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Abstract

This thesis demonstrates the application of topology optimization for tran-
sient structural problems that include frictional contact. This work is largely
divided into three parts that together describe the natural progression of the
project.

It is important to crawl before you walk and walk before you run. There-
fore, this work takes its offset from a static example found in the literature.
We use this to ensure that the developed formulation is capable of utilizing
potential contact. This dissertation documents the development from the
static benchmark example to a transient framework capable of accounting
for the potential frictional contact between an elastic domain and a rigid ob-
stacle. Within the static setting, we demonstrate compliance minimization
with potential contact and pressure uniformity optimization. A transient
example simulates a drop test and demonstrates the optimization of a pro-
tective shell around a payload.

A second-order Krylov reduction method is investigated to decrease the
computational cost associated with the time-integration of transient linear
problems, and speedup factors of approximately three orders of magnitude
are demonstrated. Finally, a framework based upon C++ and PETSc enables
a significant increase in attainable spatial problem size. The framework is to
be made freely available online in the interest of the scientific community. I
hope that it can serve as a stepping stone for future research within transient
structural optimization.
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Resumé

Denne afhandling demonstrerer topologioptimering af transiente strukturelle
problemer, der inkluderer friktionskontakt. Arbejdet er i vid udstrækning
opdelt i tre dele, der i sammenhæng beskriver den naturlige progression af
projektet.

Det er vigtigt at kravle, før man g̊ar, og g̊a, før man løber. Derfor tager
arbejdet udgangspunkt i, og afsæt fra, et statisk eksempel fra litteraturen.
Dette eksempel sikrer, at den udviklede formulering er i stand til at udnytte
potentiel kontakt. Denne afhandling dokumenterer udviklingen, fra løsningen
af det statiske benchmarkseksempel til en transient kodebase, der kan tage
højde for potentiel friktionskontakt mellem en elastisk struktur og en rigid
forhindring. De statiske eksempler demonstrerer optimering af strukturel
stivhed med potentiel udnyttelse af kontakt samt optimering af kontakttryk
mellem struktur og forhindring. Et transient eksempel simulerer en faldtest
og demonstrerer optimering af en beskyttende ramme omkring en nyttelast.

For at mindske beregningsomkostningerne forbundet med tidsintegra-
tionen af transiente lineære problemer undersøges en andenordens Krylov-
reduktionsmetode, og hastighedsforøgelser p̊a ca. tre størrelsesordener demon-
streres. Endeligt muliggør en transient kodebase baseret p̊a C++ og PETSc
en betydelig forøgelse af den opn̊aelige rumlige problemstørrelse. Kodebasen
gøres tilgængelig online i det videnskabelige samfunds interesse. Det er mit
h̊ab, at det kan tjene som et springbræt for fremtidig forskning inden for
transient strukturel optimering.

iii
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1 Introduction

1.1 Motivation

One does not have to live long in this world to see that things change over
time. Movement catches our attention before just about anything else. Think
of a newborn mesmerized by colorful toy balls bouncing around, hitting each
other, and making interesting sounds. None of this could ever happen in a
static world, and that is why it is of high engineering interest to have tools
to examine, study and reflect on the world as something that changes over
time.

Fascinated by environment observations, one of the first skills a newborn
acquires is friction utilization. Imagine having spent your entire life lying
down, and suddenly you discover that you can use your muscles to apply force
on the ground to lift your head. Imagine the curiosity that flushes through
a newborn when looking around to explore the world from an entirely new
perspective. Indeed, laying on your stomach and raising your head and upper
body using your arms for balance sounds simple enough to any adult, but
imagine this exercise without friction.

Of course, friction is not only a force for cute little ones. It is estimated
that a heavy-duty vehicle uses 33% [1] of its fuel energy to overcome friction
in the engine, transmission, tires, auxiliary equipment, and brakes. Con-
sidering all heavy-duty vehicles on the roads in 2012, that 33% adds up to
180.000.000.000 liters [1] or 72.000 Olympic sized swimming pools of fuel
consumed just to overcome friction. Another study from 2015 finds that
about 20% [2] of the total energy production in the world was used to over-
come friction. Friction is undoubtedly everywhere, and we need to study,
understand, and exploit it the best we can as we pursue a greener future.
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2 Chapter 1. Introduction

1.2 The problem

As friction restricts motion, the natural choice is to analyze contact problems
in a transient setting, though some static problems may also have physical
relevance. Throughout this thesis, the term transient refers to damped os-
cillatory motions that typically occur before a steady state; for instance,
transient vibrations arise in structures upon impacts. The cost of the tran-
sient analysis is much more expensive than a static one. Solving transient
problems with the same spatial discretization as reported for static linear
problems [3] is computationally unimaginable at this time. Not to mention
the desire to include nonlinearities into such an analysis. Hence, being able
to perform structural optimization for large-scale contact problems efficiently
requires at least two ingredients:

1. Being able to analyze small-scale contact problems.

2. Apply measures to reduce the computational cost of the transient finite
element analysis.

Hoping to solve large-scale transient nonlinear contact problems may be
a bit of a mouthful. Nevertheless, this dissertation demonstrates how small-
scale contact problems can be solved and optimized when the runtime is not
a significant concern. It is also demonstrated how speedups of up to almost
three orders of magnitude were achieved for a linear 2D transient analysis,
and the reduction’s effect on the optimized designs is investigated.

1.3 Reader’s guide

Working with topology optimization requires various scientific topics, from
introductory linear algebra to numerical algorithms, optimization theory, and
physical modeling. The goal has been to present a reasonably self-contained
thesis with references to others’ works for the interested reader to pursue
when details are otherwise out of this work’s scope. Thus, it is assumed that
the reader is familiar with linear algebra, optimization theory [4], numerical
methods [5], solid mechanics [6] and the Finite Element Method [7].

To follow the discussion in this thesis, it is advised that the reader reads
the contained papers first, and subsequently, this thesis.
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1.4 Thesis structure

Chapter 2 is theoretical and covers the physical theory and some general
details on the numerical analysis. Chapter 3 introduces the basic ideas of
density-based topology optimization, including explanations of filter and pro-
jection operations. Chapter 3 also outlines the sensitivity analysis for contact
problems with friction as one of this work’s novelties. Chapter 4 is devoted
to a presentation of key results, and it outlines the natural progression of the
research through all three years. Chapter 5 demonstrates the application of
a second-order Krylov reduction method to increase the computational effi-
ciency of transient design problems and outlines the reasons for developing a
C++/PETSc framework that is to be made freely available to the scientific
community as open-source on Github. Finally, Chapter 6 summarizes the
thesis with conclusions, offers a few closing comments, and rounds off with
future work recommendations.

Throughout this thesis, several boxes are used to highlight the contri-
butions and novelties of this work. The reader will hopefully find such
highlighting useful.

1.5 Notation

Throughout this thesis, some terms will be used repeatedly, and understand-
ing the meaning of these few terms will be of great benefit to all readers
already, from this point.

Because this work concerns structures that move in time, the well-known
everyday properties displacements, velocities, and accelerations are denoted
by u, u̇ and ü respectively. The bold slanted notation indicates that these are
vectors of node-wise entries. A bold upright notation indicates matrices, e.g.,
M. As a structure moves, it may have the possibility to collide with something
giving rise to a set of contact forces, referred to as fc. The vector S denotes
the entire state vector of the problem. Because three different problem setups
are studied throughout this exposition, S contains the appropriate state
variables for the corresponding problem setting.

S =
[
u fc

]T
Static with contact (1.1a)

S =
[
u fc

]T
Semi-discrete transient with contact1 (1.1b)

S =
[
u u̇ ü

]T
Fully-discrete transient without contact (1.1c)

1Please note that both u̇ and ü are also resolved to satisfy the governing residual
equation.



4 Chapter 1. Introduction

It is essential to recognize that the state S is governed by the residual equa-
tions R; that contains one residual equation per state variable. A residual
equation is solved to a precision where it is numerically zero, meaning that
both sides of an equation are numerically equal. The following notation for
the various formulations studied throughout this work will be used

R =
[
Ru Rfc

]T
Static with contact (1.2a)

R =
[
Ru Rfc

]T
Semi-discrete transient with contact (1.2b)

R =
[
Ru Ru̇ Rü

]T
Fully-discete transient without contact (1.2c)

If nothing else is indicated, vectors are global, meaning that they contain
the entire structure. However, sometimes it is useful to refer to individual
element- or time stepwise quantities. For instance the residual equations
for element e in time step t will be indicated as R

et
. For individual nodal

properties, an underscript i is used.



2 Physical theory

Most engineering problems are rooted in real-world observations from a con-
tinuous space and time environment governed by partial differential equa-
tions. It should come as no surprise that analysis of, and solutions to, today’s
engineering problems are developed and solved using modern computers that
are well suited for dealing with discrete problems.

The most popular method within discrete engineering problem solving is
the Finite Element Method [7, 8]. This method allows a continuous structure
to be discretized into a finite number of elements made up of interconnected
nodes. The arising discrete system of equations is then solved in combination
with appropriate initial and boundary conditions.

This chapter presents the main physical equations of this work in discrete
form. By understanding the equations laid out in this chapter, the reader will
likely have a much more significant take-away from reading the rest of the
thesis. It is assumed that the reader is so familiar with the structural Finite
Element Method that the derivations of mass- and stiffness matrices are left
out. Instead, the focus will be on how these matrices form constituents to
the equations that describe the system’s physical state.

The following section introduces the governing equation for transient elas-
ticity and explains the equation’s constituents. Section 2.1 also introduces
the concept of time-integration, explains how damping is modeled and out-
lines the conceptual idea of model reduction. Section 2.2 explains Newton’s
method for solving a system of equations. Finally, Section 2.3 introduces the
concept of contact and outlines how friction is modeled in this work.

2.1 Transient modeling

By applying Newton’s Second Law of Motion to every point of a structure,
one obtains a continuous problem that cannot be solved in general. Instead
of solving the continuous problem, the problem is solved in discrete points of

5



6 Chapter 2. Physical theory

the structure, referred to as nodes. The finite element discretization of the
continuous problem gives rise to the following discrete equation.

Ru = f
t

+ fc
t
−
(
Mü

t
+ Du̇

t
+ r(u)

t

)
= 0 (2.1)

This equation represents a balance between internal and external forces, and
it is referred to as the residual equation of transient elasticity. The nodal
displacements are denoted by u. Dotted quantities, i.e., u̇ and ü represent
nodal velocities and accelerations respectively. The matrix M represents the
system’s mass, and D represents the system’s damping. The restoring forces
r(u) can be either linear or nonlinear. In Eq. (2.1) the restoring force are
presented in general potentially nonlinear form. The external force applied
to the system is modeled by the time-varying load f and contact forces are
identified as fc. The underscript t indicates time-varying quantities, and
hence the equation is valid for any time step. For problems that do not
consider geometrical nonlinearities the term r(u) = Ku, where K is referred
to as the stiffness matrix. The residual equation for static elasticity is easily
derived from Eq. (2.1) by canceling all dotted terms.

2.1.1 Time integration

The solution to Eq. (2.1) requires the analyst to decide on a particular time-
integration scheme to obtain the structural displacements, velocities, and
accelerations in all discrete time instances. The particular choice is often
problem-dependent, and there are up, and downsides to whatever choice one
makes. Most often, it is a matter of trade-off between stability, accuracy, and
computational time. A thorough description of the subject and the concepts
of implicit- and explicit integration, in general, is given in [9].

Throughout this work, two different time-integration schemes are investi-
gated. The first is the second-order Newmark scheme [10], and the second is
the implicit Backward Euler scheme [5], referred to as merely the Newmark
scheme and the Euler scheme, respectively. The Newmark scheme is perhaps
the most popular time-integration scheme for transient structural problems,
and the Euler scheme is perhaps the most straightforward scheme one can
think of.

The Newmark scheme [7] approximates velocities and accelerations as

u̇n+1 =
γ

κ∆t

(
un+1 − un

)
−
(γ
κ
− 1
)
u̇n −∆t

( γ
2κ
− 1
)
ün

ün+1 =
1

κ∆t2
(
un+1 − un −∆tu̇n

)
−
(

1

2κ
− 1

)
ün

(2.2)
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whereas the Euler scheme approximates velocities and accelerations as follows

u̇n+1 =
1

∆t

(
un+1 − un

)

ün+1 =
1

∆t2
(
un+1 − un −∆tu̇n

) (2.3)

Even though the Newmark scheme can take different forms depending on γ
and κ, it cannot simplify to an Euler scheme.

The development of time integrators for contact problems is an ongoing
research of its own. It is well-known that exact enforcement of the contact
conditions combined with an implicit Newmark scheme yields spurious os-
cillations [11], and using an explicit scheme for such problems is also not
straightforward. Diving into this field to develop a suitable scheme seemed
out of the scope for this work, and therefore the Euler scheme has been ap-
plied for all for the transient contact problems throughout this work. The
Euler scheme is by no means flawless as it also has significant drawbacks
such as very high algorithmic damping. However, the Euler scheme is un-
conditionally stable, and it is capable of approximating both velocities and
the accelerations during frictional impacts.

2.1.2 Damping

Damping is the term used to describe the process of dissipating energy.
Damping limits a structure’s response when it is excited at its natural fre-
quency and it causes free vibrations to decay with time. One must be aware
of two different types of damping of numerical systems: explicit damping
in the form of the term D in Eq. (2.1) and implicit algorithmic damping
inherited from the chosen time-integration scheme.

A viscous type of damping model is applied to express the explicit form
of damping throughout this work. Such a model relies on the assumption
that energy’s dissipation is proportional to the structure’s speed. An obvious
limitation of such a model is that forces such as drag are typically modeled
proportionally to the squared speed. In this work, the viscous damping
matrix D is modeled as proportional damping, sometimes also referred to
as Rayleigh damping. This form of damping is governed by the damping
parameters α and ζ such that

D = αM + ζK (2.4)

One of the most important properties of this damping model is that the
damping ratio varies with frequency. That is, vibrations of different frequen-
cies are damped differently. Roughly speaking, α dominates damping of low
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frequencies, and ζ dominates damping of high frequency. Tuning the damp-
ing proportionality factors α and ζ can often be a nontrivial task, especially
if one tries to tune a mathematical model to match experimental data. Apart
from the simplicity of the Rayleigh damping model, an additional benefit is

that it satisfies the symmetry condition DM−1K =
(
DM−1K

)T
[12] such

that Eq. (2.1) can be solved using modal analysis, however this is not utilized
throughout this work.

Another form of damping model is the discrete modal damping, some-
times also referred to as Wilson damping. For such a model, an explicit
damping ratio is enforced on each mode. However, the Wilson damping ma-
trix’s construction requires the solution of an eigenvalue problem to obtain
all the mode shapes and natural frequencies of a system, and it is therefore
often infeasible to construct for larger problems. For more details on this or
other damping types, the reader may find useful resources in [7, 13].

2.1.3 Model reduction

Model reduction reduces the spatial number of equations, thus reducing the
computational burden of the time-integration. In this thesis, model reduc-
tion will only be demonstrated in the absence of nonlinearities. To illustrate
model reduction’s conceptual idea, consider the reordered linear version of
Eq. (2.1) in which the underscript t is dropped for simplicity. Each con-
stituent’s size is indicated below each term, where neq indicates the global
number of equations.

f︸︷︷︸
[neq×1]

= M︸︷︷︸
[neq×neq]

ü︸︷︷︸
[neq×1]

+ D︸︷︷︸
[neq×neq]

u̇︸︷︷︸
[neq×1]

+ K︸︷︷︸
[neq×neq]

u︸︷︷︸
[neq×1]

(2.5)

The idea of model reduction is to express the state vectors u, u̇ and ü by
NB � neq expansions functions, each weighted by a corresponding weighting
factor of zj, according to

u =

NB∑

j=1

qjzj = Qz u̇ =

NB∑

j=1

qj żj = Qż ü =

NB∑

j=1

qj z̈j = Qz̈ (2.6)

Thus, the z vectors are only NB elements long each, and the size of the
reduction matrix Q is [neq × NB]. By substituting the expansions of Eq.
(2.6) into Eq. (2.5) and pre-multiplying by QT a reduced system of equations
is obtained.

f̃︷ ︸︸ ︷
QTf︸ ︷︷ ︸
[NB×1]

=

M̃︷ ︸︸ ︷
QTMQ︸ ︷︷ ︸
[NB×NB ]

z̈︸︷︷︸
[NB×1]

+

D̃︷ ︸︸ ︷
QTDQ︸ ︷︷ ︸
[NB×NB ]

ż︸︷︷︸
[NB×1]

+

K̃︷ ︸︸ ︷
QTKQ︸ ︷︷ ︸
[NB×NB ]

z︸︷︷︸
[NB×1]

(2.7)
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Thus, a reduced system of equations takes the form of

f̃ = M̃z̈ + D̃ż + K̃z (2.8)

Naturally, the desire is to express the global u vectors using the least number
of expansions functions. The art of model reduction is to choose the expan-
sion functions of Q wisely, such that the reduced system accurately describes
the full solution of the problem. To do so one can choose to rely on component
mode synthesis, also known as sub-structuring methods, [14, 15, 16], eigen-
value based modal superposition methods [17] or the relatively large class
of (second-order) Krylov subspace methods [18]. When demonstrating the
applicability of the model reduction to topology optimization in this work,
the Q matrix is devised using the Second-Order Arnoldi approach (SOAR)
[19, 20], which belongs to the class of Krylov subspace methods.

2.1.4 General analysis details

The resulting finite element equations are solved using rectangular (2D) or
cubic (3D) elements with linear shape functions. Each element consists of
four nodes (2D) or eight nodes (3D). In 2D contact problems, each node
may have either two or four degrees of freedom depending on if the node is
considered a potential contact node or not, i.e., two displacements and two
resulting contact forces. In 3D linear elasticity, each node has three degrees
of freedom, i.e., one displacement component for each spatial dimension.

The nonlinear contact equations are solved mainly using an undamped
Newton’s method. Only in rare cases was it necessary to take damped steps
towards a solution.

All 2D problems are implemented and solved in Matlab, and the 3D
code is implemented in C++, utilizing PETSc and open-MPI for distributed
computing.

2.2 Newton’s method

Newton’s method is a method used for finding roots of nonlinear equations.
The method relies on the basic idea that one can apply the following pro-
cedure iteratively to obtain ∆x and advance x, thus performing a sequence
of so-called Newton steps, until f(x) = 0 is satisfied with a high enough
numerical precision.

f ′(x)∆x = −f(x) (2.9)

The basic expression for finding the root of a single function in Eq. (2.9)
generalizes to the following relation when one seeks the roots of any number
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of functions. Throughout this work, the roots of the residual functions are
sought, such that the above equation become

∇R∆x = −R (2.10)

in which ∇R is referred to as the system Jacobian. For contact problems
specifically Eq. (2.10) expands to

[
∂Ru

∂u
∂Ru

∂fc
∂Rfc

∂u
∂Ruc

∂fc

][
∆u
∆fc

]
= −

[
Ru

Rfc

]
(2.11)

The following section introduces the concept of frictional contact. It presents
the residual equations for the contact forces Rfc , and the partial derivatives
of this function needed to construct the system Jacobian.

2.3 Frictional contact

You may have noticed that objects around you do not fly or fall through other
objects or themselves. Instead, they interact, collide, and exchange energy
in a seemingly natural way. This interaction is rather complex to describe
mathematically, and unfortunately, computers do not have any perception
of how objects interact without a concise mathematical description of the
physics. For this reason, the possibility of contact is often left out of simple
structural analysis.

However, a large part of this work deals with structural optimization in
cases where one could exploit frictional contact to enhance structural perfor-
mance. For instance, this could be a bridge utilizing small islands as support
ground or brakes that are designed to avoid uneven wear of the pads.

2.3.1 The concept of friction

The concept of friction is relatively easy to comprehend in general terms be-
cause we all have tangible real-world experiences with the subject. However,
modeling friction exact in a physical sense is extremely complicated because
it ultimately depends on atomic interactions [21]. Numerous frictions models
exist [22], most notable are the Coulomb friction model [23] that does not
depend on the relative speed between two objects, the viscous friction model
[24] and a combination of the two [25]. The aforementioned models are visu-
alized in Figure 2.1. Besides, more recent friction models [26] include, e.g.,
the Tustin- [27], Leuven- [28], Karnop- [29], Lorentzian- [30] and the Lugre
model [31].
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(c) A combination of a
viscous friction model and
the Coulomb friction
model

Figure 2.1. Three different friction models

The Coulomb friction law is an empirical attempt to describe friction in
a simple and versatile manner. Throughout this work, only the Coulomb
type of friction is studied. This type of friction limits the magnitude of the
friction forces fc such that

|fc| ≤ µfn (2.12)

That is, the magnitude of a friction force depends on the magnitude of the
normal forces fn that arise to prevent penetration of two objects and the
Coulomb friction coefficient µ. This friction model is probably the most
basic formalization of frictional behavior.

The friction force’s direction is such that it acts against the direction
of motion, provided friction was not present and the obstacle is fixed. For
reference, the concept of friction is illustrated in Figure 2.2 with the example
of the forces acting on a mug on an inclined surface.

fn = cos(θ)fg

sin(θ)fg

fc = µfn
Largest possible

Feasible friction

θ

fg = gm

Figure 2.2. The forces that act on a mug of mass m on a surface inclined
by θ degrees. Without enough friction, the mug will attain an acceleration
and slide off the surface. In this figure, g is the vector of gravitational
acceleration.
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2.3.2 Friction model

The contact and friction model used in this work requires a set of nodes to
be regarded as potential contact nodes. Only these nodes are prevented from
passing through an obstacle. The gap between each potential contact node
and the obstacle is denoted g. Thus an impenetrability condition leads to

g
i
(u
i
) ≥ 0. (2.13)

Where the underscript indicates that the gap is a nodal quantity that depends
on the corresponding nodal displacements. As indicated in the previous
section, several other conditions must hold for the arising contact forces in
addition to the impenetrability condition. For instance, the normal force
that prevents penetration must point away from the obstacle and towards
the elastic domain, and upon sliding, the friction force must fulfill Coulomb
friction. The most notable difference between the friction model used in this
work and what the reader might expect is that this model does not distinguish
between a static friction coefficient µs and a dynamic friction coefficient µd,
as illustrated in Figure 2.3.

0 +

fnµd

fnµs

Pushing force

F
ri

ct
io

n
fo

rc
e

(a) Realistic friction behaviour.

0 +

fnµ

Pushing force

F
ri

ct
io

n
fo

rc
e

(b) Used friction model.

Figure 2.3. The realistic friction model distinguishes between static- and
dynamic friction coefficients. A model that relies on a unified coefficient, as
illustrated in (b), is employed throughout this work.

It is shown in [32] how impenetrability, friction and complementarity
conditions for the type of contact model visualized in Figure 2.3b can be
formulated using an equality condition for each potential contact node i.
The devised equality condition leads to the following residual equation for the
contact forces, which depends nonlinearly on the contact forces themselves.

Rfci
= −1

δ
Z
i
(fc
i
, g
i
, u̇
i
,n
i
) = 0 (2.14)
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The gap, the nodal velocities, and the normal vector n of the obstacle at
the instantaneous spatial location of node i are all functions of the displace-
ments. The scaling of 1/δ in Eq. (2.14) ensures close-to-symmetry of the
system Jacobian if the augmentation parameter δ is chosen according to the
guidelines in [33]. The non-smooth node-wise defined Z-function used in Eq.
(2.14) is defined as

Z
i
(fc
i
, g
i
, u̇
i
,n
i
) = fc

i
+

Normal forces︷ ︸︸ ︷[
fc
i
· n
i

+ δg
i

]
−
n
i
−

Tangential forces︷ ︸︸ ︷
P
B

(
n
i
,µ

[
fc
i
·n
i
+δg

i

]
−

)(fc
i
− δu̇

i
) (2.15)

For Eq. (2.14) to be zero, the Z-function of Eq. (2.15) must also be zero. The
equation expresses relationships between contact force components in relation
to the obstacle’s normal vector. There is a term in the equation for the normal
contribution and one term for the tangential and frictional contribution. For
completeness the negative part operator [x]− and projection PB(n,τ)(d) are
explained by the end of this section.

The global residual for the contact forces Rfc is obtained by a usual
finite element assembly where the nodal residual equations are added to the
corresponding degrees of freedom in the global system. One should note
that δ can be chosen freely as long as δ > 0. An analysis of how to choose
δ for non-optimization problems is included in [33]. However, it has proven
necessary to diverge from the suggested δ values when this formulation is used
in relation to topology optimization as the material properties are different
throughout the domain and change with every design iteration. A discussion
of how to choose δ in relation to topology optimization of contact problems
is included in [P2].

The two partial derivatives of Rfci
, needed to construct the system Jaco-

bian can be expressed as follows

∂Rfci

∂u
i

=− 1

δ



[
∂Z
i

∂g
i

][
∂g
i

∂u
i

]T
+
∂Z
i

∂u̇
i

∂u̇
i

∂u
i

+
∂Z
i

∂ṅ
i

∂ṅ
i

∂u
i


 (2.16a)

∂Rfci

∂fc
i

=− 1

δ

[
∂Z
i

∂fc
i

]
(2.16b)

where again, these nodal gradients must be added to the correct degrees of
freedom in the global system. All the partial derivatives of the Z-function
used in Eq. (2.16) are given in the appendix of [32] in which the non-smooth
function is denoted with a C instead of a Z. Partial derivatives of the gap,
the velocity, and the normal vector depend on the particular time-integration
scheme and the obstacle’s definition.
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For completeness, the negative part operator [·]−, used in Eq. (2.15) is
defined as

[x]− =

{
−x if x ≤ 0

0 if x > 0
(2.17)

and the projection PB(n,τ)(d) is defined as

PB(n,τ)(d) =





Tnd if ‖Tnd‖ ≤ τ

τ
Tnd

‖Tnd‖
otherwise

(2.18)

where ‖·‖ is the Euclidean norm, and Tn is the tangent plane projection
defined as

Tn = I− nnT. (2.19)



3 Topology optimization of contact
problems

When we think about structural parts’ requirements and design them more
cleverly, we take responsibility for a more sustainable product life cycle. The
performance is increased, weight and material usage is limited, and discard
rates are reduced. The benefits of structural optimization are quite evident,
and as engineers, we are obliged to take responsible actions towards a future
of better design.

Mainly three different types subclasses of structural optimization exists,
and they are visualized in Figure 3.1. For instance, size- and shape opti-
mization methods, but topology optimization is the most general method
of the three. It includes all the former two methods’ capabilities and offers
the design engineer the full potential to reach any topology regardless of the
initial design.

↓

(a) Size optimization

↓

(b) Shape optimization

↓

(c) Topology optimization

Figure 3.1. Different types of structural optimization approaches

Structural optimization offers a systematic way to generate designs that
typically outperform traditionally designed parts. It is no wonder that this
methodology continues to fascinate researchers as it is possible to find designs
that resemble something Mother Nature spent millions of years making.

This chapter presents some of the methodological aspects of density-based

15
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topology optimization, including the presentation of the formal optimization
problem, filtering- and projection techniques, and an explanation of mate-
rial property interpolations. This chapter also covers all of the objective
functions studied throughout this work and three versions of the sensitivity
analysis, of which two includes the possibility of contact. The author aims
to present sufficient theory and mathematical deviations in this chapter to
facilitate a more natural discussion of the project’s progression in the fol-
lowing chapters. For this reason, this chapter contains no numerical results
but contains contributions and novelties in the form of proposed objective
functions and the sensitivity analysis for contact problems.

3.1 Introduction to structural- and topology

optimization

As topology optimization continues to become more accessible, so does the
vast amount of literature that concerns the topic. The method has success-
fully been applied to a large number of research fields such as solid mechanics
[3], fluid mechanics [34, 35], acoustics [36, 37] and optics [38, 39] just within
the last two decades. Historically, people consider the seminal papers by
Bendsøe and Kikuchi [40, 41] as the foundation of modern topology opti-
mization, however, studies of optimal structures dates back to the at least
the beginning of the 20th century [42]. Since the early 90s, the method has
developed, branched, and matured significantly. Even today, the density-
based topology optimization method stands as the most popular method of
computer-aided structural topology optimization [43, 44, 3], however also
the subclass of homogenization methods [40, 45, 46] and level-set methods
[47, 48, 49] are nowadays popular methods of choice as well. It should be
mentioned that optimization for all these types of problems is achieved itera-
tively using the Method of Moving Asymptotes (MMA) [50] which is referred
to as the optimizer. Thus, several design cycles must be completed to achieve
an optimized design.

If the reader is interested in pursuing more knowledge about the subject,
a thorough introduction to structural optimization can be found in the books
[51, 52]. For a briefer introduction and gaining an overview of the field, the
reader is referred to the two review articles [53, 54].

For a hands-on experience with the method, several simple frameworks are
freely available online. The most famous of them all is the 99 line Matlab code
from [44], but one can also other frameworks demonstrating various subtleties
[55, 56, 57]. It should be noted that none of the mentioned frameworks
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demonstrates topology optimization in a transient setting.
The rest of this chapter is organized as follows: Section 3.2 compares

each design cycle’s cost for static and transient problems; hereafter, Sections
3.3-3.6 introduce the formal optimization problem, filtering- and projection
techniques and the utilized material interpolations. Section 3.7 presents all
the different objective functions used throughout this work, and section 3.8
presents the corresponding sensitivity analysis. The section covers both the
static sensitivity analysis and two ways to derive the temporal sensitivities.
Finally, section 3.9 outlines the constraint formulations used in this work.

3.2 On the difference between static and tran-

sient problems

As indicated already, the transient analysis is more expensive than a static
one; this is directly related to each design iteration’s required time-stepping
procedures. Each time step of a nonlinear implicit time integration is roughly
NN times as computationally demanding as a full static and linear finite
element analysis of the same structure, where NN is the required number of
Newton steps to find a solution to the residual equations. Thus, the cost of
just obtaining the state vectors can quite easily be NNNt times higher for
implicit temporal problems than what it is for static linear problems when
Nt is the number of time steps.

A full nonlinear transient design iteration also includes an adjoint tran-
sient analysis, in which the solution to each time step is linear. However, the
Jacobian of each time step is different; thus, one cannot rely on a one-time
factorization. For this reason, the cost of a full design iteration in terms of
linear solves is roughly Nt(1 +NN) times higher compared to a design loop’s
cost for a self-adjoint static problem. If check-pointing schemes are used, the
cost is approximately Nt(1 + 2NN). Using check-pointing can be pertinent
for large-scale problems when memory is limited. The principle is outlined
in [P3].

The costs reported here are merely in the form of the number of equations
solved per design loop. Therefore, it does not include the fact that a larger
number of operations must be performed to evaluate the sensitivities for
transient problems.
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3.3 Optimization problem

For any constrained optimization problem, the goal is to minimize some ob-
jective function while fulfilling the constraints. All of the objective functions
considered in this work are guaranteed to produce a non-negative objective
value, and thus a smaller objective value translates to better performance.
The optimization is constrained by Nc inequality constraint functions and Ne

box constraints that should all be satisfied. A material resource constraint
is an example of a typical inequality constraint C, and the box constraints
ensure that each design variable ρ

e
satisfy strict bounds. The general opti-

mization problem used throughout this work can thus be cast as

min
ρ

: max(Φk) for k = {d, b, e} Objective function

s.t : Cc ≤ 0 for c = 1, ..., Nc Inequality he constraints (3.1)

: 0 ≤ ρ
e
≤ 1 for e = 1, ..., Ne Box constraint

In this work, the objective functions are denoted Φ, and such function de-
pends not only on the design variables but also on the system’s state. Instead
of minimizing just one objective function, the so-called robust formulation
[58] is employed in which k physical design realizations are constructed, and
each of these has an associated objective value. The min-max optimiza-
tion problem is smoothed using a bound formulation such that the optimizer
minimizes the largest of the k objective values. As indicated in Eq. (3.1) a
maximum of three physical realizations are resolved, and these are referred
to as the dilated-, the blueprint(/intermediate)- and the eroded design. The
robust formulation comes with a potentially high increase in computational
time, as a finite element analysis must be performed for each structural re-
alization. When few realizations are used, the analysis time can be kept
more or less constant due to the problems’ embarrassingly parallel nature.
However, for more realizations, one can resort to reanalysis techniques [59].

3.4 Filtering and projection techniques

In this work, two types of filters are used to circumvent the usual numerical
issues experienced with density-based topology optimization. The method-
ology’s challenges originate from the fact that the optimizer can modify the
design by altering each design variable individually. Therefore, the optimizer
can exploit the discretization and build unphysical structures of alternating
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solid and void. Such structures are recognized as checkerboard-like struc-
tures [60, 61]. To overcome this, a density filter [62, 63] is applied to smooth
the design field ρ, creating a smeared out field ρ̃ as shown in Figure 3.2b.
Not only does the density filter prevent checkerboarding, but it also ensures
mesh independency of the obtained designs. On the downside, such a filter
introduces a gradient of unwanted intermediate material between solid and
void regions.

The downside of having a gradient of grey material at the interface be-
tween solid and void is overcome by applying a smooth projection filter to the
filtered field, creating what is referred to as the physical field ¯̃ρ. Depending
on the projection parameters, the physical field can become arbitrarily close
to binary. As the robust formulation is applied, multiple sets of projection
parameters can result in what is referred to as different structural realiza-
tions. Figure 3.2 demonstrates the filtering and projection procedures.

Another commonly filtering technique is the sensitivity filter [64]. How-
ever, this is not used in this work.

(a) Design. (b) Filtered.

η = 0.3 η = 0.5 η = 0.7

β
=

5
β

=
6
4

Dilated. Intermediate. Eroded.

(c) Physical.

Figure 3.2. Filtering and projections procedures visualized for a space in-
vader.

3.4.1 Density filtering

The components of the filtered field are defined as an element-wise weighted
average of nearby elements’ design densities, that is

ρ̃e =

∑
k∈Nwkρk∑
k∈Nwk

(3.2)

where N is the set of elements within a radius of r from element e. The
weighting factor wk is the linearly decaying weighting.

wk = r − ‖xk − xe‖2 . (3.3)
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The center point coordinates of ρk and ρe are denoted xk and xe, respectively.
Please note that this version of the filter assumes equally sized elements.

3.4.2 Smooth projection filter

The smooth projection used throughout this work is in [58] defined as

H( s ) =
tanh(βη) + tanh(β( s − η))

tanh(βη) + tanh(β(1− η))
= s̄ . (3.4)

The function projects s towards 0 or 1 on either side of the threshold
η = [0, 1]. The steepness parameter β controls the aggression of the pro-
jection. For the design realization projections s = ρ̃

e
, but later in this work

Eq. (3.4) will also be used to project other quantities than filtered element
densities, hence the boxed notation for generality. Note how the the overbar
in s̄ is used to indicate a projection of s .

3.5 Robust formulation

The robust formulation [65, 58] refers to a design technique where multiple
design realizations are constructed, and the optimization problem is set up to
optimize the worst-performing realization at each iteration using a bound for-
mulation. For some projection parameters, the method ensures a minimum
feature size in either the solid or the void material phase. It can thereby in-
troduce some form of robustness into the final design. Using this method can,
for instance, prevent non-physical single-hinged connections for mechanism
designs [58]. One may also find the objective value of (unresolved) structures
between realizations comparable to the resolved structure. In that sense, the
method can also provide robustness to the intermediate design because its
performance may not degrade significantly due to under/over-etching dur-
ing manufacturing. One subtly of this approach for stiffness maximization
is applying the volume constraint to the dilated design and adjusting it to
accommodate the dilation and thereby prevent the optimizer from exploiting
the projection scheme, as shown in [65].

When multiple realizations are used in this work η = {0.3, 0.5, 0.7} unless
otherwise explicitly stated. The manufacturing robustness is demonstrated in
[P1], but the continuation scheme is mainly applied to drive designs towards
a binary state by increasing the projection scheme’s steepness parameter.
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3.6 Material interpolations

By relating the physical properties such as stiffness and mass density to each
physical design variable, the optimizer successively modifies the spatial dis-
tribution of these properties within a so-called design domain and optimize
the design. For static problems, one needs only to interpolate each element’s
stiffness, but for transient problems, one must also interpolate the element’s
mass. If possible, the optimizer will exploit the interpolation schemes, and
therefore one must be careful when choosing the two required interpolation
schemes as there are multiple choices to be made. In the following three sub-
sections, the three most commonly used interpolation schemes are briefly out-
lined. For a thorough discussion of how to choose the interpolation schemes
for stiffness and mass, see [P2].

3.6.1 Linear interpolation

Throughout this work, the mass of an element is linearly proportional to that
element’s physical design variable, such that

M
e

= (R1 −R0)¯̃ρ
e
M0
e

(3.5)

in which R1 is the mass density of solid, R0 is the mass density of void, and
M0
e

is referred to as the element mass matrix.

3.6.2 SIMP interpolation

The SIMP interpolation scheme is probably the most widely used interpo-
lation function within topology optimization. The interpolation function is
used in almost any paper on the subject if there is no good reason to use
something else. The SIMP interpolation [41, 66] is defined as

K
e

= E0 + (E1 − E0)¯̃ρpK0
e

(3.6)

in which E1 and E0 are Young’s modulus of solid and void respectively, and
K0
e

is referred to as the element stiffness matrix. The popularity of the SIMP

interpolation may come from the fact that for specific choices of penalization
values p, the intermediate material can be regarded as a composite of solid
and void material [66]. Also, using a power-penalization scheme like this
favors solid-void designs in the case of static stiffness maximization. This is
because the effective stiffness of intermediate material is penalized such that
the optimizer will not see any benefits of using such. Usually, and throughout
this study, the penalization parameter p = 3 is used.
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3.6.3 RAMP interpolation

An alternative to the SIMP scheme is the so-called RAMP scheme outlined in
[67]. One of the major differences between the RAMP and the SIMP scheme
is the behavior of the interpolation in void regions, where the SIMP scheme
has zero gradient for ¯̃ρ

e
= 0 when p > 1. The RAMP scheme is defined as

K
e

= E0 +
¯̃ρ

1 + q(1− ¯̃ρ
e
)
(E1 − E0)K0

e
(3.7)

in which E1, E0 and K0
e

hold the same interpretations as outlined above for

the SIMP scheme. The penalization factor q is the RAMP equivalent of the
SIMP penalization p, and this is often chosen to be q = 5. This is also what
is used in this study whenever the RAMP scheme is used.

3.7 Studied objective functions

This section is devoted to presenting the seven different objective functions
that have all been studied throughout this work. Three of them are studied
for frictional contact problems, and four of them are used exclusively within
the large-scale PETSc framework. The objective function of total energy is
used in the unpublished study of model reduction, in which the possibility
of contact is ignored. The following table summarizes the notation used to
distinguish between different objective functions.

Notation Objective description Used in framework

cΦ Compliance Static
pΦ Pressure uniformity Static
sΦ Strain energy density Transient (semi-discrete)

uΦ Squared displacements Transient (fully-discrete)
UΦ Potential energy Transient (fully-discrete)
TΦ Kinetic energy Transient (fully-discrete)
EΦ Total energy Transient (fully-discrete)

Table 3.1. Notation used for the different types of objective functions.

The following expressions summarize how a scalar objective value is ob-
tained for the three different problem formulations studied throughout this
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work, i.e., static, semi-discrete, and fully-discrete. Underscripts e and t indi-
cate element- and time stepwise contributions, respectively.

Φ =
Ne∑

e=0

Φ
e

Static problems (3.8a)

Φ =
Ne∑

e=0

∫ T

0

Φ
et
dt Semi-discrete transient problems (3.8b)

Φ =
Ne∑

e=0

Nt∑

t=0

Φ
et

∆h Fully-discrete transient problems (3.8c)

Ne is the number of elements the objective function is evaluated over, Nt is
the number of time steps, and ∆h is the time step size. Please note how the
spatial and temporal sums of Eq. (3.8b) are interchanged compared to what
is found in [P2]. This is to align the terms here for simplicity and a clearer
overview. Also, Φ

e
here is referred to as W in [P2]. The integration in Eq.

(3.8b) indicate a numerical trapezoidal integration.

3.7.1 Compliance with possible contact [P1]

A typical objective for structural optimization is to identify the stiffest struc-
ture possible, often combined with a material resource constraint. Generally
speaking, the stiffest structure is the one that most efficiently carries and
transfers applied loads through a set of boundary conditions, with the least
amount of structural displacement. Compliance is defined as the total strain
energy of a structure. Thus compliance is minimized if the strain energy of
a structure is minimized. The element strain energy is defined as

cΦ
e

=
1

2
u
e

TK
e
u
e

(3.9)

For linear static problems, compliance can be cast in at least one other form,
but the form shown here is advantageous when one wants the measure to be
insensitive to rigid body motions.

3.7.2 Contact pressure uniformity [P1]

The objective function developed by the authors for pressure uniformity op-
timization is
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pΦ =
1Tf qc

aTf̄c + [1− 1Tfc]ε
(3.10)

where 1 is a vector of 1s used for summing, a is a vector of node-associated
areas and ε is a lower bound of the denominator. For q = 1, pΦ is simply
the mean contact pressure. The actual contact area is obtained using the
smooth Heaviside function from Eq. (3.4) indicated by bars. For q > 1, the
optimizer will avoid variations in the distribution of contact forces, as this is
the best way to keep the measure as low as possible.

Please note how this measure is not defined for each element but directly
applicable to the globally resolved contact forces. Moreover, the function
avoids division by zero if there is no contact area using the Heaviside projec-
tion and limiting the denominator to a small value of ε.

3.7.3 Fail-safe drop test [P2]

To design fail-safe structures, it is necessary to identify the maximum value
of some failure related quantity within a structure over time. To achieve
such behavior, the authors constructed an objective using two p-norms [68].
One failure criteria that can be related to the first failure of a part is the
maximum strain energy density within the part [69], which is defined as

sΦ
et

=
1

2
ε
et

TC
e
ε
et

(3.11)

in which ε and C represent structural strain and the constitutive matrix,
respectively. The first step to identify the max-max value of this function is
to identify the maximum value in each time step, resulting in a time-varying
function sφ

t
. The second step is to numerically integrate sφ

t
using trapezoidal

integration to obtain a single scalar value of the function’s integral. In the
following equation, ∆ht is the time step size of time step t.
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By increasing the spatial p-norm exponent ps and the time p-norm expo-
nent pt, the function will go towards the true max-max value. Fail-safe
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optimization is closely related to the topic of crashworthiness optimization
[70, 71, 72], in the sense that both approaches seek to protect some payload.
When performing crashworthiness optimization, objective functions are typ-
ically expressed in terms of intrusion displacements or accelerations. Since
the semi-discrete sensitivity formulation does not allow for a straightforward
optimization of accelerations, and because displacements based objectives
are likely to lead to stiff designs, an energy-based objective function seemed
to be more suitable for the intended application.

3.7.4 Squared displacements [P3]

When minimizing the squared displacements in a transient problem, i.e.,
using the objective function of (3.13), one should be aware of the spatial
region in which this is evaluated in.

eΦ
et

= u
et

Tu
et

(3.13)

If one evaluates this measure in the entire design domain, one is likely to get
large element-wise contributions from void regions due to the low inertia in
these regions. Therefore it is advantageous to evaluate eΦ

et
and any measure

that does not depend on the design variables in regions where it is beneficial
for the optimizer to place material. For instance, in the vicinity of an applied
load or near a supported boundary or perhaps even better in a passively
defined solid region. Suppose one evaluates such measure in the center of the
design domain away from the boundary and loads. In that case, the optimizer
is likely to disconnect the region, in which the objective is evaluated, from the
rest of the design or connect it by tuned spring-like intermediate connections.

3.7.5 Potential and kinetic energy

Coming from static stiffness optimization, it may be natural to minimize the
potential energy of a structure in a transient setting, where stiffness is not
as clearly defined as for static problems. The potential energy of a structure
can also be expressed as the restoring strain energy, that is
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(3.14)

However, during preliminary studies, it was discovered that the optimizer
would take advantage of such an objective function by constructing designs
that translate and rotate linearly and rigidly when the boundary conditions
allow such movement. Thus, the optimizer can diverge potential energy into
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kinetic energy to obtain a low objective value. This is not possible for the
optimizer in static problems, where there is no concept of kinetic energy. For
the rest of this work, the term kinetic energy refers to the following quantity

TΦ
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=
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et
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e
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et

(3.15)

If the goal is to achieve a transient equivalence of the static compliance
measure, the seemingly natural choice would be to construct an objective
function that includes both the kinetic and the potential energy to avoid the
optimizer from simply hiding energy in one or the other form.

3.7.6 Total energy for transient structures [UP]

Obtaining a good measure of compliance in a dynamic setting can be quite
challenging, and the literature contains multiple definitions of the term dy-
namic compliance [73, 74, 75]. To avoid ambiguity, a total energy objective
is considered as the sum of kinetic and potential energy.
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(3.16)

Using both energy types prevents the optimizer from achieving small objec-
tive values by converting between the two energy forms.

3.8 Sensitivity analysis

For any gradient-based optimization routine, it is necessary to obtain the gra-
dients of the objective function with respect to each design variable - referred
to as the sensitivities. This procedure is referred to as the sensitivity anal-
ysis. Sensitivity analysis for structural problems is already well-established
[76, 77, 78], and the adjoint method is an efficient method to evaluate the
sensitivities of any design problem if the number of design variables is much
larger than the number of objective functions and constraints.

The method results in three slightly different expressions for the sensitiv-
ities depending on whether the problem is static or transient and if time is
considered continuous or discrete, as will be seen in the following subsections.

The first step of an adjoint sensitivity analysis is to augment the ex-
pressions of Eq. (3.8), with a zero-term to form the augmented Lagrangian
functions. The adjoint method’s trick is that the Lagrange multipliers λ and
Λ can be chosen freely as the residual is assumed to be zero for all time steps.
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The augmented element contributions to the objective value are denoted ϕ
e
.
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Fully-discrete transient problems (3.17c)

The following subsections focus on the sensitivity derivations and present
them in a form for easy comparison. Please note that the sensitivities analysis
presented in the following subsections derives the objective’s sensitivities with
respect to a physical field. Application of the chain rule following Eq. (3.18)
accounts for filter- and projection operations such that the sensitivities are
found with respect to the mathematical design variables. The sensitivity
analysis of contact problems contributes to the presented work’s novelty.
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3.8.1 Static sensitivity analysis [P1]

For static contact problems, the design sensitivities can be obtained using
the expression(s) in Eq. (3.19), provided that the Lagrange multipliers are
evaluated using corresponding expressions from Eq. (3.20). Equation (3.19a)
and (3.20a) are the general expressions, and the remaining subequations are
expanded for specific choices of objective functions, to explicitly demonstrate
how the analysis is performed in relation to contact problems.
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In case of compliance, i.e. Φ
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, equation (3.19a) expands to
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In case of pressure uniformity, i.e. Φ
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= pΦ
e
, equation (3.19a) expands to
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The following expressions demonstrate how the Lagrange multipliers are
obtained for static contact problems.
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In case of compliance, i.e. Φ
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, equation (3.20a) expands to
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Specifically for pressure uniformity i.e Φ
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= pΦ
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The gradient
∂

pΦ
e

∂fc
is included in the Appendix of [P1]. The two partial

derivatives of Rfc are stated in Eq. (2.16). For further details on obtaining
the design sensitivities for static structural problems see [43].

3.8.2 Transient sensitivity analysis

This subsection covers two different methods to derive the sensitivities for
transient problems. The semi-discrete ”differentiate-then-discretize” approach
appears to be the historical method of choice. However, recently the fully-
discrete method has matured, and nowadays, it should probably be the
preferable choice for generality and consistency. Regardless of the method,
it is necessary to obtain Lagrange multipliers for all the time steps that
one wants to include in the objective function. The two following sections
demonstrate how the sensitivities are obtained.

Semi-discrete sensitivity analysis [P2]

With the semi-discrete approach [79, 80], time is regarded as continuous,
and the derivation of the sensitivities takes one on a journey of integration
by parts, in case the objective function depends on velocities and accelera-
tions. To obtain the Lagrange multipliers, one must solve a terminal value
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problem with terminal values that are hard to give any physical interpreta-
tion of. It is clear why this approach was around before the fully-discrete
approach, as this seems to be the natural way of extending the static La-
grangian formulation. With enough time steps, this approach yields perfect
sensitivities, but numerical errors arise for coarser time-discretizations.

The sensitivities of a transient problem can be obtained by the semi-
discrete approach using the following expressions. Once again Eq. (3.21a)
is the general equation for the semi-discrete sensitivities of any transient
problem.
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Throughout this work only the strain energy density objective measure i.e.
Φ = sΦ

et
, is used together with the semi-discrete approach; in this case equa-

tion (3.21a) expands to
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in which C is the constitutive matrix, and ε indicates strains. As it was
the case for static problems, the expressions for the design sensitivities of
transient problems in Eq. (3.21) are valid when the Lagrange multipliers are
determined. The semi-discrete approach results in the backward problem
taking the form of Eq. (3.22a). For consistency, it is written here using the
et-notation, but the underscript e can be dropped if the equation is solved
time stepwise for all elements simultaneously.
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In the specific case of strain energy density, i.e. Φ
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= sΦ
et

, equation (3.22a)

exapsnds to
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In which the B is the strain-displacement matrix. Because the problem
considered here depends neither on velocities nor accelerations, the backward
problem(s) of Eq. (3.22) is solved using the following terminal conditions for
the Lagrange multipliers

λ
e
(T ) = λ̇

e
(T ) = 0 (3.23)

A full derivation of the semi-discrete approach can be found in Appendix A.
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Fully-discrete sensitivity analysis [P3]

The fully-discrete approach is more elaborate than the semi-discrete approach
in the sense that one has to obtain Lagrange multipliers for both displace-
ments, velocities, and accelerations. However, one needs not to worry about
giving physical interpretations to terminal values, as everything is built into
the discrete system directly. One must also be aware, in this case, that the
residual equation for time step 0 is different from the rest of the time steps.
This is why partial derivatives of the residual are not completed in the follow-
ing, as this would clutter the conceptual outline given here. For full details,
please confer [P3]. The fully-discrete approach results in Eq. (3.24) as the
general expression for the sensitivities of transient problems
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Where Λ
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are Lagrange multipliers associated with dispal-

cements, velocities and accelerations of element e in time step t. The adjoint
equation for time step t is
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By comparing the expressions for the static adjoint method, i.e., Eq. (3.19)-
(3.20), to the same expressions for the fully-discrete method, i.e., Eq. (3.24)-
(3.25), the resemblance is unmistakable. The difference hides in the evalua-
tion of the Lagrange multipliers, which is a backward problem for the tran-
sient case, where the Lagrange multipliers of time step n also depends on
the Lagrange multipliers of time step n+ 1, due to the time step dependence
hiding in R

et

T.

3.9 Constraint functions

For the problems studied in this thesis, two types of constraints are used;
each one is covered separately below.

3.9.1 Volume constraint [P1] and [P3]

For some of the examples in this work, it has been necessary to limit the
amount of available material. A material resource constraint is probably the
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most frequently used constraint within structural optimization. In this work,
the measure for the amount of material used is

C1 =
1T ¯̃ρ

Ne

− V ∗ (3.26)

where V ∗ is the fraction of the design domain that the optimizer can utilize as
material and Ne is the number of elements within the design domain. Please
note that this formulation assumes evenly sized elements.

3.9.2 Strain constraint [P2]

For some problems in this work, it has been necessary to include a field-type
constraint for a quantity ψ, such that ψ can be no larger than c∗ times a
reference value ψ0. The formal implementation of such constraint follows

C2 =
ψc
c∗ψc0

− 1. (3.27)

In [P2] the field quantity ψ = 1
2
εTε was used to control the stiffness of the

obtained designs for the drop test example. The sensitivities for such a
constraint is obtained in the same way as for objective values outlined in the
previous sections and application of the chain rule.





4 Numerical examples

With the methodology in place from the former chapters, this chapter intends
to demonstrate three years of research as a natural progression. Instead of
repeating interpretations of results, this chapter’s focus will be on the journey
towards the results, the challenges faced along the road, the choices made,
and why. For specific and elaborate discussions of the results, the reader is
referred to the corresponding paper(s).

When this work began, we decided that working with contact problems
would be an exciting road to take. Of course, the goal was to tackle large-scale
transient frictional contact problems, well aware that one must learn to crawl
before walking. We realized that the work could offset by considering smaller
static examples that could be justified physically before tackling transient
impact problems. The transient analysis’s computational heaviness of even
small problems is highlighted, and a second-order Krylov reduction method
is investigated to decrease the computational time associated with the finite
element analysis. It is demonstrated how speedups of nearly three orders of
magnitude are quickly achieved. Such speedup enables a significant increase
in the feasible spatial problem size while paving the road towards a nonlinear
efficient transient analysis of large-scale nonlinear problems. Finally, the
reasons for producing and publishing a C++/PETSc framework for linear
transient problems are outlined.

4.1 Compliance minimization with frictional

contact [P1]

When diving into the field of topology optimization, one will undoubtedly
experience the stiffness maximization problem, as this is remarkably well-
behaved, being close to convex, and often self-adjoint. It is the best problem
to familiarize with the methodology of computer-aided structural optimiza-
tion.

33
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However, when the contact can happen, things change, and properties
usually associate with stiffness maximization does not hold anymore. For
this reason, the author decided to consider stiffness maximization of static
contact problems as an entry point of this exposition.

In a paper from 1997 [81] we discovered an example in which the authors
of the paper claim to have identified the optimal thickness distribution to a
square sheet problem that includes frictionless contact. This particular prob-
lem is interesting as the optimizer can choose to rely on two rigid outskirts of
an obstacle for additional structural support or not, depending on the load
intensity and the available material. The original solution was presented in
Fig. 9 of [81], and it is included herein in Figure 4.1 for the reader’s con-
venience and to contextualize this work. A schematic representation of the
solved problem is presented in Figure 4.1.
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L
4

L
8

L
8

(a) Schematic representation. Included
from [P1], Fig. 3.a.

(b) Optimal thickness distribution.
Reproduction of Fig. 9 from [81].

Figure 4.1. (a): A schematic representation of a structural problem in which
contact can happen and (b): the original solution originating from Fig. 9 of
[81]

With the optimization formulation of this work, we have no intention
to verify any result’s optimality, as it was proclaimed by the authors of
[81]. Instead, we hoped to achieve solid-void designs that would resemble the
benchmark result by applying modern optimization techniques.

As indicated above, one can imagine different types of attainable designs
from a setup like this. Figure 4.2 demonstrates the three types of designs
that were identified.
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(a) Column design. (b) Resting design. (c) Disconnected design.

Figure 4.2. The three types of designs that one can obtain for a problem as
laid out in Fig 4.1a. The red arrows indicate external- and resulting contact
forces. The figures are included from [P1], Fig. 5.

Obtaining the resting type of design shown in Figure 4.2b proved to be
quite hard. In many cases, the optimizer would go towards either a column
design as in Figure 4.2a or a disconnected design as in Figure 4.2c. It was
possible to obtain a resting design in the case of a volume fraction of V ∗ = 0.5,
which was also used in the benchmark example.

Without geometrical nonlinearities, the optimization progressed without
any issues, even with friction. However, local numerical instabilities in the
form of an oscillating behavior of Newton’s method were experienced in the
regions where the structure and the obstacle meet, and this prevented con-
vergence when both types of nonlinearities were included.

Even though we could not include geometrical nonlinearities in this exam-
ple, we managed to advance the benchmark example in other ways, e.g., by
including friction and increasing the curvature of the obstacle significantly.
The curvature of the obstacle used in the benchmark example is approxi-
mately as illustrated in Figure 4.2 when the parameters listed in the paper
are used. Figure 4.3 illustrates the solution to the benchmark problem with
a more pronounced curvature of the outskirts and demonstrates the effect of
including friction.
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(a) Without friction (b) With friction (c) Design difference

Figure 4.3. Optimized designs to a problem using a more pronounced cur-
vature of the obstacle. (a): Without friction. (b): With friction, µ = 0.3.
(c): Highlights the structural changes when including friction. The figures
are included from [P1], Fig. 6.

At this point, the author was comfortable that a working framework for
static contact problems had been developed. The optimizer had demon-
strated capabilities of utilizing potential contact and the ability to disconnect
a structure from its primary support, which is not seen for the usual linear
static stiffness optimization.

Highlighted contributions and novelties

� Practical and realizable designs with a solid-void distribution of
material to a benchmark example found in the literature.

� Demonstrated optimization with an obstacle of significant curva-
ture compared to the design size.

� Including friction of µ = 0.3.

4.2 Pressure uniformity optimization [P1]

Feeling confident with the static framework and having demonstrated com-
pliance minimization of contact problems, we decided to pursue a practical
importance problem; thus, the distribution of potentially resulting contact
forces should be the target for the optimization. For instance, one can imag-
ine controlling and tailoring the contact- and friction forces in primary and
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auxiliary parts of diesel trucks’ and aircrafts engines to reduce resistance and
wear.

The numerical example is inspired by a classic bike brake pad system
that is usually worn in an uneven way directly related to the uneven pressure
distribution that arises between the brake and wheel. A schematic outline of
the problem is depicted in Figure 4.4, where symmetry decreases the problem
size. One should realize that it is, in fact, possible to change the resulting
pressure by changing the structural design. Thus, our goal with this problem
was to see if it was possible to achieve a uniform pressure distribution by
changing the structure itself.

At this point, it should be mentioned that Niu et al. [82] solved a similar
pressure-uniformity problem just around the same time as this work was
carried out. However, their work was unpublished when this examination
began, and no communication has taken place.
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Figure 4.4. Schematic problem setup for the problem of pressure distribution
optimization. The figure is included from [P1], Fig. 3.b.

One may argue that it is relatively crude to neglect friction in an exam-
ple inspired by a brake. Nevertheless, when one sets aside the inspiration
from brakes, neglects friction, and simplifies the problem, the framework’s
capabilities can be demonstrated.

Optimizing for pressure uniformity entails developing a scalar-valued ob-
jective that represents how uniform the pressure distribution is. We came up
with the function of Eq. (3.10), which is restated here for convenience.

pΦ =
1Tf qc

aTf̄c + [1− 1Tfc]ε
(3.10)
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The expression of Eq. (3.10), arguably looks complicated, but when bro-
ken down into pieces, it is easily seen that the function represents the actual
contact pressure (for q = 1). When q = 1, the numerator is simply the total
contact force. The denominator estimates the actual area of contact. If the
structure is not in contact, i.e. aTf̄c = 0 and 1Tfc = 0, the denominator is
bounded by ε, but when contact is present, the denominator takes the value
of the actual contact area. As q is increased, variations in the contact forces
are penalized, such that a uniform distribution is favored.

In combination with a stiffness constraint, the developed objective un-
folded the designs shown in Figure 4.5. In the absence of a stiffness constraint,
the optimizer would always remove all material to avoid any force transfer
through the structure. This may indicate an exploitation of the modeling
since only nodes on the lower side of the structures were considered potential
contact nodes.

In hindsight, it may be possible to run the optimization without the
stiffness constraint if all nodes are considered potential contact nodes. This
should ensure a very uneven transfer of forces from the external load to the
obstacle if the optimizer removes all of the material. Hopefully, this should
be enough to prevent the optimizer from removing all of the material, though
it is likely that a grey design is still favorable.

The current results demonstrate how the objective function can generate
more uniform pressure distributions for increasing q’s, at the cost of increased
average pressure.

(a) mean(f c
y) = 0.510

var(f c
y) = 0.021

Fig. 12.a from [P1]

(b) mean(f c
y) = 0.518

var(f c
y) = 0.013

Fig. 12.b from [P1]

(c) mean(f c
y) = 0.555

var(f c
y) = 0.011

Fig. 12.c from [P1]

Figure 4.5. Three results to the problem sketched in Figure 4.4. The result-
ing contact pressure is shown below each design and the results are presented
for (a) q = 2, (b) q = 4 and (c) q = 8.
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The author found that this optimization problem to be very ill-conditioned
for q = 1 and suspects that this is related to the fact that the objective func-
tion, in this case, is the average pressure, and therefore many designs achieve
the same objective value. Thus, there are many local minimums the opti-
mizer could get stuck in. The optimization progressed nicely for higher values
of q.

Highlighted contributions and novelties

� A new objective to evaluate the evenness of contact pressure dis-
tributions.

� Demonstrated and argued for the inclusion of a stiffness constraint
to prevent the optimizer from avoiding any transfer of forces to the
obstacle.

� Demonstrated how friction (for µ = 0.2) as expected, results in
asymmetry designs [P2].

4.3 Transient fail-safe optimization [P2]

After demonstrating the methodology of topology optimization for static con-
tact problems for two different objectives, the natural continuation was to
extend the framework and solve transient contact problems. The transient
analysis has apparent benefits compared to static analysis, but it comes with
a high computational cost. One of the benefits of transient analysis is that the
engineer can account for inertia effects such as resonance phenomena directly
in the optimization instead of relying solely on post-analysis. It is quite clear
that a static analysis holds no information about temporal movements, and
frequency-based frameworks are limited to a single (or few) loading frequen-
cies and therefore typically used when designing (anti/) resonators [83, 84].
Furthermore, it is not possible to resolve impacts in a frequency domain.
In contrast, the transient analysis can include or resolve any combination
of frequencies only limited by spatial- and temporal discretization and the
system’s damping.

4.3.1 Time-integration of contact problems

Extending a static framework to a transient one requires time-integration to
obtain all the transient properties. In this section, a small numerical example
is used to demonstrate the two time-integration schemes mentioned in Section
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2.1.1 specifically for contact problems. This small test case is also used to
discuss the sensitivity analysis of contact problems later in this section. In
this section’s example, the response of a free-flying box is resolved. The box
is discretized by just four elements and subjected to a downwards load on the
upper surface and a lateral load, which starts by pushing the box rightwards
and then changes direction to pull the box leftwards. Figure 4.6 visualizes
the box’s lower center node trajectory resolved with the Euler scheme using
50 time steps in three different problem settings. In Figure 4.6a the problem
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(a) without contact
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(b) with contact, µ = 0.0
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(c) with contact, µ = 0.3

Figure 4.6. Lower center node trajectory of the box problem using the Euler
scheme with 50 time steps. The blue line is the node’s trajectory and the
grey lines gives an indication of the node’s location as a function of time.

is completely linear and there is no possibility of contact. In Figure 4.6b and
4.6c an obstacle is placed at y = −0.5, the difference between Figure 4.6b
and 4.6c is that friction is neglected in Figure 4.6b but included (µ = 0.3) in
Figure 4.6b. It is clearly seen how the vertical displacement is constrained
in both Figure 4.6b and 4.6c and the rightwards displacement is limited by
inclusion of friction in Figure 4.6c compared to 4.6b.

The box problem is also solved using the Newmark scheme to demonstrate
one of this scheme’s issues. Figure 4.7 depicts snapshots of the box’s complete
movement and the resolved contact forces using both the Euler- and the
Newmark scheme with 50 time steps. Note how the snapshots are shown
from time t = 0.4, i.e., just around the impact time, to t = 0.8, where
the box moves leftwards. One issue of the Newmark scheme is spurious
oscillations in the contact region, as mentioned in [11]; this issue is not present
using the Euler scheme. The oscillation is difficult to illustrate through five
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evenly distributed snapshots, but a solution was obtainable without any other
extreme numerical instabilities.

(a) t = 0.4 (b) t = 0.5 (c) t = 0.6 (d) t = 0.7 (e) t = 0.8

(f) t = 0.4 (g) t = 0.5 (h) t = 0.6 (i) t = 0.7 (j) t = 0.8

Figure 4.7. Response visualizations of the box problem using 50 time steps
when the response is obtained by (a)-(e): Euler scheme, (f)-(j): Newmark
scheme. The resulting contact forces are shown with red arrows.

A more severe issue related to the Newmark scheme emerges when the
number of time steps is increased from 50 to 5000, and the same problem is
re-solved. The results of the re-analysis are shown in Figure 4.8.

(a) t = 0.4 (b) t = 0.5 (c) t = 0.6 (d) t = 0.7 (e) t = 0.8

(f) n = 0.4 (g) t = 0.5 (h) t = 0.6 (i) t = 0.7 (j) t = 0.8

Figure 4.8. Response visualizations of a small test problem using 5000
time steps when the response is obtained by (a)-(e): Euler scheme, (f)-(j):
Newmark scheme

From Figure 4.8 it is quite clear that the Newmark scheme suffers from
stability issues even for γ = 1/2 and κ = 1/4 when contact is present.
What happens in Figure 4.8f through 4.8j is that numerical errors accumu-
late through the time-integration causing the solution to become numerical
unstable and ”blow up”. The Newmark scheme’s demonstrated issues led



42 Chapter 4. Numerical examples

to the decision of sticking with the Euler scheme for all transient problems,
including contact.
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Table 4.1. Finite difference checks showing the relative error between the
efficiently calculated adjoint sensitivities and the finite difference sensitivities
for the box problem in different settings but without contact. The checks
are obtained using different time-integration schemes and different adjoint
methods for various numbers of time steps. The horizontal axis of all subplots
is design variable perturbations.

4.3.2 A note on the sensitivities of transient contact
problems

During the transient implementation, a substantial amount of time was spent
investigating, checking, and verifying the obtained sensitivities by finite dif-
ference checks. Finite difference checking is a powerful tool to check the
sensitivities obtained by the adjoint analysis.

When this work was carried out, the semi-discrete approach seemed to
be the preferred way to obtain the design sensitivities for this type of prob-
lem [85, 79, 80, 86]. However, the method’s potential inconsistencies were
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highlighted in [87, 88]. Even though the more cumbersome fully-discrete ap-
proach has been used in [89, 88, 90, 91] the method had not, to our best
knowledge, been described in a general easy-to-implement form before it was
done in [92].
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Table 4.2. Finite difference checks showing the relative error between the
efficiently calculated adjoint sensitivities and the finite difference sensitivities
for the box problem in different settings but with frictionless contact. The
checks are obtained using different time-integration schemes and different
adjoint methods for various numbers of time steps. The horizontal axis of all
subplots is design variable perturbations. NA indicates that the result was
not accessible.

Our concern regarding the adjoint sensitivities of contact problems can
be visualized using the usual finite difference plots that ideally show a first-
order convergence rate for the relative error between the adjoint sensitivities
and the finite difference sensitivities.

The finite difference convergence plots for the box problem are evaluated
using 50, 500, 5000, and 50000 time steps, using both the Euler and the
Newmark scheme. For comparison, the sensitivities are evaluated using both



44 Chapter 4. Numerical examples

the semi-discrete and the fully-discrete formulation, even though the fully-
discrete formulation was not considered at the time. Table 4.1 demonstrates
the convergence plots for the box problem without any form of contact.
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Table 4.3. Finite difference checks showing the relative error between the
efficiently calculated adjoint sensitivities and the finite difference sensitivities
for the box problem in different settings but with frictional contact. The
checks are obtained using different time-integration schemes and different
adjoint methods for various numbers of time steps. The horizontal axis of all
subplots is design variable perturbations. NA indicates that the result was
not accessible.

Note how the fully-discrete method results in consistent sensitivities re-
gardless of the number of time steps. As mentioned, the sensitivities’ quality
increases with the number of time steps when the semi-discrete approach
is used. In this setting, the Newmark scheme can be applied without any
problems as no contact takes place. It is seen how seemingly consistent sen-
sitivities are achieved using just 500 time steps with the Newmark scheme.
In contrast, 50.000 time steps must be used to remove the plateauing, which
occurs when using the Euler scheme.
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When an obstacle is placed below the box, and friction is omitted, the
finite difference checks presented in Table 4.2 are obtained. The results
obtained using the Newmark scheme are not accessible, as this scheme is
too unstable in the presence of contact, as demonstrated previously. Note
how the fully-discrete formulation still results in consistent sensitivities, even
though the problem contains a nonlinear impact, but bear in mind, that this
formulation was not available when the author was working with this. In
contrast, the sensitivities obtained with the semi-discrete approach have a
more-or-less constant error of about 10%. The exact cause of this error
remains unknown at the time of writing. Despite the deficiency of the semi-
discrete approach for the contact problem, the author accepted the results
and moved on.

When friction is added to the problem, the sensitivities obtained using
the semi-discrete approach resemble, to a large extent, the results that were
seen when friction was excluded - neither significantly better nor worse. This
observation caused the author to accept the implementation. Strangely, the
results obtained using the fully-discrete approach seems to be affected by the
inclusion of friction. If this is related to a bug or expected remains unknown.

4.3.3 A frictional drop test

After developing and implementing most of the machinery necessary to start
solving and optimizing transient problems with frictional contact, we wanted
to solve a problem that would not be solvable by either a static framework or a
frequency-based one. The ideal test example turned out to be the simulation
of a drop test. The author decided to mimic the drop of a smartphone-
like structure and design a casing to prevent the screen-like payload from
breaking. Identifying exact failure points would be out of the scope for this
work, so we decided to minimize the largest strain energy density experienced
within the payload during the drop and not relate this further to any real-
world failure. The schematic for the drop test problem is included in Figure
4.9a for reference, and one of the obtained results using 8100 spatial elements
and 521 time steps is depicted in Figure 4.9b.

Obtaining the result of Figure 4.9b turned out to be a bit of a challenge,
as several safe-guard measures had to be incorporated to obtain any meaning-
ful result. First of all, geometrical nonlinearity was included to prevent the
optimizer from utilizing buckling of linear structures. Secondly, the extend
of the simulation should be long enough so Obtaining the result of Figure
4.9b turned out to be a bit of a challenge, as several safe-guard measures had
to be incorporated to obtain any meaningful result. First of all, geometrical
nonlinearity was included to prevent the optimizer from utilizing buckling
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(a) Schematic layout of the drop test
problem.

(b) A solution to the drop test problem
laid out in Fig. 4.9a.

Figure 4.9. Problem setup and (one) solution to a transient impact problem
with friction. The figure is included from [P2], Figure 8.

of linear structures. Secondly, the extend of the simulation should be long
enough so the payload has time to hit the obstacle such that the optimizer
cannot avoid any strain energy building up in the payload by simply remov-
ing all material below the payload. Thirdly, one must resolve the impact
with a more than one time step to avoid non-physically high damping during
the impact. Finally, to prevent the optimizer from simply tuning the inter-
mediate material distribution underneath the payload and making pillow-like
designs, a strain constraint was added in the design domain, enabling control
of the final design’s stiffness.

For usual stiffness optimization problems, it is beneficial for the optimizer
to use all of the available material; therefore, a volume constraint is indis-
pensable for such problems. However, it is not beneficial for the optimizer to
fill the design domain with solid material for the type of problem considered
here, so the optimization was performed without a volume constraint.

A high spatial resolution is required to perform any form of meaningful
density-based topology optimization, and a high temporal resolution is re-
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quired to capture the impact. Hence, the total computational time quickly
sky-rockets. For this example, an adaptive time-stepping scheme was in-
voked to limit the transient analysis’s computational time. However, as the
time-integration is still performed implicitly on a highly nonlinear system, the
result in Figure 4.9b still took in the order of 100 wall-clock hours to produce
using only the embarrassingly parallel nature of performing the FEM- and
sensitivity analysis for the three structural realizations simultaneously. The
result highlights the high computational cost of relatively small nonlinear
transient problems.

Highlihghed contributions and novelties

� Demonstrated fail-safe topology optimization of frictional impact
problems with finite strains.

� Demonstrated stiffness control in the design process by using a
strain constraint.





5
Efficient transient analysis [UP] and a

framework for large-scale transient
topology optimization [P3]

The examples of the previous chapters demonstrate how computationally
heavy solving nonlinear transient problems can be, e.g., it took in the order
of 100 wall-clock hours to obtain the design shown in Figure 4.9b. Thus, it
seems pertinent to apply advanced numerical methods to decrease the com-
putational burden of the time-integration, thereby increasing the usability
and practicality of transient topology optimization.

First, a second-order Krylov reduction method is investigated to signifi-
cantly reduce the computational time of the time-integration. Secondly, the
reasons for presenting a C++/PETSc framework with [P3] are outlined.

5.1 Efficient transient analysis [UP]

In the following, a second-order Krylov reduction method is applied to reduce
the spatial problem, thus significantly reducing the size of the system solved
in each time step. It will be illustrated how speedup factors of nearly three
orders of magnitude are quite easily attainable for linear transient analysis
of 2D structures.

From preliminary studies, the class of second-order Krylov reduction
methods has provided promising results with regards to accurately describ-
ing the spatial movement of non-reduced structures. This is quite impressive
as the reduction basis Q is constructed from static information only. That
is, the reduction basis is constructed without solving an eigenvalue problem.
The reduction basis is instead constructed through a second-order Krylov
procedure to identify the appropriate subspace followed by an orthonormal-
ization of the basis vectors. For a thorough description and pseudo code of
the procedure, please confer [93, 20].

In the remainder of this work, the Second-Order Arnoldi method (SOAR)
is investigated for a 2D MBB design problem, using two multi-frequency

49
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loads, consisting of five harmonics each. The initial design, a uniformly dis-
tributed amount of intermediate material satisfying the volume fraction of
V ∗ = 0.3, has a natural frequency of ω0 = 0.15 radians per second. The
optimization is performed using both the full and reduced models for com-
parison. The structure is excited below its first natural frequency in the
first load case and above in the second load case. The two load signals are
presented in Figure 5.1.
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Figure 5.1. Two different time-varying loads.

The problem considered in the remainder of this section is discretized us-
ing 180 elements along the x-direction and 60 elements along the y direction.
The material parameter of solid are E1 = 1 and R1 = 1× 10−2, and the pa-
rameters of void are E0 = 1× 10−9E1 and R0 = 1× 10−3R1. The material’s
Poisson’s ratio is ν = 0.3 and only one design realization is used with a pro-
jection threshold of η = 0.15. The initial steepness value of the projection
scheme is β = 0.001 and β is incremented by one when β < 8 where after β is
multiplied by 1.5 with every continuation step. Continuation of β takes place
every 20th design iteration or when the design field’s design change is lower
than 0.01, and all constraints are satisfied. β is not increased further when
β > 75. This scheme results in a final β value of 91.14. The density filter has
a radius of r = 10.5, but transient optimization using a smaller filter radius
of r = 3.5 is also illustrated. If the optimization has not converged within
300 design iterations, it is terminated. The optimization is subject to a vol-
ume constraint of V ∗ = 0.3 and a static compliance constraint, dictating that
the design cannot be more compliant than the initial design. The volume
constraint is active for the low-frequency optimization, and the compliance
constraint is active during the high-frequency optimization.

The time-interval from 0 to 50 seconds is discretized using 1000 time steps
and the time-integration is performed using the Newmark scheme with γ = 1

2

and κ = 1
4
. Results using both SIMP (p = 3) and RAMP (q = 5) for the
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stiffness interpolation are shown, but the mass is linearly interpolated in all
cases. For a full problem of this size, 44 million equations are solved for every
design iteration. The boundary conditions are, as indicated in Figure 5.2a.
Using the same projection strategy as outlined above, a static solution to the
problem results in the design shown in Figure 5.2b. This design is obtained
within a few minutes, and it is used for reference during the forthcoming
analysis.

f
t

(a) Schematic layout of the MBB problem (b) Static reference design

Figure 5.2. Illustration of the initial MBB beam and reference design ob-
tained in a few minutes by static analysis and optimization.

When the reduction matrix has been created and the reduced system is
constructed, it is possible to compare the time it takes to perform a forward
analysis of a reduced system to the time it takes using the full system. The
results of such comparison are illustrated in Figure 5.3 which demonstrate the
achieved speedup factor as a function of both the number of spatial elements
and the number of time steps.
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Figure 5.3. Speedup study of the second-order Krylov reduction method.

Figure 5.3 demonstrates how the speedup factor scales almost linearly
with the number of elements while showing a quickly asymptotic behavior
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for the simulation’s number of time steps. Bear in mind that the speedups
listed here are achieved for a relatively small-scale problem evaluated on
a regular desktop PC. It certainly seems possible to achieve even higher
speedups even for this problem. However, it also seems pointless to do so
as the time-integration is no longer the bottleneck of the design iteration as
seen in Figure 5.4, which illustrates the computational burden of the different
tasks of every design iteration.
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Figure 5.4. Time spent on various parts of a full design iteration. The
visualized timings are averaged from three design iterations.

The first row in Figure 5.4 illustrates how time is spent during an entire
design iteration for the full problem. The transient analysis going forward
and backward is the main computational burden. However, when the reduced
model is used, time is spent mainly on overhead and the sensitivity analysis.
In this case, the overhead is mainly attributed to the global state vectors’
index-reordering to facilitate a somewhat efficient sensitivity analysis.

The reduction matrix is obtained from solving a series of static problems
that takes the external force’s spatial location into account. One can imag-
ine that it would be necessary to construct another reduction basis for the
adjoint backward problem since the adjoint load’s spatial location is different
from the forward analysis’s external load. Because speeding up the transient
analysis is of primary interest, the reduction is applied deliberately crudely in
the following. First of all, we disregard the potential necessity of constructing
both a forward and a backward reduction matrix and use the same basis for
both the forward analysis and the adjoint analysis. Secondly, the gradient of
the reduction matrix with respect to the design variables is neglected in the
fully-discrete sensitivity analysis.

As expected, one obtains two qualitatively different designs depending on
the frequency of the external excitation. In all cases of the low-frequency,
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the obtained designs resemble the static reference design of Figure 5.2b. In
contrast, the optimizer seems to construct a compliant link for the high
frequency-excitation settings.

(a) Full model, EΦ = 3.77× 104,
terminated after 160 iterations ( 3 hours
and 50 minutes, )

(b) Reduced model, EΦ = 3.77× 104,
converged after 160 iterations (1 hours and
4 minutes, E

FULLΦ = 3.77× 104)

(c) Full model, EΦ = 4.15× 104, converged
after 164 iterations (3 hours and 12
minutes)1

(d) Reduced model, EΦ = 3.58× 104,
terminated after 300 iterations (1 hours
and 23 minutes, E

FULLΦ = 3.67× 104)

(e) Full model, EΦ = 2.37× 104,
terminated after 300 iterations (5 hours
and 35 minutes)

(f) Reduced model, EΦ = 2.37× 104,
converged after 281 iterations (1 hours and
41 minutes, E

FULLΦ = 2.55× 104)

Figure 5.5. Comparisons of designs obtained using full and reduced modeling
when stiffness is SIMP interpolated. (a)-(b): Low-frequency excitation and
r = 10.5. (c)-(d): high-frequency excitation and r = 10.5. (e)-(f): High-
frequency excitation and r = 3.5.

Figure 5.5 and 5.6 present the obtained designs for the problem outlined
in the beginning of this section. The problem is solved using both the full
and the reduced model using NB = 5 expansion functions. The difference
between Figure 5.5 and 5.6 is that stiffness is SIMP interpolated in Figure
5.5 and RAMP interpolated in Figure 5.6. It is seen how the reduced model
accurately describes the temporal motion of the full model, as the objective

1This result was terminated with β = 60.76, just before the last continuation step, as
the optimized make a poor optimization step after the forthcoming projection. Hence, the
objective function deteriorates.
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values for the reduced model designs are the same regardless of which model-
ing technique is used, except for two designs in Figure 5.5d and 5.5f. Further
studies must be performed to assess if this is related to the free-flying ma-
terial present in these designs. This comparison can be seen in (b)-(d)-(f)
of both figures where the objective value obtained using the full and the re-
duced model is denoted by E

FULLΦ and EΦ respectively. The total wall-clock
time for each design’s generation is also included in the design captions, and
it is indicated whether the optimization converged or terminated. Generally
speaking, and in good agreement to Figure 5.4, the total computational time
was decreased by roughly two thirds for each of the presented designs when
using the reduced model.

(a) Full model, EΦ = 3.77× 104,
terminated after 300 iterations ( 4 hours
and 5 minutes)

(b) Reduced model, EΦ = 3.77× 104,
terminated after 300 iterations (2 hours
and 25 minutes, E

FULLΦ = 3.77× 104)

(c) Full model, EΦ = 4.47× 104,
terminated after 300 iterations (6 hours
and 18 minutes)

(d) Reduced model, EΦ = 4.30× 104,
terminated after 300 iterations (2 hours
and 9 minutes, E

FULLΦ = 4.30× 104)

(e) Full model, EΦ = 3.29× 104,
terminated after 300 iterations (6 hours
and 53 minutes)

(f) Reduced model, EΦ = 2.90× 104,
terminated after 300 iterations (2 hours
and 25 minutes, E

FULLΦ = 2.90× 104)

Figure 5.6. Comparisons of designs obtained using full and reduced modeling
when stiffness is RAMP interpolated. (a)-(b): Low-frequency excitation and
r = 10.5. (c)-(d): High-frequency excitation and r = 10.5. (e)-(f): High-
frequency excitation and r = 3.5.

When considering the numerical shortcuts that was applied in this sec-
tion, there is a striking similarity between the designs obtained using either
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modeling technique in both Figure 5.5 and 5.6. Only a small amount of free-
flying material is observed in the designs of Figure 5.5d and 5.5f, which are
optimized using high-frequency excitation and SIMP interpolated stiffness.
Quite a large amount of intermediate material is still present for the high
frequency optimized designs using RAMP, especially in Figure 5.6c, 5.6d,
and 5.6e, even though β = 91.14.

A final cross-check is performed and presented to validate the optimiza-
tion. Only the designs obtained using the full model, the same filter radius,
and the same stiffness interpolation are compared for a fair comparison.

Optimized Evaluated
Below ω0 Above ω0

Static ref 3.83× 104 6.69× 104

Below ω0 3.77× 104 5.93× 104

Above ω0 7.80× 104 4.15× 104

(a) SIMP interpolated stiffness

Optimized Evaluated
Below ω0 Above ω0

Static ref 3.78× 104 6.38× 104

Below ω0 3.77× 104 6.24× 104

Above ω0 8.09× 104 4.47× 104

(b) RAMP interpolated stiffness

Table 5.1. Cross-checks of the SIMP interpolated designs in Figure 5.5 and
the RAMP interpolated designs in Figure 5.6. Only the designs obtained by
the full model and using the large filter size is included, i.e., subfigures (a)
and (c) from both figures.

It is seen from the results of Table 5.1 how the optimized designs do
perform best for the specific setting for which they were optimized. Note
how also, the transiently optimized designs perform better than the statically
optimized design.

Finally, the author would like to highlight the objective function history
for all of the designs from Figure 5.5 and 5.6 in Figure 5.7, in which blue and
red curves indicate SIMP and RAMP interpolated stiffness, respectively. It is
quite astonishing how the optimizations can progress almost precisely on top
of each other, considering that the reduced model’s sensitivities are evaluated
using a reduction matrix built for the forward analysis and that its gradient
with respect to the design variables is not taken into account. The effect is
seen very clearly in the history plots for the low-frequency optimization of
Figure 5.7a. The dotted blue curve in Figure 5.7b indicates the steps after
the final β projection in which the optimizer makes a poor optimization step,
whereafter the structural performance deteriorates. Figure 5.7c illustrates
that there is no guarantee for the optimizations to progress together.
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(a) Low-frequency optimization.
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(b) High-frequency optimization, with a large filter radius of r = 10.5.
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(c) High-frequency optimization, with a small filter radius of r = 3.5.

Figure 5.7. Comparison of objective functions for full and reduced mod-
els. Blue curves indicate SIMP interpolated stiffness and red curves indicate
RAMP interpolated stiffness.



5.2. A framework for large-scale transient topology optimization [P3] 57

Highlighted contributions and novelties

� Demonstrated a reduction of the computational time associated
with the transient analysis of linear 2D finite element structures of
nearly three orders of magnitude.

� Demonstrated a reduction of the computational time associated
with each design iteration by approximately two thirds.

� Demonstrated optimization of a transient MBB beam using differ-
ent: filter sizes, stiffness interpolations, and two multi-frequency
load cases: one both above and one below the initial structure’s
first natural frequency.

� Verified the optimization framework by a cross-check

� Demonstrated how the progression of a full model optimization
progresses compared to the reduced modeling optimization.

5.2 A framework for large-scale transient topol-

ogy optimization [P3]

As mentioned in the introduction of Chapter 3, several frameworks demon-
strating topology optimization exist online. To a large extend, such frame-
works serve as a useful entry point for students and researchers to familiarize
themselves with the different parts of a structural topology optimization im-
plementation. The most famous framework is a 99 line Matlab code by
Sigmund from 2001 [44], that demonstrates an implementation of density-
based topology optimization for compliance minimization. However, more
elaborate frameworks exist, such as the C++/PETSc framework for static
problems [56]. The latter type of framework seems to be directed more
towards junior and senior researchers who want to rely on distributed com-
puting powers to increase the attainable problem size significantly.

Having worked with transient topology optimization for three years now,
the author finds that there is quite a learning curve for building a working
transient framework, even when one has a static one to build upon. As all
of the available frameworks are developed for static problems for simplic-
ity, none of these frameworks demonstrate a transient framework’s intrica-
cies. Hopefully, by providing both a simple Matlab code and a C++/PETSc
framework built for transient analysis, more researchers interested in the
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transient analysis will have the opportunity to go transient without getting
stuck in the implementation phase.

At the time of writing, the developed 3D framework is fully functional and
can account for transient effects, as described in [P3]. The designs obtained
from an intermediate starting guess demonstrated in [P3] took in the order
of 640 days worth of CPU hours to produce. Luckily, as the DTU Sophia
cluster was available, the design process could be completed within roughly
30 hours using 16 compute nodes of 32 processors for each design. When
considering the results demonstrated in the previous section and that no use
of a spatial reduction method has not yet been demonstrated for 3D problems,
the author suspects a dramatic speedup for this class of problems once the
spatial reduction is achieved. The application of a reduction method for 3D
has not been implemented due to time limitations. The author intends to
finalize this implementation before the defense of this thesis.

Highlighted contributions and novelties
The presented framework is built upon the framework from [56]. The
syntax and code-layout are kept as close to the source as possible to
maintain as much familiarity between them as possible. The main ex-
tensions include:

� A time-integration scheme that is easily modified. A Newmark
scheme and a backward Euler scheme is pre-implemented for con-
venience.

� A fully discrete (”discretize-then-differentiate”) sensitivity analysis
ensures consistent sensitivities regardless of the number of time
steps.

� A checkpointing scheme to alleviate potential memory issues.

� Multiple pre-implemented objective functions to choose from.



6 Closing discussion

In this chapter, we summarize the significant findings of this dissertation,
give recommendations for potential future work, and end with a few closing
comments.

6.1 Summary

This thesis demonstrates the development of a topology optimization frame-
work for transient frictional contact problems with exact enforcement of an
obstacle. It is shown how contact can be relevant in static settings, and
that optimization of this type of problem is indeed possible for two differ-
ent objective functions. The two most notable differences between a static
framework and a transient one are the time-integration needed to solve the
state equation and the sensitivity analysis related to the optimization part.
Both of these two subjects are discussed and exemplified. Throughout this
work, we have primarily used the implicit Backward Euler scheme for time-
integration. The Newmark scheme suffers from stability issues and spurious
oscillations when an obstacle is enforced rigidly. The adjoint method for
transient problems can be applied in two ways, namely the ”differentiate-
then-discretize” (semi-discrete) method or the ”discretize-then-differentiate”
(fully-discrete) method. Historically, the semi-discrete method has been the
most popular, but the fully-discrete method has in recent years gained more
traction, likely because of its superior consistency. The semi-discrete sensi-
tivity analysis was applied for the transient contact problems to align with
the literature’s preference. However, the fully-discrete method was used in
the study of model reduction, and it is the method implemented in the C++
framework developed for transient linear problems.
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6.2 Future work

When considering the static part of this work, it would be interesting to
investigate the spurious oscillations in the contact regions when both friction
and finite strain theory are applied. Unfortunately, restricted by time, the
author instead chose to take on the challenge of pursuing transient problems.
It would also be interesting to study how the optimization would progress
if a specific force distribution was sought instead of uniformity. If more
exciting problems were to be solved, one could also think of implementing
the possibility of having exact contact between two elastic bodies or self
contact.

For the transient part of this work that considers contact problems, the
most obvious shortcoming is perhaps utilizing the implicit Backward Euler
scheme. Late in the project, we came up with the idea to investigate the
possibility of using a mixed time-integration approach. The idea would be
to use the Newmark scheme whenever contact was not present and apply the
highly-numerical damped Euler scheme for time steps with contact. Such
implementation could potentially lead to a scheme that would better capture
transient vibrations after an impact. Potentially, the techniques mentioned
in [11] could also be implemented to stabilize the Newmark scheme.

Generally speaking, it seems necessary to apply measures to reduce the
computational time of transient problems, e.g., by model order reduction
methods, as demonstrated. Taking measures to decrease the computation
time is essential as both fine spatial- and temporal discretizations are typi-
cally desired.

By switching from Matlab to C++, the computational efficiency undoubt-
edly increased, although the framework only solves linear problems. However,
considering that the speedup factors of almost three orders of magnitude were
easily obtained for small problems in Matlab, the author strongly believes
that the even higher speedups will be attainable when 3D problems are con-
sidered. The author intends to extend the developed framework to include
the possibility of quickly applying a second-order Krylov reduction method
before this thesis’s defense.

The potential long-term extensions of the published C++ framework for
transient linear problems are almost endless. It will be exciting to see how
the code is applied, modified, and extended in the future.
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6.3 Conclusion

In conclusion, this thesis shows the applicability of topology optimization to
transient contact problems with exact enforcement of an obstacle. The thesis
has demonstrated three years’ progression on the subject with an offset from
a static benchmark problem from the literature to a frictional transient drop
test problem of payload protection.

It is demonstrated how the computational time of a transient 2D finite
element analysis can be reduced by almost three orders of magnitudes, and
it is strongly believed that even larger speedups will be seen in the case of
large-scale 3D problems.

When we, the engineers, resolve and account for frictional forces during
the structural optimization, we can ultimately tailor structural parts to max-
imize their desired performance while maintaining or even decreasing their
weight. Being able to control pressure distributions is key to reducing un-
wanted wear. Ultimately, this leads to fewer replaced or discarded products
than if conventional designs are installed. The world’s resources are limited,
and we are obliged to spend them in the most innovative way we can to avoid
wasting them.

The author hopes that the published framework for topology optimization
of linear transient problems will serve as a stepping stone for future research
in this field.
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A The semi-discrete approach for
transient problems

This section presents a derivation of the semi-discrete approach for an objec-
tive that depends on a physical design variable, the state variable x and the
two first time derivatives thereof, i.e., velocities and accelerations.
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∂ẍ
et

∂ẍ
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By applying integration by parts
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76 Appendix A. The semi-discrete approach for transient problems
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Assuming (A.2a) is satisfied. The final design sensitivites become

dΦ

d ¯̃ρ
e

=

∫ T

0

∂Φ
et

∂ ¯̃ρ
e

+ λ
et

T
∂R
et

∂ ¯̃ρ
e

dt (A.3)



Publication [P1]

Topology optimization for compliance
and contact pressure distribution in

structural problems with friction



Available online at www.sciencedirect.com

ScienceDirect

Comput. Methods Appl. Mech. Engrg. 364 (2020) 112915
www.elsevier.com/locate/cma

Topology optimization for compliance and contact pressure
distribution in structural problems with friction
Hansotto Kristiansena,∗, Konstantinos Pouliosa, Niels Aagea,b

a Department of Mechanical Engineering, Solid Mechanics, Technical University of Denmark, Nils Koppels Alle, Building 404, 2800 Kongens
Lyngby, Denmark

b Centre for Acoustic-Mechanical Micro Systems, Technical University of Denmark, 2800 Kongens Lyngby, Denmark

Received 5 November 2018; received in revised form 7 February 2020; accepted 7 February 2020
Available online 21 March 2020

Abstract

This paper concerns density-based topology optimization of linear elastic contact problems, aiming to present robust and
practically realizable designs for different objective functions. First we revisit a compliance minimization with frictionless
contact problem from the literature and present crisp solid–void designs, based on the so-called modified robust topology
optimization formulation. An adaptation of this problem to frictional contact is then solved for various friction coefficients
and it is checked that the optimization algorithm indeed exploits the presence of friction for lowering the objective further.
Secondly, we propose and demonstrate the use of a p-norm based objective function to control the distribution and variation
of contact pressure, on an a priori unknown area of contact, between a body of unknown topology and an obstacle. To have
control over the contact pressure, a Lagrange multiplier based contact formulation is used within a coupled Newton solution,
for imposing impenetrability, friction, and the corresponding complementarity conditions. The adjoint method is employed for
deriving consistent design sensitivities for the mixed formulation involving both displacements and contact Lagrange multipliers.
Through a series of numerical examples, it is demonstrated how an even distribution of contact pressure and crisp solid–void
designs can be obtained for problems with and without friction.
c⃝ 2020 Elsevier B.V. All rights reserved.

Keywords: Topology optimization; Unilateral contact; Friction; Contact pressure optimization

1. Introduction

Over the last couple of decades, the method of density based topology optimization [1] has successfully been
applied to a large number of research fields such as solid mechanics [2], fluid mechanics [3,4] and acoustics [5,6].
A wealth of problems have been solved by this method, but many still remain unsolved. One class of such relatively
little studied problems can be found at the junction with frictional contact mechanics. The available works in this
area are mainly attributed to three pioneers, Klarbring, Strömberg and Hilding, who together have successfully
applied shape, size and topology optimization methods to the class of unilateral contact problems throughout the
years [7–13].

∗ Corresponding author.
E-mail address: Hakris@mek.dtu.dk (H. Kristiansen).

https://doi.org/10.1016/j.cma.2020.112915
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Models for structural optimization with unilateral contact can in general be categorized depending on whether
they deal with compliance or contact force minimization. Moreover, they can be categorized according to the
different types of design variables considered, including initial gap, truss member thickness or material density.
Especially in the latter case, it is important to distinguish between pure solid–void designs and variable sheet
thickness designs, i.e. design with intermediate density values. The present work focuses on contact pressure
optimization with a density based design space and an enforcement of pure solid–void designs, where the latter
is obtained using morphological filters, i.e. the robust formulation from [14]. We remark that other approaches for
reaching pure solid–void design exists, e.g. by penalization as done in [15] or the single realization projection filter
as done in [16], but that the robust formulation is chosen since this also provides control of minimum feature sizes
rendering the optimized designs insensitive to over- and under-etching.

Regarding contact force optimization, in 1992, Klarbring proposed a method for optimizing the shape of an
obstacle to achieve uniformly distributed contact forces [17]. For that specific problem a uniform contact force
distribution could be achieved indirectly by minimization of a potential energy objective. The design variables were
the size of the initial gaps between the rigid obstacle and a prescribed elastic body, whereas in the current work, we
would like to optimize the topology of the structure itself. A relevant, in that respect, study is the one by Hilding
et al. from 1999, in which one seeks to design a truss structure that minimizes the maximum unilateral contact
force in a frictionless setting [7]. In that work, a non-smooth max-type objective function was considered, while
we apply a p-norm based objective function instead.

When it comes to density based topology optimization methods, relatively few publications deal with the presence
of contact and even fewer include friction. In the majority of the cases, the objective is compliance minimization. A
few early papers [18–21] address compliance minimization with a frictionless unilateral contact condition and they
all solve approximately the same benchmark problem on a square domain with fixed support at its top and partial
contact at its bottom. The problem is also featured in the review paper by Hilding, Klarbring and Petersson [22] from
1999. The reported solutions for this benchmark problem are interesting as a conceptual demonstration of the effect
of a unilateral contact condition. Nevertheless, these designs are in general not practically realizable, as the density
(or thickness) field varies continuously from zero to one. Although compliance minimization is not the main focus
of the present work, we use the opportunity to revisit this problem solving it with modern topology optimization
methods and we report new pure solid–void solutions for various material constraints and load intensities. Moreover,
we investigate the effect of including friction to this problem and we report designs that outperform designs
optimized in the frictionless setting. More recent works in density based topology optimization of compliance under
unilateral contact conditions include the aforementioned papers by Strömberg and Klarbring [9,12] as well as the
ones by Desmorat [23] and Andrade-Campos et al. [24], which all assume a frictionless condition. An extension of
the frictionless case to large deformations has also been proposed by Luo et al. [25] in 2016, whereas the effect of
sliding Coulomb friction in the context of compliance minimization was considered in [13].

One major concern regarding frictional problems, especially in the context of optimization, is the load path
dependence and non-uniqueness of frictional forces. As a conservative solution to this problem, Hilding and
Klarbring have proposed the likely state approach [26], which allows to account for frictional forces to the degree
that these are necessary for restricting rigid body motion, while it reduces to the frictionless case for statically
constrained structures. Without underestimating the importance of load path dependence in many practical problems,
especially for loads with non-monotonic or non-proportional components, in the present work we choose to work
with simple examples where the sliding direction can be approximated based on a single load increment. An
extension of the proposed approach to time-dependent and dynamic problems is part of a future work by the authors.

Another work worth mentioning is the one by Lawry and Maute [27] which introduced a level-set based topology
optimization framework for the design of two-component structures in cases where frictionless sliding contact and
separation along the interfaces can occur. Maximization of the average normal stress on the Dirichlet boundary of
the embedded component, led to stiff anchor designs between the two components with barb-type features forming
the contact interface. This work is particularly interesting because it deals with contact between two elastically
deformable bodies, while the contact interfaces considered in many other works, including the present one, are
between an elastic body and a rigid obstacle. Nevertheless, the optimization in [27] does not involve the contact
pressure at the interface as part of the objective function, as the current work does.

Considering now pressure optimization of contact problems, to the authors’ best knowledge, applications of
density based topology optimization with frictional contact and a contact pressure based objective function, have
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not yet been reported in the available literature. In those cases from the aforementioned literature where contact
forces are in the objective, the optimization either refers to discrete structures or to the shape of a rigid obstacle.
On the other hand, all cases employing a density based description of the topology are either directly or indirectly
aiming at some sort of compliance minimization. In this paper, building upon the existing literature, we propose an
objective function that controls directly the contact pressure distribution by simultaneously minimizing the average
and the variation of contact pressure on an a priori unknown contact area. The proposed objective function is smooth
with one free parameter corresponding to the p-norm exponent q .

The proposed approach is to some degree related to previous works in structural optimization such as the
aforementioned papers [7,17] and the truss size optimization method by Klarbring et al. [28], from 1995. These
works aim at a favorable distribution of contact pressure by either modifying the initial gap geometry, e.g. by
performing shape optimization of the rigid obstacle, or by size optimization of a truss structure. The novelty of the
proposed approach consists in applying modern density based topology optimization techniques, combined with a
new pressure based objective function, for achieving constant contact pressure distributions while also accounting
for Coulomb friction. The frictional test case investigated in this context is one where a fixed velocity is prescribed
to the obstacle, corresponding to a steady state response. Steady state problems with Coulomb friction are only a
limited subclass of problems observed in the real world, where friction acting opposite to motion will often lead
to transient conditions. However, the chosen example is still well suited for demonstrating the applicability of the
proposed objective function.

The paper is organized in six sections. Section 2 presents the numerical setup, introduces the concept of a gap
function and describes the employed unilateral frictional contact formulation. Section 3 presents and describes the
compliance objective and the proposed pressure objective function and Section 4 defines the topology optimization
problem, including the adjoint sensitivity analysis. In Section 5 we present three test problems. The first test problem
is the aforementioned compliance minimization benchmark and the two other test problems are used to demonstrate
the proposed pressure based objective function. Finally, Section 6 summarizes all substantial findings.

2. Numerical setup

To keep the model presentation simple, plane stress linearized isotropic elasticity is considered throughout the
present work, discretized with bi-linear four node quadrilateral finite elements. Please note, that the presented work
does not make any underlying assumptions on isotropy nor any specific choice of elements until the numerical
examples. The displacements of a selected set of finite element nodes are additionally unilaterally constrained
by a rigid restricting boundary. The frictional unilateral contact formulation used in this work is based on the
augmented Lagrangian approach proposed by Alart and Curnier [29], with the actual implementation being closer
to the one described in [30], although adapted to a nodal enforcement of the contact conditions. We remark that
using an elastic–rigid contact formulation is chosen for the sake of simplicity. Extending the framework to an
elastic–elastic contact is straightforward — and applying topology optimization to such problem would be relatively
straightforward as long as the interface elements are prescribed as solid. The real complexity comes with including
self-contact or design structures without well-defined boundaries, in which case the normal vectors may not be
well-defined, and this would be complex even in an elastic–rigid setting. However, if self-contact is possible in an
elastic–rigid setting, going to elastic–elastic should also be feasible.

To account for the aforementioned contact condition, some nodes, which do not overlap with nodes restricted
either vertically or horizontally by Dirichlet boundary conditions, must be considered as potential contact nodes.
The distance of a potential contact node (x, y) from the restricting boundary is described by a gap function g(x, y),
which can be constructed to represent any arbitrary shaped obstacle through the equation g(x, y) = 0. Displacement
of a finite element node i from its initial position xi = (xi , yi ) by the displacement vector ui = (ui x , uiy) to its
current position xi + ui will result in the nodal gap gi (ui ) = g(xi + ui x , yi + uiy) as a function of the nodal
displacement vector ui . The unit normal vector at the considered node, pointing to the interior of the obstacle, is
simply obtained by the spatial gradient of the gap function as

ni (ui ) = −
∇g

∥∇g∥

⏐⏐⏐⏐
x=xi +ui

. (1)

The impenetrability condition between a node and the restricting boundary is expressed in a nodal sense as

gi (ui ) ≥ 0. (2)
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This means that, in between nodes, element sides are in general not prevented from passing the restricting boundary.
However, in the simple case of a straight restricting boundary and linear Lagrangian elements, element sides between
two potential contact nodes are sufficiently hindered from penetrating the boundary. For curved obstacles the amount
of side penetration decreases with mesh refinement.

For studying problems with friction, the direction of motion of each potential contact node with respect to the
rigid obstacle is also needed. Based on a backward Euler approximation, the relative velocity vector vi at a node i
can be written as

vi =
ui − u⟨t−∆t⟩

i

∆t
− v0 (3)

where v0 describes the velocity of the rigid obstacle, ∆t is the time step and u⟨t−∆t⟩
i is the displacement of the

considered node at the previous time instant t−∆t . Eq. (3) represents a single time step within a transient simulation,
which is in general necessary for capturing the load path dependence of contact tractions in the presence of Coulomb
friction. However, in order to overcome the dependence of the final state on the whole deformation history of the
considered structure, examples are chosen here such that the direction of frictional forces can reliably estimated in
a single load increment. This is mainly achieved by adopting a loading with a single and monotonically increasing
component but also by prescribing a relative velocity between the contact bodies that ensures pure sliding. In general
though, for problems without a dominant relative motion direction, accounting for the entire time history will be
inevitable unless an approximation such as the likely-state approach by Hilding and Klarbring [26] is used.

For the simple examples studied in the present work, a single load step is nevertheless sufficient and the
undeformed configuration is adopted as the previous time step configuration, i.e. u⟨t−∆t⟩

i = 0. For Coulomb friction,
where the friction force is independent of the magnitude of the sliding velocity, the choice of ∆t and the scaling of
v0 are inessential. For the examples involving pure sliding though, it must simply be ensured that the product v0∆t
is larger than any elastic deformation in order to exclude sticking at any node. Throughout this work ∆t = 1 s is
used.

The impenetrability condition (2) alone is not sufficient for determining the two unknown components of the
nodal contact force vector f c

i =
{

f c
x f c

y
}T

on a potential contact node i . For a given friction law, a certain relation
between its normal and tangential components needs to be fulfilled upon frictional sliding. For Coulomb friction,
as demonstrated in [29,30], the impenetrability, friction and relevant complementarity conditions can be expressed
through a single non-smooth equality condition

C( f c
i , gi , vi , ni ) = 0 (4)

for each potential contact node i . It should be noted here that both the gap function gi , the unit normal ni and
the velocity vector vi all are functions of the unknown displacement vector ui . The non-smooth vector-valued
C-function is defined as

C( f c
i , g, v, n) = f c

i +
[

f c
i · n + rg

]
−

n − P
B
(

n,µ[ f c
i ·n+rg]

−

) ( f c
i − rv

)
(5)

where µ is the Coulomb friction coefficient and r is an augmentation parameter that may be chosen freely as long
as r > 0. Though, for numerical reasons r needs to be selected according to the study performed in [31]. The value
used for r is included for each of the test examples. The negative part operator [·]− is defined as

[x]− =

{
−x if x ≤ 0
0 if x > 0

(6)

and PB(n,τ )(d) is a projection of vector d onto the plane with the normal vector n and within a circle of radius τ .
The projection is defined as

PB(n,τ )(d) =

⎧⎨⎩Tn d if ∥Tn d∥ ≤ τ

τ
Tn d

∥Tn d∥
otherwise

(7)

where ∥·∥ is the Euclidean norm and Tn is the tangent plane projection defined as

Tn = I − n ⊗ n. (8)
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When u and f c are considered to be the global assembled vectors, containing all nodal displacements ui and
contact forces f c

i , it is possible to write one final set of global residual equations

Ru = Ku − f c
− f ext

= 0

R⟨i⟩
c = −

1
r

C( f c
i , gi , vi , ni ) = 0 i = 1, . . . , nc

(9)

governing the unknown structural displacements u and contact forces f c. In this definition of Ru , K is the global
linearized elasticity stiffness matrix. Compared to their standard form, without contact, the residual equations
governing nodal displacements Ru are slightly modified here by accounting for the contact forces by the subtraction
of f c apart from the external forces vector f ext . This term couples nodal displacements and contact forces.
The contact condition residual R⟨i⟩

c contains the two components of the respective assembled residual vector Rc

corresponding to node i . The latter will hence depend nonlinearly on both u and f c. Note, that nc is the number
of potential contact nodes. For its linearization with respect to each of the unknowns, the piecewise defined partial
derivatives of the C-function from [30] are necessary, cf. Appendix A. The factor of −1/r in the definition of
R⟨i⟩

c is for ensuring a close to symmetric total system matrix, and hence it is included only for numerical reasons.
After linearization, the residual equations of Eq. (9) are solved to obtain the state vector s =

{
u f c}T, using a

standard, full step, Newton Raphson scheme. It should be noted that the system Jacobian is in general nonsymmetric,
motivating the choice of an LU factorization based direct solver employed in this work.

3. Objective functions

Structural compliance is commonly used as an objective function to demonstrate new developments within the
field of topology optimization [32–35], and it has also been used in combination with contact conditions in [18–22].
Alternative and often equivalent measures of compliance exist. For instance the two versions presented in Eq. (10)
are commonly seen

ϕ = uT f ext (10a)

φ = uTKu (10b)

For static linear problems the two forms in Eq. (10) are equivalent, but especially for problems with unilateral
contact, the possibility of rigid body motion, renders this equivalence invalid. For example, rigid body motion is
likely to occur not only in the absence of sufficient supports but also when a design disconnects from the available
supports and subsequently only uses the contact surfaces as anchor points. For compliance optimization we use the
compliance definition in Eq. (10b) as this form is not sensitive to rigid body motions.

However, compliance can often play a secondary role in real life applications where the distribution of interface
tractions can be of particular interest instead. This is for example the case for spline shaft couplings, gear pairs,
brake pads and joint replacement implants. To cover this need, a new objective function is proposed, aiming at
minimizing both the magnitude and the variation of normal contact forces within an a priori unknown sub-region
of a predefined interface. Assuming that unilateral contact can possibly occur within the given boundary Γ , we
propose to minimize the following quantity

ψ̄ =

∫
Γ pqdΓ∫

Γ H(p)dΓ
(11)

in which p is the contact pressure and H is the discontinuous Heaviside step function defined as

H(x) =

{
0 if x < 0
1 if x ≥ 0.

(12)

The exponent parameter q can be used to alter the behavior of the objective function. Increasing q contributes to
the penalization of variations in the distribution of p, so that for larger values of q the obtained pressure distribution
is expected to be closer to uniform compared to lower values of q .

Of course, Eq. (11) is limited to cases where a potential contact boundary Γ is known. The actual area of contact
to be determined as part of the optimization has to lie within this predefined boundary Γ . For small deformation
problems with rigid obstacles as the ones considered here, it is reasonable to assume contact at the boundary of
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Fig. 1. Four different contact pressure distributions resulting from an applied pressure pe = 3 Pa, corresponding to a total external force
Fe = 1 N. The objectives for q = {1 2 4 8} are included for all configurations. The width of the domain is 1 m and the height is 2/3 m.

the design domain. In general however, an extension of the objective function to cases of a completely unknown
contact interface, potentially also in the interior of the design domain, would certainly be useful, but is deemed
outside the scope of this work.

An important observation is that the integral expression in Eq. (11) is not well-defined in cases without contact.
That is, the denominator of Eq. (11) corresponds to the actual area of contact and hence division with zero may
occur during the optimization if no contact-zone is present. To alleviate this problem and avoid division by zero, it
is convenient to limit the denominator by a minimum value ϵ. Moreover, considering that Γ is discretized using a
number of nodes indexed with i , a discrete and regularized form of Eq. (11) can be obtained as

˜̄ψ =

∑
i ai pq

i

max{ϵ,
∑

i ai H (pi )}
(13)

where ai and pi respectively are the area and pressure associated with contact node i . In two dimensions, the
constant nodal-associated area ai is simply obtained by summing the half areas of the elements adjacent to node
i . The normal pressure pi is then obtained from the nodal contact force vector f c

i as pi = nT
i f c

i /ai . Note, that
the discontinuous Heaviside step function H used in Eq. (11) has been replaced by a regularized smooth version
H defined as

Hβ,η(x) =
tanh(βη) + tanh(β(x − η))
tanh(βη) + tanh(β(1 − η))

(14)

where η = 0 and β = 1024 are the threshold value and the steepness parameter respectively. Since the argument
of H in Eq. (13) is always non-negative, this choice creates a very steep transition from H(0) = 0 to H(0+) → 1.
We are aware that a β-value of 1024 seems extreme, but numerical experiments show that it works as intended.

By choosing a small positive ϵ, compared to ai , Eq. (13) avoids division by zero in cases where there is no
contact, while the exact objective function is recovered once at least one element is in contact. However, the presence
of the max operator results in a continuous but non-smooth objective function. In order to work with a continuously
differentiable objective function, we propose another formulation, where the onset of contact is also accounted for
through the smooth Heaviside function H. This is done by replacing the denominator of Eq. (13) as shown in the
following expression

ψ =

∑
i ai pq

i∑
i ai H (pi )+

[
1 − H

(∑
i ai pi

)]
ϵ

(15)

In this expression, the effect of ϵ vanishes progressively as the total contact force increases from zero to positive
values. This ensures a smooth transition of the objective function when going from a configuration of no contact
to a configuration with contact and vice versa. All further derivations in the present work concern the objective
function according to Eq. (15) with the value ϵ = 0.01 ai used for all numerical examples of pressure optimization.

The four cases presented in Fig. 1 illustrate the behavior of the proposed objective function for different
representative contact pressure distributions. For q > 1, a uniform distribution of contact forces results in the
lowest objective as desired.

To demonstrate that the proposed objective function is also mesh-independent a small numerical example is
conducted. The structure shown in Fig. 2a is solved on multiple meshes with decreasing element size and the
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Fig. 2. Impact of mesh refinement on the objective function. The width of the structure is 2 m and the height is 2/3 m. Black elements
represent solid material with an elasticity modulus of E = 1 MPa and white elements represent void with an elasticity modulus of
E = 10−9 MPa. The Poisson’s ratio for all elements is ν = 0.3. The external load corresponds to a total force Fe = 1 N. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

resulting objective values are plotted for q = 1 (red) and q = 4 (blue) in Fig. 2b. The mesh refinement is the same
in both spatial directions such that elements remain square.

For q = 1 the objective represents the average contact pressure. As shown in Fig. 2a the contact forces span
roughly half of the domain width, i.e. approximately 1 m. Hence, for a unit thickness and a total load of 1 N, the
objective function should be ψ ≈ 1 Pa, which actually seems to be the case in Fig. 2b. The oscillations of the
objective values seen in Fig. 2 occur as the nodal force at the left- and rightmost contact nodes may vary among
very coarse meshes. However, the objective value converges towards a constant value as the mesh is refined.

4. Topology optimization formulation

This section presents two topology optimization formulations, one for compliance minimization, as e.g. in [13]
but in the robust framework proposed in [14], and a contact pressure optimization formulation based on the new
objective function from Eq. (15), still in the same framework.

The general purpose robust topology optimization framework according to [14] is characterized by the three
physical design fields ρ̃ e, ρ̃ b and ρ̃ d , representing an intermediate blueprint design along with an eroded (over-
etched) and a dilated version (under-etched). The physical design realizations are all obtained from the base
mathematical design field ρ ∈ [0, 1]ne using a series of filter operations.

First, a convolution type density filter is applied to the design field following [36]. This filter computes the
weighted average of the design variables within a predefined neighborhood, Ni , of radius rmin , which can be formally
stated as

Ni =
{
k
⏐⏐ ∥xk − xi∥ < rmin

}
(16)

where xk denotes the geometrical center of element k. The filtered density of element ρ̃i can now be obtained as

ρ̃i =

∑
k∈Ni

w(xk − xi )Vkρk∑
k∈Ni

w(xk − xi )Vk
(17)

where w(x) is the linearly decaying cone shaped function

w(x) = rmin − ∥x∥ (18)

and Vk refers the volume of element k. We remark that the density filter by construction introduces intermediate
densities and therefore that an additional filter is needed to ensure solid–void designs.

The output from the density filter is then passed through a smooth Heaviside function Hβ,η as presented in
Eq. (14). By employing different offsets for the threshold parameter η, it is possible to construct multiple realizations
corresponding to either over- and under-etching of the blueprint design. Thus, in order to render the physical
design insensitive to both over- and under-etching a minimum of three realizations are needed, i.e. ρ̃ → ρ̃ k for
k ∈ {e, b, d}. This can be formally stated as

ρ̃ k = Hβ,ηk (ρ̃) (19)

where the steepness parameter β is increased gradually during the optimization process using a continuation scheme.
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The general purpose robust formulation can be greatly simplified for minimum compliance problems, or any other
problem in which full utilization of the available material will be beneficial for the objective. For such problems it
is only necessary to evaluate the objective, in the present case compliance, on the eroded design and to apply the
volume constraint on the dilated design. Thus, only one forward finite element analysis is needed per iteration and
the optimization problem can be formally presented as

min
ρ∈Rne

: φe

s.t :
ρ̃ T

d V
V ∗

d Vtot
− 1 ≤ 0

: 0 ≤ ρi ≤ 1, i = 1, . . . , ne

(20)

where φe is the compliance measure defined in Eq. (10b) for the eroded version of the structure. The residual vector
R corresponds to both parts of Eq. (9) and it therefore involves both parts u and f c of the state vector s. Its explicit
dependence on the physical density field ρ̃ is through the elastic modulus E which is defined for each element i
according to the modified SIMP relation

Ei = EV + ρ̃
pSI M P
i (ES − EV ) (21)

where ES and EV are elastic moduli of solid and void respectively, and a stiffness penalization exponent pSI M P = 3
has been adopted. The contribution of element i to the global elasticity stiffness matrix K is found as Ki = Ei K0,
where K0 is the element stiffness matrix for a unit elastic modulus. For this optimization problem, the use of the
penalized stiffness interpolation scheme SIMP [1,37] will by construction favor black and white designs. However,
without the projection filter and the robust formulation, an intrinsic region of intermediate densities of size rmin will
persist due to the density filtering. Although other methods exist to suppress the intermediate densities, e.g. [15]
or [16], we choose to apply a smooth Heaviside filter in combination with the robust design formulation. This
means that the volume constraint is enforced on the dilated design, which is sufficient due to the nature of the
minimum compliance, i.e. the objectives will always follow φe > φb > φd and the opposite for the volumes. The
material constraint is updated every 20 iteration by redefining V ∗

d = V ∗Vd/Vb such that the amount of material in
the intermediate design Vb satisfies the prescribed volume fraction V ∗. The individual volumes of all elements are
stored in the vector V and the total volume is denoted Vtot. Imposing the volume constraint in this way prevents
the optimizer from exploiting the projection scheme as it is seen in [38], i.e. that intermediate densities remain in
some of the optimized design realizations.

When optimizing for contact pressure according to the objective function from Eq. (15), there is no longer a
predetermined relation between eroded, blueprint and dilated designs and the numerical value of the associated
objective functions. Therefore, all considered design realizations must be evaluated by finite element analysis. To
render the optimized designs insensitive to both over- and under-etching, we choose to use all three realization
in the following, but remark, that two realizations are enough to ensure a length scale as well as crisp solid–void
designs. The resulting optimization problem can therefore be cast as follows

min
ρ∈Rne

: max
k

(ψk), k ∈ {e, b, d}

s.t :
ρ̃ T

d V
V ∗

d Vtot
− 1 ≤ 0

:
ϕ∗ϕe

ϕ0
− 1 ≤ 0

: 0 ≤ ρi ≤ 1, i = 1, . . . , ne

(22)

Here the goal of the robust formulation is to minimize the largest of three objective values, obtained from three
structural realizations ρ̃ k . Although this requires the solution of three finite element problems, we emphasize that
these are completely decoupled and can be solved in parallel. In short, the increase in computational cost does not
necessarily lead to an increase in run time.

The additional compliance constraint in Eq. (22) is necessary in order to prevent the optimizer from disconnecting
the contact surface from the external load in order to reduce the contact pressure directly to zero at the cost of
structural integrity. It is enforced on the eroded design and is expressed as a fraction ϕ∗

≥ 0 of the compliance ϕ0
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Fig. 3. Schematic representations of the test problems used in the following sections. In the design domain Ω , ρ0 and ρ1 respectively denote
elements prescribed as void and solid.

corresponding to the initial design. For the compliance constraint, we will use the measure given in Eq. (10a). This
choice of compliance measure is justified by the fact that the structures for which we perform pressure optimization
cannot undergo rigid body motion. By increasing ϕ∗ a stricter compliance condition is imposed on the final design.

The sensitivities of the two objective functions and the compliance constraint with respect to all relevant
physical design fields ρ̃ k can be found efficiently by the adjoint method (with two right-hand sides) and subsequent
application of the chain rule to take the filtering and projections into account. The adjoint problems are as follows:

JTλ1 = −∂sψk and ∂ρ̃ k,i
ψk = dρ̃ψk + λT

1

(
∂ρ̃ k

Ku
0

)
JTλ2 = −∂sϕe and ∂ρ̃ e,i

ϕe = λT
2

(
∂ρ̃ e

Ku
0

) (23)

Here λ1 and λ2 are two sets of Lagrange multipliers and J is the non-symmetric Jacobian of the system of
Eqs. (9), evaluated at the final state, already available from the solution of the forward problem. Both adjoint
problems are linear and presented in more detail in Appendix B.

During the optimization, a β-continuation approach is used to gradually force the physical fields into a solid/void
state. For all problems included in this work (unless otherwise stated) η ∈ {0.7, 0.5, 0.3}, the continuation starts with
β = 1 and β is doubled either after 50 design updates or whenever ∥∆ρ∥ < 0.01. The continuation is terminated
when the non-discreteness measure Mnd of the blueprint design becomes less than 3%. Mnd is defined according
to [39] as

Mnd =
4ρ̃ T

b (1 − ρ̃ b)
ne

· 100% (24)

where ne is the number of design variables.
The contact solver, filters, sensitivity analysis and optimization problem are implemented in Matlab, and the

design updates are performed using the Method of Moving Asymptotes by Svanberg [40].

5. Results

Fig. 3 introduces the three test problems used for the numerical examples.
Test problem 1 presented in Fig. 3a is the benchmark compliance optimization problem presented e.g. in [19].

The problem consists of a square domain fully clamped on the upper boundary and subject to a downward distributed
load around the center of the lower boundary. The obstacle is placed such that there is no initial gap between the
lower corners of the domain and the obstacle. A single row of elements is prescribed to be solid just above the
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Table 1
Parameters used in the test problems. For all problems Poisson’s ratio is ν = 0.3, the penalization parameter is pSI M P = 3, Young’s modulus
of void is EV = 10−9 ES .

Description Unit Problem 1 Problem 2 Problem 3

L Length scale m 0.2 200 150
R Density filter radius m 2

100 L 3
200 L 4

100 L
ES Elasticity of solid N/m2 2.1 · 1011, 2.1 · 107 106 106

v0 Prescribed velocity m/s 0 0 1
r Augmentation parameter m 103 1 1

Number of elements 192 × 192a 200 × 200 180 × 120

aOnly 96 × 192 (half domain) was actually computed. Symmetry about x = 0.1 m was utilized to present the results.

anchoring of the external load. The obstacle is described by a function that transitions smoothly from a low slope
within the outer two quarters of the domain to a steep bell function in the central half of the domain.

Applications of the proposed pressure based objective function are demonstrated through the test problems of
Figs. 3b and 3c. Test problem 2 involves an L-shaped design domain, resting on a frictionless restricting boundary at
the bottom and subject to a compression on one half of the upper side. This example is constructed to demonstrate
the design optimization for an even distribution of contact pressure in a simple configuration without frictional
effects. As illustrated in Fig. 3b, all nodes on the left side of the domain are horizontally constrained, corresponding
to a symmetry condition about this axis. Moreover, the upper and lower sides of the domain are prescribed to be
solid. Because of the unilateral contact condition, portions of the domain are free to move upwards, separating from
the obstacle. In that sense, the actual contact area depends on the specific material distribution and the applied force.

Test problem 3 is an extension of problem 2 with frictional effects. In this case, a horizontal velocity is prescribed
to ensure slip between the elastic domain and the obstacle. Due to the inclusion of friction and slip, symmetry cannot
be exploited anymore, hence the entire design domain is considered with its upside-down T shape. The objective of
this problem is to demonstrate how the optimized material distribution is affected by including a varying amount
of friction. As in the previous case, the upper and lower boundaries are prescribed to be solid. Moreover, in order
to accommodate the frictional forces, all nodes subject to external vertical load are at the same time constrained in
the horizontal direction.

From a mathematical point of view, external forces could also act on not fully solid material. In all three test
problems however, elements directly loaded through external forces are prescribed to be solid. This is simply to
achieve more physical designs without much gray material in the vicinity of the applied load. The reason for adding
a row of solid material at the contact interface for test problem 2 and 3 simply follows the same argument, and
having such a predefined interface could be a typical design specification. We demonstrate that the material at
the contact interfaces does in fact not need to be predefined in test problem 1 where the optimizer determines the
interface by itself. Though still, the contact must occur at the boundary of the domain. One could potentially include
all internal nodes of the design domain as potential contact nodes, but this would increase the degrees of freedom of
the system and also raise the question of how to strictly define the area associated with each contact node, especially
on a potential staircase interface. For this reason, we restrict ourselves to a known possible interface region, but
without fixing beforehand the actual area of contact within this interface region.

Numerical parameters for each problem are included in Table 1. For all three problems, the design domain is
discretized by bilinear square elements.

Generally speaking, from an undeformed state, the Newton Raphson algorithm needs less than 10 iterations to
converge to an Euclidean norm of the residual vector smaller than 10−9 times the Euclidean norm of f ext . The
three control parameters of the MMA are set to asyinit = 1.07, asydecr = 0.65 and asyinit = 0.2. Before
feeding the MMA with the objective values and the gradients, the objective is scaled to be 1 on the first iteration.
For all of the following numerical examples the initial design is defined by a uniform density distribution sharply
fulfilling the volume constraint.

5.1. Compliance optimization with contact

In this section we revisit the compliance minimization benchmark problem that has been studied in [18–21].
The problem is also included in the review paper [41] and a schematic representation of the problem is depicted in
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Fig. 4. Obstacle representations. The outskirts appear to be flat for k2 = hk = 0.64 m−3 even though they are described by a fourth order
polynomial for 0 ≤ x ≤ 0.05 m.

Fig. 3a for reference. In [20] the initial gap between the structure and the obstacle, in case of no obstacle offset, is
given by

g(x) = k2x4 for 0 ≤ x ≤ 0.05 m (25)

where x is the distance from the corner of the square domain. The value k2 = 0.64 m−3 is given in the reference
but there is no definition of the gap for 0.05 m < x < 0.5 m. To remove any ambiguity in the definition of the
obstacle we use the gap function that is presented in Eq. (26). This function is a smooth step function defined for
every point (x, y), and the restricting boundary of the obstacle is defined as the curve that satisfies g(x, y) = 0

g(x, y) = y −
hd

4
(tanh(s(x − xc + d)) + 1)(tanh(s(x − xc − d)) − 1)

+
hk

8
(4 + (tanh(s(x − xc + d)) + 1)(tanh(s(x − xc − d)) − 1))

×
(
(x − 2xc)

4 (tanh (s(x − xc))+ 1)− x4 (tanh(s(x − xc)) − 1)
) (26)

The parameters xc, d, hd , s, and hk control the shape of the obstacle. The center of the hole is given by
xc = 0.1 m, while d = 0.05 m defines the hole radius and hd = 0.5 m the hole depth. The parameter s = 500
defines the sharpness of the transition to the flanks of the hole. Finally, the parameter hk has the same meaning as
k2 in Eq. (25), defining the curvature of the fourth order polynomial in the outskirts region. Fig. 4 visualizes the
difference between the piecewise gap function in Eq. (25) and the smooth gap function of Eq. (26).

For the rest of this section, we use the smooth representation of the obstacle based on Eq. (26). We first
consider the obstacle geometry from Fig. 4b, for hk = 0.64 m−3, which best matches the available literature for
this benchmark problem. Fig. 5 summarizes the results of the problem for various load intensities and volume
constraints, using the threshold values η ∈ {0.7, 0.5, 0.3}. The second column of Fig. 5, is solved with the same
reported load as in [20].

The design that is obtained for an external load of f ext
= 0.5 kN and a volume fraction of V ∗

= 0.5 resembles
one of the designs presented in [20]. By increasing the load we are able to get results that resemble other designs
presented in [20] where the obstacle is used as support. However, with a total load of 0.1 kN and an elasticity
modulus of 2.1 · 105 MPa column designs will always emerge in contrast to the more interesting designs obtained
for increased load. Generally, the designs that are obtained fall into three different categories listed below

1. Column designs. This type of design develops when it is not possible to take advantage of contact. This can
happen if the external load is too small or the structure is too stiff.

2. Structures that are supported both on the upper and lower side of the domain. This type of design develops
when contact can be exploited and enough material is available.

3. Disconnected structures. The optimizer may disconnect the design from the upper support and only use the
obstacle as support when the available material is very scarce.
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Fig. 5. Solutions (ρ̃ b) to test problem 1, as schematized in Fig. 3a, where g(x, y) is defined as in Eq. (26) and hk = 0.64 m−3 for three
different material constraints and three different magnitudes of external load. Please note, that reaction forces at the upper support are not
illustrated here.

From the designs presented in Fig. 5 it can also be seen how it is possible to get combinations of the three types
of structures listed above. For example, consider the design that is obtained for an external load of f ext

= 12.5 kN
and a volume constraint of V ∗

= 0.5. This design is supported on both the upper and the lower side of the domain
and it resembles a combination of a column design and a disconnected design.

A few more points can be made about the designs in Fig. 5 in relation to the location of the support that is
created on the obstacle.

• Increasing the load causes the location of the support to contract towards the center of the domain. This yields
a more compact structure. This is the case for all three types of designs listed above. This effect is rather small
and may be hard to see by eye in the way the designs are presented here. The effect is best seen across the
rows of Fig. 5.

• For structures that are supported on both the upper and lower side of the domain, the location of the emerging
support will move outwards as more material is available due to the curvature of the obstacle. This effect is
more pronounced and may be studied in the columns of Fig. 5.

In order to add some complexity to this example, we now increase the constant hk to 0.64 · 104 m−3, so
that contact can take place on the large curved surface illustrated in Fig. 4c. In addition, we make the structure
more compliant by reducing the elasticity modulus from ES = 2.1 · 1011 Pa to ES = 2.1 · 107 Pa and we introduce
Coulomb friction. The total external force applied is also slightly decreased, and in this case fixed, to 0.2 kN.
The compliance minimization problem is solved for a volume constraint of V ∗

= 0.1 with and without a friction
coefficient of µ = 0.3. The results are presented in Fig. 6.
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Fig. 6. Solutions (ρ̃ b) to test problem 1, as schematized in Fig. 3a, where g(x, y) is defined as in Eq. (26) and hk = 0.64 ·104 m−3 without
and with Coulomb friction. Total external load is f ext

= 0.2 kN and elasticity modulus is ES = 2.1 · 107 Pa. (c) highlights how the design
is changed by the inclusion of friction, by showing the difference between (a) and (b).

Table 2
Compliance φb for the designs presented in Fig. 6 evaluated with different friction coefficients
(cross-checking to verify the optimization process).

Analyzed for Optimized for

µ = 0.0 µ = 0.3

µ = 0.0 0.0129 0.0253
µ = 0.3 0.0294 0.0135

Fig. 6 illustrates that the proposed method can be applied to more complex problems. Here, the optimizer takes
advantage of the slope of the obstacle to build a compact design, that does not need a horizontal stiffener, as was
the case for the disconnected designs in Fig. 5. Including friction allows the optimizer to build a wider structure
as highlighted by Fig. 6c. Because of the friction, the optimizer needs not to rely as much on the curvature of the
obstacle, but can instead utilize the friction to gain support.

To verify the optimization outcome, a cross-check on the performance of the optimized designs in Fig. 6 is
performed by evaluating the compliance of each design in the opposite setting. Table 2 demonstrates that optimizing
for a specific µ yields the best-performing design for that particular µ.

A final observation from our numerical experiments concerns the role of the robust formulation in Eq. (20).
That is, if only a single realization is considered, still including the density filter and the Heaviside projection, the
resulting optimized designs exhibit significant contact forces in nearly void regions. This is despite the optimized
designs reaching an MND of less than 1.5% and further motivates the use of the robust approach for contact
problems, even when using compliance as objective.

5.2. Contact pressure optimization without friction

This section concerns test problems 2 and 3 from Fig. 3, where optimization of pressure distribution along the
contact interface is performed according to Eq. (22) with the objective function from Eq. (15). The obstacle is
defined by the simple level set function in Eq. (27), such that it coincides with the x-axis.

g(x, y) = y (27)

Consider first test problem 2 with the objective function exponent q = 2, and the volume constraint V ∗
= 0.5.

Results corresponding to solutions without a compliance constraint, i.e. ϕ∗
= 0, as well as with a compliance

constraint at ϕ∗
= 1, are presented in Fig. 7.

In both Figs. 7a and 7b an even pressure distribution is achieved along the contact interface by directing some of
the applied load to the lower right corner of the domain. When the compliance constraint is omitted, the structure
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Fig. 7. Comparison of three different designs obtained with V ∗
= 0.5 and q = 2. (a): No compliance constraint, ψ∗

= 0. (b): With compliance
constraint ψ∗

= 1. (c): Post-processed version of the structure in (b), with holes along the lower part of the domain filled with material,
thus violating the volume constraint. The curve below each structure indicates the contact pressure along the lower edge of the domain.

Fig. 8. Analysis of how sensitive the design of Fig. 7b is to over- or under-etching.

of Fig. 7a is obtained with some porosity near the lower side of the domain and a non straight strut at the left side.
By including the compliance constraint ϕ∗

= 1, we obtain the design of Fig. 7b which resembles the design of
Fig. 7a, but the strut has straightened out to increase the overall stiffness of the structure while the porosity near the
contact interface has increased, i.e small holes have been introduced. We remark that solving the problem without a
compliance constraint is highly ill-posed and that the thresholds was set to η ∈ {0.51, 0.5, 0.49} for both examples
in order to allow for comparison. To investigate the importance of the small holes in Fig. 7b, a postprocessed version
is presented in Fig. 7c. For this structure, the smaller holes at the bottom were filled with solid material and the
analysis reveals how the suppressed porosity is essential for obtaining the even pressure distribution in Fig. 7b.

To further investigate the sensitivity of the design to manufacturing errors, strongly dilated and eroded version
of the structure in Fig. 7b were evaluated. Fig. 8 shows three under- and one over-etched versions of the design
from Fig. 7b and a plot of the objective value as function of η. In this case, the base design, obtained for
η ∈ {0.51, 0.50, 0.49}, is more sensitive to over-etching than it is to under-etching.

After having demonstrated the role of including a compliance constraint and investigated the sensitivity of
the designs to under- and over-etching, the remaining part of this subsection focuses exclusively on cases with
constrained compliance and threshold values η ∈ {0.7, 0.5, 0.3}. Figs. 9 through 11 show optimized designs from a
parametric study with respect to the objective function exponent q , the volume constraint limit V ∗ and compliance
constraint limit ϕ∗. Keeping in mind that the objective function is non-convex, there is no guarantee for the
optimization to reach the global minimum; convergence to some local minimum is much more likely. However,
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Fig. 9. Solutions to test problem 2 as sketched in Fig. 3b solved for q = 2 and various choices of V ∗ and ϕ∗. The curve below each
structure indicates the contact pressure along the lower edge of the domain.

a general tendency for all of the following results is that for a given volume constraint limit V ∗ the objective
increases for more strict compliance constraints. Lower values of ϕ∗ result in somewhat more uniform pressure
distributions, while requiring a higher stiffness by increasing ϕ∗ leads to fewer and stiffer beams and corresponding
sites of pressure concentrations.
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Fig. 10. Solutions to test problem 2 as sketched in Fig. 3b solved for q = 4 and various choices of V ∗ and ϕ∗. The curve below each
structure indicates the contact pressure along the lower edge of the domain.

Three quantities are included for each design in all of the following figures: (1) the objective value ψb,
(2) the mean and (3) the variance of all non-zero normal contact forces. The curves below each structure in
Figs. 9 through 11 show the pressure distribution on the contact interfaces.
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Fig. 11. Solutions to test problem 2 as sketched in Fig. 3b solved for q = 8 and various choices of V ∗ and ϕ∗. The curve below each
structure indicates the contact pressure along the lower edge of the domain.

The objective values reported in Figs. 9 through 11 generally confirm that increasing ϕ∗ causes the objective
value to increase. This is expected, as there is less design freedom for the optimizer. The same conclusion applies
if the variation of the contact forces is considered instead of objective values. Physically, increased variation of
contact forces upon stiffening of the design is due to pressure concentrations below emerging pillars.
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Fig. 12. Test problem 2 solved with the following parameters: V ∗
= 0.375 and ϕ∗

= 8 (a) q = 2, (b) q = 4 and (c) q = 8. The curves
below each structure indicate the contact pressure along the lower edge of the domain.

Fig. 13. Convergence history for the design shown in Fig. 10 for V ∗
= 0.3 and ϕ∗

= 4. This is a typical convergence behavior for all
structures in Figs. 9 through 11. The presented designs are shown after 50, 286 and 658 design updates respectively. : Compliance
constraint : volume constraint : ψ ′

e : ψ ′

b : ψ ′

d .

Fig. 12 emphasizes the effect of increasing the objective function exponent q in the cases of V ∗
= 0.375 and

ϕ∗
= 8 extracted from Figs. 9 through 11. As q is increased, variations in the pressure distribution are penalized

stronger. The pressure distribution appears most even in the case of q = 8. However, the actual contact area reduces
as q is increased from 2 to 8, which indicates that the price paid for flattening out the pressure distribution while
maintaining structural stiffness, is an increased average pressure.

Fig. 13 shows a convergence curve that is representative of all optimization problems of Figs. 9 through 11. It
specifically corresponds to q = 4, V ∗

= 0.3 and ϕ∗
= 4 and it includes the evolution of the objective values and

the constraints as functions of the iterations. Large peaks within the first 300 iterations are associated with the
employed β-continuation. To amplify changes in the objective, the red curves of Fig. 13 show adjusted objective
values, ψ ′ defined as

ψ ′

k = ψk − min(ψk) (28)

in order to shift all objective values towards zero where small differences are most clear in logarithmic scale.
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Fig. 14. Optimized structures to test problem 3 for V ∗
= 0.3 and ϕ∗

= 4 for different Coulomb friction coefficients and exponents q . The
curve below each structure indicates the contact pressure along the lower edge of the domain.

We remark once again, that for this optimization problem it is necessary to perform the finite element analyses
for all three cases of k ∈ {e, b, d}, as there is no way to determine which of the three realizations will have the
largest objective for a particular iteration.

Generally, the β continuation is the main reason for the high number of required iterations, especially in cases
where β cannot be doubled, but instead is incremented in steps of 1. It is likely that a fixed-β approach [42],
although out of the scope of this work, could alleviate this performance penalty. In terms of wall-clock time, the
design shown in Fig. 13 takes roughly 1.5 h to compute. Each iteration takes roughly 10 s (including everything and
no parallelization). Solving the state equations is the largest computational task of each iteration, thus one could
employ various strategies to reduce this computational task. Obvious strategies to decrease the wall-clock time of
these examples could be parallelization or to use a reduced-order method for the linear elasticity equations.

5.3. Contact pressure optimization with friction

In this section, we study solutions to test problem 3. The problem is solved for three values of the Coulomb
friction coefficient µ to investigate the influence of friction on the design. The optimized design field is expected
to depend on the direction of the prescribed surface velocity of the rigid body and the coefficient of friction. As
Coulomb friction forces do not depend on the magnitude of the prescribed velocity, as long as slip occurs, the
design is also unaffected by the magnitude of the prescribed velocity. The following figures illustrate six solutions
to test problem 3 for three choices of µ and two choices of the objective function exponent q, using the threshold
values η ∈ {0.7, 0.5, 0.3}. The frictionless case µ = 0 is included for visual comparison. Once again, the curves
below each structure in Fig. 14 show the pressure distribution on the contact interfaces.
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For all examples in Fig. 14, the same trends are observed as in the previous section. Increasing q reduces the
variation of the normal contact forces f c

y . It is also visible how the contact area decreases when q is increased.
This leads to an increased average normal contact force.

For µ = 0, small asymmetries are seen both for q = 4 and q = 8, if the designs are closely inspected; these
are assumed to be the result of numerical artifacts in the design sensitivities. However, the resulting designs are
approximately symmetric as expected. For both cases of q = 4 and q = 8, the optimizer utilizes the full potential
contact area to lower the average pressure.

For µ = 0.1, the effect of friction manifests itself as an asymmetry in the obtained designs for both values
of q. However, the full potential contact area is utilized by the optimizer only for q = 4, to lower the average
contact force, while this is not the case for q = 8. In the latter case, the optimizer reduces the actual contact area
to avoid large variations in contact pressure. By further increasing µ to 0.2 the obtained designs become even more
asymmetric and for both values of q, the material distributions and the actual contact areas are heavily shifted
towards the right-hand side of the domain.

6. Discussion and conclusions

This paper demonstrates how to combine methods for frictional contact mechanics with modern density based
topology optimization methods to achieve practically realizable designs optimized for either structural stiffness or
favorable contact pressure distributions.

The first part of the paper was devoted to revisiting a compliance minimization with contact problem from the
literature, for which we were able to demonstrate solid–void designs. The presented designs were obtained for
different volume constraints and load intensities, and three qualitatively different types of designs were obtained for
this problem. Furthermore, we have added some complexity to this benchmark example by accounting for a more
pronounced obstacle curvature, as well as by including friction up to µ = 0.2. It was also demonstrated how the
optimizer could disconnect the structure from its prescribed boundary conditions and regain support at the obstacle.
The optimization was verified by cross checking the performance of the obtained designs.

The second part of the paper concerned optimization of contact pressure distribution over an a priori unknown
contact area. To this end, a new objective function has been proposed, which aims at minimizing the average and
the variation of the contact pressure. The proposed objective function includes a p-norm exponent q that controls
the relative weighting of pressure variations compared to the average pressure in the optimization. For q = 1 the
objective function is simply the average contact pressure, while for q > 1 variations of the pressure distribution are
accounted for as well. Increasing q significantly evens out the pressure distribution but at the cost of an increased
average pressure. To obtain meaningful results q should be larger than 1; q = 8 has proven to be a good choice.

Complementing the pressure optimization problems with a compliance constraint has proved crucial while the use
of the robust formulation was necessary for achieving crisp solid–void designs. Excluding the compliance constraint
makes the design problem ill conditioned as the minimization of the objective can be achieved by material removal
that disconnects the contact surface from the external load. All in all, we have demonstrated different designs for
different combinations of prescribed volume fractions, compliance constraints and values of the exponent q . The
included numerical examples have also demonstrated how the obtained designs are affected by including friction up
to a friction coefficient of µ = 0.2. As expected, including friction under sliding conditions, resulted in asymmetric
designs, that are drastically different from designs obtained from a frictionless model.

Regarding the limitations of the presented work, only contact of an elastic body against a rigid obstacle has
been considered. Extending the proposed methods to include contact between two deformable bodies is rather
straightforward and such a setting has already been presented, as previously mentioned, in [27]. The proposed
pressure objective has only been demonstrated in examples where contact is guaranteed but it is also applicable to
cases where the contact area becomes zero during the design optimization. Moreover, a layer of prescribed solid
along the potential contact area was included in all contact pressure optimization examples. In principle, it is also
possible though to avoid adding this prescribed solid layer, and consider all nodes, also internal ones, as potential
contact nodes and let the optimizer determine the interface region. However, this is likely to result in designs with
more gray material near the interface region or in the vicinity of the applied load.

The presented work utilizes the robust design methodology from [14] to ensure pure solid–void optimized designs
with a prescribed minimum feature size. Although this approach comes at no extra computational cost for the
minimum compliance problem, this is not the case for the proposed contact pressure objective function, where
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all three realizations are evaluated through finite element analysis. Despite the three finite element problems are
embarrassingly parallel in nature, one may argue that the extra cost should be avoided if possible. This could
possibly be achieved using the geometric constraint from [43] which provides both length scale control as well
as crisp designs without the need for additional finite element analysis. Alternatively, one could use the penalty
approach from [15], although this approach does not ensure a minimum feature size.

In conclusion, we would like to underline the potential practical aspects of optimizing contact pressure
distributions by altering the design of an elastic structure in contrast to altering the initial gap between a structure
and an obstacle. A major limitation of the latter is the load sensitivity of the optimal initial gap shapes. Adding the
possibility of affecting the contact pressure by changing the stiffness distribution in the underlying structure creates
new opportunities.

Acknowledgments

This work was funded by the Villum Foundation, Denmark as a part of the InnoTop VILLUM investigator
project, Denmark. The authors have no competing interests.

Appendix A. Partial derivatives of C( f c
i , g, v, n)

In order to calculate the Jacobian of the system of Eqs. (9), the partial derivatives of the C-function are required.
These are available for the general three-dimensional case in [30]. In the following, we include the simplified version
of these derivatives, valid in the two-dimensional setting considered here.

It is convenient to start with stating the partial derivatives of the intermediate quantity τ = µ
[

f c
i · n + rg

]
−

,
expressed as

∂d PB(n,τ )(d) =

{
Tn if ∥Tn d∥ ≤ τ

0 otherwise

∂τ PB(n,τ )(d) =

⎧⎨⎩
Tn d

∥Tn d∥
if 0 < τ < ∥Tn d∥

0 otherwise

∂n PB(n,τ )(d) =

⎧⎪⎪⎨⎪⎪⎩
0 if τ ≤ 0
−d · nTn − n ⊗ (Tn d) if ∥Tn d∥ ≤ τ

−
τ

∥Tn d∥
(n ⊗ (Tn d)) otherwise

(29)

Finally, all partial derivatives of C( f c
i , g, v, n), defined in Eq. (5), are obtained as

∂ f c
i
C( f c

i , g, v, n) =I − ∂qPB(n,τ ) − ∂τPB(n,τ ) ⊗ ∂ f c
i
τ − H (− f c

i · n − rg)n ⊗ n
∂g C( f c

i , g, v, n) = − ∂τPB(n,τ )∂gτ − H (− f c
i · n − rg)rn

∂nC( f c
i , g, v, n) = − ∂nPB(n,τ ) − ∂τPB(n,τ ) ⊗ ∂nτ

−H (− f c
i · n − rg)

(
n ⊗ f c

i −
(
2 f c

i · n + rg
)

n ⊗ n +
(

f c
i · n + rg

)
I
)

∂vC( f c
i , g, v, n) =r∂qPB(n,τ )

(30)

Appendix B

For completeness, below follows the full adjoint analysis used to obtain the sensitivities. First, we construct an
augmented objective function Ψ (s(ρ̃ )) by adding a zero-term to the original objective function, such that

Ψ (s(ρ̃ ), ρ̃ ) = ψ(s(ρ̃ )) + λT R(s(ρ̃ ), ρ̃ ) (31)

If we split the vector s into two parts; and consider u and f c separately, and ignore the function arguments for the
sake of simplicity we can rewrite Eq. (31) into

Ψ = ψ + λT
(

Ru

Rc

)
(32)
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By differentiating Eq. (32) with respect to ρ̃ we obtain

dρ̃Ψ
[1×ne]

= dρ̃ψ
[1×ne]

+ λT
[1×ndof ]

(
dρ̃ Ru

dρ̃ Rc

)
  
[ndof ×ne]

+

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
∂uψ

∂cψ

)
  
[1×ndof ]

+ λT
[1×ndof ]

[
∂u Ru ∂ f c Ru

∂u Rc ∂ f c Rc

]
  

[ndof ×ndof ]

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(
∂ρ̃ u
∂ρ̃ f c

)
  
[ndof ×ne]

(33)

We refer to the matrix
[
∂u Ru ∂ f c Ru

∂u Rc ∂ f c Rc

]
as J, because this is the system Jacobian which is also used in the Newton

Raphson method to solve the state. To avoid evaluation of the gradients ∂ρ̃ u and ∂ρ̃ f c we require the term within
the curly braces to be zero. This requirement leads to the equation

JTλ = −

(
∂uψ

∂ f cψ

)
(34)

Then Eq. (33) simplifies to

dρ̃Ψ = dρ̃ψ + λT
(

dρ̃ Ru

dρ̃ Rc

)
= dρ̃ψ + λT

(
∂ρ̃ k

Ku
0

)
(35)

By considering Eq. (9), it is clear that of the two gradients dρ̃ Ru and dρ̃ Rc, only dρ̃ Ru has an explicit dependence
on the design variables ρ̃ , such that dρ̃ Ru = ∂ρ̃ k

Ku and dρ̃ Ru = 0.

Compliance optimization

In the case of compliance optimization of linear elastic structures with unilateral contact the following expressions
are used to obtain the design sensitivities

JTλ = −

(
2Ku

0

)
and ∂ρ̃ k,i

φk = uT∂ρ̃ k,i
Ku + λT

(
∂ρ̃ k,i

Ku
0

)
(36)

Pressure optimization

For an objective function defined as

ψk(s) =
a(s)
b(s)

=

∑
i ai pq

i∑
i ai H (pi )+

[
1 − H

(∑
i ai pi

)]
ϵ

(37)

The gradient ∂ f cψk become

∂ f cψk =
b∂sa − a∂sb

b2 (38)

where

∂sa = pq−1q

∂sb =

i∑
assembly

ai H′(pi ) − ϵai H′

(∑
i

ai pi

)
(39)

Such that the adjoint problem for the objective function is

JTλ1 = −

(
0

∂ f cψk

)
and ∂ρ̃ k,i

ψk = λT
1

(
∂ρ̃ k

Ku
0

)
(40)

and the adjoint problem for the compliance constraint is

JTλ2 = −

(
f ext

0

)
and ∂ρ̃ e,i

ϕe = λT
2

(
∂ρ̃ e

Ku
0

)
(41)
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Summary

This paper demonstrates gradient driven density based topology optimization of
transient impact problemswith friction. The sensitivities are obtained using the semi-
discrete adjoint approach in which the temporal components are obtained by the
"differentiate then discretize" whereas the spatial part is determined discretely. In
this work, the sensitivity analysis method is extended to a mixed formulation involv-
ing both displacements, velocities, accelerations and contact forces. The proposed
formulation allows to account for frictional impacts during the structural optimiza-
tion process. A first simple example demonstrates the effects of including frictional
impacts into the transient design problem. As a second example, a drop test is consid-
ered and a casing for protecting a falling object during a frictional impact, is designed.
Solid-void designs are obtained by application of the robust design formulation
combined with a parameter continuation scheme.

KEYWORDS:
Topology optimization, Frictional contact, Transient impact, Crashworthiness

1 INTRODUCTION

Robustness is a much appreciated quality of engineering products. Robust designs are typically favored, not only from a produc-
tion perspective but also from an operational perspective. From a manufacturing perspective, it is desirable if parts are designed
in such a way, that they do not risk malfunctioning due to variances in the manufacturing process. From an operational perspec-
tive, robust designs do not fail or malfunction when the operating conditions change. For fixed machinery components this is
usually not a big issue, as the loading is typically very stable and well-known. But designing other products, such as handheld
devices, is much more demanding as handheld devices are exposed to a wide variety of operational conditions.
It is exactly the latter of the above applications of robustness that motivates this work. The goal is to demonstrate how to

account for the possibility of frictional impacts during structural design optimization. Such design problems arise e.g when
one wants to guarantee the integrity of a payload during an impact from a drop. This could be the integrity of the glass on a
smartphone, the integrity of the insulin cartridge in insulin pens or the body of a moon lander. The numerical examples of the
present work do not cover uncertainties on the loading or material properties in a statistical sense. Nevertheless, the deterministic
impact scenarios employed, can be seen as extraordinary load cases that the obtained structures are optimized against.
Since Bendsøe and Kikuchi laid the foundation of modern topology optimization with their seminal papers1,2, the method has

developed, branched and matured ever since. Nowadays, the density based approach3,4,5 still remains as one of the most popular

0Abbreviations: ANA, anti-nuclear antibodies; APC, antigen-presenting cells; IRF, interferon regulatory factor
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methods, however, homogenization methods1,6,7, as a subclass of density based methods, but also level-set methods8,9,10,11,
have established well-deserved popularity. For a thorough review of the field of topology optimization see the review paper by
Sigmund and Maute12, from 2013.
All topology optimization methods have, throughout the years, helped engineers optimize and enhance the structural perfor-

mance of parts and structures. In many engineering situations it is possible to reduce the modeling complexity of a given design
problem by neglecting inertia effects. This is often possible e.g for fluid flows in steady-state, static structures like bridges and
support structures among many other examples. Reducing the problem at hand to a static problem may be desirable as it alle-
viates some of the numerical complexity and reduces computational time significantly, but it also leaves the designer blind to
dynamic effects such as resonances that can be of critical interest in real-world structures. As the finite element analysis still con-
stitutes the heaviest computational task of any density based topology optimization framework, most of the available literature
is based on static assumptions, but of course, topology optimization in a transient setting is possible.
Sensitivity analysis, which is the core of gradient-based topology optimization, has been known for transient problems for a

long time13,14, but it was not until recently that transient topology optimization problems became more common15,16,17. With the
possibility of transient topology optimization, an intriguing possibility is to design vehicles that will absorb the kinetic energy
in a crash by optimizing the material layout in front of the cabin and around the engine - so-called crashworthiness optimization.
The literature is full of attempts to perform crashworthiness optimization, of which the majority deals with size optimization of
pre-existing parts such as the bumper. An example of size optimization is found in18, where metamodeling is used to construct
a time based objective function of the internal energy in the structure. Because of the very elaborate finite element model of a
full Chevrolet S10 pickup truck, limited insight is to be gained from the results, except that the optimized result stores internal
energy faster during the impact.
More insight is obtained from the work presented in19, where ground structures are size optimized to match the desired

deceleration at specific points in time, using the relative error at each of these time steps as an objective value and then solving
the optimization problem as a min-max problem. In this work, the contact is not modeled, as the structure is fixed and simply
subjected to an initial velocity at selected points on the boundary of the design domain. In19, gradients are evaluated using direct
analytical differentiation and structures to deaccelerate trains, engine mounts and ejection seats, are found. In 2005, Forsberg
and Nilsson20 optimized structures for energy absorption, by maximizing the minimum internal energy density of a structure.
The impact analysis was performed using LS-DYNA. The design variables were chosen as the thickness of each element, which
resembles classic topology optimization. In 2016, Nakshatrala and Tortorelli21 designed nonlinear elastodynamic structures
with tailored energy propagation subject to impact loading. For a thorough literature review of the field of crashworthiness
optimization please confer to the topical review from 2017 by Fang et al22.
Regarding modeling of contact in topology optimization, it should be noted that a considerable amount of attention has been

given to problems concerning static contact problems. Themajority of these consider compliance minimization under quasistatic
loading23,24,25,26,27,28,29. Other publications concern the more interesting possibility of directly controlling the contact pressure
distribution as well as the size of the associated area of contact30,31 using truss and continuum finite elements, respectively.
To our best knowledge, there is currently no previous literature available that covers transient frictional impacts and topology
optimization. One notable recent paper is the one by Shobeiri32 in which many sources of nonlinearity, including contact, are
taken into account during a transient topology optimization, but this paper does not include any form of friction.
In the present work we discretize a solid structure by the finite element method33, apply time varying loads, resolve the struc-

tural displacements, velocities and accelerations for a period of time including frictional contact events, and obtain designs that
minimize the maximum strain energy attained over space and time. The designs are obtained by gradient-based optimization
methods, specifically density-based topology optimization, which is not topologically restricted by the initial design but requires
an effective and efficient sensitivity analysis. The subsequent section 2 presents the physical model and the numerical methods
used to solve the transient state problem with frictional contact. Section 3 covers the details of the proposed design parameter-
ization and section 4 presents the topology optimization formulation, including the sensitivity analysis. Section 5 contains two
numerical test examples which are solved to demonstrate the pros and cons of the proposed design methodology and finally
section 6 concludes this work.
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2 GOVERNING EQUATIONS

2.1 Dynamics
This section presents the mathematical model for transient structural problems with contact and friction. The presented model
assumes plane strain and either small or large displacements, depending on the design example. To obtain the dynamic response
of a structure discretized by the finite element method, the following discrete dynamic equation is solved

Mü + Du̇ + F int(u) = f t + fℊ + f c , (1)

where u is the structure’s discretized deformation vector and dotted quantities refers to time derivatives such that u̇ and ü represent
velocities and accelerations, respectively. External forces consist of a time varying external load in vector f t, gravitational
forces in vector fℊ and contact forces in vector f c .
The internal forces F int can be linear with respect to the displacements u, i.e. F int = Ku with the structure’s time-invariant

stiffness K. This case assumes a linear relationship between Cauchy stresses � and linear strains "L
� = C"L (2)

where C is the constitutive, plane strain stiffness matrix, which depends on the structure’s elasticity modulus E and Poisson
ratio �. In general, the internal forces correspond to a non-linear function F int(u), with a stiffness matrix K which depends on
u. This is the case when geometrical nonlinearities are included by using e.g. the Saint Venant-Kirchhoff constitutive law

S = C"NL (3)

with the second Piola-Kirchhoff stresses S and the Green-Lagrange strains "NL.
The matrix M represents the consistent mass of the system and D models the damping of the system. For simplicity, the

damping is modeled as Rayleigh damping such that

D = �M + �K (4)

where the coefficients � and � are damping parameters.

2.2 Time integration
To integrate the structural response in time the first order implicit backward Euler scheme is used. This scheme approximates
velocities and accelerations at time step n as

u̇n =
1
Δt

(

un − un−1
)

ün =
1
Δt2

(

un − un−1 − Δtu̇n−1
)

(5)

where Δt is the time step size. The choice of an implicit scheme increases the computational cost of the time integration, but it
is necessary as treatment of contact problems with explicit schemes results in numerically stiff systems34. Alternatively, using
an explicit scheme would require very small time steps to keep the error bounded and is therefore not a viable option. We
remark, that the time integration scheme of Eq. (5) is unconditionally stable. Other popular time integration schemes, such as
the Newmark method35, have been tested but proved less robust. Higher order integration schemes for problems with contact is
a subject of ongoing research34. However, it should be noted, that the proposed method is directly applicable to other implicit
time integration schemes with just minor modifications.
Although the backward Euler approximation is a very simple and numerically robust option for contact problems, one should

still be aware that first order schemes, especially for coarse time steps, introduce excessive numerical damping. To ensure that
the numerical damping, due to the time integrator, remains small compared to the structural damping from Eq. (4), suitable time
steps were determined from numerical experiments for different levels of the structural damping parameters � and �. A hybrid
scheme, with first order time integration and smaller time steps applied only during the impact and higher order time integration
applied otherwise, would be a very useful extension but is not pursued in the present work.
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2.3 The contact formulation
The contact model used in this work is a simplified form of the one presented in36. To allow a state of contact between an
elastic body and a rigid obstacle, a set of nodes are considered to be potential contact nodes, denoted by an index i. For a two-
dimensional problem, the contact formulation used here provides two extra equations per potential contact node to resolve the
subvector f ic holding the two force components in vector f c for node i.
Contact is considered against the boundary of a rigid obstacle, defined as the zero-level of a general signed distance function

g(x, y) that satisfies ‖∇g(x, y)‖ = 1, and is referred to as the gap function. The normal vector n, pointing away from the
obstacle may be obtained by differentiating the gap function with respect to both spatial dimensions. Using the gap function,
impenetrability can be expressed as

g(u) ≥ 0. (6)
In addition to fulfillment of the impenetrability condition of Eq. (6), certain other conditions must hold for the components of the
contact forces. The normal component must point towards the elastic body and upon frictional sliding the tangential component
must fulfill Coulomb friction. It is shown in36, how the impenetrability, friction and relevant complementarity conditions can
be expressed as a single non-smooth equality condition

Z(f ic , g
i, u̇i,n) = 0 (7)

in which both the gap function g, the normal vector n and the velocity vector u̇i are functions of the displacements u. The
non-smooth Z-function is defined as

Z(f ic , g
i, u̇i,n) = f ic +

[

f ic ⋅ n + rg
i]

− n − PB(n,�[f ic ⋅n+rgi]−)(f
i
c − ru̇

i) (8)

where � is Coulomb’s coefficient of friction and r is an augmentation parameter that may be chosen freely as long as r > 0. A
note on selecting r is included in section 2.3.1. The negative part operator [⋅]− is defined as

[x]− =

{

−x if x ≤ 0
0 if x > 0

(9)

and PB(n,�)(d) is a projection of d onto the plane with the normal vector n and a circle of radius �. The projection is defined as

PB(n,�)(d) =
⎧

⎪

⎨

⎪

⎩

Tnd if ‖
‖

Tnd‖‖ ≤ �

�
Tnd
‖

‖

Tnd‖‖
otherwise

(10)

where ‖⋅‖ is the Euclidean norm and Tn is the tangent plane projection defined as

Tn = I − n⊗ n. (11)

where ⊗ is the Kronecker product. The piecewise continuous partial derivatives of the Z-function necessary for obtaining the
consistent stiffness matrix can be found in36.

2.3.1 Selecting the augmentation parameter r
The only tunable parameter in the contact formulation, that the user needs to decide on beforehand is the augmentation parameter
r > 0, and the result of the finite element analysis should, to a large extent, not depend on the choice. With topology optimization
on top of the finite element analysis, the structure changes with each design, and thus the stiffness distribution changes with each
design iteration. One option for selecting rwould be to define it as a spatially varying field depending on the stiffness per location.
This would correspond to larger r values in solid regions and smaller r values in void regions. However, numerical experiments
have shown that it is more robust to work with a spatial constant r but tune its value during the finite element analysis. That is, if
for one choice of r the solution of a timestep does not converge within a fixed number of Newton iterations, a new augmentation
parameter r is sought in the range from 10−8 to 108 in 17 steps. In the unlikely case that Newton convergence is not achieved
for any of the trial r values, the procedure is repeated with Newton steps scaled down by a factor of 0.95, corresponding to 5%
Newton damping. This heuristic strategy has proven to be very robust for all considered examples of this manuscript.
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2.4 Solution of the global system
Expressing the governing equations outlined in the previous section in residual form one obtains the following system

Ru = f t + fℊ + f c −Mü − Du̇ − F int(u) = 0

Ri
c = −

1
r
Z(f ic , g

i, u̇i,n) = 0 i = 1, ..., nc .
(12)

The nodal contact residual Ri
c ∈ ℝ2 contains the two components of the respective assembled residual vector Rc ∈ ℝ2nc

corresponding to node i, with nc denoting the number of potential contact nodes. This residual depends nonlinearly on both u
and f c . Both residual equations of Eq. (12) are solved in each time step to obtain the state variables u and f c by application of
Newton’s method to the coupled system. It should be noted that the subsequent adjoint sensitivity analysis involves both state
variables u and f c as well as the corresponding residuals Ru and Rc . Note also that the Jacobian of the system in Eq. (12)
is nonsymmetric even if friction is omitted. Although the global Jacobian is symmetrizable in the special case of frictionless
contact, this is not essential for the method presented. The role of the scaling factor of −1∕r in the definition of Rc is actually
for ensuring a close to symmetric Jacobian, and thus, it is included only for numerical reasons.

3 DESIGN PARAMETERIZATION

The framework presented in this work is based on the density method where each element is assigned a density value 0 ≤ � ≤ 1
to indicate whether that element is considered to be solid (� = 1) or void (� = 0). A design may be identified as binary when
all elements are either solid or void. Generally though, designs contain some fraction of so-called gray elements for which � is
somewhere in between 0 and 1. Since intermediate densities are undesired, the robust formulation from37 is employed, and this
formulation is described in the following subsections. We remark that other approaches for reaching solid-void designs exist,
e.g. by penalization as in38 or the single realization projection filter as in39, but that the robust formulation is chosen since this
also provides a minimum feature size control, and renders designs insensitive to over- and under-etching.

3.1 Filtering �→ �̃
As a first step a convolution type filtering process is applied on � in order to avoid the well-known problem of emerging checker-
board patterns and mesh dependence40. In this work the density filter41,42, defined in Eq. (13), is utilized for the filtering process.
The filtered field element densities �̃ are constructed as a weighted average of neighbouring elements’ densities.

�̃ =
∑

k∈ℕwk�
∑

k∈ℕwk
(13)

where ℕ is set of elements in the vicinity of an element with spartial center x0, i.e.

ℕ =
{

k ||
|

‖

‖

xk − x0‖‖2 ≤ Rmin

}

(14)

where Rmin is the filter radius, x denotes the spatial location of an element’s center and the weighting factor wk decays linearly
with the distance between elements, according to

wk = 1 −
‖

‖

xk − x0‖‖2
Rmin

. (15)

Note that this version of the filter assumes elements of equal size.

3.2 Projection �̃→ ̄̃�
The next step is to apply a series of projection filters on �̃, in order to obtain a series of eroded and dilated realizations of the
base design while ensuring that these are close to being binary, i.e. strictly solid-void. The projection is done by the following
smooth step function as presented in37.

̄̃� =
tanh(��) + tanh(� (�̃ − �))
tanh(��) + tanh(� (1 − �))

(16)
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where � is the sharpness of the step function around the threshold value �. The design can be driven towards a solid-void state by
gradually increasing � . Multiple realizations for different values of � can be considered. In this work, unless otherwise stated,

� ∈ {0.3, 0.5, 0.7} (17)

which results in the three physical realisations ̄̃�d , ̄̃�b and ̄̃�e, representing a dilated, a blueprint and an eroded design respectively.
In this work a � -continuation is enforced with � initiated at 1 and subsequently incremented in steps, either after 50 design
iterations or if ‖Δ�‖ < 0.01. The sequence of � values is reported along with each numerical example.

3.3 Material interpolations
For static stiffness optimization, binary designs are favored when the stiffness of gray elements is penalized by a convex interpo-
lation while subjected to a constraint on the amount of available material. The two most commonly used interpolation schemes
are the SIMP interpolation2,43,44 and the RAMP scheme45, which have both proven capable of solving static design problems.
However, this is not the case for many problems considering dynamics, and therefore the following section will demonstrate
why RAMP is the better option for this type of problems. We remark that a similar study can be found in46.
Both schemes interpolate the physical density ̄̃� of an element to the stiffness of that element E, from being E0 at void to E1

at solid. The stiffness of intermediate material is penalized by the penalization parameter p. The (modified) SIMP interpolation
and the RAMP interpolation are stated below and can be seen plotted in Fig. 1.

ESIMP = E0 + (E1 − E0) ̄̃�p (18a)

ERAMP = E0 + (E1 − E0) ̄̃�
1

1 + p(1 − ̄̃�)
(18b)

The mass density m is interpolated linearly from m0 in void to m1 in solid.

m = m0 + (m1 − m0) ̄̃� (19)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

̄̃�

E
(̄̃ �
)∕
E
0

SIMP, p = 3, E0 = 10−9E1
RAMP, p = 3, E0 = 10−9E1
RAMP, p = 5, E0 = 10−9E1

FIGURE 1 Comparison of (the modified) SIMP and the RAMP interpolation schemes. For the SIMP interpolation p = 3 is
used43. The RAMP interpolation is shown for both p = 3 and p = 5 for comparison to the SIMP curve.

Usually E0 and m0 are chosen to be several orders of magnitude smaller than E1 and m1. For static problems a commonly
used stiffness-contrast is E0∕E1 = 10−9 as this is a good approximation of the void stiffness properties. For transient problems,
however, the choice of m0∕m1 is also essential as it will greatly affect how the natural frequency of elements changes with ̄̃�.
The natural frequency of an element is determined as

!( ̄̃�) =

√

E( ̄̃�)
m( ̄̃�)

, (20)

where m( ̄̃�) is according to Eq. (19). The choice of an interpolation scheme determines how ! varies with ̃̄�. Choosing the same
scheme for both mass and stiffness, and the same contrast E0∕E1 = m0∕m1, will lead to ! =

√

E1∕m1, independent of ̄̃�. This
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is an unfortunate choice, because it will lead to the same natural frequency in void as in the solid. To prevent the optimizer from
constructing and utilizing spurious void modes, one can require the natural frequency in void to be a fraction �, e.g. � = 10−3,
of the natural frequency in solid, so that

!(0) = � !(1) ⇒

√

E0
m0

= �

√

E1
m1

⇒
m0
m1

= 1
�2
E0
E1

(21)

In Fig. 2 the evolution of !( ̄̃�) is shown for different magnitudes of � using SIMP and RAMP for the stiffness interpolation
respectively.
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(a) SIMP (p = 3)
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FIGURE 2 Relative natural frequency of an element of density ̄̃� compared to a solid element, when m0∕m1 = 10−3 and the
stiffness is interpolated using SIMP (p = 3) or RAMP (p = 5).

Considering Fig. 2a, one could choose � = 10−3 to ensure that the natural frequency in void is three orders of magnitude
smaller than the natural frequency of solid. However, Fig. 2a reveals an issue with the SIMP interpolation for transient problems:
regardless of how small one chooses �, the function !( ̄̃�) always exhibits its minimum at non-void, though this minimum moves
closer to void as � is decreased. For a small enough �, one can completely alleviate this problem by using the RAMP interpolation,
as seen in Fig. 2b. However, a good choice of � also depends on the applied penalization parameter p.
In conclusion, with RAMP it is always possible to ensure a monotonically increasing natural frequency ! with increasing ̄̃�

by ensuring a non-negative gradient of Eq. (20) at ̄̃� = 0. This leads to the condition that for a fixed mass contrast, the stiffness
E0∕E1 should be chosen so that

E0
E1

≤
m0∕m1

1 + (1 − m0∕m1)p
(22)

or, for a fixed stiffness contrast, the mass contrast m0∕m1 should be chosen so that
m0
m1

≥
(1 + p)E0∕E1
1 + pE0∕E1

. (23)

Based on this studywe therefore choose to work solely with the RAMP interpolation scheme for the remainder of the presented
work with m0∕m1 = 10−3 and E0∕E1 = 10−9.

3.4 Energy interpolation and large displacements
Geometric non-linearity is included in the second numerical example in order to account for the possibility of buckling of slender
beams during optimization. To avoid instabilities in the void regions when using a geometrically nonlinear constitutive law,
the elastic energy density in the solid and void regions are interpolated in such a way that linear elasticity is used in void, and
nonlinear elasticity theory is used in solid. This energy interpolation, originally proposed by Wang et al and described in detail
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in47, is characterized by the element wise interpolation parameter  which depends on each element’s physical design variable
̄̃�, and is evaluated as

( ̄̃�) =
tanh

(

�1 ̄̃�0
)

+ tanh
(

�1( ̄̃� − ̄̃�0)
)

tanh
(

�1 ̄̃�0
)

+ tanh
(

�1(1 − ̄̃�0)
) . (24)

The value of this function indicates whether an element is considered fully linear ( = 0) or fully nonlinear ( = 1), or somewhere
in between. If nothing else is stated we employ �1 = 500 and ̄̃�0 = 0.1, following47. The interpolation expression

Π = E
[

ΠNL0 (u) − Π
L
0 (u) + Π

L
0 (u)

]

(25)

is then used for the interpolated stored elastic energy density Π. In this expression, ΠNL0 is the elastic energy density for the
geometrically nonlinear constitutive law Eq. (3), for a reference material with E = 1. Similarly ΠL0 is the elastic energy density
corresponding to the linear constitutive law Eq. (2), for the same reference material with E = 1.
This material interpolation, according to47, leads to a nodal force vector F int for the discretized system in the form

F int = E
(

F NL
int,0(u) + (1 − 

2)F L
int,0(u)

)

, (26)

where F NL
int,0 and F

L
int,0 are respectively nodal force vectors for Saint Venant-Kirchoff and linearized elasticity with E = 1. Note

that the dependencies of both E and  on ̄̃� need to be taken into account when evaluating the derivatives of F int with respect
to ̄̃� in the sensitivity analysis.

4 TOPOLOGY OPTIMIZATION

Protecting occupants or payloads during impacts is an interesting design problem. First of all, it is necessary to define what
exactly protection means. Typically, crashworthiness optimization deals with minimization of displacements or accelerations.
It is e.g. common to minimize the acceleration of an occupant’s head in a car crash. However, in other situations it might be
desirable to avoid damage in a structural component, like e.g. the display glass of a falling smartphone. In such situations, some
stress or strain based failure criterion is more appropriate. As an example, the elastic strain energy density, according to the
following equation, is adopted in the present work as a metric of load and deformation intensity at a material point

Wℎ =
1
2
"TC" (27)

with
" = "NL + (1 − )"L (28)

that covers both cases of small and large displacements.
The strain energyWℎ varies with location and time and its largest value indicates the most critical point for structural failure.

In that sense, we aim at minimizing the maximum of Wℎ over time and space. Other strain based failure criteria or even a
minimization of the maximum displacement or acceleration over a subdomain of interest could be implemented as objective
function similar to what is proposed below forWℎ.
For the rest of this work the total structural domainΩ is partitioned into smaller subdomains according to Fig. 3. A subdomain

of prescribed solid is denoted as Ωs, while the actual design domain is denoted as Ωf . The objective value is evaluated in a
subdomainΩℎ that can include parts of both the prescribed solid and design subdomains. The figure also indicates a subdomain
Ωc for evaluating a certain constraint function in part of Ωf .
Reminding that in this transient analysis, the strain energy densityWℎ is a function of both space and time, an approximation

of the maximumWℎ over space, is obtained first, by means of the p-norm ofWℎ at the center of allNℎ elements in Ωℎ

�ℎ(t) =

( Nℎ
∑

e=1
W ps
ℎ

)

1
ps

≥ max
s
(Wℎ). (29)

By this operation, one scalar value is obtained for every time instant, denoted here as �ℎ(t). The p-norm formulation of Eq. (29)
�ℎ(t) overestimates the actual spatial maximum strain energy density at every time step, converging to the real value from above
as ps is increased48.
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Ωℎ


s
Ωf

Ω
Ωc

FIGURE 3 Partitioning of the domain Ω into smaller regions. Ωf is the free region in which the optimizer can iteratively
redistribute material to build a structure. Ωs is a region of prescribed solid. Ωℎ is the region in which the objective function is
evaluated and Ωc is a region where the constraint is evaluated.

The second step is to evaluate the p-mean of �ℎ(t) over time. Using the trapezoidal integration rule, a single scalar value is
obtained

Φℎ =

(NT
∑

n=1

�ℎ(tn−1)pt + �ℎ(tn)pt
2

Δtn

)

1
pt

≤ max
t
(�ℎ(t)) (30)

which approximates the maximum of Wℎ over space and time. The quantity Φℎ is hence used as the objective function. In
Eq. (30), the total number of time steps is denoted asNT . The p-mean formulation of Eq. (30) underestimates the actual temporal
maximum strain energy density, converging to the real value as pt increases, from below48. We remark that this version of the
p-mean does not contain the usual scaling with 1∕NT , which instead is obtained through the multiplication by Δtn.
This definition of the objective function includes two parameters that are to be chosen manually, i.e. the exponents ps ≥ 1 in

Eq. (29) and pt ≥ 1 in Eq. (30). At the theoretical limit of ps = pt = ∞ the true maximum would be identified. Note that the
parameters ps and pt are chosen differently in each of the numerical examples.
The generic optimization problem used in this work can be formally stated as

min
�
∶ max(Φ

ℎ ),  ∈ {d, b, e}

s.t ∶
̄̃�TdV
V ∗
d V0

− 1 ≤ 0

∶
Φc

c∗Φc0
− 1 ≤ 0

∶ 0 ≤ � ≤ 1

(31)

With this formulation the goal is to minimize the maximum objective, evaluated from an analysis of the three design realizations
̄̃�d , ̄̃�b and ̄̃�e. As indicated already, the objective function Φℎ is evaluated in the region Ωℎ and the optimization is subject to
three constraints.
The first constraint is a material constraint that restricts the optimizer to use nomore than V ∗

d of the total volume V0. The vector
V is a vector of individual element volumes. The volume constraint is enforced on the dilated design only, and is updated every
20 iteration by redefining V ∗

d =
̄̃�TdV
̄̃�TbV

V ∗, such that the blueprint design eventually satisfies the intended volume requirement of
V ∗. Enforcing the constraint on the dilated design prevents the optimizer from utilizing non-physical benefits from the projection
scheme as illustrated in49. We remark that the volume constraint is only used in the first test example.
The second constraint, which is only used in the second numerical example, aims at controlling the overall level of deformation

of the structure by setting a bound to the maximum strain in an appropriately chosen subdomainΩC . This could be necessary, in
order to exclude overly compliant designs from the solution space, for example due to usability and ergonomics requirements.
The constraint function Φc is defined in the same manner as Φℎ in Eq. (30), but based on a different strain energy function

Wc =
1
2
"T" (32)

instead of Eq. (27). The corresponding exponents used in the definition of Φc are simply denoted as qt and qs instead of pt and
ps, respectively. With this definition, the constraint is enforced thatΦc in the final design will be smaller or equal to c∗ times the
value Φc0 , obtained for a full solid design, where c

∗ is a user defined constant.
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The third and final constraint are the usual bounds on the design variables. We remark that the physics are always satisfied
as the physics are solved to a point of sufficient equilibrium, i.e the optimization problem is considered in the so-called nested
formulation50. The optimization is terminated based on whether one of the following conditions is reached: i) � = �max and
‖

‖

Δ ̄̃�‖
‖

< 0.01 or ii) a fixed upper limit of design iterations, Imax is reached. The fixed number of iterations is problem specific.

4.1 Design sensitivities
The sensitivities of the objective function with respect to the design variables can be found efficiently by the adjoint method.
In this work we employ the commonly used semi-discrete adjoint approach for time-dependent optimization problems51,52,53.
Following this methodology, the spatial part is considered in its discrete state and the sensitivity analysis is obtained using the
"discretize then differentiate" approach. For the temporal part, however, the fully discrete approach results in a rather complex
formulation which involves adjoint variables not only with respect to the mechanical equilibrium equation but also with respect
to the temporal derivative approximations54. For this reason, the "differentiate then discretize" approach is used for the temporal
part, despite its small inconsistency which is especially pronounced for large time steps. The inconsistency, arising from the fact
that the sensitivity analysis does not include the error introduced in the time discretization of the forward problem, diminishes
with increasing number of time steps.
The process of obtaining design sensitivities for transient problems with the "differentiate then discretize" approach is outlined

in51 and52. This method is extended in the present work, to the case of the mixed problem of Eq. (12), which does not only
involve displacements but also contact forces as variables. The adjoint analysis must accordingly involve two types of multipliers,
�u and �c , which are discrete over space, one for each of the two equations contained in Eq. (12). The objective function Φc is
therefore augmented with two terms which are equal to zero under equilibrium

Φ̄ℎ = Φℎ + ∫

T

0
�TuRu + �TcRc dt (33)

and differentiation with respect to ̄̃� leads to

d ̄̃�Φ̄ℎ = d ̄̃�Φℎ + ∫

T

0
�Tud ̄̃�Ru + �Tc d ̄̃�Rc dt. (34)

By expressing the total derivatives in Eq. (34) in terms of partial derivatives, applying integration by parts with respect to time,
noting that ) ̄̃�Rc = 0, and rearranging terms, the derivative d ̄̃�Φ̄ℎ, equivalent to d ̄̃�Φℎ, can be evaluated as

d ̄̃�Φ̄ℎ = ) ̄̃�Φℎ + ∫

T

0
�Tu ) ̄̃�Ru dt (35)

where, for Φℎ not depending on velocities or accelerations, �u is determined based on the backward problem

−MT�̈u + DT�̇u −KT�u + )uRT
c �c = −)uΦℎ (36a)

�u + )f cR
T
c �c = 0 (36b)

�u(T ) = �c(T ) = �̇u(T ) = �̇c(T ) = 0. (36c)

Although only �u is required in Eq. (35), the system of Eqs. (36a) and (36b) has to be discretized and solved for both �u and �c ,
with the terminal values of Eq. (36c). We remark that, after discretization in time, this system is linear in �u and �c . In the present
work, the same time integration scheme is used for the backward problem as for the forward problem, according to Eq. (5), for
simplicity. However, there is, no expectation that using the same time integration for the forward and backward problem will
account for the forward time discretization error in the sensitivity analysis. The only way to guarantee this would be by applying
the more complex but more consistent "discretize then differentiate" approach54,55.
The derivatives )uRc and )f cRc , appearing in Eqs. (36a) and (36b), correspond, respectively, to the lower left and lower right

block matrices of the forward problem Jacobian and are therefore available at any time step. Other partial derivatives required
for the sensitivity analysis are ) ̄̃�Φℎ, ) ̄̃�Ru, and )uΦℎ, with further details for their computation given in the Appendix. Once
d ̄̃�Φ̄ℎ is known, application of the chain rule with regard to filter- and projection operations between � and ̄̃�, leads to the gradient
d�Φ̄ℎ, used in the optimization according to37. The same methodology is applied to obtain the derivative of the field constraint
d�Φ̄c , where Φ̄c is an augmented version of Φc , defined as in Eq. (33).
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5 RESULTS

In this section, two different numerical examples are presented to demonstrate structural optimization of transient frictional
impact problems. The first design problem can be considered to be an academic test problem and is based on linear-elastic
frictional contact. The second example deals with protecting a payload during an impact from a fall in a field of gravity and
includes geometric non-linearity.
As is always the case for optimization of non-convex problems, there is no guarantee to find a global minimum. Instead, a

local minimum is the best one can achieve. Therefore one should ideally initiate the optimization process from various initial
designs. All numerical examples have has been implemented in MATLAB and the optimization routine used throughout this
work is the Method of Moving Asymptotes by Svanberg56.
Specific problem parameters are listed in Table 1. Please note that although these parameters do not directly reflect specific

real physical systems, the low Rayleigh damping employed ensure significant transient effects, as found in moderately damped
real systems. Highly dynamic undamped systems are excluded from the numerical experiments of the present work as they
would require prohibitively small time steps.

Name Description Unit Numerical example
1 2

t Structural thickness m 1
p Stiffness penalization (RAMP) - 5
E1 Young’s modulus of solid N∕m2 1 ⋅ 105

m1 Mass density of solid kg∕m3 5 ⋅ 10−3

E0∕E1 Stiffness contrast - 10−9

m0∕m1 Mass density contrast - 10−3

� Poisson’s ratio - 0.3
L Problem length m 18 0.035
Rmin Density filter radius m 0.35 0.0027
F0 Amplitude of external forces N 50 -
! Frequency of external forces 1∕rad 20� -
ℊ Gravitational acceleration m/s2 0 −9.82
� Coefficient of friction - {0.00, 0.30} 0.05
v0 Prescribed initial velocity m/s 0 -5
� Rayleigh damping parameter 1/s 0.01 1 ⋅ 10−5

� Rayleigh damping parameter s 0.001 1 ⋅ 10−6

V ∗ Volume constraint value - 0.3 -
c∗ Strain energy constraint - - varies
ps Objective spatial exponent - 1 5
pt Objective time exponent - 1 5
qs Constraint spatial exponent - - 1
qt Constraint time exponent - - 1
T Final time of simulation s 0.1 0.0025
Δt Constant time step size s 1.25 ⋅ 10−4 -
Δt0 Coarse time step size s - 25 ⋅ 10−5

Δt1 Fine time step size s - 6.25 ⋅ 10−5

Imax Fixed upper limit of design iterations - 900 300
r Augmentation parameter - varies varies
� Projection steepness values - {1, 2, 3, ..., 16} {1, 2, 4, 5, 6, 8}

TABLE 1 Parameters used in the numerical examples.
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5.1 Cantilever impact
The first numerical design problem is depicted in Fig. 4. Through one full cycle of loading the structure is, in the first half of
the cycle, pulled upwards and away from the obstacle and in the second half of the cycle, the structure is pressed towards the
obstacle. For this problem ps = pt = 1, such that the quantity minimized is the integral of the strain energy density for all time
steps and all elements. The purpose of this example is to investigate the effect of including friction between the structure and the
obstacle. For this problem, geometric non-linearities are neglected for the sake of simplicity. Moreover, there is no constraint
for the strain energy, i.e the second constraint in Eq. (31) is omitted. We only resolve the finite element analysis, compute the
objective and evaluate design gradients for the eroded design, since for the choice of ps = pt = 1 this design will always be the
worst performing and therefore the realization that drives the optimization.

L

2
3
L

F0 sin(!t)

y
x

Ωℎ

Ωf

25◦

FIGURE 4 Cantilever impact. A linear-elastic (i.e. small displacements) domain is subjected to one cycle of a harmonic load
as indicated. There is no initial gap between the undeformed structure and the obstacle. In this example, the integral of strain
energy density, over Ωℎ and all time steps, is minimized.

The design shown in Fig. 5a is obtained from an optimization without friction between the structure and the obstacle, starting
from a uniform distribution of material fulfilling the volume constraint. To exploit the available support the optimizer builds a
column between the applied load and the obstacle. The column is also supported with a bar that prevents it from bending.
The framework allows to take friction into account and obtain designs optimized for settings with friction. However, when

starting from a uniform feasible design the optimizer often converge to a local minimum and thereby preventing a better perfor-
mance, than simply omitting friction in the first place. Instead, to demonstrate the possibilities of the framework, we restart the
optimization procedure with the result of the frictionless optimization, include friction and � = �max. Following this procedure
for 900 iterations with a friction coefficient of � = 0.30 yields the design shown in Fig. 5b.
Even though the two designs have the same topology there are still visible differences between the two. Most notably the

anchoring of the column support has moved upwards. A crosscheck verifies the optimization results. In the presence of friction,
the design obtained without friction performs better with a new objective of 3.01 < 3.23. However the design obtained explicitly
with friction performs significantly better with an objective of 2.71 < 3.01. If this design is used in a frictionless setting, a
deterioration is observed, i.e 3.48 > 3.23.

Optimized for Evaluated for
� 0.00 0.30
0.00 3.23 3.01
0.30 3.48 2.71

TABLE 2 Crosscheck for the eroded versions of the designs in Fig. 5a and 5b.
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(a) Blueprint design for � = 0.00 starting from a feasible uniform material
distribution.

(b) Blueprint design for � = 0.30 starting from the result of the frictionless
optimization.

FIGURE 5 Two results to the problem laid out in Fig. 4

(a) 0.025s (b) 0.050s (c) 0.067s (d) 0.083s
0

0.04

0.08

(e) 0.025s (f) 0.050s (g) 0.067s (h) 0.083s
0

0.04

0.08

FIGURE 6 Snapshots of the two finite element analyses for the structures from Fig. 5a (with � = 0.00) and Fig. 5b (with
� = 0.30).

It is also clear from both rows in table 2, that by introducing friction the objective decreases in general. This is expected as
friction can be thought of as means of dissipating energy, ultimately causing a lower objective value.
Fig. 6 demonstrates 4 snapshots of the two transient finite element analyses for (the eroded versions of) the structures in Fig. 5a

and 5b. The obstacle is drawn in some of the figures, and a detail view highlights the behavior near contact point. In these plots
it is clear that the optimizer builds a structure that utilizes the friction at the interface. It is also clear how the optimizer achieves
this by letting the tip of the column bend in such a way that it slides along the obstacle on its end-surface and not just the corner.
To further see the effect of applying friction, we demonstrate the trajectory of the lower right point of the domain for the

eroded designs (i.e the physics the optimization is based upon). It is immediately evident that the friction has the expected
consequences with respect to the physics i.e the sliding of the tip is restricted by including friction.
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� = 0.30

FIGURE 7 Trajectory of the lower right corner of the domain (i.e the tip of the column) for the eroded versions of the designs
shown in Fig. 5a and 5b. The initial position is indicated with a square (□) for both trajectories.

5.2 Drop test
The second design problem demonstrates how to protect a payload by minimizing the maximum strain energy density that
arises during an impact. The frame is positioned at y = 10−4m above the rigid obstacle with an initial downward velocity of
v0 = −5m∕s. Minimizing the maximum strain energy density in a region Ωℎ of the domain can be very useful as this can be
related to a failure of the payload in this region. The schematic layout of the problem is shown in Fig. 8a.

Sym
L


h

s

Ωs

ℊ

v0

Ωf
Ωc

x

y
4∕35L

4∕35L

4∕35L
4∕10L

4∕10L

4∕10L

4L

(a) Schematic layout of the drop test problem (b)A solution to the droptest problem laid out in Fig. 8a for c∗ = 103.

FIGURE 8 Drop test. A payload domain Ωℎ is encapsulated by a solid outer frame and a design domain Ωf . No boundary
conditions keep the structure in place, as it falls with an initial velocity v0 in a gravity field with gravitational acceleration
ℊ = −9.82m∕s2. The goal is to protect the payload by designing a structure in Ωf which minimizes the maximum strain energy
density in Ωℎ during an impact with the rigid obstacle.
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FIGURE 9 Time lapse of the displacement field and log10(Wℎ) in Ωℎ for a full solid design (a-e), a reference design (f-j) and
the optimized design of Fig. 8b(k-o), at 5 different time steps. The full solid design has an objective value of Φℎ = 0.0324, the
reference structure has an objective value of Φℎ = 0.0326, and the optimized structure has an objective value of Φℎ = 0.001.
Displacements are magnified 30 times. Fig. (c), (h) and (m) are the time steps where the maximum strain energy density occurs.

In this problem one must have a sufficiently long time series, such that if all material in Ωf is removed, Ωℎ still collides
with the obstacle. Furthermore for stiff structures, the impact will occur within a very narrow time frame making the problem
numerically very stiff. As mentioned earlier, an implicit time stepping scheme is used to preserve stability of the time integration,
but if one wants to resolve the impact with more than one time step, and integrate for a fixed amount of time to ensure Ωℎ
reaches the obstacle, the simulation becomes computationally expensive. This becomes a severe limitation if one also wants to
have a fine spatial discretization of the structure. Therefore, in order to decrease the computational cost of the time integration,
an adaptive time stepping scheme is utilized to allow for a fine time discretization (Δt1) during the impact, and a coarse time
discretization (Δt0) when the structure is not in contact. The fine discretization is also used for the subsequent 100 time steps
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after impact to capture the higher frequency transient response. Not resolving the impact with a sufficient number of time steps
leads to abnormally high energy dissipation during the impact, and hence an adaptive time stepping is indispensable.
To obtain any form of physically sound designs it has proven necessary to include geometrical nonlinearity in the solid regions

in order to account for buckling. Otherwise the optimizer exploits the suppressed possibility of buckling and provides non-
physical ways to absorb the energy of the impact. Furthermore, in order to avoid excessively compliant designs, a limit is set
to the overall compliance of the design by allowing the average strain measure Φc (i.e. qs = qt = 1) in the design domain (i.e.
Ωc = Ωf ) to grow only up to c∗ = 1000 times the corresponding value Φc0 = 8.55 ⋅ 10−8, obtained for a fully solid design.
Solving the optimization problem with this constraint leads to the design shown in Fig. 8b.
The first thing to notice about the design in Fig. 8b, is that the internal block is not supported from below. It makes sense to

prevent a direct transfer of forces from the obstacle to Ωℎ. Instead, the optimizer has connected the payload to the outer frame
mainly by building a structure on the side of the payload and a small suspension from above. The reinforcement of the lower
corners provides some extra stiffening in these regions. This helps to extend the impact time, as the structural parts above the
reinforcements are thin and flexible - a property that helps to decelerate the internal block.
In Fig. 9, a time lapse of the displacement field and log10 of the strain energy density in the payload is shown for a fully solid

design, a reference design and the optimized design from Fig. 8b. The reference design is intended to exemplify an intuitive
solution for the problem at hand. The actual maximum strain energy density in the payload region for the full solid design is
max
s,t
(Wℎ) = 0.0691, whereas for the reference design it is equal to max

s,t
(Wℎ) = 0.245. That is, the reference design performs

worse in this case compared to a full solid design. Comparing the response of the full solid design in 9a through 9e to the
response of the reference design in Fig. 9f through 9j, it is clear how stress concentrations at the lateral connections in the
reference design cause very localized strain energy density to occur in these regions, whereas the full solid design experiences a
large strain energy density in larger parts of the domain. Fig. 9k through 9o illustrate the performance of the optimized structure.
Here, it is clear how the optimizer prevents the payload from impacting, by a non-intuitive configuration of lateral connections
that in effect prevent large stress concentrations. During the impact, the optimized structure experiences a true maximum strain
energy density of max

s,t
(Wℎ) = 0.007. Compared to the reference design, the optimized design reduces the true maximum strain

energy density experienced within the payload to 3% of the reference value.
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FIGURE 10 Time history of �ℎ(t) for the full solid-, reference- and the optimized structure with c∗ = 103.
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Fig. 10 shows how the spatial maximum approximation, �ℎ(t), behaves for all three designs in Fig. 9, compared to the true
maximum illustrated in red. As mentioned in the presentation of the p-norm formulations the spatial p-norm overestimates the
real maximum, which can be seen in both plots.
The history of the objective function during optimization is shown in Fig. 11 together with a series of post evaluations

using different values for ps and pt, as well as the real maximum value. Clearly, the objective function underestimates the real
maximum value for all instances throughout the time series. This is, of course, expected as the temporal p-mean used here is
known to underestimate the true maximum as mentioned earlier. It is interesting and worth noting that the offset caused by the
double p-norm for the various choices of ps and pt remains rather constant relative to each realization. This makes it possible to
conclude that the relatively low values used to produce the optimized results are sufficiently large to capture the behavior of the
real maximum function.

50 100 150 200 250 30010−4

10−3
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10−1

100

Iteration

Φ
ℎ

max
t,s∈Ωℎ

(Wℎ)
ps = pt = 60
ps = pt = 12
ps = pt = 5 (�bℎ)

FIGURE 11 Evolution of objective values during optimization compared to true maximum strain energy density for various
choices of ps and pt. The dotted line of ps = pt = 5 is the actual optimization settings.

To further investigate the evolution of the design from Fig. 8b, four snap shots of the design evolution are presented in Fig. 12.
This figure demonstrates how the point of maximum strain energy density changes position in the domain as the optimization
progresses . The red dot indicates the location of the true maximum strain energy density, and the size of the dot indicates the
relative magnitude of the strain energy density across the four snapshots. The coloring of the four designs are based on the time
step in which the true maximum strain energy density occurs, and the color scale is different between the figures, otherwise
spatial variations ofWℎ would not be visible for some of the figures.
By comparison of Fig. 11 and Fig. 12, it is possible to interpret the size of the red dot as the evolution of the objective function.

That is, Φℎ is very large for the initial design. After 50 iterations Φℎ reaches its minimum as seen both in Fig. 11 and indicated
by the small red dot in Fig. 12b. The small objective value is attributed to a large amount of intermediate density material at
this iteration. The fact that intermediate densities improves the objective function further motivates the use of the robust design
approach. By � -continuation, the measure of non-discreteness44 within Ωf is decreased from 45%, for the design in Fig. 12b,
to 10%, for the design in Fig. 12d, at the cost of an increase in objective from Φℎ = 3.03 ⋅ 10−4 to Φℎ = 14.27 ⋅ 10−4.
So far, the discussion has concerned only one result of the drop test example, namely the result with an overall compliance

requirement corresponding to c∗ = 103. Altering the required c∗ leads, as expected, to different material layouts and Fig. 13
presents five different designs for five different choices of c∗. These results verify that increasing c∗ allows the optimizer to
construct designs with lower objective values. For lower choices of c∗, the optimizer constructs leg-like structures underneath
Ωℎ to prevent excessive strains in Ωc but as the overall compliance constraint is relaxed, the support moves to the sides of Ωℎ.
Using the current problem settings, each of the designs presented in Fig. 13 took in the order of 100 wall-clock hours to

produce. Some of the designs shown in Fig. 13 have not reached a fully solid/void state yet. Especially in Fig. 13a through
Fig. 13c there are portions of disconnected beams that would be eliminated if the optimization was continued beyond the
maximum number of design iterations set. We remark that the computationally expensive procedure due to the combination
of a large number of time steps and degrees of freedom is only mitigated by parallel execution of the transient finite element



18 Kristiansen ET AL

and sensitivity analysis for each of the three physical realizations, which is trivial. Further optimizations and parallelization are
nevertheless required in order to make this approach applicable to larger, real world, engineering problems.

(a) (b) (c) (d)

FIGURE 12 Path of the point of maximum strain energy density for the design shown in Fig. 8b. (a) design iteration 1, (b)
design iteration 50 (lowest point of �ℎ), (c) design iteration 175, (d) design iteration 300.

(a) c∗ = 5
Φℎ = 0.0243

(b) c∗ = 10
Φℎ = 0.0238

(c) c∗ = 100
Φℎ = 0.0095

(d) c∗ = 1000
Φℎ = 0.0014

(e) c∗ = 10000
Φℎ = 0.0005

FIGURE 13 Payload protection with various constraint limits c∗ for the strains in Ωc .
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6 CONCLUSIONS

A framework has been proposed that accounts for frictional impacts in density based topology optimization in the time domain
and its capabilities have been demonstrated on two numerical examples.
The first example is a small displacements cantilever design problem which leads to rather intuitive designs which exploit

both contact and friction for reducing a measure of dynamic compliance. The problem was run under frictionless conditions, as
well as with Coulomb friction with � = 0.30, and a crosscheck performed between the two structures/settings, has demonstrated
that the possibility of friction is indeed exploited.
The second numerical example aimed at demonstrating how to protect a falling payload from failure by designing a sur-

rounding frame that minimizes the maximum strain energy density within the payload during an impact. Despite the numerical
challenges and the high computational cost, this example has shown the potential of the method for producing black/white and
physically sound designs, based on modeling of large displacements.
Despite having successfully demonstrated the validity of the proposed design methodology, the current numerical scheme is

not without issues. That is, the main shortcoming of the presented work is the long computation time needed to reach conver-
gence. Several possibilities exist that could help alleviate this problem including: parallelization of the entire code using MPI,
application of reduced order methods and the usage of in-exact Newton-Krylov methods to name just a few. It would also be
interesting to study how the drop test designs change if the structure is optimized for multiple impact angles, e.g a 45◦ inclined
fall leading to one of the corners impacting first.
In total, the presented framework is in general a valuable stepping stone for even more practical applications, and has the

potential to provide valuable insight for designing protection of payloads, such as smartphones and insulin pens, from failure
due to impacts.
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APPENDIX

This appendix contains some additional terms needed to complete the sensitivity analysis. The term ) ̄̃�Φℎ is evaluated based on
the expressions

) ̄̃�Φℎ = Φ
1−pt
ℎ

NT
∑

n=1

�ℎ(tn−1)pt−ps
Nℎ
∑

e=1

(

W ps−1
ℎ ) ̄̃�Wℎ

)

tn−1
+ �ℎ(tn)pt−ps

Nℎ
∑

e=1

(

W ps−1
ℎ ) ̄̃�Wℎ

)

tn

2
Δtn

) ̄̃�Wℎ =
1
2
"T d ̄̃�C "

= 1
2
"TC0" d ̄̃�E

(A1)

where C0 is a reference initial stiffness matrix for E = 1, which means that C = EC0.
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The computation of ) ̄̃�Ru is based on

) ̄̃�Ru = d ̄̃�E
(

F NL
int,0(u) + (1 − 

2)F L
int,0(u)

)

+ E
(

F NL
int,0(u) − 2F

L
int,0(u)

)

d ̄̃�

d ̄̃� =
�1 sech

2 (�1( ̄̃� − ̄̃�0)
)

tanh
(

�1 ̄̃�0
)

+ tanh
(

�1(1 − ̄̃�0)
) .

(A2)

The computation of the gradient )uΦℎ is based on

)uΦℎ = Φ
1−pt
ℎ

NT
∑

n=1

�ℎ(tn−1)pt−ps
Nℎ
∑

e=1

(

W ps−1
ℎ )uWℎ

)

tn−1
+ �ℎ(tn)pt−ps

Nℎ
∑

e=1

(

W ps−1
ℎ )uWℎ

)

tn

2
Δtn

)uWℎ = "TC
(

du"NL + (1 − )du"L
)

(A3)

noting thatWℎ is always evaluated at the center of each element e.
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Abstract This paper presents a fully parallelized and

open-source C++/MPI framework for large-scale tran-

sient topology optimization using the density method.

The framework comes with two often used time-stepping

schemes, the Newmark and the backward Euler meth-

ods built-in. By a generalized representation of the tem-

poral residuals as well as the velocity and accelera-

tion approximations, it is easy to extend the frame-

work with additional time-stepping schemes. Six differ-

ent objective functions are included in the distribution,

including kinetic and potential energies. The frame-

work utilizes the fully-discrete adjoint temporal sen-

sitivity analysis to facilitate gradient-based optimiza-

tion, which ensures easy incorporation of non-zero ini-

tial conditions from the forward problem in the ad-

joint problem. Moreover, the provided sensitivity anal-

ysis comes with check-pointing support in order to re-

duce the memory requirements for large-scale problems.

The framework’s capability is demonstrated on numer-

ical examples and the full source code is available at

http-ref.

Keywords Topology optimization · Parallel comput-

ing · PETSc · Large-scale · Transient

1 Introduction

Numerous code frameworks exists online that can help

one get started with topology optimization using a va-

riety of both high and low level programming languages

(Sigmund, 2001; Andreassen et al., 2011; Talischi et al.,

Hansotto Kristiansen
Department of Mechanical Engineering, Solid Mechanics
Technical Univeristy of Denmark, Nils Koppels Alle, B.404,
2800 Kgs. Lyngby, Denmark
E-mail: hakris@mek.dtu.dk

2012; Aage et al., 2015; Fernández et al., 2020; An-

dreasen et al., 2020; Ferrari and Sigmund, 2020). How-

ever, all of these available frameworks are built for static

problems. Extending such frameworks to transient prob-

lems involves multiple implementations that are, even

conceptually, quite different from what is seen in static

frameworks Dahl et al. (2008); Lazarov et al. (2011);

Jensen (2009); Wang et al. (2020); Behrou and Guest

(2017). For instance, as the objective function needs

not to be just a single point measure, the sensitivity

analysis will require at least one forward and one back-

ward temporal analysis. The backward analysis is not

required for static problems, and hence, such an imple-

mentation is not demonstrated in any of the topology

optimization frameworks currently available.

The aim of this paper is to present a parallel frame-

work for conducting transient topology optimization,

and with this, to demonstrate differences between stati-

cally optimized structures and transient optimized struc-

tures for large-scale problems. It is demonstrated how

accounting for inertia effects can both qualitatively and

quantitatively change the optimized designs. Further-

more, the proposed framework is made freely available

online for the interested reader to download, modify,

and further develop. The framework is an extension

of the code developed by Aage et al. (2015). It now

includes time integration, fully-discrete transient ad-

joint sensitivity analysis (Pollini et al., 2018; Dilgen,

2020), and a check-pointing scheme to alleviate poten-

tial memory issues.

The remainder of the paper is organized as follows.

Section 2 concerns the implementation of the physical

model, two often used time integration schemes, the

optimization problem, the sensitivity analysis, and the

check-pointing scheme (Griewank and Walther, 2000;

Wang et al., 2009). In section 3 the code layout is pre-
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sented in order to facilitate further extensions. This is

followed by numerical examples in section 4 and the

paper is concluded with a discussion in section 5.

2 Implementations

This section includes the details of the most important

steps one must take to implement and perform transient

large-scale topology optimization, focused primarily on

the steps needed to extend a static framework to a tran-

sient one. This section is included for completeness as

it may serve to understand the code better if the reader

intends to modify and build upon the framework.

2.1 The transient model

The presented framework solves the general linear equa-

tion of motion of Eq. (1) for a structure of mass M,

damping C, and stiffness K. This equation (Cook et al.,

2007) governs the transient motion of structures.

Mün + Cu̇n + Kun = fn (1)

The structure may be subject to a time-dependent driv-

ing load fn, for all N time steps between t = 0 and

t = t1. Superscripted quantities change in time and the

equation is valid for time step n. Dotted quantities rep-

resent time derivatives, such that ü and u̇ are acceler-

ations and velocities, respectively, and u is a vector of

nodal displacements. For simplicity, damping is imple-

mented as Rayleigh damping, that is

C = αM + βK. (2)

where α and β are the damping parameters.

2.2 Time integration

To ensure generality, the time integration schemes read-

ily possible in the presented framework must be on the

following form

u̇n = a1u̇
n−1 + a2ü

n−1 + a3(un − un−1)

ün = −a4u̇
n−1 − a5ü

n−1 + a6(un − un−1).
(3)

By altering the a-constants, one can construct different

types of time integrators, as will be presented next.

2.2.1 Pre-implemented time integration schemes

The framework includes two time-integration schemes

by default: the Backward Euler scheme (Butcher and

Goodwin, 2008) and the Newmark scheme (Cook et al.,

2007).

2.2.2 Backwards Euler scheme

To use the implicit Backward Euler (Butcher and Good-

win, 2008) integration scheme, the a-constants should

be set to

a1 = 0 a2 = 0 a3 =
1

∆t
(4)

a4 =
1

∆t
a5 = 0 a6 =

1

∆t2
(5)

where ∆t is the time step size.

2.2.3 The Newmark scheme

The Newmark integration scheme (Newmark, 1959; Cook

et al., 2007), is invoked with the a-constants set to

a1 = 1− γ

ζ
a2 =

(
1− γ

2ζ

)
a3 =

γ

ζ∆t
(6)

a4 =
1

ζ∆t
a5 =

1

2ζ
− 1 a6 =

1

ζ∆t2
(7)

As default the presented framework uses the uncondi-

tionally stable version of the scheme with

ζ =
1

4
, γ =

1

2
(8)

2.2.4 Residual equations

By substitution of the two equations in Eq. (3) into Eq.

(1), the three governing residual equations are obtained

as follows

rnu =fn + [a4M− a1C] u̇n−1 + [a5M− a2C] ün−1+

[a6M + a3C]un−1 + [−a6M− a3C−K]un

rnu̇ =u̇n − a1u̇
n−1 − a2ü

n−1 − a3u
n + a3u

n−1

rnü =ün + a4u̇
n−1 + a5ü

n−1 − a6u
n + a6u

n−1

(9)

By defining the total state vector Un = {un, u̇n, ün}T
and the corresponding residual vectorRn = {rnu, rnu̇, rnü}

T
,

the residual equations in Eq. (9) can be stated in com-

pact form as

R
n

=



fn

0
0




︸ ︷︷ ︸
Fn

+




[−a6M − a3C − K] 0 0
−a3I I 0
−a6I 0 I




︸ ︷︷ ︸
An



un

u̇n

ün




︸ ︷︷ ︸
Un

+




[a6M + a3C] [a4M − a1C] [a5M − a2C]
a3I −a1I −a2I
a6I a4I a5I




︸ ︷︷ ︸
Bn



un−1

u̇n−1

ün−1




︸ ︷︷ ︸
Un−1

(10)

Or in matrix notation as

Rn = F n +
[
Bn An

] [Un−1

Un

]
= 0 n = 1, ..., Nt (11)
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Considering the initial time step, where the initial con-

ditions u0 and u̇0 are known and need not be zero, the

initial accelerations are obtained by solving the follow-

ing residual equations

R0 =



u0

u̇0

F 0




︸ ︷︷ ︸
f0

−




I 0 0

0 I 0

K C M




︸ ︷︷ ︸
A0



u0

u̇0

ü0




︸ ︷︷ ︸
U0

= 0 (12)

i.e., the matrix B0 = 0 indicates that the initial state

has no relation to any previous state. This also implies

that A0 is different from An.

2.3 Objective function and sensitivity analysis

The a priori included objective function Φ is imple-

mented as a sum of elemental contributions φne through

all time steps, i.e

Φ =

Nt∑

n=0

Ne∑

e=1

φne (ρ,Un(ρ))se(ρ) (13)

Where φne is element e’s contribution to the objective

function in time step n. The framework includes the

possibility to scale φne by an elementwise, time-constant

scale se that depends on the design variable. This scal-

ing can be used to penalize intermediate spring-like con-

nections between the applied load and the structure,

which is something the optimizer will frequently exploit

to create oscillating mechanisms.

2.3.1 Sensitivity analysis

The framework includes the fully-discrete sensitivities

analysis (Pollini et al., 2018; Dilgen, 2020), which pro-

vides consistent sensitivities regardless of the number of

time steps and time stepping scheme. To derive the sen-

sitivity expression, the objective function is augmented

with a zero-term in the form of a vector product of

Lagrange multipliers Λn and the residual vector Rn,

Φ =

Nt∑

n=0

Ne∑

e=1

φne se + (Λne )TRn
e (14)

By differentiating Eq. (14) with respect to the design

variables ¯̃ρe the following expression arise

dΦ

d¯̃ρ
=

Nt∑

n=0

Ne∑

e=1

∂φne
∂ ¯̃ρe

se + φne
∂se
¯̃ρe

+ (Λne )T ∂R
n
e

¯̃ρe
+

[
se
∂φne
∂Un

e

+ (Λne )T ∂R
n
e

∂Un
e

]

︸ ︷︷ ︸
=0

∂Un
e

∂ ¯̃ρe

(15)

To avoid evaluation of
∂Une
∂ ¯̃ρe

we require the underlined

equation to be zero, and obtain the adjoint equation

(
∂Rn

e

∂Un
e

)T

Λne = − ∂φ
n
e

∂Un
e

for n = 0, 1, ..., Nt (16)

Note how the adjoint equation must be satisfied in all

time steps, indicated with the superscript. Due to the

fully-discrete derivation, it is easy to see that the ad-

joint is backward in time, i.e.

∂Re

∂Ue
=




A0
B A

.
.
.

.
.
.

B A
B A


 ,

(
∂Re

∂Ue

)T

=




AT
0 BT

AT BT

.
.
.

.
.
.

AT BT

AT




(17)

where the visualization of
(
∂Re
∂Ue

)T

helps one to see

how the adjoint equation needs to be solved backwards.

The adjoint problem can also be presented as the fol-

lowing equation

(An)TΛNe = −∂φ
N
e

∂Ue

(An)TΛN−1
e = −∂φ

N−1
e

∂Ue
− (Bn)TΛNe

...

(A0)TΛ0
e = − ∂φ

0
e

∂Ue
− (Bn)TΛ1

e

(18)

Having obtained all of the Nt vectors of Lagrange mul-

tipliers, the final sensitivities can be found as

dΦ

d ¯̃ρe
=

Ne∑

e=1

Nt∑

n=0

[
∂φne

∂ ¯̃ρe
+ (Λ

n
e )

T
[
∂An

∂ ¯̃ρe
U
n
e +

∂Bn

∂ ¯̃ρe
U
n−1
e

]]
. (19)

The partial derivatives of the A and B matrices are as

follows.

∂A0

∂ ¯̃ρe
=




0 0 0
0 0 0
∂K
∂ ¯̃ρe

∂C
∂ ¯̃ρe

∂M
∂ ¯̃ρe




∂B0

∂ ¯̃ρe
=



0 0 0
0 0 0
0 0 0




∂An

∂ ¯̃ρe
=




[
−a6

∂M
∂ ¯̃ρe

− a3
∂C
∂ ¯̃ρe

− ∂K
∂ ¯̃ρe

]
0 0

0 0 0
0 0 0




∂Bn

∂ ¯̃ρe
=




[
a6

∂M
∂ ¯̃ρe

+ a3
∂C
∂ ¯̃ρe

] [
a4

∂M
∂ ¯̃ρe

− a1
∂C
∂ ¯̃ρe

] [
a5

∂M
∂ ¯̃ρe

− a2
∂C
∂ ¯̃ρe

]

0 0 0
0 0 0




(20)
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2.4 Check-pointing

Because the objective function is the sum of φne over

all time steps, one must have both the full temporal

state vector as well as the full the Lagrange multiplier

vectors available for all time steps in order to evaluate

the sensitivity expression.

Hence, all the desired time steps included in the

optimization must be stored in memory to evaluate
∂φne
∂Un

at the correct time during the backward problem. For

large-scale problems with fine time discretization, this

quickly becomes infeasible, and for that reason a check-

pointing scheme is also implemented.

The implemented check-pointing algorithm is out-

lined below as pseudocode, and for visual interpreta-

tion, the scheme is illustrated in Figure 1.

Save Save Save Save

Initial Final

↓
Load

↓
Load

↓
Load

Fig. 1: A schematic illustration of the check-pointing

algorithm. Red arrows indicate forward analysis, and

green arrows indicate backward analysis. Red arrows

should are performed before the green actions.

Check-pointing scheme:

1. Solve the forward analysis. Write check-points to

disk at every tsc time step.

2. Load the second to last saved check-point into mem-

ory

3. Use the check-point as initial conditions for a partly

forward analysis and resolve the response up to the

following check-point. Keep all of these time steps

in memory through step 4-6

4. Solve the backward problem for the time steps in

memory.

5. Compute the response’s contribution to the objec-

tive function for the resolved forward steps

6. Compute the contribution to the sensitivities, such

that only the time steps within two check-points are

stored in memory simultaneously.

7. Repeat from step 2 but jump back one step further.

Repeat until all necessary Lagrange multipliers are

obtained and he full sensitivity is obtained.

By the end of the check-pointing scheme outlined above,

one will have performed two full-forward analysis and

one backward analysis. Thus, a check-pointing scheme’s

cost is to perform two full-forward analysis instead of

just one per design iteration (assuming the objective

function is not a single temporal point measure).

3 Usage and modifications guide

In this section, we cover the pre-implemented run-time

variables and point out key-components of the frame-

work that readers may be interested in modifying for

customization and extension.

3.1 The most relevant run time options

When the program runs, it prints a list of problem-

specific parameters, some of which can be changed di-

rectly upon run-time. All default values are set in the

TopOpt-class. The most important run-time options are

listed in table 1.

3.2 Changing objective function

The program includes six pre-implemented objective

functions that one can choose from which by default

are defined in the entire computational domain, how-

ever the evaluation region can easily be modified as will

be discussed later. The objective function is chosen with

the run-time variable -obj.

1. -obj 0: Squared displacements

2. -obj 1: Squared velocities

3. -obj 2: Squared accelerations

4. -obj 3: Potential energy

5. -obj 4: Kinetic energy

6. -obj 5: Total energy

Only the LinearElasticity class needs to be updated

in three places to implement a new objective function.

The use of switch-statements allow for easy inclusion

of new objectives.
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ARG T D U D

Domain creation and discretization

-xcmax R 60 m Dim. along x
-ycmax R 20 m Dim. along y
-zcmax R 20 m Dim. along z
-nx I 97 - Nodes along x
-ny I 33 - Nodes along y
-nz I 33 - Nodes along z

Material parameters of solid

-nu R 0.3 - Poisson’s ratio
-Emax R 1000 Pa Stiffness, solid
-Rmax R 2400−1 kg/m3 Density, solid
-dalph R 0.1 1/s α-damping
-dbeta R 0.1 s β-damping

Material interpolations

-Ef R 10−9 - Void stiffness fraction
-Rf R 10−3 - Void density fraction
-sInt I 1 - Stiffness interpolation
-mInt I 0 - Mass interpolation
-penalK R 3 - Stiffness penalization
-penalM R 1 - Mass penalization

Time settings

-t1 R 50 s Final time
-ncp I 1 - No. of check-points
-tsc R 50 - Time steps/check-

point
-ti I 1 - Integration scheme

Optimization settings

-filter I 2 - Filter selector
-rmin R 2.4 - Filter radius

Objective function

-obj I 0 - Objective selector

Table 1: The most interesting run-time commands. An

exhaustive list of available options is printed when

the program runs. ARG: run-time argument, T: type,

DEF: def inition, U: unit, DECS: description

1. Change the elementwise contribution to the total

objective function φen (h0) in EvaluateObjective.

2. Change the gradient
∂φne
∂ ¯̃ρ

(dfdx0) in the function

EvaluateObjectiveGradient.

3. Change the gradient
∂φne
∂Une

. In the code, this gradi-

ent is divided into its three components, namely:
∂φne
∂une

(hdu0),
∂φne
∂u̇ne

(hddu0),
∂φne
∂üne

(hdddu0). These are

found in GradObjectiveWrtState.

An advantage of the fully-discrete sensitivity formula-

tion is that one needs not to consider terminal condi-

tions of any sort, unlike in the semi-discrete sensitivity

formulation (Dahl et al., 2008; Jensen, 2009; Matzen

et al., 2011).

At this point, all three aforementioned functions

takes inputs that allow one to construct new objective

functions that depends on ∆t, une , u̇ne , üne , interpolated

stiffness (kfac), interpolated mass (mfac), the prod-

uct (une )TKune (uKu) and the the product (u̇ne )TMu̇ne
(duMdu).

The objective function can be evaluated in the en-

tire domain or just in some elements of the domain.

To change the region in which the objective function is

evaluated the SetUpOptimizationRegion function in

the Linearelasticity module must be updated. An

element is included in the evaluation of the objective

function if its center is inside the bounds that deter-

mine the region.

3.3 Changing the time integrator and time

discretization

The framework comes with two pre-implemented time

integrators: the first-order implicit Backward Euler and

the Second-order Newmark scheme. Selecting either one

is done by the run-time variable -ti.

1. -ti 0: Backward Euler scheme

2. -ti 1: Newmark scheme

To add a new time integration scheme, only the func-

tion SetUpTimeIntegration of the Linearelasticity

module needs to be updated. A switch-statement makes

it easy and convenient to add new time integration

schemes. One needs not to worry about the gradients

of the time-integration matrices A0, An, B0, and Bn

as these are expressed using six a-parameters.

The time step size is controlled by the two run-time

arguments that governs the partitioning of the check-

pointing scheme, namely -ncp, which is the number

of check-points and -tsc which is the number of time

steps per check-point. The program will write a check-

point file for each check-point, i.e. for -ncp 5, the pro-

gram will make five check-points excluding the initial

state. Ideally, one would want to write to disk as little

as possible, but it should be noted that this is not the

run-time bottleneck.

3.4 Changing boundary and loading conditions

Modifying the loading and the boundary conditions are

kept very similar to how these properties are modified

in the code from Aage et al. (2015). The load is modi-

fied in the Load function and boundary conditions are

modified in the SetUpBC function, both found in the

Linearelasticity module.
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Fig. 2: Initial structure, with indication of boundary

conditions and applied load

4 Examples

This section will demonstrate how accounting for tran-

sient effects can qualitatively change the optimization

output. The initial MBB-constrained structure is de-

picted in Figure 2. The nodes on the green surface are

constraint along x and y, and the nodes that coincide

with the blue line is constrained only along z. The ob-

jective value is evaluated only within the region illus-

trated with red. Note how the framework does not need

an initial guess to the structure, but the optimization

is started from a uniform field of intermediate densi-

ties satisfying the volume constraint, -volfrac 0.3.

The domain is discretized into 288 × 96 × 96 elements

spanning a spatial dimension of 60 × 20 × 20m, and

50 time steps discretize the simulation’s time frame.

The poisson’s ratio is nu = 0.3, the stiffness of solid is

Emax = 103 and the total mass of the structure is 10kg.

The void properties are Emin = 10−9Emax and Rmin =

10−3Rmax. The damping properties are dalpha = 0.1

and dbeta = 0.1. The applied density filter has a ra-

dius of 2.4m. Each temporal analysis requires the solu-

tion of 407M variables, and 1.2B variables are solved for

each design iteration with two forward analysis and one

backward analysis being performed to obtain the sen-

sitivities. The structure is subjected to a time-varying

line load along the z direction on the line of points

for which x = 0 and z = 20, indicated with orange

arrows in Figure 2. The objective is to minimize the

squared displacements within the specified evaluation

region. The force applied to the loaded degrees of free-

dom is a pulse load following

fn = e−
(t−8)2

4.85 cos(1.5(t− 8)), (21)

Fig. 4: Static solution after 600 iterations. The design’s

transient objective is Φ = 4.31

which is also depicted in Figure 3, for a visual interpre-

tation.

0 10 20 30 40 50
−0.5

0

0.5

1

Time, s

F
o
rc

e,
N

Fig. 3: Force signal

When performing transient topology optimization,

it is always a good starting point to use a static refer-

ence design. Hence, when transient effects are ignored,

and the code from Aage et al. (2015) is used to minimize

the compliance of the structure from Figure 2 (with the

options as listed in the appendix), one obtains the de-

sign depicted in Figure 4. The only modification made

to the code from Aage et al. (2015) is that the projec-

tion scheme is invoked after 200 iterations. The code is

terminated after 600 design iterations, which took ap-

proximately 50 minutes using five nodes of 32 proces-

sors each. When the design from Figure 4 is analyzed

in a transient setting, its objective function is Φ = 4.31.

When the transient framework is used to optimize

the MBB-beam starting from a uniform intermediate

initial guess, with the same projection strategy as used

for the static example, the designs in Figure 5 are ob-

tained, depending on if the structural stiffness is SIMP-

or RAMP penalized. The design of Figure 5a has an ob-

jective value of Φ = 5.86 and the design in Figure 5b

has an objective value of Φ = 4.17. Bear in mind that
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(a) Optimized with SIMP-penalized stiffness, Φ = 5.86, start-
ing from an intermediate initial guess

(b) Optimized with RAMP-penalized stiffness, Φ = 4.17,
starting from an intermediate initial guess

Fig. 5: Transient MBB designs

the static result is optimized for compliance, which is

well-defined for static problems, whereas the squared

displacement measure was used for transient optimiza-

tion.

The two designs in Figure 5 are quite different qual-

itatively. When using the SIMP-penalization, the opti-

mizer builds a mechanism that isolates the area where

the objective is evaluated from the rest of the struc-

ture. The transient vibrations cause the remaining part

of the structure to vibrate while the measuring point

stays more-or-less still. Using the RAMP-penalization,

the design resembles the result of static optimization

but with an improved objective function.

In a problem setting like this, where the load is ap-

plied directly to elements where the objective is eval-

uated, the most significant contribution to the objec-

tive function comes from the few time steps where the

load is peaking. In such a case, it seems beneficial to

construct a structure that limits the objective contri-

bution in these critical time steps, as is done using

the RAMP-scheme. Constructing such a structure, of

course, prevents one from isolating the measuring point

from transient vibrations. To visualize the transient dis-

placement of the two designs in Figure 5, two nodal

z-displacements are plotted in Figure 6.
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(a) z-displacement of the node located at x = 0, y = 10 and
z = 20
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(b) z-displacement of the node located at x = 30, y = 10 and
z = 0

Fig. 6: z displacement of the node positioned at x = 0,

y = 10 and z = 20.

In Figure 6a, the displacement of a loaded node is

plotted, and Figure 6b shows the displacement of a node

far away from the region in which the objective is evalu-

ated. Figure 6a demonstrates that the SIMP-evaluated

design does not limit the response of the loaded nodes

in the critical time steps as well as the static and the

RAMP-evaluated design does, and hence this is the

cause of the lower performance for this design. Figure

6b demonstrates that the SIMP-evaluated design has

isolated the transient vibrations in other parts of the

structure as the far-away node on the lower side of the

domain oscillates.

It is clear that the result obtained using the SIMP-

penalization is a local minimum. This structure does

not outperform the structure obtained with static opti-

mization, whereas the RAMP-design does outperform

the static design in a transient setting. Both the RAMP

and the SIMP optimization was carried out on 16 nodes

of 32 processors each. The DTU Sophia cluster is made
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Fig. 7: An optimized design with an objective value of

Φ = 3.75, starting from the static design in Figure 2.

up of 555 compute nodes each equipped with two AMDE-

PYC 7351 16 core CPUs and 128GB RAM. The tran-

sient SIMP optimization converged after 456 design it-

erations and took 34 hours to run, and the RAMP-

optimization terminated after 600 iterations and took

29 hours to complete.

When the statically optimized design shown in Fig-

ure 7 is used as an initial guess for the optimization, the

structure in Figure 7 is obtained. Within the first 100 it-

erations, the objective value is decreased from Φ = 4.31

to Φ = 4.02. During the next 200 iterations, the ob-

jective is decreased to Φ = 3.80. If the optimization is

continued for another 700 iterations, the objective value

declines to Φ = 3.75, at which point the optimization

was terminated. The first 100 iterations took 10 hours

of wall-clock using the same computational resources as

outlined above.

It is seen from the comparison of Figure 2 and Fig-

ure 7 how the optimizer fills the holes of the structure

and removes the connecting bar on the upper surface

of the design.

5 Discussion

The statically optimized design performs well, even in

this transient setup. However, this may be a coincidence

as this structure is optimized to have minimal compli-

ance, and hence its inherent stiffness happens to be ben-

eficial in this low-frequency transient problem. Varying

problem parameters for transient problems often lead

to a breakdown of the optimization. For instance, if the

area in which the objective is evaluated is disconnected

from the applied load, then the optimizer may construct

and tune spring-mass-damper systems of intermediate

material around the evaluation region. These are gen-

erally undesired as such features’ performance is even-

tually destroyed when a projection scheme is imposed

to force the design into a solid/void state.

Another detail worth mentioning (for volume con-

strained problems) is that it seems problematic to eval-

uate an objective function that is not scaled with the

physical design variable (e.g., squared displacements) in

the entire domain. This is because the void regions have

low inertia, and hence, large displacements, velocities,

and accelerations occur in these regions. If one wants to

evaluate the objective in the entire domain, one could

choose, e.g., the potential energy objective. However,

the optimizer may convert potential energy to kinetic

energy to make the objective low.

6 Concluding remarks

A framework for transient large-scale topology opti-

mization on structured grids is made freely available

at http-ref. The framework is an extension of code

for static problems by Aage et al. (2015). The frame-

work features fully-discrete sensitivities, several objec-

tive functions to choose from, and a check-pointing scheme

to alleviate potential memory problems. The frame-

work’s capabilities to account for and utilize transient

effects is demonstrated through an example of a tran-

siently loaded MBB-structure.

Transient optimization entails many more pitfalls

than static optimization, and getting interesting de-

signs that perform better than static counterparts is

not guaranteed. From an application perspective, one

must, of course, make a trade-off between gained tran-

sient performance over an increase in computational

time. However, one can always obtain a static design

fairly quickly and use that as an initial guess for the

transient optimization for some sort of post-processing.

7 Appendix

7.1 Running static benchmark

The design obtained by static optimization was ob-

tained using the code by Aage et al. (2015) with the

following run-time variables

srun ./topopt -xcmax 60 -ycmax 20 -zcmax 20

-maxItr 600 -nx 289 -ny 97 -nz 97 -volfrac 0.3

-rmin 2.4 -Emax 1e3 -projectionFilter true -eta

0.15

With the only modification to the original code that

the beta cannot increase if itr < 200.
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