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An element test specimen with ply drops, intended to be representative of a composite structure of varying
thickness such as the main laminate in a wind turbine rotor blade structure, is used to investigate the fatigue
damage initiating from a ply drop under cyclic tension–tension loading. The focus is to measure the growth rate
of delamination cracks propagating from a thin towards a thicker section. Several delaminations initiate from
tunneling cracks ‐ cracks between the ply drops and resin reach areas ‐ after very few load cycles. All except one
delamination crack propagate for a number of cycles but eventually stop growing. The only delamination crack
that continued to grow has the characteristic that its growth rate increases as it propagates to thicker sections of
the element specimen. The experimental findings are supported by finite element results.
1. Introduction

The external shape of many large lightweight composite structures
such as wind turbine rotor blades is dictated by aerodynamic consider-
ations. The need to reduce weight leads to designs with composite lam-
inates of varying thickness along the length of the structure or
component, with the requirement of retaining sufficient stiffness,
strength and fatigue life [1]. In composite structures, a decrease in
laminate thickness (tapering), for shape optimisation and weight
reduction, is achieved by terminating or dropping off plies (ply drops)
at the locations where a change in thickness is required [2]. A ply drop
results in material and geometrical discontinuities which induce stress
concentrations and can be a site for crack initiation and propagation in
service [3,4] and thus reduces the load carrying capability of a com-
posite structure.

Most studies on ply drops are related to aerospace applications such
as aircraft wings or fins and helicopter blades [2,5,6]. Even for thin
laminates, as used in aerospace structures (prepreg based composites),
ply drops are critical locations for delamination initiation that can lead
to premature failure of components [4]. In applications involving large
structures/components made by low‐cost manufacturing processes,
e.g. wind turbine blades produced by vacuum infusion, the plies are
thicker (about 1 mm in thickness) [4] and thus ply drops have a stron-
ger influence on the structural integrity of the component. The studies
investigated the effect of ply drops in such composite structures
[4,7,8] have shown a relative high knockdown factor, i.e. a significant
reduced strength and fatigue life, with increasing ply thickness.

Tapering of laminates by ply‐drops can be achieved in several dif-
ferent ways [9,10], from dropping off several plies in one step (all at
one location) to dropping plies in a staircase‐like arrangement to have
a gradual transition. From a manufacturing point of view, the first
approach is advantageous since it is does not increase the manufactur-
ing cost [11]. However, it leads to designs that are more susceptible to
delaminations [8]. Therefore, most efforts are towards taper designs
using staircase‐like arrangements where the ply drops are relative
close, but with a certain distance between successive ply drops [9].
Interleaving the dropped plies between continuous plies is also an
effective approach to increase the delamination resistance [11]. The
disadvantage of these approaches is that they increase manufacturing
cost as it involves detailed planning of the lay‐up [8]. Different ply
drops staggered configurations have been investigated experimentally
and analysed numerically [12–15]. In the staggered ply drop designs, a
small amount of resin (resin pocket) is trapped between the ply drop
and the surrounding continuous plies [9,16]. Crack initiation and
delamination between the dropped and continuous ply has been exper-
imentally observed and predicted by numerical models
[1,6,9,10,17,15]. The formation of such a delamination probably can-
not be suppressed by any conventional ply drop design. To overcome
this issue, Khan et al. [11] proposed a new design, a chamfered ply
drop geometry to minimise the size of the resin pocket. Ply edge cham-
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fering nearly eliminated resin accumulation at the ply drop, and the
resulting static strength and fatigue lifetime were significantly
increased in comparison with a design using a traditional non‐
chamfered ply drop [11].

From the above, it is clear that delamination can start from ply
drops. Even for chamfered ply drops, delaminations will most likely
initiate under cyclic loading although the cycles for crack initiation
may be significantly higher than for laminates with conventional ply
drop geometries. In the manufacture of a large structure there is a high
probability that some of the plies are not perfectly placed in the mould
and thus even for chamfered ply drops, resin rich areas can be
expected in some ply drop locations. Thus, defects and damage at such
critical sites should be addressed in the design of such structures. A
conservative approach with large safety factors, aims to prevent crack
initiation, leads to structures which are far from optimum. An alterna-
tive approach is to design in accordance with the concept of damage
tolerance, which was first introduced in the fv aerospace sector in
the 1970ies to obtain cost‐effective light‐weight structures [18–21].
With this approach, a structure can sustain a certain damage that prop-
agates slowly (stably) and will be detected by non‐destructive tech-
niques (NDT) in regular inspection intervals and will then be
repaired [22]. A more advanced concept is based on structural health
monitoring to detect damage in service by built‐in sensors and an NDT
inspection will only be conducted when damage is detected [23].
Understanding the sequence of damage initiation from a ply drop
and the damage evolution is thus important in designing a composite
structure of complex shape and forms the basis for defining an inspec-
tion/monitoring plan. This approach potentially leads to larger weight
savings.

1.1. Problem statement

In the present work, an element test specimen containing four ply
drops (Fig. 1) is designed with the purpose to examine damage initia-
tion and propagation from ply drops experimentally under cyclic ten-
sile loading. The investigation covers damage initiation at a ply drop
but the focus is on the subsequent crack/delamination growth rate
dependence on ply drop geometry. For this reason, conventional ply
drops with resin pockets, are used. Fig. 1 shows a schematic drawing
of part of the element specimen containing two ply drops with some
distance between them. At each ply drop, a resin pocket will form dur-
ing manufacturing. By using a certain spacing (in x1 direction)
between the two ply drops, it is possible to study the ply drop interac-
Fig. 1. Schematic drawing of two ply drops close to each other. The po
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tion and measure the cyclic delamination crack growth rates of the two
delaminations independently. In the present study, the composite
material used is a typical material for wind turbine blades with rela-
tively thick ply drops with a ply/layer thickness in the order of a
millimeter.

An element test specimen (Fig. 1) containing design details i.e. as
ply drops is indented to replicate the damage modes of real structures.
An element test is a test specimen between coupon test and substruc-
ture test. Typical laminates for a load carrying component of a wind
turbine blade consist mainly of unidirectional plies with �45° (biax)
fabrics on the outer layers. Therefore such a layup is used in the pre-
sent study. The presence of the support/backing threads results in
weak interfaces between the layers of the specimen where a delamina-
tion can initiate and propagate [24]. It should be mentioned that an
element test is different from a sub‐component test, where the sub‐
component is usually a real design detail or a cut‐out from the struc-
ture [25]. An element test specimen is a purposely designed test spec-
imen that will develop several competing failure and damage types,
designed to study the evolution and interaction of the basic failure
modes. An element test specimen is thus expected to develop similar
damage as real structures, but is indented to give a more clear insight
in the damage evolution than real structures.

In order to help the interpretations of the experiments, finite ele-
ment analyses are used. The ply drop interaction is investigated using
a cohesive zone based finite element analysis, whereas crack growth in
the specimen’s constant thickness region is analysed by a linear elastic
fracture mechanics based finite element model. The present element
specimen was designed to be relative long to enable delamination
cracks to extend a relative long distance away between the grips (to
investigate if crack growth rate became constant), and to minimize
bending, so that the specimen can analyzed by a simple analytical
model (A). The spacing between the first and second ply‐drop were
chosen to be relative short in order to study the interaction of the
cracks emerging from the two ply‐drops.

2. Experimental procedure

2.1. Materials

A unidirectional (0°) glass fibre fabric with support/backing
threads in 90° was obtained from Saertex GmbH, Saerbeck, Germany.
The fibre diameter in the 0° glass rovings, with 2400 tex, was 17 μm,
and the area weight was 1134 g/m2. The glass fibres in the support
ssible cracks, tunneling cracks and delamination cracks, are shown.
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threads (68 tex) had a diameter of 10 μm and an area weight of 54 g/
m2. Polyester fibres with 110 tex and area weight of 12 g/m2 were
used as sewing threads in a tricot‐warp stitching pattern.

A biaxial glass fibre fabric (�45°) with a total area weight of 720 g/
m2 was obtained from Ahlstrom, Tampere, Finland. The area weight of
the �45° fibres (600 tex) was 592 g/m2. The support threads, glass
fibres with 200 tex, had an area weight of 19 g/m2. The biaxial fabric
included a chopped strand mat layer with 100 g/m2 and 30 tex. The
glass fibre diameter was 16 μm, except the chopped strand mat which
made of glass fibres with a diameter of 12 μm. The stitching yarns
were constructed from polyester yarns with 76 tex. The fabric structure
has a strong influence on the interface/ cohesive law properties
between the layers.

Epoxy was used as a matrix material. The epoxy resin, Araldite® LY
1568, and the hardener, Aradur® 3489 CH, were provided by Hunts-
man Advanced Materials GmbH, Basel, Switzerland.

2.2. Manufacturing of element specimen with ply drops

Ten unidirectional plies/layers, all 700 mm in length, were placed
on the surface of a vacuum infusion table to form a composite plate
consisting of UD layers. Four unidirectional plies, each having differ-
ent length, were placed on top of the ten unidirectional plies to create
four ply drops (see Fig. 2). Finally, a continuous biax fabric layer was
placed on top of the four unidirectional plies and the composite beam
as shown in Fig. 2.

All layers (0° and �45°) were placed with the support/backing
threads (90°) facing downwards (the direction opposite to the x2 axis
shown in Fig. 2) and and as can be seen in the scanning electron micro-
scopy images in Fig. 3.

After laying all fabric layers, a vacuum bag was applied and the
epoxy resin was infused. Then, to cure the resin, the plate (700 �
400 mm2) was heated at 40°C for 19 h, followed by a heat‐up to 75°
C for 5 h and cooled down. After curing, the thickness of each unidi-
rectional layer was approximately 0.9 mm and the thickness of the
biax layer was about 0.6 mm. The fibre volume fraction in the unidi-
rectional layers was 50%. During infusion, resin pockets had formed
at each ply drop as schematically shown in Fig. 2. The precise shape
of the resin pockets was to some extend controlled by the vacuum infu-
sion process. The resin pocket length, in x1 direction, was between 3.0
and 3.2 mm and the angle between 14 and 16°.

Glass fibre epoxy composite tabs (1.8 mm thick) were glued on the
thin section of the plate (see Fig. 2) so that this end would have the
same thickness as the other end. As a result, the specimen would be
aligned with the loading axis when mounted at the testing machine.
The ply drop specimens were cut‐out from the plate in a width of
30 mm. Their dimensions along the length are given in Fig. 2. The dis-
tance between ply drops 1 and 2, which are being used in the present
paper, was approximately d = 10 mm.

Prior to testing, details of the ply drop were investigated by scan-
ning electron microscope (Zeiss Evo 60 EP‐SEM) using a secondary
electron detector. An example is given in Fig. 3.
Fig. 2. Specimen dimensions and position o
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The modulus of the UD plies, in the fibre direction, was measured
by statically testing ply drop specimens similar to Fig. 2 but without
the biaxial layer. The strain in the thin section of the ply drop speci-
mens were measured by two strain gauges on opposite faces of the
specimen. The Young’s modulus was equal approximately equal to
38 GPa.

It should be emphasized that the current element test specimen is
not an exact representation of a wind turbine substructure. The present
work focuses on how such an element test can be designed and
analysed.

2.3. Test procedure

The specimens were subjected to cyclic loading on an Instron 8800
servo–hydraulic testing machine with a 250 kN load cell under load
control at an R‐ratio (R ¼ σmin=σmax) of 0.1. The minimum and maxi-
mum stress values σmin and σmax were calculated by dividing the values
of the minimum and maximum loads with the cross‐sectional area of
the thin section of the ply drop specimens (between ply drop 1 and
tab, Fig. 2). The loading frequency was set to 3 Hz (a higher loading
frequency could induce heating of the specimen during cyclic loading).
The position of the cross‐head and maximum and minimum loads for
each cycle were recorded.

The delaminations/cracks length was monitored from images
recorded by a digital camera. Digital images (2592 � 3872 pixels)
were acquired automatically at a rate of 1 image per cycle for the first
100 cycles, 1 image for every 10th cycles in the range 100 to 1000
cycles, 1 image for every 100th cycles in the range 1000 to 10000
cycles etc. The image resolution was ≈0.04 mm/pixel. The camera
was synchronised with the testing machine to acquire the images at
the instant the specimen was subjected to the maximum load during
a loading cycle. The delamination/crack length was easier to measure
in the x1 � x3 plane (see Fig. 4) than in the x1 � x2 plane. The delam-
ination/crack lengths were measured from the images using the Ima-
geJ software [26]. As can be seen in Fig. 4, the ply drop specimen
was partially transparent and this allowed accurate measurements of
the delamination extension. It was, however, impossible to measure
the crack length when two cracks overlapped. Visual observations on
the sides of the test specimen were used to verify which crack exten-
sion was measured.

In some cases the crack front was not uniform along the specimen
width (the x3 direction). For this reason, the delamination/crack
length of each crack was measured at three positions along the speci-
men width as shown in Fig. 4. Results for all three positions along the
specimen width will be presented.

2.4. Issues with non-symmetric specimens

In general, the use of non‐symmetric specimens, with the ply drops
on one side only (Fig. 2), can result in a complex stress field in partic-
ular at the first ply drop (in the thin section of the specimen). How-
ever, for long specimens, such as the one depicted in Fig. 2, the
bending ratio [27], in static tensile tests, is very small, less than 0.03
f the ply drops (all dimensions in mm).



Fig. 3. Details of the 0° and �45° plies/layers architecture showing the support threads (0°) between the reinforcing fibres (0° and �45°). The scale bars are equal
to 100 μm.

Fig. 4. Cyclic testing of the ply drop specimens with a camera used to monitor
the cracks/delaminations extension with the number of cycles.

Fig. 5. Images of damage initiation: tunneling cracks and crack/delamination
growth. σmax = 136.2 MPa, R = 0.1.
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[24,28] and smaller than 0.1 [29]. The bending ratio was measured by
two strain gauges on the opposite faces in the thin section of the ply
drop specimens. Then, the specimen can be analysed as being sub-
jected to uniform tension. This makes the interpretation of the results
easier.

3. Experimental results

3.1. Fatigue crack initiation and growth from ply drops

The damage initiation from a ply drop and the subsequent growth
of cracks/ delaminations with cycles will be first shown with a series of
optical images. The maximum applied stress for the specimen shown in
Fig. 5 is σmax =136.2 MPa. The position of the ply drops 1 and 2 can be
easily seen as lighter lines in the photo shown in Fig. 5a which was
taken at N = 1000 cycles. At this number of cycles there is no damage
in the element specimen. In Fig. 5b, recorded at 5000 cycles, a tunnel-
ing crack (a crack between the ply drop and the resin pocket, along
direction x3) denoted Tunneling Crack 1 has formed. Since the speci-
men was monitored/photographed at periodic intervals, it is possible
to estimate the number of cycles for the initiation and growing of
the tunneling crack at ply drop 1. However, since photographs were
4

not taken for every cycle and it is not possible to exactly determine
the time when the tunneling crack appears. However, once a tunneling
crack initiates, it propagates fast along direction x3.

At 40000 cycles (Fig. 5c) the second tunneling crack (denoted as
Tunneling Crack 2) has formed. A delamination crack between ply
drop 1 and the composite beam (denoted Crack 1) has initiated from
the tunneling crack (Fig. 5b) and has started to propagate in the x1

direction. The delamination crack plane has been confirmed by obser-
vations of the specimen at the x1 � x2 plane. This finding is in agree-
ment with experimental observations elsewhere [8].

Fig. 6 shows the specimen at 100000 cycles. A new delamination
crack (Crack 2) has now formed at Tunneling Crack 2. At
N = 100000 cycles (Fig. 6a) a clear increase in the length of the Crack
1 can be observed when compared with the crack length at N=40000
cycles (see Fig. 5c). No delamination is observed at ply drop 2 and the
resin pocket yet.

At N=200000 cycles (Fig. 6b), the front of Crack 1 approaches ply
drop 2 (at x1 = 10 mm). Crack 2 has grown by a small amount. Crack
1 reaches ply drop 2 at N≈ 370000 cycles (Fig. 6c).

At N = 400000 cycles (Fig. 7a) both Crack 1 and Crack 2 grow in
the x1 direction. At this stage, it is only possible to measure the exten-
sion crack delamination 2. Since the crack tip of Crack 1 1 lies below
Crack 2, Crack 1 is not optically visible in the x1 � x3 plane. When the
number of cycles has increased to N= 450000 (Fig. 7b), Crack 2 stops



Fig. 6. Images of damage evolution of Crack 1 and Crack 2: crack/
delamination growth. σmax = 136.2 MPa, R = 0.1.

Fig. 7. Images of damage evolution beyond the second ply drop: Only Crack 1
and Crack 3 grow. σmax = 136.2 MPa, R = 0.1.

Fig. 8. Crack tip position normalised with respect to the ply drop 1 position
(along direction x1), of the different cracks is shown as a function of the
number of cycles, N, for σmax =130.6 MPa. Crack 1: delamination between ply
drop layer 1 and composite beam, Crack 2: delamination between ply drop
layers 1 and 2 and Crack 3: initially delamination between the biax layer and
the resin pocket and later between the biax layer and the composite beam.
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growing and Crack 1 now grows ahead of Crack 2 and therefore
becomes visible. Then, it becomes possible to measure the crack/de-
lamination 1 growth again. At this number of cycles, a crack between
the biax layer and the resin pocket, denoted Crack 3, appears and prop-
agates in the negative x1 direction.

The further growth of these two cracks/ delaminations, Crack 1 and
Crack 3, can be observed in Fig. 7c for N = 600000 cycles and in
Fig. 7d for N = 700000 cycles. Crack 1 continues to increase in length
until it reaches the other end of the element specimen. The other delam-
ination crack, Crack 3, grows away from the resin pocket (in the negative
x1 direction) and continuous growing between the biax layer the com-
posite beam but later stops to grow as the biax layer fails in a damage
zone of multiple tunneling cracks in both the +45° and−45° directions.

The same sequence of damage mechanisms was observed for other
σmax values, with the only difference being the number of cycles where
a certain damage mechanism occurred.
5

3.2. Quantitative crack length evolution

Figs. 8–10 show the cracks/ delaminations extension as a function
of the number of cycles, measured from images similar to Figs. 5,6 for
three different levels of σmax: In Fig. 8 for σmax = 130.6 MPa, in Fig. 9
for σmax = 136.2 MPa and in Fig. 10 for σmax = 141.8 MPa. In these
figures, the horizontal axis represents the number of cycles and the
vertical axis the crack tip position (normalised with the unidirectional
ply thickness, h1 = 0.9 mm) of each delamination crack. The position
of the ply drops 1 and 2 are also indicated in the vertical axis. For all
specimens, the nominal distance between ply drops 1 and 2 is 10 mm
(see Section 2.2) and the origin of the x1 coordinate system is taken at
the position of ply drop 1. The positive x1 direction is towards ply drop
2. As mentioned, each crack length is measured in three position along
direction x3 (see Section 2.3).

Fig. 8 shows that Crack 1 propagates fast for the first ≈200000
cycles (crack length xc=h1≈ 5, where xc is the x1 coordinate of the
tip of each crack) and then the crack growth rate decreases to a
near‐constant value for N > 300000 cycles. Tunneling Crack 2 also
appears relatively early but a delamination initiated at this location
(Crack 2) does not grow or grows very slowly initially (in many cases,
it was not possible to measure this crack extension in the early stages
due to the image resolution limits). Once Crack 1 passes the tip of
Crack 2, Crack 2 stops to further grow for the remaining of the test,
while the crack growth rate of Crack 1 increases. Once Crack 1 is away
from the position of the tip of Crack 2 (at a distance larger than H), it
attains a constant growth rate significantly higher than earlier in the
thinner section (between ply drops 1 and 2). The crack growth rate
of Crack 3 (the debond crack between the biax layer and the resin
pocket) is relatively low in comparison with the growth rate of the
main delamination (Crack 1). For N≈ 1300000, Crack 3 grows a bit
faster as it propagates between the biax layer and the composite beam.
The �45° plies fail at some point (N approximately larger than
1800000) and then Crack 3 stops growing.

Fig. 9 is a plot similar to Fig. 8 for σmax equal to 136.2 MPa. The
sequence of damage mechanisms and the growth rates with cycles of
the different delaminations are qualitatively identical to Fig. 8 for
σmax = 130.6 MPa. Due to the higher σmax, the damage mechanisms
appear at smaller number of cycles. For instance, the first tunneling
crack appears at approximately 1500 cycles, i.e. at a lower number
of cycles than the approximately 6000 cycles for σmax = 130.6 MPa
(Fig. 8). The second tunneling crack also is formed earlier, at N≈
15000, earlier than N≈ 30000 for σmax = 130.6 MPa.



Fig. 9. Crack tip position normalised with respect to the ply drop 1 position
(along direction x1), of the different cracks is shown as a function of the
number of cycles, N, for σmax = 136.2 MPa. Crack 1: delamination between ply
drop layer 1 and composite beam, Crack 2: delamination between ply drop
layers 1 and 2 and Crack 3: initially delamination between the biax layer and
the resin pocket and later between the biax layer and the composite beam.

Fig. 10. Crack tip position normalised with respect to the ply drop 1 position
(along direction x1), of the different cracks is shown as a function of the
number of cycles, N, for σmax = 141.8 MPa. Crack 1: delamination between ply
drop layer 1 and composite beam, Crack 2: delamination between ply drop
layers 1 and 2 and Crack 3: initially delamination between the biax layer and
the resin pocket and later between the biax layer and the composite beam.

Fig. 11. Delamination length of Crack 1 between ply drop layer 1 and the
composite beam, as a function of the number of cycles until Crack 1 reaches
ply drop 2 region. The position of ply drop 1 is at xc=h1 = 0. The crack length
data for each applied stress correspond to measurements at one position across
the specimen width.

Fig. 12. Delamination, between ply drop layer 1 and the composite beam,
growth per cycle for different σmax from ply drop 2 to a distance away from ply
drop 2. The position of ply drop 2 is at ~x1=h1 ¼ ðx1 � dÞ=h1. The crack length
data for each applied stress correspond to measurements at one position across
the specimen width.
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Likewise, for σmax =136.2 MPa, the growth rate of the main delam-
ination, Crack 1, is much larger when the delamination propagates in
the thick section (beyond ply drop 2) than when it propagated in the
thin section between ply drops 1 and 2, see Fig. 9.

Fig. 10 shows the measurement of the delaminations lengths with
cycles for σmax equal to 141.8 MPa. The overall damage sequence is
identical to the previous cases shown in Figs. 8 and 9 but the damages
evolves faster. The first tunneling crack is visible almost from the
beginning of the test at N≈ 500 cycles. The second tunneling crack
is formed at N≈ 10000 cycles which is smaller than N≈ 15000 cycles
for σmax = 130.6 MPa (Fig. 9).

For this specimen, the crack length along direction x3 of Crack 1 is
not uniform (see Section 2.2) in the initial stages of the test when the
crack is between ply drops 1 and 2. However, this initial non uniform
crack/delamination crack growth does not change the overall results.

3.3. Crack growth rates

In Fig. 11 the early stages of the delamination Crack 1 growth (from
ply‐drop 1 to ply‐drop 2) with cycles is plotted for the three different
σmax values. For each crack, only one crack length measurement along
the width of the specimen (Section 2.3) is plotted. For all σmax values,
the growth rate decreases significantly and approaches a constant
6

value as the crack approaches ply drop 2. For σmax = 130.6 MPa, the
crack extension rate is initially 0.017 μm/cycle up to ≈300000 cycles
and then decreases to about 0.009 μm/cycle until the crack reaches ply
drop 2.

For σmax = 141.8 MPa, the crack growth rate in both regions is
more than 4 times larger than the corresponding extension rate for
σmax = 130.7 MPa. This illustrates that the cyclic stress levels have a
strong influence on the crack extension between ply drop 1 and ply
drop 2. It can be noted that for all three cases the constant growth rate
is attained for xc=h1 >6–7.

Fig. 12 shows the crack tip position of Crack 1 beyond ply drop 2
i.e. between ply drop 2 and ply drop 3 (see Fig. 2). In Fig. 12, the
ply drop 2 is at xc=h1 ¼ ðx1 � dÞ=h1. Once the crack tip position is
about 10 times the ply thickness, the crack growth rate becomes con-
stant e.g. independent of the crack tip position.

By comparing the crack growth rates of the first region of Fig. 11
with the crack growth rates of Fig. 12, it can be seen that for σmax =
130.6 MPa and σmax = 136.2 MPa the crack growth rate beyond ply
drop 2 (thick section) is about 8 to 10 times larger than the crack
growth rate in the constant crack growth region of Fig. 11. For σmax
= 141.8 MPa, the crack growth rate in the thick section is approxi-
mately 4 times the crack growth rate in the constant crack growth
region of Fig. 11.

In another study [28] it has been found, for exactly similar speci-
mens, that under static loading the propagation of the delamination
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crack between ply drop 1 and the composite beam, Crack 1, occurs at
stress levels between 200 and 250 MPa. The present measurements,
for example Fig. 12, are in agreement with the results of that study
[28], where the delamination grows in the thick section between ply
drops 2 and 3, between a rate of approximately 0.01 μm per cycle
for σmax = 110 MPa and approximately 7.0 μm per cycle for σmax =
180 MPa. The crack growth rate, see Figs. 11 and 12 increases signif-
icantly with a relatively small increase of σmax. Similar results were
reported by Agastra et al. [4] for a crack between ply drop 1 and the
composite beam.

3.4. Summary of experimental observations

The damage sequence observed experimentally, through observa-
tions during the tests and scanning electron microscopy examinations
after the tests, is shown schematically in Fig. 13. The tunneling crack
between ply drop 1 and the resin pocket (Tunneling Crack 1) is the
first damage (Fig. 13a). Once it has formed, it propagates relative fast
across the specimen width. Then, a delamination, Crack 1, initiates
from the bottom of the tunneling crack and propagates along the inter-
face between ply drop 1 layer and the composite beam and later a sec-
ondary delamination between ply drop layer 1 and the biax layer,
Crack 1a (Fig. 13b) initiates from the top of the tunneling crack.

Then, Tunneling Crack 2 forms (Fig. 13c), while the two previous
delaminations, Crack 1 and Crack 1a, continue to grow. Crack 1 has
a higher growth rate than Crack 1a that (later) stops growing.

Next as shown in Fig. 13d, delaminations are initiated from the top
and bottom of Tunneling Crack 2, one between ply drop layer 1 and 2,
denoted Crack 2, and one between ply drop layer 2 and the biax layer,
Fig. 13. Schematic drawing of the damage seque

7

Crack 2a. About the same time as Crack 1 approaches ply drop 2, the
secondary delamination, Crack 1a, stops to grow along the interface.

When the tip of the main delamination, Crack 1, extends beyond
the tip of Crack 2 (Fig. 13e) the growth rate of Crack 1 increases to
a higher, constant value, while Crack 2 grows at a much lower rate.
Crack 2a grows at an even lower rate. It should be noted that due to
the fabric structure, a clear weak interface exists between the 0° layers
(see Fig. 3) and and thus Crack 1a propagates along this interface in
the x1 direction between 0° layers. On the other hand, the structure
of the biax layer creates additional weak paths, between the �45° fibre
bundles, where a crack can grow (see Fig. 13e). Next, Crack 1a kinks
into the biax layer, which essentially breaks up. Once the biax layer
has broken (Fig. 13e), Crack 1 continuous to grow in a steady‐state sit-
uation where the layers above the crack plane (Crack 1) become stress‐
free as the crack tip advances. At the same time, Crack 3 initiates from
the upper tip of the tunneling crack of ply drop 1 and grows in the neg-
ative x1 direction along the interface between the biax layer and the
resin pocket, Crack 3 (Fig. 13e).

When Crack 1 is away from ply drop 2 (see Fig. 13f) it grows at a
higher rate which attains a constant value while Crack 2 and Crack 2a
completely stop growing. In some cases Crack 2a kinks into the biax
layer and then stops to grow, similarly to the crack shown in
Fig. 13e propagating into the biax layer. The crack between the biax
layer and the resin pocket, Crack 3, propagates along the interface of
the end of the resin pocket (in the negative x1 direction) and then
becomes a delamination crack propagating between the biax layer
and the composite beam. At this point, as indicated in Fig. 13g, only
two cracks continue to grow: Crack 1 that grows at a fast constant
growth rate and Crack 3. Then, Crack 3 kinks into the �45° and thus
nce in the element specimen with ply drops.
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stops to further grow. Finally (Fig. 13h) only Crack 1 grows. It was pos-
sible to grow this delamination at a constant growth rate for several
centimeters as shown in Fig. 12. It is remarkable that the somewhat
complicated damage evolution at ply‐drops ends in a situation where
only one crack propagates at a constant rate. This suggests that this
part of the problem can be analysed as a steady‐state problem, which
greatly simplifies the analysis e.g. as can be seen from Fig. 12, for all
σmax the Crack 1 growth rate attains a constant value when its crack
tip is at some distance away from ply drop 2 (approximately larger
than H).

4. Numerical models

In order to get a deeper understanding of the experimental find-
ings, the finite element method was employed to model the element
test of Fig. 2 as a two‐dimensional plane stress problem using the com-
mercial finite element code Abaqus, version 6.17 [30]. Two models
were used. A model with cohesive zones along the interfaces (Sec-
tion 4.1 and a linear elastic fracture mechanics (LEFM) model with
two crack tips (Section 4.2).

4.1. Cohesive zone model for ply drop interaction

Fig. 14a shows a schematic illustration of the cohesive based finite
element model to study the ply drop interaction. In accordance with
the damage evolution shown in Fig. 13, cohesive zones were inserted
along all interfaces, e.g. also between the UD plies the resin pockets.
The tunneling cracks were assumed to pre‐exist; in the model the ends
of the ply drops are fully debonded from the resin pockets. Certain
cracks as it will be discussed in Section 3 are tunneling cracks in the
off‐axis plies, i.e. Crack 3. It is expected that a 2D cohesive zone rep-
resentation of the off‐axis cracks is not accurate in particular with
respect to their out‐of‐plane growth. However, for the purpose of the
current work, the modelling of the off‐axis tunneling cracks with 2D
cohesive elements can give information if these cracks will initiate
or not and comparisons can be made with the experimental
observations.

With reference to Fig. 14, the nodes at the left hand side of the
specimen, at x1 = 260 mm, were constrained in the x1 direction
and the bottom corner node also in the x2 direction. Displacements
in the x1 direction were prescribed incrementally to the nodes at x1

= −150 mm. Thus, not the entire length of the specimen of Fig. 2
was modelled e.g. the length in the model was smaller than the real
specimen but long enough to ensure that there was no influence from
the boundary conditions. Furthermore, only the two closed distance
ply drops were modelled. The distance, d, between the two tunneling
cracks (or the two ply drops) was 10 mm. The thickness of the 0°‐
Fig. 14. a) Schematic illustration of the cohesive based finite element model show
view of the finite element mesh at x1 = 0, x2 = 0 showing the finite thickness cohes
in mm and the resin pocket angle is 14°.
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layers, h1, was 0.9 mm and the thickness of the biax‐layer, h2, was
0.6 mm.

The composite plies were modelled with four‐node and three‐node
plane stress elements in order to control the mesh transition from
small size elements near the cohesive zones to larger elements away
from the cohesive zones as shown in Fig. 14b for Crack 1 and Crack
3b. The elastic constants for the composite plies (orthotropic linear‐
elastic solids) and the epoxy resin (isotropic linear‐elastic) are given
in Table 1. E11 was experimentally measured, whereas the other elastic
constants were estimated based on micromechanics and the fibre and
resin properties [31].

The Abaqus linear four‐noded cohesive elements were used to
model the cohesive zones and the cohesive element length was equal
to 0.02h1. As can be seen from Fig. 14b the cohesive elements had a
finite thickness, equal to 0.0075h1 to avoid element interpenetration
[32,33]. It was ensured that a large number of cohesive elements
(more than 50) were active in the cohesive zone during the loading
stage, which is significantly higher than the minimum number (4–8)
suggested by Turon et al. [34] and references therein. The traction‐
separation law, uncoupled mixed mode cohesive law with linear soft-
ening [35,33], was implemented in an user material Abaqus Fortran
subroutine to ensure a path independent mixed mode fracture energy
[36,37]. The cohesive law properties assumed are given in Table 2. In
the present work, the mode II cohesive law is identical to the mode I
cohesive law. The normal and shear peak tractions are denoted as σ̂n
and σ̂t , the corresponding critical separations as δno and δto, and the
mode I and mode II fracture energies as Γn and Γt . The same cohesive
law parameters were used for all cracks. Finite element simulations
were also performed with other cohesive law parameters than those
listed in Table 2, and for different cohesive laws for the different
cracks of Fig. 14a. The use of different cohesive law properties will
be discussed in Section 5.

In order to overcome convergence difficulties that are typically
encountered in FE simulations with implicit solvers [38] and in partic-
ular in the presence of more than one crack [33], an explicit solver was
used. Therefore, in order to obtain a quasi‐static solution, the mass‐
scaling approach [30,39] was used. In all simulations, it was ensured
that the kinetic energy and the energy dissipated by viscosity (viscous
damping is always included in Abaqus/Explicit) were negligible,
below 0.5% of the strain energy.

4.2. Linear elastic fracture mechanics model for steady-state crack growth

Fig. 15a shows the finite element model used to calculate the
energy release rate, G, of Crack 1 and Crack 2, representing the cases
where Crack 1 has grown away from the first ply drop region e.g. a1 >

0 and the x1 coordinate of the tip of Crack 1 is smaller, equal or larger
ing all the cohesive zones where cracks can initiate and grow and b) detailed
ive elements to model cohesive zones for Crack 1 and Crack 3b. All dimensions



Table 1
Elastic constants of the epoxy resin and of the unidirectional (UD) and biaxial plies.

E11 (GPa) E22 (GPa) ν12 (–) G12 (GPa) G13 (GPa) G23 (GPa)

UD 38.000 11.600 0.284 3.460 4.460 3.460
Biaxial 10.593 10.593 0.531 8.640 4.074 8.640

E (GPa) ν (–)
Epoxy 3.500 0.350

Table 2
Parameters of mode I and mode II traction-separation laws for all cohesive zones.

Mode I Mode II

σ̂n (MPa) δno (mm) Γn (J/m2) σ̂t (MPa) δto (mm) Γt (J/m2)

20.00 0.01 1000.00 20.00 0.01 1000.00

Fig. 16. Finite element results for the normalised crack tip position, with
respect to the ply drop 1 position (along direction x1), of the different cracks/
delaminations (defined in Fig. 14a) as a function of applied displacement, u1,
along x1.
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that the tip of Crack 2. The length of Crack 2, a2, is kept constant and
equal to 2.22 h1. All the other cracks are modelled as fully delaminated
in the LEFM models. A focused mesh for the LEFM models, as shown in
Fig. 15b, was used close to the crack tip of both cracks in order to cal-
culate the crack energy release rate based on J integral evaluation as
implemented in the Abaqus code [30]. The size of the smallest crack
tip element was 0.0015 h1.

In order to compute the energy release rate from static finite ele-
ment solutions, a series of finite element simulations were run with
increasing the Crack 1 length a1 (the x1 coordinate of the crack tip
of Crack 1), while keeping the length of Crack 2 constant, a2=h1 =
2.22. More elaborated analyses, i.e. by simultaneously increasing the
length of Crack 2, could be also tested. However, to analyse the exper-
imental findings, it is preferred to use a simple model.

5. Numerical results

5.1. Results for cohesive zone modelling

Fig. 16 shows the finite element predictions of the crack tip posi-
tions under a monotonically increasing end‐displacement, predicted
using the cohesive zone model of Fig. 14a. The results of Fig. 16 can
be qualitatively compared with the cyclic crack growth results of
Figs. 8–10. If the crack length increases under increasing displace-
ment, then a corresponding cyclically loaded specimen would undergo
a faster cyclic crack growth (have a higher crack growth rate). The
main delamination, Crack 1, grows much longer in an unstable fashion
once it extends beyond the tip of Crack 2. At the final stage, the crack
growth rate of Crack 1 is very fast; a consequence of static finite ele-
ment solution, which at some point becomes unstable. Qualitative,
the interplay between Crack 1 and Crack 2 in Figs. 8–10 is the same.
Fig. 15. a) Schematic illustration of the LEFM based finite element model show
delamination at the wake for Crack 1 and Crack 2, b) detailed view of the finite e
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The predicted response for Crack 2 also agrees qualitatively with
the experimental observations e.g. Crack 2 initiates later than Crack
1, it propagates less than Crack 1 and more importantly it arrests as
the crack tip of Crack 1 passes by. Crack 1a initiates later than Crack
1 but it grows very slow except for high applied displacements, which
is the range where the static simulations become unstable. Crack 3b
and Crack 4b do not initiate at all and Crack 3a initiates approximately
when Crack 2 arrests. Its growth rate is relatively fast but the crack ini-
tiates at the end of the simulation shortly before the simulation turns
unstable.

The same trends where found for other cohesive law parameters
than those listed in Table 2, with the main difference being that cracks
ing the two cracks tips (cracks 1 and 2 in Fig. 14) and a fully developed
lement mesh at the. tip of Crack 1.
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would initiate at different applied displacement. In addition, few sim-
ulations were performed with using different cohesive laws for the dif-
ferent cracks but qualitatively the results were similar to the results of
Fig. 16.

5.2. Results using linear elastic fracture mechanics

Fig. 17 shows the LEFM results in terms of the energy release rate
for Crack 1 and Crack 2 when both crack tips have the same x1 coor-
dinate and when Crack 1 extends beyond or ahead of the tip of Crack
2, which is held stationary. As described in Section 4.2, Fig. 17 is con-
structed by a series of static finite element simulations. It can be seen
that when the tip of Crack 1 has grown well beyond the tip of Crack 2
(a1 >15h1), the energy release rate of Crack 1 is significantly higher
than the energy release rate of Crack 2 and it is fairly constant indicat-
ing steady‐state crack growth in accordance with the experimental
results of Fig. 12. For these cases, the energy release rate for Crack 2
is nearly zero. This suggests that Crack 2 would arrest. This prediction
agrees with the experimental observations of Section 3. It should be
mentioned that the results of Fig. 17 are also in qualitative agreement
with the finite element results of Goutianos and Sørensen [24] who
used a simplified geometry consisting of one ply drop. The mode mix-
ity, ψ ¼ tan�1 KII=KIð Þ, is −37.0° for a1=h1 = 20 and increases to
−41.1° for a1=h1 = 40. The negative sign of ψ (and KII) indicate that
the crack tends to kink downwards into the thick composite beam (see
Fig. 15 for the crack tip direction).

When Crack 1 is very long, the steady‐state energy release rate can
be calculated analytically by extending the model of Sørensen [40], as
briefly presented in A. With H = 10h1, the layer thicknesses given in
Fig. 2, and the values of E11 listed in Table 1, Eq. A‐1 becomes:

Gss ¼ 0:898
�σ2oh1
E11

ð1Þ

The analytically calculated normalised energy release rate, as pre-
dicted by Eq. 1, is then equal to 0.898, about 4% lower than the energy
release rate calculated for a1 equal to 40h1 using the finite element
model (see Fig. 17). Thus, it can be argued that the analytical model
is fairly accurate and it could be used to efficiently calculate cyclic
crack rates as described elsewhere [40].

6. Discussion

6.1. Distance between ply drops

The distance between ply drops 1 and 2 was chosen as 10 mm to
study the interaction between closely spaced ply‐drops (see Sec-
Fig. 17. Finite element results of the normalised energy release rate, G, for
Crack 1 and Crack 2 (see Fig. 15a), as a function Crack 1 length. The length of
Crack 2 is held constant. σ11 is the stress in the composite beam at the right
end of the model in accordance with the analytical model of A.
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tion 2.2). It was found experimentally that this distance might be a
bit too small and crack interaction prevents Crack 1 from reaching a
near‐constant crack growth rate when approaching ply drop 2. A larger
distance between ply drops 1 and 2 is recommended for future work.
6.2. On steady-state cracking

Using linear elastic fracture mechanics models made by the finite
element method, Goutianos and Sørensen [24] found for a similar
specimen that the energy release rate increases from a low value to
constant value (steady state) when the crack length is larger than
the thickness of the specimen with a single ply drop. This, a constant
steady‐state energy release rate, is consistent with the observations of
a near‐constant crack growth rate of the present work. For the speci-
men tested in the present study, the near‐constant growth rate
observed for Crack 1 approaching ply drop 2 indicates a near‐steady‐
state situation. However, a true steady‐state requires that the biax
layer is broken (see Fig. 13e) so that the delaminated layers become
stress‐free. It is presently unclear why the crack growth rate decreases
in the earlier stages of delamination. An increasing fibre bridging zone
(not modelled) would unload the crack tip. On the other hand, the dis-
tance between ply drops 2 and 3 is much larger than the thickness of
the element specimen and thus the crack growth rate can reach a con-
stant crack growth rate when the crack is further away from ply drop
2. As explained in the previous section, when the biax layer breaks at
Crack 1a, then the problem is in steady‐state (constant energy release
rate independent of crack tip position). Even in the case of large‐scale
fibre bridging, a constant growth rate is expected under steady‐state
when the bridging zone is fully evolved. This follows from an applica-
tion of the J integral. But the LEFM results of Fig. 17 show that the
energy release rate of Crack 1 increases as it extends from ply drop
1 towards ply drop 2. A decreasing crack growth rate while the energy
release rate is increasing suggests that the interface exhibits an
increase in fracture resistance with increasing crack extension.
Increase in fracture resistance by fibre bridging has been documented
under static mixed mode delamination [41]. Under cyclic loading, the
presence of large‐scale bridging causes the crack growth rate to
decrease significantly [42].
6.3. Description of cyclic crack growth rate by the Paris-Erdogan Law

As discussed in Sections 3.4 and 5.2 when Crack 1 grows away from
ply drop 2 it grows at a constant rate. The analytical solution of A, to
predict the steady‐state energy release at the tip of crack, can be used
to calculate the magnitude of the stress intensity factor range, ΔKj j (see
B for details). Then, the crack growth rate as a function of ΔKj j can be
plotted as it is shown in Fig. 18. Crack growth data from a parallel
study using exactly identical specimens [28] study are included.

To calculate ΔKj j, it is assumed that LEFM is applicable to describe
the fracture process i.e. there is no fibre bridging or friction at the
wake of the crack tip and that plastic deformation is zero or close to
zero. Furthermore, since both the first ply and the composite beam
are made of UD layers, Eo ¼ E11 of the UD layer (see Table 1). Then,
the steady‐state energy release rate Gss, from Eq. 1, is related to ΔKj j
through Irwin’s relation:

Gss ¼ K2
I þ K2

II

Eo
¼ jKj2

Eo
: ð2Þ

For cyclic loading, the corresponding relation between ΔKj j and
Gmax becomes (B):

ΔKj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GmaxEo

p
ð1� RÞ ¼ 0:947

ffiffiffiffiffi
h1

p
ð1� RÞ�σmax ð3Þ

where Gmax has been expressed in terms of σmax by the use of Eq. 1 and
thus ΔKj j can be calculated from σmax.



Fig. 18. Crack growth rate, da=dN, as a function of the applied stress intensity
factor range, ΔKj j.

Fig. 19. A five-layer specimen undergoing delamination with a shear stress τs
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The data of Fig. 18 follow a straight line. This is in accordance with
the Paris‐Erdogan law [43]. Normally, such Paris‐Erdogan law data
would be established by coupon testing, e.g. by applying cyclic loads
to a mixed mode specimens such that the crack tip would be subjected
to the mode mixity similar to that of a ply drop (for the present prob-
lem about −41°, see Section 5.2). Such data would then be used to
predict the cyclic crack growth rate of the delamination crack of the
ply drop. It is encouraging that the crack growth rates of the ply drop
investigated in the present study (Fig. 18: da=dN ‐ ΔKj j) is consistent
with a Paris‐Erdogan law.

6.4. Suppression of damage evolution

The main result of the present work is the experimental measure-
ment of the crack crack growth rate of the crack between ply drop 1
and the composite beam, Crack 1, and its change as the crack moves
from the thin to the thick section of the element specimen. The initial
tunneling cracks are probably difficult to suppress even when cham-
fered ply drops are used. However, these tunneling cracks are not crit-
ical for the integrity of a composite structure nor do they result in a
significant loss of stiffness. The tunneling cracks lead to subsequent
delaminations which grow and then are suppressed after certain num-
ber of cycles except for one, Crack 1, the crack between ply drop 1 and
the composite beam. Modifying the interlaminar properties of the
interface between the first ply and the composite beam, e.g. increasing
the interlaminar fracture resistance, could result in a slower increase of
the crack length with cycles. However, as the crack moves into thicker
sections, its growth rate will increase at each thickness change. Thus, it
is important to take into account the geometry effects when estimating
the cycles for the crack to reach a certain length. A design criterion
could be to prevent a delamination to reach the next ply drop.

Crack 1 is a mixed mode crack likely with fibre bridging and fric-
tion contributing to the interlaminar fracture resistance. It will be rel-
evant and interesting to investigate the dependence of fibre bridging
and friction on the crack growth rate.

7. Concluding Remarks

An element specimen with several ply drops can provide insight
into the damage evolution initiated from ply drops under cyclic load-
ing. The presence of ply drops leads to several cracks due to the mate-
rial and geometry discontinuities. Among the different cracks, one
delamination crack is identified as critical, the other cracks found
eventually to arrest. It is shown that the crack growth rate of this crit-
ical crack depends both on the maximum applied stress under cyclic
tension–tension stress fatigue and on the thickness the structure. As
material thickness increases above the crack plane, the crack growth
11
rate increases significantly. These experimental observations were
understood by finite element analyses based on cohesive zone mod-
elling and linear elastic fracture mechanics. The experimental findings
have important implications in practice, since the delamination
growth rate increases to a higher value as the crack tip moves past
the next ply drop to thicker sections of a composite structure or com-
ponent. Designs based on damage tolerance concept, which allow
cracks in a structure, can be non‐conservative if the growth rate depen-
dence on thickness transitions are not taken into account. To overcome
the increasing crack growth rate as the crack moves to thicker sections
of the structure, more damage tolerant composite materials could be
used, utilising toughening mechanisms such as fibre bridging to
decrease or even suppress crack growth.
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Appendix A. Analytical solution of for the energy release rate at a
ply drop of a five-layer specimen

Sørensen [40] recently presented an analytical model, based on J
integral, to calculate the energy release rate at the tip of the long
delamination crack initiating from a ply drop. The analysis was pre-
sented for a symmetric tri‐layer specimen consisting of a central layer
and two surface layers. The model of Sørensen [40] can be extended to
a five‐layer specimen as shown in Fig. 19 which is similar to the ele-
ment test specimen used in the present work (Fig. 1).

Following the work of Sørensen [40], the steady‐state energy
release rate Gss is equal to the J integral evaluated along the external
boundaries, under plane stress condition:

Gss ¼ Jext ¼ �σ2oH
Eo

Σ1η1 þ Σ2η2
1þ 2ðΣ1η1 þ Σ2η2Þ

� �
ðA-1Þ

where

Σ1 ¼ E1

Eo
andΣ2 ¼ E2

Eo
ðA-2Þ

and
in the delaminated zone. Due to symmetry only half of the specimen is shown.
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η1 ¼
h1
2H

andη2 ¼ h2
2H

ðA-3Þ

It should be mentioned that the underlying assumptions of Eq. A‐1
are that all materials are orthotropic linear elastic, with Eo; E1, and E2

the Young’s moduli in the x1 direction (denoted E11 in Table 1) of the
composite beam and the layers indicated in Fig. 19.

Appendix B. Mixed-mode stress intensity factor range

In this Section a relationship between the cyclic stress intensity fac-
tor range, ΔKj j, and Gmax (see A) is derived. Gmax can be calculated from
Eq. A‐1 with �σo equal to σmax.

When the applied stress varies between the minimum and
maximum values, the mode I stress intensity factor varies between a
minimum and a maximum value, Kmin

I and Kmax
I , and the mode II

stress intensity factor varies between Kmin
II and Kmax

II as shown in
Fig. 20. Therefore, the mode I and mode II stress intensity factor
ranges are:

ΔKI ¼ Kmax
I � Kmin

I andΔKII ¼ Kmax
II � Kmin

II ðA-4Þ

and the magnitude of the stress intensity factor range, ΔKj j, for a crack
subjected to mixed mode under LEFM conditions, is:

ΔKj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔKIÞ2 þ ðΔKIIÞ2

q
ðA-5Þ

Due to linearity, the relation between the minimum and maximum
stress intensity factors in mode I and mode II is:

Kmin
I ¼ RKmax

I andKmin
II ¼ RKmax

II ðA-6Þ
Inserting Eq. A‐6 into Eq. A‐4 gives:

ΔKI ¼ ð1� RÞKmax
I andΔKII ¼ ð1� RÞKmax

II ðA-7Þ
Then, inserting Eq. A‐7 into Eq. A‐5 leads to:

ΔKj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKmax

I Þ2 þ ðKmax
II Þ2

q
ð1� RÞ ðA-8Þ

The Irwin’s relation for mixed mode fracture (plane stress)

Gmax ¼ ðKmax
I Þ2 þ ðKmax

II Þ2
Eo

ðA-9Þ

can be rewritten as:

ðKmax
I Þ2 þ ðKmax

II Þ2 ¼ Gmax Eo ðA-10Þ
Then, inserting Eq. A‐10 into Eq. A‐8 gives the main result, the

mixed‐mode stress intensity factor range in terms of Gmax:

ΔKj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmax Eo

p
ð1� RÞ ðA-11Þ
Fig. 20. Definition of mixed-mode stress intensity factor range, ΔKj j.
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