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When did the train arrive?
A Bayesian approach to enrich timetable

information using smart card data

Philip Lemaitre, Michael Riis Andersen, Jes Frellsen
Smart card data from the Automatic Fare Collecting systems (AFC) and timetable information, such as Automatic Vehicle Location

(AVL), are used in combination by practitioners and researchers to gain a deeper understanding of the public transit network.
In some cases, AVL data are not available due to records being missing in the system. In such cases, people resort to the used
schedule timetable such as General Transit Feed Specification (GTFS) to match smart card data to the transit network. Since delays
or changes to the timetable are not contained in the scheduled timetable, it can result in wrong matches between the smart card
data and the transit network. This paper shows how the uncertainty of arrival and departure times affects passengers to train
assignments and proposes a method for estimating the missing arrival time of trains when the recorded timetable information is not
available. The method uses the knowledge of how the tap-outs are distributed in a hierarchical, latent Bayesian model to predict
the arrival times of trains. Evaluated on 15,136 train arrivals, the model can infer 70% of the arrivals times with an average error
of 28 to 32 seconds depending on the station.

Index Terms—AFC, Automatic Fare Collection, AVL, Automatic Vehicle Location, Bayes Statistics, Machine Learning, Missing
Data, Smart Card, Train Logs.

I. INTRODUCTION

THE combination of timetable information and Automatic
Fare Collecting systems (AFC) is being used more

broadly by researchers and practitioners to understand public
transportation on the strategic, tactical and operational level
[1], [2], [3]. This has lead to the identification of issues with
the data used [1], [2], [3], [4], [5], [6], [7]. It has been shown
that buses using AVL can have errors due to broken GPS units
(hardware error), the bus deviating from the scheduled route
(operational error) or busses not uploading data (data error)
[5], which can lead to the travellers having the wrong alighting
stop stored [4]. The same is apparent for trains, where AVL
data can be missing for single trains or complete routes [8], [9],
[6]. When recorded timetable information is not available, it is
possible to use the scheduled timetable such as General Transit
Feed Specification (GTFS) as a proxy. Using the scheduled
timetable as a proxy leads to errors for the arrival and departure
of the train, which can be due to the train being early, delayed
or cancelled. The error, i.e. the difference between actual and
scheduled arrivals of the trains, can propagate to erroneous
estimates and conclusions in downstream analysis when using
scheduled timetable information, such as the actual passenger
trajectories [10], [11], [12], [13], the waiting time [14], [15]
or the estimation of alighting stops using trip chaining [10],
[16].
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Different approaches have been taken to solve the issue
of combining timetable information with smart card data. A
method for fusing AVL, GTFS, and AFC data [6] for assigning
passengers to trams in Hague solves the issues of scheduled
timetables by two steps. First, passengers are assigned to each
train ID using scheduled time with a bound allowing the tap
to happen 20 to 50 seconds before or after the scheduled time,
depending on it being a tap-in or -out. Then using the activity
of the tap-in and -out to evaluate if the train is cancelled.
However, by using a fixed bound, they exclude trains, which
have larger delays.

In contrast, [9] and [17] estimate the complete missing
timetable of large metros using non-parametric density esti-
mation. Both methods can be divided into three main steps;

Step 1: Density estimation based on tap-outs.
Step 2: Train matching for the estimated densities from dif-

ferent stations.
Step 3: Estimation of departure and arrival time of trains.

In the first step, tap-outs are separated by a non-parametric
density estimation using the knowledge that the tap-out pattern
tends to cluster together in a clear dense pattern after the
train arrivals. The densities are later in the third step used
to infer the arrival time of the train. The first method [9]
uses a histogram-based method called S-Epoch for estimating
the density of the tap-outs to identify the points in time with
the largest changes in the number of passengers aligning at
a metro station. The second method [17] used kernel density
estimation (DENCLUE 2.0) [18] to cluster the tap-outs. In
the second step of both methods, a train matching algorithm
is applied to connect the tap-out density estimation for the
same train at different stations into a complete sequence. The
third step is to infer the departure and arrival time of trains
based on the density estimates [9], [17]. Both methods use
the earliest tap-out from the densities to estimate the arrival
time. However, for the departure, the S-Epoch assumes the
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trains depart immediately after arrival, where the kernel density
estimation method uses the latest tap-in from each cluster
of the train matching algorithm to infer the departure of the
trains [17]. Finally, the inferred departure and arrival times are
refined by shifting the estimations to account for the gate to
train walking time.

Compared with previous approaches, our work focuses on
the first step of density estimation and the third step of
inferring the missing arrival times of trains by using a Bayesian
framework. The Bayesian framework makes it possible to
make a dynamic inference of the trains arrival time from
the tap-out distributions instead of a static shift and links
the scheduled timetable train IDs to tap-out distributions. The
Bayesian model is evaluated on data from the Danish AFC
system from February 1st to May 31st 2019, containing 51,933
trips and 15,136 intercity train arrivals for a regional route in
Denmark. A more in-depth description of the data used is
presented in section IV-A. The data differ from the previous
approaches[9], [17], which was applied to larger metros with
gates, compared to the smaller Danish regional route without
gates. The smallest average number of trips per trains was
7.0-8.0 [9], wherein our case study, the average trips per train
range from 1.5-6.0 depending on the station.

Main contributions: Our main contributions are are 1)
to show how the use of erroneous timetable information can
affect analysis and 2) how a Bayesian probabilistic framework
can be used to infer missing arrival times.

Overview: The paper is structured in the following way;
in the next section II the problem of an erroneous timetable
is illustrated, in section III our proposed Bayesian model is
derived and described, in IV a case study is conducted using
the model on a Danish regional line and the final section V
contains the conclusion. To avoid any ambiguity, arrival and
departures will only refer to the arrival and departure of trains,
where alignment and boarding will refer to passengers.

II. THE EFFECT OF ERRONEOUS TIMETABLE INFORMATION

In this section, we will illustrate the consequence of using
erroneous timetable information in an analysis. As a case
study, we will use data from the Danish AFC system, which
is an open system [16] with validation devices for tap-in and
-out located at the train platform. The structure of the system
means that the specific train used by passengers is unknown
and needs to be estimated to obtain train load profiles [6]. To
simplify the problem, we can use the subgroup of passengers
called reference passengers [8]: a reference passenger is a
passenger whose trip from an origin to a destination has a
unique predominant path. By using reference passengers, the
assignment problem is simplified since the possible vehicles
used by the passengers can only exist in that particular
direction of the route. Thereby ensuring that the tap-in and
-out patterns can only belong to a vehicle on that route. We
study the route from Aarhus H Station to Aalborg Station to
ensure that the passengers travelling between these two points
are reference passengers since there is only one railroad path
connecting the two stations.

Using this route with reference passengers, we can inves-
tigate how the use of the scheduled timetable compared to

the recorded timetable affects the trip to train assignment at
different levels. The effects are investigated by applying the
nearest neighbours algorithm with the assumptions that tap-in
must happen before the departure and tap-out after the arrival
of a train, giving three assignment approaches:
NN-TI: Assign trip-leg to the nearest departure of a train

after tap-in occurred.
NN-TO: Assign trip-leg to the nearest arrival of a train

before the tap-out occurred.
NN-TITO: Assign trip-leg to the nearest train, which departure

occurred after the tap-in and which arrival occurred
before tap-out.

With these approaches, we show how the tap-in and -out
distributions are affected in section II-B and how the assign-
ments are affected in section II-A. To have a ground truth for
the assignment, we study the subset of ground truth trips
by using the NN-TITO approach with the recorded time and
keep the trips, where there is only one possible assignment.
The assumptions are similar to more advanced Passenger-to-
Train-Assignment methods [8], [19], [20], where the three
approaches can be seen as how the weighting between tap-
in and -out information affects the assignments.

A. Assigning trips to trains

To understand how the assignments of passengers are af-
fected, we focus on a single passenger (II-A1) initially, and
then subsequently increase the number of passengers to display
different ways the assignments are affected (II-A2) and lastly
looking at the complete picture by studying the assignment
of 49,458 trips to 15,136 trains spanning over three months
(II-A3).

1) The red passenger
Fig. 1a shows the tap-ins and -outs for departure and arrival

of trains on the route from Aarhus to Aalborg Station in time-
span hours 14.00 to 18.00 on May 29, 2019. An illustrative
passenger travelling from Aarhus to Aalborg Station (tap-in
at 14.20 and tap-out at 16.16) is highlighted in red. We see
that trains 1 to 4 have notable delays as indicated by the black
arrows, which show the change in time from the scheduled to
the recorded time. The delay on the two first trains affects how
the red passenger is assigned. If the NN-TI approach is used,
then the red passenger will be assigned to train 1 regardless
of using the scheduled or recorded timetable information. The
red passenger using the NN-TO approach will be assigned
to train 2 when using the scheduled timetable and to train
1 when using the recorded timetable. This is caused by the
delay of the arrival of train 1 at Aalborg being so large that
train 1 arrives after the scheduled arrival of train 2. For the
NN-TITO approach, the red passenger using the recorded time
is assigned to train 1, but when using the scheduled time, then
train 1 and 2 are possible and will depend on the weighting
of tap-in and tap-out to arrival and departure.

2) The four trains
In total, there are 126 trips near the four trains in fig. 1a.

Using the NN-TI approach, 87 of the trips will be assigned
to the same train regardless of using recorded or scheduled
departure time, and 39 trips will be assigned to different trains.
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Using the NN-TO approach, 16 of the trips will be assigned to
a different train and 107 to the same train regardless of using
recorded or scheduled arrival time. The majority of trips with
different train assignment happens at Aalborg Station, where
the delay of the train 1 is significant enough to surpass the
scheduled arrival of train 2, which would assign all passengers
to train 2. To see how the last approach affects assignments, we
visualise the entry-exit map [13] of the four trains in fig. 1b.
The figure shows the tap-ins and departure time of trains along
the x-axis, and the tap-outs and arrival time of trains along the
y-axis between Aarhus and Aalborg Station. The 31 trips in
the figure can be divided into three groups using the scheduled
departure and arrival time of the trains: 23 of the trips have
only one possible assignment (yellow); 2 of the trips have
more than one (blue) and 6 of the trips have no possibilities
(red). Using the recorded time instead, will only give one trip
with more than one assignment option, and the rest of the trips
will only have one possible train assignment.

3) The effect of scheduled time on train assignment

When comparing this ground truth with the scheduled time
in combination with the three approaches, we see in table I
that the NN-TI and NN-TO approaches are both better than
NN-TITO. The reason is that the NN-TITO approach inherits
the errors from NN-TI and NN-TO in combination with their
constraints making several trips impossible to assign to a single
train. These constraints translate into a larger disagreement rate
between the use of recorded and scheduled time. The large
percentage point difference between the NN-TI and NN-TO is
largely due to trains arriving early at a station, which create
the peaks in the tap-out distribution of fig 2. If we take a
subset of the ground truth and include the trains, which are a
minimum of 10 minutes delayed, then the strength of the NN-
TO emerges. The NN-TI approach is more sensitive to larger
delays than the NN-TO since tap-ins are assigned to the next

TABLE I
ILLUSTRATION OF THE DIFFERENCE BETWEEN USING SCHEDULED

TIMETABLE INSTEAD OF THE RECORDED FOR TRIP TO TRAIN ASSIGNMENT
FOR THREE DIFFERENT APPROACHES. THE ASSIGNMENT DISAGREEMENT

RATE FOR AN APPROACH EXPRESSES THE FRACTION OF CASES, WHERE
THE ASSIGNMENT FROM SCHEDULED AND RECORDED TIME DISAGREE.

ON THE GROUND TRUTH TRIPS, ALL THREE APPROACHES WILL GIVE THE
CORRECT ASSIGNMENT FOR RECORDED TIME.

The disagreement rate of using scheduled vs recorded time.

Approach Ground truth trips1) Ground truth
trips with delay2)

NN-TI 3.86% 45.74%
NN-TO 22.19% 9.49%

NN-TITO 25.60% 48.97%

Fraction of ground truth trips affected by delay for each approach.

Ground truth trips1) Ground truth
trips with delay2)

Approach Delay >0m >10m Delay >0m >10m

NN-TI 40.80% 3.30% 100% 65.86%
NN-TO 55.17% 3.42% 100% 67.71%

NN-TITO 71.27% 4.30% 100% 80.48%

1) Contains 44548 trips with a single possibility using the third approach
with recorded time. 2) Contains a subset of 2761 trips from the ground
truth1), where there is a delay of 5 minutes on the arrival and departure
time used.

train when the tap-in is between the planned departure and
recorded departure. For the NN-TO approach, the difference
occurs when the arrival of the following train happens close
to the previous train or trains arriving early. The difference
between the different assignment rules depends on the patterns
in delays and cancellation of trains.
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(a) Trains from Aarhus to Aalborg on May 29, 2019 timespan 14.00–
17.00. Red line shows the tap-in of a specific passenger at Aarhus
station and the passengers tap-out at Aalborg Station.
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(b) Entry-exit map of trips from Aarhus to Aalborg with time-span hour
14.00-18.00, on May 29, 2019. The trips are coloured by assignment
possibilities using scheduled time, and the red passenger has a red circle
around it.

Fig. 1. Subsection of trips tap-in and -out with trains arrival and departures on the May 29, 2019.
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B. Effect on tap-in and -out distributions

Fig. 2 shows the difference between using scheduled and
recorded time when the train’s arrival and departure time are
not on time. Using the scheduled time at Aarhus Station for the
tap-in, we see a thicker tail around 20-30 minutes before the
departure and a sharp cut off at the departure time compared to
recorded tap-in distribution. This happens when the passenger
can catch the train due to a delay, but the tap-in is assigned
to the next train since the scheduled time is used. The reason
for the cut at 30 minutes before the departure is due to the
headway of around 30 minutes at Aarhus Station. When using
the recorded time for the tap-out at Aalborg Station, the tap-
outs clustered together in one single peak by the first few
minutes after the arrival of the train.

Compared to the tap-out distribution using the scheduled
timetable, we see four peaks. The first peak is 30 seconds after
the arrival, the seconds spread out around 4 minutes, and the
next two are 15 and 45 minutes after the arrival. The second
peak is due to delays, making it seem as if it takes a long time
to tap-out. The three other peaks are due to the train arriving
1-2 minutes before the scheduled arrival time. When a train
arrives before the scheduled time, the tap-out is assigned to the
train before since the tap-out can only happen after the arrival
of a train. In these cases, where the passengers are assigned
to the previous train, the tap-out distribution will have peaks
corresponding to the time-span between the arrival of trains.
This is visible by the two last peaks around the headway of
15 and 45 minutes at Aalborg Station.

To mitigate the error of assigning passengers to the early
arriving train, an early slack is usually used [6], which allows
passengers to be assigned to trains a few minutes before
the scheduled arrival. In this example, a 2 minutes early
slack would be sensible and aligns with early arriving trains

observed in Denmark [21].

III. MODEL

As discussed in the previous section, the arrival time of
trains is robust for assigning passengers to trains using sched-
uled time with an early slack. At the same time, the departure
can be inferred from the arrival time, since a train can only
depart from a station after it has arrived [9]. The problem with
using the scheduled arrival time with early slack is that it will
give incorrectly tap-out distribution and will not tell which
trains are on-time. To address these problems, we propose
a hierarchical model, where the main observed variables are
the tap-out time of reference passengers and the scheduled
arrival times of the trains. In the model, we assume that the
tap-outs for a given station on a given day are drawn from
the same underlying distribution. Using the model, we can
infer this tap-out distribution and infer the arrival times of
trains. Importantly, it is possible to infer the arrival times, even
where there are only a few passengers per train available. The
following subsection is divided into the model steps, where
the first subsection derives the model and defines its parts,
the second step describes how to select the trains, which are
informed by passengers, the third step describes how to infer
the specific arrival time of the selected trains.

A. Bayesian model

To infer the trains’ arrival times, we propose a Bayesian
model for the individual stations with V ∈ N vehicles, where
each vehicle has a vehicle number v ∈ [1, . . . , V ] . The
observed variables are the tap-out times TO ∈ RN of N ∈ N
passengers rides on a given station. The tap-outs are governed
by a station specific walking behaviour Ω ∈ Rk of passengers
aligning at the station. Given the tap-out times, we want to

Fig. 2. Illustration of the difference between using scheduled and recorded timetable on the ground truth trips tap-in and -out distribution (displayed as
histograms) for trains not on-time from the complete data set. Assignment using recorded time is shown in dark blue, where scheduled time is shown in light
blue. The axis indicates the minutes from the tap-in/-out to the time of the scheduled and recorded departure/arrival of the assigned train. As an example, a
single passenger is highlighted in red to illustrate the effect.
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infer quantities representing the vehicle arrival times A ∈ RV
measured in minutes since midnight, where the quantity A is
a function of the scheduled arrival Asch and the delay δ ∈ RV ,
given by

A = Asch + δ. (1)

Using Bayes’ rule, we can write the posterior distribution of
the arrival times and walking behaviour given the tap-out times
as

P (A,Ω|TO) ∝ P (TO|A,Ω)P (Ω|A)P (A). (2)

When deriving the model, we make the following assumptions
regarding the vehicles arrivals and the passengers tap-outs
times.

B. Assumptions

Assumption (1) independence of stations: For simplicity
and efficiency, we assume that the arrival time at one station
is independent of the arrival time at the other stations. Clearly,
this is a strong assumption, but it means that we will model
and infer the arrival times for each station independently and
in parallel using Eq. (2).

Assumption (2) independence of walking behaviour and
arrival time: The walking behaviour at a station is assumed
to be independent of the arrival time such that

P (Ω|A) = P (Ω). (A.3)

Assumption (3) independence of tap-outs: A given trav-
ellers tap-out time is assumed to be independent of other
travellers tap-outs, when the arrival time of the trains are
known, i.e.

P (TO|A,Ω) =
N∏
i

P (TO
i |A,Ω). (A.4)

Assumption (4) conditional distribution of a tap-out:
We assume that the conditional distribution of a tap-out
P (TO

i |Avi ,Ω) only depends on the walking behaviour and the
arrival time of the ridden vehicle Avi , where vi indicates the
vehicle ridden by the i’th passenger. It is reasonable to assume
that the conditional distribution of a tap-out is independent of
the vehicle ridden vi given the ridden vehicle’s arrival time
Avi i.e. P (TO

i |A, vi,Ω) = P (TO
i |Avi ,Ω). Given this, we can

write the joint conditional probability of tapping-out and the
vehicle ridden by the passenger as

P (TO
i , vi|A,Ω) = P (TO

i |Avi ,Ω)P (vi). (A.5)

Assumption (5) Sequence of ride events: When vehicle v
arrives Av , the passengers who rode the vehicle vi can tap-out
i.e. a passenger can only tap-out TO

i after the arrival of the
vehicle ridden Avi , such that

Avi < TO
i . (A.6)

Assumption (6) No overtaking: If the route has one track
in a given direction and there are no overtake stop-points,
then a given vehicle journey can not overtake the next vehicle
journey unless the next vehicle journey is cancelled, which
implies the following:

Av < Av+1. (A.7)

C. The full model

Using assumption (A.3), the priors on walking behaviour
P (Ω) and arrival time are P (A) independent. With the
assumption (A.4) of conditional independence between tap-
out times, the likelihood P (TO|A,Ω) can be rewritten as the
product of all tap-outs (8). The probability of each tap-out can
be rewritten as the sum of all possible arrivals by summing
over the different vehicles (9), then using assumption (A.5),
the probability of tap-out i using vehicle v is independent of
all other possible vehicles,

P (A,Ω|TO) ∝
N∏
i=1

P (TO
i |A,Ω)P (A)P (Ω) (8)

=
N∏
i=1

[ V∑
vi=1

P (TO
i , vi|A,Ω)

]
P (A)P (Ω) (9)

=
N∏
i=1

[ V∑
vi=1

P (TO
i |Avi ,Ω)P (vi)

]
P (A)P (Ω). (10)

The final equation (10) has the form of a hierarchical mixture
model with the likelihood P (TO

i |Avi ,Ω) as mixture compo-
nents, the mixture weights P (vi), and the priors P (A) and
P (Ω).

D. Defining the model parts

The mixture weights P (vi) = θvi is the prior probability
of each vehicle and assumed to be Dirichlet distributed. The
Dirichlet prior is a common prior used in mixture models [22],
where we set the prior for all vehicles v to

θ ∼ Dirichlet

([
N

V

]V
v=1

)
. (11)

Setting the Dirichlet distribution with a hyperparameter equal
to the ratio between the number of passengers and the number
of trains correspond to a prior belief that more trains are
utilised when there are more passengers.

The prior probabilities of the arrivals, P (A), are specified
through the relationship in Eq. (1) and a prior over the
parameter δv that describes the delay of vehicle v from the
scheduled arrival time Asch

v . The distribution of delays can be
described as having a high rate of trains with short delays, with
a declining rate for trains with larger delay [21]. With this in
mind, the delays are modelled using a truncated Student’s-t
distributed. The hyperparameters are set to give a high prior
probability of small delays and a large spread. In addition,
the delays are allowed to be negative of ` minutes capturing
the early slack. The ` should be large enough to capture early
arrivals but at the same time small enough not to capture the
previous arrivals. I.e., we have

δv ∼ Truncated Student-t(η, µ, σδ, `) (12)

where η = 3 is the degrees of freedom, µ = 0 is the location
parameter, σ = 5 is the scale parameter, and ` = −3 based
on the empirical observations in section II-B.

The likelihood component P (TO
i |Avi ,Ω) describes the tap-

out distribution and depends on the walking time from the
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Fig. 3. The model represented as a probabilistic graphical model.

arrival of the train to card-reader on the given station. We as-
sume that the tap-outs follow a Skew Generalised t-distribution
(SGT) [23] with the behaviour parameters Ω = (σ, λ, p, q),
such that

TO
i ∼ SGT(Asch

v + δv, σ, λ, p, q). (13)

All parameters are shared between all arrivals of vehicles
except the parameters Asch

v and δv controlling the location. By
sharing the shape parameters σ, λ, p and q, the information
from the tap-outs associated with the arrival of one train is
used to inform the arrival of other trains.

The advantages of using the Skew Generalised t-distribution
is that it can model a wide range of skewed distributions
depending on its parameters, where p and q controls kurtosis, σ
controls the scale, λ controls the skewness of the distribution.
When we want to model the tap-out distribution, which can be
described as a peaked skewed bell curve distribution with long
tails [8] shown in fig. 2, we need to constrain the parameters.
Setting the constraint 0 < λ ≤ 1 for the skewness will make
the distribution right-skewed, where fixing the p = 2 will
ensure a bell curve distribution and q > 0 and σ > 0 ensures
support for the distribution. The prior for q assumed to be
a normal distribution with hyper-parameters puts weight on
long tails for the tap-out distribution. The scale σ is assumed
to be Truncated-normal with prior on a small variance for
the tap-out since tap-outs tend to cluster together in a small
interval [9], [17], [8]. Since the tap-outs are described as right-
skewed distribution, we assume a normal distributing for the
prior of the skewness λ with hyper-parameters imitated this.
This means that the prior over the behaviour parameters are

σ ∼ Truncated-Normal(0.5, 0.25) (14)
λ ∼ Truncated-Normal(0.75, 0.5) (15)
q ∼ Truncated-Normal(2, 5) (16)

The graphical structure of the model is shown in fig. 3. The
model structure can be seen as having two levels, where the
first level is vehicle specific level with parameters θ and δ and
the second level is the behavioural level with the parameters
σ, λ, p and q of all vehicles.

E. Identifying trains used by passengers.
In some cases, the arriving trains will not have passengers

tapping out with a smart card, making these inferred arrivals

less informed. When an arrival has no passengers, the arrival
time is inferred from the scheduled arrival time, encoded
through the prior P (A), the shared behavioural parameters and
the assumption of no overtaking. To ensure that predictions
are informed, we only make predictions for trains that are
predicted to be used by passengers. The train used by the ith
passenger is predicted as the component, i.e. the vehicle, with
the highest marginal density for the passenger’s tap-out

v*
i =

[
argmax
vi=1,...,V

P (vi|TO
i )

]
for i = 1, . . . , N. (17)

Where the marginal distribution for the vehicle ridden vi is

P (vi|TO
i ) =

∫∫
P (TO

i |Avi ,Ω)P (vi) dΩ dAvi . (18)

The set of trains predicted to be used by passengers are then
the identified trains

V∗ =
{
v*
i

}N
i=1

. (19)

F. Determining the arrival times

When the subset of trains have been identified, the arrival
time for each of the identified trains will be estimated using a
three-step procedure. First, we predict the approximately on-
time trains, which are defined as the set of trains, where the
predicted delays are smaller than a threshold t. Second, if
any tap-out predicted to use the approximately on-time train
lies before the scheduled arrival time, it is reclassified to
be an early train. In the third step, the approximately on-
time trains are used to find the predicted percentile, which
is the percentile of the posterior predictive distribution for the
approximately on-time trains that minimizes the distance to the
scheduled arrival time. To find the predicted approximately on-
time trains, we calculate the difference between the samples
from the posterior predictive of the identified trains and
the scheduled arrival times Asch. That is, we estimate the
distribution of the differences between each combination of
scheduled arrival times and the identified trains predictive
posterior. These combinations can be used to calculate the
probability d of the arrival time being in the range of t seconds
of the scheduled arrival time, such that

V sch =
{

(v∗, v) ∈ V∗×V
∣∣ P (|Asch

v −T̃O
v∗ | < t) > d

}
, (20)

where V = {1, . . . , V } and T̃O
v∗ follows the posterior predic-

tive tap-out distribution for the v∗’th identified train

P (T̃O
v∗ |TO) =

∫∫
P (T̃O

v∗ |A,Ω)P (A,Ω, |TO) dΩ dA. (21)

There may be more than one of the identified trains or one
of the scheduled arrival times that satisfy the condition in
Eq. (20). For a non-unique match, we do not know if the
train is on time or not. To mitigate this, we ensure unique
matches between v∗ and v by considering the set

V sch∗ =
{

(v∗, v) ∈ V sch
∣∣

∀(v̂∗, v̂) ∈ V sch \ {(v∗, v)} : v̂∗ 6= v∗ ∨ v̂ 6= v
}
. (22)



This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/OJITS.2021.3094620, IEEE Open
Journal of Intelligent Transportation Systems

OJ-ITS-2021-02-0015 7

In addition, if any tap-out is predicted to have ridden the v’th
vehicle lies before the associated scheduled arrival time, the
arrival is classified to be an early train. This means that if
we, for instance, use d = 95% and t = 60, the approximately
on-time trains are defined as the subset of the identified trains,
where at least 95% of the probability mass for the predictive
tap-out distribution is within 1 minute of a unique scheduled
arrival time, and all tap-out predicted to use the train lies after
scheduled arrival time.

Therefore, in summary, the approximately on-time trains
have two important characteristics. First, they are most likely
used by at least one passenger because they are an iden-
tified train. Joining this with the knowledge that tap-outs
cluster together right after the arrival of trains [9], we know
that arrival time is likely near the approximately on-time
trains predictive posterior. Secondly, they are predicted to
be approximately on time since they are near a scheduled
arrival time. In combination with the second characteristic,
we can use the scheduled arrival time as a reference point to
link distributions to the scheduled timetable and find which
percentile in predictive posterior distribution, that is the best
prediction for the arrival of the train. This percentile can then
be used to identify the arrival time of the other trains. This is
possible due to the shape of the predictive posterior coming
from the behavioural level of the model, which is shared
between all arrivals. Using approximate on-time trains, we can
find the predictive percentile p, which minimizes the distance
between the scheduled arrival time and predictive posterior of
the approximate on-time train. However, if there is only one
tap-out for a given approximate on-time train, the model will
be very uncertain about the delay, and the percentile will not
be representative of the arrival time. Therefore, we exclude
trains with only one tap-out in the estimation of p∗ (i.e. we
remove them from V sch∗ before estimating p∗). Using Q as a
percentile function, we have

p∗ = Median
(v∗,v)∈V sch∗

(
argmin

p
|Asch
v −Q(T̃O

v∗ , p)|
)
. (23)

After the predicted percentile p∗ is found, the percentile is
used to infer the arrival times of the full set of identified
trains V∗ predictive posteriors distribution P (T̃O

v∗ |TO). If all
trains are inferred to be delayed, then the day is classified as a
delayed day. The predicted percentiles can be used from other
inferred days of the same station to predict the delay days.
In addition, if the goal is to recreate the complete recorded
timetable, a train matching algorithm can be applied [9], [17],
where the approximately on-time trains can be used as links to
the scheduled timetable, thereby making it possible to assign
the scheduled train IDs. The complete procedure for estimating
the arrival time is described by pseudo-code in the Alg. 1.

IV. CASE STUDY

A. Data set

The study is conducted using data from AFC and AVL from
the Danish company Rejsekort & Rejseplan A/S, which are the
administrator of the national broad AFC system and the main
travel planner in Denmark. The case study uses the subset

Algorithm 1 Pseudo code for inferring the the arrival time.
1: Sample A,Ω ∼ P (A,Ω|TO) using HMC . Eq. 8–10

2: Determine the set of identified trains V∗ . Eq. 17–19

3: Match identified trains to time table . Eq. 20–22

4: for all matched trains do
5: if there exists a tap-out before the scheduled time then
6: Classify train as early train
7: else
8: Classify train as approximately on-time
9: Trains which are not matched are classified as Not on-time

10: if there are any approximately on-time trains then
11: Estimate the percentile p∗ . Eq. 23
12: else
13: Classify the day as delay day and estimate the

percentile p∗ from the previous days

14: for each identified trains V∗ do
15: Estimate arrival time using the p∗’th percentile of

posterior predictive distribution P (T̃O
v∗ |TO)

TABLE II
ORIGIN DESTINATION MATRIX FOR REFERENCE PASSENGER.

Destination

Origin Randers Hobro Arden Aalborg

Aarhus H 13991 4676 569 10139
Hinnerup St. 1 3 - 6
Hadsten St. 712 324 9 523
Langå St. 1462 238 48 774
Randers St. - 1999 410 3951
Hobro St. - - 1156 8208
Arden St. - - - 2734

Total 16166 7240 2192 26335

of the route from Aarhus to Aalborg, where the trains stop
at the following sequence of stations; Aarhus H, Hinnnerup,
Hadsten, Langå, Randers, Hobro, Arden and Aalborg. The
stations Randers, Hobro, Arden and Aalborg vary in size
and activity. Therefore, these are chosen to investigate the
behaviour of the model for different sizes of the stations. The
number of trip-legs travelling to and from these stations is
shown in table II. The data are from the period February 1st to
May 31st 2019, excluding days where the recorded timetable
information was not available. The complete data set contains
the last trip leg of 51,933 reference passengers, and 15,136
intercity trains arrivals for the four stations. The difference
between the scheduled and the recorded arrival time can be
zero, positive or negative [21] creating a timetable error (TT
error). There are 56% of the arriving trains, which have a
non-zero TT error. When there is a difference, the majority of
the errors is below 2 minutes, amounting to 25% of the trains.
Table III shows summary statistics for the TT error for each
station. Since a large portion of the trains has no or a small
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TABLE III
THE SHARE OF TRAINS HAVING A DIFFERENCE BETWEEN RECORDED AND
SCHEDULED ARRIVAL AND DESCRIPTIVE STATISTICS OF THE DIFFERENCE.

Randers St. Hobro St. Arden St. Aalborg St.

On-time 39.88% 68.37% 67.59% 49.61%
0 < TT error < 2 32.18% 18.33% 19.18% 30.27%
2 ≤ TT error < 10 23.24% 9.17% 8.43% 15.88%

10 ≤ TT error 4.70% 4.13% 4.80% 4.24%

Descriptive statistics in minutes

Mean 1.86 1.18 1.19 1.55
Std 4.14 4.22 4.05 4.29
Max 52.00 68.00 62.00 62.00

TT error, the mean TT error of the four stations is around 1
minute for each station shown in the table. The larger stations
Hobro and Aalborg are the stations with the largest share of
small delays, where the greater delays are more evenly spread
between the stations. The reason behind this is that minor TT
errors can easily be minimized between stations, where greater
TT errors will persist in the subsequent stations even if some
time is gained.

Overview of the implementation and section: The model
is implemented in the probabilistic programming language
STAN [24] using the Hamiltonian Monte Carlo with No U-
turn sampler [25] with four chains of minimum 6000 iterations
and warm-up period of 4000. Mixture models are known
for label switching [26] and relabelling is done within and
between chains. For each station, the arrival times are inferred
by first selecting the identified trains for arrival, which is
discussed in subsection IV-B. The learning and the uncertainty
of the identified trains arrival time are discussed in subsection
IV-C, while the results are presented and evaluated in the last
subsection IV-E. As described in assumption 1, the model is
fitted separately to data for each day and each station.

B. Selection of the identified train.

The travel activity varies on the different stations, and not all
arriving trains will have passengers tapping out with a smart
card. We can determine the identified trains, which are most
likely used by the passengers, using the selection procedure
described in section III-E. In table IV we see that the number
of identified trains arrivals is positively correlated with the
number of passengers going to the given station. At Aalborg
station, 93% of train arrivals are identified with an average
activity of 201 trips per day. In contrast, at Arden station,
29% of train arrivals are identified with an average of 16 trips
per day.

The difference in the share of identified train arrivals
between stations originates from how the passengers are
distributed among the trains during the day. Fig. 5 shows the
tap-outs during the day, with the recorded train arrivals and
predictive posterior of equation (21). In fig. 5b for Aalborg
station all recorded arrivals have a tap-out nearby except for
the morning train 1, which translates into a lower density
peak for the posterior than the rest of the day. For the case
of Arden station in fig. (5a) the pattern is more apparent,
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(b) Posterior of δ’s

Fig. 4. The posterior distribution of the parameters δ and θ at Arden Station
on the 29th of May 2019.

TABLE IV
IDENTIFIED TRAIN ARRIVALS, AVERAGE TRIPS AND TRAINS.

Randers Hobro. Arden Aalborg

Trains Identified 3270 2626 1083 3497
% of total 86.90% 69.78% 28.78% 92.93%

Average
pr. day

Trips 126 56 16 201
Trains 35 35 35 35

Trips per
train & day

Min 1.941 0.972 0.118 3.824
Mean 3.619 1.612 0.457 5.734
Max 6.207 3.528 0.833 10.750

Trips assign
per

Identified train

Min 1.000 1.000 1.000 1.000
Mean 4.079 2.295 1.508 5.992
Max 20.000 22.000 6.000 62.000

where only 11 out of the 37 trains have a tap-out nearby. The
train arrivals with tap-outs nearby are transformed into well-
defined peaks of the predictive posterior with low variance and
higher density. The density and variance reflect the uncertainty
of the inferred train arrivals. Since the only vehicle-specific
parameters are the delay δv , and the probability of the vehicle
θ, the difference in variance and density of the predictive
posterior peaks stems from these parameters. This relation is
clearer when comparing the position of the peaks in fig. 5a
with the corresponding index of the posterior distribution of
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θ and δ in fig. 4. The peaks with nearby tap-outs correspond
to the θ’s with higher means and the δ’s with small variance
compared with those without tap-outs. The two θ’s with the
highest mean values are the 21st and 25th, which are the two
train arrivals with most passengers on that given day.

C. Uncertainty of the identified train arrival time

After the identified trains are found, the predictive posterior
of identified trains P (Ãv∗ |TO) can be used to predict the train
arrival times at the station. As described in section III-F the
approximate on-time trains are used to determine the predicted
percentile. The predicted percentile will vary from day to
day and station to station. This difference originates from
different behaviour at the stations and the different levels of
available information at the stations, given different degrees of
uncertainty. Informally, the uncertainty of the identified trains
predictive posterior is due to the small number of passengers
at the given station during the day and the diffuse domain
knowledge. In the Bayesian framework, the prior distribution
captures our domain knowledge of the parameters before we
observed the data. The posterior distribution summarizes our
knowledge after observing the data and can be seen as a
compromise between the prior distribution and the likelihood.

In order to understand how this affects the model, it is
important to understand how the model learns its parameters.
As mentioned in III-D, the model has two levels: the vehicle
specific level and the behavioural level. Prior assumptions
about each level are encoded by the respective priors. The
likelihood is informed by each tap-out introduced to the model,
and the product of the prior and likelihood creates the posterior
distribution. However, the degree of information obtained by
the likelihood will vary differently at the the vehicle specific
level (∆) and the behavioural level (Ω) of the model.

To understand this, we can see the priors as regularization
that control how likely some values are relative to others and
the initial uncertainty of the parameter. Weaker priors will
make a broader range of values more likely, thereby being
more uncertain about the true value vice versa. In the case of
the prior on the vehicle arrivals time A, the prior is weakly
informative because of the prior on the delay parameter δ,
where the probability density covers a large area from small
to large values. At the same time, we know that the train tap-
outs tend to cluster together [9], meaning that the likelihood
will put a larger weight on a small area of possible δ-values.
Combining the likelihood with the prior, the posterior will put
a large amount of its density at the same area as the likelihood
since the weighting is so strong compared to the prior belief,
even when there are only a few tap-outs. The priors of the
walking behaviour Ω are more informed, which means that
the model needs more evidence for the posterior distribution
to change from the prior belief through the likelihood.

Suppose we simplify the model to two components, where
there are two arrivals, each with two associated tap-outs. The
first arrival is a few minutes delayed, and the second has a
considerable delay. Then the model has three possible ways
of getting the density to concentrate near the actual train arrival
times and tap-outs, i.e. increasing the likelihood of the data:
either changing the shape through Ω, changing the position
through δ or both. Since the prior on δ is weaker than the prior
on Ω, the model is more likely to change to position than the
shape of the posterior distribution to increase the likelihood.

The mean of each component will stabilize around the tap-
outs, and the tap-outs near a component will be informative for
the associated δ. The number of passengers tapping out near
the arrival of a train gives more information on the degree
of delay for the specific train, thereby a lower uncertainty for
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(a) Arden Station on the 29th of May.
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(b) Aalborg Station on the 29th of May.

Fig. 5. Tap-outs during the day with the actual train arrivals and the predictive posterior for Aalborg and Arden stations. The predictive posterior distributions
from equation (21) as a function of time is shown as a black line. The actual arrival times are indicated as a green dotted line and with tap-outs as shaded
blue. A part of the predictive posterior distribution is enlarged (shaded red), where it is possible to see the tap-out is more spread out. The red dot is the red
passenger tapping-out at 16.16 in hours, who is predicted to belong to this component.
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TABLE V
THE TEST SET RMSE FOR THE BAYESIAN MODEL, S-EPOCH AND

DENCLUE METHOD

Randers St. Hobro St. Arden St. Aalborg St.

O
ve

ra
ll Bayes 0.74 0.69 0.59 0.90

Bayes++ 0.67 0.64 0.58 0.75
Denclue 1.10 1.00 0.96 1.25
Epoch 0.97 0.84 0.81 1.24

E
ar

ly

Bayes 0.84 0.59 0.52 0.61
Bayes++ 0.80 0.59 0.50 0.53
Denclue 1.09 0.66 0.71 1.09
Epoch 0.93 0.80 0.63 1.09

O
n

tim
e Bayes 0.64 0.62 0.66 0.91

Bayes++ 0.57 0.58 0.69 0.78
Denclue 1.21 1.02 1.34 1.26
Epoch 0.98 0.84 1.08 1.36

L
at

e

Bayes 0.74 1.02 0.71 1.11
Bayes++ 0.63 0.91 0.63 0.89
Denclue 0.97 1.35 0.73 1.39
Epoch 1.02 0.89 0.79 1.19

The table is divided into an overall result and the results depending on the
observed train arrivals with the three classifications “Early”, “On time”
and “Late”. The “Bayes++” uses a shift instead of the percentile (section
III-F) for estimating the trains arrival with only one tap-out.

the delay δ. Thereby the uncertainty of δ is depending on the
number of passengers tapping out near the arrival of a train.
In the cases from fig. 5, Aalborg station has an average of
6.8 per passengers per identified train resulting in an average
standard deviation of 0.077 for the associated delays, where
Arden station has 2.0 passengers per identified train with an
average standard deviation of 0.219 for the associated delays.

More information is required to decrease the posterior
uncertainty of the behavioural parameters Ω = (σ, λ, q) than
for the delay δ. However, the shared nature of the behavioural
level means that the tap-outs from all components are used
to infer the behavioural parameters. In our simple example
from above, each delay δ will mainly be inferred by the
two tap-outs near the component, where all four tap-outs will
inform the behavioural parameters. If we add a component
with five tap-outs, then the uncertainty of Ω will decrease even
further by being informed by nine tap-outs. This means that
the uncertainty of Ω depends on the total number of tap-outs
there are during the day.

D. Cross validation and Evaluation metrics

The predicted arrival time will vary in performance from
day to day and station to station depending on the degree
of delay and the choice of the probability d of the arrival
time being in the range of t seconds of the scheduled arrival
time. Leave-one-out cross-validation is performed to assess
how well the model generalizes, where each fold of the test
set is equal to a day. On the training set, the Bayesian model
first finds the identified trains for each day and station, then
selects the combination of (t, d), which minimises the Root
Mean Square Error (RMSE) in the training set. The chosen
combination of (t, d) from the training set is then used on
the test-set to give the test-set RMSE. The RMSE is taken
between the predicted arrival time and the actual arrival time,

TABLE VI
CLASSIFICATION OF THE ARRIVAL FOR THE BAYESIAN MODELS TEST SET.

Pre- Randers St. Hobro St. Arden St. Aalborg St.diction

E
ar

ly
(3

4.
49

%
) E
ar

ly
tr

ai
n Model error 0.78 0.57 0.52 0.61

TT error 2.37 1.63 1.52 1.76
Fraction 89.88% 96.81% 99.12% 99.4%

A
pp

ro
x

O
n

Ti
m

e Model error 1.10 0.96 0.69 0.89
TT error 1.39 1.35 1.09 1.11
Fraction 9.37% 2.88% 0.88% 0.5%

N
ot

O
n

Ti
m

e Model error 2.10 1.07 - (-) 1.30
TT error 1.35 1.80 - (-) 2.08
Fraction 0.75% 0.32% 0.00% 0.10%

O
n

Ti
m

e
(4

4.
68

%
) E

ar
ly

tr
ai

n Model error 3.07 2.21 0.54 2.06
TT error 0.00 0.00 0.00 0.00
Fraction 0.27% 0.28% 1.72% 0.46%

A
pp

ro
x

O
n

Ti
m

e Model error 0.46 0.46 0.35 0.59
TT error 0.00 0.00 0.00 0.00
Fraction 81.84% 90.78% 93.47% 68.84%

N
ot

O
n

Ti
m

e Model error 1.09 1.42 2.59 1.37
TT error 0.00 0.00 0.00 0.00
Fraction 17.89% 8.94% 4.47% 30.7%

L
at

e
D

ay

Model error - (-) - (-) 2.26 - (-)
TT error - (-) - (-) 0.00 - (-)
Fraction 0.00% 0.00% 0.34% 0.00%

L
at

e
(2

0.
82

%
)

E
ar

ly
tr

ai
n Model error 0.11 0.56 - (-) 3.31

TT error 2.00 6.00 - (-) 6.78
Fraction 0.13% 0.28% 0.00% 0.63%

A
pp

ro
x

O
n

Ti
m

e Model error 0.75 0.48 0.47 1.18
TT error 1.00 1.01 1.00 1.00
Fraction 10.4% 10.26% 21.5% 1.88%

N
ot

O
n

Ti
m

e Model error 0.74 1.06 0.75 1.08
TT error 7.87 10.33 9.46 7.54
Fraction 89.47% 89.46% 71.96% 97.49%

L
at

e
D

ay

Model error - (-) - (-) 0.82 - (-)
TT error - (-) - (-) 11.59 - (-)
Fraction 0.00% 0.00% 6.54% 0.00%

The first column divided the observed train arrivals into three classifi-
cations “Early”, “On time” and “Late” with the following parenthesis
showing the fractions of trains in each class. Each of the three classes is
subdivided into four predictions (“Early Train”, “Approx on time”, “Not
on time” and “Late day”). For each prediction and station, the model error
and time table error (“TT error”) are shown as RMSE compared to the
recorded time and measured in minutes. The fraction of trains (“Fraction”)
within each of the four predictions are also shown for each class and
station.

where the combination of (t, d) is found using grid-search with
the values t ∈ [20, . . . , 240] and d ∈ [5%, . . . , 95%]. For each
combination of (t, d), the model will classify the estimated
trains arrivals into early, approximate on time, not on time
and late days. These classifications can then be compared to
actual arrivals by dividing them into early, on-time or late
trains, depending on the actual arrival time being before, the
same or after the scheduled arrival time and evaluated by the
fraction of correct and incorrect classifications.

E. The predicted percentile and the resulting arrival time.

In table V, the Bayesian model is compared to the S-Epoch
method [9] and the kernel density estimation based method
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TABLE VII
CHOSEN PROBABILITY d OF THE ARRIVAL TIME BEING IN THE RANGE OF t

SECONDS OF THE SCHEDULED ARRIVAL TIME.

Randers St. Hobro St. Arden St. Aalborg St.

M
os

t
fr

eq
ue

nt

(t, d)1) (60,10) (80,10) (160,95) (60,5)
Rate 100.0% 77.07% 95.77% 100.0%

A
ve

ra
ge t 60.00 (0.00) 75.52 (8.76) 158.77 (6.03) 60.00 (0.00)

d 10.00 (0.00) 11.25 (3.14) 94.20 (4.47) 5.00 (0.00)
p∗ 1.96% (2.57) 5.11% (5.55) 15.33% (10.66) 1.64% (1.88)

Round parenthesis indicates standard deviation. 1) The combinations of
(t, d) are chosen using grid search on training set with values t ∈
[20, . . . , 240] and d ∈ [5%, . . . , 95%].

Denclue [18] using cross-validation. The parameters for both
methods are optimized to minimize the RMSE of the training
set and used on the test set. Overall the Bayesian model
outperforms the two other models with a lower RMSE. If we
consider the division of the results into the classifications of
the observed delays as “Early”, “On time” and “Late”, the
pattern persists, except for the late trains at Hobro St. The
Bayesian model can be further improved by using a shift
(similar to S-Epoch and Denclue) instead of the percentile
(section III-F) for estimating train arrivals with only one tap-
out. The improvement is denoted by “Bayes++” in table V.

In table VI, the model’s classification for the test set is
compared with observed classifications. We see that the model
is efficient in classifying the early trains as early with the
lowest fraction of correct classification of 89% for Randers
Station. Notable the model errors are around half of the TT
errors for this classification. The observed on-time trains is a
more mixed picture, where the Arden Station have the highest
correct classified with Approximate on-time having a fraction
of 93%, where the Aalborg Station has the lowest with a
fraction of 68%. However, Aalborg station has the highest
correctly classified fraction of the late trains as Not On Time
with 97%, where Arden Station have the lowest correctly
classified fraction of 71%. This illustrates the challenge the
model can have with minor delays, where it has difficulty

separating the trains with delay and without. Despite this, the
trains with larger delays are classified as not on time. The
model can also make passenger to train assignments since
the identified trains are the trains predicted to be used by
passengers. Applying equation (17) to predicting the train used
by each tap-out gives a hit rate of 99.54% with the ground
truth trips. In general, when the model has a higher fraction of
incorrect classifications, the model error is around 1-3, where
the correct classification of the model error is around 0.5 to
1.0 RMSE.

In table VII the chosen combination of (t, d) is stable for
Randers and Aalborg Station, having only one combination
chosen for each station, where Hobro and Arden Station have
more variation with the most frequent combination chosen
77% and 95% of the time, respectively. This is more clear
when looking at fig. 6, where Randers and Aalborg Station
have a tighter optimal than the stations Arden and Hobro.
All the station see clear valleys of combination, where the
combination is optimal, indicated by dark blue area.

V. CONCLUSION

In this paper, we have shown how erroneous timetable infor-
mation can affect the inference of tap-in and -out distribution
and how the assignment of passengers to trains is affected. To
diminish the error, the paper proposes a hierarchical Bayesian
model to infer the arrival time of trains, where the only input
is the scheduled arrival time and tap-outs from a single station.
The results show that the model can infer 70% of arrival
times with an average error of 28 to 32 seconds. Since the
model assumes no-overtaking, the predicted arrival times of
the model can easily be matched with the ID of the correct
trains. In cases where this assumption does not hold, it would
be an interesting research problem to extend the model to
handle overtaking. In addition to this, further directions of
research would be to challenge the model’s main limitations
regarding the assumption of independence of stations, how to
gain more information from inferred components with a single
tap-out and how better to distinguish trains with minor delays
from trains without delay.
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(a) Randers Station.
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Fig. 6. The average RMSE for the test set for all (t, d) combinations. The (t, d) combination that is selected as optimal on the training set is indicated as a
red square. Grey areas are combinations of (t, d) that have non approximated on-time trains.
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