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a b s t r a c t 

Multi-component T 2 relaxometry allows probing tissue microstructure by assessing compartment-specific 

T 2 relaxation times and water fractions, including the myelin water fraction. Non-negative least squares 

(NNLS) with zero-order Tikhonov regularization is the conventional method for estimating smooth T 2 dis- 

tributions. Despite the improved estimation provided by this method compared to non-regularized NNLS, 

the solution is still sensitive to the underlying noise and the regularization weight. This is especially 

relevant for clinically achievable signal-to-noise ratios. In the literature of inverse problems, various well- 

established approaches to promote smooth solutions, including first-order and second-order Tikhonov 

regularization, and different criteria for estimating the regularization weight have been proposed, such as 

L-curve, Generalized Cross-Validation, and Chi-square residual fitting. However, quantitative comparisons 

between the available reconstruction methods for computing the T 2 distribution, and between different 

approaches for selecting the optimal regularization weight, are lacking. In this study, we implemented 

and evaluated ten reconstruction algorithms, resulting from the individual combinations of three penalty 

terms with three criteria to estimate the regularization weight, plus non-regularized NNLS. Their perfor- 

mance was evaluated both in simulated data and real brain MRI data acquired from healthy volunteers 

through a scan-rescan repeatability analysis. Our findings demonstrate the need for regularization. As a 

result of this work, we provide a list of recommendations for selecting the optimal reconstruction al- 

gorithms based on the acquired data. Moreover, the implemented methods were packaged in a freely 

distributed toolbox to promote reproducible research, and to facilitate further research and the use of 

this promising quantitative technique in clinical practice. 

© 2021 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Multi-component T 2 relaxation analysis in brain tissue allows 

btaining information on transverse relaxation times and water 

olume fractions of different tissue compartments. It is consid- 

red the gold standard approach to compute the myelin water 
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raction (MWF) ( Alonso-Ortiz et al., 2015 ; Piredda et al., 2020b ), 

 metric highly correlated with the myelin volume and a poten- 

ial biomarker for various brain disorders like multiple sclerosis 

 Laule et al., 2008 ). Notably, it has been reported that T 2 is a sensi-

ive source of contrast to differentiate between normal and abnor- 

al tissue ( Damadian, 1971 ). While the number of protons in soft 

issue can vary only up to a few percent, the T 2 time can vary by

rders of magnitude ( Gore and Kennan, 1999 ). 

Previous research has established the existence of cellular- 

ompartment-specific T 2 values ( MacKay et al., 2006 ). A three-pool 

odel to decompose the MRI signal in the white matter (WM) 

nto three main components was proposed ( Deoni et al., 2013 ; 

ancaster et al., 2003 ): a short T 2 component attributed to myelin 

ater (i.e., 10-40 ms); an intermediate T 2 component due to the 

ntra- and extra-axonal (IE) water (i.e., 50-100 ms); and a long T 2 
omponent (i.e., > 10 0 0 ms) arising from free water due to par-

ial volume effects with the cerebrospinal fluid (CSF). A more gen- 

ral statistical model that introduces a non-parametric T 2 distribu- 

ion was developed in ( Mackay et al., 1994 ; Whittall et al., 1997 ).

t is based on the assumption that the measured MRI signal can 

e described as a sum of signals from a large number of individ- 

al spin packets that are exposed to different environments and 

hus have different T 2 values. In practice, some approximations to 

ompute the T 2 distribution are required. The conventional recon- 

truction technique is based on estimating a discrete version of the 

 2 distribution ( Mackay et al., 1994 ; Whittall et al., 1997 ), which

s equivalent to fitting a discrete mixture of many impulse func- 

ions, each centered at a predefined T 2 value across a range of bi- 

logically plausible T 2 values. After discretizing the corresponding 

ntegral equation, the resulting linear problem is solved via non- 

egative least squares (NNLS) ( Lawson and Hanson, 1987 ). This 

llows analyzing the data without making a priori assumptions 

bout the number of compartments within the voxel. This is par- 

icularly relevant, for instance, for studying brain disorders where 

ore than three compartments may be required to characterize 

he abnormal tissue ( Mackay and Laule, 2012 ). As the NNLS algo- 

ithm tends to produce a sparse representation consisting of a few 

pikes ( Slawski and Hein, 2011 ), a common approach is to include 

 zero-order Tikhonov (ZOT) penalty term to promote smooth so- 

utions that better represent the microstructure composition of the 

nvestigated tissue ( Mackay et al., 1994 ; Whittall et al., 1997 ). Al-

ernatively, first-order Tikhonov (FOT) and second-order Tikhonov 

SOT) regularization approaches may be more appropriate to pro- 

ote smooth solutions: whilst ZOT penalizes the sum of squares of 

ll the elements of the T 2 distribution, FOT and SOT penalize the 

um of squares of their local first- and second-order derivatives 

espectively ( Kroeker and Mark Henkelman, 1986 ; Whittall and 

acKay, 1989 ), enabling better control of local amplitude changes. 

Despite the improved estimation provided by ZOT compared to 

on-regularized NNLS, the solution is still sensitive to the under- 

ying noise and the regularization weight ( Graham et al., 1996 ). In 

ases where the regularization parameter is too small, the solution 

ends to be unstable due to overfitting, and when it is too large, 

he resulting T 2 distribution is blurred due to underfitting (i.e., 

ver-smoothing), hindering the identification of the myelin wa- 

er T 2 component. In the literature of inverse problems, there are 

arious well-established approaches to estimate the optimal regu- 

arization parameter, like L-curve ( Hansen, 1992 ) and Generalized 

ross-Validation (GCV) ( Golub et al., 1979 ). However, a quantita- 

ive comparison between the available reconstruction methods for 

omputing the T 2 distribution, and between different approaches 

or the selection of the regularization parameter, is missing. 

The main aim of this work is to perform an objective com- 

arison of a variety of voxelwise non-parametric T 2 reconstruction 

lgorithms based on different regularization functions, and differ- 

nt approaches to select the regularization weight. Specifically, ten 
2 
stimation algorithms were implemented, which were obtained 

rom the individual combinations of three penalty terms (i.e., ZOT, 

OT, and SOT) with three criteria to estimate the regularization 

eight (i.e., Chi-square (X 

2 ) residual fitting criterion ( Whittall and 

acKay, 1989 ), L-curve, and GCV), plus non-regularized NNLS. As 

he basis for this comparison, we use a large dataset of synthetic 

ata and in vivo multi-echo T 2 (MET 2 ) human brain data acquired 

n healthy volunteers which were scanned two times to conduct a 

can-rescan quantitative analysis. As a result of this work, we pro- 

ide a list of recommendations for choosing the optimal algorithms 

o be used in clinical applications. Moreover, the implemented 

ethods were packaged in a freely distributed toolbox avail- 

ble at https://github.com/ejcanalesr/multicomponent- T2- toolbox , 

hich aims at fostering reproducible research and may allow an 

mproved comparison for novel methods in the future. 

. Methods 

.1. Regularized non-negative least squares 

The conventional non-parametric regularization approach is 

ased on solving the following augmented NNLS problem 

 Whittall et al., 1997 ): 

ˆ  ( λ) = arg min 

x ≥0 
‖ 

s − Hx ‖ 

2 
2 + λ‖ 

Lx ‖ 

2 
2 

= arg min 

x ≥0 

∥∥∥∥
[

s 
0 

]
−

[
H √ 

λL 

]
x 

∥∥∥∥
2 

2 

, (1) 

here s is a column vector of length n , containing the measured 

ignals for different echo times (i.e., T E i , i = 1 , .., n ); H is a n × p

ictionary matrix, where each column contains the synthetic MRI 

ignals corresponding to a compartment with a fixed T 2 that is se- 

ected from a predefined grid of T 2 values (i.e., T 
j 

2 
, j = 1 , .., p); x

s the column-vector of length p to be estimated that quantifies 

he water fraction of each compartment with predefined T 2 ; 0 is 

 column-vector of zeros of length p ; L is the p × p regularization 

atrix, and λ is a non-negative regularization parameter. Note that 

or λ = 0 Eq. (1) becomes the non-regularized NNLS ( Lawson and 

anson, 1987 ). 

In early studies, the matrix H was created using an exponen- 

ial decay model (i.e., H i, j = exp (−T E i /T 
j 

2 
) ) ( Mackay et al., 1994 )

hich is the solution to the Bloch equation under ideal experi- 

ental conditions. More recently, it was replaced by the extended- 

hase-graph (EPG) model ( Prasloski et al., 2012a ), which incor- 

orates stimulated echo effects induced by non-ideal refocusing 

ulses. It allows quantifying the deviation of the refocusing flip an- 

le (FA) from the prescribed value, e.g. FA = 180 0 , due to B1 field in-

omogeneities and the non-ideal slice/slab profile of the refocusing 

ulses ( Hennig et al., 2004 ). 

The solution ˆ x depends both on the regularization matrix L and 

he method used to select the regularization weight λ. Three stan- 

ard options for promoting smooth solutions are the ZOT, FOT, and 

OT approaches, which are based on the following regularization 

atrices, respectively: 

I = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 0 0 · · · 0 

0 1 0 

. . . 
. . . 

0 

. . . 
. . . 

. . . 0 

. . . 
. . . 0 1 0 

0 · · · 0 0 1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, 

https://github.com/ejcanalesr/multicomponent-T2-toolbox
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 1 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 0 0 · · · 0 

−1 1 0 

. . . 
. . . 

0 

. . . 
. . . 

. . . 0 

. . . 
. . . −1 1 0 

0 · · · 0 −1 1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, 

 2 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 −1 0 · · · 0 

−1 2 −1 

. . . 
. . . 

0 

. . . 
. . . 

. . . 0 

. . . 
. . . −1 2 −1 

0 · · · 0 −1 1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, (2) 

here I is the identity matrix, L 1 and L 2 are the first- and second- 

rder differential operators. 

.2. Estimating the regularization parameter 

Selecting the optimal regularization parameter λ is a central 

art of the estimation process because it determines how much 

he final solution is impacted by the regularization matrix. For 

= 0 , Eq. (1) becomes the non-regularized NNLS. In the opposed 

imit, for λ → ∞ , an infinity penalty on the solution is added, and

hus ˆ x → c1 , where c denotes a constant and 1 is a column vec-

or of ones. Finally, solutions for values of λ outside these extreme 

ases are preferred because they usually provide a better trade-off

etween bias and variance, and thus a better balance between un- 

erfitting and overfitting. Different methods for selecting the op- 

imal value of λ have been proposed, resulting in solutions with 

arying degrees of smoothness. In practice, numerical evaluations 

re required to empirically determine the best method for each ap- 

lication, as selecting the optimal solution from theoretical princi- 

les is in general not possible, e.g., see ( Canales-Rodríguez et al., 

019 ). 

In this work, three different approaches to estimate λ were 

valuated. First, we implemented the X 

2 residual fitting criterion 

s it is the most popular method used in non-parametric T 2 re- 

axometry ( Graham et al., 1996 ; Whittall and MacKay, 1989 ). We 

ewrote this criterion as the following optimization problem: 

ˆ = arg min 

λ≥0 

∣∣∣∣∣1 −
∥∥s − H ̂  x (λ) 

∥∥2 

2 

k 
∥∥s − H ̂  x (λ = 0) 

∥∥2 

2 

∣∣∣∣∣, (3) 

here ˆ x (λ) is the solution from Eq. (1) for a fixed λ, ˆ x (λ = 0)

s the solution for λ = 0 , and k is a constant commonly defined

n the interval 1.02-1.025 ( Laule et al., 2006 ). This heuristic was 

roposed to reduce the overfitting in the presence of noise by 

ccepting a regularized solution whose mean squared error is 2- 

.5% higher than the non-regularized one ( MacKay et al., 2006 ). 

quation (3) was minimized using Brent’s method ( Brent, 1971 ) 

vailable in the SciPy ( Virtanen et al., 2020 ) python package (i.e., 

sing the ’fminbound’ function) with k = 1.02 ( Wiggermann et al., 

020 ). 

Moreover, we implemented the well-known GCV method 

 Golub et al., 1979 ), where the optimal λ minimizing the follow- 

ng functional was found using Brent’s method ( Brent, 1971 ): 

ˆ = arg min 

λ≥0 

1 
n 

∥∥s − H ̂  x (λ) 
∥∥2 

2 [
1 
n 

T race ( I − A (λ) ) 
]2 

, (4) 

here A (λ) = H ( H 

T H + λL T L ) −1 H 

T . GCV was originally developed 

or linear regression problems with an analytical solution ˆ x (λ) = 

 H 

T H + λL T L ) −1 H 

T s ( Golub and von Matt, 1997 ) that differs from 

he solution estimated by regularized NNLS (see Eq. (1) ). However, 
3 
his analytical form is still valid for the subset of elements ˆ x { i } ∈ ̂  x 

ith values higher than zero estimated by regularized NNLS. That 

s, once the regularized NNLS solution is obtained for a fixed λ
nd the set of indices { i } for which ˆ x (λ) > 0 is identified, ˆ x { i } (λ) =
 H 

T { i } H { i } + λL T { i } L { i } ) −1 H 

T { i } s , where H { i } is a submatrix formed by 

he columns of H with indices { i }, and L { i } is a copy of the rows and

olumns of L with indices { i }. Therefore, we adapted the GCV func- 

ional for non-negative estimates by replacing H and L in Eq. (4) by 

 { i } and L { i } . This approximation allows us to select the best model 

i.e., subset { i }) ( Shao, 1993 ) by exploring the space of regularized

NLS solutions ˆ x (λ) parameterized by λ. 

Finally, we implemented the classical L-curve method 

 Hansen, 1992 ). The log-log plot of the residual norm 

ersus the regularization term norm was created 

 log ‖ s − H ̂ x (λ) ‖ 2 
2 
, log ‖ L ̂ x (λ) ‖ 2 

2 
) for N = 50 logarithmically spaced 

egularization values ranging from 1.0e-8 to 1.0e2. The optimal 

was identified as the corner of the resulting "L-curve" plot as 

escribed in ( Castellanos et al., 2002 ), which separates the vertical 

nd horizontal parts of the curve where the solution is dominated 

y overfitting and underfitting, respectively ( Hansen, 1992 ). We 

erified that the solutions did not change significantly by using a 

igher number of points, e.g., N = 100. 

.3. Implemented algorithms 

In total, ten estimation algorithms were implemented, including 

he individual combinations of the three penalty terms described 

n Eq. (2) (i.e., I , L 1 , and L 2 ) and three criteria to estimate the

ptimal regularization weight (i.e., X 

2 , L-curve, and GCV), as well 

s the non-regularized NNLS. All algorithms were named based on 

he resulting combination: X 

2 -I, X 

2 -L 1 , X 

2 -L 2 , L-curve-I, L-curve-L 1 ,

-curve-L 2 , GCV-I, GCV-L 1 , GCV-L 2 , and NNLS. For more details see 

able 1 . 

.4. Metrics derived from the T 2 distribution 

Various relevant metrics to characterize the tissue, including 

WF, total water content (TWC), intra- and extra-cellular water 

raction (IEWF), and T 2 of the IE water ( T IE 2 ), were computed from 

he estimated T 2 distributions. This is done by defining cutoff T 2 
alues that separate the distribution into regions corresponding to 

istinct tissue compartments. The cutoff values for the myelin wa- 

er T m 

2 
and IE water T i 

2 
were fixed to standard values as reported 

n the literature ( MacKay and Laule, 2016 ): T m 

2 
= 40 ms and T i 

2 
=

00 ms. 

TWC is proportional to the predicted signal for TE = 0 (i.e., pro- 

on density) and was estimated by calculating the area under the 

urve of the T 2 distribution for all T 2 times ( Meyers et al., 2017 ) 

 W C = 

p ∑ 

j=1 

ˆ x j . (5) 

As commonly done, MWF is calculated as the area under the 

urve for T 2 times smaller than the myelin water cutoff T m 

2 
, nor- 

alized by the total area: 

W F = 

1 

T W C 

m ∑ 

j=1 

ˆ x j , (6) 

here m is the index of the predefined T 2 grid which matches the 

efined cutoff T m 

2 
. Likewise, IEWF is estimated as the area under 

he curve in the range T m +1 
2 

− T i 
2 
, normalized by the total area 

EW F = 

1 

T W C 

i ∑ 

j= m +1 

ˆ x j , (7) 
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Table 1 

Description of the ten algorithms evaluated in this study, resulting from the individual combinations of three penalty terms 

and three criteria to estimate the regularization weight, plus non-regularized NNLS. 

Method Regularization matrix Regularization parameter 

NNLS N.A. N.A. 

X 2 -I I: Identity matrix (ZOT) Chi-square, k = 1.02 ( Eq. (3) 

X 2 -L 1 L 1 : First order Laplacian matrix (FOT) Chi-square, k = 1.02 ( Eq. (3) 

X 2 -L 2 L 2 : Second order Laplacian matrix (SOT) Chi-square, k = 1.02 ( Eq. (3) 

L-curve-I I: Identity matrix (ZOT) L-curve ( Castellanos et al., 2002 ) 

L-curve-L 1 L 1 : First order Laplacian matrix (FOT) L-curve ( Castellanos et al., 2002 ) 

L-curve-L 2 L 2 : Second order Laplacian matrix (SOT) L-curve ( Castellanos et al., 2002 ) 

GCV-I I: Identity matrix (ZOT) Generalized Cross-Validation ( Eq. (4) , ( Golub et al., 1979 ) 

GCV-L 1 L 1 : First order Laplacian matrix (FOT) Generalized Cross-Validation ( Eq. (4) , ( Golub et al., 1979 ) 

GCV-L 2 L 2 : Second order Laplacian matrix (SOT) Generalized Cross-Validation ( Eq. (4) , ( Golub et al., 1979 ) 

Table 2 

Parameters that were used to generate the synthetic T 2 distributions, where x ∼
U(a, b) denotes a random sample from a uniform distribution on the interval 

[ a, b] . 

Parameters Slow component Fast component 

Volume fraction MW F ∼ U(0 . 05 , 0 . 25) 1 − MW F 

T 2 mean value (ms) T M 2 ∼ U(15 , 35) T IE 2 ∼ U(60 , 90) 

T 2 standard deviation (ms) std( T M 2 ) ∼ U(1 , 3) std( T IE 2 ) ∼ U(6 , 12) 

Flip angle ( 0 ) F A ∼ U(90 , 180) 

Signal-to-noise ratio 

Simulation#1 : SNR ∼ U(50 , 150) 

Simulation#2 : SNR ∼ U(150 , 300) 

Simulation#3 : SNR = In f 
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here i is the index of the T 2 grid corresponding to the cutoff T i 
2 

or the IE compartment and T m +1 
2 

is the T 2 time for the grid point

ith index m + 1 . T IE 2 is computed as the geometric mean of the

istribution in the T 2 range specified above ( Bjarnason, 2011 ): 

 

IE 
2 = exp 

( 

i ∑ 

j= m +1 

log (T j 
2 
) ̂  x j / 

i ∑ 

j= m +1 

ˆ x j 

) 

. (8) 

.5. Experimental data 

.5.1. Numerical simulations 

The accuracy of the different algorithms was compared across a 

ange of T 2 distributions and signal-to-noise ratios (SNRs). Several 

 2 distributions consisting of a mixture of two Gaussians with dif- 

erent mean values and standard deviations were generated, along 

ith their corresponding synthetic signals. To simulate the hetero- 

eneity observed in the white matter of real brain data, various 

WFs, T 2 s, flip angles (FAs), and SNRs were considered. Table 2 

ists the range of values used to generate the synthetic data. 

To generate the synthetic signals each simulated T 2 distribu- 

ion was discretized into 10 0 0 equidistant points in the range 1- 

00 ms. The EPG model was used to create the signals for each T 2 
nd TE. The same 32 TEs used to acquire the real brain data (see

he next section) were used for generating the synthetic signals: 

Es = { �T E × N echo , where �T E = 10.68ms and N echo = 1,...,32}. The

oiseless signal s d (T E) for each TE was calculated by taking the 

um of all signals with different T 2 , weighted by the intensities of 

he T 2 discrete distribution. Finally, the resulting signals were con- 

aminated with Rician noise: 

 (T E) = 

√ 

( s d (T E) + ε 1 ) 
2 + ε 2 2 (8) 

here ε 1 and ε 2 are two different noise realizations from a Gaus- 

ian distribution with mean value equal to zero and standard devi- 

tion σ , i.e., ε 1 , ε 2 ∼ N(0 , σ ) , which was adjusted for each SNR ac-

ording to the relationship SNR = s d (T E min ) /σ , where s d (T E min ) is 

he signal evaluated at the minimum TE. Two independent datasets 

ere generated using different SNR ranges: from 50-150, and from 
4 
50-300, which were selected to match the entire SNR range ob- 

erved in our in vivo brain data, i.e., 50-300. The two selected SNR 

anges mimic the noise found in brain regions with high to moder- 

te (i.e., 50-150) and with moderate to low noise levels (i.e., 150- 

00) respectively. Moreover, one additional noiseless dataset (i.e., 

NR = ∞ ) was generated as a reference. Each dataset consisted of 

 = 10 0 0 0 independent voxels. 

The performance of the algorithms was quantified by compar- 

ng their estimated distributions and MWFs with the ground-truth 

alues. Two independent sets of metrics were considered to evalu- 

te the estimated MWFs and T 2 distributions. The statistical indi- 

ators employed for the numerical evaluation are listed in Table 3 . 

he estimated and ground-truth T 2 distributions were compared 

fter re-sampling the ground-truth distributions to the same T 2 
rid used in the reconstruction (i.e., p = 60 points). 

.5.2. Human brain data 

High-resolution human brain MET 2 data were acquired from 

ve healthy volunteers at 3T (MAGNETOM Prisma, Siemens Health- 

are, Erlangen, Germany) using a standard 64-channel head/neck 

oil. The data were collected using a high-resolution 3D multi-echo 

radient and spin-echo (GRASE) prototype sequence accelerated 

ith CAIPIRINHA ( Piredda et al., 2020a ). To test the repeatability 

f the reconstructions, two different acquisitions were carried out 

ver two consecutive scanning sessions (i.e, scan-rescan scenario) 

sing the following parameters: matrix-size = 144 × 126 × 134; 

oxel-size = 1.6 × 1.6 × 1.6mm 

3 ; �TE / N echoes / TR = 10.68ms/32/1s; 

rescribed FA = 180 0 ; number-of-slices = 84; acceleration fac- 

or = 3 × 2; number of averages = 1; acquisition time = 10:30min. 

The repeatability of the reconstructions was evaluated through 

 scan-rescan analysis in which the MWFs computed from the two 

cans were compared. In a first step, the MWF images from both 

canning sessions were non-linearly registered to the ICBM-DTI-81 

hite-matter tract labels atlas ( Mori et al., 2008 ; Oishi et al., 2008 )

sing the ANTs software ( Avants et al., 2008 ) ( https://github.com/ 

NTsX/ANTs ). A list of the regions of interest (ROIs) and tract la- 

els can be found at https://neurovault.org/images/1401/ . For each 

ubject, a single deformation field was estimated by registering the 

ET 2 data to the reference T 2 w image included in the ICBM-DTI- 

1 atlas. In particular, the registration was performed by identify- 

ng the 3D volume from the 4D MET 2 data having a contrast sim- 

lar to that of the T 2 w image (i.e., n = 10, TE = 106.8ms). The esti-

ated deformation field was applied then to the MWF maps es- 

imated by all methods. After visually inspecting the images, we 

emoved small ROIs affected by registration errors and kept 44 

ract labels showing a good anatomical agreement between the at- 

as and subject native spaces. Finally, for each ROI the mean MWF 

alue and the coefficient of variation (CV) were estimated. The lin- 

ar dependence and agreement between the scan-rescan estimates 

ere evaluated by computing the slope and intercept of the linear 

egression line, Pearson’s correlation, and a Bland-Altman analysis 

https://github.com/ANTsX/ANTs
https://neurovault.org/images/1401/
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Table 3 

Statistical indicators for the numerical evaluation using synthetic data. Two sets of metrics were considered, one to evaluate the algorithm’s 

performance in estimating the myelin water fraction (MWF) and the other for accessing the performance on the whole distribution. The lower 

the values the more accurate the estimates, except for the correlation coefficient which is higher with more accurate models. Notation: n t 
denotes the total number of observations (i.e., number of simulated signals), O i is the ith observation (i.e., simulated MWF: ground-truth), P i is 

the ith prediction (i.e., estimated MWF), Ō and P̄ are the corresponding average values. 

Quality metrics for MWF Equation Description 

MAE: Mean absolute error MAE = 

1 
n t 

∑ n t 
i =1 

| P i − O i | Sum of absolute values of the errors divided by the 

number of observations. It measures how close calculated 

and actual values are. 

MARE: Mean absolute relative error MARE = 

1 
n t 

∑ n t 
i =1 

| P i −O i 
O i 

| This indicator is expressed as the average absolute value 

of relative errors between the estimated and actual 

values. 

RMSE: Root mean square error RMSE = 

√ 

1 
n t 

∑ n t 
i =1 

( P i − O i ) 
2 

This metric is frequently used to compare forecasting 

errors of different models. The lower value the better the 

predictive capability of a model in terms of its deviation. 

cRMSE: Centered root mean square 

error 

cRMSE = √ 

1 
n t 

∑ n t 
i =1 

[ ( P i − P̄ ) − ( O i − Ō ) ] 
2 

Mean-removed root mean square difference. It quantifies 

the RMSE but without including the bias error. 

RMSRE: Root mean square relative 

error 

RMSRE = 

√ 

1 
n t 

∑ n t 
i =1 

( P i −O i 
O i 

) 
2 

A modification to RMSE to consider relative errors. 

U95: Uncertainty with a 95% 

confidence level 

U95 = 1 . 96 ( S D 2 + RMS E 2 ) 1 / 2 This indicator shows information about the model 

deviation. SD denotes the standard deviation of the 

difference between the estimated and actual values (for 

more details, see ( Gueymard, 2014 )). 

MBE: Mean bias error MBE = 

1 
n t 

∑ n t 
i =1 

( P i − O i ) = P̄ − Ō It expresses the model’s tendency to underestimate 

(negative value) or overestimate (positive value). 

R: Correlation coefficient R = 

∑ n t 
i =1 

( O i −Ō )( P i −P̄ ) √ ∑ n t 
i =1 

( O i −Ō ) 
2 ∑ n t 

i =1 
( P i −P̄ ) 

2 
Correlation of the model predictions and observations. It 

measures the tendency of the predicted and observed 

values to vary together. 

Quality metrics for the whole 

distribution 

GMARE: Global mean absolute relative 

error 

GM ARE = 

∑ k =5 
k =1 M AR E k The sum of mean absolute relative errors for a set of 5 

features derived from the distributions, including the 

total water content, and the fractions and mean T 2 s of 

the myelin water and intra- and extra-cellular water. 

MAE-k: Mean absolute error of the 

number of peaks/components 

MAE −k = 

1 
n t 

∑ n t 
i =1 

| k i − k true | It measures the model skill to estimate distributions with 

the right number of components k true = 2, where k i is the 

number of peaks found in the estimated distribution. 

MAE-S: Mean absolute error of the 

distribution 

MAE −S = 

1 
n t 

∑ n t 
i =1 

( 1 
p 

∑ p 
j=1 

| S O i 
j 

− S P i 
j 
| ) 

Mean of the mean absolute distance between the 

simulated (i.e., S O i ) and estimated distribution (i.e., S P i ) 

for all T 2 values. 

MJSD-S: Mean MJ SD −S = 

1 
n t 

∑ n t 
i =1 

J SD ( S O i , S P i ) Mean Jensen-Shannon distance (JSD) between the 

estimated and actual distribution. 

MWD-S: MW D −S = 

1 
n t 

∑ n t 
i =1 

W D ( S O i , S P i ) Mean Wasserstein distance (WD) between the estimated 

and actual distribution. 

f

o

t

w

2

a

i

t

(

c  

e

f

b  

2

W

i

w

N

t

m

t

G

(

c

3

3

F

o

a

t

r

c

o

X

S

b

m

c

M

c

rom which the mean bias error (MBE) and the standard deviation 

f the difference were assessed. One subject was discarded from 

he study due to motion artifacts. 

The study was approved by the local ethics committee and 

ritten informed consent was obtained from the participants. 

.6. Preprocessing and estimation 

The brain MRI images were filtered using a 3D total variation 

lgorithm (i.e., ’denoise_tv_chambolle’ function within the ’scikit- 

mage’ python toolbox) before fitting. Spatial filtering is effec- 

ive for decreasing the variability of the estimated MWF maps 

 Jones et al., 2003 ). To estimate the T 2 distribution, different matri- 

es H were generated using the EPG model ( Prasloski et al., 2012a ),

ach one corresponding to a fixed refocusing FA value selected 

rom a discrete set of values between 90 ° and 180 ° equally spaced 

y 1 °. Moreover, a fixed T 2 range from 10-20 0 0 ms ( Prasloski et al.,

012b ) with p = 60 T 2 logarithmically spaced points was employed. 

e verified that the solutions did not change significantly by us- 

ng a higher number of points, e.g., p = 100. The fitting process 

as carried out independently for each H by using the standard 

NLS and the actual FA was determined as the one minimizing 

he mean squared error( Prasloski et al., 2012a ). As the B 1 inho- 

ogeneities are expected to be smooth and not dependent on 
5 
he brain anatomy, the acquired MRI data were smoothed with a 

aussian kernel (FWMH of 4.8 mm) for determining the actual FA 

 Drenthen et al., 2019a ). Finally, the intra-voxel T 2 distribution was 

alculated by using the algorithms described in Table 1 . 

. Results 

.1. Numerical simulations 

The performance of all algorithms is summarized in Table 4 . 

or the SNR range 50-150, L-curve-I outperformed the other meth- 

ds in estimating MWF in various quality metrics (i.e., MAE, RMSE, 

nd R) and L-curve-L 2 was the second best method, achieving 

he lowest U95 and cRMSE scores. Results from the quality met- 

ics related to the whole distribution were different. While L- 

urve-L 2 provided the best global mean absolute error in terms 

f all the metrics derived from the T 2 distributions (i.e., GMARE), 

 

2 -L 1 and X 

2 -L 2 produced the lowest MAE-S, MJSD-S, and MWD- 

 distances, and NNLS predicted more accurately the right num- 

er of peaks (MAE-k) followed by X 

2 -L 1 . Notably, the perfor- 

ance of all methods varied for the SNR range 150-300. In that 

ase, X 

2 -I showed the best MWF reconstruction in terms of MAE, 

ARE, RMSE, RMSRE, and U95. The performance of L-curve-I de- 

reased but still, it provided the highest correlation and the low- 
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Table 4 

Statistical indicators for the evaluated models for different SNRs, i.e., in the 50-150 and 150-300 ranges, and a noiseless case. Two sets of metrics were considered, 

one to characterize the estimated myelin water fraction (MWF), and the other for the estimated distributions. Bold values show the two most accurate models 

regarding each indicator. 

SNR = 50-150 Quality metrics for MWF Quality metrics for the whole distribution 

MAE MARE RMSE cRMSE RMSRE U95 MBE R GMARE MAE-k MAE-S MJSD-S MWD-S 

NNLS 0.068 0.482 0.0888 0.0864 0.6231 0.2428 -0.0207 0.4818 1.1062 0.2571 0.022 0.5823 0.0146 

X 2 -I 0.0549 0.4044 0.0687 0.0578 0.5112 0.176 -0.037 0.6592 0.9492 0.6995 0.0135 0.3882 0.0093 

X 2 -L 1 0.0558 0.408 0.0695 0.0566 0.5103 0.1756 -0.0403 0.657 0.9382 0.4271 0.0132 0.3813 0.0087 

X 2 -L 2 0.0556 0.4057 0.0692 0.0562 0.5068 0.1747 -0.0405 0.6572 0.9303 0.7371 0.0131 0.3806 0.0085 

L-curve-I 0.0544 0.4105 0.0662 0.0572 0.5152 0.1714 -0.0332 0.6932 0.9117 0.847 0.0154 0.4229 0.0114 

L-curve-L 1 0.0569 0.43 0.068 0.0624 0.5341 0.181 -0.0269 0.6733 0.9345 0.6194 0.0162 0.4372 0.0123 

L-curve-L 2 0.0558 0.4161 0.0673 0.0553 0.5113 0.1707 -0.0382 0.6886 0.9004 0.9795 0.0155 0.4268 0.0111 

GCV-I 0.0581 0.4293 0.0744 0.0666 0.5503 0.1957 -0.0332 0.6003 1.0295 0.5068 0.0141 0.4098 0.0088 

GCV-L 1 0.0588 0.4526 0.0718 0.0635 0.5682 0.1877 -0.0335 0.6708 1.0321 0.7587 0.0147 0.4128 0.0105 

GCV-L 2 0.0599 0.4562 0.0721 0.0627 0.5634 0.1872 -0.0356 0.667 1.0234 0.9403 0.0157 0.429 0.0113 

SNR = 150-300 Quality metrics for MWF Quality metrics for the whole distribution 

MAE MARE RMSE cRMSE RMSRE U95 MBE R GMARE MAE-k MAE-S MJSD-S MWD-S 

NNLS 0.0517 0.3685 0.0703 0.07 0.4919 0.1945 -0.0061 0.625 0.8039 0.1805 0.0204 0.5513 0.0139 

X 2 -I 0.0433 0.3167 0.0553 0.042 0.4052 0.1362 -0.0359 0.7842 0.7083 0.4271 0.0111 0.3354 0.0075 

X 2 -L 1 0.0445 0.3229 0.0569 0.0421 0.4098 0.1387 -0.0382 0.7765 0.7082 0.2196 0.0108 0.3287 0.007 

X 2 -L 2 0.0445 0.3215 0.0569 0.0422 0.4075 0.1389 -0.0381 0.7743 0.703 0.4301 0.0107 0.326 0.0068 

L-curve-I 0.0498 0.3662 0.0601 0.0398 0.4464 0.1413 -0.045 0.8016 0.7762 0.5709 0.0131 0.3748 0.0092 

L-curve-L 1 0.055 0.4074 0.0648 0.0432 0.4854 0.1526 -0.0482 0.7825 0.8162 0.2718 0.0144 0.4022 0.0102 

L-curve-L 2 0.055 0.4033 0.0653 0.0416 0.4806 0.1516 -0.0503 0.7838 0.8151 0.9107 0.0143 0.4023 0.0097 

GCV-I 0.0433 0.318 0.0575 0.0526 0.4216 0.1527 -0.0231 0.7247 0.7318 0.2721 0.0114 0.3536 0.007 

GCV-L 1 0.0465 0.3584 0.0589 0.0466 0.4664 0.1471 -0.036 0.7835 0.788 0.4893 0.0117 0.3485 0.0078 

GCV-L 2 0.0525 0.4067 0.0636 0.047 0.5071 0.1551 -0.0429 0.7766 0.8664 0.7972 0.0136 0.3866 0.0094 

SNR = ∞ Quality metrics for MWF Quality metrics for the whole distribution 

MAE MARE RMSE cRMSE RMSRE U95 MBE R GMARE MAE-k MAE-S MJSD-S MWD-S 

NNLS 0.0338 0.2614 0.0474 0.0403 0.3837 0.1219 0.0251 0.8436 0.4379 0.4858 0.0174 0.4851 0.0124 

X 2 -I 0.0146 0.1118 0.0216 0.0174 0.1705 0.0544 -0.0128 0.9584 0.2295 0.0348 0.0055 0.1761 0.0042 

X 2 -L 1 0.0114 0.087 0.0173 0.0157 0.1376 0.0458 -0.0071 0.9664 0.1917 0.0235 0.0045 0.1572 0.0034 

X 2 -L 2 0.0107 0.0815 0.016 0.0153 0.1271 0.0434 -0.0045 0.9686 0.1832 0.0174 0.0042 0.152 0.0031 

L-curve-I 0.0094 0.0699 0.0146 0.0144 0.1131 0.0402 0.0028 0.9703 0.1629 0.0328 0.0043 0.1792 0.0032 

L-curve-L 1 0.0152 0.1077 0.0274 0.0247 0.193 0.0723 -0.0117 0.9136 0.2226 0.0461 0.0047 0.1684 0.0035 

L-curve-L 2 0.016 0.1131 0.0285 0.0258 0.1944 0.0753 -0.0119 0.9074 0.2318 0.0386 0.0046 0.1664 0.0032 

GCV-I 0.0146 0.1119 0.0216 0.0174 0.1707 0.0544 -0.0128 0.9583 0.2297 0.0349 0.0055 0.1761 0.0042 

GCV-L 1 0.0115 0.0878 0.0175 0.0159 0.1396 0.0463 -0.0072 0.9658 0.1942 0.0252 0.0045 0.1577 0.0034 

GCV-L 2 0.0114 0.0896 0.0174 0.0166 0.1532 0.047 -0.0052 0.9642 0.1988 0.0295 0.0043 0.155 0.0032 

Table 5 

Statistical indicators of the scan-rescan analysis for the evaluated models in real data. The following quality metrics 

were estimated for each one of the four subjects: Pearson’s Correlation (C), Slope (S) and Intercept (I) of the regression 

line, mean Coefficient of Variation (CV) for all ROIs, Mean Bias Error (MBE), and Standard Deviation of the difference 

(STD). The table reports the mean absolute value for all ROIs for all subjects. The mean values corresponding to each 

subject are reported in Table S1 in the supplementary material. Bold values show the two best models regarding each 

indicator. 

Subs NNLS X 2 -I X 2 -L 1 X 2 -L 2 L-curve-I L-curve-L 1 L-curve-L 2 GCV-I GCV-L 1 GCV-L 2 

C 0.8 0.87 0.87 0.87 0.91 0.91 0.9 0.84 0.88 0.88 

S 0.76 0.92 0.92 0.92 0.95 0.96 0.95 0.84 0.87 0.89 

I 0.02 5e-3 4e-3 5e-3 5e-3 8e-3 5e-3 7e-3 6e-3 6e-3 

CV 0.58 0.46 0.44 0.43 0.45 0.34 0.36 0.52 0.46 0.4 

MBE 0.015 8e-3 7e-3 7e-3 8e-3 0.011 8e-3 0.013 0.01 0.01 

STD 0.03 0.023 0.022 0.022 0.02 0.02 0.02 0.025 0.023 0.022 
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st U95 score. NNLS produced the lowest bias (MBE). Regarding 

he whole distribution, again X 

2 -L 1 and X 

2 -L 2 excelled by show- 

ng the lowest GMARE, MAE-S, MJSD-S, and MWD-S distances, 

nd NNLS detected the right number of peaks more accurately. 

esults from the noiseless data revealed a substantial improve- 

ent for all the evaluated methods, as expected, and that L- 

urve-I and X 

2 -L 2 are the best two methods for all the evaluated 

etrics. 

.2. Human brain data 

Results from the scan-rescan analysis using in vivo 3D multi- 

cho GRASE T 2 data are shown in Table 5 (and Table S1 of the

upplementary materials). A graphical summary of the results for 

 

2 -I, L-curve-I, and NNLS is depicted in Fig. 1 , and results for the

emaining seven methods are shown in Figure S1 of the supple- 
6 
entary materials. Scatter plots and Bland-Altman graphs quanti- 

ying the linear dependence and agreement between the estimates 

re included. 

The three L-curve methods produced similar results and out- 

erformed the other implemented algorithms. They provided the 

ighest linear correlations, regression lines with slopes closer to 1, 

nd the lowest standard deviations. Moreover, L-curve-L 1 and L- 

urve-L 2 provided the smallest mean coefficients of variation. On 

he other hand, X 

2 methods produced smaller mean bias errors. 

he approach used to select the regularization value affected more 

he solution than the employed regularization matrix. In terms of 

epeatability, methods based on L-curve should be preferred over 

hose using X 

2 and GCV. Conversely, NNLS was unstable, producing 

he worst scores for all the evaluated metrics. 

Fig. 2 illustrates the T 2 distributions estimated in a representa- 

ive slice of the white matter of a single subject. Several conclu- 
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Fig. 1. Myelin water fraction (MWF) maps acquired in a healthy subject, who was scanned in two different sessions using the same MRI sequence to perform a scan-rescan 

analysis for three representative methods. From top to bottom, the different panels show results for X 2 -I, L-curve-I, and NNLS. Representative slices from the two scans 

are shown for each method, along with a scatter plot and a Bland-Altman graph, where each point represents the mean MWF computed for a particular region of interest 

from the ’ICBM-DTI-81 ′ white-matter labels atlas. The x- and y-axis of the scatter plot are the MWFs from the two scans. In the Bland-Altman plot, the x-axis is the mean 

MWF value from the two scans and the y-axis encodes their difference. The scatter plots contain additional information including the Pearson correlation, p-value, and the 

regression line, whilst the Bland-Altman plot reports the mean difference and the standard deviation of the difference (SD). 

7 
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Fig. 2. T 2 distributions estimated by different regularization techniques from the MRI data. Each panel depicts the individual T 2 distributions estimated for all the N = 2830 

voxels belonging to the white matter (WM) mask (in red). The x-axis shows the T 2 times in the logarithmic scale from 10-20 0 0 ms and the y-axis the intensity of the 

distributions. The region of interest from 10-50 ms is zoomed to better visualize the T 2 distributions profile where we expect to find myelin water. The vertical dashed black 

line located at T 2 = 40ms represents the conventional cutoff used to estimate MWF. 
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ions can be drawn from these results. First, the solutions com- 

uted with NNLS, GCV-I, and methods using X 

2 are sharper than 

hose based on L-curve. Likewise, the distributions from all the 

ethods using L 1 and L 2 are smoother than those employing 

he identity matrix, I. For all methods, but L-curve-L 1 , there is a 

igh proportion of voxels with a peak at the minimum T 2 (i.e., 

 2 = 10ms). We repeated the estimation by using various minimum 

 2 values (i.e., 1ms, 5ms, and 15ms) in the predefined T 2 grid and 

ound that the inversion algorithm tends to select the first compo- 

ent with higher probability (result not shown); thus this obser- 

ation seems to be the result of a numerical issue related to the 

nherent complexity of the problem. Results from methods using 

-curve are blurred and a high proportion of the area under the 

urve assigned to the myelin water is taken from the left side of 

he main lobe from the IE water (note the intersection between 

he lobe and the vertical dashed line), and vice versa. However, 

hile the T 2 distributions do not follow the expected profiles, i.e., 

ontaining multiple lobes with minimal overlap and well-separated 
8 
eaks ( Mackay et al., 1994 ; Whittall et al., 1997 ), the estimated 

WF values are within the range reported from the literature. The 

bove limitation is less important for GCV-I and for methods that 

se X 

2 . Figure S3 of the supplementary materials shows the esti- 

ated T 2 distributions for the same slice and subject in gray mat- 

er voxels. The white and gray matter regions used for this analy- 

is were determined by segmenting the TWC map into three tissue 

ypes (i.e., white matter, gray matter, and cerebral spinal fluid) us- 

ng the FAST segmentation tool ( Zhang et al., 2001 ). As expected, 

he area under the curve of the distributions in the T 2 interval cor- 

esponding to the myelin water is much smaller than that found in 

hite matter. 

Fig. 3 shows brain images of four descriptors derived from the 

 2 distributions for one subject and five representative reconstruc- 

ion algorithms (i.e., NNLS, X 

2 -I, L-curve-I, L-curve-L 1 , and GCV-L 2 ). 

esults from the other five algorithms are shown in Figure S2 of 

he supplementary material. Some relevant differences among the 

mages resulting from different methods can be observed. First, the 
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Fig. 3. Relevant metrics derived from the T 2 distributions estimated from real data, including the myelin water fraction (MWF), intra- and extra-cellular water fraction (IEWF), 

its mean T 2 relaxation time ( T IE 2 , in milliseconds), and the total water content (TWC, arbitrary unit). The rows show the estimates from five representati ve techniques: NNLS, 

X 2 -I, L-curve-I, L-curve-L 1 , and GCV-L 2 . Notice that all images are non-negative ( ≥0) and that the TWC is low in the ventricles due to T 1 effects: as the TR of the sequence 

is 10 0 0ms and the T 1 of CSF is about 40 0 0ms, the signal in the ventricles is weighted by the longitudinal relaxation time. 
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rontal brain lobe seems to be the region where the estimation 

f MWF is more difficult for NNLS and GCV-I, where no myelin 

as found for most of the voxels in this WM area. On the other 

and, this drawback is attenuated by promoting smoother solu- 

ions like those from L-curve, X 

2 , or by using L 1 and L 2 (see Fig-

re S2). L-curve-L 1 and L-curve-L 2 depicted a clearer contrast be- 

ween the white and grey matter tissue in the frontal brain re- 

ions of the IEWF map than the other methods. On the other 

and, TWC maps are very similar for all the evaluated methods, 

o this metric is less affected by the smoothness of the estimated 

 2 distributions. 
9 
To compare the fitting error of the evaluated algorithms in re- 

ation to the conventional X 

2 method, in Figure S4 of the sup- 

lementary materials we plotted the histograms of the values of 

 for a representative subject, computed as the ratio of the sum 

f squares of the obtained residuals and those residuals estimated 

rom the non-regularized NNLS, see Eq. (3) . While L-curve-I pro- 

uced a slightly higher mean value compared to that resulting 

rom X 

2 , i.e., k = 1 . 03 ± 0 . 03 , GCV-I produced smaller values, i.e.,

 . 01 ± 0 . 02 . The highest mean value and dispersion were obtained

or L-curve-L 1 , i.e., 1 . 11 ± 0 . 11 , and the mean values of the remain-

ng methods ranged between 1.05 and 1.08. 
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. Discussion 

In this study, a comprehensive comparison of voxelwise non- 

arametric T 2 relaxometry methods for myelin water quantification 

as conducted. Two large datasets of synthetic data (i.e., N = 10 0 0 0

oxels) were generated, each one with a different SNR range cov- 

ring high and moderate noise levels observed in our brain MRI 

ata, i.e., SNR = 50-150 and SNR = 150-300. From these data, we can 

raw the following conclusions. The two best methods for estimat- 

ng MWF are L-curve-I and X 

2 -I. While L-curve-I performed better 

or high noise levels, X 

2 -I was optimal for moderate levels of noise. 

n the other hand, X 

2 -L 1 and X 

2 -L 2 are the two best methods for

stimating the whole T 2 distribution. We verified that L-curve-I 

ver-smoothed the distributions and a single lobe was estimated in 

ost voxels. Notably, despite failing to identify the two simulated 

eaks, it provided the best reconstruction metrics for SNR = 50-150 

nd the highest linear correlation between the simulated and es- 

imated MWFs for SNR = 150-300 and the noiseless dataset. This 

eans that to estimate an accurate MWF value from noisy data, a 

ertain degree of over-smoothing/regularization may not be detri- 

ental. This observation is also valid for the other metrics derived 

rom the T 2 distribution, as L-curve-I also minimized the global 

ean absolute relative error (GMARE), see Table 4 . This only could 

e explained if the over-smoothing is bilateral around the cutoff

alue for the myelin water T m 

2 
. Although the global shape of the 

istribution may differ from the real one, the area under the curve 

s preserved across both sides of the cutoff. Once again, we want 

o emphasize that if the goal is to estimate the whole T 2 distribu- 

ion, and not only MWF, other methods introducing less blurring 

ike X 

2 -L 1 and X 

2 -L 2 should be preferred. Our results in synthetic 

ata suggest that the approach used for selecting the regularization 

alue has a deeper impact on the solution than the employed reg- 

larization matrix and that methods using L-curve and X 

2 should 

e preferred over those employing GCV. Results from the noise- 

ess dataset indicate that, even in this ideal scenario, the regular- 

zed methods outperformed the non-regularized NNLS algorithm; 

evertheless, it is important to remember that the T 2 distributions 

ere simulated as smooth Gaussian lobes and that the employed 

on-regularized NNLS algorithm estimates sparse T 2 distributions. 

Our synthetic data results show that MWF is systematically un- 

erestimated by all of the tested methods. This finding was also re- 

orted in previous studies ( Bjarnason et al., 2010 ; Drenthen et al., 

019b ; Guo et al., 2013 ). A plausible explanation provided by 

 Drenthen et al., 2019b ) is the non-linear bias caused by the Rician

oise, which, on average, increases more the intensity of the sig- 

als measured with long TEs than those measured with short TEs. 

s all the considered algorithms assume additive Gaussian noise, 

he Rician bias distorts the estimated T 2 distribution: the volumes 

f the compartments with longer T 2 s are overestimated to explain 

he bias, thus reducing the relative contribution of the compart- 

ents with shorter T 2 s. In our study, we observed that the under- 

stimation decreased with the noise level in Table 4 . 

In our synthetic data evaluation, we generated thousands of T 2 
istributions by randomly varying the amplitudes and peaks lo- 

ation of the simulated T 2 lobes. By doing so, we did not evalu- 

te the methods’ performance for particular fixed configurations, 

s implemented in some previous studies, but the overall recon- 

truction performance across all the generated distributions. This 

xperimental design allowed us to compare the studied methods in 

 variety of conditions, mimicking the heterogeneity of real brain 

ata. Therefore, the reported performance may be extrapolated to 

esults in real data. 

The scan-rescan in vivo data analysis revealed that methods us- 

ng L-curve are more reproducible and that the bad performance 

f NNLS demonstrates the need for regularization. After visualizing 

he T 2 distributions from all methods, we noted that NNLS, GCV-I, 
10 
nd the three methods using X 

2 exhibited the clearest separation 

f the main and secondary T 2 lobes, modeling the myelin water 

nd the intra- and extra-cellular water compartments. However, 

NLS and GCV-I failed to detect the myelin water component in 

rontal brain regions. On the other hand, the T 2 distributions from 

ethods using L-curve were much smoother, similar to those re- 

orted in ( Guo et al., 2013 ). Despite the large blurring introduced 

y L-curve, the estimated MWF values were within the expected 

ange. From the three L-curve methods, L-curve-L 1 depicted a bet- 

er contrast between white and grey matter tissues for both the 

WF and IEWF maps, especially in frontal brain regions, and was 

he method showing the best reproducibility metrics. However, it 

roduced the most blurred T 2 distributions and the worse fitting 

o the signals. A similar, although slightly worse, performance was 

btained for L-curve-I but introducing less blurring and better fit- 

ing the data. 

As can be seen in Fig. 2 , a relevant portion of the area un-

er the curve of the T 2 distributions is concentrated at the mini- 

um T 2 = 10ms value. Similar findings have been observed in pre- 

ious studies. For example, it was reported that the peak loca- 

ion of the myelin water compartment is shifted to a shorter T 2 
 Drenthen et al., 2019b ). More recently, a numerical evaluation of 

he conventional method X 

2 -I found a strong bias towards select- 

ng the lowest allowed T 2 , and that MWF is estimated more ac- 

urately than the T 2 of myelin water across different experimen- 

al settings ( Wiggermann et al., 2020 ). Therefore, this phenomenon 

eems to be a numerical issue, related to the complexity of the 

nverse problem and the use of a too large minimum TE. New ac- 

uisition sequences should be developed to decrease the minimum 

E, and hence, to increase the number of data points with informa- 

ion about the myelin water signal ( Dvorak et al., 2020 ). 

Selecting the best algorithm for each clinical application is not 

n easy task, as the chosen method should be complex enough to 

atch the underlying information in the signal, and simple enough 

o avoid fitting noise. Based on our results, we provide the follow- 

ng list of recommendations: 

1) A scan-rescan reproducibility analysis like the one conducted 

in this study should be performed to identify the optimal al- 

gorithm for your data. For instance, this can be done by res- 

canning a subgroup of the cohort twice (i.e., at a different time 

point, or during the same scanning session with repositioning). 

This may be especially relevant if you are using a parallel imag- 

ing sequence with a high acceleration factor that may result in 

noise amplification and residual aliasing due to errors in the 

unfolding process of the parallel imaging reconstruction, e.g., 

see ( Deshmane et al., 2012 ). 

2) If performing a scan-rescan analysis is not possible, then con- 

sider the following cases. If you are only interested in studying 

the myelin water fraction, then L-curve-I and X 

2 -I should be 

the methods of choice. While L-curve-I was slightly superior in 

terms of reproducibility, both methods were top performers in 

numerical simulations. L-curve-I may be preferred for analyzing 

datasets corrupted with high levels of noise, and X 

2 -I is a better 

option for a moderate level of noise. On the other hand, if you 

are interested in studying the whole T 2 distribution and derived 

metrics, then we recommend using X 

2 -L 1 or X 

2 -L 2 because they 

outperformed the other algorithms in numerical simulations (in 

terms of distribution metrics) and depicted a better separation 

of the different T 2 lobes in real data. 

3) Regardless of the chosen method, we recommend always re- 

porting the estimated T 2 distributions in clinical studies, even 

in cases where MWF is the only metric of interest. This is use- 

ful to verify whether the obtained T 2 distributions are sparse 

or smooth, and facilitates reproducible research. Although a 

ground-truth for the T distribution is not available, algorithms 
2 
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producing T 2 distributions with a clear multi-lobular structure 

should be preferred. 

In the previous list, we did not consider the computation time 

s a variable of interest because it is not an issue. All algo- 

ithms required less than two hours for estimating whole brain 

yelin maps on a laptop (Intel Core i7, 2.7 GHz, 16 GB ram) 

ith multi-threading and parallel processing. Further acceleration 

ay be gained by implementing the algorithms on GPU, e.g., 

 Blas et al., 2016 ), or by adopting the recent framework proposed 

n ( Doucette et al., 2020 ). 

According to our findings, results from previous clinical stud- 

es don’t need to be reanalyzed because the performance of the 

onventional method X 

2 -I was good. It is important to remember 

hat, over the past twenty years, multi-echo T 2 data have been ac- 

uired at a spatial resolution (i.e., slice thickness = 5-12mm) much 

oarser than that used in our study, due to technical limitations 

or acquiring the data in a clinically feasible scan time. Therefore, 

he noise corrupting these datasets may be much lower than the 

oise reported in our study, although we are not sure because 

he SNR was not reported in most studies and other factors could 

hange the noise statistics, including the number of coils, acceler- 

tion technique (i.e., partial Fourier and parallel imaging), k-space 

lter, magnetic field strength (i.e., 1.5T vs 3.0T), etc. Results from 

ur noiseless synthetic data showed superior performance for L- 

urve-I and X 

2 -L 2 ; hence, it would be interesting to study whether 

hese methods could improve results from previous clinical studies. 

Despite the tremendous advances introduced during the last 

ecades, major improvements are still required to consolidate this 

uantitative MRI technique in clinical practice. Future research 

hould be oriented towards improving MRI sequences, reconstruc- 

ion algorithms, and biophysical models. Current MRI sequences 

hould be improved for minimizing flip angle errors and artifacts 

esulting from the high acceleration factors required to get a suf- 

ciently high spatial resolution in a clinically feasible acquisition 

ime. Furthermore, new reconstruction algorithms should be de- 

eloped to estimate stable T 2 distributions with the multi-lobular 

tructure expected from tissue microstructure. These algorithms 

hould be able to filter out the noise and MRI artifacts. Finally, 

he EPG model used to construct the matrix dictionary of syn- 

hetic signals should be generalized by including additional factors 

hat modulate the MRI signals, such as magnetization transfer ef- 

ects and exchange ( Malik et al., 2018 ), anisotropic T 2 relaxation 

 Gil et al., 2016 ), as well as the effect of diffusion ( Weigel et al.,

010 ) due to internal gradients caused by magnetic susceptibility 

ifferences at the tissue-fluid interfaces. 

This study has limitations. First, although our synthetic sig- 

als were generated to include flip angle errors and non-Gaussian 

RI noise, magnetic susceptibility effects were not considered. 

oreover, the scan-rescan analysis is based on a small sample 

f four subjects. Future test-retest analyses should be conducted 

ncluding more subjects and different scanners, e.g., ( Alonso- 

rtiz et al., 2018 ; Dvorak et al., 2020 ; Lang et al., 2014 ; Nam et al.,

015 ; Piredda et al., 2020a ; Prasloski et al., 2012b ; Wu et al.,

017 ). Our real data were denoised using a total variation algo- 

ithm that was applied to each 3D image-volume separately. Fu- 

ure studies should be conducted to compare the performance 

f this algorithm in relation to other methods, including PCA 

 Does et al., 2019 ), SVD ( Bydder and Du, 2006 ), and the NESMA

lter ( Bouhrara et al., 2018 ). We implemented the L-curve method 

roposed in ( Castellanos et al., 2002 ) because of its stability; 

owever, other alternatives are available ( Calvetti et al., 2004 ; 

ansen, 1992 ) and it was beyond the scope of this work to com- 

are different L-curve implementations. Further research needs 

o be done to establish which method can better track micro- 

natomical changes in patients (e.g., see ( Canales-Rodríguez et al., 
11 
013 ; Laule et al., 2008 )). A more extensive evaluation consid- 

ring other regularization approaches might be conducted, in- 

luding non-linear fitting approaches ( Yu et al., 2019 ), penalty 

erms promoting very sparse solutions ( Bochkarev et al., 2018 ; 

agtegaal et al., 2020 ) that could be more efficient for matrix dic- 

ionaries with correlated signals ( Canales-Rodríguez et al., 2019 ), as 

ell as algorithms based on non-Gaussian noise models for multi- 

hannel MRI scanners ( Canales-Rodríguez et al., 2015 ) and machine 

earning models ( Yu et al., 2021 ). It is important to note that we

id not compare spatially regularized algorithms, like those de- 

cribed in ( Kumar et al., 2016 , 2012 ; Raj et al., 2014 ), thus our

tudy is limited to voxelwise regularization strategies. Besides, our 

esults may be specific to the employed acquisition sequence and 

he generalization to other sequences, e.g., ( Dvorak et al., 2020 ; 

guyen et al., 2012 ), should be studied. For these reasons, our find- 

ngs should not be taken as a definitive ranking among the evalu- 

ted methods, but as an indicator of reconstruction quality. 

. Conclusion 

A quantitative comparison of ten voxelwise reconstructions al- 

orithms for estimating T 2 distributions from multi-echo T 2 data 

as carried out. Our findings from synthetic and real MRI data 

emonstrate the need for regularization. Based on our results, we 

rovide a list of recommendations that might be useful to decide 

hich algorithms are more appropriate in a clinical study. Fur- 

her work needs to be done for improving this quantitative MRI 

echnique on several fronts, including the development of new 

RI sequences, reconstruction algorithms, and advanced biophys- 

cal models to account for additional factors affecting the signal 

hat have not been considered so far. All the evaluated algorithms 

ere packaged in a freely distributed toolbox available at https:// 

ithub.com/ejcanalesr/multicomponent- T2- toolbox to promote re- 

roducible research. We hope this tool will help to facilitate the 

se of this promising technique in clinical research and practice. 
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