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Abstract

The power system operators are facing significant challenges in the operation
due to the increasing penetration level of renewable energy sources (RESs). The
flexibility from the district heating system (DHS) is attracting considerable in-
terest to deal with RES uncertainty. This paper formulates a distributionally
robust chance-constrained (DRCC) optimization model of the integrated elec-
tricity and heating system (IEHS) dispatch to hedge the uncertainty of RES
and exploit the flexibility of the DHS. In particular, the uncertainty from the
electrical power system (EPS) is propagated to the DHS so that both systems
can respond to the uncertainty of RES. The uncertainty of the wind power is
modeled by an ambiguity set, which defines a family of probability distributions
with the same first and second-moment property. Real-time regulation actions
of both the EPS and DHS to respond to the wind power forecast errors are mod-
eled through the data-driven affine control policies. To achieve computational
tractability, the proposed DRCC model is reformulated as a second-order cone
program (SOCP). The simulation results tested on the integrated six-bus and
seven-node system demonstrate that the proposed DRCC model outperforms
the chance-constraints dispatch based on Gaussian distribution for the secure
operation of the IEHS.

Keywords: Integrated electricity and heating systems, distributionally robust
optimization, affine policies, uncertainty modeling, second-order cone program

Nomenclature

Indexes and Sets

ΛN+ Set of nodes with a single pipe starting
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ΛN− Set of nodes with a single pipe ending

ΛN Set of nodes

ΛP Set of pipes

ΘCHP
n Set of CHPs at node n, ΘCHP

n ∈ ΘHS
n

ΘHL
n Set of heat loads at node n

ΘHP
n Set of heat pumps at node n, ΘHP

n ∈ ΘHS
n

ΘHS
n Set of heat sources (HS) at node n

ΘP,IN
n Set of indices of pipes ending at node n

ΘP,OUT
n Set of indices of pipes starting at node n

i Index of conventional generators

k Index of transmission lines

l Index of thermal loads

n Index of nodes

p Index of pipes

s Index of heat sources

t Index of operating hours

Parameters

λp Thermal loss coefficient in pipe [J ×m−2 × s−2/°C]

τSp,t, τ
R
p,t Maximum time delays in supply and return pipes p [h]

F s Maximum fuel consumption of CHP unit [MW]

R
C

s , R
C
s Rump-up and -down capability of CHP unit [MW]

R
G

i , R
G
i Rump-up and -down capability of generators [MW]

ρ Water density [kg/m3]

ρs Heat-to-Electricity output ratio of the extraction CHP

ρHs , /ρ
E
s Heat/Electricity-to-fuel ratio of the extraction CHP

HHS
s , H

HS

s Minimum and maximum heat supply from HS unit [MW]

PGi , P
G

i Minimum and maximum real power output of generators [MW]
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TRn , T
R

n Minimum/maximum temperature at node n in the return network [°C]

TSn , T
S

n Minimum/maximum temperature at node n in the supply network [°C]

C Specific water capacity [J/kg°C]

ces, c
h
s Cost coefficients for CHP [$/MWh]

cgi Operation cost of convectional generators [$/MWh]

COPs Coefficient of performance of heat pump (HP)

HL
l,t Heat demand [MW]

Lp Length of pipe p [m]

mHL
l,t Mass flow rate of heat load l [kg/s]

mHS
s,t Mass flow rate of heat station s [kg/s]

mS
p,t,m

R
p,t Mass flow rate of pipeline p [kg/s]

PDt Electric demand vector [MW]

P ft Wind power forecast vector [MW]

PL Line transmission capacity vector [MW]

Rp Radius of pipe p [m]

Decision Variables

αCt CHP participation factor

αGt Generator participation factor

αHt HP participation factor

βHt Heat station participation factor

γRt Return nodal temperature participation factor

γSt Supply nodal temperature participation factor

τSp,t, τ
R
p,t Time delays in supply and return pipes p [h]

HHS
s,t Heat supply from heat station unit s [MW]

PGi,t Day-ahead power dispatch of generator i [MW]

PCs,t Day-ahead power dispatch of CHP unit s [MW]

PHPs,t Power consumption of HP [MW]
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TR,endp,t Temperature at the end node of pipe p in the return network [°C]

TR,startp,t Temperature at the start node of pipe p in the return network [°C]

TRn,t Temperature of a node n in the return network [°C]

TS,endp,t Temperature at the end node of pipe p in the supply network [°C]

TS,startp,t Temperature at the start node of pipe p in the supply network [°C]

TSn,t Temperature of a node n in the supply network [°C]

1. Introduction

Flexibility provision by the district heating system (DHS) has been seen
as a prominent solution for operating wind dominated power systems [1]. In
Denmark, where the goal is to achieve a 100 % renewable energy system by
2050, the DHS will be expanded [2] to achieve the goal. Combined heat and
power (CHP) units are considered to be the main source of the thermal energy
in the DHS supplying up to 68 % of the heat and up to 57 % of the power
in Denmark [3]. Generally, flexibility is provided by the fast ramp generators,
e.g., gas-fired power plants. However, increasing penetration of the RESs has
brought the need for the other sources of flexibility with less marginal cost [4].
Moreover, power-to-heat technology in combination with existing CHP units is
seen beneficial to reduce the wind curtailment and a way to integrate DHS and
EPS into one energy system [2, 5, 6]. Thus, the integration of the EPS and DHS
has been extensively studied to unlock the required flexibility.

In recent years, there has been growing interest in the IEHS. In [7], a linear
centralized dispatch model for the IEHS, including CHP, electrical boilers, and
heat storage was proposed. The study shows that both electric boilers and heat
storage increase the flexibility of the CHP unit. However, because of the heat
losses in the pipes and thermal dynamics, the amount of energy that is scheduled
in the day-ahead may not be delivered to the load and therefore the dispatch
may not be implementable. Considering the district heating network (DHN)
in the economic dispatch or optimal power flow problem brings additional con-
straints into the optimization problem. In [8], optimal operation of the IEHS
was investigated considering network constraints in both systems. The resulting
model is a large-scale non-linear optimization problem (NLP), which is solved
with a decomposition algorithm. It is shown that interaction between two sys-
tems helps to reduce the wind power curtailment, energy losses, and operational
cost.

Thermal storage in the district heating pipes improves the flexibility of the
DHS and allows the utilization of more wind power without creating new stor-
age capacities. For example, in [9], the integrated heat and power dispatch
model was proposed accounting for the thermal inertia of the DHS. Since the
circulation of mass flows remains constant, the final model is a large-scale linear
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program (LP) that shows improvement in the operational flexibility of the CHP.
Additionally, in [10], combined heat and power dispatch model was formulated
to exploit the energy storage capability of the DHS. Due to the variable mass
flow rates, the obtained model is a large-scale mixed-integer nonlinear program
(MINLP). The model is solved with an integrative Bender’s decomposition algo-
rithm. These types of programs are computationally hard to solve and the final
solution might be locally optimal. The authors of [11] overcame this issue by
introducing a Taylor series expansion of the solution for the heat propagation
equation and applying convex relaxations algorithms. The original non-convex
problem was relaxed into a mixed-integer linear program (MILP) and solved
with a commercial solver. A more recent study [12] also focused on lineariza-
tion and convexification of the nonlinear DHS constraints. The entire economic
dispatch problem was modeled as a mixed-integer conic program (MICP) ac-
counting for not only changes of the mass flow rates, but also the direction.
The model focused on the distribution level of the EPS and DHS, and therefore
thermal dynamics were not accounted for.

The residential buildings’ thermal inertia can be utilized for thermal energy
storage purposes [13, 14, 15]. Heating for residential buildings could represent
80-90 % of the overall heat demand in the winter period [14] and it is seen as an
additional source of flexibility. Ref. [16] proposed an integrated electricity and
heat demand-side management model without a heating network to increase
wind power integration in China. The resulting MINLP is solved with an outer
approximation and equality relaxation algorithm and showed an increment in
the wind power integration. The model can be exported to the other countries
as long as the wind power, CHP, and electrical HPs exist in the power grid.
Additionally, several studies have been published to consider both the thermal
inertia of the residential buildings and district heat pipes storage capacity in
the optimal operation models to further increase flexibility [15, 17, 18]. Ref
[17] modeled transmission delay through the velocity of the thermal water and
building storage with the indoor temperature of the buildings connected to
the heat exchanger stations. The proposed model achieved a higher utilization
rate of wind power at lower operation costs. In [18], the authors considered
both pipelines’ thermal dynamics and buildings’ thermal inertia to improve the
system’s operational flexibility. Several simulation tests demonstrated that the
proposed model has a good performance on power and heat decoupling.

One of the main challenges to operate EPSs with large amounts of RESs is
their stochastic nature [19]. The lack of perfect information results in difficulties
for the system operator on how to make the decisions before operation. The
above-mentioned references have focused only on dispatching the IEHSs based
on the deterministic point forecasts. Traditionally, two approaches have been
used in the market-clearing and system operation problems in the presence of
uncertainty. These are stochastic programming [20] and robust optimization
[21]. In stochastic programming, the objective function minimizes the system
cost in day-ahead and the expected system cost in real-time. The uncertain input
data is represented by a set of scenarios with sum of probabilities adding to 1.
In [22], the stochastic programming was applied to dispatch CHP units in the
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micro-grid with a wind turbine and photovoltaic units. The uncertainties from
the electrical market price, solar radiation, and wind speed were considered
using a scenario-based method. Authors of [23] used stochastic optimization
to provide day-ahead scheduling of integrated multi-energy systems. A robust
optimization approach models uncertainty through uncertainty sets and the
final solution is optimal for the worst-case realization of the resource cost. The
problem formulated usually as a three-level min-max-min optimization problem,
which is a three-level game against “nature”. The robust optimization method
was applied to dispatch IEHSs in [24, 25, 26].

Stochastic programming heavily relies on the amount and quality of gen-
erated scenarios. For the large scale systems, the amount of scenarios grows
significantly and the solution of the problem becomes computationally demand-
ing. The scenario reduction methods could reduce the number of scenarios,
but if the scenario that has not been foreseen arise, the decision might not be
implementable. At the same time, the worst-case realization in the robust opti-
mization method happens rarely, and therefore the solution is too conservative
and costly. Recent developments in the field of distributionally robust opti-
mization (DRO) could remedy the difficulties mentioned above [27]. In DRO, a
decision maker uses available data to build an ambiguity set, which is a family
of probability distributions, and the solution is robust against the worst possible
distribution inside the ambiguity set. The model is a three-level min-max-min
problem to minimize the worst-case expected cost. However, in this game, “na-
ture” selects a distribution within the ambiguity set to harm the decision maker
as much as possible [28]. DRO has many applications in the field of power
system operation. For example, the DRO method was applied in the optimal
power flow problems [29, 30, 31], unit commitment problem [32], and generation
expansion planning problem [33] to handle the uncertainty in power systems.
In the IEHS systems, the approach was used in [34, 35] to determine the opti-
mal day-ahead unit commitment, and energy and reserve dispatch respectively.
Refs [36, 37] applied the approach in the integrated electricity and natural gas
system for considering the uncertainty in the natural gas system network.

The contributions of this work are summarized as follows:

• Given the advantages of the DRO method, a DRCC optimization model
for the IEHS operation is proposed. Unlike the method in [27], where
historical samples are used to construct scenarios to describe possible wind
power output realizations, historical data are used to obtain statistical
information about the probability distribution of the uncertainty and the
distribution is considered to be continuous. Moreover, the problem is
solved directly without decomposition algorithms.

• Real-time response of the DHS to the uncertainty is modeled with the
affine polices, providing feasible operation of the system in real-time. Al-
though the uncertainty in the DHS have been investigated in the most
recent previous studies [34, 35], approach proposed is based on chance-
constraint programming, which provides the system operator a tool to
control the risk of planning decisions.
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Figure 1: Heat station units.

• Spatial and temporal correlations of the wind power forecast errors are
accounted for. The model requires information only about the first and
second moments of the uncertainty. In the model, the uncertainty does not
follow any particular type of probability distribution and apply tractable
reformulations of chance-constraints to solve the model with commercial
solvers.

The remaining parts of the paper is organized as follows. Section 2 introduces
the deterministic optimal operation of the IEHS. In Section 3, the determinis-
tic formulation was extended to include the uncertainty from the wind power
forecast. Section 4 provides tractable second-order cone reformulation of the
chance-constraint program. In section 5, a case study is presented and results
are analyzed. Finally, our conclusions are drawn in Section 6.

2. Deterministic Integrated Electricity and Heat System Operation

2.1. DHS structure

We consider N c number of extraction CHP units that co-generate power
and thermal energy. We also incorporate Nh number of HPs into the system to
increase operational flexibility. HPs consume power to produce thermal energy.
These heat sources make up NHS = N c + Nh number of heat stations that
supply heat to the DHS, as shown in Fig. 1. Radially structured DHN with
N nodes distributes energy through P supply pipelines to the L heat loads. In
the transmission system, heat loads are referred to as heat-exchanger stations,
which, in turn, procure heat power for the distribution network. The water
passed through the heat exchanger is cooled down and transferred back to the
heat stations via P return pipes. One transmission system can cover several
distributions systems in different areas [38].

2.2. EPS structure

The EPS includes G number of conventional generation units that can pro-
duce electrical power only. We assume W number of the wind power plants,
whose power production is uncertain. The power flows through the network
that consists of B buses and K lines to meet D electrical demands. The index
represents the element of the vector with a corresponding dimension. For exam-
ple, we denote the vector PGt ∈ RG and PGi,t represents its element. Moreover,
1 is a vector of ones.
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2.3. Model assumptions
1. We focus on the IEHS at the transmission level, and hence we use DC

model of the EPS, which is a linear approximation of the power flow
equations.

2. Renewable energy sources are scheduled at their forecasted power produc-
tion with zero marginal cost.

3. DHS could be operated under different control strategies, such as constant
mass flow and constant temperature, variable mass flow and constant tem-
perature, constant mass flow and variable temperature, variable mass flow,
and variable temperature. The difference between the last two could be
seen in [25]. We assume constant mass flow and variable temperature
strategy since the model has more practical meaning and is often used
in the integrated energy systems study [25, 26, 39]. Near-optimal values
of mass flow rates could be found with a two-step hydraulic-thermal de-
composition algorithm [40] to cut down heat losses and reduce operational
cost.

4. It is assumed that the IEHS operator dispatches the system based on the
forecasted wind power output and demand. In real-time, the variability
of the demand is much less, and therefore we neglect the uncertainty of
the load forecast.

2.4. EPS constraints

1TPGt + 1TPCt + 1TP ft = 1TPDt + 1TPHPt ,∀t (1a)

−PL ≤ CGPGt + CWP ft + CCPCt − CDPDt − CHPPHPt ≤ PL,∀t (1b)

PG ≤ PGt ≤ P
G
,∀t (1c)

PGt − PGt−1 ≤ R
G
,∀t+ 1 (1d)

PGt−1 − PGt ≤ R
G,∀t+ 1 (1e)

PCt − PCt−1 ≤ R
C
,∀t+ 1 (1f)

PCt−1 − PCt ≤ R
C ,∀t+ 1 (1g)

Constraint (1a) enforces power balance in the EPS. Constraint (1b) limits the
power flow along the lines. Matrices CG ∈ RK×G, CC ∈ RK×Nc , CW ∈ RK×W ,

CD ∈ RK×D, and CHP ∈ RK×Nh have all information about the transmission
network structure and its physical characteristics. The matrices are obtained
by multiplying Power Transfer Distribution Factor [41] with mapping matrices.
Constraint (1c) ensures conventional generators’ limits, while (1d) and (1e)
constrain their ramping capability. Finally, (1f) and (1g) restrict power ramping
of CHP units.
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2.5. DHS constraints

Modeling of the DHS follows [11].

HHS
s,t = CmHS

s,t

(
TSn,t − TRn,t

)
,∀n ∈ ΛN ,∀s ∈ ΘHS

n ,∀t (2a)

HHS
s ≤ HHS

s,t ≤ H
HS

s ,∀s ∈ ΘHS
n ,∀t (2b)

HL
l,t = CmHL

l,t

(
TSn,t − TRn,t

)
, ∀n ∈ ΛN ,∀l ∈ ΘHL

n ,∀t (2c)

∑
p∈ΘP,INn

mS
p,tT

S,end
p,t = TSn,t

∑
p∈ΘP,INn

mS
p,t, ∀n ∈ ΛN ,∀t

∑
p∈ΘP,OUTn

mR
p,tT

R,end
p,t = TRn,t

∑
p∈ΘP,OUTn

mR
p,t, ∀n ∈ ΛN ,∀t

(2d)

TSn,t = TS,startp,t , ∀n ∈ ΛN , ∀p ∈ ΘP,OUT
p ,∀t

TRn,t = TR,startp,t , ∀n ∈ ΛN , ∀p ∈ ΘP,IN
p ,∀t

(2e)

TSn,t = TS,endp,t , ∀n ∈ ΛN−, ∀p ∈ ΘP,IN
p ,∀t

TRn,t = TR,endp,t , ∀n ∈ ΛN+, ∀p ∈ ΘP,OUT
p ,∀t

(2f)

TSn ≤ TSn,t ≤ T
S

n , T
R
n ≤ TRn,t ≤ T

R

n , ∀n ∈ ΛN ,∀t (2g)

TS,endp,t = TS,start
p,t−τSp,t

(1− 2λp
CρRp

τSp,t),∀p ∈ ΛP ,∀t

TR,endp,t = TR,start
p,t−τRp,t

(1− 2λp
CρRp

τRp,t),∀p ∈ ΛP ,∀t
(2h)

Equation (2a) is the heat power produced by each heat station and it is
bounded by (2b). Equation (2c) defines the thermal power consumed by heat
loads. Constraints (2d) are the temperature mixture equations for the return
and supply network. Constraint (2e) ensures that the temperature at the begin-
ning of a pipe leaving a node is equal to the mixture temperature at that node.
Constraints (2f) impose the equality of ending temperature of a single pipe at
a node and the nodal temperature at that node. Constraints (2g) restrict the
nodal temperatures within their operational bounds. Equations (2h) are ap-
proximated solutions of the heat propagation equation [11] which accounts for
temperature dynamics and heat losses in the pipes. In the transmission-scale
DHS, parameters of the pipes affect the thermal inertia and the system needs
relatively long time to achieve the thermal equilibrium. The discrete time delays
τSp,t are calculated as the solution of the following optimization problem:

min
φ∈{0,...,τSp }

φ
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subject to:
t∑

t−φ
mS
p,t

πR2
pρ

∆t ≥ Lp,∀p ∈ ΛP ,∀t

The problem above is a MILP and is solved before running the operational
model. Discrete time delays τRp,t for the return network computed similarly.

2.6. Linking units

PCs,t ≥ rsHHS
s,t , ∀s ∈ ΘCHP

n ,∀t
0 ≤ ρEs PCs,t + ρHs H

HS
s,t ≤ F , ∀s ∈ ΘCHP

n ∀t
(3a)

HHS
s,t = COPsP

HP
s,t , ∀s ∈ ΘHP

n ,∀t (3b)

Equations (3a) are approximations of the feasible operation region of the extrac-
tion CHP unit [11] and equation (3b) defines the ratio between consumed power
and produced heat in the HP. These units provide interconnection between the
heating and electrical side.

2.7. Objecive function∑
t

(cg)TPGt + (ce)TPCt + (ch)THHS
t (4)

Objective function (4) minimizes total operation cost of the IEHS. As a result,
the full model is a linear optimization problem

min (4)

subject to: (1a)-(3b) constraints, over the set of optimization variables

Ξ = {TS,startp,t , TS,endp,t , TR,startp,t , TR,endp,t , TSn,t, T
R
n,t,

HHS
s,t , P

C
t , P

HP
t , PGt }

3. Uncertainty-aware Integrated Electricity and Heat System Oper-
ation

3.1. Uncertainty modeling

In real-time uncertain wind power generation is modeled as P ft −ξt,∀t, where
ξt ∈ RW - is a vector of the forecast error. Random variable ξt follows unknown
probability distribution Pξt and has a mean µt ∈ RW and a covariance matrix
Σt ∈ RW×W . Covariance matrix Σt ∈ RW×W considers the spatial correlation
of corresponding forecast errors between W wind parks at each hour t. Given N
number of training data samples we calculate empirical mean µt = 1

N

∑N
l=1 ξ

l
t

10



and covariance matrix Σt = 1
N

∑N
l=1 (ξlt − µt)(ξlt − µt)T and build ambiguity set

Dξt for each hour t such as

Dξt := {Pξt ∈ P ′ : EPt [ξ] = µt,EPt [(ξt − µt)(ξt − µt)T ] = Σt} (5)

where P ′ is a family of all distributions with the same mean µt and covariance
Σt. In the literature, this type of ambiguity set is referred to as moment-based.
Another type of ambiguity set widely used is metric-based. It is defined as a
ball in the space of probability distributions and uses the notion of a “distance”
from a reference distribution [42, 43]. Even though the metric-based ambiguity
sets offer stronger out-of-sample performance, the moment-based ones display
better tractability properties [43]. Specifically, DRO models with moment-based
ambiguity sets are more tractable than the corresponding stochastic models.
Moreover, DRO models with metric-based ambiguity sets are computationally
harder than their stochastic counterparts [43].

3.2. Affine Policies

Due to imperfect forecasts of the wind power output, deviation from the
original forecast may occur in real-time. Taking into account the uncertainty
from the forecast errors, we model the real-time response of controllable genera-
tion units via affine control policies [36]. The response of controllable generation
units is expressed as follows

P̃Gt = PGt + αGt (1T ξt),∀t (6a)

P̃Ct = PCt + αCt (1T ξt),∀t (6b)

P̃HPt = PHPt + αHt (1T ξt),∀t (6c)

H̃HS
t = HHS

t + βHSt (1T ξt),∀t (6d)

T̃Sn,t = TSn,t + γSn,t(1
T ξt),∀n ∈ ΛN ,∀t (6e)

T̃Rn,t = TRn,t + γRn,t(1
T ξt),∀n ∈ ΛN ,∀t (6f)

T̃S,startp,t = TS,startp,t + γS,startp,t (1T ξt),∀p ∈ ΛP ,∀t (6g)

T̃S,endp,t = TS,endp,t + γS,endp,t (1T ξt),∀p ∈ ΛP ,∀t (6h)

T̃R,startp,t = TR,startp,t + γR,startp,t (1T ξt),∀p ∈ ΛP ,∀t (6i)

T̃R,endp,t = TR,endp,t + γR,endp,t (1T ξt),∀p ∈ ΛP ,∀t (6j)
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In (6a)-(6j), the first part of each equation is a day-ahead schedule for the
forecasted wind power, where the second part is a real-time regulation action
in the presence of forecast error ξt. The affine control polices respond to the
net deviation from point forecasts of all wind farms 1T ξt in the time period
t. In this way, the dimension of the uncertainty does not affect the size of the
optimization problem, neither the number of decision variables nor the number
of constraints. We define αGt ∈ RG as a participation factor of the conventional
generation units to handle the unforeseen forecast errors. Whereas αCt ∈ RNc ,
αHt ∈ RNh are participation factors of the CHP units and HPs. In order to
utilize the flexibility of the DHS, the participation factors of the heat suppliers

against forecast errors is introduced as βHSt ∈ RNHS . Under CF-VT control
strategy DHS temperatures are controllable at each node. Variables γSt , γ

R
t ∈

RN and γS,startt , γS,endt , γR,startt , γR,endt ∈ RP represent the changes in the nodal
temperatures in response to the uncertainty of wind power in real time.

The real-time forecast errors transform constraint (1a) into

1T (PGt + αGt (1T ξt)) + 1T (PCt + αCt (1T ξt)) + 1T (P ft − ξt)
= 1TPDt + 1T (PHPt + αHt (1T ξt)),∀t

(7)

By matching the zero- and first-order coefficients of ξt on both sides of (7)
[44], the deterministic part of the constraint remains unchanged as (1a) and we
require

1TαGt + 1TαCt − 1TαHt = 1,∀t (8)

Similarly, the same technique for each equality constraint that consists of stochas-
tic variables is used to derive

αHSs,t = CmHS
s,t

(
γSn,t − γRn,t

)
,∀n ∈ ΛN ,∀s ∈ ΘHS

n ,∀t (9a)

0 =
(
γSn,t − γRn,t

)
,∀n ∈ ΛN ,∀l ∈ ΘHL

n ,∀t (9b)

∑
p∈ΘP,INn

mS
p,tγ

S,end
p,t = γSn,t

∑
p∈ΘP,INn

mS
p,t, ∀n ∈ ΛN ,∀t

∑
p∈ΘP,OUTn

mR
p,tγ

R,end
p,t = γRn,t

∑
p∈ΘP,OUTn

mR
p,t, ∀n ∈ ΛN ,∀t

(9c)

γSn,t = γS,startp,t , ∀n ∈ ΛN , ∀p ∈ ΘP,OUT
p ,∀t

γRn,t = γR,startp,t , ∀n ∈ ΛN , ∀p ∈ ΘP,IN
p ,∀t

(9d)

γSn,t = γS,endp,t , ∀n ∈ ΛN−, ∀p ∈ ΘP,IN
p ,∀t

γRn,t = γR,endp,t , ∀n ∈ ΛN+, ∀p ∈ ΘP,OUT
p ,∀t

(9e)

γS,endp,t = γS,start
p,t−τSp,t

(1− 2λp
CρRp

τSp,t),∀p ∈ ΛP ,∀t

γR,endp,t = γR,start
p,t−τRp,t

(1− 2λp
CρRp

τRp,t),∀p ∈ ΛP ,∀t
(9f)

12



βHs,t = COPsα
H
s,t, ∀s ∈ ΘHP

n ,∀t (9g)

In the proposed model the inequality constraints are replaced by distributionally
robust chance-constraints as follows

min
Pξ∈Dξt

P(CGk P̃
G
t + CWk (P ft − ξt) + CCk P̃

C
t

− CDk PDt − CHPk P̃HPt ≤ PLk ) ≥ 1− εk,∀t, ∀k
(10a)

min
Pξ∈Dξt

P(CGk P̃
G
t + CWk (P ft − ξt) + CCk P̃

C
t

− CDk PDt − CHPk P̃HPt ≥ −PLk ) ≥ 1− εk,∀t,∀k
(10b)

min
Pξ∈Dξt

P(P̃Gi,t ≤ P
G

i ) ≥ 1− εi,∀t, ∀i (10c)

min
Pξ∈Dξt

P(P̃Gi,t ≥ P
G
i ) ≥ 1− εi,∀t, ∀i (10d)

min
Pξ∈Dξt

P(P̃Gi,t − P̃Gi,t−1 ≤ R
G

i ) ≥ 1− εi,∀i,∀t+ 1 (10e)

min
Pξ∈Dξt

P(P̃Gi,t−1 − P̃Gi,t ≤ R
G
i ) ≥ 1− εi,∀i,∀t+ 1 (10f)

min
Pξ∈Dξt

P(P̃Cs,t − P̃Cs,t−1 ≤ R
C

s ) ≥ 1− εs,∀s ∈ ΘCHP
n ,∀t+ 1 (10g)

min
Pξ∈Dξt

P(P̃Cs,t−1 − P̃Cs,t ≤ R
C
s ) ≥ 1− εs,∀s ∈ ΘCHP

n ,∀t+ 1 (10h)

min
Pξ∈Dξt

P(H̃HS
s,t ≤ H

HS

s ) ≥ 1− εs,∀s ∈ ΘHS
n ,∀t (10i)

min
Pξ∈Dξt

P(H̃HS
s,t ≥ H

HS
s ) ≥ 1− εs,∀s ∈ ΘHS

n ,∀t (10j)

min
Pξ∈Dξt

P(T̃Sn,t ≤ T
S

n) ≥ 1− εn, ∀n ∈ ΛN ,∀t (10k)

min
Pξ∈Dξt

P(T̃Sn,t ≥ T
S
n) ≥ 1− εn, ∀n ∈ ΛN ,∀t (10l)

min
Pξ∈Dξt

P(T̃Rn,t ≤ T
R

n ) ≥ 1− εn, ∀n ∈ ΛN ,∀t (10m)

min
Pξ∈Dξt

P(T̃Rn,t ≥ T
R
n ) ≥ 1− εn, ∀n ∈ ΛN ,∀t (10n)

min
Pξ∈Dξt

P(P̃Cs,t ≥ rsH̃HS
s,t ) ≥ 1− εs, ∀s ∈ ΘCHP

n ,∀t (10o)

min
Pξ∈Dξt

P(ρEs P̃
C
s,t + ρHs H̃

HS
s,t ≤ F s) ≥ 1− εs, ∀s ∈ ΘCHP

n ,∀t (10p)
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Figure 2: Comparison between deterministic and proposed DRCC model.

min
Pξ∈Dξt

P(ρEs P̃
C
s,t + ρHs H̃

HS
s,t ≥ 0) ≥ 1− εs, ∀s ∈ ΘCHP

n ,∀t (10q)

where parameter ε(.) ≥ 0 is a violation probability, and 1 − ε(.) is referred as a
confidence level. P(.) is the probability operator over the uncertain variable ξt.
In this way, the probability of meeting chance constraints enforced to be greater
or equal than the confidence level. Distributionally robust (DR) formulation
makes no assumption on probability distribution and enforces constraints to hold
for the worst-case distribution Pξ from the ambiguity set Dξt of all distributions
with the same mean µt and covariance Σt. Thus, the objective function is

min
Ξ̃

max
Pξ∈Dξ

EPξ [
∑
t

(cg)T P̃Gt + (ce)T P̃Ct + (ch)T H̃HS
t ] (11)

which minimizes the total worst-case expected cost over the worst distribution
Pξ from the ambiguity set Dξt .

Ξ̃ = {T̃S,startp,t , T̃S,endp,t , T̃R,startp,t , T̃R,endp,t , T̃Sn,t, T̃
R
n,t,

H̃HS
s,t , P̃

C
t , P̃

HP
t , P̃Gt }

In this regard, the uncertainty-aware problem, which is formulated with
stochastic variables and probabilistic chance-constraints, is a one-stage stochas-
tic program. The comparison between the deterministic and the proposed model
DRCC is shown in Fig. 2. In order to solve the proposed DRCC model, a com-
putationally tractable reformulations have to be employed.

4. Distributionally Robust Reformulation

4.1. Distributionally Robust Chance Constraints

Theorem 2.2 in [45] derives the exact second-order cone analytical refor-
mulation of individual DR chance-constraints given the first and second-order
moment information. Each chance constraint could be written in the following
form

min
Pξt∈Dξt

P(ATj,tξt ≤ bj,t) ≥ 1− εj ,∀j = 1 . . .m,∀t

14



where m is a number of chance constraints. Assuming µt = 0, it is equivalent
to √(

1− εj
εj

)
ATj,t(Σt)Aj,t ≤ bj,t, ∀j = 1 . . .m,∀t

Interested readers may refer to [30], where the derivation procedure for the
chance-constrained optimal power flow problem is shown. The previous in-
equality is a second-order cone constraint and we rewrite it as

Kεj ||Aj,t(Σt)
1
2 ||2 ≤ bj,t, ∀j,∀t (12)

where Kεj =

√(
1−εj
εj

)
. For example, constraint (10a) is reformulated as

Kεk ||(CGk αGt 1T + CCk α
C
t 1

T − CWk − CHPk αHt 1T )Σ
1
2
t ||2 ≤ PLk

− (CGk P
G
t + CCk P

C
t + CWk P ft − CDk PDt − CHPk PHPt ),∀k, ∀t

(13)

Similarly, the rest of the chance-constraints are expressed in terms of affine
control polices as second-order cone constraints. Note that inter-temporal ramp-
ing constraints (10e)-(10h) are reformulated with the following uncertainty

ξ̂t =

[
ξt
ξt−1

]
and covariance matrix therefore is

Σ̂t =

[
Σt Σt,t−1

Σt,t−1 Σt−1

]
where ξ̂t ∈ R2W is a stacked inter-temporal forecast error vector, and Σ̂t ∈
R2W×2W its covariance matrix, which also includes the temporal correlation
between the neighbouring hours t and t− 1 [33].

4.2. Reformulation with Gaussian distribution

[46] shows that under the assumption, that uncertainty follows Gaussian
distribution with µt = 0, a chance-constraint can be reformulated as a second-
order cone constraint

Ψ−1(1− εj)||ATj,t(Σt)
1
2 ||2 ≤ bj,t, ∀j,∀t (14)

where Ψ−1(.) is the normal inverse cumulative distribution function. The value
of Kεj in the distributional robust case is higher than Ψ−1(1− εj) for the same
violation probability εj . Hence, DR chance-constraints are tighter and provide
a more robust and conservative solution, than their Gaussian reformulation.
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4.3. Objective Function

Objective function (11) is written as,

min
Ξ̃

max
Pξ∈Dξ

EPξ [
∑
t

(cg)T (PGt + αGt (1T ξt)) + (ce)T (PCt

+ αCt (1T ξt)) + (ch)T (HHS
t + βHSt (1T ξt))]

(15)

and has a min-max structure such that the total system dispatch cost is mini-
mized, while the uncertain variable ξt that is drawn from probability distribu-
tion Pξ ∈ Dξ maximizes the cost of dispatch. We assume that the mean of the
forecast error vector is zero, i.e.,

EPξ [ξt] = µt = 0,∀t

Decision variables PGt , P
C
t , H

HS
t do not depend on the uncertainty ξt and

are constants for the expectation operator EPξ [.]. Henceforth in the resulting
objective function ξt does not exist and operator maxPξ∈Dξ could be removed.
Finally, the objective function has the same form (4), as in a deterministic
model. The resulting model is a SOCP and presented in Appendix A. It is
convex and therefore could be directly solved by the commercial optimization
packages.

5. Case study

5.1. Test System

District heating in Denmark consists of numerous independent DH grids
that are not interconnected. However, there are large DH grids in the big cities:
Copenhagen, Aarhus, Odense, and Aalborg. A practical example of such IEHS
could be the district heating system in Aarhus. Aarhus is one of the biggest
cities in Denmark with a total of 350,000 customers. A giant extraction CHP
plant in Studstrup serves a centralized DH area [47]. The CHP has two large-
scale units, they are 350 MW of each and the transmission level voltage is 400
kV.

We study the model on the modified integrated six-bus EPS and seven-node
DHS and it is shown in Fig. 3. The system consists of two wind power plants
with a rated capacity of 100 MW and two gas-turbine generators G1 and G2.
In the power system the base power is 100 MVA and the base voltage is 345 kV.
The overall system wind power forecast is depicted in Fig. 4a. The electrical
(left vertical axis) and heat (right vertical axis) demand are taken from [11]
and shown in Fig. 4b respectively. Technical parameters of generation units,
transmission network, and DHN are presented in Appendix B. The model is
simulated over 24 hours with a one-hour time resolution. 10000 wind power his-
torical samples for 2 wind farms from [33] is used. We use first 5000 trajectories

to calculate mean production of the wind farms P ft . The wind power forecast
errors samples are generated as in [48] and used to compute covariance matri-
ces Σt, Σ̂t. The rest 5000 trajectories are test data to perform out-of-sample
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Figure 3: Configuration of the six-bus and seven-node integrated system.
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Figure 4: Wind power and demand curves

analysis. We also assume that each chance-constraint has the same value of the
violation probability parameter, i.e. εj = ε for every j. In this study water den-
sity is ρ = 1000 kg/m3 and thermal loss coefficient λp = 0.2 J ×m−2 × s−2/K.
The simulation is run in MATLAB on a personal computer with 3.4 GHz Intel
Core i5 processor and 8GB memory using YALMIP interface [49] with Mosek
solver [50]. The CPU time for the DRCC model varies from 17 to 20 seconds,
depending on the values of εj , whereas the deterministic model took 6 seconds
to run.

5.2. IEHS dispatch under different models

To validate the effectiveness of the proposed DRCC dispatch scheme, the tra-
ditional deterministic dispatch and chance-constrained dispatch are conducted
for a comprehensive comparison. Three cases are set. Case 1 is deterministic
scheduling, where the uncertainty was not taken into account. Case 2 considers
the short-term uncertainty of the wind power plants, but with an assumption,
that it follows a Gaussian probability distribution. Hence, no ambiguity set (5)
is used and all the chance-constraints were reformulated analytically by (14).
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Table 1: Cost performance, ε = 0.05

Case 1 Case 2 Case 3
Total operational cost [$] 228,387 229,004 232,541

Fuel consumption of CHP [MW× h] 11,900 11,800 11,017

Case 3 is based on the DRCC dispatch model, where no assumption was made
about the probability distribution of the uncertain parameter.

In Table 1 system operational cost and fuel consumption of the CHP are
presented. For Case 2 and Case 3, violation probability ε is set to 5% for each
chance constraint. The value of Kε in Case 2 is 1.645 and 4.359 in Case 3.
From Table 1 we can conclude that the system operation cost is the lowest in
the deterministic case, whereas the fuel consumption of the CHP is the highest.
The system cost increases when the uncertainty is considered. In Case 2, the
cost went up by 0.27 % when assuming that uncertainty is Gaussian, while in
Case 3 by 1.82 %. The system cost increased due to the ability to balance
the uncertainty in real-time and therefore improved system security level. The
detailed comparison of the cost between Gaussian reformulation and distribu-
tionally robust reformulation is discussed in Section 5.3. Compared to Case 1,
the CHP fuel consumption went down by 0.8 % in Case 2 and by 7,42 % in Case
3. Hence it shows that there is less usage of the CHP in the day-ahead stage,
when the uncertainty is taken into account. These findings are consistent with
that shown in Fig. 5 and Fig. 6.

In Fig. 5, the day-ahead dispatch of all power generation units is presented.
It demonstrates that more expensive units are scheduled when the uncertainty
is considered to improve system security. We can see that from hour 1 to hour
6, the CHP power output is reduced, while unit G1 power is rising. Moreover,
when the electrical demand is going up during peak-hours, the most expensive
unit G2 is scheduled at 8 hour in Case 2 with respect to Case 1, and at 10-11
hour in Case 3. The increment of the electrical power from the G1 and G2 leads
to the higher system operational cost. These units have to be dispatch more,
so the flexibility of the DHS could be utilized and provide sufficient real-time
regulation.

The reduction of the CHP power output is reducing the fuel consumption
of the CHP. It can be observed from Fig. 6, that compared with Case 1, in the
proposed models CHP operated more securely. For example, during 1-3 hours,
heat and power from CHP unit in Case 1 scheduled at its maximum capability,
while it was less tight in Case 2 and even less tight in Case 3. This allows the
model to adjust the operating point of the CHP unit within its feasible region
in real-time and provide needed regulation with affine policies. It can be seen
that, compared to Case 2, in Case 3 CHP unit operated at the upper bound of
the fuel consumption only between 8-13 hours to supply electrical load during
peak-hours and at 21 hour, when the heat demand has the highest point. Thus,
it can be concluded that Case 3 ensures less risky operation of the CHP plant
against the renewable energy source uncertainty.
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Figure 5: Power dispatch in 3 cases.
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Figure 6: CHP fuel consumption in 3 cases

In this subsection it is indicated that to exploit the flexibility of the DHS
and provide regulation in real-time, the wind uncertainty has to be modeled to
ensure the reliable operation of the district heating units.
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Figure 7: Participation factor in different distribution assumptions

5.3. Analysis of Distributional Robustness

In this subsection, the robustness of the decisions of the proposed DRCC
model is analyzed by performing out-of-sample analysis. We consider Case 2
and Case 3 only, since only they account for the wind power uncertainty. After
solving the model for 24 operating hours we fix the obtained decision variables
for every hour. Using 5000 out-of-sample wind power trajectories, for every
realization of the wind power output, we compute the actual power and heat of
the generation units, power flows in the transmission lines, temperatures in the
DHS nodes. Further we investigate if the chance-constraints are violated and
calculate ex-ante violation probabilities with the procedure described in [33].

Fig. 7 shows the share of the participation factors in the EPS under different
distribution assumptions. It can be seen that assuming different distributions
changes the pattern of the obtained affine policies. For instance, during 14-23
hours, compared to Case 2, in Case 3 the CHP unit increases its participation
to hedge the wind power uncertainty, and therefore it is less scheduled in the
day-ahead stage. Furthermore, it could be observed that the share of the par-
ticipation factors for the unit G1 and G2 is reduced when the system robustness
is increasing. The value of Kε is higher in Case 3 and therefore the proposed
DRCC model behaves more conservatively in real-time, not allowing the abrupt
changes in the power output of the generation units in real-time.

To utilize DHS flexibility in real-time, the system operator needs to reserve
not only electrical power capacity but also thermal capacity in the DHS. Fig.
8 shows the participation factors of the CHP unit and HP on the heating side
due to the interconnection between the EPS and DHS. The left-sidebar shows
the factors for Case 2, and the right-sidebar represents participation factors for
Case 3. It can be found that assuming no distribution in Case 3 leads to the
less risky solutions since the affine policies for the heat side are considerably less
than in Case 2. It allows the CHP unit to stay in the feasible operation region
while providing real-time balancing.

Out-of-sample analysis lets us see how the affine policies work in real-time.
For example, in Fig. 9, the actual power realization of the G1 unit is shown for
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Figure 8: Affine policies of heat suppliers. Right-side bars represent Case 2. Left-side bars
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Figure 9: Out-of-sample Gen1 power output under different robustness

two cases. Black dots represent G1 power when the actual wind power output is
considered. The blue and red lines are the maximum and minimum realizations
respectively. The dashed lines are the upper and lower bounds of G1 unit power
output. In terms of Case 2, the actual power generation G1 in Case 3 is within
the bounds, and generator limits are violated slightly, in 0.14 % realizations.
Hence the system is operating more reliably, compared to Case 2, where the
ex-ante probability to violate the constraint is 8.9 % and it yields more risks in
the actual operation. Eventually, the DRO case obtains a more reliable solution
but the system operation cost is higher.

Fig. 10 demonstrates the system cost of the day-ahead plotted versus con-
fidence level. In can be observed, that increasing system security level scarifies
the system cost for both cases. The more robust decisions obtained the more
costly system operation is. Compared to Case 2, the system operating cost of
Case 3 is higher for all the confidence levels. However, it shows a much better
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Figure 11: Ex-ante violations probabilities

out-of-sample performance. This can be seen in Fig. 11. It also shows that em-
pirical violation probabilities in Case 3 are always less than assumed theoretical
ones.

Table 2 gives quantitative comparisons of Case 3 empirical ex-ante violation
probabilities by constraint type. It can be found that CHP and generator ramp
constraints violated at most. However, even at ε = 0.25, Case 3 model performs
much better than expected, with CHP ramp violation probability 0.16. In
contrast, the line limits and heat stations limits constraints are satisfied even at
ε = 0.25. By doing such an analysis, the system operator can adjust the value of
ε, and therefore Kε, for every type of constraint to reduce the conservativeness
of the decisions and, as a result, the system operating cost.
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Table 2: Empirical violation probabilities for every constraint type

Constraint type ε = 0.05 ε = 0.15 ε = 0.25
CHP region 0 0.0056 0.0356
HS limits 0 0 0
G limits 0.0014 0.0408 0.0846

Line limits 0 0 0
CHP ramping 0.0440 0.0440 0.0340

G ramping 0 0.1134 0.16
TR limits 0 0.0056 0.0682
TS limits 0 0.0050 0.0434

Table 3: Cost performance, ε = 0.05

Case 3 Case 4
Total operational cost [$] 232,541 236,339

Fuel consumption of CHP [MW× h] 11,017 9,940

5.4. Cost benefits of DHS flexibility

In order to validate the cost-effectiveness of the proposed DRCC model in
providing additional flexibility, a comparison between Case 3 and Case 4 is
performed. In Case 4, the flexibility of the DHS is not taken into account.
Affine policies are allocated only to conventional generator units and therefore,
all the constraints with district heating variables are treated as deterministic
constraints. It can be seen, from Table 3, when the DHS does not provide
regulation in real-time, the system operating cost increased by 1.6 %. The
reason for that is more expensive conventional generator units are providing
down regulation in case of high actual wind power, and henceforth they are
dispatch more in the day-ahead stage. This is proved by the fact, that CHP
fuel consumption decreased in Case 4 by 9.77%.

5.5. Practical application

The system operators respond to the real-time deviation of actual wind or
other renewable energy sources power from the forecasted values by activating
the balancing reserves. Traditionally, the system operators define the amounts
of the reserves based on the experience. The proposed model gives the possibility
to define the amount of the reserves implicitly in a data-driven manner with the
framework of [30, 51].

In practice, the DHS and EPS are owned by different entities, and they
are controlled by different operators. Due to privacy issues, it is not practical
to exchange detailed information about operation states between the EPS and
DHS operators. Therefore, the DHS and EPS should be dispatched separately
and a decentralized solution to the coordination problem should be proposed. A
decentralized solution to the proposed DRCC model may be achieved using opti-
mality condition decomposition (OCD). In [52], the OCD algorithm is applied to
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solve the decentralized coordination of EPS and DHS considering the pipelines
energy storage in the district heating network. In order to implement the OCD
algorithm in the proposed DRCC, several adjustments to the formulation need
to be done. The feasible operation region of the CHP can be represented using
a convex polyhedron with extreme points [53]. A virtual tie-line between the
EPS and the DHS has to be introduced and, since the uncertainty is consid-
ered in the DRCC, the participation factor of the virtual tie-line to mitigate
the uncertainty should be also defined. The proposed DRCC model is a convex
SOCP; hence, the OCD algorithm applied to the proposed model is guaranteed
to converge to the optimal point.

We leave the extensions for the future works.

6. Conclusion

This paper proposes a distributionally robust optimization dispatch scheme
for the IEHS considering wind power uncertainty. First, to ensure the secure
operation and flexibility provision by the DHS, the real-time regulation actions
to the uncertain wind power generation is modeled in the electricity and heat
side. Furthermore, the stochastic program is reformulated into a convex SOCP
using a moment-based ambiguity set. The proposed DRCC model outperforms
a deterministic dispatch and the chance-constrained model based on Gaussian
distribution in ensuring secure operation of the system. Out-of-sample analy-
sis conducted on a case study demonstrates that the proposed DRCC model
maintains better reliable functioning of both the EPS and DHS.

Future work needs to investigate the possibility of different CHP units, for
example back-pressure steam turbines, to provide flexibility in the proposed
scheme. The amount of balancing reserves provided by HPs is also an interesting
topic for future studies. Moreover, the other methods of the ambiguity sets
construction and their influence on the resource actions should also be explored.
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Appendix A

Final Model

The final model is a SOCP problem, which could be solved by commercial
solvers.

min
Ξ1

∑
t

(cg)TPGt + (ce)TPCt + (ch)THHS
t (16a)

subject to: (1a),(2a), (2c)-(2f), (2h), (3b), (8)-(9g), (13)
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Appendix B

Table 4: Generation units

G1 G2 CHP1 HP1

P MW 255 148 208.3 -
P MW 0 0 0 -
H MW - - 0 10
H MW - - 250 150
R MW 179 148 41.66 -
R MW 179 148 41.66 -
F MW - - 500 -

COP - - - - 2.5
r - - - 0.5 -
ρE - - - 2.4 -
ρH - - - 0.25 -
c1 $/ MWh 38.47 48.47 - -
ce $/ MWh - - 30 -
ch $/ MWh - - 3 0

Table 5: Electrical transmission lines

l12 l14 l23 l24 l36 l45 l56

P l MW 200 250 250 200 250 250 250
X p.u. 0.17 0.0586 0.1 0.072 0.0625 0.16 0.085
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Table 6: District Heating Pipes

p12,24,46 p23 p45,47

Lp m 800 600 500
Rp m 0.8 0.8 0.8

Table 7: District Heating Network Parameters

N1,2,4,6 N3 N5 N7

HL
l % of load 0 30 30 40

TSn °C 90 90 90 90

T
S

n °C 120 120 120 120

TRn °C 25 25 25 25

T
R

n °C 60 60 60 60

Table 8: Electrical demand

b1 b2 b3 b4 b5 b6
% of load 0 0 20 40 40 0
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