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Abstract 

The concept of finite element limit analysis (FELA) has demonstrated how the theory of rigid plasticity 

and convex optimisation algorithms can be used efficiently to determine the load-bearing capacity of 

e.g. reinforced concrete structures. While the method provides information on the collapse load and 

mechanism, it does not consider the deformation of the structure before failure, which is a matter of 

importance in e.g. serviceability-limit-state verifications. This paper proposes a numerical framework 

based on convex optimisation for efficient elasto-plastic analysis of reinforced concrete structures in 

plane-stress conditions. The method uses the principle of minimum complementary energy and a hyper-

elastic material model to imitate the elasto-plastic behaviour of fully cracked reinforced concrete walls. 

With the use of stress-based finite elements, the problem is formulated as a convex optimisation problem 

that, in a non-incremental manner, finds the stresses and deformations associated with a pre-defined 

constant load imposed on the structure. As an illustrative example, the concept is applied to a deep beam 

with uniform, isotropic reinforcement, and the resulting load-displacement curve is compared to the 

analytical limit load based on rigid-plastic material behaviour. Finally, the advantages and validity 

domain of the method is touched upon along with its applicability in practical design scenarios. 

Keywords: Elasto-plasticity, convex optimisation, finite element models, reinforced concrete. 

1. Introduction 

In recent years, much scientific attention has been devoted to advancements within the field of finite 

element limit analysis (FELA), see e.g. (Poulsen & Damkilde, 2000), (Larsen, 2010) and (Herfelt, 2017). 

The method, which combines rigid-plastic material models with convex optimisation algorithms, has 

proven to be an efficient tool in determining the ultimate capacity of e.g. reinforced concrete structures.  

However, while the method provides information on the load and velocity field at collapse, the rigid-

plastic material model does not consider deformation, meaning that the method is unsuitable for 

assessing e.g. deflections in the serviceability limit state, or the structural ductility in general. 

Non-linear numerical methods, such as elasto-plastic and fracture-mechanical models, predict the 

structural behaviour before and after yielding quite accurately. Since these methods employ an 

incremental formulation, however, they are computationally heavy, and convergence in each increment 

is not always guaranteed. Consequently, despite resulting in an uneconomical design, traditional finite 

element tools based on linear elasticity are often preferred over the more accurate non-linear models in 

the daily work of structural engineers.  

In this paper, the numerical framework for FELA is extended with the purpose of enabling efficient 

elasto-plastic analysis of reinforced concrete structures in plane stress states. The method is based on 

the principle of minimum complementary energy and uses a hyper-elastic material model to describe 



 

the elasto-plastic behaviour of fully cracked reinforced concrete walls. While these two models differ 

significantly in the unloading phase, they yield equivalent results for monotonically increasing loads. 

The problem is formulated as a convex optimisation problem using stress-based finite elements, 

allowing for a non-incremental computation of the stresses and deformations. 

Initially, a brief introduction to the energy-method concept is given, followed by some basics of 

convex optimisation. These principles are then combined in a finite element formulation of the principle 

of minimum complementary energy, and a hyper-elastic material model for fully cracked reinforced 

concrete is presented. Finally, the method is used to compute the response of a deep beam. 

2. Energy methods 

Consider an elastic body with interior Ω and boundary Γ consisting of the non-overlapping segments Γt 

and Γs. The body is loaded by the body forces f  Ω and traction forces t  Γt, and it is supported by the 

reaction forces t̅  Γs. The stress field of the body must satisfy equilibrium, compatibility and the 

constitutive law in Ω, 

−div 𝜎 = 𝑓    ,    𝜀 =
1

2
((∇𝑢)𝑇 + ∇𝑢)    ,    𝜎 = 𝜎(𝜀)  (1)  

and the static and kinematic boundary conditions on Γt and Γs, respectively, 

𝑡 = 𝜎�̂�    ,    𝑢 = �̅�   (2)  

Here, σ and ε are the symmetric stress and strain tensors, u is the displacement vector, u̅ is the 

prescribed displacement vector, and n̂ is the boundary outward unit normal vector. In displacement-

based finite element methods (FEM), a common approach is to include (1) in the problem implicitly 

through the potential energy functional, Πp (see e.g. (Cook et al., 2002)), by application of the principle 

of minimum potential energy (Castigliano, 1873), which states that “… of all kinematically admissible 

displacement fields, the one which satisfies equilibrium makes the potential energy a minimum…”. 

Alternatively, (1) can be included in the problem through the complementary energy functional, Πc, 

𝛱c = ∫𝐶
′

Ω

dΩ−∫ 𝑡̅ ⋅ �̅�
Γs

dΓs    ,    𝐶′ = ∫ 𝜀(𝜎)
σ0

0

d𝜎 (3) 

by application of the principle of minimum complementary energy (Engesser, 1889), which states that 

“… of all statically admissible stress fields, the one which satisfies compatibility makes the 

complementary energy a minimum…”. This is commonly done in stress-based FEM. 

For exact descriptions of Πp and Πc, the two approaches yield identical results. However, since FEM 

is based on assumed approximate displacement fields or stress fields, solutions based on Πp and Πc will 

provide upper and lower bounds on the stiffness, respectively. As the discretisation is refined, however, 

the two solutions will converge towards the exact solution. 

3. Convex optimisation 

A convex optimisation problem is an optimisation problem of the form (Boyd & Vanderberghe, 2004) 

minimise   𝑓0(𝑥)  
subject to   ℎ𝑖(𝑥) = 0,   𝑖 = {1, 2,… ,𝑚} 
                     𝑓𝑗(𝑥) ≤ 0,   𝑗 = {1, 2, … , 𝑝} 

(4) 

where { f0 , fj } and { hi } are convex and affine functions of the variables x  n, respectively. If f0 is 

linear, and { fj } is a set of convex cones, the problem is a Cone Programme (CP). Currently, robust 

algorithms have only been developed for a few types of cones, i.a. second-order cones which make the 

problem a Second-Order Cone Programme (SOCP). In vector form, an SOCP can be stated as 

minimise   𝒄𝑇𝒙  
subject to  𝑨𝒙 = 𝒃 
                     𝒙 ∈ 𝐶 

(5) 



 

where C = C1 × … × Cn is the product of n second-order cones. The most common second-order cones 

are the quadratic cone, Cq, and the rotated quadratic cone, Cr,  

𝐶q = {𝑥 ∈ ℜ
𝑘 | 𝑥1 ≥ √∑𝑥𝑗

2

𝑘

𝑗=2

}    ,    𝐶r = {𝑥 ∈ ℜ
𝑘  | 2𝑥1𝑥2 ≥∑𝑥𝑗

2

𝑘

𝑗=3

,  𝑥1 ≥ 0,  𝑥2 ≥ 0} (6) 

 

For every optimisation problem (the primal problem), a dual problem can be formed whose optimum 

is a lower bound to the optimum of the primal problem. The dual problem of (5) can be stated as 

minimise   𝒃𝑇𝝂  
subject to  𝑨𝑇𝝂 + 𝒄 = 𝝀 
                     𝝀 ∈ 𝐶∗ 

(7) 

where { ν, λ } are the dual variables, and C∗ is the dual cone of C (for second-order cones, C∗ = C). A 

property of convex optimisation problems is that the duality gap, i.e. the difference between the primal 

optimum and the dual optimum, is zero.  

4. Finite element formulation 

To establish the discretised governing equations in the complementary energy framework, the Linear 

Stress Triangle (LST) element is used. A conceptual sketch of the LST element is given in Figure 1.  

 

 

Figure 1. Linear Stress Triangle (LST) element. 

The stress field over the element is described by interpolation of the discrete values at the element 

vertices (the stress nodes), 

𝝈(𝝃) = 𝑵(𝝃)�̂� (8) 

where N(ξ) is the linear interpolation matrix given in terms of the area coordinates ξ = { ξ1, ξ2, ξ3 }, and 

�̂�𝑇 = [�̂�1
𝑇 , �̂�2

𝑇 , �̂�3
𝑇]   ,   �̂�𝑖

𝑇 = [�̂�𝑥
(𝑖), �̂�𝑦

(𝑖), �̂�𝑥𝑦
(𝑖)
] (9) 

is the nodal stress vector containing the discrete stress values of each stress node i  { 1, 2, 3 }. 

Henceforth, “ ^ ” will indicate discrete nodal values, unless otherwise stated.  

4.1. Constraints for static admissibility 

For the stress field to be statically admissible, the element must satisfy the equilibrium conditions 

and the static boundary conditions at all points. Because the linear stress field variation within the 

element makes the equilibrium condition constant within the element, it is satisfied by imposing the 

condition to any single point within the element (the equilibrium node). Choosing this point as the centre 

point ξc = { 1/3, 1/3, 1/3 }, the equilibrium condition can be stated as 

𝑳𝑻𝑵(𝝃c)�̂� = 𝒓Ω  ∶⇔  𝒉Ω�̂� = 𝒓Ω (10) 

where 

𝑳𝑇 = [

𝜕

𝜕𝑥
 𝜕

𝜕𝑦

 𝜕

𝜕𝑦

𝜕

𝜕𝑥

] (11) 



 

is the differential operator, and rΩ
T = f T = [ fx, fy ] contains the (constant) body force components. 

The static boundary conditions require the stresses to balance the traction on each of the element 

edges i  { 1, 2, 3 }, 

𝒕𝑖 = 𝑷𝑖
𝑇𝑵(𝝃𝑖)�̂� (12) 

where ξi = { ξ | ξi = 0 } are the area coordinates for edge i, and 

𝑷𝑇 = [
�̂�𝑥  �̂�𝑦
 �̂�𝑦 �̂�𝑥

] (13) 

is the boundary transformation matrix given in terms of the outward unit normal vector n̂ = [ n̂x, n̂y ]. 

The static boundary conditions are satisfied by imposing them to the loaded-edge end-points (the traction 

nodes), 

[
𝑷𝑖  
 𝑷𝑖

]
𝑇

[
𝑵(𝜉𝑖,1)

𝑵(𝜉𝑖,2)
] �̂� = 𝒓Γt,𝑖  ∶⇔   𝒉Γt,𝑖�̂� = 𝒓Γt,𝑖 (14) 

where rΓt,i
 T = [ ti,1

T, ti,2
T ] contains the discrete traction values at the end-points of the loaded edge i.  

4.2. Problem formulation 

According to the principle of minimum complementary energy, the statically admissible stress state 

corresponding to a compatible state of deformation of a body solves the optimisation problem 

minimise   ∫ 𝐶′

Ω

dΩ −∫ 𝑡̅ ⋅ �̅�
Γs

dΓs 

subject to    div 𝜎 + 𝑓 = 0     in Ω 
                      𝑡 = 𝜎�̂�                 on Γt 

(15) 

By assuming u̅ = 0, a discretised version of the optimisation problem can be stated using the LST element 

description and the slack variable α as  

minimise     𝛼  
subject to    𝑯�̂� = 𝑹 

                      𝛼 ≥∑∫ 𝐶′(�̂�)
Ω𝑖

dΩ𝑖

𝑛

𝑖=1

 

(16) 

where the variable vector  

�̂�𝑇 = [ �̂�1
𝑇 , … , �̂�𝑛

𝑇] (17) 

contains the stress parameters from the n discrete elements, and the system matrix HT = [ HΓt
T, HΩ

T ] 

and vector RT = [ RΓt
T, RΩ

T ] have been assembled from their element-level versions denoted with lower-

case letters.  

4.3. Displacements 

It can be shown that a duality gap of zero for the problem (16) implies 

𝛼 − 𝑹𝑇�̂� +
1

2
�̂�𝑇𝑲�̂� = 0 (18) 

when, as done in later sections, the inequality in (16) is expressed in the form 

𝛼 ≥
1

2
�̂�𝑇�̅��̂� (19) 

In (18), v̂ = [ v̂Γt , v̂Ω  ]
T is the dual variable vector, and K = H M̅−1 HT is identified as the system stiffness 

matrix. From this, it appears that v̂ should be interpreted as the generalised displacements. 

  



 

The work conjugates of the body forces and the boundary tractions are the displacements of the 

interior and the boundary, respectively. Assuming equal order of variation for the forces and 

displacements, the external work done by these can be stated as 

∫ 𝒕𝑇𝒖 dΓt
Γt

= 𝒓Γt
𝑇 𝒃𝒗Γt     ,    ∫ 𝒇

𝑇𝒖 dΩ
Ω

= −𝐴 𝒓Ω
𝑇𝝂Ω (20) 

where 

𝒃 = ∫ 𝑵Γ(𝑠)
𝑇𝑵Γ(𝑠) d𝑠

𝐿

0

   ,   𝑵Γ(𝑠) = [
1 − 𝑠 𝐿⁄  𝑠 𝐿⁄  

 1 − 𝑠 𝐿⁄  𝑠 𝐿⁄
] (21) 

is found from the boundary interpolation matrix NΓ, A is the element area, L is the boundary length, and 

vΩ and vΓt contain the physical equilibrium node and traction node displacements, respectively. From 

this, it appears that the generalised and physical displacements are related by v̂Γt = b vΓt and v̂Ω = −A vΩ. 

5. Constitutive models 

The mechanical response of concrete is non-linear with characteristics such as cracking in tension, post-

peak softening in compression, and residual strains after unloading as illustrated in Figure 2 (left). A 

simplification is often made by neglecting the tensile strength (corresponding to a fully cracked 

material), and in elasto-plastic models, the non-linearities in compression are accounted for by reducing 

the compressive strength fc with the effectiveness factor ν (see e.g. (Ruiz & Muttoni, 2007)) as shown 

in Figure 2 (middle). While the latter might seem like a crude simplification for plain concrete, it is 

rather accurate for steel (both in tension and compression), and, thus, it provides reasonable results for 

reinforced concrete when failure is governed by the reinforcement.  

 

  

Figure 2. Actual (left), elasto-plastic (middle) and hyper-elastic (right) stress-strain curves for concrete. 

In this paper, the elasto-plastic behaviour of reinforced concrete is imitated using a hyper-elastic 

model as shown for concrete in Figure 2 (right), only with ν = 1. While this model disregards any 

residual strains at unloading, the response is identical to the elasto-plastic one for monotonically 

increasing loads. The constitutive model is first introduced for linear-elastic materials and subsequently 

expanded to cover hyper-elastic material behaviour. 

5.1. Bi-linear elastic reinforced concrete 

For a linear-elastic isotropic material, the complementary elastic energy density is C’ = σT M σ, where 

M = E−1 is the compliance matrix (the inverse of the stiffness matrix), and, for a plane state of stress, 

σT = [ σx, σy, τxy ]. Assuming concrete and steel to be linear-elastic and isotropic, and the reinforcement 

to carry axial stresses in the x- and y-directions only, the stress state of a reinforced concrete panel can 

be decomposed into the concrete stresses, σc, and the smeared reinforcement stresses, ρ σs,  

[

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
]

⏟  
𝝈

 = [

𝜎c𝑥
𝜎c𝑦
𝜏c𝑥𝑦

]
⏟  
𝝈c

+ [
𝜌𝑥 0
0 𝜌𝑦
0 0

]
⏟      

𝝆

[
𝜎s𝑥
𝜎s𝑦
]

⏟
𝝈s

 
(22) 

where { ρx , ρy } are the geometric reinforcement ratios. With this decomposition, the complementary 

elastic energy density for a reinforced concrete panel can be stated as the sum of that of the two materials, 

𝐶′ = 𝝈c
𝑇𝑴c𝝈c + 𝝈s

𝑇𝑴s𝝈s (23) 



 

For a Poisson’s ratio for concrete of zero (which is a reasonable assumption when the concrete is fully 

cracked), the compliance matrices are 

𝑴c = [

1 𝐸c⁄   

 1 𝐸c⁄  

  1 𝐺c⁄
]    ,    𝑴s = [

𝜌𝑥 𝐸s⁄  

 𝜌𝑦 𝐸s⁄
] (24) 

where Ec and Es are Young’s modulus for the concrete and the reinforcement, respectively, and 

Gc = 0.5 Ec is the concrete shear modulus. The complementary elastic energy of an element i is then  

∫ 𝐶′dΩ𝑖
Ω𝑖

= �̂�c,i
𝑇 �̅�c,𝑖�̂�c,𝑖 + �̂�s,i

𝑇 �̅�s,𝑖�̂�s,𝑖 (25) 

where  

�̅�c,𝑖 = ∫ 𝑵(𝝃)𝑇𝑴c,𝑖𝑵(𝝃) dΩ𝑖
Ω𝑖

    ,    �̅�s,𝑖 = ∫ 𝑵(𝝃)𝑇𝑴s,𝑖𝑵(𝝃) dΩ𝑖
Ω𝑖

 (26) 

are evaluated with any numerical integration scheme capable of integrating quadratic expressions. By 

introducing the auxiliary variables 

𝜸c,𝑖 = �̅�c,𝑖

1
2 �̂�c,𝑖   ,   𝜸s,𝑖 = �̅�s,𝑖

1
2 �̂�s,𝑖   ,   𝛽 = 0.5 

the inequality in (16) can be expressed as the rotated quadratic cone 

2𝛼𝛽 ≥∑𝜸c,𝑖
𝑇 𝜸c,𝑖 + 𝜸s,𝑖

𝑇 𝜸s,𝑖

𝑛

𝑖=1

 (27) 

The assumption of zero concrete tensile strength implies that no tensile stresses can exist in the 

concrete. This condition is imposed as an upper bound on the largest principal concrete stress, σc1 ≤ 0. 

Since the stresses vary linearly within each element, the condition can be imposed directly on the nodal 

stresses by use of two auxiliary variables and one quadratic cone per stress node, 

𝜙1 = −
�̂�c𝑥 + �̂�c𝑦

2
   ,   𝜙2 =

�̂�c𝑥 − �̂�c𝑦

2
    ,     𝜙1 ≥ √𝜙2

2 + �̂�𝑐𝑥𝑦
2  (28) 

5.2. Non-linear elastic reinforced concrete 

The concrete and reinforcement stresses are further decomposed into stresses related to the linear 

response, { σc,ℓ, σs,ℓ }, and stresses related to the hardening response, { σc,h, σs,h }, 

𝝈c = 𝝈c,ℓ + 𝝈c,ℎ   ,   𝝈s = 𝝈s,ℓ + 𝝈s,ℎ (29) 

and the corresponding concrete principal stress components, σcp,ℓ = [ σc1,ℓ, σc2,ℓ ]
T and 

σcp,h = [ σc1,h, σc2,h ]
T, are introduced.  

In addition to the no-tension condition (28) on the total concrete stresses, yield conditions are 

imposed on the linear-response stresses. As for the no-tension condition, these can be applied directly 

to the nodal parameters. For the reinforcement, the yield condition is given directly as 

−𝑓Y𝑥 ≤ �̂�s𝑥,ℓ ≤ 𝑓Y𝑥    ,   − 𝑓Y𝑦 ≤ �̂�s𝑦,ℓ ≤ 𝑓Y𝑦 (30) 

where { fYx, fYy } are the reinforcement yield strengths, while the concrete yield condition is given in 

terms of a lower bound on the smallest linear-response concrete principle stress, σc2,ℓ ≤ −fc. This 

condition can be imposed using two auxiliary variables and one quadratic cone per stress node, 

𝜙3 = 𝑓c +
�̂�c𝑥,ℓ + �̂�c𝑦,ℓ

2
   ,   𝜙4 =

�̂�c𝑥,ℓ − �̂�c𝑦,ℓ

2
    ,    𝜙3 ≥ √𝜙4

2 + �̂�𝑐𝑥𝑦,ℓ
2   (31) 

For the linear-response stresses, the compliance matrices are taken as { Mc, Ms } in (24), while, for 

the hardening-response stresses, they are taken as { kc Mc, ks Ms } where { kc
−1, ks

−1 } are the ratios 

between the hardening-response and linear-response stiffnesses. An appropriate value for ks
−1 can be 

established based on the stresses and strains at yielding and rupture of the reinforcement, respectively, 



 

while the value of kc
−1 should generally be much smaller than ks

−1. In this way, the complementary elastic 

energy density can be stated as 

𝐶′ = 𝝈c,ℓ
𝑇 𝑴c𝝈c,ℓ + 𝑘c𝝈c,ℎ

𝑇 𝑴c𝝈c,ℎ + 𝜺c
𝑻|𝝈cp,ℎ| + 𝝈s,ℓ

𝑇 𝑴s𝝈s,ℓ + 𝑘s𝝈s,ℎ
𝑇 𝑴s𝝈s,ℎ + 𝜺Y

𝑻|𝝈s,ℎ| (32) 

where εc = [ fc / Ec, fc / Ec ]
T and εY = [ fYx / Es, fYy / Es ]

T. By further decomposing σs,h into its positive 

and negative parts, { σs,h
+, σs,h

 }, such that |σs,h| = σs,h
+  σs,h

, the linear part of the complementary 

elastic energy can for each element i be included directly in the objective function as 

−�̅�c,𝑖
𝑇 �̂�cp,ℎ,𝑖 + �̅�Y,𝑖

𝑇 �̂�s,ℎ,𝑖
+ − �̅�Y,𝑖

𝑇 �̂�s,ℎ,𝑖
−  (33) 

where 

�̅�c,𝑖
𝑇 = ∫ 𝜺c,𝑖

𝑇 𝑵(𝝃) dΩ𝑖
Ω𝑖

    ,    �̅�Y,𝑖
𝑇 = ∫ 𝜺Y,𝑖

𝑇 𝑵(𝝃) dΩ𝑖
Ω𝑖

 (34) 

Note that the no-tension condition implies |σcp,h| = σcp,h. The quadratic part is once again accounted for 

by using the slack variable α where the auxiliary variables β = 0.5 and 

𝜸c,ℓ,𝑖 = �̅�c,𝑖

1
2 �̂�c,ℓ,𝑖   ,   𝜸c,ℎ,𝑖 = (𝑘c�̅�c,𝑖)

1
2�̂�c,ℎ,𝑖    ,   𝜸s,ℓ,𝑖 = �̅�s,𝑖

1
2 �̂�s,𝑖   ,   𝜸s,ℎ,𝑖 = (𝑘c�̅�c,𝑖)

1
2�̂�s,ℎ,𝑖 (35) 

are introduced to get the rotated quadratic cone form, 

2𝛼𝛽 ≥∑𝜸c,ℓ,𝑖
𝑇 𝜸c,ℓ,𝑖 + 𝜸c,ℎ,𝑖

𝑇 𝜸c,ℎ,𝑖 + 𝜸s,ℓ,𝑖
𝑇 𝜸s,ℓ,𝑖 + 𝜸s,ℎ,𝑖

𝑇 𝜸s,ℎ,𝑖

𝑛

𝑖=1

 (36) 

giving the optimisation problem the form of an SOCP. 

6. Example 

The deep beam illustrated in Figure 3 is analysed. The beam is of height h = 2.5 m, width L = 5 m and 

thickness t = 200 mm. It is vertically supported over the length c = 0.5 m in each side and isotropically 

reinforced in each direction with 2 × Ø10/200 (corresponding to ρ ≃ 0.004).  

 

 

Figure 3. Deep beam model.  

The material parameters of the deep beam are 

𝐸c = 34 GPa   ,   𝐸s = 210 GPa   ,   𝑓c = 35 MPa   ,   𝑓Y = 500 MPa   ,   𝑘s
−1 = 10𝑘c

−1 = 0.4% (37) 

To resemble the analytical rigid-plastic model, see e.g. (Nielsen & Hoang, 2011), uniform vertical 

support reactions are applied. The geometry is discretised using a mesh size of 0.25 m. 

A calculation using the hyper-elastic cracked material model has been performed. Figure 4 shows 

the relationship between the applied load and the mid-span displacement of the bottom-face of the beam. 

The figure also indicates the analytical rigid-plastic capacity and the points of concrete crushing 

(εc2 = εcu3 = 0.35 %) and reinforcement rupture (εs = εsu = 5 %). As seen, only the hardening stiffness 

remains after the rigid-plastic limit load has been reached. Also, concrete crushing is seen to take place 

at a load level close to the rigid-plastic capacity, while rupture of the reinforcement happens at a higher 

load level. 



 

 

Figure 4. Deep beam response.  

6.1. Remarks 

Despite the smooth appearance of the curve in Figure 4, every point has been computed independently 

of the others. Thus, as opposed to incremental-form elasto-plasticity implementations (see e.g. 

(Krabbenhøft, Lyamin, & Sloan, 2007)), any choice of increment size has no effect on the solution 

accuracy for a given load level; given a finite load, the corresponding stresses and deformations can be 

found directly, and the strains or displacements can be compared to given limit values. However, as the 

material model is hyper-elastic, the post-yielding part is only valid for a monotonically increasing load. 

Furthermore, it should be noted that this model does not consider the reduction of fc due to transverse 

tensile strains, which is a matter of significance in practical design scenarios.  

7. Conclusion 

A finite element framework for efficient elasto-plastic analysis of reinforced concrete structures in 

plane-stress conditions has been presented. The method allows for the determination of the stresses and 

deformations associated with the imposed load in a non-incremental manner, thus removing any issue 

of increment size. The framework was used to generate the load-displacement curve of a deep beam, 

which was shown to be in good agreement with the limit load based on rigid-plasticity and enabled 

assessment of the strains with respect to the allowable values. 
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