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Summary A novel variational approach to assess environmentally assisted fatigue in structural steels is presented. A coupled deformation-
diffusion-phase field scheme has been developed in the framework of the finite element method. The model builds upon a hydrogen-
dependent surface energy degradation law based on Density Functional Theory that adequately characterizes the sensitivity of the fracture 
energy to atomic hydrogen concentration. The results demonstrate the capability of the model to appropriately capture the main trends 
observed in laboratory experiments; namely, the sensitivity of fatigue crack growth rates to (i) the hydrogen content and (ii) the loading 
frequency. 

 
INTRODUCTION 

 
   The phase field fracture model has recently emerged as a promising computational method for addressing crack 
initiation and propagation in solids. The model builds upon Griffith’s thermodynamics framework and enables 
predicting complex cracking features such as crack nucleation, branching, kinking or merging in arbitrary geometries 
and dimensions, on the original finite element mesh, and without convergence problems [1]. The method has very 
recently been extended to fatigue damage [2, 3], showing that features such as fatigue crack growth rate curves or S-N 
curves can be predicted without any prior assumption. However, most failures often occur due to the combination of 
environmental effects and mechanical fatigue loading. One of the most relevant environmental effects is the role of 
what is generally referred to as hydrogen embrittlement. Hydrogen has been known, for over a hundred years, to cause 
catastrophic failure in many engineering alloys such as high strength steels [4]. Hydrogen atoms enter the material, 
migrate through the crystal lattice and degrade the mechanical properties of the material, reducing (by up to 90%) the 
fracture toughness and augmenting fatigue crack growth rates. 
 
In this work, the phase field formulation is extended to predict environmentally assisted fatigue. The modelling 
framework builds upon the success of recent phase field fracture formulations for environmentally assisted cracking 
under static loads [5, 6]. Of interest are hydrogenous environments and capturing the synergy between corrosion fatigue 
and hydrogen embrittlement. The model is first used to gain fundamental insight and provide a mechanistic rationale for 
the trends observed in the experiments; namely, the sensitivity of fatigue crack growth rates to the hydrogen content and 
the loading frequency. Secondly, the model is employed to predict the impact of the environment on fatigue crack 
growth rate curves, in several 2D and 3D case studies of technological interest, enabling optimising design and 
maintenance through Virtual Testing, as well as planning efficient and targeted experimental campaigns. 
 

STRESS-ASSISTED HYDROGEN DIFFUSION COUPLED WITH PHASE FIELD FATIGUE 
 
   Hydrogen transport towards the fracture process zone and subsequent cracking are studied through a coupled 
mechanical-diffusion-phase field finite element (FE) formulation. The model builds upon: (i) a phase field formulation 
of fatigue cracking, (ii) a coupled mechanical-diffusion response, driven by chemical potential gradients, as an 
extension of Fick’s law for mass diffusion, and (iii) a hydrogen-dependent surface energy degradation law grounded on 
Density Functional Theory (DFT). The response of a material point, in terms of displacements 𝒖, phase field order 
parameter 𝜙 and hydrogen concentration 𝐶, is governed by a set of three equilibrium equations on a bulk domain Ω 
along with the corresponding set of boundary conditions on its external surface ∂Ω of outward normal 𝒏, 
 
 ∇ ⋅ 𝝈 = 𝟎

∇ ⋅ 𝜻 − 𝜔 = 0
d𝐶
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where 𝝈 is the symmetric Cauchy stress tensor, 𝜔 and 𝜻 the microstress quantities work conjugates to the phase field 
𝜙 and its gradient ∇𝜙, respectively, 𝑱 the hydrogen flux, 𝒉 the prescribed boundary traction, 𝑝 the phase field 
fracture microtraction and 𝑞 the concentration flux entering the body across its external surface. The deformation, 
diffusion and phase field fracture problems are weakly coupled. First, mechanical deformation affects hydrogen 
diffusion through the stress field by governing the hydrostatic stress dependence of the bulk chemical potential. 
Secondly, mass transport impacts the fracture resistance via hydrogen accumulation at the fracture process zone, 
lowering the critical energy release rate. Thirdly, the hydrogen-sensitive phase field variable degrades the strain energy 
density of the solid. 
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NUMERICAL RESULTS: PROPAGATING CRACKS IN THE PRESENCE OF HYDROGEN 

 
The modelling framework is implemented in the commercial finite element (FE) package Abaqus using user-defined 
subroutines. The coupled deformation-diffusion-phase field FE equations are solved in an implicit time integration 
scheme by means of a residual control-based staggered algorithm [7]. A remote mode I 𝐾-field is prescribed and both 
crack initiation and crack growth are considered. Dimensional analysis shows that the hydrogen concentration ahead of 
a stationary crack can be quantified by the interplay between loading frequency 𝑓 and hydrogen diffusion coefficient 
𝐷  via 𝑓̅ = 𝑓𝑅 /𝐷  where 𝑅  is a measure of the gradients close to the crack tip: 𝑅 = 𝐾 /𝐸 . Fig. 1(a) 
demonstrates, in agreement with experimental observations, that the sensitivity of a material to hydrogen embrittlement 
is bounded between two limiting cases: (a) slow tests, where the test time significantly exceeds the characteristic 
diffusion time of hydrogen throughout the specimen – very low value of 𝑓,̅ and (b) fast tests, where the test time is 
much less than the characteristic hydrogen diffusion time – very high value of 𝑓.̅ Subsequently, the effect of hydrogen 
embrittlement on the stable crack growth behaviour (Paris law regime) is demonstrated in Fig1(b). By applying the 
well-known Paris equation d𝑎/d𝑁 = 𝐶Δ𝐾 , one can readily observe that 𝐶 increases with the hydrogen content, in 
agreement with the experimental trends. On the other hand, results yield a Paris’ exponent that demonstrates less 
sensitivity to the hydrogen content (𝑚 ≈ 3.2), lying in all the cases in the experimentally reported range of 2 to 4 for 
metals in inert environments. For higher values of Δ𝐾, the red curve (1 wt ppm) starts deviating from the linear 
behaviour, demonstrating a transition phase between the stable (Paris’ regime) and unstable crack propagation regions. 

A reference stress intensity factor is defined as 𝐾 = 𝐺 (𝐶)𝐸/(1 − 𝜈 )  for 𝐶 = 1 wt ppm . Other problem 
parameters are 𝑓 = 1Hz, 𝑅 = 0.1, 𝐷 = 0.0127mm /s, 𝐸 = 210GPa, 𝜈 = 0.3, and 𝐺 = 2.7 kJ/m . 
 

 

Figure 1. Hydrogen embrittlement effects on propagating cracks: (a) Sensitivity of crack growth rate to the loading frequency 
(relative to the diffusion coefficient) for Δ𝐾/𝐾 = 0.54 (b) Impact of environment on Paris curves. 

 
CONCLUSIONS 

 
   We have presented a phase field formulation for the long-standing problem of environmentally assisted fatigue. A 
coupled mechanical-diffusion-phase field scheme has been developed in the context of finite element method using Abaqus 
user-defined subroutines. We show that the model can appropriately capture the main experimental observations: (i) the 
impact of environment on fatigue crack growth rates, (ii) the effect of loading frequency/testing time on the crack growth 
rate of a fracturing solid undergoing hydrogen embrittlement. 
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