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ABSTRACT
In sound field control, a set of control sources is used to match the pressure field generated by noise
sources but with opposite phase to reduce the total sound pressure level in a defined area commonly
referred to as dark zone. This is usually an ill-posed problem. The approach presented here employs
a subspace iterative method where the number of iterations acts as the regularization parameter and
controls unwanted side radiation, i.e. side lobes. More iterations lead to less regularization and
stronger side lobes. The number of iterations is controlled by problem-specific stopping criteria.
Simulations show the increase of lobing with increased number of iterations. The solutions are
analysed through projections on the basis provided by the source strength modes corresponding
to the right singular vector of the transfer function matrix. These projections show how higher
order pressure modes (left singular vectors) become dominant with larger number of iterations. The
method proposed here not only allows to control the energy of the side lobes but also to explicitly
apply constraints over the amplitude of the solution using an active set-type method which is crucial
to avoid non linearities in the control sources.

1. INTRODUCTION

Outdoor events can be a powerful source of noise for whomever is not attending. Strong low frequency
content is an integral component of the programs reproduced and dedicated subwoofers are in charge
of its reproduction in a range usually comprised approximately between 30 and 120 Hz. These
frequencies can propagate over very large distances due to the minimal attenuation provided by the
medium and also sound insulation in buildings is not very effective against them. Furthermore, low
frequencies are also likely to produce structural vibrations which further increase the annoyance for
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people living in neighboring sites. In addition to the clear health related effects, laws are becoming
more strict by the year making it harder to organize events relatively close to residential areas. System
designer can optimize the position of these sources to minimize side radiation. Minimizing the noise
emissions on the main axis however, cannot be tackled with traditional method without spoiling the
experience of event-goers. A solution to weaken the noise emissions in this direction is to use a
dedicated set of control sources placed behind the audience area to create an anti field and reduce the
sound pressure level in sensitive areas close by.

There are different methods that can be used or adapted for this purpose [1] and one of them
is pressure matching. The idea is to synthesize a secondary sound field that matches the primary
sound field from the event but with opposite phase by applying optimal filter to the control sources.
Considering the sensitive nature of the application here, namely that the control sources should not
be noticeable in the audience area, a balance between insertion losses in the dark zone, where level
reduction takes places, and the energy emitted in the audience area has to be found. Normally, a third
array of sources would be needed to reduce the influence of the control sources in the audience are
and the corresponding filters need to be included in the problem formulation. It was shown in [2]
how this can be avoided by using a set of directive sources. This is the case considered here, where
the problem reduces to the design of optimal filters to be applied to the control sources to reduce the
level in the dark zone. These optimal filters can be obtained in different ways, each one with its own
advantages and drawbacks:

– Least square problem with Tikhonov regularization:

||pp −Hsqs||
2
2 + λ ‖qs‖

2
2 (1)

Where pp is a vector with the pressure from the primary sources at the sensors in the dark
zone, Hs is the matrix with the transfer functions between the secondary sources and the dark
zone, qs is a vector with the filter coefficients to be applied to the secondary sources and λ is
the Tikhonov regularization parameter. This approach has a simple analytical solution and is
computationally very effective. The regularization parameter avoid instability in the solution
and controls the trade-off between amplitude of the residual and amplitude of the solution. In
this application, it is very important for the amplitude of the solution to not exceed unity gain
in order to avoid non-linear effects in the sources which would spoil the performance of the
system. The relation between this term and the amplitude of the solution is not straightforward.
There are methods such as the l-curve, normalized cumulative periodogram (NCP), generalized
cross-validation (GCV) and discrepancy principle to find the optimal value in terms of balance
between accuracy and energy of the solution. Because the objective of this method is this
balance, it often happens that the regularization parameter found by these methods allows some
of the coefficients in the solution to be larger than 1, which is not acceptable in this type of
applications. Furthermore, each of this method has its limits and conditions where they do not
perform very well [3].

– Constrained convex optimization:

min
qs

‖pp −Hsqs‖
2
2

s.t. fi(qs) ≤ 0
(2)

Here fi(qs) represent a set of inequality constraints as a function of the solution. This approach
also focuses on the minimization of the squared residual by optimizing the filter coefficients but
placing explicit constraints on them. Common constraints limits the array effort or directly the
magnitude of the filter coefficients. The drawback is the computational cost and the need to use
specific toolboxes such as CVX [4] or specialized function such as fmincon [5] in MATLAB [6].



– Subspace or projection methods. Finally, another family of methods that has been used mostly
for interior problems are the subspace methods [7]. In this case the matrix Hs is decomposed in
an orthonormal basis and a diagonal weights matrix through either PCA, SVD or Eigenvalues
decomposition. The solution is then computed by projecting the target field onto a subspace
spanned by a subset of the vectors/modes in the basis. This approach allows to select which
modes to include thus effectively defining the shape of the synthesize sound field [8]. In
this way, it is possible to compute a solution that limits undesired effects such as side lobes.
The drawback is that this decomposition and mode selection needs to be performed at every
frequency or at least on a dense enough subset of the frequencies of concern. Furthermore,
these methods in general do not provide a way to include constraints, the amplitude can only be
manually decreased if it is too large for the application.

The Conjugate Gradient Least Square method presented here belongs to the family of
subspace/projection methods and is able to produce comparable insertion losses as the aforementioned
approaches but allows to more easily deal with the drawbacks that can be very important in a practical
application. This method allows to explicitly define amplitude constraints that are handled without
increasing too much the computational effort. In addition, the regularization parameter can be
selected more easily and be used also to indirectly select modes and limit negative effects such as
side lobes.

2. THEORY

The method proposed is an iterative subspace/projection method with properties that make it
particularly suitable for this type of applications. The theory presented in this section is organized in
three sections: first are described some of the basics of the Singular Value Decomposition that can be
used to compute subspaces employed in projection methods and to compare solutions from different
methods.Then are presented the fundamentals of the method proposed here and the properties of the
subspace that is being used. Finally, it follows a short description of the active set-type method that
allows to apply box constraints to the CGLS solution.

2.1. SVD and subspaces
Any real or complex matrix can be factorized using the Singular Value Decomposition (SVD). The
matrix Hs with the transfer functions between n secondary sources and m receiver points in the dark
zone can be written as:

Hs = UΣVH (3)

Where Hs ∈ C
m×n is the transfer function matrix, U ∈ Cm×m are the left singular vector, Σ =

diag(σ1, σ2, ..., σn) is a diagonal matrix containing the singular values, V ∈ Cn×n are the right singular
vectors and the superscript H denotes the Hermitian transpose. In this application, the left and
right singular vectors represent pressure modes and source strength modes, respectively [9]. The
singular values represent the radiation efficiency of each of the modes [10]. The naive solution
to the least square problem ‖pp −Hsqs‖

2
2 can be obtained by means of the Moore-Penrose inverse

qs = (Hs
HHs)−1Hs

Hpp. By applying the SVD, the solution can be written as:

qs = VΣ−1UHpp (4)

where pp ∈ C
m is the pressure at the m receiver points, qs ∈ C

n is the strength of each of the n sources.
In general, this is an ill-posed problem where m >> n, so it is necessary to include some sort of
regularization to obtain a stable solution. When regularization is applied, the solution can then be
generally expressed as:

qs = VΦΣ−1UHpp (5)



where Φ is a diagonal matrix with the filter coefficients and whose entries depend on the type of
regularization used. It can be seen that the solution is computed by projecting the target field over the
left singular vectors. This is also the general idea behind subspace methods where one can keep only
a selected few components of this basis to limit the energy in the solution and/or control the shape of
the synthesized sound field. This can be done by setting the filter coefficients of the modes to be kept
to 1 and the rest to 0. This is similar to a truncated SVD where the coefficients are 1 up to the selected
truncation order and 0 above it.

The SVD can also be used to analyse solutions provided by different methods in term of which
pressure modes are active. The secondary pressure field ps can be expressed as:

ps = Hsqs = UΣVHqs = UW (6)

Where W = ΣVHqs is a matrix of weights or amplification coefficients applied to the left singular
vector.

2.2. The Krylov subspace and the CGLS method
The computation of the SVD and the selection of the components to include in the subspace is
inefficient because it needs to be performed at ever frequency. This could be avoided by choosing an
orthonormal basis and find a solution by projecting the target pressure field onto it. The problem is to
find a suitable basis that is adapted to the problem. The solution can be found in the Krylov subspace.
Generally speaking, the Krylov subspace is built iteratively and each new component consists of an
increasing power of the matrix AT A applied to AT b:

Kk(AT A,AT b) ≡ span{AT b, (AT A)AT b, ..., (AT A)k−1AT b} (7)

Where k is the number of iterations. In this particular case, the generic matrix A is replaced by the
matrix of secondary transfer functions Hs, the generic vector b by the primary pressure field pp and
the transpose operation by the Hermitian transpose. The Krylov subspace provides a basis adapted
to the problem that do not require to explicitly compute any decomposition. Each of the components
has the same size as the number of secondary sources and the dimension of the subspace is at most
k. This means that the number of sources provides an upper limit to the number of iteration that be
performed before adding components that are linearly dependent.

The properties of such subspace can be efficiently exploited using the Conjugate Gradient Least
Square (CGLS) method. It consists of applying the Conjugate Gradient (CG) [11] method to the
normal equation Hs

HHsqs = Hs
Hpp associated with the least square problem minqs ‖Hsqs − pp‖

2
2.

The kth iteration solution solves the minimization problem [12]:

qs
(k) = min

qs
‖Hsqs − pp‖

2
2 s.t. qs ∈ Kk(Hs

HHs,Hs
Hpp) (8)

The solution q(k) provided by the CGLS algorithm must then be a linear combination of the basis
vector of the Krylov subspace [3]:

qs
(k) = c1Hs

Hpp + c2(Hs
HHs)Hs

Hpp + . . . + ck(Hs
HHs)(k−1)Hs

Hpp (9)

Where ci are weights scaling the corresponding basis vector in the Krylov subspace. At each
iteration a new search direction is added for the algorithm to use to reduce the residual. The more
iterations the smaller the residual at the cost of increasing the energy in the solution:

‖qs
(k+1)‖22 > ‖qs

(k)‖22, ‖Hsqs
(k+1) − pp‖

2
2 < ‖Hsqs

(k) − pp‖
2
2

This has three important consequences:



– The number of iterations here play the same role as a regularization parameter. Thus, one does
not need to select a regularization parameter but can just control the number of iterations by
introducing stopping criteria. The most common stopping criteria are the discrepancy principle
and the maximum number of iterations. Additional criteria can be introduced depending on
the problem. For instance, in this case it is of interest to control the amount of energy radiated
towards the sides. Higher order pressure modes assume a larger weight when the number of
iterations increases. Such modes usually radiate more energy towards the sides so it is possible
to mitigate the generation of side lobe by limiting their weights in the solution controlling the
number of iterations. It is possible to add "control points" covering the half-plane in front of
the control sources. These points can be used to monitor the level outside of the dark zone and
when this level increase above a given threshold, the algorithm can be stopped.

– When applying this method to a broad range of frequencies it is important to use the same
number of iterations. Allowing the number of iterations to change with frequency would lead
to solutions with different energy at different frequencies producing jumps in the frequency
response of the filters making them harder to implement. Notice that this is not the same
as using the same regularization parameter at each frequency because the Krylov subspace
changes at each frequency and so do the coefficients in Equation 9.

– The regularization is provided in discrete steps. This is the main drawback if compared with
traditional least square with Tikhonov regularization where this parameter can be tuned more
freely. It it of importance also to notice the fact that the larger the number of secondary sources
the larger the possible size of the Krylov subspace. This allows for more iterations of the
CGLS algorithm providing more discrete steps and a finer resolution for the selection of the
regularization.

2.3. Active set-type method
The CGLS method then allows to simplify the process of selecting a regularization parameter while
at the same time providing some control over side lobes without increasing the computational effort.
The traditional formulation of this method as seen until here however, does not provide a way to
explicitly apply constraints on the amplitude of the solution. A way to do so can be found in the
active-set type method described in [13]. Here is presented only a short description of this method
and only the details necessary for this application are explained. This method amounts to redistribute
the energy in the solution between coefficients within and out of the constraints. The steps described
here are performed after a solution from the CGLS algorithm without constraints has been found. The
idea is to introduce a correction ỹ to keep the CGLS solution within the constraints without affecting
those coefficient for whom the constraints are active but not violated, i.e. ỹi = 0 for |qs,i| = 0 or
|qs,i| = 1 in this case. The index i of these coefficients are stored in the active sets Al(qs) and Au(qs)
for the lower and upper bound respectively. In this particular case, being the constraints placed on the
magnitude of the coefficients, the lower bound is never active so Al(qs) = ∅.

The coefficients violating the constraint are set to the upper bound value obtaining an approximate
solution q̂s which is used to compute the new residual:

r̂ = Hsq̂s − pp (10)

The method then introduces a matrix D = diag(d1, d2, . . . , dn) with entries:

dk =

0, k ∈ Al(qs) ∪ Au(qs)
1, otherwise

(11)

The CGLS algorithm is then used again to find an approximate solution to:

ADz = −r̂ (12)



The correction sought after is given by ỹ = Dz(k) and is then applied to qs. It can happen that also
this solution violates the constraints in which case these steps need to be repeated. It is important
to consider that this algorithm is not guaranteed to terminate because the residual vector r̂ might not
decrease monotonically. Even though cycling cannot be excluded, this was never the case in this
application however one might consider including a maximum number of intents before manually
reducing the amplitude of the solution.

3. SIMULATIONS

3.1. Setup
The setup used for the simulations is displayed in Figure 1 and consists of a primary array of 5
V-SUBs [14] spaced 1 meter apart and a secondary array of 4 V-SUBs with a spacing of 2 meters.
These subwoofers have a cardioid directivity pattern but for these simulations only the radiation in the
frontal half-plane needs to be considered so they can be approximated by omni-directional sources.
The secondary array is placed at 14.5 meters from the primary and the dark zone starts at 22 meters
with a depth of 3 meters and a width of 7. The spacing of the virtual sensors in the dark zone is
1 meter. The transfer functions between the primary sources and the receivers in the dark zone as
the ones between the secondary sources and the dark zone have been calculated using a Complex
Directivity Point Source model (CDPS, [15]). The frequency range considered for the simulation
consisted of the two octave bands between 30Hz and 120 Hz with a resolution of 1/24th of octave.
The temperature was set to 23° and no wind was included. Finally, the spacing of the control points
is half of the smallest wavelenght in this frequency range.

Primary sources

Secondary sources

Dark zone

Control points

Figure 1: Setup used for the simulation including primary and secondary sources, dark zone and
control points.

3.2. Methods
The transfer functions have been used to solve the pressure matching problem finding the optimal
filters to apply to the control sources. The filters have been computed using the CGLS method
proposed here and compared against regularized least square and convex optimization:

– Conjugate gradient least square (CGLS): the solutions have been computed using one (k = 1
and two (k = 2) iterations of the algorithm. Notice that additional iteration would not have



produced a different solution. This is due to the number of secondary sources and the symmetry
of the problem. More iteration would add components to the Krylov subspace that are not
linearly independent thus not adding any new information. In addition, the solutions for the
two cases have been computed with and without the active-set type method to include amplitude
constraints.

– Least square with Tikhonov regularization: the regularization parameter in this case was found
using the l-curve and the GCV criteria. The NCP was also used but in this particular case
provided the exact same solution as GCV so for clarity is not shown here. These criteria were
applied only at the lowest frequency and the regularization parameter that was obtained was
kept also for every other frequency. At frequencies where one or more coefficients violated
the amplitude constraints, the solution had to be normalized to ensure that no amplification
occurred.w The normalization affects only the magnitude of the solution at the interested
frequencies and was applied as follows:

|q̃s| =
|qs|

‖qs(f)‖1
(13)

– Convex optimization: the function fmincon in MATLAB was used to solve the pressure matching
problem with two different set of constraints:

f (qs) = qs
Hqs − c (14)

Which if substituted into Equation 2 gives a constraint on the array effort. c here is a scalar
constant that can be adjusted. Here it has been set to half the number of secondary sources, i.e.
c = 2. And:

fi(qs,i) = |qs,i| − 1 (15)

Which provides a magnitude constrain over each of the sources. When substituted into
Equation 2 the whole set of inequality constraints can be expressed in a more compact form:

|qs| � 1 (16)

3.3. Results
The solutions obtained with these methods are shown in Figure 2. The solutions from the convex

optimization approach are shown only for the case where constraints are applied. Without constraints
this method would be equivalent to solving a least square problem with no regularization. It can be
seen how the solutions from each of the methods converge towards the same magnitude with and
without constraints. The only exceptions are CGLS k=1 and the convex optimization with the array
effort constraint. The former is over regularized providing a very smooth solution well below the
constraints. The latter has a lower energy than the rest of the solutions due to a somewhat too strict
constraint. Amplification in the filters must be avoided and this constraint acts on the entire array.
It can happen that even if the constraint is not violated, some of the filters might have a magnitude
larger than 1. To ensure that this does not happen, the constraint had to be set to a quite conservative
value that equals half the number of secondary sources, i.e. qH

s qs ≤ 2.
The solution from convex optimization with element-wise constraints is the reference in this case

providing the best achievable solution while avoiding amplification. The drawback is the large
computational effort and it can happen that the feasible set is empty with more complex setups.

CGLS k=2 uses all available components in the Krylov subspace which is the equivalent to not
applying any regularization. This is the reason why its amplitude at low frequencies is larger than with
the other methods. The magnitude of the filters decreases with frequency because the amplitude of
the smallest singular values increases and even becomes larger than 1 above 78 Hz. When computing



the solution, the singular values are inverted and such increase leads to a reduction in the energy of
the solution. The fact that the singular values are larger than 1 results in the attenuation of higher
order modes which allows to avoid instability in the solution. The least square method with Tikhonov
regularization provides solutions where the amplitude increases only in the lowest frequency range
and then overlaps with CGLS k=2. This occur because the regularization parameter is effective only
at very low frequencies due to the increase in the amplitude of the singular values. The effect of the
regularization parameter is reduced on singular values that are close to its amplitude. The more the
singular values are larger than the regularization parameter the least they are affected by it and they
top it at approximately 60 Hz. The GCV criterion returns a smaller regularization parameter than the
l-curve which explains why at low frequency its solutions is larger and the effect of the regularization
ends earlier.

Figure 2: Magnitude of the filters for the outer sources (top) and the inner ones (bottom): without
constraints (left) and with constraints (right).

Insertion losses have been calculated at each of the receiver points in the dark zone and their
average is displayed in Figure 3. When no constraints are applied, the insertion losses provided by
each of the methods are approximately the same. Because the l-curve returns a larger regularization
parameter than the GCV its residual is larger. CGLS k=1 provides a solution with an even stronger
regularization resulting in an even larger residual which is reflected by the lowest insertion losses of
the set. CGLS k=2 provides approximately the same insertion losses as the regularized least square
using the GCV criterion.

The performance of the different methods can drastically change when the constraints are applied.
It can be seen that the more a solution was above the constraints the largest is the drop in performances.
This explains why the l-curve solution is now better than the GCV and CGLS k=2 which, at low
frequencies, provides an even worse performance than CGLS k=1. This is because when the number of
iterations increases, or the regularization is smaller, more higher order pressure modes are radiated.
In this way is possible to reduce the residual by correctly modelling smaller features of the sound field
at the cost of increasing the amplitude of the solution. When the constraints are applied, not only the
higher order mode are attenuated but also the low order ones that model the largest features of the



sound field and provide the largest contributions to the insertion losses. Such low order modes are
included in the CGLS k=1 and l-curve and, because the constraints are not active in these cases, they
perform better.

The convex optimization solution with element-wise constraints provides the largest insertion
losses as expected. The rest of the methods, except for CGLS k=1, are close in performances when
the constraints are not active. When the the constraints are applied to the array effort, the convex
optimization solution is not as good because of the too conservative bound applied to it.

In a practical situation, one is not only interested in large insertion losses in the designated area,
it is also important to avoid or at least limit the level increase in other directions. This is where the
CGLS algorithm with the control point stopping criterion has an advantage over the other methods. In
Figure 4 is shown the sound pressure level at the control points with and without the control sources
for the different methods 31.5 and 80 Hz when the constraints are applied. As it is clear here, all the
methods generates side lobes thus increasing the sound pressure level outside of the dark zone. The
only one that does not is CGLS k=1. Depending on the application, if the are sensitive areas outside
the dark zone and how far they are, a potential user can decide if such side lobes are to be allowed and
to what extent by adjusting this stopping criterion. When used, CGLS k=1 is chosen over CGLS k=2.

Figure 3: Average insertion losses in the dark zone without constraints (left) and with constraints
(right).

Figure 4: Sound pressure level at the control points with and without control sources at 31.5 Hz (left)
and 80 Hz (right).

The reason why these side lobes are present and why they are avoided with CGLS k=1 can be
found if one analyses the pressure modes (left singular vectors) associated with the secondary transfer



function matrix. By projecting the solution of each of the methods over the source strength modes
(right singular vectors) and dividing by the corresponding singular values, it is possible to obtain
the amplification coefficient applied to each of the pressure mode, W in Equation 6. In Figure 5 are
represented such modes at 50 Hz along with the target pressure field. First of all one notice how both
magnitude and phase of the target are symmetric, so the asymmetric pressure modes can be neglected.
The only modes included in the solutions will be the first and the third one. The first mode is quite
smooth and only present a broad central lobe. The third one has instead strong lobes radiating towards
the sides. This mode is the main reason for increased sound pressure levels outside of the dark zone.

Figure 5: The four left singular vectors, pressure modes, (left) and the target pressure filed (right) at
50 Hz: magnitude (top row) and phase (bottom row).

The absolute value of the amplification coefficients for these two mode are shown in Figure 6. The
coefficient for the first mode are approximately the same for each of the methods. The difference
occurs with the third mode. The solution from CGLS k=1 has third order coefficients well below one
which means that this mode is strongly attenuated in this solution and is multiple orders of magnitude
smaller than the first mode. This explains why there is no increase in level at control points outside
the dark zone in this case. The rest of the methods have similar amplification coefficients that tend to
be larger than 1 over the entire frequency range. This results in the generation of side lobes which is
consistent with the performances seen in Figure 4. Only below 36 Hz these coefficients are smaller
than 1 and it can be seen that the side lobes at 31.5 Hz are smaller than for the other frequencies.
In the case of the convex optimization solution with constraint over the array effort, the third order
coefficients are slightly smaller than for the rest. This is also consistent with the sound pressure level
at the control points where the magnitude of the side lobes is in between CGLS k=1 and the rest of the
solutions.

The first order mode has a larger curvature than the primary sound field in the dark zone. This
happens because the dark zone is much closer to the secondary array than it is to the primary which
present a more flat wave-front. Reducing the regularization increases the weight of the third order
mode which decreases the residual by reducing the curvature of the secondary wave-front and better
models the features of the primary field close to the top and bottom edges of the dark zone. This
comes at the cost of increasing the energy radiated towards the sides.



Figure 6: Magnitude of the amplitude coefficients of the first (left) and third pressure mode (right)

4. DISCUSSION

The flexibility of the CGLS algorithm and the effect of the active set-type method increases as the
number of control sources increases. More degrees of freedom and number of iterations are then
allowed in the CGLS algorithm. More iterations allow for more intermediate steps between the
two extreme cases presented here, namely the one with strong regularization and the one with no
regularization at all. Furthermore, also the active-set type methods performs better with a larger
number of sources due to the increased degrees of freedom that allow to better redistribute the energy
between the coefficients and to find a better correction to the solution.

The regularization parameter used in the regularized least square could have been made frequency
dependent applying the selection criteria at each frequency. This approach usually leads to lower
energy solutions, being the regularization parameter active at every frequency. This also limit the
effect of the constraints which generally lead to an increase in insertion losses.

The solutions with the smallest residuals are not always the best when other aspects are considered.
First of all such high insertion losses as the one shown here are not realistic in a practical setting due
to the accuracy required. Dealing with sound propagation outdoor, uncertainty in the position of
the sources, temperature and wind fluctuations, turbulences and reflections from obstacles make this
degree of accuracy impossible to attain. Solutions that provide lower insertion losses are usually
more robust in this regard. Secondly, solutions that provide very large insertion losses are usually
associated with the radiation of side lobes which can make the problem worse at areas other than the
dark zone.

5. CONCLUSIONS

The method proposed can provide equivalent performances in terms of insertion losses as other
methods. The differences are in the introduction of amplitude constraints and control over side
lobes. With the least square approach this is possible by tweaking the regularization parameter but
the selection criteria such as GCV and l-curve would not help leaving trial and error as the only
option. In the convex optimization case, one would have to introduce additional constraints which can
potentially make the problem unfeasible. The CGLS method provides a practical alternative where
one need only to define and check appropriate stopping criteria between iterations and just stop when
such criteria are met. These criteria are easy to implement and can be tuned and adapted to meet the
need of different type of problems. Here, a criterion that can help controlling side radiation has been
employed promoting solutions with a limited amount of energy spilling toward the sides. In addition,
the active set-type method allows for the introduction of explicit amplitude constraints that is just
not possible with the regularized least square method or requires a considerably lager computational



effort if constrained convex optimization is used.
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