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ABSTRACT  

Thermodynamic models that explicitly account for association have become essential tools for 

correlating and predicting multiphase equilibria. These models have many adjustable parameters 

which create difficulties for uniquely fitting experimental data. Reducing the number of 

adjustable parameters is an important pathway to increasing the reliability and extrapolation 

power of thermodynamic models for practical applications. In this work, we revisit the 

relationship between the chemical and perturbation theories of association. This relationship 

creates a pathway for estimating association parameters using quantum chemistry calculations 

and statistical mechanics. Estimated parameters are applied to pure component calculations 

which demonstrate that they can be used to reduce the number of adjustable model parameters 

for the Cubic Plus Association and Perturbed-Chain Statistical Associating Fluid Theory 

equations of state.  

 

1. Introduction 

1.1. Association 

Association is the assembling of separate molecules into a complex where the resulting bond is 

weaker than a covalent bond.1 Properties of these noncovalent complexes are primarily 

determined by attractive intermolecular forces (electrostatic, induction, and dispersion) which are 

controlled to a large extent by the structure of the individual interacting molecules. Hydrogen 

bonding is the most well-known association interaction, but there are many other interaction 

mechanisms that result in relatively strong intermolecular bonds (some of which are illustrated in 

Figure 1). The variety of interaction mechanisms and varying degrees of cluster formation that 

occur between associating molecules give rise to strongly non-ideal behavior in solutions.   
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Figure 1. Noncovalent interaction mechanisms.2-5 

Association interactions generally occur because of attraction between electrophilic regions 

(electron acceptors) and nucleophilic regions (electron donors). Interactions can occur between 

different sites on the same molecule (intramolecular association) or between sites on different 

molecules (intermolecular association). Nucleophilic regions are electron rich areas such as a 

lone pair, π-bond, or anion. There are many possible electrophilic regions depending on the 

specific bonding and geometry of a molecule. A hydrogen atom covalently bonded to an 

electronegative atom (often first row elements N, O, or F) is the electrophilic region responsible 

for the well-known phenomena of hydrogen bonding. Halogen (group 17: typically Br, I), 

chalcogen (group 16: typically O, S), pnictogen (group 15: typically N, P), and tetrel (group 14: 

typically C, Si) atoms covalently bonded to a relatively electronegative atom (often first row 

elements C, N, O, or F) can also have electrophilic regions with positive electrostatic potentials.   

There are commonalities between the wide varieties of sites that act as electrophilic centers.  

Electrophilic regions have reduced electron density which is caused by electron redistribution 

Hydrogen Bond
H2O-H2O, ΔE = -20.6 kJ/mol

Pnictogen Bond
N2O-H2O, ΔE= -12.5 kJ/mol

Halogen Bond
CH3Br-CH2O, ΔE= -7.2 kJ/mol

Chalcogen Bond
CS2-H2O, ΔE= -8.0 kJ/mol

Tetrel Bond
CO2-H2O, ΔE= -13.8 kJ/mol 

Pi-Pi
C6H6-C6H6, ΔE = -11.4 kJ/mol
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due to covalent bonding. The electron deficient region is generally known as a σ-hole and is 

located along the axis of the covalent bond on the opposite side of the halogen, chalcogen, 

pnictogen or tetrel atom.6,7 The hydrogen bond can also be considered a σ-hole interaction where 

the hydrogen electron is polarized towards the covalent bond with the hydrogen atom.8  

Molecular structure ultimately determines if σ-holes are easily accessible to nucleophilic sites on 

other molecules which makes them available to participate in association interactions.  

The forces that stabilize association complexes are strongly dependent on molecular 

orientation and are typically stronger than dispersion forces alone (often by an order of 

magnitude or more).9 Electrostatic forces between association sites contribute significantly to 

stabilizing association complexes over a wide range of bond strengths.6,7 Significant shortening 

of the distance between sites occurs for very strongly bound complexes which results in electron 

delocalization (charge transfer). Strongly bound complexes are therefore stabilized by a small 

degree of covalency in addition to electrostatic attractive forces.10     

1.2. Quantum Chemistry 

Quantum chemistry is a set of theoretical methods which has become essential to the study of 

noncovalent complexes. The general goal of quantum chemistry is to solve the electronic 

Schrödinger equation (to find lowest energy eigenstate of the Hamiltonian)  

 𝐻𝐻𝐻𝐻 = 𝐸𝐸𝐻𝐻 (1) 

Many computational methods are available that can find approximate solutions to the 

Schrödinger equitation for many-atom systems.11 These methods are complemented by 

algorithms that accomplish practical tasks such as finding minimum energy geometry structures 

and calculating harmonic vibrational frequencies. Psi4 is the open-source electronic structure 

program package used for all calculations in this work.12   
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The first step in the study of a noncovalent complex is to specify a model chemistry which is 

defined as the combination of a basis set and a quantum chemical method (notation follows the 

‘computational_method/basis_set’ convention). A basis set is a combination of one-electron 

basis functions that are designed to represent molecular orbitals and a quantum chemical method 

that is an algorithm to approximately solve the Schrödinger equation. The choice of model 

chemistry for practical applications is ultimately a balance between computational cost and 

desired accuracy.   

The next step is to carry out geometry optimization and harmonic vibration frequency analysis 

(MP2/aug-cc-pVTZ is used for these calculations). The geometry of both monomers and the 

noncovalent complex are optimized separately to locate structures that minimize the total energy 

for each system. Harmonic vibration frequencies are calculated for each structure to verify that 

the geometry is converged to a true minimum (i.e. no imaginary frequencies exist) and for 

subsequent statistical mechanics calculations. After minimum energy structures have been 

located, calculations are carried out with more accurate model chemistries for the noncovalent 

complex to obtain an accurate binding energy as well as a decomposition of binding energy into 

its physical components (SAPT2+(3)δMP2/aug-cc-pVTZ13 is used for higher accuracy binding 

energy calculations). Additional background information on basis sets, quantum chemical 

methods, model chemistries, and workflows is provided in the Supporting Information.   

1.3. Statistical Mechanics 

Computational chemistry methods produce detailed information about isolated monomers and 

noncovalent complexes (such as energies, geometries, and vibrational frequencies), but they do 

not produce thermodynamic property estimates directly. Relationships from statistical mechanics 
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translate these quantum chemical quantities into estimates for ideal gas macroscopic 

thermodynamic properties such as the entropy, heat capacity, and enthalpy.14  

The rigid rotor-harmonic oscillator (RRHO) model is the most commonly applied 

approximation in statistical mechanics. It treats molecular translation classically, molecular 

rotation as a rigid rotor, internal vibrations as harmonic oscillators, and usually ignores changes 

in electronic excitation with the molecule considered to be in its ground state. The resulting 

thermodynamic property expressions are sums of simple, analytic terms that account translation, 

rotation, vibration, and electronic contributions. The RRHO model (without hindered rotational 

terms) is used in this study to evaluate property changes caused by formation of a noncovalent 

complex. A thermodynamic pathway for calculating these properties using statistical mechanics 

is shown in Figure 2. The general procedure of using quantum chemistry methods to obtain 

binding energies and vibrational frequencies and applying statistical mechanics to calculate ∆𝐻𝐻 

and ∆𝑆𝑆 of dimerization is referred to as the ‘QC/SM approach’. Additional background 

information related to RRHO calculations is provided in the Supporting Information. 

 

Figure 2. Thermodynamic property calculation pathway for noncovalent complexes. 
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The RRHO model yields ideal gas thermodynamic property estimates for noncovalent 

interactions. Unfortunately, there is no direct way to apply these ideal gas interaction properties 

to understand system behavior at high pressures and densities. Advanced thermodynamic models 

are required to model high pressure and high density conditions where a wide range of practical 

chemical phenomena take place. 

2. Applied Thermodynamics 

Systems containing associating compounds are common in industrial applications including oil 

and gas production, chemicals manufacturing, and alternative energy. In these applications, 

multiple phases often coexist over wide ranges of pressure, density, and temperature. Accurate 

prediction of multiphase equilibrium is, therefore, of fundamental importance. Equations of state 

that account for association have become valuable tools for modeling these very challenging 

systems.  

Perturbed Chain Statistical Associating Fluid Theory (PC-SAFT)15,16 and Cubic Plus 

Association (CPA)17,18 are two equations of state that account for association which have found 

wide application in science and industry.19 Reduced residual Helmholtz expressions for both 

models are shown below.   

 𝑎𝑎𝑃𝑃𝑃𝑃−𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑎𝑎ℎ𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠ℎ𝑒𝑒𝑎𝑎𝑒𝑒 + 𝑎𝑎𝑐𝑐ℎ𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑒𝑒𝑎𝑎𝑠𝑠𝑎𝑎𝑑𝑑𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑑𝑑𝑎𝑎 (2) 

 𝑎𝑎𝑃𝑃𝑃𝑃𝑆𝑆 = 𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑐𝑐 + 𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑑𝑑𝑎𝑎 (3) 

These models account for physical interactions (such as attraction and repulsion) between 

molecules in different ways.  PC-SAFT has a basis in statistical mechanical perturbation theory 

where a hard sphere chain is the reference system with dispersion interactions between chains 

added as a perturbation term. CPA is based on the cubic equation of state family which accounts 

for hard sphere and dispersion interactions with a simple and effective semi-theoretical 

functional form.    
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Though they treat physical interactions differently, PC-SAFT and CPA both account for 

association interactions in the same way:   

 
𝑎𝑎𝑎𝑎𝑠𝑠𝑠𝑠𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑑𝑑𝑎𝑎

𝑅𝑅𝑅𝑅
= �𝑥𝑥𝑎𝑎

𝑎𝑎

���ln𝑋𝑋𝑆𝑆𝑖𝑖 −
𝑋𝑋𝑆𝑆𝑖𝑖
2
�

𝑆𝑆𝑖𝑖

+
𝑀𝑀𝑎𝑎

2
� (4) 

In this expression, 𝑋𝑋𝑆𝑆𝑖𝑖 is the fraction of sites A in a molecule which is not bonded with any 

other site (i.e. the so-called free site fraction) 

 𝑋𝑋𝑆𝑆𝑖𝑖 = �1 + 𝜌𝜌�𝑥𝑥𝑗𝑗
𝑗𝑗

�𝑋𝑋𝐵𝐵𝑗𝑗∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝐵𝐵𝑗𝑗

�

−1

 (5) 

and ∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 is the association strength between two sites belonging to two different molecules 

(e.g., A-site on molecule 𝑖𝑖 and site B-site on molecule 𝑗𝑗).  

 ∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗,  𝑃𝑃𝑃𝑃𝑆𝑆= 𝑔𝑔(𝜌𝜌)𝑏𝑏𝑎𝑎𝑗𝑗𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 �exp �
𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝑅𝑅𝑅𝑅

� − 1� (6) 

 ∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗,  PC-SAFT= 𝑔𝑔𝑎𝑎𝑗𝑗ℎ𝑠𝑠�𝑑𝑑𝑎𝑎𝑗𝑗�𝑁𝑁𝑆𝑆𝜎𝜎𝑎𝑎𝑗𝑗3𝜅𝜅𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 �exp �
𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝑅𝑅𝑅𝑅

� − 1� (7) 

The expressions for association strength are clearly very similar for PC-SAFT and CPA. In 

these expressions, 𝑔𝑔 is the radial distribution function, 𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 is the association energy, 𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 or  

𝜅𝜅𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗  are the association volume, and 𝑁𝑁𝑆𝑆 is the Avogadro's number. The density dependence of 

the association strength is controlled by the radial distribution function. The explicit temperature 

dependence of the association strength is due to exp �𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 𝑅𝑅𝑅𝑅⁄ � which is directly influenced by 

the association energy.   

This association term is based on the Wertheim’s first-order thermodynamic perturbation 

theory (TPT-1)20-25 as presented by Chapman et al.26 The TPT-1 framework accounts for short 

range, orientation dependent bonding between localized sites on molecules which are capable of 
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association. Several approximations required in the derivation result in the TPT-1 framework’s 

inability to account for: 

- Steric hindrance (a bond at one site prevents bonding to another site).  

- Non-additive bonding properties (known as cooperativity effects). 

- The formation of ring-like structures. 

- Double bonding of association sites. 

- Changes of association parameters with temperature. 

The number and types of bonding sites must be defined for each associating component in a 

system. Physical reasoning is typically used to identify an initial association scheme, including 

the number, location, and accessibility of nucleophilic and electrophilic regions.27 The notation 

of Huang and Radosz27 is most commonly applied to describe the chosen scheme for a self-

associating compound.  

PC-SAFT and CPA are parameterized by adjusting model parameters so that the calculated 

properties closely match experimental data. The most common procedure uses an equal 

weighting of vapor pressure and saturated liquid density data over the temperature range 0.4 ≤

𝑅𝑅𝑎𝑎 ≤ 0.9. Parameters are adjusted to match experimental data by minimizing the following 

objective function. 

 𝑂𝑂𝑂𝑂 =
𝑤𝑤𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠
𝑁𝑁𝑎𝑎

��
𝑃𝑃𝑠𝑠𝑎𝑎𝑡𝑡
𝑎𝑎,𝑒𝑒𝑒𝑒𝑠𝑠 − 𝑃𝑃𝑠𝑠𝑎𝑎𝑡𝑡

𝑎𝑎,𝑐𝑐𝑎𝑎𝑐𝑐

𝑃𝑃𝑠𝑠𝑎𝑎𝑡𝑡
𝑎𝑎,𝑒𝑒𝑒𝑒𝑠𝑠 �

2

𝑎𝑎

+
𝑤𝑤𝜌𝜌𝑙𝑙𝑖𝑖𝑙𝑙
𝑁𝑁𝑗𝑗

��
𝜌𝜌𝑐𝑐𝑎𝑎𝑙𝑙
𝑗𝑗,𝑒𝑒𝑒𝑒𝑠𝑠 − 𝜌𝜌𝑐𝑐𝑎𝑎𝑙𝑙

𝑗𝑗,𝑐𝑐𝑎𝑎𝑐𝑐

𝜌𝜌𝑐𝑐𝑎𝑎𝑙𝑙
𝑗𝑗,𝑒𝑒𝑒𝑒𝑠𝑠 �

2

𝑗𝑗

 (8) 

Non-associating components are characterized by three parameters (PC-SAFT  𝑚𝑚, 𝜎𝜎, 𝜀𝜀 and 

CPA  𝑎𝑎0, 𝑐𝑐1, 𝑏𝑏) and associating components are characterized by five parameters (PC-SAFT 

 𝑚𝑚, 𝜎𝜎, 𝜀𝜀, 𝜅𝜅𝑆𝑆𝑖𝑖𝐵𝐵𝑖𝑖, 𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑖𝑖 and CPA  𝑎𝑎0, 𝑐𝑐1, 𝑏𝑏, 𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗, 𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗). It is relatively easy to determine 
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parameters for non-associating components and the resulting parameter sets often tend to follow 

smooth trends with molecular weight within a chemical family.   

It is more challenging to determine parameters for associating components because of the 

presence of local minima and the strong coupling between the five parameters. Coupling 

between the physical and association parameters occurs due to the competing influence of 

different terms in each equation of state. Competition between the dispersion and association 

terms is one reason why PC-SAFT and CPA are such flexible models for difficult systems. 

Unfortunately, this flexibility makes it difficult to determine unique parameter sets for most 

associating compounds. There are typically a range of pure component parameters that can 

satisfactorily represent saturation data 28 or site-to-site parameters that can represent mixture data 

for solvating systems.29  

A general approach to address the degenerate parameter problem is to include one or more 

properties in addition to saturated liquid density and vapor pressure data for parameter 

estimation. Thermodynamic properties such as speed of sound, second virial coefficient, 

enthalpy of vaporization, and heat capacity can be included when parameterizing both non-

associating and associating systems.30,31 Practical challenges with this approach include the 

availability of experimental data as well as assigning weights to each additional property in the 

objective function. Strategies are available to guide the optimal selection of weights (Pareto 

optimal solutions visualized on a Pareto front), but these techniques have not yet been widely 

applied to parameterizing thermodynamic models.32,33  

Monomer fraction and mixture data can also be considered when selecting association schemes 

and estimating parameters for associating components. If  monomer fraction data are included in 

parameter regression, PC-SAFT and CPA have demonstrated satisfactory performance for 
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simultaneously correlating monomer fraction, saturated liquid density, and vapor pressure data 

using a single set of parameters for each associating component.34,19 Phase equilibrium 

calculations can be included directly in the parameterization procedure or used as a separate 

check to differentiate the best performing parameters when many equivalent options are 

available.35,36 Liquid-liquid equilibrium prediction for mixtures of associating compounds with 

saturated hydrocarbons has proven to be a very stringent test.19 

Another alternative is to estimate some model parameters a priori using quantum chemistry 

and adjust the remaining parameters to match experimental data. This is an attractive approach to 

addressing the degenerate parameter problem because parameter selection is guided by the 

physics and chemistry of the problem rather than completely empirical regression to 

experimental data. Prior applications of quantum chemistry methods for estimate association 

energy and/or association volume are reviewed in the next Sections.  

3. Perturbation Theory and Chemical Theory 

Chemical Theory (CT) is another approach to modeling association which assumes that 

monomers react to form higher order complexes and that the extent of association can be 

modeled using reaction equilibrium expressions. Despite their different physical origins and 

formulations, the TPT-1 and CT treatments of association are complementary and result in 

similar free site (monomer) fraction expressions.19 

In a pioneering study, Wolbach and Sandler37 used the similarity of the TPT-1 and CT 

frameworks to estimate SAFT association parameters (𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 and 𝜅𝜅𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗) from the enthalpy and 

entropy changes of association dimerization. They related the equilibrium constant, 𝐾𝐾𝑒𝑒𝑙𝑙, of 

reversible dimerization to the association strength, ∆𝑆𝑆𝐵𝐵, by the following expression 

 ∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗=
𝐶𝐶𝑅𝑅𝑅𝑅𝐾𝐾𝑒𝑒𝑙𝑙
𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟

 (9) 
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where the constant 𝐶𝐶 depends on the association scheme (1A = 2, 2B = 1, 3B = 1/2, 4B = 1/3, 

4C = 1/4).   

Wolbach and Sandler applied this general approach (referred to as the TPT-1/CT procedure) to 

reduce the number of adjustable SAFT parameters required to fit pure component liquid densities 

and vapor pressures.37-40 They carried out quantum chemistry calculations and applied the RRHO 

approximation to estimate ∆𝐻𝐻, ∆𝑆𝑆, and ∆𝐶𝐶𝑃𝑃 of hydrogen bond formation. They found that it was 

possible to eliminate one association parameter without introducing excessive error, but not both 

parameters. 

Other researchers have applied the TPT-1/CT procedure to reduce the number of adjustable 

parameters for the PC-SAFT family of equations of state. Albers et al.41 estimated ∆𝐻𝐻 of 

hydrogen bond formation in the liquid phase using COSMO-RS42,43. ∆𝐻𝐻 values were then used 

to estimate the association energy. Albers et al. acknowledged that using ∆𝐻𝐻 values from liquid 

phase interactions was a deviation from the gas phase dimerization assumptions that the TPT-

1/CT procedure is based on. They reasoned that it was important to use liquid phase ∆𝐻𝐻 values 

because of the influence of cooperativity effects (which increases ∆𝐻𝐻 per hydrogen bond) and 

contact probability effects in the COSMO-RS model (which decreases ∆𝐻𝐻 per hydrogen bond) 

on liquid phase properties. ∆𝑆𝑆 of hydrogen bond formation was not estimated and the association 

volume was set as a fixed value for all components. Albers et al.41 reasoned that a fixed 

association volume was appropriate within a homologous series and it was found that the value 

of the association volume had minor impact on performance.   

Umer et al.44-46 carried out quantum chemistry calculations for gas phase alcohol clusters and 

then estimated average ∆𝐻𝐻 and ∆𝑆𝑆 of hydrogen bond formation using statistical mechanics. The 

quantum chemistry and statistical mechanics calculations were more advanced than Wolbach and 
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Sandler’s original calculations. An important result is that ∆𝐻𝐻 and ∆𝑆𝑆 per hydrogen bond vary 

significantly with cluster size due to cooperativity effects. Another important result was that 

rotational motions must be taken into account to calculate accurate hydrogen bonding properties 

(especially ∆𝑆𝑆). It was shown that rotational motions allow alcohol complexes to occupy 

additional configurations that are not related by symmetry and that these additional 

configurations significantly alter association entropy relative to the RRHO model. Average ∆𝐻𝐻 

and ∆𝑆𝑆 for alcohol clusters (calculated as an average over all alcohol cluster geometries at 

equilibrium) were applied to estimate both the association energy and association volume. 

Reasonable results were obtained in all three studies37,41,44 when using estimated association 

parameters to model liquid density and vapor pressure data. The baseline model in each study 

was an associating equation of state (SAFT, PPC-SAFT, or PC-SAFT) where all five parameters 

were adjusted to match experimental data. Reduced parameter models where the association 

energy and/or association volume were estimated using the TPT-1/CT procedure (with remaining 

parameters adjusted to experimental data) were then compared to baseline model performance. 

In general, liquid density prediction was minimally impacted when using estimated association 

parameters. Vapor pressure prediction deteriorated significantly with average deviations nearly 

doubling relative to baseline model performance when both association parameters were 

estimated from the TPT-1/CT procedure.    

General conclusions from past applications of the TPT-1/CT parameter estimation procedure: 

- Association interactions are not additive due to cooperativity effects. ∆𝐻𝐻 and ∆𝑆𝑆 per bond 

depend on the extent of association. 
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- Association interactions at high, liquid-like densities depend on the solvent environment 

in addition to cooperativity effects. Therefore, ∆𝐻𝐻 and ∆𝑆𝑆 per bond also depend on the 

solvent environment at high densities. 

- Rotational motions allow noncovalent complexes to occupy additional configurations that 

are not related by symmetry. These additional conformations have a significant impact on 

∆𝑆𝑆 per bond, but only a minor impact on ∆𝐻𝐻 per bond.   

- An associating system is a mixture of many cluster configurations in dynamic 

equilibrium. Average values of ∆𝐻𝐻 and ∆𝑆𝑆 per bond depend on the equilibrium 

composition of clusters which in turn depends pressure, temperature, and density.  

- Results from the TPT-1/CT procedure depend on the temperatures used in the calculation 

method. Therefore, TPT-1/CT derived association parameters vary with temperature. 

- Estimating one association parameter using the TPT-1/CT procedure does not 

significantly reduce the accuracy of liquid density or vapor pressure correlation.  

- Estimating both association parameters using the TPT-1/CT procedure does not 

significantly impact liquid density correlation. However, the performance for vapor 

pressure correlation suffers.  

4. Simplified TPT-1/CT Relationships 

The association energy and association volume parameters in the TPT-1 framework are 

‘effective parameters’ that allow equations of state to reasonably represent association behavior 

over a wide range of conditions. These ‘effective parameters’ should not depend on density, 

temperature, or the extent of association. Unfortunately, the original TPT-1/CT parameter 

estimation procedure does not yield association parameters which are truly independent of 

density, temperature, or the extent of association. 
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A different approach is taken in order to simplify the original TPT-1/CT procedure. We begin 

with Eq. (9) and create closed form expressions that relate the association energy and association 

volume to ∆𝐻𝐻 and ∆𝑆𝑆 of dimerization (evaluated at a single reference temperature, 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟). This is 

in contrast to the TPT-1/CT procedure which requires evaluation at two temperatures and does 

not yield analytic relationships between the association energy and association volume to ∆𝐻𝐻 and 

∆𝑆𝑆 of dimerization respectively. 

The association strength is simplified by assuming that 𝑔𝑔 → 1 at the limit of low density 

(demonstrated here for CPA) and then evaluated at the temperature 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟.   

 ∆𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗,  𝑃𝑃𝑃𝑃𝑆𝑆= 𝑏𝑏𝑎𝑎𝑗𝑗𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 �exp �
𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� − 1� (10) 

The equilibrium constant is also evaluated at the temperature 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟 (note that ∆𝐻𝐻 and ∆𝑆𝑆 of 

dimerization are determined at 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟 and 𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟 as well).  

 𝐾𝐾𝑒𝑒𝑙𝑙�𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟� = exp �−
∆𝐻𝐻
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

+
∆𝑆𝑆
𝑅𝑅
� (11) 

Eqs. (10) and (11) are then substituted into Eq. (9) and the resulting expression rearranged to  

 
𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟𝑏𝑏𝑎𝑎𝑗𝑗𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝐶𝐶𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

�exp �
𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� − 1� = exp �
∆𝑆𝑆
𝑅𝑅
� exp�−

∆𝐻𝐻
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� (12) 

Relationships between the enthalpy of reaction and the association strength  

 
𝜀𝜀𝑆𝑆𝑗𝑗𝐵𝐵𝑘𝑘

𝑅𝑅
=� 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟ln �exp �−

∆𝐻𝐻
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� + 1� (13) 

 −
∆𝐻𝐻
𝑅𝑅

=� 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟ln �exp�
𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� − 1� (14) 

as well as between the entropy of reaction and the association volume become immediately 

apparent. 

 𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 =�
𝐶𝐶𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟
𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟𝑏𝑏𝑎𝑎𝑗𝑗

exp �
∆𝑆𝑆
𝑅𝑅
� (15) 
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∆𝑆𝑆
𝑅𝑅

=� ln�
𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟𝑏𝑏𝑎𝑎𝑗𝑗𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗
𝐶𝐶𝑅𝑅𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟

� (16) 

The reduced association enthalpy (∆𝐻𝐻 𝑅𝑅⁄ ) transitions from exothermic to endothermic when 

𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 𝑅𝑅⁄ < 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟ln (2) (which is 𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 𝑅𝑅⁄ < 206.7𝐾𝐾 for 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟 = 298.15K). This implies that 

reduced association energy less than this value do not correspond to typical attractive association 

behavior as described by the TPT-1 association theory. 

These expressions can be used to relate ∆𝐻𝐻 𝑅𝑅⁄  and ∆𝑆𝑆 𝑅𝑅⁄  estimated using the QC/SM 

approach, Eqs. (14) and (16), with ∆𝐻𝐻 𝑅𝑅⁄  and ∆𝑆𝑆 𝑅𝑅⁄  estimated from PC-SAFT and CPA 

parameters. A diverse group of low molecular weight self-associating compounds (listed in 

Table S1 of the Support Information) was used to validate the general applicability of these 

relationships. The validation set excluded compounds that form double bonds (organic acids 

such as formic or acetic acid) or ring like structures (which is significant in longer glycols such 

as 1,3-propanediol).  

∆𝐻𝐻 𝑅𝑅⁄  and ∆𝑆𝑆 𝑅𝑅⁄  of dimerization were calculated using the QM/SM approach at a reference 

temperature of 𝑅𝑅𝑎𝑎𝑒𝑒𝑟𝑟 = 298.15𝐾𝐾 and pressure of 𝑃𝑃𝑎𝑎𝑒𝑒𝑟𝑟 = 101,325𝑃𝑃𝑎𝑎. Association parameters 

(𝜀𝜀𝑆𝑆𝑗𝑗𝐵𝐵𝑘𝑘 and 𝛽𝛽𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 or 𝜅𝜅𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗) for PC-SAFT and CPA were obtained from literature or estimated 

where no values are available. Parameter estimation was carried out subject to the constraint 

𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 𝑅𝑅⁄ ≥ 207𝐾𝐾 to ensure association parameters were physically meaningful. DIPPR47 

correlations were used to generate liquid density and vapor pressure pseudo-data. Trends for 

association enthalpy and entropy are presented Figures 3 and 4 respectively (reduced temperature 

ranges and full parameter sets are included in Tables S1-S7 of the Supporting Information). 

There is a strong relationship between the enthalpy of dimerization estimated using the QC/SM 

approach and that estimated from PC-SAFT and CPA parameters. The similar trend for both 
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models illustrates how the temperature dependence of the TPT-1 association term is somewhat 

insensitive to differences in the way PC-SAFT and CPA treat physical interactions (repulsion 

and attraction due to dispersion).  

 

Figure 3. Reduced association enthalpy trend. Literature (Lit) parameters are available in 

Tables S2 and S3 and regressed (TW) parameters are available in Tables S4 and S6. 

 

Figure 4. Reduced association entropy trend. Literature (Lit) parameters are available in 

Tables S2 and S3 and regressed (TW) parameters are available in Tables S4 and S6. 
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There is a weaker relationship between the entropy of dimerization estimated using the QC/SM 

approach and that estimated from PC-SAFT and CPA parameters. Quantum chemistry values are 

higher on average than CPA and PC-SAFT estimates and the magnitude of that difference 

appears to increase with the increasing magnitude of the dimerization entropy.    

5. Association Parameter Estimation Workflow 

The strong relationship between dimerization enthalpy (calculated using the QC/SM approach) 

and association energy (estimated from equations of state) applies to compounds with a wide 

range of bonding strengths and motifs. This is encouraging because it creates a practical pathway 

for applying quantum chemistry to eliminate the association energy from models such as PC-

SAFT and CPA. An integrated workflow is presented in Figure 5.  

 

Figure 5. Workflow for applying quantum chemistry to equation of state modeling. 
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Molecular electrostatic surface potential (MESP) plots are a useful tool for identifying 

electrophilic and nucleophilic regions that can participate in association interactions. A MESP 

plot visualizes the potential energy of a non-perturbing, unit-positive point charge moved along a 

contour surface with constant electron density.48,49 Electrostatic potential is plotted on a 0.001- 

0.002au (0.00675-0.0135e/Å3) iso-surface which captures >96% of a molecule’s electron density 

and yield molecular volumes in reasonable agreement with experimentally determined van der 

Waals volumes.49 MESP plots can be used to identify favorable orientations between molecules 

which are capable of associating and guide the creation of candidate complex geometries. 

 

Figure 6. MESP showing nucleophilic (red) and electrophilic (blue) regions of carbon dioxide 

(0.0135 e/Å3 iso-surface). 

As an example, carbon dioxide has two nucleophilic regions and one electrophilic region based 

on the MESP presented in Figure 6 (obtained at the MP2/aug-cc-pVTZ level of theory). Tetrel σ-

holes (electrophilic sites on Group 14 atoms) are often not accessible due to steric hindrance and 

do not typically participate in association interactions.6 Carbon dioxide is a clear exception with 

a strong and accessible electrophilic bonding site located on an electron deficient band around 

the carbon atom. The presence of nucleophilic and electrophilic sites suggests that carbon 

dioxide can self-associate to some extent and that the complex is stabilized by association 

interactions between the oxygen and carbon atoms. 
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The next decision to be made is whether or not to explicitly model noncovalent interactions 

using an association framework. It is clear that strong interactions (like the hydrogen bond) 

should be modeled using the TPT-1 association term. The point at which these interactions 

become too weak or subtle to justify using the TPT-1 association term is less defined.  

The TPT-1 framework is clearly appropriate for modeling association interactions that are (a) 

between localized sites which are capable of association, (b) orientation dependent, and (c) not 

primarily dispersion dominated (which are accounted for in an average way by the ‘physical’ 

terms of the equation of state). There are situations where the TPT-1 framework is also justified 

even if conditions (a), (b), and (c) are not exactly satisfied with the most notable case being 

dispersion dominated π-π stacking. Condition (a) is satisfied if an association interaction is 

taking place between sites with clear electrophilic and nucleophilic characteristics. Molecules 

can have many different electrophilic and nucleophilic centers which can be identified using 

MESPs as necessary. Condition (b) can be rationalized by the observation that electrophilic and 

nucleophilic regions of a molecule are typically characterized by permanent or induced surface 

charges. In this way, many association interactions can be generally thought of as electrostatic 

interactions between localized surface charges.6,7 These electrostatic attractions are the 

orientation dependent component of an association interaction and become stabilizing only 

within a relatively narrow range of distance and molecular orientation. Condition (c) is difficult 

to apply as there is always a dispersive component to intermolecular attraction when conditions 

(a) and (b) are true. It is challenging to apply conditions (b) and (c) to determine if the TPT-1 

framework is justifiable for modeling an intermolecular interaction because the relative 

magnitude of each is difficult to quantify.    
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Symmetry Adapted Perturbation Theory (SAPT)50 provides a decomposition of interaction 

energy into electrostatic, exchange, induction, and dispersion components (descriptions of each 

are provided in Table 1). This allows the relative strengths of interaction components to be 

quantitatively compared which is useful for classifying noncovalent interaction motifs. The 

SAPT electrostatic to dispersion ratio (E/D ratio) has emerged as a convenient method to classify 

interactions as being dispersion dominated (E/D < 0.59), mixed influence (0.59 < E/D < 1.7), or 

electrostatic dominated (E/D > 1.7).2    

Table 1. SAPT interaction components. 

Component Description 

Exchange Pauli repulsion, exchange interaction 

Dispersion London dispersion, electron correlation 

Induction Polarization, multipole-induced multipole 

Electrostatic Coulombic multipole-multipole, interpenetration of charge clouds 
 

Hydrogen bonds are intuitively electrostatic dominated according to SAPT E/D classification.  

A benefit of the SAPT E/D ratio is that it provides a quantitative measure to define the transition 

between dispersion dominated and mixed influence interactions. Conditions (b) and (c) for 

application of the TPT-1 framework can reasonably be considered satisfied if the interaction is 

classified as either mixed influence or electrostatic dominated. SAPT energy decompositions and 

E/D ratios are provided in Table 2 which shows all compounds considered in this study are either 

mixed influence or electrostatic dominated. SAPT energy decompositions and E/D ratios are also 

provided for a small set of dispersion bound complexes in Table 3. Comparing Tables 2 and 3 

shows how SAPT E/D ratios for ‘classically’ dispersion bound complexes are distinctly lower 

than those of the mixed influence or electrostatically bound complexes considered in this study.  
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Table 2. SAPT energy decomposition (kJ/mol) and electrostatic to dispersion ratio (E/D ratio) 

for self-associating dimers considered in this study.  

Dimer Dispersion Electrostatic Exchange Induction E/D Ratio 

Carbon Dioxide -10.01 -7.79 12.34 -1.05 0.78 

Hydrogen Sulfide -9.33 -12.70 21.39 -5.35 1.36 

Methanethiol -22.30 -17.50 34.07 -5.07 0.78 

Ammonia -8.92 -22.72 25.09 -5.90 2.55 

Methylamine -18.07 -28.88 38.75 -8.29 1.60 

Water -10.51 -35.20 36.31 -11.14 3.35 

Methanol -16.49 -42.09 50.19 -15.25 2.55 

Ethanol -23.08 -46.54 59.91 -16.40 2.02 

Propanol -29.14 -43.28 61.89 -15.13 1.49 

Ethylene Glycol -24.14 -45.56 59.57 -16.57 1.89 

Hydrogen Fluoride -7.91 -27.81 28.14 -11.40 3.52 

Hydrogen Chloride -9.48 -12.86 22.96 -7.92 1.36 
 

Table 3. SAPT energy decomposition (kJ/mol) and electrostatic to dispersion ratio (E/D ratio) 

for dispersion bound dimers.  

Dimer Dispersion Electrostatic Exchange Induction E/D Ratio 

Methane -4.88 -1.03 3.87 0.07 0.21 

Ethane -13.57 -3.86 12.76 -0.55 0.28 

Propane -21.45 -6.07 21.41 -1.51 0.28 

Nitrogen -2.84 -1.10 2.92 0.15 0.39 

Argon -2.38 -0.74 2.42 -0.03 0.31 
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Once the association scheme has been determined, ∆𝐻𝐻 of dimerization calculated using the 

QC/SM approach can be used to estimate 𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗 𝑅𝑅⁄  (using Eq. 13) for PC-SAFT and CPA. Figure 

7 shows that association energies estimated in this way are in good agreement with regressed 

association energies (where all five PC-SAFT or CPA parameters are adjusted to experimental 

data). Estimated association energies can be applied to reduce the number of adjustable pure 

component parameters for PC-SAFT and CPA. The performance of PC-SAFT and CPA with 

four adjustable parameters (using estimated association energy) can be compared to a baseline 

case where all five model parameters are adjusted. Results are shown in Figures 8 and 9 with 

tables summarizing correlation performance available in the Supporting Information.  

 

Figure 7. Quantum chemistry predicted reduced association energy for CPA and PC-SAFT 

with different methods. Literature (Lit) parameters are available in Tables S2 and S3 and 

regressed (TW) parameters are available in Tables S5 and S7. 
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Figure 8. PC-SAFT and CPA saturated liquid density performance. 

 

Figure 9. PC-SAFT and CPA vapor pressure performance. 

 

In general, PC-SAFT and CPA are capable of correlating saturation properties for most 

compounds using four adjustable parameters with little loss of accuracy. Estimated association 

energies were successfully applied to a wide range of systems including inorganic compounds, 

compounds with single self-associating functional groups (such as amines, alcohols, and thiols), 

and compounds with multiple self-associating functional groups.  

The performance of 4-parameter PC-SAFT and CPA was satisfactory for inorganic compounds 

(carbon dioxide, hydrogen sulfide, ammonia, water, hydrogen fluoride, and hydrogen chloride).  
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An exception was the reduced ability for any model (PC-SAFT or CPA parameterized with 

either four or five adjustable parameters) to accurately correlate the vapor pressure of hydrogen 

fluoride. Hydrogen fluoride forms strong hydrogen bonds which results in the presence of 

extensive ring-like and linear-chain structures. The presence of rings and chains results in 

anomalous properties such as a high vapor pressure at low temperature and a maximum in the 

enthalpy of vaporization curve which makes hydrogen fluoride very difficult to model.51-53 

Galindo et al.51 used SAFT-VR to model hydrogen fluoride and explicitly accounted for chain, 

ring, and branched structures. The SAFT-VR model was only able to accurately correlate vapor 

pressure when tetramer rings were considered. The reduced ability for PC-SAFT and CPA to 

accurately correlate vapor pressure in this study can be attributed to the assumption of linear 

chain formation inherent to the 2B scheme.     

The performance of 4-parameter PC-SAFT and CPA was also satisfactory for organic 

compounds with single self-associating functional groups including alcohols (methanol, ethanol, 

and propanol) and thiols (methanethiol). Methylamine deviated from expected trends for both 

PC-SAFT or CPA in several ways. For CPA, association energy taken from literature (1379K) 

and derived from the QC/SM method (1280K) were in good agreement. When all five CPA 

parameters were adjusted to DIPPR pseudo-data, the resulting association energy (657K) was 

much lower than expected. For PC-SAFT, association energy taken from literature (684K) was 

lower than expected compared to the value derived from the QC/SM method (1280K).  When all 

five PC-SAFT parameters were adjusted to DIPPR pseudo-data, the resulting association energy 

(1263K) was in good agreement with the QC/SM method, but the resulting association volume 

was extremely low. The unusual association parameters obtained for methylamine were further 

investigated by regressing PC-SAFT and CPA parameters for methylamine using NIST Web 
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Thermo54 and TRC55 data. The resulting association energies for PC-SAFT and CPA are 

summarized in Table 4 (full parameter sets are provided in the Supporting Information). CPA 

association energies based on the NIST and TRC data sets are in good agreement with QC/SM 

derived values. PC-SAFT association energies are also in good agreement with QC/SM derived 

values. However, the association volume parameter is so low for PC-SAFT that the TPT-1 

association term is essentially not contributing, indicating that methylamine can be successfully 

modeled as a non-associating component with the PC-SAFT equation of state.   

 

Table 4. PC-SAFT and CPA association energy for 2B methylamine from various sources. 

Source 
εAB/R (K) 

PC-SAFT CPA 

QC/SM from Eq. 13 1280 1280 

Literature 684 1379 

DIPPR Data 1263 657 

NIST Web Thermo Data 999 1252 

TRC Data 1066 1107 

All DIPPR/NIST/TRC Data 997 1004 

 

The performance of 4-parameter CPA was very satisfactory for ethylene glycol with 

essentially no loss of correlation accuracy. However, the performance of 4-parameter PC-SAFT 

showed significant deterioration of vapor pressure correlation capability. PC-SAFT with four 

adjustable parameters (association energy of 2416K) appears to be too far from the optimum 

association energy (1746K) which causes the decay of vapor pressure correlation accuracy.   
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The optimum PC-SAFT association energy for ethylene glycol (1746K) is also much lower 

than the optimum association energies for ethanol and propanol (which are in the range of 

~2200-2450K). This is in contrast to CPA where the optimum association energies for ethanol, 

propanol, and ethylene glycol are all about the same (in the range of ~2300-2550K). Past studies 

for CPA have shown that the same association energy is transferrable between alcohols and 

glycols.56,57 On the other hand, past studies for PC-SAFT have shown that these parameters are 

not transferrable and that the association energy of glycols (2080K) is much lower than that of 

alcohols (2811K).58,59 No root cause was identified for why the optimum PC-SAFT ethylene 

glycol association energy falls far below all other alcohol parameters (PC-SAFT and CPA) and 

glycol parameters (CPA) . 

6. Discussion – possibilities and limitations within the proposed framework 

The modeling workflow shown in Figure 5 results in accurate correlation of pure component 

data with fewer adjustable parameters. Determining the association energy using the QC/SM 

approach establishes a strong physical basis for the temperature dependence of the association 

term. This is a step towards meaningfully decoupling the influence of the dispersion and 

association terms in advanced models such as PC-SAFT and CPA. The proposed approach does 

have limitations from quantum chemistry and statistical mechanics perspectives which result 

from incomplete treatment of anharmonic effects, hindered rotational modes, cooperativity 

effects, and solution effects. There are also limitations resulting from assumptions in the 

derivation of the modified TPT-1/CT framework. The impact of these limitations will be 

discussed in the next sections. 

6.1. Anharmonic Vibration  
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Noncovalent complexes have weak bonds between molecules which introduce additional low 

frequency harmonic vibrational modes associated with intermolecular bending, stretching, 

twisting, wagging, and torsion. These additional low frequency harmonic modes (wavenumbers 

on the order of 2-600cm-1) deviate significantly from ideal harmonic oscillator behavior and 

dominate the enthalpy and entropy of a system relative to higher frequency vibrational modes.  

As the vibrational wavenumber approaches zero, vibrational enthalpy, [𝐻𝐻𝑣𝑣𝑎𝑎𝑐𝑐(𝑅𝑅) −𝐻𝐻𝑣𝑣𝑎𝑎𝑐𝑐(0)], 

increases towards a limiting value of RT and vibrational entropy, 𝑆𝑆𝑣𝑣𝑎𝑎𝑐𝑐(𝑅𝑅), diverges to infinity 

(see Figure 10).  

 

Figure 10. Vibrational enthalpy and entropy behavior for low frequency modes. 

It is clear that even small deviations in representation of low frequency vibrations can lead to 

large changes in calculated properties. Studies of the water60, hydrogen fluoride61, and hydrogen 

sulfide61 dimers as well as larger water clusters62,63 reveal that low frequency modes are not 

adequately represented by frequency scaling factors designed to correct higher frequency modes 

(which are associated with covalent bonds). A simple approach to correct for low frequency 

anharmonic effects is to separate vibrational modes into intramolecular and intermolecular 
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classes and determine frequency scaling factors for each class. Two-class and three-class systems 

developed for water clusters show that a larger scaling factor is required to correct intermolecular 

modes (λ=0.876) compared to intramolecular modes (λ=0.949).62 

Class-based scaling factors are a simple and attractive way to account for anharmonic effects 

and improve property prediction for systems with low frequency vibrational modes.  

Unfortunately, a wider variety of compounds (beyond water clusters) need to be included in 

determining scaling factors before this method is considered generally applicable. 

Another approach to improve the treatment of low frequency modes is the quasi-harmonic 

approximation in which vibrational frequencies lower than 100cm-1 are raised to 100cm-1.64 This 

simple frequency-cutoff approach effectively avoids the breakdown of the RRHO approximation 

at low frequencies. 

The most rigorous approach to correct for anharmonic effects is to take additional samples of 

the potential energy surface of a molecular system and apply higher order finite difference 

approximations to calculate vibrational frequencies (the VPT2 approach, anharmonic second 

order perturbative corrections).65,66 This approach is currently implemented in some (but not all) 

quantum chemistry software packages and results come at the cost of increased computation 

time. 

ΔH and ΔS of dimerization for the water dimer are computed using single scaling factor, class 

based scaling factor, and quasi-harmonic corrections. ΔH and ΔS of dimerization are then 

compared with anharmonic vibration frequencies obtained using VPT2 approximation62 to 

understand the relative impact of each correction on computed properties. The results of these 

calculations (summarized in Table 5) illustrate the rather minor impact that anharmonic 

corrections have on ΔH and ΔS of dimerization. 
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Table 5.  ΔH and ΔS of dimerization for water computed using several different anharmonic 

corrections.    

Correction ΔH, kJ/mol a ΔS, J/(mol·K) a 

Average scaling factor -13.7 -83.3 

Class-based scaling factors -14.1 -79.3 

Quasi-harmonic approximation -13.7 -83.3 

VPT2 anharmonic treatment -14.9 -77.2 

(a) harmonic frequencies estimated at the MP2/aug-cc-pVDZ level of theory 

 

6.2. Hindered Rotation 

Some low frequency modes associated with intermolecular bonds are actually rotational modes 

that should be treated as hindered rotors67 or free rotors.68 Umer et al. 45,46 calculated ΔH and ΔS 

of dimerization for methanol, ethanol, and propanol clusters (including dimers and higher order 

cluster configurations) with a full treatment of rotational modes. Accounting for rotation had a 

modest impact on dimerization enthalpy and generally reducing the magnitude of ΔH by ~5-10% 

relative to the RRHO approximation (depending on the species and cluster configuration).  

However, accounting for rotation had a significant impact on dimerization entropy and generally 

reduced the magnitude of ΔS by >25% relative to the RRHO approximation (again, depending 

on the species and cluster configuration). Intermolecular and intramolecular rotational motions 

allow alcohol complexes occupy additional configurations which contribute significantly to the 

large changes in dimerization entropy.  

Association entropy calculated from the QC/SM approach (in the RRHO approximation) is 

significantly higher on average relative to association entropy estimated from equations of state 

(as shown in Figure 4). This supports the conclusion reached by Umer et al.44 that accounting for 
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hindered rotational modes is essential to obtain accurate entropies with quantum chemistry 

methods. Improving the agreement between QC/SM and estimated association entropy from 

equations of state is a pathway to estimating both the association energy and the association 

volume. Unfortunately, rigorous treatment of hindered rotation requires substantial effort and has 

only been carried out for a limited number of systems.  

6.3. Cooperativity and Solution Effects 

The calculations so far all assume complex formation takes place at low density and only result 

in dimerization. In reality, strong intermolecular forces cause larger clusters and chains to form 

with the size of the complex typically increasing with intermolecular binding energy. Cluster and 

chain formation are also favored as the system density increases. 

Cluster formation alters the electronic structure of individual molecules due to polarization and 

induction effects. This is known as cooperativity and the result is that binding energies are not 

additive and average binding energy typically increases as cluster size increases.69 Results for 

typical hydrogen bonding compounds such as water63 and methanol70,71 demonstrate that 

cooperativity effects can increase the binding energy by ~10-50% relative to dimer binding 

energy.  

Quantum chemistry calculations are typically carried out ‘in vacuum’ meaning that medium 

surrounding the molecules does not impact the electronic state of the system. In reality, many 

chemical interactions occur at high density meaning that noncovalent clusters exist in 

environments with dielectric properties that influence the electronic structure of the system.   

Continuum solvation models are available which can account for polarizable media effects in 

electronic structure calculations.72  
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Impacts of cooperativity effects and solution effects are explored simultaneously for a series of 

water and methanol clusters (geometries taken from the literature).63,70,71 Binding energies were 

evaluated ‘in vacuum’ (ωB97M-V/def2-QZVPPD) and ‘in solution’ (PCM/ωB97M-V/def2-

QZVPPD). Solution effects were accounted for with the polarizable continuum model (IEFPCM) 

as implemented in the PCMSolver72 module of Psi412. Gas phase cluster geometries were used 

for solution calculations without re-optimizing which is an approximation that does not introduce 

substantial error.64 Resulting binding energies per hydrogen bond (defined as 𝛥𝛥𝐸𝐸ℎ𝑐𝑐 =

𝛥𝛥𝐸𝐸𝑡𝑡𝑑𝑑𝑡𝑡𝑎𝑎𝑐𝑐 𝑁𝑁ℎ𝑐𝑐⁄ ) are shown for water clusters and methanol clusters in Figures 11 and 12, 

respectively. 

For both water and methanol, 𝛥𝛥𝐸𝐸ℎ𝑐𝑐 becomes larger as the number of hydrogen bonds in the 

system increases due to cooperativity effects. After a cluster grows to contain more than five or 

six hydrogen bonds, 𝛥𝛥𝐸𝐸ℎ𝑐𝑐 begins to converge to a stable value.71 A surprising result is that 𝛥𝛥𝐸𝐸ℎ𝑐𝑐 

of a larger cluster in solution turns out to be very close to 𝛥𝛥𝐸𝐸ℎ𝑐𝑐  of a dimer in vacuum for both 

water and methanol. Figures 11 and 12 illustrate this effect for water and methanol where 

binding energy of a cluster containing six hydrogen bonds is within a few kJ/mol of the binding 

energy of the respective dimer. 

The water and methanol systems demonstrate that increases in interaction energies caused by 

cooperativity effects can be largely offset by decreases in interaction energies from continuum 

solvation effects. This fortunate ‘cancellation’ somewhat explains why 𝛥𝛥𝐻𝐻 of dimerization 

calculated in vacuum turns out to be a good predictor of association energy used in equations of 

state at high densities. 
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Figure 11. Water cluster binding energy per hydrogen bond. 

 

Figure 12. Methanol cluster binding energy per hydrogen bond. 

 

6.4. Cluster Geometries and Equilibrium 

An associating system is actually a mixture of many cluster geometries in dynamic 

equilibrium. There may be several stable minimum energy configurations for a given dimer 

(n=2) and the situation is even more complicated for larger clusters (n>2). If the differences 
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between binding energies are on the order of the zero point energy or less, the configurations are 

rapidly interchanging and the experimentally observed geometry is an average of the equilibrium 

geometries.73 

The process of identifying stable cluster geometries becomes increasingly complex and time 

consuming as cluster size increases. Molecular dynamics simulations are often used for large 

clusters to identify several candidate geometries which are then refined with quantum chemistry 

calculations.63 Bulk properties are then determined as an average of over the equilibrium 

composition of many individual clusters.11,44,63 The presence of multiple cluster configurations in 

equilibrium means that the system composition (relative cluster concentrations) strongly depends 

on temperature and density. 

Studying noncovalent clusters with quantum chemistry becomes time consuming as system 

size increases beyond a few molecules. Insights gained from cluster analysis must have a direct, 

practical application to justify the significant time investment required relative to simple dimer 

analysis. The ‘practical application’ for applied thermodynamics is modeling association 

properties in solution. Detailed study of clusters beyond the dimer with quantum chemistry is 

arguably not required for estimating equation of state parameters. The reasoning behind this 

statement is provided below.   

Estimating the enthalpy of hydrogen bonding using the workflow shown in Figure 5 has been 

shown to provide a reasonable estimate for the association energy of PC-SAFT and CPA. 

Cooperativity effects in larger clusters are somewhat offset by continuum solvation effects. Due 

to this fortunate ‘cancellation effect’, the enthalpy of hydrogen bonding estimated from gas 

phase calculations turns out to be a practical measure of hydrogen bond strength that applies over 

a wide range of densities.   
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Estimating the entropy of hydrogen bonding is significantly more complex and requires a 

detailed treatment of intermolecular and intramolecular rotational modes. Entropy is a property 

which strongly depends on the vibrational, rotational, and configurational state of the fluid. This 

brings into question whether insights from quantum chemistry studies on gas phase clusters can 

result in measures for configurational properties (such as entropy) which are transferable to 

liquid like densities.      

Methanol is a prototypical hydrogen bonding system which has been extensively studied 

(quantum chemistry, statistical thermodynamics, molecular dynamics, as well as spectroscopy 

and other experimental studies). Extensive quantum chemistry and statistical thermodynamics 

studies of methanol clusters reveal that ring structures are more stable than chain structures in the 

gas phase.45,71 This is in contrast to recent Ab initio molecular dynamics simulations which 

suggest that chains are the preferred structure in liquid methanol.74 X-ray spectroscopy 

experiment confirm that liquid methanol is a mixture of cyclic and chain structures.75,76  

These contrasting perspectives for the well-studied methanol system illustrate that the actual 

fluid structure will often be different from what is suggested by quantum chemistry analysis of 

gas phase clusters. Therefore, even the most detailed thermodynamic analysis of gas phase 

clusters may not yield estimates for entropy which correspond to real behavior at liquid like 

conditions (because entropy is so strongly dependent on the configuration of the fluid).   

Using the dimerization entropy to estimate association volume for PC-SAFT and CPA does 

not appear to be practical for routine application at this time. This is due to the large effort 

required to accurately estimate gas phase dimerization entropy (explicit treatment of rotational 

modes is required) and the open question of whether gas phase dimerization entropy is a 

representative measure of association entropy over a wide range of densities.  
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6.5. Additional Considerations 

The relationship between association energy and the enthalpy of dimerization shown in Eq. 13 

was derived at the ideal gas limit. Association energies estimated using this relationship agreed 

very well with those determined by fitting PC-SAFT and CPA to experimental data. The 

observed success of this relationship for highly non-ideal systems (strongly associating 

compounds at high pressures and densities) is somewhat fortunate given the restrictive 

assumptions involved in its derivation. Despite this limitation, the approach demonstrates very 

satisfactory performance for compounds with a wide range bonding strengths and motifs.   

The enthalpy of dimerization estimated in vacuum (using the Rigid Rotor Harmonic Oscillator 

approximation) is an intuitive and convenient measure of noncovalent bond strength. Rigorously 

accounting for low frequency vibration, rotation, cooperativity, solution, and cluster effects does 

not appear to be required to yield reasonable predictions of association energy in practice. The 

model systems considered in Sections 6.1-6.4 (water and alcohols) suggest that the error 

introduced by ignoring any of these effects individually is in the range of +/- ~5-20% for the 

compounds considered in this work. This range is in qualitative agreement with the scatter 

observed in Figures 4 and 7 which is encouraging. However, a full assessment of the cumulative 

error introduced by ignoring these effects is beyond the scope of this work.  

7. Conclusions 

Association interactions between nucleophilic sites (such as lone pairs and π-bonds) and 

electrophilic centers (σ-holes) often result in the formation of strong noncovalent complexes. 

These orientation dependent attractive interactions impact the properties of chemical systems and 

give rise to non-ideal fluid behavior. Quantum chemistry and statistical mechanics can be used to 
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understand the geometries and thermodynamic properties of noncovalent complexes at ideal gas 

conditions.   

Wolbach and Sandler37 developed relationships to estimate SAFT association parameters from 

ideal gas thermodynamic properties of dimerization. This foundational study established a 

pathway to reduce the number of adjustable parameters for equations of state with the TPT-1 

association term using properties estimated from quantum chemistry and statistical mechanics. 

A simplified version of Wolbach and Sandler’s37 approach was applied to test if the 

relationship between TPT-1 association parameters and thermodynamic properties of 

dimerization extends to a broader range of low molecular weight self-associating compounds.  

The association energy (𝜀𝜀𝑆𝑆𝑖𝑖𝐵𝐵𝑗𝑗) and dimerization enthalpy (∆𝐻𝐻) were found to be strongly related 

for the set of compounds studied in this work. 

Association energy estimated using the proposed QC/SM approach can be applied to reduce 

the number of adjustable PC-SAFT and CPA parameters. PC-SAFT and CPA are able to 

correlate saturation properties with little loss of accuracy using four adjustable parameters. The 

simplifications associated with the proposed QC/SM approach (derivation at ideal gas conditions 

as well as the neglect of cluster, cooperativity, and solution effects) do not appear to diminish its 

practical performance for the compounds considered in this work. 

Additional benefits of estimating association energies from the enthalpy of dimerization 

include the following: 

• The temperature dependence of the association term is defined by an external measure of 

association strength which has a strong basis in the physics of the interaction. 

• Association parameters for a wide range of compounds can be derived with the same 

physical basis so that the entire ‘set’ of estimated parameters is self-consistent.   
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The SAPT electrostatic to dispersion ratio (E/D ratio) is a simple measure that can be applied 

to classify noncovalent interactions as dispersion dominated, mixed influence, and electrostatic 

dominated. Application of the TPT-1 association framework is considered justified if an 

interaction is classified as either mixed influence or electrostatic dominated. 

QC/SM estimated association energies and SAPT E/D bond classification are tools that have 

additional potential applications for improving the description of multifunctional molecules, 

parameterizing associating sites in group contribution approaches, and improving the description 

of association in mixtures (particularly for solvating systems).  
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