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Dynamic triad interactions and non-equilibrium
turbulence

Clara M. Velte and Preben Buchhave

Abstract The classical K41 theory, based on the ideas of Kolmogorov, Richardson
and Batchelor, has in recent years with accumulating evidence become subject to
increased scrutiny. We elaborate on the idea that the deficiencies of the theory
originate in the fundamental assumption of universal equilibrium, which in turn is
the result of the basic assumption of locality of nonlinear interactions. These very
fundamental assumptions are argued to have no anchoring in the governing Navier-
Stokes equation. The possibility for other kinds of solutions are discussed from a
historical perspective. K41 is also identified to represent an equilibrium solution that
cannot predict non-equilibrium turbulence.

1 Why the need for new perspectives on the established theory?

The theoretical framework developed by Kolmogorov (including the contributing
ideas of Richardson and Batchelor, often collectively referred to as the ‘K41’ the-
ory [1, 2, 3]), has comprised the cornerstone of our understanding of turbulence for
more than half a century. It has up until recently not been so frequently acknowl-
edged that Kolmogorov’s ideas were initially heavily questioned. In fact, it took two
decades before K41 was convincingly supported by experiments; first in a turbulent
round jet by Gibson [4] and secondly (and more widely acknowledged) by Grant,
Stewart and Moilliet [5]. Once these empirical studies supporting K41 finally ap-
peared, the theory has been amply supported by further experiments and simulations
in some flows, while other theories have been more successful in predicting non-
K41 types of flows (c.f. [6, 7, 8, 9, 10, 11, 12]), including arguments by Kolmogorov
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himself [13]. In fact, even after K41 had become commonly accepted, Kolmogorov
would still refer to K41 as “purely phenomenological” [14]. This is further empha-
sized by the fact that the famous 𝑘−5/3 spectral power law can be obtained from
pure dimensional analysis (and was in fact found independently by others around the
same time [15, 16]).

G.K. Batchelor was an early adopter and a strong proponent of Kolmogorov’s
ideas. He even contributed with a mathematical framework on homogeneous turbu-
lence [17]. Unfortunately, homogeneous flows are not well representative of actual
flow, not least in that practical flows are of finite extent in time and space. Another
critique would be that few (if any) flows display even approximate homogeneity in all
directions across the domain of the flow. Furthermore, a homogeneous flow cannot
remain stationary, as can be seen directly from the energy equation, c.f. [18].

In fact, the classical experiments in decaying grid turbulence (van Kármán,
Howarth, Batchelor, Townsend, Corrsin and Comte-Bellot), designed to mimic the
ideal case of homogeneous flow, played a key role in the early acceptance and con-
troversy of K41. As grid turbulence decays rather slowly, at least in the initial period
of decay (approximately 𝑢2 ∝ 𝑡−1, as expected from the van Kármán-Howarth so-
lution), one was faced with the practical problem that the test sections of the wind
tunnels would be too short compared to the initial turbulence decay to reach defini-
tive conclusions regarding independence upon initial conditions (or universality).
By making the mesh dimension smaller, this decay length could be shortened, but at
the expense of increased measurement errors with the hotwires used [17]. With the
introduction of exponentially decaying turbulence [19] and subsequently experimen-
tal support in fractal grid turbulence, which certainly did not obey K41, a broader
acceptance began to emerge that there may indeed be more to the story.

As early as in 1992, the late John L. Lumley asked [20]: “What part of modeling
is in serious need of work? Foremost, I would say, is the mechanism that sets the level
of dissipation in a turbulent flow, particularly in changing circumstances”. We know
today, from careful studies, that K41 can with great success describe turbulence
in simple statistically stationary free shear flows [9], but unfortunately appears to
have limited predictive capabilities in flows that accelerate, decay or separate – all
common features of important engineering flows. These are also flows for which the
(K41 based) turbulence models struggle.

In the following, we will argue that K41 is indeed an equilibrium solution that in
general predicts (nearly) stationary turbulence satisfactorily. However, it is becoming
increasingly accepted in the community that we must develop a more accurate
understanding of turbulence that is valid also for the scientifically and technologically
important class of non-stationary flows.

1.1 Why experiments cannot prove a theory

Although K41 was a great intellectual achievement given the resources available
at the time of development, from the author’s own experience (including repeated
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comments from proposal reviewer comments and the ERC review and interview
process) [21], there seems to exist a widespread misconception that K41 has been
proven by experiments. This is a logical fallacy, since experiments can - at best -
support or increase our confidence in a theory, but they can never prove the generality
of a theory. On the other hand, one experiment is, in principle, sufficient to disprove
the generality of a theory. And, in fact, there exist several experiments that do and
the field is slowly opening up to this possibility, see e.g. [22].

A simple example could be used to illustrate the point; One could carry out a vast
range of experiments indicating that the Earth is flat. This does however not ‘prove’
the idea. If carried out in a different manner, an experiment could indicate that the
Earth is curved, or even round (or even more complex geometries, if the experiments
are continually refined). The same principle of course applies to other theories,
including the K41 theory. To disprove a theory by a carefully designed experiment,
it all comes down to targeting its weak points – usually its assumptions (if otherwise
correctly deduced). George [9] and the authors argue that it is, in particular, the
central assumption of universal local (small scale) equilibrium that constitutes the
core weakness of the K41 theory.

2 The Assumption of Universal Equilibrium

When presenting repeated arguments against the universal equilibrium assumption
(e.g. during an ERC Starting Grant interview [21]), it also became apparent to the first
author that it is a common misconception that the universal equilibrium assumption
would not be postulated to hold under ‘changing circumstances’. However, even
current theoretical, experimental and numerical work repeatedly make use of this
assumption also in highly non-equilibrium flows (e.g. gas/wind turbines, separation,
stagnation etc.). Furthermore, Batchelor makes it quite clear that the theory applies
also under ‘changing circumstances’, as he writes himself in his book “Homogeneous
Turbulence” [17] (Chapter 6: “The Universal Equilibrium Theory”): “In particular,
the statistical quantities determined by the equilibrium range are independent of the
properties of the large-scale components of the turbulence...” and “If the spectrum
shape can be determined, then, according to the foregoing theory, it will apply to all
kinds of turbulent motion, whatever their large-scale properties, the only condition
being that the Reynolds number should be sufficiently large.”.

2.1 Local Equilibrium and the Locality of Scale Interactions

Being a statistician, it does not seem surprising that Kolmogorov based his funda-
mental view of small-scale turbulence [1, 2, 3] on a gas dynamics (statistical physics)
analogy to the small and intermediate turbulent scales. In this analogy between the
fluid and the flow, the small and intermediate scales would behave relative to the
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large scales similarly to how molecules in a thermal equilibrium relate to a cor-
responding thermodynamic macroscopic system. Just like individual molecules in
thermodynamic equilibrium, the wide range of small and intermediate turbulent flow
scales were, through local interactions, assumed to be effectively decoupled from the
large energy containing scales ([17] and [23] sec. 21.3) and at a state of statistical
local (or small scale) equilibrium – no matter what the dynamics of the large scales.
However, even molecules can be pushed out of a thermodynamic equilibrium. And
the small and intermediate turbulent scales are much larger than molecules.

Thus, a consequence of assuming local interactions and decoupling between the
large vs. the intermediate and small scales was Kolmogorov’s Zeroth Hypothesis1:
that the smallest and intermediate scales could be considered to be in local equilib-
rium. But, this very fundamental assumptions has no anchoring in the equations that
govern fluid flow.

Furthermore, the K41 theory was developed for the scales where the energy was
the smallest. But in fact the inertial and dissipative range (or universal equilibrium
range) together contain the majority of the energy in high Reynolds number turbu-
lence. Batchelor also recognized this, see Chapter VII of [17], where the presented
grid turbulence experiments evidenced that the energetic scales constituted only
roughly 20% of the turbulent kinetic energy.

The breakdown of these ideas can be illustrated by a simple thought experiment:
Suppose that two large counter-rotating vortices are located next to one another. Their
motion can set the fluid in between into rotation and directly generate significantly
smaller scales in between, if spaced sufficiently close together (see Figure 1). In such
a system, energy can be directly transferred through non-local interactions from
energetic to inertial or even dissipative scales. Furthermore, the dynamics (non-
equilibrium) in the large energetic scales can translate directly into the small and
intermediate scales.

This thought experiment strongly indicates that the central assumption of local
interactions and decoupling between the energetic scales from the small and inter-
mediate scales (and hence the derived consequence of local equilibrium) cannot
hold true. And this leaves the theory with only a single hope of remaining valid: the

Fig. 1 Thought experiment
illustrating non-local inter-
actions under high shear
conditions.

1 In fact, Kolmogorov only implied this. Batchelor [17] codified it into the form we now take for
granted.
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requirement that all scales are in equilibrium. One could thus argue that K41 is in
fact an equilibrium solution.

2.2 The crucial constancy of spectral energy flux

If the Reynolds number is sufficiently large, the energy containing and dissipative
scales were hypothesized to separate leaving a buffer-like region in between in
wavenumber space where only transfer between scales of similar size occurs. This
intermediate region can, under the stated assumptions, only depend on the (constant)
spectral flux of energy, 𝜀𝑘 , passing down along the cascade. As the energy is fed
into the dissipation range at this rate, the dissipation of energy, 𝜀, must in this setting
take place at the same rate, requiring consequently 𝜀𝑘 (inertial range) = 𝜀. Because
of this equality, the dissipation, concentrated in the small scales, can be directly
estimated from the large energy containing scales. The small and intermediate scales
are thus believed to behave in a universal manner as long as the Reynolds number is
‘large enough’. Almost all turbulence theories and turbulence models are based on
some form of this basic idea. A vivid illustration of this is the so-called “zeroth-law
of turbulence”, 𝜀 ∝ 𝑢′3/ℓ. This is really just a definition of ℓ, which can in turn,
thanks to the arguments above, be assumed to be proportional to the integral scale.

It is, based on these arguments, simply a task of dimensional analysis to derive
one of the most famous results in turbulence, 𝐸 (𝑘) ∝ 𝜀2/3

𝑘 𝑘−5/3, the −5/3 law, where
𝑘 is the wavenumber and 𝐸 (𝑘) is the wavenumber dependent turbulent kinetic
energy. Although Kolmogorov developed his theory using velocity differences in
physical space, this −5/3 slope in wavenumber space has over the decades become
the ‘hallmark’ of the established K41 picture and hence also of turbulence. As
a consequence, all of the energy being generated at the large scales has to pass
though this −5/3-range through (non-linear) local interactions in an (approximately)
monotonic fashion until being eventually dissipated as the scales become too small
to counter friction forces. These hypotheses were later refined [13], but the main
ideas of local equilibrium and local interactions remain intact. Thus, models and
hypotheses frequently only allowed for interactions between scales of similar size.

It is important to note that this picture relies crucially upon the assumption that
nothing modifies the constancy of the spectral flux in the inertial subrange (or 𝑘−5/3

range). Any process adding or removing energy at wavenumbers (such as deviations
from equilibrium in time or non-local interactions in space) in this range will make
the assumed constant spectral flux 𝜀𝑘 vary, and hence also the dissipation, 𝜀.

In such a flow setting, the K41 description cannot be used.
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3 Nonlinear triadic energy transfer

From the Fourier transform of the non-linear term, (u · ∇)u, in the governing Navier-
Stokes equation, formulated in wavenumber space, the transfer of energy can be
seen to be restricted between triads of wavenumbers (say, k1, k2 and k = k1 + k2) in
so-called triadic interactions. This energy transfer could in principle happen between
any triadic combination of wavenumber vectors, since the equations do not favor any
particular combination. However, adding the assumption of only local interactions
being allowed (or at least being strongly favored), energy exchange is limited to
triads of similar size. The vast majority of cascade models (c.f. [17, 18, 23], e.g. by
Kovasnay, Heisenberg, Onsager) indeed assume only local interactions are important
(and [constant] spectral flux only depends on 𝜀 and 𝑘). But none of these have so
far been able to accurately describe how turbulent kinetic energy transfers from
lower to higher wavenumbers in non-stationary or transient experiments. In fact,
direct coupling seems to be possible even between scales of very different sizes, with
energy being able to flow towards both higher and lower energies (although, clearly,
the net effect is energy transport towards higher wavenumbers).

3.1 The Navier-Stokes machine and new theory developments

The inspiration to include the time component in the description came from Professor
William K. George, in particular from the paper he wrote for the “Whither Turbulence
and Big Data in the 21st Century” meeting in 2015 [24]. There, he pointed out that
time should be included in the nonlinear triadic energy exchange and he speculated
whether one should expand the concept of triadic interactions to ‘quadratics’.

Our interpretation [25] of the role of time in the decomposition is somewhat differ-
ent, as we find that time only has a direct effect in the case of finite resolution and high
intensity turbulence. The Navier-Stokes equation describes the momentum balance
in a point in time and space. And through the definition of velocity, u(r, 𝑡) = 𝑑r/𝑑𝑡,
temporal and spatial fluctuations are coupled at a mathematical point. However, in
real experimental and numerical observations, flow fields are described with finite
temporal and spatial domains and resolution. The finite resolution thus results in a
decoupling of the spatial and temporal fluctuations of the velocity. Consequently,
the velocity instead becomes a stochastic function of four independent parameters –
three spatial coordinates and time.

The Fourier-decomposition of the nonlinear term in the Navier-Stokes equation
thus becomes [25]:

𝐹.𝑇. {(u · ∇) u} = 1
(2𝜋)4

⨌
𝑑k1𝑑𝜔1

1
(2𝜋)4

⨌
𝑑k2𝑑𝜔2 ×∭

W(r)𝑊 (𝑡)𝑒−𝑖 [ (k−k1−k2) ·r−(𝜔−𝜔1−𝜔2)𝑡 ] 𝑑r𝑑𝑡 {[𝑖k2 · û(k1, 𝜔1)] û(k2, 𝜔2)}
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where W(r, 𝑡) and 𝑊 (𝑡) are top-hat windows delimiting the finite measurement or
simulation domains in the infinite integrals. These windows can also be generalized
to describe flows that are finite in space and time, however with more complex profiles
in time and space in general (and for free shear flows in particular). ‘𝐹.𝑇.’ and ·̂ denote
Fourier transform. Note that the choice of Fourier transform for decomposition is
in fact an arbitrary choice, but we follow convention and use Fourier transforms
although local homogeneity is not assumed.

In a second order nonlinear term, such as the one in the Navier-Stokes euqtion,
(u · ∇)u, two waves can interact to generate or interact with a third wave. If we
include time, as done in the expression above, temporal frequencies will be added
that will broaden the phase match condition.

If Taylor’s hypothesis applies, there is no temporal development except for con-
stant advection, u0, of the frozen field. In this case, the temporal frequencies can
be directly related to the spatial frequencies (wavenumbers) and the classical phase
match condition applies: [𝜔 − (𝜔1 + 𝜔2)] ⇒ [k − (k1 + k2)] · u0.

Much more interesting is then the case of high intensity turbulence, where Taylor’s
hypothesis cannot be invoked. If we consider the total phase match exponent in the
integral, we observe that a mismatch in the spatial phase can be compensated by a
corresponding mismatch in the temporal phase. Since the integral covers all space
and time, at least of the limited flow or measurement domain, the modal interactions
can be generated from velocities both prior to and after the point in time where the
Navier-Stokes equation is currently operating. These dynamic interactions [25] can,
respectively, be denoted ‘advanced’ and ‘delayed’.

This is merely one of the ways in which real measured or simulated velocity fields
behave differently from homogeneous Batchelor-turbulence [17]. The finite nature of
real flows (as well as that of simulation or measurement domains), here expressed in
terms of the windows W(r) and𝑊 (𝑡), impacts the observed interactions as well [25].
This can in fact be immediately observed from the above expression, where the two
windows could be defined e.g. as a top-hat. When evaluating the integral, the product
of the integrand with the added windows will lead to a convolution between them.
The top-hats would transform into sinc-functions with a finite width, as opposed to
delta-functions which would be the case for an infinite domain as the velocity field
is defined by Batchelor. The broadening of the interaction peaks would allow for
interactions to happen not just between strict delta function overlaps, but between
peaks of finite width that can overlap to varying degrees. Furthermore, the peaks
may in fact interfere either constructively or destructively, depending on the overlap
as the sign of the interaction peak may vary with distance from its peak value.

A detailed discussion on these matters can be found in [25] including a discussion
on the patterns of interaction efficiency between two waves, the time duration of
interactions (what is commonly referred to as ‘coherent structures’) and the dynamic
spectral development of turbulence.

A good spatial overlap between the waves (i.e. with constructive interference) will
lead to higher interaction efficiency, which explains why local interactions are often
favored. However, as we all know, there exist many so-called non-equilibrium flows
in which non-local interactions can be quite efficient as well. These are typically
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flows where large and small scales are allowed to interact over a long period of time.
Then even flows where the waves do not overlap efficiently spatially can exchange
significant amounts of energy in non-local interactions. This can happen e.g. in thin
shear layers or near large vortices, although fractal turbulence may be one of the
most illustrative examples.

In fractal grid turbulence, waves of certain wavelengths are injected by shedding
from grid bars of variable thickness into an approximately constant advection ve-
locity. The injected waves are travelling at the same speed and traveling in the same
direction along the stream. This type of turbulence is known for developing rapidly,
which is very much enhanced by the extended temporal overlap between waves of
different wavelenghts. Depending on the spatial overlap of the introduced compo-
nents, some grids are more efficient in interactions and therefore develop faster than
other grid configurations.

We will briefly illustrate these ideas with a very simple simulation tool, which
we have dubbed the ‘NS-machine’ [26]. It is basically a one-cell Direct Numerical
Simulation tool, with which we have been able to predict the downstream develop-
ment even of high intensity turbulent flows. The simulations have been validated by
several experiments [27]. The only input into these simulations is the Navier-Stokes
Equation. While the main drawback with simulating at a single point is that it does
not explicitly include and treat the pressure term (although it can be included using
pressure models), the results are still quite convincing in comparison with several
experimental data sets – even in high intensity flows.

Figure 2 shows an example of one low and one high wavenumber component as an
input signal (left) to the Navier-Stokes equation that is allowed to interact over time
(right). From the example, it is clear that the two components can indeed interact
non-locally. The generated components can be understood by simply substituting the
sum of two waves into the non-linear term of the Navier-Stokes equation, which can
be seen to result in sums, differences and doubling of the input wavenumbers [26].

4 Establishing a new laboratory and developing a theoretical
framework

In previous work [25, 26], we have with quite simple means been able to advance and
better understand the dynamics of turbulence interactions, including the implications

Fig. 2 Non-local interactions
resulting from the Navier-
Stokes equation. (left) Input
signal and (right) result after
several iterations through the
Navier-Stokes equation.
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for real flows under practical experimental conditions. This understanding can be
used to describe the underlying processes for how turbulence evolves. The next
natural step is to expand to a full-field description, encompassing all four dimensions.
Properly capturing the ‘full’ dynamics will, of course, require more advanced tools.
Since the statistics has to be extensive to obtain sufficient statistical convergence,
Direct Numerical Simulations is not a viable tool in our investigations. Luckily,
technological developments are at a level of maturity that allows us to carry out
the measurements with the generous support from the European Research Council
(Starting Grant 803419) and the Poul Due Jensen (Grundfos) Foundation.

To be able to target the Universal Equilibrium assumption and the classical view
of turbulence, our group is therefore in the process of establishing a cutting edge
laboratory at the Technical University of Denmark, the Department of Mechanical
Engineering. The laboratory consists of two main setups; one to quantify the degree
of non-equilibrium and one to measure and analyze the true underlying processes,
to be described in coming work e.g. [28, 29, 30, 31]. This will allow us to di-
rectly test e.g. the assumptions of locality of interactions and whether it results in
universal equilibrium under circumstances that directly challenge these two central
assumptions - regardless of the dynamics at the large scales.

In parallel to the establishment of the laboratory, our group is also developing a
rigorous theoretical framework that allows us to properly analyze the various scale
interactions. This has not been a trivial endeavour, but these developments have
finally reached a level of maturity that allows us to analyze measurement results and
test the fundamental assumptions.

A key component is including time in the description and to be open to the fact
that turbulent cascade processes may exhibit dynamic behavior. Including realistic
experimental or numerical conditions, such as finite resolution and flow domain sizes
in both space and time, affect significantly the observed interactions, their efficiency
and what components are available to interact [25, 26].

The interested reader can follow our developments on the DTU Turbulence Re-
search Laboratory webpage: https://www.trl.mek.dtu.dk/.
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