1200 Hz. Therefore, these drops do not indicate a bad performance of the algorithms
necessarily. They result from low SNR, which also means that the level of the unwanted sound field
is already low. The IL beyond the notch at ca. 420 Hz looks chaotic for the FxLMS, which indicates
that the sound field has become complex at higher frequencies. In addition to specular reflections from
the floor, diffraction from the edges must also be expected. The plates cover only a limited area below
the sources and sensors. The scattered sound field interferes with the primary and secondary fields and
produces complex interference patterns. The dimensions of the plate were ⇡ 2x5 m, corresponding to the
wavelengths 170 and 68 Hz with the speed of sound c = 343 m/s. Scattering effects must therefore also
be present at low frequencies. Since scattering is not specifically modelled in the MBRMT, a modelling
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error is introduced and worse performance is expected. The RMT, on the other hand, can generally handle
diffraction and reflections. Some issues related to the RMT are not investigated here because the RMT
is not the main subject of investigation. Its geometrical causality constraint is discussed in Maeda and
Kajikawa (2019) for example. Hence, the IL of the RMT is mostly closer to the FxLMS compared to the
IL of the MBRMT. The deviation at lower frequencies is likely to be the result of the same approximation
error seen in the single-channel case, which is discussed in the next section. Comparing the MBRMT
L0 and L1 in plot (b) shows that improvement is achieved between 500 and 800 Hz with higher-order,
while the IL at lower frequencies is lower. This conforms to theory. The sources can be more accurately
modelled with higher orders of spherical harmonics but, due to the small size of the spherical array used
in the experiment, the condition number of the plant matrix is large for high orders at low frequencies,
which makes the system prone to error Caviedes-Nozal et al. (2019).

Fig. 8 compares experimental results from the MBRMT L0 with results from the MMBRMT L0 with
and without image sources (IS) included. The MMBRMT L0 assigns individual coefficients to all sources,

Figure 8. Comparison of different settings in the MBRMT. MBRMT L0 (blue), MMBRMT L0 (red),
MMBRMT L0 IS (yellow)

and the MMBRMT L0 IS furthermore includes image sources for reflections. It can be seen that no
significant improvement is achieved with the MMBRMT L0. When explicitly comparing MMBRMT L0
with image sources and without shows that there is very little improvement when reflections are modelled.

To summarise, it has been found that the MBRMT also handles more complex environments with
IL of 10 to 25 dB up to 280 Hz without specific treatment of environmental effects. But the MBRMT
also provides considerably poorer performance than the RMT. Based on results from Caviedes-Nozal
et al. (2019), it is expected that higher orders will help significantly to reduce this gap at high frequencies
and presumably also at low frequencies if more widely distributed physical error sensors were used. It is
remarkable that the MBRMT outperforms the RMT between 75 and 130 Hz. The approximation error in
the RMT and indirectly in the MBRMT is discussed in the next section.

3.4 Model Error
The model error e[]̇ describes the error in the estimates P̂v and Ŝv of the MBRMT and in P̂v of the RMT:

e[Pv]MBRMT = 10log10

✓
||P̃v � P̂v||2

||P̃v||2

◆
= 10log10

 
||P̃v �M̂1P̂p||2

||P̃v||2

!
, (28)

e[Sv]MBRMT = 10log10

 
||S̃v � Ŝv||2

||S̃v||2

!
= 10log10

 
||S̃v �M̂2Ŝp||2

||S̃v||2

!
, and (29)

e[Pv]RMT = · · · = 10log10

✓
||P̃v �M̃1P̃p||2

||P̃v||2

◆
. (30)

Eq. 28 reveals that the error in P̂v has two sources, M̂1 and P̂p. The error in M̂1 is the actual mismatch
between the model of the sound field and reality. Because this error is in the M matrices it will be
denoted with em. A different type of approximation error occurs in M̃1 of the RMT, which is the result
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Figure 9. Zplane plot of the system M1(z) = Pv(z)/Pp(z) of the RMT in single channel configuration.

of approximating a typically unstable and non-causal inverse filter when the filter is constructed from
measured impulse responses, which is discussed in Mourjopoulos et al. (1982) and Kodrasi et al. (2014).
This can be shown for M̃1 of the RMT with a plot of zeros and poles in the z-plane, see Fig. 9. The
z-plane plot in Fig. 9 demonstrates that M̃1 of the RMT is a mixed-phase system, which can not be
applied in a real-time loop. A perfect prediction filter can therefore not be implemented and consequently
M̃1 must be approximated. Eq. 30 reveals that the main source of error in the RMT must stem from M̃1
because the other entities are measured in laboratory conditions. The model error in the RMT is therefore
approximately equal to the approximation error in M̃1: e[Pv]RMT ⇡ em. The error in the estimate of P̂p
will be denoted with ep.

Fig. 10 (a) shows e[P̂v]MBRMT, e[Ŝv]MBRMT, and e[P̂v]RMT. ep is presented in Fig 10 (b). The reason
is to see how much e[P̂v]MBRMT is affected by ep.

All results are obtained from simulations, based on measured transfer functions, for the single-channel
configuration 1x1x1x1. To simplify the analysis of the relationship between the IL and the model errors,
all e are multiplied with �1, which will be indicated with the superscript e�. This might seem counter-
intuitive but relates the IL to the model error because a low model error produces a large IL, and vice-versa.
Fig. 10 (a) shows that the model errors for the MBRMT and RMT are very similar up to 400 Hz. The fact

(a) (b)

Figure 10. (a) The model errors (inverted) e�[Pv]MBRMT (red), e�[Sv]MBRMT (yellow) and e�[Pv]RMT
(purple) in comparison with the IL (blue) in system configuration 1x1x1x1. (b) Online estimation error in
the physical primary path transfer function matrix e�p

that e[Pv]RMT, e[Pv]MBRMT and e[Sv]MBRMT are so similar at low frequencies suggests that these errors
are related. Maximal 3 dB deviation below 400 Hz can be discovered. And Fig. 10 (b) shows that ep is
overall much lower than the model errors and does therefore not significantly contribute to the model
error, apart from above ca. 1 kHz. As stated before, it is assumed that the model error of the RMT is
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mainly dominated by the approximation error in M̃1. It seems that the approximation error in M̂1 of the
MBRMT is affected by a common cause. The reason might be that the generally stable and causal M̂1
matrix is an approximation of the real infinite system matrix, similarly as M̃1. This question remains
unanswered in this paper.

Regarding the error at high frequencies, it was mentioned in section 3.1 that the performance at high
frequencies was corrupted by a one-sample phase lag in the signal processing chain. All results shown in
this section are based on simulations without such a lag. It can be seen that e�[Pv]RMT indeed continues
to rise with frequency, and The IL at high frequencies is therefore strongly affected by the one-sample
phase lag, which has also been verified with simulations including the phase lag. Also, the MBRMT is
affected what can be seen in comparison with figure 5, but the deviation from e[Pv]RMT also shows that
the sound field is not accurately modelled here.

3.4.1 Secondary Path Modelling Error
Errors in the secondary path model are a major concern in ANC applications that utilise the FxLMS
algorithm. Such errors occur, especially when the conditions change and the secondary path is not updated
accordingly. To understand how real environmental changes affect the performance of the MBRMT,
the IL has been calculated according to Eq. 27 when there is a 10 °C air temperature variation. Such a
large variation is not unrealistic. Even larger variations were reported in Plewe et al. (2021), where a
multi-channel ANC system was tested in an outdoor concert environment during summer in Italy. The
secondary path transfer function matrices were recorded during the night and experiments were executed
during the day with around 34�C. The IL from Eq. 27 is computed for the single-channel configuration
shown in Fig 4 (a). The results in Fig 11 show that the IL drops with increasing frequency, as expected;
however, contrary to intuition, an update of the temperature-dependent parameter c in the M matrices of
the MBRMT does not improve the performance of the algorithm. It is moreover remarkable to see that
the MBRMT shows the same performance as the RMT. Adapting the speed of sound according to the
change of air temperature does not compensate for the induced degradation.

Figure 11. Effect of 10�C change in temperature on the IL for the MBRMT L0 (blue) without model
update, MBRMT L0 with model update (yellow dashed), the RMT (red). ”model update” means that the
speed of sound is adjusted according to the new temperature. This figure simply shows that model
updating has no effect.

4 DISCUSSION
The results have shown that the MBRMT can reduce noise at multiple locations at a distance of 2 m from
a physical sensor with up to 20 dB at low and mid frequencies. In scenarios without floor reflections, the
performance was comparable to the RMT. The model error increases in the presence of ground reflections,
which consequently decreases the IL of the MBRMT. But, remarkably, IL in the range 10 to 20 dB can
still be achieved up to 280 Hz. It has been shown that increasing the degree of the spherical harmonic
source model can increase the modelling accuracy at high frequencies, but the IL at low frequencies
got degraded as an effect of ill-conditioning. It is expected that this is possible to get compensated with

13/16



optimal regularisation. The regularisation factor was here experimentally chosen, and it not expected to
be optimal.

The model error, which was defined as the error in the estimates of the virtual primary and secondary
path transfer functions, seems to be dominated by approximation errors introduced via the model matrices.
Truncation occurs when a non-causal system is used in a real-time process. Truncation also occurs when
the system is an infinite process (IIR) that is truncated in practical applications. The latter has been
found to be less of an issue because a very low effect could be observed when the length of the filters got
extended. A considerable lower error was obtained for the RMT when the M1 matrix was approximated
with homomorphic inversion technique (Mourjopoulos et al. (1982)) instead of least-squares inversion, in
simulations with measured transfer functions. The whole slope at low frequencies moved upwards by ⇡ 6
dB. The same technique can not be applied in the MBRMT. The model matrices are constructed from a
source model and are purely causal in the presented configurations.

It has been shown that the main source of error is the model error, which increases when the acoustic
condition becomes more complex because of ground reflections and diffraction on the edges of the ground
plate.

Furthermore, the application of a spherical error sensor with a small radius is problematic. It is hardly
possible to decompose a complex sound field into its various elements at low frequencies. The related
model matrices are therefore very prone to noise. It is recommended to use a set of distributed physical
microphones instead. This way it is possible to capture more information about the primary and secondary
sources, as well as image sources when reflections are specifically modelled. Also, higher degrees of
spherical harmonics can be used to model the sources, leading to more accurate models and consequently
better noise reduction at the virtual sensors. This has been demonstrated by Caviedes-Nozal et al. (2019)
for fixed filter sound field control. The modelling of environmental effects like ground reflections did not
work as expected. Very little to no improvement could be seen. The modelling of ground reflections was
otherwise successfully applied in Plewe et al. (2020).

The adaption of the speed of sound, which is the parameter in the model matrices that relates to the air
temperature, did not prove successful. It has been shown that a change of the speed of sound in the model
matrices does not affect the IL. This is because changes in temperature affect the M1 and M2 matrix in
the same way so that these changes cancel out at the virtual error locations. Nonetheless, a temperature
change still affects the performance of the MBRMT because the physical secondary path deviates from its
pre-measured version. The amount of noise reduction is reduced towards high frequencies in the same
manner as for the RMT. The speed of sound is therefore not a controllable parameter in the current version
of the MBRMT. It is suggested to replace the measured secondary path with a model. If the response of
the secondary sources can be assumed to be temperature independent, they can be measured in advance
for initialisation and only the acoustic path between the sources and physical sensors gets modelled and
can therefore be updated when the temperature changes. Another approach could be to include an online
secondary path estimator or the direction search LMS Qiu et al. (2014), which does not need an explicit
model of Sp.

Scattering objects in the quiet zone, like people, alter the virtual secondary paths. When the physical
sensors are close, also the physical secondary paths are affected because of the scattered field. The effect
of a scattering object in a quiet zone has been investigated in Qiu et al. (2014), where it was found that a
rigid sphere in a small quiet zone has a low positive and negative effect on the IL. In contrast, Garcia-
Bonito et al. (1997) investigated the effect of a scattering sphere in a virtual microphone arrangement
and found that the effect on the control performance is significant. The effect of scattering objects has
not been specifically investigated in the present paper. Reflecting ground plates nonetheless have shown
a significant impact on the MBRMT’s performance when not specifically treated. In contrast, a quick
informal test has been executed during the lab experiments with the speaking author in the quiet zone.
The controller was stable for 5 minutes, with no audible effect.

5 CONCLUSION
The model-based remote microphone technique (MBRMT) has been presented and tested in experiments.
The method does not require initial measurements with physical sensors at the virtual sensor locations,
which reduces the potentially great effort of such initialisation and provides great flexibility during the
operation of control. The set of virtual error sensors can be easily changed in their number and locations,
for example. Experiments have shown that the MBRMT performs similarly to the RMT under free-field
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conditions. Free-field-like conditions are given in concert areas with flat terrain when the sources are
placed on the ground and for low frequencies. Such conditions have proven to work well in sound field
control applications, including source modelling Heuchel et al. (2020). Also, complex sound fields could
be treated with the MBRMT, as has been shown by adding a wooden floor to the experiments. Floor
reflections and presumably diffraction effects from the edge of the wooden boards arranged on the floor
degraded the performance of the MBRMT by up to 10 dB, but a useful amount of noise reduction, between
10 and 20 dB, was still achieved for frequencies up to 280 Hz. Contrary to expectations, the specific
modelling of ground reflections with image sources did not improve the performance in practice. A more
rigorous investigation of this problem is left for future research. It has been shown that higher orders of
spherical harmonics can reduce the model errors and consequently increase the IL at higher frequencies.
It has also been shown that the MBRMT is not adaptable to changes in air temperature. The resulting
error in the secondary path estimate, which is not updated in the current version, limits the performance
in the same way as for the RMT. Finally, another benefit of the MBRMT is the prospect of adapting the
virtual sensor locations to move the zone of silence in real-time.
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(R) .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳ� [mB2i xQM2 bvbi2K- QTiBKBx2/

7Q` H�`;2 Qmi/QQ` 2p2Mib- #�b2/ QM KmHiB+?�MM2H 6tGJa �L*-Ǵ BM R98i? �m/BQ
1M;BM22`BM; aQ+B2iv AMi2`M�iBQM�H *QMp2MiBQM- �1a kyR3- kyR3X

(k) .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳhrQ _2�H qQ`H/ h2bib Q7 �+iBp2
LQBb2 *QMi`QH BM PT2M �B` *QM+2`ibXǴ mMTm#HBb?2/ K�Mmb+`BTi- kykRX

(j) .X SH2r2- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳ�M �+iBp2 LQBb2 "�``B2` 7Q` GQ+�H
ZmB2i wQM2b BM PT2M �B` *QM+2`ibXǴ mMTm#HBb?2/ K�Mmb+`BTi- kykRX

(9) .X SH2r2- 6X hX �;2`FpBbi- 1X 62`M�M/2x@:`�M/2- �M/ CX "`mMbFQ;- ǳ�M�Hv@
bBb Q7 JQ/2H "�b2/ oB`im�H a2MbBM; h2+?MB[m2b 7Q` �+iBp2 LQBb2 *QMi`QH-Ǵ BM
S`Q+22/BM;b Q7 BMi2`@MQBb2 kyky- kykyX

(8) .X SH2r2- 6X 6�xB- �M/ 6X hX �;2`FpBbi- ǳ� JQ/2H "�b2/ _2KQi2 JB+`QT?QM2
h2+?MB[m2XǴ mMTm#HBb?2/ K�Mmb+`BTi- kykRX

(e) 6X JX >2m+?2H- aQmM/ 6B2H/ *QMi`QH 7Q` Pmi/QQ` *QM+2`ibX S?. i?2bBb- h2+?MB+�H
lMBp2`bBiv Q7 .2MK�`F- kykyX

(d) .X *�pB2/2b@LQx�H- aQmM/ }2H/ `2+QMbi`m+iBQM 7Q` Qmi/QQ` bQmM/ }2H/ +QMi`QH
�TTHB+�iBQMbX S?. i?2bBb- h2+?MB+�H lMBp2`bBiv Q7 .2MK�`F- kykyX

(3) >X P?MBb?B- EX l2b�F�- EX P?MBb?B- JX LBb?BKm`�- �M/ aX h2`�MBb?B- ǳ.2p2HQT@
K2Mi Q7 i?2 MQBb2 #�``B2` mbBM; �+iBp2Hv +QMi`QHH2/ �+QmbiB+�H bQ7i 2/;2 @ T�`i k,
}2H/ i2bi mbBM; � HQm/ bT2�F2` �M/ � ?B;? bT22/ `mMMBM; i`m+F-Ǵ S`Q+22/BM;b Q7
i?2 kNi? AMi2`M�iBQM�H *QM;`2bb �M/ 1t?B#BiBQM QM LQBb2 *QMi`QH 1M;BM22`BM;
UALh1_@LPAa1V- TTX jĜ3- kyyyX

(N) "X G�K- qX@aX :�M- .X a?B- JX LBb?BKm`�- �M/ aX 1HHBQii- ǳh2M [m2biBQMb
+QM+2`MBM; �+iBp2 MQBb2 +QMi`QH BM i?2 #mBHi 2MpB`QMK2Mi-Ǵ "mBH/BM; �M/ 1MpB@
`QMK2Mi- pQHX kyy- MQX J�v- TX RydNk3- kykRX

(Ry) *X >X >�Mb2M- aX aMv/2`- sX ZBm- GX "`QQFb- �M/ .X JQ`2�m- �+iBp2 +QMi`QH Q7
MQBb2 �M/ pB#`�iBQM- pQHX AYAAX h�vHQ` � 6`�M+Bb- kM/ 2/X- kyRkX
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(RR) SX �X L2HbQM �M/ aX >X uQQM- ǳ1biBK�iBQM Q7 �+QmbiB+ bQm`+2 bi`2M;i? #v BMp2`b2
K2i?Q/b, S�`i A- +QM/BiBQMBM; Q7 i?2 BMp2`b2 T`Q#H2K-Ǵ CQm`M�H Q7 aQmM/ �M/
oB#`�iBQM- pQHX kjj- MQX 9- TTX ejNĜee9- kyyyX

(Rk) 6X JX >2m+?2H- .X *X LQx�H- 6X hX �;2`FpBbi- �M/ CX "`mMbFQ;- ǳaQmM/ }2H/ +QM@
i`QH 7Q` `2/m+iBQM Q7 MQBb2 7`QK Qmi/QQ` +QM+2`ib-Ǵ BM R98i? �m/BQ 1M;BM22`BM;
aQ+B2iv AMi2`M�iBQM�H *QMp2MiBQM- �1a kyR3- kyR3X

(Rj) JX PHb2M �M/ JX "X JǠHH2`- ǳbQmM/ xQM2b, QM i?2 2z2+i Q7 �K#B2Mi i2KT2`�im`2
p�`B�iBQMb BM 722/@7Q`r�`/ bvbi2Kb-Ǵ DQm`M�H Q7 i?2 �m/BQ 2M;BM22`BM; bQ+B2iv-
K�v kyRdX

(R9) CX �?`2Mb- �M�HviB+ J2i?Q/b Q7 aQmM/ 6B2H/ avMi?2bBbX aT`BM;2`@o2`H�;- kyRjX

(R8) LX 1T�BM �M/ 1X 6`BQi- ǳ�+iBp2 +QMi`QH Q7 bQmM/ BMbB/2 � bT?2`2 pB� +QMi`QH Q7
i?2 �+QmbiB+ T`2bbm`2 �i i?2 #QmM/�`v bm`7�+2-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM-
pQHX kNN- MQX j- TTX 83dĜey9- kyydX

(Re) .X _X JQ`;�M- ǳ�M �/�TiBp2 KQ/�H@#�b2/ �+iBp2 +QMi`QH bvbi2K-Ǵ CQm`M�H Q7
i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX 3N- MQX R- TTX k93Ĝk8e- RNNRX

(Rd) aX aTQ`b �M/ >X "m+?M2`- ǳ1{+B2Mi K�bbBp2 KmHiB+?�MM2H �+iBp2 MQBb2 +QMi`QH
mbBM; q�p2@.QK�BM �/�TiBp2 }Hi2`BM;-Ǵ BM kyy3 j`/ AMi2`M�iBQM�H avKTQbBmK
QM *QKKmMB+�iBQMb- *QMi`QH- �M/ aB;M�H S`Q+2bbBM;- Aa**aS kyy3- TTX R93yĜ
R938- kyy3X

(R3) CX w?�M;- hX .X �#?�v�T�H�- qX w?�M;- SX a�K�`�bBM;?2- �M/ aX CB�M;- ǳ�+iBp2
LQBb2 *QMi`QH Pp2` aT�+2, � q�p2 .QK�BM �TT`Q�+?-Ǵ A111f�*J h`�Mb�+@
iBQMb QM �m/BQ- aT22+?- �M/ G�M;m�;2 S`Q+2bbBM;- pQHX ke- MQX 9- TTX RĜR- kyR3X

(RN) uX J�2MQ- uX JBibm7mDB- �M/ hX .X �#?�v�T�H�- ǳJQ/2 .QK�BM aT�iB�H �+iBp2
LQBb2 *QMi`QH lbBM; aT�`b2 aB;M�H _2T`2b2Mi�iBQM-Ǵ A*�aaS- A111 AMi2`M�@
iBQM�H *QM72`2M+2 QM �+QmbiB+b- aT22+? �M/ aB;M�H S`Q+2bbBM; @ S`Q+22/BM;b-
pQHX kyR3@�T`BH- MQX R- TTX kRRĜkR8- kyR3X

(ky) �X CX "2`F?Qmi- .X .2 o`B2b- �M/ SX oQ;2H- ǳ�+QmbiB+ +QMi`QH #v r�p2 }2H/
bvMi?2bBb-Ǵ CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX Nj- MQX 8- TTX kde9Ĝ
kdd3- RNNjX

(kR) uX CX qm �M/ hX .X X �#?�v�T�H�- ǳaT�iB�H KmHiBxQM2 bQmM/}2H/ `2T`Q/m+iBQM-Ǵ
BM A111 AMi2`M�iBQM�H *QM72`2M+2 QM �+QmbiB+b- aT22+? �M/ aB;M�H S`Q+2bbBM;-
TTX NjĜNe- A111- kyyNX

(kk) hX "2iH2?2K �M/ SX .X h2�H- ǳ� +QMbi`�BM2/ QTiBKBx�iBQM �TT`Q�+? 7Q` KmHiB@
xQM2 bm``QmM/ bQmM/-Ǵ A*�aaS- A111 AMi2`M�iBQM�H *QM72`2M+2 QM �+QmbiB+b-
aT22+? �M/ aB;M�H S`Q+2bbBM; @ S`Q+22/BM;b- pQHX R- TTX 9jdĜ99y- kyRRX
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(kj) aX CX 1HHBQii- SX CQb2T?- �X CX "mHHKQ`2- �M/ SX �X L2HbQM- ǳ�+iBp2 +�M+2HH�iBQM
�i � TQBMi BM � Tm`2 iQM2 /Bzmb2 bQmM/ }2H/-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM-
pQHX Rky- MQX R- TTX R3jĜR3N- RN33X

(k9) sX ZBm- LX GB- �M/ :X *?2M- ǳ62�bB#BHBiv bim/v Q7 /2p2HQTBM; T`�+iB+�H pB`im�H
bQmM/ #�``B2` bvbi2K-Ǵ BM S`Q+22/BM;b Q7 i?2 Rki? AMi2`M�iBQM�H *QM;`2bb QM
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(k8) aX 1X q`B;?i �M/ "X omFb�MQpB+- ǳPTiBKBb�iBQM Q7 +QMi`QHH2/ �+QmbiB+ b?�/Qrb-Ǵ
A*�aaS- A111 AMi2`M�iBQM�H *QM72`2M+2 QM �+QmbiB+b- aT22+? �M/ aB;M�H S`Q@
+2bbBM; @ S`Q+22/BM;b- pQHX k- TTX NdjĜNde- RNNeX

(ke) aX q`B;?i �M/ "X omFb�MQpB+- ǳ�+iBp2 *QMi`QH Q7 1MpB`QMK2Mi�H LQBb2- AA, LQM@
*QKT�+i �+QmbiB+ aQm`+2b-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX kyk- MQX j-
TTX jRjĜj8N- RNNdX

(kd) aX q`B;?i �M/ "X omFb�MQpB+- ǳ�+iBp2 *QMi`QH Q7 1MpB`QMK2Mi�H LQBb2- AAA, AK@
TH2K2Mi�iBQM Q7 h?2Q`v AMiQ S`�+iB+2-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX kky-
MQX j- TTX 9eNĜ9Ne- RNNNX

(k3) aX 1X q`B;?i �M/ "X omFb�MQpB+- ǳ�+iBp2 *QMi`QH Q7 1MpB`QMK2Mi�H LQBb2- Ao,
S`�+iB+�H 1ti2MbBQMb hQ 1+�b h?2Q`v-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX kkk-
MQX 9- TTX ej8Ĝee3- RNNNX

(kN) aX 1X q`B;?i �M/ >X �iKQFQ- ǳ�+iBp2 *QMi`QH Q7 1MpB`QMK2Mi�H LQBb2- o, i?2
1z2+i Q7 1MpB`QMK2Mi�H *?�M;2 QM i?2 ai�#BHBiv Q7 6`22 6B2H/ aQmM/ *�M+2HHBM;
avbi2Kb-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX k99- MQX R- TTX RydĜRkk- kyyRX

(jy) aX 1X q`B;?i �M/ >X �iKQFQ- ǳ�+iBp2 MQBb2 MQMi`QH Q7 2MpB`QMK2Mi�H MQBb2- oA,
S2`7Q`K�M+2 Q7 � 7mM/�K2Mi�H 7`22@}2H/ bQmM/ +�M+2HHBM; bvbi2K-Ǵ CQm`M�H Q7
aQmM/ �M/ oB#`�iBQM- pQHX k98- MQX 9- TTX 83RĜeyN- kyyRX

(jR) aX 1X q`B;?i- >X �iKQFQ- �M/ "X omFb�MQpB+- ǳ�+iBp2 +QMi`QH Q7 2MpB`QMK2Mi�H
MQBb2- oAAA, AM+`2�bBM; i?2 `2bTQMb2 iQ T`BK�`v bQm`+2 +?�M;2b BM+Hm/BM; mMT`2@
/B+i�#H2 MQBb2-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX kd9- MQX R@k- TTX jkjĜj9N-
kyy9X

(jk) >X wQm �M/ sX ZBm- ǳS2`7Q`K�M+2 �M�HvbBb Q7 i?2 pB`im�H bQmM/ #�``B2` bvbi2K
rBi? � /Bz`�+iBM; bT?2`2-Ǵ �TTHB2/ �+QmbiB+b- pQHX eN- MQX Ry- TTX 3d8Ĝ33j- kyy3X

(jj) >X wQm- sX >m�M;- aX >m- �M/ sX ZBm- ǳ�TTHvBM; �M �+iBp2 MQBb2 #�``B2` QM �
RRy Eo TQr2` i`�Mb7Q`K2` BM ?mM�M-Ǵ ALh1_LPAa1 kyR9 @ 9j`/ AMi2`M�iBQM�H
*QM;`2bb QM LQBb2 *QMi`QH 1M;BM22`BM;, AKT`QpBM; i?2 qQ`H/ h?`Qm;? LQBb2
*QMi`QH- TTX RĜd- kyR9X

(j9) CX h�Q- sX ZBm- �M/ CX S�M- ǳ*QMi`QH Q7 i`�Mb7Q`K2` MQBb2 mbBM; �M BM/2T2M/2Mi
TH�M�` pB`im�H bQmM/ #�``B2`-Ǵ �+QmbiB+b kyR8 >mMi2` o�HH2v- TTX RĜRy- kyR8X
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(j8) CX *Q`/BQHB- *X >�Mb2M- sX GB- �M/ sX ZBm- ǳLmK2`B+�H 2p�Hm�iBQM Q7 � /2+2M@
i`�HBb2/ 722/7Q`r�`/ �+iBp2 +QMi`QH bvbi2K 7Q` 2H2+i`B+�H i`�Mb7Q`K2` MQBb2-Ǵ AM@
i2`M�iBQM�H CQm`M�H Q7 �+QmbiB+b �M/ oB#`�iBQM- kyykX

(je) CX h�Q- aX q�M;- sX ZBm- �M/ CX S�M- ǳS2`7Q`K�M+2 Q7 �M BM/2T2M/2Mi TH�@
M�` pB`im�H bQmM/ #�``B2` �i i?2 QT2MBM; Q7 � `2+i�M;mH�` 2M+HQbm`2-Ǵ �TTHB2/
�+QmbiB+b- pQHX Ry8- TTX kR8Ĝkkj- kyReX

(jd) 6X JX >2m+?2H- .X *�pB2/2b@LQx�H- CX "`mMbFQ;- 6X hX �;2`FpBbi- �M/
1X 62`M�M/2x@:`�M/2- ǳG�`;2@b+�H2 Qmi/QQ` bQmM/ }2H/ +QMi`QH-Ǵ h?2 CQm`M�H
Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX R93- MQX 9- TTX kjNkĜk9yk- kykyX

(j3) *X 6`B+F �M/ SX LɃ2b+?- ǳ� bim/v QM T�`�K2i2`Bx�iBQM �M/ BKTH2K2Mi�iBQM
Q7 bm#rQQ72` �``�vb 7Q` �+iBp2 MQBb2 +QMi`QH BM 2p2Mi MQBb2 K�M�;2K2Mi-Ǵ BM
S_Q+22/BM;b Q7 i?2 AMbiBimi2 Q7 �+QmbiB+b- pQHX jN- kyRdX

(jN) sX ZBm- �M AMi`Q/m+iBQM iQ oB`im�H aQmM/ "�``B2`bX h�vHQ` �M/ 6`�M+Bb :`QmT-
kyRNX

(9y) aX Ab2- >X u�MQ- �M/ >X h�+?B#�M�- ǳ"�bB+ bim/v QM �+iBp2 MQBb2 #�``B2`-Ǵ CQm`M�H
Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 C�T�M U1V- pQHX Rk- MQX e- TTX kNNĜjye- RNNRX

(9R) �X PKQiQ �M/ EX 6mDBr�`�- ǳ� bim/v Q7 �M �+iBp2Hv +QMi`QHH2/ MQBb2 #�``B2`-Ǵ
CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX N9- MQX 9- TTX kRdjĜkR3y-
RNNjX

(9k) CX :mQ �M/ CX S�M- ǳ�TTHB+�iBQM Q7 �+iBp2 MQBb2 +QMi`QH iQ MQBb2 #�``B2`b-Ǵ �+Qmb@
iB+b �mbi`�HB�- pQHX k8- MQX R- TTX RRĜRe- RNNdX

(9j) �X PKQiQ- EX h�F�b?BK�- EX 6mDBr�`�- JX �QFB- �M/ uX a?BKBxm- ǳ�+iBp2
bmTT`2bbBQM Q7 bQmM/ /Bz`�+i2/ #v � #�``B2`, �M Qmi/QQ` 2tT2`BK2Mi-Ǵ h?2
CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX Ryk- MQX j- TTX RedRĜRedN-
RNNdX

(99) .X .m?�K2H- SX a2`;2Mi- *X >m�- �M/ .X *BMi`�- ǳJ2�bm`2K2Mi Q7 �+iBp2 *QM@
i`QH 1{+B2M+v �`QmM/ LQBb2 "�``B2`b-Ǵ �TTHB2/ �+QmbiB+b- pQHX 88- MQX j- TTX kRdĜ
k9R- RNN3X

(98) >X E�r�b�FB- JX LBb?BKm`�- LX E�M�KQ`B- �M/ hX q�i�M�#2- ǳ"�bB+ bim/v
QM BKT`Qp2K2Mi Q7 �+iBp2 MQBb2 +QMi`QH bvbi2K 7Q` MQBb2 #�``B2`- T?�b2@k, 1t@
T2`BK2Mib BM �M2+?QB+ `QQK-Ǵ S`Q+22/BM;b Q7 i?2 avKTQbBmK QM 1MpB`QMK2Mi�H
1M;BM22`BM;- pQHX kyy3XR3- TTX 9jĜ9e- kyy3X

(9e) �X JQ`BKQiQ- hX q�B/�- JX LBb?BKm`�- aX LBb?B/�- �M/ EX a�Fm`�K�- ǳ� #�bB+
bim/v QM /2p2HQTK2Mi Q7 �+iBp2 �+QmbiB+ T�`iBiBQM-Ǵ S`Q+22/BM;b Q7 *QM72`2M+2
Q7 *?m;QFm@b?BFQFm "`�M+?- pQHX kyR9X8k- TTX 9R3ĜRĜ9R3Ĝ9- kyR9X
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(9d) aX CX 1HHBQii- CX *?22`- GX "?�M- *X a?B- �M/ qX aX :�M- ǳ� r�p2MmK#2` �T@
T`Q�+? iQ �M�HvbBM; i?2 �+iBp2 +QMi`QH Q7 TH�M2 r�p2b rBi? �``�vb Q7 b2+QM/�`v
bQm`+2b-Ǵ CQm`M�H Q7 aQmM/ �M/ oB#`�iBQM- pQHX 9RN- TTX 9y8Ĝ9RN- kyR3X

(93) GX GBm- aX JX EmQ- �M/ JX *X w?Qm- ǳoB`im�H b2MbBM; i2+?MB[m2b �M/ i?2B`
�TTHB+�iBQMb-Ǵ S`Q+22/BM;b Q7 i?2 kyyN A111 AMi2`M�iBQM�H *QM72`2M+2 QM L2i@
rQ`FBM;- a2MbBM; �M/ *QMi`QH- A*La* kyyN- TTX jRĜje- kyyNX

(9N) aX 1HHBQii �M/ �X .�pB/- ǳ� pB`im�H KB+`QT?QM2 �``�M;2K2Mi 7Q` HQ+�H �+iBp2
bQmM/ +QMi`QH-Ǵ JQiBQM �M/ oB#`�iBQM *QMi`QH- pQHX jd- MQX j- TTX RykdĜRyjR-
RNNkX

(8y) �X _Qm`2 �M/ �X �H#�``�xBM- ǳh?2 _2KQi2 JB+`QT?QM2 h2+?MB[m2 7Q` �+iBp2
LQBb2 *QMi`QH-Ǵ S`Q+22/BM;b Q7 �+iBp2 NN- RNNNX

(8R) "X aX *�xxQH�iQ- ǳ�M �/�TiBp2 GJa pB`im�H KB+`QT?QM2-Ǵ S`Q+X �+iBp2 kyyk-
TTX Ry8ĜRRe- kyykX

(8k) *X .X S2i2`b2M- �X *X w�M/2`- "X aX *�xxQH�iQ- �M/ *X >X >�Mb2M- ǳ� KQpBM;
xQM2 Q7 [mB2i 7Q` M�``Qr#�M/ MQBb2 BM � QM2@/BK2MbBQM�H /m+i mbBM; pB`im�H
b2MbBM;-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX RkR- MQX j-
TTX R98NĜR9dy- kyydX

(8j) *X .X S2i2`b2M- _X 6`��MD2- "X aX *�xxQH�iQ- �X *X w�M/2`- �M/ *X >X >�Mb2M- ǳ�
E�HK�M }Hi2` �TT`Q�+? iQ pB`im�H b2MbBM; 7Q` �+iBp2 MQBb2 +QMi`QH-Ǵ J2+?�MB+�H
avbi2Kb �M/ aB;M�H S`Q+2bbBM;- pQHX kk- MQX k- TTX 9NyĜ8y3- kyy3X

(89) uX wQm �M/ uX um- ǳ�M 1{+B2Mi �/�TiBp2 GJa oB`im�H JB+`QT?QM2 J2i?Q/
7Q` _2KQi2 �+iBp2 LQBb2 *QMi`QH-Ǵ BM S`Q+22/BM;b Q7 AMi2`@MQBb2 kyRj- pQHX 8-
kyRjX

(88) CX w?�M;- aX CX 1HHBQii- �M/ CX *?22`- ǳ_Q#mbi T2`7Q`K�M+2 Q7 pB`im�H b2MbBM;
K2i?Q/b 7Q` �+iBp2 MQBb2 +QMi`QH-Ǵ J2+?�MB+�H avbi2Kb �M/ aB;M�H S`Q+2bbBM;-
pQHX R8k- TX Ryd98j- kykRX

(8e) "X aX *�xxQH�iQ- a2MbBM; avbi2Kb 7Q` �+iBp2 *QMi`QH Q7 aQmM/ h`�MbKBbbBQM
BMiQ *�pBiB2bX S?. i?2bBb- h?2 lMBp2`bBiv Q7 �/2H�B/2- RNNNX

(8d) �X SX "2`F?Qz �M/ hX >2FK�M- ǳ�+iBp2 MQBb2 +QMi`QH mbBM; }MBi2 2H2K2Mi #�b2/
pB`im�H b2MbQ`b-Ǵ A*�aaS- A111 AMi2`M�iBQM�H *QM72`2M+2 QM �+QmbiB+b- aT22+?
�M/ aB;M�H S`Q+2bbBM; @ S`Q+22/BM;b- TTX 39dNĜ393j- kyRNX

(83) aX 1HHBQi- aB;M�H S`Q+2bbBM; 7Q` �+iBp2 *QMi`QHX �+�/2KB+ S`2bb- kyyRX

(8N) .X *�pB2/2b@LQx�H- 6X JX >2m+?2H- CX "`mMbFQ;- LX �X "X _BBb- �M/ 1X 62`M�M/2x@
:`�M/2- ǳ� "�v2bB�M bT?2`B+�H ?�`KQMB+b bQm`+2 `�/B�iBQM KQ/2H 7Q` bQmM/ }2H/
+QMi`QH-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX R9e- MQX 8-
TTX j9k8Ĝj9j8- kyRNX
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(ey) "X qB/`Qr �M/ aX .X ai2�`Mb- �/�TiBp2 bB;M�H T`Q+2bbBM;X S`2MiB+2@>�HH- RN38X

(eR) CX "2M2biv- �/�TiBp2 bB;M�H T`Q+2bbBM; , �TTHB+�iBQMb iQ `2�H@rQ`H/ T`Q#H2KbX
aT`BM;2`- kyyjX

(ek) �X >X a�v2/- �/�TiBp2 6BHi2`bX CQ?M qBH2v � aQMb- kyy3X

(ej) aX >�vFBM- �/�TiBp2 6BHi2` h?2Q`vX S2�`bQM 1/m+�iBQM- kyR9X

(e9) lM+BMB- 6mM/�K2Mi�Hb Q7 �/�TiBp2 aB;M�H S`Q+2bbBM;X aT`BM;2` AMi2`M�iBQM�H
Sm#HBb?BM;- kyR8X

(e8) SX �X GQT2b �M/ JX aX SB2/�/2- ǳh?2 E�HK�M }Hi2` BM �+iBp2 LQBb2 *QMi`QH-Ǵ
1m`QT2�M aB;M�H S`Q+2bbBM; *QM72`2M+2- pQHX kyR8- kyyyX

(ee) aX oX PT?2K �M/ �X SX "2`F?Qz- ǳJmHiB@+?�MM2H E�HK�M }Hi2`b 7Q` �+iBp2 MQBb2
+QMi`QH-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX Rjj- MQX �T`BH
kyRj- TTX kRy8ĜkRR8- kyRjX

(ed) aX GB2#B+?- CX 6�#`v- SX C�t- �M/ SX o�`v- ǳhBK2@.QK�BM E�HK�M 6BHi2` 7Q`
�+iBp2 LQBb2 *�M+2HH�iBQM >2�/T?QM2b-Ǵ BM k8i? 1m`QT2�M aB;M�H S`Q+2bbBM;
*QM72`2M+2- kyRdX

(e3) .X _X JQ`;�M �M/ CX *X h?B- ǳ� .2H�vH2bb am##�M/ �/�TiBp2 6BHi2` �`+?Bi2+@
im`2-Ǵ A111 h`�Mb�+iBQMb QM aB;M�H S`Q+2bbBM;- pQHX 9j- MQX 3- TTX R3RNĜR3jy-
RNN8X

(eN) aX CX S�`F- CX >X umM- uX *X S�`F- �M/ .X >X uQmM- ǳ� /2H�vH2bb bm##�M/ �+iBp2
MQBb2 +QMi`QH bvbi2K 7Q` rB/2#�M/ MQBb2 +QMi`QH-Ǵ A111 h`�Mb�+iBQMb QM aT22+?
�M/ �m/BQ S`Q+2bbBM;- pQHX N- MQX 3- TTX 3NkĜ3NN- kyyRX

(dy) 6X u�M; �M/ CX u�M;- ǳPTiBK�H ai2T@aBx2 *QMi`QH Q7 i?2 S�`iBiBQM2/ "HQ+F
6`2[m2M+v@.QK�BM �/�TiBp2 6BHi2`-Ǵ A111 h`�Mb�+iBQMb QM *B`+mBib �M/ avb@
i2Kb AA, 1tT`2bb "`B27b- pQHX e8- MQX e- TTX 3R9Ĝ3R3- kyR3X

(dR) SX *X aQKK2M- ǳS�`iBiBQM2/ 7`2[m2M+v /QK�BM �/�TiBp2 }Hi2`b-Ǵ *QM72`2M+2
_2+Q`/ @ �bBHQK�` *QM72`2M+2 QM *B`+mBib- avbi2Kb � *QKTmi2`b- pQHX k-
TTX eddĜe3R- RN3NX

(dk) CX@aX aQQ �M/ EX EX S�M;- ǳJmHiB/2H�v #HQ+F 7`2[m2M+v �/�TiBp2 }Hi2`-Ǵ A111
h`�Mb�+iBQMb QM �+QmbiB+b- aT22+? �M/ aB;M�H S`Q+2bbBM;- pQHX j3- TTX jdjĜjde-
RNNyX

(dj) CX SX "Q``�HHQ �M/ JX :X Pi2`Q- ǳPM i?2 BKTH2K2Mi�iBQM Q7 � T�`iBiBQM2/ #HQ+F
7`2[m2M+v /QK�BM �/�TiBp2 }Hi2` US"6.�6V 7Q` HQM; �+QmbiB+ 2+?Q +�M+2HH�@
iBQM-Ǵ aB;M�H S`Q+2bbBM;- pQHX kd- TTX jyRĜjR8- RNNkX

(d9) aX SX "Qv/ �M/ GX o�M/2M#2`;?2- *QMp2t PTiBKBx�iBQMX *�K#`B/;2 lMBpX S`2bb-
kyRyX
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(d8) SX aQM; �M/ >X w?�Q- ǳ6BHi2`2/@t ;2M2`�HBx2/ KBt2/ MQ`K U6s:JLV �H;Q`Bi?K
7Q` �+iBp2 MQBb2 +QMi`QH-Ǵ J2+?�MB+�H avbi2Kb �M/ aB;M�H S`Q+2bbBM;- pQHX Ryd-
TTX NjĜRy9- kyR3X

(de) CX LQ+2/�H �M/ aX CX q`B;?i- LmK2`B+�H PTiBKBx�iBQMX aT`BM;2` L2r uQ`F- kyyeX

(dd) CX JQm`DQTQmHQb- SX *H�`FbQM- �M/ CX >�KKQM/- ǳ� *QKT�`�iBp2 aim/v Q7
G2�biěa[m�`2b �M/ >QKQKQ`T?B+ h2+?MB[m2b 7Q` i?2 AMp2`bBQM Q7 JBt2/ S?�b2
aB;M�Hb-Ǵ S`Q+22/BM;b Q7 A+�bbT 3k- pQHX d- TTX R383ĜeR- RN3kX

(d3) JX "X JǠHH2` �M/ JX PHb2M- ǳaQmM/ xQM2b, PM T2`7Q`K�M+2 T`2/B+iBQM Q7
+QMi`�bi +QMi`QH K2i?Q/b-Ǵ S`Q+22/BM;b Q7 i?2 �2b AMi2`M�iBQM�H *QM72`2M+2-
pQHX kyRe@- kyReX

(dN) .X �X *�`i2b- GX _X _�v- �M/ _X .X *QHHB2`- ǳGv�TmMQp imMBM; Q7 i?2 H2�Fv GJa
�H;Q`Bi?K 7Q` bBM;H2 bQm`+2- bBM;H2@TQBMi MQBb2 +�M+2HH�iBQM-Ǵ BM S`Q+22/BM;b Q7
i?2 �K2`B+�M *QMi`QH *QM72`2M+2- TTX jeyyĜjey8- kyyRX

(3y) _X JB;MQi- :X *?�`/QM- �M/ GX .�m/2i- ǳGQr 7`2[m2M+v BMi2`TQH�iBQM Q7 `QQK
BKTmHb2 `2bTQMb2b mbBM; +QKT`2bb2/ b2MbBM;-Ǵ A111 h`�Mb�+iBQMb QM �m/BQ-
aT22+? �M/ G�M;m�;2 S`Q+2bbBM;- pQHX kk- MQX R- TTX ky8ĜkRe- kyR9X

(3R) aX �X o2`#m`; �M/ 1X 62`M�M/2x@:`�M/2- ǳ_2+QMbi`m+iBQM Q7 i?2 bQmM/ }2H/ BM
� `QQK mbBM; +QKT`2bbBp2 b2MbBM;-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7
�K2`B+�- pQHX R9j- MQX e- TTX jddyĜjddN- kyR3X

(3k) JX LQH�M- aX �X o2`#m`;- CX "`mMbFQ;- �M/ 1X 62`M�M/2x@:`�M/2- ǳ1tT2`BK2M@
i�H +?�`�+i2`Bx�iBQM Q7 i?2 bQmM/ }2H/ BM � `2p2`#2`�iBQM `QQK-Ǵ h?2 CQm`M�H Q7
i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX R98- MQX 9- TTX kkjdĜkk9e- kyRNX

(3j) �X JQBQH�- _X >BTiK�B`- �M/ AX S2`m;B�- ǳSH�M2 r�p2 �TT`QtBK�iBQM Q7 ?QKQ;2@
M2Qmb >2HK?QHix bQHmiBQMb-Ǵ w2Bib+?`B7i 7m` �M;2r�M/i2 J�i?2K�iBF mM/ S?vbBF-
pQHX ek- MQX 8- TTX 3yNĜ3jd- kyRRX

(39) hX LQr�FQrbFB- CX /2 _QbMv- �M/ GX .�m/2i- ǳ_Q#mbi bQm`+2 HQ+�HBx�iBQM 7`QK
r�p2}2H/ b2T�`�iBQM BM+Hm/BM; T`BQ` BM7Q`K�iBQM-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H
aQ+B2iv Q7 �K2`B+�- pQHX R9R- MQX 9- TTX kjd8Ĝkj3e- kyRdX

(38) 1X :X qBHHB�Kb- 6Qm`B2` �+QmbiB+bX �+�/2KB+ S`2bb- RNNNX

(3e) 6X JX 6�xB- aQmM/ 6B2H/ _2T`Q/m+iBQMX S?. i?2bBb- lMBp2`bBiv Q7 aQmi?�KTiQM-
kyRyX

(3d) "X _�7�2Hv- aT`BM;2` hQTB+b BM aB;M�H S`Q+2bbBM; 6mM/�K2Mi�Hb Q7 aT?2`B+�H
�``�v S`Q+2bbBM;X aT`BM;2` L�im`2 arBix2`H�M/ �: kyRN- kM/ 2/X- kyR8X

(33) 1X 62`M�M/2x@:`�M/2- ǳaQmM/ }2H/ `2+QMbi`m+iBQM mbBM; � bT?2`B+�H KB+`QT?QM2
�``�v-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX RjN- MQX j-
TTX RRe3ĜRRd3- kyReX
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(3N) aX G22- ǳ_2pB2r, h?2 lb2 Q7 1[mBp�H2Mi aQm`+2 J2i?Q/ BM *QKTmi�iBQM�H
�+QmbiB+b-Ǵ CQm`M�H Q7 *QKTmi�iBQM�H �+QmbiB+b- pQHX k8- MQX R- TTX RĜRN- kyRdX

(Ny) uX >2- GX *?2M- wX sm- �M/ wX w?�M;- ǳ� +QKT`2bb2/ 2[mBp�H2Mi bQm`+2 K2i?Q/
#�b2/ QM 2[mBp�H2Mi `2/mM/�Mi /B+iBQM�`v 7Q` bQmM/ }2H/ `2+QMbi`m+iBQM-Ǵ �T@
THB2/ a+B2M+2b UarBix2`H�M/V- pQHX N- MQX 9- kyRNX

(NR) 1X 62`M�M/2x@:`�M/2- �X s2M�FB- �M/ SX :2`biQ7i- ǳ� bT�`b2 2[mBp�H2Mi bQm`+2
K2i?Q/ 7Q` M2�`@}2H/ �+QmbiB+ ?QHQ;`�T?v-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B@
2iv Q7 �K2`B+�- pQHX R9R- MQX R- TTX 8jkĜ89k- kyRdX

(Nk) aX *?2M �M/ .X .QMQ?Q- ǳ"�bBb Tm`bmBi-Ǵ *QM72`2M+2 _2+Q`/ @ �bBHQK�` *QM@
72`2M+2 QM aB;M�Hb- avbi2Kb �M/ *QKTmi2`b- pQHX R- TTX 9RĜ99- RNN9X

(Nj) oX .X EmT`�/x2 �M/ JX �X �H2FbB/x2- ǳh?2 K2i?Q/ Q7 7mM+iBQM�H 2[m�iBQMb
7Q` i?2 �TT`QtBK�i2 bQHmiBQM Q7 +2`i�BM #QmM/�`v p�Hm2 T`Q#H2Kb-Ǵ laa_ *QK@
Tmi�iBQM�H J�i?2K�iB+b �M/ J�i?2K�iB+�H S?vbB+b- pQHX 9- MQX 9- TTX 3kĜRke-
RNe9X

(N9) :X >X EQQTK�MM- GX aQM;- �M/ CX "X 6�?MHBM2- ǳ� K2i?Q/ 7Q` +QKTmiBM; �+Qmb@
iB+ }2H/b #�b2/ QM i?2 T`BM+BTH2 Q7 r�p2 bmT2`TQbBiBQM-Ǵ CQm`M�H Q7 i?2 �+QmbiB+�H
aQ+B2iv Q7 �K2`B+�- pQHX 3e- MQX e- TTX k9jjĜk9j3- RN3NX

(N8) "X _�7�2Hv- aX CX 1HHBQii- �M/ CX :�`+B�@"QMBiQ- ǳ"`Q�/#�M/ T2`7Q`K�M+2 Q7 �M
�+iBp2 ?2�/`2bi-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHX Rye-
MQX k- TTX d3dĜdNj- RNNNX

(Ne) .X *�Hp2iiB- aX JQ`B;B- GX _2B+?2H- �M/ 6X a;�HH�`B- ǳhBF?QMQp `2;mH�`Bx�iBQM �M/
i?2 H@+m`p2 7Q` H�`;2 /Bb+`2i2 BHH@TQb2/ T`Q#H2Kb-Ǵ CQm`M�H Q7 *QKTmi�iBQM�H �M/
�TTHB2/ J�i?2K�iB+b- pQHX Rkj- MQX R- TTX 9kjĜ99e- kyyyX LmK2`B+�H �M�HvbBb
kyyyX oQHX AAA, GBM2�` �H;2#`�X

(Nd) �X uX *�`KB- GX aX JB?�vHQp�- �M/ aX CX :Q/bBHH- *QKT`2bb2/ a2MbBM; � aT�`b2
6BHi2`BM;X "2`HBM >2B/2H#2`;, aT`BM;2`- kyR9X

(N3) JX hX �F?i�`- JX �#2- �M/ JX E�r�K�i�- ǳ� M2r p�`B�#H2 bi2T bBx2 K2i?Q/
7Q` QMHBM2 b2+QM/�`v T�i? KQ/2HBM; BM KmHiB+?�MM2H URtktkV �+iBp2 MQBb2 +QMi`QH
bvbi2Kb-Ǵ A222 h`�Mb�+iBQMb QM �m/BQ- aT22+? �M/ G�M;m�;2 S`Q+2bbBM;- pQHX R9-
MQX k- kyyeX

(NN) JX >m- CX sm2- �M/ CX Gm- ǳPMHBM2 KmHiB@+?�MM2H b2+QM/�`v T�i? KQ/2HBM;
BM �+iBp2 MQBb2 +QMi`QH rBi?Qmi �mtBHB�`v MQBb2-Ǵ h?2 CQm`M�H Q7 i?2 �+QmbiB+�H
aQ+B2iv Q7 �K2`B+�- pQHX R9e- MQX 9- TTX k8NyĜk8N8- kyRNX

(Ryy) sX ZBm- JX :�Q- �M/ AX "m`M2ii- ǳ� +QKT�`BbQM #2ir22M �/�TiBp2 �L* �H@
;Q`Bi?Kb rBi? �M/ rBi?Qmi +�M+2HH�iBQM T�i? KQ/2HHBM;-Ǵ kRbi AMi2`M�iBQM�H
*QM;`2bb QM aQmM/ �M/ oB#`�iBQM kyR9- A*ao kyR9- pQHX R- MQX CmHv- TTX RkkĜ
RkN- kyR9X
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(RyR) CX w?�M;- �+iBp2 LQBb2 *QMi`QH Pp2` aT�iB�H _2;BQMbX S?. i?2bBb- �mbi`�HB�M
L�iBQM�H lMBp2`bBiv- kyRNX
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