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Abstract: We combine matrix theory and graph theory methods to give a complete characterization of the
surjective linear transformations of tropical matrices that preserve the cyclicity index.We show that there are
non-surjective linear transformations that preserve the cyclicity index and we leave it open to characterize
those.
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1 Introduction
LetG = (V , E)denote a directed graph (digraph) and let V = V(G), E = E(G), and n = |G| = |V|be its vertex set,
its edge set, and its order, respectively. Loops are permitted in a digraph but parallel edges are not. A digraph
H is called a subgraph of G if V(H) ⊆ V(G) and E(H) ⊆ E(G)∩(V(H)×V(H)). A directed walk from u to v in G is
a sequence of vertices u, w1, . . . , wl , v ∈ V(G) and a sequence of edges (u, w1), (w1, w2), . . . , (wl , v) ∈ E(G),
where vertices and edges are not necessarily distinct. A walk without repeating vertices is called simple. The
length of a walk is the number of edges in it. A directed walk from u to v is called a closed directed walk if
u = v. A directed cycle (or a dicycle) is a closed directed walk with no repeated vertex except for the �rst and
last vertex. A graph is strongly connected if it has just one vertex or for any pair of vertices there is a walk from
the former vertex to the latter.

Another important object of our study is a so-calledmax-plus semiring or a tropical semiring, which is the
setR := R∪{−∞} of real numbers completed by the element −∞with two binary operations⊕ and⊗ de�ned
by a⊕b = max{a, b} and a⊗b = a+b for all a, b ∈ R. It is easy to see that under the introduced operationsR
is an algebraic structure, usually called a semiring. This semiring is commutative, antinegative and without
zero divisors. Its neutral element with respect to the operation⊕ (zero element) is −∞, and the neutral element
with respect to the operation⊗ (unit element) is 0. Themultiplication is commutative and distributive over the
addition on both sides. In addition, −∞⊗ a = −∞ for all a ∈ R, 0⊗ a = a for all a ∈ R. If for some a, b ∈ R
it holds that a ⊕ b = −∞, then a = b = −∞. If a ⊗ b = −∞, then either a = −∞ or b = −∞. In this paper we
always write + and · for usual operations and⊕ and⊗ for tropical operations.

LetMn denote the semiring of n × nmatrices with tropical entries. Matrix addition andmultiplication are
de�ned by the usual rules, where we substitute addition andmultiplication of the entries by the correspond-
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ing tropical operations. We denote the tropical sum of matrices by⊕, and the tropical product of matrices by
⊗, namely, for A = (aij), B = (bij) ∈ Mn we de�ne C = (cij) = A ⊕ B ∈ Mn and D = (dij) = A ⊗ B ∈ Mn,

where cij = aij ⊕ bij = max{aij , bij}, dij =
n⊕
k=1

(aik ⊗ bkj) = maxk=1,...,n(aik + bkj) for all i, j, 1 ≤ i, j ≤ n. As

usual, we denote by In the identity matrix, that is, it has 0 at the main diagonal and −∞ elsewhere. Also, On
is the n × n matrix consisting only of −∞, Jn =

( 0 ... 0
... ... ...
0 ... 0

)
∈ Mn is the n × n matrix of units. Below we omit

the index n if it is clear from the context what n is. Eij denotes the tropical matrix which is an analog of the
(i, j)-th matrix unit, i.e. the matrix with 0 on (i, j)-th position and −∞ elsewhere. A matrix with exactly one
entry α which is not equal to −∞, i.e., a scalar multiple of a matrix unit is called a cell. For α ∈ R we refer to
α⊗Eii as diagonal cells and to α⊗Eij for i ≠ j as o�-diagonal cells. We say that P = (pij) ∈ Mn is a permutation
matrix corresponding to a permutation τ ∈ Sn if piτ(i) = 0 for all i = 1, . . . , n, and all other entries of P are
equal to −∞.

Graphs are naturally related to tropical (boolean) matrices: For a square tropical matrix A = (aij) of order
n, its associated digraph is de�ned to be the digraph G(A) such that V(G(A)) = {v1, . . . , vn} and G(A) has an
edge from vi to vj if and only if ai,j ≠ −∞. The value ai,j is called weight of the edge from vi to vj. Conversely,
the adjacency matrix of a digraph G with V(G) = {v1, . . . , vn} is the square (−∞, 0)-matrix A(G) of order n
such that A(G)(i, j) = 0 if and only if there exists an edge from vi to vj in G. If G is a weighted digraph, then
its adjacency matrix is usually considered as A ∈ Mn, where ai,j is the weight of the edge from vi to vj and
ai,j = −∞ if there is no such an edge.

The cyclicity index, or just cyclicity, de�ned in the next section, is important for determination of regular
regimes in scheduling and other network problems, see [6, 10] and references therein.

We use a result on matrices in [1] combined with a result on graphs in [11] to give a complete description
of the surjective linear transformations of tropical matrices which preserve the cyclicity index.

Our paper is organized as follows. In Section 2 we de�ne the cyclicity index of graphs and matrices and
discuss its properties and applications. Section 3 is devoted to the theory of linear maps preserving matrix
invariants. We provide a brief historical introduction and several results that we need further. In Section
4 we characterize the bijective linear operators which preserve the cyclicity index. In Section 5 we provide
examples of non-bijective transformations preserving the cyclicity index. We leave it open to characterize
those.

2 Cyclicity index of graphs and matrices
De�nition 2.1. The cyclicity index (or just cycliciy) of the digraph G denoted by σG is de�ned as follows:

(i) If G is strongly connected and |V(G)| ≥ 2 then its cyclicity equals to the greatest common divisor of the
lengths of all dicycles in G.

(ii) If G consists of just one vertex with or without loops, then σG = 1.
(iii) If G is not strongly connected, then its cyclicity equals the least commonmultiple of the cyclicities of

all maximal strongly connected subgraphs of G.

To �nd the cyclicity of a strongly connected component of a digraph one may use the following notion.

De�nition 2.2. A digraph G is homomorphic to a digraph H if there exists a surjective map f : V(G)→ V(H)
such that, for any edge (x, y) in G its image (f (x), f (y)) is an edge in H.

Remark 2.3. The cyclicity of a strongly connected digraph G is the largest k such that G is homomorphic to
a dicycle of length k.
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Let us think of the elementary dicycle of length k as the digraph whose vertices are the integers modulo k,
such that (u, v) is an edge if and only if v = u +1modulo k. Now to determine if a strongly connected digraph
G is homomorphic to the dicycle of length k (de�ned above) one may proceed by the algorithm:

1. Let x be any vertex of G and put f (x) = 0modulo k.
2. For any vertex y, take a directed path from x to y, and let f (y) be the length of that path modulo k.
3. Let Vi be the set of vertices such that f (y) = i.
Now G is homomorphic to the dicycle of length k if and only if any edge (u, v) of G goes from Vi to Vi+1.

If this holds then f is a homomorphism from G to the dicycle of length k, and the biggest such k is σ(G).

De�nition 2.4. Let G = (V , E) be a weighted graph with the adjacency matrix A = (aij) ∈ Mn. Let C =
(vi1 , . . . , vil ) be a dicycle in Gwith edgeweights ai1 , . . . , ail . The averageweight of C is the tropical geometric
mean of the weights of the edges in C:

wa(C) =⊗l
√
ai1 ⊗ . . . ⊗ ail =

1
l (ai1 + . . . + ail ).

Note that the tropical geometric mean is precisely the usual arithmetic mean of these values. A dicycle in G is
critical if it has the maximal average weight. The critical subgraph Gc of G is the union of all critical dicycles
in G.

De�nition 2.5. Let A ∈ Mn be such that its adjacency digraph G = G(A) contains at least one dicycle. Then
the cyclicity of A is the cyclicity of the critical graph Gc of G, i.e., σ(A) := σGc . If G(A) has no dicycles, then we
put σ(A) = 1.

Due to the following fundamental cyclicity theorem [6], cyclicity index is used to investigate periodic behavior
of solutions of max-linear systems of type x(k +1) = A⊗ x(k) for k ≥ 0, where A is an n × n tropical matrix and
x(0) = x0 is the initial condition. In particular, it is used for determination of regular regimes in scheduling
and other network problems, see [10] and also [6] and references therein.

Theorem 2.6. [6, Theorem 3.9] Let A be an irreducible tropical n × n matrix with eigenvalue λ and cyclicity
σ = σ(A). Then there is a positive integer N such that A⊗(k+σ) = λ⊗σ ⊗ A⊗k for all integers k ≥ N, where
λ⊗σ = λ ⊗ . . . ⊗ λ︸ ︷︷ ︸

σ times

.

3 Maps preserving matrix invariants
Given an invariant, a set or a relation on a certain algebraic system, it is natural to ask: what are the trans-
formations of this system that do not change the invariant, set or relation under consideration? In the case of
matrix algebras, the investigation of such maps dates back to the result of Frobenius [3], who proved that the
bijective linear maps of complex matrices leaving the determinant invariant are precisely those of the form
either X → PXQ for all X or X → PXtQ for all X where det(PQ) = 1 and Xt denotes the transposed matrix.

This result was subsequently generalized by Schur [9], who gave the characterization of maps preserving
all subdeterminants of any �xed order r. Later Dieudonné [2] used projective geometry to characterize the
bijective linear maps preserving the set of singular matrices over an arbitrary �eld.

Following these initial investigations, many authors have studied the problem of determining the set of
linear operators on the n × n matrix algebra Mn(F) over a �eld F that leave certain matrix relations, subsets,
or properties invariant (see the surveys [7, 8] for the details). In the last two decadesmuch attention has been
paid to the investigation of maps preserving di�erent invariants for matrices over various semirings.

In the proof of our main result we need the following special case of a result in [1].

Lemma 3.1. [1, Theorem 2.14] Let T : Mn → Mn be a linear transformation (with respect to the tropical opera-
tions). Then T is bijective if and only if T is surjective if and only if T induces a bijection on the set of cells.
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The following standard notations are used in the sequel. A linear transformation T : Mn → Mn is called a
(P, B, Q)-operator, if it has the form T(X) = P ⊗ (X ◦ B) ⊗ Q for all X ∈ Mn or T(X) = P ⊗ (X ◦ B)t ⊗ Q for
all X ∈ Mn, where ◦ denotes the Schur (Hadamard), i.e. element-wise product: (X ◦ B)ij = xij ⊗ bij, and P, Q
are tropical products of permutation matrices and invertible diagonal matrices, and B has no −∞ entries. T
is usually called standard if it is a (P, B, Q)-operator, where B = J. The term standard re�ects that most of the
linear preservers over semirings lie in this class, see for example, [1, 4, 5, 8].

4 Characterization of surjective linear maps preserving cyclicity
In this section we investigate linear transformations on matrices which preserve the cyclicity index. We shall
use a result in [11] on edge-bijections induced by isomorphisms or anti-isomorphisms. An isomorphism (re-
spectively anti-isomorphism) of a digraph D onto a digraph D′ is a bijection of the vertex set V(D) onto the
vertex set V(D′) such that, for any vertices x, y ∈ V(D), there is a directed edge from x to y if and only if there
is a directed edge from f (x) to f (y) (respectively from f (y) to f (x)). In either case, f induces an edge-bijection
π of E(D) onto E(D′) such that π and π−1 preserve dicycles. (Recall that undirected graph is called connected
if for each pair of its vertices there is a non-oriented path between them, and it is called k-connected if it has
more than k vertices and remains connected whenever less than k vertices are removed.) Conversely, if the
underlying graph of D is 3-connected, then any edge-bijection π of E(D) onto E(D′) with the property that π
and π−1 preserve dicycles is induced by an isomorphism or anti-isomorphism, as proved in [11, Theorem 3.3].
(Note that, if the underlying graph of D is 3-connected, then there are no so-called 2-switches in [11, Theorem
3.3]).

Theorem 4.1. Let T : Mn → Mn be a surjective linear transformation, which preserves the cyclicity. Then there
exists a matrix B ∈ Mn, a permutation matrix P ∈ Mn, and a permutation ρ ∈ Sn such that T is a composition
of some of the following transformations:

1) X → P ⊗ X ⊗ Pt for all X ∈ Mn,
2) X → X ◦ B for all X ∈ Mn, where B has no −∞ entry, and ◦ is de�ned at the end of the previous section.
3) X = (xij)→ Y = (yij), where yij = xij for i = ̸ j and yii = xρ(i)ρ(i) for all i = 1, . . . , n.
4) X → Xt for all X ∈ Mn.

Proof. 1. By Lemma 3.1 the map T permutes the cells. By assumption, T is linear. Then T gives rise to a per-
mutation, which we call τ, of the directed edges in the complete digraph with n vertices. Namely, let e be the
edge from i to j. Then τ(e) is the edge from k to l, where k and l are de�ned by T(Eij) = α ⊗ Ekl.

2. If L is a set of directed edges, thenwe let A(L) denote thematrixwhich is the tropical sumof allmatrices
Eij such that the edge (i, j) is in L.

3. Let us �rst prove that if C is a dicycle of length > 1 in the complete digraph, then τ(C) is also a dicycle.
Indeed, the cyclicity index of A(C) is the length of C, thus σ(A(C)) > 1. Since T preserves the cyclicity

index, σ(T(A(C))) > 1. Hence, the adjancy digraph of T(A(C)) contains a dicycle D. This dicycle D must be
equal to the whole graph of T(A(C)). For otherwise, since T is a bijection on the set of cells, there is a proper
edge set of C, say C′, such that τ(C′) = D. However σC′ = 1 and σD > 1, which is a contradiction. If C is a
dicycle of length 1 in the complete digraph, then clearly τ(C) is also a dicycle of length 1 because T permutes
the cells.

4. It follows from Item 3 that a set C of edges in the complete digraph forms a dicycle if and only if τ(C)
forms a dicycle.

5. In [11, Theorem 3.3] it is proved that then the restriction of τ to the non-diagonal entries is induced by
an isomorphism or an anti-isomorphism of the complete digraph onto itself. In order to apply [11, Theorem
3.3] we put D = F in the complete digraph, and we let π = τ.



116 | Alexander Guterman, Elena Kreines, and Carsten Thomassen

6. By Item 5 there is a permutation δ of indices {1, 2, . . . , n} such that T(Eij) = bij ⊗ Eδ(i)δ(j) for all 1 ≤ i ≠
j ≤ n. Let P be the permutationmatrix corresponding to δ. By the last remark in Item 3, there is a permutation
ρ of the indices {1, 2, . . . , n} such that T(Eii) = bii ⊗ Eρ(i)ρ(i) for all 1 ≤ i ≤ n.

This proves Theorem 4.1.

We shall now investigate to which extent the converse of Theorem 4.1 holds.

Lemma 4.2. Let T : Mn → Mn and P ∈ Mn be a permutation matrix.
If T satis�es 1) or 4) in Theorem 4.1, then T preserves the cyclicity.

Proof. 1) Multiplication with P on the left and Pt on the right changes the enumeration of vertices, i.e., it
corresponds to an automorphism of the graph. Hence, it does not change the critical subgraph and does not
change cyclicity.

2) Transposition reverses the directions of all edges. Thus it reverses the directions of all dicycles, i.e.,
it does not change their lengths. In other words, transposition of the graph matrix corresponds to an anti-
isomorphism in the adjacency digraph. Hence, it does not change the critical subgraph and does not change
cyclicity.

Lemma 4.3. Let T : Mn → Mn. Assume that there exists a matrix B without −∞ entry and a permutation
ρ ∈ Sn such that T satis�es 2) or 3) in Theorem 4.1. Then T preserves the cyclicity index if and only if ρ = δ and
B = α ⊗ J for some α ∈ R, i.e., B is the matrix with all entries equal to α.

Proof. The "if"-part is trivial.Wenowprove the "only if"-part. Let δ and ρ beas in Item5and Item6 in theproof
of Theorem 4.1. By Lemma 4.2 without loss of generality we may assume that δ is the identical permutation.
Consider �rst the case where ρ = δ = id. Let α ∈ R be the maximum entry of B. Suppose (reductio ad
absurdum) that Lemma 4.3 is false. Then there exist distinct indices i, j such that at least one of bi,i , bi,j , bj,i
equals α, and at least one of bi,i , bi,j , bj,i is strictly less than α. Without loss of generality we assume that
i = 1, j = 2. We consider the case where b1,1 = b1,2 > b2,1. The other cases are similar. Let X0 = (xij) be a
matrix such that each of x1,1, x1,2, x2,1 is distinct from −∞, and all other xi,j are equal to −∞ and such that
x1,1+b1,1 = (x1,2+b1,2+x2,1+b2,1)/2. Then x1,1 < (x1,2+x2,1)/2 and hence the critical subgraph of G(X0) is a
dicycle of length 2, which implies that X0 has cyclicity index 2. However, T(X0) has cyclicity index 1, because
the critical subgraph of G(T(X0)) consists of a dicycle of length 1 and a dicycle of length 2 having a vertex in
common, a contradiction.

Consider next the case where ρ = ̸ id. We consider here the case where n ≥ 4 and leave the case where
n < 4 to the reader. Since ρ ≠ id and n ≥ 4, there are indices i, j such that i, j, k,m are all distinct where
k = ρ(i),m = ρ−1(i). We also choose i such that bi,i is minimum among all bρq(i),ρq(i),where q is an integer. If
bi,i ≤ (bi,j + bj,i)/2, then we de�ne X0 as in the �rst case and obtain a contradiction as in the the �rst case.
If bi,i ≥ (bi,j + bj,i)/2, then we let X1 = (xij) be a matrix such that each of xm,m , xi,j , xj,i is distinct from −∞,
and all other entries are equal to −∞ and such that xm,m + bm,m = (xi,j + bi,j + xj,i + bj,i)/2. Then T(X1) has
cyclicity index 1, because the critical subgraph of G(T(X1)) consists of a dicycle of length 1 and a dicycle of
length 2 having a vertex in common. However, X1 has cyclicity index 2 because the critical subgraph of G(X1)
consists of a dicycle of length 2. This contradiction completes the proof.

Theorem 4.4. Let T : Mn → Mn be a surjective linear map. Then T preserves cyclicity if and only if there exist
a permutation matrix P ∈ Mn and an α ∈ R, such that T has the form T(X) = α ⊗ P ⊗ X ⊗ Pt for all X ∈ Mn, or
T(X) = α ⊗ P ⊗ Xt ⊗ Pt for all X ∈ Mn.

Proof. The "only if" part holds by Theorem 4.1 and Lemma 4.3. The "if" part follows from Lemma 4.2.

We say that T preserves cyclicity index 1 if, for each matrix A, σ(A) = 1 if and only if σ(T(A)) = 1. A close
inspection of the proof of Lemma 4.3 above also implies the following.
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Corollary 4.5. Let T : Mn → Mn be a surjective linear map. Then T preserves cyclicity index 1 if and only if
there exist a permutation matrix P ∈ Mn and an α ∈ R, such that T has the form T(X) = α ⊗ P ⊗ X ⊗ Pt for all
X ∈ Mn, or T(X) = α ⊗ P ⊗ Xt ⊗ Pt for all X ∈ Mn.

5 Non-surjective linear maps preserving cyclicity
Proposition 5.1. There exist non-surjective linear maps φ : M2 → M2 that preserve the cyclicity index.

Proof. De�ne

φ
(
a11 a12
a21 a22

)
=
(
−∞ a12
a21 a11 ⊕ a22

)
= (a′ij)

for all A = (aij) ∈ M2.
Clearly, φ is not surjective. We now prove that φ preserves cyclicity.
Any digraph with 2 vertices

1a11 99
a12 ** 2
a21

jj a22ee

has cyclicity index is either 1 or 2. Hence, the cyclicity index of a 2 ×2matrix is either 1 or 2. By the de�nition

of φ, G(ϕ(A)) is
1

a12 ** 2
a21

jj a′22ee ,

where a′22 = a11 ⊕ a22 = max(a11, a22).

Consider �rst the case σ(A) = 1. If G(A) has a dicycle of length 2, then its average weight is less than or
equal to the maximum of the weights of the loops, that is,max(a11, a22) ≥ a12+a21

2 . Hence

max(a′11, a′22) = max(−∞,max(a11, a22)) ≥
a′12 + a′21

2 ,

and so, the critical subgraph contains a loop which implies σ(φ(A)) = 1. If G(A) has no dicycle of length 2,
then a12 or a21 is −∞ and hence either a′12 or a′21 is −∞, so, there is no dicycle of length 2 in G(A′) either.
Again we conclude that σ(φ(A)) = 1.

Consider next the case σ(A) = 2. Then a12+a21
2 > max(a11, a22). By the de�nition of φ we have

max(a′11, a′22) = max(−∞,max(a11, a22)) <
a′12 + a′21

2 ,

and σ(φ(A)) = 2.
Hence φ preserves cyclicity.
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