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a b s t r a c t

Combining forecasts from multiple temporal aggregation levels exploits information
differences and mitigates model uncertainty, while reconciliation ensures a unified
prediction that supports aligned decisions at different horizons. It can be challenging to
estimate the full cross-covariance matrix for a temporal hierarchy, which can easily be of
very large dimension, yet it is difficult to know a priori which part of the error structure
is most important. To address these issues, we propose to use eigendecomposition for
dimensionality reduction when reconciling forecasts to extract as much information as
possible from the error structure given the data available. We evaluate the proposed
estimator in a simulation study and demonstrate its usefulness through applications
to short-term electricity load and financial volatility forecasting. We find that accuracy
can be improved uniformly across all aggregation levels, as the estimator achieves
state-of-the-art accuracy while being applicable to hierarchies of all sizes.

© 2020 The Author(s). Published by Elsevier B.V. on behalf of International Institute of
Forecasters. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Many real-life decision problems involve multiple time
orizons. For example, when executing large orders in
inancial markets, trading is carried out throughout the
ay to limit price impact and secure the best possible
verage price (Boyd et al., 2017). In operational energy
lanning, production has to meet expected demand over
he next hours, the next day, the next week, and even
onger horizons. It is often beneficial to take into account
onger-term forecasts when making short-term decisions
o ensure that current decisions do not have undesir-
ble implications for future possibilities. Reconciliation is
ecessary because optimal decision-making requires co-
erent forecasts. Decision-makers who have had to make
ecisions based on forecasts that were not coherent know
he issues that this may cause (Nystrup, Lindström et al.,
020).

∗ Correspondence to: Centre for Mathematical Sciences, Lund
University, Box 118, 221 00 Lund, Sweden.

E-mail address: peter.nystrup@matstat.lu.se (P. Nystrup).
https://doi.org/10.1016/j.ijforecast.2020.12.003
0169-2070/© 2020 The Author(s). Published by Elsevier B.V. on behalf of Inte
the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Top-down and bottom-up approaches have tradition-
ally been used to produce coherent forecasts for a hierar-
chy. According to the former, forecasts are generated for
the time series at the top level and then disaggregated
down all the way to the bottom level, while for the latter,
forecasts are generated at the very bottom level and then
aggregated up (Athanasopoulos et al., 2009; Gross & Sohl,
1990). These approaches ensure that forecasts add up
across a hierarchy but do not take advantage of infor-
mation differences by combining forecasts constructed at
different temporal aggregation levels.

1.1. Benefits of reconciliation

Temporal aggregation. Temporal aggregation has been
studied since the seminal work by Amemiya and Wu
(1972) and Tiao (1972) (see Silvestrini & Veredas, 2008,
for a literature review). Different temporal aggregations
can reveal important information about the underlying
data-generating process. In financial applications, it is
common to aggregate intraday data to improve estimates
of daily volatility (Ghysels et al., 2006; Nystrup, Kolm
rnational Institute of Forecasters. This is an open access article under
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et al., 2020). When temporal aggregation is applied to a
time series, it can strengthen or attenuate different fea-
tures. Non-overlapping temporal aggregation is a filter of
high-frequency components. At an aggregate view, low-
frequency components, such as trend and cycle, will dom-
inate. The opposite is true for disaggregate data, where
short-term seasonality may be visible. Hence, temporal
aggregation can be seen as a tool to better understand
and model the data at hand.

Forecast combination. Several studies have shown that
ombining forecasts from multiple aggregation levels can
ead to improvements in forecast accuracy, while over-
oming the need to select a single optimal level
Kourentzes et al., 2014, 2017; Petropoulos & Kourentzes,
015). The implied combination mitigates model uncer-
ainty, which is a contributory cause to this improvement.
orecast combination is generally beneficial, leading to
reduction of forecast error variance (see, e.g., Clemen,
989; Hall & Mitchell, 2007). Ways of combining forecasts
ave been investigated extensively, resulting in various
dvanced weighting methods (Makridakis et al., 2020).
et, simple approaches, such as the unweighted average,
re often found to perform as well as more sophisticated
ethods (Timmermann, 2006).

oherency. Temporal hierarchies for forecasting can be
onstructed for any time series by means of non-
verlapping temporal aggregation. Rather than building
ne complex model that captures all temporal attributes
see, e.g., Clements et al., 2016; Livera et al., 2011; Nystrup
t al., 2017), forecasts for different horizons can be made
ith different (simple) methods using temporal hierar-
hies. Forecasts that are produced by different approaches
nd are based on different information will most likely
ot be coherent. This incoherency can lead to decisions
hat are not aligned, or even conflicting. Deploying the
ramework proposed by Athanasopoulos et al. (2017),
orecasts from different aggregation levels can be com-
ined to yield temporally reconciled, accurate, and robust
orecasts, independently of forecasting models (Nystrup,
indström et al., 2020).

.2. Contribution

imensionality. There is a strong incentive to consider
ver-larger hierarchies by adding data with higher and
igher resolution, because the biggest improvements typ-
cally occur at the highest level of a hierarchy, where in-
ormation from lower levels (i.e., higher-resolution data)
s aggregated up (Athanasopoulos et al., 2017, 2011;
ostami-Tabar et al., 2013). Furthermore, the dimension
f the hierarchy grows proportionally to the forecast
orizon, as explained in Section 3.1. Given that the pur-
ose of temporal aggregation is to harness information
n a time series at different frequencies, auto- and cross-
ovariance information in the forecast errors should be
eneficial when reconciling forecasts. However, the size
f the cross-covariance matrix quickly becomes an issue
s the dimension of the temporal hierarchy grows. In
ractice it can be necessary to reduce the dimension of

he hierarchy by shortening the forecast horizon, omitting

1128
aggregation levels, or settling on a simple approximation
of the covariance structure that neglects auto-, cross-
covariances, or both. Unfortunately, it is difficult to know
a priori which parts of the hierarchy or error structure are
most important.

Eigendecomposition. We propose a novel estimator for
reconciling forecasts in a temporal hierarchy based on
an eigendecomposition of the cross-correlation matrix.
Our proposal is to reduce the dimension of the tempo-
ral correlation matrix, rather than the dimension of the
hierarchy, by only keeping its most important structure.
To the best of our knowledge, we are the first to propose
a general approach to dimensionality reduction for fore-
cast reconciliation. By decomposing the cross-correlation
matrix and estimating its inverse based on a small subset
of its eigenvectors plus a regularization term, our esti-
mator extracts as much information as possible from the
error structure given the data available. Our estimator fa-
cilitates information sharing between aggregation levels,
overcomes the problem of inverting a potentially singular
estimate of the cross-covariance matrix, and is robust to
noise and high dimensionality.

Results. We document the usefulness of the proposed es-
timator through applications to short-term electricity load
and financial volatility forecasting. We show that incor-
porating information about the cross-covariance structure
significantly improves forecast accuracy, compared with
traditional approaches and compared with the diagonal
covariance-matrix approximations proposed by Athana-
sopoulos et al. (2017). To better understand the differ-
ences and advantages of our estimator compared with
those proposed by Nystrup, Lindström et al. (2020), we
compare their performance in a simulation study based
on load data. The simulation study shows that it is possi-
ble to significantly reduce the dimension of the temporal
covariance matrix without loss of accuracy such that it
can handle much larger hierarchies. When limited data
are available compared with the dimension of the tem-
poral hierarchy, forecast accuracy can still be improved
by considering dependencies between aggregation levels.

Outline. We discuss related work in Section 2. In
Section 3, we outline the forecast reconciliation problem
and its relation to generalized least-squares estimation.
We outline our proposal for reducing the dimension of
the cross-correlation matrix using spectral decomposition
in Section 4. Results from an application to short-term
load forecasting are presented in Section 5. The simulation
study is presented in Section 6. In Section 7, we consider
an application to intraday volatility forecasting. Finally,
we discuss the results in Section 8 before concluding in
Section 9.

2. Related work

Regression. Hyndman et al. (2011) used ordinary least
squares (OLS) to compute reconciled forecasts for a struc-
tural hierarchy, thereby avoiding the problem of esti-
mating the covariances of base forecasts. Subsequently,

Hyndman et al. (2016) proposed weighted least squares
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(WLS) for forecast reconciliation, taking account of the
variances on the diagonal of the covariance matrix but ig-
noring the offdiagonal covariances. Wickramasuriya et al.
(2019) studied the generalized least-squares (GLS) esti-
mator and found the inclusion of covariance information
in the reconciliation procedure to be beneficial for fore-
cast accuracy when combined with a linear shrinkage
estimator.

Optimization. Van Erven and Cugliari (2015) formulated
the forecast reconciliation problem as an optimization
problem instead of a regression model. Their formulation
included only a diagonal weight matrix and, thus, no
information sharing between base forecasts. They proved
that the reconciled forecasts are at least as good as the
base forecasts for any loss function that is based on a
Bregman divergence. Based on geometric interpretations,
Panagiotelis et al. (2021) established the connection be-
tween the regression and optimization formulations and
generalized the proof to any monotonic function of dis-
tance. Wickramasuriya et al. (2020) proposed algorithms
for solving the least-squares minimization problem with
constraints that ensure that the coherent forecasts are
nonnegative. The reconciliation problem has also been
extended to probabilistic forecasts (Gamakumara et al.,
2018; Jeon et al., 2019; Taieb et al., 2017, 2020).

Temporal hierarchy. Temporally aggregated time series
an be represented as a hierarchical time series. This
ed Athanasopoulos et al. (2017) to show that it is pos-
ible to use the reconciliation framework proposed by
yndman et al. (2011) to produce temporally coherent
orecasts. They proposed three diagonal approximations
f the sample covariance matrix. By construction, these
pproximations share the property that they ignore any
utocorrelation in the forecast errors. Taieb (2017) ex-
ended their work by introducing regularization terms
o obtain sparse and smooth adjustments that satisfy
ggregation constraints and minimize forecast errors.

patio–temporal. Both structural and temporal forecast
econciliation have been successfully applied to a num-
er of energy-related time series (Yang, Quan, Disfani,
iu, 2017; Yang, Quan, Disfani, Rodríguez-Gallegos, 2017;
hang & Dong, 2018). Recently, several attempts have
een made to combine structural and temporal hierar-
hies. Kourentzes and Athanasopoulos (2019) suggested
cross-temporal approach to reconciling forecasts across
oth geographical divisions and planning horizons for
ustralian tourist flows. Meanwhile, Yagli et al. (2019)
nd Spiliotis et al. (2020) used sequential approaches to
patio–temporal reconciliation of solar-power and
lectricity-load forecasts, respectively.

ross-covariances. Our work is most closely related to
hat of Nystrup, Lindström et al. (2020), who extended
he work of Athanasopoulos et al. (2017) by proposing
our different estimators that take into account the auto-
nd cross-covariance structure when reconciling short-
erm electricity-load forecasts in a temporal hierarchy.
hey showed that by taking account of auto- and cross-
ovariances when reconciling forecasts, accuracy could be

ignificantly improved uniformly across all aggregation
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Fig. 1. Temporal hierarchy for quarter-hourly, half-hourly, and hourly
series.

levels. The reported accuracy gains showed the potential
value of the information embedded in the error structure,
which motivated us to analyze this in greater detail and
extend their work in this article by proposing a novel
estimator based on an eigendecomposition of the cross-
correlation matrix that can be applied to hierarchies of
much larger dimension.

3. Forecast reconciliation

3.1. Temporal hierarchies

Hierarchies are defined by linear constraints. Given n
individual base forecasts stacked in a column vector ŷ ∈

Rn, we are interested in finding reconciled forecasts ỹ ∈ Rn

that are coherent. By introducing a matrix

G =
[
0m×(n−m)

⏐⏐ Im]
(1)

of order m× n that extracts the m bottom-level forecasts,
we can write the reconciliation constraint(s) as

ỹ = SGỹ. (2)

Reconciliation is needed when base forecasts ŷ do not
satisfy this constraint.

The matrix SG projects the base forecasts onto the
oherent subspace spanned by the summation matrix S.
hile there are multiple ways to define a summation ma-

rix, in all cases its columns will span the same coherent
ubspace, which is unique (Panagiotelis et al., 2021). For
he hierarchy illustrated in Fig. 1 we define

=

⎡⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
1 1 0 0
0 0 1 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ ,

as quarter-hourly forecasts should reconcile to half-hourly
forecasts, which should reconcile to hourly forecasts.

In general, if there are k ∈ {k1, . . . , kK } aggregation
evels, where k is a factor of m, with k1 = m, kK = 1, and
m/k is the number of observations at aggregation level k,
then the summation matrix is given by

S =

⎡⎢⎣ Im/k1 ⊗ 1T
k1

...
T

⎤⎥⎦ . (3)
Im/kK ⊗ 1kK
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Here ⊗ denotes the Kronecker product, Im/k is an identity
matrix of order m/k, and 1k is a k-vector of ones. For ex-
ample, the hierarchy illustrated in Fig. 1 has aggregation
levels k1 = 4, k2 = 2, and k3 = 1 with m = 4 and n = 7.

Note that the dimension of the hierarchy grows pro-
portionally to the forecast horizon when keeping the
same aggregation levels. For example, for the hierarchy
illustrated in Fig. 1, if we were to forecast two hours ahead
with the same aggregation levels, the dimension would
be 14 rather than seven, since we would then have eight
quarter-hourly, four half-hourly, and two hourly base
forecasts. We could also add a two-hourly aggregation
level, in which case the dimension of the hierarchy would
increase to 15. This assumes a direct, as opposed to a re-
cursive, approach to multi-step forecasting, which is con-
sistent with using a temporal hierarchy in the first place.

3.2. Relation to generalized least squares

Hyndman et al. (2011) and Athanasopoulos et al. (2017)
formulated the structural and temporal reconciliation
problems, respectively, as a linear regression model. The
reconciled forecasts can be found as the generalized least-
quares estimate:

minimize
(
ŷ − ỹ

)T
Σ−1

(
ŷ − ỹ

)
subject to ỹ = SGỹ,

(4)

here ỹ ∈ Rn is the variable and the parameter Σ ∈ Rn×n
++

s the covariance matrix for the coherency errors ε =

ˆ − ỹ, which are assumed to be multivariate Gaussian and
nbiased, i.e., have zero mean. The reconciled forecasts
re optimal in that the base forecasts are adjusted by the
east amount (in the sense of least squares) so that these
ecome coherent (Nystrup, Lindström et al., 2020).
In formulation (4), the inverse covariance matrix Σ−1

s used to scale deviations from the base forecasts. It is
ore expensive to adjust base forecasts with a higher pre-
ision, which leads to the lowest error on average (Pana-
iotelis et al., 2021). Hyndman et al. (2011) and Van Erven
nd Cugliari (2015) argued for selecting uniform weights
o increase the importance of forecasting the aggregate.
he unweighted case Σ = I corresponds to ordinary least-
quares estimation. Unweighted implies that each aggre-
ation level is assigned the same total weight. However,
ue to the different scales of the various levels, this means
hat OLS emphasizes the highest aggregation levels.

If Σ were known, the solution to (4) would be given
y the GLS estimator

˜ = S
(
STΣ−1S

)−1
STΣ−1ŷ. (5)

Hyndman et al. (2016) showed how the computations
that are required to evaluate (5) can be handled effi-
ciently by exploiting the sparse structure of the sum-
mation matrix. Wickramasuriya et al. (2019) derived an
alternative representation that is less demanding in terms
of computation.

3.3. Optimal covariance-matrix estimator for forecast recon-
ciliation

Wickramasuriya et al. (2019) showed that, in general,
Σ is not known and is not identifiable. Assuming that
1130
the base forecasts are unbiased, they showed that the
variance of the reconciled forecast errors ẽ = y− ỹ is given
by

var
[
y − ỹ

]
= SPBPT ST , (6)

where B = var
[
y − ŷ

]
is the covariance matrix of the base

orecast errors ê = y−ŷ, for any P such that SPS = S, i.e., SP
is a projection matrix (Panagiotelis et al., 2021).

Wickramasuriya et al. (2019) showed that the optimal
reconciliation matrix that minimizes the sum of the vari-
ances of the reconciled forecast errors tr

[
SPBPT ST

]
, such

that SPS = S, is given by

P =
(
STB−1S

)−1
STB−1. (7)

This is the GLS estimator (5) with a different covariance
matrix. Hence, they provided theoretical justification for
using the covariance matrix for the base forecast errors
as a proxy for the unidentifiable covariance matrix for the
coherency errors. Although it does not suffer from a lack
of identifiability, it can still be challenging to estimate.
Essentially, optimal forecast reconciliation boils down to
finding a good estimator of the covariance matrix of the
base forecast errors.

4. Dimensionality reduction using spectral decomposi-
tion

Nystrup, Lindström et al. (2020) extended the ideas
of Wickramasuriya et al. (2019) to a temporal hierar-
chy by proposing four different estimators of the cross-
covariance matrix based on the in-sample base forecast
errors. As the purpose of temporal aggregation is to
exploit important information about a time series at dif-
ferent frequencies, potential information in the correla-
tion structure of the forecast errors should be useful for
improving the accuracy of the reconciled forecasts.

Their first estimator was based on estimating the au-
tocovariance matrix within each aggregation level, while
ignoring correlations between aggregation levels. Their
second estimator assumed that forecast errors could be
approximated by a stationary first-order Markov process,
leading to a Toeplitz structure within each aggregation
level. Their third proposal was to estimate a sparse repre-
sentation of the inverse cross-correlation matrix using the
graphical least absolute shrinkage and selection operator
(GLASSO). Their fourth proposal was to consider a Stein-
type shrinkage estimator of the sample cross-correlation
matrix.

The first three estimators assume independence, spar-
sity, or a specific model for the forecast errors. The spec-
tral scaling approach suggested in this article is different
in that it is a data-driven, model-free approach that does
not assume a specific structure in the cross-correlation
matrix for the base forecast errors. Imposing structure re-
duces the variance of the result; however, if the assumed
structure is misspecified, the estimator can be arbitrarily
bad. Below, we outline our proposal for reducing the
dimension of the temporal correlation matrix, and we
account for its connection with the shrinkage estimator
proposed by Nystrup, Lindström et al. (2020).
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4.1. Eigendecomposition

We consider the cross-correlation rather than the
ross-covariance matrix to avoid problems with hetero-
cedasticity. In most cases, forecast errors from different
emporal aggregation levels have very different variances.
oing the eigendecomposition of the cross-covariance
atrix would cause the eigenvectors corresponding to

he largest eigenvalues to align with the errors from the
ighest aggregation levels in order to retain as much
ariance as possible.
Correlations between base forecast errors from the

arious aggregation levels can be readily estimated using
he standard formula for empirical correlation. The ij-th
element of the empirical cross-correlation matrix R is

rij =

∑T
t=1

(
êt,i − ¯̂ei

)(
êt,j − ¯̂ej

)
√∑T

t=1

(
êt,i − ¯̂ei

)2
√∑T

t=1

(
êt,j − ¯̂ej

)2
,

∀i, j ∈ 1, . . . , n. (8)

Even though base forecast errors from different aggrega-
tion levels are measured at different frequencies, for each
time period t (one hour for the hierarchy in Fig. 1) we
have one observation of each base forecast error that can
be used to estimate the cross-correlation matrix.

We propose to use spectral decomposition to extract
the most important structure from the cross-correlation
matrix of the base forecast errors. This is done through
an eigendecomposition of the empirical cross-correlation
matrix

R = VΛV T , (9)

where V is an orthogonal n×n matrix whose columns are
he eigenvectors of R in order of decreasing eigenvalue,
nd Λ is the diagonal matrix whose elements are the
orresponding eigenvalues, Λii = λi ≥ 0. This is the same
decomposition that is the core of principal component
analysis (Tipping & Bishop, 1999). The ith eigenvalue is
equal to the variance explained by the ith eigenvector,
with tr(R) = tr(Λ) = n.

4.2. Linear shrinkage

Nystrup, Lindström et al. (2020) considered a linear
shrinkage estimator of the sample cross-correlation ma-
trix:

Rshrink = (1 − ν) R + νIn, (10)

where 0 ≤ ν ≤ 1 is a regularization parameter that
controls the degree of shrinkage toward the identity ma-
trix. The shrinkage estimate is always positive definite
and well conditioned when ν > 0. The shrinkage es-
timator shrinks all cross-correlations uniformly toward
zero. In the Appendix, we show that this is equiva-
lent to constraining the size of the adjustments made to
the bottom-level base forecasts, as in generalized ridge
regression.

Ledoit and Wolf (2003) showed that the value of the
shrinkage parameter that minimizes the mean squared
1131
difference between the shrinkage estimator and the true
correlation matrix is

ν =

∑
i̸=j var

[
rij

]∑
i̸=j r

2
ij

, (11)

here rij is the ij-th element of the empirical cross-
correlation matrix R. The optimal value of the shrinkage
parameter decreases with the variance of the empirical
cross-correlation estimate, which is readily calculated
from the standardized base forecast errors. Therefore,
with increasing sample size, the influence of the shrink-
age target In diminishes, as it is assigned less weight.
Furthermore, the optimal value of the shrinkage param-
eter decreases as the size of the correlations increases
to protect the shrinkage estimate against a misspecified
target.

The linear shrinkage estimator of the cross-correlation
matrix (10) is equal to1

Rshrink = VΛshrinkV T , (12)

where Λshrink is the diagonal matrix whose elements are
the corresponding shrunken eigenvalues λshrink

i = (1 − ν)
λi + ν > 0, which are always positive when ν > 0. This
means that shrinking the elements of R to the target In
with intensity ν is equivalent to keeping the eigenvectors
of R and shrinking its eigenvalues to the target (i.e., one)
with the same intensity ν.

As shown by Ledoit and Wolf (2004), sample eigenval-
ues are more dispersed around their true mean than true
ones, and the excess dispersion is equal to the error in
the sample correlation matrix. Excess dispersion implies
that the largest sample eigenvalues are biased upward
and the smallest ones downward. Therefore, we can im-
prove upon the sample correlation matrix by shrinking
its eigenvalues toward one, while retaining the sample
eigenvectors. This can be extended by applying individ-
ual shrinkage intensities to each of the eigenvalues, as
proposed by Ledoit and Wolf (2012).

4.3. Spectral scaling

Based on the eigendecomposition of the cross-
correlation matrix of the base forecast errors (9), we
propose to reconstruct its inverse (i.e., a filtered precision
matrix) using the neig first eigenvectors, assuming λi = σ 2

for i = neig + 1, . . . , n:

Qspectral =
(
WAW T

+ σ 2In
)−1

, (13)

where W is an n × neig matrix whose columns are the
eig first eigenvectors (i.e., the first neig columns of V ), and
= diag(λshrink

1 − σ 2, . . . , λshrink
neig − σ 2) is the diagonal

atrix whose elements are the corresponding neig largest
hrunken eigenvalues subtracted σ 2. The noise variance
2 is the average of the n− neig smallest shrunken eigen-
alues. By selecting neig < n we keep only the parts of
that contain the most information, without imposing

dditional structure on the estimation problem.

1 Rshrink = VΛshrinkV T
= V ((1 − ν) Λ + νIn) V T

= (1 − ν) VΛV T
+

νVI V T
= 1 − ν R + νI .
n ( ) n
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Note that even without shrinkage, the spectral esti-
ate (13) corrects the smallest eigenvalues by replac-

ng them with the average value σ 2 (Tipping & Bishop,
1999). However, without shrinkage the largest eigenval-
ues would remain biased, which is highly undesirable
given that the spectral estimate emphasizes these.

Based on the filtered precision matrix (13), we propose
a new estimator, which we refer to as spectral scaling:

Σ−1
spectral = D−1/2

hvar QspectralD
−1/2
hvar . (14)

Here, Dhvar is a diagonal matrix whose elements are the
variances of the base forecast errors. Note that we could
introduce a structural, series, and hierarchy version of
spectral scaling by substituting Dstruc or Dsvar for Dhvar,
as defined by Athanasopoulos et al. (2017); but we find
that using the hierarchy variances always leads to the best
result.

Selecting the number of eigenvectors neig to use for the
compression is somewhat equivalent to selecting the reg-
ularization parameter ν for GLASSO and shrinkage scaling.
When neig = n, it is equivalent to scaling by the shrinkage
estimate of the sample cross-covariance matrix. We use
the value of the shrinkage intensity parameter given by
(11).

Dimensionality reduction. The number of parameters in a
correlation matrix of dimension n is n(n−1)

2 . In the spec-
tral domain, the parameters to be estimated are the neig
eigenvectors that each have n elements and the neig eigen-
values. Orthogonality imposes neig(neig +1)/2 constraints,
namely neig normalization constraints on the eigenvectors
and neig(neig − 1)/2 orthogonality constraints, one for
each pair of eigenvectors. That leaves neign − neig(neig −

1)/2 parameters. Thus, when neig ≪ n the number
of parameters is approximately reduced by a factor of

n(n−1)
2neign−neig(neig−1) ≈

n
2neig

. For example, retaining neig = 15
igenvectors reduces the number of parameters by a fac-
or of two, whereas keeping neig = 5 eigenvectors leads to
reduction in the number of parameters by a factor of six
hen n = 60. In summary, through eigendecomposition

t is possible to greatly reduce the number of parameters
hat need to be estimated.

omplexity. Finding the neig largest eigenvalues and
igenvectors using an iterative procedure has complexity
(neign2). The inverse (13) can be computed efficiently
sing the matrix inversion lemma. Thereby we only need
o invert an neig × neig matrix rather than a full n × n
atrix with complexity O(n3). The speedup can be sub-
tantial when n is much larger than neig. The GLASSO
stimator also estimates the precision matrix directly; but
olving the GLASSO optimization problem with complex-
ty O(n3) per iteration is significantly more demanding
omputationally, as the number of iterations needed to
onverge to an accurate solution can be very large. Hence,
he spectral estimator is at a computational advantage
ompared to both the GLASSO and shrinkage estima-
ors. Moreover, we note that the eigendecomposition can
e updated efficiently in an incremental fashion, which
akes the spectral estimator advantageous for online
pplications (Zhao et al., 2006).
1132
Comparison. Similar to the GLASSO and shrinkage estima-
tors, the spectral estimator allows for information sharing
between aggregation levels by accounting for correlations
between forecast errors from different aggregation levels.
Furthermore, it overcomes the problem of inverting a po-
tentially singular estimate of the cross-covariance matrix
while being robust to noise and high dimensionality, due
to the inherent dimensionality reduction. The potential
for dimensionality reduction is the most significant ad-
vantage of the spectral estimator, because this makes it
feasible to consider hierarchies of much larger dimen-
sion. Whereas the GLASSO estimator tries to achieve spar-
sity in the partial cross-correlation structure, the goal
of spectral decomposition is to achieve dimensionality
reduction. Compared to shrinkage scaling, the spectral es-
timator has the advantage that by estimating the inverse
directly it avoids inverting the potentially large cross-
correlation matrix. Where the shrinkage estimator (10)
shrinks all cross-correlations uniformly toward zero, the
spectral estimator (13) attempts to separate information
from noise.

Number of eigenvectors. The main disadvantage of spec-
tral scaling is the need to select a number of eigenvectors.
Several criteria have been proposed in the literature for
selecting the number of eigenvectors based on informa-
tion theoretic criteria (Wax & Kailath, 1985), Bayesian
model selection (Minka, 2001), hypothesis testing, and
random matrix theory (Bun et al., 2017). When the num-
ber of observations available is less than what is re-
quired to estimate the full cross-covariance matrix, it
might be desirable to simply choose the maximum num-
ber of eigenvectors that can be estimated to extract as
much information as possible. In Sections 6 and 5.5 we
report the results from applying spectral scaling with dif-
ferent numbers of eigenvectors to gain an understanding
of its impact on the reconciliation result.

5. Load forecasting

Automated short-term load forecasting is needed to
support transactions in electricity markets and for effi-
cient operation of power systems (Fan & Hyndman, 2012;
Hahn et al., 2009). For day-ahead prediction, a model
based on weather forecasts is typically used. Weather
forecasts are less important for shorter horizons, as
weather variables tend to change relatively smoothly over
short intervals of time. Moreover, weather forecasts are
sometimes not available or only available with a delay.
This prompts consideration of modeling approaches that
use only historical load data (Nystrup, Lindström et al.,
2020; Taylor, 2010, 2012).

In short-term load forecasting, seasonal Holt–Winters
exponential smoothing is a common choice for modeling
seasonality (Gould et al., 2008; Livera et al., 2011; Taylor,
2003, 2010, 2012). Holt–Winters exponential smoothing
was extended by Taylor (2003) to accommodate intraday
and intraweek cycles in intraday data. It is well suited for
electricity-demand forecasting, as demand has both daily
and weekly seasonalities. We do not consider more com-
plicated, state-of-the-art load forecasting models (Hong
et al., 2019), because the focus of this article is on the new
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Fig. 2. Map showing the Nord Pool region. Norway currently has five
lectricity price areas. Sweden is divided into four price areas. Den-
ark is divided into western and eastern Denmark. Finland, Estonia,
ithuania, and Latvia are undivided.

ethod for dimensionality reduction when reconciling
orecasts. In Section 8, we discuss the importance of the
ccuracy of the base forecasts.
Letting p1 and p2 denote the periods of the two sea-

ons, the additive double-seasonal exponential smoothing
ethod from Taylor (2012) can be written on state-space

rom:

yt = lt−1 + s(1)t−p1 + s(2)t−p2 + φet−1 + εt , (15a)

et = yt −

(
lt−1 + s(1)t−p1 + s(2)t−p2

)
, (15b)

lt = lt−1 + αet , (15c)

s(1)t = s(1)t−p1 + γ1et , (15d)

s(2)t = s(2)t−p2 + γ2et , (15e)

where εt ∼ N
(
0, σ 2

)
and σ 2 is a constant variance; yt

is the load; lt and s(1)t are the state variables for the level
and intraday cycle, respectively; s(2)t is the state variable
for the intraweek cycle remaining after s(1)t is removed;
α, γ1, and γ2 are smoothing parameters; and the term
involving φ is an autoregressive adjustment for first-order
residual autocorrelation, which Taylor (2010) found to
greatly improve forecast accuracy. The method assumes
the same intraday cycle for all days of the week and does
not include a trend component, as short-term electricity
demand mostly does not have a trend.

5.1. Data

We consider hourly load data for 2018 and 2019 from
Nord Pool.2 Nord Pool Spot is the power market for Nor-
way (NO), Sweden (SE), Finland (FI), Denmark (DK), Es-
tonia (EE), Latvia (LV), and Lithuania (LT). The day-ahead
market is an auction, where power is traded for delivery

2 https://www.nordpoolgroup.com/historical-market-data/.
 i
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each hour of the next day. The Nord Pool markets are
divided into several bidding areas, as shown in Fig. 2. We
consider the load in GWh in each of the seven countries in
the Nord Pool area. We use data from 2018 for in-sample
training, with the first two weeks used for initialization,
and data from 2019 for out-of-sample testing.

Fig. 3 shows the autocorrelation functions (ACFs) for
three different aggregation levels of the load data for
Norway, Sweden, and Finland in 2018. The load data
is strongly autocorrelated across all aggregation levels.
In Fig. 3(a), the ACFs for the daily load reveal a clear
weekly pattern, which is much stronger in Sweden than
in Norway. In Fig. 3(b), the ACFs for the six-hourly load
display both daily and weekly variation. Once again, the
magnitude of the seasonal variation differs by country,
being significantly more pronounced in Sweden than in
Norway. The daily and weekly cycles are also evident from
Fig. 3(c), although the weekly cycle is less pronounced at
the hourly level.

5.2. Base forecasts

Wemodel the entire temporal hierarchy from the daily
level at the top to the hourly level at the bottom. With
aggregation levels k = 24, 12, 8, 6, 4, 3, 2, 1, the total
dimension of the hierarchy is 60.

Base forecasts at the daily level are generated based
on exponential smoothing with a weekly seasonality us-
ing the automatic forecasting procedure implemented
by Hyndman and Khandakar (2008). If multiple years
of data were available for estimation, the models could
be extended to accommodate yearly seasonality. Fore-
casts at all other levels are generated using the addi-
tive double-seasonal exponential smoothing method from
Taylor (2012). All model parameters are fitted by mini-
mizing the mean squared error of the in-sample one-step-
ahead forecasts using the data from 2018.

We focus on squared errors to be consistent with the
objective function in (4). Table 1 shows the root mean
squared error

RMSE =

√ 1
T

T∑
t=1

1
m/k

m/k∑
h=1

(
yt,h − ŷt,h

)2 (16)

and the root mean squared percentage error

RMSPE = 100

√ 1
T

T∑
t=1

1
m/k

m/k∑
h=1

(
yt,h − ŷt,h

yt,h

)2

, (17)

here m/k is the sampling frequency per day, for base
orecasts of one-day-ahead power consumption in each
ountry at the different aggregation levels.
At the daily level, this corresponds to one-step-ahead

orecasts, whereas at the hourly level, it corresponds to
4-steps-ahead forecasts, once per day at the end of each
ay. For example, at the hourly level the RMSE is the
quare root of the average mean squared error across the
4 steps each day across all days in the sample.
The RMSE is much larger for Norway and Sweden

ompared to the other countries, because consumption
s larger. The RMSPE is better suited for comparing the

https://www.nordpoolgroup.com/historical-market-data/
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Fig. 3. Autocorrelation functions for three aggregation levels of load data for Norway, Sweden, and Finland in 2018.
orecast accuracy for the different countries, since it has
he advantage of being scale-independent. The RMSPE is
asier to interpret than scaled errors, but can only be
pplied to time series that are strictly positive. The RMSPE
s higher in Sweden and Denmark compared with the
ther countries at most levels.
The load forecasts for Norway and Finland are the

ore accurate, relatively speaking, compared with the
ther countries. This is true both in and out of sample. The
MSPE for Norway and Finland is relatively similar across
1134
the different aggregation levels, whereas it increases sig-

nificantly, for example in Latvia, when going from the

daily to the hourly level. We emphasize that this does not

mean that the one-day-ahead forecasts based on hourly

data are worse than those based on daily data, as evident

from the tables below. The RMSPE generally increases

when moving down the hierarchy from the daily level

toward the hourly level, with a few exceptions.
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Table 1
In- and out-of-sample RMSE and RMSPE for base forecasts of one-day-ahead power consumption for the countries in
the Nord Pool area at different aggregation levels.

In sample (2018) Out of sample (2019)

NO SE FI DK EE LV LT NO SE FI DK EE LV LT

Daily
RMSE 10.1 13.0 5.84 2.88 0.69 0.56 0.98 10.7 13.9 7.18 2.94 0.82 0.67 1.08
RMSPE 2.56 3.27 2.37 3.26 2.97 2.85 3.08 2.84 3.62 2.99 3.34 3.73 3.66 3.41

Twelve-hourly
RMSE 5.48 7.17 2.98 1.60 0.37 0.32 0.52 5.28 6.88 3.42 1.46 0.41 0.33 0.53
RMSPE 2.72 3.53 2.40 3.54 3.15 3.19 3.25 2.81 3.59 2.83 3.29 3.66 3.60 3.37

Eight-hourly
RMSE 3.52 4.77 1.96 1.14 0.26 0.22 0.37 3.44 4.59 2.25 1.04 0.28 0.25 0.38
RMSPE 2.63 3.56 2.38 3.70 3.23 3.30 3.35 2.75 3.57 2.79 3.43 3.76 3.84 3.48

Six-hourly
RMSE 2.61 3.59 1.47 0.89 0.20 0.18 0.29 2.58 3.53 1.69 0.83 0.22 0.20 0.30
RMSPE 2.61 3.59 2.38 3.81 3.37 3.44 3.49 2.73 3.65 2.80 3.59 3.87 4.05 3.66

Four-hourly
RMSE 1.71 2.40 0.99 0.61 0.14 0.12 0.20 1.66 2.38 1.13 0.56 0.15 0.13 0.21
RMSPE 2.57 3.63 2.42 3.92 3.53 3.58 3.65 2.66 3.75 2.83 3.64 3.95 4.21 3.80

Three-hourly
RMSE 1.31 1.82 0.75 0.46 0.11 0.09 0.16 1.27 1.85 0.85 0.43 0.11 0.11 0.16
RMSPE 2.62 3.68 2.45 3.98 3.64 3.70 3.77 2.71 3.88 2.85 3.74 4.06 4.49 3.96

Two-hourly
RMSE 0.88 1.23 0.51 0.31 0.08 0.06 0.11 0.84 1.22 0.57 0.29 0.08 0.07 0.11
RMSPE 2.68 3.72 2.51 4.04 3.80 3.79 3.87 2.72 3.85 2.85 3.81 4.11 4.73 4.03

Hourly
RMSE 0.46 0.62 0.28 0.16 0.04 0.04 0.05 0.42 0.60 0.28 0.15 0.04 0.04 0.05
RMSPE 2.81 3.76 2.72 4.16 3.84 4.20 3.90 2.75 3.76 2.84 3.84 4.17 5.41 3.98
Fig. 4. Correlations between hourly base forecast errors for Norway in 2018. (a) Correlation between the one-step-ahead and h-steps-ahead and
etween the 24-steps-ahead and (25 − h)-steps-ahead hourly base forecast errors. (b) Correlation heat map for hourly base forecast errors.
.3. Residual autocorrelation

Fig. 4 shows the correlations between the hourly base
orecast errors for Norway in 2018. When forecasting 24
teps ahead using double-seasonal exponential smooth-
ng (15), the forecast errors are strongly correlated. The
orrelation between forecast errors is stronger the further
ut in time that the forecasts are made; for example, the
orrelation between the errors for the 23rd step and the
4th step are stronger than the correlation between the
rrors for the one-step-ahead and the two-steps-ahead
orecasts, as evidenced by Fig. 4(a).

It is important to emphasize that the strong correla-
ions in Fig. 4 are not a sign that the model is misspecified.
1135
On the contrary, when simulating data from the double-
seasonal exponential smoothing model (15) using the pa-
rameters that were estimated for Norway and forecasting
multiple steps ahead using the same parameter values,
the correlations are even stronger and more persistent as
a function of the number of steps ahead that the forecasts
are made. It is indeed well known that, even for a cor-
rectly specified autoregressive model, multi-step forecast
errors are autocorrelated. In other words, autocorrelation
in temporal hierarchies arises even when forecasts are
made using the true model.
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Fig. 5. Cross-correlation and precision matrix of the in-sample base forecast errors for Norway.
.4. In-sample cross-correlation and precision matrix

Fig. 5 shows the cross-correlation and precision matrix
f the in-sample base forecast errors for Norway. It is
1136
evident that there is a structure in the cross-correlation
matrix with the strongest correlations occurring between
base forecasts that are directly linked through the sum-
mation matrix. For example, the errors of the first three
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Fig. 6. Reconstructed cross-correlation and precision matrix of the in-sample base forecast errors for Norway based on the first 15 eigenvectors.
hourly base forecasts are strongly correlated with the
error of the first three-hour base forecast. The same plot
for the other countries looks fairly similar.
1137
Despite the clear structure in the cross-correlation
matrix, there is limited structure in the estimated pre-
cision matrix. Intuitively, the precision matrix should
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display the same ‘‘traces’’ as the cross-correlation matrix,
clearly showing which errors are directly linked through
the summation matrix. Presumably, conditional correla-
tions for base forecast errors that are not directly linked
through the structure of the hierarchy should be close to
zero, which would make the structure even more evident.
The missing structure suggests that the precision matrix
is poorly estimated, despite being based on a full year of
data.

5.4.1. Reconstruction
Fig. 6 shows the reconstructed cross-correlation and

recision matrix of the in-sample base forecast errors for
orway based on the first 15 eigenvectors. The cross-
orrelation matrix shows the same structure as in Fig. 5,
lthough the lines are a bit more blurry. The blurriness is
he result of the reconstruction error from using only a
ubset of the eigenvectors and could easily be reduced by
ncluding more eigenvectors.

The reconstructed precision matrix, on the other hand,
as a much clearer structure compared with Fig. 5. From
he reconstructed precision matrix in Fig. 6 it is easy to
dentify which base forecasts errors are directly linked
hrough the structure of the hierarchy. Moreover, it is
vident that the conditional correlations are strongest
etween base forecasts from adjacent levels of the hierar-
hy. The conditional correlations get progressively weaker
s the distance to the main diagonal increases. Similar to
he spectral estimator, the shrinkage and GLASSO estima-
ors also enhance the structure of the estimated precision
atrix.

.4.2. Variance explained
Fig. 7 shows the cumulative percentage of variance

n the cross-correlation structure of the in-sample base
orecast errors for Norway that can be captured as a
unction of the number of eigenvectors retained. As noted
y Ledoit and Wolf (2015), since the estimates of the
argest eigenvalues are biased upward, the variance that
an be explained by the corresponding eigenvectors is
lso overestimated. The solution is to consider the
hrunken eigenvalues instead of the sample eigenvalues.
Using just the first five eigenvectors, 91% of the total

ariance in the cross-correlation structure can be ex-
lained, according to the shrunken eigenvalues. With
5 eigenvectors, 97% of the variance can be explained,
nd with 30 eigenvectors, 99% of the variance can be
xplained. Evidently it is possible to obtain significant
imensionality reduction using spectral decomposition
hile maintaining high explanatory power. In the follow-

ng sections we report the results from applying spectral
caling with different numbers of eigenvectors to gain an
nderstanding of its impact on the reconciliation result.

.5. Empirical results

Similar to Athanasopoulos et al. (2017) and Nystrup,
indström et al. (2020), we follow the recommendation
f Hyndman and Koehler (2006) by considering the per-
entage relative improvement in average loss (PRIAL),
efined as

RIAL = 100 ×

(
1 −

RMSE
base

)
, (18)
RMSE
1138
Fig. 7. Cumulative percentage of variance explained as a function of
the number of eigenvectors.

when comparing the accuracy of reconciled and base fore-
casts. A positive entry shows a percentage decrease in
RMSE relative to the base forecast, i.e., improved accuracy.
By definition, the PRIAL of base forecasts is zero.

Table 2 summarizes the PRIAL of reconciled over base
forecasts for each country in and out of sample. The in-
and out-of-sample results are very similar, with the ex-
ception of scaling by the sample cross-covariance matrix.
The largest improvements in accuracy are achieved for
Norway and the three Baltic countries.

Table 3 summarizes the out-of-sample PRIAL of rec-
onciled over base forecasts for each aggregation level
and across aggregation levels. The daily forecasts improve
the most, while the smallest improvements occur at the
hourly level.

Bottom up. The bottom-up approach, where forecasts
made at the hourly level are aggregated to all other levels,
in general, is not very successful, though it does lead to
large improvements of the daily forecasts out of sample.

Identity scaling. The OLS approach, where all levels are
given the same weight to increase the importance of
forecasting the aggregate, on average, does not improve
the base forecasts out of sample.

Structural scaling. Structural scaling, where the variance
is assumed to be proportional to the number of forecast
errors contributing to each aggregation level, leads to
slightly better results than identity scaling.

Variance scaling. Scaling by the pooled multi-step-ahead
variance estimated at each aggregation level of the series
in most cases yields slightly better results than structural
scaling. The results for hierarchy variance scaling—i.e.,
scaling by the non-pooled variances at each aggregation
level of the hierarchy—are almost identical.

Markov and autocovariance scaling. The Markov and auto-
covariance scaling estimators proposed by Nystrup, Lind-
ström et al. (2020) both ignore correlations between
aggregation levels. The results when using Markov or
autocovariance scaling are similar to when using struc-
tural and variance scaling but with less variation from
in sample to out of sample, suggesting that there is little

benefit to accounting explicitly for autocorrelation.
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Table 2
In- and out-of-sample PRIAL between reconciled and base forecasts of one-day-ahead power consumption in each
country across the aggregation levels.

In sample (2018) Out of sample (2019)

NO SE FI DK EE LV LT NO SE FI DK EE LV LT

Bottom up 3 3 −3 −2 −3 −11 −3 10 7 8 3 3 −16 2
Identity −1 1 1 3 5 5 5 −5 −1 −3 0 0 4 2
Structural 3 3 5 2 4 4 3 3 3 3 2 4 3 3
Series variance 5 5 5 1 3 2 1 8 5 7 3 5 −1 3
Hierarchy variance 5 5 5 1 3 3 2 8 6 7 3 5 −1 3
Markov 4 4 5 2 5 5 4 5 4 4 2 4 5 4
Autocovariance 4 4 5 2 5 5 5 5 4 4 2 4 5 4
GLASSO 15 14 6 8 13 17 14 11 6 5 2 12 13 17
Shrinkage 18 15 12 8 16 17 16 16 8 8 3 11 14 15
Spectral 5 −3 7 7 −1 4 3 7 −5 −2 4 −9 2 5 5
Spectral 15 16 15 12 8 16 18 16 13 7 8 3 11 14 16
Spectral 30 18 16 12 8 16 17 16 16 8 8 3 11 14 15
Cross-covariance 26 23 20 17 24 24 25 12 4 10 5 11 15 16
GLASSO scaling. We implement the hierarchy GLASSO es-
timator proposed by Nystrup, Lindström et al. (2020) by
doing a grid search over the values ν = 0, 10−5, 10−4,

. . . , 0.01, 0.02 of the regularization parameter that con-
trols the degree of sparsity, and comparing the average in-
sample value of the Bayesian information criterion (Yuan
& Lin, 2007). We find that the optimal value is ν = 0.01.
GLASSO scaling, on average, yields a 9% improvement in
out-of-sample RMSE, which is a substantial improvement
over the simpler approaches.

Shrinkage scaling. We use the value of the regulariza-
tion parameter given by (11) rather than the fixed value
ν = 0.05 that Nystrup, Lindström et al. (2020) used.
The results of shrinkage scaling are slightly better than
those using GLASSO scaling. The improvement that can
be obtained using either GLASSO or shrinkage scaling
compared with the simpler estimators shows the value
of capturing dependencies between forecast errors from
different aggregation levels.

Spectral scaling. The results for spectral scaling are shown
for different numbers of eigenvectors to gain an under-
standing of its impact on the reconciliation result. With
five eigenvectors, the result is worse than GLASSO and
shrinkage scaling. With 15 or 30 eigenvectors, the re-
sults are similar to shrinkage scaling. With a whole year
of hourly observations available for estimation, there is
more information than can be extracted using just five
eigenvectors. On the other hand, the improvement when
going from 15 to 30 eigenvectors is small compared with
the increase in dimension. With 15 eigenvectors and less
than half of the parameters, it is possible to obtain the
same, state-of-the-art accuracy out of sample using spec-
tral scaling as using cross-covariance scaling.

Cross-covariance scaling. Scaling by the full cross-
covariance matrix is the best performing approach in all
countries in sample, but slightly worse than shrinkage and
spectral scaling out of sample. The greatest improvements
in RMSE out of sample are at the daily level, where they
range from 11% to 31%. The PRIAL is 10% out of sample,
with the greatest improvements occurring in the three
Baltic countries. Cross-covariance scaling is only able to

contend with the regularized estimators because of the

1139
large number of observations available. In the simulation
study in Section 6, we compare the estimators when
different sample lengths are available for estimation.

5.6. TSO forecasts

To study the impact of the temporal correlation struc-
ture on the reconciliation results, we repeat the empirical
study, only this time we replace our hourly base forecasts
with the hourly consumption prognosis for each country
that is available from the Nord Pool website. The hourly
forecasts for the next day are made by the different na-
tional transmission system operators (TSOs) at different
times during the day. In some countries the forecasts are
made already before noon the day before, while in other
countries the forecasts are updated up until a few hours
before midnight the day before.

Fig. 8 shows the cross-correlation matrix of the in-
sample base forecast errors for Norway when the hourly
forecasts are replaced by the consumption prognosis from
the Nord Pool website. It is evident that the TSO forecasts
are very different from our forecasts, with correlations
between the base forecast errors at the hourly level and
all other levels being significantly weaker compared with
Fig. 5. The TSO forecasts are undoubtedly based on a dif-
ferent model and additional information, such as weather
data.

Table 4 summarizes the PRIAL of reconciled over base
forecasts for each country in and out of sample when the
TSO forecasts are included. The accuracy gains through
reconciliation are significantly larger compared with
Table 2. Once again the in- and out-of-sample results are
very similar, with the exception of scaling by the sam-
ple cross-covariance matrix. The largest improvements in
accuracy are achieved for Denmark and the smallest for
Estonia.

In all cases, the TSO forecasts are based on slightly
older load information than our base forecasts. Therefore,
the TSO forecasts do not improve upon our forecasts for
all countries, as evidenced by the results of bottom-up
reconciliation. In fact, in several of the countries, ag-
gregation of the hourly TSO forecasts leads to a signif-
icantly higher RMSE compared with our base forecasts.

This means that the significant accuracy improvements
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Table 3
Average out-of-sample PRIAL of reconciled over base forecasts of one-day-ahead power consumption
in the Nord Pool countries for each aggregation level. The last column shows the average across the
aggregation levels.

Out of sample (2019)

24 12 8 6 4 3 2 1 Average

Bottom up 12 4 1 1 −1 1 1 0 2
Identity 9 2 −1 −2 −3 −2 −2 −3 0
Structural 13 6 2 2 0 1 1 0 3
Series variance 14 7 3 3 1 3 2 1 4
Hierarchy variance 14 7 4 3 1 3 2 2 4
Markov 14 6 3 3 1 2 2 1 4
Autocovariance 14 6 3 3 1 2 2 1 4
GLASSO 19 12 9 8 6 8 7 6 9
Shrinkage 21 13 10 10 8 9 8 8 11
Spectral 5 10 2 −2 −1 −4 −2 −2 −3 0
Spectral 15 20 13 10 9 7 8 8 7 10
Spectral 30 21 13 10 10 8 9 9 8 11
Cross-covariance 21 13 10 9 7 9 8 7 10
Fig. 8. Cross-correlation matrix of the in-sample base forecast errors for Norway when the hourly forecasts are replaced by the TSO consumption
rognosis.
ompared with Table 2 are not caused by the TSO fore-
asts being more accurate than our hourly base forecast.
ather, the improvements are driven by the weaker cor-
elations in Fig. 8 combined with a greater need for rec-
nciliation, because the forecasts are based on different
nformation and different models.

Table 5 summarizes the out-of-sample PRIAL of rec-
nciled over base forecasts for each aggregation level
nd across aggregation levels. The daily forecasts improve
he most, while the smallest improvements are at the
ourly level, but even the given TSO forecasts can be
mproved by up to 29%. Presumably, if the TSO forecasts
1140
had not been based on older load information than our
base forecasts, they would have been harder to improve.
In practical applications, however, information such as
weather forecasts is typically only available with a two- to
four-hour delay. It is also not uncommon that aggregate
data is available sooner than disaggregate data.

With the additional information embedded in the tem-
poral correlation structure when the TSO forecasts are in-
cluded, the differences between the estimation approaches
are bigger. The Markov and autocovariance estimators
still do not improve the results compared to variance
scaling. Meanwhile, the GLASSO, shrinkage, and spectral
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Table 4
In- and out-of-sample PRIAL of reconciled over base forecasts of one-day-ahead power consumption in each country
across the aggregation levels when TSO forecasts are included.

In sample (2018) Out of sample (2019)

NO SE FI DK EE LV LT NO SE FI DK EE LV LT

Bottom up −7 17 −32 66 −69 10 −149 3 29 −4 66 −108 23 −47
Identity 1 0 4 −17 9 5 12 −3 −5 −1 −19 7 1 8
Structural 10 9 13 −6 8 11 11 8 6 11 −4 7 9 14
Series variance 18 26 18 62 3 24 10 16 25 18 63 0 24 11
Hierarchy variance 19 27 19 63 4 32 11 17 26 20 64 1 31 11
Markov 13 16 20 59 9 29 13 11 13 15 60 10 26 10
Autocovariance 15 18 20 60 9 30 26 12 15 17 61 10 25 24
GLASSO 34 36 36 70 16 44 40 28 36 33 69 12 42 41
Shrinkage 34 37 37 70 16 43 34 29 36 34 69 13 41 35
Spectral 5 14 27 27 66 −6 34 28 4 27 24 66 −13 38 29
Spectral 15 33 36 37 69 16 43 34 27 35 33 69 13 41 35
Spectral 30 34 37 37 70 16 43 34 29 36 34 69 13 41 35
Cross-covariance 38 42 40 71 24 46 50 26 30 33 68 12 40 37
Table 5
Average out-of-sample PRIAL of reconciled over base forecasts of one-day-ahead power consumption in
the Nord Pool countries for each aggregation level when TSO forecasts are included. The last column
shows the average across the aggregation levels.

Out of sample (2019)

24 12 8 6 4 3 2 1 Average

Bottom up −1 −7 −8 −6 −8 −6 −6 0 −5
Identity 10 3 0 0 −2 0 0 −23 −2
Structural 18 11 8 8 7 8 8 −11 7
Series variance 32 26 22 22 20 21 21 15 23
Hierarchy variance 34 27 24 24 22 23 22 17 24
Markov 32 25 21 20 18 19 19 11 21
Autocovariance 34 27 23 23 21 22 22 14 23
GLASSO 48 41 38 37 35 36 35 29 37
Shrinkage 47 40 37 37 35 35 34 29 37
Spectral 5 36 29 26 25 23 23 23 19 25
Spectral 15 46 40 37 36 34 34 33 28 36
Spectral 30 47 40 37 37 35 35 34 29 37
Cross-covariance 45 39 36 35 33 34 33 27 35
estimators yield substantial improvements in forecast
accuracy for all countries and across all aggregation levels.

6. Simulation study

To better understand the differences and advantages
f the proposed spectral estimator compared to the es-
imators proposed by Athanasopoulos et al. (2017) and
ystrup, Lindström et al. (2020), we compare their per-
ormance in a simulation study.

.1. Setup

In the simulation study we focus on the load data and
ur base forecasts for Norway, since these are representa-
ive for most of the countries. First, we sample a number
f days from the 2018 data and base forecasts with re-
lacement, to be used for estimation. Subsequently, we
ample 14 days without replacement from the 2019 data
nd base forecasts, to be used for testing. We compare
he performance of the estimators when forecasting one
ay ahead for 14 days using the test data. We repeat this
rocess 1000 times for each training sample length.
1141
6.2. Results

Box plots of the PRIAL of reconciled over base forecasts
across aggregation levels and across the two-week test
period are shown in Fig. 9. Results are not shown for the
GLASSO estimator, since this is considerably more time
consuming to compute. The spectral methods improve
both the median level and variance compared with scal-
ing by the empirical cross-covariance matrix. Meanwhile,
across training sample lengths, the variation in PRIAL of
the methods that estimate a full cross-covariance ma-
trix is much larger than for the methods that impose
a simpler structure on the cross-covariance matrix. Fu-
ture work should explore this tradeoff between median
improvement and variability in greater detail.

Four weeks. Four weeks of training data are not enough to
estimate the full cross-covariance matrix nor the spectral
estimate based on 30 eigenvectors. With only four weeks
of observations, the bottom-up approach leads to the
largest median improvements in RMSE, closely followed
by the diagonal variance and shrinkage estimators. The
results when using the diagonal variance or Markov es-
timators are clearly less dispersed than the results using
the more complex estimators. This is true across the train-

ing sample lengths. The results when using the spectral
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Fig. 9. Box plots of PRIAL of reconciled over base forecasts across aggregation levels and across the two-week test period based on 1000 Monte
Carlo simulations for each training sample length.
estimator based on 15 eigenvectors are similar to those
using shrinkage scaling, and better than those based on
five eigenvectors. This means that when only four weeks
of data are available for estimation, the dimension of the
matrix can be reduced significantly by only retaining the
first 15 eigenvectors, without affecting the results.
1142
One quarter. When 13 weeks of training data are avail-
able for estimation, the largest median improvement is
obtained using the spectral estimator based on 30 eigen-
vectors, closely followed by that based on 15 eigenvectors,
the shrinkage estimator, and the bottom-up approach.
With this much data available, there is a big difference
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Fig. 10. Average intraday volatility periodicity for the S&P 500 index.

between the spectral estimators based on five and 15
eigenvectors. On the other hand, there is almost no differ-
ence between using 15 and 30 eigenvectors. That is, the
dimension of the cross-covariance matrix can still be re-
duced significantly by only retaining the first 15 eigenvec-
tors, without affecting the results. It is also worth noting
that the spectral estimators yield much better results than
scaling by the sample cross-covariance matrix.

One year. One year of training data is equivalent to the
setting in Section 5.5. If the worst-case outcome is more
important than the median improvement, then the Markov
or autocovariance estimator is the best choice. With a full
year of data available, the largest median improvements
are obtained when using the spectral estimator based
on 30 eigenvectors or shrinkage scaling. With this much
training data, there is a difference between the spectral
estimators based on different numbers of eigenvectors.
Both the shrinkage estimator and the spectral estimators
based on 15 and 30 eigenvectors yield much better results
than scaling by the sample cross-covariance matrix. This
is due to the adaptive nature of the shrinkage inten-
sity parameter (11). Even when a full year of training
data is available, the dimension of the cross-covariance
matrix can be reduced significantly by only retaining
the first 15 eigenvectors, without a big deterioration in
accuracy.

7. Forecasting realized variance

In this section, we consider a data set consisting of
five-minute returns for the S&P 500 stock index from
February 19 through July 16, 2019, comprising 7956 ob-
servations. It is widely documented that volatility in fi-
nancial markets varies systematically over the trading day
and that this pattern is highly correlated with the intraday
variation of trading volume and bid–ask spreads (Ander-
sen & Bollerslev, 1997). Fig. 10 shows the mean absolute
five-minute return of the S&P 500 index as a function of
the time of the day. As seen from the figure, the average
realized volatility at the market opening and close is three
to four times the average volatility around lunch.
1143
The open-to-close realized variance is given by the
sum of squared intraday returns. If pτ is the log price of
the index at time τ , then

RVt =
1
nt

nt∑
τ=1

(pτ − pτ−1)
2 , (19)

where nt is the number of observations within day t . It
is common to measure realized variance at multiple time
scales to mitigate microstructure noise (Zhang, 2006).

Reconciling forecasts of realized variance at different
frequencies using a temporal hierarchy is an alternative to
combining them in mixed data sampling (MIDAS) regres-
sions to predict future volatility (Ghysels et al., 2006). We
forecast realized intraday variance at aggregation levels of
5, 10, 15, 30, 65, 130, and 195 min using the standard ad-
ditive Holt–Winters’ seasonal method. The open-to-close
realized variance over the entire 390-minute-long trading
day is forecasted using a so-called high-frequency-based
volatility (HEAVY) model (Shephard & Sheppard, 2010)
specified as

E [RVt+1] = yt+1 = ω + αRVt + βyt , ω, α, β ≥ 0
α + β < 1. (20)

Table 6 summarizes the PRIAL of reconciled over base
forecasts of realized intraday variance of the S&P 500 in-
dex for each aggregation level. Given the limited number
of observations relative to the dimension of the hierarchy,
the realized variance results are entirely in sample. With
aggregation levels k = 78, 39, 26, 13, 6, 3, 2, 1, the
total dimension of the temporal hierarchy being 168, we
do not have nearly enough observations to estimate the
full cross-covariance matrix. Financial volatility is known
to be non-stationary, meaning that even if we had a
longer time series of intraday returns, it is questionable
whether this would be useful for estimating a constant
cross-covariance matrix.

The largest improvements in forecast accuracy occur at
the highest aggregation levels. The reconciled forecasts of
the open-to-close realized variance over the entire 390-
minute-long trading day are up to 4.5% more accurate
than the base forecasts from the HEAVY model, which
is a common benchmark. We also tried using a MIDAS
regression to forecast the open-to-close realized variance,
but the reconciled forecasts are more accurate. In addi-
tion to improved accuracy, neither MIDAS regression nor
HEAVY models offer a way to reconcile forecasts across
multiple aggregation levels. We note that if we had a way
to produce more accurate base forecasts, we could simply
include them in the hierarchy.

Although the improvements in forecast accuracy are
smaller compared with the load forecasting applications,
they are still positive for all aggregation levels. The re-
sults show that there is a benefit to considering both
auto- and cross-correlation information when reconcil-
ing the realized variance forecasts. The largest PRIAL is
obtained using the spectral estimator based on 15 eigen-
vectors. Estimating the inverse cross-correlation matrix
based on 15 eigenvectors reduces the number of param-
eters that need to be estimated by a factor of almost six.
The realized variance application illustrates the potential
of the proposed dimensionality reduction approach in

high-frequency settings.
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Table 6
PRIAL of reconciled over base forecasts of realized intraday variance of the S&P 500 index for each
aggregation level. The last column shows the average across the aggregation levels.

390 195 130 65 30 15 10 5 Average

Bottom up 3.2 3.6 0.2 1.3 −0.1 −0.9 0.2 0 0.9
Identity 0.5 3.0 −1.5 0.3 −0.5 −0.3 0.1 −0.7 0.1
Structural 2.1 4.3 1.0 1.9 0.6 0.4 0.9 0.5 1.5
Series variance 3.3 4.1 1.3 2.0 0.5 0.0 0.8 0.5 1.6
Hierarchy variance 3.6 4.2 1.3 2.0 0.6 0.1 0.8 0.3 1.6
Markov 3.7 4.2 1.4 2.1 0.7 0.2 0.9 0.4 1.7
Autocovariance 4.0 4.4 1.5 2.2 0.8 0.6 1.2 1.0 2.0
Shrinkage 4.5 4.5 1.2 2.4 1.1 0.8 1.5 1.9 2.2
Spectral 5 4.3 4.4 1.3 2.2 0.8 0.5 1.0 1.0 2.0
Spectral 15 4.5 4.6 1.3 2.4 1.2 0.8 1.5 1.7 2.3
8. Discussion

The improvement in accuracy that can be achieved
y considering auto- and cross-correlation when recon-
iling forecasts in a temporal hierarchy naturally depends
n the data-generating process and the models used for
orecasting. If all forecast errors are strongly positively
orrelated, then the potential for accuracy improvements
hrough reconciliation is limited. On the other hand, as
videnced by the results in Section 5.6, weakly correlated
orecast errors can lead to substantial accuracy gains. Even
hough the TSO forecasts were not more accurate, on av-
rage, than our base forecasts, their inclusion led to large
ccuracy improvements, because they were only weakly
orrelated with the other base forecasts. This showed the
otentially very large accuracy gains that can be obtained
hen reconciling forecasts from different models that are
ased on different information.
The inclusion of the TSO forecasts clearly showed that

t is not the accuracy of the base forecasts that determines
he potential for accuracy improvements. If base fore-
asts are very accurate, then even a small improvement
ill be large in relative terms. The potential for accu-
acy improvements is determined by the error correlation
tructure and the degree of incoherence. Recall that the
bjective of the reconciliation problem (4) is to adjust
he base forecasts by the least amount so that these be-
ome coherent. If the base forecasts are close to coherent,
hen the adjustments made will be minor, and hence the
otential accuracy improvement will also be small.
For dimensionality reduction to be most effective, the

orrelations have to be strong. The stronger the correla-
ions, the more the dimension of the hierarchy can be
educed without affecting the accuracy. As seen in the
imulation study, the shorter the time series that is avail-
ble for estimation, the more the dimension can be re-
uced without affecting accuracy. The advantage of
imensionality reduction through eigendecomposition
ompared with the other estimators is that no addi-
ional structure is imposed on the estimation problem.
ather, the dimension of the temporal correlation matrix
s reduced by only keeping its most important struc-
ure. Reducing the dimension by omitting aggregation
evels would require prior knowledge about which lev-
ls are most important and could potentially impact ac-
uracy negatively. Adding aggregation levels comes at
he cost of increasing the dimension of the estimation
1144
problem, which is why our proposed model-free dimen-
sionality reduction approach, insofar as it is capable of
handling hierarchies of very large dimension, is an im-
portant contribution.

9. Conclusion

We proposed a novel estimator for reconciling fore-
casts in a temporal hierarchy. The estimator is based on an
eigendecomposition of the temporal correlation matrix.
By decomposing the correlation matrix and estimating its
inverse based on a small subset of its eigenvectors, our
estimator extracts as much information as possible from
the error structure given the data available to achieve
state-of-the-art accuracy on hierarchies of all sizes.

We demonstrated the usefulness of the proposed es-
timator in a simulation study and through applications
to short-term load and financial volatility forecasting. The
simulation study showed that it is possible to significantly
reduce the dimension of the temporal correlation ma-
trix without loss of accuracy, while the best performing
estimator depends on the number of observations avail-
able for estimation. Even in settings with limited data
compared with the dimension of the temporal hierar-
chy, forecast accuracy could be improved by considering
correlations.

The spectral estimator was always at least as good as
the best estimators in terms of accuracy, while offering
dimensionality reduction and computational advantages.
By taking account of the correlation structure when rec-
onciling forecasts, accuracy could be improved uniformly
across all temporal aggregation levels. The most accurate
forecasts were obtained when capturing dependencies in
forecast errors between aggregation levels. The resulting
coherent and significantly more accurate forecasts are
likely to yield better multi-horizon decisions.

Even with hourly data, when forecasts are made more
than one day ahead in time, the sample cross-correlation
matrix quickly becomes infeasible to estimate. In applica-
tions where limited data are available—or where limited
data are relevant due to stationarity concerns—compared
with the dimension of the temporal hierarchy, the spec-
tral estimator can greatly reduce the dimension of the
estimation problem while yielding accurate reconciled
forecasts. Dimensionality reduction through eigendecom-
position should be particularly useful for future research
considering temporal hierarchies with high-frequency
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forecasts or spatio–temporal hierarchies where dimen-
sionality is inevitably a challenge. The computational ad-
vantages of the spectral estimator could also be essential
for online forecast reconciliation applications.
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ppendix. Covariance shrinkage and generalized ridge
egression

The solution to the forecast reconciliation problem
ith a penalty on the size of the deviations between
econciled and base forecasts

inimize (1 − ν)
(
ŷ − ỹ

)T
Σ−1

(
ŷ − ỹ

)
+ ν

ŷ − ỹ
2
2

subject to ỹ = SGỹ,

(21)

where ỹ ∈ Rn is the variable and the parameter Σ ∈ Rn×n
++

is the covariance matrix for the coherency errors, is given
by

ỹ = S
(
STΣ−1

shrinkS
)−1

STΣ−1
shrinkŷ. (22)

Here, the shrinkage estimate of the inverse covariance
matrix is

Σ−1
shrink = (1 − ν) Σ−1

+ νIn. (23)

This has the same limiting behavior as the linear shrink-
age estimator of the covariance matrix (10), i.e.,
limν→0 Σshrink = Σ and limν→1 Σshrink = In.

The penalized reconciliation problem (21) is equivalent
to

minimize
(
ŷ − ỹ

)T
Σ−1

(
ŷ − ỹ

)
subject to ỹ = SGỹŷ − ỹ

2
2 ≤ τ ,

(24)

since there is a one-to-one correspondence between ν

in (21) and τ in (24), as shown by Hastie et al. (2009,
Chapter 3.4) in the case of ridge regression. In other
words, constraining the size of the adjustments made to
the bottom-level base forecasts is equivalent to linear

shrinkage of the covariance estimate.
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