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Summary 
 

This thesis addresses the problem of measuring oil relative permeability under the 

solution gas process, particularly measuring the effective oil permeability when the gas 

phase is immobile and the critical gas saturation value. The thesis is divided into five 

chapters. The first two chapters provide a comprehensive literature review and 

theoretical background that serve as the foundation of this work. Chapters 3 and 4 

present the experimental and modeling parts of the study and represent the work's main 

body. Chapter 5 briefly sums up the work's general conclusions and the suggested future 

work inspired by the thesis results. The content of each chapter is outlined as follows: 

Chapter 1 presents the practical problem statement from which the project was 

initiated. When the oil reservoirs are developed, the pressure decreases. If it becomes 

below the so-called bubble point pressure, gas is liberated from oil. The liberated gas 

bubbles plug the porous space of the reservoir and create additional resistance to the oil 

flow. This is reflected in the value of the relative permeability for the oil. Experimental 

and modeling studies of the oil and gas relative permeabilities form the subject of the 

present thesis. 

Chapter 2 provides the framework of fluid flow in porous media and the concept of 

relative permeability. It also discusses the most common laboratory methods of 

measuring the relative permeability alongside a brief review of the relative permeability 

models. The factors affecting the relative permeability are also presented. Finally, the 

chapter is rounded by a literature review of the solution gas drive experimental and 

theoretical studies. This chapter aims to present the theoretical background needed to 

familiarize the reader with the main concepts to benefit from reading this thesis. Finally, 

the controversy of the results found in the literature is discussed. 

Chapter 3 presents the experimental part of the study. A new method to measure oil 

relative permeability and critical gas for oil-gas systems under depressurization is 

presented. The oil relative permeability is measured in the presence of immobile gas 

through the steady-state method. The novelty of this work is the ability of the proposed 

method to measure the relative permeability outside the active saturation region. Six 

low permeable chalk core samples from the North Sea region are studied using two 
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binary fluid mixtures. The results show a highly variable amount of immobile gas for 

North Sea chalk and a significant reduction in oil relative permeability. The relative 

permeabilities outside the active saturation region were found to be power-law type 

functions. Applying the model developed in the following chapter allows the 

reconstruction of both gas and oil relative permeability curves in the whole saturation 

range. The significance of the presented work is not limited to the new method of 

measuring the relative permeability but also the addition of such data to the literature, 

which, to the best knowledge of the author, lack such data set. 

 

Chapter 4 presents the modeling part of the study. The derived model predicts the 

relative permeabilities under two-phase flows in porous media. The phases may partly 

mix, and one of the phases is immobile. The model was derived for the purpose of 

predicting oil relative permeability for the particular case of bubble formation in an oil 

reservoir when the pressure falls below the bubble point. However, it can be used in the 

case of condensation and droplet precipitation in a gas-condensate reservoir. The 

dependencies for the relative permeabilities on the saturation are derived based on a 

pore-level model of the porous medium, represented as a capillary network. The 

distribution of the bubbles or droplets in the network is computed statistically using a 

method adapted from statistical physics. The relative permeabilities of the whole lattice 

are determined by applying effective medium formalism. Universal correlations 

between the model parameters and the parameters in the Corey-Brooks dependencies 

are presented. This allows the extinction of the standard Corey-Brooks formula onto 

the saturation ranges where one of the phases is immobile. A comparison with the 

available experimental data is also presented. The result of the comparison indicates the 

good performance of the model. 

 

Chapter 5 briefly sums up the general conclusions of the study. Additionally, 

suggested future work based on the conclusions is presented. The main goal is to 

provide the reader with a broader picture of the results and their application from an 

engineering perspective. 
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Resumé 
 

Denne afhandling behandler problemet med måling af relativ oliepermeabilitet under 

opløsningsgasprocessen, især måling af effektiv oliepermeabilitet, når gasfasen er 

ubevægelig og den kritiske gasmætningsværdi. Specialet er opdelt i fem kapitler. De 

første to kapitler giver en omfattende litteraturgennemgang og teoretisk baggrund, der 

tjener som grundlaget for dette arbejde. Kapitel 3 og 4 præsenterer undersøgelsens 

eksperimentelle og modellerende dele og repræsenterer værkets hoveddel. Kapitel 5 

opsummerer kort arbejdets generelle konklusioner og det foreslåede fremtidige arbejde 

inspireret af afhandlingens resultater. Indholdet af hvert kapitel er beskrevet som følger: 

 

Kapitel 1 præsenterer den praktiske problemstilling, hvorfra projektet blev startet. Når 

oliereservoirerne udvikles, falder trykket. Hvis det bliver under det såkaldte 

boblepunktstryk, frigøres gas fra olie. De frigjorte gasbobler plugger de porer i 

reservoiret og skaber yderligere modstand mod olieflowet. Dette afspejles i værdien af 

den relative permeabilitet for olien. Eksperimentelle og modelleringsundersøgelser af 

olie- og gaspermeabiliteterne er emnet for denne afhandling. 

 

Kapitel 2 giver rammen om væskestrømning i porøse medier og begrebet relativ 

permeabilitet. Det giver også den mest almindelige laboratoriemetode til måling af den 

relative permeabilitet sammen med en kort gennemgang af de relative 

permeabilitetsmodeller. Faktorerne, der påvirker den relative permeabilitet, er også 

præsenteret. Endelig afrundes kapitlet med en litteraturoversigt over løsningsgasdrevets 

eksperimentelle og teoretiske studier. Dette kapitel har til formål at præsentere den 

teoretiske baggrund, der er nødvendig for at gøre læseren fortrolig med de vigtigste 

begreber for at drage fordel af at læse denne afhandling. Endelig diskuteres 

kontroversen med resultaterne i litteraturen. 
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Kapitel 3 præsenterer undersøgelsens eksperimentelle del. En ny metode til måling af 

relativ permeabilitet for olie og kritisk gas til oliegassystemer under trykaflastning 

præsenteres. Den relative oliepermeabilitet blev målt i nærvær af immobil gas ved hjælp 

af steady-state-metoden. Dette værks nyhed er den foreslåede metodes evne til at måle 

den relative permeabilitet uden for det aktive mætningsområde nøjagtigt. Seks 

lavpermeable kridtkerneprøver fra Nordsøområdet blev testet under anvendelse af to 

binære væskeblandinger. Resultaterne viser en meget variabel mængde immobil gas til 

Nordsø kridt og en signifikant reduktion i olie relativ permeabilitet. De relative 

permeabiliteter uden for det aktive mætningsområde blev fundet at være funktion af lov 

af typen lov. Anvendelse af den model, der er udviklet i det følgende kapitel, muliggør 

rekonstruktion af både gas- og olie-relativ permeabilitetskurver i hele 

mætningsområdet. Dette værks betydning er ikke begrænset til den nye metode til 

måling af den relative permeabilitet, men også tilføjelsen af sådanne data til litteraturen, 

som efter forfatterens bedste viden mangler et sådant datasæt. 

 

Kapitel 4 præsenterer modelleringsdelen af undersøgelsen. Den afledte model 

forudsiger de relative permeabiliteter under to-fasestrømme i porøse medier. Faserne 

kan delvist blandes, og en af faserne er immobile. Modellen blev afledt med det formål 

at forudsige relativ oliepermeabilitet for det særlige tilfælde af bobledannelse i et 

oliereservoir, når trykket falder under bobelpunktet. Det kan dog anvendes i tilfælde af 

kondens og dråbefældning i et gaskondensatreservoir. Afhængighederne for de relative 

permeabiliteter på mætningen er afledt baseret på en poreniveau-model af det porøse 

medium, repræsenteret som et kapillærnetværk. Fordelingen af boblerne eller dråberne 

i netværket beregnes statistisk ved hjælp af en metode tilpasset statistisk fysik. De 

relative permeabiliteter for hele gitteret bestemmes ved anvendelse af effektiv 

mediumformalisme. Universelle korrelationer mellem modelparametrene og 

parametrene i Corey-Brooks-afhængighederne præsenteres. Dette gør det muligt at 

udslette standard Corey-Brooks-formlen på mætningsområderne, hvor en af faserne er 

immobil. En sammenligning med de tilgængelige eksperimentelle data præsenteres 

også. Resultatet af sammenligningen indikerer modelens gode ydeevne. 
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Kapitel 5 opsummerer kort de generelle konklusioner af undersøgelsen. Derudover 

præsenteres foreslået fremtidigt arbejde baseret på konklusionerne. Hovedmålet er at 

give læseren et bredere billede af resultaterne og deres anvendelse fra et teknisk 

perspektiv.  
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Chapter 1. Introduction 
 

1.1 Motivation and outline of the work 
This project was generated in the framework of the Lower Cretaceous workstream 

(TRD1) organized by the DHRTC – Center for Oil and Gas, DTU. The goal of the 

workstream was to study the petroleum production from low-permeable Lower 

Cretaceous petroleum reservoirs and, in particular, from the Valdemar oil field. 

One of the problems related to this oil field was the observed production decrease in 

some of the wells. It was hypothesized that this decrease appears due to the gas liberated 

from oil when the reservoir pressure around a well falls below the bubble point. 

The nature of the liberated gas phase is crucial to the reservoir drive mechanism. If 

liberated gas bubbles easily coalescence to form a mobile gas phase, this can support 

the reservoir energy by an effective gas‐oil gravity drainage mechanism. The vertical 

reservoir permeability, relative permeabilities, layering/stratigraphy, and reservoir dip 

are crucial parameters for an effective upwards gas migration. Under such conditions, 

the reservoir gas may be collected at the top of the reservoir and form the so-called 

secondary gas cap. Appearance of such cap was initially questioned but further rejected 

based on the seismic data. 

On the opposite, the liberated gas may persist as disconnected gas bubbles due to 

unfavorable pore sizes, pore/pore‐throat aspect ratios, and capillary forces/wettability 

balance. Then the gas bubbles can block individual pore/throats and thereby lower the 

effective permeability of the reservoir. The stability/immobility of the individual gas 

bubbles is strongly affected by the pore/throat size and geometry and is a risk in 

tight/low permeability reservoirs. Further, reservoir wettability can have a governing 

effect on the mobility of the individual gas bubbles and thereby hinder the coalescence 

process. 

Appearance of the trapped gas may increase the resistance of the rock to the oil flow, 
which will be reflected in the value of the relative permeability for oil. It has been 
decided to experimentally measure such permeabilities. Flow‐through experiments of 
the oil with gradually decreasing pressure from above to below the bubble point were 
carried out. X‐ray computer tomography was applied in order to observe in situ gas 
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liberation. The pressure difference and the corresponding effective permeability for oil 
were monitored. The critical saturations were measured. This part of the work will be 
discussed in Chapter 3 of the current thesis. 

In order to apply the results of the study to the reservoir simulation, a micromodel for 
computation of the relative gas and oil permeabilities was produced. The parameters of 
the microstructure of the porous medium were converted into the relative permeability 
curves and, finally to the parameters of the Brooks-Corey formulae for the relative 
permeabilities, commonly applied for numerical reservoir simulation. The modeling 
part of the work is described in Chapter 4 of the thesis. Later the results of this part 
were actually applied for reservoir simulation, with the reservoir model created at 
Geological Survey of Denmark and Greenland (GEUS). The numerical reservoir 
simulations are not described in the present thesis. 

The experiments and the models were based on the extensive analysis of the previous 

experience in studies of the gas-oil relative permeabilities. An extensive literature 

review on the subject is presented in Chapter 2. 

Chapter 5 contains conclusions and suggestions for future work. 

1.2 Publications emerged from the thesis 
The main results of the thesis are summarized in Chapters 3 and 4. These chapters 

closely follow the two peer-review publications that emerged from the thesis: 

Al-Masri, W., Shapiro, A. A., Model for Relative Permeabilities Under Gas Liberation 

or Condensate Precipitation in Porous Medium. Transp Porous Med (2020). https://doi-

org.proxy.findit.dtu.dk/10.1007/s11242-020-01496-9 

Al-Masri, W., Shapiro, A. A., Experimental Determination of Relative Permeabilities 

and Critical Gas Saturations under Solution-Gas Drive, accepted for publication in 

Journal of Petroleum Science and Engineering (2021). 

The work was presented at the conference: 

Al-Masri, W., Shapiro, A.A., The Effect of Solution Gas Liberation on Oil Flow in 

Porous Media, presented at Interpore 2020 (online), August 31-September 4, 2020. 

Unfortunately, due to the corona situation, it has been impossible to participate in a 

larger number of international conferences. Hopefully, more conference presentations 

may still be delivered in the future. 

https://doi-org.proxy.findit.dtu.dk/10.1007/s11242-020-01496-9
https://doi-org.proxy.findit.dtu.dk/10.1007/s11242-020-01496-9
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There has been a number of internal presentations (oral and posters) at the seminars and 

mini-conferences (Discussion Meetings) organized by the DHRTC and CERE - DTU, 

with a participation of Danish and international industries. 
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Chapter 2. Theoretical Background 
and Literature Review 

 

2.1 Fluid Flow in Porous Media and the Concept of Relative 
Permeability  

 

A porous medium is any solid matrix containing interconnected void space, known as 

pores, and permits fluid flow through those pores. The ratio of the void volume to the 

matrix volume is what is commonly known as porosity.  

In the early 1850s, Henry Darcy was the first to describe fluid flow in porous media by 

conducting an experiment using a sand column saturated with water (Brown, 2002). He 

found out that the flow of water through the sand column,𝑄𝑄, is directly proportional to 

the hydrostatic head, Δ𝐻𝐻, and the cross-sectional area, 𝐴𝐴, and inversely proportional to 

the length of the core, 𝐿𝐿, where 𝐾𝐾 is the correlation coefficient that describes the 

capacity of the column to transmit water. 

𝑄𝑄 = 𝐾𝐾
𝐴𝐴Δ𝐻𝐻
𝐿𝐿  (1)  

Later, Darcy law was extended to describe any fluid flow through porous media by 

modifying the correlation coefficient and generalizing the hydrostatic head to cover any 

potential gradient. 

𝑄𝑄 =
𝑘𝑘𝐴𝐴
𝜇𝜇
𝑎𝑎Φ
𝑎𝑎𝐿𝐿  (2) 

Here, 𝜇𝜇 is the fluid’s viscosity, 𝑘𝑘 is a property of the porous media known as the 

absolute permeability, and 𝑎𝑎Φ/𝑎𝑎𝑑𝑑 is the potential gradient, which is given by: 

𝑎𝑎Φ
𝑎𝑎𝑑𝑑 =

𝑎𝑎𝑝𝑝
𝑎𝑎𝑑𝑑 + 𝜌𝜌𝑓𝑓𝑐𝑐𝐵𝐵𝜌𝜌𝜃𝜃 (3) 

Where 𝑎𝑎𝑝𝑝/𝑎𝑎𝑑𝑑 is the pressure gradient, 𝜌𝜌 is the fluid density, 𝑓𝑓 is the gravitational 

acceleration, and 𝜃𝜃 is the angle between the flow direction and the direction of the 

gravitational force. By conducting dimensional analysis using the metric system, one 
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can find that the absolute permeability has the unit of 𝑚𝑚2. Since the typical permeability 

of a porous media is much smaller than a 𝑚𝑚2, a new unit was introduced and named 

after Henry Darcy. Permeability value of 1 Darcy means that the porous media with a 

cross-sectional area of 1𝑐𝑐𝑚𝑚2 can transmit a 𝑐𝑐𝑚𝑚3/𝜌𝜌 of a single-phase fluid with a 

viscosity of 1 𝑐𝑐𝑃𝑃 under a pressure gradient of 1 𝑎𝑎𝑎𝑎𝑚𝑚/𝑐𝑐𝑚𝑚.  

Considering that petroleum reservoirs usually contain gas, oil, and water, the presence 

of immiscible phases will reduce each phase’s permeability since only a fraction of the 

pore space is available for each phase to flow. This reduced permeability is known as 

effective permeability. Thus, the effective permeability of a particular phase increases 

as its saturation increases and reaches a maximum value at maximum achievable 

saturation. However, due to capillary forces, a certain fraction of the porous space needs 

to be occupied by the particular phase to start flowing. This fraction is called the critical 

saturation. 

Similarly, the phase cannot be removed entirely from the porous media. The minimum 

saturation left undisplaced is called irreducible saturation.   Furthermore, the sum of the 

effective permeability of each phase is less or equal to the absolute permeability of the 

porous media. 

  The first work on extending Darcy law by applying the concept of effective 

permeability to describe multiphase flow in the porous medium was done by Wyckoff 

and Botset (1936). They studied the flow of water and carbon dioxide through different 

unconsolidated sand with different absolute permeability then described in the 

differential form by Muskat and Meres (1936). Later in 1952, Chatenever and Calhoun 

conducted a visualization study using a glass bead micromodel. It was observed that 

each fluid phase created its individual paths that did not cross each other, according to 

the fluids wetting characteristic (Figure 2.1), thus verifying the implementation of 

Darcy law for multiphase flow. 
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Figure 2.1. Visualization of the channeling effect during water and oil flooding experiment (Chatenever and 
Calhoun, 1952). The pictures illustrate the individual paths created by each fluid.  

By dividing the effective permeability by a reference permeability, a dimensionless 

form of the effective permeability known as the relative permeability is obtained. The 

relative permeability estimates the reduction of a phase permeability due to the presence 

of another immiscible phase. The reference permeability can be arbitrarily chosen and 

would not affect the results as long as it is provided. The most common reference 

permeabilities used in petroleum engineering are absolute permeability, oil 

permeability at irreducible water saturation, and corrected Klinkenberg gas 

permeability. If the absolute permeability is taken to be the reference permeability, 

Darcy law for multiphase flow in porous media read as: 

𝑄𝑄𝑖𝑖 =
𝑘𝑘𝑐𝑐𝑖𝑖𝑘𝑘𝐴𝐴
𝜇𝜇

𝑎𝑎Φ𝑖𝑖

𝑎𝑎𝐿𝐿  (4) 

here, 𝑘𝑘𝑐𝑐 is the relative permeability, and the subscript 𝑖𝑖 indicates the phase (oil, gas, or 

water). Since the relative permeability is simply the effective permeability divided by 

a constant, it is also a function of saturation. A particular phase’s relative permeability 

is zero at critical/irreducible saturation and increases monotonically with its saturation.  



Theoretical Background and Literature Review 

 

7 
 

 

Figure 2.2 Typical gas-liquid relative permeability curve as a function of liquid saturation (Wyckoff and Botset, 
1936) 

 Figure 2.2 illustrates a typical gas-liquid relative permeability curve. The fluids 

saturating the porous media can be classified into two extreme categories: wetting (in 

this case, the liquid phase) and nonwetting-wetting phases (the gas phase), according 

to their preferred state to spread on the porous medium grains. At small saturations, the 

wetting phase will occupy the smallest pores due to its preference to spread on the rock 

grains, which tend to contact the largest surface area, where there is maximum surface 

area per volume. This will have a limited effect on the flow of the nonwetting-wetting 

phase, which is the one occupying the larger pores (the lift area in Figure 2.2). On the 

contrary, at small saturations, the nonwetting-wetting phase will occupy the large pores, 

which results in a drastic reduction of the porous medium to transmit the wetting phase 

because the large pores are the main contributors of flow in the porous medium (the 

right area in Figure 2.2). When both phases are flowing simultaneously (the middle 

section of Figure 2.2), one phase’s relative permeability decreases as the other phase 

increases. However, the sum of both relative permeabilities is less than one due to 

immobile clusters of both phases that do not contribute to the flow. 

Even though it might seem that the relative permeability curve is a function of fluids’ 

saturations only, other vital factors may play a crucial role in the value of relative 

permeability. Honarpour et al. (1986) presented a review study on these factors, and 
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many experimental studies have been published covering a wide range of systems and 

rock formations. However, many questions still open in the literature on whether the 

effect of the fluid’s properties is more pronounced than the effect caused by formation 

properties and whether the effect of the fluid’s properties is coupled.  In the following 

section, a brief discussion of these factors is presented. 

2.1.1 Factors Affecting the Relative Permeability 

 

One of the factors that affect the relative permeability is the saturation history of the 

formation. The saturation history describes in which direction the saturation is 

changing. If the wetting phase saturation is increasing, the process is called imbibition. 

On the other hand, if the non-wetting phase saturation is increasing, the process is called 

drainage. In simple words, the difference in relative permeability between those two 

processes is called hysteresis. According to Bedrikovetsky (2003) and Plohr et al. 

(2001), The main reason behind this difference is the trapping of the fluid when the 

saturation changes in a non-monotonic manner. Figure 2.3 illustrates a typical 

hysteresis effect on the gas-oil relative permeability curve. 

 

Figure 2.3 Schematic of the hysteresis effect on the relative permeability function in oil-gas systems1 

 

                                                
1 https://petrowiki.spe.org/images/8/8d/Vol1_Page_738_Image_0001.png 
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It can be seen from Figure 2.3 that the saturation history mainly affects the non-wetting 

phase relative permeability, the gas phase in this case. In contrast, the wetting phase 

(the oil phase) effect is insignificant and almost negligible. The main factor in the 

saturation history effect is the amount of non-wetting phase trapped after each cycle. 

As can be seen from figure 2.3, during the imbibition cycle, the amount of trapped gas 

is the irreducible gas saturation. In contrast, during the drainage cycle, the amount of 

trapped gas is the critical gas saturation. Additionally, it can be seen that the relative 

permeability of the non-wetting phase is higher during the drainage cycle than in the 

imbibition. It is believed that the reason behind this difference is that during the 

imbibition process, the non-wetting phase will continue to exist as an infinite cluster. 

On the other hand, during the drainage process, the infinite cluster will be formed again 

at higher non-wetting phase saturation; thus, higher relative permeability. 

In conclusion, any system has a different relative permeability curve depending on 

which process the core is exhibiting. Thus, it is crucial to choose the right relative 

permeability curve to describe the process. For instance, if the relative permeability is 

used to describe water flooding of a water-wet system, the imbibition curve is relevant. 

Similarly, in the case of gas injection, the oil-gas drainage relative permeability curve 

is used. 

Another factor that plays a crucial role in altering the relative permeability function is 

the interfacial tension (IFT) between the coexisting phases. Bardon and Longeron 

(1980) studied the influence of IFT on oil-gas relative permeability. In their experiment, 

they used a methane-heptane binary mixture and measured relative permeability using 

the unsteady-state method. They showed that the relative permeability is a function of 

IFT when the IFT drops below10−2 𝑚𝑚𝑚𝑚/𝑚𝑚. As the IFT decreases the relative 

permeability curve becomes more like ‘’X’’ shape rather than the regular concaved 

shape (Figure 2.4). They also reported that the irreducible saturations decreases as the 

IFT decrease and ultimately demolishes at very low IFT.  
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Figure 2.4 the dependence of gas-oil relative permeability on IFT reported by (Bardon and Longeron, 1980) 

Haniff and Ali (1990) used methane-propane to study gas retrograde relative 

permeability. They obtained results similar to the work of Bardon and Longeron. 

However, they obtained a critical IFT value of 0.05 𝑚𝑚𝑚𝑚/𝑚𝑚 at which the effect of IFT 

is significant. They also showed that the hysteresis effect demolishes at very low IFT 

values due to the absence of difference between the advancing and receding contact 

angles. Amaefule and Handy (1982) conducted a similar experiment for oil-water 

systems. In their experiment, they used surfactant to change the IFT between oil and 

water phases. Similar conclusions were withdrawn, and a critical IFT value of 0.1 

𝑚𝑚𝑚𝑚/𝑚𝑚 was reported for the oil-water system. The effect of IFT on the relative 

permeability is most relevant to the cases of miscible gas injection, steam injection, in 

situ combustions, surfactant injection, and production of volatile oil and gas condensate 

by depletion in which miscible or partly miscible conditions are encountered. 

Odeh (1959) conducted an experimental study on the effect of viscosity on relative 

permeability on four core samples with significantly different absolute permeability. 

He showed that the non-wetting phase changes relative permeability as the viscosity 

ratio changes. This effect becomes less significant as the absolute permeability 

increases and is negligible for samples with absolute permeability greater than 1 Darcy. 

Later discussion on this work concluded that this effect is an artifact of the capillary 

end effect.  
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Shapiro (2015) developed a relative permeability model based on the Maxwell–Stefan 

approach that counts for viscosity coupling between the phases. Alongside the model 

development, the author also provided an overview of the relative permeability 

dependence on phase viscosities. The model predicts that the non-wetting phase relative 

permeability increases as the viscosity increase, which agree with the experimental 

results of Odeh (1959). However, the model also predicts that the effect of viscosity is 

not limited to the non-wetting phase but also reduces the wetting-phase relative 

permeability (although to a lesser extent). 

Another factor is the temperature at which the relative permeability is measured. Sufi 

et al. (1982) studied the effect of temperature on the water-oil system’s relative 

permeability. They concluded that the relative permeability is independent of 

temperature. Furthermore, they claimed the change in relative permeability is due to 

the change in the viscosity ratio. What they called ‘real’ irreducible oil saturation is 

independent of temperature, while the ‘’practical’’ irreducible saturation is a function 

of temperature. 

On the contrary, the opposite was concluded by Torabzadey (1984). In his study, the 

effect of temperature and IFT on the relative permeability of consolidated sand was 

experimentally estimated. Their experiment used two oil-water systems, one with high 

IFT and another has low IFT values. They conducted a series of steady-state relative 

permeability measurements at increasing temperature. The results showed that the 

relative permeability is more sensitive to temperature change at low IFT values (Figure 

2.5). They also concluded that as temperature increases, the porous media becomes 

more water-wet. Thus, the irreducible water saturation increases, and the irreducible oil 

saturation decreases. They also showed that at elevated temperature, the hysteresis 

effect on relative permeability becomes negligible. 
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Figure 2.5 The effect of temperature on oil-water relative permeability. Left: high IFT oil-water system, right: low 
IFT oil-water system (Torabzadey, 1984) 

Maini and Okazawa (1987) carried out a series of unsteady-state relative permeability 

experiments of a heavy oil-water system at a different temperature ranging from room 

temperature to 200 oC. They agreed with the conclusion that the relative permeability 

changes with temperature. They showed that the relative permeability to water 

increases as the temperature increases. However, they showed that the endpoint oil 

relative permeability is independent of the temperature while the shape of the oil 

relative permeability curve exhibited a complex temperature relation. They explained 

this complexity by the presence of the capillary end effect. Thus, the dependence of oil 

relative permeability on temperature is inconclusive. In 1986 Nakornthap and Evans 

developed a model based on the bundle of capillary tube representation of the porous 

media that estimate relative permeability while accounting for temperature effect. 

In theory, the flow rate does not affect the relative permeability. However, there is much 

controversy in the literature on the effect of flow rate on the relative permeability. The 

first to report this effect was Leverett (1938), although he emphasized that this effect is 

an artifact caused by the capillary end effect. On the contrary,  Sandberg et al. (1958), 

Heaviside et al. (1987), Torabzadey (1984), and Akin and Demiral (1997) showed that 

the flow rate affects both the wetting and the non-wetting phases. In liquid gas systems, 

gas relative permeability is affected by flow rate due to the slippage of the gas at 

elevated flow rates (Calisgan et al., 2006; Kalla et al., 2014).  
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2.2 Laboratory Measurements of the Relative Permeability  
The most common method of determining the relative permeability for multiphase 

systems are the steady-state and the unsteady-state methods. The main difference 

between the two methods is that a constant saturation distribution is achieved at each 

measurement point when using the steady-state technique. Meanwhile, the saturation 

distribution is dynamic for the unsteady state method, and the relative permeability is 

calculated from production data. From an engineering perspective, lab measurements 

are more reliable since they are measured rather than calculated. Thus these two 

methods mentioned above are more widely used than relative permeability derived from 

capillary pressure measurements and field performance data. 

2.2.1 Steady-State Method 

The steady-state method is a sequence of experiments whereby both wetting and non-

wetting phases are injected simultaneously into the core sample at a constant rate. At 

the beginning of each step, the pressure readings fluctuate until a steady-state condition 

is achieved, where the pressure drops and fluid saturation stabilizes. Once these 

parameters are stable, one point for each phase at the relative permeability curve is 

calculated by applying Darcy law. To measure the full relative permeability curve, each 

phase injection rate is adjusted to achieve a different saturation and, thus, an additional 

pressure drop.  

The first steady-state relative permeability measurement was reported by Leverett 

(1939), who measured oil-water relative permeability for unconsolidated sand. Figure 

2.6 shows Leverett’s experimental setup. Leverett used electrical conductance to 

estimate the saturation values at different positions across the core sample. He showed 

that the non-uniformity of the saturation at the end of the core sample caused by 

capillary discontinuity, i.e., capillary end effect, is the main error in such an experiment. 

Furthermore, his experimental results showed that the steady-state relative permeability 

is independent of the fluid’s viscosities. However, pore-size distribution and 

displacement pressure are the key factors affecting relative permeability. 
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Figure 2.6 Experimental apparatus used by Leverett (1938). The electrical conductance system was used to 
measure fluid saturations at different locations across the core sample. 

In order to enhance the accuracy of the steady-state method, many researchers presented 

various techniques to eliminate or minimize the capillary end effect.  Hassler (1944) 

developed the uniform capillary pressure method by inserting semipermeable plates at 

both ends of the core sample, which allows each phase to flow separately outside of the 

sample (Figure 2.7). The main idea behind adding the semipermeable plates is that the 

capillary pressure at the inlet and the outlet are equalized. The wetting phase pressure 

is equal to the non-wetting phase pressure; ultimately, a uniform saturation across the 

core is achieved. This method is called the Hassler method honoring Gerald Hassler. 

 

Figure 2.7  Hassler's relative permeability apparatus with the application of the semipermeable porous plats to 
mitigate the capillary end effect (Osoba et al., 1951) 
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In 1947 Morse et al. developed the multi-core method at which three core samples are 

mounted together in a core holder (Figure 2.8). In this method, the first piece mounted 

after the inlet act as a mixing zone where both incoming phases mix together and 

uniformly enter the middle piece. The pressure difference across the middle piece is 

utilized to directly calculate the relative permeability by Darcy law, assuming that the 

capillary end effect is confined to the third piece. After the steady-state is achieved and 

relative permeability reading is obtained, the core is dismounted and weighed in order 

to measure the saturation of each phase. Since it was developed at the Pennsylvania 

State University, it is also known as the Penn-State method. 

 

Figure 2.8 Penn-State method apparatus illustrating the use of three core samples in order to eliminate the 
capillary end effect (Geffen et al., 1951). The core sample mounted at the inlet works as a mixing section that 

provides uniform flow. The core sample mounted at the outlet maintains a uniform capillary pressure eliminating 
the capillary end effect. The relative permeability is measured for the core sample mounted in the middle. 

The idea of using a semipermeable porous plate to confine one phase from flowing and 

let the other flow, suggested by Leverett, was implemented by Leas et al. (1950) to 

develop the stationary liquid method in which gas relative permeability is measured. In 

the stationary liquid method, a core fully saturated with oil is sandwiched between two 

semipermeable ceramic discs that permit oil flow and restrict gas flow (Figure 2.9). The 

gas is injected through a pipe welded through the ceramic disc. In order to establish 

various saturation, the gas is injected at constant pressure displacing oil out of the core 

sample. When equilibrium saturation is achieved, gas is injected at a constant low flow 

rate to maintain a low-pressure difference that keeps oil stationery in the core sample. 

The low flowrate also helps to minimize saturation variation across the core sample.  
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Figure 2.9 Stationary liquid method apparatus illustrating the use of  semipermeable porous plate to maintain the 
liquid phase stationary (Leas et al., 1950) 

In 1951 Rapoport and Leas extended Leas et al. work to measure oil relative 

permeability by keeping the gas phase stationary. The stationary liquid method did not 

receive the attraction needed to become a popular method since it measures relative 

permeability for only one phase. The assumption of uniform saturation is not validated, 

and the flow mechanism is unrealistic. 

 

Figure 2.10 Comparison between oil-gas relative permeability obtained with different steady-state methods 
(Hassler, Penn-State, and Stationary-Liquid methods) showing the consistency of the results obtained by the 

different methods (Osoba et al., 1951) 
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Osoba et al. (1951) conducted a comparative study on these methods. They showed that 

the Hassler method consistently gave oil relative permeability values less than the 

values obtained by the Penn-State method or the unsteady-state methods (Figure 2.10). 

They also showed that the Penn-State method gave the most consistent results, thus the 

most reliable. This conclusion was also confirmed by Caudle et al. (1951) and Geffen 

et al. (1951). The primary source of error in the Penn-State method, according to Osoba 

et al. (1951), is the method of saturation measurement and the validity of the assumption 

that the end effect is confined to the end piece. During the saturation measurement 

process, the core loses a certain amount of fluid during the disassembling and 

reassembling of the setup.  

The steady-state method is considered time-consuming since the experimental 

measurements are conducted in a series of discrete steady-state conditions. Depending 

on the property of the sample, mainly porosity and permeability, each relative 

permeability measurement might require a prolonged period of time in order to achieve 

steady-state conditions. These values might vary from days to weeks, and in some 

situations, a steady-state might not be achievable. As such, even though the steady-state 

method is the most accurate, the experimental procedure is exceptionally long since a 

steady state is to be achieved at each measurement point, which can sometimes be 

unfeasible for a low permeable core sample.  

2.2.2 Unsteady State Methods 

Buckley and Leverett (1942) developed the equation to describe the one-dimensional 

displacement of one phase by another, assuming incomparable linear flow under 

negligible capillary forces. After this research breakthrough, it became possible to 

measure relative permeability from a displacement experiment without waiting for a 

steady-state.  Welge (1952) was the first to present an analytical method to calculate 

relative permeability ratios based on the Buckley-Leverett theory. However, it was not 

possible to measure individual phase relative permeability until Johnson et al. (1959) 

extended the work of Welge and developed what is now known as the JBN method. 

The JBN method utilizes pressure and production data from constant rate displacement 

experiments to obtain relative permeability for both phases. 

Since the JBN method is based on the Buckley-Leverett theory, the flow is assumed to 

be linear and incompressible, and the capillary forces are neglected. Thus, it is 
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recommended to perform the unsteady-state relative permeability measurement with 

high flow rates in order to minimize the effect of the capillary forces. However, high 

flowrates will cause an error in the measurement in heterogeneous core samples. That 

was the conclusion of a study conducted by Archer and Wong (1973). 

In 1978 Jones and Roszelle extended the JBN method to obtain relative permeability 

from displacement experiment with constant pressure drop instead of a constant flow 

rate. In their work, they developed a graphical method to obtain the differentiation 

required in the JBN method. They also showed the possibility of obtaining relative 

permeability graphically from pressure vs. production history plots. Bedrikovetsky 

(1993) presented further modification on the JBN method to obtain relative 

permeability from displacement experiments with arbitrary flow rate and pressure 

difference. 

Miller and Ramey (1985) fitted the displacement experiment data and differentiated the 

obtained equation to calculate relative permeability using the JBN method. The use of 

curve fitting forced the dependence to be smooth, eliminating any discontinuity in the 

result, thus eliminating any possibility of strange shaped relative permeability curves. 

Another method to estimate relative permeability from displacement experiment is to 

use a simulator to model 1D linear displacement and history match it to the 

displacement experiment production data. Archer and Wong (1973) were the first to 

suggest this technique where they adjusted the relative permeability curves until the 

simulation production data matched the data obtained in the laboratory test. Later 

Sigmund and McCaffery (1979) suggested using nonlinear methods to guess the 

relative permeability curve instead of adjusting them by trial and error. 

Further comparative studies were conducted by Richardson (1957) and Johnson et al. 

(1959), who compared the steady-state method to unsteady-state methods. They all 

agreed on the conclusion that both techniques give similar results. The only difference 

is the saturation range the method can cover. On the contrary, Handy and Datta (1966) 

and Amaefule and Handy (1982) argued that since the saturation distribution across the 

core sample is different in each method, the relative permeability curve should differ. 
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2.3 Saturation Measurements  
The accuracy of the relative permeability measurement depends mainly on the accuracy 

of the saturation measurement. Researchers used external methods like gravimetric or 

volumetric balance methods to measure saturation during the early days' relative 

permeability measurements. When Morse et al. (1947) developed the Penn-State 

method, they used the gravimetric method to determine the average saturation of the 

fluids. The main downside of this method is fluid loss during the disassembling and 

reassembling of the setup. In fact, the gravimetric method is imprecise concerning the 

weights of the small amounts of liquid used in the experiment.  

The volumetric method is the standard method used for the unsteady-state relative 

permeability measurements. In this method, the saturation is calculated from material 

balance, where the difference between the injected and produced fluid is the amount of 

retained fluid. Several modifications to this method were done throughout history. 

(Hvolboll, 1978) proposed using a fluid separator and recirculate the fluid by reinjecting 

it. By this method, the saturation can be calculated from the relative volume of fluids 

in the separator. The relative volume in the separator can be measured by using a 

differential pressure transducer (Torabzadey, 1984), a computer-controlled photometric 

scanner (Saraf et al., 1982), or an ultrasonic wave transducer (Qadeer et al., 1988). The 

downside of this method is that it cannot be used when the experiment is conducted 

using miscible or partly miscible fluids. In these experiments, the fluids are soluble in 

each other, and the produced fluid is a mixture of both fluids.  

Nowadays, more accurate methods are available to measure the saturation during 

relative permeability measurement. These methods are called the in situ saturation 

measurement since they estimate saturation for different locations across the core 

sample. The first in situ saturation measurements were conducted utilizing electrical 

conductivity to indicate fluid saturation (Leverett 1939). Later nuclear magnetic 

resonance NMR (Minagawa et al., 2012; Saraf and Fatt, 1967; Sun et al., 2018), 

microwave adsorption (Brost and Davis, 1981; Davis, 1983; Honarpour et al., 1996; 

Parsons, 1975), and X-ray computer tomography (CT)  (Pentland et al., 2010; 

Wellington and Vinegar, 1987)  became accessible to be used for laboratory 

measurements. 
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In this study, we use X-ray CT to measure in situ saturation during the experimental 

work. The following section describes the X-ray CT working principles and how X-ray 

CT scanning can be utilized to supplement dynamic saturation measurement during 

relative permeability measurements. 

2.3.1 Application of X-Ray CT Scanning in Relative Permeability 
Measurements 

The X-ray computer tomography is the technology in which diagnostic quality cross-

sectional images are produced from the adsorption and attenuation of X-ray radiation 

using reconstructive mathematical algorithms (Mogensen and Stenby, 1998a). Since 

the first implementation for medical use in 1974, technology has developed rapidly. 

There are five generations of CT-scanners. The only difference between these 

generations is the number of X-ray sources and detectors and their stationary or moving. 

The first generation used a single beam source and detector. The second generation had 

several detectors that rotate around the scanned object resulting in better image quality. 

The third generation used a fan-beam source, and both source and detectors rotated 

around the scanned object. The fourth-generation used the same rotating fan-beam 

source, but the detectors were fixed on a ring resulting in much higher image resolution. 

The fifth-generation used multiple fixed sources and detectors (stationary-geometry 

method). The lack of physical movement should, in principle, reduce the error in the 

measurement, thus higher quality images. It is worth mentioning that it is not necessary 

to get higher quality images from a newer generation CT scanner (Niu, 2010). 

2.3.1.1 Principles of X-ray CT imaging 

The most fundamental principles pertaining to the use of X-ray CT imaging, 

particularly the phenomena occurring as the X-ray beam undergoes either absorbed 

(photoelectric absorption) or scattered with loss of energy (Compton scattering) or 

without loss of energy (Rayleigh scattering)  as it hits the scanned core, are explained 

in this section. 

Photoelectric absorption is how the photon from the X-ray beam interacts with the 

electrons orbiting the inner shell of an atom. In this process, the photon hits the electrons 

with an energy equal to or greater than the energy required to bind the electron to the 

atom’s orbit, thus causing the photon to be absorbed entirely in the collision process 

resulting in displacing the electron from the atom’s shell. The occurrence of this 
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absorption depends on the atomic number of the matter and the energy of an incident 

photon, considering that photons with lower energies will be needed to displace 

electrons in electrons with lower binding energy and vice versa. As such, the kinetic 

energy used in displacing the electron can be calculated as follows: 

𝐸𝐸𝑘𝑘𝑖𝑖𝑘𝑘 = ℎ 𝑓𝑓 − 𝐸𝐸𝑏𝑏𝑖𝑖𝑘𝑘𝑏𝑏𝑖𝑖𝑘𝑘𝑏𝑏 (5) 

Here ℎ is Planck’s constant and 𝑓𝑓 is the frequency of the wave where the product of 

these two parameters represent the energy of the incident photon. The incident photon 

energy that is required to displace the electron is related to the size of the atom and the 

depth of penetration into the shell. 

The second phenomenon is Compton scattering. This is how the photon from the X-ray 

beam hits the electron of an atom, thus causing the photon to be scattered in the collision 

process while losing some of its energy and resulting in displacing or ejecting the 

electron from the atom’s outer shell. This phenomenon is more likely to happen for 

medium to high energy photons. This process primarily depends on the bulk density of 

the matter since the probability of a Compton event is proportional to the electron 

density. It is independent of the atomic number. 

The linear attenuation coefficient, denoted μ, describes the degree by which a photon 

beam is weakened, loses its intensity as it penetrates a medium, or how easy it is for 

such a photon beam to penetrate matter. Accordingly, a large attenuation coefficient 

indicates that the photon is vastly weakened as it penetrates the medium. Thus, if the 

probability of a photon to pass through the matter without being absorbed or scattered 

is denoted by 𝑝𝑝 then the linear attenuation coefficient read as: 

𝜇𝜇 = − ln(𝑝𝑝) (6) 

The linear attenuation coefficient can also be expressed in terms of object properties 

and photon energy. According to Mccullough (1975), equation (6) reads as: 

𝜇𝜇 = 𝜌𝜌 𝑚𝑚𝑏𝑏 �𝜎𝜎𝐶𝐶 + 𝐶𝐶1
𝑍𝑍𝑅𝑅𝑘𝑘

𝐸𝐸𝑙𝑙 + 𝐶𝐶2
𝑍𝑍𝜏𝜏𝑚𝑚

𝐸𝐸𝑘𝑘 �
(7) 

Here 𝜌𝜌 is the mass density of the matter,𝜎𝜎𝐶𝐶  is the cross-section per atom from Compton 

contribution, 𝐶𝐶1,𝐶𝐶2 and the powers 𝑑𝑑,𝑎𝑎, 𝑘𝑘, and 𝑚𝑚 are constants, Z is the effective atomic 

number, 𝐸𝐸 is the energy of the photon in kilo electron volt, the subscripts 𝑅𝑅, 𝜏𝜏, 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶 
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are the Rayleigh, photoelectric absorption and Compton scattering respectively, and 𝑚𝑚𝑏𝑏 

is the mass electron density and is defined as: 

𝑚𝑚𝑏𝑏 =
𝑚𝑚𝐴𝐴𝑍𝑍
𝐴𝐴

(8) 

Here 𝑚𝑚𝐴𝐴 is Avogadro’s number, and A is the atomic mass. By rearranging equation (7), 

the mass attenuation coefficient 𝜇𝜇/𝜌𝜌, can be defined as: 

𝜇𝜇
𝜌𝜌 =

𝜇𝜇𝑅𝑅
𝜌𝜌 +

𝜇𝜇𝜏𝜏
𝜌𝜌 +

𝜇𝜇𝐶𝐶
𝜌𝜌  (9) 

Here 𝜇𝜇𝑅𝑅, 𝜇𝜇𝜏𝜏and 𝜇𝜇𝐶𝐶  are the linear attenuation contribution from Rayleigh, photoelectric 

absorption, and Compton scattering, respectively. Each contribution can be expressed 

in terms of the total photon interaction as: 

𝜇𝜇𝑖𝑖
𝜌𝜌 = 𝑚𝑚𝑏𝑏𝜎𝜎𝑡𝑡𝑡𝑡𝑡𝑡,𝑖𝑖 (10) 

According to Wellington and Vinegar (1987), if the Rayleigh scattering is neglected, 

the attenuation coefficient can be expressed using the object properties and the X-ray. 

Thus, equation (7) read as: 

𝜇𝜇 = 𝜌𝜌 𝑚𝑚𝑏𝑏 �𝑎𝑎 + 𝐶𝐶2
𝑍𝑍𝜏𝜏3.8

𝐸𝐸3.2� (11) 

Here 𝑎𝑎 is the Klein-Nishima function (a weak function of the photon energy). It can be 

seen from equation (11) that as the photon energy increase, the contribution of the 

photoelectric adsorption becomes negligible. Thus, by using high energy X-ray beam, 

the attenuation coefficient is proportional to the density of the matter. After a beam of 

radiation passes through the object, the remaining radiation can be expressed by 

Lambert-Beer’s law, where the incident radiation decay exponentially as a function of 

the linear attenuation coefficient and the thickness of the object and reads as: 

𝐼𝐼𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑖𝑖𝑘𝑘𝑖𝑖𝑘𝑘𝑏𝑏 = 𝐼𝐼𝑖𝑖𝑘𝑘𝑖𝑖𝑖𝑖𝑏𝑏𝑟𝑟𝑘𝑘𝑡𝑡  𝑒𝑒−𝜇𝜇 𝑡𝑡 (12) 

Here 𝐼𝐼 is the intensity of the radiation, and t is the thickness of the scanned object. 

During the CT scan, the machine sends an X-ray beam with known intensity through 

the scanned objects and measures the intensity of the attenuated beam. The following 

integral equation can describe the intensity of the attenuated beam through a specific 

path: 
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ln �
𝐼𝐼
𝐼𝐼0
� = −� 𝜇𝜇(𝑥𝑥,𝑦𝑦)𝑎𝑎𝑑𝑑

𝑡𝑡

0
(12) 

 In 1917, Radon proved that if the measurement was repeated in different 

directions, the local attenuation coefficient equation (12) could be used to reconstruct 

the local attenuation coefficients within the scanned object mathematically. Several 

algorithms are used in commercial CT. Since these algorithms are outside the scope of 

this work, the reader is redirected to Waggener et al. (1984), who presented a 

comprehensive review of such algorithms. 

2.3.1.2 CT scanning utilization in relative permeability measurements 

It is important to note that in order to calculate the saturation of the fluids present in the 

core sample, the primary assumption used for the single energy scanning during water 

flooding experiments is the assumption of the constancy of the attenuation coefficient 

over the scanned zone. The values obtained from the CT scanner usually are scaled to 

a known value. In most cases, this value is the attenuation coefficient of pure water. 

The scaled value is given in Hounsfield units and calculated using the following 

formula: 

𝐶𝐶𝐶𝐶 = 1000
𝜇𝜇 − 𝜇𝜇𝑤𝑤𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟
𝜇𝜇𝑤𝑤𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟

 (13) 

The measured CT value for a complex object like a score sample saturated with water, 

oil, and gas is an additive value of the attenuation caused by each element of this object 

(rock matrix and each fluid). Thus, the measured CT number can be written as follow: 

𝐶𝐶𝐶𝐶𝑤𝑤𝑡𝑡𝑏𝑏,𝑟𝑟 = (1 −𝜙𝜙)𝐶𝐶𝐶𝐶𝑚𝑚 + 𝜙𝜙(𝑆𝑆𝑡𝑡𝐶𝐶𝐶𝐶𝑡𝑡 + 𝑆𝑆𝑤𝑤𝐶𝐶𝐶𝐶𝑤𝑤 + 𝑆𝑆𝑏𝑏𝐶𝐶𝐶𝐶𝑏𝑏) (14) 

Here 𝜙𝜙 is the porosity, S is the saturation, and the subscripts 𝑐𝑐,𝐵𝐵,𝑤𝑤, and 𝑓𝑓 are the rock 

matrix, oil, water, and gas, respectively. In the case of one fluid fully saturating the 

rock, equation (14) will reduce to: 

𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟𝑑𝑑 = (1− 𝜙𝜙)𝐶𝐶𝐶𝐶𝑟𝑟 + 𝜙𝜙𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑟𝑟 (14 𝑎𝑎) 

𝐶𝐶𝐶𝐶𝑤𝑤,𝑟𝑟 = (1 −𝜙𝜙)𝐶𝐶𝐶𝐶𝑟𝑟 + 𝜙𝜙𝐶𝐶𝐶𝐶𝑤𝑤 (14𝑏𝑏) 

𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 = (1 −𝜙𝜙)𝐶𝐶𝐶𝐶𝑟𝑟 + 𝜙𝜙𝐶𝐶𝐶𝐶𝑡𝑡 (14𝑐𝑐) 

𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟 = (1 −𝜙𝜙)𝐶𝐶𝐶𝐶𝑟𝑟 + 𝜙𝜙𝐶𝐶𝐶𝐶𝑏𝑏 (14𝑎𝑎) 
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It can be seen that the porosity can be calculated by scanning the core two times when 

two different fluid saturating the core. In the case the core was scanned once dry and 

once saturated with water, the porosity read as: 

𝜙𝜙 =
𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟𝑑𝑑 − 𝐶𝐶𝐶𝐶𝑤𝑤,𝑟𝑟

𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑤𝑤
 (15) 

It can be seen from equation (15) that the CT number for pure fluids is needed in order 

to calculate the porosity. The CT number of the pure fluid can be measured by 

measuring the CT number of a plastic bottle filled with the pure fluid. Suppose the 

values at high pressure and temperature are needed. In that case, it can be measured by 

placing it inside the core holder and measure the CT number at the different conditions 

and construct a calibration curve. Another method is to place a transparent X-ray 

section in the core holder and measure the CT number of the fluid at the same time as 

the measurement. Due to beam hardening, the measured CT values of the fluids inside 

the core holder will differ from the CT values if the measurement was conducted 

outside of the core. 

In the case where two fluids saturating the core, for example, immiscible oil and gas,  

the saturation of each fluid can be calculated as follow: 

𝑆𝑆𝑡𝑡 =
𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟

𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟
(16𝑎𝑎) 

𝑆𝑆𝑏𝑏 = 1 − 𝑆𝑆𝑡𝑡 (16𝑏𝑏) 

Equation (16) is valid as long as the CT values for pure fluids do not change during the 

experimental procedure. If the pressure or temperature changes during the experiment 

and a calibration curve are needed to be implemented, equation (16) can be transformed 

to the following form by substituting equation (15): 

𝑆𝑆𝑡𝑡 =
𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟

𝜙𝜙(𝐶𝐶𝐶𝐶𝑡𝑡 − 𝐶𝐶𝐶𝐶𝑏𝑏)
(16𝑐𝑐) 

The sensitivity of the saturation to the CT numbers measurements can be calculated by 

differentiating equation (16) with respect to each CT number. The total sensitivity is 

equal to the sum of each term's squares. 
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𝑎𝑎𝑆𝑆𝑡𝑡2 = �
1

𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟
�
2

+ �
𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟

�𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟�
2�

2

+ �
𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏,𝑟𝑟

�𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟�
2�

2

(17) 

If the three fluids are saturating the core, each fluid's saturation can be obtained by 

performing dual-energy scanning. In this process, the core is scanned two consecutive 

times: at low energy and at high energy to ensure measuring different properties. The 

equations corresponding to the different energies are supposed to be linearly 

independent. Therefore, the high energy scan is taken at energies where Compton 

scattering is predominant, while the low energy scan is taken where photoelectric 

absorption is predominant (Wellington and Vinegar, 1987). The two CT measurements 

at each energy level can be described by equation (14). Knowing that and that the sum 

of the three saturations is equal to unity, the saturation of each phase reads as follows: 

𝑆𝑆𝑤𝑤 =
�𝐶𝐶𝐶𝐶2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2��𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1� − �𝐶𝐶𝐶𝐶1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1��𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2�

�𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2� − �𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1�
 (18𝑎𝑎) 

𝑆𝑆𝑡𝑡 =
�𝐶𝐶𝐶𝐶1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2� − �𝐶𝐶𝐶𝐶2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1�

�𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2� − �𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟2 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2��𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟1 − 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1�
 (18𝑏𝑏) 

𝑆𝑆𝑏𝑏 = 1 − 𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑡𝑡  (18𝑐𝑐) 

Where 

𝐶𝐶𝐶𝐶1 = 𝐶𝐶𝐶𝐶𝑤𝑤𝑡𝑡𝑏𝑏,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 1,  𝐶𝐶𝐶𝐶2 = 𝐶𝐶𝐶𝐶𝑤𝑤𝑡𝑡𝑏𝑏,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 2 

𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟1 = 𝐶𝐶𝐶𝐶𝑤𝑤,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 1, 𝐶𝐶𝐶𝐶𝑤𝑤𝑟𝑟2 = 𝐶𝐶𝐶𝐶𝑤𝑤,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 2 

𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟1 = 𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 1, 𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟2 = 𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 2 

𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟1 = 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 1, 𝐶𝐶𝐶𝐶𝑏𝑏𝑟𝑟2 = 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟  𝑎𝑎𝑎𝑎 𝑑𝑑𝑒𝑒𝑙𝑙𝑒𝑒𝑑𝑑 2 

In the case of connate water saturation or any known water saturation, the dual-energy 

scanning can be avoided, and equation (18) can be reduced to: 

𝑆𝑆𝑡𝑡 =
𝐶𝐶𝐶𝐶𝑤𝑤𝑡𝑡𝑏𝑏,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟

𝐶𝐶𝐶𝐶𝑡𝑡,𝑟𝑟 − 𝐶𝐶𝐶𝐶𝑏𝑏,𝑟𝑟
− 𝑆𝑆𝑤𝑤  

𝐶𝐶𝐶𝐶𝑤𝑤 − 𝐶𝐶𝐶𝐶𝑏𝑏
𝐶𝐶𝐶𝐶𝑡𝑡 − 𝐶𝐶𝐶𝐶𝑏𝑏

 (19) 

Afterward, the gas saturation can be calculated from equation (18C). The sensitivity of 

these measurements to the errors in the determination of the CT numbers can be 

calculated in the same way it was calculated for the two-phase saturation measurements. 
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2.4 Relative Permeability Models  
Due to the difficulties in conducting relative permeability laboratory measurement, 

many scientists tried to use mathematical equations based on physics and flow 

dynamics to obtain the relative permeability from easily measured rock properties. 

Purcell (1949) represented the porous media as a bundle of parallel capillary tubes in 

order to estimate the absolute permeability from capillary pressure data. In his model, 

the capillary pressure was used to estimate the pore size distribution of the porous 

media. By knowing the sizes of the capillary tubes, the absolute permeability can be 

calculated by applying Poiseuille law.  Gates and Lietz (1950) extended Purcell's work 

to calculate the relative permeability of the wetting phase. Their work was based on the 

assumption that the wetting phase fills the small capillary first. Thus, the conductivity 

of these capillaries represents the conductivity of the wetting phases at any saturation. 

Their model can be expressed mathematically as follow: 

𝑘𝑘𝑟𝑟𝑤𝑤 =
∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
𝑆𝑆𝑤𝑤
0

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

 (20) 

here 𝑘𝑘𝑟𝑟𝑤𝑤 is the wetting phase relative permeability, 𝑆𝑆𝑤𝑤 is the wetting phase saturation 

and 𝑃𝑃𝑖𝑖 is the capillary pressure as a function of saturation. Fatt and Dykstra (1951) 

stated that the curvature of the capillaries would impact the relative permeability. 

Hence, they introduced tortuosity, 𝜏𝜏, to Gates and Lietz formula. In their model, they 

assumed that the tortuosity of each capillary is an inverse function of its radii 𝑐𝑐. The 

tortuosity can be defined as: 

𝜏𝜏 =
𝑎𝑎
𝑐𝑐𝑏𝑏  (21) 

Where 𝑎𝑎 and 𝑏𝑏 are constants. Each porous media has its characteristic values of 𝑎𝑎 and 𝑏𝑏. 

By substituting equation (21) in (20), equation (20) reads: 

𝑘𝑘𝑟𝑟𝑤𝑤 =
∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖
2(1+𝑏𝑏)

𝑆𝑆𝑤𝑤
0

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖
2(1+𝑏𝑏)

1
0

 (22) 
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 The concept of tortuosity found the attraction of other researchers. Burdine 

(1953) assumed that the tortuosity is a function of the wetting phase saturation. He used 

electrical conductivity measurements to determine the tortuosity of the porous media. 

The tortuosity value and the pore size distribution were used to calculate the relative 

permeability of each phase. He presented the wetting phase tortuosity factor as: 

𝜏𝜏 = �
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖
1− 𝑆𝑆𝑤𝑤𝑖𝑖

� (23)  

Later in 1954, Corey presented a method of calculating oil relative permeability from 

measured gas relative permeability. The presented model is Burdine’s model expressed 

in capillary pressure terms instead of pore size distribution. The wetting and the non-

wetting phase relative permeabilities are given by: 

𝑘𝑘𝑟𝑟𝑤𝑤 = �
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖
1 − 𝑆𝑆𝑤𝑤𝑖𝑖

�
2 ∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
𝑆𝑆𝑤𝑤
0

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

 (24𝑎𝑎) 

 

𝑘𝑘𝑘𝑘𝑤𝑤 = �1−
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖
1 − 𝑆𝑆𝑤𝑤𝑖𝑖

�
2 ∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
1
𝑆𝑆𝑤𝑤

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

 (24𝑏𝑏) 

Corey also showed that since the capillary pressure can be expressed as a linear function 

of normalized wetting phase saturation as follow: 

1
𝑃𝑃𝑖𝑖2

= 𝐶𝐶 
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖
1 − 𝑆𝑆𝑤𝑤𝑖𝑖

= 𝐶𝐶 𝑆𝑆𝑤𝑤∗  (25) 

Equation 24 can be written as  

𝐾𝐾𝑟𝑟𝑤𝑤 = 𝑆𝑆𝑤𝑤∗ 4 (26𝑎𝑎) 

𝑘𝑘𝑟𝑟𝑘𝑘𝑤𝑤 = (1− 𝑆𝑆𝑤𝑤∗ )2�1 − 𝑆𝑆𝑤𝑤∗ 2� (26𝑏𝑏) 

Wyllie and Gardner (1958) presented a randomized capillary tube model in order to 

generalize the Kozeny-Carman equation. They showed that the tortuosity of any fluid 

is a function of its normalized saturation and can be approximated as the square of this 

saturation. In the light of equation (20), the relative permeability for water, oil, and gas 

read as: 
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𝑘𝑘𝑟𝑟𝑤𝑤 = 𝑆𝑆𝑤𝑤∗ 2  
∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
𝑆𝑆𝑤𝑤
0

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

 (27𝑎𝑎) 

𝑘𝑘𝑟𝑟𝑡𝑡 = 𝑆𝑆𝑡𝑡∗2  
∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
𝑆𝑆𝐿𝐿
𝑆𝑆𝑤𝑤

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

(27𝑏𝑏) 

𝑘𝑘𝑟𝑟𝑏𝑏 = 𝑆𝑆𝑏𝑏∗2  
∫ 𝑎𝑎𝑆𝑆𝑤𝑤

𝑃𝑃𝑖𝑖2
1
𝑆𝑆𝐿𝐿

∫ 𝑎𝑎𝑆𝑆𝑤𝑤
𝑃𝑃𝑖𝑖2

1
0

 (27𝑐𝑐) 

Where, 𝑆𝑆𝐿𝐿  is total liquid saturation, and subscript 𝑤𝑤, 𝐵𝐵, and 𝑓𝑓 are water, oil, and gas, 

respectively. Thus the normalized saturation for each phase is: 

𝑆𝑆𝑤𝑤∗ =
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖
1 − 𝑆𝑆𝑤𝑤𝑖𝑖

 (28𝑎𝑎) 

𝑆𝑆𝑡𝑡∗ =
𝑆𝑆𝐿𝐿 − 𝑆𝑆𝑤𝑤𝑖𝑖
1 − 𝑆𝑆𝑤𝑤𝑖𝑖

(28𝑏𝑏) 

𝑆𝑆𝑏𝑏∗ =
1 − 𝑆𝑆𝐿𝐿
1− 𝑆𝑆𝑤𝑤𝑖𝑖

(28𝑐𝑐) 

Appling the same assumption that the inverse of the squared capillary pressure is 

linearly dependent on the normalized saturation of the wetting phase, equation (27) 

reduced to identical equations derived by Burnie and Corey. It is worth mentioning that 

all the previously mentioned works are limited to describe drainage processes. 

Narr and Henderson (1961) modified Wyllie and Gardner's work to describe the 

imbibition process by accounting for the non-wetting phase trapping. In their model, 

the normalized saturation in the imbibition process is substituted by a new value 

calculated as follow: 

𝑆𝑆𝑤𝑤,𝑖𝑖𝑚𝑚𝑏𝑏
∗ = 𝑆𝑆𝑤𝑤,𝑏𝑏𝑟𝑟

∗ − 0.5 𝑆𝑆𝑤𝑤,𝑏𝑏𝑟𝑟
∗ 2 (29) 

Brooks and Corey (1964) modified the previous work of Corey by introducing the pore 

size distribution index 𝜆𝜆, in order to describe the relation between capillary pressure 

and normalized saturation more accurately. The oil and gas relative permeability is 

given by: 
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𝑘𝑘𝑟𝑟𝑡𝑡 = �
𝑆𝑆𝑡𝑡 − 𝑆𝑆𝑡𝑡𝑟𝑟
1− 𝑆𝑆𝑡𝑡𝑟𝑟

�
2+3𝜆𝜆
𝜆𝜆

(30𝑎𝑎) 

𝑘𝑘𝑟𝑟𝑏𝑏 = �
1 − 𝑆𝑆𝑡𝑡
1− 𝑆𝑆𝑡𝑡𝑟𝑟

�
2

�1 − �
𝑆𝑆𝑡𝑡 − 𝑆𝑆𝑡𝑡𝑟𝑟
1 − 𝑆𝑆𝑡𝑡𝑟𝑟

�
2+𝜆𝜆
𝜆𝜆
� (30𝑏𝑏) 

The value of 𝜆𝜆  for a narrow pore size distribution is greater than two and for wide 

distribution is less than 2. If the 𝜆𝜆 has the value of 2 equations, (30) is identical to (26). 

Usually, the relative permeability is fitted using a modified version of Brooks-Corey 

work known as the power-law. In this empirical model, the relative permeability is a 

function of the endpoint permeability and normalized saturation. The relative 

permeabilities for water, oil, and gas are given by: 

𝑘𝑘𝑟𝑟𝑤𝑤 = 𝑘𝑘𝑟𝑟𝑤𝑤,𝑚𝑚𝑟𝑟𝑚𝑚 �
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑤𝑤𝑖𝑖

1− 𝑆𝑆𝑡𝑡𝑟𝑟 − 𝑆𝑆𝑤𝑤𝑖𝑖 − 𝑆𝑆𝑏𝑏𝑖𝑖
�
𝑘𝑘𝑤𝑤

(31𝑎𝑎) 

𝑘𝑘𝑟𝑟𝑡𝑡 = 𝑘𝑘𝑟𝑟𝑡𝑡,𝑚𝑚𝑟𝑟𝑚𝑚 �
𝑆𝑆𝑡𝑡 − 𝑆𝑆𝑡𝑡𝑟𝑟

1 − 𝑆𝑆𝑡𝑡𝑟𝑟 − 𝑆𝑆𝑤𝑤𝑖𝑖 − 𝑆𝑆𝑏𝑏𝑖𝑖
�
𝑘𝑘𝑜𝑜

(31𝑏𝑏) 

𝑘𝑘𝑟𝑟𝑏𝑏 = 𝑘𝑘𝑟𝑟𝑏𝑏,𝑚𝑚𝑟𝑟𝑚𝑚 �
𝑆𝑆𝑏𝑏 − 𝑆𝑆𝑏𝑏𝑖𝑖

1− 𝑆𝑆𝑡𝑡𝑟𝑟 − 𝑆𝑆𝑤𝑤𝑖𝑖 − 𝑆𝑆𝑏𝑏𝑖𝑖
�
𝑘𝑘𝑔𝑔

(31𝑐𝑐) 

Here 𝑘𝑘𝑐𝑐𝑤𝑤.𝑚𝑚𝑎𝑎𝑥𝑥 , 𝑘𝑘𝑐𝑐𝐵𝐵.𝑚𝑚𝑎𝑎𝑥𝑥 , and 𝑘𝑘𝑐𝑐𝑓𝑓,𝑚𝑚𝑎𝑎𝑥𝑥 are maximum relative permeabilities for water, oil, 

and gas, correspondingly; 𝑘𝑘𝑐𝑐𝑤𝑤.𝑚𝑚𝑎𝑎𝑥𝑥 is taken at the irreducible saturations of oil and gas, 

𝑘𝑘𝑐𝑐𝐵𝐵,𝑚𝑚𝑎𝑎𝑥𝑥  at the irreducible saturations of water and gas, 𝑘𝑘𝑐𝑐𝑓𝑓,𝑚𝑚𝑎𝑎𝑥𝑥  at the irreducible 

saturations of oil and gas. The exponents 𝑎𝑎𝑤𝑤,𝑎𝑎𝐵𝐵, and 𝑎𝑎𝑓𝑓 vary in the range from 1 to 6. 

2.4.1  Percolation Theory 

The percolation theory is a branch of probability science concerned with the 

connectivity of an infinite network of links and nodes (Kesten, 1982). The name of the 

theory is directly derived from the original problem of describing fluid percolation 

through a network of capillaries. In this theory, the overall connectivity of many objects 

in space in which their spatial relationships are statistically well defined (Ewing et al., 

2009).  

In the percolation theory, the porous media is represented as a periodic lattice of bonds 

and sites to calculate the porous media's flow parameters. The bonds represent the 
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capillaries, and the sites represent the cavities. This representation overcomes the 

limitation of the bundle of capillary tube model, which lacks the interconnectivity 

between the capillary tubes (Romm, 1984). 

 The percolation models can be classified into two categories based on the lattice 

representation (sites and bonds). The choice of a model depends on the petrophysical 

properties of the porous media. For example, suppose that the main part of the pore 

volume is composed of pore capillaries, and the conductivity of the pore cavities can 

be neglected. In that case, the system can be modeled as percolation by bonds and vice 

versa. 

The percolation theory applications are numerous, particularly as applied to the flows 

in porous media (Ewing et al., 2009). For this particular work, a qualitative picture of 

filling a porous medium by the two phases is essential, as well as the concepts of finite 

and infinite clusters (Bedrikovetsky, 1993). Further, we will apply the percolation 

theory to calculate the conductivity of a randomly filled porous medium. In order to do 

so, the effective medium model will be applied. They are described below. 

2.4.1.1 The concept of finite and infinite clusters. Percolation thresholds 

This section describes the concepts of finite and infinite clusters qualitatively, following 

(Bedrikovetsky, 1993; Shklovskii and Efros, 1984). 

Consider a lattice with a coordination number 𝑍𝑍 (the number of bonds connected to 

each node). Consider a process where the lattice's randomly chosen bonds become 

conducting (e.g., for the liquid flow or electric current) while the rest remain isolating. 

Let 𝑝𝑝 be a fraction of the conducting bonds (Figure 2.11). If the value of 𝑝𝑝 is small, the 

conducting bonds are disconnected. They form isolated “spots”, or, according to the 

percolation theory's terminology, finite clusters. Thus, for small values of 𝑝𝑝, the lattice 

as a whole is not conducting. As 𝑝𝑝 becomes larger than a particular value 𝑝𝑝𝑖𝑖 some of 

the finite clusters are united into the infinite cluster that determines the conductivity of 

the lattice. It may be proven that, in the spaces of dimension 2 or 3, only one infinite 

cluster of conducting bonds is possible since two such clusters would eventually 

intersect. When the value of 𝑝𝑝 increases further, the infinite cluster of non-conducting 

pores breaks at a fraction of the conducting bonds 𝑝𝑝 = 1− 𝑝𝑝𝑖𝑖. The presence of the 

percolation thresholds explains, in particular, the presence of the irreducible (critical) 

saturations for the two-phase flows. 
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Figure 2.11 Percolation by bonds in the square lattice: (a) an infinite cluster (𝑝𝑝 = 2/3) (b) scattered finite size  
clusters (𝑝𝑝 = 1/3) (adopted from (Sahimi, 2011a) 

2.4.1.2 The conductivity of a random lattice. The model of effective medium 

The structure of the infinite cluster and its conductivity are determined by the so-called 

Shklovsky-de Gennes model (Shklovskii and Efros, 1984). Generally, it is difficult or 

impossible to calculate this conductivity precisely. The model of effective medium 

(Kirkpatrick, 1973a) is one of the most popular models applied for the computation of 

a lattice conductivity with the randomly distributed conducting bonds. The model was 

used to derive an expression for the conductivity, based on the assumption that 

individual bond conductivity deviations from the average do not often appear in the 

lattice. However, the theory was later used and proven to be effective for the lattices 

with the bonds arbitrarily deviating from the average. A way for computing the lattice 

conductivity is briefly described in this subsection. More detailed explanations are 

provided in Chapter 4. 

The main equation of the method of the effective medium may be represented in the 

form of 

� 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 = 0
𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

(32) 

Here 𝑓𝑓(𝑐𝑐) is the pore size distribution, 𝑓𝑓 = 𝑓𝑓(𝑐𝑐) is the conductivity of one bond of the 

size 𝑐𝑐, 𝑓𝑓𝑟𝑟 = 𝑓𝑓(𝑐𝑐𝑟𝑟) is the conductivity of the effective bond (the bond of a lattice 

consisting of similar capillaries, which conductivity is equal to the conductivity of the 
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considered lattice). In particular, for the permeability determination, 𝑓𝑓(𝑐𝑐) = 𝜋𝜋𝑐𝑐4/8, as 

derived from the Poiseuille law. For the electrical conductivity determination, 𝑓𝑓(𝑐𝑐) ∼

𝑐𝑐2. 

The dependence 𝐺𝐺 has the form of 

𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓) =
𝑓𝑓𝑟𝑟 − 𝑓𝑓

𝑓𝑓 + �𝑑𝑑2− 1�𝑓𝑓𝑟𝑟
 (33) 

A detailed derivation of Eq. (32) with the function 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓) in the form (33) may be 

found in (Bedrikovetsky, 1993; Jurgawczynski, 2007; Kirkpatrick, 1973b). 

Let us note that  

𝐺𝐺(0,𝑓𝑓) = −1;   
𝜕𝜕𝐺𝐺
𝜕𝜕𝑓𝑓𝑟𝑟

=
2𝑓𝑓 + �𝑑𝑑2 − 2� 𝑓𝑓𝑟𝑟

�𝑓𝑓 + �𝑑𝑑2 − 1� 𝑓𝑓𝑟𝑟�
2 > 0 (34) 

𝐺𝐺(𝑓𝑓𝑟𝑟, 0) =
1

𝑑𝑑
2 − 1

;   
𝜕𝜕𝐺𝐺
𝜕𝜕𝑓𝑓 =

�𝑑𝑑2− 2�𝑓𝑓 − 2 �𝑑𝑑2− 1�𝑓𝑓𝑟𝑟

�𝑓𝑓 + �𝑑𝑑2− 1� 𝑓𝑓𝑟𝑟�
2 (35) 

Let us consider the problem of determining the conductivity of a porous medium 

saturated by two phases. The first phase (oil) occupies the pore of the radii 𝑐𝑐𝑚𝑚𝑖𝑖𝑘𝑘 < 𝑐𝑐 <

𝑐𝑐𝑠𝑠, the second phase (gas) occupies the pores of the radii 𝑐𝑐𝑠𝑠 < 𝑐𝑐 < 𝑐𝑐𝑚𝑚𝑟𝑟𝑚𝑚. The value of 

oil saturation 𝜌𝜌 is related to the intermediate radius 𝑐𝑐𝑠𝑠 by 

𝜌𝜌 =
∫ 𝑐𝑐2 𝑓𝑓(𝑐𝑐) 𝑎𝑎𝑐𝑐𝑟𝑟𝑠𝑠
𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

∫ 𝑐𝑐2 𝑓𝑓(𝑐𝑐) 𝑎𝑎𝑐𝑐𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

 (36) 

Thus, 𝑐𝑐𝑠𝑠 maybe considered to be the function of saturation and vice versa. If only bonds 

filled with oil are conducting, the value of 𝑓𝑓(𝑐𝑐) should be set zero if 𝑐𝑐 > 𝑐𝑐𝑠𝑠. Given 

equation (35), equation (32) is transformed into 

� 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 +
1

𝑑𝑑
2 − 1

� 𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐
𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚

𝑟𝑟𝑠𝑠
= 0

𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

 (37) 

Denoting by 𝐹𝐹(𝑐𝑐𝑠𝑠) the pore size distribution function, 

𝐹𝐹(𝑐𝑐𝑠𝑠) = � 𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐
𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

, 
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Equation (37) read as 

� 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 +
1

𝑑𝑑
2 − 1

�1 − 𝐹𝐹(𝑐𝑐𝑠𝑠)� = 0
𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

 (38) 

Equation (38) should be used for the determination of 𝑓𝑓𝑟𝑟 and, correspondingly, 𝑐𝑐𝑟𝑟. It 

should be noted that, in view of equation (34), 

� 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 ≥  � 𝐺𝐺(0,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 = −𝐹𝐹(𝑐𝑐𝑠𝑠);
𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

 

Correspondingly, 

� 𝐺𝐺(𝑓𝑓𝑟𝑟,𝑓𝑓)𝑓𝑓(𝑐𝑐)𝑎𝑎𝑐𝑐 +
1

𝑑𝑑
2 − 1

�1 − 𝐹𝐹(𝑐𝑐𝑠𝑠)� ≥
1

𝑑𝑑
2 − 1

−
𝑑𝑑
2

𝑑𝑑
2 − 1

𝑟𝑟𝑠𝑠

𝑟𝑟𝑚𝑚𝑚𝑚𝑛𝑛

𝐹𝐹(𝑐𝑐𝑠𝑠) 

Therefore, equation (38) does not have a solution until 𝐹𝐹(𝑐𝑐𝑠𝑠) > 2
𝑧𝑧
. The resistivity 

behaves in a threshold way, in agreement with the percolation theory. 

If the effective radius is known, the permeability of the porous medium may be found 

by 

𝑘𝑘 = 𝑚𝑚𝑓𝑓𝑟𝑟 (39) 

Here 𝑚𝑚 is the density of the capillaries (bonds) per unit cross-section (for the cubic 

lattice, 𝑚𝑚 = 𝑑𝑑−2, where l is the length of the capillary); 𝑓𝑓𝑟𝑟 = 𝑓𝑓(𝑐𝑐𝑟𝑟) is the effective 

conductivity of a single capillary, as above. For the permeability problem, 

𝑓𝑓𝑟𝑟 =
𝜋𝜋𝑐𝑐𝑟𝑟4

8  (40) 
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2.5 Solution Gas Drive 
Depletion is one of the oldest mechanisms of oil production (Ezeuko, 2009). In this 

process, oil is continuously withdrawn from the oil reservoir. In the case of an 

undersaturated oil reservoir, the process starts with rapid pressure decline as the oil 

fluid compressibility at this stage is very low. The main drives in such a process are 

fluid expansion and rock compaction. When the reservoir pressure reaches a critical 

value called the bubble point pressure, the gas dissolved in the oil starts nucleating as 

dispersed bubbles throughout the pore space. The high compressibility of the gas phase 

slows down the pressure decline. Initially, the gas bubbles are immobile, and the 

expansion of these bubbles is equivalent to the amount of oil is pushed towards the 

production wells. The process in which the immobile gas bubbles expand and maintain 

reservoir pressure is called the solution gas drive. As long as the gas bubbles stay 

immobile, they aid the oil production, although with reduced effective oil permeability. 

Reduction of permeability is due to the fact that the bubbles plug part of the porous 

space. At a certain point, the gas saturation exceeds a critical point (critical gas 

saturation) at which the gas starts being mobile. Due to the higher mobility of the gas 

phase, the gas phase preferentially flows towards the production wells bypassing the 

oil. At this point, the efficiency of solution gas drive is reduced significantly since the 

combined production of oil and gas causes the reservoir pressure to decline rapidly, and 

a substantially less amount of oil is produced. Thus, the industry's best practice is to 

maintain the reservoir pressure above the bubble point pressure by injecting water or 

gas. Figure 2.12 is a schematic showing the fluid properties and production history of 

a reservoir that undergoes depletion processes. 
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Figure 2.12 Schematic of the pressure profile and production history of oil reservoir under solution gas drive 
illustrating the different stages of oil production during the  life span of the reservoir (Koederitz et al., 1989) 

The application of the solution gas drive is not limited to the primary production 

processes. After water flooding, a significant oil amount is left unrecovered, where the 

flooding water bypasses a significant amount of oil. Depletion of such mature fields is 

a great option to improve oil recovery and extend these fields' lives (Boge et al., 2005; 

Goodfield and Goodyear, 2003; Naylor et al., 2001; Petersen et al., 2004). Another case 

is heavy oil production, also known as cold heavy oil production; depletion with the 

solution gas drive (if any) offers excellent oil recovery potential from such reservoirs 

(Chugh et al., 2000; De Mirabal et al., 1996; Lago et al., 2002, 2000). The attraction to 

depletion in heavy oil reservoirs originates from the low operational cost of such 

technique and the low environmental impact compared to the steam injection and in-

situ combustion techniques.  

Due to the importance of the solution gas drive during reservoir depletion, the literature 

is rich in studies investigating various aspects of such a process (Yortsos and Stubos, 

2001). However, there is still a significant amount of open questions and contradictions 

regarding the values of critical gas saturation, the method to measure these saturations, 

and the mechanism in which gas nucleates inside the porous media. A comprehensive 

review of the experimental and theoretical study on solution gas drive is provided 

below. This review aims to highlight the unsolved questions and form the foundation 

upon which the subsequent chapters are based.  
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Since the solution gas process starts with gas bubble nucleation in the pore space, it is 

not surprising that a great deal of the studies related to solution gas drive have 

investigated this phenomenon and the factors affecting it, like the level of 

supersaturation and the rate at which the pressure is declined. The first to conduct an 

experimental study on the nucleation process was Kennedy and Olson (1952). They 

conducted a series of depressurization experiments of the methane and kerosene 

mixture in the presence of calcite and silica crystals. Their work showed that the density 

of nucleated bubbles depends on the depressurization rate (Figure 2.13) and the degree 

of supersaturation (Figure 2.14). They also showed that a minimum degree of 

supersaturation is required before which the nucleation does not happen. Additionally, 

they showed that the bubble nucleation preferably happens on the crystal-hydrocarbon 

interface (both calcite and silica crystals being equally efficient), rather than the glass-

hydrocarbon interface or the liquid bulk. Another illuminating conclusion of their work 

was that the relative permeability difference between field data and laboratory 

experiments could be explained by the bubble distribution within the pore space. 

 

 

 

Figure 2.13 Bubble nucleation density as a function of pressure decline rate (Kennedy and Olson, 1952) 

 



Theoretical Background and Literature Review 

 

37 
 

 

Figure 2.14 Bubble nucleation density as a function of supersaturation (Kennedy and Olson, 1952) 

Stewart et al. (1952) conducted a series of displacement experiments on a large number 

of limestone core samples. It was observed that the relative permeability and oil 

recovery measured by solution gas drive and external gas drive of the homogenous core 

samples are similar. On the contrary, the results for the heterogeneous core sample 

showed a substantial difference (Figure 2.15). They explained that this is due to the 

variation in the pore space's structure and connectivity. This conclusion agrees with 

Kennedy and Olsen's (1952) results as the pore structure variation will result in a 

different distribution of the gas bubbles. Later Stewart et al. (1954) extended their work 

and studied the effect of depressurizing rate and supersaturation on the density of 

nucleated gas bubbles and the consequent oil recovery. Their results showed that the 

number of nucleated bubbles increases as the pressure decline rate increase, which 

agrees with the previous studies. Additionally, this increase in bubble nucleation 

density will cause higher recovery under solution gas drive processes. However, the 

pressure decline rate used in the laboratory is much higher than the pressure decline 

rate in the field. Thus, they suggested experiment using displacement by external gas 

drive serves as a conservative estimate of the solution gas drive effect. 
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Figure 2.15 Relative permeability ratio vs. saturation from external and solution gas drive experiments left: 
homogeneous core sample. Right: Heterogeneous core sample (Stewart et al., 1952) 

Hunt and Berry (1956) studied the process of bubble formation and showed that the 

formation of bubbles is random, described with a probability distribution function. 

They also presented a mathematical method to estimate the time needed for the gas to 

diffuse and achieve uniform distribution in the space. The authors also concluded that 

the number of nucleated bubbles depends on the pressure depletion rate. They showed 

that the concentration of bubbles under laboratory conditions is significantly higher 

than expected under field conditions, a conclusion confirming the observation of 

previous studies. 

Handy (1958) conducted a series of depletion experiments with different rates on a long 

sandstone core sample. In the experiments conducted at high depletion rates, he 

observed an increase in oil recovery as the depletion rate increases. He also observed 

that the effect of the depletion rate is more significant for a high viscosity oil. However, 

if the depletion rate is low, the oil recovery is independent of it. Since depletion rates 

under field conditions are significantly lower than the lowest depletion rate in the 

laboratory, it was suggested to use the external gas drive relative permeability 

measurement to predict oil recovery under solution gas drive. 

The researchers conducted depletion experiments in transparent porous media to 

visualize and better understand the processes of bubble nucleation and growth. 

Chatenever et al. (1959) conducted a series of 116 depletion experiments using bead 

packs, thin slices of limestone, and sandstones packed in a transparent shell. In these 
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experiments, bubble nucleation did not happen at the bubble point pressure, but a 

certain degree of supersaturation was required. This conclusion is in agreement with 

the previously mentioned studies. The degree of supersaturation depends on the 

presence of sharp edges and the connate water saturation. They also observed that the 

number of nucleated bubbles is very low and occurs in the low permeable parts of the 

media. The increase in gas saturation is due to the growth of the nucleated bubbles 

rather than the formation of additional bubbles. Due to capillary forces, the bubbles 

grow preferentially to the largest pores. The gas structure was observed to be 

continuous and very similar to the gas structure under the external gas drive. 

By conducting depressurization and external gas drive experiments, Dumore (1970) 

observed that the gas evolves in two patterns, dispersed conical shapes or a single 

narrow channel, depending on the formation permeability (Figure 2.16). He concluded 

that the gas evolution pattern is the same for both external and solution gas drive. 

Another interesting observation in his study was that in the high permeable media, 

where the gas evolved in a dispersed manner, the critical gas saturation of up to 20% 

was observed. On the other hand, in the less permeable formation where a narrow 

channel of gas was formed, a critical gas saturation of only 2% was recorded. 

 

Figure 2.16 Gas evolution pattern recorded by Dumore (1970) A: high permeable media B: low permeable media 

Danesh et al. (1987) used an itched glass micromodel to study oil production 

mechanisms through solution gas drive. They observed that initially, the gas exists as 

dispersed bubbles, and the growth of these bubbles corresponds to the oil recovery. At 

a later stage, the gas bubbles grow and become mobile. The movement of the clusters 
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is discontinuous, which causes the clusters to snap-off to smaller bubbles, and oil and 

gas are produced simultaneously. At this stage, the gas cluster pattern and the gas flow 

behavior are the same as the external gas drive process. 

Moulu (1989) conducted the depletion experiments on the St. Maximin limestone core 

sample in order to describe the different mechanisms appearing during the depletion 

process. He showed that the critical gas saturation decreases with the depletion rate 

(Figure 2.17). He reported values of critical gas saturation between 6-12% for St. 

Maximin limestone. The author also developed a theoretical model that accounts for 

heterogeneous nucleation as a function of supersaturation. In this model, the bubble 

growth equation is derived from the division law and state equation. He showed that 

the calculated critical gas saturation is in good agreement with the experiment results, 

Figure 2.17. It is worth mentioning that the critical gas saturation was defined as the 

maximum gas saturation before any gas flow may occur. He also added that in order 

for the gas bubble to be mobile, the extension of this bubble should be in the same order 

of magnitude as the mean distance between the bubbles in the system.  

 

Figure 2.17 Pressure vs. gas saturation at different pressure decline rates indicating the increase in the critical 
gas saturation as the pressure decline rate increase (Moulu, 1989) 

Yortsos and Parlar (1989) studied the liquid-vapor transition in porous media and its 

application to solution gas drive processes. They showed that the bubble nucleation 

happens predominantly in the large pore cavity in which a certain amount of 

supersaturation is needed for the first bubble to appear. This observation led them to 

conclude that the appearance of the first bubble is independent of the pressure decline 
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rate. They presented a model based on the percolation theory that predicts critical gas 

saturation and the relative permeability for the solution gas drive under low-pressure 

decline rates where the bubble grows by mass transfer. The authors also criticized the 

previous definition of critical gas saturation since nucleation near the core sample outlet 

will underestimate the critical gas saturation values. Therefore, they proposed a new 

definition in which the critical gas saturation is defined as the saturation at which the 

first sample-spanning cluster is formed. 

Kortekaas and Van Poelgeest (1991) investigated the effect of interfacial tension, the 

amount of dissolved gas, the pressure decline rate, and the porous media structure on 

the critical gas saturation by conducting depletion experiments on North Sea chalk 

samples. Furthermore, their experiments were conducted for the two different states, 

virgin, and water out condition, to investigate the effect of connate water on the critical 

gas saturation. They observed a high dependence of the critical gas saturation on the 

IFT between the oil and the gas phase (Figure 2.18). They also observed that the critical 

gas saturation increases with the pressure decline rate and that the effect is more 

significant for the low IFT systems. In order to extrapolate these results onto the 

characteristic field-scale pressure decline rates, they proposed an extrapolation 

procedure for the critical gas saturation on the log scale (Figure 2.19). They showed 

that the amount of dissolved gas has a limited effect on the critical gas saturation value. 

However, it affects how fast this saturation is achieved. Another important conclusion 

of their work was that the presence of connate water saturation decreased the critical 

gas saturation. Additionally, the presence of gas saturation significantly reduced 

residual oil saturation. Similar work was conducted by Scherpenisse et al. (1994). They 

draw similar conclusions, and they also suggested the same method to obtain critical 

gas saturation at reservoir conditions. However, they emphasized the importance of 

conducting the depletion experiment using reservoir fluids and at reservoir pressure and 

temperature when measuring critical gas saturation for virgin rock samples. They also 

showed that in watered out conditions, the rock-fluid-pressure combination effect is 

less significant, and the use of syntactic oil is valid.  
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Figure 2.18 Gas saturation vs. pressure curve from depressurization experiment illustrating critical gas saturation 
dependence on interfacial tension ( adopted from Kortekaas and Van Poelgeest, 1991) 

 

Figure 2.19 Extrapolation of the critical gas saturation at different pressure decline rate to obtain critical gas 
saturation under field conditions ( adopted from Kortekaas and Van Poelgeest, 1991) 

Firoozabadi et al. (1992) also investigated the effect of pore structure and pressure 

decline rate on the supersaturation pressure and the critical gas saturation. The results 

of their work are similar to previous works. However, they reported significantly lower 

values of the critical gas saturation (0.5%). Furthermore, they also concluded that the 
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critical gas saturation is independent of the interfacial tension between the gas and 

liquid, contradicting the conclusion of Kortekass and Van Poelgeest. 

Li and Yortsos (1991) extended the work of Yortsos and Parlar to include estimation 

of the critical gas saturation under higher pressure decline rate using pore network 

model simulator. Alongside the numerical simulations, they conducted visualization 

experiments using the glass micromodel and the Hele-Shaw cells. They observed that 

the bubble nucleation happens at different sites throughout the micromodel and that the 

nucleation continues to happen during the pressure decline. The main difference 

between the experimental results from the Hele-Shaw cell and the glass micromodel is 

that in the former, the gas grew to form a compact cluster, while in the latter, the gas 

formed a dispersed cluster. This happened due to the presence of the capillary forces in 

the glass micromodel. They performed the pore network simulations assuming mass 

transfer and gas expansion as the only contributors to bubble growth. The results are in 

excellent agreement with the experimental results. 

Later in 1993, Li and Yortsos extended their work by conducting a sensitivity study of 

the factors affecting the critical gas saturation. They showed that the critical gas 

saturation depends mainly on the number of nucleated bubbles. Therefore any factor 

that increases the nucleation fraction will increase the critical gas saturation. They also 

highlighted that the main reason for the contradictory values of the critical gas 

saturation in the literature is the definition of the critical gas saturation itself.  

Li and Yortsos (1994) studied the stability of bubble growth when the capillary forces 

are absent. Their study focussed on the analysis of the effects of mass transfer and flow 

parameters on bubble stability. The Hele-Shaw experiment was used to confirm the 

consistency of the theory. They found out that bubble growth and stability are 

independent of the viscosity ratio in the absence of the capillary forces. On the contrary, 

if the capillary forces are considered, the bubble growth becomes more stable as the 

viscosity increases. It was also concluded that the solubility and diffusion coefficient 

has a stabilizing effect. 

Later Li and Yortsos (1995) studied the bubble growth in porous media phenomenon 

by a visualization experiment and developed a theoretical model describing the bubble 

growth driven by constant and dynamic supersaturation. They concluded that the 

bubble growth is different in porous media than in bulk, and they estimated the growth 



Theoretical Background and Literature Review 

 

44 
 

rate using percolation theory and diffusion-limited-aggregation (DLA). They also 

found that the critical gas saturation depends on the nucleation fraction and the pressure 

decline rate at high rates with no effect at low rates. In a parallel study, Li and Yortsos 

(1995b) conducted visualization experiments of bubble nucleation and growth from 

supersaturated carbonated water by pressure depletion in 2-D etched-glass 

micromodels and the Hele-Shaw cells. The main focus of the study was to investigate 

the growth competition of coexisting gas clusters. The authors observed that the 

curvature of a gas cluster interface determined its growth rate so that the smaller clusters 

grew faster than the large ones. This observation is the opposite of what is expected in 

the liquid bulk (the Ostwald ripening). They argued that the local gas-liquid interface 

curvature is unrelated to the cluster size in porous media due to the media 

microstructure. Another interesting observation was that the nucleation of the bubbles 

is not a reproducible phenomenon. Due to the “dirty” nature of the porous media, the 

bubbles were nucleating everywhere and not only in pore cavities. 

Hawes et al. (1994) conducted a visualization experiment using itched glass 

micromodels under irreducible oil conditions. The driving force of the bubble 

nucleation in their experiment was the temperature increment. They observed that the 

gas nucleated in the trapped oil phase only, and the nucleation processes did not happen 

simultaneously but progressively during the experiment. They also observed that the 

buoyance forces had a minimal effect on the process as the gas clusters grew in all 

directions. The gas bubbles themselves were immobile, and gas flow only occurred 

when the gas clusters grew and became connected. It was concluded that since the 

critical gas saturation is mainly dependent on the porous media’s microstructure, any 

attempt to model this process should consider the distribution of the pore shapes, 

orientations, and sizes in addition to the rate of gas generation. Later Hawes et al. (1997) 

extended their work to study the effect of wettability on bubble nucleation and growth. 

Their experiment showed that the magnitude of the critical gas saturation is higher in 

the water-wet system than in the oil-wet system.    

Kamath and Boyer (1995) conducted an experimental investigation of the difference 

between critical gas saturation measured using external gas drive and solution gas drive 

laboratory experiments. They found out that the difference between the two methods is 

significant. They reported a critical gas saturation of 1% and 10% measured by the 

external gas drive method and the solution gas method, respectively. They concluded 
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that the external gas drive gives the lower limit of the critical gas saturation while the 

solution gas drive is the upper estimate. The false nucleation due to pre-existed 

microscopic bubbles might lead to invalid laboratory depletion results. 

Satik and Yortsos (1996) also conducted a visualization experiment to study bubble 

growth in porous media, but they used heat transfer as a vaporization drive. They also 

observed that the vapor phase grows in a disordered pattern following a sequence of 

pressurization and pore-filling (invasion percolation). They simulated the process using 

a pore network model that includes heat transfer, capillary forces, and viscous forces 

while neglecting gravitational forces. They concluded that the validity of the invasion 

percolation decreases with the increase of the heat flux, the capillary number, the 

thermal diffusivity, and the cluster size of the invading gas. 

El Yousfi et al. (1997, 1991) conducted a series of depressurization experiments in 

transparent micromodel to study the mechanisms of bubble nucleation and growth in 

porous media. They concluded that many microbubbles always exist in the porous 

media before the pressure drops below the bubble point pressure. These bubbles are 

trapped in the roughnesses of the solid by capillary pressure and grow by diffusion. 

They argued that a site requires a threshold pressure difference equivalent to the 

trapping capillary pressure in order to be activated. Thus, the process of nucleation 

requires a certain degree of supersaturation. The existence of supersaturation explains 

the dependence of the number of bubbles on the pressure decline rate.  

Mackay et al. (1998) utilized a visualization experiment in order to study the effect of 

gas-liquid interfacial tension in three-phase systems. They showed that the gas bubbles 

nucleate in the oil phase at low gas-oil interfacial tension, and no supersaturation was 

measured. However, at high gas-oil interfacial tension, higher supersaturation was 

measured, and fewer bubbles were nucleated at the cavity sites on the solid-water 

interface. They also concluded that the dynamic change in the gas-oil interfacial tension 

is crucial in the three-phase distribution in porous media rather than the interfacial 

tension at the bubble point. They also observed that when the gas-oil interfacial tension 

becomes sufficiently high at a threshold pressure, the water films start separating, and 

water will be produced instead of oil. This observation led to the conclusion that there 

is a specific value of pressure below which oil production is not viable. 
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By means of the pore network simulations, Du and Yortsos (1999) studied the critical 

gas saturation dependence on the porous medium's geometric parameters in the solution 

gas process. Their model introduced a more generalized definition of the critical gas 

saturation as a gas saturation for the onset of bulk flow. They showed that the critical 

gas saturation is a power-law function of the nucleation fraction with a small fraction 

exponent, indicating that the critical gas saturation is only sensitive to the nucleation 

fraction if this fraction is very small. 

Dominguez et al. (2000) extended the work of El Yosefi et al. (1991, 1997) to include 

the effect of wettability, gravity, and microstructure on the formation and growth of the 

gas phase. They showed that the gas phase growth in the bulk is substantially different 

than in porous media. In the former, the gas phase grows in a compact form, while in 

the latter, the gas phase growth is disordered. They observed that the number of growth 

sites decreases with the wettability at the same supersaturation (Figure 2.20). They also 

observed that the growth rate of an isolated single bubble is slower than the growth rate 

of an isolated gas cluster. The pore structure of the medium highly influences this 

growth difference. They also showed that as the gravitational forces become more 

dominant, the gas cluster shapes become more and more anisotropic (Figure 2.21). 
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Figure 2.20 Distributions and density of initial gas clusters in a micromodel for various wettability (a)𝜃𝜃 =0:00 
rad (b) 𝜃𝜃 =0:66 rad (c)𝜃𝜃 =0:82 rad (Dominguez et al., 2000) 

 

Figure 2.21 Effect of gravity on the phase distribution for the same number of invaded pores (a)𝐵𝐵𝐵𝐵×
103=0;(b) 𝐵𝐵𝐵𝐵 × 103=1.31 and (c) 𝐵𝐵𝐵𝐵× 103=2:61  (Dominguez et al., 2000) 

Egermann and Vizika (2001, 2000) proposed a new method to measure critical gas 

saturations and relative permeabilities. The undersaturated oil was injected at a fixed 

rate, whereas the pressure was controlled at the outlet of a core in order to produce gas 

saturation. The critical gas saturation was measured using X-ray CT scanning, and the 

relative permeability was estimated by the history-match of the experiment using a 

reservoir simulator. They showed that the relative permeability is strongly affected by 

the way how the gas phase was formed (the oil relative permeability for the solution 

gas drive is higher than for the external gas drive). They also showed that the gas phase 

mobility occurs in two forms depending on the operation condition: the mobility due to 

the formation of an infinite cluster and the mobility of the finite-size clusters. However, 

in their experiments, the gas saturation was concentrated at the core outlets; thus, the 

validity of such an approach is questionable. 
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Yortsos and Stubos (2001) presented a review study about the advances in the area of 

phase transformations in porous media with applications ranging from capillary 

condensation to drying to gas evolution. They concluded that the majority of the studies 

related to gas evolution concerned the critical gas saturation and the mobility of the gas 

phase. In contrast, a limited number of studies investigated the mobility of the oil phase. 

Later in 2002, Tsimpanogiannis and Yortsos derived an effective continuum model to 

describe the nucleation and growth of gas bubbles from a supersaturated binary mixture 

induced by pressure reduction or fluid removal at a constant rate. They also described 

the evolution of the gas phase and its approach to the critical gas saturation. The 

maximum supersaturation was found to be a weak function of the pressure decline rate 

and to be strongly dependent on the pore size distribution. They also confirmed the 

previous finding that the critical gas saturation could be described by a power-law 

function of the pressure decline rate. Tsimpanogiannis and Yortsos (2004) extended Du 

and Yortsos's (1999) work to account for the gravitational forces. In order to do so, they 

had to present a more generalized definition of the critical gas saturation since, at high 

gravitational or viscous forces, finite gas clusters become mobile before the bulk phase 

flow. They found out that the critical gas saturation approaches two plateau values at 

low and high Bond numbers. In the intermediate region, the critical gas saturation scales 

as a power-law of the bond number B, which for a 2-D lattice is 𝑆𝑆𝑓𝑓𝑐𝑐 ∼  𝐵𝐵−0.91. For a 

small bond number, the critical gas saturation is the function of nucleation fraction and 

no finite cluster mobilization occurs while for a large bond number instantaneous 

mobilization occurs. 

Shahabi Nejad and Danesh (2005) studied the effect of saturation history on the bubble 

nucleation process for mixed-wet systems. They showed that if the oil is the first phase 

to contact the solid for high oil-gas interfacial tension, the gas will nucleate in the oil 

phase, and few bubbles are nucleated, resulting in high critical gas saturation. If the 

water was first to contact the solid, many bubbles are nucleated in both water and oil 

phases. On the contrary, in low oil-gas interfacial tension, bubble nucleation is 

independent of the saturation history. 

Zhelezny et al. (2006) carried out a series of depletion experiments using artificial glass 

cores and low permeability North Sea core samples. They also presented a 

mathematical model based on differential depletion theory to describe the gas liberation 

process. They found out that liberated gas is uniformly distributed across the core 
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samples. They also showed that the bubble point pressure in porous media is slightly 

lower than in bulk due to the action of the capillary forces. This lowering of the bubble 

point pressure is in agreement with the predictions based on the multicomponent Kelvin 

equation developed previously (Shapiro and Stenby, 1997). 

Zuo et al. (2013, 2012) studied the dissolution of carbon dioxide from a saturated brine 

to estimate the risk associated with gas and brine leakage during carbon dioxide storage. 

The outcome of their study is similar to the previous studies where high critical gas 

saturations were reported and significantly decreased the permeability of both phases. 

Thus, they concluded that the formation of a liberated gas phase due to saturated brine 

leakage is unlikely to pose any significant risks. 

In a recent study, Bagudu et al. (2018) studied the factors affecting critical gas 

saturations in low permeable chalk formations using the network model simulations. 

They concluded that the critical gas saturation in low permeability rocks is independent 

of the pressure decline rate. They also concluded that as the connate water saturation 

increases, the nucleation density increases also. However, this increase leads to a lower 

critical gas saturation. 
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2.6 Summary and the Problem Statement 
It can be inferred from the previous discussion that several methods of measuring the 

relative permeabilities have been developed. Extensive effort in optimizing these 

methods has been made. However, these methods are limited to measuring relative 

permeabilities within the active saturation region. This study aims to develop a 

laboratory measurement technique that estimates oil relative permeability in the region 

where the gas phase is immobile. 

Advancements in tomography technology made it possible to obtain in-situ dynamic 

saturation measurement with outstanding accuracy, which elevates the certainty of the 

measured relative permeability functions. Additionally, knowing the saturation 

distribution opens the door for further investigation of the capillary end effect and other 

phenomena that may affect the relative permeability. Thus, the X-ray CT scanning is 

the method of choice to be used in this study. 

Some of the studies mentioned above emphasized the difference between solution gas 

drive and external gas drive in terms of relative permeability function and oil recovery. 

However, other researchers obtained similar results, while others suggested using 

external gas drive results as the lower oil recovery estimate under solution gas drive. 

The amount of trapped gas (critical gas saturation) and the mobility of both phases (oil 

and gas) are vital elements in determining oil reservoir depletion efficiency. However, 

the critical gas saturation values and the relative permeabilities reported in the literature 

have led to contradictory conclusions, e.g., regarding the effects of the pressure decline 

rates and of the physical mechanisms of nucleation. Further investigation is required to 

understand the mechanisms in which gas evolves in the porous media and the effect of 

the immobile gas phase on oil mobility. 

Although several studies investigated the critical gas saturation and its dependence on 

several parameters (particularly, the pressure decline rate), the reported values of this 

parameter are very dispersed (from 1% up to 27%). The main reason behind the 

disparities in measured critical gas saturation can partly be explained by the difference 

in the definitions of the critical saturation used by different authors and translated into 

the data interpretation procedure. Additionally, most of the experimental studies were 

carried out using either itched-glass micromodels or high permeability rocks. 
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The results of the experimental studies regarding bubble nucleation and growth are also 

controversial. Some studies have shown that the nucleation process is non-reproducible, 

while others concluded that the reproducibility of the nucleation is a valid assumption. 

Some studies have reported that very high supersaturation is needed before any bubble 

appears, while others observed the almost instantaneous nucleation. Another 

contradictory aspect is that some authors observed that the gas is preferably nucleated 

in the porous media's low permeable parts. On the contrary, others observed that the 

nucleation happens in the pore cavities. The majority of the studies agreed on the nature 

of the gas nucleation to be heterogeneous nucleation. However, (El Yousfi, 1997) 

argued that gas evolution is due to pre-existing microbubbles trapped in the roughnesses 

of the porous media and that the “traditional” nucleation does not happen at all.  

The controversy of the reported values of the critical gas saturation and its dependence 

on the pressure decline rate, as well as the observations of the diffusion-limited bubble 

growth, indicate that many experiments have been carried out far from thermodynamic 

equilibrium. Meanwhile, as indicated by many authors, the reservoir processes are 

much slower and occur under quasi-equilibrium conditions. This calls for a study that 

would take lower-permeability rocks and low-pressure decline rate where quasi-

equilibrium conditions are fulfilled. This is the goal of the experimental part of the 

present study.  

  



Experimental Determination of Relative Permeabilities and Critical Gas Saturations 
under Solution-Gas Drive 

 

52 
 

Chapter 3. Experimental 
Determination of Relative 
Permeabilities and Critical Gas 
Saturations under Solution-Gas 
Drive 

 

This chapter has been submitted as a journal article to the Journal of Petroleum Science 

and Engineering. 

Abstract 
Relative permeability functions are crucial to predict oil production from underground 

reservoirs. Despite the abundance of experimental and modeling studies, they are 

limited to measuring/estimating relative permeability within the active saturation 

region. This study presents a novel experimental method to measure the oil relative 

permeability outside the active saturation region for gas-oil systems under 

depressurization. The experiments have been carried out, determining the critical gas 

saturation, after which the gas becomes mobile, and the effect of immobile gas on the 

oil relative permeability. The results show a highly variable amount of immobile gas 

for North Sea chalk (from 8% up to 26% volume) and a significant reduction in oil 

relative permeability (up to 75%). The relative permeabilities outside the active 

saturation region were found to be power-law type functions. A comparison with the 

previously developed pore-network based model for gas-oil relative permeabilities is 

presented, allowing for reconstruction of both gas and oil relative permeability curves 

in the whole saturation range.  
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3.1 Introduction 
Depressurization, also known as depletion, is the oldest mechanism to produce oil from 

underground reservoirs. During this process, oil is continuously withdrawn from the 

reservoir utilizing its internal energy provided by fluid expansion and rock compaction. 

In the beginning, assuming undersaturated oil, the pressure decreases rapidly due to the 

oil low compressibility, until a critical point where the oil dissolved gas start liberating, 

known as the bubble point pressure. As gas liberates and expands, an equivalent amount 

of oil is displaced towards the producer, and the pressure decreases more gradually in 

a process known as a solution gas drive. During this process, oil production decreases 

since the liberated gas bubbles partially fill the porous space, lowering the oil effective 

permeability (Sahimi, 2011b). In order to mitigate this effect, the industry tends to 

maintain the reservoir pressure above the bubble point by injecting water or gas into 

the reservoir. However, this is not always possible. Often, the best option to extend a 

flooded reservoir's life in terms of cost, ease of implementation, and environmental 

impact, is depressurization below the bubble point. Thus, a great interest revived in the 

last two decades in both the oil industry and academia in considering depressurization 

as an improved oil recovery mechanism (De Mirabal et al., 1996; Goodfield and 

Goodyear, 2003; Lago et al., 2000; Ligthelm et al., 1997; Naylor et al., 2001; Petersen 

et al., 2004; Thomas and Bratvold, 2015). 

The literature is rich with studies that investigate gas bubble formation under pressure 

decrease in porous media. Kennedy & Olson (1952) were the pioneers to study the 

effect of depressurization rate and supersaturation on the formation of gas bubbles 

experimentally. Then followed by Akin and Kovscek (2002), Alshmakhy and Maini 

(2012), Firoozabadl, Ottesen, and Mikkelsen (1992), Handy (1958), and Ligthelm et al. 

(1997) conducting core scale experiments and Bora, Maini, and Chakma (2000), Li and 

Yortsos (1995), Mackay et al. (1998) Nejad and Danesh (2005) and El Yousfi et al. 

(1997) using glass etched micromodel visualization experiments. Besides the 

experimental studies, several pore network models have been proposed. See Bagudu, 

McDougall, and Mackay 2018; Firoozabadi and Kashchiev 1996; Li and Yortsos 1993; 

Moulu 1989; Tsimpanogiannis and Yortsos 2002. 

Despite this abundance of studies, the prominent focus of the studies mentioned earlier 

was the dependence of the critical gas saturation on the depressurization rate. However, 
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in a recent study, Bagudu et al. (2018) showed that critical gas saturation is a weak 

function of the depressurizing rate for a low permeable porous medium. In their study, 

they decreased the depressurizing rate three orders of magnitude (100psi/day to 

1psi/day), but no significant change in the critical gas saturation was observed, agreeing 

with the experimental results from some  earlier studies (Drummond et al., 2001; 

Egermann and Vizika, 2000; Naylor et al., 2001) 

Since Handy (1958) and Stewart et al. (1952) highlighted the similarity between relative 

permeabilities and oil recovery under reservoir conditions between external gas drive 

and solution gas drive, many works have discussed similarities and distinctions between 

the two flow regimes (Drummond et al., 2001; Egermann and Vizika, 2000; 

Firoozabadl et al., 1992; Kamath and Boyer, 1995; Naylor et al., 2001). This calls for 

direct measurements of the oil relative permeabilities under the solution gas drive in 

the region where the liberated gas is immobile. Egermann and Vizika (2000) used 

indirect unsteady relative permeability measurements under gas liberation accompanied 

by history-matching with a reservoir simulator in order to extract the values of the 

relative permeabilities. However, to the best of our knowledge, apart from this study, 

there has been no attempt to measure directly the oil relative permeabilities under 

solution gas drive.  

This study proposes a new methodology to measure critical gas saturation and relative 

permeability for low permeable rocks under the solution gas drive process. In order to 

resolve multiple difficulties in such measurements, we have constructed a new setup 

involving X-ray computer tomography and inline viscosity measurements. 

Experimental measurements of the oil relative permeabilities under gas liberation in six 

low permeable outcrop and reservoir samples from the North Sea region have been 

carried out. The results indicate a high similarity of the measured relative permeabilities 

for the rock samples of the same origin and their independence of the fluids. 
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3.2 Materials and methods 
 

Core holder

X-Ray CT
Gas

------

Oil

VP Q=C

                           VP P=C

Viscometer

Gas
------
Oil

Vindum Pump

Pressure 
Transducer

injection cylinder

Differential Pressure 
Transducer

2 Phase Separator

Core Holder

 

Figure 3.1 Schematic diagram of the relative permeability measurement apparatus 

3.2.1 Experimental Setup 

A diagram of the experimental flooding setup is shown in Figure 3.1. The setup consists 

of2:  

• Medical X-ray Computer Tomography scanner (CT) to measure porosity and 

real-time saturation.  

• A modified X-ray transparent carbon-fiber core holder to conduct reference CT 

measurements at each stage. 

• A capillary viscometer is used to provide independent viscosity measurements 

at each step. 

• Two high-pressure displacement pumps, where one controls the system pressure 

and the mixture bubble point, and the other recirculates the liquid phase. 

• The high-pressure two-phase separator is used as a reservoir for the circulated 

fluid. 

• A differential pressure transducer is used to measure the pressure drop during 

the experiment.  

                                                
2 More detail is given in Appendix A  
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An additional standard setup was used to prepare mixtures and measure the 

permeabilities of the core plugs by the 5-point Klinkenberg procedure. 

3.2.2 Materials 

This study has involved six core plugs of the Cretaceous period, from three different 

sources: two plugs from the Stevns Klint outcrop, two from the Dan field (Upper 

Cretaceous), and two from the Valdemar field (Lower Cretaceous). The cores possessed 

significantly different permeabilities ranging from 0.13 to 8.51 𝑚𝑚𝑚𝑚.  The Stevns Klint 

and the Dan formations are relatively homogeneous and stress-resistant (Surlyk et al., 

2006). They are composed primarily of calcite and negligible amounts of other 

minerals. In comparison, Valdemar formation is a fragile and relatively heterogeneous 

rock containing clay minerals. Table 1 shows the dimensions and properties of the core 

samples. 

Table 1. Dimensions and characteristic properties of the rock samples. 

Core 
Plug Source Length 

(𝒎𝒎𝒎𝒎) 
Diameter 

(𝒎𝒎𝒎𝒎) 
Porosity 

(%) 
Permeability 

(Klinkenberg) (𝒎𝒎𝒎𝒎) 

1 Stevns 
Klint 68 38 47.0 8.51 

2 Stevns 
Klint 70 38 48.0 8.43 

3 Dan field 63 38 34.0 2.46 
4 Dan field 75 38 32.0 3.05 

5 Valdemar 
Field 76 38 36.0 0.133 

6 Valdemar 
Field 76 38 35.5 0.177 

 

Two binary mixtures were used to study the mixture effect on the relative permeability. 

The first mixture is heptane-methane, with the 3:1 molar ratio and the bubble point 

pressure of 50.3 bar at ambient temperature (21 oC). The second mixture is decane-

methane with a molar ratio of 6:1 and a bubble point pressure of 26.9 bar at ambient 

temperature.   

Figure 3.2 shows the phase envelopes of both mixtures computed using in-house 

software SPECS v5.70, with the SRK equation of state. Figure 3.3 illustrates liquid 

viscosities of both mixtures as a function of pressure computed by the F-theory 
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(Quiñones-Cisneros et al., 2005; Quiñones-Cisneros and Deiters, 2006). Abrupt 

changes of the slopes of the plots correspond to the bubble points of the mixtures. 

 

Figure 3.2 Phase diagrams for C1-C7 molar ratio 1:3 and C1-C10 molar ratio 1:6 produced using in-house 
software SPECS v5.70, with the SRK equation of state 

  

Figure 3.3 Viscosity versus pressure for the liquid phase computed by the F-theory for C1-C7 molar ratio 1:3 and 
C1-C10 molar ratio 1:6 

3.2.3 Procedure 

Before experiments, the core plugs were examined for fractures and impurities by the 

X-ray computer tomography scanning (CT) and cleaned from remaining hydrocarbons 

and salts. Figure 3.4 shows the CT scans of all six cores. The first two images are taken 

along the two orthogonal planes in the plugs' longitude direction with a relative angle 
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of 90°. The third image is along the radial direction at the center of the core. It is seen 

that, while the first four cores are relatively homogeneous, the last two contain clearly 

expressed heterogeneities. The white “spots” on them are probably associated with the 

clay inclusions. 

a)  

b)  

c)  

Figure 3.4 X-ray CT images of the core samples applied to investigate the heterogeneity of the core samples. 
Sections through the core centers in the three orthogonal directions.  a) Core 1, Stevns Klint; b) Core 2, Stevns 
Klint; c) Core 3, Dan Field. d) Core number 4 Dan field. e) Core number 5 Valdemar field. f) Core number 6 

Valdemar field. 
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d)  

e)  

f)   

Figure 3.4 (cont.) X-ray CT images of the core samples applied to investigate the heterogeneity of the core 
samples. Sections through the core centers in the three orthogonal directions.  a) Core 1, Stevns Klint; b) Core 2, 
Stevns Klint; c) Core 3, Dan Field. d) Core number 4 Dan field. e) Core number 5 Valdemar field. f) Core number 

6 Valdemar field. 
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3.2.3.1 Pre-experiment procedure 

The Stevns Klint outcrop cores and the Dan field cores were cleaned by subsequent 

alternative flooding of toluene and methanol. The flooding continued until colorless 

effluent was observed. The AgNO3 solution was added to the clean methanol effluent, 

and the salt precipitation was checked to confirm the complete removal of the salts. 

The Valdemar cores are significantly less permeable and more fragile than Stevns Klint 

and Dan cores. Application of the standard subsequent alternative flooding or the hot 

reflux Soxhlet would result in permanent structural damage to the core plugs. Thus, a 

gentler method was used. The cleaning processes were conducted in two stages; a 

heated low flow subsequent alternative flooding process followed by a cold diffusion 

process (D. Olsen, GEUS, private communication). The cores were wrapped in the 

heat-shrinking Teflon wrap, placed in the Viton rubber sleeve, and then into the core 

holder. The temperature was set to 40oC using the heat jacket mounted on the core 

holder, and the confining pressure of 10 bars was established. Toluene and methanol 

were alternatively injected with maximum pressure difference across the core of 5 bars. 

The flooding continued until almost colorless effluent (light yellow) was observed (it 

should be remarked that the effluent did not become fully colorless even after one-

month of flooding). Then the process was repeated with the reverse flooding direction. 

The AgNO3 solution was added to the methanol effluent, and the salt precipitation was 

checked to confirm the complete removal of the salts. 

Upon completing the heated low flowrate flooding process, the cores were removed 

from the core holder and the Teflon wrap, then submerged in toluene at room 

temperature for 48 hours. The toluene was replaced continuously with a clean one. Then 

the cores were air-dried and immersed in methanol at room temperature for 48 hours. 

The methanol was replaced continuously with a clean one. This process was repeated 

until no change in the color of toluene or methanol (approximately two weeks). 

The cleaned samples were weighed, then placed in the oven at 60°C. Under drying, the 

core weight was monitored periodically. The drying procedure was terminated when 

the weight measurement did not change for 24 hours. 

The clean and dry core plugs were wrapped in the heat-shrinking Teflon wrap, placed 

in the Viton rubber sleeve, and placed into the core holder. The dry cores were scanned 
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(the first reference scan), then flushed at ambient pressure with the heavy component 

(C7 or C10), approximately four porous volumes, while monitoring the pressure 

difference across the core. Then the pressure gradually increased up to 60 bars to ensure 

full saturation of the core. At this point, the single-phase permeability measurement and 

the fully saturated core plug reference CT scan were conducted. The binary mixture 

then displaced the heavy component from the core at a pressure above the bubble point 

to ensure single-phase flow. 

3.2.3.2 The main experimental procedure 

To establish a uniform immobile gas saturation in the core, the pressure was reduced 

using the pressure control pump. The liquid was circulated through the core, while some 

immobile gas stayed inside. The circulation was supported by connecting the 

recirculation pump at the core holder's outlet side while the inlet was directly connected 

to the two-phase separator. The flowrate was chosen to be as low as possible to avoid 

any additional liberation of gas in the core but high enough to be able to measure the 

pressure drop across the core and the capillary viscometer. After a few circulation 

cycles, a thermodynamic equilibrium was established in the core. This was assured by 

the uniformity of the saturation measured by CT scanning.  

The relative permeability of oil at steady state was calculated by the application of 

Darcy law for the core and the Poiseuille equation for the viscometer, as follows: 

𝜋𝜋𝑅𝑅4Δ𝑃𝑃𝑣𝑣
8𝜇𝜇𝐿𝐿𝑣𝑣

=
𝑘𝑘𝑘𝑘𝑟𝑟𝑡𝑡AΔ𝑃𝑃𝑖𝑖

𝜇𝜇𝐿𝐿𝑖𝑖
; 𝑘𝑘𝑘𝑘𝑟𝑟𝑡𝑡 =

𝜋𝜋𝑅𝑅4𝐿𝐿𝑖𝑖Δ𝑃𝑃𝑣𝑣
8𝐿𝐿𝑣𝑣AΔ𝑃𝑃𝑖𝑖

;𝑘𝑘𝑟𝑟𝑡𝑡 =

Δ𝑃𝑃𝑣𝑣
Δ𝑃𝑃𝑖𝑖

�Δ𝑃𝑃𝑣𝑣Δ𝑃𝑃𝑖𝑖
�
0

 (1) 

Where, 𝑅𝑅 is the viscometer capillary radius, Δ𝑃𝑃𝑣𝑣 ,Δ𝑃𝑃𝑖𝑖 are the pressure drops across the 

viscometer and the core, respectively, 𝐿𝐿𝑣𝑣 ,𝐿𝐿𝑖𝑖 are the lengths of the viscometer capillary 

and core, respectively, 𝑘𝑘 is the apparent permeability,  𝜇𝜇 is the dynamic viscosity of the 

fluid, 𝑘𝑘𝑟𝑟𝑡𝑡 is the relative permeability of the oil phase, and  �Δ𝑃𝑃𝑣𝑣
Δ𝑃𝑃𝑐𝑐
�
0
is the pressure drop 

ratio, maximum ratio, measured for the fully saturated core. By applying Equation (1), 

the errors in measuring the dimensions, flow rate, and viscosity are excluded. This 

process was repeated at different pressures (higher or lower) to obtain the full curve 

from the fully saturated core to the point of critical gas saturation. 
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As the system pressure decreases and the gas saturation exceeds the critical gas 

saturation, fluctuations of the pressure drop across the viscometer are observed. 

However, after continuing the fluid circulation, all the excess gas leaves the core, and 

the steady-state is achieved, again, at the critical gas saturation. Thus, the critical gas 

saturation is confirmed. 

In the course of the experiment, the saturations were determined by the application of 

the X-ray CT scanner. This is an excellent tool for independent measurements of 

porosity and real-time saturation, especially in situations where the composition of the 

mixture changes dynamically throughout the experiment. The following set of 

equations was used to process the CT data: 

𝜙𝜙 =
𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙𝑆𝑆𝑟𝑟𝑡𝑡 − 𝐶𝐶𝐶𝐶𝐷𝐷𝑟𝑟𝑑𝑑
𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙 − 𝐶𝐶𝐶𝐶𝐺𝐺𝑟𝑟𝑠𝑠

 

𝑆𝑆𝑡𝑡 =
𝐶𝐶𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟𝑟𝑟 − 𝐶𝐶𝐶𝐶𝐷𝐷𝑟𝑟𝑑𝑑
𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙𝑆𝑆𝑟𝑟𝑡𝑡 − 𝐶𝐶𝐶𝐶𝐷𝐷𝑟𝑟𝑑𝑑

 

Here 𝜙𝜙 is the porosity; 𝐶𝐶𝐶𝐶𝐶𝐶𝑡𝑡𝑟𝑟𝑟𝑟  is the CT number for the core at any time during the 

experiment; 𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙𝑆𝑆𝑟𝑟𝑡𝑡 is the CT value for the fully oil-saturated core, as determined at 

the beginning of the experiment; 𝐶𝐶𝐶𝐶𝐷𝐷𝑟𝑟𝑑𝑑 is the CT value for the dry core; 𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙 is the 

CT number of the saturated oil in a given experimental stage; and 𝐶𝐶𝐶𝐶𝐺𝐺𝑟𝑟𝑠𝑠 is the CT value 

of the gas phase. The gas saturation is obtained as 1 − 𝑆𝑆𝑡𝑡. For a precise porosity and 

saturation measurement, an X-ray transparent part of the tubing was installed to 

measure 𝐶𝐶𝐶𝐶𝑂𝑂𝑖𝑖𝑙𝑙 and 𝐶𝐶𝐶𝐶𝐺𝐺𝑟𝑟𝑠𝑠 at any time during the experiment. 
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3.3  Results 

3.3.1 The Saturation Profiles 

Application of the X-ray CT scanning has made it possible to analyze the saturation 

profiles. Such an analysis was not carried out in most of the works concerning steady-

state measurements of the relative permeabilities (Gravier et al., 1986; Henderson et al. 

1996), although other studies emphasize its importance (Kamath et al., 1995; Virnovsky 

et al. 1995; Zou et al. 2018). The analysis below shows that accounting for non-

uniformity of the saturation profiles is necessary; otherwise, large errors may be 

overlooked. 

A typical saturation profile in our experiments is shown in Figure 3.5a. The saturation 

profile may be divided into two zones. The first zone (“the end-effect”) is where the 

liquid saturation is effectively unity. In the second zone, the liquid saturation has been 

decreased, assuming a new nearly uniform value. A transition between the zones is 

relatively sharp, containing only a few scanning points.  

The end-effect has been observed almost in all the samples, typically taking ca. 15% of 

the core length. Only in the experiments with the n-heptane as a liquid and Stevns Klint 

rock, this effect was negligible (Figure 3.5b). It cannot be attributed to a non-steady 

state. Indeed, each experimental point was measured under the condition that the 

pressure difference around a core was invariable for a long time. If the saturation would 

still be evolving, this would also happen with the effective relative permeability, which 

would be reflected in the pressure difference. So, we assume that the effect was 

produced by peculiarities of the experimental setup (the pressure was higher at the inlet 

side), in combination with the capillary forces and relatively high viscosity of the n-

decane used in all the experiments where the end effect was observed. 
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a)  

b)  

Figure 3.5 Typical saturation profiles obtained during the experiment: a) a saturation profile exhibiting the end-
effect b) a uniform saturation profile without the end effect. 

In order to extract the actual value of the relative permeability from the experiments 

where the saturation was non-uniform, the following method was applied. The 

saturation was approximated by a step-wise function. It was assumed to be equal to 

unity in the zone of the end effect and to the average observed saturation 𝜌𝜌 in the rest 

of the sample. The observed effective value of the relative permeability 𝑘𝑘�𝑟𝑟 was related 

to the actual relative permeability 𝑘𝑘𝑟𝑟(𝜌𝜌) by an equation 
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𝛼𝛼
1 +

1 − 𝛼𝛼
𝑘𝑘𝑟𝑟(𝜌𝜌) =

1
𝑘𝑘�𝑟𝑟

, 

Where 𝜌𝜌 is the average saturation in the second zone, and 𝛼𝛼 is the fraction of the sample 

length occupied by the end-effect.  

Since the transition between the two saturation zones was not exactly abrupt, the error 

might be introduced by a few points belonging to this transition. To evaluate this error, 

we have considered the two extreme cases: in one case, all the intermediate points are 

attributed to the zone of the end-effect (that is, we set 𝜌𝜌 = 1 in all of them), and in 

another case, they belong to the zone of saturation 𝜌𝜌. The absolute average difference 

between the relative permeabilities obtained under these two assumptions did not 

exceed 5%. Moreover, the deviations for particular saturations did not exceed this 

value, except for several points for the Valdemar core, where these deviations were 

close to 10%. Such deviations are within the accuracy of the experimental method. We 

have tried more complex accounting methods for the intermediate points, but in the 

end, we found them unnecessary since the corrections were negligibly small. The 

results presented below correspond to the average between the two described extreme 

cases. The high and the low estimates are also shown on the plots. 

Validation of the method is given by a comparison between the relative permeabilities 

measured for n-heptane-methane and n-decane-methane mixtures, as described below. 

The end-effect was not observed for the first mixture. The difference between the 

relative permeabilities obtained for the first and the second mixture was less than 1%. 

3.3.2  Stevns Klint Samples  

The Stevns Klint samples are the most permeable, easy to obtain, and the easiest to 

handle. Thus, they were utilized to check the repeatability and the effect of different 

mixtures on the experimental results. For this reason, the first experiments were 

conducted using the n-heptane-methane mixture. It utilized the F-theory model 

(Quiñones-Cisneros et al., 2005; Quiñones-Cisneros and Deiters, 2006) to estimate the 

liquid phase viscosity. The experiment was then repeated on core #2 using the n-

decane-methane mixture and utilized the capillary viscometer to measure the liquid 

phase viscosity, Figure 3.3. 
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A uniform saturation profile was observed in the results obtained from the experiment 

conducted with the n-heptane-methane mixture. While an end-effect was observed in 

the repeated experiment conducted using the n-decane-methane mixture. However, the 

overall results showed that the experimental results are repeatable. No significant effect 

of the fluid mixture was observed; thus, the rest of the experiments were conducted 

using the decane-methane mixture.   

Figures 3.6 (a, b, and c) illustrate the relative permeabilities of the Stevns Klint outcrop 

samples. The critical gas saturation for Stevns Klint samples ranges between 7% and 

10% and corresponds to a reduction in the effective oil permeability between 30 and 

37%. Furthermore, it appears that the reduction in the relative permeability linearly 

depends on the amount of trapped gas in the pore space. Nevertheless, the portion of 

the curve is very small. A usual approximation of the relative permeabilities is not linear 

(Al-Masri and Shapiro, 2020). Further analysis will be provided in section 4. 

3.3.3 Dan Samples   

Figure 3.6 (d and e) illustrate Dan's experimental results (core 3 and 4). It can be seen 

that the critical gas saturation for the Dan cores ranges between 18 and 26% for core 3 

and 4, respectively, which is significantly higher than the value obtained for the Stevns 

Klint cores. The oil relative permeability is reduced by 56 and 66% at critical gas 

saturation for cores 3 and 4, correspondingly. Even though these cores exhibit different 

critical gas saturations and oil relative permeabilities at these points, in the intermediate 

points, the oil relative permeabilities follow approximately the same linear dependence.  

It is worthwhile to mention that the end-effect was more pronounced in the Dan cores 

due to their lower permeability. This can be evidenced by the higher variance between 

the 𝑘𝑘𝑐𝑐𝐿𝐿 and 𝑘𝑘𝑐𝑐𝐻𝐻 shown in Figure 3.6 (d and e). 

3.3.4 Valdemar Samples   

The results for Valdemar cores are presented in Figure 3.6 (f and g). It can be seen that 

the variance between 𝑘𝑘𝑐𝑐𝐿𝐿and 𝑘𝑘𝑐𝑐𝐻𝐻 is the highest, which corresponds to the most 

pronounced saturation profile non-uniformity. The critical gas saturation for Valdemar 

cores is similar to the Stevns Klint's critical gas saturation, but the reduction in the oil 

relative permeability is significantly higher. The critical gas saturation for core 5 is 

11%, which corresponds to a 45% reduction in oil permeability. The critical gas 
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saturation for core 6 is 9% causing the relative oil permeability to drop by 75%. 

Additionally, the oil relative permeability approximately follows a linear dependence 

on the amount of trapped gas, as for the previous cases.  

All the cores were intact after the experiment apart from core 5, which was destroyed 

during the experiment. Fracturing is usual for the Valdemar cores under stress. This 

was reflected in a sudden jump of the pressure in the experimental procedure. However, 

the saturation-permeability data remained continuous, though much more scattered 

(Figure 3.6f). The fact that core 5 was fractured but core 6 was not, explains the 

difference in the behavior of the apparent relative permeabilities of the cores. 

 

 

 

a)  
Figure 3.6 The measured relative permeabilities with the end-effect correction: a) core 1, (Stevns Klint) using C1-
C7 mixture; b) core 1 (Stevns Klint) using C1-C10 mixture; c) core 2 (Stevns Klint) using C1-C10 mixture; d) core 
3 (Dan field) using C1-C10 mixture; e) core 4 (Dan field) using C1-C10 mixture; f) core 5 (Valdemar field) using 

C1-C10 mixture; g) core 6 (Valdemar field) using C1-C10 mixture. 
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b)  

c)  
Figure 3.6 (cont.) The measured relative permeabilities with the end-effect correction: a) core 1, (Stevns Klint) 

using C1-C7 mixture; b) core 1 (Stevns Klint) using C1-C10 mixture; c) core 2 (Stevns Klint) using C1-C10 
mixture; d) core 3 (Dan field) using C1-C10 mixture; e) core 4 (Dan field) using C1-C10 mixture; f) core 5 

(Valdemar field) using C1-C10 mixture; g) core 6 (Valdemar field) using C1-C10 mixture. 
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d)   

e)  
Figure 3.6 (cont.) he measured relative permeabilities with the end-effect correction: a) core 1, (Stevns Klint) 
using C1-C7 mixture; b) core 1 (Stevns Klint) using C1-C10 mixture; c) core 2 (Stevns Klint) using C1-C10 
mixture; d) core 3 (Dan field) using C1-C10 mixture; e) core 4 (Dan field) using C1-C10 mixture; f) core 5 

(Valdemar field) using C1-C10 mixture; g) core 6 (Valdemar field) using C1-C10 mixture. 
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f)   

g)  

Figure 3.6 (cont.) The measured relative permeabilities with the end-effect correction: a) core 1, (Stevns Klint) 
using C1-C7 mixture; b) core 1 (Stevns Klint) using C1-C10 mixture; c) core 2 (Stevns Klint) using C1-C10 
mixture; d) core 3 (Dan field) using C1-C10 mixture; e) core 4 (Dan field) using C1-C10 mixture; f) core 5 

(Valdemar field) using C1-C10 mixture; g) core 6 (Valdemar field) using C1-C10 mixture 
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3.4  Discussion 
Let us first compare the results obtained for Stevns Klint core 1, where the two different 

mixtures were studied. The relative permeabilities for these two mixtures were found 

to be identical within the experimental error. Meanwhile, the experimental pressures 

and the viscosities of the mixtures were significantly different. Thus, at least, in this 

experiment, the relative permeabilities were shown to be independent of the mobility 

ratio of the fluids. As long as this conclusion is correct, it is possible to select a 

convenient fluid (e.g., synthetic instead of reservoir fluid) for measurement of the 

relative permeabilities. However, care must be taken regarding the saturation 

distribution across the core sample. In this study, the n-decane-methane mixture was 

the fluid of choice. It is a well-studied mixture, and viscosity data at different pressures 

and temperatures are available (Audonnet and Pádua, 2004; Canet et al., 2002). The 

reason for the choice of that mixture was that the bubble-point pressure and, hence, the 

operation pressure was lower so that the fragile cores were exposed to less stress. A 

negative side of this choice was that, unlike the n-heptane-methane mixture, the second 

mixture produced the end-effect. However, the identity of the relative permeabilities 

confirmed that the correction procedure described in section 3.1 is sufficient for 

accounting for this effect. 

The study has aimed to develop an experimental setup that produces repeatable results. 

The repeatability was achieved and evidenced for the Stevns Klint outcrop samples, 

contrary to previous studies (Li and Yortsos, 1995b). A comparison of the results from 

the Upper Cretaceous cores 1-4 shows that they follow the same curve (Figure 3.7). 

Although the analysis of individual core data showed that the linear dependence 

approximation might be satisfactory, Figure 3.7 shows that this united dependence is 

more of a power-law type. This is in agreement with the Corey-Brooks formula for the 

relative permeabilities. 

In our paper (Al-Masri and Shapiro, 2020)3, we have developed a model correlating the 

relative permeabilities for the gas liberation process with the geometrical characteristics 

of the pore space, like coordination number 𝑍𝑍 and the amount of gas 𝑓𝑓𝑡𝑡 required to 

                                                
3 The referenced paper corresponds to Chapter 4 of this Thesis. Here the linear logic of the discussion is 
violated. I have decided to put experimental studies prior to the theoretical, but retain the structure of the 
papers, on which the chapters are based. 
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block each individual pore throat. The model was adjusted to the data (solid line in 

Figure 3.7a). It corresponds to 𝑍𝑍 = 9 and the value of  𝑓𝑓𝑡𝑡 to be 0.32. A higher 

coordination number is expected for the complex pore geometry of the chalk cores 

(Patsuoles and Cripps, 1983). Since the cores have similar pore geometry, they produce 

the same relative permeability dependence for oil. Moreover, the gas relative 

permeabilities may also be predicted by adjusting the model parameter 𝑓𝑓𝑏𝑏  to the 

irreducible gas saturation, with the same value of 𝑍𝑍. The corresponding relative 

permeability curves are present in Figure 3.7b. These are the model predictions, and 

additional measurements may be needed to confirm them. 

The critical gas saturations for the Upper Cretaceous cores vary from 10% to 26%. This 

is within the range of the literature data for chalks and sandstones from the North Sea 

(Bagudu et al., 2018; Drummond et al., 2001; Egermann and Vizika, 2000; Naylor et 

al., 2001; Petersen et al., 2004). For the Dan field cores, the critical gas saturations are 

higher, and the permeability reduction is also higher (up to 67%). 

For the two Lower Cretaceous samples from the Valdemar reservoir, the data is more 

scattered. One of the cases is not conclusive since the sample was destroyed during the 

experiment. The relative permeability curve for another sample is much steeper than 

for the Upper Cretaceous samples. The critical gas saturation is only 8%, but the 

reduction of relative permeability is 75%, which is the highest reduction of all the 

samples. The rock of the Valdemar reservoir is tighter than the Upper Cretaceous rock. 

Due to capillary forces and specific rock geometry, the small amounts of gas are harder 

to move. The narrow throats of the pores are easier to plug. 
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a)  

b)  

Figure 3.7 Combined relative permeabilities for all the Upper Cretaceous cores samples (Cores 1-4): a) The 
model adjusted to the experimental data; b) prediction of the full relative permeability curve for both phases (oil 

and gas).   
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3.5  Conclusions 
We have presented an analysis of steady-state relative permeability experiments outside 

the active saturation region on six cleaned North Sea reservoir cores. The goal was to 

provide a new method to eliminate some of the uncertainties associated with 

determining critical gas saturation and relative permeabilities under the solution gas 

drive. The properties of the core samples are significantly different. This demonstrates 

the capabilities of the experimental setup and the measurement procedure.  

The main conclusions from the study are as follows: 

• An experimental setup and procedure to measure relative permeability 

outside of the active saturation region under depressurization and gas 

liberation are presented. The outcrop samples were used to validate the 

repeatability of the experimental results. The same permeability curve 

and critical saturation were obtained in both experiments. 

• The effect of fluid mobility ratio was studied by conducting the 

experiments on the same core sample using two different fluid mixtures 

with different viscosities. The differences were within the experimental 

error. This suggests that the relative permeabilities are independent of a 

mixture. In particular, there is a possibility of using synthetic oil instead 

of a reservoir fluid for the relative permeability measurements. 

• The saturation distribution along the core samples was analyzed. A 

method to account for saturation non-uniformity (end-effect) is 

proposed if this effect is observed. The error of the method was 

estimated to be less than 5%. The method was verified by comparison 

of the experimental results with and without the end-effect. 

• The reduction in oil relative permeability due to trapped gas is 

significant and should be accounted for; otherwise, a significant 

overestimation of oil production may occur. In our experiments, the 

relative permeability was reduced by 67% for the Dan reservoir core and 

by 75% for the Valdemar core, although in the last case, the critical 

saturation was only 8%. 

• By combining the results from Upper Cretaceous cores, it can be seen 

that the relative permeability is a power-law-like function, although it 
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appears to be a linear dependence when analyzed for individual cores. 

A linear approximation is reasonable within the range where gas is 

immobile but cannot be extended outside of this range. 

• The reduction of oil relative permeability as a function of gas saturation 

is the same for all the core samples from the Upper Cretaceous 

formation. The only difference is in the critical gas saturation. 

• The measured critical gas saturation for cores from the Upper 

Cretaceous formation ranges from 10 to 26%. The Upper Cretaceous 

reservoir samples exhibited a higher critical gas saturation than the 

outcrop samples. Meanwhile, for the Lower Cretaceous Samples 𝑆𝑆𝑏𝑏𝑖𝑖  

varied between 8 and 10%. These values agree with the values of critical 

gas saturation for North Sea cores found in the literature. 

• Finally, it has been shown that by using the model developed in our 

previous work (Al-Masri and Shapiro, 2020), it may be possible to use 

the results from the proposed experiment to predict the whole relative 

permeability curves for both the oil and gas phases. This conclusion 

needs further experimental verification. 
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Nomenclature 
𝐴𝐴 Core cross-sectional area 

𝑘𝑘 Absolute permeability 

𝑘𝑘𝑟𝑟𝑡𝑡 Oil relative permeability 

𝐿𝐿𝑖𝑖 ,𝐿𝐿𝑣𝑣 Core and viscometer capillary length, respectively 

Δ𝑃𝑃𝑖𝑖 ,Δ𝑃𝑃𝑣𝑣  The pressure drop across core and viscometer capillary, 

respectively 

𝑄𝑄 Volumetric flow rate 

𝑅𝑅 Viscometer capillary radius 

𝑆𝑆𝑡𝑡 Oil saturation 

𝑆𝑆𝑖𝑖 Critical gas saturation 

𝑋𝑋 Distance from the inlet 

𝜙𝜙 Porosity 

𝛼𝛼 Fraction of the core length containing the end-effect 

𝜇𝜇 The dynamic viscosity 
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Chapter 4. A Model for Relative 
Permeabilities Under Gas 
Liberation or Condensate 
Precipitation in Porous Medium 

 

This chapter has been published as a journal article: Al-Masri, W., Shapiro, A., 2020. A Model 

for Relative Permeabilities Under Gas Liberation or Condensate Precipitation in Porous 

Medium. Transp. Porous Media. https://doi.org/10.1007/s11242-020-01496-9. 

Abstract 
We derive a model for relative permeabilities under two-phase flows in porous media, 

where the phases may partly mix with each other, and one of the phases may be 

immobile. Particular cases are the bubble formation in an oil reservoir when the 

pressure falls below the bubble point or, similarly, condensation and droplet 

precipitation in a gas-condensate reservoir. The dependencies for the relative 

permeabilities on the saturation are derived based on a pore-level model of the porous 

medium, represented as a capillary network. Distribution of the bubbles or droplets in 

the network is computed with the application of a method similar to the fundamental 

statistical physics. Model formula for the conductivities of single capillaries, depending 

on the numbers of bubbles or droplets in them, are converted to the relative 

permeabilities of the whole lattice by application of the effective medium formalism. 

We establish universal correlations between the micro-characteristics of the porous 

medium, constituting our model, and the parameters in the Corey-Brooks dependencies 

for relative permeabilities: exponents and limiting saturations. In this way, it is also 

possible to extend the standard Corey-Brooks formula onto the saturation ranges where 

one of the phases is immobile. A comparison with the available experimental data 

indicates the good performance of the model. The experimental data may be fitted by 

variation of a single parameter, and the data from similar rocks have similar parameter 

values, which indicates the physical soundness of the model. 
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List of designations 
𝑏𝑏,𝑎𝑎 The functions of the coordinate number determining the critical 

saturation 
𝑐𝑐𝑖𝑖 The number of capillaries containing 𝑖𝑖 bubbles 

𝐶𝐶 The number of combinations 

𝑚𝑚 The number of arrangements 

𝑓𝑓𝑡𝑡 ,𝑓𝑓𝑏𝑏  The fractional flow threshold for oil and gas-phase respectively 

𝑓𝑓 The fraction of bubbles/droplets to the maximum capacity of the 
capillary   

𝐹𝐹 The conductivity distribution function 

𝑓𝑓0 The maximum conductivity 

𝐺𝐺1, 𝐺𝐺2 The Lagrange constraints 

𝑓𝑓 The conductivity of a single capillary 

𝑘𝑘𝑟𝑟  The relative permeability  

𝐿𝐿 The length of a capillary 

𝑑𝑑, 𝑎𝑎 The functions of the coordinate number determining the Brooks-
Corey exponents 

𝑚𝑚𝑡𝑡 ,𝑚𝑚𝑏𝑏 The flow thresholds for oil and gas phases, respectively 

𝑚𝑚 The total number of bubbles 

𝑚𝑚 The number of bubbles in a capillary 

𝑚𝑚 The total number of  capillaries  

𝑎𝑎 The Brooks-Corey exponent 

𝑃𝑃 The exponents defining the shapes of the conductivity dependences 

𝑐𝑐 The capillary radius 

𝑆𝑆 The saturation 

𝑙𝑙 The volume 

𝑥𝑥𝑖𝑖 The fraction of the capillaries containing 𝑖𝑖 bubbles 

𝑍𝑍 The coordination number  

𝛼𝛼 The shape factor 

𝛽𝛽𝑖𝑖 ,𝛿𝛿𝑖𝑖 The parameters in the dependencies for the critical saturation 

Λ1,Λ2 The Lagrange multipliers 

ℒ The Lagrangian 

𝜆𝜆𝑖𝑖, 𝜏𝜏𝑖𝑖 The parameters in the dependencies for the Brooks-Corey exponents 
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Subscripts 
𝑏𝑏 Bubble 

𝑐𝑐 Capillary 

𝑐𝑐𝑐𝑐 Critical  

𝑒𝑒 Effective 

𝑓𝑓 Gas 

𝑚𝑚 Maximum 

𝐵𝐵 Oil 
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4.1 Introduction 
Relative permeabilities are a critical input for models and simulations used for 

describing the two-phase and multiphase flows in porous media on the basis of the 

Buckley-Leverett or a similar model. In particular, reliable relative permeability data 

are essential for evaluating and optimizing production from petroleum reservoirs 

(Dake, 1994).  

In order to apply the relative permeabilities in various reservoir simulators, their 

dependencies on phase saturations are required. Commonly, the empirical Corey-

Brooks formula is applied (Brooks and Corey, 1964), in the simplified form of the 

power-law. Other formulae have also been suggested (Chierici, 1984; Corey and 

Rathjens, 1956). 

For the two-phase flows, the empirical formulae for relative permeabilities are 

commonly restricted onto the saturation interval between the limiting saturations where 

both phases are mobile. Outside this interval, the Corey-Brooks dependencies cannot 

be applied since the values become indefinite or meaningless. This does not pose any 

serious problem for immiscible phases (like oil and water under waterflooding or a 

water-based method of enhanced oil recovery) since for such flows, the saturations very 

rarely become smaller than the irreducible or residual values. However, for the partly 

miscible flows, like, e.g., gas-oil flows where gas may dissolve in oil or be liberated 

from it, this may be a severe limitation.  

Consider, for example, the production of an oil reservoir by depletion. When the 

pressure falls below a bubble point, the gas may be liberated in the form of separate 

bubbles in the porous space (Dake, 1994). The bubbles form an immobile gas phase, 

which plugs the separate paths for oil, and the relative permeability for oil is 

correspondingly reduced. Similarly, if the pressure falls below the dew point 

underproduction of a gas-condensate reservoir, the precipitated condensate droplets 

may form an immobile liquid phase plugging the gas flow (Kalla et al., 2014). 

Reduction of permeability may be rather significant (Pope et al., 1998) and should 

somehow be accounted for in the models for relative permeabilities. However, to the 

best of our knowledge, there has been a scarcity of studies conducted with regards to 
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relative permeabilities for such cases where phase transitions (condensation and 

evaporation) may take place. 

Another challenge is to relate the dependencies for relative permeabilities to the 

structure of the porous space and the peculiarities of the phase distribution in it. One 

approach for this is the application of the percolation theory in the form of an effective 

medium (Kirkpatrick, 1973b), r-chains (Selyakov and Kadet, 1996), and others. Sahimi 

(2011), Ghanbarian, Hunt, Skinner, & Ewing (2015), Hunt, Ewing & Ghanbarian 

(2014), and Bedrikovetsky (1993) have given thorough literature reviews. Few works 

are related to the application of a similar process of drying in porous media, but not for 

calculation of the relative permeabilities (Prat, 2002; Tsimpanogiannis et al., 1999; 

Woo, 2019). An alternative approach to obtaining the relative permeabilities is direct 

modeling of the pore space or its approximation by a network model and numerical 

computation of the relative permeabilities based on the hydrodynamic rules (Blunt and 

King, 1991; Mogensen and Stenby, 1998b). This approach will not be considered in the 

present work. 

The bond percolation models and other capillary network models usually assume that 

a single-phase occupies each capillary in the network. They utilize the pore size 

distribution to count for the effect of pore structure on the effective permeability. 

However, none of them have considered that condensation may occur in the form of 

the droplets, and, similarly, evaporation will result in the bubbles appearing randomly 

in the different capillaries of the network. A possibility for the simultaneous presence 

of the different phases in the same capillary of their simultaneous flow, or for blocking 

of one or both of them, has not been considered in the literature to a sufficient extent to 

model the relative permeabilities for the partly miscible flows. Each capillary might 

contain both phases, and one, or two, or none of them might be mobile, although with 

restricted mobility. This is the situation that we would like to describe in the present 

work. 

In this study, we investigate the effect of gas liberation and condensate precipitation on 

the relative permeabilities. The porous medium is modeled by a regular lattice of 

capillaries (bonds). Random distribution of the bubbles or droplets in the lattice is 

described by the formalism borrowed from the classical statistical physics (Honerkamp, 

2012; Kubo, 1965; Landau & Lifshits, 1980). An alternative hypothesis about a 
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correlated distribution of the bubbles is not studied so that only the simplest possible 

model is considered. Upon an assumption about the conductivity of a single capillary 

containing a certain amount of bubbles or droplets, the theory of effective medium is 

applied to calculate the conductivity of the whole lattice. Then the conductivity of the 

lattice is determined from the distribution of the conductivities of the differently 

plugged lattice bonds. The resulting relative permeabilities are compared with the 

Brooks-Corey dependencies. Universal and relative simple correlations between the 

parameters of the two models have been obtained. In this way, the parameters of the 

Brooks-Corey model (critical saturations and exponents) were correlated with the 

model microscopic parameters of the porous medium, and these dependencies were 

extended onto the regions of immobile phases. Sensitivity of the model to the different 

parameters has been studied. Finally, the model has been compared with the 

experimental data available in the literature. It has been demonstrated that the model is 

in agreement with the data; moreover, the data from similar rocks may be approximated 

on the basis of similar model parameters. In this way, the physical adequateness of the 

model has been demonstrated. 

4.2 Theory  

4.2.1 Assumptions of the Model 

In this study, we represent the porous medium as a lattice. The lattice contains a large 

number 𝑚𝑚 of cylindrical capillaries of length 𝐿𝐿 and radius 𝑐𝑐. It is assumed to be regular, 

with the coordination number 𝑍𝑍. Such lattices are often considered as models for a 

porous medium in the percolation and effective medium theories. We consider the 

problem of percolation by bonds so that the porosity of the sites is neglected.  

In the described lattice, consider, as an example, the following isothermal process. 

Initially, the pressure exceeds the bubble point, and the liquid (oil) saturating the porous 

medium contains dissolved gas. Then the pressure decreases, and after crossing the 

bubble point, some portion of the gas liberates from the liquid. We assume that the gas 

appears in the form of bubbles. The number of bubbles 𝑚𝑚, and therefore, the saturation 

𝑆𝑆𝑏𝑏 of the gas grows as pressure decreases. The described process serves as an example, 

and other processes where gas liberation occurs, like an increase of the temperature or 
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the processes where liquid condensation occurs, like condensate precipitation in a gas-

condensate reservoir, may be described in a similar way. 

Our goal is to build a model for the evolution of the oil relative permeability under such 

a process. The model will be based on the following assumptions.  

The bubbles are assumed to appear randomly at the different capillaries, even if these 

capillaries already contain previously formed bubbles. This is the simplest possible 

assumption; an alternative assumption about the correlated distribution would be much 

more difficult to handle. This assumption corresponds to the heterogeneous nucleation 

of the bubbles on the randomly distributed formation sites. It should be remarked that 

the concept of the “bubble” is relative in our treatment. It is only used to put some 

discrete measure on the amount of the liberated gas. In fact, the present treatment may 

be applied independently of the process (decreasing the pressure or raising the 

temperature). However, the uncorrelated appearance of the bubbles is a limitation of 

the model, as discussed in section 4.4. 

The maximum number of the bubbles in a capillary will be denoted by 𝑚𝑚𝑀𝑀. If the 

volume of a bubble is 𝑙𝑙𝑏𝑏 and the volume of a capillary is 𝑙𝑙𝑖𝑖, the maximum number of 

the bubbles in the capillary cannot exceed 𝑙𝑙𝑖𝑖/𝑙𝑙𝑏𝑏.  For the sake of simplicity, it may be 

assumed that 𝑚𝑚𝑀𝑀 = 𝑙𝑙𝑖𝑖/𝑙𝑙𝑏𝑏. Otherwise, the shape-factor 𝛼𝛼 could be introduced: 𝑚𝑚𝑀𝑀 =

𝛼𝛼𝑙𝑙𝑖𝑖/𝑙𝑙𝑏𝑏. If, for example, the radius of a bubble is equal to that of a capillary, and the 

capillary is cylindrical, then 𝑚𝑚𝑀𝑀 = 𝐿𝐿/2𝑐𝑐, so that 𝛼𝛼 = 2/3. The bubbles may coalesce, 

which may also change the shape factor.  

The gas saturation may be expressed in terms of the total number of bubbles 𝑚𝑚, or of 

the average number of bubbles in a single capillary  〈𝑚𝑚〉: 

𝑆𝑆𝑏𝑏 =
𝑚𝑚

𝑚𝑚 𝑚𝑚𝑀𝑀
=
〈𝑚𝑚〉
𝑚𝑚𝑀𝑀

 (1) 
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4.2.2 Statistical Distribution of the Bubbles in the Capillaries 

Upon the assumptions formulated above, we can define 𝑚𝑚(𝑚𝑚,𝑚𝑚, 𝑐𝑐2, 𝑐𝑐3, . . , 𝑐𝑐𝑚𝑚𝑀𝑀) as the 

number of arrangements of the bubbles, such that exactly 𝑐𝑐𝑖𝑖 capillaries contain 𝑖𝑖 

bubbles, where 𝑖𝑖 = 0,1,2, … ,𝑚𝑚𝑀𝑀. The value of 𝑚𝑚 should be larger than ∑ 𝑖𝑖𝑐𝑐𝑖𝑖
𝑚𝑚𝑀𝑀
𝑖𝑖=2 . The 

number of capillaries containing exactly one bubble is  

𝑐𝑐1 = 𝑚𝑚 −  �𝑖𝑖𝑐𝑐𝑖𝑖

𝑚𝑚𝑀𝑀

𝑖𝑖=2

(2) 

The number of capillaries with no bubbles in them is 

𝑐𝑐0 = 𝑚𝑚 − 𝑐𝑐1 −�𝑐𝑐𝑖𝑖 =
𝑚𝑚𝑀𝑀

𝑖𝑖=2

𝑚𝑚 −𝑚𝑚 +  �(𝑖𝑖 − 1)𝑐𝑐𝑖𝑖

𝑚𝑚𝑀𝑀

𝑖𝑖=2

(3) 

4.2.2.1 The case of two bubbles 

For simplicity, let us consider the case where the capillary can contain at most two 

bubbles: 𝑚𝑚𝑀𝑀 = 2. The number of arrangements to be calculated is then 𝑚𝑚(𝑚𝑚,𝑚𝑚, 𝑐𝑐2). 

For each arrangement, the numbers of the capillaries containing one or no bubbles are, 

according to Eqs. (2) and (3) 

𝑐𝑐1 = 𝑚𝑚 − 2𝑐𝑐2;  𝑐𝑐0 = 𝑚𝑚 −𝑚𝑚 + 𝑐𝑐2 (4) 

In order to calculate 𝑚𝑚(𝑚𝑚,𝑚𝑚, 𝑐𝑐2), first, we arrange 𝑐𝑐2 capillaries filled by the two 

bubbles among 𝑚𝑚 possible places. This may be carried out by 𝐶𝐶(𝑚𝑚, 𝑐𝑐2) ways, where 

𝐶𝐶(𝑚𝑚, 𝑐𝑐2) is a combination number: 

𝐶𝐶(𝑚𝑚, 𝑐𝑐2) =
𝑚𝑚!

𝑐𝑐2! (𝑚𝑚 − 𝑐𝑐2)!
(5) 

Each of the rest  𝑐𝑐1 = 𝑚𝑚 − 2𝑐𝑐2 bubbles occupies a separate capillary. Although each 

capillary has a place for two bubbles, we count it just once since the position of the 

bubble in the capillary is not fixed. Thus, the distribution of the 𝑐𝑐1 bubbles can be 

produced by 𝐶𝐶(𝑚𝑚 − 𝑐𝑐2, 𝑐𝑐1 = 𝑚𝑚− 2𝑐𝑐2) ways. 

The total number of ways to arrange the bubbles is thus equal to 

𝑚𝑚(𝑚𝑚,𝑚𝑚, 𝑐𝑐2) =  𝐶𝐶(𝑚𝑚, 𝑐𝑐2)𝐶𝐶(𝑚𝑚 − 𝑐𝑐2, 𝑐𝑐1) =
𝑚𝑚!

𝑐𝑐2! (𝑚𝑚 − 2𝑐𝑐2)! (𝑚𝑚 −𝑚𝑚 + 𝑐𝑐2)! (6) 
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The symmetric way to express this quantity is 

𝑚𝑚(𝑚𝑚,𝑚𝑚, 𝑐𝑐2) =
𝑚𝑚!

𝑐𝑐2! 𝑐𝑐1! 𝑐𝑐0! (7) 

It should be noticed, however, that in this equation, the values of 𝑐𝑐𝑖𝑖 are not independent 

but connected by relations (4), also involving the total number of bubbles 𝑚𝑚. 

4.2.2.2 The most probable values 

Let us determine the most probable values of 𝑐𝑐𝑖𝑖 or, rather, the fractions 𝑥𝑥𝑖𝑖 = 𝑐𝑐𝑖𝑖/𝑚𝑚. The 

number of pores and bubbles are usually very large. Following the classical approach 

of statistical mechanics (Kubo, 1965). we substitute factorials by the Stirling 

approximation:  

𝐴𝐴! ≈ √2𝜋𝜋𝐴𝐴�
𝐴𝐴
𝑒𝑒
�
𝐴𝐴

 

Then Eq. (6) is after transformations reduced to 

𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉, 𝑥𝑥2) ≈ 1
2𝜋𝜋𝜋𝜋 �

1
𝑚𝑚2(〈𝑚𝑚〉−2𝑚𝑚2)(1−〈𝑚𝑚〉+𝑚𝑚2)

× 1
𝑚𝑚2
𝑁𝑁𝑚𝑚2(〈𝑚𝑚〉−2𝑚𝑚2)𝑁𝑁(〈𝑚𝑚〉−2𝑚𝑚2)(1−〈𝑚𝑚〉+𝑚𝑚2)𝑁𝑁(1−〈𝑚𝑚〉+𝑚𝑚2)

 (8)

Here 〈𝑚𝑚〉 = 𝑚𝑚/𝑚𝑚 is the average number of bubbles in each capillary. The values in the 

denominator are fractions of unity raised to very large powers proportional to 𝑚𝑚. These 

are the functions with sharp maxima or minima. Therefore, their product 𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉,𝑥𝑥2) 

has a sharp maximum at some 𝑥𝑥2. Deviations from this value of 𝑥𝑥2 are highly 

improbable. We take the most probable of 𝑥𝑥2, corresponding to the maximum of 

𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉, 𝑥𝑥2), as the real fraction of the capillaries filled by two bubbles. 

It is convenient to find the maximum of the logarithm of 𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉,𝑥𝑥2), equal to: 

𝑑𝑑𝑎𝑎𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉, 𝑥𝑥2) ≈ − ln(2𝜋𝜋𝑚𝑚) − ln�𝑥𝑥2(〈𝑚𝑚〉 − 2𝑥𝑥2)(1− 〈𝑚𝑚〉 + 𝑥𝑥2)�
−𝑚𝑚[𝑥𝑥2 ln(𝑥𝑥2) + (〈𝑚𝑚〉 − 2𝑥𝑥2) ln(〈𝑚𝑚〉 − 2𝑥𝑥2) + (1− 〈𝑚𝑚〉 + 𝑥𝑥2) ln(1 − 〈𝑚𝑚〉 + 𝑥𝑥2)] (9)

 

The last three terms are proportional to 𝑚𝑚, while the first two have a lower order with 

regard to 𝑚𝑚. Hence, in the limit of large 𝑚𝑚, only the last terms matter: 

𝑑𝑑𝑎𝑎𝑚𝑚(𝑚𝑚, 〈𝑚𝑚〉, 𝑥𝑥2)

≈ −𝑚𝑚(𝑥𝑥2 ln(𝑥𝑥2) + (〈𝑚𝑚〉 − 2𝑥𝑥2) ln(〈𝑚𝑚〉 − 2𝑥𝑥2)

+ (1 − 〈𝑚𝑚〉 + 𝑥𝑥2)𝑑𝑑𝑎𝑎(1 − 〈𝑚𝑚〉 + 𝑥𝑥2)) 
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Differentiating and finding equating the derivative to zero, we find the most probable 

value of 𝑥𝑥2:  

𝑥𝑥2 =  
〈𝑚𝑚〉

2 +
1 −�−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉 + 1

6  (10) 

Correspondingly, the values of 𝑥𝑥1 and 𝑥𝑥0 are expressed by: 

𝑥𝑥1 =
�−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉+ 1 − 1

3  (11) 

𝑥𝑥0 = 1−
〈𝑚𝑚〉

2 +
1 − �−3〈𝑚𝑚〉2 + 6〈𝑚𝑚〉+ 1

6  (12) 

In the future computations, we will neglect the fact that the values of 𝑥𝑥𝑖𝑖 may deviate 

from the most probable values estimated by eq. (10), (11) and (12) and only use these 

averages. 

4.2.2.3 Generalization onto multiple bubbles 

The same procedure, as described in the previous subsection, is applied for the 

derivation of the expression for the number of arrangements 𝑚𝑚�𝑚𝑚,𝑚𝑚, 𝑐𝑐2, … , 𝑐𝑐𝑚𝑚𝑀𝑀� with 

an arbitrary value of 𝑚𝑚𝑀𝑀. As previously, transfer to the variables 𝑥𝑥𝑖𝑖 = 𝑖𝑖𝑚𝑚
𝜋𝜋

, application of 

the Stirling approximation and neglect of the lower-order terms results in 

𝑚𝑚−1𝑑𝑑𝑎𝑎𝑚𝑚�𝑚𝑚, 〈𝑚𝑚〉,𝑥𝑥2, … , 𝑥𝑥𝑚𝑚𝑀𝑀� ≈ −𝑑𝑑𝑎𝑎 ��(𝑥𝑥𝑖𝑖)𝑚𝑚𝑚𝑚
𝑚𝑚𝑀𝑀

𝑖𝑖=0

� (13) 

The most probable values of 𝑥𝑥𝑖𝑖 are found by maximization of 𝑑𝑑𝑎𝑎𝑚𝑚�𝑚𝑚, 〈𝑚𝑚〉,𝑥𝑥2, … , 𝑥𝑥𝑚𝑚𝑀𝑀� 

under conditions Eqs. (2) and (3). This can be achieved by the method of Lagrange 

multipliers. The Lagrangian function of the problem has the form of  

ℒ�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀,Λ1,Λ2� = 𝑓𝑓�𝑥𝑥0, … ,𝑥𝑥𝑚𝑚𝑀𝑀� −�Λ𝑖𝑖𝐺𝐺𝑖𝑖(𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀)
2

𝑖𝑖=1

 

Here 

𝑓𝑓�𝑥𝑥0, … ,𝑥𝑥𝑚𝑚𝑀𝑀� = −𝑑𝑑𝑎𝑎 ��(𝑥𝑥𝑖𝑖)𝑥𝑥𝑖𝑖
𝑚𝑚𝑚𝑚

𝑖𝑖=0

� ; 
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𝐺𝐺1�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 1 −�𝑥𝑥𝑚𝑚𝑀𝑀

𝑚𝑚𝑀𝑀

𝑖𝑖=0

= 0; 

𝐺𝐺2�𝑥𝑥0, … ,𝑥𝑥𝑚𝑚𝑀𝑀� = 〈𝑚𝑚〉 −�𝑖𝑖𝑥𝑥𝑚𝑚𝑀𝑀

𝑚𝑚𝑀𝑀

𝑖𝑖=0

= 0 (14) 

Functions  𝐺𝐺1,𝐺𝐺2 are the transformed equality constraints from Equation 4; and 

Λ1,Λ2 are the Lagrange multipliers. Equating ∇ℒ to zero reduces the problem of finding 

the most probable values of 𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 to solving 𝑚𝑚𝑀𝑀 + 3 equations for  𝑚𝑚𝑀𝑀 +

3 unknowns 𝑥𝑥𝑚𝑚 (𝑚𝑚 = 0, … ,𝑚𝑚𝑀𝑀),Λ𝑖𝑖(𝑖𝑖 = 1, .2): 

∇𝑚𝑚0,…,𝑚𝑚𝑚𝑚𝑀𝑀 ,Λ1,Λ2ℒ�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀,Λ1,Λ2� = 0 ↔

⎩
⎨

⎧∇𝑓𝑓�𝑥𝑥0, … ,𝑥𝑥𝑚𝑚𝑀𝑀� −�𝜆𝜆𝑖𝑖∇𝐺𝐺𝑖𝑖�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 0
2

𝑖𝑖=1

𝐺𝐺1�𝑥𝑥0, … ,𝑥𝑥𝑚𝑚𝑀𝑀� = 𝐺𝐺2�𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀� = 0

(15) 

This system may only be solved numerically for each particular value of 𝑚𝑚𝑀𝑀 > 2 and 

each value of 〈𝑚𝑚〉. The solution depends only on these values. According to Equation 

1, 〈𝑚𝑚〉 is proportional to gas saturation 𝑆𝑆𝑏𝑏. Thus, the distribution 𝑥𝑥0, … , 𝑥𝑥𝑚𝑚𝑀𝑀 depends 

on the gas saturation only. 

4.2.3  Computation of the Relative Permeabilities 

4.2.3.1 The effective medium theory  

In order to estimate relative permeability on the basis of the obtained distribution 

𝑥𝑥2, … , 𝑥𝑥𝑚𝑚, we use the effective medium theory (Kirkpatrick, 1973). This theory makes 

it possible to evaluate effective conductivity 𝑓𝑓𝑟𝑟 of an element in a lattice, where the site 

conductivities are distributed according to some law 𝐹𝐹(𝑓𝑓). Then the conductivity of the 

whole lattice is approximated by a homogeneous lattice consisting of the elements 𝑓𝑓𝑟𝑟. 

The value of 𝑓𝑓𝑟𝑟 is found from a transcendental equation(Bedrikovetsky, 1993). 

�
𝑓𝑓𝑟𝑟 − 𝑓𝑓

𝑓𝑓 + �𝑍𝑍2 − 1�𝑓𝑓𝑟𝑟
∙ 𝐹𝐹(𝑓𝑓).𝑎𝑎𝑓𝑓 = 0 (16) 

In our case 𝐹𝐹(𝑓𝑓) is a discrete distribution. If a capillary contains 𝑚𝑚 bubbles, its 

hydraulic conductivity to oil will be denoted by 𝑓𝑓𝑡𝑡,𝑚𝑚 . The fraction of such capillaries 
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is the 𝑥𝑥𝑚𝑚(𝑆𝑆𝑏𝑏) found in the previous section. Thus, the effective medium equation (16) 

is reduced to 

�
𝑓𝑓𝑡𝑡,𝑟𝑟 − 𝑓𝑓𝑡𝑡,𝑚𝑚

𝑓𝑓𝑡𝑡,𝑚𝑚 + �𝑍𝑍2 − 1� 𝑓𝑓𝑡𝑡,𝑟𝑟

∙ 𝑥𝑥𝑚𝑚�𝑆𝑆𝑏𝑏� = 0
𝑚𝑚𝑀𝑀

𝑚𝑚=0

, (17) 

and similarly for gas conductivity 

�
𝑓𝑓𝑏𝑏,𝑟𝑟 − 𝑓𝑓𝑏𝑏,𝑚𝑚

𝑓𝑓𝑏𝑏,𝑚𝑚 + �𝑍𝑍2 − 1� 𝑓𝑓𝑏𝑏,𝑟𝑟

∙ 𝑥𝑥𝑚𝑚�𝑆𝑆𝑏𝑏� = 0
𝑚𝑚𝑀𝑀

𝑚𝑚=0

, (18) 

where 𝑓𝑓𝑏𝑏,𝑚𝑚 are conductivities of the capillaries containing 𝑚𝑚 bubbles. 

4.2.3.2 The particular formula for pore hydraulic conductivities 

In order to compute the relative permeabilities with the formulated model, particular 

expressions for the pore conductivities 𝑓𝑓𝑡𝑡,𝑚𝑚 , 𝑓𝑓𝑏𝑏,𝑚𝑚 are required.  

Assume that the fluid behavior in the capillary is determined by the two flow threshold 

values, 𝑚𝑚𝑡𝑡 and 𝑚𝑚𝑏𝑏. If the number of bubbles is smaller than 𝑚𝑚𝑡𝑡, the oil in the capillary 

can flow, probably, with reduced conductivity. Gas starts flowing if the number of 

bubbles exceeds 𝑚𝑚𝑏𝑏. If 𝑚𝑚𝑡𝑡 < 𝑚𝑚𝑏𝑏, neither fluid flows if the number of bubbles in 

between the flow thresholds. Otherwise, if 𝑚𝑚𝑡𝑡 > 𝑚𝑚𝑏𝑏, both fluids can flow between 

these thresholds. 

The oil conductivities 𝑓𝑓𝑡𝑡,𝑚𝑚  decreases with the number of bubbles 𝑚𝑚, becoming zero at 

𝑚𝑚 = 𝑚𝑚𝑡𝑡. Similarly, the gas conductivity 𝑓𝑓𝑏𝑏,𝑚𝑚 increases with the number of bubbles 

becoming zero at 𝑚𝑚 = 𝑚𝑚𝑏𝑏 and turning into a maximum conductivity 𝑓𝑓0 at 𝑚𝑚 = 𝑚𝑚𝑀𝑀 . 

In the following sample computations, we assume the following dependencies: 

𝑓𝑓𝑡𝑡,𝑚𝑚 = �𝑓𝑓
0 �1−

𝑚𝑚
𝑚𝑚𝑡𝑡

�
𝑃𝑃𝑜𝑜

,   𝑚𝑚 ≤ 𝑚𝑚𝑡𝑡;

0, 𝑚𝑚 > 𝑚𝑚𝑡𝑡

(19a) 
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𝑓𝑓𝑏𝑏,𝑚𝑚 = �𝑓𝑓
0 �

𝑚𝑚 −𝑚𝑚𝑏𝑏

𝑚𝑚𝑀𝑀 −𝑚𝑚𝑏𝑏
�
𝑃𝑃𝑔𝑔

,   𝑚𝑚 ≥ 𝑚𝑚𝑏𝑏;

0, 𝑚𝑚 < 𝑚𝑚𝑏𝑏

(20a) 

Here 𝑃𝑃𝑡𝑡, 𝑃𝑃𝑏𝑏 are exponents defining the shapes of dependencies. It is expected that 𝑃𝑃𝑏𝑏 <

1 and 𝑃𝑃𝑡𝑡 > 1 since the gas may start flowing with a relatively high rate just after the 

threshold is crossed, while for oil, the rates close to the threshold are low; in other 

words, the dependence of 𝑓𝑓𝑡𝑡 on 𝑚𝑚 is likely to be convex, while for the gas, it is concave.  

It is convenient to express the conductivity in terms of the fraction 𝑓𝑓 = 𝑚𝑚/𝑚𝑚𝑀𝑀 ,  rather 

than the number of bubbles in the capillary. The fractional thresholds are defined as  

𝑓𝑓𝑡𝑡 = 𝑚𝑚𝑡𝑡/𝑚𝑚𝑀𝑀  and 𝑓𝑓𝑏𝑏 = 𝑚𝑚𝑏𝑏/𝑚𝑚𝑀𝑀: 

  

𝑓𝑓𝑡𝑡,𝑚𝑚

𝑓𝑓0 = ��1−
𝑓𝑓
𝑓𝑓𝑡𝑡
�
𝑃𝑃𝑜𝑜

,   𝑓𝑓 ≤ 𝑓𝑓𝑡𝑡 ;

0, 𝑓𝑓 > 𝑓𝑓𝑡𝑡
(19b) 

𝑓𝑓𝑏𝑏,𝑚𝑚

𝑓𝑓0 = ��
𝑓𝑓 − 𝑓𝑓𝑏𝑏
1 − 𝑓𝑓𝑏𝑏

�
𝑃𝑃𝑔𝑔

,   𝑓𝑓 ≥ 𝑓𝑓𝑏𝑏;

0, 𝑓𝑓 < 𝑓𝑓𝑏𝑏

(20b) 

With known values 𝑓𝑓𝑡𝑡,𝑚𝑚, 𝑓𝑓𝑏𝑏,𝑚𝑚, equations (17) and (18) are solved for each saturation 

𝑆𝑆𝑏𝑏, so that the values 𝑓𝑓𝑡𝑡,𝑟𝑟(𝑆𝑆𝑏𝑏), 𝑓𝑓𝑏𝑏,𝑟𝑟(𝑆𝑆𝑏𝑏) are determined. Then the relative 

permeabilities are found as 

𝑘𝑘𝑟𝑟𝑡𝑡�𝑆𝑆𝑏𝑏� =
𝑓𝑓𝑡𝑡,𝑟𝑟�𝑆𝑆𝑏𝑏�
𝑓𝑓𝑡𝑡,𝑟𝑟(0) ;  𝑘𝑘𝑟𝑟𝑏𝑏�𝑆𝑆𝑏𝑏� =

𝑓𝑓𝑏𝑏,𝑟𝑟�𝑆𝑆𝑏𝑏�
𝑓𝑓𝑏𝑏,𝑟𝑟(1)  (21) 

Figure 4.1 illustrates the steps needed to compute relative permeabilities for both oil 

and gas phases.  

For some values of 𝑆𝑆𝑏𝑏, equations (17), (18) do not have a solution between zero and 

maximum possible conductivity 𝑓𝑓0. The least values of saturation, for which a 

meaningful solution exists, corresponding to the critical saturations beyond which one 

of the phases is immobile. 
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Figure 4.1 The flowchart for the computational algorithm for the relative permeabilities in oil and gas phases. 

It should be remarked that the permeabilities for gas and oil determined by formulae 

(19) to (21) are, in a way, symmetric with regard to each other. Although they were 

described by introducing the gas bubbles in the oil-filled pores, starting from the 

condensate droplets in the gas capillaries would result in the same final expressions. In 

the following, we are mainly concentrating on the analysis of the gas relative 

permeability since the oil relative permeability behaves similarly. 

In the works Bagudu, McDougall, & Mackay (2018), Firoozabadi & Kashchiev (1996), 

Firoozabadl, Ottesen, & Mikkelsen (1992), Kashchiev & Firoozabadi(1993), Li & 

Yortsos (1995a), Ioannis N. Tsimpanogiannis & Yortsos(2002, 2004) and Yortsos & 

Parlar(1989), the following qualitative picture of the gas bubble formation and flow 

was described. A gas bubble is formed in a pore, starting to grow from a number of 

nucleation sites. Until it has filled the whole pore, the oil may still flow out, displaced 

by gas, and withdrawn from the system while the gas remains inside the pore. When 

the gas bubble fills the whole pore, it may enter the neighboring pores via the pore 

throats, becoming mobile and, eventually, uniting with the gas bubbles in these pores. 

In terms of introduced threshold values 𝑓𝑓𝑡𝑡, 𝑓𝑓𝑏𝑏  this situation is described as 𝑓𝑓𝑡𝑡 = 0 and 
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𝑓𝑓𝑏𝑏 = 1, correspondingly. As we will show below, this is not in agreement with the 

values fitted to the relative permeability data. The reasons for that discrepancy are 

discussed in Section 4. It will also be shown that the values of 𝑃𝑃𝑡𝑡 and 𝑃𝑃𝑏𝑏 may be set to 

unity, and still provide a good approximation of the experimental data. They are 

considered for the future possible extension of the model. 

4.3 Results and Discussion 

4.3.1 Effect of the Different Model Parameters 

The gas relative permeability is determined by four parameters: 𝑓𝑓𝑏𝑏 , 𝑍𝑍,𝑃𝑃𝑏𝑏  and 𝑚𝑚𝑀𝑀. The 

sensitivity to these parameters is essential to determine in order to have an idea about 

the physical behavior of the model.  

We consider a case of high coordination number 𝑍𝑍 = 24,  as was found for chalk rock 

characterized by multiple connectivity (Mogensen and Stenby, 1998b; Patsoules and 

Cripps, 1983). In the first example, the maximum number of  bubbles per capillary will 

be fixed at 𝑚𝑚𝑀𝑀 = 10, and the shape-factor 𝑃𝑃𝑏𝑏 to be 0.25. The gas bubble threshold 𝑓𝑓𝑏𝑏  

will vary, assuming values 0.2, 0.4 and 0.8. For each value of 𝑓𝑓𝑏𝑏the relative permeability 

is calculated as a function of gas saturation, as illustrated in Figure 4.2a. It can be seen 

that the effect of the fractional gas threshold is significant. Any change in the threshold 

will change the critical saturation and the shape of the dependence. A smaller value of 

𝑓𝑓𝑏𝑏  corresponds to a critical gas saturation closer to the critical saturation predicted by 

the theory of effective medium alone.  

In the next series of calculations, 𝑓𝑓𝑏𝑏  is set to 0.4, and the sensitivity to the coordination 

number is investigated. The value of the coordination number, 𝑍𝑍, can vary significantly, 

from between 4 and 8 for Berea sandstones (Chatzis et al., 1983) to between 14 and 30 

for chalk (Patsoules and Cripps, 1983). The coordination numbers of 6, 9, and 24 were 

thus selected for the present analysis. The results are shown in Figure 4.2b. For large 

values of 𝑍𝑍, the pores in the formation are more connected. Hence, more pores need to 

be plugged in order to cut the flow. As a result, higher relative permeabilities and lower 

critical gas saturation are observed.  

For the rest of the study, constant values of 𝑍𝑍 are considered: 𝑍𝑍 = 6 for sandstones and 

𝑍𝑍 = 24 for carbonates, respectively.  
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(a)  

(b)  
Figure 4.2 Sensitivity of the gas relative permeability to the parameters: (a) sensitivity of the model to the 

parameter  𝑓𝑓𝑏𝑏(𝑍𝑍 = 24,𝑃𝑃𝑏𝑏 = 0.25,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (b) sensitivity of the model to the parameter  𝑍𝑍(𝑓𝑓𝑏𝑏 = 0.4,𝑃𝑃𝑏𝑏 =
0.25,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (c) sensitivity of the model to the parameter  𝑝𝑝𝑏𝑏 (𝑍𝑍 = 24,𝑓𝑓𝑏𝑏 = 0.4,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (d) 

sensitivity of the model to the parameter  𝑚𝑚𝑀𝑀 (𝑍𝑍 = 24,𝑓𝑓𝑏𝑏 = 0.4,𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑏𝑏 = 0.25). 
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(c)  

(d)  

Figure 4.2 (cont.) Sensitivity of the gas relative permeability to the parameters: (a) sensitivity of the model to the 
parameter  𝑓𝑓𝑏𝑏(𝑍𝑍 = 24,𝑃𝑃𝑏𝑏 = 0.25,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (b) sensitivity of the model to the parameter  𝑍𝑍(𝑓𝑓𝑏𝑏 = 0.4,𝑃𝑃𝑏𝑏 =

0.25,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (c) sensitivity of the model to the parameter  𝑝𝑝𝑏𝑏 (𝑍𝑍 = 24,𝑓𝑓𝑏𝑏 = 0.4,𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑀𝑀 = 10); (d) 
sensitivity of the model to the parameter  𝑚𝑚𝑀𝑀 (𝑍𝑍 = 24,𝑓𝑓𝑏𝑏 = 0.4,𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑏𝑏 = 0.25). 
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The effects of parameters 𝑃𝑃𝑏𝑏 and 𝑚𝑚𝑀𝑀 on the gas relative permeabilities are presented 

in Figures 4.2 c and d, respectively. Both parameters affect only the shape of the 

dependence. The effect of 𝑃𝑃𝑏𝑏 is insignificant, as far as 𝑃𝑃𝑏𝑏 < 1. The effect of 𝑚𝑚𝑀𝑀 may 

probably be neglected. These effects may be connected to some extent; for example, 

some calculations (not shown here) indicate that 𝑃𝑃𝑏𝑏 may be more important for large 

values 𝑚𝑚𝑀𝑀, corresponding to long capillaries with a small diameter. It should be 

remarked that 𝑓𝑓𝑏𝑏  cannot be selected separately from 𝑚𝑚𝑀𝑀, since, according to the 

model, 𝑓𝑓𝑏𝑏 ∙ 𝑚𝑚𝑀𝑀 should be an integer. However, this is not a principal limitation, since 

in practical situations, the values of 𝑓𝑓𝑏𝑏  and 𝑚𝑚𝑀𝑀 will always express the average values 

for a given disordered porous medium. 

Since the value of 𝑃𝑃𝑏𝑏 does not affect the results much; in the rest of the study, it will be 

fixed to unity. 

4.3.2 Comparison With The Brooks-Corey Model 

In this section, the model is compared with the traditional power-law relative 

permeability correlations (Corey, 1977). The oil and gas permeabilities may be 

expressed in the form of 

𝑘𝑘𝑟𝑟𝑏𝑏 = �
𝑆𝑆𝑏𝑏 − 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟

1 − 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟
�
𝑘𝑘𝑔𝑔

,  𝑘𝑘𝑟𝑟𝑡𝑡 = �
1− 𝑆𝑆𝑏𝑏 − 𝑆𝑆𝑡𝑡,𝑖𝑖𝑟𝑟

1− 𝑆𝑆𝑡𝑡,𝑖𝑖𝑟𝑟
�
𝑘𝑘𝑜𝑜

(22) 

Here 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟, 𝑆𝑆𝑡𝑡,𝑖𝑖𝑟𝑟 are critical saturations; and 𝑎𝑎𝑡𝑡, 𝑎𝑎𝑏𝑏 are exponents determining shapes 

of permeabilities. Unlike for the standard Brooks-Corey relative permeabilities, we do 

not apply the values of permeabilities at the residual saturations, like in the standard 

dependencies, e.g., for oil and water, since our goal is to approximate the permeabilities 

also in the regions where one of the phases is not flowing. 

The Brooks-Corey model is one of the most widely used relative permeability models 

(Behrenbruch et al., 2018; Corey, 1977). Comparison with our model makes it possible 

to understand the physical meaning of the parameters constituting the Brooks-Corey 

model to extend it onto the gas liberation problems outside the residual saturation limits, 

and, hopefully, to become capable of evaluating the Brooks-Corey parameters for a 

given structure of the porous medium. 
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The sample plots of the relative permeabilities produced by our model and by the 

Corey-Brooks formulae are shown in Figures 4.3 a and b, for chalk and sandstone, 

respectively. It can be seen that the agreement between the models is reasonable though 

not perfect. A characteristic average deviation is within 2%. 

(a)  

b)  

Figure 4.3 Comparison between the Brooks-Corey model and the model from this work: (a) a chalk rock (Z=24); 
(b) a sandstone rock (Z=8). 
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The sample computations presented in Figure 4.4a shows that the critical gas saturation 

is linearly dependent on the gas bubble threshold ratio 𝑓𝑓𝑏𝑏 . For a typical sandstone with 

the coordination number 𝑍𝑍 = 6, the critical gas saturation ranges from 0.15 to 0.55, 

while for the typical limestone with the coordination number 𝑍𝑍 = 24, the range is from 

0.02 to 0.3. The slope and the intercept of this linear dependence may be represented 

as universal quadratic functions of 𝑍𝑍−1 (Figures 4.4 b and c). A linear dependence 

would also provide a reasonable approximation, but the quadratic dependence is much 

more precise.) A combination of these observations makes it possible to relate the value 

of critical saturation 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 approximately, as a function of the model parameters 𝑓𝑓𝑏𝑏 , 𝑍𝑍: 

𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 ≈ 𝑎𝑎(𝑍𝑍)𝑓𝑓𝑏𝑏 + 𝑏𝑏(𝑍𝑍); 

𝑎𝑎(𝑍𝑍) = 𝛿𝛿0 +
𝛿𝛿1
𝑍𝑍 +

𝛿𝛿2
𝑍𝑍2 ;   𝑏𝑏(𝑍𝑍) = 𝛽𝛽0 +

𝛽𝛽1
𝑍𝑍 +

𝛽𝛽2
𝑍𝑍2 ; 

𝛿𝛿0 = 0.27;  𝛿𝛿1 = 4.42; 𝛿𝛿2 = −10.72; 𝛽𝛽0 = −2.11 10−2;  𝛽𝛽1 = 5.39 10−2;  𝛽𝛽2
= 2.70; 

a)  

Figure 4.4 Critical gas saturation 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 as a function of the coordination number Z and the gas bubble threshold 
ratio𝑓𝑓𝑏𝑏. a) Dependence of 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 on 𝑓𝑓𝑏𝑏 for different values of Z; b), c) Dependences on Z of the slope and intercept 

for the linear approximation of the dependences plotted in a). 
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b)  

c)  

Figure 4.4 (cont.) Critical gas saturation 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 as a function of the coordination number Z and the gas bubble 
threshold ratio𝑓𝑓𝑏𝑏. a) Dependence of 𝑆𝑆𝑏𝑏,𝑖𝑖𝑟𝑟 on 𝑓𝑓𝑏𝑏 for different values of 𝑍𝑍; b), c) Dependences on 𝑍𝑍 of the slope and 

intercept for the linear approximation of the dependences plotted in a). 
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The value of 𝑎𝑎𝑏𝑏 may also be expressed as a universal function of 𝑍𝑍 and 𝑓𝑓𝑏𝑏 . Under 

constant 𝑓𝑓𝑏𝑏 , the dependences of 𝑎𝑎𝑏𝑏  on 𝑍𝑍−1 are approximately linear, within the region 

of interest (Figure 4.5a): 

𝑎𝑎𝑏𝑏 ≈ 𝑑𝑑�𝑓𝑓𝑏𝑏� +
𝑎𝑎�𝑓𝑓𝑏𝑏�
𝑍𝑍  

The dependences 𝑑𝑑(𝑓𝑓𝑏𝑏) and 𝑎𝑎(𝑓𝑓𝑏𝑏) are shown in Figures 4.5 b and c. Within a reasonable 

accuracy, they are fitted by the quadratic functions: 

𝑑𝑑�𝑓𝑓𝑏𝑏� = 𝜆𝜆0 + 𝜆𝜆1𝑓𝑓𝑏𝑏 + 𝜆𝜆2𝑓𝑓𝑏𝑏2; 𝑎𝑎�𝑓𝑓𝑏𝑏� = 𝜏𝜏0 + 𝜏𝜏1𝑓𝑓𝑏𝑏 + 𝜏𝜏2𝑓𝑓𝑏𝑏2; 

𝜆𝜆0 = 1.19; 𝜆𝜆1 = −0.35; 𝜆𝜆2 = 2.45; 𝜏𝜏0 = 0.27; 𝜏𝜏1 = −0.46; 𝜏𝜏2 = −6.07 

a)  The 
Figure 4.5 Brooks-Corey exponent 𝑎𝑎𝑏𝑏 as a function of the coordination number Z and the gas bubble threshold 
ratio𝑓𝑓𝑏𝑏. a) Dependence of 𝑎𝑎𝑏𝑏 on 𝑍𝑍 for different values of 𝑎𝑎𝑏𝑏; b), c) Dependences on 𝑍𝑍 of the slope and intercept 

for the linear approximation of the dependences plotted in a). 
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b)  

c)  

Figure 4.5 (cont.) The Brooks-Corey exponent 𝑎𝑎𝑏𝑏 as a function of the coordination number Z and the gas bubble 
threshold ratio𝑓𝑓𝑏𝑏. a) Dependence of 𝑎𝑎𝑏𝑏 on 𝑍𝑍 for different values of 𝑎𝑎𝑏𝑏; b), c) Dependences on 𝑍𝑍 of the slope and 

intercept for the linear approximation of the dependences plotted in a). 
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In this way, the Corey-Brooks approximations for the relative permeabilities may be 

determined if the geometry of the porous medium (the value of 𝑍𝑍) and the physics of 

condensation (𝑓𝑓𝑏𝑏) are known. 

4.3.3 Comparison With Experimental Data 

In this study, three data sets from the literature have been chosen for the model 

verification: The data on a carbonate rock by Afidick, Kaczorowski, and Bette (1994) 

and by Gravier et al. (1986); and the data for a sandstone reservoir rock by Chen, 

Wilson, and Monger-McClure (1999). 

 Gravier et al. (1986) studied the effect of precipitation of the condensate droplets from 

gas condensate on the relative permeability for gas. The experiment was conducted on 

eight samples from a Middle Eastern retrograde condensate gas carbonate field using a 

ternary pseudoreservoir fluid of methane/pentane/nonane4. Afidick, Kaczorowski, and 

Bette (1994) studied the performance loss of the Arun gas condensate limestone field 

due to the droplet condensation using the well-test data. Chen, Wilson, and Monger-

McClure (1999) measured the effect of condensation on the effective permeability of 

the two North Sea reservoirs with the properties characteristic of the sandstone 

reservoirs experimentally.  

Assume that the irreducible water saturations are constant for all the data points from a 

single experiment. The pores filled with immobile water will not contribute to the 

relative permeability to any of the phases if it is normalized to the permeability at the 

irreducible water saturation. Thus, the data may be normalized in such a way that 𝑆𝑆𝑖𝑖 +

𝑆𝑆𝑏𝑏 = 1 and 𝑘𝑘𝑟𝑟𝑏𝑏𝜋𝜋 = 𝑘𝑘𝑟𝑟𝑏𝑏/𝑘𝑘𝑟𝑟𝑏𝑏𝑚𝑚𝑟𝑟𝑚𝑚
. 

After normalizing the data, the model was fitted using 𝑍𝑍 = 24 for the carbonate 

reservoirs and 8 for the sandstone. The value of 𝑓𝑓𝑏𝑏  was the only fitting parameter. The 

value of 𝑃𝑃𝑏𝑏 was set to be unity. Thus our model was able to fit the experimental data 

with fewer parameters than the Brooks-Corey model; this would be equivalent to 

obtaining the exponents in the Brooks-Corey model out of the values of the critical 

saturation. The results are presented in Figures 4.6-4.8. 

                                                
4 Detailed petrophysical characteristics of the rock samples are provided in Appendix B 
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It can be seen that the model fits experimental data with reasonable accuracy. In all of 

the cases, the value of 𝑓𝑓𝑏𝑏  lies between 0.2 and 0.5. Moreover, the same value of 𝑓𝑓𝑏𝑏   

maybe used to give the best fit for all the cores from a specific study (e.g., the value of 

0.4 for the study of Gravier et al. (1986)). This is seen from the last plot in Figure 4.6i, 

where all the data are compared with a single model plot. This comparison indicates 

that our model really reflects the physical mechanisms behind the formation of the 

relative permeability for a given geometry of the porous space. For the cores of the 

same origin, with similar pore space geometries, the relative permeabilities may be 

obtained with the same parameters for our model. This is valid for both chalk and 

sandstone rocks. 

The value of coordination number equal to 24 is related to the specific pore structure of 

carbonates, as previously reported in the literature (Patsuoles and Cripps, 1983; 

Mogensen and Stenby, 1998). However, this value is unusual for the pore network 

simulations and capillary micromodels. A question may arise, whether a more 

traditional value of the coordination number may be used for fitting. We have re-fitted 

the experimental data with the value of 𝑍𝑍 = 6 (the dashed line in Figure 4.6i). The 

accuracy of fitting did not change much (10.3% against 10.8%), most of which may be 

attributed to the scattering of the experimental data. However, such an important 

parameter as the value of the residual gas saturation was not captured by the newly 

fitted curve. The physics behind the relative permeabilities in chalks is better captured 

when a more interconnected porous space is assumed. 
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a)  

b)  
  Figure 4.6 The model adjusted to the data by Gravier et al. (1986). A carbonate rock (Z=24) Plots (a) to (h) are 

for the cores 1 to 8, respectively. The plot (i) presents all the cores together. 
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c)  

d)  
Figure 4.6 (cont.) The model adjusted to the data by Gravier et al. (1986). A carbonate rock (Z=24) Plots (a) to 

(h) are for the cores 1 to 8, respectively. The plot (i) presents all the cores together. 
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e)  

f)  
Figure 4.6 (cont.) The model adjusted to the data by Gravier et al. (1986). A carbonate rock (Z=24) Plots (a) to 

(h) are for the cores 1 to 8, respectively. The plot (i) presents all the cores together. 
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g)  

h)   

Figure 4.6 (cont.) The model adjusted to the data by Gravier et al. (1986). A carbonate rock (Z=24) Plots (a) to 
(h) are for the cores 1 to 8, respectively. The plot (i) presents all the cores together. 
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i)  

Figure 4.6  (cont.) The model adjusted to the data by Gravier et al. (1986). A carbonate rock (𝑍𝑍 = 24) Plots (a) to 
(h) are for the cores 1 to 8, respectively. The plot (i) presents all the cores together. 

 

Figure 4.7 The model adjusted to the data by Afidick, Kaczorowski, and Bette (1994). Carbonaceous rock (𝑍𝑍 =
24). 
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a)  

b)  

Figure 4.8 The model adjusted to data for cores from reservoirs A (a) and B (b), by Chen, Wilson, and Monger-
McClure (1999). A sandstone rock (𝑍𝑍 = 8). 
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4.4 Limitations of the Model 
The proposed model has a number of limitations. As shown above, these limitations 

still allow the model to predict the behavior of the relative permeabilities and to relate 

them with the microscopic geometrical parameters. This validates the application of the 

model. However, its limitations still have to be formulated explicitly in order to be able 

to spread the model onto more complex cases. 

The equal pore sizes, equal numbers of nucleation sites in each pore, and a regular 

lattice are common assumptions in the percolation models, balancing their simplicity 

and realism. Some of these assumptions may probably be relaxed. E.g., stochastic pore 

size distribution Bedrikovetsky (1993) and Selyakov & Kadet (1996) may be more 

adequate, although more difficult to implement. 

We consider percolation by bonds, not by sites. The volumes of sites have been 

neglected. According to studies (Kashchiev and Firoozabadi, 1993; Tsimpanogiannis 

and Yortsos, 2002), nucleation always happens in sites. The subsequent filling of the 

porous medium involves the filling of the sites. Thus, it is an assumption that has to be 

overcome in future studies. 

In the studies of Li & Yortsos (1995b) and Ioannis N. Tsimpanogiannis & Yortsos 

(2002), considering the nucleation process in micromodels, it has been observed that 

the bubbles may grow after formation, while new bubbles are unlikely to be formed. 

This is a different picture of gas liberation than ours. It should be remarked that the 

concept of “bubble” in our paper is conditional. The number of bubbles is, simply, the 

measure of how much gas has appeared in a capillary. Since the geometry of a realistic 

capillary is random, this gas will appear randomly in different places. We assume that 

its appearance is totally random. This is, probably, an oversimplification. However, this 

is partly confirmed by the fact that, as discussed in Li & Yortsos (1995b) and Yortsos 

& Parlar (1989), the nucleation of the bubbles or droplets is heterogeneous. There are 

certain points around which the new phase is formed. One may assume that the points 

of growth of the bubbles or droplets are also randomly distributed. This is, probably, an 

inaccurate assumption for the regular pore network models where the experiments of 

Bora, Maini, & Chakma (2000), El Yousfi, Zarcone, Bories, & Lenormand(1997), 



A Model for Relative Permeabilities Under Gas Liberation or Condensate 
Precipitation in Porous Medium 

 

109 
 

Mackay, Henderson, Tehrani, Danesh (1998), and Nejad & Danesh (2005) were carried 

out. However, for natural porous media, this assumption may hold.  

An indirect confirmation of the validity of our model would be independence of the 

relative permeabilities and, in particular, of the critical saturations, on the dynamics of 

the process. It has been detected in the experiments of Firoozabadl et al. (1992), Jr, 

Agaev, & Palatnik (2004), Li & Yortsos (1995a), and Moulu (1989) that the critical 

saturation is dependent on the pressure decline rate. Such a dependence, obviously, 

contradicts our model. On the other hand, in the experiments analyzed in section 3, the 

relative permeabilities were found to be functions of the saturation only. In 

experimental works of Bagudu et al. (2018) and Kamath & Boyer (1995), it has also be 

found that the critical gas saturations are independent or almost independent of the 

pressure decline rate and the nucleation fraction. These observations are valid for the 

low-permeable natural porous media (Bagudu et al., 2018). Our model is obviously 

valid for the latter quasi-equilibrium liberation process, while a less equilibrium 

situation described in (Du & Yortsos, 1999; X. Li & Yortsos, 1994, 1995b; Xuehai Li 

& Yortsos, 1993; Satik & Yortsos, 1996; I N Tsimpanogiannis et al., 1999; Ioannis N. 

Tsimpanogiannis & Yortsos, 2004; Yortsos & Parlar, 1989 and others) cannot be 

described by this model. In particular, one might assume that the proposed model may 

somehow describe the behavior of the foamy oils. However, this behavior is very 

complex and rate-dependent (Maini, 1996, 1999; Smith, 1988), so that application of 

the model here requires much care. 

Finally, we apply very simplified assumptions about conductivities of separate 

capillaries for the gas and liquid flow. The picture of such flow may be rather 

complicated (see, e.g. (Wang et al., 2020). Considering more detail is outside the scope 

of the present paper. 

4.5 Conclusions 
A new model for relative permeabilities under gas liberation or condensate precipitation 

in porous media has been developed. It is based on the methods of statistical physics 

and percolation theory. The porous medium is modeled as a capillary lattice. The gas 

liberation occurs in the form of separate bubbles, while oil precipitates in the form of 

the droplets. Distribution of the bubbles or the droplets in the capillaries is computed 
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by the methods of statistical physics. The conductivity of a lattice is computed by the 

theory of effective medium. 

The theory makes it possible to evaluate the relative permeabilities based on a relatively 

small number of the parameters, like the coordination number of the lattice or the 

critical fraction of the bubbles. A simple universal correlation between these parameters 

and the critical gas saturation is established.  

We show that the simple power dependencies (the Corey-Brooks model) may be used 

for fitting the physically meaningful dependencies derived in the framework of our 

model with a reasonable (although not absolute) accuracy. The comparison makes it 

possible to spread the Corey-Brooks dependencies outside the regions where both 

phases are mobile. 

Comparison with available experimental data shows a good fit between the data and 

the model. Only the value of the critical bubble fraction needs to be fitted. For the cores 

of the same origin, this value varies insignificantly, which shows that the model 

captures, basically, the physics of the process. 
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Chapter 5. General Conclusions 
and Suggestions for Future Work 

 

5.1 Conclusions 
1. The literature data about the gas-oil relative permeabilities are controversial. 

The critical gas saturations vary in wide limits. There are different conclusions 

about the equilibration of the process, the physical mechanisms of nucleation, 

repeatability, and other factors. Especially, the data on gas-oil relative 

permeabilities in low-permeable media are missing. The relative permeabilities 

have been measured within a saturation region where both phases (oil and gas) 

are mobile, while the depletion processes may occur at the region of immobile 

gas saturations. This calls for a new experimental method making it possible to 

measure the relative permeabilities and critical saturations for the gas-oil 

systems. This method should involve non-invasive monitoring, like X-ray 

computer tomography, to precisely estimate the saturation distribution within 

the rock samples and to monitor the possible end-effects. 

2. The experimental method for measuring the gas-oil relative permeabilities and 

critical gas saturations in low permeable rocks, with the application of X-ray 

computer tomography, has been developed. The method is based on the steady-

state flow measurements and comparison of the resistances of the core and of 

the capillary viscometer. The method was validated by comparing the relative 

permeabilities for the same rock samples but the different mixtures. The end-

effects were excluded by recalculation of the saturations and permeabilities 

accounting for the observed distributions. The measurements were found to be 

repeatable and reproducible. 

3. It was experimentally found that: 

a. The relative permeabilities for the same rock sample are independent of 

a mixture; 

b. The relative permeability curves are very similar for similar rock 

samples (from the same formation age), although the samples may be 

from different locations, and, even, some of them may be outcrop and 
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some other reservoir samples. Though, the critical saturations may be 

significantly different; 

c. The reduction of permeability is significant for a relatively small amount 

of the trapped gas; 

d. The relative permeability is a power-law-like function, although it 

appears to be a linear dependence when analyzed for individual cores. 

A linear approximation is reasonable within the range where gas is 

immobile but cannot be extended outside of this range. 

4. A new model for relative permeabilities under gas liberation or condensate 

precipitation in porous media has been developed. It is based on the methods of 

statistical physics and percolation theory. The modeling studies reveal that: 

a. The theory makes it possible to evaluate relative permeabilities based on 

a relatively small number of parameters. These parameters have a clear 

physical meaning and may in principle be found from the microstructure 

of the porous medium or using one core sample to predict the rest; 

b. Although the power-law does not determine the dependencies, they may 

be approximated by the Corey-Brooks power-law dependences. A 

correlation between the traditional Corey-Brooks model's parameters 

and the physical properties of the porous medium and nucleation process 

is thus established. 

c. The model may be used both for gas liberation and condensate 

precipitation in the porous medium. 

5. Comparison of the model with the experimental data shows that: 

a. Similar cores possess similar parameters in the model for the relative 

permeabilities. This assures the physical soundness of the model; 

b. End-point relative permeabilities and critical saturations may be used to 

predict the rest of the permeability curves; 

c. Comparison with our experimental data also shows a good fit. The 

model makes it possible to obtain the complete relative permeability 

curves based on the experimental data from the saturation region where 

gas does not flow. 
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5.2 Future Work 
The experiments on the steady-state gas-oil relative are time-consuming. Not all of 

them were possible to be performed in a limited time of the Ph.D. study. More 

experiments verifying the results of the current study are probably needed. 

Several important effects were not studied in detail in the current study. The 

experiments were carried out with the model mixtures. Involvement of the reservoir 

fluids should be examined (although in our experiments, the permeabilities seem to be 

independent of a mixture). The effect of the confining pressure on the permeabilities 

needs to be studied, mainly in the Lower Cretaceous rocks. The presence of the initial 

water saturation should also be investigated. 

The modeling studies should be expanded to include other factors. An important factor, 

which is not accounted for in the current model, is the pore size distribution. The 

different studies describe various pictures of the nucleation and growth of the gas 

clusters. It may be attempted to extend the model onto these pictures. 

Finally, the experimental and the modeling studies may be extended onto other similar 

systems, e.g., gas condensates or foamy oils. 
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Appendix A: Detailed Specification 
of the Equipment  

 

SIEMENS® SOMATOM PLUS 4 X-ray computer tomography 
scanner system 

The system has a single X-ray tube. The X-ray tube rotates around the scanned object, 

emitting a flat fan-like beam transaxial through the object. The emitted beam is received 

by a diametrically opposite rotating arc-shaped detector system. The SMI Synchro® 

uses the recorded data to produce transaxial images. Each image consists of a 512*512 

matrix of the computed CT numbers. The CT numbers are presented in terms of an 

internationally standardized number scale subdivided into Hounsfield units (HU). The 

scale is linear, with CT numbers for air and water defined as –1000 and 0, respectively.  

Technical specification 

Tube Voltages 50, 120, 140 kV 

Tube current range 65-420 mA 

Slice Thicknesses  1,2,3,4,5,8,10 mm 

 

Core Laboratories® X-ray core holder – FCH Series 
The core holder is made of an aluminum body that is overwrapped with carbon fiber 

composite. The aluminum-composite body absorbs fewer X-rays than an all-aluminum 

core holder and is more cost-effective than a carbon fiber epoxy core holder. The 

composite aluminum body has a uniform thickness throughout the core. The core holder 

is biaxial-type (also known as "hydrostatic"), which means that the core is held in place, 

and overburden stresses are applied using hydrostatic pressure. The core holder is also 

equipped with a heating coil for temperature control.  
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Technical specification 

Sample diameter 1.5" 

Sample length 1-3.5" 

Overburden pressure rating 10000 PSIG 

Pore pressure rating 9590 PSIG 

Temperature rating  300 oF 

Vindum® pump (VP-12K-HC-T) 
The VP-12k is a positive displacement pump. The pump's wet components are made of 

Hastelloy C_276 and sealed with Viton rings, which allows the pump of corrosive 

fluids. A ball screw drives the pistons of the pump to obtain an accurate and longevity 

flow. The pump is equipped with high accuracy pressure transducers and pneumatic 

valves to maintain a pulse-free flow. The pump can operate by either constant rate or 

constant pressure modes. 

Technical specification 

Maximum Pressure Rating  12,000 psi (827 bar)  

Max Flow Rate (0 to 7,500 psi):  29 ml/min  

Minimum Flow Rate:  0.0001 ml/min  

Flow Rate Accuracy:  +/- 0.1% of set flow rate  

Flow Rate Resolution:  0.000001 ml/minute  

Volume Accuracy:  +/- 0.1% of volume pumped 

Volume Resolution:  0.000001 ml 

Flow rate & volume repeatability:  0.05% 

Single Stroke Volume:  10 ml 

Pressure Accuracy:  +/- 0.1% of Full Scale 

Pressure Control Accuracy:  +/- 0.1 psi 

Capable of Vacuum for Filling:  Yes 

Temperature Rating: 10oC- 65°C (50 to 150°F) 
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Core Laboratories® AMS™-900, Acoustically Monitored 
Separator 

AMS™-900 is a Dual-bore mechanical 2-phase separator. The separator is equipped 

with an ultrasonic transducer to accurately detect liquid-liquid or gas-liquid interfaces. 

The fluid volume is determined by comparing the travel time of the reflected pulse from 

the interface and the reflected pulse from an integrated target. The dual-bore mechanism 

allows fluid collection and separation to occur in one bore while measuring the interface 

height in the second bore. This mechanism prevents the fluctuation in the measurement, 

thus higher accuracy.  

 

Technical specification 

Separator/measurment Bore: 0.500" (1.27 cm) 

Tube Inside Length: 21.75" (55.24 cm) 

Minimum Flow Rate:  0.0001 ml/min  

Material:  Hastelloy C276 

Transducer Natural Frequency: 2MHz 

Usable Volume: 120cc 

Maximum Volume Change: 150cc 

Pressure rating:  10,000 PSIG (Approx. 700Bar) 

Temperature rating:  300 °F (150 °C) 

Accuracy:  +/- 0.1cc 

Resolution:  0.01cc 

 

VINCI® POROPERM 
The VINCI® POROPERM is a steady-state gas permeameter and porosimeter 

measuring the porosity and permeability of a plug-sized core sample. The porosity of 

the sample is measured using the isothermal gas expansion by applying Boyle's law and 

Charles' law. The gas permeability of the sample is measured using the steady-state 

method. The gas permeability measurement is repeated with different flow rates (3 or 

5 times) to extrapolate the liquid permeability (Klinkingberg permeability). 
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Technical specification 

Permeability Range: 0.01mD-10D 

Flow Pressure: 0-150 PSIG 

Confining Pressure: 0-400 PSIG  

Gas flow rate: 0-50 cc/min 

Temperature rating:  Ambient 

Pressure transducer accuracy: 0.1% Full Scale 

Flow accuracy: 1% Full Scale 

Core diameter: 1.5" 

Core length: 0-3'' 
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Appendix B: Petrophysical 
characteristics of rock samples 
used in Gravier et al. (1986) 
experiment 

 

Sample 

Absolute 

Permeability 
Porosity Length Diameter 

mD % mm mm 

1 17.2 25.8 202 66 

2 0.37 16.5 131 66 

3 31.8 22.7 173 66 

4 6 18.6 195 66 

5 39.2 19.6 215 66 

6 7.4 19.6 199 66 

7 14.5 23.4 166 66 

8 0.9 14.5 156 66 
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