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Abstract
Kvantekommunikation, dvs pålidelig overførsel af kvantetilstande over større afstand,
er fremkommet som vigtigt forskningsfelt i det seneste årti på grund af den stærke
sammenhæng med ikke-lokale kvantesystemer og fuldstændig sikker kommunikation.
Kvantekommunikation er i høj grad blevet undersøgt for to-niveau kvante-systemer,
q-bits, som bærende enhed for kvanteinformation. Multidimensionale kvantetilstande,
q-dits, har dog store fordele i forbindelse med kvantekommunikation sammenlignet
med q-bits. Først og fremmest har multidimensionale kvantetilstande evnen til at
bære mere information i et enkelt kvantesystem, hvilket kan øge den samlede rate
af information, der kan overføres. Frembringelse og håndtering af q-dits er blevet
markant forbedret de seneste år, men overførsel af disse tilstande med god kvalitet
gennem optisk fiber er stadig en væsentlig udfordring.
I løbet af mine tre års PhD studier har vi undersøgt fiber transmission af d-niveau
kvantetilstande med det orbitale vinkelmoment (OAM) af lys, som den centrale fri-
hedsgrad til at skabe multidimensionale tilstande. Fibertransmission af disse tilstande
er mulig takket være nye fibertyper med ringformede kerner omkring et luftfyldt
center. Ved at sende OAM baserede q-dits igennem denne nye type fiber har vi
undersøgt både deres udbredelse og deres anvendelse i praktiske kvantekommunika-
tionsprotokoller. Vi har desuden undersøgt pålideligheden af kvantekorrelation i et
fotonpar hvoraf den ene er transmitteret gennem en optisk fiber.



ii Abstract

Quantum communication, i.e. the reliable transmission of quantum states between
distant parties, has settled itself in the last decade due to its inherent connection
to quantum nonlocality and ultimate communication security. It has been largely
explored using two-level quantum systems, qubits, as fundamental information car-
riers, however, the exploitation of high-dimensional quantum state, qudits, offers
major advantages in quantum communication with respect to qubits. Above all,
high-dimensional quantum states own the great benefit of the increased information
capacity per quantum system, thus allowing for higher information rates. Qudits
generation and manipulation have been largely improved over the years, but their
faithful fiber transmission constitutes still the main challenge.
During the three years of my Ph.D., we have investigated the fiber transmission of
d-level quantum states encoded in the orbital angular momentum (OAM) of light,
the emblematic degree of freedom to devise high-dimensional states. Fiber transmis-
sion of such states required the exploitation of a novel ring structured optical fiber,
namely, an air-core fiber. By coupling OAM encoded qudits to such a new fiber,
we have investigated both their propagation and their application in practical quan-
tum communication protocols, but also we have inspected the robustness of quantum
correlations shared among a photon pair after the transmission of one of them.
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Introduction
A series of unheralded scientific, philosophical and technological revolutions have
characterized the XX century. Among these, the deep crisis of classical physics, due
to its inability to correctly describe the microscopic world, laid the foundations for
quantum theory to emerge. It was developed to explain a large number of counter-
intuitive experimental outcomes that were not fitting in the conceptual framework of
classical theory. Indeed, many aspects of quantum mechanics are far from the clas-
sical notions of reality. Among these, a new phenomenon, known as entanglement,
and its connection to quantum nonlocality was brought to the attention of the sci-
entific community by Einstein, Podolsky, and Rosen in their seminal work [1]. The
progressive comprehension of quantum theory came along in the period within the
30s and 60s, thanks to the work of incredible scientists, among which we mention
Schrödinger, Dirac and Feynman [2–4]. Simultaneously, in a completely unrelated
way, the bases for a rigorous study of the information exchange, later named informa-
tion theory, were laid down by the intuitions of Shannon, von Neumann, Turing, and
Church [5–8]. These two apparently unrelated theories, merged together by the end
of the century, giving birth to the quantum information theory, whose main goal is to
use quantum mechanics principles to improve information protocols and technologies
in terms of information rate and resources optimization. Nowadays, quantum infor-
mation, theoretical and experimental, constitutes a wide and transverse research field
comprising physicists, engineers, and computer scientists, and that can be subdivided
into three macro areas: quantum computation, quantum simulation, and quantum
communication. Within each of them, extraordinary results have been achieved in
the last two decades, so that a future dominated by quantum technologies does not
seem a sci-fi novel anymore.
Our scientific research focuses on quantum communication, that is, the reliable trans-
mission of quantized information carriers, called qubits, among several and spatially
separated locations. Diverse physical system can be used to accomplish such task,
but photons, due the low interaction with each other, are favorite for communication
purposes. Quantum communication constitutes the core element of future quantum
networks, where secure communication, entanglement-based, and other genuine quan-
tum protocols will be shared between distant users. Several communication links have
been investigated through the years to faithfully transmit qubits, e.g. free-space,
satellite-to-ground and fiber channel, obtaining unprecedented results. However, a
full deployment of quantum technologies based on the transmission of quantum in-
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formation is still prevented by non-trivial issues, like the low information rates, the
relatively short propagation distances or the low repetition rates of qubit sources.
In the last three years, the main purpose of our research has been to investigate fiber-
based qubit transmission, addressing some of the problems limiting the blossoming
of quantum communication, as the information rate and the transmission through
the fiber itself. Indeed, the most reasonable way to build quantum networks is to
transmit quantum states through the billions of kilometers of optical fibers deployed
around the world, which connect people and countries and make the world wide web
work as we know it in our ordinary life [9]. Interestingly, the correspondence be-
tween the fiber transmission of classical bits and qubits is not one-to-one, rather, the
latter, makes scientific challenges arise. For instance, interference measurements are
needed to detect a quantum superposition of qubits, but fiber-based interferometers
are inherently unstable due to the phase drifts originating throughout the fiber prop-
agation. A much more intriguing problem is the impossibility to amplify a single
quantum carrier, thus the need for quantum repeaters shows up in order to reach a
very long distance transmission [10]. Our investigations on fiber-based transmission
of quantum states resulted in seven journal papers that are listed on Page vii and
will be referenced in the text as Refs. [11–17]. In particular, this work of thesis is
based on the topics addressed in Refs. [13–15], namely, high-dimensional quantum
communication and the propagation and transmission of orbital angular momentum
states through a fiber link. Qubits are regularly adopted as information units since,
being two-level quantum systems, they recall the two possible states of a classical bit,
i.e. 0 and 1. On the other hand, the exploitation of d-level quantum systems, that
is high-dimensional states, constitute a richer resource for quantum communication,
as they allow for the transmission of more than one classical bit of information per
single transmitted particle, thus increasing the overall information rate and exceed-
ing the limitations imposed by the ubiquitous qubits. Furthermore, they enhance
the violation of nonlocality inequalities, provide higher noise resistance, and improve
the security of quantum key distribution protocols [13]. Hitherto, high-dimensional
states have been implemented by exploiting various photonic degrees of freedom,
however, the orbital angular momentum constitutes the emblematic one to encode
d-dimensional states, due to its natural capability to devise high-dimensional bases.
Nonetheless, the propagation of quantum states encoded in the orbital angular mo-
mentum of light through a fiber link is a rather arduous task and a special class of
fibers is needed [14,15].
In the next five chapter, we will examine in depth and discuss the results we ob-
tained, the issues and the challenges on the fiber transmission of high-dimensional
quantum states encoded in the orbital angular momentum of light. In particular, the
thesis is divided in two parts. Part I, comprising three chapters, lays the theoretical
background needed for a full comprehension of the experiments that we are going to
present in the last chapter, Refs. [14,15]. Part II, instead, comprise the last two chap-
ters in which the experimental techniques and results will be shown. Specifically, in
Chapter 1 the basic elements of quantum communication will be introduced. Starting
from the very basic definitions, we will proceed explaining quantum correlations and
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the emergence of quantum nonlocality and contextuality. After that, few hints will be
given on quantum key distribution, especially the BB84 protocol, its implementation
and security proofs. Finally, we will discuss about quantum communication in high-
dimensions, and the advantages deriving from the exploitation of d-level quantum
systems as information carriers will be detailed.
In Chapter 2, we will introduce the reader to the concept of spin and orbital angu-
lar momenta of light, posing the accent on the latter and deriving its features. In
particular, we will heuristically show how certain types of laser beams are strictly
intrinsically related to it. Furthermore, the concepts of structured light and vector
vortex beams are going to be presented, showing their unique properties and their
quantum contextuality implications.
Chapter 3 is entirely dedicated to the special fiber we used to propagate our high-
dimensional states. Therefore, after an introduction on the fiber modes and their
guidance regimes, the issue related to the propagation of modes carrying an orbital
angular momentum will be addressed. At the end of the chapter, an overview of the
type of fibers used to transmit high-dimensional states, depending on the encoding
scheme chosen, will be given, showing the pros and cons of each of them.
Chapter 4 is the first one belonging to the second part. It is nothing more than a
collection of all the experimental tools and techniques we used to carry out our exper-
iments. Therefore, the generation, manipulation, transmission and detection schemes
adopted will be shown.
Finally, in Chapter 5, we are going to use all the background information laid down
in the previous chapters to tell and discuss the experiments we carried out. The first
part of the chapter will show the experiment in Ref. [15], in which we firstly investi-
gate the transmission of qubits and high-dimensional states encoded using the orbital
angular momentum, and then, to address the practicality of our result, we perform
three different quantum key distribution protocols exploiting the states generated. In
the last part, instead, we will present the experiment in Ref. [14], in which we tested
the distribution of complex entangled states. In particular, the coherence of a hybrid
entangled state will be probed after the fiber transmission, both in a bipartite and
a multipartite scenario. In addition, the contextual quantum correlations owned by
the state we prepared will be studied.
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Part I
Theoretical concepts





CHAPTER1
Quantum

communication
from basic elements to communication in

high dimensions

The first line of a famous article from 2007 by Nicolas Gisin and Rob Thew reads:
“Quantum communication is the art of transferring a quantum state from one place
to another” [18]. No easier phrasing could have been written to deliver in such a
direct and faithful manner the concept of quantum communication. Perhaps, only
the word “art” appears rather blurry within a very scientific context. It is necessary
to unveil the concepts disguised by the previous sentence to understand the appropri-
ateness of the word “art”. Indeed, the transmission of a quantum state among two
locations expects the generation and manipulation of the quantum state, its propa-
gation through a channel, and its measurement and detection to be managed and
carried out correctly. These three aspects, i.e. generation, transmission, and mea-
surements, constitute rich topics where enormous scientific efforts have been spent
onto to boost the future quantum technologies. Thus, it should appear clearer now
that, to properly orchestrate these aspects regardless of the difficulties they involve,
it is necessary some sort of art.
Quantum communication relies on quantum systems as information carriers, thus,
stemming from the application of quantum mechanics to information theory, it in-
herits the bizarre quantum features on which quantum protocols can rely on. For
instance, entangled states, defying the classical notion of local causality [1, 19], are
the core for entanglement swapping [20–23], superdense coding [24–27] and quantum
teleportation protocols [28–32]. In this chapter, we introduce the basic elements of
quantum mechanics and quantum information that are fundamental in quantum com-
munication, focusing on those that are needed for a good understanding of the topics
we are going to deal with in the upcoming chapters. Precisely, we are starting with the
definition of pure and mixed states, then entangled states and the paradoxes they are
involved into are going to be introduced. After that, a brief presentation on quantum
key distribution will be given. Finally, the advantages of quantum communication in
high-dimensional Hilbert spaces will be presented.
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1.1 Pure, mixed and entangled states
The simplest quantum object to describe is a two-level system, i.e. a quantum system
that can be in any superposition of two physically distinguishable quantum states, |a1⟩
and |a2⟩. Such a quantum state is described by a unit vector, |ψ⟩, in a 2-dimensional
complex Hilbert space, H(2), by the following relation:

|ψ⟩ = α |a1⟩+ β |a2⟩ , (1.1)

where α and β are complex coefficients satisfying the normalization relation |α|2 +
|β|2 = 1 and ϕ is the relative phase between the basis vectors |a1⟩ and |a2⟩ [33]. Every
quantum state that can be written as (1.1) is said to be pure.
In quantum information theory, a two-level quantum system corresponds to the ba-
sic unit of information and is called quantum bit or simply qubit. Conversely to its
classical counterpart, the bit, it seems that a larger amount of information can be
encoded into a qubit, instead of two defined values. Indeed, the superposition prin-
ciple of quantum mechanics allows for a continuum of states with different values of
the coefficients α and β, being them two complex numbers spanning continuously a
2-dimensional space. So, one might be tempted to say that the amount of information
potentially storable in a single qubit is infinite. However, this conclusion turns out
to be misleading, due to the behavior of the qubit when is observed, i.e. measured.
A measurement, indeed, changes the state of the quantum bit, collapsing it from
its superposition to a specific eigenstate, with probability |α|2 and |β|2, respectively.
Hence, from a single measurement we obtain only a single bit of information about
the qubit state. A complete reconstruction of the numbers α and β would require
an infinite number of measurements, over an infinite number of identically prepared
qubits. Nevertheless, there is something conceptually important to point out: even if
we have not access to the whole information contained in a quantum system, when a
qubit evolves through a unitary transformation1, it applies also to the non-accessible
information. This is the fundamental concept that lies behind the quantum paral-
lelism exploited by many quantum algorithms [34].
If we introduce the so-called computational basis {|0⟩ , |1⟩}, Equation (1.1) for a qubit
transforms as:

|ψ⟩ = α |0⟩+ eiϕβ |1⟩ . (1.2)

Given the normalization condition, |α|2 + |β|2 = 1, by using the polar coordinates
0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, the state in (1.2) can be rewritten as:

|ψ⟩ = cosθ
2
|0⟩+ eiϕ sinθ

2
|1⟩ , (1.3)

where θ contains the information on the probability to find the state in one of the two
eigenstate, while ϕ still represents the phase difference between them. The angles θ
1We are supposing the quantum system as closed, i.e. non-interacting with the external environment.



1.1 Pure, mixed and entangled states 9

Figure 1.1. Bloch sphere representation of a qubit. Each pair of poles correspond to mutually
orthogonal eigenstates, the polar angle θ contains the information on the probability to
find the state in either one or the other eigenstate, while the azimuth angle ϕ is the phase
difference between the two eigenstate components of the qubit.

and ϕ maps all the points of a sphere called Bloch sphere (see Figure 1.1). A vector
in the Bloch sphere is the geometrical representation of a qubit and, if it is pure, its
length is equal to one. The axes of the sphere are associated to three orthonormal
bases, typically related to the polarization of light:

|H⟩ = |0⟩ =
(

1
0

)
, |V ⟩ = |1⟩ =

(
0
1

)
,

|D⟩ = 1√
2

(|0⟩+ |1⟩) =
(

1
1

)
, |A⟩ = 1√

2
(|0⟩ − |1⟩) =

(
1
−1

)
,

|L⟩ = 1√
2

(|0⟩+ i |1⟩) =
(

1
i

)
, |R⟩ = 1√

2
(|0⟩ − i |1⟩) =

(
1
−i

)
,

(1.4)

where |H⟩, |V ⟩, |D⟩, |A⟩, |L⟩ and |R⟩ represents horizontal, vertical, diagonal, anti-
diagonal, right and left circular polarization states of light, respectively. These three
orthonormal bases belongs to a special class of bases that we will encounter in the next
sections, called mutually unbiased bases (MUBs): in a 2-dimensional Hilbert space,
given two bases {|ai⟩} and {|bj⟩}, they are mutually unbiased if | ⟨ai|bj⟩ |2 = 1/2,
∀i, j ∈ {1, 2}. Such a definition is going to be generalized later on.
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Moving from equations (1.4), we can define the Pauli matrices as follows:

σ̂x = |D⟩ ⟨D| − |A⟩ ⟨A| =
(

0 1
1 0

)
,

σ̂y = |L⟩ ⟨L| − |R⟩ ⟨R| =
(

0 −i
i 0

)
,

σ̂z = |H⟩ ⟨H| − |V ⟩ ⟨V | =
(

1 0
0 −1

)
.

(1.5)

Pauli matrices are the generator of the Lie group SU(2), thus any rotation in a
2-dimensional space, which is represented by a 2 × 2 matrix, can be written as a
superposition of them, i.e. the set {σ̂x, σ̂y, σ̂z} forms a complete basis for the space of
2× 2 matrices [33]. This property and equations (1.5) are going to be very useful to
comprehend how measurements have been carried out in one of our experiments [14].
Up to now, we have described pure states, however, in almost all practical situa-
tions and experiments, the state of a quantum system is not perfectly determined.
For instance, our knowledge can be restricted to a set of possible states, with their
respective (statistical) probabilities, in which the whole system can be found:

{|ψ1⟩ , . . . , |ψn⟩} ←→ {p1, . . . , pn} (1.6)

where
∑

k pk = 1 are the probabilities associated to each of the pure states |ψi⟩ of the
statistical ensemble. Such a state represents a mixed state and cannot be described
by the formalism of (1.1). The suitable formalism that can describe such mixtures is
the density matrix [33,34].

1.1.1 Density matrix formalism
To describe a generic quantum system, the density matrix formalism is a very pow-
erful tool since it allows us to describe with full details pure and mixed states. The
density matrix takes into account the classical statistical probabilities relative to the
individual pure states composing the mixture. Hence, by considering a set of k quan-
tum states |ψi⟩ each with statistical weight pi, the density matrix operator is defined
as:

ρ̂ =
k∑

i=1
pi |ψi⟩ ⟨ψi| , (1.7)

that for pure state |ψ⟩ reduces to: ρ̂ = |ψ⟩ ⟨ψ|. It satisfies the following properties,
which derive from the definition (1.7):

• ρ̂ is Hermitian, i.e. ρ̂ = ρ̂†

• ρ̂ has unitary trace, i.e. Tr[ρ̂] = 1

• ρ̂ is a positive operator, i.e. ⟨ψ| ρ̂ |ψ⟩ ≥ 0, ∀ |ψ⟩ ∈ H
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The trace of a squared density matrix gives a simple criterion to determine if a state
is mixed or pure: if Tr[ρ̂2] = 1 the state is pure, instead if Tr[ρ̂2] < 1 the state
is mixed2. Furthermore, the density matrix elements have a physical meaning: the
diagonal terms ρ̂ii are called population terms and represent the probability that
the systems can be found in a pure state; the off-diagonal elements ρ̂ij , instead, are
called coherences and represent the interference terms between the states |ai⟩ and
|aj⟩ composing ρ̂.
Taking advantage of the density matrix, we can write a general qubit as:

ρ̂ = 1 + r⃗ · σ⃗
2

, (1.8)

where 1 is the identity operator, σ⃗ = (σ̂x, σ̂y, σ̂z) is the Pauli matrices vector and
r⃗ = (rx, ry, rz) is the vector representing the qubit on in the Bloch sphere. If the
state is a maximally mixed state, then ρ̂ = 1/2 and |r⃗| = 0, that is the qubit lies at
the center of the Bloch sphere. On the other hand, if the state is pure |r⃗| = 1, while
if it is mixed |r⃗| < 1.

1.1.2 Composite systems and entangled states
So far, we have introduced the formalism of the density matrix to properly describe
pure states or mixtures, i.e. statistical ensembles of two or more quantum systems.
However, composite quantum systems not necessarily form mixtures, but they can
exist also as pure states. It is exactly the analysis of these systems that revealed the
entanglement, showing its most mesmerizing and intriguing effects. The fundamental
nonclassical aspects deriving from the combination of two (or more) quantum states
were recognized by Schrödinger in 1935, who wrote: “Thus one disposes provisionally
(until the entanglement is resolved by actual observation) of only a common descrip-
tion of the two in that space of higher dimension. This is the reason that knowledge
of the individual systems can decline to the scantiest, even to zero, while that of
the combined system remains continually maximal. The best possible knowledge of
a whole does not include the best possible knowledge of its parts—and this is what
keeps coming back to haunt us” [2, 35]. In the same year, Einstein, Podolsky, and
Rosen showed how this novel notion was jeopardizing the principle of local causality,
thus they hypothesized the incompleteness of quantum theory [1]. Such incomplete-
ness seemed so apparent that scientists continued to debate about it for years. It
was in 1964, when John Bell published his theorem, a milestone for the whole physics
community, that the controversy was clarified and solved [19]. Since then, lots of
theoretical and experimental works have been carried out to investigate the complex
2Indeed, considering an orthonormal basis {|aj⟩} where the density matrix is diagonal, i.e. ρ̂ =∑

j
λj |aj⟩ ⟨aj |, then we get that Tr[ρ̂2] =

∑
j

λ2
j , where λi ≥ 0 ∀λi for the positivity of the

density operator. Since Tr[ρ̂] = 1, then 0 ≤ λi ≤ 1, thus only if all the eigenvalues are null and one
is λi = 1 then Tr[ρ̂2] = 1 and the state is pure. Contrariwise, in a mixed state we have more than
one diagonal element, therefore λi < 1,∀i and

∑
i

λ2
i ⇔ Tr[ρ̂2] < 1.
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nature of the entanglement, e.g. its optimal measurement methods [36], its charac-
terization, control and quantification [37–39]. In the next section, we are going to
say more about quantum correlations and the way they defy the classical physics
reasoning. By now, let us introduce formally the concept of entanglement.

Consider the simplest composite system, i.e. a bipartite quantum system composed
by two subsystems A and B in the 2-dimensional Hilbert spaces H(A) and H(B) re-
spectively. The whole state |Ψ⟩AB , in H(AB) = H(A) ⊗H(B), is separable if it can be
expressed as a product of two states in H(A) and H(B), that is:

|Ψ⟩AB = |ψ⟩A ⊗ |ψ⟩B , (1.9)

or, in a more general manner:

ρ̂AB =
∑

j

pj ρ̂
(A)
j ⊗ ρ̂(B)

j . (1.10)

If a quantum state cannot be written either in the form (1.9) or (1.10), it is called
entangled state. Examples of separable and entangled states, expressed in the com-
putational basis are:

|Ψ⟩AB = |0⟩ |0⟩ |Ψ⟩AB = 1√
2

(|0⟩ |1⟩ − |1⟩ |0⟩) , (1.11)

where the tensor product and the subscripts for the subsystems have been omitted to
simplify the notation. In a Hilbert space, H2⊗2, it is possible to find a basis that be
easily implemented experimentally in order to test quantum mechanics and perform
protocols of quantum information and quantum communication. Such a basis is
known as Bell basis [19]:∣∣Φ+⟩ = 1√

2
(|0⟩ |0⟩+ |1⟩ |1⟩),

∣∣Φ−⟩ = 1√
2

(|0⟩ |0⟩ − |1⟩ |1⟩)∣∣Ψ+⟩ = 1√
2

(|0⟩ |1⟩+ |1⟩ |0⟩),
∣∣Ψ−⟩ = 1√

2
(|0⟩ |1⟩ − |1⟩ |0⟩)

. (1.12)

In these basis each quantum state is in a superposition of two possible states. As soon
as a measurement is performed on one of the two qubits, the other is instantaneously
defined. For instance, if we have the state |Ψ−⟩ and the outcome |0⟩ is measured on
subsystem A, then subsystem B is found in the state |1⟩. These kind of correlations
are different from classical ones. They are truly quantum and they can lead to
striking quantum phenomena, e.g. locality violation, which will be addressed in the
next section.
Entangled states in (1.12) are of a special kind, indeed they are maximally entangled.
To give the definition of maximally entangled states, we need to introduce the reduced
density matrix. Consider a general bipartite state, described by a density matrix ρ̂,
composed of two subsystems A and B. The single subsystem A is described by the
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reduced matrix ρ̂(A), that is obtained from ρ̂ by using the partial trace over the
subsystem B [34]:

ρ̂(A) = TrB [ρ̂] =
∑

j

B ⟨j|ρ̂ |j⟩B (1.13)

where {|j⟩B} is a basis of the subsystem B. Analogously, the subsystem B is described
by the reduced matrix ρ̂(B), that is obtained from ρ̂ by using the partial trace over
the subsystem A. Thus, an entangled state is said to be maximally entangled if the
reduced matrix of each subsystem is proportional to the identity operator (completely
mixed state). For instance, if we consider the density operator for the state |Ψ−⟩, i.e.
ρ̂Ψ− = |Ψ−⟩ ⟨Ψ−|, then we have that the reduced matrix on system A is:

ρ̂(A) = TrB [ρ̂Ψ− ] =
1∑

i=0
(B⟨i| ρ̂Ψ− |i⟩B) = 1

2
1 . (1.14)

The definitions given until now for the bipartite systems can be generalized to the
case of several parties. Consider N qubits composing a larger Hilbert space defined
as H = H(A) ⊗ · · · ⊗ H(N). A pure N -partite state |Ψ⟩ is fully separable if it can be
written as a product state of all the parts:

|Ψ⟩ = ⊗N
i=1 |ψi⟩ . (1.15)

This definition can be extended also for mixtures and say that they are fully separable
if a convex combination of pure fully separable states can be extracted:

ρ̂ =
∑

k

pkρ̂
(A)
k ⊗ · · · ⊗ ρ̂(N)

k . (1.16)

If the state under analysis cannot be expressed as a fully separable state, then it
contains a certain amount of entanglement. In such a case, two possibilities can be
distinguished: the state is M -separable (with 1 < M < N), i.e it can be written as a
product of M states with some entanglement, but it is not fully separable in N parties
(with (MN)/M ! possible partitions of the N parties into M parts); or the state is a
genuine N -partite entangled and there is no way to write it as a tensor product of two
or more states belonging to some partitions of the Hilbert space. States that are not
even bi-separable concerning all possible bipartitions are called genuine multipartite
entangled states. These entangled states are of special interest since they are an
“extreme” version of entanglement, that is all subsystems contribute to the shared
entanglement feature. Note that, if two qubits, A and B, are maximally entangled,
then they cannot be correlated at all with a third qubit C. This property is called
monogamy of entanglement [40]. In general, quantifying the amount of entanglement
possessed by entangled systems is not a simple task. There exist many quantifiers,
but which one suits better depends on the particular context. A very nice review on
these and on the entanglement certification techniques is given in Ref. [37].
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1.2 Quantum correlations
The physical and conceptual consequences of the entanglement are still subject to
intensive investigations, not only for their theoretical importance but also because
entangled states represent a very powerful tool for quantum technologies [41–43]. In
this section, we are going to address the emergence of quantum nonlocality and quan-
tum contextuality, which are the biggest implications that entanglement has on our
concept of physical reality and the reason why it unsettled the scientific community.

1.2.1 Einstein-Podolsky-Rosen paradox
In 1935, Einstein, Podolsky, and Rosen (EPR) were the first scientists arguing about
the “completeness of quantum mechanics” in their seminal work by reasoning upon
a non-separable quantum state3 in the position and momentum spaces [1]. Following
the EPR argument, namely the hypothesis of realism, a theory is complete only if
each element of reality is assigned to a physical quantity, whose value can be deter-
mined with certainty, i.e. with unitary probability, independently from and before
any measurement. In this sense, EPR questioned whether the quantum mechanical
description of the reality was complete or not. In quantum mechanics, indeed, physi-
cal quantities are represented by observables, i.e. hermitian operators, which can or
cannot commute with each other. For instance, the Pauli observables in (1.5), σ̂x, σ̂y

and σ̂z, do not commute, but they commute with σ̂2 ≡ 1. If the observables refer to
different systems they always commute, that is [σ̂(A)

i , σ̂
(B)
j ] = 0, with i, j ∈ {x, y, z}.

As a consequence, two physical properties represented by non-commuting observables
cannot be measured simultaneously: whenever we measure one of the observable, we
are perturbing the state in such a way that the measurement outcomes for the other
observable are influenced by our prior measurements. Hence, it is impossible to at-
tribute elements of reality simultaneously to non-commuting observables, so that,
following the EPR criteria, either quantum theory is incomplete or it does not exist
a simultaneous reality of two non-commuting observables. By using as an example a
bipartite entangled system, the three scientists made such incompleteness apparent
and the EPR paradox arose: assuming that non-commuting observables cannot be
measured simultaneously, they showed that there exist two different simultaneous
realities for a physical system according to quantum theory, thus concluding that it
must be incomplete. Now, let us describe formally the EPR paradox, starting from
a polarization entangled state. Consider two particles, A and B, in the singlet state:

|ψ⟩ = 1√
2

(|H⟩A |V ⟩B − |V ⟩A |H⟩B) . (1.17)

Furthermore, consider the two particles spatially separated, so that any local physical
interaction between them is eluded. By using a polarizer, the polarization of particle
3Indeed, it was Schrödinger who firstly defined such states entangled [2].
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A can be measured in two different bases, say eigenstates of the observables σ̂z and
σ̂x. We know from (1.5) that such eigenstates are |H⟩, |V ⟩ and |D⟩,|A⟩ respectively.
In this case, depending on the measurements performed on particle A, two possible
scenarios emerge for the polarization state of particle B:

σ̂z: Since particles A and B possess opposite polarizations, depending on the out-
come measurement of particle A, particle B is either |V ⟩ or |H⟩. Assuming
the measurement outcome on particle A is |H⟩A, then the state of the second
particle is |V ⟩B .

σ̂x: Upon measurements in the eigenbasis of σ̂x, i.e. |D⟩ and |A⟩, the state (1.17)
can be rewritten as:

|ψ⟩ = 1√
2

(|D⟩A |A⟩B − |A⟩A |D⟩B) , (1.18)

which has the same form of the state in (1.17) since such state is rotationally
invariant. If particle A is measured to be in the state |D⟩A, then particle B is
in the state |A⟩B , which is an eigenstate of σ̂x.

Without any interaction or perturbation on the second particle, this gedankenexper-
iment allowed to assign two polarization states for two non-commuting observables
σ̂z and σ̂x, that is |ψ⟩B = |V ⟩ and |ψ′⟩B = |A⟩ = (|H⟩ − |V ⟩)/

√
2 ̸= |ψ⟩B . Hence,

Einstein, Podolsky and Rosen claimed that the quantum mechanical state vector de-
scription of the reality must be incomplete. Indeed, a single particle state vector is
not anymore an accurate description for an entangled state, but the density matrix
formalism is needed. The density matrix of the state (1.17) is given by:

ρ̂AB = |ψ⟩ ⟨ψ| =

= 1
2

(|H⟩A |V ⟩B − |V ⟩A |H⟩B)(⟨H|A ⟨V |B − ⟨V |A ⟨H|B)
(1.19)

The density matrix ρ̂B describing the particle B is:

ρ̂B = TrA[ρ̂AB ] = 1
2

(|H⟩ ⟨H|+ |V ⟩ ⟨V |)B = 1
2
1 . (1.20)

Similarly, it is easy to see that in the {|D⟩ , |A⟩} basis the reduced density matrix ρ̂′
B

is:
ρ̂′

B = TrA[ρ̂′
AB ] = 1

2
(|D⟩ ⟨D|+ |A⟩ ⟨A|)B = 1

2
1 . (1.21)

Therefore, the density matrix assigned a unique description to particle B, indepen-
dently from the measurement performed (or not) on A. The states (1.17) and (1.18)
are maximally entangled, so if the state of particle B is considered independently of
A, it results in a mixed state and vice-versa. Conversely, by considering the entan-
gled state, a measurement outcome of particle B is conditioned by the measurement
outcome on particle A, leading to a perfectly predictable result being the particles
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perfectly correlated in any bases. Precisely, this “spooky action at a distance” was
deeply unsettling Einstein, Podolsky and Rosen since it was violating the locality
principle: physical systems space-like separated cannot affect each other upon op-
erations performed on one of them [1, 44]. Such a feature, in the EPR vision, would
violate the principle of causality since experiment outcomes in one location have ef-
fects on experiments carried out in faraway places. Therefore, assuming that nature is
local, Einstein, Podolsky, and Rosen further stressed the incompleteness of quantum
theory, suggesting the existence of a more detailed and unambiguous description of
nature. Such hypothetical additional information on the physical systems dwell in
unknown variables, therefore called hidden variables [1].

1.2.2 Bell’s theorem and inequality
The main goal of hidden variables is to restore the locality principle in the quantum
theory. In their absence, indeed, predictions could be only made on ensemble aver-
ages, thus leading to the probabilistic interpretation of the quantum theory [44]. The
debate on the local realism and the completeness of quantum mechanics continued on
a philosophical level for almost 30 years [45,46]. It was in 1964, that J. Bell quantita-
tively showed that any local-realistic theory is inadequate to explain the correlations
deriving from entangled states, thus showing the intrinsic nonlocality of quantum
mechanics [19]. Remarkably, Bell’s theorem is independent of any physical theory
and proves the existence of an upper bound to the correlation of distant events, if
the validity of the locality principle is assumed, namely events occurring in a certain
space-time region are not influenced by actions that may be exercised, at the same
moment, on events located in a distant space-time region. It applies to any physical
system possessing dichotomic observables (i.e. with eigenvalues ±1), thus it can be
either classical or quantum. A pictorial representation of a Bell scenario is shown in
Figure 1.2. Bell quantitative criterion to test the existence of a realistic interpretation
of any local theory resulted in an inequality, which we derive following the example
given by M. O. Scully and M. S. Zubairy [47].
Consider a pair of photons entangled in the polarization degree of freedom as in
(1.17). Suppose now that two distant parties, Alice (A) and Bob (B), can indepen-
dently measure the linear polarization of photon 1 and 2 respectively, with polarizers
oriented at angles θa, θb or θc with an arbitrary axis. Note that locality and realism
are assumed, so each measurement result is determined by features owned by the
physical system being measured in that space-time region (locality) and all measur-
able quantities have definite values, independent of our knowledge of them (realism).
The joint probability P (θa, θb) ≡ Pab, denoting the passage of photon 1 through the
polarizer oriented as θa and photon 2 through the polarizer oriented as θb, is [47]:

Pab = P (+− ◦ | −+ ◦) , (1.22)

where the left part in the parenthesis refers to photon 1 and each slots refer to the
three orientations θa, θb or θc. Similarly on the right part to photon 2. Furthermore,
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Figure 1.2. Pictorial representation of a Bell scenario. An entangled particle pair is generated.
Then, Alice and Bob perform measurement of each subsystem independently.

+ and − signs indicate that photon 1 passes through a polarizer oriented as θa, while
photon 2 would not pass through a polarizer with same orientation, and vice-versa.
The symbol ◦ indicates that the joint probability considered does not contain infor-
mation about the passage at that angle. Thus, the join probabilities Pbc and Pac are
alike:

Pbc = P (◦ +− | ◦ −+) , (1.23)

and

Pac = P (+ ◦ − | − ◦+) . (1.24)

Although Pab has no information about the passage of the photon at θc, the probability
that it will pass thorough a polarizer oriented at θc plus the probability that it will
not pass thorough it must be equal to one. Thus, it is possible to rewrite Pab (and
equivalently Pbc and Pac) as:

Pab = P (+−+ | −+−) + P (+−− | −+ +) . (1.25)

Now, consider the sum of Pab and Pbc explicitly written as (1.25):

P (+−+ | −+−) + P (−+− |+−+) = Pab + Pbc − Pac . (1.26)

Since probabilities must be positive, the latter implies that Pab + Pbc − Pac ≥ 0, or
in other terms:

Pab + Pbc ≥ Pac . (1.27)

Equation (1.27) is known as Bell’s inequality.
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Example 1 Bell’s inequality violation
To show that quantum mechanics violates this inequality, consider the states |θa⟩ and
|θb⟩ relative to the polarizers oriented with angles θa and θb in the xy-plane:

|θa⟩ = cos θa

2 |H⟩+ sin θa

2 |V ⟩

|θb⟩ = cos θb

2 |H⟩+ sin θb

2 |V ⟩ .
(1.28)

The probability Pab for the state in (1.17) is:

Pab = |A ⟨θa|B ⟨θb|ψ⟩|2 = 1
2

sin2
(
θa − θb

2

)
, (1.29)

and similarly for Pbc and Pac:

Pbc = 1
2

sin2
(
θb − θc

2

)
, (1.30)

Pac = 1
2

sin2
(
θa − θc

2

)
. (1.31)

Upon choosing the angles θa = π/2, θb = π/4 and θc = 0, the Bell’s inequality gives
2sin2(π/8) ≥ sin2(π/4), or in other terms 0.15 ≥ 0.25, which is clearly not true.

It must be highlighted that Bell’s inequality makes no assumptions on the type of
measurements performed at locations A and B, as well as on their “inner” working
principle, such as the physical systems or processes employed to carry them out. For
this reason, this kind of approach is called device-independent.

1.2.3 Clauser-Horne-Shimony-Holt inequality
Bell’s inequality can be generalized by considering that observers in locations A and
B may use different and arbitrary orientation angles for the detection, say θa and θ′

a

for the observer in A, Alice, and θb and θ′
b for the one in B, Bob. Such a generalization

is called CHSH inequality, due to Clauser, Horne, Shimony, and Holt, and likewise
Bell’s inequality it is valid for any set of dichotomic observables and imposes an upper
limit to the correlation of distant events [48]:

|S| ≤ 2 , (1.32)

S = E(θa, θb)− E(θa, θ
′
b) + E(θ′

a, θb) + E(θ′
a, θ

′
b) . (1.33)

The terms E(·, ·) are the quantum correlations of the particle pair, which is the
expectation value of the product of the outcomes of the experiment. Therefore, the
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latter equation can be written as:

S =
⟨
ÂaB̂b

⟩
−
⟨
ÂaB̂b′

⟩
+
⟨
Âa′B̂b

⟩
+
⟨
Âa′B̂b′

⟩
≤ 2 , (1.34)

where the symbols θ in the subscripts have been omitted for clarity, and Â and B̂
are the observables at Alice’s and Bob’s, respectively. To prove that such inequality
can be violated by quantum mechanical systems, consider the state in (1.17) and
observables Âa = σ̂x, Âa′ = σ̂z for photon 1, and B̂b = (σ̂x + σ̂z)/

√
2, B̂b′ = −(σ̂x +

σ̂z)/
√

2 for photon 2. Then, the value of S is:

S = 2
√

2 , (1.35)

which violates the inequality. In particular, such a value is the maximum possible
violation of the CHSH inequality allowed by quantum mechanics and is exactly ob-
tained by maximally entangled states. This value is called Cirel’son bound [49].
Summarizing, Bell inequalities show that a local theory is not able to reproduce quan-
tum correlations in some scenarios. Indeed, it is possible to identify systems for which
quantum predictions on correlations differ from any local hidden variables theory. Re-
cent experimental realizations of Bell test demonstrated in a nearly unambiguous way
that the correlations present in entangled states cannot be explained by any classical
local hidden variables theory [50–52]. Therefore, quantum mechanics is nonlocal and
nonlocal states have to be entangled states since separable states do not violate Bell’s
inequalities and can be replicated by a classical (i.e. local and real) theory. More-
over, even though any nonlocal quantum state is also entangled, the reverse, in the
general case, does not hold since there are mixed entangled states that do not violate
Bell inequalities [53]. Instead, for bipartite pure states, entanglement and nonlocality
coincide [54, 55]. It must be further stressed that Bell’s theorem, and consequently
inequalities, does not say anything on the validity or not of quantum theory and local
hidden variables models. Nonetheless, it has the great merit of yielding a criterion
to experimentally exclude one of the two theories: correlation measurements are the
ground on which quantum mechanics and local realistic theories provide different pre-
dictions. For this reason, we can safely say that Bell’s result is a milestone for the
physics community and one of the biggest (if not the biggest) of the last twentieth
century.

1.2.4 Hardy’s paradox
So far, we have considered joint probabilities either classical (hidden variables model)
or quantum. The latter produce outcomes different from the former, which violate
Bell’s inequalities, thus excluding every hidden variable model attempting to restore
the locality principle in the quantum theory. Even Hardy’s paradox excludes any
local model, however, it does not involve statistical probabilities. Indeed, the only
probabilities involved are equal to 0, impossible event, or 1, certain event, and it
leverages on counterfactual logic to prove the inconsistency between quantum and
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local hidden variables predictions [56,57].
Consider the Bell scenario in which two separated parties, say Alice and Bob, share
an entangled system. Each party can choose to perform, on their subsystem, one of
two possible dichotomic measurements Â and B̂. Hardy’s paradox arises from the
impossibility for any local model to satisfy the following statements as one:

i) P (1Â, 1Â) = 0

ii) P (−1Â, 1B̂) = 0

iii) P (1B̂ ,−1Â) = 0

iv) P (1B̂ , 1B̂) ̸= 0

(1.36)

where P (1Â, 1Â) means that Alice (left side) measured Â with outcome 1, and Bob
(right side) measured Â with outcome 1. Similarly with the other probabilities. Con-
sidering condition ii), it states that when Bob measures B̂ and obtains 1, then Alice,
which has measured Â, has the outcome 1 since the probability she measures -1 is
null. In the same spirit, from condition iii), when Alice measures B̂ and obtains 1,
then Bob, which measures Â obtains 1. Focus now on condition iv): there is a non-
zero probability that both Alice and Bob measures B̂ and obtain 1. As a result, the
probability that both Alice and Bob measure Â and obtain 1 is non-zero as well, since,
from the previous statements, if Alice obtains 1B̂ than Bob outcomes is 1Â and vice-
versa. However, this conclusion contradicts condition i), thus it is impossible for any
local theory to satisfies conditions (1.36) as one. In this way, Hardy demonstrated the
nonlocality of quantum theory by simply exploiting a counterfactual reasoning. In ad-
dition, connections between CHSH inequality and Hardy’s paradox can be found [58].
The main point of Hardy’s paradox is the occurrence or not of specific events. How-
ever, this requires detection probabilities to be one or zero, making the demonstration
of nonlocality using Hardy’s paradox rather ambiguous, or at least very difficult. Thus,
to avoid the despicable task of measuring null probabilities, it is necessary to turn
the logical contradiction into an inequality involving extremal probabilities. Such
Hardy’s inequality is [59]:

H = P (Â1 = 0, B̂1 = 0)− P (Â1 = 0, B̂2 = 1)− P (Â2 = 1, B̂1 = 0)+
− P (Â2 = 0, B̂2 = 0) ≤ 0 ,

(1.37)

which is more suitable for experimental tests.
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Example 2 Hardy’s paradox verification
Consider now the following generic entangled state:

|ψ⟩ = cosθ |H⟩1 |H⟩2 − sinθ |V ⟩1 |V ⟩2 , (1.38)

where the subscripts 1 and 2 indicates Alice’s and Bob’s locations. Furthermore,
consider the following states from which two non-commuting observables Â and B̂
can be built (in the next section it will be shown that Â and B̂ can also commute):

∣∣1Â

⟩
= NA(

√
sin θ |H⟩+

√
cos θ |V ⟩)∣∣−1Â

⟩
= NA(−

√
cos θ |H⟩+

√
sin θ |V ⟩)∣∣1B̂

⟩
= NB(

√
cos3 θ |H⟩+

√
sin3 θ |V ⟩)∣∣−1B̂

⟩
= NB(−

√
sin3 θ |H⟩+

√
cos3 θ |V ⟩)

(1.39)

with NA and NB normalization factor. Thus, the probabilities in (1.36) will be:

i) |
⟨
1Â, 1Â

∣∣ψ⟩ |2 = 0
ii) |

⟨
−1Â, 1B̂

∣∣ψ⟩ |2 = 0
iii) |

⟨
1B̂ ,−1Â

∣∣ψ⟩ |2 = 0

iv) |
⟨
1B̂ , 1B̂

∣∣ψ⟩ |2 =

(
sin 4θ

4(cos3 θ + sin3 θ)

)2

̸= 0

(1.40)

which are always simultaneously satisfied except for the angles θ = 0, π/2 and π/4.

1.2.5 Multipartite correlations
Proving the nonlocality of quantum mechanics become more and more difficult with
the increase of the number of particles or, equivalently, by enlarging the total Hilbert
space. Indeed, the multipartite scenario is much richer than the bipartite one, and
many different subtleties must be taken into account [37,53]. In the presence of mul-
tipartite entangled states, all the inequalities previously presented are unusable, so
that diverse and more general ones need to be found.
A device-independent test of genuine tripartite entanglement is provided by the
Mermin-Ardehali-Belinskiǐ-Klyshko inequality:

M = |
⟨
Â1B̂2Ĉ2

⟩
+
⟨
Â2B̂1Ĉ2

⟩
+
⟨
Â2B̂2Ĉ1

⟩
−
⟨
Â1B̂1Ĉ1

⟩
| ≤ 2 . (1.41)

where the observables Âi, B̂i and Ĉi (i = 1, 2) are dichotomic and relative to the
first, the second and the third party, respectively. If a value M ≥ 2

√
2 is found,
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models in which quantum correlations are allowed between only two of the three par-
ties, biseparable quantum models, are ruled out as well, thus demonstrating genuine
multipartite entanglement [53, 59, 60]. Genuine multipartite entangled states violate
inequality (1.41) up to its algebraic bound 4 [53].
Mermin-Ardehali-Belinskiǐ-Klyshko inequality is connected to the Greenberger, Horne
and Zeilinger (GHZ) paradox. The three scientists showed that, by considering cer-
tain tripartite entangled states, quantum mechanics and hidden variable theories
are in complete contradiction. Surprisingly, this result derives from a logical argu-
ment and does not imply inequalities, thus providing a stronger refutation of local
theories [61, 62]. Specifically, consider three systems and three pairs of dichotomic
observables Â1,2, B̂1,2 and Ĉ1,2, then for any classical local model the following four
statements are incompatible:

i) Â1B̂1Ĉ1 = −1
ii) Â1B̂2Ĉ2 = 1
iii) Â2B̂1Ĉ2 = 1
iv) Â2B̂2Ĉ1 = 1

(1.42)

The contradiction can be seen by multiplying these four equations together and as-
suming a local classical model that assigns values to each element. In this case indeed,
the left hand of the product equation has the square of each element Â1,2, B̂1,2 and
Ĉ1,2 and therefore is positive. Conversely, on the right side of the product equation
the result is −1:

(Â1B̂1Ĉ1)(Â2B̂2Ĉ1)(Â2B̂1Ĉ2)(Â1B̂2Ĉ2) = Â2
1Â

2
2B̂

2
1B̂

2
2Ĉ

2
1 Ĉ

2
2 = −1 . (1.43)

Hence, the four conditions cannot simultaneously hold in any local hidden variable
model. However, tripartite GHZ states satisfies all the conditions simultaneously
when the observables chosen are Â1 = B̂1 = Ĉ1 = σ̂x and Â2 = B̂2 = Ĉ2 = σ̂y

[47,61,63]. In conclusion, any quantum state showing GHZ paradox, being a genuine
multipartite entangled state, violates inequality (1.41) up to its algebraic bound 4 [53].
Very recently, also Hardy’s paradox have been generalized to the multipartite case
and the inequality derived from it has been experimentally violated [14,64,65]:

H = P (Â1Â2Â3)− P (Â1B̂2B̂3)− P (Â1
¯̂
B2

¯̂
B3)− P (B̂1Â2B̂3)+

− P ( ¯̂
B1Â2

¯̂
B3)− P (B̂1B̂2Â3)− P ( ¯̂

B1
¯̂
B2Â3) ≤ 0 .

(1.44)

1.2.6 Contextuality
We have shown that, for any non-separable quantum state, it is possible to find
a set of observables whose correlations violate Bell’s inequalities. As a result, for
such state quantum theory makes statistical predictions which are incompatible with
the principle of locality. In this section, further disagreement between the quantum
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and classical theories are highlighted by counterfactual logic (as previously done for
Hardy’s and GHZ paradox). Specifically, these contradictions do not depend on
the choice of a particular quantum state, and therefore they are free from statisti-
cal inferences. They are called contextual correlations, and they are more general
than nonlocal correlations previously described. Indeed, since the operator algebra
is the only mathematical tool required, contextual correlations can be shown even
within the same physical system [14,66,67]. In this case, the violation of Bell-like in-
equalities does not rule out local hidden variable models since there are no space-like
separated parties, thus talking about nonlocality is meaningless. However, classical
non-contextual models in which all the observables possess objective values indepen-
dently on which other commuting observables are measured can be falsified [68]. To
better understand this statement, two basic concepts must be explained, i.e. the
concepts of compatible measurements and context of a measurement.
A non-degenerate observable Â has only one basis in which it is diagonal and that ba-
sis corresponds to a maximal quantum test, which is equivalent to a measurement of
the physical observable represented by the matrix itself. Contrariwise, if the observ-
able Â is degenerate, then different bases that diagonalize the matrix can be found.
It is still possible to talk about the “measurement of Â”, but it is clear that this term
now is ambiguous. Consider other two observables, say B̂ and Ĉ, which commute
with Â, that is

[Â, B̂] = 0 , [Â, Ĉ] = 0 . (1.45)

It is possible to find at least a basis in which matrices Â and B̂ (or Â and Ĉ equiva-
lently) are simultaneously diagonal. Such a basis corresponds to a maximal test that
provides a simultaneous measurement for the commuting observables Â and B̂, i.e. a
compatible measurement. The generalization is straightforward: a set of commuting
observables is said complete if there is a basis in which all of them are simultaneously
diagonal. In other words, two tests are compatible when, for any possible preparation,
each measurement will always yield identical results, no matter how many times or
in which order the tests are performed.
A theory is said to be non-contextual if the result of a measurement on Â does not
depend on the context, i.e does not depend upon measurements performed on Â
alone, or simultaneously with B̂ or Ĉ. The latter statement is not true in quantum
mechanics, indeed it is contextual. Such a result was demonstrated by Kochen and
Specker [68], which demonstrated that it is, in general, impossible to attribute to
an individual quantum system a definite value for each set of observables (not all
of which necessarily commute). The demonstration of the theorem given by the au-
thors is a bit tedious, but Peres simplified it [44, 69]. By assuming quantum theory
to be noncontextual, then for a certain state described by commuting observables,
say {Â, B̂}, it is possible to ascribe values for the outcomes of each observable, say
{mÂ,mB̂}, independently and before the actual measurement (non-contextual real-
ism). If between Â and B̂ exists an operatorial relation f(Â, B̂), e.g. f(Â, B̂) = Â · B̂,
then the pre-assigned values should also verify f(mÂ,mB̂), following to the previous
example f(mÂ,mB̂) = mÂmB̂ .
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Now, let us consider a generic bipartite entangled state and the following set of di-
chotomic observables:

1(1) ⊗ σ̂(2)
z σ̂

(1)
z ⊗ 1(2) σ̂

(1)
z ⊗ σ̂(2)

z

σ̂
(1)
x ⊗ 1(2) 1(1) ⊗ σ̂(2)

x σ̂
(1)
x ⊗ (2)

σ̂
(1)
x ⊗ σ̂(2)

z σ̂
(1)
z ⊗ σ̂(2)

x σ̂
(1)
y ⊗ σ̂(2)

y

 , (1.46)

where the superscripts pinpoint the particle the observable is referred to. Two prop-
erties can be noted:

i) All the elements belonging to either a column or a row commute.

ii) Two consecutive elements either on a row or a column satisfy the operatorial
relation: (Â⊗ B̂)(Ĉ ⊗ D̂) = ÂĈ ⊗ B̂D̂.

iii) The product of all the elements belonging to either a column or a row returns
the identity 1.

However, the element σ̂(1)
y ⊗ σ̂

(2)
y contradicts property ii) and, consequently, iii).

Indeed:
(σ̂(1)

z ⊗ σ̂(2)
z )(σ̂(1)

x ⊗ σ̂(2)
x ) = −σ̂(1)

y ⊗ σ̂(2)
y , (1.47)

while,
(σ̂(1)

x ⊗ σ̂(2)
z )(σ̂(1)

z ⊗ σ̂(2)
x ) = σ̂(1)

y ⊗ σ̂(2)
y . (1.48)

Thus, the non-contextual hypothesis is not verified by the quantum theory, which in
turn is contextual, namely, measurement outcomes of commuting observables depend
on the context. It can be shown, for completeness, that the previous contradiction
does not arise within a classical (non-contextual) theory. Consider the classical values
m

(i)
x , m(i)

y and m
(i)
z associated to the observable σ̂(i)

x , σ̂(i)
y and σ̂

(i)
z , where i = 1, 2

pinpoints the particle. The set in (1.46) will be:
m

(2)
z m

(1)
z m

(1)
z m

(2)
z

m
(1)
x m

(2)
x m

(1)
x m

(2)
x

m
(1)
x m

(2)
z m

(1)
z m

(2)
x m

(1)
y m

(2)
y

 , (1.49)

where the m values can ±1. Similarly as before, the product of the elements in each
row and column must be equal to 1. So, for instance, m(2)

z m
(1)
z (m(1)

z m
(2)
z ) = 1. By

assigning m
(2)
z = m

(1)
x = −1 and m

(1)
z = m

(2)
x = 1, then the product m(1)

y m
(2)
y is

unambiguously determined, namely m(1)
y m

(2)
y = 1, and the property is satisfied.
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1.3 Quantum key distribution: an overview
All the aspects presented and discussed in the previous sections constitute the basic
elements of quantum information, that is, the science behind the quantum revolu-
tion [70, 71]. Such a revolution allowed for the fast development of new fascinating
technologies that are based, in terms of resources and features, on quantum mechan-
ics. Within this context, quantum computing has seen an incredible boost towards
its concrete and practical application [72, 73]. Quantum computers are promising
machines that will undoubtedly allow us for a better understanding of our Universe
and a better control of its parts [74,75]. Nonetheless, they constitute a serious threat
to the current cryptosystems, thus jeopardizing our way of living and the emerging
“e-societies” [76]. It is then necessary to find countermeasures to such a threat. One
approach may be to develop novel classical cryptosystems that are robust against fac-
torization and other quantum algorithms. This approach is known as post-quantum
cryptography, however it does not solve completely the problem, but it rather pushes
it further. Indeed, new algorithms, either classical or quantum, could be developed,
being able to breach the security of the novel cryptosystems. A second approach is
known as quantum key distribution (QKD). It restores the ultimate security of the
cryptographic protocols simply relying on the laws of nature. The main task of QKD
protocols is to let two or more distant parties share a secret and private key, which
can be later used to encrypt the messages they want to share. They are mainly based
on the following rules that enclose foundational aspects of quantum mechanics:

1. It is impossible to measure a quantum system without perturbing it.

2. It is impossible to simultaneously measure non-compatible observables.

3. It is impossible to perfectly duplicate an arbitrary unknown quantum state.

In particular, the last statement constitutes the backbone of QKD and is called no-
cloning theorem [77]. An easy proof of the theorem goes by contradiction. Suppose
there exist a unitary U able to copy an arbitrary unknown quantum state |ψ⟩: U(|ψ⟩⊗
|ρ⟩) = |ψ⟩⊗|ψ⟩, where |ρ⟩ is a certain initial state. Now, suppose to have two arbitrary
states |ψ1⟩ and |ψ2⟩, then, using the unitarity condition U†U = 1, it follows:

⟨ψ1|ψ2⟩ = ⟨ψ1|ψ2⟩ ⟨ρ|ρ⟩ = (⟨ψ1| ⊗ ⟨ρ|)U†U(|ψ2⟩ ⊗ |ρ⟩)
= (⟨ψ1| ⊗ ⟨ψ2|)(|ψ1⟩ ⊗ |ψ2⟩) = | ⟨ψ1|ψ2⟩ |2 ,

(1.50)

which implies either ⟨ψ1|ψ2⟩ = 1 or ⟨ψ1|ψ2⟩ = 0 to hold, that is the states are equal
(up to a phase factor) or orthogonal. However, this is not the case for two arbitrary
states, hence it does not exist a unitary U able to clone a general quantum state.
Although a perfect copy of an arbitrary and unknown quantum state is impossible, if
we drop the condition that the copies need to be perfect, then it is possible to make
quantum copies. Such techniques are called optimal quantum cloning [78–80].
Among the topics of quantum communication, QKD is one of the most relevant
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both because it solves the risks deriving from the advent of quantum computers, and
because it is the closest quantum technology to the market so far [70]. Surprisingly,
the idea of using quantum physics to ensure security is twenty years older than Shor’s
factorization algorithm (1994). Indeed, in the early 1970s, it was Wiesner idea to use
quantum mechanics to make banknotes able to resist counterfeit [81]. However, the
first milestone in QKD was placed by Bennet and Brassard in 1984, which developed
a protocol, named after them BB84, that is still one of the most employed due to its
simplicity and its ultimate security [82].
In the following, we are going to present with more details the BB84 protocol since it
has recovered an important role in our works, especially those reported in Refs. [12,15].
Firstly, a description of the protocol will be given, then some practical issues will be
discussed and the weak coherent pulses, as well as the decoy state technique, are
going to be presented. Finally, a quantitative analysis of the secret key rate will be
done, concluding with the secret key formula for a three decoy state BB84 protocol.

1.3.1 The BB84 protocol
Consider two honest parties, Alice and Bob, who want to establish a secret key
between each other. They are connected with a quantum channel that Alice (the
transmitter) uses to send a random sequence of four states in two complementary
bases to Bob (the receiver). Usually, the protocol is described in terms of the polar-
ization of a photon, so the two bases chosen are {|H⟩ , |V ⟩} and {|D⟩ , |A⟩}, where
|H⟩ and |D⟩ encode the bit value 0, and |V ⟩ and |A⟩ the bit value 1. Within the QKD
and computer scientist community, these bases are often called Z and X bases and,
throughout this thesis, we are going to use both notations depending on the context.
The bases selected to perform QKD protocols are MUBs since states belonging to
two different MUBs are non-orthogonal. Indeed, such a condition guarantees that
a possible eavesdropper, Eve, cannot perfectly clone the states prepared, and so the
bits encoded by Alice, namely, the no-cloning theorem holds. The states prepared
by Alice are measured by Bob in one of the two bases Z or X, selected at random.
If Bob chooses the same basis as Alice, then he will get the same bit value as Al-
ice. Conversely, if Bob chooses the wrong basis, he will get a random result, and
thus a random bit. At the end of the quantum communication process, Alice and
Bob share a raw key, i.e. a key where the uncorrelated results are not discarded yet.
Then, Bob communicates Alice over a public and authenticated4 classical channel
what basis he used to measure each detected photon so that they can discard all the
events corresponding to different bases used. This operation is called reconciliation
and it allows the parties to share a sifted key. Alice and Bob test their key by pick-
ing a random subset of the sifted key and compare their results. If the bits agree,
they are discarded and the remaining bits constitute the shared secret key. On the

4Alice and Bob know that the message originated unaltered from Alice or Bob respectively. This
means that while the channel is not secret because Eve can still read all the messages that travel
across, she cannot impersonate Alice or Bob or alter messages traveling over the channel [82,83].
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other hand, if the selected bits are in disagreement due to errors, they indicate the
presence of an eavesdropper on the quantum channel. However, such a procedure
can be applied only in the noiseless scenario, which is ideal. In a realistic scenario,
noise is unavoidable, due to the imperfections of physical implementations and the
interaction between the whole system and the environment. In general, each detected
error is assumed to be an action taken by Eve, independently if it comes from genuine
noise of the system or actual measurements of an eavesdropper. Thus, the main goal
is not to detect an eavesdropper, rather, being able to extract a secret key also in
presence of errors [83,84]. In case of errors, classical post-processing algorithm allow
for the secret key extraction. Precisely, an error correction procedure is applied to
the sifted key, followed by the privacy amplification method. Privacy amplification
is a classical compression algorithm that allows Alice and Bob to reduce Eve’s stolen
information to a negligible amount. The amount of compression needed depends on
percentage errors estimated by Alice and Bob, that is the quantum bit error rate
(QBER), which is the ratio of wrong bits Nw to the total number of bits Nt received:
QBER=Nw/Nt. After the privacy amplification algorithm, the secret key is obtained.
So, let us summarize the protocol schematically:

Protocol 1 BB84

Preparation. Alice transmits to Bob, over a quantum channel, a random sequence of
qubits, each randomly encoded in the polarization states |H⟩, |V ⟩, |D⟩, and |A⟩. The
corresponding bases and bit values constitute Alice’s raw key.

Detection. Bob measures each of the received qubits by randomly choosing the mea-
surement basis, either Z or X bases. The results obtained by Bob’s measurements
constitute his raw key.

Reconciliation. Alice and Bob announce, over an authenticated and public classical
channel, which basis they have chosen to encode and measure the qubits respectively.
In this way, they can discard all the bits in their raw keys that were not detected
by Bob and where Alice’s and Bob’s basis choice was different. The remaining keys
constitute the sifted keys.

Post-processing. Alice and Bob publicly determine the QBER of the sifted keys.
Subsequently, they perform two classical post-processing steps:

1. Error correction. It corrects the differences between Alice’s and Bob’s sifted
keys.

2. Privacy amplification. It reduces any information Eve might have about the
final key.
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Therefore, searching for an ultimate security proof reduces to the research of the best
strategy that an eavesdropper can adopt to get the highest amount of information
given the amount of QBER detected. Generally, the attacks Eve can perform are di-
vided in three classes of increasing power, that are individual, collective, and coherent
attacks [83–85]:

• Individual attacks. Eve makes her quantum states interact with those trans-
mitted by Alice. After the interaction, she can perform individual measurements
on her systems either run-by-run or waiting until the end of the protocol in order
to optimize her action by eavesdropping Alice and Bob reconciliation.

• Collective attacks. Eve makes her quantum states interact with those trans-
mitted by Alice and stores them in a quantum memory. Then, she measures
her quantum memory collectively at the end of the protocol and after Alice and
Bob reconciliation.

• Coherent attacks. Eve’s quantum states and Alice’s are subject to the same
unitary interaction. After such interaction, Eve stores the quantum states in
a quantum memory for a collective detection after the reconciliation process.
Coherent attacks constitute the most general and flexible attacks that an eaves-
dropper may perform on the quantum states. However, it has been proved that
they can be reduced to a collective attacks under specific constraints [86–88].

The rate at which a secret key is distilled strongly depends on the experimental
settings, e.g. the losses during the generation, propagation, and detection of the
quantum states, and on the kind of attack we want our protocol to be safe against.
Thus, we look for a trade-off between security and rate. Another important trade-off is
between rate and distance. However, what restricts any point to point implementation
of QKD is the transmissivity of the channel used. Indeed, if we consider a lossy
channel with transmissivity t = 10− αl

10 , where α are the channel losses (in dB) and l
is the channel length, it has been demonstrated that there is an upper bound to the
secret key capacity of the channel, which is − log2(1− t) [89].

1.3.1.1 Weak coherent pulses and the decoy state method

In the original BB84 protocol, the transmitted quantum states are supposed to be
qubits carried by single photons, so that, in physical implementations, single photon
emitters are needed. However, although these sources are rapidly progressing, they
still comes with a variety of limitations, one above all, their low repetition rates.
Therefore, in practical applications, to achieve higher key rates and to significantly
reduce the difficulties, weak coherent pulses (WCPs) can be used. They are laser
pulses strongly attenuated, so that each pulse contains on average less than one
photon, meaning that there is a finite probability of multiple photons for each pulse,
with the number of photons n described by the Poissonian statistics. Thus, the
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probability for a pulse to contain a number of photons n is given by:

Pµ(n) = µn

n!
e−µ , (1.51)

where, µ is the mean photon number per pulse. The probability that a pulse contains
exactly one photon is: Pµ(1) = µe−µ. The finite probability of multiple emission can
be a security threat to an eavesdropper exploiting the photon number splitting (PNS)
attack since all the multiple emissions will undergo the same encoding [90, 91]. In
short, Eve could determine the number of photons without perturbing the states, e.g.
with a quantum non-demolition measurement, and, if such a number is greater than 1,
she could steal one photon and send the others to Bob. Bob, in turn, will not be able
to detect Eve’s presence, so she can wait until the end of the reconciliation process to
measure her photons and obtain the correct information. Clearly, if the mean photon
number per pulse µ is large, Eve has higher chances to get some information, so for
µ approaching zero, this attack can be prevented, at a cost of more post-processing
and an overall reduced key rate.
To counteract the threat of a possible PNS attack, it has been developed a technique
called decoy state method [92–94], which is an easy extension to the BB84 with WCPs.
The idea is to send, in addition to the main pulses with average photon number µ,
decoy pulses characterized by a different mean photon number ν. Since coherent states
with different mean photon numbers are not orthogonal to each other, an eavesdropper
cannot distinguish them and has to treat both equivalently. Moreover, different mean
photon numbers lead to different single-photon probabilities, thus Alice and Bob will
be able to distinguish between genuine losses and those due to an eavesdropper attack
during the secret key computation. The experimental efforts necessary to extend an
existing BB84 setup with decoy states are often minor.

1.3.1.2 Secret key rate analysis

A general understanding of the BB84 protocol, from a theoretical to a practical point
of view, and its security has been presented. Now, let us derive the secret key rate
quantitatively. In a first instance, we need to distinguish between the asymptotic and
the finite-size security analysis. In the former, the parties exchange a large number
n of signals (ideally, n → ∞), whereas in the latter, a finite number of signals n is
considered. In the following, only the asymptotic scenario is going to be presented,
while a finite-size analysis can be found in [83–85].
In a practical QKD system, the secret key rate Rsk might be understood as the
product of the raw key rate, Rraw, and a factor k that depends on the attack we want
to secure the protocol against. Hence, Rsk = kRraw. In particular, Rraw depends on
the specific experimental implementation, and is generally given by [83,84]:

Rraw = νsµ t η , (1.52)

where νs is the pulse (or repetition) rate, µ is the mean photon number per pulse, t is
the transmissivity of the channel and η is the total efficiency, stemming for the losses
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in Bob’s devices, the detectors efficiency, time filtering, etc. The factor k, instead, is
expressed by [83,84]:

k = IAB −min(IAE , IBE) , (1.53)

where IAB = H(A) + H(B) − H(A|B) is the mutual information, with H(x) being
the Shannon entropy and H(x|y) its conditional version. The second term in (1.53)
contains Eve’s information about the raw key shared by Alice and Bob, and thus it
must be subtracted from the mutual information. Its expression changes according
to the type of attack we are considering in the security analysis [83–85].
In our work, Ref. [15], a BB84 three intensities decoy state protocol has been imple-
mented, whose secret key rate, under collective attack, is given by [93]:

Rsk = Q

2

{
Q1

Q

[
1−H2(e1)

]
−∆leak

}
, (1.54)

with the factor 1/2 taking into account that half of the time Alice and Bob disagree
with the bases choice, Q the overall gain, i.e. the fraction of events detected by Bob
due to the mean photon numbers µ, ν and ω. The term Q1 is the single-photon gain
defined as:

Q1 =
[
pµµe

µ + pννe
ν + pωωe

ω
]
Y1 , (1.55)

namely, it is the product of the probability (pµ, pν , pω) of Alice sending out an photon
state with one of the three intensities, and the probability that such state will lead
to a detection event for Bob. Such a probability is called yield and, for the single
photon case, Y1, it is:

Y1 = max

{
µ

µν − µω − ν2 + ω2

[
Qνe

ν −Qωe
ω − ν2 − ω2

µ2

(
Qµe

µ − Y0

)]
, 0

}
. (1.56)

The quantity Y0 is the zero-photon yield and is bounded by:

Y0 = max

{
νQωe

ω − ωQνe
ν

ν − ω
, 0

}
. (1.57)

The quantity H2(x) in Eq. (1.54) is the mutual information in the 2-dimensional case,
defined as H2(x) = −x log2(x)− (1−x) log2(1−x). The term, e1 is the single photon
error rate, which can be written as:

e1 = min

{
eν Qν e

ν − eω Qω e
ω

(ν − ω) Y1
, 0

}
, (1.58)

where eν and eω are the error rate for the intensities ν and ω. Finally, ∆leak takes
into account the classical post-processing, i.e. the privacy amplification.
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1.4 High-dimensional quantum communication
In the previous sections, we have dealt with qubits, i.e. quantum systems living into
2-dimensional Hilbert spaces. However, in nature there exist d-level quantum systems
whose description requires d-dimensional Hilbert spaces, where d can be any positive
integer number, in principle. Thus, the necessity to extend the concept of qubit
emerges. A high-dimensional quantum state

∣∣ψ(d)⟩, also called qudit, is described by
the following relation: ∣∣∣ψ(d)

⟩
=

d∑
i=1

αi |ai⟩ , (1.59)

where αi are complex coefficients satisfying the generalized normalization condition∑d
i=0 |αi|2 = 1, and states |ai⟩ form a complete basis in the enlarged Hilbert space.

Moreover, we can also generalize the definition of MUBs to the d-dimensional case:
given two bases {|ai⟩} and {|bj⟩}, they are mutually unbiased if | ⟨ai|bj⟩ |2 = 1/d,
∀i, j ∈ {1, . . . , d}. If we consider high-dimensional QKD protocols, then the security
proofs for the qubit case do not hold anymore, and a generalization of them, as
well as for the secret key rate formula, must be carried out. The extension to the
d-dimensional case of Equation (1.54) is:

Rsk = Q

2

{
Q1

Q

[
log2 d−Hd(e1)

]
−∆leak

}
, (1.60)

where Hd(x) is the mutual information in the d-dimensional case, defined as Hd(x) =
−x log2(x/(d− 1))− (1− x) log2(1− x).
By considering qudits as the unit of information, a whole new world of applications
and theoretical problems can be disclosed. In this section, we are going to present the
advantages offered by high-dimensional systems, in particular focusing ourselves on
those related to quantum communication. More details can be found in our review
article Ref. [13], from which this section is mainly derived.

1.4.1 Information capacity and noise resilience
The adoption of high-dimensional states as information carriers has a rather evident
advantage, namely, the increase of the information capacity per quantum system.
Indeed, we can consider the dimension d as the length of the alphabet being used
to encode the information: the longer the alphabet the larger the amount of the
information that can be encoded. A quantitative measure of the larger information
capacity is given by the relation log2d, which returns the number of classical bits
(or qubits, equivalently) needed to encode the same amount of information [95]. For
instance, if we consider a 4-dimensional state (ququart), 2 bits of information are
needed to encode the same amount of information, that is |0⟩ = 00, |1⟩ = 01, |2⟩ = 10
and |3⟩ = 11. It is intuitive that, such a higher information capacity leads to higher
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Figure 1.3. (a) Maximum error tolerance for a positive secret key rate as a function of the
distance and different dimensions. A fiber-based single-photon d-dimensional BB84 protocol
is considered, together with ideal detectors affected only by the dark count probability
(pd = 10−8 per detector), and coherent attacks. We considered the standard single-mode
fiber parameter α = 0.2 dB/km as channel loss, and we assumed to have d detectors to
measure d states simultaneously. (b) Comparison between the 2- and 4-dimensional error
rate to search for the best protocols performance at a fixed distance. Figure inspired by
Ref. [13].

information rates or, in the specific case of QKD, to higher secret key rates.
The generation of a secret key rate stems from the security of a quantum link, which
is ensured, in turn, by having the QBER below a certain error threshold. In the case
of qubit-based protocols, the threshold value has been proven to be 11% against the
more general coherent attacks and for one-way reconciliation [83, 96], however it has
also been demonstrated that the threshold increases by increasing the Hilbert space
dimension, i.e. by using qudits as information carriers [97]. For instance, for d = 4
and d = 8, the thresholds are 18.93% and 24.70% respectively. The increasing error
thresholds as a function of the Hilbert space dimension points to another peculiar
feature of high-dimensional quantum states, which is their higher robustness to noise.
Indeed, the error rate is caused by noise sources, whether they are deriving from
the environment or from an eavesdropping attack. Thus, the possibility to distill a
secret key rate by tolerating higher error rates, translates directly into a higher noise
resilience for qudits. In Figure 1.3 (a), we show the maximum acceptable error rate
to generate a positive secret key rate as a function of the distance and for different
qudit dimensions. The curves refer to an ideal fiber-based system performing a single-
photon d-dimensional BB84 protocol under coherent attack, exploiting ideal detectors
affected only by the dark count probability for measurements. An area within which
a positive secret key rate can be extracted is found for each dimension. Furthermore,
it can be noted that the achievable transmission distance decreases by increasing
dimensions, thus suggesting qubit protocols to reach the longest distance. Indeed
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the greater d is the more the states are sensitive to the dark counts of the detectors
[97]. Nonetheless, in a practical scenario, the actual advantages of high-dimensional
states over qubits strongly depend on the particular physical implementation, which
varies the operational constraints required. Thus, there might be cases where high-
dimensional states perform better than qubits also in terms of transmission distance.
This is shown in Figure 1.3 (b), where two areas are distinguished for the 2- and
4-dimensional case: by comparing the QBERs for the two cases, one can understand
which of the two protocols performs better for a fixed distance.
In Section 1.2.5 we have discussed quantum correlations shared among more than
two qubits. It is possible to share quantum correlations also among qudits, in this
case we will talk of high-dimensional entanglement. It has been demonstrated that
high-dimensional correlations are more robust with respect to those multipartite, and
this is due to the higher noise resilience of qudits [98]. Indeed, although the total
Hilbert space is enlarged in both cases, the entanglement becomes more fragile as
the number of particle N increases, while keeping the dimension d fixed. Intuitively,
by increasing the number of particles N (and fixing d), during the transmission, the
noise will act locally on each of them, thus making the entanglement more fragile as
N increases. Contrariwise, by increasing the dimension d and fixing N , the effects
of the noise will be more and more negligible with d, thus giving robustness to the
entanglement [98]. So far, there has been only one experimental work demonstrating
the higher robustness of high-dimensional entangled states [99].

1.4.2 Further advantages
There are many other benefits descending from d-level quantum systems and many
of them are beyond the scope of this thesis. Nonetheless, it is worth to hint at three
of them, whereas more details can be found in Ref. [13]. The first one concerns the
cloning fidelity. We have previously shown how it is impossible to perfect copy an
unknown and arbitrary state, however, it is not impossible to make imperfect clones
with fidelity (the overlap between the initial state and its cloned copy) less than
one, being one only in the case of perfect cloning [80]. Such cloning fidelity is given
by [100]:

F (d) = 1
2

+ 1
1 + d

, (1.61)

which is upper bounded by the 2-dimensional case, F (2) = 0.83, and lower bounded
when d approaches infinity F (d→∞) = 0.50. This feature clearly shows the advantage
deriving from qudits for quantum cryptography.
Another benefit deriving from high-dimensional states is the larger violation of lo-
cal theories they provide. The general d-dimensional case was studied by Collins et
al., who derived an inequality referred to as CGLMP inequality [101]. Such a larger
violation of Bell inequalities benefits entanglement-based device-independent QKD
protocols. In that case, the security of the key distribution is guaranteed by the
randomness of the Bell measurements. However, if the randomness is weak, it is pos-
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sible to find a certain threshold above which the communication is not secure. Such
threshold is significantly larger for qudit systems, thus increasing the acceptable loss
of randomness [102].
Finally, advantages can be distinguished in communication complexity. Communica-
tion complexity addresses problems on the amount of information that distributed
parties need to share to accomplish a specific task [103, 104]. The question refers to
whether there are advantages in terms of complexity by assisting classical communica-
tion with nonlocal correlations in place of classically correlated data. Generally, the
former case outperforms the latter [105]. However, it has been shown both theoreti-
cally and experimentally that exploiting high-dimensional quantum communication,
instead of classical protocols assisted by nonlocal correlation, is better whenever the
dimension is d ≥ 6 [106]. Indeed, dimension d = 6 acts as a threshold to reveal the
benefits of quantum communication over implementations based on the violations of
CGLMP inequalities. For lower dimensions, instead, both communication complexity
problem strategies are equally efficient.

In this first chapter, we have outlined all the elements related to quantum com-
munication and needed for a good comprehension of the experiments that will be pre-
sented in the second part of this thesis. Experimentally, diverse physical system can
be used to implement qubits or qudits, e.g. trapped ions [107, 108], atoms [109, 110]
or photons [111–113]. Advantages and disadvantages for each of these systems can
be mentioned, but choosing one over another depends primarily on the task to ac-
complish. Photons, for instance, are more suitable for communication protocols due
to their low interaction between each other, which makes them more resilient to de-
coherence. Furthermore, photons are the physical systems we worked with, so, from
now on, we will implicitly refer to them unless clearly specified otherwise.
The next chapter is entirely devoted to the description of the main photonic degree
of freedom on which this work of thesis is based on, that is, the orbital angular
momentum of light.



CHAPTER2
Orbital angular

momentum of light
and vector vortex beams

It is well known from Maxwell’s theory that electromagnetic radiation conveys energy
and linear momentum [114]. Besides linear momentum, light can carry also angular
momentum, whose theory is more recent and whose properties are less straightforward.
In 1909 Poynting anticipated that circularly polarized light should have an angular
momentum to energy ratio and that any variation on the polarization state of the light
must correspond to an angular momentum exchange with the interacting system [115].
It was in 1936 that Beth observed such an effect, linking the handedness of the
circularly polarized light to the spin of the photons [116]. Later on, as the quantum
theory of light further developed, the concept of spin angular momentum (SAM)
beautifully related to the integer spin of bosons, as photons are [3]. However, SAM
is only half of the story. Indeed, the angular momentum of light is constituted by
another contribution, whose theory has not been completed yet, that is the orbital
angular momentum (OAM) [117–119].
The research on the OAM has intrigued so many scientists in a way that, nowadays, it
is possible to recognize a whole community of researchers working on open problems
related to the OAM, either theoretical or experimental [120–122]. In this chapter, we
are going to introduce the OAM concept moving from the paraxial approximation and
presenting the solutions of the Helmholtz equation describing light beams carrying
OAM. In the second part of the chapter, the vectorial nature of light will be further
explored, so that the vector beams can be introduced.

2.1 Angular momentum of light

The angular momentum of light is generally separated into spin and orbital parts,
where the spin part is associated with the vectorial nature of the fields, i.e. the
polarization, while the second part derives from the phase structure of the light
beam, that is, its spatial distribution. In terms of fields, this decomposition of the
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total angular momentum requires that:

J⃗ =
∫
ϵ0r⃗ × (E⃗ × B⃗)dV = L⃗+ S⃗ , (2.1)

where L⃗ is the orbital part and S⃗ the spin part. To make such decomposition straight-
forward, we can write the magnetic induction B⃗ in terms of the vector potential A⃗.
So, by using vectorial relations and Gauss’ theorem we find:

J⃗ = ϵ0

∫
dV [Ei(r⃗ × ∇⃗)Ai + E⃗ × A⃗] , (2.2)

where a surface integral has been disregarded by assuming that the fields fall off
quickly. Therefore, we can identify the spin and the orbital parts as [123]:

L⃗ = ϵ0

∫
dV Ei(r⃗ × ∇⃗)Ai , (2.3)

S⃗ = ϵ0

∫
dV E⃗ × A⃗ . (2.4)

However, this separation reveals some subtleties that need to be addressed. The
first one concerns the appearance of a vector potential in the definition of physical
quantities, since it is not uniquely defined. Indeed, consider the gauge transformation
A⃗→ A⃗− ∇⃗ζ, then Eqs. (2.3) and (2.4) become:

L⃗ = ϵ0

∫
dV Ei(r⃗ × ∇⃗)Ai +

∫
⃗̇BζdV , (2.5)

S⃗ = ϵ0

∫
dV E⃗ × A⃗−

∫
⃗̇BζdV . (2.6)

Hence, the total angular momentum results unchanged, but the spin and orbital parts
appears dependent upon the choice of the gauge. It is this feature, along with the
fact that a photon has not a rest frame, that made some scientists argue about the
validity of the separation between spin and orbital angular momenta [117, 124, 125].
Nonetheless, it is possible to derive gauge-independent expressions for the spin and
orbital parts, namely, by noticing that the transverse part of the vector potential, A⃗⊥,
is gauge invariant [126]. So, if we replace the gauge-dependent A⃗ with A⃗⊥, the usual
relation for the orbital and spin angular momenta can be obtained [125]:

L⃗ = ϵ0

∫
dV Ei(r⃗ × ∇⃗)A⊥

i , (2.7)

S⃗ = ϵ0

∫
dV E⃗ × A⃗⊥ . (2.8)

Experimentally, SAM and OAM contributions have been observed separately, result-
ing in well defined quantities, under paraxial approximations which is also a natural
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framework to describe laser beams. For this reason, in the next section, we are going
to present such description.
The second subtlety to be mentioned is that, although the separation of SAM and
OAM is meaningful, neither L⃗ nor S⃗ are true angular momenta as defined by the
commutation relations, i.e. they are not generators of simple rotations [125,127]. We
could ascribe the SAM to the rotation of the fields and the OAM to the rotations of
the amplitudes. However, it is impossible to separately rotating either the direction
of the fields or their spatial distribution without acquiring a component of the fields
parallel to the wavevector, thus violating the first Maxwell equation, that is, the
transversality condition [128,129]. Before going on, it is important to point out that
the classical notion of spin as given before should not be confused with the intrinsic
quantum spin. The spin of a quantum particle, indeed, cannot be expressed as the
integration of a density over a volume [130].

2.2 The paraxial approximation
As we previously mentioned, the separation between SAM and OAM can be observed
under paraxial approximation, so we briefly introduce this framework. Let us consider
the wave equation without the interaction of the radiation with the matter (P⃗ = 0):

∇2E⃗ − 1
c2
∂2

∂t2
E⃗ = 0 . (2.9)

By considering the complex amplitude approach and a time-independent electromag-
netic field E⃗(r⃗, t) = E(r⃗)eiωt, and by inserting it in Eq. (2.9), we obtain the scalar
Helmholtz equation:

∇2E + k2E = 0 , (2.10)
where k is the wavenumber given by k = ω/c. An electromagnetic wave is said to be
paraxial if the normals of its wavefront are paraxial rays, i.e. they make a small angle
with the direction of propagation. A very common way to construct a paraxial wave
is to modulate a plane wave, Ae−ikz, with a slowly varying function of the position
A(r⃗), so that the complex amplitude of the wave becomes [131]:

E(r⃗) = A(r⃗)e−ikz . (2.11)
We can consider the wavefront approximately as a plane wave only if the variation
of A(r⃗) and its derivative with respect to the direction of propagation z are slow
within the distance of a wavelength λ = 2π/k [131]. These assumptions lead us to
the following relation:

∂A

∂z
≪ kA . (2.12)

Within this framework, the slowly varying envelope approximation holds, thus the
following equation is also valid [131]:

∂2A

∂z2 ≪ k2A . (2.13)
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Therefore, by merging Eq. (2.10) to (2.13), the paraxial Helmholtz equation can be
obtained [131]:

∇2
⊥A− 2ik ∂A

∂z
= 0 , (2.14)

where ∇2
⊥A is the transverse Laplacian operator. Solutions of Eq. (2.14) describe the

spatial distribution of a beam of light and, in the following, we are going to briefly
present two kinds of solutions, i.e. Gaussian and Laguerre-Gauss modes.

2.2.1 Gaussian modes
Gaussian modes constitute a solution for the paraxial Helmholtz equation of partic-
ular interest. Indeed, a Gaussian beam exhibits the characteristics of a laser, i.e
it is spatially localized in the transverse mode and non-diverging. The amplitude
characterizing Gaussian modes is [131]:

E(r⃗) = E0
W0

W (z)
exp
{
− d2

W 2(z)

}
exp
{
−ikz − ik d2

2R(z)
+ iξ(z)

}
, (2.15)

where d2 = x2+y2 identifies the distance from the propagation axis z, E0 is a constant
amplitude value, W (z) is the radius at which the field amplitude reduces its value of
a factor 1/e along the axis at the plane z, W0 is called beam waist and it is the beam
radius at z = 0, R(z) describes the radius curvature of the wavefronts of the beam
along z, and ξ(z) is the Gouy phase, which represents the delay between wavefront
and waveplane. We give now the expression for all these parameters since they will be
also in the expression of the Laguerre-Gauss modes, which are much more interesting
for our purpose:

W0 =
√
λz0

π
,

W (z) = W0

√
1 +

( z
z0

)2
,

R(z) = z
[
1 +

( z
z0

)2]
,

ξ(z) = tan−1
( z
z0

)
,

(2.16)

where z0 is called Rayleigh range and λ is the wavelength of the beam. Also the
intensity of a Gaussian beam is Gaussian:

I(r⃗) = E2
0
W 2

0
W 2(z)

exp
{
− 2d2

W 2(z)

}
. (2.17)

Therefore, the intensity distribution on the transverse plane has circular symmetry
and the beam power is concentrated within a small cylinder centered on the beam
axis. The peak of the intensity is on the z axis (d = 0) and decreases with increasing
radial and axial position in a Gaussian fashion.
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2.2.2 Laguerre-Gauss modes and the orbital angular momentum
quantization

There exist different complete sets of solutions for the paraxial Helmholtz equation
(Eq. (2.14)). In particular, if we write it in cylindrical coordinates, its solution gives
the following complex amplitude:

LGℓ,p(d, ϕ, z) =

√
2p!

π(p+ |ℓ|)
1

W (z)

(
d
√

2
W (z)

)|ℓ|

exp
{
− d2

W 2(z)

}
L|ℓ|

p

(
2d2

W 2(z)

)
·

· exp
{

ikd2z

2(z2 + z2
0)

}
exp{−i(2p+ |ℓ|+ 1)ξ(z)}eiℓϕ ,

(2.18)

where Lℓ
p(x) are the generalized Laguerre polynomials with indexes p ∈ N and ℓ ∈ Z:

Lℓ
p(x) =

∑
j

(−1)j

(
n+ ℓ

n− j

)
xj

j!
. (2.19)

The phase term eiℓϕ in Eq. (2.18), where ϕ is the azimuthal phase component of
the cylindrical coordinates (d, ϕ, z) is the very important term that makes LG modes
different from the previous one. Indeed, the presence of such term indicates the
existence of a phase vortex at d = 0 such that an accumulation of a phase equal to
2πℓ is generated during a closed path around z axis (see Fig. 2.1). Moreover, in 1992
it has been shown how this term is inherently associated to the quantized OAM of
single photons [132]. To show this feature heuristically, let us consider the definition
of the OAM operator in quantum mechanics:

L̂ = −iℏ(r⃗ × ∇⃗) , (2.20)

whose components are:

Lx = −iℏ
(
y
∂

∂z
− z ∂

∂y

)
,

Ly = −iℏ
(
z
∂

∂x
− x ∂

∂z

)
,

Lz = −iℏ
(
x
∂

∂y
− y ∂

∂x

)
.

(2.21)

Here, the commutation rule is [Li, Lj ] = iℏϵijkLk. If we rewrite Lz using the polar
coordinates (r, θ, ϕ) we can highlight the dependency on the phase ϕ. Indeed [33]:

Lz = −iℏ ∂

∂ϕ
, (2.22)
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Figure 2.1. The phase front (top row) and the helical wavefronts (bottom row) of a beam with
a helical phase dependency, eiℓϕ are shown for ℓ = −2,−1, 0, 1, 2.

whose corresponding eigenvalue problem LzΨ(ϕ) = EΨ(ϕ) gives:

E = ℓℏ , and Ψℓ(ϕ) = 1√
2π
eiℓϕ , (2.23)

where ℓ can take any integer value. As we noted before, LG modes possess a phase
dependence on the azimuthal angle as Ψℓ(ϕ), suggesting they could be eigenmodes
of the operator Lz. Such analogy brought Allen and co-workers to investigate them
more and verify the analogy. As a result, each photon in a LG mode carry a quantized
OAM equal to ℓℏ [132]. In general, this peculiar feature is shared among all the modes
with a phase dependence as eiℓϕ and are solution of the paraxial Helmholtz equation:
they are OAM eigenmodes. If a LG mode has index ℓ ̸= 0, the wavefront of the beam
is twisted around its propagation axis in a typical helicoidal form shown in Figure
2.1. The number of intertwined helices, each of which with a step length equal to |ℓ|λ,
is specified by |ℓ|, whereas the handedness of the rotation is determined by the sign
of ℓ. The phase singularity of LG modes characterizes their intensity profile. Indeed,
it indicates the existence of a point at which the phase of the field is not defined,
and this entails a null intensity along the propagation axis. The radial number p
determines the number of radial nodes and, when p = 0 the intensity profile of LG
modes acquires the typical shape of a doughnut. In Figure 2.2 examples of intensity
profiles for different l and p are shown.
In quantum communication, LG modes have constituted quite a milestone since, being
easy to generate in a laboratory, they allowed to investigate the OAM of photons both
for fundamental and technology-oriented experiments. In particular, they offered a
means to exploit a natural discrete high-dimensional basis, i.e. that offered by OAM
states [15,36,133,134]. Indeed, since LG modes are orthonormal eigenstates of OAM
with eigenvalues ℓ, which is integer and unbounded being the OAM quantum number,
they constitute an alphabet to encode qudits:

|Ψ⟩ =
∑
ℓ,p

cℓ,p |LGℓ,p⟩ ≡
∑
ℓ,p

cℓ,p |ℓ, p⟩ , (2.24)
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Figure 2.2. Intensity profiles for different values of the radial and azimuthal indices p and ℓ.

with ⟨ℓ′, p′|ℓ, p⟩ = δℓ′,ℓδp′,p. In our experiments, we have always used p = 0, thus in
the rest of the thesis, we will refer only to the OAM states |±ℓ⟩, regardless of p.

2.3 Vector vortex beams
Gaussian and Laguerre-Gauss modes, presented in the previous section, are solutions
of the scalar Helmholtz equation. Solutions derived from it are characterized by a
spatially homogeneous polarization, i.e. the electric field oscillation does not depend
on particular position on the beam section. However, it is possible to fully describe
light in its vectorial nature by rewriting Eq. (2.10) [135]:

∇⃗ × ∇⃗ × E⃗ − k2E⃗ = 0 . (2.25)

Solutions for the last equation are represented by cylindrical beams, that is axially
symmetric beams, which are described by the vector:

E⃗(r, z) = A(r, z)ei(kz−ωt)ϵ⃗ϕ , (2.26)

where ϵ⃗ϕ takes into account the oscillation of the field with respect to the azimuthal
angle ϕ, and A(r, z) in the paraxial and slowly varying envelope approximations
satisfies the following equation [135]:

1
r

∂

∂r

(
r
∂A

∂r

)
− A

r2 + 2ikz ∂U
∂z

= 0 . (2.27)
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These kind of solutions are called vector beams and are characterized by an inhomoge-
neous polarization distribution over their transverse profile [136]. Such polarization
distributions identify special and unique patterns that give to the beams a specific
structure. Hence, vector beams are also called structured beams [121].
A special class of vector beams are the vector vortex beam (VV), whose azimuthally
varying polarization pattern surrounds a central optical singularity [135–137]. Their
unique polarization distributions have made VV beams appealing in many research
contexts, e.g. microscopy [138, 139], optical trapping [140, 141], metrology [142, 143],
nanophotonics [144] and communication [14, 145–150]. Formally, VV beams can be
suitably described by a non-separable superposition of polarization and OAM eigen-
modes with opposite handed azimuthally varying phases. The quanta of OAM carried
by photons constituting the VV beam define the order m of it. Vector vortex beams
are, for instance:

|ρm⟩ ≡ E⃗+(d, ϕ, z) = √ηLG+ℓ(d, ϕ, z) |R⟩+
√

1− ηLG−ℓ(d, ϕ, z) |L⟩ , (2.28)

|αm⟩ ≡ E⃗−(d, ϕ, z) = √ηLG+ℓ(d, ϕ, z) |R⟩ −
√

1− ηLG−ℓ(d, ϕ, z) |L⟩ . (2.29)

If we consider equally distributed superpositions and m = 1, then Eqs. (2.28) and
(2.29), with LG modes as quantum states, become:

|ρ1⟩ = (|R,+1⟩+ |L,−1⟩)/
√

2 , (2.30)

|α1⟩ = (|R,+1⟩ − |L,−1⟩)/
√

2 , (2.31)

which represent radially and azimuthally polarized beams, respectively. The polar-
ization distribution for these states is shown in Figure 2.3 (a) and (b). It is possible
to “swap” the OAM in Eqs. (2.28) and (2.29), thus having states of the form:

Figure 2.3. Polarization pattern of the vortex and anti-vortex beams of order m = 1 and m =
−1 respectively. In particular, figures (a) and (b) show radial and azimuthal polarization
patterns of the states |ρ⟩ and |α⟩ respectively, whereas (c) and (d) show the polarization
distribution for the states

∣∣χ+
−1
⟩

and
∣∣χ−

−1
⟩
.
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Figure 2.4. Higher-order Poincaré sphere representation of a quantum state of the form |ψ⟩ =
cos θ/2 |R,+1⟩ + exp{iϕ} sin θ/2 |L,−1⟩. Such a geometrical tool allow for the identification
of both SAM and OAM of the state considered.

|χ⟩ = (|R,−1⟩ ± |L,+1⟩)/
√

2 . (2.32)

Such beams are sometimes called anti-vortex beams and we indicate their order with
a negative value of m. In the case of Eq. (2.32), the order is m = −1 and the polar-
ization patterns for the state with plus,

∣∣χ+
−1
⟩
, and minus,

∣∣χ−
−1
⟩
, signs are shown in

Figure 2.3 (c) and (d), respectively. We can consider VV beams as states belonging
to a Hilbert space spanned by states {|R, ℓ⟩ , |L,−ℓ⟩}. In doing so, we can generalize
the graphical tool of the Poincaré sphere, which describes the polarization state of
the light, to describe the angular momentum of light, namely taking into account not
only the SAM but also the OAM of light. Such generalized sphere is called higher-
order Poincaré sphere, and it is shown in Figure 2.4 for the vector vortex beam. A
similar one can be built for anti-vortex beam [151].
A careful eye might have noted that states like those in Eqs. (2.28), (2.29) and (2.32)
are nothing else that entangled states where the entanglement is shared between two
different degrees of freedom, namely, polarization and OAM. This type of entangle-
ment is called hybrid entanglement. Specifically, hybrid entangled polarization-OAM
states rouse a lot of interest since they can be implemented on a single particle, and
thus fundamental tests on quantum mechanics, as those on contextuality, can be
performed [66, 122,146,149,152,153]. As we are going to see, this last aspect will be
the core of one of our experiments [14].



44 2 Orbital angular momentum of light and vector vortex beams

In this chapter, we have discussed with more details about light beams nature and
their properties. In particular, we have presented and analyzed the orbital angular
momentum of light. Moving from a fundamental point of view, that is the total
angular momentum of light and its division in SAM and OAM, we have then shown
how beams owing a non-zero OAM can be derived. Finally, structured light has been
introduced, showing the typical inhomogeneous polarization distribution of the vector
vortex and anti-vortex beam, and explaining its origin. From a quantum perspective,
OAM states are the ideal candidate to “build” high-dimensional states, due to the
unbounded nature of the OAM quantum number ℓ. Furthermore, they allow for the
generation of single-particle hybrid entangled states, thus opening for investigation
on quantum foundations.
The generation of OAM states is a subject we are going to address in Chapter 4,
where experimental tools and methods adopted in our experiments will be described.
In the next chapter, conversely, the main motivation of our works will be addressed,
namely, the transmission of qudits through a fiber channel. In the specific case, the
transmission of qubits encoded in the OAM degree of freedom. Indeed, it is a rather
difficult and non-standard task to propagate LG modes unperturbed through a fiber,
and specially designed multimode fibers are needed. Thus, after an introduction
motivating the necessity of fiber-based quantum communication, we are going to
describe a special class of multimode fiber allowing for the propagation of optical
modes carrying an OAM, namely, air-core fibers.



CHAPTER3
Air-core fibers

or: how I learned to transmit a doughnut
In the previous chapters, the main theoretical aspects underlying this work of thesis
have been introduced and explained, thus we hope the reader has grasped the mo-
tivations that made us investigate both high-dimensional quantum communication
and the orbital angular momentum of light. However, if we jump back to the thesis
title, it can be noted that nothing has been said about the very first part of the title,
namely, about fiber-based quantum communication.
Quantum communication between distant locations has been investigated exploiting
free-space [154,155], satellites [156,157], and underwater links [158,159], however, the
transmission of quantum states through optical fibers constitutes the most reasonable
and promising way to build future quantum networks. Indeed, nowadays more than
4.5 billion kilometers of optical fibers are deployed worldwide, connecting people, com-
munities, and countries together [9]. Led by these motivations, we investigated the
transmission of high-dimensional quantum states throughout fiber links, in particular,
we studied the propagation of qudits encoded in the OAM of photons through a novel
class of fibers with a ring core structure. Indeed, the great potentials offered by qudits
and the fact that OAM is the typical degree of freedom to exploit them were already
known in the early 2000s [160–163], however, their transmission via standard single
and multimode fiber links was considered impractical, if not impossible at all, for
many years. Then, in 2013, the stable transmission of OAM fiber modes was proven
in a classical communication experiment by exploiting a novel design of step-index
fibers [164]. Investigations on the transmission of quantum states through these new
type of fibers were missing until 2018, when our experimental group and one in Ot-
tawa demonstrated OAM qubits and qudits transmission, respectively [15,165]. It is
within this context that our experiments Refs. [14,15], on which this thesis is mostly
based, insert themselves.
In this chapter, we are going to outline the procedure to derive fiber modes, distin-
guishing between a scalar approximation and a weak guidance regime. The issue of
carrying optical modes owning a non-zero OAM will be addressed and the air-core
fiber used in our experiments will be presented along with its main specifications.
Finally, since diverse photonic degrees of freedom can be manipulated to generate
qudits, and since the type of fiber needed to transmit them change accordingly to
the degree of freedom chosen, we are going to present the different ways to transmit
high-dimensional states, trying to discuss their pros and cons.
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Figure 3.1. (a) Schematic illustration of a cross section of a an optical step-index fiber with
a ring structure. (b) Refractive index profile (solid blue line) relative to the example in
(a) as a function of the radial coordinate. The three different colored regions correspond
to the refractive index of inner core n1, outer core n2, and cladding n3. Figure inspired by
Ref. [166].

3.1 Electromagnetic modes and the orbital angular
momentum issue

In this section, the basic mathematical notions of fiber vector modes are reported.
The aim is to let the reader understand both the procedure to derive a fiber mode
and the technical and fabrication issues related to the propagation of fiber modes
owning an OAM. Furthermore, a comparison between scalar approximation, weak
and strong guidance regimes is carried out, remarking the fiber modes dependence on
the refractive index profile. Within the whole chapter, the longitudinal direction of
the fiber coincides with the z axis, while the transverse coordinates are given either
by the cylindrical (r, ϕ) or Cartesian (x, y) variables, as shown in Figure 3.1 (a). The
refractive index as a function of the transverse coordinates is n(r, ϕ), as reported in
Figure 3.1 (b), and ε = n2 is the fiber’s dielectric constant. Finally, only in this
chapter, some notations will be adapted to those conventionally used in the fiber
optics community, but they will be pointed out within the text.
The solutions of Maxwell’s equations for an electromagnetic field propagating in a
dielectric cylinder describe light propagating in an optical fiber. By solving for the
electric and magnetic fields, E⃗ and H⃗, Maxwell’s equation in matter with no charges
and currents as reported in Equations (3.1), it is possible reduce them to eigenvalue
equations for E⃗ and H⃗, whose solutions are called modes and whose eigenvalues
β are related to the phase velocity of the modes vp = ω/β, for an optical wave
with frequency ω. Physically, a mode indicates a propagating electromagnetic field
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distribution that repeats itself after a certain displacement along z.

∇⃗ · D⃗ = 0 ,

∇⃗ · B⃗ = 0 ,

∇⃗ × E⃗ = −∂B⃗
∂t

,

∇⃗ × H⃗ = ∂D⃗

∂t
.

(3.1)

Here, D⃗ and B⃗ are the displacement and magnetic induction fields respectively. Given
the above definition of optical mode, we are seeking for electric and magnetic fields
with the following form:

E⃗ = (e⃗⊥ + ez ẑ)ei(βz−ωt) , (3.2)

H⃗ = (⃗h⊥ + hz ẑ)ei(βz−ωt) , (3.3)

where e⃗⊥ and h⃗⊥ denote the transverse components of the electric and magnetic
fields, and ez and hz the longitudinal ones. The propagation constant of the mode
β is proportional to the effective refractive index “perceived” by the radiation inside
the cavity, neff , that is β = 2πneff/λ. By using the constitutive relations D⃗ = εE⃗

and H⃗ = B⃗/µ0, Eqs. (3.1) can be rewritten into the vectorial wave equations [167]:

{∇2
⊥ + n2k2 − β2}{e⃗⊥ + ez ẑ} = −(∇⃗⊥ + iβẑ)e⃗⊥ · ∇⃗⊥ln(n2) , (3.4)

{∇2
⊥ + n2k2 − β2}{h⃗⊥ + hz ẑ} = {(∇⃗⊥ + iβẑ)× (⃗h⊥ + hz ẑ)} × ∇⃗⊥ln(n2) , (3.5)

which are numerically solvable for a fixed refractive index profile. If we write e⃗⊥
and h⃗⊥ in cylindrical coordinates, e.g. h⃗⊥ = er(r, ϕ)r̂ + eϕ(r, ϕ)ϕ̂, and we assume
the refractive index is circularly symmetric, that is n(r, ϕ) = n(r), then the solutions
of Equations (3.4) and (3.5) are: the transverse electric (TE) modes, where ez = 0;
transverse magnetic (TM) modes, where hz = 0; and the hybrid modes EH and HE,
where the longitudinal components ez and hz are both non-zero. In particular, a
mode is denoted as EH if ez > hz at a fixed reference point and frequency, and vice-
versa, a mode is denoted as HE if hz > ez [168].
At this point, it is necessary a step back in order to have a more comprehensive
overview of the modes supported by an optical fiber. Depending on the refractive
index profile, Equations (3.4) and (3.5) lead to different solutions. In particular, given
the maximum refractive index contrast ∆n, e.g. ∆n = n2 − n1 with reference to Fig.
3.1 (b), we can distinguish three different approximations:

• Scalar approximation. The maximum ∆n is small enough that it can be
neglected for the sake of boundary conditions. The solutions we obtain in this
case are the LP modes.
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• Weak guidance regime. The maximum ∆n is large enough to be accounted
for, but solutions to Eqs. (3.4) and (3.5) can be obtained by using the first-order
perturbation theory. Solutions of these kind are the modes TE, TM, HE and
EH.

• Strong guidance regime. The maximum ∆n is large enough that the first-
order perturbation theory cannot describe accurately the fields distribution. In
this regime, spin-orbit coupled modes are solutions, which do not possess a
uniquely defined OAM. As such, they are beyond the scope of this work of
thesis, so no further details will be given about this regime. However, more
information can be found in Refs. [169,170].

In the following, we are going to analyze with more details the scalar approximation
and the weak guidance regime, pursuing our final goal, namely, the introduction of
fiber modes carrying an OAM.

3.1.1 Scalar approximation
In the scalar approximation, the refractive index step ∆n is neglected, as well as the
vectorial nature of light, that is its polarization. Thus, with such assumptions, Eq.
(3.4) becomes1:

{∇2
⊥ + n2k2}e⊥ = β2e⊥ . (3.6)

Solutions to this equation are the linearly polarized (LP) modes, which are usually
labeled as LPℓm, with ℓ > 0 being the angle dependence and m > 1 being the
radial nodes index. Note here that the notation has changed. Previously, we have
indicated with p > 0 the radial index and with m the order of a VV beam. Now,
to be in compliance with the conventional notation, we indicate with m the radial
nodes index instead of p. This notation will hold only for this chapter in its entirety.
The intensity distribution profiles of the modes LP01, LP11 and LP21 are shown in
Figure 3.2 (a). The lowest order mode, LP01, is called fundamental mode and its field
distribution is approximated by that of a Gaussian mode. A mathematical inspection
on these field profiles shows that such modes carry zero orbital angular momentum
per photon. This restraint arises from the scalar approximation, which, neglecting
∆n, returns modes with no OAM [166]. Therefore, to completely address the problem
and to obtain accurate solutions, the full vector wave equation given by Eq. (3.4)
must be studied.

3.1.2 Weak guidance regime
The vector wave equation is obtained when the index step ∆n is taken into account.
If the step is small enough to let Eq. (3.4) be solved with the first-order perturbation
1Note that the following procedures and discussions can be done also for Eq. (3.5). However, we
restrict our description to the electric field for brevity.
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Figure 3.2. Intensity profiles of the fiber modes in (a) the scalar approximation and (b) the
weak guidance regime. The figure highlights the degeneracy break in terms of neff moving
from the scalar to the vectorial description of the fiber modes. Figure inspired by Ref. [171].

theory, we say we are in a weak guidance regime. In this case the solutions are the
modes TE, TM and HEe,o for ℓ = m = 1, where e and o indicate the even and odd
parity respectively. For ℓ > 1 and m = 1 the solutions are EHe,o

ℓ−1,m and HEe,o
ℓ+1,m. The

intensity profiles of these modes are shown in Figure 3.2 (b). Furthermore, Figure
3.2 highlights what physically happens by moving from the scalar to the vectorial
description, that is, the degeneracy in terms of neff for the LP modes is broken. In
particular, for ℓ = 1 such degeneracy splits in three different effective indices, being
TE01 the highest valued, TM01 the lowest valued, and being the two HE21 modes
strictly degenerate, with neff lying within TE01 and TM01. Thereafter, all higher
order solutions, i.e. with ℓ > 1, break the degeneracy into two distinct neff that are
doubly degenerate and whose modal solutions are EHe,o

ℓ−1,m and HEe,o
ℓ+1,m. In the case

of the fundamental mode, LP01, the degeneracy is not lifted and the modes HEx,y
11

are the modes in the vectorial picture, where x and y indicate the two orthogonal
polarization orientations [167,168].
So far, albeit the intensity profiles of the vector modes resemble those of LG modes,
any azimuthal dependence on ℓ has been pointed out. However, if we introduce
σ± to denote the two orthogonal circular polarizations, it can be shown that linear
combinations of the EH and HE modes own such helical factor and that it is truly
the OAM each photon owns [166,171]. Hence, for ℓ > 1 we have:

{
HEe

ℓ+1,m ± iHEo
ℓ+1,m

EHe
ℓ−1,m ± iEHo

ℓ−1,m

}
= Fℓ,m(r)

{
σ±exp(±iℓϕ)

σ∓exp(±iℓϕ)

}
, (3.7)
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where Fℓ,m(r) is the radial field distribution of the corresponding scalar mode solution.
From Equation (3.7) we can distinguish spin-orbit aligned (SOa) modes, where SAM
and OAM have the same signs, from spin-orbit anti-aligned (SOaa) modes, where
SAM and OAM have opposite signs. Being superpositions of degenerate modes, it is
apparent that SOa and SOaa are degenerate modes, but they are not degenerate with
each other. If now we consider l = 1, things are slightly different. The combinations of
HE modes still result in pure OAM modes, but the TM and TE modes do not. Rather,
they are combination of SAM and OAM with opposite signs, namely, VV beams
as in Eqs. (2.30) and (2.31), with azimuthal and radial polarization distribution
respectively. Explicitly, we have [171]:

HEe
2,m ± iHEo

2,m

TM0,m

TE0,m

 = F1,m(r)


σ±exp(±iϕ)

1
2 (σ−exp(iϕ) + σ+exp(−iϕ))

−i
2 (σ−exp(iϕ)− σ+exp(−iϕ))

 . (3.8)

Therefore, the analysis in the weak guidance regime shows that is definitively possible
to have fiber eigenmodes with a specific OAM per photon. The problem thus shifts
to an engineering level, that is, how to properly shape the refractive index profile in
such a way that these modes can be lengthwise invariant, i.e. they do not change in
size or shape, and do not mix to each other as they propagate through the fiber. As
a general remark, the instability due to inter-modal crosstalk arises from the near-
degeneracy of the effective indices, thus it can be decreased by increasing ∆neff ,
which is the difference in neff between the vector modes [172]. Moreover, it has
been demonstrated that ∆neff increases with mode order ℓ, so that modes with a
high ℓ value are more stable than those with a low one [173]. Values of ∆neff that,
from a phenomenological point of view, suffice for km length propagation are equal
or greater to ∆neff = 10−4 [166, 171]. Hence, the problem to obtain stable OAM
modes boils down to a search for a circularly symmetric waveguide that yields such
values for ∆neff . This result can be achieved by designing optical fiber whose profile
mirrors that of the mode itself. Such fibers are called ring core fibers. An example
of their cross section and index profile is shown in Figure 3.1. The ring core design
breaks the near-degeneracy of the effective indices of the modes, thus minimizing the
inter-modal coupling. The ring structure provided a general framework to realize
optical fibers able to propagate stably OAM modes over km length-scales, and thus
have been used in classical and quantum communications applications [164,165,174–
176]. Furthermore, the ring structure reveals that the effective index contrast ∆neff

increases with the index contrast between the annular region and the inner core. Thus,
a suggestive option was to realize very high contrasts using an air core as inner core.
These air-core fibers have been developed and experimentally investigated, showing
that, with respect to the previous designs, many more OAM modes can be propagated
stably, thus enhancing their application in optical communication systems [177, 178].
Besides, we have investigated these fibers also for quantum communication. The
results are published in Refs. [14, 15] and they will be later presented in detail. For
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Figure 3.3. (a) Index (blue) and intensity (red) profiles of the air-core fiber as a function of
the radius. (b) Effective indices neff of the guided modes as a function of the wavelength.

now, let us discuss more specifically the features of the air-core fiber exploited in our
works.

3.2 Air-core fiber

An air-core fiber guides the light in a high-refractive index ring surrounding an air
core. This structure provides a large refractive index contrast that breaks the near-
degeneracy of the effective indices of the modes and maximizes the number of guided
OAM modes without increasing the number of radial order m. The principle was
first demonstrated in Ref. [174], where 36 OAM modes, SOa and SOaa with ℓ = 0 to
ℓ = ±9, were propagated in 85 cm of fiber. Later, Ref. [177], the air-core fiber principle
led to a design allowing for the propagation of 12 OAM modes over a kilometre
distance. A 1.2 km air-core fiber, based on the latter fiber design, has been used
in our experiments. Its index profile and the calculated effective indices neff of the
guided modes as a function of the wavelength are shown in Figure 3.3. An illustration
of its cross section is reported in Figure 3.5 (d). The 12 guided modes have OAM
equal to ℓ = ±5,±6,±7, and are distinguished in SOa and SOaa. Since SOa and
SOaa modes come in degenerate pairs, only six lines are shown. We see that aligned
and anti-aligned modes of a specific OAM quantum number have similar effective
refractive indices, while modes with different |ℓ| show a larger separation in neff .
In particular, at a wavelength of 1550 nm, the splitting between |ℓ| modes is neff ≈
5×10−3, while the splitting between aligned and anti-aligned modes is neff ≈ 6×10−5,
neff ≈ 1 × 10−4 and neff ≈ 1.5 × 10−4 for |ℓ| = 5, 6, 7, respectively. As already
mentioned, the distance in neff between modes affects their propagation stability,
since the amount of inter-modal coupling due to fiber perturbations is proportional
to its magnitude. Thus, modes with |ℓ| = 7 are expected to be more robust and stable
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Figure 3.4. Time-domain plot of the OAM modes, either aligned and anti-aligned. Due to the
different neff , anti-aligned modes are propagating faster than aligned ones. Furthermore,
modes with a low value of OAM quantum number propagate faster than those with a high
value of ℓ. Figure adapted from [15].

than those with |ℓ| = 5.
From the data on neff , it is possible to derive the group velocity and the dispersion.
In particular, the inverse group velocity can be used to calculate the time of flight of
a pulse of light, that is, the time it takes to propagate through the fiber. Since all the
modes have unique values of neff , their time of flight will also be unique and different
from each other, as shown in Figure 3.4 and Table 3.1 where the calculated relative
arrival times are reported. Such uniqueness of the time of flight values, as we are
going to see in the next chapter, can be used to characterize the mode launched and
estimate its purity. Finally, the losses are 1 dB/km at 1550 nm. while the dispersion
in the fiber is large if compared to standard optical fibers, however, due to the short
fiber length, the overall accumulated dispersion is low and it does not result in any
problem for fiber optical communications.
This section concludes the analysis of fiber eigenmodes carrying an OAM and fiber
designs to stably propagate them, thus allowing for the possibility of high-dimensional
quantum communication with OAM qudits. Nonetheless, before closing this first part
of the thesis, it is correct, for the sake of completeness, to give an overview of the other
possible solutions to transmit d-dimensional states, highlighting their advantages and
disadvantages.
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Mode Time [ns] Mode Time [ns]

|ℓ| = 5aa 0 |ℓ| = 6a 16.5
|ℓ| = 5a 0.7 |ℓ| = 7aa 31.1
|ℓ| = 6aa 15.4 |ℓ| = 7a 32.6

Table 3.1. Relative arrival times for 1550 nm pulses launched into different fiber modes
coupled to the 1.2 km air-core fiber. The subscripts aa and a stand for anti-aligned and
aligned, respectively.

3.3 Optical fibers for qudit transmission

As a means to transmit light, optical fibers represent the simplest waveguide imagin-
able. Since Kao et al. proposed a low-loss fiber for optical frequencies (Ref. [179]),
later demonstrated by Kapron and collaborators (Ref. [180]), an enormous amount
of optical fibers have been fabricated. From then, they have been extensively used in
communication to send data across thousands of kilometers, from country to country,
but also, for instance, in optical sensing [181–183], settling themselves among the
distinctive technologies of the last century.
In general, fibers can be specified depending on the modes they allow for the propa-
gation. Optical modes, as we have seen, depend on the refractive index profile of the
fiber, which, in turn, influences the fiber design. Figure 3.5 reproduces the cross sec-
tion of the most common fibers that we are going to examine from a high-dimensional
quantum communication perspective. Standard single mode fibers (SMFs) constitute
the most elementary one since they are designed to carry only a single mode of light,
the fundamental mode, due to the small core area (see Fig. 3.5 (a)) [131]. Their mono-
mode nature does not allow to use the spatial distribution of the fields as a degree of
freedom to encode qudits, indeed, optical power is either transmitted in the LP01 or
lost. Hence, standard SMFs have found wide application to distribute time-encoded
qudits, since those states are preserved throughout the transmission [184, 185]. Al-
though time-encoded qudits offer the advantage to use a very standard technology as
SMFs are, the main drawback of such an encoding scheme relies on the realistically
achievable dimensions. Indeed, by increasing the dimensions, with the fair assump-
tion of fixed repetition rate at the transmitter, the photon rate at the detection side
is lowered and so is the overall information rate.
As opposite to SMF, multimode fibers (MMFs) have a significantly larger core area,
as shown in Fig. 3.5 (b), allowing for the propagation of hundreds or thousands of
modes with almost any spatial distribution. Such different spatial distributions corre-
spond to modes having ℓ > 0 and m > 1 that are called higher order modes (HOMs).
Due to the large number of supported modes, the possibility that external perturba-
tions, e.g. fiber bends or twists, cause light leaks from one mode to another must be
considered, since the inter-modal crosstalk severely affects modes stability. This issue
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Figure 3.5. Cross sections of the fiber classes used for high-dimensional quantum communica-
tion. (a) single mode fiber; (b) multimode fiber; (c) multicore fiber; (d) air-core fiber.

is addressed by few mode fibers, which typically support from 2 to 30 modes, and
which aim to merge the advantages of SMFs and MMFs, that is, to exploits HOMs in
a controlled manner by enhancing the modes stability [186]. From a quantum com-
munication perspective, both multimode and few mode fibers have been exploited to
transmit high-dimensional quantum states. However, since the inter-modal crosstalk
is hard and sometimes impossible to reduce,especially on long distances, they have
not gained much success for qudit distribution [187–189].
The possibility to exploit spatial modes for data transmission on fibers is known as
space division multiplexing (SDM), and it has attracted many attentions, both in clas-
sical and quantum communication, due to two new classes of fibers, namely, multicore
fibers and the previously mentioned ring core fibers [186, 190, 191]. Multicore fibers
(MCFs) consist of an array of cores within the same cladding area, and are designed
in a way that the the distance between the cores is large enough to prevent evanescent
coupling, so that each core represents an independent channel (see Fig. 3.5 (c)) [192].
They present losses comparable with those of SMFs, low inter-core crosstalk, which
is fundamental for the reliable transmission of qudits, and a better phase stability
compared to individual SMFs [11]. The number of cores that can be squeezed into an
MCF varies and can be adjusted depending on the experimental requirements. So far,
to the best of our knowledge, the maximum number achieved is 39 cores [193]. Such
an MCF fiber has been used in one of our experiments on QKD based on SDM [12].
In high-dimensional quantum communication, the different cores can be viewed as the
path degree of freedom for each photon, thus high-dimensional path-encoded states
can be devised and propagated through a MCF. Previous experiments have already
demonstrated such possibility, obtaining a high fidelity of the transmitted qudits
with dimension up to four [194–196]. Despite this, the main challenge by using this
fiber for quantum communication is to maintain the phase stability between differ-
ent cores, thus preserving the coherence of superposition states. Indeed, when the
information is encoded in the cores’ relative phase, the setup appears as a long fiber
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interferometer, thus phase drifts among cores impair coherence of high-dimensional
states. A possible solution is given by phase-locked loop systems that compensate for
phase drifts in real-time. An investigation of ours in this direction, for a 2 km fiber
interferometer with MCF, has been recently published [11].
As previously mentioned, few modes fibers aim to take advantages of HOMs by prop-
erly controlling them, that is by reducing the inter-modal crosstalk and modes dis-
persion. Novel designs of few modes fiber, as the ring core or the air-core one, can
overcome these issues, but this is a story we have already told.

This Chapter concludes the first part of the thesis, where the theoretical back-
ground needed to better understand what is coming next has been unfolded. In the
next part, the experimental methods and techniques used to carry out out exper-
iments on the transmission of OAM qudits are going to be discussed. Finally, in
Chapter 5, the results we achieved will be presented.
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CHAPTER4
Tools and techniques

After having provided the essential theoretical background of this thesis, it is about
time to dive into a more experimental part and, finally, show the results we achieved.
Applying concepts deriving from the theory is, in general, not an easy task. Mostly
because in practice other problems arise that sometimes are referred to as “experi-
mental problems”. Such a remark does not want to be a critique, but rather it aims
to underline the non-trivial transition from the ideal to the real description of the
physical phenomenon under investigation. Thus, it has been necessary for experimen-
talists to develop methods, either practical or analytical, to deal with the troubles of
a real scenario.
In this chapter, we are going to analyze those techniques and tools that we needed
to carry out the experiments in Refs. [15] and [14]. Figure 4.1 shows schematically
the way they are going to be presented. It is possible, indeed, to look at our experi-
ments as composed of three blocks. The generation block, where the photon source,
either for WCPs or entangled photon pairs, is located together with the devices to
manipulate the OAM degree of freedom of the photons, and those for the modula-
tion of the WCPs in terms of phase and intensity. The second block relates to the
transmission of the quantum states, hence it contains all the experimental tricks to
couple them to the air-core fiber, being sure to excite the correct OAM modes and to
stably propagate them. The detection block closes the line. It involves both practical
setup implementations dictated by the particular measurements needed to perform
the experiments, but also post-processing analyses to evaluate and validate the results
obtained. Note that this block division will be implicitly followed in the upcoming
sections, but not explicitly marked.

Figure 4.1. Schematic figure showing the order with which the experimental methods will be
described.
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4.1 Photon sources: WCPs and entangled pairs
Several physical systems can be chosen to test quantum information protocols, but
since we are especially interested in quantum communication, we have chosen photons,
as they proved to be the best physical system to transmit quantum information due to
their low attitude to interact with each other. However, as mentioned in Subsection
1.3.1.1, depending on the particular communication task to accomplish, there could
be limitations deriving from standard single photon sources. The biggest example
is QKD, where the final secret key rate matter notably and the low repetition rates
of the single photon sources prevents to increase it, thus leading to the exploitation
of faint laser pulses as photon source. In our experiments we used both WCPs and
single photons, in particular, in the latter case, we used polarization entangled photon
pairs. In the following, more details on these generation schemes will be given.

4.1.1 Faint pulses
Faint pulses, or WCPs, are laser pulses strongly attenuated, so that each of them
contains on average less than one photon. They are mostly used as signals in practical
QKD schemes, both because they work out the rate issue we hinted before, and
because of the simplicity of the setup and the devices required to generate them.
Figure 4.2 (a) shows the most basic source of WCPs, which also corresponds to
the one we used in our work [15]. A continuous wave laser, at 1550 nm in our
experiment, is sent to an intensity modulator that modulates the optical power in
accordance to a modulation signal. Such a modulation signal is programmed into a
field programmable gate array (FPGA), and can be shaped in a way that the intensity
modulator carves out pulses from the continuous wave laser. The repetition rate of
the pulses and their width depend on the FPGA characteristics. In our experiment,
we have generated WCPs with 0.6 GHz repetition rate and 100 ps pulse width ( ≈ 150
ps optical width). Experimentally, it has been noted that to improve the extinction
ratio of the pulses, i.e. the ratio of the peak and floor optical powers, a second
intensity modulator cascaded to the first one can be used. Once the pulses have been
obtained, they can be attenuated with a variable optical attenuator to the desired
optical power, that is, to the mean photon number required in the experiment.

4.1.2 Entangled photon pairs
Now, let us analyze one of the possible scheme to produce photon pairs entangled in
the polarization degree of freedom. In particular, the setup we are going to describe
has been used in our work, Ref. [14], and is shown in Figure 4.2 (b). The generation
of the photon pair is based on an optical nonlinear effect called spontaneous paramet-
ric down-conversion that happens inside nonlinear χ(2) non-centrosymmetric crystals,
e.g. the β-barium borate or the potassium titanyl phosphate [197–199]. Briefly, a
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Figure 4.2. Experimental schemes for (a) WCPs and (b) polarization entangled photon
pairs sources. (a) IM= intensity modulator, FPGA= field programmable gate array,
VOA= variable optical attenuator. (b) ppKTP= periodically poled potassium titanyl phos-
phate, HWP= half-wave plate, QWP= quarter-wave plate, LC= liquid crystal, L= lens,
DM= dichroic mirror, DPBS= dual-wavelength polarizing beam-splitter, DHWP= dual-
wavelength half-wave plate, M= mirror.

pump photon with frequency ωp and momentum k⃗p impinging on the χ(2) crystal is
annihilated during the interaction with the field inside the material and generates two
photons, a signal and an idler, with frequencies ωs and ωi, and linear momenta k⃗s

and k⃗i, respectively. Then, energy and momentum conservation laws bind the photon
pair frequencies and momenta. It is possible to distinguish between Type I or Type
II spontaneous parametric down-conversion. In Type I parametric down conversion,
the generated photons have the same polarization, which, in turn, is orthogonal to the
polarization of the pumping photons. Conversely, in Type II crystals, the generated
photons of the pair have orthogonal polarizations. In our experiment, we used a Type
II collinear (signal and idler are emitted along k⃗p) periodically poled potassium titanyl
phosphate (ppKTP) crystal.
As shown in Figure 4.2 (b), the ppKTP crystal is placed into a Sagnac interferome-
ter. The interference condition is required to generate entangled photon pairs, and
since the intrinsically stable geometry of the Sagnac configuration does not require an
active stabilization, it allows for a better entanglement generation with respect, for
instance, to a Mach-Zehnder configuration [200,201]. Specifically, a pump beam, set
to have diagonal polarization with half- and quarter-wave plates1 and focused into the
crystal by a lens, impinges on a dichroic mirror and enters the Sagnac interferometer
through a dual-wavelength polarizing beam-splitter (DPBS) that splits the horizontal
and vertical polarization components of the pumping beam, and that works for both
the wavelengths of the pump and the generated photons. The vertical component
of the pump is reflected by the DPBS and propagates counterclockwise into the in-
terferometer (path 1 in Figure 4.2 (b)). It passes a dual-wavelength half-wave plate
1More will be said about these devices in Section 4.2.
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that rotates the polarization from vertical to horizontal to satisfy the phase matching
condition, and then it goes thorough the crystal generating a photon pair |H⟩1 |V ⟩1.
The horizontally polarized component, instead, is transmitted by the DPBS, propa-
gates clockwise and generates a photon pair |H⟩2 |V ⟩2. Finally, the paths of the two
photon pairs are interfered on the DPBS, thus generating the maximally entangled
state:

|ψ⟩ = 1√
2

(|H⟩1 |V ⟩2 + eiθ |V ⟩1 |H⟩2) . (4.1)

The relative phase eiθ can be experimentally tuned by using a liquid crystal on the
pump at the input of the Sagnac interferometer. As mentioned before, this scheme
has been used in one of our work. In particular, the wavelength of the pumping beam
was 775 nm, thus obtaining photons at 1550 nm; the focal length of the lens was 25
cm and the crystal length was 30 mm.

4.2 Polarization control
Among the various degrees of freedom of the light, polarization is by far the most ex-
ploited, either in classical and quantum experiments, due to its ease in manipulation
and control. The most common elements allowing for such control are wave retarders,
or waveplates, which are birefringent crystals, therefore, when a light beam crosses
them along an orthogonal direction with respect to the plane of the waveplate, it
experiences different refractive indices depending on its polarization. The difference
between the refractive indices generates optical retardation between the two polar-
izations, which implies an optical path difference that can be expressed by a relative
shift of φ given by:

φ = 2πd∆n
λ

, (4.2)

where d is the thickness of the waveplate, ∆n is the difference between the refrac-
tive indices and λ is the optical wavelength. If the product d∆n is d∆n = λ/2 or
d∆n = λ/4, the phase shift will be φ = π and φ = π/2, respectively, and the wave-
plates are called half-wave plates (HWP) the former and quarter-wave plates (QWP)
the latter. In general, an HWP rotates the polarization of an angle 2θ if its axis is
rotated by an angle θ. For instance, if a horizontally polarized beam passes through
an HWP rotated by 22.5◦ with respect to the vertical, it will exit diagonally polarized.
If instead, a beam is elliptically polarized, then an HWP inverts the handedness of
the polarization. A QWP, on the other hand, converts the polarization from linear
to circular (if placed at 45◦), or, in general, to elliptical. It is then clear that these
devices allow us to travel around the Poincaré sphere, however, a rotation can be
uniquely specified only with a sequence of QWP-HWP-QWP. A way to see this is
given by Euler’s angles and the rotation matrix (further details in Refs. [202, 203]).
Another free-space device aimed for polarization control is the polarizing beam-splitter
(PBS), which splits the impinging beam into its vertical and horizontal components
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by reflecting the former and transmitting the latter. A set composed by HWP, QWP
and a PBS allows to perform polarization projective measurements along the basis
of the Pauli operators σ̂x, σ̂y and σ̂z, and is therefore sometimes called polarization
analysis stage.
In the case of a fiber-based setup, the combination of QWP-HWP-QWP can be substi-
tuted by polarization controllers that take advantage of the optical fiber birefringence
to rotate the polarization. Thus, by moving specific handles any polarization state
can be obtained.
For certain experiments, the switching between two or more polarization states is
required to happen rapidly, but most of the devices that manipulate the polarization,
for example motorized waveplates, are limited in terms of speed. A way to overcome
this limitation is to use phase modulators. These devices use electro-optic effects to
change the phase shift between the two polarization components. Thus, by using a
modulation signal, e.g. from an FPGA, it is possible to change the polarization of
the outgoing beam. However, such a feature gets lost if the polarization of the input
beam is horizontal or vertical. Indeed, if we write the Jones vectors for these polar-
ization states, we see that one component is zero and so a relative phase shift will not
change the state. In our experiment, Ref. [15], we used two phase modulators driven
by two pseudorandom binary sequences of 212 − 1 bits, with a diagonally polarized
WCPs at their inputs.

4.3 Generation and manipulation of the OAM

Birefringent materials allow for the control of the polarization of a light beam, or,
at the quantum level, the polarization state of a single photon. In terms of angular
momentum, such devices permit to handle with precision the SAM of photons. To
generate light beams or photons owning an OAM, birefringence is not enough and
other devices must be employed. Among these, computer-generated holograms [204],
e.g. implemented by spatial light modulators, q-plates [205], cylindrical lenses [206],
and spiral phase plates [207] are those mostly used. The devices used in our exper-
iments are called vortex plates, and they can be seen as non-tunable q-plates. Such
tunability issue will be clarified in the following, where we are going to describe how
a q-plate works.
In general, light-matter interaction gives rise to an exchange of angular momentum be-
tween photons and the medium. Orbital components of the total angular momentum
can be exchanged via an interaction between light and an inhomogeneous isotropic
transparent medium, while spin components generally interact with anisotropic me-
dia [208]. Thus, the simultaneous exchange of OAM and SAM can occur in media
that are both anisotropic and inhomogeneous, so that a spin-to-orbital conversion of
angular momentum can be achieved. Liquid crystals are an example of anisotropic
and inhomogeneous media and q-plates are based on them, allowing for the polariza-
tion of light to interact with its orbital angular momentum. Q-plates are made of two
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Figure 4.3. Schematic of the action of a q-plate. Left (right) circularly polarized light owning
zero OAM, passing through a q-plate, is converted into light carrying ℓ = +2qℏ (ℓ = −2qℏ)
OAM per photon, with the circular polarization handedness flipped. Figure reproduced and
adapted from Ref. [209].

glass layers separated by a thin layer of nematic liquid crystals. Such a layer adds to
light a uniform birefringent retardation δ along its thickness, and it is characterized by
an azimuthal pattern of the molecular director of the liquid crystal, which surrounds
a central point that constitutes an optical singularity [210]. The parameter q, which
specifies the number of turns the molecular director makes around itself, is typical
of a q-plate and is called topological charge. In particular, the angle α between the
molecular director and a fixed reference axis, as a function of the azimuthal angle ϕ
is given by:

α(ϕ) = qϕ+ α0 , (4.3)
where α0 is the angle of the liquid crystal director on the reference x axis. Moreover,
q can take either integer or semi-integer values.
The transformation applied on a light beam by a q-plate can be described, using the
circular polarization basis, by the following matrix [210]:

Q = cos δ
2

(
1 0
0 1

)
+ i sin δ

2

(
0 e−2i(qϕ−α0)

e2i(qϕ−α0) 0

)
. (4.4)

The azimuthal phase-dependent factors e±i2q underlines that the action of a q-plate
modifies both SAM and OAM, adding to the OAM component the quantity ∆ℓ = ±2q.
The parameter δ, instead, is the birefringence retardation and it can be tuned by
applying different voltages to the liquid crystals. If δ = 0, it is clear from Eq. (4.4)
that the q-plate leaves polarization and OAM unchanged. However, if the retardation
is tuned to be δ = π, then SAM and OAM change in the following way:

|L, ℓ⟩ ±q−−→ |R, ℓ± 2q⟩ ,

|R, ℓ⟩ ±q−−→ |L, ℓ∓ 2q⟩ ,
(4.5)
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where we have used the quantum notation since q-plates work at single photon level
too. In particular, Equation (4.5) highlights how the transformation changes if the
impinging beam or photon passes through a positive (+q) or negative (−q) q-plate.
Such q-plate operations are represented in Figure 4.3 for a positive q-plate.
If we consider a generic combination of left and right polarization state, then the
action of a positive q-plate is:

c1 |L, ℓ⟩+ c2 |R, ℓ⟩ =⇒ c1 |R, ℓ+ 2q⟩+ c2 |L, ℓ− 2q⟩ . (4.6)

Such a transformation allows for the emergence of either structured light (quantum
or classical) or of complex entangled states, that is, hybrid entangled states. Indeed,
if we send a horizontally polarized photon with zero OAM, we have:

|H, 0⟩ =⇒ 1√
2

(|R,+2q⟩+ |L,−2q⟩) , (4.7)

that coincides with the vector vortex state in Eq. (2.30) if q = +1/2. The parameter
δ cannot be tuned in vortex plates, but it is set to be δ = π. Interestingly, the
transformations in Eq. (4.5) are unitary, meaning that q-plates can be also used to
measure the OAM. In particular, such a measurement corresponds to an OAM-to-
polarization transition, namely, the information about the OAM is transferred to the
polarization of the light beam or single photon. To make this statement clearer, let
us consider for instance Eq. (4.7). If we read it from right to left, it implies that a VV
beam, passing through a positive q-plate, gets transformed in a horizontally polarized
beam without OAM. Hence, in general, it is possible to infer the information about
the OAM by simply using a polarization analysis stage preceded by a q-plate.
Given the properties listed above, we see that q-plates can also measures superposition
of OAM states, e.g. cos γ |+ℓ⟩+eiθ sin γ |−ℓ⟩, at a cost of some losses. Indeed, consider
a photon state whose polarization and OAM degrees of freedom are factorized, that
is:

|H⟩ (cos γ |+ℓ⟩+ eiθ sin γ |−ℓ⟩) . (4.8)
Such a state, passing through a q-plate becomes:

|H⟩ (cos γ |+ℓ⟩+ eiθ sin γ |−ℓ⟩) = 1√
2

(|R⟩+ |L⟩)(cos γ |+ℓ⟩+ eiθ sin γ |−ℓ⟩) q=+ℓ/2−−−−−→

1√
2

(cos γ |L, 0⟩+ eiθ sin γ |R, 0⟩) + 1√
2

(cos γ |R,+2ℓ⟩+ eiθ sin γ |L,−2ℓ⟩) =

1√
2

(cos γ |L⟩+ eiθ sin γ |R⟩) |0⟩+ 1√
2
|ξ⟩oam̸=0 ,

(4.9)

where we used the fact that |L⟩ and |R⟩ are eigenstates of the q-plate. The state
|ξ⟩oam ̸=0 represents the part of the initial state whose OAM contributions are different
from zero. Therefore, to measure an OAM superposition it is sufficient to measure
the polarization relative to the fundamental mode, |0⟩, which can be selected by an
SMF, at the cost of half of the initial power, or counts, that are relative to |ξ⟩oam̸=0.
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Figure 4.4. (a) Experimental setup for the time of flight measure. BS= beam-splitter, Q= q-
plate, M= mirror, APD= avalanche photodiode. (b) Experimental setup to interfere OAM
and Gaussian modes. BS= beam-splitter, Q= q-plate, M= mirror, L= lens, C= infrared
camera. Figures adapted from [15].

4.4 Fiber coupling and the purity of the modes
An air-core fiber allows for the transmission of fiber modes carrying an OAM, thus it is
expected that an OAM mode launched into the fiber will safely propagate maintaining
its purity, namely, the inter-modal crosstalk will not affect it nor the information
it carries. Despite the intrinsic fiber crosstalk, which depends on the design and
fabrication processes, the inter-modal crosstalk stems also from the coupling optics.
Hence, following a good experimental procedure to couple the various OAM modes to
the fiber will ensure modes with high purity at its output. To our experience, the best
way to achieve a high modal purity is given by the analysis of the time of flight of the
various modes. Indeed, by measuring the time of flight it is possible to determine the
extinction ratio, defined as 10log(Pmax/Pmin) with Pmax and Pmin being the peak
and the floor power, of the various modes. A high extinction ratio corresponds to a
high purity of the modes and low crosstalk between them. The experimental setup
to perform a time of flight measurement is reproduced in Figure 4.4 (a). A 1560
nm pulsed laser (3-ps pulse-width FWHM2) passes through a beam-splitter and is
divided in two paths. On one of the paths, the pulses are detected by an avalanche
photodiode whose electric signals work as trigger signals for an oscilloscope. On
the other path, different OAM modes are prepared using different q-plates and then
coupled to a 1.2 km air-core fiber. Finally, by using a 5 GHz bandwidth In-Ga-As
free-space photodetector connected to the oscilloscope, it is possible to measure the
different time of arrival of the multiple modes and determine their extinction ratio.

Detected mode ℓ = |5| ℓ = |6| ℓ = |7|
E.R. [dB] 17.8 18.4 18.7

Table 4.1. Measured extinction ratio (E.R.) between the modes ℓ = |5|, |6|, |7| SOaa. The fiber
internal crosstalk and the free-space mode coupling affect the suppression between different
modes.

2Full width at half maximum.
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Figure 4.5. Images of the OAM modes ℓ = ±5,±6,±7 at the output of the fiber (top row)
and after interfering with a defocused Gaussian beam (bottom row). Images acquired with
an infrared camera (Xenics Xeva-4170). Figure adapted from [15].

The results of these measurements are shown in Figure 3.4 for both SOa and SOaa
modes, whereas the extinction ratio measured for the SOaa modes, which are those
used in our experiments, are reported in Table 4.1. As can be seen, OAM modes
ℓ = |6| and ℓ = |7| are characterized by a higher extinction ratio, thus we have chosen
to use them in our experiments.
The ring design of the air-core fiber allows the degeneracy of the anti-aligned (aligned)
modes with each other. However, for order modes lower or equal to ℓ = |4|, this
separation is not sufficient to allow a reliable transmission without crosstalk. For this
reason, the characterization has been carried out only using modes ℓ = ±5,±6 ± 7.
To prove that the modes generated own an OAM, we make them interfere with a
Gaussian beam, looking for the spiraling arms deriving from the interference pattern.
The experimental setup used to generate the interference is showed in Figure 4.4 (b).
It is very similar to the experimental setup used for the time of flight analysis, but
this time the Gaussian mode is not detected by the avalanche photodiode, rather it is
directed to the fiber output so that it can interfere with the OAM beam. The modes
at the fiber output and the interference patterns, acquired with an infrared camera,
are shown in Figure 4.5. The spiraling arms appear by defocusing the Gaussian
beam before interfering on the second beam-splitter. One may be tempted to use
this method to test the fiber coupling and the purity of the OAM modes. However,
it does not yield quantitative information on modes purity and can be qualitatively
deceptive since the spiraling arms might have a good appearance even though the
mode purity is not maximized. Thus, while obtaining a spiral pattern is indicative of
an OAM state, it is not a robust enough metric to determine the purity of the modes.

4.5 An OAM modes sorter
In many experimental contexts in which the OAM of light is exploited, the need
to separate two beams or photons depending on their OAM quantum number, ℓ,
may arise. Thus, what we would like to have is an OAM-splitter, that is a device
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Figure 4.6. (a) Schematic of an OAM mode sorter that splits the spatial modes based on
their OAM parity. Thus, for instance, modes with an even OAM quantum number exit
through the Output 1, whereas those with an odd one exit through the Output 2. (b) In
our experiment, the mode sorter was used to separate ℓ = |6| from ℓ = |7|. Pictures of our
outputs are shown. They have been shot with an infrared camera. Figure inspired by [211].

able to sort the light depending on its orbital angular momentum. Several sorting
techniques have been developed in the last years [212–216], however, the mostly used
one is based on a work of Leach et al. (Ref. [211]), due to its simple implementation.
Indeed, in its original description, this sorting method is based on a Mach-Zehnder
interforemeter with two Dove prisms, one in each arm. An illustrative representation
of such scheme is shown in Figure 4.6 (a). It has been developed by noticing that,
upon rotation of an angle α of an OAM carrying beam, the azimuthal phase factor
exp(iℓϕ) becomes exp[iℓ(ϕ+α)], namely, the initial and final beam have a phase shift
of ∆φ = ℓα. Thus, for particular combinations of ℓ and α, the two beams can be
either in-phase or out of phase. By incorporating such a rotation into the arms of
an interferometer, then the phase shift between the two arms will depend on ℓ, so,
for different rotations α, constructive or destructive interference can occur depending
on the value of ℓ. Experimentally, the beam rotation is achieved by inserting into
the interferometer two Dove prisms rotated of an angle α/2 with respect to each
other [217, 218]. Therefore, if α = π, that is, the phase difference between the two
arms is ∆φ = ℓπ, then the two Dove prisms must have a relative angle of π/2, and,
by correctly adjusting the path length of the interferometer, it is possible to interfere
constructively beams with even ℓ on Output 1 and those with odd ℓ on Output 2
(see Fig. 4.6 (a)). In one of our experiments, we used this sorting technique to
separate WCPs with ℓ = |6| and ℓ = |7|. Images of our sorter outputs, after the fiber
propagation, are shown in Figure 4.6 (b).
Despite the relatively simple implementation of the OAM sorter we have presented,
one major challenge that affects such a scheme, being interferometric, is its stability.
It is possible to significantly improve it by implementing the OAM sorter in a Sagnac
configuration, being Sagnac interferometers inherently stable, and using piezo-mirrors
to fine-tune the optical paths [39,134].



4.6 Quantum tomography and fidelity 69

4.6 Quantum tomography and fidelity
Quantum tomography, or quantum state tomography, is the process that allows for
the reconstruction of the quantum state, in its density matrix form, generated by the
source used in the experiment. In order to carry out this process and achieve all the
information about the system under investigation, many copies of the quantum state
are needed, so that, by measuring suitable observables on each of the copy, its density
matrix can be reconstructed [219,220].
We know from Eq. (1.8) that a generic qubit can be written as ρ̂ = (1+rxσ̂x +ryσ̂y +
rzσ̂z)/2. Hence, the goal of the tomography process is to derive the best estimation
of the vector r⃗ = (rx, ry, rz), whose components can be obtained by measuring the
mean values of the Pauli matrices:

rx = Tr[σ̂xρ̂] , ry = Tr[σ̂yρ̂] , rz = Tr[σ̂z ρ̂] . (4.10)

For instance, given N independent copies of the unknown quantum state, by mea-
suring σ̂i with result sj on the j-th copy, then ri will be ri ≈

∑N
j sj/N . Such

measurements are nothing else than measurements of the state along the axes of the
Bloch sphere. The density matrix of the unknown quantum state can thus be written
entirely in terms of the Pauli matrices:

ρ̂ = (1 + Tr[σ̂xρ̂]σ̂x + Tr[σ̂yρ̂]σ̂y + Tr[σ̂z ρ̂]σ̂z)/2 . (4.11)

This approach can be generalized also to a d-dimensional system and the measure-
ments needed in this case are d2 − 1. In our experiment, Ref. [14], we used this
technique to carry out both two- and three-qubits quantum tomographies. In partic-
ular, to compute the uncertainty we used a Monte Carlo simulation since the actual
repetition of the quantum tomography on thousands of copies of the initial state was
experimentally unfeasible.
A fundamental task in quantum information is the comparison between quantum
states. It is necessary, for example, to evaluate the overlap between a theoretical
state and its experimentally generated copy, or, especially in quantum communica-
tion, to compare a quantum state before and after its transmission through a quantum
channel. Given two quantum states, ρ̂1 ρ̂2, the most exploited estimator to compute
their distance is the quantum fidelity, which is defined as [34,221]:

F (ρ̂1, ρ̂2) = Tr
[√√

ρ̂1ρ̂2
√
ρ̂1

]2

, (4.12)

and it satisfies the following properties:

1. Symmetry: F (ρ̂1, ρ̂2) = F (ρ̂2, ρ̂1), ∀ρ̂1, ρ̂2.

2. Bounded between 0 and 1: 0 ≤ F (ρ̂1, ρ̂2) ≤ 1, ∀ρ̂1, ρ̂2, with F (ρ̂1, ρ̂2) = 1 if
only if ρ̂1 = ρ̂2.
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3. Multiplicative under tensor product: F (ρ̂1⊗ ρ̂2, σ̂1⊗σ̂2) = F (ρ̂1, σ̂1)+F (ρ̂2, σ̂2),
∀ρ̂i, σ̂j .

4. Invariant under unitary operations: F (ρ̂1, ρ̂2) = F (Uρ̂1U
†, Uρ̂2U

†).

In the case of pure states, |ψ1⟩ and |ψ2⟩, the fidelity reduces to the probability to
measure |ψ1⟩ given |ψ2⟩, that is F = | ⟨ψ1|ψ2⟩ |2.

In this chapter, all the tools and techniques mostly used in our experiments have
been listed and explained, therefore, we have all the ingredients necessary to the
present the results achieved in our works, which are relative to the transmission
through an air-core fiber of high-dimensional quantum states encoded in the orbital
angular momentum degree of freedom.



CHAPTER5
Qudits distribution via

an air-core fiber
The results we achieved and that we are going to present in this last chapter all
relate to one essential question, that is, what are the possibilities of an air-core fiber
within a quantum context? Clearly, allowing for the transmission of quantum state
encoded in the OAM photonic degree of freedom, the possibility to distribute high-
dimensional quantum states was the most apparent. Also, given an entangled system,
the question of whether the quantum correlations were preserved as the entangled
system propagates through the fiber arose. Finally, what are the limitations of this
new kind of channel? Mainly, these are the problems and the questions we investigated
in the last three years and that made us gain a better knowledge about the scenarios
this kind of fiber transmission opens up, but also that pointed us the improvements
that must be accomplished to make it a much more interesting and powerful solution
for quantum communication protocols based on fiber transmission.
The chapter is divided into two main sections. The first section is based on the
results published in Ref. [15] and, being that the first experimental investigation on
this topic, it inspects the very first issue related to the fiber, namely, the propagation
of high-dimensional states. Furthermore, to assert the practicality of the outcomes
previously obtained, a more concrete scenario has been investigated by implementing
three QKD protocols, either based on qubits or qudits.
In the second section, the experimental achievements reported in Ref. [14] will be
presented and discussed. They concern the entanglement distribution through an air-
core fiber. In particular, quantum correlations carried by a hybrid polarization-vector
vortex entangled state has been studied, both considering those shared between two
and three qubits, in the case of a photon pair, and those carried within a single
particle.

5.1 From qubits to qudits transmission: a first step
As our aim was to investigate the propagation of high-dimensional quantum states
through a 1.2 km long air-core fiber, the first thing we had to focus on was the choice
of the states to test. Clearly, such a choice could not disregard the OAM modes
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Quantum states

Exp. implementation

Polarization Vortex plate

q1 Phase q2

|ψ1⟩ |+6⟩ L +3
|ψ2⟩ |−6⟩ R +3
|ψ3⟩ |+7⟩ L + 7

2

|ψ4⟩ |−7⟩ R + 7
2

|ξ1⟩ 1√
2 (|+6⟩+ |−6⟩) D +3

|ξ2⟩ 1√
2 (|+6⟩ − |−6⟩) A +3

|ξ3⟩ 1√
2 (|+7⟩+ |−7⟩) D + 7

2

|ξ4⟩ 1√
2 (|+7⟩ − |−7⟩) A + 7

2

|φ1⟩ 1√
2 (|+6⟩+ |+7⟩) L +3 + + 7

2

|φ2⟩ 1√
2 (|+6⟩ − |+7⟩) L +3 - + 7

2

|φ3⟩ 1√
2 (|−6⟩+ |−7⟩) R +3 + + 7

2

|φ4⟩ 1√
2 (|−6⟩ − |−7⟩) R +3 - + 7

2

|ϕ1⟩ 1
2 (|+6⟩+ |−6⟩+ |+7⟩+ |−7⟩) D +3 + + 7

2

|ϕ2⟩ 1
2 (|+6⟩+ |−6⟩ − |+7⟩ − |−7⟩) D +3 - + 7

2

|ϕ3⟩ 1
2 (|+6⟩ − |−6⟩+ |+7⟩ − |−7⟩) A +3 + + 7

2

|ϕ4⟩ 1
2 (|+6⟩ − |−6⟩ − |+7⟩+ |−7⟩) A +3 - + 7

2

Table 5.1. The table shows all the OAM states generated, transmitted and detected in the
experiment. Also listed, there are the settings for their experimental implementation, that
is, the initial polarization states needed to leverage on the spin-orbit coupling of a vortex
plate, and the relative phases to add for creating the desired superposition states.

supported by the fiber. The quantum states we decided to prepare and propagate are
reported in Table 5.1. They can be distinguished in four different sets of states, |ψi⟩,
|ξj⟩, |φm⟩, |ϕk⟩. The states |ψi⟩ have OAM quantum numbers ℓ = ±6,±7, the states
|ξj⟩ and |φm⟩ are superposition between two ℓ values having same and different mod-
ulus, respectively. Finally, the states |ϕk⟩ constitute four superpositions comprising
the four ℓ values -6, +6, -7 and +7. All the states generated are SOaa, so that, within
the same |ℓ| values, the modes are degenerate in time along the fiber transmission,
whereas for different |ℓ| values a mode delay pre-compensation is required, as we are
going to see. The experimental setup implemented to prepare the states |ψi⟩ and |ξj⟩
is shown in Figure 5.1. The experiment has been carried out using WCPs, therefore
the source setup we used is similar to the one in Fig. 4.2 (a). An intensity modulator,
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Figure 5.1. Experimental setup used to prepare the states |ψi⟩ and |ξj⟩. FPGA= field pro-
grammable gate array, IM= intensity modulator, VOA= variable optical attenuator, OS=
optical switch, PC= polarization controller, PM= phase modulator, C= collimator, HWP=
half-wave plate, QWP= quarter-wave plate, Q1= vortex plate +3, Q2= vortex plate +7/2,
BS= beam-splitter, OAM BS= mode sorter, DP= Dove prism, M= mirror, PBS= polarizing
beam-splitter. Figure inspired by [15].

controlled by an FPGA, carves out 150 ps width pulses at 600 MHz repetition rate
from a 1550 nm continuous wave laser. After that, in order to reach the quantum
regime, a variable optical attenuator is used to reduce the mean photon number per
pulse at a value of µ = 0.011 ± 0.002. A fast optical switch driven by the same
FPGA, in this configuration, selects the quantum states with different |ℓ| values to
be created within the sets |ψi⟩, |ξj⟩. In particular, depending on the passage through
the vortex plates q1 = +3 and q2 = +7/2, OAM values of ℓ = |6| and ℓ = |7| can
be encoded, respectively. Polarization controllers are used to set the polarization of
the WCPs to diagonal, so that phase modulators, controlled by the FPGA, can flip it
from diagonal and anti-diagonal, and vice-versa, by applying voltages corresponding
to 0 or π phase shifts. To create the states |ψi⟩, half- and quarter-wave plates are
used to convert the polarization from linear to circular. Once encoded the OAM
values, the quantum states are coupled to a 1.2 km long air-core fiber, previously
aligned as specified in Section 4.4. After the fiber transmission, an OAM mode sorter
separates the quantum states depending on their OAM parity. It was firstly char-
acterized with classical light, measuring an extinction ratio of approximately 19 dB,
then the quantum visibility1 was measured for each mode with WCPs, obtaining the
values V (|6|) = 0.97 ± 0.03 and V (|7|) = 0.98 ± 0.03. After the sorting process, an
OAM analysis stage, as described in Section 4.3, is used to retrieve the information
encoded in the qudits.
The experimental setup in Fig. 5.1 requires few changes to prepare the states |φm⟩
and |ϕk⟩, as shown in Figure 5.2. Specifically, the states |φm⟩ and |ϕk⟩ are quantum
superpositions involving different |ℓ| values, where their relative phase is encoded by
adding a π-shift if it is negative (top path) or by properly aligning the optical elements
1It is defined as V = (nmax − nmin)/(nmax + nmin), with nmax(nmin) being the maximum (mini-
mum) number of detected events on the two outputs.
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Figure 5.2. Experimental setup used to prepare the states |φm⟩ and |ϕk⟩. FPGA= field
programmable gate array, IM= intensity modulator, VOA= variable optical attenuator,
OS= optical switch, PC= polarization controller, PM= phase modulator, C= collimator, π-
S= π phase shift, Q1= vortex plate +3, Q2= vortex plate +7/2, MD= mode delay, HWP=
half-wave plate, QWP= quarter-wave plate, BS= beam-splitter, OAM BS= mode sorter,
DP= Dove prism, M= mirror, PBS= polarizing beam-splitter. Figure inspired by [15].

if it is positive (bottom path). Thus, for the states |φm⟩, the optical switch is used to
select which of the phases will be encoded, quarter- and half-wave plates change the
polarization from diagonal (anti-diagonal) to circular left (right). A combination of
beam-splitters and mirrors is exploited to direct the WCPs on the vortex plates and
then recombine them. Since different |ℓ| OAM modes are propagated throughout the
fiber, a mode delay pre-compensation is needed, which resulted in a longer optical
path of approximately 4.5 m. Before the OAM analysis, a Mach-Zehnder interfer-
ometer is cascaded with the mode sorter to infer the relative phase encoded in the
superposition. In one of the arms of the interferometer, half- and quarter-wave plates
compensate for polarization misalignments. In the case of the states |ϕk⟩, diagonal or
anti-diagonal polarization are needed, so the two sets of half- and quarter-wave plates
can be used to recover eventual polarization misalignments. The overall losses at the
receiver are approximately 9 dB, for the states |ψi⟩ and |ξj⟩, and approximately 10
dB for the states |φm⟩ and |ϕk⟩. The WCPs were detected by four In-Ga-As single-
photon detectors, two ID230 and two ID220 (ID Quantique), and registered by a
time-tagger unit ID801 (ID Quantique).
To quantify the effects of the transmission on the quantum states generated, their pu-
rity, that is their statistical distance, is measured by using the following definition of
fidelity F (p, r) =

∑
i(piri)1/2, where p and r are the experimental and the theoretical

discrete probability distributions of the different set of states with elements pi and ri.
Table 5.2 shows the results obtained. The measured fidelity of the four different OAM
states is 94.6%, whereas the transmission of superposition states between two, |ξj⟩
and |φm⟩, and four, |ϕk⟩, OAM modes leads to fidelities all larger than 90%, attesting
the robustness of all the phase relations after 1.2 km transmission, despite bends and
twists of the fiber. Figure 5.3 shows the probability distribution matrices for the
four different set of states, measured with mean photon number µ = 0.011 ± 0.002
photon/pulse.
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Figure 5.3. Experimental data certifying the purity of the transmitted states. Table 5.2
reports the obtained fidelities for each set of states. Figure inspired by [15].

5.1.1 A concrete quantum communication scenario

The practicality of the previous results and the characterization of the whole experi-
mental setup as a quantum communication system have been assessed by implement-
ing three QKD protocols that involved quantitative measurements of the QBER and
the computation of the final secret key rate. The three protocols implemented are
three intensities decoy states BB84 in case of qubits (2D), qudits (4D), and 2×2D mul-
tiplexed (MUX). In particular, for the latter, we took advantage of the different mode
velocities in the fiber to perform the protocol based on SDM. In the three experiments,
the optical switch allowed for the preparation of the quantum states composing the
MUBs needed for the protocols in a real-time fashion, thus making our experimental
setup closer to a real scenario. The MUBs used for the implementation of the 2D pro-
tocol are constituted by the states |ψ2⟩ and |ψ4⟩, for the computational bases Z(2D),
and the superpositions |φ3⟩ and |φ4⟩, for the Fourier bases X(2D), that is:

Z(2D) =
(
|−6⟩
|−7⟩

)
and X(2D) = 1√

2

(
|−6⟩+ |−7⟩
|−6⟩ − |−7⟩

)
. (5.1)

Set states Fidelity (%)

|ψi⟩ 94.58± 0.02
|ξj⟩ 93.48± 0.07
|φm⟩ 93.03± 0.12
|ϕk⟩ 90.81± 0.02

Table 5.2. Measured fidelities. To quantify the propagation effect, we use the definition
of fidelity F (p, r) =

∑
i
(piri)1/2, where p and r are the experimental and the theoretical

discrete probability distributions of the different set of states with elements pi and ri.
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Figure 5.4. QBERs as a function of time. Light blue dots are the experimental data collected
in the computational bases and blue dots represent data for the Fourier bases. All error bars
are obtained by considering a Poissonian statistic. Figure inspired by [15].

The average QBER values obtained for both bases are 6.7% and 7.9% respectively,
which are below the two-dimensional collective attack threshold value of 11%. The
measured QBERs as a function of time are shown in Figure 5.4 (a).
For the QKD protocol based on qudits, the computational basis Z(4D) and the Fourier
one X(4D) are constituted by the entire set of states |ψi⟩ and |ϕk⟩, respectively:

Z(4D) =


|+6⟩
|−6⟩
|+7⟩
|−7⟩

 and X(4D) = 1
2


|+6⟩+ |−6⟩+ |+7⟩+ |−7⟩
|+6⟩+ |−6⟩ − |+7⟩+ |−7⟩
|+6⟩ − |−6⟩+ |+7⟩ − |−7⟩
|+6⟩ − |−6⟩ − |+7⟩ − |−7⟩

 . (5.2)

In this case, the QBERs for the two bases, shown in Figure 5.4 (b) as a function of time,
produce average values of 14.1% and 18.1% for the computational and Fourier bases
respectively, which are lower than the four-dimensional collective attack threshold
value of 18.9%.
Finally, for the SDM based protocol, it has been implemented using the ℓ = |6| and
ℓ = |7| states separately, evaluating their own separate 2D QBERs and secret keys.
The computational and Fourier bases per mode used are straightforward and are:

Z
(MUX)
6 =

(
|+6⟩
|−6⟩

)
and X

(MUX)
6 = 1√

2

(
|+6⟩+ |−6⟩
|+6⟩ − |−6⟩

)
, (5.3)
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Qµ Qν Qω pZ pX pµ pν pω

1.6× 10−4 1.4× 10−4 3.2× 10−7 0.9 0.1 0.98 0.01 0.01

Table 5.3. Experimental parameters used for the secret key-rate extraction in the three
protocols.

in the case of ℓ = |6|, and:

Z
(MUX)
7 =

(
|+7⟩
|−7⟩

)
and X

(MUX)
7 = 1√

2

(
|+7⟩+ |−7⟩
|+7⟩ − |−7⟩

)
, (5.4)

for ℓ = |7|. To implement such multiplexed protocol, in the experimental setup the
optical switch is substituted with a beam-splitter to allow for the simultaneous encod-
ing of the quantum keys onto the two |ℓ| OAM modes. Figures 5.4 (c) and (d) show
the QBER values as a function of time, whose average values for the computational
and Fourier bases respectively are 7.8% and 9.0%, for the ℓ = |6| protocol, and 8.8%
and 8.3% for the ℓ = |7| one.
Since all the protocols implemented are three intensities decoy BB84, their final secret
key rate can be computed from Eqs. (1.54) and (1.60). The mean photon number
per pulse used for each decoy-state intensity in the three protocols are: µ = 0.011,
ν = 0.008 and ω = 0.000. In Table 5.3, the parameter used for the secret key ex-
traction are reported. The final secret key rates obtained are shown in Table 5.4.
The higher information rate deriving from a high-dimensional encoding scheme is
confirmed by the final key rate we obtained. We extrapolated a final key rate of 37.85
kbit/s in the 4D case, which corresponds to an enhancement of the 69% if compared
to the 2D final key rate, that is 22.81 kbit/s. Furthermore, our results make stand
out also another argument we partially wrote about in Sec. 1.4.1, namely, the choice
between a 2D or a high-dimensional QKD protocol to maximize the final key rate.
By looking at the rates of the 2D and 4D, the result of the choice is clear, however,
if we add to the previous alternative the possibility to carry out a protocol based
on SDM, then things slightly change. In this case, in order to make a decision, we
must look at the average QBER values obtained in the 2D and 4D cases. In our case,
for instance, the average QBER values of the qudit protocol are much closer to the
error threshold values if compared to those obtained for the qubit protocol. Thus,
leveraging on the low inter-modal crosstalk of the air-core fiber, we expect that a
higher secret key rate can be obtained in the MUX case with respect to the 4D one.
Indeed, the individual key rates for ℓ = |6| and ℓ = |7| are 21.58 kbit/s and 20.72
kbit/s respectively, which are comparable to the key rate obtained in the 2D case
and produce, combined together, a final key rate of 42.4 kbit/s, that is, higher than
the key rate in the 4D case. Obviously, this type of analysis should not be consid-
ered as the final stone on the complicated issue of the maximized key rate extraction,
especially because it is strongly related on the experimental implementation of the
protocol chosen, rather it should be understood as a suggestion on how to investigate
a quantum communication system in a practical scenario.
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Protocol SKR [kbit/s]

2D 22.81
4D 37.85
MUX 42.3

Table 5.4. Final secret key rate (SKR) obtained for the three different QKD protocols imple-
mented.

5.1.2 Discussion and remarks A

All the results presented so far pertain to the first experimental research about the
transmission of OAM encoded qudits through an optical fiber. Faithful transmis-
sion of four different quantum states owning four different values of OAM and their
superpositions has been achieved and proved by fidelities above 90%. The experi-
mental setup used presents two main advantages. The first concerns the detection
schemes, since they allow to register all the possible detection events at the same time,
thus complete device-independent demonstrations and loopholes-free nonlocality tests
could be performed. Indeed, for a d-dimensional loophole-free test, d+1 outcomes are
required to strictly violate Bell’s inequalities, whereas a projection on n < d outcomes
introduces possible classical correlation [222]. The second benefit deriving from our
setup is the real-time generation of the quantum states, which makes it closer to a
more practical scenario. We exploited such a feature to carry out three different QKD
protocols, 2D, 4D, and 2×2D. A 69% key-rate enhancement of the 4D protocol over
the 2D one has been achieved, however, we showed how a protocol based on SDM
can further improve the final key rate, surpassing that obtained with the 4D scheme.
Despite these positive features, there are a few aspects that need to be remarked
and discussed. Firstly, to simply test the transmission of qudits by itself, an easier
”prepare and measure” setup could have been used. Indeed, the more elements are
used the more are the experimental imperfections. On the other hand, our fidelities
stress the fact that they can only improve with a simplification of the experimental
setup.
Two much more serious issues, instead, are related to the relative delay of the OAM
modes with different |ℓ| values. Indeed, it is not very hard to understand that it hin-
ders the scalability of the experiments carried out with air-core fibers, since, on longer
distances, a mode delay pre-compensation might be unfeasible and, most notably, it
could induce decoherence among WCPs or single photons. Secondly, this separation
of OAM modes in time makes the optical channel vulnerable to possible attacks from
an eavesdropper. However, there could be a solution to this and it is related to the ef-
fective refractive index of the OAM modes. Specifically, the correspondence between
modes and neff is surjective, that is, to every guided mode a unique effective index
is associated, but it is not true that given an effective index the associated mode is
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Figure 5.5. (a) Schematic of the experiment: hybrid VV-polarization entangled state is gener-
ated by an initial polarization entangled photon pair (blue ribbon). One photon of the pair
encodes the VV state by the action of a vortex plate (green ribbon). The VV state is trans-
mitted through the air-core fiber. Finally, state detection shows that hybrid VV-polarization
entanglement (blue and green ribbons) is preserved after fiber transmission. (b) The inho-
mogeneous polarization patterns of the VV state |r⟩ and |a⟩ are explicitly shown. Figure
inspired by [14].

unique. Thus, there is the possibility to develop new fibers in which two or more
OAM modes face the same neff during the propagation, but, at the same time, their
∆ℓ is large enough to avoid the inter-modal crosstalk between them.

5.2 Distribution of complex hybrid entangled states

Fiber-based entanglement distribution is one of the major and challenging tasks in
quantum communication since it allows us to exploit those communication schemes
uniquely offered by quantum mechanics, e.g. teleportation or superdense coding, over
long distances. For this reason, such a hard task will be essential for building future
quantum networks and quantum technologies. In our work, Ref. [14], we experi-
mentally investigated the opportunity to distribute photons entangled in their OAM
degree of freedom by means of an air-core fiber. We demonstrated that the coherence
of a complex hybrid entangled state, specifically a polarization-VV entangled state,
is preserved after the transmission of the VV state through a 5 m long air-core fiber.
The schematic of the experiment is reported in Figure 5.5 (a). A polarization-VV
state entangled photon pair is generated from an initial polarization entangled pair.
One photon of the pair encodes the VV state passing through a vortex, and is coupled
and transmitted through the 5m long air-core fiber. After the transmission, coinci-
dence detection of the linearly polarized photon and the VV state are registered. We
generated VV states of order m = 7, whose expressions are similar to Eqs. (2.30) and
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Figure 5.6. Experimental setup for the generation, distribution and analysis of the hybrid
entangled states. M = mirror, Q = vortex plate +7/2, QWP = quarter-wave plate, HWP
= half-wave plate, C = collimator, PBS = polarizing beam-splitter.

(2.31):

|r7⟩ = 1√
2

(|R,+7⟩+ |L,−7⟩) , (5.5)

|a7⟩ = −i√
2

(|R,+7⟩ − |L,−7⟩) . (5.6)

The subscripts on |r7⟩ and |a7⟩ have been added to stress to VV state order, however,
in the following we refer to these states as |r⟩ and |a⟩ to simplify the notation. The
global phase in |a⟩ might appear redundant since every quantum state is defined up
to a phase factor, however, it will be fundamental in the last part of the experiment,
as we are going to see. The polarization distributions associated to |r⟩ and |a⟩ are
shown in Figure 5.5 (b). Note that |r⟩ and |a⟩ are superpositions of SOaa states, thus
they are degenerate in time throughout the fiber propagation and, therefore, a mode
delay pre-compensation was not needed. For this experiment, a source of polarization
entangled photon pairs was needed and we decided to use a ppKTP crystal placed
into a Sagnac interferometer, as described in Subsection 4.1.2. The experimental
setup, simplified of the details about the source, is reported in Figure 5.6. The single
photon source, at 1550 nm, was optimized to generate the singlet polarization state:

|ψ⟩s = 1√
2

(|H⟩1 |V ⟩2 − |V ⟩1 |H⟩2) , (5.7)

where the subscripts 1 and 2 indicate the two outputs of the interferometer. According
to the notation adopted in Fig. 5.6, the linearly polarized photons exiting the Sagnac
interferometer along the optical path 2, pass through a vortex plate with topological
charge q = +7/2, undergoing the transformation specified in Eq. 4.7. In this way,
the states |r⟩ and |a⟩ are created depending on the input polarization state, |H⟩ or
|V ⟩, respectively, and the polarization entangled state is transformed into the hybrid
entangled state given by:

|ψ⟩ = 1√
2

(|H⟩1 |a⟩2 − |V ⟩1 |r⟩2) . (5.8)
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Figure 5.7. (a) Real and imaginary parts of the measured density matrix of the polarization
entangled state generated by the source. (b) Real and imaginary parts of the measured
density matrix of the hybrid VV-polarization entangled state after the transmission through
the air-core fiber. Figure inspired by [14].

After the VV states have been encoded, photons on the optical path 2 are coupled to
the air-core fiber and detected with an OAM analysis stage. Photons on path 1, in-
stead, are sent directly to a polarization analysis stage. Finally, coincidences between
the two stages are registered using two avalanche single photon detectors (ID210 and
ID230, ID Quantique), and a time tagger unit (ID801, ID Quantique).
To prove the feasibility of entanglement distribution through an air-core fiber, quan-
tum fidelity and entanglement certification needs to be assessed after the transmission.
In this sense, different theoretical analyses and measurements can be performed, de-
pending on the requirements in the certification process [37]. In our case, we opted
for two very standard processes to derive the fidelity and certify the entanglement,
which are quantum tomography and CHSH-like inequality violations. Before probing
the hybrid entangled state in Eq. (5.8), the initial polarization entangled state, Eq.
(5.7) must be characterized to fully determine the quality of the state generated by
our source. So, we perform a quantum state tomography on the polarization entan-
gled photons by collecting two-fold detections after two polarization analysis stages,
placed at the two interferometer output. The result of the quantum tomography is
shown in Figure 5.7 (a), which corresponds to a fidelity Fs = (93.5 ± 0.2)% of our
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state with respect to the ideal polarization singlet state. The quality of the entangle-
ment shared by the initial photon pair is evaluated verifying the CHSH inequality, as
described in Subsec. 1.2.3. In particular, referring to Eq. (1.33), for linearly polarized
photons the experimental settings a, a′, b and b′ correspond to the half-wave plate
orientation angles 0◦, 22.5◦, 11.25◦ and 33.75◦ respectively, where the terms E(α, β)
are calculated from the photon coincidence counts C(α, β) as:

E(α, β) =
C(α, β) + C(α+ π

2 , β + π
4 )− C(α+ π

2 , β)− C(α, β + π
4 )

C(α, β) + C(α+ π
2 , β + π

4 ) + C(α+ π
2 , β) + C(α, β + π

4 )
, (5.9)

with α = a, a′ and β = b, b′. The maximum value S of the CHSH inequality we
obtained for the initial pair is S(raw)

s = 2.67 ± 0.01, and, subtracting the accidental
coincidence count, such parameter becomes Ss = 2.68 ± 0.01. Both values largely
violate the inequality.
Once having fully characterized the entangled photon source, it is possible to carry
out the same analysis on the hybrid entangled state in Eq. (5.8) after the transmission
through the air-core fiber, so that entanglement distribution can be experimentally
investigated. At this stage, the entangled two-qubit state lies in a 4-dimensional
Hilbert space spanned by the basis {|H⟩1 |a⟩2 , |V ⟩1 |a⟩2 , |H⟩1 |r⟩2 , |V ⟩1 |r⟩2}, that
is, composed by the polarization of photon 1 and the VV states of photon 2. However,
since the vortex plate maps the VV states |r⟩ and |a⟩ into the polarization states
|H⟩ and |V ⟩, the experimental settings to perform a quantum state tomography
and a CHSH inequality violation are the same as those used to characterize the
source. The state tomography is shown in Figure 5.7 (b). To calculate the quantum
fidelity, we considered as target state the lossless evolution of the experimental state
generated by the source. Therefore, the resulting fidelity was Fh = (97.9 ± 0.2)%.
Violation of the CHSH inequality was observed as well, obtaining the value of S(raw)

h =
2.62 ± 0.03 for raw data and value Sh = 2.67 ± 0.03 by subtracting for accidental
coincidences, thus violating by 21 and 22 standard deviations the separable limit S = 2
respectively. These results demonstrate that quantum correlations are preserved after
the propagation through an air-core fiber, thus proving ultimately the feasibility of
fiber-based entanglement distribution using the OAM encoding.

5.2.1 Intra-system entanglement: a contextual approach
As we have already had the chance to discuss in the previous chapters, single pho-
ton states as |r⟩ and |a⟩, (5.5) and (5.6), are maximally entangled in the OAM and
polarization degrees of freedom and correspond to single-particle entangled states,
whose quantum correlations we refer to as intra-system entanglement. As discussed
in Subsection 1.2.6, the non-separability between two degrees of freedom within the
same particle is not related to nonlocal properties, since they are relative to the
same physical system, rather they highlight the contextual behavior of quantum me-
chanics. We certify the presence of intra-system entanglement carrying out quantum
state tomography and performing CHSH-like inequality in the space of polarization
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Figure 5.8. Real and imaginary parts of the measured density matrix of the polarization-OAM
entangled state on photon 2, after the transmission through the OAM fiber. The OAM
states |0⟩ and |1⟩ in the tomography are defined by the relations: |0⟩ ≡ (|+7⟩ + |−7⟩)/

√
2

and |1⟩ ≡ i(|−7⟩ − |+7⟩)/
√

2. Figure inspired by [14].

and OAM degrees of freedom of photon 2, ruling out models that assume realism
and non-contextuality of commuting observables relative to such systems [223]. For
this purpose, horizontally polarized single photons are sent to the vortex plate to con-
ditionally prepare states |r⟩, and they are heralded by vertically polarized photons
on path 1. The experimental setup does not change from the previous one, but a
polarization analysis stage is placed before the OAM stage one, as stressed in Fig.
5.6, thus ensuring the independence of the measurements in the polarization and
OAM spaces. Figure 5.8 shows the measured quantum tomography, and the fidelity
obtained, with respect to the ideal Bell state |Φ+⟩ (Eq. (1.12)), is Fi = (99.4±0.6)%.
In addition, the parameters Si obtained from the CHSH-like inequality violations are
S

(raw)
i = 2.76± 0.05 and Si = 2.82± 0.05, by subtracting for accidental coincidences,

thus violating by 15 and 16 standard deviations, respectively, the contextual limit.
Furthermore, this kind of analysis can be seen as a quantitative method to assess
the quality of the VV beam state generation, transmission through the air-core fiber
and conversion to the fundamental Gaussian mode. In particular, such a high fidelity
stems from the high-quality of the VV states generated and converted back from the
vortex plates, being the fiber almost lossless due to its short length.

5.2.2 Exploring the spin-orbit space: a three-qubit analysis
The previous measurements have independently certified the high fidelity and the
conservation of both hybrid and intra-system entanglement after the transmission
through an air-core fiber. However, it is possible to further investigate the hybrid
entangled state in Eq. (5.8) by not limiting the analysis of photon 2 to a 2-dimensional
space spanned by {|r⟩ , |a⟩}, but rather explore its whole spin-orbit space. In this
way, the state in Eq. (5.8) can be thought as a three qubit entangled state in the
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Figure 5.9. Real and imaginary parts of the theoretical (left) and measured (right) density
matrix of the three-qubit state in Eq. (5.10). Figure adapted from [14].

8-dimensional Hilbert space spanned by {|pol⟩1 , |pol⟩2 , |oam⟩2}. Its explicit form can
be derived by substituting the expressions for |r⟩ and |a⟩, written in the {|H⟩ , |V ⟩}
polarization basis, in Eq. (5.8), thus obtaining:

1
2

(|H⟩ |H⟩ |1⟩ − |H⟩ |V ⟩ |0⟩ − |V ⟩ |H⟩ |0⟩ − |V ⟩ |V ⟩ |1⟩) , (5.10)

where |0⟩ = (|+7⟩+ |−7⟩)/
√

2 and |1⟩ = i(|−7⟩− |+7⟩)/
√

2. In the last mathematical
operation, it has been essential taking into account the global phase factor in |a⟩ as it
allowed the derivation of the correct expression for the three-qubit state. The three-
qubit state tomography is shown in Figure 5.9. The obtained fidelity, with respect
to the ideal state in Eq. (5.10), is F = (88.1± 0.2)%, showing how the transmission
through an air-core fiber does not add relevant noise contributions, and providing
that the fiber is suitable for the transmission of higher-dimensional quantum states.
As for the previous cases, we perform a device independent test of the quantum cor-
relations to prove their preservation after fiber transmission. In particular, we tested
the inequalities discussed in Subsection 1.2.5. Firstly, the Mermin-Ardehali-Belinskiǐ-
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Klyshko inequality was tested by choosing as operators Â1 = −σ̂(A)
z , Â2 = σ̂

(A)
x ,

B̂1 = −σ̂(B)
z , and B̂2 = σ̂

(B)
x , with σ̂i (i = x, z) the Pauli operators relative to pho-

tons 1 (Â1,2) and 2 (B̂1,2) in the polarization in basis {|H⟩ , |V ⟩}; and Ĉ1 = σ̂
(C)
z ,

Ĉ2 = σ̂
(C)
x , where the Pauli operators relative to photon 2 are in the OAM basis

{|0⟩ , |1⟩}. By measuring the expectation value of such operators, we calculated the
parameterM, obtaining the valueM(raw) = 3.43±0.04 from raw data, and the value
M = 3.53± 0.04 by subtracting accidental coincidence counts. These results violate
the classical bound by 35 and 38 standard deviations respectively, and rule out the
quantum biseparable bound by 15 and 17 standard deviations, respectively.
Finally, we further study the quantum correlation of the state Eq. (5.10) by perform-
ing a generalized Hardy test (see Subsection 1.2.5). In our case, to maximally violate
the generalized Hardy’s inequality, we choose the operators Â1 = Â2 = −Â3 = σ̂z

and B̂1 = B̂2 = B̂3 = σ̂x, where the subscripts 1, 2 and 3 are relative to the two
polarization qubits (in basis {|H⟩ , |V ⟩}) and the OAM one (in basis {|0⟩ , |1⟩}), re-
spectively. The value H obtained experimentally is H(raw) = 0.085 ± 0.008 for raw
data, and H = 0.104 ± 0.008 by accounting for accidental coincidences. Such values
violate the inequality bound by 11 and 13 standard deviations, respectively, whereas
the maximum achievable value, for an ideal state, is H = 0.25.

5.2.3 Discussion and remarks B
The experiment we have presented proves the feasibility of distributing complex en-
tangled states through an OAM supporting fiber, precisely an air-core fiber. In par-
ticular, we demonstrated the transmission of a VV state, presenting non-classical
correlations between polarization and OAM, entangled with the polarization of a sep-
arate second photon. The robustness to decoherence and quality of the transmitted
hybrid entangled state has been assessed performing quantum state tomographies, vi-
olations of CHSH-like inequalities and multipartite entanglement tests. Furthermore,
we investigated the possibility to simultaneously encode and distribute information
in the polarization and OAM degree of freedom of a single particle, paving the way
for fiber-based quantum communication both exploiting contextual correlations and
high-dimensional entanglement.
As we did for the previous experiment, also here we can highlight some aspects that
can be improved. The first and rather obvious one is the transmission length. Al-
though it was fundamental to perform our experiment as a preliminary test on such a
new fiber, its direct consequence involves entanglement distribution using an air-core
fiber over long distances. Exploiting a km long channel might imply the necessity
of a mode delay pre-compensation. This possibility strongly depends on the pro-
tocol to implement and the methods adopted to certify the entanglement. Indeed,
if the chosen protocol does not require different |ℓ| OAM states or a combination
of SOa and SOaa states, then such a pre-compensation can be avoided. However,
even though the protocol does not require it, it might be needed due to the method
adopted to certify the entanglement. A clarifying example is given by our experi-
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ment, specifically the three-qubit state. Even though we used combinations of SOaa
states, that are degenerate throughout the propagation, by carrying out the quantum
tomography in the whole spin-orbit space of photon 2, we had to measure also the
contributions deriving from SOa states, which have a different neff than the SOaa
ones. Such an issue did not compromise the experiment due to the short length of
the fiber channel, which allowed the SOaa and SOa states to be almost degenerate,
but a longer fiber would have required a mode delay pre-compensation. In conclusion,
a good combination of protocol and entanglement certification methods adopted can
make the pre-compensation avoidable. Finally, further experiments deriving from
this work could involve quantum teleportation, on long and short distances, or the
exploitation of a second air-core fiber so that both photons can be transmitted and a
full OAM-based encoding can be used.



Conclusion
In this work of thesis, we have presented and discussed our experimental studies on
the possibilities offered by an air-core fiber to transmit high-dimensional quantum
states encoded in the OAM of light. After having introduced the theoretical back-
ground required for the comprehension of our experiments, they have been presented.
We have started our investigations by testing the transmission of diverse quantum
states, shown in Table 5.1, prepared leveraging on the spin-orbit interaction occurring
in a vortex plate. Such states have been transmitted through a 1.2 km long air-core
fiber and their purity, i.e. a quantitative measure of the transmission effect, has
been measured. The fidelities achieved were all above 90%, thus proving the robust-
ness of the states, despite bends and twists of the fiber. In addition, the possibility
to exploit an air-core fiber to perform quantum communication protocols have been
further stressed by implementing three different QKD protocols. A three-intensities
decoy state BB84 protocol has been implemented in a 2D, 4D, and 2×2D scenario.
The results showed an enhancement of 69% of the final secret key rate in the 4D case
with respect to the 2D one. Also, our results showed that an SDM approach, that is
the 2×2D case, can generate even higher secret key rates if compared to the 4D case.
However, the reader must be aware that such a conclusion is not generally valid since
it is highly related to the specific experimental implementation.
Besides the transmission through an air-core fiber itself, we were also interested to
inspect the robustness of quantum correlations after the fiber propagation. Thus,
we generated a hybrid polarization-VV entangled state, Eq. (5.8) and certified its
entanglement after the transmission. Such an analysis has been carried out both con-
sidering the entangled state as composed by two qubits, and as composed by three
qubits, by exploring the whole spin-orbit Hilbert space of the VV encoded photon.
In the former case, a CHSH test was carried out, whereas in the latter multipartite
tests were performed. In both cases, the relative nonlocality inequalities have been
successfully violated, thus attesting the preservation of the quantum correlations after
the fiber transmission. Furthermore, contextual correlations within the same photon
have been investigated. A CHSH-like test was performed and successfully violated
too.
These results ultimately prove the possibility to use air-core fibers for quantum com-
munication purposes, especially if they involve high-dimensional states, being the
OAM of light the emblematic degree of freedom to devise them. Nonetheless, there
are still many aspects and open questions that can be studied. As we discussed pre-
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viously, the design of new air-core fibers can be investigated, where different OAM
modes, whose ∆ℓ is big enough to avoid modal coupling between each other, face the
same neff throughout their propagation. In this way, the pre-compensation between
different |ℓ| modes would not be required anymore, thus further boosting the range
of applicability of the fiber. Despite that, the transmission of OAM states over long
distances using the currently developed air-core fibers would raise much interest due
to the potential scalability of the fiber-based approach. Especially, if such states
involve quantum correlations, their robustness to decoherence and preservation after
the fiber transmission could be further investigated. For instance, transmit OAM
states to perform a quantum teleportation protocol using only two photons, as shown
in Refs. [153, 224], or to carry out an entanglement swapping one, as in Ref. [225],
would definitively pave the way for the exploitation of air-core fibers in the future
quantum networks. Moreover, from a technological perspective, interfacing OAM
integrated circuits with OAM supporting fibers is also a viable and very intriguing
research direction, since it would push forward the integrated photonic approaches
involving the OAM of light, which is known as a degree of freedom rather hard to be
exploited on photonic integrated circuits [226–228].
Besides the possible experiments just mentioned, to highlight the perspectives opened
up by our works, it must be noted that they involve two fervid and fertile research top-
ics, namely, the application of high-dimensional quantum states and the OAM of light.
Individually, they can come up with new fascinating and exciting questions to study
and investigate, therefore unpredictable combinations involving them together with
the air-core fiber can rise. Indeed, recent experimental investigations on superdense
coding and quantum teleportation protocols, generalized to the qudit case, have been
carried out obtaining mesmerizing results [27, 229, 230]. Hence, as an example, the
practicality of such new protocols could be tested by increasing the distance between
transmitter and receiver with air-core fiber links. Regarding the OAM, instead, many
advances have been obtained for its generation, propagation and detection on inte-
grated optics devices, so that future integrated photonic technologies involving such
degree of freedom appear closer that the expected [227, 231–233]. Their exploitation
in optical communication would reduce, for instance, the complexity of the commu-
nication system, and enhance the generation rate of OAM modes or states. Finally,
new states of light involving the OAM have been investigated very recently, either
inspecting the intrinsic topology deriving from the phase knots within the optical
beam [234–236], or inspecting the possibility to generate vortex beam owning a trans-
verse OAM, the so called spatiotemporal modes [237, 238]. Thus, the possibility to
investigate topological quantum communication and the propagation of OAM modes
whose topological charge is time-dependent could be also considered.
It should be apparent that the three main research topics of this work of thesis,
namely, high-dimensional quantum states, OAM of light and its fiber transmission,
can be combined in a variety of manners, depending on the particular issue to be
studied, and therefore, the list of all possible experiments could be potentially end-
less. This last aspect should not scare us or throw ourselves into despair, rather it
should generate excitement and restlessness to answer those open questions. Indeed,
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it is only with open questions that science advances, thus having a lot of them can
only make science advance faster.
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