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Input-output implementation of the Youla architecture

Henrik Niemann

Abstract— The well-known controller architecture based on
the Youla parameterization is revisited in this paper. The
key result in this paper is a reformulation of the Youla
controller such that an exact implementation of the Youla
parameterization part can be done using only terminals of the
nominal controller. Further, the parameterization part does not
use the nominal feedback controller directly.

Keyword:
Youla controller architecture, controller parameterization,
coprime factorization.

I. INTRODUCTION

The Youla controller architecture has been central in
control theory since it was developed more than forty years
ago by Youla et.al, [20], [21] and by Kucera, [5]. Further,
the elegant state-space description of the coprime factors by
Nett et.al, [9] is one of the developments that simplifies the
application of the Youla parameterization. In following years,
the Youla parameterization had been applied in connection
with different areas as e.g. system identification, [1], [12],
optimization, [2], [3], performance optimization, [18], [23]
as well as fault diagnosis and fault-tolerant control, [10],
[13].

The standard implementation of the Youla parameteriza-
tion based on coprime factorization as described in e.g. [18],
[23] requires an exact knowledge of both the system as well
as the applied feedback controller. Another important issue
is that it requires access to internal signals in the controller.
This might not always be possible in existing controllers. As
a consequence of this, it might not be possible to apply the
standard Youla architecture directly to existing controllers.

There exist controller architectures where the parame-
terization part is only connected to the nominal controller
through its terminals. The internal model control (IMC) for
stable systems is well known and applied, see e.g. [2], [8].
IMC part of the controllers is required to be stable will
result in a stable closed-loop system. This is equivalent to
the condition for the Youla matrix transfer function. If the
system is open-loop unstable, the IMC controller cannot be
applied. Instead, the architecture described in [15] can be
applied. Here, a model of the closed-loop system is applied
and the difference between the real closed-loop system and
the model of it is applied for the input to the free stable
Youla matrix transfer function.

A more direct approach based on the Youla parame-
terization is described in [17]. In this architecture, the
feedback part from the Youla matrix transfer function is
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only connected to the controller output terminal. For stable
controllers, the Youla matrix transfer function can be selected
such that the original architecture is obtained. For unstable
controllers, it will require an unstable Youla matrix transfer
function for obtaining this. The right half plane (RHP) pole
structure from the nominal controller needs to be included
in the Youla matrix transfer function. This controller archi-
tecture has been applied in [6].

It should also be mentioned that there exist alternative
methods to the Youla parameterization. A system-level pa-
rameterization has been described in [19]. An equivalent
input-output parameterization is described in [4]. These two
parameterizations are not based on a coprime factorization
of the nominal system and controller as well as on the
Bezout equation. In [22], it has been shown that the Youla,
the system-level, and the input-output parameterization are
equivalent. It is shown how it is possible to transform the
controllers between the three different architectures.

The main result in this paper is a reformulation of the
original Youla architecture so it can be used in connection
with existing controllers without using any internal signals.
It is shown that the original Youla architecture can be
reformulated such that the parameterization part is an add-
on part on the nominal feedback controller. It is possible
to substitute internal control signals exactly by using the
controller terminals. The basis for this substitution is the
use of the Bezout equation together with coprime factors
for the system. An important issue in connection with
this implementation of the Youla architecture is that the
parameterization part is independent of the nominal feedback
controller. The new architecture gives the possibility to
apply the parameterization part as an add-on part to existing
unknown controllers. This will allow to use learning-based
or data-driven methods for the design and optimization of
the Youla matrix transfer function.

The rest of this paper is organized as follows. The system
set-up and some preliminary results are given in Section II.
The main result of the paper is given in Section III. An
example is given in Section IV and the paper is closed with
a short conclusion in Section V.

II. SYSTEM SETUP AND PRELIMINARY RESULTS

Let a general system be given by:

Σ :

{ (

z

y

)

=

(

Gzw Gzu

Gyw Gyu

)(

w

u

)

(1)

where w ∈ Rk is an external input vector, u ∈ Rm is the
control input signal vector, z ∈ Rk is an external output
vector, and y ∈ Rp is the measurement vector.
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A state space description of (1) is given by:

Σ :











ẋ

z

y



 =





A Bw Bu

Cz Dzw Dzu

Cy Dyw Dyu









x

w

u



 (2)

where x ∈ Rn is the state vector
Let the system be controlled by a stabilizing feedback

controller given by:

ΣC :
{

u = Ky (3)

The coprime factorization of the nominal system Gyu

from (1) and the stabilizing controller K from (3) are given
by:

Gyu = NM−1 = M̃−1Ñ , N,M, Ñ , M̃ ∈ RH∞

K = UV −1 = Ṽ −1Ũ , U, V, Ũ , Ṽ ∈ RH∞

(4)
where the eight matrices in (4) must satisfy the double
Bezout equation given by, see [23]:

(

I 0
0 I

)

=

(

Ṽ −Ũ

−Ñ M̃

)(

M U

N V

)

=

(

M U

N V

)(

Ṽ −Ũ

−Ñ M̃

)
(5)

Based on the above coprime factorization, a parameteriza-
tion of all controllers that stabilize the system in terms of a
stable transfer function Q, i.e. all stabilizing controllers are
given by using a right factored form [18]:

K(Q) = (U +MQ)(V +NQ)−1, Q ∈ RH∞ (6)

or by using a left factored form:

K(Q) = (Ṽ +QÑ)−1(Ũ +QM̃), Q ∈ RH∞ (7)

Using the Bezout equation, the controller given either by (6)
or by (7) can be realized as an LFT in the parameter Q:

K(Q) = Fl

((

UV −1 Ṽ −1

V −1 −V −1N

)

, Q

)

= Fl(JK , Q)

(8)
where Fl(·, ·) is a lower linear fractional transformation
(LFT), [16].

The Youla parameterization for the right factored form in
(6) is shown in Fig. 1 and for the left factored form in (7)
is shown in Fig. 2.

Based on the Youla parameterization shown above, it is
possible to describe the closed-loop matrix transfer function
from external input w to external output z as an LFT function
of the Youla matrix transfer function Q. The closed-loop
matrix transfer function Tcl(Q) is given by:

Tcl(Q) = Gzw +GzuMŨGyw +GzuMQM̃Gyw

= Tzw + TzηQTεw

(9)
(9) shows the well-known result that Tcl(Q) is an affine
matrix function of Q.
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Fig. 1. The Youla parameterization of all stabilizing controllers K(Q)
based on (6) for a given system Σ.
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Fig. 2. The Youla parameterization of all stabilizing controllers K(Q)
based on (7) for a given system Σ.

III. INPUT-OUTPUT IMPLEMENTATION

The affine matrix transfer function given by (9) shows
that the affine part does not depend directly on the applied
feedback controller. However, as shown in Fig. 1 and Fig.
2, the implementation of the architectures requires access to
an internal loop point in nominal feedback controller.

This can be satisfied by using an implementation in terms
of either a matrix transfer function or the coprime factors
for the controller. If it is not possible to get internal signals
in the controller, it is not possible to implement the Youla
parameterization in the form described above.

The first step in reformulation of the controller parameter-
ization is to consider the two implementations of the Youla
controller architecture shown in Fig. 1 and Fig. 2. From Fig.
1, the matrix transfer function from ηr to z is given by

Tzη = GzuM (10)

Tzη is independent of the feedback controller. Tzη can be
calculate without using the feedback controller. Using Fig.
1, u is given by:

u = Mηr + UV −1y − UV −1Nηr = Ky + (M −KN)ηr
(11)
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Using the coprime factorization of the controller together
with the Bezout equation, (11) can then be rewritten into:

u = Ky + Ṽ −1(Ṽ M − ŨN)ηr = Ky + Ṽ −1ηr (12)

(12) show that the control input u from Fig. 1 is exact the
same as in Fig. 2. This show that instead of adding the η

vector internally into the controller, it can be added to the
input and output from the controller.

It is also easy to show the other way around. Using the
Bezout equation in (5), we have:

Ṽ −1 = M −KN (13)

Using Ṽ −1 from (13) in (12) gives (11).
Now, let’s consider Fig. 2 with respect to the matrix

transfer function from w to εl. Tεw is given by:

Tεw = M̃Gyw (14)

Again, Tεw is independent of the feedback controller and
Tεw can be calculate without using the feedback controller.
It is also here possible to show that the two vectors εl and
εr is identical. From Fig. 2 εl is given by:

εl = M̃y − Ñu = (M̃ − ÑK)y − Ñ Ṽ −1ηl (15)

Using the coprime factorization of the controller together
with the Bezout equation, (15) can then be rewritten into:

εl = (M̃V − ÑU)V −1y− Ñ Ṽ −1ηl = V −1(y−Nηl) (16)

showing that εl = εr.
Based on these calculations, the two equivalent controller

architectures for the Youla parameterization shown in Fig. 1
and Fig. 2 can now be reformulated. The two reformulated
controller architectures are shown in Fig. 3 and in Fig. 4,
respectively.
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Fig. 3. A reformulation of the Youla controller architecture shown in Fig. 1
gives this controller implementation only based on inputs and outputs from
the nominal controller.

The two controller architectures shown in Fig. 3 and in
Fig. 4, respectively, is identical. They gives the same two
outputs u and ε. It is easy to see that the control vector
u is given by (11) or (12) for both architectures. Note that
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Fig. 4. A reformulation of the Youla controller architecture shown in Fig. 2
gives this controller implementation only based on inputs and outputs from
the nominal controller.

the control vector given by (11) is in line with the LFT
description of K(Q) given by (8).

It is important to point out that there is no pole-zero
cancellation in RHP (right half plane) in connection with the
calculation of M−KN in (11) as well as for the calculation
of M̃ − ÑK in (15). RHP zeros in Gyu will occur in the
coprime factors N or Ñ . Assuming that the closed-loop
system given by (Gyu, K) satisfy internal stability guarantee
that there will be no pole-zero cancellation between N or Ñ
and the feedback controller K. Further, it is easy to calculate
the matrix transfer function from the input η to the control
input vector u (with Q = 0). This gives:

u = (I −KGyu)
−1Mηl − (I −KGyu)

−1KNηl

= (Ṽ − ŨGyu)
−1Ṽ Mηl − (Ṽ − ŨGyu)

−1ŨNηl

= MṼMηl −MŨNηl

= Mηl
(17)

Let’s consider the parameterization part of the controller
in Fig. 4. This is shown in Fig. 5.
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uK
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Fig. 5. The parameterization part of the Youla controller architecture shown
in Fig. 4.

The input-output description of the system shown in Fig.
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5 is given by:




u

yK
εl



 =





I 0 M

0 I −N

−Ñ M̃ −ÑM









uK

y

ηl



 (18)

The controller in Fig. 3 have the same input-output de-
scription.

It can also be mentioned that the anti-windup controller
architecture described in [11] is based on the same input-
output implementation of the Youla architecture as described
in this paper.

It is also possible to give a state-space description of the
input-output description given by (18). For this, state-space
representations of the coprime factors for Gyu are needed.
Let a state feedback matrix F be selected such that A +
BuF is stable and let an observer matrix L be selected such
that A + LCy is stable. A state-space representation of the
coprime factors for Gyu can then be given by, [18]:

(

M

N

)

=





A+BuF Bu

F I

Cy +DyuF Dyu



 (19)

(

−Ñ M̃
)

=

(

A+ LCy −(Bu + LDyu) L

Cy −Dyu I

)

(20)
(18) is then given by:










ẋF

ẋL

u
yk

εL











=











AF 0 0 0 Bu

BLF AL −BL L −BL

F 0 I 0 I
−CF 0 0 I −Dyu

−DyuF Cy −Dyu I −Dyu





















xF

xL

uK

y
ηL











(21)

where AF = A+BuF , AL = A+LCy , BL = Bu+LDyu

and CF = Cy +DyuF .

IV. EXAMPLE

Consider G and K are given by:

G = 1
s−1

K = −k τs+1
τs

(22)

where k is the controller gain and τ is the integration time
constant in the PI-controller. It is necessary to required that
k > 1 for having closed-loop stability.

A coprime factorization of G is given by:

N =
1

s+ 1
, M =

s− 1

s+ 1
(23)

Further, a coprime factorization of K satisfying the Bezout
equation is given by:

V = τs(s+1)
τs2+τ(k−1)s+k

U = −k
(τs+1)(s+1)

τs2+τ(k−1)s+k

(24)

Let’s consider a reference tracking design. Let the external
input w be the reference input, i.e. w = r and let the external
output be the tracking error e, i.e. z = e. The general system
Σ in (1) is then given by, [16]:

Σ :

{ (

z

y

)

=

(

1 −
1

s−1

1 −
1

s−1

)(

w

u

)

(25)

The general setup for this system is shown in Fig. 6. It is
here important to note that the Youla part of the controller
architecture is an add-on to the existing nominal controller.
Fig. 6 shows clearly how it is possible to implement the
Youla architecture without using information about the nom-
inal controller.

−k τs+1
τs

−1
s+1
s−1
s+1

Q s−1
s+1

−1
s+1

1 −
1

s−1

1 −
1

s−1

+

+

+

+✻ ✻
✛✛

✛
✛✛ ✛

✛

✲✲
✲ ✲

yu

w z

Fig. 6. The controller architecture for the system setup.

Using (9), the closed-loop transfer function Tzw from r to
e in Fig. 6 is then given by:

Tzw(Q) = 1
1+GK +GMQM

= S +NQM
(26)

where S is the sensitivity transfer function. Using the co-
prime factorization of G and K, (26) can be rewritten into:

Tzw(Q) = (V +QN)M (27)

Applying the PI-controller given by (22), the closed-loop
transfer function is given by:

Tzw(Q) = τs(s−1)
(τs2+τ(k−1)s+k)(s+1) +Q s−1

(s+1)2 (28)

or

Tzw(Q) =
(

s(s+1)
s2+(k−1)s+k/τ +Q 1

s+1

)

s−1
s+1 (29)

In the first design, assume that the nominal PI controller
is known. Let the gains of the PI controller be given by:

ΣC1
: k1 = 2.0 τ1 = 0.25 (30)

Now, consider a decoupling design of Q. From (26) we
have that Q given by

Q = −
τs(s+1)

τs2+τ(k−1)s+k
s+1
αs+1

= −
s(s+1)
s2+s+8

s+1
αs+1

(31)

will give an approximative decoupling when α is selected
as small positive constant, i.e. a design where the transfer
function Tzw(Q) reduced. The result of the design is shown
in Fig. 7 for different values of α.

It is clear from Fig. 7 that reducing α gives a Q that will
given better reference tracking, i.e. the tracking error given
by Tzw goes to zero faster.

In the second design, Q will be designed such that a
specified closed-loop system Tzw is obtained. Further, it is
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Fig. 7. Simulation of the closed-loop system with the PI-controller given
by ΣC1

(solid line) as the nominal controller (Q = 0). The three other
simulation are when the Youla matrix transfer function Q given by (31)
is applied for α = 0.25 (dotted line), 0.10 (dashed-dotted line) and 0.05
(dashed line).

assumed that the parameters for the PI-controller given in
(30) is unknown. The nominal closed-loop transfer function
is given by:

Tzw = s(s−1)
s2+as+b

(32)

where a and b are unknown positive constants. Further, let
the desired closed-loop transfer function be given by:

Tzw,desired = s(s−1)
s2+6.5s+7.5/0.45 (33)

This closed-loop system can be obtained by the following
parameters for the PI-controller:

ΣC2
: k2 = 7.5 τ2 = 0.45 (34)

The simulation of the closed-loop system with the two
controllers is shown in Fig. 8. It is clear from Fig. 8 that using
ΣC1

as the feedback controller gives a poor performance
whereas ΣC2

gives a much better performance. ΣC1
will in

the following be used as the nominal feedback controller
where the

Based on the closed-loop transfer function Tzw(Q) given
by (29) together with the desired closed-loop transfer func-
tion Tzw,desired given by (33) gives directly Q as:

Q = s(s+ 1)2
(

1
s2+6.5s+7.5/0.45 −

1
s2+as+b

)

= s(s+ 1)2 (a−6.5)s+(b−7.5/0.45)
(s2+6.5s+7.5/0.45)(s2+as+b)

(35)

The two parameters a, b can be estimated directly from
the nominal closed-loop system. Instead, the optimization of
the two parameters can also be done directly using Q given
above. Standard methods for optimization of the parameters
can be applied. Here, we will only show the effect on the
response of the closed-loop system using different values for
the two parameters in Q. The step responses are shown in
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Fig. 8. Simulation of the closed-loop system with the PI-controller given
by ΣC1

(solid line) and with ΣC2
(dashed line).

Fig. 9 and 10. In both figures, the solid line is for the step
response with a = 1 and b = 8, i.e. the desired response.

Fig. 9 show the step responses for change in a with b = 8.
The values for a are: 0.25, 0.50, 0.75, 1.00, 1.25 and 1.50.
Fig. 10 show the step responses for change in b with a = 1.
The values for b are: 6.0, 7.0, 8.0, 9.0 and 10.0.

0 2 4 6 8 10

Time [sec]

-0.5

0

0.5

1

O
ut

pu
t e

Step response

Fig. 9. Simulation of the closed-loop system with the PI-controller given
by ΣC1

as the nominal controller. The step responses are shown for b = 8
and with a = 0.25, 0.50, 0.75 (dashed lines), a = 1.0 (solid line) and
for a = 1.25, 1.50 (dotted line).

An estimation or learning-based method needs to be
applied for the optimization of the two parameters a and
b as pointed out above.

At last, it should be mentioned that knowing the nominal
controller, the change of the controller from ΣC1

to ΣC2
by

using Q, Q will be given by, [7], [14]:

Q = U2V − V2U (36)
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Fig. 10. Simulation of the closed-loop system with the PI-controller given
by ΣC1

as the nominal controller. The step responses are shown for a = 1
and with b = 6.0, 7.0 (dashed lines), b = 8.0 (solid line) and for b =
9.0, 10.0 (dotted line).

where U2 and V2 in (36) are the coprime factors for the new
controller selected such that the Bezout equation is satisfied.
It should be pointed out that this is a special case of the more
general case considered in [7], [14]. With the parameters
given for the two PI-controllers, Q is given by:

Q = −
5.50s4+19.67s3+22.83s2+8.67s

s4+7.50s3+31,17s2+68.67s+133.33
(37)

If we use a = 1 and b = 8 in (35), we get the same Q as
in (37).

V. CONCLUSION

The Youla controller architecture has been considered in
this paper. It has been shown that it is possible to reformulate
the Youla architecture such that the parameterization part
can be implemented around the nominal feedback controller
without using internal signals from this. It is only required
a left and right coprime factorization of the nominal system.
This new Youla architecture will allow us to optimize closed-
loop performance on the existing closed-loop system without
using an internal controller connection.
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