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The NCrystal library provides a range of models for simulation of both elastic and inelastic scattering 
of thermal neutrons in a range of material structures. This article presents the available models for 
elastic scattering, and includes detailed discussion of their theoretical background, their implementation, 
and in particular their validation. The lineup includes a model for Bragg diffraction in crystal powders as 
well as one for incoherent elastic scattering, but the main focus is given to models of Bragg diffraction 
in ideally imperfect single crystals: both for the most widely applicable model of isotropic Gaussian 
mosaicity, and for a more specific model of layered single crystals which is relevant for materials 
such as pyrolytic graphite. Although these single crystal models are utilising computationally efficient 
approximations where appropriate, attention is given to the provision of precise and trustworthy 
results also for the extreme cases of back-scattering, forward-scattering, and crystals with very large 
mosaic spreads. Together with NCrystal’s other features for crystal structure initialisation and 
inelastic physics, the presented models enable realistic modelling of components at neutron scattering 
instruments in frameworks like Geant4 and McStas, including monochromators, analysers, filters, 
support materials, shielding, and many kinds of samples. As a byproduct of the work, an improved 
formula for approximating cross sections in isotropic single crystals with Gaussian mosaicity is provided.

Program summary
Program Title: NCrystal
CPC Library link to program files: https://doi .org /10 .17632 /rzmmzgpg7g .1
Licensing provisions: Apache License, Version 2.0.
Programming language: C++, C and Python
Nature of problem: Thermal neutron transport in structured materials is inadequately supported in popular 
Monte Carlo transport applications, preventing simulations of a range of otherwise interesting setups.
Solution method: Provide models for thermal neutron transport in open source library NCrystal, to 
be used standalone or as backend in existing Monte Carlo packages. Specifically, the present publication 
details the implemented elastic scattering models in crystalline materials.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The software package NCrystal [1] is an open source soft-
ware package, with capabilities for modelling of thermal neutron 
transport in a variety of materials. The code is freely available [2]
and released under a liberal open source license [3]. The initial re-
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lease, v1.0.0 [1], focused on Bragg diffraction in crystals, while 
release v2.0.0 [4] introduced realistic modelling of both inelastic 
(based on phonon VDOS curves) and incoherent elastic scattering 
processes, as well as the support for certain non-crystalline mate-
rials like liquids. The following releases up until v2.7.0 [5], were 
mostly focused on changes not significantly affecting the physics 
algorithms presented in the present article. Notable new features 
added in these releases were: atomic data definitions were made 
more flexible (allowing for atoms not simply being natural ele-
ments), the library of predefined materials was expanded signif-
icantly, support for amorphous materials was added, and finally 
atomic displacements can now be estimated directly from phonon 
VDOS curves instead of being based on a separately provided De-
bye temperature.
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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The publication [1] provided an in-depth overview of the
NCrystal framework, including issues of configuration and ma-
terial definition, and how users might interact with the library: 
through standalone tools, interfaces for C++, C and Python pro-
gramming languages, or indirectly by using NCrystal to en-
hance the physics capabilities of simulation packages such as
Geant4 [6–8] and McStas [9,10]. It also provided a review of the 
relevant neutron scattering theory, and focused in particular on the 
initialisation of crystal structures and form factors, and included 
benchmarks versus existing crystallographic software and powder 
diffraction data. It did not, however, go into detailed discussions of 
the actual implementation of particular neutron scattering mod-
els. The present article improves upon this situation by providing 
a thorough review of the models for elastic scattering presently 
available in NCrystal, including details of implementation, per-
formance, and validation.

Although not discussed further in the present article, inelastic 
scattering does contribute to a few of the validation plots pre-
sented, and it is therefore worthwhile to briefly note that the 
improved support for inelastic scattering introduced in NCrystal
v2.0.0 is based on sampling of scattering kernels [11], which 
can be either provided by the users or calculated on-the-fly by
NCrystal from phonon density of state (VDOS) curves. This latter 
calculation relies on an independent implementation of a method 
due to A. Sjölander [12], which is also used for a similar purpose in 
well established applications like LEAPR [13]. The combination of 
these new inelastic models and the elastic models described in the 
present article, enables highly realistic simulations of typical com-
ponents at neutron scattering instruments, including beam filters, 
monochromators, analysers, detectors, support materials and many 
kinds of samples. The realism is increased to unprecedented levels 
when NCrystal is used as a backend in an application Geant4, 
where the injection of realistic thermal neutron scattering models 
nicely complements the pre-existing features for support of com-
plicated geometries and both nuclear- and electromagnetic physics.

It should be noted that while inelastic models improved greatly 
between NCrystal v1.0.0 and v2.0.0, the elastic physics de-
scribed in the present article is, on the other hand, essentially 
identical in the two releases. The one notable exception to this 
is that the sampling of incoherent elastic scattering events in
NCrystal v1.0.0 was implemented in an inconsistent man-
ner, resulting in purely isotropic angular distributions and incor-
rect non-zero energy transfers. The incoherent elastic cross sections
were, however, evaluated correctly also in NCrystal v1.0.0. 
Where it makes a difference, all figures in the present article 
are based on NCrystal v2.0.0. Unless otherwise specified, all 
plots and results throughout this article are provided for materials 
at room temperature, 293.15 K. Unless configured otherwise, this 
value is also in general the default temperature value of materials 
in NCrystal. Also note that, as described in [1], relevant param-
eters for materials modelled by NCrystal (e.g. crystal structure 
and phonon VDOS curves) are typically configured in human read-
able NCMAT data files, while a smaller number of higher level 
parameters (e.g. temperature or crystal orientations) can be config-
ured without having to modify the data files. All material-specific 
values and figures in the present article were based on NCMAT
files included in the NCrystal v2.0.0 release. In addition to these 
material-specific parameters, atomic masses and scattering lengths 
are embedded into NCrystal itself.2 Readers interested in the exact 
parameters used to model the materials presented in this article, 
can find more detailed information in Appendix A.

2 Note that starting with NCrystal release v2.1.0, it is possible for users to mod-
ified such atomic parameters for a given material if desired.
2

After establishing some common formalism and terminology, 
and reviewing common features of Bragg diffraction in Section 2, 
the next three sections are devoted to Bragg diffraction under 
particular models of crystallite distributions: powders (Section 3), 
single crystals with isotropic Gaussian mosaicity (Section 4), and 
single crystals with a layered structure similar to pyrolytic graphite 
(Section 5). Along the way, issues such as theory, details of imple-
mentation, and validation are considered. A noteworthy byproduct 
of the work on single crystals is the derivation of a formula in 
Section 4.4 (Eq. (35)) which can be used to approximate scattering 
cross sections. This formula is an improvement over the widely 
used Gaussian approximation, in that it more accurately incor-
porates effects related to large mosaic spreads or configurations 
approaching back-scattering. Next, incoherent elastic scattering is 
discussed in Section 6. This section also considers the validity of 
the commonly assumed isotropic angular distribution of this pro-
cess. Finally, the computational efficiency of all the presented mod-
els is discussed in Section 7, and possible future developments are 
considered in Section 8.

2. Theoretical background and features of Bragg diffraction

The theory of scattering by thermal neutrons in crystals is re-
viewed in [1, Sec. 2]. There, it is described how neutron scattering 
in crystals can be treated under the Born approximation, under 
certain general conditions. Notably this includes the assumption 
that considered crystal systems are “ideally imperfect” in the sense 
that the crystal structure can essentially be assumed to be per-
fect inside tiny crystal grains, or “crystallites”, but that interference 
between interactions in separate grains can be neglected due to 
their imperfect mutual alignments. Formulas are also developed 
under the assumption that thermal movements of individual atoms 
around their nominal positions in the lattice are essentially har-
monic and isotropic. Based on this, thermal fluctuation effects are 
incorporated via Debye-Waller factors, that are themselves esti-
mated based on mean-squared-displacements estimated via the 
Debye model and a phenomenological parameter, the Debye tem-
perature. Finally, it is discussed in [1, Sec. 4] how NCrystal
is able to derive lists of all relevant reflection planes in a given 
crystal, along with their associated parameters like form factors, d-
spacings, and plane normals. For more details, readers are referred 
to [1] and references therein, in particular [14–16].

The scattering functions or cross sections for coherent elastic 
scattering in crystallites, so-called Bragg diffraction, can be decom-
posed into contributions corresponding to reflections by individual 
lattice planes (also known as reflection planes). Such lattice planes 
are indexed by Miller indices, hkl, and are for a given crystal as-
sociated with a reciprocal lattice vector, �τhkl , interplanar spacing 
(d-spacing), dhkl and (squared) form factors, |Fhkl|2 ≡ |F (�τhkl)|2.3

The form factors capture the detailed layout of the crystal unit cell 
as well as the intrinsic strength of the relevant neutron-nuclei in-
teractions, and �τhkl is the vector of length τhkl = 2π/dhkl which 
points along the lattice plane normal, n̂hkl . For brevity, the hkl sub-
scripts might be left out occasionally, e.g. writing n̂ instead of n̂hkl .

The contribution of a given lattice plane hkl to the differen-
tial coherent elastic cross section for scattering the incident neu-
tron with wavevector �ki and energy Ei into the final state with 
wavevector �k f and energy E f , is given by [1, Sec. 2.3]:

d2σ hkl
�ki⇒�k f

d� f dE f
= (2π)3δ(�E)

V ucna
δ( �Q − �τhkl)|Fhkl|2 (1)

3 Vectors are here and throughout the text donated with arrows (�a), while the ab-
sence of arrows indicate the corresponding scalar magnitudes (a ≡ |�a|). Additionally, 
unit vectors are donated with hats (â ≡ �a/a).
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Which is normalised to the number of atoms in the target. Here, 
V uc is the unit cell volume, na the number of atoms per unit cell, 
and �Q ≡ �k f − �ki the momentum transfer. The factor of δ(�E) ≡
δ(E f − Ei) imposes energy conservation, and hence the scatter-
ing is elastic with non-vanishing cross section only when ki = k f . 
The final factor of δ( �Q − �τhkl) is what gives rise to the rich phe-
nomenology and distinctive patterns of Bragg diffraction. It re-
quires a momentum transfer equal to the reciprocal lattice vector 
in question, which is only possible when the Bragg condition is ful-
filled:

2ki ≥ |�τhkl| ⇔ λ ≤ 2dhkl (2)

Where λ = 2π/ki is the neutron wavelength. When the condition 
is fulfilled, the scattering angle θ will satisfy the Bragg equation:

λ = 2dhkl sin(θ/2) = 2dhkl sin θB (3)

Where also the Bragg angle, θB ≡ θ/2, has been introduced. For 
the purposes of the present article, the complementary angle α is 
additionally defined as:

α ≡ π

2
− θB (4)

With this definition, α is given as the angle between −�ki and n̂
when the alignment satisfies Eq. (3). Thus, Bragg diffraction can 
take place only when the plane normal n̂ is located on a cone 
around −�ki of opening angle α. The intersection of this cone 
with the unit sphere defines a circle of radius sin α, which in the 
present article will be referred to as the Bragg circle.

As the crystalline systems considered here are at the macro-
scopic scale composed of a number of independently oriented 
microscopic crystallites, one must average Eq. (1) over the dis-
tribution of microscopic crystallite orientations in order to derive 
macroscopic cross sections. Denoting such a mosaicity distribution
of crystallite orientations with W , the total macroscopic cross sec-
tions due to a particular hkl plane is thus given by an integral over 
neutron final states and crystallite orientations:

σ hkl(�ki) =
∫

d�n̂ W (n̂)

∫
d� f

∫
dE f

× (2π)3δ(�E)

V ucna
δ( �Q − �τhkl)|Fhkl|2 (5)

Where �n̂ represents the solid angles covered by the direction of 
the normal n̂ ≡ �τhkl/τhkl in specific crystallites, and W (n̂) is the 
density of crystallites expressed as a function of n̂. Denoting the 
cosine of the angle between n̂ and −�ki with μ and a correspond-
ing azimuthal angle with t , W (n̂) can be written as W (μ, t) and 
Eq. (5) becomes:

σ hkl =
π∫

−π

dt

1∫
−1

dμ W (μ, t)

∫
d� f

∫
dE f

× (2π)3δ(�E)

V ucna
δ( �Q − �τhkl)|Fhkl|2 (6)

If Eq. (2) is not satisfied, this trivially evaluates to zero, as �Q can 
then never equal �τhkl . Otherwise it can be evaluated using the 
identity 

∫
d�δ(�r − �a) = 2a−1δ(r2 − a2):

σ hkl =
π∫

dt

1∫
dμ W (μ, t)

(2π)3|Fhkl|2
V ucna

2δ(τ 2
hkl − 2kiτhklμ)∣∣∣�ki + �τhkl

∣∣∣
−π −1

3

= (2π)3|Fhkl|2
V ucnak2

i τhkl

π∫
−π

W (μ = τhkl/2ki, t)dt

= λ3 sinα|Fhkl|2
V ucna sin 2α

π∫
−π

W (μ = cosα, t)dt (7)

Where it was used that λ = 2π/ki , cosα = λ/2dhkl = τhkl/2ki

(since τhkl = 2π/dhkl), and sin 2α = 2 sinα cosα. Thus, the result-
ing cross section can be factorised into two parts:

σ hkl ≡ qhkl × ghkl (8)

Here, qhkl represents an intrinsic strength of the interaction:

qhkl ≡ λ3|Fhkl|2
V ucna sin 2α

= λ3|Fhkl|2
V ucna sin 2θB

(9)

And ghkl is a geometrical factor depending on the Bragg angle, mo-
saicity distribution, and direction of the incoming neutron. It is 
given by an integration of the crystallite densities over the direc-
tions where Bragg diffraction is possible (i.e. along the Bragg circle 
which has a radius of sinα):

ghkl ≡
π∫

−π

W (μ = cosα, t) sinα dt

= sinα

π∫
−π

W (μ = cosα, t)dt (10)

In addition to providing cross section values, implementations 
of Bragg diffraction models in NCrystal must also provide Monte 
Carlo-based sampling of the direction of �k f in case of a scattering 
event. When multiple reflection planes contribute, one is first triv-
ially selected at random, with a probability given by its relative 
contribution to the total cross section. Next, scattering on the cho-
sen hkl plane can proceed using whatever method is best suited 
to the specific mosaicity distribution. One such method proceeds 
as follows: first an actual (as opposed to nominal) direction of the 
plane normal, n̂, must be sampled according to the contribution to 
the cross section. This corresponds to selecting a specific orienta-
tion of the crystallite in which the neutron scatters. Subsequently, 
the neutron must undergo a specular reflection on the plane de-
fined by that normal, resulting in �k f = �ki + τhkln̂. The plane normal 
sampling can be carried out by sampling a value of t according 
to the contribution to the integral in Eq. (10), or in other words 
P (t) ∝ W (μ = cosα, t).

3. Crystal powders

The simplest model for Bragg diffraction in NCrystal imple-
ments the so-called powder approximation, in which individual 
crystallite orientations are assumed to be completely independent 
and uniformly distributed over all solid angles. This approxima-
tion is not only suitable for modelling actual crystal powders, but 
can additionally be used to approximate interactions in polycrys-
talline materials like metals or ceramics — especially when the 
level of correlation in crystallite orientation (“texture”) is low or 
when the setup involves sufficiently large geometries or spread in 
incoming particles that effects due to local correlations are washed 
out. Due to its simplicity and usefulness, implementations of Bragg 
diffraction under the powder assumption are widely available (for 
instance [17–21]). The implementation in NCrystal has a par-
ticular focus on efficiency, which is necessary since the aim is to 
ensure realistic cross sections also at shorter wavelengths, poten-
tially requiring very long lists of reflection planes (cf. [1, Sec. 4]).
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The mosaicity distribution in the powder approximation is a 
constant, W = 1/4π , which when inserted in Eq. (10) yields:

ghkl = sinα

2
(11)

and thus:

σ hkl(λ) = λ3|Fhkl|2
V ucna sin 2α

sinα

2
= dhkl|Fhkl|2

2V ucna
λ2 (12)

Unless Eq. (2) is not satisfied, in which case σ hkl(λ) vanishes. The 
complete cross section for Bragg diffraction in a crystal powder can 
thus be written as the following sum over all lattice plane families 
satisfying Eq. (2):

σ powder(λ) = λ2

2V ucna

λ≤2dhkl∑
hkl

dhkl|Fhkl|2 (13)

Although it is straightforward to evaluate Eq. (13), a naive imple-
mentation using it with a list of Nhkl lattice planes to provide the 
cross section for a particular neutron, would in the worst scenar-
ios result in evaluation times scaling as O(Nhkl). As shown in [1, 
Fig. 4], Nhkl might be higher than 106 when including planes with 
d-spacings down to 0.1 Å, and the corresponding computational 
cost of an O(Nhkl) algorithm would be unacceptable for many 
applications. Despite this, some existing powder cross section im-
plementations, like in the nxslib-based Sample_nxs [17] and
PowderN [22] components of McStas, actually employ O(Nhkl)

algorithms. These implementations are, however, typically focused 
on physics at longer wavelengths and are mostly used with much 
shorter lists of lattice planes. The consequence is of course an 
underestimated incoherent elastic cross section at shorter wave-
lengths, which would be unacceptable for NCrystal.

The powder cross section code in NCrystal instead employs a 
binary search technique, delivering cross section evaluation times 
scaling as O(log Nhkl). Furthermore, as the NCrystal interfaces 
use neutron energies rather than wavelengths, the calculations and 
formula are carried out directly based on the kinetic energy value, 
avoiding the square-root call in the conversion λ =√h2/2mE . The 
binary search involves two arrays which both have entries ordered 
by d-spacing. The first array contains values of h2/8md2

hkl , which 
are the corresponding energy values of a neutron with wavelengths 
2dhkl . The second array contains corresponding cumulative sums of 
dhkl|Fhkl|2. Thus, the index i found by a binary comparison search 
for the neutron energy in the first array can be used in the sec-
ond array to immediately evaluate the sum in Eq. (13). Addition-
ally, the arrays are kept as short as possible by merging entries 
with identical d-spacing values. Fig. 1 shows a typical example of 
Bragg diffraction cross section in a crystal powder, as provided by
NCrystal.

In case of a scattering event, the relative probability for it to 
involve a plane with a particular d-spacing value will depend on 
the total contribution at that d-spacing to the sum in Eq. (13). The 
Monte Carlo-based selection of such a d-spacing value is carried 
out by another binary search, this time in the array with cumula-
tive sums of d|F |2. The search target is the cumulative value found 
at the index i but multiplied with a pseudo random number from 
the unit interval, thus ensuring the desired weight when selecting 
different d-spacings. Specifically, the index j resulting from this 
second binary search can be used to access a value in the array 
of h2/8md2 values, which can be used to extract the cosine of the 
scattering angle:

cos θ = 1 − 2 sin2 θB = 1 − 2
h2/8md2

E
(14)
4

Fig. 1. Neutron interaction cross sections in a beryllium oxide powder, with charac-
teristic edges at 2dhkl in the Bragg diffraction component. The total cross section is 
in this particular case dominated by Bragg diffraction and inelastic scattering, while 
absorption and incoherent elastic scattering are negligible.

It trivially follows from the fact that W = 1/4π is a constant, that 
the azimuthal scattering angle must be uniformly distributed be-
tween −π and π .

Now, if the calling code is querying the non-oriented NCrys-
tal interface method (cf. [1, Table 1]), the value of θ will be pro-
vided to the user after an arccos evaluation. If instead (as will be 
most typical), the calling code uses the oriented vector interface, 
providing k̂i and expecting a value of k̂ f in return, an alternative 
procedure is used. This procedure does not require any expensive 
trigonometric function calls, and is as fast as the non-oriented one, 
despite the fact that it must sample the azimuthal scattering an-
gle and deal with full directional vectors. First, a vector is sampled 
isotropically on the unit sphere using an efficient algorithm [23], 
and the sampling is redone in the rare case of providing a vec-
tor almost co-linear with k̂i . Next, a cross product between the 
sampled vector and �ki yields a vector �v orthogonal to �ki but with 
uniformly distributed azimuthal scattering angle. Finally, k̂ f is pro-
vided as:

k̂ f = cos θ k̂i +
√

1 − cos2 θ

|�v|2 �v (15)

Fig. 2 shows an example of the sharply defined scattering angles 
in a crystal powder, as provided by NCrystal.

Concerning computational efficiency of the powder diffraction 
code, benchmarks were run on a typical 2019 portable computer 
and with a complicated crystal structure (Corundum, also known 
as α-alumina) with O(106) reflection planes. They show that cross 
sections can be evaluated at a rate of O(50 MHz), while sampling 
of scattering events is done at a rate of O(10 MHz). In both cases, 
there is only a small dependency on the wavelength of the in-
coming neutron. In Section 7 the performance will be compared 
in more details with other elastic models in NCrystal. Finally, 
as regards validity of results, the code was very thoroughly bench-
marked and validated in connection with the work done to vali-
date the ability of NCrystal to initialise crystal structures in [1, 
Sec. 4.4], to which interested readers are referred.
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Fig. 2. Neutron scattering angles resulting from Bragg diffraction in a beryllium 
oxide powder, for a total of 106 scattering events sampled with NCrystal. Statis-
tics at each wavelength are adjusted according to the wavelength dependent Bragg 
diffraction cross section.

4. Single crystals with isotropic Gaussian mosaicity

As is often the case in physics, a Gaussian distribution lies at 
the heart of the most widely used model for the distributions of 
crystallites in single crystal materials utilised for monochromators, 
analysers, or filters at neutron scattering facilities. In this model, 
introduced by C. G. Darwin [24], the deviation of crystallite orien-
tations from some reference is described by a Gaussian distribution 
of the angular deviation. The term mosaic spread, or simply mosaic-
ity, is commonly used to indicate either the standard deviation or 
FWHM value of this angular distribution, values of which in typical 
materials range from tens of arc seconds to several degrees. Such a 
Gaussian mosaicity distribution is considered isotropic in the sense 
that the resulting distribution of crystallite orientations is indepen-
dent of the choice of reference orientation — a feature which is for 
instance not the case for the distribution discussed in Section 5. 
Obviously it is just the mosaicity distribution which is considered 
isotropic in this sense, as derived properties like cross sections will 
show a very strong dependency on the direction of the neutron.

The required integrations of angular Gaussian mosaicity distri-
butions in Eq. (10) are non-trivial and cumbersome at best, and 
as a consequence software [19,20,25] dealing with single crystals 
usually employ analytical approximations which are valid only for 
small mosaicities and in the absence of back-scattering (scattering 
angles close to π ).4

For the purposes of NCrystal as a generic simulation back-
end it is, however, desirable to provide accurate results for any 
realistic value of mosaic spread and neutron state — preferably 
without unduly impacting computational efficiency when it can be 
avoided. For these reasons, the details of the Gaussian mosaicity 
distribution and its integration will be revisited carefully in the 
following, in order to arrive at recipes for evaluations which are 
not only self-consistent and precise, but which incorporate efficient 
approximations where possible. In fairness, it should be noted that 
the lack of support for large mosaicities and back-scattering al-
low some existing software to support features not available in the 

4 The authors of [25] even goes so far as mistakenly concluding a breakdown 
of the theory in the presence of back-scattering due to the factor of 1/ sin 2θB in 
Eq. (9). However, the divergence from this factor for θB → π/2 is actually cancelled 
by the factor of sinα = sin(π/2 − θB) in Eq. (10) (the divergence for θB → 0 is 
cancelled by the factor of λ3 in Eq. (9)).
5

model presented here. For instance, the Single_crystal com-
ponent [19] of McStas supports different values of mosaic spread 
along different rotation axes, and allows small Gaussian d-spacing 
fluctuations between crystallites. Given interest and availability of 
manpower, such features could at some point be considered for 
inclusion in NCrystal as well.

4.1. Definition of the Gaussian mosaicity distribution

It is straightforward to simply define a Gaussian mosaicity dis-
tribution as:

W simple(δ) ∝ exp
(
− 1

2 δ2/σ 2
)

(16)

Where the angle δ signifies the deviation from the nominal refer-
ence orientation, and σ the mosaicity as a standard deviation value 
(the FWHM mosaicity value is then approximately 2.3548σ ). How-
ever, the distribution given in Eq. (16) yields non-zero densities for 
all δ ∈ [0, π ], and therefore implies a finite scattering cross section 
for any direction of the incoming neutron. While faithful to the 
concept of a Gaussian having infinite tails, such an idealised def-
inition implies that the calculation of scattering cross sections for 
a particular incident neutron always has to involve the estimation 
of partial cross sections for scattering on all lattice planes satis-
fying Eq. (2). In particular at shorter neutron wavelengths where 
many reflection planes must be considered, this can imply very 
long evaluation times — with most effort being spent integrating 
through truly negligible (and thus completely uninteresting) parts 
of the Gaussian tails. Instead, it is desirable to cleanly truncate the 
tails at some truncation angle, τ , which when defined at some rea-
sonable value such as τ ≡ 5σ , allows for very significant algorith-
mic speedups with minimal degradation of realism or precision. Of 
course, the actual value of τ/σ could be a configurable parameter, 
depending on the precision-to-performance trade-off needed for a 
particular use case. However, for consistency and in order to keep 
configuration as simple as possible, only a single overall precision 
parameter, ε , is exposed to users, via the configuration parameter 
named mosprec (cf. [1, Sec. 5]). The idea behind this parameter 
is to provide a way for users to easily tell NCrystal what level of 
accuracy they (at minimum) require in provided results — where 
requests for increased accuracy obviously might impact computa-
tional speed negatively. Thus, the value of ε , which by default is 
10−3, affects not only the value of τ/σ , but also other choices with 
implications for precision in the implemented single crystal model: 
the granularity of lookup tables, the terminating conditions of nu-
merical integrations, and when certain approximation formulas can 
be used instead of numerical integration, as will be discussed fur-
ther in Section 4.4. For the case of τ/σ , it is adjusted so that a 
Gaussian in a two-dimensional plane will have 1 − ε of its vol-
ume inside a radius of τ . Adding also a safety factor of 10% and 
requiring τ/σ to be at least 3, the relationship becomes:

τ = max
(

3,1.1 ×√−2 logε
)

× σ (17)

Which is shown in Fig. 3. For the default value of ε = 10−3, this 
implies a value of τ ≈ 4.0886σ . Conversely, a value of τ ≈ 5σ is 
achieved by setting ε = 3.262 ×10−5. In order to simplify later cal-
culations, it is explicitly required that τ < π/2, which guarantees 
that cosτ is positive. At ε = 10−7 this implies that σ can at most 
be 14.4◦ , corresponding to a FWHM mosaicity value of 33.9◦ . For-
tunately, this value is far above even the largest mosaic spreads 
encountered in practice.

Having thus determined both the mosaicity σ and the trunca-
tion angle τ , the Gaussian mosaicity distribution will in NCrys-
tal be defined as:
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Fig. 3. The relationship of Eq. (17) between the ε parameter (accessible to end 
users via the configuration parameter named mosprec) and the relative mosaic 
truncation width τ/σ . The red dot indicates the default values: ε = 10−3 and 
τ/σ ≈ 4.0886. (For interpretation of the colours in the figure(s), the reader is re-
ferred to the web version of this article.)

W (δ) = N exp
(
− 1

2 δ2/σ 2
)

�(τ − δ) (18)

Where the angle δ as before signifies the deviation from the nom-
inal reference orientation, � is the Heaviside step function enforc-
ing the truncation, and N is a normalisation factor which can be 
determined by the condition:

2π∫
0

π∫
0

W (θ) sin(θ)dθdφ = 1

⇒ N−1 = 2π

τ∫
0

exp
(
− 1

2 θ2/σ 2
)

sin(θ)dθ (19)

During initialisation of a particular single crystal model, NCrys-
tal determines N by numerically evaluating this integral to a 
relative error of less than O(10−12).

4.2. Formulating the geometrical integral

The value of the integral in Eq. (10) with the Gaussian mosaic-
ity distribution in Eq. (18) only depends on α, and the relative 
angle between the incoming neutron and the nominal normal of 
the lattice plane in question, n̂ ≡ �τhkl/τhkl . For convenience this 
latter angle, γ , will be defined as the angle between n̂ and −�ki

and a coordinate system specific to each neutron direction and hkl
normal will be adopted, as illustrated in Fig. 4: −�ki lies along the 
positive z-axis, and the nominal normal is located in the xz-plane 
at:

n̂ = (sinγ ,0, cosγ ) (20)

Bragg diffraction is only possible when plane normals are located 
at an angle of α from −�ki , defining a circle as indicated in red in 
Fig. 4, which can be parameterised as:

p̂(t) ≡ (sinα cos t, sinα sin t, cosα) for t ∈ [−π,π ] (21)

As mentioned previously, this circle is in the present article re-
ferred to as the Bragg circle. With δ(t) indicating the angular sep-
aration between the nominal normal position (n̂) and p̂(t), Eq. (10)
becomes:
6

Fig. 4. Coordinate system used for calculations related to the interaction of neutrons 
with a single reflection plane in a single crystal with isotropic Gaussian mosaicity 
(cf. Eqs. (10) and (18)). Here, k̂i is the incident direction of the neutron, n̂ is the 
nominal position of the plane normal, and τ is the truncation angle of the mosaic-
ity distribution — the strength of which is indicated with blue shaded areas. The 
angle between −k̂i and plane normals satisfying the condition for Bragg diffraction 
is given as α = π/2 − θB, defining the Bragg circle (red). The remaining variables, 
p̂(t), t , t′ , and δ(t), concern a parameterisation of the Bragg circle, which is dis-
cussed in the main text.

ghkl ≡ sinα

π∫
−π

W (δ(t))dt (22)

Taking the dot product of n̂ and p̂(t) yields the relation:

cos δ(t) = sinα sinγ cos t + cosα cosγ (23)

As sinα and sinγ are both non-negative, it is straightforward to 
confirm (with trigonometric addition formulas) what one might 
also intuitively infer from Fig. 4: that the minimal value of δ(t)
is always attained at t = 0 and is δ0 ≡ δ(0) = |α − γ |. Likewise, 
a maximal value of |α + γ | is attained at t = ±π . Now, with the 
chosen definitions, δ(−t) = δ(t), so:

ghkl =2N sinα

×
t′∫

0

exp

[(
arccos [sinα sinγ cos t + cosα cosγ ]

)2
−2σ 2

]
dt

(24)

where t′ is the point in [0, π ] satisfying δ(t′) = τ , unless the Bragg 
circle is fully contained within the region of non-zero mosaic den-
sity (i.e. |α + γ | < τ ) in which case t′ = π . Of course, if the Bragg 
circle does not intersect the region of non-zero mosaic density at 
all (i.e. |α − γ | > τ ), ghkl is trivially vanishing.

4.3. Pre-selecting contributing lattice planes

Before proceeding to evaluate Eq. (24), it is important to note 
that in many typical scenarios, the vast majority of lattice planes 
fulfilling the Bragg condition 2dhkl < λ, will fail the geometrical 
requirement |α − γ | < τ , and therefore not contribute to the scat-
tering at all. To avoid wasting resources on evaluating Eq. (24)
for such planes, it is therefore crucial to be able to discard such 
non-contributing lattice planes with minimal effort. In practice this 
pre-filtering is often where most CPU resources are spent during a 
simulation of thermal neutrons in single crystals, with even small 
optimisations here benefiting overall simulation time.
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In the implementation described here, lattice plane data is first 
of all grouped into “families” of planes having identical values of d-
spacing and form factors, differing only in directions of their plane 
normals.5 For a given incident neutron, the value of cosα only 
needs to be calculated once per family, and this can be done inex-
pensively using cosα = λ × (1/2d), which costs a mere multiplica-
tion when evaluating for a given neutron state. Additionally, lattice 
planes (h, k, l) and (−h, −k, −l) form natural pairs with identical 
form factors and d-spacings, but opposite normals (loosely speak-
ing they can be thought of as representing the front and back side 
of the same plane). Thus, both planes in such a pair will reside in 
the same family, and for the sake of evaluating Eq. (24) they will 
only differ in having complementary values of γ : if one plane has 
a certain value of γ , the other will have the value π − γ . It is 
thus advantageous to only cache one of two such paired normals 
in memory and deal with both paired planes simultaneously.

Now, the requirement for a plane to have a non-zero contribu-
tion is:

δ(0) < τ

⇔ cos(δ(0)) > cosτ

⇔ sinα sinγ > cosτ − cosα cosγ (25)

As sinα and sinγ are both non-negative, Eq. (25) is always satis-
fied when the right hand side is negative. Thus, the condition for 
a neutron to have non-zero scattering cross section with a given 
normal can be rewritten as:

(sinα sinγ )2 > [max(0, cosτ − cosα cosγ )]2

⇔ (1 − cos2 α)(1 − cos2 γ ) > [max(0, cosτ − cosα cosγ )]2

(26)

Which is efficient to evaluate, since it involves only cheap non-
branching operations at each side of the inequality. The only 
trigonometric factor particular to each pair of normals, cosγ , is 
readily available via a dot product between the cached normal 
and k̂i , but both + cosγ and − cosγ must be considered in or-
der to deal with both of the paired planes being investigated 
jointly. However, the plane whose normal points into the same 
hemisphere as k̂i (i.e. cosγ < 0) can only ever contribute if the 
plane whose normal points into the hemisphere opposite to k̂i

(i.e. cosγ > 0) contributes. Formally this follows from the fact that 
cosα is non-negative, so cosα cosγ ≤ cosα

∣∣cosγ
∣∣, and therefore 

neither plane can contribute unless:

(1 − cos2 α)(1 − cos2 γ ) >
[
max

(
0, cosτ − cosα

∣∣cosγ
∣∣)]2

(27)

Only when Eq. (27) is valid is it possible for either of the two 
paired normals to contribute, in which case Eq. (26) can be used to 
test them individually. In this respect, note that in case of extreme 
forward scattering, it is entirely possible for both of the two paired 
planes to contribute to the scattering cross section for a particular 
neutron.6

5 Note that the strict crystallographic definition of a reflection family only relies 
on crystal symmetries. Thus, the families employed here might occasionally consist 
of more than one family in the strict crystallographic sense.

6 It is worth to point out, that scattering contributions from −n̂ does not mean 
that neutrons can scatter on reflection planes whose normals points into the same 
half-plane as the neutron’s direction — which would indeed be impossible. Rather, 
for large mosaicities and γ ≈ π/2, there is a non-zero probability to find a crystal-
lite for which the actual (as opposed to nominal) −n̂ does not lie in this forbidden 
half-plane. And for the case of extreme forward scattering, α ≈ π/2, there can even 
be a non-zero probability for finding a crystallite for which scattering on −n̂ fulfils 
the Bragg condition.
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. Evaluating the geometrical integral

The evaluation of Eq. (24) is either performed through direct 
merical integration or, when possible, through the application 
 an appropriate approximation. In both cases, values of sinα and 
γ are computed relatively inexpensively using sin = √

1 − cos2. 
 case direct numerical integration is required, the next step 
the determination of the upper limit of integration, t′ . When 
γ sinα �= 0, one can insert t = t′ and δ(t′) = τ in Eq. (23) and 

t:

s t′ = cos(τ ) − cosα cosγ

sinγ sinα
(28)

e degenerate cases where sinγ or sinα are vanishing must be 
ndled separately, but fortunately Eq. (24) is particularly simple 
 evaluate in those scenarios: the right hand side vanishes when 
= 0, and the integrand is independent of t when γ = 0. In the 
n-degenerate cases, Eq. (28) can be solved for t′ through a call to 

ccos when the right hand side leads to a value in [−1, 1]. Given 
e pre-selection described in Section 4.3, this only fails when the 
agg circle is fully contained within the region of non-zero mosaic 
nsity, i.e.:

δ(π) < τ

cos(δ(π)) > cosτ

cosτ − cosα cosγ

sinα sinγ
< −1 (29)

 either case, the correct value of t′ is given by:

= arccos

[
max

(
−1,

cos(τ ) − cosα cosγ

sinγ sinα

)]
(30)

Precise numerical integration of Eq. (24) is potentially very ex-
nsive, as it requires the integrand to be evaluated repeatedly, 
eding calls to mathematical functions exp, arccos, and cos at 
ch sampled value of t . The exp and arccos calls are avoided 
 generating, at initialisation time, a cubic spline representa-
n of the function f (x) = N exp

(− 1
2 [arccos(x)]2/σ 2

)
, covering 

e interval [cosτ , 1], which must then be evaluated with x(t) =
α sinγ cos t + cosα cosγ . The need to evaluate cos t for multi-

e values of t is eliminated by choosing a numerical integration 
orithm which always evaluates the integrand at a large number 

 equidistant points along t . As the points are equidistant, cosine 
d sine need only be evaluated at the leftmost point and the in-
rpoint distance, while the cosine values for all other points can 
en be generated from those using inexpensive angular addition 
rmulas. Additionally, it is obviously desirable to choose an in-
gration algorithm with a fast convergence, in order to keep the 
mber of evaluations reasonable. The chosen algorithm is that of 
mberg integration [26], but customised so as to always start by 
aluating the integrated function at 17 equidistant points in [0, t′]
 one go, and immediately constructing an accurate estimate from 
ose. Thus, the first 4 layers of the traditional Romberg algorithm 
e combined in order to avoid evaluating the integrand at too 

 points at a time. In the rare cases where convergence is slow, 
ditional function evaluations will be requested as the Romberg 
orithm dives in to its 5th layer and beyond: first 16 additional 

uidistant points, then 32, etc. It is important to note that the 
ry fast convergence rate of Romberg integration is realised only 
the integrand is sufficiently smooth, which is why the lookup 

ble for f (x) has to be implemented with a cubic spline, rather 
an a simpler scheme involving linear interpolation.

While the numerical integration of Eq. (24) is thus performed 
th utmost attention to efficiency, it is still preferable to carry out 
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the evaluation with a cheaper closed-form expression. Although 
such an expression is not generally available, it is possible to find 
one which is a good approximation under certain very common 
conditions. Consider again Eq. (23): when δ(t) and t are both rea-
sonably small, their cosines can be approximated with second or-
der Taylor expansions:

1 − [δ(t)]2/2 = sinα sinγ (1 − t2/2) + cosα cosγ

⇔ 1 − [δ(t)]2/2 = cos(α − γ ) − (t2/2) sinα sinγ (31)

The magnitude of δ0 ≡ δ(0) = |α − γ | is strictly smaller than or 
equal to δ(t), so we can expand the remaining cosine as well, and 
get:

1 − [δ(t)]2/2 = 1 − δ2
0/2 − (t2/2) sinα sinγ

⇔ [δ(t)]2 = δ2
0 + t2 sinα sinγ (32)

Using this, Eq. (24) can be approximated by:

ghkl =2N sinα

t′∫
0

exp

(
δ2

0 + t2 sinα sinγ

−2σ 2

)
dt

=2N sinα exp
(
− 1

2 δ2
0/σ 2

) t′∫
0

exp

(
t2 sinα sinγ

−2σ 2

)
dt (33)

Performing a variable change u(t) ≡√t sinα sinγ /σ gives:

ghkl =2N

√
sinα

sinγ
σ exp(−δ2

0/(2σ 2))

u(t′)∫
0

exp(−u2/2)du

=√
2π Nσ exp(− 1

2 δ2
0/σ 2)

√
sinα

sinγ
erf(u(t′)/

√
2) (34)

With the error function, erf(x) ≡ 2π−1/2
∫ x

0 exp(−s2)ds. Using 

δ(t′) = τ and Eq. (32), it follows that u(t′) =
√

(τ 2 − δ2
0)/σ 2, and 

thus:

ghkl = N
√

2πσ exp
(
− 1

2 δ2
0/σ 2

)
erf

⎛
⎝
√

τ 2 − δ2
0

2σ 2

⎞
⎠
√

sinα

sinγ

=
(

1√
2πσ

exp
(
− 1

2 δ2
0/σ 2

))
erf

⎛
⎝
√

τ 2 − δ2
0

2σ 2

⎞
⎠

×
√

sinα

sinγ

N

1/(2πσ 2)
(35)

This result can be readily interpreted if one first considers the 
non-spherical case of integrating a two-dimensional non-truncated 
Gaussian field in a planar geometry along an infinite straight line. 
The result will depend only on the distance of closest approach, 
δ0, between the line and the centre of the Gaussian, and is triv-
ially found to be exactly (

√
2πσ)−1 exp

(− 1
2 δ2

0/σ 2
)
. This factor, 

which we shall refer to as the simple Gaussian approximation, 
is present in Eq. (35), along with three correction factors for the 
spherical geometry and tail truncation: 

√
sinα/ sinγ is the lowest 

order correction for the curvature of the path of integration, the er-
ror function corrects for the truncation, and the factor of 2πσ 2 N
represents a correction to the normalisation influenced by both of 
these effects.

Of the three correction factors, the most interesting is arguably √
sinα/ sinγ , as it introduces asymmetries in rocking curves and 
8

shifts their peaks slightly away from the expected positions at 
γ = α. It is interesting to note that, using a different approach, 
J. Wuttke [27] also derived an approximation formula analogous 
to Eq. (35). This formula [27, Eq. 37] has a different functional 
form and does not properly account for normalisation (which is ev-
ident from [27, Fig. 5]), but it predicts an asymmetry factor which 
to lowest order in η = γ − α expands to the same result as the √

sinα/ sinγ factor derived here, namely 1 − 1
2 η cotα.

Although somewhat complicated, Eq. (35) can be evaluated 
rather efficiently since everything except the factor of 

√
sinα/ sinγ

depends only on δ2
0 , which can be calculated from cos δ0. Thus, 

with S representing a suitable pre-calculated 1-dimensional cubic 
spline-based lookup table:

ghkl = S(cos δ0)

√
sinα

sinγ
= S(cos(α − γ ))

√
sinα

sinγ
(36)

As previously mentioned, cosα and cosγ are cheaply available for 
a particular incoming neutron via a multiplication and a dot prod-
uct respectively, and their corresponding sinus values are calcu-
lated at the expense of a square-root evaluation. Likewise, cos δ0 =
cos(α − γ ) = cosα cosγ + sinα sinγ , so the entire cross section 
evaluation through Eq. (36) consists of a few basic arithmetic ma-
nipulations, a cubic spline evaluation, and three square-root evalu-
ations.

As Eq. (36) represents an approximation, the modelling code 
must choose when it should be employed, and when it is neces-
sary to fall back to the full numerical integration of Eq. (24). The 
two approximations invoked above were both related to the ex-
pansion of the cosine function:

cos δ(t) ≈ 1 − δ(t)2/2 and cos t ≈ 1 − t2/2 (37)

Demanding that these are accurate to a certain precision, amounts 
to putting a limit, denoted ψ , on the magnitudes of the cosine 
arguments. If for instance a precision of ε = 10−3 is required 
in all Taylor expansions of the cosines, the arguments must all 
have magnitudes less than ψ ≈ 22.6◦ .7 The first approximation 
in Eq. (37) is valid at the desired precision for all 0 ≤ t < t′ only 
when τ < ψ , the validity of which is a global and fixed property 
of a given crystal. Fortunately, τ < ψ is satisfied for most typical
NCrystal configurations. On the other hand, it is always possible 
to find back-scattering scenarios for which the second approxima-
tion in Eq. (37) breaks down: when values of α and γ are low 
enough that the Bragg circle will be entirely located within an an-
gle of τ from n̂, t′ becomes equal to π . To be more precise, it 
follows from Eq. (28) that the condition t′ < ψ is equivalent to:

cosψ sinγ sinα + cosα cosγ < cosτ (38)

Which can indeed never be satisfied for the extreme back-
scattering case of vanishing α and γ . So in conclusion, when 
τ < ψ and Eq. (38) is satisfied, the code will evaluate the cross sec-
tion using Eq. (36), and otherwise it will fall back to the Romberg-
based numerical integration outlined previously. In all cases pro-
viding results that are accurate at the desired level, defaulting 
to ε = 10−3. As mentioned in Section 4.1, users of NCrystal
can modify this default value through the configuration parameter 
named mosprec.

7 Typical errors on final cross sections will actually in general be smaller than 
those indicated by ε . This is because the shape of the Gaussian mosaic density 
ensures that the largest contributions to the cross section will come from areas 
where the magnitudes of t and δ(t) are relatively smaller, and the Taylor expansions 
more accurate.
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4.5. Sampling scattering events

In order to sample an outgoing neutron direction (k̂ f ) in case 
of a scattering event, a particular hkl plane is first sampled ran-
domly among those contributing, with the sampling based upon 
their contributions to the total cross section. These contributions 
are usually already available, as they were determined and cached 
during a previous cross section calculation.

Having thus selected the particular hkl plane involved in the 
scattering, a crystallite orientation must then be sampled in order 
to provide an actual (as opposed to nominal) normal of the plane 
on which to scatter. This is first done in the coordinate system of 
Fig. 4 by sampling a value of t in [−t′, t′] according to the value 
of the integrand in Eq. (24) and using the resulting normal given 
by Eq. (21) to perform a specular reflection of k̂i into k̂ f . Finally, a 
suitable rotation matrix is applied to the resulting k̂ f vector in or-
der to rotate it into the coordinate system used by the calling code. 
The actual sampling of a t value proceeds via acceptance-rejection 
sampling [28], relying on the fact that the density function, the 
integrand of Eq. (24), attains its largest value at t = 0. This max-
imal value can thus be used as a constant overlay function for 
the rejection sampling. As splined lookup tables of the integrand 
were already prepared for the purpose of numerical integration of 
Eq. (24), these are reused during the sampling, which in practice is 
found to have acceptance ratios from 15%–35%, depending on the 
scenario. The resulting sampling speeds are acceptable, and usually 
insignificant, as will be discussed further in Section 7.

4.6. Effective model at very short d-spacing

As described in [1], great care is taken to construct lists of 
reflection planes which include very large number of entries at 
shorter values of d-spacing, down to a threshold of 0.1 Å for most 
materials.8 Although experimental features of Bragg diffraction are 
typically more prominent at wavelengths longer than O(1 Å), the 
combined effect from the very high number of very weakly scat-
tering planes at shorter wavelengths, can still represent a non-
negligible correction to the total cross section. A correct total cross 
section at shorter wavelengths is necessary in order to prevent 
regions of artificially low cross section, with adverse effects on 
simulations of e.g. beam filters or shielding. While the treatment 
of very large numbers of weak planes poses no problems for the 
efficient O(log Nhkl) modelling of crystal powders or polycrystals 
discussed in Section 3, the single crystal modelling is a different 
matter entirely. Despite the efforts at optimisation described in 
Sections 4.3 and 4.4, the resource requirements involved in cross 
section calculations still scales with the number of planes fulfill-
ing the Bragg condition, and as such will be very significant for 
short wavelength neutrons. As an example, a user interested in 
simulating long wavelength neutrons being reflected by a single 
crystal monochromator, might end up spending almost all pro-
cessing time dealing with the few neutrons at shorter wavelength 
which invariably end up in the monochromator (for instance due 
to inelastic scatterings in the monochromator itself). Although it 
would be possible to circumvent the problem by simply ignoring 
planes with shorter d-spacings, it is preferable to instead approx-
imate their contribution with a cheaper model which retains the 
most important contributions to neutron scattering.

The chosen mitigation strategy is therefore to approximate the 
mosaic distribution of lattice planes with very short d-spacings 
as being completely isotropic, allowing them to be treated with 

8 For the case of some very complicated crystal structures such as yttrium oxide, 
this threshold is instead 0.25 Å, but can in any case be controlled by the dcutoff
configuration parameter as explained in [1, Sec. 5].
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the efficient powder model discussed in Section 3. This approxi-
mation, equivalent to averaging the cross sections of the affected 
lattice planes over an isotropic distribution of incoming neutrons, 
is deemed appropriate as the very high number of weak planes at 
lower d-spacings anyway tend to have normals in many directions, 
thereby washing out non-isotropic effects. By default the approx-
imation is applied to planes with d-spacings less than 0.4 Å, but 
users with particular needs can of course modify the threshold (or 
disable the approximation entirely) using an appropriate configu-
ration parameter, named sccutoff. To illustrate the effectiveness 
of the approximation, consider Fig. 5a, in which is shown the Bragg 
diffraction cross section of a Germanium powder. Here, the curve 
resulting from the inclusion of all lattice planes with d-spacings 
down to 0.1 Å (the default) is compared with the one due to planes 
with d-spacings above 0.4 Å. The conclusion, which is typical for 
most crystal structures, is that while the isotropic approximation 
ends up being applied to the vast majority of planes, the affected 
planes are all so weakly scattering that even their combined con-
tribution only amounts to a tiny fraction of the cross section. As 
will be shown in Section 7, this in practice means that single crys-
tal modelling is made 1–2 order of magnitudes faster for short 
wavelength neutrons, at very little cost of realism. Even in the 
most pessimistic cases, like the corresponding plot for a Corun-
dum powder shown in Fig. 5b, the trade-off between speed and 
accuracy provided by the approximation is likely to be appropriate 
for all practical use cases.

4.7. Validation

The work done to validate the single crystal model, as imple-
mented in NCrystal, can essentially be divided into two primary 
categories. Firstly, it is verified in Sections 4.7.1 and 4.7.2 that the 
implementation actually provides results consistent with the cho-
sen model: Bragg diffraction as described in Section 2 in a material 
with the mosaicity distribution defined in Section 4.1. Secondly, it 
is verified in Section 4.7.3 that it is able to reproduce results from 
accepted existing models, in the domains of their validity. In addi-
tion to this, benchmark numbers for computational efficiency are 
presented and discussed in Section 7.

4.7.1. Comparison with reference implementation
As should be evident from Sections 4.1–4.6, the actual imple-

mentation of the model in NCrystal is rather complicated. This 
is of course a result of the desire to optimise the implementa-
tion for speed of evaluation, in order to provide end-users with 
a better trade-off between number of neutrons simulated, com-
putational resources spent, and precision. A reasonable concern is 
of course that some applied approximations might be too crude, 
or some code too complicated, jeopardising the validity of the re-
sults. Fortunately, validation work does not suffer from the same 
requirement for computational efficiency, allowing for the imple-
mentation of inefficient reference models, that are both less com-
plicated and more precise. The reference results in the present sec-
tion are obtained with mpmath [29], a Python module which al-
lows floating-point arithmetic with arbitrary precision, and which 
includes both mathematical functions, and utilities for numerical 
integration. With mpmath, Eq. (24) can be implemented in just 
a few lines of high-level code, and results evaluated to 100 sig-
nificant digits (at the cost of very long evaluation times). When 
selecting validation scenarios, special attention was given to using 
not only “easy” configurations, but also those with back-scattering 
(α comparable to σ ) and forward-scattering (π − α comparable 
to σ ).

To verify first the evaluation of Eq. (24) a series of rocking 
curves were constructed for various scenarios, showing the effect 
of varying the neutron incidence angle γ , on the estimated cross 
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Fig. 5. Bragg cross sections in a crystal powder, based on reflection planes with d-spacing above respectively 0.1 Å and 0.4 Å. The number of reflection planes above and 
between the two d-spacing threshold values are indicated.
sections through ghkl . Note that in order to remove trivial differ-
ences by design due to the ε-dependency of the relative mosaic 
truncation angle (cf. Fig. 3), a fixed truncation angle of τ = 5σ

was used for all curves. Three configurations will be discussed in 
the following, but figures with the results of other configurations 
are available in Appendix B in Figs. B.1–B.3. First, Fig. 6 shows the 
results for a crystal with a relatively large mosaicity of σ = 1◦
and with the Bragg angle far from back-scattering. At these large 
mosaicities, the simple Gaussian approximation of evaluating ghkl

as (
√

2πσ)−1 exp
(− 1

2 δ2
0/σ 2

)
is not able to provide very accurate 

results, while the improved approximation in Eq. (35) is able to 
provide results accurate to 3–4 digits. It is clear from the over-
lapping curves in Fig. 6 that NCrystal with default settings is 
utilising this approximation. There is, however, a minor breakdown 
in accuracy around the edges at γ ≈ 20◦ and γ ≈ 30◦ , which is 
due to artefacts caused by the limitations of the cubic spline used 
in Eq. (36) to implement the evaluation of Eq. (35). As the decrease 
in accuracy happens only at the edges, where ghkl ≈ 0, this is an 
acceptable price to pay for the increased computational efficiency. 
When NCrystal is configured for increased accuracy, ε = 10−7, 
the code automatically falls back to numerical integration, with 9 
significant digits correctness at all angles.
10
Next, Fig. 7 shows the same scenario but with a much smaller 
mosaicity of σ = 1′ . Here, both approximations have more ideal 
conditions, and the improved approximation of Eq. (35) is able 
to provide 7 significant digits over the entire range of incidence 
angles. Consequently, even when NCrystal is configured for in-
creased accuracy, ε = 10−7, the approximation is utilised, com-
pletely foregoing any fall back to numerical integration. Again 
some artefacts appear as a consequence of the usage of cubic 
splines in NCrystal’s implementation of the approximation, and 
this time also in the central region. Fortunately, the required accu-
racies are still achieved, except for a few points where NCrystal
with the ε = 10−7 configuration only provides 6 significant digits. 
All in all, this is still considered to be an acceptable price for the 
efficiency gains provided by the cubic splines.

Finally, Fig. 8 shows a back-scattering scenario. Although the 
improved approximation still outperforms the simple Gaussian ap-
proximation in this case, neither approximation is able to ade-
quately reproduce the reference results. Consequently, NCrystal
falls back to numerical integration with highly accurate results. 
Again the usage of cubic splines, this time for the integrand of 
Eq. (24), leads to acceptable inaccuracies at the edge where ghkl ≈
0.
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Fig. 6. Various approaches to evaluation of Eq. (24) as a function of γ when σ = 1◦
(2.35◦ FWHM), α = 25◦ , and τ = 5σ , compared with a high precision reference 
curve. For comparison, a simple Gaussian approximation as well as the improved 
approximation of Eq. (35) are both evaluated to high precision and included in addi-
tion to the results from NCrystal. The numbers provided for the implementations 
in NCrystal are provided both for the default settings and for a setting with im-
proved precision (ε = 10−7).

Fig. 7. Same curves as in Fig. 6, but for a lower mosaicity of σ = 1′ (0.039◦ FWHM).

In order to evaluate the scattering event sampling code de-
scribed in Section 4.5, mpmath is again used to provide refer-
ence distributions for comparison with the outcome of NCrystal
simulations involving a single reflection plane only. The reference 
curve is constructed by using mpmath to evaluate the mosaicity 
distribution defined by Eqs. (18) and (19) on a very large num-
ber of points along the Bragg circle. Specifically, with the Bragg 
circle parameterised by Eq. (21), as p̂(t) for t ∈ [−π, π [, the angu-
lar distance δ(t) is calculated from p̂(t) to n̂ defined by Eq. (20), 
and W (δ(t)) evaluated. Additionally, since NCrystal code always 
treats the pair of planes (h, k, l) and (−h, −k, −l) simultaneously, 
the reference curve is evaluated by calculating the angular distance 
to −n̂ as well, and adding the contribution from scattering on both 
n̂ and −n̂.

For simplicity, the NCrystal simulation is set up in a sce-
nario in which the neutron and plane normals are oriented similar 
to Fig. 4, with the neutrons impinging from the positive z-axis 
on a pair of reflection planes with normals ±(sin γ , 0, cosγ ), and 
with wavelength adjusted according to the desired Bragg angle. 
11
Fig. 8. Same curves as in Fig. 6, but in back-scattering configuration with α = σ .

Fig. 9. Azimuthal scattering angle distribution with NCrystal default settings, 
compared with a high precision reference curve, for a scenario where σ = 1′
(0.039◦ FWHM), α = 35◦ , and γ = 35.01◦ . Statistical uncertainties are smaller than 
the shown points.

It is trivially confirmed that the simulation provides scatterings 
with the expected scattering angle of exactly 2θB, so the validation 
should only verify the distribution of azimuthal scattering angles. 
In the chosen reference frame, these are simply extracted from the 
simulation results as ϕ = sign(k̂y

f ) arccos(k̂x
f ), which directly corre-

sponds to the parameter t in the Bragg circle parameterisation.
Fig. 9 shows the outcome from a scenario with neither back-

or forward-scattering and a low mosaicity of σ = 1′ . In this typ-
ical scenario, the distribution of azimuthal angles is essentially 
Gaussian, and the outcome of NCrystal simulations is in per-
fect agreement with the calculated reference.

Next, Fig. 10 investigates a scenario with back-scattering and a 
higher mosaicity of σ = 1◦ . Here, all parts of the Bragg circle are 
close to n̂, with δ(t) < τ everywhere. Thus, all azimuthal angles 
are possible, with those near 0 favoured. Again, NCrystal simu-
lations perfectly reproduce the calculated reference.

Finally, Fig. 11 investigates a scenario with forward-scattering, 
using an even higher mosaicity of σ = 3◦ for visualisation pur-
poses. Scattering on n̂ again produces a bell-curve around 0, but 
this time there is a non-zero contribution for scattering on −n̂ as 
well, giving rise to events scattered to ϕ ≈ ±π . Also in this case, 
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Fig. 10. Azimuthal scattering angle distribution with NCrystal default settings, 
compared with a high precision reference curve, for a back-scattering scenario 
where σ = 1◦ (2.35◦ FWHM), α = 0.5◦ , and γ = 1◦ . Statistical uncertainties are 
smaller than the shown points.

Fig. 11. Azimuthal scattering angle distribution with NCrystal default settings, 
compared with high precision reference curves, for a forward-scattering scenario 
where σ = 3◦ (7.06◦ FWHM), α = 89◦ , and γ = 86◦ . Statistical uncertainties are 
smaller than the shown points.

the NCrystal simulations perfectly reproduce the calculated ref-
erence.

4.7.2. General consistency checks
Irrespective of mosaic distribution, any model of Bragg diffrac-

tion which is implemented in a self-consistent manner and sup-
ports neutrons at any incidence angle, must be able to pass a few 
generic consistency checks.

First of all, the fundamental symmetry between (h, k, l) and 
(−h, −k, −l) planes means that a neutron which just scattered in 
a Bragg diffraction process on the (h, k, l) plane will have non-zero 
cross section for a subsequent scattering on the (−h, −k, −l) plane, 
bringing it back to its original direction. Thus, in the absence of 
other reflection planes or physics processes, a neutron in an infi-
nite material will keep reflecting back and forth between the two 
planes in a “zig-zag” or “ping-pong” walk between the two sides 
12
Fig. 12. Single crystal corundum Bragg diffraction cross section provided by NCrys-
tal, averaged over an isotropic sample of 109 neutrons at each wavelength point. 
The FWHM mosaicity is 1◦ . For reference the cross section curve of the same crystal 
as a powder is shown.

of the planes.9 It was verified for a range of scenarios that this 
“zig-zag” walk is reproduced in NCrystal simulations by letting 
neutrons scatter 1010 times in a wide range of scenarios, cover-
ing both large and small mosaicities as well as both forward- and 
back-scattering.

The second consistency check carried out consists of submit-
ting a single crystal material to an isotropic illumination with 
neutrons. Regardless of mosaic distribution, this should produce 
the same average wavelength-dependent scattering cross section 
as found in a crystal powder. While the concept is simple, this 
benchmark is actually a rather powerful test of a mosaic model, 
as it probes all aspects of the cross section calculations. For in-
stance, improper handling of back-scattering or failure to account 
for scattering on −n̂ in forward-scattering will adversely impact 
the results. Likewise, the test is sensitive to a range of problems 
in the pre-selection procedure (cf. Section 4.3), inconsistencies be-
tween overall normalisation and truncation scheme, or failure to 
fall-back to a full numerical integration when required.

Fig. 12 shows an example of such an isotropically averaged 
single crystal cross section as a function of wavelength, showing 
excellent agreement with the cross sections predicted for the same 
crystal as a pure powder (cf. Eq. (13)). More systematically, Fig. 13
shows the relative differences between the isotropic averaged sin-
gle crystal cross sections and the equivalent powder cross sections, 
for various settings. At lower mosaicities, neutrons in the isotropic 
sample are more likely to have vanishing cross section for scat-
tering on a given reflection plane, leading to significant statistical 
fluctuations in the curves for the lower mosaic spreads. Likewise, 
at longer wavelengths only a few planes satisfy the Bragg condition 
(cf. Eq. (2)), with a resulting increase in statistical fluctuations. All 
in all, Fig. 13 shows no sign of significant discrepancies, except for 
showing an O(10−4) discrepancy for the 10◦ mosaicity curve at 
the shortest wavelengths. This is acceptable as it is still an order 
of magnitude more precise than the target O(10−3) precision with 
that setting. Increasing the requested level of precision to ε = 10−5

makes this discrepancy disappear, thus verifying that the source of 
the small disagreement is indeed well-controlled inaccuracies aris-

9 As was noted in Section 4.3, it is in scenarios involving extreme forward scatter-
ing possible for both (h, k, l) and (−h, −k, −l) to simultaneously contribute to the 
scattering cross section. In such cases, the “zig-zag” walk will strictly speaking also 
include the occasional “zig-zig” or “zag-zag”.



T. Kittelmann and X.-X. Cai Computer Physics Communications 267 (2021) 108082
Fig. 13. Relative difference between isotropic averages of single crystal cross sec-
tions provided by NCrystal and the equivalent powder cross sections. Results are 
shown for various FWHM mosaicities, sample sizes and for both default (ε = 10−3) 
and increased (ε = 10−5) accuracy settings, as indicated.

ing from the numerical approximations used, and not a sign of 
more fundamental problems.

4.7.3. Reflectivity benchmarks
An important benchmark for NCrystal’s single crystal model 

is the ability to reproduce established results. Based on the avail-
ability of high precision reference results, the chosen figure of 
merit is the fraction of neutrons in a monochromatic pencil beam 
which are reflected by a slab of single crystal. The slab has in-
finite transversal dimensions, and a thickness which is finite but 
not necessarily small. In such a crystal the details of the “zig-zag” 
walk discussed in Section 4.7.2 will in general have a significant 
impact on the probability for both reflection and transmission, as 
will the detailed evaluation of cross sections and sampling of scat-
tered directions. For compatibility with the reference results, it 
is additionally assumed that only one particular reflection plane 
contributes to the cross sections, that this plane is parallel to the 
surface of the slab, and that all inelastic and incoherent scattering 
events are essentially counted as absorption events, ending further 
simulation of the neutron in question.

Based on the Darwin-Hamilton equations [30], Sears [31] de-
rived analytical closed-form solutions to the reflectivity under the 
restriction that wavevectors never scatter out of the plane spanned 
by the plane normal and initial neutron direction — essentially 
amounting to a requirement that the azimuthal scatter angle al-
ways be strictly 0 in the interactions. This is certainly an ap-
proximation at best, and one which completely breaks down for 
back-scattering and scattering at grazing incidence (cf. Figs. 10 and 
11). J. Wuttke [27] generalised the Darwin-Hamilton equations in 
order to lift this azimuthal restriction of the scattering direction, 
and under certain approximations developed analytical results for 
reflections on a slab. He also provided a Monte Carlo code able to 
perform numerical integrations needed to support also large mo-
saicities and provide a reference for his analytical expressions. That 
code does, however, also explicitly exclude back-scattering and 
scattering at grazing incidence. In order to compare the outcome 
of NCrystal-based simulations with these existing solutions, a 
Monte Carlo stepping simulation was carefully set up, emulat-
ing the restrictions of the references, in order to predict idealised 
reflection probabilities: inelastic and incoherent elastic scattering 
events were treated in the same manner as absorption events, all 
but a single reflection plane was removed from the simulation, 
the normal of which was made to coincide with the surface nor-
13
Fig. 14. Idealised reflection probabilities as a function of neutron incidence angle 
predicted by NCrystal, Sears [31], and Wuttke [27]. Curves are shown for three 
different slab thicknesses, for a collimated beam of monochromated neutrons im-
pinging on a slab of Germanium, with the 511 reflection plane parallel to the slab 
surface, a FWHM mosaicity of 0.5◦ and a Bragg angle of 45◦ .

Fig. 15. Same curves as in Fig. 14, but for a smaller FWHM mosaicity of 0.01◦ . For 
clarity the curve for a slab thickness of 1 cm is not shown, due to overlaps with the 
20 cm curve.

mal of the slab. Finally, scenarios with back-scattering or grazing-
incidence scattering were avoided, and in particular values of neu-
tron incidence and Bragg-angles which were also used in [27] were 
favoured — on the assumption that they might have been partic-
ularly well validated. In order to extract reference results, Sears’ 
formulas were directly evaluated, while Wuttke’s Monte Carlo pro-
gramme was downloaded and executed. Where relevant, parame-
ters were set to emulate scattering on a Germanium-511 plane.

First, the rocking curves in Fig. 14 show the resulting reflec-
tion probabilities as a function of neutron incidence angle for a 
FWHM mosaicity of 0.5◦ , a Bragg angle of 45◦ and three different 
slab thicknesses. For these moderate parameters, the results from
NCrystal and the two references are all in excellent agreement.

Lowering the mosaicity to 0.01◦ in Fig. 15, once again results 
in good agreement. The exception is that the results from Wut-
tke’s simulations seem to suffer from numerical instabilities on the 
central parts of the curve for a thicker slab, where multiple reflec-
tions are significant. This is perhaps not too surprising given that 
Wuttke’s code was primarily developed in order to study crystals 
with mosaic spreads much larger than 0.01◦ . On the other hand, 
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Fig. 16. Same curves as in Fig. 14, but for a larger FWHM mosaicity of 4◦ and an 
increased Bragg angle of 80◦ .

Fig. 17. Idealised reflection probability as a function of slab thickness predicted by
NCrystal, Sears [31], and Wuttke [27]. Curves are shown for three different mo-
saicities, for a collimated beam of monochromated neutrons impinging on a slab of 
Germanium, with the 511 reflection plane parallel to the slab surface, and neutron 
incidence angle and Bragg angle both 80◦ .

such low mosaicities ideally satisfy the assumptions behind Sears’ 
model, which is in perfect agreement with the NCrystal results.

This is in stark contrast to the situation in Fig. 16, where the 
mosaicity is increased to 4◦ and the Bragg angle to 80◦ . In this 
scenario, the integration of the mosaicity function along the Bragg 
circle is highly influenced by the curvature of the path of inte-
gration, inducing strong asymmetric effects in the rocking curves 
and the detrimental effect of the in-plane scattering assumption 
in Sears’ model increases — in particular for thicker slabs where 
multiple reflections are significant. Once again, the NCrystal re-
sults are in good agreement with the most trustworthy reference 
curve, this time the one from Wuttke’s code. For reference, rocking 
curve comparison for more parameters are available in Appendix B
in Figs. B.4–B.9.

As a complement to the rocking curves, Fig. 17 shows the re-
flection probabilities as a function of slab thickness, for neutron 
incidence and θB both 80◦ and for 3 different mosaicities. Al-
though the discrepancies between the different models are less 
pronounced than in the rocking curves, the qualitative conclusions 
are essentially similar. For a mosaicity of 0.5◦ , NCrystal and the 
two reference curves are all in excellent agreement. For the smaller 
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mosaicity of 0.01◦ , there is again excellent agreement between
NCrystal and Sears’ model, while Wuttke’s code is plagued by 
numerical instabilities. For the larger mosaicity of 4◦ , there is good 
agreement between NCrystal and Wuttke’s code, while Sears’ 
model suffers from its approximations — especially at larger slab 
thicknesses, which are more affected by out-of-plane scattering. 
For reference, similar plots for Bragg angles of 10◦ and 45◦ are 
available in Appendix B in Figs. B.10 and B.11 respectively.

5. Layered single crystals for pyrolytic graphite

The isotropic Gaussian mosaicity distribution discussed in Sec-
tion 4 provides an appropriate description for modelling of a wide 
range of single crystal materials encountered at neutron scatter-
ing facilities and elsewhere. However, exceptions do exist, with 
some materials exhibiting radically different crystallite distribu-
tions. One such material which is of particular importance for 
instrumentation at neutron scattering facilities is pyrolytic graphite 
(also known as pyrolytic carbon), with important and frequent de-
ployment as both monochromators and analysers targeted at se-
lecting longer wavelengths [32,33], as well as tunable beam filters 
intended to remove short wavelength contamination in monochro-
mated spectra [34,35].

The structure of graphite can be described as stacks of two-
dimensional graphene sheets, in which carbon atoms are bound 
strongly into hexagonal grids, with a weaker binding between the 
sheets. This layout at the microscopic level ultimately gives rise 
to anisotropic features in the macroscopic mosaicity distributions. 
With suitable manufacturing methods [36,37], the axis orthogo-
nal to the graphene sheets, the lattice c-axis, will be distributed 
along a preferred direction, suitable for description with a Gaus-
sian mosaicity distribution like the one discussed in Section 4.1. 
The rotation around this axis, defined for instance by the direc-
tion of the lattice a-axis, will however be uncorrelated between 
different crystallites. Thus, the associated rotation angle will be 
uniformly distributed in [−π, π ], giving rise to features in scat-
tering interactions akin to those observed with crystal powders.

In order for NCrystal to model pyrolytic graphite, a spe-
cialised model of layered single crystals is implemented as de-
scribed in Sections 5.1–5.3. An alternative reference model for vali-
dation work is described in Section 5.4, and actual validation work 
is then carried out in Section 5.5.

It is worth noting that while the presented models were devel-
oped in order to support studies involving pyrolytic graphite [38], 
it could in principle also be used to model other materials like 
hexagonal boron nitride [39] which exhibits similar layered struc-
ture. Under certain conditions relating to the neutron velocity and 
rotational speed, it could even be used to describe an isotropic 
Gaussian single crystal which is placed on a spinning sample 
holder.

5.1. Geometrical integral and definitions

NCrystal effectively models a layered single crystal as con-
sisting of a large number of small crystals with isotropic Gaus-
sian mosaicity distributions, but rotated randomly and uniformly 
around a symmetry axis L̂, which is normal to the crystal layers 
in their nominal position. In pyrolytic graphite, L̂ is thus aligned 
along the nominal direction of the c-axis in unit cell coordinates, 
and the user must complete the configuration of a particular setup 
by specifying the coordinates of L̂ in the laboratory frame (cf. [1, 
Sec. 5] for how this is done). Specifically, if gSC

hkl(α, γ ) represents 
the geometrical weight for scattering on a given crystal plane in a 
crystal with an isotropic Gaussian mosaicity distribution given by 
Eq. (24), then the equivalent factor in a layered single crystal is 
defined to be:
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Fig. 18. Coordinate system used for calculations related to the interaction of neu-
trons with (a group of) reflection planes located at an angle θn to the symmetry 
axis L̂ in a layered single crystal (cf. Eq. (39)). Here, k̂i is the incident direction of 
the neutron, n̂(ϕ) is the nominal position of the plane normals as a function of ro-
tation around L̂, and τ is the truncation angle of the mosaicity distribution, the 
strength of which is indicated with blue shaded areas. The angle between −k̂i and 
plane normals satisfying the condition for Bragg diffraction is given as α = π/2 −θB, 
defining the Bragg circle (red). Finally, θk is the angle between −k̂i and L̂, and γ is 
the angle between n̂(ϕ) and −�ki .

gLC
hkl(α, k̂i) = 1

2π

π∫
−π

gSC
hkl(α,γ (k̂i,ϕ))dϕ (39)

Where ϕ represents the rotation around L̂, the offset of which is in 
principle arbitrary and can be defined in whatever manner is most 
convenient. For instance, one could define it so that the lattice a-
axis in pyrolytic graphite would coincide with a certain direction 
in the laboratory frame when ϕ = 0. However, the present discus-
sion will instead adopt a convention relative to the direction of 
the neutron, �ki , and specific to each hkl-plane, which minimises 
the distance between the plane normal and −�ki at ϕ = 0. More 
specifically, the particular coordinate system shown in Fig. 18 is 
adopted: L̂ is placed on the positive z-axis, and k̂i is placed in the 
xz-plane with coordinates:

−k̂i = (sin θk, 0, cos θk) (40)

Where θk is the angle between −k̂i and L̂. If θn is the angle be-
tween n̂ and L̂, the nominal coordinates of the normals are then 
given by:

n̂(ϕ) = (sin θn cosϕ, sin θn sinϕ, cos θn) (41)

With these definitions, γ is straightforward to determine from the 
dot product of −k̂i and n̂(ϕ):

cosγ = sin θk sin θn cosϕ + cos θn cos θk (42)

Note that, due to the symmetries between the (h, k, l) and 
(−h, −k, −l) reflection planes, the physics should be unchanged 
under the transformation L̂ → −L̂, and as long as the code is 
written so as to deal with the two sets of equivalent planes at 
θn and π − θn jointly, it can therefore always be assumed for 
simplicity that both θk and θn lie in [0, π/2]. Additionally, all hkl-
planes with similar θn and d-spacing can be treated concurrently, 
as a single group of planes whose combined scattering strength 
is simply the sum of the contributing planes qhkl values, thus ef-
fectively reducing both memory usage and time spent processing 
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planes during simulations. Additionally, the joint processing of the 
groups of planes at θn and π − θn benefits from the fact that the 
group of planes at π − θn can only ever contribute if the group 
θn contributes. For simplicity, the discussions will from this point 
onward mostly ignore direct mention of the planes at π − θn , as 
the required modifications to the equations are mostly trivial. Sim-
ilarly, the discussions will ignore the degenerate cases θn ≈ 0 and 
θk ≈ 0, as they are trivially solvable: the θn ≈ 0 case (relevant for 
00l planes in pyrolytic graphite) can be treated with the model 
developed in Section 4, and when θk ≈ 0 the integrand in Eq. (39)
becomes independent of ϕ .

The particular coordinate system defined in Fig. 18 ensures the 
symmetry γ (ϕ) = γ (−ϕ), implying that for purposes of evaluating 
Eq. (39), it is possible to restrict ϕ to the interval [0, π ] and use 
instead:

gLC
hkl(α, k̂i) = 1

π

π∫
0

gSC
hkl(α,γ (θk, θn,ϕ))dϕ (43)

Additionally, either the integrand in Eq. (43) will be vanishing 
everywhere, or it will be non-vanishing exactly on a single sub-
interval, [ϕmin, ϕmax], which will be identified in Section 5.2. A fi-
nal advantage of the chosen coordinate system is that it allows 
an efficient pre-check of whether or not a given set of planes will 
contribute to the scattering of a particular neutron, by determin-
ing whether or not the z-range of the Bragg circle overlaps with 
the z-range of the mosaicity bands. The latter can be trivially pre-
calculated at initialisation time and the former is given by:

[cos(θk + α), cos(max(0, θk − α))] (44)

Which can be calculated cheaply at simulation time by usage of 
cosine addition formulas, using cosα = λ × (1/2d) and sinα =√

1 − cos2 α. In addition to a few basic arithmetic manipulations, 
the cost of the pre-check is therefore just a simple square-root 
evaluation. To further speed up this critical section of the code, 
the check is carried out first using a Taylor expansion approxima-
tion of the square-root evaluation.

5.2. Evaluating the geometrical integral

In principle Eq. (43) can be evaluated directly via numerical in-
tegration, using the algorithms described in Section 4 to evaluate 
gSC

hkl at each ϕ point. However, for non-vanishing α and realistic 
mosaic spreads, this integrand will be vanishing at most ϕ values, 
with non-zero contributions arising at most in a single narrow re-
gion. For numerical integration to proceed reliably and efficiently, 
it is therefore necessary to predetermine the ϕ-regions in which 
the integrand is non-zero analytically, and apply the numerical in-
tegration algorithm only to these regions. In this context it is also 
worth noting the importance of being able to evaluate the inte-
grand of Eq. (43) with the efficient method of Eq. (36), thus most 
of the time avoiding the computationally demanding scenario of 
having a numerical integration of an integrand which is itself eval-
uated with numerical integration.

Now, a neutron has a non-zero cross section to scatter on a 
small crystal with rotation ϕ if and only if:∣∣α − γ

∣∣≤ τ

⇔ α − τ ≤ γ ≤ α + τ (45)

Since γ ≥ 0 by definition, this is equivalent to:

max(0,α − τ ) ≤ γ ≤ α + τ (46)
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Now, all three parts of this double inequality resides in [0, π ], 
since by definition γ ≤ π , α ≤ π/2, and τ ≤ π/2 (for the case of τ
this is a deliberate restriction, as discussed in Section 4.1). On this 
domain, the cosine function is one-to-one and with non-positive 
derivative, so Eq. (46) is equivalent to:

cos(max(0,α − τ )) ≥ cosγ ≥ cos(α + τ ) (47)

Using Eq. (42) this becomes:

cos(max(0,α − τ )) ≥ sin θk sin θn cosϕ + cos θk cos θn

≥ cos(α + τ ) (48)

As the degenerate cases θn ≈ 0 and θk ≈ 0 are dealt with sepa-
rately, it is safe to divide with sin θk sin θn:

cos(α + τ ) − cos θk cos θn

sin θk sin θn

≤ cosϕ ≤ cos(max(0,α − τ )) − cos θk cos θn

sin θk sin θn
(49)

Since ϕ ∈ [0, π ], the range of phi values representing crystallite 
orientations with non-zero contributions to the scattering cross 
section is thus ϕmin < ϕ < ϕmax, with:

ϕmin ≡ arccos

(
min

(
1,

cos(max(0,α − τ )) − cos θk cos θn

sin θk sin θn

))

ϕmax ≡ arccos

(
max

(
−1,

cos(α + τ ) − cos θk cos θn

sin θk sin θn

))
(50)

Obviously, gLC
hkl(α, ̂ki) = 0 unless ϕmax > ϕmin, in which case 

Eq. (43) can be replaced by:

gLC
hkl(α, k̂i) = 1

π

ϕmax∫
ϕmin

gSC
hkl(α,γ (θk, θn,ϕ))dϕ (51)

Now, the code developed in Section 4 for evaluation of
gSC

hkl(α, γ (θk, θn, ϕ)) works directly from cosγ rather than γ for 
reasons of efficiency, which with Eq. (42) translates into a need 
to provide a value of cosϕ at each evaluated ϕ point. As in 
Section 4.4, such values are cheaply generated via trigonometric 
addition formulas, and the customised implementation of Romberg 
integration discussed in Section 4.4 is reused for efficient and ac-
curate integration of Eq. (51) as well.

Fig. 19 shows the resulting Bragg diffraction cross sections in 
pyrolytic graphite as a function of neutron wavelength and θk , with 
distinctive structures corresponding to particular groups of scatter-
ing planes. In order to understand how these structures relate to 
actual scattering planes, it is instructive to consider a hypotheti-
cal layered single crystal with just a single reflection plane having 
θn = 60◦ . If both “sides” of this reflection plane are included, i.e. 
both (h, k, l) and (−h, −k, −l) are considered (as is always the case 
in NCrystal), the resulting cross section structure is shown in 
Fig. 20. The decomposition into contributions from scattering on 
(h, k, l) (θn ≤ π/2) and (−h, −k, −l) (θn ≥ π/2) is shown in Fig. 21. 
Considering first Fig. 21a, its structure can be understood (at least 
in the limit of small mosaicities) by carefully considering Fig. 18
while recalling that cosα = λ/2dhkl . The present discussion will 
limit itself to consideration of a few important features. Firstly, 
when θk ≈ 0, the neutron is aligned along L̂ and the only contri-
bution comes when α ≈ θn , which means λ/2dhkl ≈ cos θn , trans-
lating to λ ≈ 0.5 Å. Next, in case of back-scattering, λ → 2dhkl and 
the Bragg circle contracts to a point, the only contribution comes 
when θk ≈ θn . Keeping θk ≈ θn but lowering λ, the Bragg circle will 
grow and the integral along it through the mosaic density, ghkl , 
16
Fig. 19. Bragg diffraction cross section in pyrolytic graphite as a function of neutron 
wavelength and incidence angle (θk) with respect to the lattice c-axis of the crystal 
(the axis orthogonal to the average orientation of the graphene sheets). The c-axis 
orientation is assumed to be distributed with a 1◦ FWHM Gaussian mosaicity, and 
the cross section values were calculated with default settings of NCrystal.

Fig. 20. Bragg diffraction cross section in a hypothetical layered single crystal con-
taining just a single reflection plane inclined θn = 60◦ with respect to L̂, as a 
function of neutron wavelength and incidence angle (θk). For simplicity, a 1◦ FWHM 
Gaussian mosaicity is assumed, along with 2dhkl = 1 Å and |Fhkl|2/V ucna = 1 barn.

will quickly tend to a constant, which is reminiscent of — but not 
identical to — the formula for a crystal powder in Eq. (11). A con-
stant ghkl inserted into Eq. (8) implies σ hkl ∝ λ2/

√
1 − (λ/2dhkl)

2, 
which can be compared with the equivalent prediction in a pow-
der, σ hkl ∝ λ2. When θk < π/2 − θn , the situation is a bit different: 
here, −k̂i lies so much “to the north” of the mosaicity band in 
Fig. 18, that when the Bragg circle is at its largest, it will lie “to the 
south” of the mosaicity band everywhere, which explains the van-
ishing cross sections in the bottom left of Fig. 21a. The ridge along 
this triangle shows enhanced cross sections, which can be under-
stood from an intermittent enhanced overlap between the Bragg 
circle and the mosaicity band for rotations around ϕ = π , just be-
fore the Bragg circle extends too far south. Finally, it might be 
worth noticing that at θk = 90◦ , cross sections will vanish unless 
the Bragg circle is large enough to reach the mosaicity band, which 
happens when α = π/2 − θn . I.e., the right-most ridge in Fig. 21a 
intersects the axis at θk = 90◦ at the point where λ = 2dhkl sin θn , 
which in this case corresponds to λ ≈ 0.866 Å.
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Fig. 21. As in Fig. 20, but showing the decomposition into contributions from scattering on the mosaicity band centred on θn ∈ [0, π/2] (shown in Figure (a)) and π − θn

(shown in Figure (b)) respectively.

Fig. 22. As in Fig. 20, but for θn = 0◦ and θn = 90◦ , shown in Figures (a) and (b) respectively.
Moving on to Fig. 21b and the contribution from scattering on 
the mosaicity band at π − θn , such scattering is impossible unless 
θk is large enough that the Bragg circle can reach the mosaicity 
band on the “southern hemisphere” (note that this band is not 
explicitly shown in Fig. 18). In other words, contributions only ex-
ist in the region defined by θk > θn − α. The edges of this region 
intersect the axes at λ = 0 and θk = 90◦ in the same locations 
as the ridges in Fig. 21b, thus completing the distorted triangu-
lar structure visible in Fig. 20. The ridge-like structure along the 
edge in Fig. 21b can again be understood as coming from an en-
hanced overlap of the Bragg circle and the mosaicity band near 
the edge. Away from the edge in Fig. 21b and inside the region 
in the upper left corner, the cross section will again fall off as 
σ hkl ∝ λ2/

√
1 − (λ/2dhkl)

2.
Qualitatively, the distorted triangular structure seen in Fig. 21

does not depend on the exact value of θn , although the particular 
position of the edges and corners does of course. In the limit-
ing cases of θn = 0◦ (the 00l reflections in pyrolytic graphite: 002, 
004,...), the triangle collapse to a single line as shown in Fig. 22a 
17
— which essentially is how cross sections look in an isotropic non-
layered single crystal. In the limiting cases of θn = 90◦ (the hk0
reflections in pyrolytic graphite), the triangle again collapses to a 
single line as shown in Fig. 22b, but with a behaviour very differ-
ent from that governing isotropic non-layered single crystals.

The structures seen in Fig. 19 can now be understood as aris-
ing from the various values of (θn, dhkl) encountered in pyrolytic 
graphite. In Section 5.5.3, the connection to specific hkl values will 
be explored further.

5.3. Sampling scattering events

In case of a scattering event in a layered single crystal, the sam-
pling of an outgoing neutron direction (k̂ f ) starts of in the same 
vein as in the case of non-layered single crystals discussed in Sec-
tion 4.5: a set of hkl planes with common θn and d-spacing is 
first sampled randomly among those contributing, with the sam-
pling being based upon their individual cross section contribu-
tions. These contributions are usually already available from values 
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Fig. 23. Examples of overlay and acceptance functions used when sampling ϕ values 
in layered single crystals. The overlay functions are constructed on the fly on the 
basis of 9 evaluations of the acceptance functions, shown as black dots. As indicated 
in the plots, the examples here involves medium mosaic spreads and cases without 
(Figure (a)) and with (Figure (b)) back-scattering.

cached during a previous cross section calculation. If the selected 
group of planes has θn ≈ 0, the code in Section 4.5 is directly used 
to sample the scattering, and otherwise the next step consists of 
sampling a value of ϕ , in essence determining the exact orientation 
of the hypothetical small Gaussian mosaic crystal involved in the 
scattering. In the degenerate case θk ≈ 0, all crystal orientations 
contribute equally, and ϕ is picked uniformly in [−π, π ]. Other-
wise a value of ϕ must be sampled with weights proportional to 
the integrand of Eq. (39). Technically, this is done by sampling a 
value in the interval [ϕmin, ϕmax] (cf. Eq. (50)), and flipping the 
sign of the sampled ϕ value 50% of the time.

The actual sampling on [ϕmin, ϕmax] will be based on Monte 
Carlo acceptance-rejection sampling, as was also the case in Sec-
tion 4.5. This time, however, the point in [ϕmin, ϕmax] with the 
highest contribution is not known in advance, precluding the sim-
ple determination of a constant overlay function. Instead, an ad hoc 
overlay function is created on the fly: based on the evaluation of 
the curve at 9 evenly spaced points in [ϕmin, ϕmax], a piece-wise 
constant overlay curve is created as illustrated by the examples in 
18
Fig. 24. Examples of overlay and acceptance functions as in Fig. 23, but for exam-
ples involving situations with both small (Figure (a)) and large (Figure (b)) mosaic 
spreads.

Figs. 23 and 24. The overlay height in each of the 8 bins is given 
as the highest of the two points at the bin’s edges for which the 
curve was evaluated, with additional safety margins added to ac-
count for the cases where the curve has a local maximum inside 
the bin. The safety margin is added as a multiplicative factor of 
1.7 and a constant offset of 2% of the maximal value seen in all 9 
evaluated points. The safety margin is important since the validity 
of the resulting distribution of ϕ values is guaranteed if and only 
if the overlay curve is everywhere equal to or larger than the in-
tegrand of Eq. (39). On the other hand the overlay curve should 
not be too large, since the acceptance rate and thus computational 
efficiency, is given as the ratio of the area under the two curves. 
The validity of the constructed overlay curves was verified by nu-
merical investigations of a large number of scattering scenarios, 
and additionally the code is written so as to throw an exception in 
case an invalid overlay height is ever encountered (obviously no re-
ports of this has surfaced so far). The acceptance rate seems to be 
around 30–40%, which implies that the sampling requires roughly 
11–12 evaluations of the integrand of Eq. (39): 9 to construct the 
overlay curve, and around 2–3 to carry out the sampling.
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Having sampled a particular value of ϕ and thereby determined 
the exact orientation of the hypothetical small Gaussian mosaic 
crystal on which to scatter, the code discussed in Section 4.5 is 
used to generate the actual scattering — still in the coordinate sys-
tem of Fig. 18. Finally, the resulting neutron direction, k̂ f must be 
rotated into the laboratory frame, which involves the careful deter-
mination of an appropriate rotation matrix based on the values of 
L̂ and k̂i in the laboratory frame.

5.4. Alternative reference implementation

For reasons of efficiency, the implementation described in Sec-
tions 5.1–5.3 groups hkl planes according to d-spacing and θn , and 
then treats each such group separately and in its own coordinate 
system. This approach takes advantage of rotational symmetries in 
these coordinate systems, exploits symmetries between the (h, k, l)
and (−h, −k, −l) reflection planes, and ensures that numerical in-
tegration algorithms will only be deployed on smoothly varying 
and non-vanishing functions.

As an alternative to this efficient but admittedly complicated 
implementation, a simpler reference model is useful for validation 
and comparison purposes — even if it is prohibitively inefficient for 
practical usage. Fortunately, such a model is readily implemented, 
based again on the notion of modelling a layered single crystal as 
consisting of a large number of small non-layered single crystals, 
rotated uniformly around L̂. In the reference implementation pre-
sented here, the small crystals are instead treated directly with the 
code for non-layered single crystals described in Section 4. Thus, 
with {ϕ j} representing a set of N j rotations, ideally very large in 
number and distributed uniformly over [−π, π ], the cross section 
for coherent elastic scattering of a neutron with wavevector �ki on 
a layered single crystal is modelled as:

σ LC(�ki) = 1

N j

∑
j

(
σ SC(Rϕ j

�ki))
)

(52)

Where Rϕ j is a rotation operator implementing a rotation of ϕ j

around L̂, with ϕ = 0 meaning no rotation, and σ SC(�ki) is the 
single crystal cross section. In order to sample the outcome of a 
scattering event, a particular ϕ j is first sampled according to the 
contribution of the corresponding term in Eq. (52), and the non-
layered single crystal model is then used to scatter Rϕ j

�ki into a 
final state �k′

f , which is subsequently transformed back to the origi-

nal frame to get the actual outcome of the interaction: �k f = R−1
ϕ j

�k′
f . 

For simplicity, and to avoid issues of numerical stability, the ro-
tation operator and its inverse are implemented using Rodriguez’ 
rotation formula [40].

The only remaining issue is how to construct the set of ro-
tational values, {ϕ j}. One approach is the random sampling of n
uniformly distributed values in [−π, π ] — with a different set 
generated for each incoming neutron to reduce statistical bias. Al-
ternatively, the n values can simply be distributed equidistantly 
over the interval [−π, π ]. In the latter case, it is clear that for 
the model to yield reliable results, n must be large enough that 
π/n will be much smaller than the mosaicity of the crystal. In the 
former case of randomised ϕ values, n will likely need to be much 
higher since the sampled ϕ j points tend to cluster in some regions, 
leaving other regions with reduced density. On the other hand, one 
might worry that the structure inherent to a non-randomised set 
of ϕ j values might be reflected as an unwanted artefact in the final 
distributions of �k f values, but in principle it should not be a sig-
nificant problem as long as n is high enough that angular effects at 
the order of π/n are washed out by the non-vanishing mosaicity 
effects in the non-layered single crystal models.
19
Nevertheless, NCrystal supports both models through the
lcmode configuration parameter. If left at the default setting,
lcmode=0, the efficient model described in Sections 5.1–5.3 is 
used. If set to a positive value, lcmode=n, the reference model 
described in the present section will be used with n values of ϕ , 
evenly spaced in [−π, π ]. If set to a negative value, lcmode=-n, 
the reference model will again be used, but now with the n values 
of ϕ sampled randomly and independently for each neutron, as 
described above. It is interesting to note that the Single_crys-
tal component [19] of McStas since 2015 supports an exper-
imental mode for pyrolytic graphite modelling, which essentially 
corresponds to NCrystal’s lcmode=-1. As should be clear from 
the present discussions, and which will be verified in Section 5.5.3, 
|n| = 1 is much too low to provide reliable results.

In general, the validation work in Section 5.5.1 will employ an 
evenly spaced distribution of ϕ j values, with a high value of n. 
Requiring 2π/n to be equal to 5% of the FWHM mosaicity of a 
crystal, one finds n = 7.2 ×103 for a mosaicity of 1◦ , n = 4.32 ×105

for a mosaicity of 1′ , and n = 2.592 × 106 for a mosaicity of 10′′ . 
In practice this limits the usage of the reference models, even for 
validation work, to crystals with large mosaicities.

5.5. Validation

As was the case for the non-layered single crystal model in 
Section 4.7, the work done to validate the layered single crystal 
model first consists of a verification in Sections 5.5.1 and 5.5.2 that 
the implementation described in Sections 5.1–5.3 actually provides 
results consistent with the model as originally defined. Next, in 
Section 5.5.3, the model is compared to existing results from the 
literature. Benchmark numbers for computational efficiency are in-
cluded in the general discussion in Section 7.

5.5.1. Comparison with reference implementation
Due to the double-integration involved, it is unfortunately im-

practical, in terms of computational time requirements, to proceed 
in a similar vein as in Section 4.7.1 and provide a high-precision 
reference implementation for layered single crystals with mpmath. 
Instead, the alternative model described in Section 5.4, available in
NCrystal via the lcmode configuration parameter, will be used 
to provide reference results. These are then used to verify the im-
plementation of the primary model described in Sections 5.1–5.3.

First, Fig. 25 shows the scattering cross section as a function 
of wavelength for a large FWHM mosaicity of 3◦ , and a neutron 
incidence angle of θk = 40◦ . As is clear from the relative difference 
curves, the results are in good agreement with the reference, at 
a level which is everywhere equal to or exceeding the requested 
precision. The only exception is a degradation for the ε = 10−3

curve near the edges of the truncated mosaicity — in particular 
around 3.7 Å. As was the case in Section 4.7.1, this degradation 
is due to artefacts related to the usage of cubic splines. Also in 
this case it is deemed to be an acceptable price to pay for the 
increased computational efficiency, given that it happens only in 
regions where the cross section is almost negligible anyway.

Next, Fig. 26 shows the same curves, but this time for a much 
smaller FWHM mosaic spread of 0.01◦ . As expected, the structure 
in the curves is more sharply defined at the reduced mosaicity, and 
the level of precision in the curves are still at an acceptable level. 
The degradation in precision near the edges seems less significant 
than in Fig. 25, but this is likely just a result of the finite granu-
larity of the chosen set of wavelength points. Finally, Fig. 27 shows 
a similar curve for an intermediate FWHM mosaic spread of 0.1◦ , 
and a neutron incidence of θk = 70◦ . The precision is still observed 
to be at an acceptable level, although seemingly with larger fluc-
tuations. Again, this is believed to be an effect of the cubic spline 
artefacts, with more clearly defined edges being crossed when the 
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Fig. 25. The Bragg diffraction cross section in pyrolytic graphite as a function of 
wavelength for a FWHM mosaicity of 3◦ and a neutron incidence angle of θk = 40◦ . 
The reference curve was generated using the model described in Section 5.4 with 
luxurious settings: a mosaic precision of ε = 10−7 (via the mosprec parameter) 
and 107 evenly distributed angular rotations (via the lcmode parameter). In order 
to remove trivial differences by design due to the ε-dependency of the relative mo-
saic truncation angle (cf. Fig. 3), a fixed truncation angle of τ = 5σ was used for 
all curves. NCrystal results are shown for both default (ε = 10−3) and increased 
(ε = 10−5 and ε = 10−7) precision settings. The lower plot shows the relative differ-
ence between the NCrystal results and the reference curve, which can be taken 
as a measure of their precision.

Fig. 26. Same curves as in Fig. 25, but for a smaller FWHM mosaicity of 0.01◦ .

mosaicity is lower — yet for a mosaicity of 0.1◦ , the structure is 
not too fine-grained to be visible on the chosen set of wavelength 
points. For reference, comparisons of cross section curves for more 
parameters are available in Appendix B in Figs. B.12–B.16.

In order to evaluate the scattering event sampling code de-
scribed in Section 5.3, both the default NCrystal model and the 
reference model (with 104 evenly distributed angular rotations) 
are used to sample scattering angles in pyrolytic graphite with a 
FWHM mosaic spread of 1◦ , for neutron wavelengths uniformly 
distributed between 2.5Å and 3.5 Å, and a fixed neutron incidence 
of θk = 65◦ . As can be inferred from Fig. 19, this setup exercises 
all parts of the sampling procedure, as it involves scattering on 
multiple reflection planes, with both θn = 0, 0 < θn < π/2, and 
π/2 < θn < π (corresponding qualitatively to Figs. 22a, 21a, and 
21b respectively), and involves reflections both with and without 
20
Fig. 27. Same curves as in Fig. 25, but for a neutron incidence of θk = 70◦ and a 
smaller FWHM mosaicity of 0.1◦ .

Fig. 28. Final direction of 109 neutrons scattered once in pyrolytic graphite via 
Bragg diffraction by NCrystal. Incoming neutron have wavelengths uniformly dis-
tributed in [2.5 Å, 3.5 Å] and direction k̂i = (sin 65◦, 0, cos 65◦). The resulting dis-
tribution of k̂ f is shown in standard spherical coordinates.

back-scattering. The resulting distribution of scattered directions 
by the default NCrystal model is shown in Fig. 28, which was 
confirmed visually to be indistinguishable from the same distri-
bution created by the reference model. For a more quantitative 
comparison, Figs. 29 and 30 compares the distribution of polar 
and azimuthal scattering angles respectively. Deviations between 
the two models are shown to be at a level consistent with purely 
statistic fluctuations.

5.5.2. General consistency checks
If implemented consistently, the layered crystal model should 

be able to satisfy the same consistency checks as those carried out 
for the non-layered single crystal model in Section 4.7.2. Firstly, 
the ability to reproduce a “zig-zag” walk was verified for a range 
of scenarios up to 1010 steps in NCrystal simulations. Secondly, 
Fig. 31 shows how submitting a layered crystal model of pyrolytic 
graphite to an isotropic illumination with neutrons reproduces 
the same average wavelength-dependent scattering cross section 
as found in a crystal powder. For reasons of computational re-
sources, this was only done for a single large FWHM mosaicity of 
3◦ . Despite the large statistical fluctuations at longer wavelengths 
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Fig. 29. Projection of Fig. 28 showing distribution of polar angles, for both the 
default NCrystal model and the reference model. The lower plot indicates the rel-
ative level of discrepancy between the two models, as well as the expected average 
level of discrepancy given by √2/n, where n is the number of neutrons collected in 
the given bin (averaged between the two models).

Fig. 30. As in Fig. 29, but showing the projected distribution of azimuthal instead of 
polar angles.

(where only few reflection planes contribute), it is still possible to 
conclude that the discrepancies in Fig. 31b are well below the re-
quested precision of ε = 10−3 at all wavelengths.

5.5.3. Comparison with existing results
Unlike the situation concerning non-layered single crystals (cf. 

Section 4.7.3), no existing code or analytical models available to the 
authors provides reliable and precise results for neutron scattering 
on layered crystals like pyrolytic graphite. However, E. Frikkee [35]
provides analytical predictions of the cross section structure, pa-
rameterising the peak positions visible in Fig. 19. Fig. 32 shows the 
result of overlaying these curves on the predictions of NCrystal. 
Excellent agreement is observed.

Additionally, E. Frikkee also measured a transmission spectrum 
for a setup in which monochromatic neutrons impinged upon a 
16 mm thick slab of pyrolytic graphite under various incidence an-
gles. The pyrolytic graphite in the slab had a c-axis orthogonal to 
the slab surface, and a FWHM mosaic spread of 1.4◦ . Apart from 
linking qualitative features of the observed transmission spectrum 
to scattering on specific hkl reflection planes, E. Frikkee was not 
able to perform a more quantitative analysis of the data. However, 
21
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Fig. 31. Figure (a) shows layered single crystal Bragg diffraction cross sections in py-
rolytic graphite provided by NCrystal, averaged over an isotropic sample of 109

neutrons at each wavelength point. For reference, the cross section curve of the 
same crystal as a powder is also shown. Figure (b) shows the relative difference be-
tween the isotropically averaged layered single crystal numbers, and the equivalent 
powder cross sections.

Fig. 32. Like Fig. 19, but with structures predicted by E. Frikkee [35] indicated in 
blue for all reflection planes with dhkl > 1 Å.
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Fig. 33. Transmission probabilities for neutrons of wavelength 2.929 Å impinging on 
a 16 mm thick slab of pyrolytic graphite under various incidence angles. The lattice 
c-axis is orthogonal to the slab surface, and the FWHM mosaicity is 1.4◦ . Mea-
sured data points by E. Frikkee [35] are compared to predictions from NCrystal
simulations, which in addition to Bragg diffraction also include incoherent-elastic 
scattering and inelastic scattering based on a phonon VDOS curve (cf. Appendix A). 
Also shown for reference are two non-standard configurations: one with a simpler 
rotational model (lcmode=-1) and one where all physics except Bragg diffraction 
is disabled.

with NCrystal it is now straightforward to reproduce the setup 
in a dedicated simulation. The exercise benefits from the fact that 
E. Frikkee corrected the observed transmission spectrum for con-
taminations due to higher-order λ/n reflections in the upstream 
monochromator, and had collimators placed before the slab and 
between the slab and detectors. The result is shown in Fig. 33, with 
a remarkable agreement between the data points and the predic-
tions of NCrystal. It is worth noting that, as can be inferred 
from Fig. 32, the transmission curve is expected to be affected sig-
nificantly by 6 different groups of reflection planes: 101, 102, 103, 
100, 004, and 006. A set which includes normals whose directions 
relative to the crystal’s c-axis are both parallel, orthogonal, and 
neither.

For reference, Fig. 33 also shows the results of disabling non-
Bragg diffraction physics (absorption, and inelastic/incoherent scat-
tering) in the simulations, proving the necessity of including these 
components as well if the most precise predictions are desired. 
Finally, a “simple rotation model” was also included, based on set-
ting lcmode=-1 in the NCrystal configuration. As was noted in 
Section 5.4, this in principle corresponds to how pyrolytic graphite 
is modelled in the Single_crystal component of McStas. Un-
fortunately, but not surprisingly, this model fails to reproduce the 
data with any kind of realism — except of course for the region 
below 20◦ where Bragg diffraction is not possible, and the regions 
around 29◦ and 63◦ where the physics is respectively dominated 
by scattering on the θn = 0 planes 004 and 006.

6. Incoherent elastic scattering

As discussed in more details in [1, Sec. 2.3], the per-atomic in-
coherent elastic cross section for scattering a neutron state with 
wavevector �ki into the final state with a wavevector �k f (where 
|�k f | = |�ki | ≡ k), is under the harmonic approximation given by:

dσ inc,el
�ki→�k f

d� f
= 1

N

N∑
j=1

σ inc
j

4π
e−2W j( �Q ) (53)
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Where the summation index j runs over all atomic positions in 
the unit cell, the constant σ inc

j is the incoherent scattering cross 
section of the atom in question, �Q ≡ �k f − �ki is the momentum 
transfer, and W j( �Q ) the Debye-Waller function. True to the nature 
of incoherent scattering, Eq. (53) shows no interference terms be-
tween atoms at different positions. For isotropic and harmonic dis-
placements, the Debye-Waller function is given by 1

2 Q 2δ2
j , where 

δ2
j is the mean-squared displacement of the jth atom from its 

nominal position in the crystal, as seen over a large ensemble of 
unit cells. All in all, the contribution of atoms occupying the jth 
position in the unit cell, is simply given as:⎧⎨
⎩

dσ inc,el
�ki→�k f

d� f

⎫⎬
⎭

j

= σ inc
j

4π
e−Q 2δ2

j (54)

To get the cross section at a given neutron wavelength, λ = 2π/k, 
one must integrate Eq. (54) over all outgoing directions of �k f . Des-
ignating the scattering angle as θ , and defining μ = cos θ , one 
finds:

Q 2 = (�k f − �ki)
2 = k2

i + k2
f − 2�ki · �k f = 2k2(1 − μ). (55)

Now, d� = sin θdθdϕ = dμdϕ and integration over dϕ merely 
yields a factor of 2π , so:

σ inc,el(k) = σinc

4π
2π

1∫
−1

exp(−2k2δ2(1 − μ))dμ

= σinc

4k2δ2
(1 − exp(−4k2δ2))

= σinc
1 − exp(−t)

t
(56)

Where the parameter t , was introduced:

t ≡ (2kδ)2 =
(

4πδ

λ

)2

(57)

For reasons of numerical efficiency and stability, Eq. (56) is in
NCrystal evaluated with a third-order Taylor expansion when 
t < 0.01, and with the limiting expression σinc/t when t > 24. In 
order to sample a value of μ for a particular scattering, a probabil-
ity density proportional to the integrand in Eq. (56) must be used. 
This implies that a μ value must be sampled in [−1, 1] according 
to the distribution:

P (μ) = Nt exp

(
tμ

2

)
(58)

With the normalisation factor Nt = t/(4 sinh(t/2)). For reasons of 
numerical stability and computational efficiency, when t < 0.02
the implementation in NCrystal samples μ via straightforward 
acceptance-rejection sampling using a constant overlay function 
and a Taylor expansion for evaluating Eq. (58). For larger val-
ues of t the transformation method is used instead, yielding μ =
−1 + 2t−1 log(1 + (et − 1)R) where R is a pseudo-random num-
ber distributed uniformly over the unit interval. As is the case 
for the implementation of Bragg diffraction in a crystal powder 
discussed in Section 3, the incoherent elastic model is also fast 
enough that there is potentially a non-negligible overhead from the 
construction of complete directional vectors in NCrystal’s vector 
interface for scattering event sampling. Consequently, this interface 
is implemented using the same efficient methods for vector con-
struction as those discussed in Section 3.
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Fig. 34. Scattering angle distributions in incoherent elastic interactions for various 
values of t . The distributed variable is μ = cos θ , so isotropic scattering corresponds 
to a flat distribution in [−1, 1].

Fig. 35. Values of t = (4πδ/λ)2 for various materials and temperatures.

Coming back to the significance of the parameter t: when 
λ � 4πδ, t approaches 0 and incoherent elastic scattering be-
comes isotropic with a wavelength-independent cross section — 
which is indeed a widely used approximation used to model in-
coherent elastic scattering. The approximation is, however, worse 
for materials with large atomic displacements which could for in-
stance be a result of high material temperature, and it will always 
eventually break down when the wavelength of the incoming neu-
tron is small enough. Fig. 34 shows scattering angle distributions 
in incoherent elastic interactions for various values of t: while the 
distributions for t = 0.01 and even t = 0.1 can be said to be essen-
tially isotropic, it is clear that forward scattering becomes favoured 
as t increases beyond this. To put this into context, Fig. 35 shows 
t-factor values for different material temperatures in select mate-
rials with significant incoherent elastic cross sections. For details 
concerning how the temperature dependency of atomic displace-
ments in (57) is implemented, readers are referred to [1]. With the 
exception of sodium, which has unusually large atomic displace-
ments, t < 0.01 is achieved for all investigated materials when the 
neutron wavelength is longer than 5 Å. However, for neutrons ther-
malised at room temperature, λ = 1.8 Å, this is no longer the case 
23
Fig. 36. Comparison of total cross sections predicted by NCrystal and experimen-
tal data for vanadium (Figure (a)) and nickel (Figure (b)). For the case of vanadium 
the coherent elastic contribution is included in the Total, but not shown explicitly 
as it is very low — with a maximal contribution of 0.03 barn at 4.5 × 10−3 eV. 
Measurements were obtained from EXFOR [41].

for any of the investigated materials except tungsten, and it is in-
deed prudent to use the more accurate formulas Eqs. (56) and (58)
to describe the interactions.

Concerning validation, the modelling based on the formulas 
Eqs. (56) and (58) is relatively trivial. It was of course verified 
by comparison with mpmath that the resulting cross sections and 
scattering angle distributions are implemented without technical 
issues such as numerical instabilities. Additionally, Fig. 36 shows 
the importance of incoherent elastic scattering for Vanadium and 
Nickel, and illustrates how the model as implemented in NCrys-
tal is essential for reproducing the measured total cross sections. 
Due to the general low interest in incoherent elastic scattering in 
itself, no suitable measurements were found with which a corre-
sponding comparison of scattering angles could be performed. In 
particular, the search for scattering angle data sensitive to devia-
tions from isotropicity with vanadium samples is complicated by 
the fact that many neutron scattering instruments are calibrated 
with vanadium samples.
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Fig. 37. Average computational speed for isotropically distributed neutrons in elastic 
models included with NCrystal, for various parameters as indicated. The crystal 
structure of the material is in all cases that of pyrolytic graphite, but with different 
assumptions of mosaicity distributions affecting Bragg diffraction models as indi-
cated. Dashed lines show the effect of running with sccutoff=0, and open circles 
show the effect of including exactly one sampling of a scattering event after each 
cross section evaluation. Where relevant, indicated mosaicities are FWHM values.

7. Computational efficiency

The computational cost of using NCrystal to provide infor-
mation about neutron scatterings is of course highly dependent 
on the use case: specific materials, distribution of neutrons, and 
configuration options can all influence this greatly. In order to 
nonetheless gauge this, the present discussion will use a bench-
mark in which an isotropic source of neutrons at a given wave-
length interacts in a material which is either a powder, a single 
crystal, or a layered single crystal. The direction-dependent inter-
faces are used in all cases, as this is what is typically used when
NCrystal is embedded in a generic simulation framework like
Geant4 or McStas. To enable more meaningful comparisons, the 
crystal structure of the material will in all cases be that of pyrolytic 
graphite. This is important, since the comparisons would otherwise 
be influenced by material-specific details such as the number of 
reflection planes and their d-spacings (see for instance [1, Fig. 4]). 
The timings were in all cases carried out using an otherwise un-
occupied node at the ESS-DMSC computing cluster in Copenhagen 
on a 2.40 GHz Intel® Xeon® Processor (E5-2680 v4).

Fig. 37 shows the result of this timing benchmark, the details 
of which will be discussed in the following. The curves show the 
average time for each cross section evaluation, while open circles 
show the average time spent when each cross section evaluation 
is followed by exactly one sampling of a scattering event. This of 
course represents a worst case estimation of the impact of scat-
tering event sampling, since in a real simulation the number of 
cross section evaluations would often be significantly higher than 
the number of scattering events.

Starting from the simplest model and proceeding in the direc-
tion of increasing complexity, the model named Baseline is the 
simplest possible model which just returns a cross section value 
of 0 when called. It can provide results at a rate of O(500 MHz), 
a rate which primarily represents the overhead of calling a virtual 
function in the NCrystal C++ interface.

Next, the incoherent elastic model provides cross sections at 
a fast rate of O(50 MHz). The small jumps in evaluation times 
observed at certain wavelength thresholds are a result of different 
approximations being used to evaluate Eq. (56) in different energy 
domains. Incoherent elastic scattering events can be sampled at a 
rate around O(10 MHz), which is seen to be similar to the same 
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rate for Bragg diffraction in a powder. This is not surprising since, 
as mentioned in Section 6, they employ the same algorithm for 
finding the directional vector of the outgoing neutron on the basis 
of the sampled scattering angle. It is, however, not inconceivable 
that a faster algorithm could be adopted for longer wavelengths 
where incoherent elastic scattering is almost isotropic. Given that 
the incoherent elastic sampling rate is already high, this was not 
deemed a high priority so far — but such an improvement might 
be included in a future NCrystal release.

The curve for Bragg diffraction in a powder in Fig. 37 shows 
what is essentially constant performance below the Bragg cutoff of 
6.71 Å, corresponding to a rate of O(50 MHz). This is not surpris-
ing, given the implementation discussed in Section 3, whose main 
overhead is a binary search in a single contiguous array. As already 
mentioned, the sampling speed of O(10 MHz) is dominated by the 
construction of the directional vector of the outgoing neutron.

Turning next to the single crystal models, layered or not, 
the situation is more complicated. Starting at the Bragg cutoff 
at 6.71 Å, more and more reflection planes are able to satisfy 
the Bragg condition as the neutron wavelength decreases. Unlike 
the case of a powder, each (group of) reflection planes must be 
checked separately, leading to a growth all the way down to 0.8 Å, 
where the isotropic approximation described in Section 4.6 pre-
vents additional planes from being considered. The dashed lines in 
Fig. 37 show the effect of foregoing this approximation, leading to 
a continued growth of evaluation times down to 0.2 Å. The final 
plateau below 0.2 Å is due to the other threshold in NCrystal, 
which completely leaves out reflection planes with d-spacing be-
low 0.1 Å. It is worth noting that this second threshold does not in 
general represent a trade-off between realism and computational 
efficiency, as it was shown in [1, Fig. 6] that the reflection planes 
removed by it do not actually contribute significantly to the cross 
sections.

Next, the differences between the various single crystal curves 
in Fig. 37 can mainly be attributed to two effects. The first of these 
is that layered single crystals are about an order of magnitude 
slower to process than non-layered single crystals, which is hardly 
surprising given that the former must essentially perform a nu-
merical integration of the latter — and in most cases the numerical 
integration needs exactly 17 evaluations of the integrand. The sec-
ond effect can be traced down to whether or not the non-layered 
single crystal geometrical factors are evaluated with the efficient 
approximation Eq. (36), or with a numerical integration. Numerical 
integration is required more often when mosaicities are higher, re-
quested precision (ε) is better, and near back-scattering conditions. 
Back-scattering conditions occur when the neutron wavelength is 
just below the plane thresholds of 2dhkl , which explains the series 
of bumps witnessed in the curves with ε = 10−3 and mosaicities 
of 3◦ . The configuration with ε = 10−5 needs expensive numerical 
integration in almost all cases, while the configurations with low 
mosaicities of 1′ can do the opposite and use the efficient approx-
imation in almost all cases.

Although Fig. 37 show large variations in computational speed 
for single crystal models, a few rough conclusions can be drawn. 
For usual configurations, cross section evaluations at longer wave-
lengths, above O(1.5 Å), proceed at a rate of O(1–10 MHz), and 
at shorter wavelengths the rate is O(0.1–1 MHz). If deemed a rea-
sonable trade-off for a specific use case, it is of course possible to 
increase the threshold at which the isotropic approximation is ap-
plied, through the sccutoff configuration parameter, and thus 
improve the computational speed at lower wavelengths. Concern-
ing the speed of scattering event sampling, it is in general seen 
to be almost negligible compared to the cross section evaluation 
time. This is especially true at shorter wavelengths where more 
planes must be considered, and is hardly surprising since the code 
sampling scattering events can benefit from the work already done 
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when calculating the cross sections, in order to quickly select just 
a single plane with which to proceed. As already mentioned, the 
treatment of layered single crystals is roughly an order of magni-
tude slower than that for single crystals. The exception in Fig. 37 is 
for neutron wavelengths above 4.27 Å, where only the 002 plane 
contributes. As this plane is aligned with the lattice c-axis, it has 
θn = 0, and is in practice treated with code similar to that used in 
non-layered single crystals. Finally, it should be noted that the al-
ternative implementations of layered single crystal code discussed 
in Section 5.4 would be at the very least 3–4 orders of magnitude 
slower than the model used in Fig. 37, i.e. the one described in 
Sections 5.1–5.3, thus rendering it unusable for practical simula-
tion work.

8. Summary and outlook

The models presented in Sections 3–6 cover the capabili-
ties for elastic thermal neutron scattering in NCrystal releases
v1.0.0–v2.7.0. Along with the scattering kernel-based inelastic 
scattering models introduced in NCrystal release v2.0.0, the 
elastic models enable realistic representation of the most impor-
tant crystalline materials found at neutron scattering facilities. The 
implementations in particular focus on the primary intended usage 
of NCrystal: to serve as a physics backend in generic simulation 
frameworks like Geant4. Consequently, they focus on ease of con-
figuration, computational efficiency, and in particular robustness — 
which means that the code provides accurate results for all sup-
ported configurations and neutron state parameters. Thus, the code 
supports running with a very large number of reflection planes at 
shorter wavelengths, both small and large mosaic spreads in sin-
gle crystals, and both extreme backwards or forward scattering. 
Failure to support some of these cases correctly could lead to sur-
prises and misleading results for casual users, whose simulations 
might just happen to involve one or more of them, which would 
be unacceptable.

Obviously, the presented models do not account for all effects 
which one might find in real crystalline materials, and additional 
features might in the future be incorporated in order to reproduce 
specific characteristics of some materials — in particular concern-
ing detailed simulations of objects placed in the sample position 
at a neutron scattering instrument, which by design can be more 
sensitive to small effects. Examples of such effects might include 
the ability to account for effects of the finite crystallite grain sizes, 
fluctuations in lattice parameters, site occupancies, chemical dis-
order (e.g. in doped crystals), material strain, longer-scale fluctu-
ations in scattering length densities (SANS models), and texture 
effects in polycrystals. Additionally, while support for multi-phase 
materials is in principle already included, it currently relies on 
user-code for handling the multiple phases. A future release of
NCrystal should make it possible to define multiple phases di-
rectly in the NCrystal configuration strings — thus ensuring easy 
and consistent setup for all users. Finally, it is of course also desir-
able to continue to expand NCrystal’s library of validated mate-
rial files, and to improve the performance of existing models.

In addition to developments in capabilities for physics mod-
elling, several potential improvements to NCrystal of a more 
technical nature are also desirable. Firstly, it is planned in the 
near future to make the framework multi-thread safe and pro-
vide optional interfaces suited for parallel computing. Secondly, 
it is obviously very desirable for NCrystal to be integrated for 
use as a backend in more simulation packages than the existing,
Geant4 and McStas. Obvious candidates for which some interest 
has already been expressed in the community are MCNP [42–46],
OpenMC [47], PHITS [48], and VITESS [20,49].

Which of these many additional features will be available in the 
future, will depend on the needs of the community as well as the 
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availability of manpower. In this respect it might be interesting to 
note that NCrystal release v2.2.0 introduced support for user-
contributed plugins, which will hopefully facilitate contributions to 
the development of new physics models from a wider community.
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Appendix A. Material and atom parameters

For reference, this appendix lists the most important values of 
atomic and material-specific parameters used for the various plots 
throughout the article. For additional details beyond these, includ-
ing full lists of atomic positions and points in phonon VDOS curves, 
readers are referred to the human readable NCMAT data files found 
in the NCrystal v2.0.0 release, which can be easily located on-
line [2].

First, Table A.1 lists masses, scattering lengths, and cross sec-
tions of relevant nuclei. Next, Table A.2, provides primary parame-
ters and references for crystal structures used to define the various 
materials. For a full list of atomic positions in the unit cells, re-
fer to the NCMAT files or the indicated references. Complementing 
this, Table A.3 provides Debye temperatures of elements in the ma-
terials. Also provided are corresponding derived values of isotropic 
atomic displacements at T = 293.15 K, needed for the evaluation 
of Debye-Waller factors in elastic scattering. Readers are referred 
to [1] for details about how the atomic displacements are derived 
from the Debye temperatures.10

Finally, a few plots in this article include inelastic scattering 
contributions. Modelling of these is based on phonon VDOS curves, 
the method of [12], and the incoherent approximation. Phonon 
VDOS curves for graphite and beryllium oxide are the same as used 
for the corresponding materials in [50]. For nickel and vanadium 
the VDOS curves are respectively taken from [51] and [52].

Appendix B. Additional reference plots

For reference, this appendix contains figures for additional 
parameter values, complementing the figures presented in Sec-
tions 4.7.1, 4.7.3, and 5.5.1.

10 Note that after this present article was completed, NCrystal v2.6.0 was re-
leased, doing away with the usage of Debye temperatures in favour of calculating 
atomic displacements directly from phonon VDOS curves. This has the dual advan-
tage of ensuring a greater consistency between elastic and inelastic components, as 
well as removing the need to come up with credible Debye temperature parame-
ter when defining materials. However, it is important to note that the origin of the 
atomic displacements should make no difference to the elastic algorithms presented 
in this article.



T. Kittelmann and X.-X. Cai Computer Physics Communications 267 (2021) 108082

Table A.1
Masses, scattering lengths, and cross sections of relevant nuclei. Values are based on [53–55].

Element mass bcoh σinc σabs

n 1.008 664 915 88 u
Be 9.012 182 u 7.79 fm 0.0018 b 0.0076 b
C 12.0107 u 6.6484 fm 0.001 b 0.0035 b
O 15.9994 u 5.805 fm 0 b 0.00019 b
Na 22.989 77 u 3.63 fm 1.62 b 0.53 b
Al 26.981 538 u 3.449 fm 0.0082 b 0.231 b
Sc 44.955 91 u 12.1 fm 4.5 b 27.5 b
Ti 47.867 u -3.37 fm 2.87 b 6.09 b
V 50.9415 u -0.443 fm 5.08 b 5.08 b
Ni 58.6934 u 10.3 fm 5.2 b 4.49 b
Ge 72.64 u 8.185 fm 0.18 b 2.2 b
Ag 107.8682 u 5.922 fm 0.58 b 63.3 b
W 183.84 u 4.755 fm 1.63 b 18.3 b

Table A.2
Crystal structures of materials used in this article, along with references.

Material Space group Lattice References

Graphite (C) 194 (P63/mmc) a = 2.464 Å [56][57, #9011577]
Hexagonal c = 6.711 Å

Corundum (Al2O3) 167 (R3̄c) a = 4.757 Å [58][57, #9007498]
Trigonal c = 12.9877 Å

Beryllium oxide (BeO) 186 (P63mc) a = 2.698 Å [59][60]
Hexagonal c = 4.359 Å

Germanium (Ge) 227 (Fd3̄m) Cubic a = 5.65735 Å [61][57, #9008567]

Tungsten (W) 229 (Im3̄m) Cubic a = 3.16469 Å [61][57, #9008558]

Titanium (Ti) 194 (P63/mmc) a = 2.95 Å [61][57, #9008517]
Hexagonal c = 4.686 Å

Nickel (Ni) 225 (Fm3̄m) Cubic a = 3.52387 Å [61][57, #9008476]

Sodium (Na) 229 (Im3̄m) Cubic a = 4.2906 Å [61][57, #9008545]

Silver (Ag) 225 (Fm3̄m) Cubic a = 4.0862 Å [61][57, #9008459]

Scandium (Sc) 194 (P63/mmc) a = 3.309 Å [61][57, #9008514]
Hexagonal c = 5.2733 Å

Vanadium (V) 229 (Im3̄m) Cubic a = 3.024 Å [61][57, #9008557]

Table A.3
Debye temperatures of elements in materials used in this article. For convenience and ease of reproducibility, 
the corresponding derived values of isotropic atomic displacements at T = 293.15 K are also provided. The De-
bye temperature values were taken directly or indirectly from the provided references, although for the case of 
graphite and nickel, they were adjusted slightly (around 10%) to be more consistent with the phonon VDOS curves 
in those materials.

Material Element Debye temperature δ(293.15 K) Reference

Graphite C 840 K 0.07809672 Å [56] + VDOS
Corundum Al 853.4 K 0.05142104 Å [58]
Corundum O 1054.6 K 0.05628024 Å [58]
Beryllium oxide Be 1275 K 0.06496922 Å [59]
Beryllium oxide O 1100 K 0.05447068 Å [59]
Germanium Ge 281.4 K 0.08720523 Å [62]
Tungsten W 399 K 0.03913163 Å [63]
Titanium Ti 378.3 K 0.08069100 Å [62]
Nickel Ni 380 K 0.07255796 Å [62] + VDOS.
Sodium Na 148.8323 K 0.29046672 Å [62]
Silver Ag 207.6 K 0.09645636 Å [62]
Scandium Sc 322.1595 K 0.09719257 Å [62]
Vanadium V 346.4 K 0.08512444 Å [62]
26
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Fig. B.1. Similar to figure Fig. 6, but with an even higher mosaicity of σ = 3◦ (7.06◦
FWHM).

Fig. B.2. Similar to figure Fig. 7, but with a more narrow truncation of τ = 2σ .

Fig. B.3. Similar to figure Fig. 8, but with slightly less extreme back-scattering, α =
3σ .

Fig. B.4. Same curves as in Fig. 14, but for a reduced Bragg angle of 10◦ .

Fig. B.5. Same curves as in Fig. 14, but for an increased Bragg angle of 80◦ .

Fig. B.6. Same curves as in Fig. 14, but for a smaller FWHM mosaicity of 0.01◦ and 
a reduced Bragg angle of 10◦ .
27
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Fig. B.7. Same curves as in Fig. 14, but for a smaller FWHM mosaicity of 0.01◦ and 
an increased Bragg angle of 80◦ . For clarity the curve for a slab thickness of 1 cm
is not shown, due to overlaps with the 20 cm curve.

Fig. B.8. Same curves as in Fig. 14, but for a larger FWHM mosaicity of 4◦ .

Fig. B.9. Same curves as in Fig. 14, but for a larger FWHM mosaicity of 4◦ and a 
reduced Bragg angle of 10◦ .

Fig. B.10. Idealised reflection probabilities as in Fig. 17, but for neutron incidence 
angle and Bragg angle both 10◦ .

Fig. B.11. Idealised reflection probabilities as in Fig. 17, but for neutron incidence 
angle and Bragg angle both 45◦ .

Fig. B.12. Same curves as in Fig. 25 but for a neutron incidence of θk = 1◦ .
28
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Fig. B.13. Same curves as in Fig. 25 but for a neutron incidence of θk = 70◦ .

Fig. B.14. Same curves as in Fig. 25 but for a neutron incidence of θk = 89◦ .
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