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Abstract. Nonlinear dynamics is widely exploited in micro-mechanical
resonators with a number of applications. One of the crucial issues in
these applications is to intentionally tailor the intrinsic nonlinearity in
these structures. In this study, a structural optimization methodology is
improved for tailoring the intrinsic nonlinearity in these resonators by
manipulating their structural geometry. In the optimization, the objec-
tive function is defined based on the nonlinear modal coupling coefficients
as well as eigenfrequencies and modal shapes of the vibration modes. A
preliminary study shows that the improved formulation of the optimiza-
tion problem enables better designs.

Keywords: Nonlinear dynamics, Shape optimization, Finite element,
Model order reduction, Adjoint method

1 Introduction

Nonlinear dynamics has been widely exploited in a wide range of applications
concerning nonlinear micro-mechanical resonators [1]. Their applications include
atomic force microscopy [2], micro-mass sensors [3,4], micro-gyroscope [5], gravime-
ter [6], frequency division [7], and vibration energy harvester [8].

In recent years, there has been growing interest in the intentional design of
nonlinearity for the purpose of tailoring the dynamic response. Many studies
have investigated the applications of the shaped finger for comb drives. A few
studies have applied the structural optimization techniques to tailor the mechan-
ical nonlinearity, see e.g. [9,10,11,12,13]. In these studies, numerical optimization
techniques were applied to tailor different aspects of the nonlinear dynamic re-
sponses, for example, the frequency-amplitude dependence or frequency-energy
dependence [9,10], the nonlinear forced resonances [11], and the internal reso-
nances [12,13].

In our previous study in [14], we proposed an efficient finite element based
methodology for structural optimization of nonlinear micro-mechanical resonators
with geometric nonlinearity described by Green stain. Later, the optimized
designs were validated by using dynamic tests [15]. The fast optimization is
achieved by using a direct finite element calculation of the nonlinear modal cou-
pling coefficients [16,14]. These nonlinear modal coupling coefficients can also be
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computed by using non-intrusive approaches [17]. When the structural geometry
changes, these nonlinear modal coupling coefficients change accordingly, which
further determine the change of the nonlinear dynamic response. The aim of this
paper is to present an improved formulation for the optimization of nonlinear
dynamic response through the nonlinear modal coupling coefficients.

2 Methods

The original methodology was proposed in [14] for the single-mode resonators
and the multi-mode resonators with internal resonances. The methodology con-
sists of nonlinear finite element modelling, eigenvalue analysis, direct finite ele-
ment calculation of nonlinear modal coupling coefficients, and solving an opti-
mization problem.

For brevity, the following description of the methodology is restricted to a
single-mode beam resonator and its fundamental flexural mode whose eigen-
frequency and eigenmode are denoted as ω and Φ, respectively.

2.1 Finite element model and design variables

The beam structure is discretized into a number of Euler-Bernoulli beam ele-
ments. In the optimization, the distribution of the in-plane width h of the beam
is manipulated to tailor the nonlinear dynamic response, see Fig. 1. In order
to ensure the effectiveness of the Euler-Bernoulli beam element, it is assumed
that the distribution of the in-plane width varies continuously without drastic
change. For the purpose of optimization, a large number of elements are used to
enable a fine representation of the varying in-plane width . In order to ensure

Fig. 1. Illustration of the varying in-plane width, the beam elements, and the direction
of the in-plane vibration.

manufacturability and mechanical strength, it is reasonable to impose a lower
bound hmin on the in-plane width. On the other hand, an upper bound hmax is
also imposed on the in-plane width to suit the applicability of the beam theory.
With the lower and upper bounds of the in-plane width, the design variables are
defined as

he = hmin + ρe(hmax − hmin) (1)

where e = 1, . . . , Ne with Ne denoting the number of the beam elements.
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2.2 Reduced-order model and frequency-amplitude relation

Assume that the flexural vibration of the beam in its fundamental mode can be
approximated by u = xΦ with u denoting the full-order displacement vector.
The reduced-order model of the beam in its fundamental mode is described by
the standard Duffing equation as follows

ẍ+ 2 ξ ω ẋ+ ω2x+ αx3 = f cos(Ω t) (2)

where ξ is the modal damping ratio, ω is the eigen-frequency of the vibration
mode, α is the coefficient of the cubic nonlinear stiffness term (Duffing nonlinear-
ity), f and Ω are the amplitude and frequency of the external force, respectively.
The eigen-frequency ω is obtained by solving an eigenvalue problem

KΦ = ω2MΦ (3)

where M and K are the mass matrix and the stiffness matrix in the finite element
model. Further, the eigen-mode is normalized with respect to the mass matrix,
i.e.

ΦTMΦ = 1 (4)

In the reduced-order model in Eq. (2), the coefficient of the cubic nonlinearity
is directly calculated in the finite element model as [14]

α = 4

Ne∑
e=1

EA(ρe)

8L

(
we(ρ)TKgwe(ρ)

)2
(5)

where we denotes an element-wise vector taken from the vibration mode Φ
corresponding to the deflection of the beam element e. The matrix Kg is given
as [18]

Kg =
1

30 l


36 3l −36 3l

3l 4l2 −3l −l2

−36 −3l 36 −3l

3l −l2 −3l 4l2

 (6)

where l is the length of the beam element e.
Note that Eq. (5) is derived for beam element with the nonlinearity aris-

ing from the mid-plane stretching effect existing in clamped-clamped beam and
similar beam structures. This mid-plane stretching effect is not suitable to can-
tilever beam whose length can be seen as non-extensible. Alternatively, Eq. (5)
can also be derived for the solid element with Green strain [14] which has a wider
applicability.

The frequency of the resonance peak increases as the amplitude of the reso-
nance peak increases, which is described as

ωp = ω(1 + γA2
p) (7)
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where ωp and Ap denote the frequency and amplitude of the nonlinear forced
resonance peak, respectively. The effective coefficient γ is given as

γ =
3

8

α

ω2
(8)

It is emphasized that in the above derivation of γ can not fully reflect the
change of the magnitude of the vibration mode Φ, and thus may to some extent
bias the optimized design in the optimization as shown later in the numerical
results.

In order to account for the change of the magnitude of the vibration mode, let
|Φ| denote the magnitude of the vibration mode, and introduce a new coordinate
y = x |Φ|. The change of the coordinate from x to y corresponds to a change of
the reduction basis from Φ to Φ

|Φ| . The reduced-order model in Eq. (2) can be
re-written as

ÿ + 2ξωẏ + ω2y + βy3 = g cosωt (9)

where

y = x |Φ|, β =
α

|Φ|2
, g = f |Φ| (10)

For the fundamental vibration mode of the clamped-clamped beam, its magni-
tude can be captured by the deflection at the midspan as

|Φ| = max(Φ) = |LTΦ| (11)

where L is a vector with all zeros but one non-zero component. The value of the
non-zero component is one. Its index corresponds to the degree of freedom of
the maximum deflection at the midspan of the beam.

From the reduced-order model in Eq. (9), the frequency-amplitude relation
can be re-written as

ωp = ω(1 + ΓB2
p) (12)

where Bp is the amplitude of the resonance peak in the coordinate of y, and the
effective coefficient Γ is given as

Γ =
3

8

β

ω2
=

3

8

α

ω2 |Φ|2
=

γ

|Φ|2
(13)

The effective coefficient in Eq. (13) is derived in the coordinate of y and the
reduction basis Φ

|Φ| . Since the new reduction basis is normalized with its mag-

nitude, the resulting effective coefficient Γ provides a fair comparison of the
optimized designs in the numerical computation. This also implies that an al-
ternative way to account for the change of the magnitude of the eigenmode is to
use the eigenmode that is normalized with its magnitude. Specifically, one can
replace Eq. (4) with

|Φi| = 1 (14)
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In the following formulation and the numerical results, the normalization of the
eigenmode with respect to the mass matrix in Eq. (4) is used, and the two
effective coefficients in Eq. (13) and Eq. (8) are compared in the context of
optimization.

2.3 Optimization problems and sensitivities

First, the original formulation of the optimization problem to maximize the
hardening behavior of a clamped-clamped beam resonator is

max
ρ

γ =
α

ω2

subject to: (K− ω2M)Φ = 0,

ΦTMΦ = 1,

V (ρ)/V ∗ ≤ 0.5,

0 ≤ ρ ≤ 1.

(Pold)

where the new objective function is defined in terms of γ in Eq. (8), and the
constant factor 3

8 is omitted in the objective function.

Based on the above formulation, the improved formulation of the same opti-
mization problem is written as

max
ρ

Γ =
α

ω2 |Φ|2 (Pnew)

where the objective function is defined in terms of Γ in Eq. (13), and the con-
straints are the same as those in the problem Pnew and therefore are omitted.

The two optimization problems are solved by using a gradient-based opti-
mizer called the Method of Moving Asymptotes (MMA) [20], which is efficient
and robust for solving structural optimization problems. The design sensitivities
(i.e. gradients) of the objective functions with respect to the design variables
are calculated by using the adjoint method [19] as described in the following
subsection.

2.4 Design sensitivity analysis using the adjoint method

The derivation of the design sensitivity analysis is demonstrated by using the
new objective function Γ in Pnew.

First, two adjoint variables, λ and η, are introduced in order to apply the
adjoint method in the design sensitivity analysis. The objective function is re-
written as

Γ = Γ + λT
(
K− ω2M

)
Φ + η

(
ΦTMΦ− 1

)
(15)
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The gradients of the augmented objective function are derived as

dΓ

dρe
=
∂Γ

∂ω

dω

dρe
+
∂Γ

∂α

(
∂α

∂ρe
+
∂α

∂Φ

dΦ

dρe

)
+

∂Γ

∂|Φ|
∂|Φ|
∂Φ

dΦ

dρe

+ λT
[(

∂K

∂ρe
− ω2 ∂M

∂ρe

)
Φ− 2ωMΦ

dω

dρe
+
(
K− ω2M

) dΦ

dρe

]
+ η

(
ΦT ∂M

∂ρe
Φ + 2 ΦTM

dΦ

dρe

) (16)

Collecting the terms of dΦ
dρe

and dω
dρe

, we have

dΓ

dρe
=
∂Γ

∂α

∂α

∂ρe
+ λT

(
∂K

∂ρe
− ω2 ∂M

∂ρe

)
Φ + ηΦT ∂M

∂ρe
Φ

+

(
∂Γ

∂α

∂α

∂Φ
+

∂Γ

∂|Φ|
∂|Φ|
∂Φ

+ λT
(
K− ω2M

)
+ 2 ηΦTM

)
dΦ

dρe

+

(
∂Γ

∂ω
+ λT (−2ωMΦ)

)
dω

dρe

(17)

The values of the two adjoint variables can be chosen so that the two terms of
dΦ
dρe

and dω
dρe

vanish in the above equation, leading to a set of adjoint equations
as

∂Γ

∂α

∂α

∂Φ
+

∂Γ

∂|Φ|
∂|Φ|
∂Φ

+ λT
(
K− ω2M

)
+ 2 ηΦTM = 0

∂Γ

∂ω
+ λT (−2ωMΦ) = 0

(18)

The adjoint equations can be re-formulated into matrix form as[
K− ω2M 2 ΦTM

2 ΦTM 0

][
λ

η

]
=

[
−∂Γ∂α

∂α
∂Φ −

∂Γ
∂|Φ|

∂|Φ|
∂Φ

1
ω
∂Γ
∂ω

]
(19)

After solving the adjoint equations (19), the adjoint variables λ and η are de-
termined. Then the sensitivities of the objective function are calculated as

dΓ

dρe
=
∂Γ

∂α

∂α

∂ρe
+ λT

(
∂K

∂ρe
− ω2 ∂M

∂ρe

)
Φ + ηΦT ∂M

∂ρe
Φ (20)

When the given values of the adjoint variables λ and η, the right-hand side
of Eq. (20) is cheap to compute for all design variables.

In each optimization iteration, the adjoint equations in Eq. (19) only need
to be solved once and then the resulting values of the adjoint variables λ and
η can be used in Eq. (20) to compute the sensitivities of the objective function
with respect to all the design variables ρe with e = 1, . . . , Ne.

The adjoint method is more efficient than the direct differentiation method
and the numerical finite difference approximation of the sensitivities, and thus
allows a large number of design variables to be used in the optimization.
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For the optimization problem Pold, the adjoint equations and the sensitivities
of the objective function are given as[

K− ω2M 2 ΦTM

2 ΦTM 0

][
λ

η

]
=

[
− ∂γ
∂α

∂α
∂Φ

1
ω
∂Γ
∂ω

]
(21)

dγ

dρe
=
∂γ

∂α

∂α

∂ρe
+ λT

(
∂K

∂ρe
− ω2 ∂M

∂ρe

)
Φ + ηΦT ∂M

∂ρe
Φ (22)

3 Results

The improved optimization is applied to a micro-mechanical clamped-clamped
beam in [14]. The evolution of the design is displayed in Fig. 2. The vibration
mode of the final design is displayed in Fig. 3. For comparison, the old design
and its fundamental flexural mode are displayed in Fig. 4.

Fig. 2 shows that in the first 10 iterations, the optimizer distributes more
material at two locations where the nonlinear strain energy is high [11]. In the
following iterations, the optimizer begins to put more material at the midspan
of the beam, yielding a central mass. The central mass was not shown in the
design by using the original approach [14] and therefore is attributed to the
improved optimization. Its occurrence is attributed to the improvement in the
methodology, i.e. the change of the magnitude of the vibration mode is taken into
account. The occurrence of central mass coincides with the fact that a central
mass is used in ultra-wide bandwidth piezoelectric energy harvesting devices [8]
and another result in topology optimization [21].

Further study is required to the applicability of the improved formulation of
the optimization problem in a wider range of applications.

Table 3 shows a comparison of the two designs obtained by using the original
objective function in Pold and the improved objective function in Pnew. Note
that γ0 and Γ0 are the corresponding values of the same initial design, while γ
and Γ are the corresponding values of the two final designs. According to Γ

Γ0
, the

new design obtained by using Pnew has a larger value of Γ than the old design
obtained by using Pold. However, when using the objective function based on
γ, this new design is a sub-optimal design because of the bias of the objective
function. As discussed in Section 2 concerning the reduced-order models and
frequency-amplitude relation, Γ provides a fair comparison of the optimized
designs. This new design has a larger value of Γ . Consequently, this new design
has a larger frequency shift for a given amplitude of the resonant peak than the
old design. The improvement obtained by using the improved formulation in this
example is 6.4%. In future work the two optimized designs will be compared by
using nonlinear frequency response and ring-down response.

4 Conclusions

This paper presents an improved formulation of the optimization problem for
tuning the nonlinear dynamic response through the nonlinear modal coupling
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Fig. 2. The optimized design for maximizing the hardening behavior of the fundamen-
tal vibration mode of a clamped-clamped beam resonator. The objective function is
normalized with its value of the initial design.

Fig. 3. The fundamental flexural mode the new design for maximizing the hardening
behavior of a clamped-clamped beam. The color denotes the total displacement. The
mode shape is obtained by using COMSOL Multiphysics 5.4 with 2D solid element.

Fig. 4. The fundamental flexural mode of the design in [14] for maximizing the hard-
ening behavior of a clamped-clamped beam . The color denotes the total displacement.
The mode shape is obtained by using COMSOL Multiphysics 5.4 with 2D solid element.
The image is re-used from [14].

coefficients. For the hardening behavior of a clamped-clamped beam, the design
obtained by using the improved formulation has a larger effective coefficient Γ
than the design obtained by using the original formulation.

Further studies are required to extend this improved formulation of the op-
timization problem to multi-mode micro-mechanical resonators [14], topology
optimization [21,22], and optimization problems of micro-mechanical resonators
with electrostatic actuation [23]. Additional studies are needed to examine the
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Table 1. Comparison the two designs obtained by using the original objective function
in Pold and the improved objective function in Pnew.

Pold Pnew ratio

γ
γ0

13.35 10.11 0.757

Γ
Γ0

7.56 8.05 1.064

potential extension of the optimization frame to micro-mechanical cantilever-
based structures with nonlinear inertial effects and nano-mechanical resonators
where the non-local elastic effects prevail in the nonlinearity [24].
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