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Evolution of dynamic properties of cross anisotropic sand subjected to 1 

stress anisotropy 2 

Mostafa Zamanian1, Meghdad Payan2, Fardin Jafarzadeh3, Navid Ranjbar4, Kostas Senetakis5* 3 

ABSTRACT 4 

Understanding the evolution of dynamic properties of sand subjected to induced anisotropy is 5 

indispensable for an accurate seismic analysis of geo-structures. In this study, several bender 6 

element and hollow cylinder experiments along various anisotropic stress paths are performed 7 

on two types of sands to evaluate the soil dynamic properties over a wide range of small to 8 

large strain levels. Accordingly, the influences of both the major principal stress direction (α-9 

direction) and the intermediate principal stress, b=(σ2-σ3)/(σ1-σ3), are examined. The data 10 

suggested that α-direction affects both stiffness and damping ratio, especially at higher 11 

confining pressures. However, b-parameter has a little influence on stiffness and fairly 12 

negligible impact on damping ratio. Based on the experimental results, an empirical model 13 

published in the literature is extended by introducing correction factors so as to incorporate the 14 

significant contribution of induced anisotropy into the predictions of shear stiffness and 15 

damping ratio of sands. 16 

Keywords: Stiffness; Damping ratio; Stress anisotropy; Major principal stress direction; 17 

Intermediate principal stress 18 

1. INTRODUCTION 19 

Inherently anisotropic structure of granular materials is commonly formed during the 20 

deposition process where particles with variable shapes would be arranged to be in their most 21 

stable position. This anisotropic structure continuously varies when the soil is subjected to 22 
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induced shear strains. Thus, the evolution of soil structure, which is of great significance to 23 

predict soil behavior, could be quite distinct under different anisotropic stress states or along 24 

various stress paths. Several constitutive models have been developed to predict the response 25 

of an anisotropic soil fabric subjected to specific loading scenarios, but only a few models have 26 

considered the evolution of soil fabric during shearing (Dafalias et al. 2004; Jafarzadeh et al. 27 

2008; Storesletten 1998). A number of attempts have been made to overcome this deficiency 28 

by incorporating rotational or kinematic hardening concepts into the constitutive models (Gajo 29 

and Wood 2001; Li 2002; Rahimi et al. 2016). However, it has been shown that these models 30 

could only reasonably consider the loading history, but are not capable of incorporating the 31 

evolution of fabric anisotropy. Recently, there have been a few constitutive models (e.g., Ta-32 

Ger sand) developed to consider the evolution of soil fabric during anisotropic stress state 33 

adopting a progressive calibration procedure (Gao et al. 2014; Tasiopoulou and Gerolymos 34 

2016). These models have a high potential to predict the sand behavior by incorporating 35 

Rowe’s dilatancy theory, the critical state concept, and combining the bounding surface 36 

plasticity concept with Bouc–Wen type hysteresis. The evolution of different properties 37 

associated with the physical structure of sand was an essential aspect of the corresponding 38 

models. However, the coupling effect of inherent and induced anisotropy on the evolution of 39 

soil dynamic parameters during shearing has not been well investigated yet. Discrete element 40 

modeling (DEM) has also been appropriately implemented to simulate the fabric evolution of 41 

anisotropic structure through strain–displacement–fabric relationships which, in turn, have 42 

established analytical macro–micro relationships in granular mechanics (Kruyt and 43 

Rothenburg 2019; Wang et al. 2017, 2020). 44 

Several experimental studies have been performed to investigate the relevant parameters 45 

affecting the inherent anisotropic structure of soils by measuring their small strain parameters 46 

along different directions (Wang and Mok, 2008; Gu et al., 2013; Li and Zeng, 2014; Payan et 47 
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al., 2016a; Senetakis et al., 2017; Payan and Chenari, 2019; Payan and Senetakis, 2019). The 48 

effect of stress anisotropy on the inherent anisotropic structure of the soil has also been 49 

thoroughly examined through measuring small-to-medium strain parameters along various 50 

stress paths ( Payan et al., 2016a, 2017; Senetakis and Li, 2017; Prashant et al., 2019; Jafarian 51 

and Javdanian, 2020; Le et al., 2020). Moreover, several DEM studies have been performed to 52 

examine the behavior of granular materials subjected to stress anisotropy (Yuan et al., 2019; 53 

Liu et al., 2020; Shi et al., 2020). However, determination of continuous evolution of soil 54 

structure and large-strain soil parameters, such as friction angle, secant shear modulus and 55 

damping ratio, has evidently proven to be challenging due to the coupling effect of inherent 56 

and induced anisotropy (Guoxing et al., 2016; Cai et al., 2018). 57 

The soil behavior in medium-to-large strain levels has been well determined to be heavily 58 

influenced by the coupling effect of inherent and induced anisotropy (Kuhn et al., 2015; 59 

Pietruszczak and Oboudi, 2017; Jafarian et al., 2018; Jafarzadeh and Zamanian, 2018; 60 

Zamanian et al., 2020). One of the most important aspects of stress anisotropy is the variation 61 

in both magnitude and direction of principal stresses. Rotation of the major principal stress 62 

direction is a typical loading condition in most geo-structures during seismic excitation and is 63 

a priori function of (1) the amplitude of seismic loading and (2) the magnitude of the initial 64 

static stresses (Al-rkaby et al. 2017; Georgiannou et al. 2018; Prasanna et al. 2020). Thus, 65 

numerous anisotropic stress states can be encountered where the stress path is a function of the 66 

initial static stresses and the imposed seismic loading, making it difficult to evaluate the 67 

evolution of soil parameters under anisotropic stress conditions for all loading combinations in 68 

a constitutive model.  69 

To overcome this difficulty, the evolution of any soil characteristic at different stress paths can 70 

be determined while keeping other contributing factors constant during a controlled set of 71 

experiments. To this end, in this study, a comprehensive experimental program is carried out 72 
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on different specimens subjected to stress anisotropy in order to characterize the evolution of 73 

shear modulus and damping ratio of sand in the range of medium-to-large shear strains. 74 

Accordingly, the effects of the major principal stress direction and intermediate principal stress 75 

parameter on the dynamic properties of sands have been scrutinized in a systematic testing 76 

procedure. Two types of sands with different gradations and shape characteristics are examined 77 

using bender element tests and a hollow cylinder apparatus so as to evaluate the coupling effect 78 

of inherent and induced anisotropy on the response of granular soils. The modified hyperbolic 79 

relationships, proposed by Oztoprak and Bolton (2013) and Wichtmann and Triantafyllidis 80 

(2013), are used as the basic correlations into which the significant influence of stress 81 

anisotropy could be incorporated. The influences of major principal stress direction, confining 82 

pressure, relative density and soil type as the main parameters and the intermediate principal 83 

stress as the less important one, on the modulus reduction and damping ratio curves are 84 

subsequently examined. The interactions of these controlling parameters with stress anisotropy 85 

are also discussed in this study.   86 

2. MATERIALS & EXPERIMENTAL APPROACH  87 

2.1. Material characterization 88 

Two types of sands, i.e. Babolsar and Toyoura, were used as test materials in this study. 89 

Babolsar sand is a natural soil collected from Babolsar beach in Mazandaran Province in the 90 

north of Iran. Representative optical and scanning electron microscopy (SEM - using a Hitachi 91 

SU3500) images of these sands are presented in S-Fig. 1.  92 

In order to classify the sand grains in terms of their shape, three shape descriptors, including 93 

roundness (R), sphericity (S) and regularity (ρ), were evaluated through SEM image analysis 94 

of a minimum of 30 randomly chosen particles from each sand. The tested materials in this 95 

study were uniformly distributed sands with relatively similar particle size and shape. 96 

Therefore, selecting 30 random grains was visually acceptable to accurately quantify the 97 
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particle shape descriptors (Payan et al., 2016a, b). The sand particle shape could be evaluated 98 

either by the shape characterization chart illustrated in S-Fig. 2a (Krumbein and Sloss, 1963; 99 

Cho et al., 2006; Payan et al., 2016b) or by using mathematical relationships and the calculation 100 

method of the shape descriptors indicated in S-Fig. 2b. Considering both techniques in the 101 

analysis, the resultant mean values and standard deviations of R, S and ρ are presented in Table 102 

1. It is worth noting that the effect of particle position on the evaluation of shape descriptors 103 

was not considered in this study. The sphericity indices of Babolsar and Toyoura sands are 104 

around 0.65 and 0.5, respectively. Toyoura sand particles are more angular (R = 0.30) compared 105 

with Babolsar sand which has more rounded grains (R = 0.45). S-Fig. 3 shows the particle size 106 

distribution curves of the two materials, which are classified as poorly graded sands, SP, based 107 

on the USCS (unified soil classification system). The index test results, including specific 108 

gravity of the sand particles (Gs) (ASTM D854 2003) and minimum and maximum void ratios 109 

(emax and emin) of the soils (ASTM D4253 2013; ASTM D4254 2006) are summarized in Table 110 

1. It should be noted that the relatively high specific gravity of Babolsar sand is due to the 111 

concentration of heavy oxides of TiO2 (~ 0.8%), MgO (~ 2.5%) and Fe2O3 (~ 5%). 112 

2.2. Testing procedure 113 

In this study, the damping ratio and shear modulus reduction curves over medium-to-large 114 

strain levels were measured using hollow cylinder tests. The shear modulus was then 115 

normalized with respect to the small-strain shear modulus obtained from companion bender 116 

element tests on triaxial specimens which were prepared at different angles of bedding plane. 117 

In order to prepare uniform specimens for the hollow cylinder tests, the moist tamping method 118 

was implemented in this study taking into account under-compaction effects (Selig and Ladd 119 

2008). Each specimen was prepared in five layers and the surface of each layer was gently 120 

scratched before placing the next layer so as to ensure maximum continuity and integrity of the 121 

specimens. A wide range of dense and loose specimens, with relative densities of about 75% 122 
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(71%-79%) and 25% (22%-28%) respectively, were prepared for medium-to-large strain 123 

experiments.  124 

For the bender element tests, in order to measure the small-strain shear modulus at different 125 

angles of bedding plane, undisturbed specimens were obtained from the frozen sand according 126 

to Zamanian et al. (2020). In this method, the water-pluviated sand specimens were constructed 127 

in a cubic chamber placed in a refrigerator on an adjustable pedestal. Undisturbed samples were 128 

extracted by continuous coring of the frozen specimen. Afterwards, their top and bottom ends 129 

were carefully cut in order to acquire specimens with 10 cm of height and 5 cm of diameter 130 

ready for bender element tests. The bender element inserts were then fixed on top and bottom 131 

of the specimen before placing the triaxial cell.  132 

In both sets of tests, full saturation of the soil samples was achieved by applying constant 133 

increments of cell pressure and back pressure under an effective stress of 15 kPa. Isotropic 134 

consolidation commenced when a minimum Skempton’s B parameter of 0.96 was reached 135 

during the saturation process. The specimens were consolidated under isotropic effective 136 

confining stresses (p') of 50 and 150 kPa for hollow cylinder tests and 50, 100, 150, 200, 300 137 

and 350 kPa for bender element tests.  138 

2.3. Test specification & interpretation  139 

2.3.1. Small strain measurements 140 

Small-strain stiffness measurements were performed on specimens of solid cross-section, 50 141 

mm in diameter and 100 mm in height, inside a standard triaxial apparatus equipped with a pair 142 

of bender elements attached at the top cap and bottom pedestal. The bender element inserts 143 

were made of piezoelectric ceramic bi-morphs with a width, thickness and penetration depth 144 

of 11 mm, 1.2 mm and 2 mm, respectively (S-Fig. 4a). A sinusoidal-type mode of shear 145 

excitation with 15mV amplitude was transmitted from the bender element at the top and 146 

received at the bottom of the specimen. In this study, the so-called time-domain analysis was 147 
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performed to evaluate the optimized peak-to-peak arrival time of the shear waves propagating 148 

through the soil specimen (Jovičić et al. 1996; Lee and Santamarina 2005; Payan et al. 2016b). 149 

An input wave frequency of 7.5 kHz was adopted in the study as it was observed to render the 150 

most distinguishable received signals. The tip-to-tip distance between the bender elements was 151 

considered as the wave travel distance (L) and the peak-to-peak time interval between 152 

transmitted and received signals was denoted as travel time (t). Accordingly, shear wave 153 

velocity is defined as: 154 

t

L
Vs   (1) 

Consequently, the small strain shear modulus (Gmax) of the soil samples could be quantified 155 

using the following correlation: 156 

2

max sVG   (2) 

where ρ is the soil density. 157 

2.3.2. Medium-to-large strain measurements 158 

The hollow cylinder apparatus (HCA-Wykeham Farrance Company) used in this study had a 159 

150 mm triaxial cell enclosed by hollow specimens with 100 mm of outside diameter, 60 mm 160 

of inner diameter and 200 mm of height. The apparatus is capable of applying ± 10 kN axial 161 

load and ± 200 N.m. torsional force. The stroke of the axial actuator was ± 25 mm and the 162 

torsional actuator had 90° rotational freedom. The transducer resolutions for axial load and 163 

axial displacement encoder were smaller than 1 N and 0.01 mm, respectively. The torque and 164 

rotational encoders had a resolution of about 0.01 N.m. and 1.5 µm, respectively. The hollow 165 

cylinder apparatus utilized in this study along with typical stress-strain cyclic loops imposed 166 

on an element of the hollow cylinder specimen is depicted in S-Fig. 4b. 167 

Fig. 1a shows typical variations of the four loading axes, including vertical load, torque, and 168 

inner and outer cell pressures in loose specimens. A representative hysteretic loop to calculate 169 
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secant shear stiffness and damping ratio is presented in Fig. 1b. The secant shear stiffness at 170 

each cycle of loading was determined as the slope of the line passing from the origin of the 171 

coordinates and the maximum and minimum shear stress values of the respective cycle. The 172 

damping ratio or the amount of energy loss in a given cycle was also calculated using the 173 

inscribed area of its corresponding stress-strain loop divided by the elastic stored energy. 174 

2.4. Experimental program 175 

In order to investigate the effect of stress anisotropy on the stiffness over medium to large strain 176 

levels, a comprehensive set of torsional shear tests on saturated specimens were performed for 177 

various combinations of the major principal stress direction with respect to the vertical 178 

direction, α (10˚, 30˚, 45˚, 60˚, and 80˚) and intermediate principal stress parameter, b=(σ2-179 

σ3)/(σ1-σ3) (0.1, 0.5 and 0.9). For dense specimens, the inner and outer cell pressures were the 180 

same in magnitude during the tests and therefore, the major principal stress direction was 181 

related to b-parameter as b=sin2(α). Since the loading frequency has a relatively negligible 182 

influence on soil behavior in liquefaction testing (Boulanger et al. 1991; Polito et al. 2008), the 183 

cyclic tests were performed at a single loading frequency of 0.2 Hz. Several bender element 184 

tests were also performed to determine the small-strain stiffness of the sands of variable 185 

densities under different confining pressures. The detailed experimental program along with 186 

the specimen specifications are summarized in Table 2. It should be noted that stress non-187 

uniformity may develop when the stress state is close to b = 1.0 and α = 90º (Sayao and Vaid 188 

1991; Naughton and O’Kelly 2007). Accordingly, the values of both α–angle and b–parameter 189 

were not selected in the vicinity of the border limits so as to avoid unacceptable levels of non-190 

uniformity within the specimens. It is also worth noting that a more detailed experimental 191 

program is required for a comprehensive assessment of all influencing parameters, such as 192 

confining pressure, relative density and particle specifications, on the evolution of G/Gmax. 193 
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3. RESULTS & DISCUSSION 194 

3.1. The effect of stress anisotropy on shear stiffness 195 

The small strain shear modulus (Gmax) of both Babolsar and Toyoura sands was evaluated by 196 

measuring the shear wave velocity at different confining pressures (p' = 50 kPa to 350 kPa), 197 

and plotting Gmax against the pressure, as shown in Fig. 2. Regression analysis using a power-198 

law type relationship for small-strain shear modulus against the confining pressure (Eq. 3) was 199 

applied on the test data so as to predict model parameters A and n (Cascante and Santamarina 200 

1996; Santamarina et al. 2001; Menq 2003; Senetakis et al. 2012; Gu et al., 2013; Enomoto, 201 

2016; Payan et al. 2016b; Liu et al., 2016; Jafarian et al., 2018). 202 

𝐺𝑚𝑎𝑥 = 𝐴𝐹(𝑒)(
𝑝′

𝑝′
𝑎

)𝑛 (3) 

In this equation, e is the void ratio and p'a is the atmospheric pressure. The verified void ratio 203 

function in the form of F(e) = ed, has been used herein to normalize Gmax. This relationship 204 

was originally proposed by Jamiolkowski et al. (1991, 1999) for clays and was later used for 205 

sands. Payan et al. (2016a) observed that a mean constant value of d = -1.29 (Eq. 4) can be 206 

effectively utilized for the evaluation of the small strain shear modulus for a broad range of 207 

clean sands with different gradations and particle shapes. 208 

𝐹(𝑒) = 𝑒−1.29 (4) 

An exponential curve fitting analysis showed that A and n constants are 52 and 0.50 for 209 

Babolsar sand and 43 and 0.55 for Toyoura sand, respectively (where A is expressed in MPa). 210 

The higher n value in Toyoura sand could be attributed to the more irregular shape of its grains 211 

compared with that of Babolsar sand, giving rise to greater particle interlocking at higher 212 

confining pressures (Cho et al., 2006, Senetakis et al., 2012, Payan et al., 2016a, 2016b). Payan 213 

et al. (2016a) proposed the following correlations to evaluate model parameters A and n of 214 

clean sands based on their coefficient of uniformity (Cu) and particle shape descriptor of 215 

regularity (ρ): 216 
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𝐴 = 84 𝐶𝑢
−0.14 𝜌0.68 (5) 

𝑛 =  𝐶𝑢
−0.12 (−0.23 𝜌 + 0.59) (6) 

A and n values from these equations were obtained to be 52 and 0.49 for Babolsar sand and 43 217 

and 0.52 for Toyoura sand, respectively, which are in good agreement with those estimated 218 

from the regression analysis in the present study. Small-strain shear modulus for different 219 

angles of bedding plane has been measured by Zamanian et al. (2020) for Babolsar sand. In 220 

that study the specimens were prepared by the freezing technique at different deposition 221 

inclinations (α) and a linear relationship for the prediction of Gmax was proposed (Eq. 7). 222 

Similarly, the small-strain shear modulus of Toyoura sand was measured in this study at two 223 

extreme angles of bedding plane, i.e. α = 0° and 90°, and an analogous linear correlation for 224 

the prediction of Gmax could be developed, as shown in Eq. (8).  225 

Babolsar sand: 𝐺𝑚𝑎𝑥 = (53.6 − 0.3 𝛼) × 𝑒−1.29 × (𝑝′/𝑝𝑎𝑡𝑚)0.50 (7) 

Toyoura sand: 𝐺𝑚𝑎𝑥 = (43 − 0.28 𝛼) × 𝑒−1.29 × (𝑝′/𝑝𝑎𝑡𝑚)0.55 (8) 

Results indicated that the growth rate (n) of the normalized small-strain shear modulus with 226 

the normalized pressure is nearly independent of the bedding plane direction and is solely a 227 

function of particle specifications (Wichtmann and Triantafyllidis 2009; Payan et al. 2016a; b; 228 

Payan and Jamshidi Chenari 2019; Zamanian et al. 2020). However, the amplitude factor (A) 229 

is linearly related to the bedding plane direction (Zamanian et al. 2020). This is primarily 230 

attributed to the role of particle interlocking which commonly occurs during the deposition 231 

process of sand grains. During deposition, the particles settle in their most stable position so as 232 

to tolerate the imposed surcharge stresses. Thus, particle interlocking significantly reduces by 233 

increasing the angle of bedding plane, which, in turn, causes considerably lower Gmax values. 234 

The calculated Gmax values from Eqs. (7) and (8) have been used in this study for normalization 235 

of the secant shear modulus of the specimens subjected to stress anisotropy at different α- 236 

directions. The strain-dependent G/Gmax reduction curves of loose Babolsar sand specimens 237 
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tested at various loading combinations of α-angle and b-parameter under mean confining 238 

pressures of 50 kPa and 150 kPa are shown in Fig. 3. The upper and lower bounds in Fig. 3 are 239 

acquired from the following general modified hyperbolic relationship proposed by Oztoprak 240 

and Bolton (2013), extracted from the shear stiffness curves of 454 soils throughout the 241 

literature:  242 

(
𝐺

𝐺𝑚𝑎𝑥
) = 1/ [1 + (

𝛾 − 𝛾𝑒

𝛾𝑟𝑒𝑓
)

𝜉

] (9) 

where fitting parameter γref refers to the shear strain corresponding to G/Gmax=0.5; ξ is the 243 

coefficient of curvature; γe is the elastic threshold strain beyond which shear stiffness starts to 244 

decrease and its variation against strain becomes nonlinear. Accordingly, Oztoprak and Bolton 245 

(2013) proposed γe = 0; γref = 0.02% and ξ = 0.88 for the lower bound and γe = 0.003; γref = 246 

0.10% and ξ = 0.88 for the upper bound of the stiffness reduction curves. 247 

The dotted and dashed lines in Fig. 3 are the predicted G/Gmax curves by Oztoprak and Bolton 248 

(2013) and Wichtmann and Triantafyllidis (2013), respectively. Oztoprak and Bolton (2013) 249 

stated that ξ is slightly affected by soil uniformity coefficient (Cu); while γref and γe are 250 

dependent on Cu, confining pressure (p'), void ratio (e) and relative density (Dr), as follow: 251 

𝛾𝑟𝑒𝑓(%) = 0.01𝐶𝑢
−0.3 (

𝑝′

𝑝𝑎𝑡𝑚
) + 0.08 𝑒. 𝐷𝑟 (10) 

𝛾𝑒 = 0.002 + 0.012 𝛾𝑟𝑒𝑓 (11) 

𝜉 = 𝐶𝑢
−0.075 (12) 

On the other hand, Wichtmann and Triantafyllidis (2013) proposed a more simplified formula 252 

to predict G/Gmax (Eq. 13) based on γref and a constant parameter, d. γref in their study was 253 

observed to be simply predicted by the effective stress ratio (Eq. 14) and d was only dependent 254 

on Cu (Eq. 15). 255 

(
𝐺

𝐺𝑚𝑎𝑥
) =

1

1 + 𝑑(
𝛾

𝛾𝑟𝑒𝑓
)
 (13) 
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𝛾𝑟𝑒𝑓 =  √
𝑝′

𝑝𝑎𝑡𝑚
  (14) 

𝑑 = 1093.7 + 1955.3 𝐿𝑛(𝐶𝑢) (15) 

As observed in Fig. 3, the relationship proposed by Wichtmann and Triantafyllidis (2013) can 256 

effectively predict the G/Gmax curves of Babolsar loose specimens tested at p' = 50 kPa and 150 257 

kPa. However, Oztoprak and Bolton (2013) predictions considerably underestimate the 258 

stiffness reduction curves (after, Akeju et al., 2019). For the tests performed at p' = 50 kPa, the 259 

shear stiffness can be assumed to follow a decreasing trend with the increase in the α-direction. 260 

This is aligned with the observations made by several previous researchers (Sivathayalan and 261 

Vaid, 2002; Chaudhary et al., 2002; Kumruzzaman and Yin, 2010). On the other hand, for the 262 

tests performed at p' = 150 kPa, the shear stiffness curves bear their minimum values when α 263 

approaches around 45°-60°. This could be attributed to the cross anisotropic nature of the 264 

specimens resulted from horizontal bedding plane (Lade et al., 2014; Sivathayalan et al., 2015). 265 

All the above observations could be justified using a schematical illustration of particle packing 266 

and stress state. As demonstrated in Fig. 4, sample preparation method creates a cross 267 

anisotropic soil structure, consisting of a deposition direction and a bedding plane. In this 268 

structure, soil grains are commonly well packed to tolerate vertical loads. Therefore, the 269 

maximum resistance (in terms of peak strength and stiffness) is expected to occur along the 270 

vertical direction whereas the horizontal bedding direction is supposed to be the weakest plane 271 

(Oda, 1972; Sivathayalan and Vaid, 2002; Chaudhary et al., 2002; Kumruzzaman and Yin, 272 

2010; Zamanian et al., 2020). However, the behavior of geomaterials is more pronouncedly 273 

influenced by the direction of the maximum shear stress with respect to the vertical alignment 274 

(ατ), which is deviated by 45º from α-direction. For specimens tested at α angles close to 45°-275 

60°, ατ - direction is inclined along the horizontal bedding plane deemed to be the weakest plane 276 

within the soil sample (Figs. 4b-4d). Similar observations have been made by Lade et al. (2014) 277 
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and Sivathayalan et al. (2015) by performing monotonic and cyclic hollow cylinder tests on 278 

clean sands, respectively. They observed that shear strength reduced to a minimum value when 279 

the major principal stress direction is aligned at 45° to 60° and then increased at higher α–280 

directions. According to the test results in the current study and the abovementioned 281 

discussions, it can be concluded that the higher confining pressure increases the inter-particle 282 

forces and inherent anisotropy within the soil medium, thus posing the maximum shear stress 283 

to play a more significant role in the evolution of soil stiffness. 284 

Another important observation revealed from Fig. 3 is that the confining pressure has amplified 285 

the influence of stress anisotropy on the stiffness, as more deviations between G/Gmax reduction 286 

curves of the samples tested at various α-directions could be observed at higher confining 287 

pressures. This observation could be attributed to the role of inter-particle forces that affect 288 

particle movement during shearing. For a given relative density and sand type, by increasing 289 

confining pressure, the contribution of particle rearrangement (geometrical interface 290 

resistance) augments (Sadrekarimi and Olson 2011), which could be related to the higher 291 

influence of particle geometry and interlocking (inherent anisotropy). Accordingly, as stated 292 

earlier, by increasing the level of inherent anisotropy at higher confining pressures, further 293 

subsequent anisotropic behavior can be expected as a consequence of the coupling effect 294 

between induced and inherent anisotropy. Li and Senetakis (2020) also observed that the 295 

deviation between G/Gmax curves of anisotropically loaded sands clearly increased at higher 296 

confining pressures, though their study was constrained on the rotation of the principal axes at 297 

90°. 298 

S-Fig. 5 shows G/Gmax reduction curves of dense Babolsar and Toyoura sands tested at p' = 299 

150 kPa. For these sands, the predicted G/Gmax curves by Oztoprak and Bolton (2013) and 300 

Wichtmann and Triantafyllidis (2013) are converging. Similar to the loose specimens, there is 301 

a clear deviation between G/Gmax of the specimens tested at various α-directions, so that G/Gmax 302 
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reduction curves move downwards when α approaches 45º-60°, which is more pronounced for 303 

Babolsar sand. The pink lines in S-Fig. 5a show the upper and lower bounds of the G/Gmax 304 

reduction curves of loose Babolsar sand subjected to stress anisotropy. As can be observed, 305 

shear stiffness is influenced by the relative density as the reduction of the G/Gmax values is 306 

relatively faster for the loose specimens than that of the dense specimens (Wichtmann and 307 

Triantafyllidis, 2013).  308 

The effect of b–parameter on G/Gmax of the loose Babolsar specimens tested at the same α- 309 

directions is presented in S-Fig. 6. As observed, b-parameter has a slight influence on G/Gmax 310 

of the specimens especially at higher confining pressure. For all α-directions, G/Gmax of the 311 

specimens tested at b = 0.5 was slightly higher than b = 0.1 or 0.9. As a justification for this 312 

observation, it should be noted that for a constant α-direction, the load combination at b = 0.3-313 

0.55 is associated with the plane strain condition in which the soil exhibits greater amounts of 314 

shear strength (Symes et al., 1984; Minh, 2006; Lade et al., 2014). 315 

As observed in Fig. 3 and S-Figs. 5-6, the relationships proposed by Wichtmann and 316 

Triantafyllidis (2013) can effectively predict the G/Gmax reduction curves for both loose and 317 

dense sands, provided that the significant influence of stress anisotropy is accounted for in the 318 

constant parameter d. Accordingly, regression analyses have been performed on the test results 319 

using Eq. (13) as a basic relationship in order to incorporate the contribution of stress 320 

anisotropy into the constant parameter d in Eq. (15) (Akeju et al., 2019). In this regard, a 321 

correction factor, denoted as λ, has been defined as the ratio of the constant parameter obtained 322 

from the regression analysis (dreg) to the value predicted by Eq. (15) (λ=dreg/dEq.13). Fig. 5 323 

shows the variation of λ against the major principal stress direction (α) for loose and dense 324 

Babolsar and Toyoura sands. The data suggest that λ is a priori function of α-direction, b-325 

parameter and confining pressure. Furthermore, it should be noted that for a given initial 326 

confining pressure and α-direction, the correction factor is different for Babolsar and Toyoura 327 
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sands (Fig. 5b). This observation is consistent with that of Oztoprak and Bolton (2013) who 328 

reported that the soil state parameter, defined as the product of void ratio and relative density 329 

(e.Dr), can influence the G/Gmax reduction curve.  330 

In order to incorporate the effects of all these parameters in the correction factor, a power-type 331 

relationship (Eq. 16) obtained from regression analysis (Fig. 5a) has been used as a basic 332 

equation. It is worth noting that these best-fit curves have been considered by disregarding the 333 

occasional increase or decrease in some trends discussed earlier for various α values. Therefore, 334 

the decreasing values of shear stiffness with increasing α is considered as the general trend 335 

(Sivathayalan and Vaid, 2002; Kumruzzaman and Yin, 2010; Zamanian et al., 2020). The 336 

constant parameter X is independent of b-parameter (Fig. 5a) and relative density (Fig. 5b) and 337 

is only influenced by the confining pressure, where X is 0.56 for p' = 50 kPa and 0.31 for p' = 338 

150 kPa. Thus, X can be simply expressed in terms of reference strain (Eqs. 14 and 17). The 339 

power Y, in turn, is influenced simultaneously by b-parameter, p' and the product (e.Dr) and 340 

can be expressed as a product of Y1 and Y2, where Y1 represents the effect of b-parameter and 341 

confining pressure and Y2 depicts the contribution of soil state.   342 

𝜆 = 𝑋𝛼𝑌 = 𝑋𝛼𝑌1×𝑌2 (16) 

Fig. 6a shows a slight variation of Y1 with b-parameter, which can be well predicted with a 343 

quadratic equation. The dotted lines are the predicted Y1 by Eq. (18) with the consideration of 344 

simultaneous effects of b-parameter and confining pressure. The variation of Y2/Y1ref with 𝑒. 𝐷𝑟 345 

is presented in Fig. 6b for specimens tested at a confining pressure of 150 kPa (Eq. 19). Thus, 346 

a comprehensive relationship for the prediction of G/Gmax incorporating the effect of anisotropy 347 

is developed as shown in Eq. (20). 348 

 𝑋 = 0.4 𝛾𝑟𝑒𝑓 (17) 

𝑌1 = 0.16 𝛾𝑟𝑒𝑓
0.45(𝑏2 − 𝑏 + 1.5 𝛾𝑟𝑒𝑓

0.25) (18) 
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𝑌2

𝑌1𝑟𝑒𝑓
= 0.94 exp (0.50 𝑒. 𝐷𝑟)  (19) 

𝜆 = 0.4 𝛾𝑟𝑒𝑓𝛼0.15 𝛾𝑟𝑒𝑓
0.45(𝑏2−𝑏+1.5 𝛾𝑟𝑒𝑓

0.25) exp (0.5 𝑒.𝐷𝑟) (20) 

The predicted G/Gmax values by Eq. (20) have been compared with all measured data in Fig. 7 349 

and S-Fig. 7. As can be observed, Eq. (20) can efficiently predict the measured G/Gmax 350 

reduction curves of the loose and dense specimens subjected to stress anisotropy at different 351 

confining pressures with an acceptable accuracy. It is worth noting that the constants presented 352 

in the abovementioned equations could be dependent on sand index properties, including grain 353 

size characteristics and particle shape. In the study conducted by Oztoprak and Bolton (2013), 354 

however, parameter 𝑒. 𝐷𝑟  has been assumed to be a possible surrogate for particle 355 

morphologies. 356 

3.2. The effect of stress anisotropy on damping ratio 357 

Variations of damping ratio in loose and dense specimens tested at p' = 50 kPa and p' = 150 358 

kPa subjected to induced anisotropy (different α-direction and b-parameter) are presented in 359 

Fig. 8 and S-Figs. 8-9, respectively. The solid lines show upper and lower bounds for damping 360 

ratio of clean sands proposed by Seed et al. (1972). The dotted line shows predicted damping 361 

ratio based on the relationship proposed by Wichtmann and Triantafyllidis (2013) for clean 362 

sands which is a function of shear strain and reference strain, γr.  363 

𝐷 − 𝐷𝑚𝑖𝑛

𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛
=  

(𝛾 𝛾𝑟⁄ )[1 + 𝑚. 𝑒𝑥𝑝(− 𝛾 𝛾𝑟⁄ )]

1 + (𝛾 𝛾𝑟⁄ )[1 + 𝑚. 𝑒𝑥𝑝(− 𝛾 𝛾𝑟⁄ )]
 (21) 

Wichtmann and Triantafyllidis (2013) suggested that Dmin = 0.006, Dmax = 0.32, m = 843, and 364 

𝛾𝑟 = √𝑝′ 𝑝𝑎𝑡𝑚⁄  could render satisfactorily appropriate predictions for a wide range of clean 365 

sands. As can also be observed, Eq. (21) can fairly be utilized for the prediction of damping 366 

ratios in this study; however, the constant parameter, m, in this equation needs to be modified 367 

in order to incorporate the effect of stress anisotropy. Independent of confining pressure and b-368 
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parameter, lower damping ratio curves are observed for the specimens tested at α = 10°. 369 

Damping ratio increases when α approaches 45°-60° beyond which it shows a decline. The 370 

higher damping ratios for α-directions of 45°-60° could be primarily attributed to the lower 371 

shear strength along the bedding plane due to the direction of maximum shear stress. Similar 372 

trends can be observed for damping ratios of both dense Babolsar and Toyoura specimens 373 

tested at p' = 150 kPa (S-Fig. 9), where damping ratios increase when α-direction approaches 374 

45°-60°. The results also indicate that the b-parameter doesn’t have any particular influence on 375 

the evolution of damping ratio. This may be due to the range of confining pressures tested in 376 

this study or particle specifications of the tested materials. 377 

In order to incorporate the effect of stress anisotropy into the variation of damping ratio with 378 

shear strain, regression analyses were performed on the test data to determine the coefficient 379 

m for the specimens tested at different α-directions and b-parameters. To this end, a correction 380 

factor, β, has been defined as the ratio of mreg obtained from the regression analysis to the 381 

proposed m value by Wichtmann and Triantafyllidis (2013). The variation of β with b-382 

parameter for loose Babolsar specimens shows that confining pressure and b-parameter have 383 

negligible influence on damping ratio (Figs. 9c-d). Unlike G/Gmax, the correction factor for 384 

damping ratio (β) for both loose and dense specimens is influenced, predominantly, by α-385 

direction and can be well predicted by the following quadratic equation (Figs. 9a-b):  386 

𝛽 =  −0.0003 𝛼2 + 0.03𝛼 + 0.08 (22) 

Fig. 10 and S-Fig. 10 compare the measured and predicted damping ratios of loose and dense 387 

sands, respectively. As can be observed, Eq. (22) can be effectively incorporated into Eq. (21) 388 

to accurately reflect the significant influence of stress anisotropy on the prediction of the 389 

damping ratios of both loose and dense specimens. 390 

4. CONCLUDING REMARKS 391 

The dynamic properties (stiffness and damping ratio) of two different types of sands subjected 392 
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to anisotropic stress states were experimentally investigated through a comprehensive set of 393 

bender element and torsional shear tests covering small to large strain amplitudes. The effects 394 

of the major principal stress direction, intermediate principal stress, confining pressure and 395 

relative density on the dynamic parameters of the sands were studied. The following major 396 

conclusions, stemming from the study, are summarized. 397 

1. For a lower confining pressure (equal to 50 kPa in the study), the shear stiffness was 398 

observed to follow a decreasing trend with the increase in the α-direction. On the other hand, 399 

for a higher confining pressure (equal to 150 kPa in the study), the stiffness reduction curves 400 

shift to lower G/Gmax values (for a given shear strain amplitude) when α-direction 401 

approaches around 45°-60° due to the direction of the maximum shear stress. Damping ratio 402 

increased as α increased to around 45°-60°, beyond which point damping values decreased. 403 

2. Greater deviation between G/Gmax reduction curves was observed at higher confining 404 

pressures, which was attributed, on a qualitative standpoint, to the influence of the 405 

developed normal contact forces between the sand particles, amplifying in this way the 406 

influence of stress-induced anisotropy. However, neither confining pressure nor b-407 

parameter had any significant influence on the damping ratio. 408 

3. Unlike the negligible impact of the intermediate principal stress parameter on damping ratio, 409 

G/Gmax reduction curves were observed to be slightly influenced by b-parameter. For all α-410 

directions, shear stiffness of the specimens tested at b = 0.5 was slightly higher which was 411 

mostly attributed to its loading combination corresponding to plane strain condition.  412 

4. Data analysis suggested that by introducing some correction factors, the previous well-413 

established correlations can effectively be implemented for the prediction of stiffness and 414 

damping ratio of sands subjected to stress anisotropy. 415 

5. The results indicated that α–angle and confining pressure (p') have significant influence on 416 

the evolution of G/Gmax; however, b–parameter and soil state (e.Dr) slightly influence the 417 
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evolution of G/Gmax. Besides, the evolution of damping ratio was only influenced by α–418 

angle and confining pressure, and the effects of b–parameter and soil state were negligible.  419 

6. The current study could be a robust basis for future research in this area. Accordingly, it is 420 

recommended to perform similar tests on the samples with various gradations and particle 421 

shapes prepared at different relative densities, from very low to very high, under a wide 422 

range of low to high confining pressures (e.g. 50 kPa to 800 kPa); so that the modulus 423 

degradation and damping ratio of inherent anisotropic sands from very small to large strain 424 

levels could be thoroughly characterized. Discussed for the first time and a possible pioneer 425 

in this area, the major contributions made in the course of this study could shed light upon 426 

various aspects of induced anisotropy in granular materials, which, in turn, could be 427 

extended in future further research. 428 
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 610 

TABLES 611 

Table 1. Physical properties of tested materials 612 

Sand 
type 

Specific gravity 

of sand grains 

(Gs) 

Maximum 

void ratio 

(emax) 

Minimum 

void ratio 

(emin) 

Uniformit

y index 

(Cu) 

Curvature 

index 

(Cc) 

Roundness (R) 

(Mean±stdev) 

Sphericity (S) 

(Mean±stdev) 

Regularity (ρ) 

(Mean±stdev) 

Babolsar 2.753 0.790 0.531 1.79 1.32 0.45 (±0.10) 0.65 (±0.12) 0.55 (±0.11) 

Toyoura 2.645 0.973 0.609 1.56 0.95 0.30 (±0.08) 0.50 (±0.12) 0.40 (±0.10) 
  613 

 614 

 615 

Table 2. Testing programme 616 

Test type Sand Type p' (kPa) b α (degree) Dr (%) e 

HC+ Babolsar 50 0.1, 0.5, 0.9 10, 30, 45, 60, 80 22-28 0.717-0.733 

HC Babolsar 150 0.1, 0.5, 0.9 10, 30, 45, 60, 80 22-28 0.717-0.733 

HC Babolsar 150 Sin2(α) 10, 30, 45, 60, 80 71-79 0.591-0.601 

HC Toyoura 150 Sin2(α) 10, 30, 45, 60, 80 72-79 0.689-0.715 

BE++ Babolsar 50, 100, 150, 200, 300, 350 0 0  25, 52, 79 0.583-0.725 

BE Toyoura 50, 100, 150, 200, 300, 350 0 0 and 90 24, 50, 81 0.688-0.715 

+HC: Hollow cylinder ++BE: Bender element 

 617 
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FIGURES 630 

 631 
Fig. 1. a) Representative curves showing the variation in inner and outer cell pressure, vertical load and torque; 632 

b) typical hysteresis loop and the way to calculation of shear modulus and damping ratio 633 

 634 

 635 

 636 
Fig. 2. (a) Small strain shear modulus of (a) Babolsar sand and (b) Toyoura sand 637 
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 638 

 639 

 640 

 641 

 642 
Fig. 3. Shear stiffness reduction curves of anisotropic loaded loose Babolsar sand at (a) p' = 50 kPa, b=0.1; (b) 643 

p' = 50 kPa, b=0.5; (c) p' = 50 kPa, b=0.9; (d) p' = 150 kPa, b=0.1; (e) p' = 150 kPa, b=0.1; (f) p' = 150 kPa, 644 

b=0.1 (solid lines are boundary values proposed by Oztoprak and Bolton (2013), dashed lines are predicted 645 

values by Wichtmann and Triantafyllidis (2013) and dotted lines are predicted values by Oztoprak and Bolton 646 

(2013)) 647 

 648 

 649 

 650 
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 651 

Fig. 4. Schematic illustration of a cross anisotropic deposited sand loaded at various major principal 652 

stress directions 653 

 654 

 655 

 656 

Fig. 5. Variation of correction factor, λ, with α- direction: (a) loose Babolsar sand p' = 50 kPa and 150 kPa; (b) 657 

dense Babolsar and Toyoura sands p' = 150 kPa 658 

 659 

 660 

Fig. 6. (a) variation of Y1 with b-parameter; (b) variation of Y2/Y1ref with soil state (e.Dr) 661 

 662 
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 663 

 664 

 665 

Fig. 7. Measured against predicted small strain shear modulus of anisotropic loaded loose Babolsar sand at (a) p' 666 

= 50 kPa (b) p' = 150 kPa 667 

 668 

 669 

 670 

Fig. 8. Damping ratio of anisotropic loaded loose Babolsar sand at (a) p' = 50 kPa, b=0.1; (b) p' = 150 kPa, 671 

b=0.1 (solid lines are boundary values proposed by Seed (1972), dashed lines are predicted values by 672 

Wichtmann and Triantafyllidis (2013)) 673 

 674 

 675 

 676 
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 677 

Fig. 9. Variation of correction factor, 𝛽, with: (a) α- direction in loose Babolsar sand; (b) α- direction in dense 678 

Babolsar and Toyoura sand; (c) b- parameter in loose Babolsar sand at p' = 50kPa; (d) b- parameter in loose 679 

Babolsar sand at p' = 150kPa 680 

 681 
Fig. 10. Measured against predicted damping ratio of anisotropic loaded loose Babolsar sand at (a) p' = 50 kPa, 682 

(b) p' = 150 kPa 683 

 684 


